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1 PRECALCULUS REVIEW

1.1 Real Numbers, Functions, and Graphs

Preliminary Questions
1. Give an example of numbersa andb such thata < b andjaj > jbj.

SOLUTION Takea D �3 andb D 1. Thena < b but jaj D 3 > 1 D jbj.
2. Which numbers satisfyjaj D a? Which satisfyjaj D �a? What aboutj�aj D a?

SOLUTION The numbersa � 0 satisfyjaj D a andj � aj D a. The numbersa � 0 satisfyjaj D �a.

3. Give an example of numbersa andb such thatjaC bj < jaj C jbj.
SOLUTION Takea D �3 andb D 1. Then

jaC bj D j � 3C 1j D j � 2j D 2; but jaj C jbj D j � 3j C j1j D 3C 1 D 4:

Thus,ja C bj < jaj C jbj.
4. What are the coordinates of the point lying at the intersection of the linesx D 9 andy D �4?

SOLUTION The point.9;�4/ lies at the intersection of the linesx D 9 andy D �4.
5. In which quadrant do the following points lie?

(a) .1; 4/ (b) .�3; 2/ (c) .4;�3/ (d) .�4;�1/

SOLUTION

(a) Because both thex- andy-coordinates of the point.1; 4/ are positive, the point.1; 4/ lies in the first quadrant.

(b) Because thex-coordinate of the point.�3; 2/ is negative but they-coordinate is positive, the point.�3; 2/ lies in the second
quadrant.

(c) Because thex-coordinate of the point.4;�3/ is positive but they-coordinate is negative, the point.4;�3/ lies in the fourth
quadrant.

(d) Because both thex- andy-coordinates of the point.�4;�1/ are negative, the point.�4;�1/ lies in the third quadrant.

6. What is the radius of the circle with equation.x � 9/2 C .y � 9/2 D 9?

SOLUTION The circle with equation.x � 9/2 C .y � 9/2 D 9 has radius 3.

7. The equationf .x/ D 5 has a solution if (choose one):

(a) 5 belongs to the domain off .

(b) 5 belongs to the range off .

SOLUTION The correct response is(b): the equationf .x/ D 5 has a solution if 5 belongs to the range off .

8. What kind of symmetry does the graph have iff .�x/ D �f .x/?
SOLUTION If f .�x/ D �f .x/, then the graph off is symmetric with respect to the origin.

Exercises
1. Use a calculator to find a rational numberr such thatjr � �2j < 10�4.

SOLUTION r must satisfy�2 � 10�4 < r < �2 C 10�4, or 9:869504 < r < 9:869705. r D 9:8696 D 12337
1250 would be one

such number.

2. Which of (a)–(f) are true fora D �3 andb D 2?

(a) a < b (b) jaj < jbj (c) ab > 0

(d) 3a < 3b (e) �4a < �4b (f)
1

a
<
1

b

SOLUTION

(a) True. (b) False,jaj D 3 > 2 D jbj.
(c) False,.�3/.2/ D �6 < 0. (d) True.

(e) False,.�4/.�3/ D 12 > �8 D .�4/.2/. (f) True.
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In Exercises 3–8, express the interval in terms of an inequality involving absolute value.

3. Œ�2; 2�
SOLUTION jxj � 2

4. .�4; 4/
SOLUTION jxj < 4
5. .0; 4/

SOLUTION The midpoint of the interval isc D .0 C 4/=2 D 2, and the radius isr D .4 � 0/=2 D 2; therefore,.0; 4/ can be
expressed asjx � 2j < 2.
6. Œ�4; 0�

SOLUTION The midpoint of the interval isc D .�4 C 0/=2 D �2, and the radius isr D .0 � .�4//=2 D 2; therefore, the
interval Œ�4; 0� can be expressed asjx C 2j � 2.

7. Œ1; 5�

SOLUTION The midpoint of the interval isc D .1C 5/=2 D 3, and the radius isr D .5� 1/=2 D 2; therefore, the intervalŒ1; 5�
can be expressed asjx � 3j � 2.

8. .�2; 8/
SOLUTION The midpoint of the interval isc D .8 � 2/=2 D 3, and the radius isr D .8 � .�2//=2 D 5; therefore, the interval
.�2; 8/ can be expressed asjx � 3j < 5

In Exercises 9–12, write the inequality in the forma < x < b.

9. jxj < 8
SOLUTION �8 < x < 8
10. jx � 12j < 8
SOLUTION �8 < x � 12 < 8 so4 < x < 20

11. j2x C 1j < 5
SOLUTION �5 < 2x C 1 < 5 so�6 < 2x < 4 and�3 < x < 2
12. j3x � 4j < 2
SOLUTION �2 < 3x � 4 < 2 so2 < 3x < 6 and 23 < x < 2

In Exercises 13–18, express the set of numbersx satisfying the given condition as an interval.

13. jxj < 4
SOLUTION .�4; 4/
14. jxj � 9

SOLUTION Œ�9; 9�
15. jx � 4j < 2
SOLUTION The expressionjx � 4j < 2 is equivalent to�2 < x � 4 < 2. Therefore,2 < x < 6, which represents the interval
.2; 6/.

16. jx C 7j < 2
SOLUTION The expressionjx C 7j < 2 is equivalent to�2 < xC 7 < 2. Therefore,�9 < x < �5, which represents the interval
.�9;�5/.
17. j4x � 1j � 8

SOLUTION The expressionj4x � 1j � 8 is equivalent to�8 � 4x � 1 � 8 or �7 � 4x � 9. Therefore,�7
4 � x � 9

4 , which

represents the intervalŒ�7
4 ;
9
4 �.

18. j3x C 5j < 1
SOLUTION The expressionj3x C 5j < 1 is equivalent to�1 < 3x C 5 < 1 or �6 < 3x < �4. Therefore,�2 < x < �4

3 which

represents the interval.�2;�4
3 /
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In Exercises 19–22, describe the set as a union of finite or infinite intervals.

19. fx W jx � 4j > 2g
SOLUTION x � 4 > 2 or x � 4 < �2 ) x > 6 or x < 2 ) .�1; 2/ [ .6;1/

20. fx W j2x C 4j > 3g
SOLUTION 2x C 4 > 3 or 2x C 4 < �3 ) 2x > �1 or 2x < �7 ) .�1;�7

2 / [ .�1
2 ;1/

21. fx W jx2 � 1j > 2g
SOLUTION x2 � 1 > 2 or x2 � 1 < �2 ) x2 > 3 or x2 < �1 (this will never happen)) x >

p
3 or x < �

p
3 )

.�1;�
p
3/ [ .

p
3;1/.

22. fx W jx2 C 2xj > 2g
SOLUTION x2 C 2x > 2 or x2 C 2x < �2 ) x2 C 2x � 2 > 0 or x2 C 2x C 2 < 0. For the first case, the zeroes are

x D �1˙
p
3 ) .�1;�1 �

p
3/ [ .�1C

p
3;1/:

For the second case, note there are no real zeros. Because the parabola opens upward and its vertex is located above thex-axis,
there are no values ofx for whichx2 C 2x C 2 < 0. Hence, the solution set is.�1;�1 �

p
3/ [ .�1C

p
3;1/.

23. Match (a)–(f) with (i)–(vi).

(a) a > 3 (b) ja � 5j < 1

3

(c)

ˇ̌
ˇ̌a � 1

3

ˇ̌
ˇ̌ < 5 (d) jaj > 5

(e) ja � 4j < 3 (f) 1 � a � 5

(i) a lies to the right of 3.

(ii) a lies between 1 and 7.

(iii) The distance froma to 5 is less than13 .

(iv) The distance froma to 3 is at most 2.

(v) a is less than 5 units from13 .

(vi) a lies either to the left of�5 or to the right of 5.

SOLUTION

(a) On the number line, numbers greater than 3 appear to the right; hence,a > 3 is equivalent to the numbers to the right of 3:(i).

(b) ja � 5j measures the distance froma to 5; hence,ja � 5j < 1
3 is satisfied by those numbers less than1

3 of a unit from 5:(iii) .

(c) ja � 1
3 j measures the distance froma to 1

3 ; hence,ja � 1
3 j < 5 is satisfied by those numbers less than 5 units from13 : (v).

(d) The inequalityjaj > 5 is equivalent toa > 5 or a < �5; that is, eithera lies to the right of 5 or to the left of�5: (vi).

(e) The interval described by the inequalityja � 4j < 3 has a center at 4 and a radius of 3; that is, the interval consists of those
numbers between 1 and 7:(ii) .

(f) The interval described by the inequality1 < x < 5 has a center at 3 and a radius of 2; that is, the interval consists of those
numbers less than 2 units from 3:(iv).

24. Describe
�
x W x

x C 1
< 0

�
as an interval.

SOLUTION Case 1:x < 0 andx C 1 > 0. This implies thatx < 0 andx > �1 ) �1 < x < 0.
Case 2:x > 0 andx < �1 for which there is no suchx. Thus, solution set is therefore.�1; 0/.

25. Describefx W x2 C 2x < 3g as an interval.Hint: Ploty D x2 C 2x � 3.

SOLUTION The inequalityx2 C 2x < 3 is equivalent tox2 C 2x � 3 < 0. In the figure below, we see that the graph of
y D x2 C 2x � 3 falls below thex-axis for�3 < x < 1. Thus, the setfx W x2 C 2x < 3g corresponds to the interval�3 < x < 1.

−4 −3 −2 −2

2
4
6
8

10

y

x
1 2

y = x2 + 2x − 3

26. Describe the set of real numbers satisfyingjx � 3j D jx � 2j C 1 as a half-infinite interval.
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SOLUTION We will break the problem into three cases:x � 3, 2 � x < 3 andx < 2. Forx � 3, bothx � 3 andx � 2 are greater
than or equal to 0, sojx � 3j D x � 3 andjx � 2j D x � 2. The equationjx � 3j D jx � 2j C 1 then becomesx � 3 D x � 2C 1,
which is equivalent to�1 D 1. Thus, forx � 3, there are no solutions. Next, we consider2 � x < 3. Now, x � 3 < 0, so
jx � 3j D 3 � x, butx � 2 � 0, sojx � 2j D x � 2. The equationjx � 3j D jx � 2j C 1 then becomes3 � x D x � 2C 1, which
is equivalent tox D 2. Thus,x D 2 is a solution. Finally, considerx < 2. Bothx � 3 andx � 2 are negative, sojx � 3j D 3 � x

andjx � 2j D 2 � x. The equationjx � 3j D jx � 2j C 1 then becomes3 � x D 2 � x C 1, which is equivalent to1 D 1. Hence,
everyx < 2 is a solution. Bringing all three cases together, it follows thatjx � 3j D jx � 2j C 1 is satisfied for allx � 2, or for all
x on the half-infinite interval.�1; 2�.

27. Show that ifa > b, thenb�1 > a�1, provided thata andb have the same sign. What happens ifa > 0 andb < 0?

SOLUTION Case 1a: Ifa andb are both positive, thena > b ) 1 > b
a ) 1

b
> 1
a .

Case 1b: Ifa andb are both negative, thena > b ) 1 < b
a (sincea is negative)) 1

b
> 1
a (again, sinceb is negative).

Case 2: Ifa > 0 andb < 0, then 1a > 0 and 1
b
< 0 so 1

b
< 1
a . (See Exercise 2f for an example of this).

28. Whichx satisfy bothjx � 3j < 2 andjx � 5j < 1?
SOLUTION jx � 3j < 2 ) �2 < x � 3 < 2 ) 1 < x < 5. Also jx � 5j < 1 ) 4 < x < 6. Since we want anx that satisfies
both of these, we need the intersection of the two solution sets, that is,4 < x < 5.

29. Show that ifja � 5j < 1
2 and jb � 8j < 1

2 , thenj.aC b/ � 13j < 1. Hint: Use the triangle inequality.

SOLUTION

ja C b � 13j D j.a � 5/C .b � 8/j

� ja � 5j C jb � 8j (by the triangle inequality)

<
1

2
C 1

2
D 1:

30. Suppose thatjx � 4j � 1.

(a) What is the maximum possible value ofjx C 4j?
(b) Show thatjx2 � 16j � 9.

SOLUTION

(a) jx � 4j � 1 guarantees3 � x � 5. Thus,7 � x C 4 � 9, sojx C 4j � 9.

(b) jx2 � 16j D jx � 4j � jx C 4j � 1 � 9 D 9.

31. Suppose thatja � 6j � 2 andjbj � 3.

(a) What is the largest possible value ofjaC bj?
(b) What is the smallest possible value ofjaC bj?

SOLUTION ja � 6j � 2 guarantees that4 � a � 8, while jbj � 3 guarantees that�3 � b � 3. Therefore1 � a C b � 11. It
follows that

(a) the largest possible value ofjaC bj is 11; and

(b) the smallest possible value ofjaC bj is 1.

32. Prove thatjxj � jyj � jx � yj. Hint: Apply the triangle inequality toy andx � y.

SOLUTION First note

jxj D jx � y C yj � jx � yj C jyj

by the triangle inequality. Subtractingjyj from both sides of this inequality yields

jxj � jyj � jx � yj:
33. Expressr1 D 0:27 as a fraction.Hint: 100r1 � r1 is an integer. Then expressr2 D 0:2666 : : : as a fraction.

SOLUTION Let r1 D :27. We observe that100r1 D 27:27. Therefore,100r1 � r1 D 27:27 � :27 D 27 and

r1 D 27

99
D 3

11
:

Now, letr2 D 0:2666. Then10r2 D 2:666 and100r2 D 26:666. Therefore,100r2 � 10r2 D 26:666 � 2:666 D 24 and

r2 D 24

90
D 4

15
:

34. Represent1=7 and4=27 as repeating decimals.

SOLUTION
1

7
D 0:142857;

4

27
D 0:148
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35. The text states:If the decimal expansions of numbersa andb agree tok places, thenja � bj � 10�k . Show that the converse
is false: For allk there are numbersa andb whose decimal expansionsdo not agree at allbut ja � bj � 10�k .

SOLUTION Let a D 1 andb D 0:9 (see the discussion before Example 1). The decimal expansions ofa andb do not agree, but

j1 � 0:9j < 10�k for all k.

36. Plot each pair of points and compute the distance between them:

(a) .1; 4/ and.3; 2/ (b) .2; 1/ and.2; 4/

(c) .0; 0/ and.�2; 3/ (d) .�3;�3/ and.�2; 3/

SOLUTION

(a) The points.1; 4/ and.3; 2/ are plotted in the figure below. The distance between the points is

d D
q
.3 � 1/2 C .2 � 4/2 D

q
22 C .�2/2 D

p
8 D 2

p
2:

y

1

2

3

4

x
1 2 3

(b) The points.2; 1/ and.2; 4/ are plotted in the figure below. The distance between the points is

d D
q
.2 � 2/2 C .4 � 1/2 D

p
9 D 3:

y

1

2

3

4

x
1 2 3

(c) The points.0; 0/ and.�2; 3/ are plotted in the figure below. The distance between the points is

d D
q
.�2 � 0/2 C .3 � 0/2 D

p
4C 9 D

p
13:

y

1

2

3

4

x
−2 −1

(d) The points.�3;�3/ and.�2; 3/ are plotted in the figure below. The distance between the points is

d D
q
.�3 � .�2//2 C .�3 � 3/2 D

p
1C 36 D

p
37:

1
2
3

−3
−2
−1

x

y

−2−3 −1

37. Find the equation of the circle with center.2; 4/:

(a) with radiusr D 3.

(b) that passes through.1;�1/.

SOLUTION

(a) The equation of the indicated circle is.x � 2/2 C .y � 4/2 D 32 D 9.
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(b) First determine the radius as the distance from the center to the indicated point on the circle:

r D
q
.2 � 1/2 C .4 � .�1//2 D

p
26:

Thus, the equation of the circle is.x � 2/2 C .y � 4/2 D 26.

38. Find all points with integer coordinates located at a distance5 from the origin. Then find all points with integer coordinates
located at a distance 5 from.2; 3/.

SOLUTION

� To be located a distance 5 from the origin, the points must lie on the circlex2 C y2 D 25. This leads to 12 points with integer
coordinates:

.5; 0/ .�5; 0/ .0; 5/ .0;�5/

.3; 4/ .�3; 4/ .3;�4/ .�3;�4/

.4; 3/ .�4; 3/ .4;�3/ .�4;�3/

� To be located a distance 5 from the point.2; 3/, the points must lie on the circle.x � 2/2 C .y � 3/2 D 25, which implies
that we must shift the points listed above two units to the right and three units up. This gives the 12 points:

.7; 3/ .�3; 3/ .2; 8/ .2;�2/

.5; 7/ .�1; 7/ .5;�1/ .�1;�1/

.6; 6/ .�2; 6/ .6; 0/ .�2; 0/
39. Determine the domain and range of the function

f W fr; s; t; ug ! fA;B;C;D;Eg

defined byf .r/ D A, f .s/ D B, f .t/ D B, f .u/ D E.

SOLUTION The domain is the setD D fr; s; t; ug; the range is the setR D fA;B;Eg.
40. Give an example of a function whose domainD has three elements and whose rangeR has two elements. Does a function exist
whose domainD has two elements and whose rangeR has three elements?

SOLUTION Definef by f W fa; b; cg ! f1; 2g wheref .a/ D 1, f .b/ D 1, f .c/ D 2.
There is no function whose domain has two elements and range has three elements. If that happened, one of the domain elements

would get assigned to more than one element of the range, which would contradict the definition of a function.

In Exercises 41–48, find the domain and range of the function.

41. f .x/ D �x
SOLUTION D W all reals;R W all reals

42. g.t/ D t4

SOLUTION D W all reals;R W fy W y � 0g

43. f .x/ D x3

SOLUTION D W all reals;R W all reals

44. g.t/ D
p
2 � t

SOLUTION D W ft W t � 2g; R W fy W y � 0g
45. f .x/ D jxj
SOLUTION D W all reals;R W fy W y � 0g

46. h.s/ D 1

s

SOLUTION D W fs W s 6D 0g; R W fy W y 6D 0g

47. f .x/ D 1

x2

SOLUTION D W fx W x 6D 0g; R W fy W y > 0g

48. g.t/ D cos
1

t

SOLUTION D W ft W t 6D 0g; R W fy W �1 � y � 1g
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In Exercises 49–52, determine wheref .x/ is increasing.

49. f .x/ D jx C 1j
SOLUTION A graph of the functiony D jx C 1j is shown below. From the graph, we see that the function is increasing on the
interval.�1;1/.

x
−3 −2 −1

1

2

1

y

50. f .x/ D x3

SOLUTION A graph of the functiony D x3 is shown below. From the graph, we see that the function is increasing for all real
numbers.

−5

5

y

x
−2 −1 1 2

51. f .x/ D x4

SOLUTION A graph of the functiony D x4 is shown below. From the graph, we see that the function is increasing on the interval
.0;1/.

x
−2 −1 1 2

12

4

8

y

52. f .x/ D 1

x4 C x2 C 1

SOLUTION A graph of the functiony D 1

x4 C x2 C 1
is shown below. From the graph, we see that the function is increasing on

the interval.�1; 0/.

−3 −2 −1

1

y

x
1 2 3

In Exercises 53–58, find the zeros off .x/ and sketch its graph by plotting points. Use symmetry and increase/decrease information
where appropriate.

53. f .x/ D x2 � 4

SOLUTION Zeros:˙2
Increasing:x > 0
Decreasing:x < 0
Symmetry:f .�x/ D f .x/ (even function). So,y-axis symmetry.

2

−2

−4

4

y

x
−2 −1 1 2
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54. f .x/ D 2x2 � 4
SOLUTION Zeros:˙

p
2

Increasing:x > 0
Decreasing:x < 0
Symmetry:f .�x/ D f .x/ (even function). So,y-axis symmetry.

5

10

y

x
−2 −1 1 2

55. f .x/ D x3 � 4x

SOLUTION Zeros:0;˙2; Symmetry:f .�x/ D �f .x/ (odd function). So origin symmetry.

5

−5
−10

10

y

x
−2 −1 1 2

56. f .x/ D x3

SOLUTION Zeros:0; Increasing for allx; Symmetry:f .�x/ D �f .x/ (odd function). So origin symmetry.

−20
−10

20
10

y

x
−3 −1−2 1 2 3

57. f .x/ D 2 � x3

SOLUTION This is anx-axis reflection ofx3 translated up2 units. There is one zero atx D 3
p
2.

10

−10
−20

20

y

x
−2 −1 1 2

58. f .x/ D 1

.x � 1/2 C 1

SOLUTION This is the graph of
1

x2 C 1
translated to the right 1 unit. The function has no zeros.

0.4

0.2

0.6

0.8

1

y

x
−4 −2 2 4

59. Which of the curves in Figure 1 is the graph of a function?
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(A)

x

y

(B)

x

y

(C)

x

y

(D)

x

y

FIGURE 1

SOLUTION (B) is the graph of a function. (A), (C), and (D) all fail the vertical line test.

60. Determine whether the function is even, odd, or neither.

(a) f .x/ D x5 (b) g.t/ D t3 � t2

(c) F.t/ D 1

t4 C t2

SOLUTION

(a) f .�x/ D .�x/5 D �x5 D �f .x/, so this function is odd.
(b) g.�t/ D .�t/3 � .�t/2 D �t3 � t2 which is equal to neitherg.t/ nor �g.t/, so this function is neither odd nor even.
(c) This function is even because

F.�t/ D 1

.�t/4 C .�t/2
D 1

t4 C t2
D F.t/:

61. Determine whether the function is even, odd, or neither.

(a) f .t/ D 1

t4 C t C 1
� 1

t4 � t C 1
(b) g.t/ D 2t � 2�t

(c) G.�/ D sin� C cos� (d) H.�/ D sin.�2/

SOLUTION

(a) This function is odd because

f .�t/ D 1

.�t/4 C .�t/C 1
� 1

.�t/4 � .�t/C 1

D 1

t4 � t C 1
� 1

t4 C t C 1
D �f .t/:

(b) g.�t/ D 2�t � 2�.�t/ D 2�t � 2t D �g.t/, so this function is odd.
(c) G.��/ D sin.��/C cos.��/ D � sin� C cos� which is equal to neitherG.�/ nor�G.�/, so this function is neither odd nor
even.
(d) H.��/ D sin..��/2/ D sin.�2/ D H.�/, so this function is even.

62. Write f .x/ D 2x4 � 5x3 C 12x2 � 3x C 4 as the sum of an even and an odd function.

SOLUTION Let g.x/ D 2x4 C 12x2 C 4 andh.x/ D �5x3 � 3x, so thatf .x/ D g.x/C h.x/. Observe

g.�x/ D 2.�x/4 C 12.�x/2 C 4 D 2x4 C 12x2 C 4 D g.x/;

while

h.�x/ D �5.�x/3 � 3.�x/ D 5x3 C 3x D �h.x/:

Thus,g.x/ is an even function, andh.x/ is an odd function.

63. Show thatf .x/ D ln
�
1 � x
1C x

�
is an odd function.

SOLUTION

f .�x/ D ln
�
1 � .�x/
1C .�x/

�

D ln
�
1C x

1 � x

�
D � ln

�
1 � x

1C x

�
D �f .x/;

so this is an odd function.
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64. State whether the function is increasing, decreasing, or neither.

(a) Surface area of a sphere as a function of its radius
(b) Temperature at a point on the equator as a function of time
(c) Price of an airline ticket as a function of the price of oil
(d) Pressure of the gas in a piston as a function of volume

SOLUTION

(a) Increasing (b) Neither (c) Increasing (d) Decreasing

In Exercises 65–70, letf .x/ be the function shown in Figure 2.

1 2 3 4
0

1

2

3

4

x

y

FIGURE 2

65. Find the domain and range off .x/?

SOLUTION D W Œ0; 4�; R W Œ0; 4�
66. Sketch the graphs off .x C 2/ andf .x/C 2.

SOLUTION The graph ofy D f .x C 2/ is obtained by shifting the graph ofy D f .x/ two units to the left (see the graph below
on the left). The graph ofy D f .x/C 2 is obtained by shifting the graph ofy D f .x/ two units up (see the graph below on the
right).

y

1
2
3
4
5
6

x
11 2 2

f (x) + 2f (x + 2)

3 4

y

1

2

3

4

x
−2 −1

67. Sketch the graphs off .2x/, f
�
1
2x
�
, and2f .x/.

SOLUTION The graph ofy D f .2x/ is obtained by compressing the graph ofy D f .x/ horizontally by a factor of 2 (see the

graph below on the left). The graph ofy D f .12x/ is obtained by stretching the graph ofy D f .x/ horizontally by a factor of 2
(see the graph below in the middle). The graph ofy D 2f .x/ is obtained by stretching the graph ofy D f .x/ vertically by a factor
of 2 (see the graph below on the right).

y

x

1

2

3

4

1 2 3 4

f (2x)

y

x

1

2

3

4

2 4 6 8

f (x/2)

y

x

2

4

6

8

1 2 3 4

2f (x)

68. Sketch the graphs off .�x/ and�f .�x/.
SOLUTION The graph ofy D f .�x/ is obtained by reflecting the graph ofy D f .x/ across they-axis (see the graph below on
the left). The graph ofy D �f .�x/ is obtained by reflecting the graph ofy D f .x/ across both thex- andy-axes, or equivalently,
about the origin (see the graph below on the right).

f (−x ) −f (−x )

y

1

2

3

4

x
−2−3−4 −1

y

−4

−3

−2

−1

x
−2−3−4 −1
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69. Extend the graph off .x/ to Œ�4; 4� so that it is an even function.

SOLUTION To continue the graph off .x/ to the intervalŒ�4; 4� as an even function, reflect the graph off .x/ across they-axis
(see the graph below).

−2−4
x

2 4

y

1

2

3

4

70. Extend the graph off .x/ to Œ�4; 4� so that it is an odd function.

SOLUTION To continue the graph off .x/ to the intervalŒ�4; 4� as an odd function, reflect the graph off .x/ through the origin
(see the graph below).

2 4

y

−4

−2

2

4

x
−4 −2

71. Suppose thatf .x/ has domainŒ4; 8� and rangeŒ2; 6�. Find the domain and range of:

(a) f .x/C 3 (b) f .x C 3/

(c) f .3x/ (d) 3f .x/

SOLUTION

(a) f .x/C 3 is obtained by shiftingf .x/ upward three units. Therefore, the domain remainsŒ4; 8�, while the range becomesŒ5; 9�.

(b) f .x C 3/ is obtained by shiftingf .x/ left three units. Therefore, the domain becomesŒ1; 5�, while the range remainsŒ2; 6�.

(c) f .3x/ is obtained by compressingf .x/ horizontally by a factor of three. Therefore, the domain becomesŒ43 ;
8
3 �, while the

range remainsŒ2; 6�.

(d) 3f .x/ is obtained by stretchingf .x/ vertically by a factor of three. Therefore, the domain remainsŒ4; 8�, while the range
becomesŒ6; 18�.

72. Let f .x/ D x2. Sketch the graph overŒ�2; 2� of:

(a) f .x C 1/ (b) f .x/C 1

(c) f .5x/ (d) 5f .x/

SOLUTION

(a) The graph ofy D f .x C 1/ is obtained by shifting the graph ofy D f .x/ one unit to the left.

2

4

6

8

10

y

x
−2 −1 1 2

f (x + 1)

(b) The graph ofy D f .x/C 1 is obtained by shifting the graph ofy D f .x/ one unit up.

2

4

6

8

10

y

x
−2 −1 1 2

f (x) + 1

(c) The graph ofy D f .5x/ is obtained by compressing the graph ofy D f .x/ horizontally by a factor of 5.
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20

40

60

80

100

y

x
−2 −1 1 2

f (5x)

(d) The graph ofy D 5f .x/ is obtained by stretching the graph ofy D f .x/ vertically by a factor of 5.

20

40

60

80

100

y

x
−2 −1 1 2

5f (x)

73. Suppose that the graph off .x/ D sinx is compressed horizontally by a factor of 2 and then shifted 5 units to the right.

(a) What is the equation for the new graph?

(b) What is the equation if you first shift by 5 and then compress by 2?

(c) Verify your answers by plotting your equations.

SOLUTION

(a) Let f .x/ D sinx. After compressing the graph off horizontally by a factor of 2, we obtain the functiong.x/ D f .2x/ D
sin2x. Shifting the graph 5 units to the right then yields

h.x/ D g.x � 5/ D sin2.x � 5/ D sin.2x � 10/:

(b) Let f .x/ D sinx. After shifting the graph 5 units to the right, we obtain the functiong.x/ D f .x � 5/ D sin.x � 5/.
Compressing the graph horizontally by a factor of 2 then yields

h.x/ D g.2x/ D sin.2x � 5/:

(c) The figure below at the top left shows the graphs ofy D sinx (the dashed curve), the sine graph compressed horizontally by
a factor of 2 (the dash, double dot curve) and then shifted right 5 units (the solid curve). Compare this last graph with the graph of
y D sin.2x � 10/ shown at the bottom left.

The figure below at the top right shows the graphs ofy D sinx (the dashed curve), the sine graph shifted to the right 5 units
(the dash, double dot curve) and then compressed horizontally by a factor of 2 (the solid curve). Compare this last graph with the
graph ofy D sin.2x � 5/ shown at the bottom right.

−1

1
y

x
−6 −4 −2 642

−1

1
y

x
−6 −4 −2 642

−1

1
y

x
−6 −4 −2 642

−1

1
y

x
−6 −4 −2 642

74. Figure 3 shows the graph off .x/ D jxj C 1. Match the functions (a)–(e) with their graphs (i)–(v).

(a) f .x � 1/ (b) �f .x/ (c) �f .x/C 2

(d) f .x � 1/ � 2 (e) f .x C 1/
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y = f (x) = |x | + 1 (i) (ii)

1

2

3

−1−2−3 2 31

y

x

1

2

3

−1−2−3 2 31

y

x

1

2

3

−1−2−3 2 31

y

x

(iv) (v)(iii)

1

2

3

−1

−2

−3

−2−3 2 31

y

x

1

2

3

−1

−2

−3

−2−3 2 31

y

x

1

2

3

−1

−2

−3

−2−3 2 31

y

x

FIGURE 3

SOLUTION

(a) Shift graph to the right one unit: (v)
(b) Reflect graph acrossx-axis: (iv)
(c) Reflect graph acrossx-axis and then shift up two units: (iii)
(d) Shift graph to the right one unit and down two units: (ii)
(e) Shift graph to the left one unit: (i)

75. Sketch the graph off .2x/ andf
�
1
2x
�
, wheref .x/ D jxj C 1 (Figure 3).

SOLUTION The graph ofy D f .2x/ is obtained by compressing the graph ofy D f .x/ horizontally by a factor of 2 (see the

graph below on the left). The graph ofy D f .12x/ is obtained by stretching the graph ofy D f .x/ horizontally by a factor of 2
(see the graph below on the right).

x
−1

2

4

6

−2−3 1 2 3

y

f (2x)

x
−1

2

4

6

−2−3 1 2 3

y

f (x/2)

76. Find the functionf .x/ whose graph is obtained by shifting the parabolay D x2 three units to the right and four units down,
as in Figure 4.

y = f(x)

y = x2

−4

3

y

x

FIGURE 4

SOLUTION The new function isf .x/ D .x � 3/2 � 4

77. Definef .x/ to be the larger ofx and2 � x. Sketch the graph off .x/. What are its domain and range? Expressf .x/ in terms
of the absolute value function.

SOLUTION

x
−1

1

2

1 2 3

y

The graph ofy D f .x/ is shown above. Clearly, the domain off is the set of all real numbers while the range isfy j y � 1g.
Notice the graph has the standard V-shape associated with the absolute value function, but the base of the V has been translated to
the point.1; 1/. Thus,f .x/ D jx � 1j C 1.
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78. For each curve in Figure 5, state whether it is symmetric with respect to they-axis, the origin, both, or neither.

(D)

(B)

(C)

(A)

yy

yy

xx

x
x

FIGURE 5

SOLUTION

(A) Both
(B) Neither
(C) y-axis
(D) Origin

79. Show that the sum of two even functions is even and the sum of two odd functions is odd.

SOLUTION Even:.f C g/.�x/ D f .�x/C g.�x/ evenD f .x/C g.x/ D .f C g/.x/

Odd:.f C g/.�x/ D f .�x/C g.�x/ oddD �f .x/C �g.x/ D �.f C g/.x/

80. Suppose thatf .x/ andg.x/ are both odd. Which of the following functions are even? Which are odd?

(a) f .x/g.x/ (b) f .x/3

(c) f .x/� g.x/ (d)
f .x/

g.x/

SOLUTION

(a) f .�x/g.�x/ D .�f .x//.�g.x//D f .x/g.x/) Even
(b) f .�x/3 D Œ�f .x/�3 D �f .x/3 ) Odd
(c) f .�x/� g.�x/ D �f .x/C g.x/ D �.f .x/� g.x// ) Odd

(d)
f .�x/
g.�x/ D �f .x/

�g.x/ D f .x/

g.x/
) Even

81. Prove that the only function whose graph is symmetric with respect to both they-axis and the origin is the functionf .x/ D 0.

SOLUTION Supposef is symmetric with respect to they-axis. Thenf .�x/ D f .x/. If f is also symmetric with respect to the
origin, thenf .�x/ D �f .x/. Thusf .x/ D �f .x/ or 2f .x/ D 0. Finally,f .x/ D 0.

Further Insights and Challenges

82. Prove the triangle inequality by adding the two inequalities

�jaj � a � jaj; �jbj � b � jbj

SOLUTION Adding the indicated inequalities gives

�.jaj C jbj/ � aC b � jaj C jbj

and this is equivalent toja C bj � jaj C jbj.
83. Show that a fractionr D a=b in lowest terms has afinite decimal expansion if and only if

b D 2n5m for somen;m � 0:

Hint: Observe thatr has a finite decimal expansion when10N r is an integer for someN � 0 (and henceb divides10N ).

SOLUTION Supposer has a finite decimal expansion. Then there exists an integerN � 0 such that10N r is an integer, call
it k. Thus,r D k=10N . Because the only prime factors of 10 are 2 and 5, it follows that whenr is written in lowest terms, its
denominator must be of the form2n5m for some integersn;m � 0.

Conversely, supposer D a=b in lowest withb D 2n5m for some integersn;m � 0. Thenr D a

b
D a

2n5m
or 2n5mr D a.

If m � n, then2m5mr D a2m�n or r D a2m�n

10m
and thusr has a finite decimal expansion (less than or equal tom terms, to be

precise). On the other hand, ifn > m, then2n5nr D a5n�m or r D a5n�m

10n
and once againr has a finite decimal expansion.
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84. Letp D p1 : : : ps be an integer with digitsp1; : : : ; ps. Show that

p

10s � 1
D 0:p1 : : : ps

Use this to find the decimal expansion ofr D 2
11 . Note that

r D 2

11
D 18

102 � 1

SOLUTION Letp D p1 : : : ps be an integer with digitsp1; : : : ; ps, and letp D :p1 : : : ps . Then

10sp � p D p1 : : : ps :p1 : : : ps � :p1 : : : ps D p1 : : : ps D p:

Thus,

p

10s � 1 D p D :p1 : : : ps :

Consider the rational numberr D 2=11. Because

r D 2

11
D 18

99
D 18

102 � 1
;

it follows that the decimal expansion ofr is 0:18.

85. A functionf .x/ is symmetric with respect to the vertical linex D a if f .a � x/ D f .aC x/.

(a) Draw the graph of a function that is symmetric with respect tox D 2.

(b) Show that iff .x/ is symmetric with respect tox D a, theng.x/ D f .x C a/ is even.

SOLUTION

(a) There are many possibilities, one of which is

x
−1

1

2

54321

y

y = |x − 2|

(b) Letg.x/ D f .x C a/. Then

g.�x/ D f .�x C a/ D f .a � x/

D f .aC x/ symmetry with respect tox D a

D g.x/

Thus,g.x/ is even.

86. Formulate a condition forf .x/ to be symmetric with respect to the point.a; 0/ on thex-axis.

SOLUTION In order forf .x/ to be symmetrical with respect to the point.a; 0/, the value off at a distancex units to the right of
a must be opposite the value off at a distancex units to the left ofa. In other words,f .x/ is symmetrical with respect to.a; 0/ if
f .aC x/ D �f .a � x/.

1.2 Linear and Quadratic Functions

Preliminary Questions
1. What is the slope of the liney D �4x � 9?

SOLUTION The slope of the liney D �4x � 9 is �4, given by the coefficient ofx.

2. Are the linesy D 2x C 1 andy D �2x � 4 perpendicular?

SOLUTION The slopes of perpendicular lines are negative reciprocals of one another. Because the slope ofy D 2x C 1 is 2 and
the slope ofy D �2x � 4 is �2, these two lines arenot perpendicular.
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3. When is the lineax C by D c parallel to they-axis? To thex-axis?

SOLUTION The lineax C by D c will be parallel to they-axis whenb D 0 and parallel to thex-axis whena D 0.

4. Supposey D 3x C 2. What is�y if x increases by3?

SOLUTION Becausey D 3x C 2 is a linear function with slope 3, increasingx by 3 will lead to�y D 3.3/ D 9.

5. What is the minimum off .x/ D .x C 3/2 � 4?

SOLUTION Because.x C 3/2 � 0, it follows that.x C 3/2 � 4 � �4. Thus, the minimum value of.x C 3/2 � 4 is �4.

6. What is the result of completing the square forf .x/ D x2 C 1?

SOLUTION Because there is nox term inx2 C 1, completing the square on this expression leads to.x � 0/2 C 1.

Exercises
In Exercises 1–4, find the slope, they-intercept, and thex-intercept of the line with the given equation.

1. y D 3x C 12

SOLUTION Because the equation of the line is given in slope-intercept form, the slope is the coefficient ofx and they-intercept
is the constant term: that is,m D 3 and they-intercept is 12. To determine thex-intercept, substitutey D 0 and then solve forx:
0 D 3x C 12 or x D �4.
2. y D 4 � x

SOLUTION Because the equation of the line is given in slope-intercept form, the slope is the coefficient ofx and they-intercept
is the constant term: that is,m D �1 and they-intercept is 4. To determine thex-intercept, substitutey D 0 and then solve forx:
0 D 4 � x or x D 4.

3. 4x C 9y D 3

SOLUTION To determine the slope andy-intercept, we first solve the equation fory to obtain the slope-intercept form. This yields

y D �4
9x C 1

3 . From here, we see that the slope ism D �4
9 and they-intercept is13 . To determine thex-intercept, substitute

y D 0 and solve forx: 4x D 3 or x D 3
4 .

4. y � 3 D 1
2 .x � 6/

SOLUTION The equation is in point-slope form, so we see thatm D 1
2 . Substitutingx D 0 yieldsy � 3 D �3 or y D 0. Thus,

thex- andy-intercepts are both 0.

In Exercises 5–8, find the slope of the line.

5. y D 3x C 2

SOLUTION m D 3

6. y D 3.x � 9/C 2

SOLUTION m D 3

7. 3x C 4y D 12

SOLUTION First solve the equation fory to obtain the slope-intercept form. This yieldsy D �3
4x C 3. The slope of the line is

thereforem D �3
4 .

8. 3x C 4y D �8
SOLUTION First solve the equation fory to obtain the slope-intercept form. This yieldsy D �3

4x � 2. The slope of the line is

thereforem D �3
4 .

In Exercises 9–20, find the equation of the line with the given description.

9. Slope 3,y-intercept 8

SOLUTION Using the slope-intercept form for the equation of a line, we havey D 3x C 8.

10. Slope�2, y-intercept 3

SOLUTION Using the slope-intercept form for the equation of a line, we havey D �2x C 3.

11. Slope 3, passes through.7; 9/

SOLUTION Using the point-slope form for the equation of a line, we havey � 9 D 3.x � 7/ or y D 3x � 12.
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12. Slope�5, passes through.0; 0/

SOLUTION Using the point-slope form for the equation of a line, we havey � 0 D �5.x � 0/ or y D �5x.

13. Horizontal, passes through.0;�2/
SOLUTION A horizontal line has a slope of 0. Using the point-slope form for the equation of a line, we havey � .�2/ D 0.x � 0/
or y D �2.
14. Passes through.�1; 4/ and.2; 7/

SOLUTION The slope of the line that passes through.�1; 4/ and.2; 7/ is

m D 7 � 4

2 � .�1/ D 1:

Using the point-slope form for the equation of a line, we havey � 7 D 1.x � 2/ or y D x C 5.

15. Parallel toy D 3x � 4, passes through.1; 1/

SOLUTION Because the equationy D 3x � 4 is in slope-intercept form, we can readily identify that it has a slope of 3. Parallel
lines have the same slope, so the slope of the requested line is also 3. Using the point-slope form for the equation of a line, we have
y � 1 D 3.x � 1/ or y D 3x � 2.
16. Passes through.1; 4/ and.12;�3/
SOLUTION The slope of the line that passes through.1; 4/ and.12;�3/ is

m D �3 � 4

12 � 1
D �7
11
:

Using the point-slope form for the equation of a line, we havey � 4 D � 7
11 .x � 1/ or y D � 7

11x C 51
11 .

17. Perpendicular to3x C 5y D 9, passes through.2; 3/

SOLUTION We start by solving the equation3x C 5y D 9 for y to obtain the slope-intercept form for the equation of a line. This
yields

y D �3
5
x C 9

5
;

from which we identify the slope as�3
5 . Perpendicular lines have slopes that are negative reciprocals of one another, so the slope

of the desired line ism? D 5
3 . Using the point-slope form for the equation of a line, we havey � 3 D 5

3 .x � 2/ or y D 5
3x � 1

3 .

18. Vertical, passes through.�4; 9/
SOLUTION A vertical line has the equationx D c for some constantc. Because the line needs to pass through the point.�4; 9/,
we must havec D �4. The equation of the desired line is thenx D �4.
19. Horizontal, passes through.8; 4/

SOLUTION A horizontal line has slope 0. Using the point slope form for the equation of a line, we havey � 4 D 0.x � 8/ or
y D 4.

20. Slope 3,x-intercept 6

SOLUTION If the x-intercept is 6, then the line passes through the point.6; 0/. Using the point-slope form for the equation of a
line, we havey � 0 D 3.x � 6/ or y D 3x � 18.

21. Find the equation of the perpendicular bisector of the segment joining.1; 2/ and.5; 4/ (Figure 1).Hint: The midpointQ of the

segment joining.a; b/ and.c; d/ is
�
a C c

2
;
b C d

2

�
.

Q

(1, 2)

(5, 4)

Perpendicular
bisector

x

y

FIGURE 1

SOLUTION The slope of the segment joining.1; 2/ and.5; 4/ is

m D 4� 2

5� 1
D 1

2

and the midpoint of the segment (Figure 1) is

midpointD
�
1C 5

2
;
2C 4

2

�
D .3; 3/

The perpendicular bisector has slope�1=m D �2 and passes through.3; 3/, so its equation is:y � 3 D �2.x � 3/ ory D �2xC 9.
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22. Intercept-Intercept Form Show that ifa; b ¤ 0, then the line withx-interceptx D a andy-intercepty D b has equation
(Figure 2)

x

a
C y

b
D 1

b

a
x

y

FIGURE 2

SOLUTION The line passes through the points.a; 0/ and.0; b/. Thusm D �b
a . Using the point-slope form for the equation of a

line yieldsy � 0 D �b
a .x � a/ ) y D �b

ax C b ) b
ax C y D b ) x

a C y
b

D 1.

23. Find an equation of the line withx-interceptx D 4 andy-intercepty D 3.

SOLUTION From Exercise 22,x4 C y
3 D 1 or 3x C 4y D 12.

24. Findy such that.3; y/ lies on the line of slopem D 2 through.1; 4/.

SOLUTION In order for the point.3; y/ to lie on the line through.1; 4/ of slope 2, the slope of the segment connecting.1; 4/ and
.3; y/must have slope 2. Therefore,

m D y � 4

3 � 1 D y � 4
2

D 2 ) y � 4 D 4 ) y D 8:

25. Determine whether there exists a constantc such that the linex C cy D 1:

(a) Has slope 4 (b) Passes through.3; 1/
(c) Is horizontal (d) Is vertical

SOLUTION

(a) Rewriting the equation of the line in slope-intercept form givesy D �x
c C 1

c . To have slope 4 requires�1
c D 4 or c D �1

4 .
(b) Substitutingx D 3 andy D 1 into the equation of the line gives3C c D 1 or c D �2.
(c) From (a), we know the slope of the line is�1

c . There is no value forc that will make this slope equal to 0.
(d) With c D 0, the equation becomesx D 1. This is the equation of a vertical line.

26. Assume that the numberN of concert tickets that can be sold at a price ofP dollars per ticket is a linear functionN.P / for
10 � P � 40. DetermineN.P / (called the demand function) ifN.10/ D 500 andN.40/ D 0. What is the decrease�N in the
number of tickets sold if the price is increased by�P D 5 dollars?

SOLUTION We first determine the slope of the line:

m D 500 � 0
10 � 40

D 500

�30 D �50
3
:

Knowing thatN.40/ D 0, it follows that

N.P / D �50
3
.P � 40/ D �50

3
P C 2000

3
:

Because the slope of the demand function is�50
3 , a 5 dollar increase in price will lead to a decrease in the number of tickets sold

of 503 .5/ D 250
3 D 8313 , or about 83 tickets.

27. Materials expand when heated. Consider a metal rod of lengthL0 at temperatureT0. If the temperature is changed by an
amount�T , then the rod’s length changes by�L D ˛L0�T , where˛ is the thermal expansion coefficient. For steel,˛ D
1:24 � 10�5 ıC�1.

(a) A steel rod has lengthL0 D 40 cm atT0 D 40ıC. Find its length atT D 90ıC.
(b) Find its length atT D 50ıC if its length atT0 D 100ıC is 65 cm.
(c) Express lengthL as a function ofT if L0 D 65 cm atT0 D 100ıC.

SOLUTION

(a) With T D 90ıC andT0 D 40ıC,�T D 50ıC. Therefore,

�L D ˛L0�T D .1:24 � 10�5/.40/.50/ D :0248 and L D L0 C�L D 40:0248 cm:

(b) With T D 50ıC andT0 D 100ıC,�T D �50ıC. Therefore,

�L D ˛L0�T D .1:24 � 10�5/.65/.�50/ D �:0403 and L D L0 C�L D 64:9597 cm:

(c) L D L0 C�L D L0 C ˛L0�T D L0.1C ˛�T / D 65.1C ˛.T � 100//



S E C T I O N 1.2 Linear and Quadratic Functions 19

28. Do the points.0:5; 1/, .1; 1:2/, .2; 2/ lie on a line?

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

1:2 � 1

1 � 0:5 D 0:2

0:5
D 0:4;

while the second pair of data points yields a slope of

2 � 1:2

2 � 1
D 0:8

1
D 0:8:

Because the slopes are not equal, the three points do not lie on a line.

29. Findb such that.2;�1/, .3; 2/, and.b; 5/ lie on a line.

SOLUTION The slope of the line determined by the points.2;�1/ and.3; 2/ is

2� .�1/
3 � 2

D 3:

To lie on the same line, the slope between.3; 2/ and.b; 5/ must also be 3. Thus, we require

5 � 2

b � 3
D 3

b � 3 D 3;

or b D 4.

30. Find an expression for the velocityv as a linear function oft that matches the following data.

t (s) 0 2 4 6

v (m/s) 39.2 58.6 78 97.4

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

58:6 � 39:2
2 � 0 D 9:7;

while the second pair of data points yields a slope of

78 � 58:6

4 � 2 D 9:7;

and the last pair of data points yields a slope of

97:4 � 78

6 � 4 D 9:7

Thus, the data suggests a linear function with slope9:7. Finally,

v � 39:2 D 9:7.t � 0/ ) v D 9:7t C 39:2

31. The periodT of a pendulum is measured for pendulums of several different lengthsL. Based on the following data, doesT
appear to be a linear function ofL?

L (cm) 20 30 40 50

T (s) 0.9 1.1 1.27 1.42

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

1:1 � 0:9

30 � 20
D 0:02;

while the second pair of data points yields a slope of

1:27 � 1:1

40 � 30
D 0:017;

and the last pair of data points yields a slope of

1:42 � 1:27

50 � 40
D 0:015

Because the three slopes are not equal,T does not appear to be a linear function ofL.
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32. Show thatf .x/ is linear of slopem if and only if

f .x C h/ � f .x/ D mh (for all x andh)

SOLUTION First, supposef .x/ is linear. Then the slope between.x; f .x// and.x C h; f .x C h// is

m D f .x C h/ � f .x/

h
) mh D f .x C h/ � f .x/:

Conversely, supposef .x C h/ � f .x/ D mh for all x and for allh. Then

m D f .x C h/ � f .x/

h
D f .x C h/ � f .x/

x C h � x
;

which is the slope between.x; f .x// and.x C h; f .x C h//. Since this is true for allx andh, f must be linear (it has constant
slope).

33. Find the roots of the quadratic polynomials:

(a) 4x2 � 3x � 1 (b) x2 � 2x � 1

SOLUTION

(a) x D 3˙
p
9 � 4.4/.�1/
2.4/

D 3˙
p
25

8
D 1 or �1

4

(b) x D 2˙
p
4 � .4/.1/.�1/

2
D 2˙

p
8

2
D 1˙

p
2

In Exercises 34–41, complete the square and find the minimum or maximum value of the quadratic function.

34. y D x2 C 2x C 5

SOLUTION y D x2 C 2x C 1 � 1C 5 D .x C 1/2 C 4; therefore, the minimum value of the quadratic polynomial is 4, and this
occurs atx D �1.
35. y D x2 � 6x C 9

SOLUTION y D .x � 3/2; therefore, the minimum value of the quadratic polynomial is 0, and this occurs atx D 3.

36. y D �9x2 C x

SOLUTION y D �9.x2 � x=9/ D �9.x2 � x
9 C 1

324 / C 9
324 D �9.x � 1

18 /
2 C 1

36 ; therefore, the maximum value of the

quadratic polynomial is136 , and this occurs atx D 1
18 .

37. y D x2 C 6x C 2

SOLUTION y D x2 C 6x C 9 � 9 C 2 D .x C 3/2 � 7; therefore, the minimum value of the quadratic polynomial is�7, and
this occurs atx D �3.
38. y D 2x2 � 4x � 7
SOLUTION y D 2.x2 � 2x C 1 � 1/ � 7 D 2.x2 � 2x C 1/ � 7 � 2 D 2.x � 1/2 � 9; therefore, the minimum value of the
quadratic polynomial is�9, and this occurs atx D 1.

39. y D �4x2 C 3x C 8

SOLUTION y D �4x2 C 3x C 8 D �4.x2 � 3
4x C 9

64 /C 8C 9
16 D �4.x � 3

8 /
2 C 137

16 ; therefore, the maximum value of the

quadratic polynomial is13716 , and this occurs atx D 3
8 .

40. y D 3x2 C 12x � 5

SOLUTION y D 3.x2 C 4x C 4/� 5� 12 D 3.x C 2/2 � 17; therefore, the minimum value of the quadratic polynomial is�17,
and this occurs atx D �2.
41. y D 4x � 12x2

SOLUTION y D �12.x2 � x
3 / D �12.x2 � x

3 C 1
36 /C 1

3 D �12.x � 1
6 /
2 C 1

3 ; therefore, the maximum value of the quadratic

polynomial is13 , and this occurs atx D 1
6 .

42. Sketch the graph ofy D x2 � 6x C 8 by plotting the roots and the minimum point.

SOLUTION y D x2 � 6x C 9 � 9 C 8 D .x � 3/2 � 1 so the vertex is located at.3;�1/ and the roots arex D 2 andx D 4.
This is the graph ofx2 moved right 3 units and down 1 unit.

1
2
3
4
5
6
7
8

y

x
−1 1 32 4 5 6
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43. Sketch the graph ofy D x2 C 4x C 6 by plotting the minimum point, they-intercept, and one other point.

SOLUTION y D x2 C 4x C 4 � 4C 6 D .x C 2/2 C 2 so the minimum occurs at.�2; 2/. If x D 0, theny D 6 and ifx D �4,
y D 6. This is the graph ofx2 moved left 2 units and up 2 units.

−4 −3 −2 −1

2

4

6

8

10

y

x

44. If the allelesA andB of the cystic fibrosis gene occur in a population with frequenciesp and1 � p (wherep is a fraction
between 0 and 1), then the frequency of heterozygous carriers (carriers with both alleles) is2p.1 � p/. Which value ofp gives the
largest frequency of heterozygous carriers?

SOLUTION Let

f D 2p � 2p2 D �2
�
p2 � p C 1

4

�
C 1

2
D �2

�
p � 1

2

�2
C 1

2
:

Thenp D 1
2 yields a maximum.

45. For which values ofc doesf .x/ D x2 C cx C 1 have a double root? No real roots?

SOLUTION A double root occurs whenc2 � 4.1/.1/ D 0 or c2 D 4. Thus,c D ˙2.
There are no real roots whenc2 � 4.1/.1/ < 0 or c2 < 4. Thus,�2 < c < 2.

46. Let f .x/ be a quadratic function andc a constant. Which of the following statements is correct? Explain graphically.

(a) There is a unique value ofc such thaty D f .x/� c has a double root.

(b) There is a unique value ofc such thaty D f .x � c/ has a double root.

SOLUTION First note that becausef .x/ is a quadratic function, its graph is a parabola.

(a) This is true. Becausef .x/� c is a vertical translation of the graph off .x/, there is one and only one value ofc that will move
the vertex of the parabola to thex-axis.

(b) This is false. Observe thatf .x � c/ is a horizontal translation of the graph off .x/. If f .x/ has a double root, thenf .x � c/

will have a double root for any value ofc; on the other hand, iff .x/ does not have a double root, then there is no value ofc for
whichf .x � c/ will have a double root.

47. Prove thatx C 1
x � 2 for all x > 0. Hint: Consider.x1=2 � x�1=2/2.

SOLUTION Let x > 0. Then

�
x1=2 � x�1=2

�2
D x � 2C 1

x
:

Because.x1=2 � x�1=2/2 � 0, it follows that

x � 2C 1

x
� 0 or x C 1

x
� 2:

48. Let a; b > 0. Show that thegeometric mean
p
ab is not larger than thearithmetic mean.a C b/=2. Hint: Use a variation of

the hint given in Exercise 47.

SOLUTION Let a; b > 0 and note

0 �
�p

a �
p
b
�2

D a � 2
p
ab C b:

Therefore,

p
ab � aC b

2
:
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49. If objects of weightsx andw1 are suspended from the balance in Figure 3(A), the cross-beam is horizontal ifbx D aw1. If the
lengthsa andb are known, we may use this equation to determine an unknown weightx by selectingw1 such that the cross-beam
is horizontal. Ifa andb are not known precisely, we might proceed as follows. First balancex by w1 on the left as in (A). Then
switch places and balancex by w2 on the right as in (B). The averageNx D 1

2 .w1 C w2/ gives an estimate forx. Show thatNx is
greater than or equal to the true weightx.

w1

(A)

a

x

b

(B)

w2x

a b

FIGURE 3

SOLUTION First notebx D aw1 andax D bw2. Thus,

Nx D 1

2
.w1 C w2/

D 1

2

�
bx

a
C ax

b

�

D x

2

�
b

a
C a

b

�

� x

2
.2/ by Exercise 47

D x

50. Find numbersx andy with sum 10 and product 24.Hint: Find a quadratic polynomial satisfied byx.

SOLUTION Let x andy be numbers whose sum is 10 and product is 24. Thenx C y D 10 andxy D 24. From the second

equation,y D 24
x . Substituting this expression fory in the first equation givesxC 24

x D 10 orx2 � 10x C 24 D .x � 4/.x � 6/ D
0, whencex D 4 or x D 6. If x D 4, theny D 24

4 D 6. On the other hand, ifx D 6, theny D 24
6 D 4. Thus, the two numbers are

4 and 6.

51. Find a pair of numbers whose sum and product are both equal to 8.

SOLUTION Let x andy be numbers whose sum and product are both equal to 8. Thenx C y D 8 andxy D 8. From the second

equation,y D 8
x . Substituting this expression fory in the first equation givesx C 8

x D 8 or x2 � 8x C 8 D 0. By the quadratic
formula,

x D 8˙
p
64 � 32

2
D 4˙ 2

p
2:

If x D 4C 2
p
2, then

y D 8

4C 2
p
2

D 8

4C 2
p
2

� 4 � 2
p
2

4 � 2
p
2

D 4 � 2
p
2:

On the other hand, ifx D 4 � 2
p
2, then

y D 8

4 � 2
p
2

D 8

4 � 2
p
2

� 4C 2
p
2

4C 2
p
2

D 4C 2
p
2:

Thus, the two numbers are4C 2
p
2 and 4 � 2

p
2.

52. Show that the parabolay D x2 consists of all pointsP such thatd1 D d2, whered1 is the distance fromP to
�
0; 14

�
andd2

is the distance fromP to the liney D �1
4 (Figure 4).

d1

d2

P = (x, x2)

y = x2

1
4

1
4

−

x

y

FIGURE 4



S E C T I O N 1.2 Linear and Quadratic Functions 23

SOLUTION LetP be a point on the graph of the parabolay D x2. ThenP has coordinates.x; x2/ for some real numberx. Now

d2 D x2 C 1
4 and

d1 D

s
.x � 0/2 C

�
x2 � 1

4

�2
D
r
x2 C x4 � 1

2
x2 C 1

16
D

s�
x2 C 1

4

�2
D x2 C 1

4
D d2:

Further Insights and Challenges

53. Show that iff .x/ andg.x/ are linear, then so isf .x/C g.x/. Is the same true off .x/g.x/?

SOLUTION If f .x/ D mx C b andg.x/ D nx C d , then

f .x/C g.x/ D mx C b C nx C d D .mC n/x C .b C d/;

which is linear.f .x/g.x/ is not generally linear. Take, for example,f .x/ D g.x/ D x. Thenf .x/g.x/D x2.

54. Show that iff .x/ andg.x/ are linear functions such thatf .0/ D g.0/ andf .1/ D g.1/, thenf .x/ D g.x/.

SOLUTION Supposef .x/ D mx C b andg.x/ D nx C d . Thenf .0/ D b andg.0/ D d , which impliesb D d . Thus
f .x/ D mx C b andg.x/ D nx C b. Now,f .1/ D mC b andg.1/ D nC b somC b D nC b andm D n. Thusf .x/ D g.x/.

55. Show that�y=�x for the functionf .x/ D x2 over the intervalŒx1; x2� is not a constant, but depends on the interval.
Determine the exact dependence of�y=�x onx1 andx2.

SOLUTION Forx2,
�y

�x
D
x22 � x21
x2 � x1

D x2 C x1.

56. Use Eq. (2) to derive the quadratic formula for the roots ofax2 C bx C c D 0.

SOLUTION Consider the equationax2 C bx C c D 0. First, complete the square to obtain

a

�
x C b

2a

�2
C 4ac � b2

4a
D 0:

Then

�
x C b

2a

�2
D b2 � 4ac

4a2
and

ˇ̌
ˇ̌x C b

2a

ˇ̌
ˇ̌ D

s
b2 � 4ac

4a2
D

p
b2 � 4ac
2a

:

Dropping the absolute values yields

x C b

2a
D ˙

p
b2 � 4ac
2a

or x D �b
2a

˙
p
b2 � 4ac
2a

D �b ˙
p
b2 � 4ac
2a

57. Let a; c ¤ 0. Show that the roots of

ax2 C bx C c D 0 and cx2 C bx C a D 0

are reciprocals of each other.

SOLUTION Let r1 andr2 be the roots ofax2 C bx C c andr3 andr4 be the roots ofcx2 C bx C a. Without loss of generality,
let

r1 D �b C
p
b2 � 4ac

2a
) 1

r1
D 2a

�b C
p
b2 � 4ac

� �b �
p
b2 � 4ac

�b �
p
b2 � 4ac

D 2a.�b �
p
b2 � 4ac/

b2 � b2 C 4ac
D �b �

p
b2 � 4ac

2c
D r4:

Similarly, you can show
1

r2
D r3.

58. Show, by completing the square, that the parabola

y D ax2 C bx C c

is congruent toy D ax2 by a vertical and horizontal translation.

SOLUTION

y D a

 
x2 C b

a
x C b2

4a2

!
C c � b2

4a
D a

�
x C b

2a

�2
C 4ac � b2

4a
:

Thus, the first parabola is just the second translated horizontally by� b
2a and vertically by4ac�b2

4a .
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59. ProveVi ète’s Formulas: The quadratic polynomial with̨ andˇ as roots isx2 C bx C c, whereb D �˛ � ˇ andc D ˛ˇ.

SOLUTION If a quadratic polynomial has roots̨andˇ, then the polynomial is

.x � ˛/.x � ˇ/ D x2 � ˛x � ˇx C ˛ˇ D x2 C .�˛ � ˇ/x C ˛ˇ:

Thus,b D �˛ � ˇ andc D ˛ˇ.

1.3 The Basic Classes of Functions

Preliminary Questions
1. Give an example of a rational function.

SOLUTION One example is
3x2 � 2

7x3 C x � 1
.

2. Is jxj a polynomial function? What aboutjx2 C 1j?
SOLUTION jxj is not a polynomial; however, becausex2 C 1 > 0 for all x, it follows that jx2 C 1j D x2 C 1, which is a
polynomial.

3. What is unusual about the domain of the composite functionf ı g for the functionsf .x/ D x1=2 andg.x/ D �1 � jxj?
SOLUTION Recall that.f ı g/.x/ D f .g.x//. Now, for any real numberx, g.x/ D �1 � jxj � �1 < 0. Because we cannot
take the square root of a negative number, it follows thatf .g.x// is not defined for any real number. In other words, the domain of
f .g.x// is the empty set.

4. Is f .x/ D
�
1
2

�x increasing or decreasing?

SOLUTION The functionf .x/ D .12 /
x is an exponential function with baseb D 1

2 < 1. Therefore,f is a decreasing function.

5. Give an example of a transcendental function.

SOLUTION One possibility isf .x/ D ex � sinx.

Exercises
In Exercises 1–12, determine the domain of the function.

1. f .x/ D x1=4

SOLUTION x � 0

2. g.t/ D t2=3

SOLUTION All reals

3. f .x/ D x3 C 3x � 4

SOLUTION All reals

4. h.z/ D z3 C z�3

SOLUTION z 6D 0

5. g.t/ D 1

t C 2

SOLUTION t 6D �2

6. f .x/ D 1

x2 C 4

SOLUTION All reals

7. G.u/ D 1

u2 � 4

SOLUTION u 6D ˙2

8. f .x/ D
p
x

x2 � 9

SOLUTION x � 0, x 6D 3
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9. f .x/ D x�4 C .x � 1/�3

SOLUTION x 6D 0; 1

10. F.s/ D sin
�

s

s C 1

�

SOLUTION s 6D �1

11. g.y/ D 10
p
yCy�1

SOLUTION y > 0

12. f .x/ D x C x�1

.x � 3/.x C 4/

SOLUTION x 6D 0; 3;�4

In Exercises 13–24, identify each of the following functions as polynomial, rational, algebraic, or transcendental.

13. f .x/ D 4x3 C 9x2 � 8

SOLUTION Polynomial

14. f .x/ D x�4

SOLUTION Rational

15. f .x/ D
p
x

SOLUTION Algebraic

16. f .x/ D
p
1 � x2

SOLUTION Algebraic

17. f .x/ D x2

x C sin x

SOLUTION Transcendental

18. f .x/ D 2x

SOLUTION Transcendental

19. f .x/ D 2x3 C 3x

9 � 7x2

SOLUTION Rational

20. f .x/ D 3x � 9x�1=2

9 � 7x2
SOLUTION Algebraic

21. f .x/ D sin.x2/

SOLUTION Transcendental

22. f .x/ D xp
x C 1

SOLUTION Algebraic

23. f .x/ D x2 C 3x�1

SOLUTION Rational

24. f .x/ D sin.3x/

SOLUTION Transcendental

25. Is f .x/ D 2x
2

a transcendental function?

SOLUTION Yes.

26. Show thatf .x/ D x2 C 3x�1 andg.x/ D 3x3 � 9x C x�2 are rational functions—that is, quotients of polynomials.

SOLUTION f .x/ D x2 C 3x�1 D x2 C 3

x
D x3 C 3

x

g.x/ D 3x3 � 9x C x�2 D 3x5 � 9x3 C 1

x2
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In Exercises 27–34, calculate the composite functionsf ı g andg ı f , and determine their domains.

27. f .x/ D
p
x, g.x/ D x C 1

SOLUTION f .g.x// D
p
x C 1; D: x � �1, g.f .x// D

p
x C 1; D: x � 0

28. f .x/ D 1

x
, g.x/ D x�4

SOLUTION f .g.x// D x4;D: x ¤ 0, g.f .x// D x4:D: x ¤ 0

29. f .x/ D 2x , g.x/ D x2

SOLUTION f .g.x// D 2x
2
;D: R, g.f .x//D .2x/2 D 22x ;D: R

30. f .x/ D jxj, g.�/ D sin�

SOLUTION f .g.�// D jsin� j; D: R, g.f .x//D sinjxj; D: R

31. f .�/ D cos� , g.x/ D x3 C x2

SOLUTION f .g.x// D cos.x3 C x2/;D: R, g.f .�// D cos3 � C cos2 � ; D: R

32. f .x/ D 1

x2 C 1
, g.x/ D x�2

SOLUTION f .g.x// D 1

.x�2/2 C 1
D 1

x�4 C 1
; D: x 6D 0, g.f .x// D

�
1

x2 C 1

��2
D .x2 C 1/2;D: R

33. f .t/ D 1p
t
, g.t/ D �t2

SOLUTION f .g.t// D 1p
�t2

;D: Not valid for anyt , g.f .t// D �
�
1p
t

�2
D �1

t ;D: t > 0

34. f .t/ D
p
t , g.t/ D 1 � t3

SOLUTION f .g.t// D
p
1 � t3;D: t � 1, g.f .t// D 1 � t3=2;D: t � 0

35. The population (in millions) of a country as a function of timet (years) isP.t/ D 30:20:1t . Show that the population doubles
every 10 years. Show more generally that for any positive constantsa andk, the functiong.t/ D a2kt doubles after1=k years.

SOLUTION LetP.t/ D 30 � 20:1t . Then

P.t C 10/ D 30 � 20:1.tC10/ D 30 � 20:1tC1 D 2.30 � 20:1t / D 2P.t/:

Hence, the population doubles in size every 10 years. In the more general case, letg.t/ D a2kt . Then

g

�
t C 1

k

�
D a2k.tC1=k/ D a2ktC1 D 2a2kt D 2g.t/:

Hence, the functiong doubles after1=k years.

36. Find all values ofc such thatf .x/ D x C 1

x2 C 2cx C 4
has domainR.

SOLUTION The domain off will consist of all real numbers provided the denominator has no real roots. The roots ofx2 C
2cx C 4 D 0 are

x D �2c ˙
p
4c2 � 16
2

D �c ˙
p
c2 � 4:

There will be no real roots whenc2 < 4 or when�2 < c < 2.

Further Insights and Challenges

In Exercises 37–43, we define thefirst differenceıf of a functionf .x/ by ıf .x/ D f .x C 1/ � f .x/.

37. Show that iff .x/ D x2, thenıf .x/ D 2x C 1. Calculateıf for f .x/ D x andf .x/ D x3.

SOLUTION f .x/ D x2: ıf .x/ D f .x C 1/ � f .x/ D .x C 1/2 � x2 D 2x C 1

f .x/ D x: ıf .x/ D x C 1 � x D 1

f .x/ D x3: ıf .x/ D .x C 1/3 � x3 D 3x2 C 3x C 1

38. Show thatı.10x/ D 9 � 10x and, more generally, thatı.bx/ D .b � 1/bx .
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SOLUTION ı.10x/ D 10xC1 � 10x D 10 � 10x � 10x D 10x.10 � 1/ D 9 � 10x
ı.bx/ D bxC1 � bx D bx.b � 1/

39. Show that for any two functionsf andg, ı.f C g/ D ıf C ıg andı.cf / D cı.f /, wherec is any constant.

SOLUTION ı.f C g/ D .f .x C 1/C g.x C 1// � .f .x/� g.x//

D .f .x C 1/� f .x//C .g.x C 1/ � g.x// D ıf .x/C ıg.x/

ı.cf / D cf .x C 1/ � cf .x/ D c.f .x C 1/ � f .x// D cıf .x/:

40. Suppose we can find a functionP.x/ such thatıP D .x C 1/k andP.0/ D 0. Prove thatP.1/ D 1k , P.2/ D 1k C 2k , and,
more generally, for every whole numbern,

P.n/ D 1k C 2k C � � � C nk 1

SOLUTION Suppose we have found a functionP.x/ such thatıP.x/ D .x C 1/k andP.0/ D 0. Taking x D 0, we have

ıP.0/ D P.1/� P.0/ D .0C 1/k D 1k . Therefore,P.1/ D P.0/C 1k D 1k . Next, takex D 1. ThenıP.1/ D P.2/ � P.1/ D
.1C 1/k D 2k , andP.2/ D P.1/C 2k D 1k C 2k .

To prove the general result, we will proceed by induction. The basis step, proving thatP.1/ D 1k is given above, so we move on
to the induction step. Assume that, for some integerj ,P.j / D 1k C 2k C � � � C jk . ThenıP.j / D P.j C 1/�P.j / D .j C 1/k

and

P.j C 1/ D P.j /C .j C 1/k D 1k C 2k C � � � C jk C .j C 1/k :

Therefore, by mathematical induction, for every whole numbern, P.n/ D 1k C 2k C � � � C nk .

41. First show that

P.x/ D x.x C 1/

2

satisfiesıP D .x C 1/. Then apply Exercise 40 to conclude that

1C 2C 3C � � � C n D n.nC 1/

2

SOLUTION LetP.x/ D x.x C 1/=2. Then

ıP.x/ D P.x C 1/ � P.x/ D .x C 1/.x C 2/

2
� x.x C 1/

2
D .x C 1/.x C 2 � x/

2
D x C 1:

Also, note thatP.0/ D 0. Thus, by Exercise 40, withk D 1, it follows that

P.n/ D n.nC 1/

2
D 1C 2C 3C � � � C n:

42. Calculateı.x3/, ı.x2/, andı.x/. Then find a polynomialP.x/ of degree3 such thatıP D .x C 1/2 andP.0/ D 0. Conclude
thatP.n/ D 12 C 22 C � � � C n2.

SOLUTION From Exercise 37, we know

ıx D 1; ıx2 D 2x C 1; and ıx3 D 3x2 C 3x C 1:

Therefore,

1

3
ıx3 C 1

2
ıx2 C 1

6
ıx D x2 C 2x C 1 D .x C 1/2:

Now, using the properties of the first difference from Exercise 39, it follows that

1

3
ıx3 C 1

2
ıx2 C 1

6
ıx D ı

�
1

3
x3
�

C ı

�
1

2
x2
�

C ı

�
1

6
x

�
D ı

�
1

3
x3 C 1

2
x2 C 1

6
x

�
D ı

 
2x3 C 3x2 C x

6

!
:

Finally, let

P.x/ D 2x3 C 3x2 C x

6
:

ThenıP.x/ D .x C 1/2 andP.0/ D 0, so by Exercise 40, withk D 2, it follows that

P.n/ D 2n3 C 3n2 C n

6
D 12 C 22 C 32 C � � � C n2:
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43. This exercise combined with Exercise 40 shows that for all whole numbersk, there exists a polynomialP.x/ satisfying Eq. (1).
The solution requires the Binomial Theorem and proof by induction (see Appendix C).

(a) Show thatı.xkC1/ D .k C 1/ xk C � � � ; where the dots indicate terms involving smaller powers ofx.

(b) Show by induction that there exists a polynomial of degreek C 1 with leading coefficient1=.k C 1/:

P.x/ D 1

k C 1
xkC1 C � � �

such thatıP D .x C 1/k andP.0/ D 0.

SOLUTION

(a) By the Binomial Theorem:

ı.xnC1/ D .x C 1/nC1 � xnC1 D
�
xnC1 C

�
nC 1

1

�
xn C

�
nC 1

2

�
xn�1 C � � � C 1

�
� xnC1

D
�
nC 1

1

�
xn C

�
nC 1

2

�
xn�1 C � � � C 1

Thus,

ı.xnC1/ D .nC 1/ xn C � � �

where the dots indicate terms involving smaller powers ofx.

(b) Fork D 0, note thatP.x/ D x satisfiesıP D .x C 1/0 D 1 andP.0/ D 0.
Now suppose the polynomial

P.x/ D 1

k
xk C pk�1x

k�1 C � � � C p1x

which clearly satisfiesP.0/ D 0 also satisfiesıP D .x C 1/k�1. We try to prove the existence of

Q.x/ D 1

k C 1
xkC1 C qkx

k C � � � C q1x

such thatıQ D .x C 1/k . Observe thatQ.0/ D 0.
If ıQ D .x C 1/k andıP D .x C 1/k�1, then

ıQ D .x C 1/k D .x C 1/ıP D xıP.x/C ıP

By the linearity ofı (Exercise 39), we findıQ � ıP D xıP or ı.Q � P / D xıP . By definition,

Q � P D 1

k C 1
xkC1 C

�
qk � 1

k

�
xk C � � � C .q1 � p1/x;

so, by the linearity ofı,

ı.Q � P / D 1

k C 1
ı.xkC1/C

�
qk � 1

k

�
ı.xk/C � � � C .q1 � p1/ D x.x C 1/k�1 (1)

By part (a),

ı.xkC1/ D .k C 1/xk C Lk�1;k�1x
k�1 C : : :C Lk�1;1x C 1

ı.xk/ D kxk�1 C Lk�2;k�2x
k�2 C : : :C Lk�2;1x C 1

:::

ı.x2/ D 2x C 1

where theLi;j are real numbers for eachi; j .
To constructQ, we have to group like powers ofx on both sides of Eq. (1). This yields the system of equations

1

k C 1

�
.k C 1/xk

�
D xk

1

k C 1
Lk�1;k�1x

k�1 C
�
qk � 1

k

�
kxk�1 D .k � 1/xk�1

:::
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1

k C 1
C
�
qk � 1

k

�
C .qk�1 � pk�1/C � � � C .q1 � p1/ D 0:

The first equation is identically true, and the second equation can be solved immediately forqk . Substituting the value ofqk into the
third equation of the system, we can then solve forqk�1. We continue this process until we substitute the values ofqk ; qk�1; : : : q2
into the last equation, and then solve forq1.

1.4 Trigonometric Functions

Preliminary Questions
1. How is it possible for two different rotations to define the same angle?

SOLUTION Working from the same initial radius, two rotations that differ by a whole number of full revolutions will have the
same ending radius; consequently, the two rotations will define the same angle even though the measures of the rotations will be
different.

2. Give two different positive rotations that define the angle�=4.

SOLUTION The angle�=4 is defined by any rotation of the form�4 C 2�k wherek is an integer. Thus, two different positive
rotations that define the angle�=4 are

�

4
C 2�.1/ D 9�

4
and

�

4
C 2�.5/ D 41�

4
:

3. Give a negative rotation that defines the angle�=3.

SOLUTION The angle�=3 is defined by any rotation of the form�3 C 2�k wherek is an integer. Thus, a negative rotation that
defines the angle�=3 is

�

3
C 2�.�1/ D �5�

3
:

4. The definition of cos� using right triangles applies when (choose the correct answer):

(a) 0 < � <
�

2
(b) 0 < � < � (c) 0 < � < 2�

SOLUTION The correct response is(a): 0 < � < �
2 .

5. What is the unit circle definition of sin�?

SOLUTION LetO denote the center of the unit circle, and letP be a point on the unit circle such that the radiusOP makes an
angle� with the positivex-axis. Then, sin� is they-coordinate of the pointP .

6. How does the periodicity of sin� and cos� follow from the unit circle definition?

SOLUTION LetO denote the center of the unit circle, and letP be a point on the unit circle such that the radiusOP makes an
angle� with the positivex-axis. Then, cos� and sin� are thex- andy-coordinates, respectively, of the pointP . The angle� C 2�

is obtained from the angle� by making one full revolution around the circle. The angle� C 2� will therefore have the radiusOP
as its terminal side. Thus

cos.� C 2�/ D cos� and sin.� C 2�/ D sin�:

In other words, sin� and cos� are periodic functions.

Exercises
1. Find the angle between0 and2� equivalent to13�=4.

SOLUTION Because13�=4 > 2�, we repeatedly subtract2� until we arrive at a radian measure that is between 0 and2�. After
one subtraction, we have13�=4 � 2� D 5�=4. Because0 < 5�=4 < 2�, 5�=4 is the angle measure between 0 and2� that is
equivalent to13�=4.

2. Describe� D �=6 by an angle of negative radian measure.

SOLUTION If we subtract2� from�=6, we obtain� D �11�=6. Thus, the angle� D �=6 is equivalent to the angle� D �11�=6.
3. Convert from radians to degrees:

(a) 1 (b)
�

3
(c)

5

12
(d) �3�

4

SOLUTION

(a) 1
�
180ı

�

�
D 180ı

�
� 57:3ı (b)

�

3

�
180ı

�

�
D 60ı

(c)
5

12

�
180ı

�

�
D 75ı

�
� 23:87ı (d) �3�

4

�
180ı

�

�
D �135ı
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4. Convert from degrees to radians:

(a) 1ı (b) 30ı (c) 25ı (d) 120ı

SOLUTION

(a) 1ı
� �

180ı

�
D �

180
(b) 30ı

� �

180ı

�
D �

6
(c) 25ı

� �

180ı

�
D 5�

36
(d) 120ı

� �

180ı

�
D 2�

3

5. Find the lengths of the arcs subtended by the angles� and� radians in Figure 1.

4
q  = 0.9

f  = 2

FIGURE 1 Circle of radius 4.

SOLUTION s D r� D 4.:9/ D 3:6; s D r� D 4.2/ D 8

6. Calculate the values of the six standard trigonometric functions for the angle� in Figure 2.

15

8
17

q

FIGURE 2

SOLUTION Using the definition of the six trigonometric functions in terms of the ratio of sides of a right triangle, we find
sin� D 8=17; cos� D 15=17; tan� D 8=15; csc� D 17=8; sec� D 17=15; cot� D 15=8.

7. Fill in the remaining values of.cos�; sin�/ for the points in Figure 3.

p

2

0 (0, 0)p

5p

6

7p

6
11p

6

3p

4

5p

4
7p

44p

3
5p

33p

2

2p

3

(     ,    )p

6
 
2
3 1

2

(    ,      ) 
2
31

2
p

3

(     ,      )p

4
 
2
2  

2
2

FIGURE 3

SOLUTION

� �
2

2�
3

3�
4

5�
6 � 7�

6

.cos�; sin�/ .0; 1/
�

�1
2 ;

p
3
2

� �
�

p
2

2 ;
p
2
2

� �
�

p
3

2 ; 12

�
.�1; 0/

�
�

p
3

2 ; �1
2

�

� 5�
4

4�
3

3�
2

5�
3

7�
4

11�
6

.cos�; sin�/
�

�
p
2

2 ; �
p
2

2

� �
�1
2 ;

�
p
3

2

�
.0;�1/

�
1
2 ;

�
p
3

2

� �p
2
2 ;

�
p
2

2

� �p
3
2 ;

�1
2

�

8. Find the values of the six standard trigonometric functions at� D 11�=6.
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SOLUTION From Figure 3, we see that

sin
11�

6
D �1

2
and cos

11�

6
D

p
3

2
:

Then,

tan
11�

6
D

sin 11�
6

cos11�6
D �

p
3

3
I

cot
11�

6
D

cos 11�6
sin 11�6

D �
p
3I

csc
11�

6
D 1

sin 11�6
D �2I

sec
11�

6
D 1

cos11�6
D 2

p
3

3
:

In Exercises 9–14, use Figure 3 to find all angles between0 and2� satisfying the given condition.

9. cos� D 1

2

SOLUTION � D �
3 ;

5�
3

10. tan� D 1

SOLUTION � D �
4 ;

5�
4

11. tan� D �1
SOLUTION � D 3�

4 ;
7�
4

12. csc� D 2

SOLUTION � D �
6 ;

5�
6

13. sinx D
p
3

2

SOLUTION x D �
3 ;

2�
3

14. sect D 2

SOLUTION t D �
3 ;

5�
3

15. Fill in the following table of values:

�
�

6

�

4

�

3

�

2

2�

3

3�

4

5�

6

tan�

sec�

SOLUTION

�
�

6

�

4

�

3

�

2

2�

3

3�

4

5�

6

tan�
1p
3

1
p
3 und �

p
3 �1 � 1p

3

sec�
2p
3

p
2 2 und �2 �

p
2 � 2p

3
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16. Complete the following table of signs:

� sin� cos� tan� cot� sec� csc�

0 < � <
�

2
+ +

�

2
< � < �

� < � <
3�

2

3�

2
< � < 2�

SOLUTION

� sin cos tan cot sec csc

0 < � <
�

2
C C C C C C

�

2
< � < � C � � � � C

� < � <
3�

2
� � C C � �

3�

2
< � < 2� � C � � C �

17. Show that if tan� D c and0 � � < �=2, then cos� D 1=
p
1C c2. Hint: Draw a right triangle whose opposite and adjacent

sides have lengthsc and 1.

SOLUTION Because0 � � < �=2, we can use the definition of the trigonometric functions in terms of right triangles. tan� is the
ratio of the length of the side opposite the angle� to the length of the adjacent side. Withc D c

1 , we label the length of the opposite
side asc and the length of the adjacent side as 1 (see the diagram below). By the Pythagorean theorem, the length of the hypotenuse
is

p
1C c2. Finally, we use the fact that cos� is the ratio of the length of the adjacent side to the length of the hypotenuse to obtain

cos� D 1p
1C c2

:

q

1 + c2
c

1

18. Suppose that cos� D 1
3 .

(a) Show that if0 � � < �=2, then sin� D 2
p
2=3 and tan� D 2

p
2.

(b) Find sin� and tan� if 3�=2 � � < 2�.

SOLUTION

(a) Because0 � � < �=2, we can use the definition of the trigonometric functions in terms of right triangles. cos� is the ratio of
the length of the side adjacent to the angle� to the length of the hypotenuse, so we label the length of the adjacent side as 1 and
the length of the hypotenuse as 3 (see the diagram below). By the Pythagorean theorem, the length of the side opposite the angle
� is

p
32 � 12 D 2

p
2. Finally, we use the definitions of sin� as the ratio of the length of the opposite side to the length of the

hypotenuse and of tan� as the ratio of the length of the opposite side to the length of the adjacent side to obtain

sin� D 2
p
2

3
and tan� D 2

p
2

1
D 2

p
2:

3

q

22

1
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(b) If 3�=2 � � < 2�, then� is in the fourth quadrant and sin� and tan� are negative but have the same magnitude as found in
part (a). Thus,

sin� D �2
p
2

3
and tan� D �2

p
2:

In Exercises 19–24, assume that0 � � < �=2.

19. Find sin� and tan� if cos� D 5
13 .

SOLUTION Consider the triangle below. The lengths of the side adjacent to the angle� and the hypotenuse have been labeled so

that cos� D 5
13 . The length of the side opposite the angle� has been calculated using the Pythagorean theorem:

p
132 � 52 D 12.

From the triangle, we see that

sin� D 12

13
and tan� D 12

5
:

θ
5

1213

20. Find cos� and tan� if sin � D 3
5 .

SOLUTION Consider the triangle below. The lengths of the side opposite the angle� and the hypotenuse have been labeled so

that sin� D 3
5 . The length of the side adjacent to the angle� has been calculated using the Pythagorean theorem:

p
52 � 32 D 4.

From the triangle, we see that

cos� D 4

5
and tan� D 3

4
:

5

4

3

q

21. Find sin� , sec� , and cot� if tan� D 2
7 .

SOLUTION If tan� D 2
7 , then cot� D 7

2 . For the remaining trigonometric functions, consider the triangle below. The lengths of

the sides opposite and adjacent to the angle� have been labeled so that tan� D 2
7 . The length of the hypotenuse has been calculated

using the Pythagorean theorem:
p
22 C 72 D

p
53. From the triangle, we see that

sin� D 2p
53

D 2
p
53

53
and sec� D

p
53

7
:

2
q

53

7

22. Find sin� , cos� , and sec� if cot � D 4.

SOLUTION Consider the triangle below. The lengths of the sides opposite and adjacent to the angle� have been labeled so that

cot� D 4 D 4
1 . The length of the hypotenuse has been calculated using the Pythagorean theorem:

p
42 C 12 D

p
17. From the

triangle, we see that

sin� D 1p
17

D
p
17

17
; cos� D 4p

17
D 4

p
17

17
and sec� D

p
17

4
:

4

1
q

17

23. Find cos2� if sin � D 1
5 .
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SOLUTION Using the double angle formula cos2� D cos2 � � sin2 � and the fundamental identity sin2 � C cos2 � D 1, we find
that cos2� D 1 � 2 sin2 � . Thus, cos2� D 1 � 2.1=25/ D 23=25.

24. Find sin2� and cos2� if tan� D
p
2.

SOLUTION By the double angle formulas, sin2� D 2 sin� cos� and cos2� D cos2 � � sin2 � . We can determine sin� and cos�

using the triangle shown below. The lengths of the sides opposite and adjacent to the angle� have been labeled so that tan� D
p
2.

The hypotenuse was calculated using the Pythagorean theorem:
q
12 C .

p
2/2 D

p
3. Thus,

sin� D
p
2p
3

D
p
6

3
and cos� D 1p

3
D

p
3

3
:

Finally,

sin2� D 2

p
6

3
�

p
3

3
D 2

p
2

3

cos2� D 1

3
� 2

3
D �1

3
:

1
q

3 2

25. Find cos� and tan� if sin � D 0:4 and�=2 � � < �.

SOLUTION We can determine the “magnitude” of cos� and tan� using the triangle shown below. The lengths of the side opposite

the angle� and the hypotenuse have been labeled so that sin� D 0:4 D 2
5 . The length of the side adjacent to the angle� was

calculated using the Pythagorean theorem:
p
52 � 22 D

p
21. From the triangle, we see that

jcos� j D
p
21

5
and jtan� j D 2p

21
D 2

p
21

21
:

Because�=2 � � < �, both cos� and tan� are negative; consequently,

cos� D �
p
21

5
and tan� D �2

p
21

21
:

2
5

q

21

26. Find cos� and sin� if tan� D 4 and� � � < 3�=2.

SOLUTION We can determine the “magnitude” of cos� and sin� using the triangle shown below. The lengths of the sides

opposite and adjacent to the angle� have been labeled so that tan� D 4 D 4
1 . The length of the hypotenuse was calculated using

the Pythagorean theorem:
p
12 C 42 D

p
17. From the triangle, we see that

jcos� j D 1p
17

D
p
17

17
and jsin� j D 4p

14
D 4

p
17

17
:

Because� � � < 3�=2, both cos� and sin� are negative; consequently,

cos� D �
p
17

17
and sin� D �4

p
17

17
:

1

4

q

17
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27. Find cos� if cot � D 4
3 and sin� < 0.

SOLUTION We can determine the “magnitude” of cos� using the triangle shown below. The lengths of the sides opposite and

adjacent to the angle� have been labeled so that cot� D 4
3 . The length of the hypotenuse was calculated using the Pythagorean

theorem:
p
32 C 42 D 5. From the triangle, we see that

jcos� j D 4

5
:

Because cot� D 4
3 > 0 and sin� < 0, the angle� must be in the third quadrant; consequently, cos� will be negative and

cos� D �4
5
:

4

3
5

 
θ

28. Find tan� if sec� D
p
5 and sin� < 0.

SOLUTION We can determine the “magnitude” of tan� using the triangle shown below. The lengths of the side adjacent to the

angle� and the hypotenuse have been labeled so that sec� D
p
5. The length of the side opposite the angle� was calculated using

the Pythagorean theorem:
q
.
p
5/2 � 12 D 2. From the triangle, we see that

jtan� j D 2:

Because sec� D
p
5 > 0 and sin� < 0, the angle� must be in the fourth quadrant; consequently, tan� will be negative and

tan� D �2:

1

2

θ

�5

29. Find the values of sin� , cos� , and tan� for the angles corresponding to the eight points in Figure 4(A) and (B).

(0.3965, 0.918)

(A) (B)

(0.3965, 0.918)

FIGURE 4

SOLUTION Let’s start with the four points in Figure 4(A).

� The point in the first quadrant has coordinates.0:3965; 0:918/. Therefore,

sin� D 0:918; cos� D 0:3965; and tan� D 0:918

0:3965
D 2:3153:

� The coordinates of the point in the second quadrant are.�0:918; 0:3965/. Therefore,

sin� D 0:3965; cos� D �0:918; and tan� D 0:3965

�0:918 D �0:4319:

� Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its coordinates
are.�0:3965;�0:918/. Therefore,

sin� D �0:918; cos� D �0:3965; and tan� D �0:918
�0:3965

D 2:3153:
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� Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, its
coordinates are.0:918;�0:3965/. Therefore,

sin� D �0:3965; cos� D 0:918; and tan� D �0:3965
0:918

D �0:4319:

Now consider the four points in Figure 4(B).

� The point in the first quadrant has coordinates.0:3965; 0:918/. Therefore,

sin� D 0:918; cos� D 0:3965; and tan� D 0:918

0:3965
D 2:3153:

� The point in the second quadrant is a reflection through they-axis of the point in the first quadrant. Its coordinates are therefore
.�0:3965; 0:918/ and

sin� D 0:918; cos� D �0:3965; and tan� D 0:918

0:3965
D �2:3153:

� Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its coordinates
are.�0:3965;�0:918/. Therefore,

sin� D �0:918; cos� D �0:3965; and tan� D �0:918
�0:3965 D 2:3153:

� Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, its
coordinates are.0:3965;�0:918/. Therefore,

sin� D �0:918; cos� D 0:3965; and tan� D �0:918
0:3965

D �2:3153:

30. Refer to Figure 5(A). Express the functions sin� , tan� , and csc� in terms ofc.

c
1 1

0.3

(B)(A)

θ ψ

FIGURE 5

SOLUTION By the Pythagorean theorem, the length of the side adjacent to the angle� in Figure 5(A) is
p
1 � c2. Consequently,

sin� D c

1
D c; cos� D

p
1 � c2

1
D
p
1 � c2; and tan� D cp

1� c2
:

31. Refer to Figure 5(B). Compute cos , sin , cot , and csc .

SOLUTION By the Pythagorean theorem, the length of the side opposite the angle in Figure 5(B) is
p
1 � 0:32 D

p
0:91.

Consequently,

cos D 0:3

1
D 0:3; sin D

p
0:91

1
D

p
0:91; cot D 0:3p

0:91
and csc D 1p

0:91
:

32. Express cos
�
� C �

2

�
and sin

�
� C �

2

�
in terms of cos� and sin� . Hint: Find the relation between the coordinates.a; b/ and

.c; d/ in Figure 6.

(c, d)

(a, b)

1

q

FIGURE 6

SOLUTION Note the triangle in the second quadrant in Figure 6 is congruent to the triangle in the first quadrant rotated90ı

clockwise. Thus,c D �b andd D a. But a D cos� , b D sin� , c D cos
�
� C �

2

�
andd D sin

�
� C �

2

�
; therefore,

cos
�
� C �

2

�
D � sin� and sin

�
� C �

2

�
D cos�:
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33. Use the addition formula to compute cos
�
�
3 C �

4

�
exactly.

SOLUTION

cos
��
3

C �

4

�
D cos

�

3
cos

�

4
� sin

�

3
sin

�

4

D 1

2
�

p
2

2
�

p
3

2
�

p
2

2
D

p
2 �

p
6

4
:

34. Use the addition formula to compute sin
�
�
3 � �

4

�
exactly.

SOLUTION

sin
��
3

� �

4

�
D sin

�

3
cos

�

4
� cos

�

3
sin

�

4

D
p
3

2
�

p
2

2
� 1

2
�

p
2

2
D

p
6 �

p
2

4
:

In Exercises 35–38, sketch the graph overŒ0; 2��.

35. 2 sin4�

SOLUTION

−2

−1

2

1

y

x
654321

36. cos
�
2
�
� � �

2

��

SOLUTION

0.5

1

−0.5

−1

y

x
1 2 3 4 5 6

37. cos
�
2� � �

2

�

SOLUTION

−1

−0.5

1

0.5

y

x
654321

38. sin
�
2
�
� � �

2

�
C �

�
C 2

SOLUTION

0.5

1

1.5

2

2.5

3

y

x
1 2 3 4 5 6

39. How many points lie on the intersection of the horizontal liney D c and the graph ofy D sinx for 0 � x < 2�? Hint: The
answer depends onc.

SOLUTION Recall that for anyx, �1 � sinx � 1. Thus, if jcj > 1, the horizontal liney D c and the graph ofy D sinx never
intersect. Ifc D C1, theny D c andy D sinx intersect at the peak of the sine curve; that is, they intersect atx D �

2 . On the other
hand, ifc D �1, theny D c andy D sinx intersect at the bottom of the sine curve; that is, they intersect atx D 3�

2 . Finally, if
jcj < 1, the graphs ofy D c andy D sinx intersect twice.
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40. How many points lie on the intersection of the horizontal liney D c and the graph ofy D tanx for 0 � x < 2�?

SOLUTION Recall that the graph ofy D tanx consists of an infinite collection of “branches,” each between two consecutive
vertical asymptotes. Because each branch is increasing and has a range of all real numbers, the graph of the horizontal liney D c

will intersect each branch of the graph ofy D tanx once, regardless of the value ofc. The interval0 � x < 2� covers the
equivalent of two branches of the tangent function, so over this interval there are two points of intersection for each value ofc.

In Exercises 41–44, solve for0 � � < 2� (see Example 4).

41. sin2� C sin3� D 0

SOLUTION sin˛ D � sinˇ when˛ D �ˇ C 2�k or ˛ D � C ˇ C 2�k. Substituting̨ D 2� andˇ D 3� , we have either

2� D �3� C 2�k or 2� D � C 3� C 2�k. Solving each of these equations for� yields � D 2
5�k or � D �� � 2�k. The

solutions on the interval0 � � < 2� are then

� D 0;
2�

5
;
4�

5
; �;

6�

5
;
8�

5
:

42. sin� D sin2�

SOLUTION Using the double angle formula for the sine function, we rewrite the equation as sin� D 2 sin� cos� or sin�.1 �
2 cos�/ D 0. Thus, either sin� D 0 or cos� D 1

2 . The solutions on the interval0 � � < 2� are then

� D 0;
�

3
; �;

5�

3
:

43. cos4� C cos2� D 0

SOLUTION cos˛ D � cosˇ when˛ C ˇ D � C 2�k or ˛ D ˇ C � C 2�k. Substituting̨ D 4� andˇ D 2� , we have either
6� D � C 2�k or 4� D 2� C � C 2�k. Solving each of these equations for� yields� D �

6 C �
3 k or � D �

2 C �k. The solutions
on the interval0 � � < 2� are then

� D �

6
;
�

2
;
5�

6
;
7�

6
;
3�

2
;
11�

6
:

44. sin� D cos2�

SOLUTION Solving the double angle formula sin2 � D 1
2 .1 � cos2�/ for cos2� yields cos2� D 1 � 2 sin2 � . We can therefore

rewrite the original equation as sin� D 1� 2 sin2 � or 2 sin2 � C sin� � 1 D 0. The left-hand side of this latter equation factors as
.2 sin� � 1/.sin� C 1/, so we have either sin� D 1

2 or sin� D �1. The solutions on the interval0 � � < 2� are

� D �

6
;
5�

6
;
3�

2
:

In Exercises 45–54, derive the identity using the identities listed in this section.

45. cos2� D 2 cos2 � � 1
SOLUTION Starting from the double angle formula for cosine, cos2 � D 1

2 .1C cos2�/, we solve for cos2� . This gives
2 cos2 � D 1C cos2� and then cos2� D 2 cos2 � � 1.

46. cos2
�

2
D 1C cos�

2

SOLUTION Substitutex D �=2 into the double angle formula for cosine, cos2 x D 1
2 .1C cos2x/ to obtain cos2

�
�

2

�
D

1C cos�

2
.

47. sin
�

2
D
r
1 � cos�

2

SOLUTION Substitutex D �=2 into the double angle formula for sine, sin2 x D 1
2 .1 � cos2x/ to obtain sin2

�
�

2

�
D 1 � cos�

2
.

Taking the square root of both sides yields sin

�
�

2

�
D
r
1 � cos�

2
.

48. sin.� C �/ D � sin�

SOLUTION From the addition formula for the sine function, we have

sin.� C �/ D sin� cos� C cos� sin� D � sin�
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49. cos.� C �/ D � cos�

SOLUTION From the addition formula for the cosine function, we have

cos.� C �/ D cos� cos� � sin� sin� D cos�.�1/ D � cos�

50. tanx D cot
��
2

� x
�

SOLUTION Using the Complementary Angle Identity,

cot
��
2

� x
�

D cos.�=2 � x/
sin.�=2 � x/

D sinx

cosx
D tanx:

51. tan.� � �/ D � tan�

SOLUTION Using Exercises 48 and 49,

tan.� � �/ D sin.� � �/

cos.� � �/
D sin.� C .��//

cos.� C .��// D � sin.��/
� cos.��/ D sin�

� cos�
D � tan�:

The second to last equality occurs because sinx is an odd function and cosx is an even function.

52. tan2x D 2 tanx

1 � tan2 x

SOLUTION Using the definition of the tangent function and the double angle formulas for sine and cosine, we find

tan2x D sin2x

cos2x
D 2 sinx cosx

cos2 x � sin2 x
� 1= cos2 x

1= cos2 x
D 2 tanx

1 � tan2 x
:

53. tanx D sin2x

1C cos2x

SOLUTION Using the addition formula for the sine function, we find

sin2x D sin.x C x/ D sinx cosx C cosx sinx D 2 sinx cosx:

By Exercise 45, we know that cos2x D 2 cos2 x � 1. Therefore,

sin2x

1C cos2x
D 2 sinx cosx

1C 2 cos2 x � 1
D 2 sinx cosx

2 cos2 x
D sinx

cosx
D tanx:

54. sin2 x cos2 x D 1 � cos4x

8

SOLUTION Using the double angle formulas for sine and cosine, we find

sin2 x cos2 x D 1

2
.1 � cos2x/ � 1

2
.1C cos2x/ D 1

4
.1 � cos2 2x/

D 1

4

�
1 � 1

2
� 1

2
cos4x

�
D 1

8
.1 � cos4x/:

55. Use Exercises 48 and 49 to show that tan� and cot� are periodic with period�.

SOLUTION By Exercises 48 and 49,

tan.� C �/ D sin.� C �/

cos.� C �/
D � sin�

� cos�
D tan�;

and

cot.� C �/ D cos.� C �/

sin.� C �/
D � cos�

� sin �
D cot�:

Thus, both tan� and cot� are periodic with period�.

56. Use the identity of Exercise 45 to show that cos
�

8
is equal to

s
1

2
C

p
2

4
.

SOLUTION Upon substituting� D �

8
into the identity

cos2� D 2 cos2 � � 1

we have
p
2

2
D cos

�

4
D 2 cos2

�

8
� 1:
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Thus,

2 cos2
�

8
D 1C

p
2

2
or cos2

�

8
D 1

2
C

p
2

4
:

Taking the square root of both sides of this last expression and recognizing that cos
�

8
> 0 because0 <

�

8
<
�

2
, it follows that

cos
�

8
D

s
1

2
C

p
2

4
:

57. Use the Law of Cosines to find the distance fromP toQ in Figure 7.

P

Q

8

10
7π/9

FIGURE 7

SOLUTION By the Law of Cosines, the distance fromP toQ is

r
102 C 82 � 2.10/.8/ cos

7�

9
D 16:928:

Further Insights and Challenges

58. Use Figure 8 to derive the Law of Cosines from the Pythagorean Theorem.

a

θ

b c

a − b cos θ

FIGURE 8

SOLUTION First note that the length of the altitude in Figure 8 isb sin� . Applying the Pythagorean Theorem to the right triangle
on the right in the figure, it then follows that

c2 D .a � b cos�/2 C b2 sin2 �

D a2 � 2ab cos� C b2 cos2 � C b2 sin2 �

D a2 C b2 � 2ab cos�:

59. Use the addition formula to prove

cos3� D 4 cos3 � � 3 cos�

SOLUTION

cos3� D cos.2� C �/ D cos2� cos� � sin2� sin� D .2 cos2 � � 1/ cos� � .2 sin� cos�/ sin�

D cos�.2 cos2 � � 1 � 2 sin2 �/ D cos�.2 cos2 � � 1 � 2.1 � cos2 �//

D cos�.2 cos2 � � 1 � 2C 2 cos2 �/ D 4 cos3 � � 3 cos�

60. Use the addition formulas for sine and cosine to prove

tan.aC b/ D tanaC tanb

1 � tana tanb

cot.a � b/ D cota cotb C 1

cotb � cota
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SOLUTION

tan.aC b/ D sin.aC b/

cos.aC b/
D sina cosb C cosa sinb

cosa cosb � sina sinb
D

sina cosb
cosa cosb C cosa sinb

cosa cosb
cosa cosb
cosa cosb � sina sinb

cosa cosb

D tanaC tanb

1 � tana tanb

cot.a � b/ D cos.a � b/
sin.a � b/

D cosa cosb C sina sinb

sina cosb � cosa sinb
D

cosa cosb
sina sinb C sina sinb

sina sinb
sina cosb
sina sinb � cosa sinb

sina sinb

D cota cotb C 1

cotb � cota

61. Let � be the angle between the liney D mx C b and thex-axis [Figure 9(A)]. Prove thatm D tan� .

y = mx + b

q x

r

s

(A)

y

q
x

(B)

y L2

L1

FIGURE 9

SOLUTION Using the distances labeled in Figure 9(A), we see that the slope of the line is given by the ratior=s. The tangent of
the angle� is given by the same ratio. Therefore,m D tan� .

62. Let L1 andL2 be the lines of slopem1 andm2 [Figure 9(B)]. Show that the angle� betweenL1 andL2 satisfies cot� D
m2m1 C 1

m2 �m1
.

SOLUTION Measured from the positivex-axis, let˛ andˇ satisfy tan̨ D m1 and taň D m2. Without loss of generality, let
ˇ � ˛. Then the angle between the two lines will be� D ˇ � ˛. Then from Exercise 60,

cot� D cot.ˇ � ˛/ D cotˇ cot˛ C 1

cot˛ � cotˇ
D
. 1m1

/. 1m2
/C 1

1
m1

� 1
m2

D 1Cm1m2

m2 �m1

63. Perpendicular Lines Use Exercise 62 to prove that two lines with nonzero slopesm1 andm2 are perpendicular if and only
if m2 D �1=m1.

SOLUTION If lines are perpendicular, then the angle between them is� D �=2 )

cot.�=2/ D 1Cm1m2

m1 �m2

0 D 1Cm1m2

m1 �m2

) m1m2 D �1 ) m1 D � 1

m2

64. Apply the double-angle formula to prove:

(a) cos
�

8
D 1

2

p
2C

p
2

(b) cos
�

16
D 1

2

q
2C

p
2C

p
2

Guess the values of cos
�

32
and of cos

�

2n
for all n.

SOLUTION

(a) cos
�

8
D cos

�=4

2
D

s
1C cos�4

2
D

s
1C

p
2
2

2
D 1

2

q
2C

p
2:

(b) cos
�

16
D

s
1C cos�8

2
D

s
1C 1

2

p
2C

p
2

2
D 1

2

r
2C

q
2C

p
2:

Observe that8 D 23 and cos�8 involves two nested square roots of 2; further,16 D 24 and cos�16 involves three nested square
roots of 2. Since32 D 25, it seems plausible that

cos
�

32
D 1

2

s

2C

r
2C

q
2C

p
2;

and that cos�2n involvesn � 1 nested square roots of 2. Note that the general case can be proven by induction.
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1.5 Inverse Functions

Preliminary Questions
1. Which of the following satisfyf �1.x/ D f .x/?

(a) f .x/ D x (b) f .x/ D 1 � x
(c) f .x/ D 1 (d) f .x/ D

p
x

(e) f .x/ D jxj (f) f .x/ D x�1

SOLUTION The functions(a) f .x/ D x, (b) f .x/ D 1 � x and(f) f .x/ D x�1 satisfyf �1.x/ D f .x/.

2. The graph of a function looks like the track of a roller coaster. Is the function one-to-one?

SOLUTION Because the graph looks like the track of a roller coaster, there will be several locations at which the graph has the
same height. The graph will therefore fail the horizontal line test, meaning that the function isnot one-to-one.

3. The functionf maps teenagers in the United States to their last names. Explain why the inverse functionf �1 does not exist.

SOLUTION Many different teenagers will have the same last name, so this function will not be one-to-one. Consequently, the
function does not have an inverse.

4. The following fragment of a train schedule for the New Jersey Transit System defines a functionf from towns to times. Isf
one-to-one? What isf �1.6W27/?

Trenton 6:21

Hamilton Township 6:27

Princeton Junction 6:34

New Brunswick 6:38

SOLUTION This function is one-to-one, andf �1.6W27/ D Hamilton Township.

5. A homework problem asks for a sketch of the graph of theinverseof f .x/ D x C cosx. Frank, after trying but failing to find
a formula forf �1.x/, says it’s impossible to graph the inverse. Bianca hands in an accurate sketch without solving forf �1. How
did Bianca complete the problem?

SOLUTION The graph of the inverse function is the reflection of the graph ofy D f .x/ through the liney D x.

6. Which of the following quantities is undefined?

(a) sin�1��1
2

�
(b) cos�1.2/

(c) csc�1
�
1
2

�
(d) csc�1.2/

SOLUTION (b) and(c) are undefined. sin�1
�
�1
2

�
D ��

6 and csc�1.2/ D �
6 .

7. Give an example of an angle� such that cos�1.cos�/ ¤ � . Does this contradict the definition of inverse function?

SOLUTION Any angle� < 0 or � > � will work. No, this does not contradict the definition of inverse function.

Exercises
1. Show thatf .x/ D 7x � 4 is invertible and find its inverse.

SOLUTION Solvingy D 7x � 4 for x yieldsx D y C 4

7
. Thus,f �1.x/ D x C 4

7
.

2. Is f .x/ D x2 C 2 one-to-one? If not, describe a domain on which it is one-to-one.

SOLUTION f is not one-to-one becausef .�1/ D f .1/ D 3. However, if the domain is restricted tox � 0 or x � 0, thenf is
one-to-one.

3. What is the largest interval containing zero on whichf .x/ D sinx is one-to-one?

SOLUTION Looking at the graph of sinx, the function is one-to-one on the intervalŒ��=2; �=2�.

4. Show thatf .x/ D x � 2

x C 3
is invertible and find its inverse.

(a) What is the domain off .x/? The range off �1.x/?
(b) What is the domain off �1.x/? The range off .x/?
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SOLUTION We solvey D f .x/ for x as follows:

y D x � 2

x C 3

yx C 3y D x � 2

yx � x D �3y � 2

x D �3y � 2
y � 1

D 3y C 2

1 � y
:

Therefore,

f �1.x/ D 3x C 2

1 � x :

(a) Domain off .x/ D fxjx 6D �3g D Range off �1.x/.
(b) Domain off �1.x/ D fxjx 6D 1g D Range off .x/.

5. Verify thatf .x/ D x3 C 3 andg.x/ D .x � 3/1=3 are inverses by showing thatf .g.x// D x andg.f .x// D x.

SOLUTION

� f .g.x// D
�
.x � 3/1=3

�3
C 3 D x � 3C 3 D x.

� g.f .x// D
�
x3 C 3 � 3

�1=3 D
�
x3
�1=3 D x.

6. Repeat Exercise 5 forf .t/ D t C 1

t � 1
andg.t/ D t C 1

t � 1
.

SOLUTION

f .g.t// D
tC1
t�1 C 1

tC1
t�1 � 1

D t C 1C t � 1

t C 1 � .t � 1/
D t:

The calculations forg.f .t// are identical.

7. The escape velocity from a planet of radiusR is v.R/ D
r
2GM

R
, whereG is the universal gravitational constant andM is

the mass. Find the inverse ofv.R/ expressingR in terms ofv.

SOLUTION To find the inverse, we solve

y D
r
2GM

R

forR. This yields

R D 2GM

y2
:

Therefore,

v�1.R/ D 2GM

R2
:

In Exercises 8–15, find a domain on whichf is one-to-one and a formula for the inverse off restricted to this domain. Sketch the
graphs off andf �1.

8. f .x/ D 3x � 2

SOLUTION The linear functionf .x/ D 3x � 2 is one-to-one for all real numbers. Solvingy D 3x � 2 for x givesx D .yC 2/=3.
Thus,

f �1.x/ D x C 2

3
:

f (x) = 3x − 2

−2

−1

1

y

x
−2 −1 1

f −1(x) = x + 2
3
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9. f .x/ D 4 � x
SOLUTION The linear functionf .x/ D 4 � x is one-to-one for all real numbers. Solvingy D x � 4 for x givesx D 4 � y.
Thus,f �1.x/ D 4 � x.

1 2 3 4
x

2

1

3

4

y

f(x) = f−1(x) = 4 − x

10. f .x/ D 1

x C 1

SOLUTION The graph off .x/ D 1=.x C 1/ given below shows thatf passes the horizontal line test, and is therefore one-to-one,

on its entire domainfx W x ¤ �1g. Solvingy D 1

x C 1
for x givesx D 1

y
� 1. Thus,f �1.x/ D 1

x
� 1.

4

y

x
−4 2 4

y = f(x)

−4

4

2

y

x
−4 −2

y = f −1(x)

11. f .x/ D 1

7x � 3

SOLUTION The graph off .x/ D 1=.7x � 3/ given below shows thatf passes the horizontal line test, and is therefore one-to-one,

on its entire domainfx W x ¤ 3
7 g. Solvingy D 1=.7x � 3/ for x gives

x D 1

7y
C 3

7
I thus, f �1.x/ D 1

7x
C 3

7
:

4

2

−4

−2
−2−4 2 4

x

y

4

2

−4

−2
−2−4 2 4

x

y

y = f(x) y = f−1(x)

12. f .s/ D 1

s2

SOLUTION To makef .s/ D s�2 one-to-one, we must restrict the domain to eitherfs W s > 0g or fs W s < 0g. If we choose the

domainfs W s > 0g, then solvingy D 1

s2
for s yieldss D 1

p
y

. Hence,f �1.s/ D 1p
s

. Had we chosen the domainfs W s < 0g, the

inverse would have beenf �1.s/ D � 1p
s

.

s
−1−2 1 2

4

2

y

y = f(s)

s
1 2 3 4

4

2

8

6

y

y = f −1(s)

13. f .x/ D 1p
x2 C 1
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SOLUTION To make the functionf .x/ D 1p
x2 C 1

one-to-one, we must restrict the domain to eitherfx W x � 0g or fx W x � 0g.

If we choose the domainfx W x � 0g, then solvingy D 1p
x2 C 1

for x yields

x D
p
1� y2

y
I hence, f �1.x/ D

p
1 � x2

x
:

Had we chosen the domainfx W x � 0g, the inverse would have been

f �1.x/ D �
p
1 � x2

x
:

x
−1−2 1 2

1

0.5

1.5

y

y = f−1(x)

y = f(x)

14. f .z/ D z3

SOLUTION The functionf .z/ D z3 is one-to-one over its entire domain (see the graph below). Solvingy D z3 for z yields

y1=3 D z. Thus,f �1.z/ D z1=3.

−1

−2

−3

1

2

3

y

z
−1−2−3 1 2 3

y = f(z)

y = f −1(z)

15. f .x/ D
p
x3 C 9

SOLUTION The graph off .x/ D
p
x3 C 9 given below shows thatf passes the horizontal line test, and therefore is one-to-one,

on its entire domainfx W x � �91=3g. Solvingy D
p
x3 C 9 for x yieldsx D .y2 � 9/1=3. Thus,f �1.x/ D .x2 � 9/1=3.

−2
−2

4

2

6

8

y

x
842 6

y = f−1(x)

y = f(x)

16. For each function shown in Figure 1, sketch the graph of the inverse (restrict the function’s domain if necessary).

x

(A)

y

x

(F)

y

x

(B)

y

x

(D)

y

x

(C)

y

x

(E)

y

FIGURE 1
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SOLUTION Here, we apply the rule that the graph off �1 is obtained by reflecting the graph off across the liney D x. For (C)
and (D), we must restrict the domain off to makef one-to-one.

(a)

(A)

x

y (b)

(B)

x

y (c)

x

y

(C)

(d)

(D)

x

y (e)

x

y

(E)

(f)

(F)

x

y

17. Which of the graphs in Figure 2 is the graph of a function satisfyingf �1 D f ?

(A)

x

(B)

y

x

(D)

y

(C)

x

y

x

y

FIGURE 2

SOLUTION Figures (B) and (C) would not change when reflected around the liney D x. Therefore, these two satisfyf �1 D f .

18. Let n be a nonzero integer. Find a domain on whichf .x/ D .1� xn/1=n coincides with its inverse.Hint: The answer depends
on whethern is even or odd.

SOLUTION First note

f .f .x// D
�
1 �

�
.1 � xn/1=n

�n�1=n D
�
1 � .1 � xn/

�1=n D .xn/1=n D x;

sof .x/ coincides with its inverse. For the domain and range off , let’s first consider the case whenn > 0. If n is even, thenf .x/
is defined only when1 � xn � 0. Hence, the domain is�1 � x � 1. The range is0 � y � 1. If n is odd, thenf .x/ is defined for
all real numbers, and the range is also all real numbers. Now, supposen < 0. Then�n > 0, and

f .x/ D
�
1 � 1

x�n

��1=�n
D
�

x�n

x�n � 1

�1=�n
:

If n is even, thenf .x/ is defined only whenx�n � 1 > 0. Hence, the domain isjxj > 1. The range isy > 1. If n is odd, thenf .x/
is defined for all real numbers exceptx D 1. The range is all real numbers excepty D 1.

19. Let f .x/ D x7 C x C 1.

(a) Show thatf �1 exists (but do not attempt to find it).Hint: Show thatf is increasing.

(b) What is the domain off �1?

(c) Findf �1.3/.

SOLUTION

(a) The graph off .x/ D x7 C x C 1 is shown below. From this graph, we see thatf .x/ is a strictly increasing function; by
Example 3, it is therefore one-to-one. Becausef is one-to-one, by Theorem 3,f �1 exists.
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−1 1

−20

−10

10

20

y

x

(b) The domain off �1.x/ is the range off .x/ W .�1;1/.

(c) Note thatf .1/ D 17 C 1C 1 D 3; therefore,f �1.3/ D 1.

20. Show thatf .x/ D .x2 C 1/�1 is one-to-one on.�1; 0�, and find a formula forf �1 for this domain off .

SOLUTION

1

0.4

0.2

0.8

0.6

y

x
−3 −2 −1−4

y = (x2 + 1)−1

Notice that the graph off .x/ D .x2 C 1/�1 over the interval.�1; 0� (shown above) passes the horizontal line test. Thus,f .x/

is one-to-one on.�1; 0�. To find a formula forf �1, we solvey D .x2 C 1/�1 for x, which yieldsx D ˙
q
1
y � 1. Because the

domain off was restricted tox � 0, we choose the negative sign in front of the radical. Therefore,f �1.x/ D �
q
1
x � 1.

21. Let f .x/ D x2 � 2x. Determine a domain on whichf �1 exists, and find a formula forf �1 for this domain off .

SOLUTION From the graph ofy D x2 � 2x shown below, we see that if the domain off is restricted to eitherx � 1 or x � 1,
thenf is one-to-one andf �1 exists. To find a formula forf �1, we solvey D x2 � 2x for x as follows:

y C 1 D x2 � 2x C 1 D .x � 1/2

x � 1 D ˙
p
y C 1

x D 1˙
p
y C 1

If the domain off is restricted tox � 1, then we choose the negative sign in front of the radical andf �1.x/ D 1 �
p
x C 1. If

the domain off is restricted tox � 1, we choose the positive sign in front of the radical andf �1.x/ D 1C
p
x C 1.

y = x2 − 2x

x
−1 2 3

4

2

6

y

22. Show thatf .x/ D x C x�1 is one-to-one onŒ1;1/, and find the corresponding inversef �1. What is the domain off �1?

SOLUTION The graph off .x/ D x C x�1 on Œ1;1/ is shown below. From this graph, we see that forx > 1 the function is
increasing, which implies that the function is one-to-one. Also, note that sincef is increasing forx > 1, f .x/ � f .1/ D 2 for
x > 1.

1 2 3 4 5 6 7 8 9

2

4

6

8
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To find a formula forf �1, lety D x C x�1. Thenxy D x2 C 1 or x2 � xy C 1 D 0. Using the quadratic formula, we find

x D y ˙
p
y2 � 4

2
:

To havex � 1 for y � 2, we must choose the positive sign in front of the radical. Thus,

f �1.x/ D x C
p
x2 � 4
2

for x � 2.

In Exercises 23–28, evaluate without using a calculator.

23. cos�1 1

SOLUTION cos�1 1 D 0.

24. sin�1 1
2

SOLUTION sin�1 1
2 D �

6 .

25. cot�1 1

SOLUTION cot�1 1 D �
4 .

26. sec�1
2p
3

SOLUTION sec�1 2p
3

D �
6 .

27. tan�1 p
3

SOLUTION tan�1 p
3 D tan�1�

p
3=2
1=2

�
D �

3 .

28. sin�1.�1/
SOLUTION sin�1.�1/ D ��

2 .

In Exercises 29–38, compute without using a calculator.

29. sin�1
�
sin

�

3

�

SOLUTION sin�1.sin �3 / D �
3 .

30. sin�1
�

sin
4�

3

�

SOLUTION sin�1.sin 4�3 / D sin�1.�
p
3
2 / D ��

3 . The answer is not4�3 because4�3 is not in the range of the inverse sine
function.

31. cos�1
�

cos
3�

2

�

SOLUTION cos�1.cos3�2 / D cos�1.0/ D �
2 . The answer is not3�2 because3�2 is not in the range of the inverse cosine function.

32. sin�1
�

sin
�

�5�
6

��

SOLUTION sin�1.sin.�5�
6 // D sin�1.�1

2 / D ��
6 . The answer is not�5�

6 because�5�
6 is not in the range of the inverse sine

function.

33. tan�1
�

tan
3�

4

�

SOLUTION tan�1.tan3�4 / D tan�1.�1/ D ��
4 . The answer is not3�4 because3�4 is not in the range of the inverse tangent

function.

34. tan�1.tan�/

SOLUTION tan�1.tan�/ D tan�1.0/ D 0. The answer is not� because� is not in the range of the inverse tangent function.

35. sec�1.sec3�/

SOLUTION sec�1.sec3�/ D sec�1.�1/ D �. The answer is not3� because3� is not in the range of the inverse secant function.
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36. sec�1
�

sec
3�

2

�

SOLUTION No inverse since sec3�2 D 1

cos3�
2

D 1
0 �! 1.

37. csc�1
�
csc.��/

�

SOLUTION No inverse since csc.��/ D 1
sin.��/ D 1

0 �! 1.

38. cot�1
�
cot

�
��
4

��

SOLUTION cot�1
�

cot.��
4 /
�

D cot�1.�1/ D 3�
4 . The answer is not��

4 because��
4 is not in the range of the inverse cotangent

function.

In Exercises 39–42, simplify by referring to the appropriate triangle or trigonometric identity.

39. tan.cos�1 x/

SOLUTION Let � D cos�1 x. Then cos� D x and we generate the triangle shown below. From the triangle,

tan.cos�1 x/ D tan� D
p
1 � x2

x
:

1

x

θ

�1 − x2

40. cos.tan�1 x/

SOLUTION Let � D tan�1 x. Then tan� D x and we generate the triangle shown below. From the triangle,

cos.tan�1 x/ D cos� D 1p
x2 C 1

:

1

θ

�1 + x2

x

41. cot.sec�1 x/

SOLUTION Let � D sec�1 x. Then sec� D x and we generate the triangle shown below. From the triangle,

cot.sec�1 x/ D cot� D 1p
x2 � 1

:

x

1

θ

�x2 − 1

42. cot.sin�1 x/

SOLUTION Let � D sin�1 x. Then sin� D x and we generate the triangle shown below. From the triangle,

cot.sin�1 x/ D cot� D
p
1 � x2

x
:

1

θ

x

�1 − x2
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In Exercises 43–50, refer to the appropriate triangle or trigonometric identity to compute the given value.

43. cos
�
sin�1 2

3

�

SOLUTION Let � D sin�1 2
3 . Then sin� D 2

3 and we generate the triangle shown below. From the triangle,

cos

�
sin�1 2

3

�
D cos� D

p
5

3
:

3

θ

2

�5

44. tan
�
cos�1 23

�

SOLUTION Let � D cos�1 23 . Then cos� D 2
3 and we generate the triangle shown below. From the triangle,

tan

�
cos�1

2

3

�
D tan� D

p
5

2
:

3

2

θ

�5

45. tan
�
sin�1 0:8

�

SOLUTION Let � D sin�1 0:8. Then sin� D 0:8 D 4
5 and we generate the triangle shown below. From the triangle,

tan.sin�1 0:8/ D tan� D 4

3
:

5

θ

4

3

46. cos
�
cot�1 1

�

SOLUTION cot�1 1 D �
4 . Hence, cos.cot�1 1/ D cos�4 D

p
2
2 .

47. cot
�
csc�1 2

�

SOLUTION csc�1 2 D �
6 . Hence, cot.csc�1 2/ D cot �6 D

p
3.

48. tan
�
sec�1.�2/

�

SOLUTION sec�1.�2/ D 2�
3 . Hence tan.sec�1.�2// D tan2�3 D �

p
3.

49. cot
�
tan�1 20

�

SOLUTION Let � D tan�1 20. Then tan� D 20, so cot.tan�1 20/ D cot� D 1
tan� D 1

20 .

50. sin
�
csc�1 20

�

SOLUTION Let � D csc�1 20. Then csc� D 20, so sin.csc�1 20/ D sin� D 1
csc� D 1

20 .

Further Insights and Challenges

51. Show that iff .x/ is odd andf �1.x/ exists, thenf �1.x/ is odd. Show, on the other hand, that an even function does not have
an inverse.

SOLUTION Supposef .x/ is odd andf �1.x/ exists. Becausef .x/ is odd,f .�x/ D �f .x/. Let y D f �1.x/, thenf .y/ D x.
Sincef .x/ is odd,f .�y/ D �f .y/ D �x. Thusf �1.�x/ D �y D �f �1.x/. Hence,f �1 is odd.

On the other hand, iff .x/ is even, thenf .�x/ D f .x/. Hence,f is not one-to-one andf �1 does not exist.
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52. A cylindrical tank of radiusR and lengthL lying horizontally as in Figure 14 is filled with oil to heighth. Show that the volume
V.h/ of oil in the tank as a function of heighth is

V.h/ D L

�
R2 cos�1

�
1 � h

R

�
� .R � h/

p
2hR � h2

�

h

L

R

FIGURE 3 Oil in the tank has levelh.

SOLUTION From Figure 14, we see that the volume of oil in the tank,V.h/, is equal toL timesA.h/, the area of that portion of
the circular cross section occupied by the oil. Now,

A.h/ D area of sector� area of triangleD R2�

2
� R2 sin �

2
;

where� is the central angle of the sector. Referring to the diagram below,

cos
�

2
D R � h

R
and sin

�

2
D

p
2hR � h2

R
:

2hR − h2

/2
R − h

R

Thus,

� D 2 cos�1
�
1 � h

R

�
;

sin � D 2 sin
�

2
cos

�

2
D 2

.R � h/
p
2hR � h2

R2
;

and

V.h/ D L

�
R2 cos�1

�
1 � h

R

�
� .R � h/

p
2hR � h2

�
:

1.6 Exponential and Logarithmic Functions

Preliminary Questions
1. Which of the following equations is incorrect?

(a) 32 � 35 D 37 (b) .
p
5/4=3 D 52=3

(c) 32 � 23 D 1 (d) .2�2/�2 D 16

SOLUTION

(a) This equation is correct:32 � 35 D 32C5 D 37.

(b) This equation is correct:.
p
5/4=3 D .51=2/4=3 D 5.1=2/�.4=3/ D 52=3.

(c) This equation is incorrect:32 � 23 D 9 � 8 D 72 ¤ 1.

(d) this equation is correct:.2�2/�2 D 2.�2/�.�2/ D 24 D 16.



52 C H A P T E R 1 PRECALCULUS REVIEW

2. Compute logb2.b4/.

SOLUTION Becauseb4 D .b2/2, logb2.b4/ D 2.

3. When is lnx negative?

SOLUTION ln x is negative for0 < x < 1.

4. What is ln.�3/? Explain.

SOLUTION ln.�3/ is not defined.

5. Explain the phrase “The logarithm converts multiplication into addition.”

SOLUTION This phrase is a verbal description of the general property of logarithms that states

log.ab/ D logaC logb:

6. What are the domain and range of lnx?

SOLUTION The domain of lnx is x > 0 and the range is all real numbers.

7. Which hyperbolic functions take on only positive values?

SOLUTION coshx and sechx take on only positive values.

8. Which hyperbolic functions are increasing on their domains?

SOLUTION sinhx and tanhx are increasing on their domains.

9. Describe three properties of hyperbolic functions that have trigonometric analogs.

SOLUTION Hyperbolic functions have the following analogs with trigonometric functions: parity, identities and derivative for-
mulas.

Exercises
1. Rewrite as a whole number (without using a calculator):

(a) 70 (b) 102.2�2 C 5�2/

(c)

�
43
�5

�
45
�3 (d) 274=3

(e) 8�1=3 � 85=3 (f) 3 � 41=4 � 12 � 2�3=2

SOLUTION

(a) 70 D 1.

(b) 102.2�2 C 5�2/ D 100.1=4 C 1=25/ D 25C 4 D 29.

(c) .43/5=.45/3 D 415=415 D 1.

(d) .27/4=3 D .271=3/4 D 34 D 81.

(e) 8�1=3 � 85=3 D .81=3/5=81=3 D 25=2 D 24 D 16.

(f) 3 � 41=4 � 12 � 2�3=2 D 3 � 21=2 � 3 � 22 � 2�3=2 D 0.

In Exercises 2–10, solve for the unknown variable.

2. 92x D 98

SOLUTION If 92x D 98, then2x D 8, andx D 4.

3. e2x D exC1

SOLUTION If e2x D exC1 then2x D x C 1, andx D 1.

4. et
2 D e4t�3

SOLUTION If et
2 D e4t�3, thent2 D 4t � 3 or t2 � 4t C 3 D .t � 3/.t � 1/ D 0. Thus,t D 1 or t D 3.

5. 3x D
�
1
3

�xC1

SOLUTION Rewrite.13 /
xC1 as .3�1/xC1 D 3�x�1. Then3x D 3�x�1, which requiresx D �x � 1. Thus,x D �1=2.

6. .
p
5/x D 125

SOLUTION Rewrite.
p
5/x as .51=2/x D 5x=2 and 125 as53. Then5x=2 D 53, sox=2 D 3 andx D 6.
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7. 4�x D 2xC1

SOLUTION Rewrite4�x as.22/�x D 2�2x . Then2�2x D 2xC1, which requires�2x D x C 1. Solving forx givesx D �1=3.

8. b4 D 1012

SOLUTION b4 D 1012 is equivalent tob4 D .103/4 sob D 103. Alternately, raise both sides of the equation to the one-fourth

power. This givesb D .1012/1=4 D 103.

9. k3=2 D 27

SOLUTION Raise both sides of the equation to the two-thirds power. This givesk D .27/2=3 D .271=3/2 D 32 D 9.

10.
�
b2
�xC1 D b�6

SOLUTION Rewrite.b2/xC1 asb2.xC1/. Then2.x C 1/ D �6, andx D �4.

In Exercises 11–26, calculate without using a calculator.

11. log3 27

SOLUTION log3 27 D log3 3
3 D 3 log3 3 D 3.

12. log5
1
25

SOLUTION log5
1

25
D log5 5

�2 D �2 log5 5 D �2.

13. ln 1

SOLUTION ln 1 D 0.

14. log5.5
4/

SOLUTION log5.5
4/ D 4 log5 5 D 4.

15. log2.2
5=3/

SOLUTION log2 2
5=3 D 5

3
log2 2 D 5

3
.

16. log2.8
5=3/

SOLUTION log2.8
5=3/ D 5

3
log2 2

3 D 5 log2 2 D 5.

17. log64 4

SOLUTION log64 4 D log64 64
1=3 D 1

3
log64 64 D 1

3
.

18. log7.49
2/

SOLUTION log7 49
2 D 2 log7 7

2 D 2 � 2 � log7 7 D 4.

19. log8 2C log4 2

SOLUTION log8 2C log4 2 D log8 8
1=3 C log4 4

1=2 D 1

3
C 1

2
D 5

6
.

20. log25 30C log25
5
6

SOLUTION log25 30C log25
5

6
D log25

�
30 � 5

6

�
D log25 25 D 1.

21. log4 48 � log4 12

SOLUTION log4 48 � log4 12 D log4
48

12
D log4 4 D 1.

22. ln.
p
e � e7=5/

SOLUTION ln.
p
e � e7=5/ D ln.e1=2 � e7=5/ D ln.e1=2C7=5/ D ln.e19=10/ D 19

10
.

23. ln.e3/C ln.e4/

SOLUTION ln.e3/C ln.e4/ D 3C 4 D 7.

24. log2
4
3 C log2 24

SOLUTION log2
4

3
C log2 24 D log2

�
4

3
� 24

�
D log2 32 D log2 2

5 D 5 log2 2 D 5.
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25. 7log7.29/

SOLUTION 7log7.29/ D 29.

26. 83 log8.2/

SOLUTION 83 log8.2/ D 8log8.2
3/ D 8log8.8/ D 81 D 8.

27. Write as the natural log of a single expression:

(a) 2 ln 5C 3 ln 4 (b) 5 ln.x1=2/C ln.9x/

SOLUTION

(a) 2 ln 5C 3 ln 4 D ln 52 C ln 43 D ln 25C ln 64 D ln.25 � 64/ D ln 1600.
(b) 5 lnx1=2 C ln 9x D ln x5=2 C ln 9x D ln.x5=2 � 9x/ D ln.9x7=2/.

28. Solve forx: ln.x2 C 1/ � 3 lnx D ln.2/.

SOLUTION Combining terms on the left-hand side gives

ln.x2 C 1/ � 3 lnx D ln.x2 C 1/ � lnx3 D ln
x2 C 1

x3
:

Therefore,
x2 C 1

x3
D 2 or 2x3 � x2 � 1 D 0; x D 1 is the only real root to this equation. Substitutingx D 1 into the original

equation, we find

ln 2 � 3 ln 1 D ln 2 � 0 D ln 2

as needed. Hence,x D 1 is the only solution.

In Exercises 29–34, solve for the unknown.

29. 7e5t D 100

SOLUTION Divide the equation by 7 and then take the natural logarithm of both sides. This gives

5t D ln
�
100

7

�
or t D 1

5
ln
�
100

7

�
:

30. 6e�4t D 2

SOLUTION Divide the equation by 6 and then take the natural logarithm of both sides. This gives

�4t D ln

�
1

3

�
or t D ln 3

4
:

31. 2x
2�2x D 8

SOLUTION Since8 D 23, we havex2 � 2x � 3 D 0 or .x � 3/.x C 1/ D 0. Thus,x D �1 or x D 3.

32. e2tC1 D 9e1�t

SOLUTION Taking the natural logarithm of both sides of the equation gives

2t C 1 D ln
�
9e1�t

�
D ln 9C ln e1�t D ln 9C .1 � t/:

Thus,3t D ln 9 or t D 1
3 ln9.

33. ln.x4/ � ln.x2/ D 2

SOLUTION ln.x4/� ln.x2/ D ln

 
x4

x2

!
D ln.x2/ D 2 ln x. Thus,2 ln x D 2 or lnx D 1. Hence,x D e.

34. log3 y C 3 log3.y
2/ D 14

SOLUTION 14 D log3 y C 3 log3.y
2/ D log3 y C log3 y

6 D log3 y
7. Thus,y7 D 314 or y D 32 D 9.

35. Use a calculator to compute sinhx and coshx for x D �3, 0, 5.

SOLUTION

x �3 0 5

sinhx D ex � e�x

2

e�3 � e3
2

D �10:0179 e0 � e0

2
D 0

e5 � e�5

2
D 74:203

coshx D ex C e�x

2

e�3 C e3

2
D 10:0677

e0 C e0

2
D 1

e5 C e�5

2
D 74:210
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36. Compute sinh.ln 5/ and tanh.3 ln 5/ without using a calculator.

SOLUTION

sinh.ln 5/ D eln5 � e� ln5

2
D 5 � 1=5

2
D 24=5

2
D 12=5I

tanh.3 ln 5/ D sinh.3 ln 5/

cosh.3 ln 5/
D

e3 ln 5�e�3 ln 5

2

e3 ln5Ce�3 ln 5

2

D 53 � 1=53
53 C 1=53

D 56 � 1

56 C 1
:

37. Show, by producing a counterexample, that ln.ab/ is not equal to.ln a/.ln b/.

SOLUTION Let a D e2 andb D e3. Thenab D e5 and ln.ab/ D ln.e5/ D 5; however,

.lna/.ln b/ D .ln e2/.ln e3/ D 2.3/ D 6:

38. For which values ofx arey D sinhx andy D coshx increasing and decreasing?

SOLUTION The graph ofy D sinhx is shown below on the left. From this graph, we see that sinhx is increasing for allx. On the
other hand, from the graph ofy D coshx shown below on the right, we see that coshx is decreasing forx < 0 and is increasing
for x > 0.

−2 2

−20

−10

10

20

y

x

y = sinh x

−2 2

5

10

15

20

25 y = cosh x

y

x

39. Show thaty D tanhx is an odd function.

SOLUTION tanh.�x/ D e�x � e�.�x/

e�x C e�.�x/ D e�x � ex

e�x C ex
D � e

x � e�x

ex C e�x D � tanhx.

40. The population of a city (in millions) at timet (years) isP.t/ D 2:4e0:06t , wheret D 0 is the year 2000. When will the
population double from its size att D 0?

SOLUTION Population doubles when4:8 D 2:4e0:06t . Thus,0:06t D ln 2 or t D ln 2

0:06
� 11:55 years.

41. The Gutenberg–Richter Law states that the numberN of earthquakes per year worldwide of Richter magnitude at least
M satisfies an approximate relation log10N D a � M for some constanta. Find a, assuming that there is one earthquake of
magnitudeM � 8 per year. How many earthquakes of magnitudeM � 5 occur per year?

SOLUTION SubstitutingN D 1 andM D 8 into the Gutenberg–Richter law and solving fora yields

a D 8C log10 1 D 8:

The numberN of earthquakes of Richter magnitudeM � 5 then satisfies

log10N D 8 � 5 D 3:

Finally,N D 103 D 1000 earthquakes.

42. The energyE (in joules) radiated as seismic waves from an earthquake of Richter magnitudeM is given by the formula
log10E D 4:8C 1:5M .

(a) ExpressE as a function ofM .

(b) Show that whenM increases by 1, the energy increases by a factor of approximately 31.6.

SOLUTION

(a) Solving log10E D 4:8C 1:5M for E yields

E D 104:8C1:5M :

(b) Using the formula from part (a), we find

E.M C 1/

E.M/
D 104:8C1:5.MC1/

104:8C1:5M D 106:3C1:5M

104:8C1:5M D 101:5 � 31:6228:
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43. Refer to the graphs to explain why the equation sinhx D t has a unique solution for everyt and why coshx D t has
two solutions for everyt > 1.

SOLUTION From its graph we see that sinhx is a one-to-one function with lim
x!�1 sinhx D �1 and lim

x!1 sinhx D 1. Thus,

for every real numbert , the equation sinhx D t has a unique solution. On the other hand, from its graph, we see that coshx is not
one-to-one. Rather, it is an even function with a minimum value of cosh0 D 1. Thus, for everyt > 1, the equation coshx D t has
two solutions: one positive, the other negative.

44. Compute coshx and tanhx, assuming that sinhx D 0:8.

SOLUTION Using the identity cosh2 x � sinh2 x D 1, it follows that cosh2 x � .45 /
2 D 1, so that cosh2 x D 41

25 and

coshx D
p
41

5
:

Then, by definition,

tanhx D sinhx

coshx
D

4
5p
41
5

D 4p
41
:

45. Prove the addition formula for coshx.

SOLUTION

cosh.x C y/ D exCy C e�.xCy/

2
D 2exCy C 2e�.xCy/

4

D exCy C e�xCy C ex�y C e�.xCy/

4
C exCy � e�xCy � ex�y C e�.xCy/

4

D
�
ex C e�x

2

��
ey C e�y

2

�
C
�
ex � e�x

2

��
ey � e�y

2

�

D coshx coshy C sinhx sinhy:

46. Use the addition formulas to prove

sinh.2x/ D 2 coshx sinhx

cosh.2x/ D cosh2 x C sinh2 x

SOLUTION sinh.2x/ D sinh.x C x/ D sinhx coshx C coshx sinhx D 2 coshx sinhx and cosh.2x/ D cosh.x C x/ D
coshx coshx C sinhx sinhx D cosh2 x C sinh2 x.

47. An (imaginary) train moves along a track at velocityv. Bionica walks down the aisle of the train with velocityu in the
direction of the train’s motion. Compute the velocityw of Bionica relative to the ground using the laws of both Galileo and Einstein
in the following cases.

(a) v D 500 m/s andu D 10 m/s. Is your calculator accurate enough to detect the difference between the two laws?

(b) v D 107 m/s andu D 106 m/s.

SOLUTION Recall that the speed of light isc � 3 � 108 m/s.

(a) By Galileo’s law,w D 500C 10 D 510 m/s. Using Einstein’s law and a calculator,

tanh�1
w

c
D tanh�1

500

c
C tanh�1

10

c
D 1:7 � 10�6I

sow D c � tanh.1:7 � 10�6/ � 510 m/s. No, the calculator was not accurate enough to detect the difference between the two laws.

(b) By Galileo’s law,uC v D 107 C 106 D 1:1 � 107 m/s. By Einstein’s law,

tanh�1
w

c
D tanh�1

107

3 � 108
C tanh�1

106

3 � 108
� 0:036679;

sow � c � tanh.0:036679/ � 1:09988 � 107 m/s.
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Further Insights and Challenges

48. Show that loga b logb a D 1 for all a; b > 0 such thata ¤ 1 andb ¤ 1.

SOLUTION loga b D ln b

lna
and logb a D ln a

ln b
. Thus loga b � logb a D ln b

lna
� lna

ln b
D 1.

49. Verify the formula logb x D loga x

loga b
for a; b > 0 such thata ¤ 1, b ¤ 1.

SOLUTION Let y D logb x. Thenx D by and loga x D loga b
y D y loga b. Thus,y D loga x

loga b
.

50. (a) Use the addition formulas for sinhx and coshx to prove

tanh.uC v/ D tanhuC tanhv

1C tanhu tanhv

(b) Use (a) to show that Einstein’s Law of Velocity Addition
[Eq. (3)] is equivalent to

w D uC v

1C uv

c2

SOLUTION

(a)

tanh.uC v/ D sinh.uC v/

cosh.uC v/
D sinhu coshv C coshu sinhv

coshu coshv C sinhu sinhv

D sinhu coshv C coshu sinhv

coshu coshv C sinhu sinhv
� 1=.coshu coshv/

1=.coshu coshv/
D tanhuC tanhv

1C tanhu tanhv

(b) Einstein’s law states: tanh�1.w=c/ D tanh�1.u=c/C tanh�1.v=c/. Thus

w

c
D tanh

�
tanh�1.u=c/C tanh�1.v=c/

�
D tanh.tanh�1.v=c//C tanh.tanh�1.u=c//

1C tanh.tanh�1.v=c// tanh.tanh�1.u=c//

D
v
c C u

c

1C v
c
u
c

D .1=c/.uC v/

1C uv
c2

:

Hence,

w D uC v

1C uv
c2

:

51. Prove that every functionf .x/ can be written as a sumf .x/ D fC.x/C f�.x/ of an even functionfC.x/ and an odd function
f�.x/. Expressf .x/ D 5ex C 8e�x in terms of coshx and sinhx.

SOLUTION Let fC.x/ D f.x/Cf.�x/
2 andf�.x/ D f.x/�f.�x/

2 . ThenfC C f� D 2f.x/
2 D f .x/. Moreover,

fC.�x/ D f .�x/C f .�.�x//
2

D f .�x/C f .x/

2
D fC.x/;

sofC.x/ is an even function, while

f�.�x/ D f .�x/� f .�.�x//
2

D f .�x/� f .x/

2
D � .f .x/� f .�x//

2
D �f�.x/;

sof�.x/ is an odd function.
Forf .x/ D 5ex C 8e�x , we have

fC.x/ D 5ex C 8e�x C 5e�x C 8ex

2
D 8 coshx C 5 coshx D 13 coshx

and

f�.x/ D 5ex C 8e�x � 5e�x � 8ex

2
D 5 sinhx � 8 sinhx D �3 sinhx:

Therefore,f .x/ D fC.x/C f�.x/ D 13 coshx � 3 sinhx.
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1.7 Technology: Calculators and Computers

Preliminary Questions
1. Is there a definite way of choosing the optimal viewing rectangle, or is it best to experiment until you find a viewing rectangle

appropriate to the problem at hand?

SOLUTION It is best to experiment with the window size until one is found that is appropriate for the problem at hand.

2. Describe the calculator screen produced when the functiony D 3C x2 is plotted with viewing rectangle:

(a) Œ�1; 1� � Œ0; 2� (b) Œ0; 1� � Œ0; 4�

SOLUTION

(a) Using the viewing rectangleŒ�1; 1� by Œ0; 2�, the screen will display nothing as the minimum value ofy D 3C x2 is y D 3.

(b) Using the viewing rectangleŒ0; 1� by Œ0; 4�, the screen will display the portion of the parabola between the points.0; 3/ and
.1; 4/.

3. According to the evidence in Example 4, it appears thatf .n/ D .1 C 1=n/n never takes on a value greater than3 for n > 0.
Does this evidenceprovethatf .n/ � 3 for n > 0?

SOLUTION No, this evidence does not constitute a proof thatf .n/ � 3 for n � 0.

4. How can a graphing calculator be used to find the minimum value of a function?

SOLUTION Experiment with the viewing window to zoom in on the lowest point on the graph of the function. They-coordinate
of the lowest point on the graph is the minimum value of the function.

Exercises
The exercises in this section should be done using a graphing calculator or computer algebra system.

1. Plotf .x/ D 2x4 C 3x3 � 14x2 � 9x C 18 in the appropriate viewing rectangles and determine its roots.

SOLUTION Using a viewing rectangle ofŒ�4; 3� by Œ�20; 20�, we obtain the plot below.

−10

−20

20

10

y

x
−4 −2−3 −1 1 2 3

Now, the roots off .x/ are thex-intercepts of the graph ofy D f .x/. From the plot, we can identify thex-intercepts as�3, �1:5,
1, and 2. The roots off .x/ are thereforex D �3, x D �1:5, x D 1, andx D 2.

2. How many solutions doesx3 � 4x C 8 D 0 have?

SOLUTION Solutions to the equationx3 � 4x C 8 D 0 are thex-intercepts of the graph ofy D x3 � 4x C 8. From the figure
below, we see that the graph has onex-intercept (betweenx D �4 andx D �2), so the equation has one solution.

−20
−40

−4 −2

−60

20
40
60
80

y

x
2 4

3. How manypositivesolutions doesx3 � 12x C 8 D 0 have?

SOLUTION The graph ofy D x3 � 12x C 8 shown below has twox-intercepts to the right of the origin; therefore the equation
x3 � 12x C 8 D 0 has two positive solutions.

−20
−40
−60

60
40
20

y

x
−4 −2 42
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4. Does cosx C x D 0 have a solution? A positive solution?

SOLUTION The graph ofy D cosx C x shown below has onex-intercept; therefore, the equation cosx C x D 0 has one
solution. The lonex-intercept is to the left of the origin, so the equation has no positive solutions.

−2
−4 −2

−4

2

4

y

x
2 4

5. Find all the solutions of sinx D
p
x for x > 0.

SOLUTION Solutions to the equation sinx D
p
x correspond to points of intersection between the graphs ofy D sinx and

y D
p
x. The two graphs are shown below; the only point of intersection is atx D 0. Therefore, there are no solutions of

sinx D
p
x for x > 0.

x

1

2

54321

y

−1

6. How many solutions does cosx D x2 have?

SOLUTION Solutions to the equation cosx D x2 correspond to points of intersection between the graphs ofy D cosx and
y D x2. The two graphs are shown below; there are two points of intersection. Thus, the equation cosx D x2 has two solutions.

−1
−3 −1−2

2

1

3

y

x
1 2 3

7. Letf .x/ D .x � 100/2 C 1000. What will the display show if you graphf .x/ in the viewing rectangleŒ�10; 10� by Œ�10; 10�?
Find an appropriate viewing rectangle.

SOLUTION Because.x � 100/2 � 0 for all x, it follows thatf .x/ D .x � 100/2 C 1000 � 1000 for all x. Thus, using a
viewing rectangle ofŒ�10; 10� by Œ�10; 10� will display nothing. The minimum value of the function occurs whenx D 100, so an
appropriate viewing rectangle would beŒ50; 150� by Œ1000; 2000�.

8. Plotf .x/ D 8x C 1

8x � 4 in an appropriate viewing rectangle. What are the vertical and horizontal asymptotes?

SOLUTION From the graph ofy D 8x C 1

8x � 4
shown below, we see that the vertical asymptote isx D 1

2 and the horizontal asymp-

tote isy D 1.

−2

−4

−1−2

2

4

y

x
1 2

9. Plot the graph off .x/ D x=.4� x/ in a viewing rectangle that clearly displays the vertical and horizontal asymptotes.

SOLUTION From the graph ofy D x

4 � x shown below, we see that the vertical asymptote isx D 4 and the horizontal asymptote

is y D �1.

−2

2

y

x
−8 −4

4 8 12 16
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10. Illustrate local linearity forf .x/ D x2 by zooming in on the graph atx D 0:5 (see Example 6).

SOLUTION The following three graphs displayf .x/ D x2 over the intervalsŒ�1; 3�, Œ0:3; 0:7� andŒ0:45; 0:55�. The final graph
looks like a straight line.

−1

2

4

6

8

y

x
1 2
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0
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0.3
0.4
0.5

y

x
0.35 0.45 0.55 0.65

0.15

0.1

0.2

0.25

0.3

y

x
0.46 0.48 0.5 0.52 0.54

11. Plot f .x/ D cos.x2/ sinx for 0 � x � 2�. Then illustrate local linearity atx D 3:8 by choosing appropriate viewing
rectangles.

SOLUTION The following three graphs displayf .x/ D cos.x2/ sinx over the intervalsŒ0; 2��, Œ3:5; 4:1� andŒ3:75; 3:85�. The
final graph looks like a straight line.

x

1

−1

1 2 3 4 5 6

y

x

1

−1

3.5 3.6 3.7 3.8 3.9 4

y

x

−0.2

0.4

0.2

3.76 3.83.78 3.82 3.84

y

12. If P0 dollars are deposited in a bank account paying5% interest compounded monthly, then the account has valueP0

�
1C 0:05

12

�N

afterN months. Find, to the nearest integerN , the number of months after which the account value doubles.

SOLUTION P.N/ D P0.1 C 0:05
12 /

N . This doubles whenP.N/ D 2P0, or when2 D .1C 0:05
12 /

N . The graphs ofy D 2 and

y D .1C 0:05
12 /

N are shown below; they appear to intersect atN D 167. Thus, it will take approximately 167 months for money
earningr D 5% interest compounded monthly to double in value.
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y

x
155150 160 165 170 175

In Exercises 13–18, investigate the behavior of the functionasn or x grows large by making a table of function values and plotting
a graph (see Example 4). Describe the behavior in words.

13. f .n/ D n1=n

SOLUTION The table and graphs below suggest that asn gets large,n1=n approaches1.

n n1=n

10 1.258925412
102 1.047128548
103 1.006931669
104 1.000921458
105 1.000115136
106 1.000013816

x

y

1

0 2 4 6 8 10
x

y

1

0 200 400 600 8001000

14. f .n/ D 4nC 1

6n � 5
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SOLUTION The table and graphs below suggest that asn gets large,
4nC 1

6n � 5
approaches

2

3
.

n
4nC 1

6n � 5

10 0.7454545455
102 0.6739495798
103 0.6673894912
104 0.6667388949
105 0.6666738889
106 0.6666673889

1

2

3

4

0

y

x
20 4 6 8 10

1

2

3

4

0

y

x
200 40 60 80 100

15. f .n/ D
�
1C 1

n

�n2

SOLUTION The table and graphs below suggest that asn gets large,f .n/ tends toward1.

n

�
1C 1

n

�n2

10 13780.61234
102 1:635828711 � 1043
103 1:195306603 � 10434
104 5:341783312 � 104342
105 1:702333054 � 1043429
106 1:839738749 � 10434294

x

y

10,000

0 2 4 6 8 10
x

y

1 × 1043

0 20 40 60 80 100

16. f .x/ D
�
x C 6

x � 4

�x

SOLUTION The table and graphs below suggest that asx gets large,f .x/ roughly tends toward 22026.

x

�
x C 6

x � 4

�x

10 18183.91210
102 20112.36934
103 21809.33633
104 22004.43568
105 22024.26311
106 22025.36451
107 22026.35566

17000
18000
19000
20000
21000

16000
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x
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18000

20000

22000
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19000

17000
16000
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17. f .x/ D
�
x tan

1

x

�x

SOLUTION The table and graphs below suggest that asx gets large,f .x/ approaches 1.

x

�
x tan

1

x

�x

10 1.033975759
102 1.003338973
103 1.000333389
104 1.000033334
105 1.000003333
106 1.000000333

x

y

1
1.1
1.2
1.3
1.4
1.5

5 10 15 20
x

20 40 60 80 100

y

1
1.1
1.2
1.3
1.4
1.5

18. f .x/ D
�
x tan

1

x

�x2

SOLUTION The table and graphs below suggest that asx gets large,f .x/ approaches 1.39561.

x

�
x tan

1

x

�x2

10 1.396701388
102 1.395623280
103 1.395612534
104 1.395612426
105 1.395612425
106 1.395612425

y

x
20 4 6 8 10

1.4

1.44

1.48

1.52

1.4

1.44

1.48

1.52

y

x
200 40 60 80 100

19. The graph off .�/ D A cos� C B sin� is a sinusoidal wave for any constantsA andB. Confirm this for.A;B/ D .1; 1/,
.1; 2/, and.3; 4/ by plottingf .�/.

SOLUTION The graphs off .�/ D cos� C sin� , f .�/ D cos� C 2 sin� andf .�/ D 3 cos� C 4 sin� are shown below.
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x
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4 6 8

1
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4 6 8

2

1
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−1

y

x
−2 2

(A, B) = (3, 4)

4 6 8

4

2

−4

−2

20. Find the maximum value off .�/ for the graphs produced in Exercise 19. Can you guess the formula for the maximum value
in terms ofA andB?

SOLUTION ForA D 1 andB D 1, max� 1:4 �
p
2

ForA D 1 andB D 2, max� 2:25 �
p
5

ForA D 3 andB D 4, max� 5 D
p
32 C 42

Max D
p
A2 C B2
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21. Find the intervals on whichf .x/ D x.x C 2/.x � 3/ is positive by plotting a graph.

SOLUTION The functionf .x/ D x.x C 2/.x � 3/ is positive when the graph ofy D x.x C 2/.x � 3/ lies above thex-axis.
The graph ofy D x.x C 2/.x � 3/ is shown below. Clearly, the graph lies above thex-axis and the function is positive for
x 2 .�2; 0/ [ .3;1/.

−20

−40

20

y

x
−4 −2 2 4

22. Find the set of solutions to the inequality.x2 � 4/.x2 � 1/ < 0 by plotting a graph.

SOLUTION To solve the inequality.x2 � 4/.x2 � 1/ < 0, we can plot the graph ofy D .x2 � 4/.x2 � 1/ and identify
when the graph lies below thex-axis. The graph ofy D .x2 � 4/.x2 � 1/ is shown below. The solution set for the inequality
.x2 � 4/.x2 � 1/ < 0 is clearlyx 2 .�2;�1/ [ .1; 2/.
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10
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20
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1 2

Further Insights and Challenges

23. Let f1.x/ D x and define a sequence of functions byfnC1.x/ D 1
2 .fn.x/ C x=fn.x//. For example,f2.x/ D

1
2 .x C 1/. Use a computer algebra system to computefn.x/ for n D 3, 4, 5 and plotfn.x/ together with

p
x for x � 0. What do

you notice?

SOLUTION With f1.x/ D x andf2.x/ D 1
2 .x C 1/, we calculate

f3.x/ D 1

2

 
1

2
.x C 1/C x

1
2 .x C 1/

!
D x2 C 6x C 1

4.x C 1/

f4.x/ D 1

2

0
@x

2 C 6x C 1

4.x C 1/
C x

x2C6xC1
4.xC1/

1
A D x4 C 28x3 C 70x2 C 28x C 1

8.1C x/.1C 6x C x2/

and

f5.x/ D 1C 120x C 1820x2 C 8008x3 C 12870x4 C 8008x5 C 1820x6 C 120x7 C x8

16.1C x/.1C 6x C x2/.1C 28x C 70x2 C 28x3 C x4/
:

A plot of f1.x/, f2.x/, f3.x/, f4.x/, f5.x/ and
p
x is shown below, with the graph of

p
x shown as a dashed curve. It seems as

if the fn are asymptotic to
p
x.

y
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8
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4020 60 80 100

24. SetP0.x/ D 1 andP1.x/ D x. TheChebyshev polynomials(useful in approximation theory) are defined inductively by the
formulaPnC1.x/ D 2xPn.x/� Pn�1.x/.
(a) Show thatP2.x/ D 2x2 � 1.
(b) ComputePn.x/ for 3 � n � 6 using a computer algebra system or by hand, and plotPn.x/ over Œ�1; 1�.
(c) Check that your plots confirm two interesting properties: (a)Pn.x/ hasn real roots inŒ�1; 1� and (b) forx 2 Œ�1; 1�, Pn.x/
lies between�1 and 1.
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SOLUTION

(a) With P0.x/ D 1 andP1.x/ D x, we calculate

P2.x/ D 2x.P1.x//� P0.x/ D 2x.x/� 1 D 2x2 � 1:

(b) Using the formulaPnC1.x/ D 2xPn.x/� Pn�1.x/ with n D 2; 3; 4 and 5, we find

P3.x/ D 2x.2x2 � 1/ � x D 4x3 � 3x

P4.x/ D 2x.4x3 � 3x/� .2x2 � 1/ D 8x4 � 8x2 C 1

P5.x/ D 16x5 � 20x3 C 5x

P6.x/ D 32x6 � 48x4 C 18x2 � 1

The graphs of the functionsPn.x/ for 0 � n � 6 are shown below.
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(c) From the graphs shown above, it is clear that for eachn, the polynomialPn.x/ has preciselyn roots on the intervalŒ�1; 1� and
that�1 � Pn.x/ � 1 for x 2 Œ�1; 1�.

CHAPTER REVIEW EXERCISES

1. Express.4; 10/ as a setfx W jx � aj < cg for suitablea andc.

SOLUTION The center of the interval.4; 10/ is 4C10
2 D 7 and the radius is10�4

2 D 3. Therefore, the interval.4; 10/ is equivalent
to the setfx W jx � 7j < 3g.
2. Express as an interval:

(a) fx W jx � 5j < 4g (b) fx W j5x C 3j � 2g

SOLUTION

(a) Upon dropping the absolute value, the inequalityjx � 5j < 4 becomes�4 < x � 5 < 4 or 1 < x < 9. The setfx W jx � 5j < 4g
can therefore be expressed as the interval.1; 9/.
(b) Upon dropping the absolute value, the inequalityj5x C 3j � 2 becomes�2 � 5x C 3 � 2 or �1 � x � �1

5 . The set
fx W j5x C 3j � 2g can therefore be expressed as the intervalŒ�1;�1

5 �.
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3. Expressfx W 2 � jx � 1j � 6g as a union of two intervals.

SOLUTION The setfx W 2 � jx � 1j � 6g consists of those numbers that are at least 2 but at most 6 units from 1. The numbers
larger than 1 that satisfy these conditions are3 � x � 7, while the numbers smaller than 1 that satisfy these conditions are
�5 � x � �1. Thereforefx W 2 � jx � 1j � 6g D Œ�5;�1� [ Œ3; 7�.

4. Give an example of numbersx; y such thatjxj C jyj D x � y.

SOLUTION Let x D 3 andy D �1. Thenjxj C jyj D 3C 1 D 4 andx � y D 3� .�1/ D 4.

5. Describe the pairs of numbersx; y such thatjx C yj D x � y.

SOLUTION First consider the case whenx C y � 0. Thenjx C yj D x C y and we obtain the equationx C y D x � y. The
solution of this equation isy D 0. Thus, the pairs.x; 0/ with x � 0 satisfy jx C yj D x � y. Next, consider the case when
x C y < 0. Thenjx C yj D �.x C y/ D �x � y and we obtain the equation�x � y D x � y. The solution of this equation is
x D 0. Thus, the pairs.0; y/ with y < 0 also satisfyjx C yj D x � y.

6. Sketch the graph ofy D f .x C 2/ � 1, wheref .x/ D x2 for �2 � x � 2.

SOLUTION The graph ofy D f .x C 2/ � 1 is obtained by shifting the graph ofy D f .x/ two units to the left and one unit
down. In the figure below, the graph ofy D f .x/ is shown as the dashed curve, and the graph ofy D f .x C 2/ � 1 is shown as
the solid curve.
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15
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x
1 2

In Exercises 7–10, letf .x/ be the function shown in Figure 1.

1 2 3 4

1

2

0

3

x

y

FIGURE 1

7. Sketch the graphs ofy D f .x/C 2 andy D f .x C 2/.

SOLUTION The graph ofy D f .x/ C 2 is obtained by shifting the graph ofy D f .x/ up 2 units (see the graph below at the
left). The graph ofy D f .xC 2/ is obtained by shifting the graph ofy D f .x/ to the left 2 units (see the graph below at the right).
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8. Sketch the graphs ofy D 1
2f .x/ andy D f

�
1
2x
�
.

SOLUTION The graph ofy D 1
2f .x/ is obtained by compressing the graph ofy D f .x/ vertically by a factor of 2 (see the graph

below at the left). The graph ofy D f .12x/ is obtained by stretching the graph ofy D f .x/ horizontally be a factor of 2 (see the
graph below at the right).
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9. Continue the graph off .x/ to the intervalŒ�4; 4� as an even function.

SOLUTION To continue the graph off .x/ to the intervalŒ�4; 4� as an even function, reflect the graph off .x/ across they-axis
(see the graph below).

−1−4 −2−3
x

1 2 3 4

y

1

2

3

10. Continue the graph off .x/ to the intervalŒ�4; 4� as an odd function.

SOLUTION To continue the graph off .x/ to the intervalŒ�4; 4� as an odd function, reflect the graph off .x/ through the origin
(see the graph below).

y

−3
−2

1
2
3

x
1 2 3 4−4 −3 −2 −1

In Exercises 11–14, find the domain and range of the function.

11. f .x/ D
p
x C 1

SOLUTION The domain of the functionf .x/ D
p
x C 1 is fx W x � �1g and the range isfy W y � 0g.

12. f .x/ D 4

x4 C 1

SOLUTION The domain of the functionf .x/ D 4

x4 C 1
is the set of all real numbers and the range isfy W 0 < y � 4g.

13. f .x/ D 2

3 � x

SOLUTION The domain of the functionf .x/ D 2

3 � x
is fx W x ¤ 3g and the range isfy W y ¤ 0g.

14. f .x/ D
p
x2 � x C 5

SOLUTION Because

x2 � x C 5 D
�
x2 � x C 1

4

�
C 5� 1

4
D
�
x � 1

2

�2
C 19

4
;

x2 � x C 5 � 19
4 for all x. It follows that the domain of the functionf .x/ D

p
x2 � x C 5 is all real numbers and the range is

fy W y �
p
19=2g.

15. Determine whether the function is increasing, decreasing, or neither:

(a) f .x/ D 3�x (b) f .x/ D 1

x2 C 1

(c) g.t/ D t2 C t (d) g.t/ D t3 C t

SOLUTION

(a) The functionf .x/ D 3�x can be rewritten asf .x/ D .13 /
x . This is an exponential function with a base less than 1; therefore,

this is a decreasing function.

(b) From the graph ofy D 1=.x2 C 1/ shown below, we see that this function is neither increasing nor decreasing for allx (though
it is increasing forx < 0 and decreasing forx > 0).

x
−3 −2 −1 1 2 3

y

0.2

0.4

0.6

0.8

1
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(c) The graph ofy D t2 C t is an upward opening parabola; therefore, this function is neither increasing nor decreasing for allt .
By completing the square we findy D .t C 1

2 /
2 � 1

4 . The vertex of this parabola is then att D �1
2 , so the function is decreasing

for t < �1
2 and increasing fort > �1

2 .

(d) From the graph ofy D t3 C t shown below, we see that this is an increasing function.

−20

20

y

x
−1 1 2 3−2−3

16. Determine whether the function is even, odd, or neither:

(a) f .x/ D x4 � 3x2

(b) g.x/ D sin.x C 1/

(c) f .x/ D 2�x2

SOLUTION

(a) f .�x/ D .�x/4 � 3.�x/2 D x4 � 3x2 D f .x/, so this function is even.

(b) g.�x/ D sin.�x C 1/, which is neither equal tog.x/ nor to�g.x/, so this function is neither even nor odd.

(c) f .�x/ D 2�.�x/2 D 2�x2 D f .x/, so this function is even.

In Exercises 17–22, find the equation of the line.

17. Line passing through.�1; 4/ and.2; 6/

SOLUTION The slope of the line passing through.�1; 4/ and.2; 6/ is

m D 6 � 4

2 � .�1/ D 2

3
:

The equation of the line passing through.�1; 4/ and.2; 6/ is thereforey � 4 D 2
3 .x C 1/ or 2x � 3y D �14.

18. Line passing through.�1; 4/ and.�1; 6/
SOLUTION The line passing through.�1; 4/ and.�1; 6/ is vertical with anx-coordinate of�1. Therefore, the equation of the
line isx D �1.
19. Line of slope6 through.9; 1/

SOLUTION Using the point-slope form for the equation of a line, the equation of the line of slope 6 and passing through.9; 1/ is
y � 1 D 6.x � 9/ or 6x � y D 53.

20. Line of slope�3
2 through.4;�12/

SOLUTION Using the point-slope form for the equation of a line, the equation of the line of slope�3
2 and passing through

.4;�12/ is y C 12 D �3
2 .x � 4/ or 3x C 2y D �12.

21. Line through.2; 3/ parallel toy D 4 � x

SOLUTION The equationy D 4 � x is in slope-intercept form; it follows that the slope of this line is�1. Any line parallel to
y D 4 � x will have the same slope, so we are looking for the equation of the line of slope�1 and passing through.2; 3/. The
equation of this line isy � 3 D �.x � 2/ or x C y D 5.

22. Horizontal line through.�3; 5/
SOLUTION A horizontal line has a slope of 0; the equation of the specified line is thereforey � 5 D 0.x C 3/ or y D 5.

23. Does the following table of market data suggest a linear relationship between price and number of homes sold during a one-year
period? Explain.

Price (thousands of $) 180 195 220 240

No. of homes sold 127 118 103 91
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SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

118 � 127
195 � 180 D � 9

15
D �3

5
;

while the second pair of data points yields a slope of

103 � 118

220 � 195
D �15

25
D �3

5

and the last pair of data points yields a slope of

91 � 103

240 � 220
D �12

20
D �3

5
:

Because all three slopes are equal, the data does suggest a linear relationship between price and the number of homes sold.

24. Does the following table of revenue data for a computer manufacturer suggest a linear relation between revenue and time?
Explain.

Year 2001 2005 2007 2010

Revenue (billions of $) 13 18 15 11

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

18 � 13

2005 � 2001
D 5

4
;

while the second pair of data points yields a slope of

15 � 18
2007 � 2005 D �3

2

and the last pair of data points yields a slope of

11 � 15

2010 � 2007
D �4

3
:

Because the three slopes are not equal, the data does not suggest a linear relationship between revenue and time.

25. Find the roots off .x/ D x4 � 4x2 and sketch its graph. On which intervals isf .x/ decreasing?

SOLUTION The roots off .x/ D x4 � 4x2 are obtained by solving the equationx4 � 4x2 D x2.x � 2/.x C 2/ D 0, which
yieldsx D �2, x D 0 andx D 2. The graph ofy D f .x/ is shown below. From this graph we see thatf .x/ is decreasing forx
less than approximately�1:4 and forx between 0 and approximately 1.4.

10

20

y

x
−1 1

2 3−2−3

26. Leth.z/ D 2z2 C 12z C 3. Complete the square and find the minimum value ofh.z/.

SOLUTION Let h.z/ D 2z2 C 12z C 3. Completing the square yields

h.z/ D 2.z2 C 6z/C 3 D 2.z2 C 6z C 9/C 3 � 18 D 2.z C 3/2 � 15:

Because.z C 3/2 � 0 for all z, it follows thath.z/ D 2.z C 3/2 � 15 � �15 for all z. Thus, the minimum value ofh.z/ is �15.
27. Let f .x/ be the square of the distance from the point.2; 1/ to a point.x; 3x C 2/ on the liney D 3x C 2. Show thatf .x/ is a
quadratic function, and find its minimum value by completing the square.

SOLUTION Let f .x/ denote the square of the distance from the point.2; 1/ to a point.x; 3x C 2/ on the liney D 3x C 2. Then

f .x/ D .x � 2/2 C .3x C 2 � 1/2 D x2 � 4x C 4C 9x2 C 6x C 1 D 10x2 C 2x C 5;

which is a quadratic function. Completing the square, we find

f .x/ D 10

�
x2 C 1

5
x C 1

100

�
C 5� 1

10
D 10

�
x C 1

10

�2
C 49

10
:

Because.x C 1
10 /

2 � 0 for all x, it follows thatf .x/ � 49
10 for all x. Hence, the minimum value off .x/ is 4910 .
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28. Prove thatx2 C 3x C 3 � 0 for all x.

SOLUTION Observe that

x2 C 3x C 3 D
�
x2 C 3x C 9

4

�
C 3 � 9

4
D
�
x C 3

2

�2
C 3

4
:

Thus,x2 C 3x C 3 � 3
4 > 0 for all x.

In Exercises 29–34, sketch the graph by hand.

29. y D t4

SOLUTION
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30. y D t5

SOLUTION
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31. y D sin
�

2

SOLUTION y

x
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32. y D 10�x

SOLUTION
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33. y D x1=3

SOLUTION
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34. y D 1
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SOLUTION
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35. Show that the graph ofy D f
�
1
3x � b

�
is obtained by shifting the graph ofy D f

�
1
3x
�

to the right3b units. Use this

observation to sketch the graph ofy D
ˇ̌
1
3x � 4

ˇ̌
.

SOLUTION Let g.x/ D f .13x/. Then

g.x � 3b/ D f

�
1

3
.x � 3b/

�
D f

�
1

3
x � b

�
:

Thus, the graph ofy D f .13x � b/ is obtained by shifting the graph ofy D f .13x/ to the right3b units.
The graph ofy D j13x � 4j is the graph ofy D j13xj shifted right 12 units (see the graph below).
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36. Leth.x/ D cosx andg.x/ D x�1. Compute the composite functionsh.g.x// andg.h.x//, and find their domains.

SOLUTION Let h.x/ D cosx andg.x/ D x�1. Then

h.g.x// D h.x�1/ D cosx�1:

The domain of this function isx ¤ 0. On the other hand,

g.h.x// D g.cosx/ D 1

cosx
D secx:

The domain of this function is

x ¤ .2nC 1/�

2
for any integern:

37. Find functionsf andg such that the function

f .g.t// D .12t C 9/4

SOLUTION One possible choice isf .t/ D t4 andg.t/ D 12t C 9. Then

f .g.t// D f .12t C 9/ D .12t C 9/4

as desired.

38. Sketch the points on the unit circle corresponding to the following three angles, and find the values of the six standard trigono-
metric functions at each angle:

(a)
2�

3
(b)

7�

4
(c)

7�

6

SOLUTION

(a)
θ = 2π/3

sin
2�

3
D

p
3

2
cos

2�

3
D �1

2

tan
2�

3
D �

p
3 cot

2�

3
D �

p
3

3

sec
2�

3
D �2 csc

2�

3
D 2

p
3

3
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(b)
θ = 7π/4

sin
7�

4
D �

p
2

2
cos

7�

4
D

p
2

2

tan
7�

4
D �1 cot

7�

4
D �1

sec
7�

4
D

p
2 csc

7�

4
D �

p
2

(c)
θ = 7π/6

sin
7�

6
D �1

2
cos

7�

6
D �

p
3

2

tan
7�

6
D

p
3

3
cot

7�

6
D

p
3

sec
7�

6
D �2

p
3

2
csc

7�

6
D �2

39. What is the period of the functiong.�/ D sin2� C sin �2?

SOLUTION The function sin2� has a period of�, and the function sin.�=2/ has a period of4�. Because4� is a multiple of�,
the period of the functiong.�/ D sin2� C sin�=2 is 4�.

40. Assume that sin� D 4
5 , where�=2 < � < �. Find:

(a) tan� (b) sin2� (c) csc
�

2

SOLUTION If sin � D 4=5, then by the fundamental trigonometric identity,

cos2 � D 1 � sin2 � D 1 �
�
4

5

�2
D 9

25
:

Because�=2 < � < �, it follows that cos� must be negative. Hence, cos� D �3=5.

(a) tan� D sin�

cos�
D 4=5

�3=5 D �4
3
:

(b) sin.2�/ D 2 sin� cos� D 2 � 4
5

� �3
5

D �24
25
:

(c) We first note that

sin

�
�

2

�
D
r
1 � cos�

2
D
r
1 � .�3=5/

2
D 2

p
5

5
:

Thus,

csc
�
�

2

�
D

p
5

2
:

41. Give an example of valuesa; b such that

(a) cos.aC b/ ¤ cosa C cosb (b) cos
a

2
¤ cosa

2

SOLUTION

(a) Takea D b D �=2. Then cos.aC b/ D cos� D �1 but

cosaC cosb D cos
�

2
C cos

�

2
D 0C 0 D 0:

(b) Takea D �. Then

cos
�a
2

�
D cos

��
2

�
D 0

but

cosa

2
D cos�

2
D �1

2
D �1

2
:

42. Let f .x/ D cosx. Sketch the graph ofy D 2f
�
1
3x � �

4

�
for 0 � x � 6�.

SOLUTION

−1

−2

2

1

y

x
5 10 15
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43. Solve sin2x C cosx D 0 for 0 � x < 2�.

SOLUTION Using the double angle formula for the sine function, we rewrite the equation as2 sinx cosxC cosx D cosx.2 sinxC
1/ D 0. Thus, either cosx D 0 or sinx D �1=2. From here we see that the solutions arex D �=2, x D 7�=6, x D 3�=2 and
x D 11�=6.

44. How doesh.n/ D n2=2n behave for large whole-number values ofn? Doesh.n/ tend to infinity?

SOLUTION The table below suggests that for large whole number values ofn, h.n/ D n2

2n
tends toward 0.

n h.n/ D n2=2n

10 0.09765625000
102 7:888609052 � 10�27

103 9:332636185 � 10�296

104 5:012372749 � 10�3003

105 1:000998904 � 10�30093

106 1:010034059 � 10�301018

45. Use a graphing calculator to determine whether the equation cosx D 5x2 � 8x4 has any solutions.

SOLUTION The graphs ofy D cosx andy D 5x2 � 8x4 are shown below. Because the graphs do not intersect, there are no
solutions to the equation cosx D 5x2 � 8x4.

x
−1 1

y

y = cos x

y = 5x2 − 8x4

1

−1

46. Using a graphing calculator, find the number of real roots and estimate the largest root to two decimal places:

(a) f .x/ D 1:8x4 � x5 � x

(b) g.x/ D 1:7x4 � x5 � x

SOLUTION

(a) The graph ofy D 1:8x4 � x5 � x is shown below at the left. Because the graph has threex-intercepts, the functionf .x/ D
1:8x4 � x5 � x has three real roots. From the graph shown below at the right, we see that the largest root off .x/ D 1:8x4 � x5 � x
is approximatelyx D 1:51.

−1
−2

2
1

y

x
1 2

x
1.511.505

1.515

(b) The graph ofy D 1:7x4 � x5 � x is shown below. Because the graph has only onex-intercept, the functionf .x/ D 1:7x4 �
x5 � x has only one real root. From the graph, we see that the largest root off .x/ D 1:7x4 � x5 � x is approximatelyx D 0.

−1
−2

2
1

y

x
1 2

47. Match each quantity (a)–(d) with (i), (ii), or (iii) if possible, or state that no match exists.

(a) 2a3b (b)
2a

3b

(c) .2a/b (d) 2a�b3b�a

(i) 2ab (ii) 6aCb (iii)
�
2
3

�a�b
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SOLUTION

(a) No match. (b) No match. (c) (i): .2a/b D 2ab .

(d) (iii) : 2a�b3b�a D 2a�b
�
1

3

�a�b
D
�
2

3

�a�b
.

48. Match each quantity (a)–(d) with (i), (ii), or (iii) if possible, or state that no match exists.

(a) ln
�a
b

�
(b)

lna

ln b
(c) elna�lnb (d) .lna/.ln b/

(i) lna C ln b (ii) ln a � ln b (iii)
a

b

SOLUTION

(a) (ii): ln
�a
b

�
D lna � ln b.

(b) No match.

(c) (iii) : elna�ln b D elna 1

elnb
D a

b
.

(d) No match.

49. Find the inverse off .x/ D
p
x3 � 8 and determine its domain and range.

SOLUTION To find the inverse off .x/ D
p
x3 � 8, we solvey D

p
x3 � 8 for x as follows:

y2 D x3 � 8

x3 D y2 C 8

x D 3

q
y2 C 8:

Therefore,f �1.x/ D 3
p
x2 C 8. The domain off �1 is the range off , namelyfx W x � 0g; the range off �1 is the domain off ,

namelyfy W y � 2g.

50. Find the inverse off .x/ D x � 2

x � 1
and determine its domain and range.

SOLUTION To find the inverse off .x/ D x�2
x�1 , we solvey D x�2

x�1 for x as follows:

x � 2 D y.x � 1/ D yx � y

x � yx D 2 � y

x D 2 � y

1 � y
:

Therefore,

f �1.x/ D 2 � x

1 � x
D x � 2

x � 1
:

The domain off �1 is the range off , namelyfx W x ¤ 1g; the range off �1 is the domain off , namelyfy W y ¤ 1g.
51. Find a domain on whichh.t/ D .t � 3/2 is one-to-one and determine the inverse on this domain.

SOLUTION From the graph ofh.t/ D .t � 3/2 shown below, we see thath is one-to-one on each of the intervalst � 3 andt � 3.

1

2

4

6

8

10

y
h(t) = (t − 3)2

t
2 3 4 5 6

We find the inverse ofh.t/ D .t � 3/2 on the domainft W t � 3g by solvingy D .t � 3/2 for t . First, we find

p
y D

q
.t � 3/2 D jt � 3j:

Having restricted the domain toft W t � 3g, jt � 3j D �.t � 3/ D 3 � t . Thus,
p
y D 3 � t

t D 3 � p
y:

The inverse function ish�1.t/ D 3 �
p
t . For t � 3, h�1.t/ D 3C

p
t .
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52. Show thatg.x/ D x

x � 1 is equal to its inverse on the domainfx W x ¤ 1g.

SOLUTION To show thatg.x/ D x
x�1 is equal to its inverse, we need to show that forx ¤ 1,

g .g.x// D x:

First, we notice that forx ¤ 1, g.x/ ¤ 1. Therefore,

g .g.x// D g
� x

x � 1

�
D

x
x�1
x
x�1 � 1

D x

x � .x � 1/
D x

1
D x:

53. Suppose thatg.x/ is the inverse off .x/. Match the functions (a)–(d) with their inverses (i)–(iv).

(a) f .x/C 1 (b) f .x C 1/ (c) 4f .x/ (d) f .4x/

(i) g.x/=4 (ii) g.x=4/ (iii) g.x � 1/ (iv) g.x/� 1

SOLUTION

(a) (iii) : f .x/C 1 andg.x � 1/ are inverse functions:

f .g.x � 1//C 1 D .x � 1/C 1 D xI

g.f .x/C 1 � 1/ D g.f .x// D x:

(b) (iv): f .x C 1/ andg.x/� 1 are inverse functions:

f .g.x/� 1C 1/ D f .g.x//D xI

g.f .x C 1// � 1 D .x C 1/ � 1 D x:

(c) (ii): 4f .x/ andg.x=4/ are inverse functions:

4f .g.x=4// D 4.x=4/ D xI

g.4f .x/=4/ D g.f .x// D x:

(d) (i): f .4x/ andg.x/=4 are inverse functions:

f .4 � g.x/=4/ D f .g.x//D xI
1

4
g.f .4x// D 1

4
.4x/ D x:

54. Plotf .x/ D xe�x and use the zoom feature to find two solutions off .x/ D 0:3.

SOLUTION The graph off .x/ D xe�x is shown below. Based on this graph, we should zoom in nearx D 0:5 and nearx D 1:75

to find solutions off .x/ D 0:3.

0.5

−0.6

−0.4

−0.2

0.2

y

x
1.0 1.5 2.0

From the figure below at the left, we see that one solution off .x/ D 0:3 is approximatelyx D 0:49; from the figure below at the
right, we see that a second solution off .x/ D 0:3 is approximatelyx D 1:78.
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2 LIMITS

2.1 Limits, Rates of Change, and Tangent Lines

Preliminary Questions
1. Average velocity is equal to the slope of a secant line through two points on a graph. Which graph?

SOLUTION Average velocity is the slope of a secant line through two points on the graph of position as a function of time.

2. Can instantaneous velocity be defined as a ratio? If not, how is instantaneous velocity computed?

SOLUTION Instantaneous velocity cannot be defined as a ratio. It is defined as the limit of average velocity as time elapsed shrinks
to zero.

3. What is the graphical interpretation of instantaneous velocity at a momentt D t0?

SOLUTION Instantaneous velocity at timet D t0 is the slope of the line tangent to the graph of position as a function of time at
t D t0.

4. What is the graphical interpretation of the following statement? The average rate of change approaches the instantaneous rate
of change as the intervalŒx0; x1� shrinks tox0.

SOLUTION The slope of the secant line over the intervalŒx0; x1� approaches the slope of the tangent line atx D x0.

5. The rate of change of atmospheric temperature with respect to altitude is equal to the slope of the tangent line to a graph. Which
graph? What are possible units for this rate?

SOLUTION The rate of change of atmospheric temperature with respect to altitude is the slope of the line tangent to the graph of
atmospheric temperature as a function of altitude. Possible units for this rate of change areıF=ft or ıC=m.

Exercises
1. A ball dropped from a state of rest at timet D 0 travels a distances.t/ D 4:9t2 m in t seconds.

(a) How far does the ball travel during the time intervalŒ2; 2:5�?

(b) Compute the average velocity overŒ2; 2:5�.

(c) Compute the average velocity for the time intervals in the table and estimate the ball’s instantaneous velocity att D 2.

Interval Œ2; 2:01� Œ2; 2:005� Œ2; 2:001� Œ2; 2:00001�

Average
velocity

SOLUTION

(a) During the time intervalŒ2; 2:5�, the ball travels�s D s.2:5/ � s.2/ D 4:9.2:5/2 � 4:9.2/2 D 11:025 m.

(b) The average velocity overŒ2; 2:5� is

�s

�t
D s.2:5/� s.2/

2:5 � 2
D 11:025

0:5
D 22:05 m=s:

(c)
time interval Œ2; 2:01] Œ2; 2:005� Œ2; 2:001� Œ2; 2:00001�

average velocity 19.649 19.6245 19.6049 19.600049

The instantaneous velocity att D 2 is 19.6 m=s.

2. A wrench released from a state of rest at timet D 0 travels a distances.t/ D 4:9t2 m in t seconds. Estimate the instantaneous
velocity att D 3.

SOLUTION To find the instantaneous velocity, we compute the average velocities:

time interval Œ3; 3:01� Œ3; 3:005� Œ3; 3:001� Œ3; 3:00001�

average velocity 29.449 29.4245 29.4049 29.400049

The instantaneous velocity is approximately 29.4 m=s.
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3. Let v D 20
p
T as in Example 2. Estimate the instantaneous rate of change ofv with respect toT whenT D 300K.

SOLUTION

T interval Œ300; 300:01� Œ300; 300:005�

average rate of change 0.577345 0.577348

T interval Œ300; 300:001� Œ300; 300:00001�

average rate of change 0.57735 0.57735

The instantaneous rate of change is approximately 0.57735 m=.s � K/.

4. Compute�y=�x for the intervalŒ2; 5�, wherey D 4x � 9. What is the instantaneous rate of change ofy with respect tox at
x D 2?

SOLUTION �y=�x D ..4.5/ � 9/ � .4.2/ � 9//=.5 � 2/ D 4. Because the graph ofy D 4x � 9 is a line with slope 4, the
average rate of change ofy calculated over any interval will be equal to 4; hence, the instantaneous rate of change at anyx will also
be equal to4.

In Exercises 5 and 6, a stone is tossed vertically into the air from ground level with an initial velocity of15 m/s. Its height at timet
is h.t/ D 15t � 4:9t2 m.

5. Compute the stone’s average velocity over the time intervalŒ0:5; 2:5� and indicate the corresponding secant line on a sketch of
the graph ofh.t/.

SOLUTION The average velocity is equal to

h.2:5/ � h.0:5/

2
D 0:3:

The secant line is plotted withh.t/ below.

2
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6. Compute the stone’s average velocity over the time intervalsŒ1; 1:01�, Œ1; 1:001�, Œ1; 1:0001� andŒ0:99; 1�, Œ0:999; 1�, Œ0:9999; 1�,
and then estimate the instantaneous velocity att D 1.

SOLUTION With h.t/ D 15t � 4:9t2, the average velocity over the time intervalŒt1; t2� is given by

�h

�t
D h .t2/ � h .t1/

t2 � t1
:

time interval Œ1; 1:01� Œ1; 1:001� Œ1; 1:0001� Œ0:99; 1� Œ0:999; 1� Œ0:9999; 1�

average velocity 5.151 5.1951 5.1995 5.249 5.2049 5.2005

The instantaneous velocity att D 1 second is 5.2 m=s.

7. With an initial deposit of $100, the balance in a bank account aftert years isf .t/ D 100.1:08/t dollars.

(a) What are the units of the rate of change off .t/?
(b) Find the average rate of change overŒ0; 0:5� andŒ0; 1�.
(c) Estimate the instantaneous rate of change att D 0:5 by computing the average rate of change over intervals to the left and right
of t D 0:5.

SOLUTION

(a) The units of the rate of change off .t/ are dollars=year or $=yr.
(b) The average rate of change off .t/ D 100.1:08/tover the time intervalŒt1; t2� is given by

�f

�t
D f .t2/ � f .t1/

t2 � t1
:

time interval Œ0; :5� Œ0; 1�

average rate of change 7.8461 8
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(c)

time interval Œ0:5; 0:51� Œ0:5; 0:501� Œ0:5; 0:5001�

average rate of change 8.0011 7.9983 7.9981

time interval Œ0:49; 0:5� Œ0:499; 0:5� Œ0:4999; 0:5�

average rate of change 7.9949 7.9977 7.998

The rate of change att D 0:5 is approximately $8/yr.

8. The position of a particle at timet is s.t/ D t3 C t . Compute the average velocity over the time intervalŒ1; 4� and estimate the
instantaneous velocity att D 1.

SOLUTION The average velocity over the time intervalŒ1; 4� is

s.4/ � s.1/
4 � 1 D 68 � 2

3
D 22:

To estimate the instantaneous velocity att D 1, we examine the following table.

time interval Œ1; 1:01� Œ1; 1:001� Œ1; 1:0001� Œ0:99; 1� Œ0:999; 1� Œ0:9999; 1�

average rate of change 4.0301 4.0030 4.0003 3.9701 3.9970 3.9997

The rate of change att D 1 is approximately 4.

9. Figure 1 shows the estimated numberN of Internet users in Chile, based on data from the United Nations Statistics
Division.

(a) Estimate the rate of change ofN at t D 2003:5.

(b) Does the rate of change increase or decrease ast increases? Explain graphically.

(c) LetR be the average rate of change overŒ2001; 2005�. ComputeR.

(d) Is the rate of change att D 2002 greater than or less than the average rateR? Explain graphically.

2001 2002 2003 2004 2005

3.5

4.0

4.5

N (Internet users in Chile in millions)

t (years)

FIGURE 1

SOLUTION

(a) The tangent line shown in Figure 1 appears to pass through the points.2002; 3:75/ and.2005; 4:6/. Thus, the rate of change of
N at t D 2003:5 is approximately

4:6 � 3:75

2005 � 2002
D 0:283

million Internet users per year.

(b) As t increases, we move from left to right along the graph in Figure 1. Moreover, as we move from left to right along the graph,
the slope of the tangent line decreases. Thus, the rate of change decreases ast increases.

(c) The graph ofN.t/ appear to pass through the points.2001; 3:1/ and .2005; 4:5/. Thus, the average rate of change over
Œ2001; 2005� is approximately

R D 4:5 � 3:1

2005 � 2001 D 0:35

million Internet users per year.

(d) For the figure below, we see that the slope of the tangent line att D 2002 is larger than the slope of the secant line through the
endpoints of the graph ofN.t/. Thus, the rate of change att D 2002 is greater than the average rate of changeR.



78 C H A P T E R 2 LIMITS

3.0

2001 2002 2003 2004 2005
x

y

3.5

4.0

4.5

10. The atmospheric temperatureT (in ıC) at altitudeh meters above a certain point on earth isT D 15 � 0:0065h for
h � 12;000 m. What are the average and instantaneous rates of change ofT with respect toh? Why are they the same? Sketch the
graph ofT for h � 12;000.

SOLUTION The average and instantaneous rates of change ofT with respect toh are both�0:0065ıC=m. The rates of change
are the same becauseT is a linear function ofh with slope�0:0065.
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In Exercises 11–18, estimate the instantaneous rate of change at the point indicated.

11. P.x/ D 3x2 � 5; x D 2

SOLUTION

x interval Œ2; 2:01� Œ2; 2:001� Œ2; 2:0001� Œ1:99; 2� Œ1:999; 2� Œ1:9999; 2�

average rate of change 12:03 12:003 12:0003 11:97 11:997 11:9997

The rate of change atx D 2 is approximately 12.

12. f .t/ D 12t � 7; t D �4
SOLUTION

t interval Œ�4;�3:99� Œ�4;�3:999� Œ�4;�3:9999�

average rate of change 12 12 12

t interval Œ�4:01;�4� Œ�4:001;�4� Œ�4:0001;�4�

average rate of change 12 12 12

The rate of change att D �4 is 12, as the graph ofy D f .t/ is a line with slope 12.

13. y.x/ D 1

x C 2
; x D 2

SOLUTION

x interval Œ2; 2:01� Œ2; 2:001� Œ2; 2:0001� Œ1:99; 2� Œ1:999; 2� Œ1:9999; 2�

average rate of change �0:0623 �0:0625 �0:0625 �0:0627 �0:0625 �0:0625

The rate of change atx D 2 is approximately�0:06.
14. y.t/ D

p
3t C 1; t D 1

SOLUTION

t interval Œ1; 1:01� Œ1; 1:001� Œ1; 1:0001� Œ0:99; 1� Œ0:999; 1� Œ0:9999; 1�

average rate of change 0.7486 0.7499 0.7500 0.7514 0.7501 0.7500

The rate of change att D 1 is approximately 0.75.
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15. f .x/ D ex ; x D 0

SOLUTION

x interval Œ�0:01; 0� Œ�0:001; 0� Œ�0:0001; 0� Œ0; 0:01� Œ0; 0:001� Œ0; 0:0001�

average rate of change 0:9950 0:9995 0:99995 1:0050 1:0005 1:00005

The rate of change atx D 0 is approximately1:00.

16. f .x/ D ex ; x D e

SOLUTION

x interval Œe � 0:01; e� Œe � 0:001; e� Œe � 0:0001; e� Œe; e C 0:01� Œe; e C 0:001� Œe; e C 0:0001�

average rate of change 15:0787 15:1467 15:1535 15:2303 15:1618 15:1550

The rate of change atx D e is approximately15:15.

17. f .x/ D lnx; x D 3

SOLUTION

x interval Œ2:99; 3� Œ2:999; 3� Œ2:9999; 3� Œ3; 3:01� Œ3; 3:001� Œ3; 3:0001�

average rate of change 0:33389 0:33339 0:33334 0:33278 0:33328 0:33333

The rate of change atx D 3 is approximately0:333.

18. f .x/ D tan�1 x; x D �

4

SOLUTION

x interval
�
�
4 � 0:01; �4

� �
�
4 � 0:001; �4

� �
�
4 � 0:0001; �4

� �
�
4 ;

�
4 C 0:01

� �
�
4 ;

�
4 C 0:001

� �
�
4 ;

�
4 C 0:0001

�

average rate of change 0:6215 0:6188 0:6185 0:6155 0:6182 0:6185

The rate of change atx D �
4 is approximately0:619.

19. The height (in centimeters) at timet (in seconds) of a small mass oscillating at the end of a spring ish.t/ D 8 cos.12�t/.

(a) Calculate the mass’s average velocity over the time intervalsŒ0; 0:1� andŒ3; 3:5�.
(b) Estimate its instantaneous velocity att D 3.

SOLUTION

(a) The average velocity over the time intervalŒt1; t2� is given by
�h

�t
D h .t2/ � h .t1/

t2 � t1
.

time interval Œ0; 0:1� Œ3; 3:5�

average velocity �144:721 cm=s 0 cm=s

(b)

time interval Œ3; 3:0001� Œ3; 3:00001� Œ3; 3:000001� Œ2:9999; 3� Œ2:99999; 3� Œ2:999999; 3�

average velocity �0:5685 �0:05685 �0:005685 0.5685 0.05685 0.005685

The instantaneous velocity att D 3 seconds is approximately 0 cm=s.

20. The numberP.t/ of E. coli cells at timet (hours) in a petri dish is plotted in Figure 2.

(a) Calculate the average rate of change ofP.t/ over the time intervalŒ1; 3� and draw the corresponding secant line.
(b) Estimate the slopem of the line in Figure 2. What doesm represent?

t (hours)
321

10,000

8,000

6,000

4,000

2,000
1,000

P(t)

FIGURE 2 Number ofE. coli cells at timet .
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SOLUTION

(a) Looking at the graph, we can estimateP.1/ D 2000 andP.3/ D 8000. Assuming these values ofP.t/, the average rate of
change is

P.3/ � P.1/
3 � 1 D 6000

2
D 3000 cells=hour:

The secant line is here:

t (hours)
321

10,000

8,000

6,000

4,000

2,000
1,000

P(t)

(b) The line in Figure 2 goes through two points with approximate coordinates.1; 2000/ and.2:5; 4000/. This line has approximate
slope

m D 4000 � 2000

2:5 � 1 D 4000

3
cells=hour:

m is close to the slope of the line tangent to the graph ofP.t/ at t D 1, and som represents the instantaneous rate of change of
P.t/ at t D 1 hour.

21. Assume that the periodT (in seconds) of a pendulum (the time required for a complete back-and-forth cycle) is

T D 3
2

p
L, whereL is the pendulum’s length (in meters).

(a) What are the units for the rate of change ofT with respect toL? Explain what this rate measures.

(b) Which quantities are represented by the slopes of linesA andB in Figure 3?

(c) Estimate the instantaneous rate of change ofT with respect toL whenL D 3 m.

Period (s)

Length (m)
1 3

AB

2

FIGURE 3 The periodT is the time required for a pendulum to swing back and forth.

SOLUTION

(a) The units for the rate of change ofT with respect toL are seconds per meter. This rate measures the sensitivity of the period
of the pendulum to a change in the length of the pendulum.

(b) The slope of the lineB represents the average rate of change inT fromL D 1m toL D 3m. The slope of the lineA represents
the instantaneous rate of change ofT atL D 3 m.

(c)

time interval Œ3; 3:01� Œ3; 3:001� Œ3; 3:0001� Œ2:99; 3� Œ2:999; 3� Œ2:9999; 3�

average velocity 0.4327 0.4330 0.4330 0.4334 0.4330 0.4330

The instantaneous rate of change atL D 1 m is approximately 0.4330 s=m.

22. The graphs in Figure 4 represent the positions of moving particles as functions of time.

(a) Do the instantaneous velocities at timest1; t2; t3 in (A) form an increasing or a decreasing sequence?

(b) Is the particle speeding up or slowing down in (A)?

(c) Is the particle speeding up or slowing down in (B)?
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FIGURE 4

SOLUTION

(a) As the value of the independent variable increases, we note that the slope of the tangent lines decreases. Since Figure 4(A)
displays position as a function of time, the slope of each tangent line is equal to the velocity of the particle; consequently, the
velocities att1; t2; t3 form a decreasing sequence.

(b) Based on the solution to part (a), the velocity of the particle is decreasing; hence, the particle is slowing down.

(c) If we were to draw several lines tangent to the graph in Figure 4(B), we would find that the slopes would be increasing.
Accordingly, the velocity of the particle associated with Figure 4(B) is increasing, and the particle is speeding up.

23. An advertising campaign boosted sales of Crunchy Crust frozen pizza to a peak level ofS0 dollars per month. A
marketing study showed that aftert months, monthly sales declined to

S.t/ D S0g.t/; whereg.t/ D 1p
1C t

:

Do sales decline more slowly or more rapidly as time increases? Answer by referring to a sketch of the graph ofg.t/ together with
several tangent lines.

SOLUTION We notice from the figure below that, as time increases, the slopes of the tangent lines to the graph ofg.t/ become
less negative. Thus, sales decline more slowly as time increases.
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24. The fraction of a city’s population infected by a flu virus is plotted as a function of time (in weeks) in Figure 5.

(a) Which quantities are represented by the slopes of linesA andB? Estimate these slopes.

(b) Is the flu spreading more rapidly att D 1, 2, or 3?

(c) Is the flu spreading more rapidly att D 4, 5, or 6?

Fraction infected

Weeks

B

A

1 2 3 4 5 6

0.3

0.2

0.1

FIGURE 5

SOLUTION

(a) The slope of lineA is the average rate of change over the intervalŒ4; 6�, whereas the slope of the lineB is the instantaneous
rate of change att D 6. Thus, the slope of the lineA � .0:28 � 0:19/=2 D 0:045=week, whereas the slope of the lineB �
.0:28 � 0:15/=6 D 0:0217=week.

(b) Among timest D 1; 2; 3, the flu is spreading most rapidly att D 3 since the slope is greatest at that instant; hence, the rate of
change is greatest at that instant.

(c) Among timest D 4; 5; 6, the flu is spreading most rapidly att D 4 since the slope is greatest at that instant; hence, the rate of
change is greatest at that instant.
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25. The graphs in Figure 6 represent the positionss of moving particles as functions of timet . Match each graph with a description:

(a) Speeding up

(b) Speeding up and then slowing down

(c) Slowing down

(d) Slowing down and then speeding up

(B)(A) (D)(C)

t

s

t

s

t

s

t

s

FIGURE 6

SOLUTION When a particle is speeding up over a time interval, its graph is bent upward over that interval. When a particle is
slowing down, its graph is bent downward over that interval. Accordingly,

� In graph (A), the particle is (c) slowing down.
� In graph (B), the particle is (b) speeding up and then slowing down.
� In graph (C), the particle is (d) slowing down and then speeding up.
� In graph (D), the particle is (a) speeding up.

26. An epidemiologist finds that the percentageN.t/ of susceptible children who were infected on dayt during the first three
weeks of a measles outbreak is given, to a reasonable approximation, by the formula (Figure 7)

N.t/ D 100t2

t3 C 5t2 � 100t C 380

% Infected

Time (days)

2 6 10 14 184 8 12 16 20

20

15

10

5

FIGURE 7 Graph ofN.t/.

(a) Draw the secant line whose slope is the average rate of change in infected children over the intervalsŒ4; 6� andŒ12; 14�. Then
compute these average rates (in units of percent per day).

(b) Is the rate of decline greater att D 8 or t D 16?

(c) Estimate the rate of change ofN.t/ on day 12.

SOLUTION

(a) % Infected

Time (days)

5 1510 20

20

15

10

5

The average rate of change ofN.t/ over the interval between day 4 and day 6 is given by

�N

�t
D N.6/ �N.4/

6 � 4 D 3:776%=day:

Similarly, we calculate the average rate of change ofN.t/ over the interval between day 12 and day 14 as

�N

�t
D N.14/ �N.12/

14 � 12
D �0:7983%=day:
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(b) The slope of the tangent line att D 8 would be more negative than the slope of the tangent line att D 16. Thus, the rate of
decline is greater att D 8 than att D 16.
(c)

time interval Œ12; 12:5� Œ12; 12:2� Œ12; 12:01� Œ12; 12:001�

average rate of change �0:9288 �0:9598 �0:9805 �0:9815

time interval Œ11:5; 12� Œ11:8; 12� Œ11:99; 12� Œ11:999; 12�

average rate of change �1:0402 �1:0043 �0:9827 �0:9817

The instantaneous rate of change ofN.t/ on day 12 is�0:9816%=day.

27. The fungusFusarium exosporiuminfects a field of flax plants through the roots and causes the plants to wilt. Eventually, the
entire field is infected. The percentagef .t/ of infected plants as a function of timet (in days) since planting is shown in Figure 8.

(a) What are the units of the rate of change off .t/ with respect tot? What does this rate measure?
(b) Use the graph to rank (from smallest to largest) the average infection rates over the intervalsŒ0; 12�, Œ20; 32�, andŒ40; 52�.
(c) Use the following table to compute the average rates of infection over the intervalsŒ30; 40�, Œ40; 50�, Œ30; 50�.

Days 0 10 20 30 40 50 60
Percent infected 0 18 56 82 91 96 98

(d) Draw the tangent line att D 40 and estimate its slope.

Percent infected

Days after planting

10 20 30 40 50 60

100

80

60

40

20

FIGURE 8

SOLUTION

(a) The units of the rate of change off .t/with respect tot are percent=day or %=d. This rate measures how quickly the population
of flax plants is becoming infected.
(b) From smallest to largest, the average rates of infection are those over the intervalsŒ40; 52�, Œ0; 12�, Œ20; 32�. This is because the
slopes of the secant lines over these intervals are arranged from smallest to largest.
(c) The average rates of infection over the intervalsŒ30; 40�, Œ40; 50�, Œ30; 50� are 0.9, 0.5, 0.7 %=d, respectively.
(d) The tangent line sketched in the graph below appears to pass through the points.20; 80/ and .40; 91/. The estimate of the
instantaneous rate of infection att D 40 days is therefore

91 � 80

40 � 20
D 11

20
D 0:55%=d:

10 20 30 40 50 60

100

80

60

40

20

28. Let v D 20
p
T as in Example 2. Is the rate of change ofv with respect toT greater at low temperatures or high

temperatures? Explain in terms of the graph.

SOLUTION

350
300
250
200
150
100
50

50 100 150 200 250 300
T (K)

(m/s)
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As the graph progresses to the right, the graph bends progressively downward, meaning that the slope of the tangent lines becomes
smaller. This means that the rate of change ofv with respect toT is lower at high temperatures.

29. If an object in linear motion (but with changing velocity) covers�s meters in�t seconds, then its average velocity is
v0 D �s=�t m/s. Show that it would cover the same distance if it traveled at constant velocityv0 over the same time interval. This
justifies our calling�s=�t theaverage velocity.

SOLUTION At constant velocity, the distance traveled is equal to velocity times time, so an object moving at constant velocityv0
for �t seconds travelsv0ıt meters. Sincev0 D �s=�t , we find

distance traveledD v0ıt D
�
�s

�t

�
�t D �s

So the object covers the same distance�s by traveling at constant velocityv0.

30. Sketch the graph off .x/ D x.1 � x/ over Œ0; 1�. Refer to the graph and, without making any computations, find:

(a) The average rate of change overŒ0; 1�

(b) The (instantaneous) rate of change atx D 1
2

(c) The values ofx at which the rate of change is positive

SOLUTION

0.2 0.4 0.6 0.8 1

0.25

0.2

0.15

0.1

0.05

x

y

(a) f .0/ D f .1/, so there is no change betweenx D 0 andx D 1. The average rate of change is zero.

(b) The tangent line to the graph off .x/ is horizontal atx D 1
2 ; the instantaneous rate of change is zero at this point.

(c) The rate of change is positive at all points where the graph is rising, because the slope of the tangent line is positive at these
points. This is so for allx betweenx D 0 andx D 0:5.

31. Which graph in Figure 9 has the following property: For allx, the average rate of change overŒ0; x� is greater than the
instantaneous rate of change atx. Explain.

(B)

x

y

(A)

x

y

FIGURE 9

SOLUTION The average rate of change overŒ0; x� is greater than the instantaneous rate of change atx: (B). The graph in (B)
bends downward, so the slope of the secant line through.0; 0/ and.x; f .x// is larger than the slope of the tangent line at.x; f .x//.

Further Insights and Challenges

32. The height of a projectile fired in the air vertically with initial velocity25 m/s is

h.t/ D 25t � 4:9t2 m:

(a) Computeh.1/. Show thath.t/ � h.1/ can be factored with.t � 1/ as a factor.

(b) Using part (a), show that the average velocity over the intervalŒ1; t � is 20:1 � 4:9t .

(c) Use this formula to find the average velocity over several intervalsŒ1; t � with t close to1. Then estimate the instantaneous
velocity at timet D 1.
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SOLUTION

(a) With h.t/ D 25t � 4:9t2, we haveh.1/ D 20:1 m, so

h.t/ � h.1/ D �4:9t2 C 25t � 20:1:

Factoring the quadratic, we obtain

h.t/ � h.1/ D .t � 1/.�4:9t C 20:1/:

(b) The average velocity over the intervalŒ1; t � is

h.t/ � h.1/

t � 1
D .t � 1/.�4:9t C 20:1/

t � 1
D 20:1 � 4:9t:

(c) t 1.01 1.001 1.0001 1.00001

average velocity overŒ1; t � 15.151 15.1951 15.19951 15.199951

The instantaneous velocity is approximately 15.2 m=s. Pluggingt D 1 second into the formula in (b) yields20:1 � 4:9.1/ D 15:2

m=s exactly.

33. LetQ.t/ D t2. As in the previous exercise, find a formula for the average rate of change ofQ over the intervalŒ1; t � and use it
to estimate the instantaneous rate of change att D 1. Repeat for the intervalŒ2; t � and estimate the rate of change att D 2.

SOLUTION The average rate of change is

Q.t/ �Q.1/

t � 1
D t2 � 1

t � 1
:

Applying the difference of squares formula gives that the average rate of change is..t C 1/.t � 1///.t � 1/ D .t C 1/ for t ¤ 1.
As t gets closer to1, this gets closer to1C 1 D 2. The instantaneous rate of change is 2.

For t0 D 2, the average rate of change is

Q.t/ �Q.2/
t � 2 D t2 � 4

t � 2 ;

which simplifies tot C 2 for t ¤ 2. As t approaches 2, the average rate of change approaches 4. The instantaneous rate of change
is therefore 4.

34. Show that the average rate of change off .x/ D x3 over Œ1; x� is equal to

x2 C x C 1:

Use this to estimate the instantaneous rate of change off .x/ atx D 1.

SOLUTION The average rate of change is

f .x/� f .1/

x � 1
D x3 � 1

x � 1 :

Factoring the numerator as the difference of cubes means the average rate of change is

.x � 1/.x2 C x C 1/

x � 1 D x2 C x C 1

(for all x ¤ 1). The closerx gets to1, the closer the average rate of change gets to12 C 1 C 1 D 3. The instantaneous rate of
change is 3.

35. Find a formula for the average rate of change off .x/ D x3 over Œ2; x� and use it to estimate the instantaneous rate of change
atx D 2.

SOLUTION The average rate of change is

f .x/� f .2/

x � 2
D x3 � 8

x � 2 :

Applying the difference of cubes formula to the numerator, we find that the average rate of change is

.x2 C 2x C 4/.x � 2/
x � 2

D x2 C 2x C 4

for x ¤ 2. The closerx gets to2, the closer the average rate of change gets to22 C 2.2/C 4 D 12.
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36. Let T D 3
2

p
L as in Exercise 21. The numbers in the second column of the following table are increasing, and those

in the last column are decreasing. Explain why in terms of the graph ofT as a function ofL. Also, explain graphically why the
instantaneous rate of change atL D 3 lies between 0.4329 and 0.4331.

Average Rates of Change ofT with Respect toL

Average rate Average rate
Interval of change Interval of change

Œ3; 3:2� 0.42603 Œ2:8; 3� 0.44048
Œ3; 3:1� 0.42946 Œ2:9; 3� 0.43668
Œ3; 3:001� 0.43298 Œ2:999; 3� 0.43305
Œ3; 3:0005� 0.43299 Œ2:9995; 3� 0.43303

SOLUTION Since the average rate of change is increasing on the intervalsŒ3; L� asL get close to3, we know that the slopes of
the secant lines between points on the graph over these intervals are increasing. The more rows we add with smaller intervals, the
greater the average rate of change. This means that the instantaneous rate of change is probably greater than all of the numbers in
this column.

Likewise, since the average rate of change isdecreasingon the intervalsŒL; 3� asL gets closer to3, we know that the slopes
of the secant lines between points over these intervals are decreasing. This means that the instantaneous rate of change is probably
less than all the numbers in this column.

The tangent slope is somewhere between the greatest value in the first column and the least value in the second column. Hence,
it is between0:43299 and0:43303. The first column underestimates the instantaneous rate of change by secant slopes; this estimate
improves asL decreases towardL D 3. The second column overestimates the instantaneous rate of change by secant slopes; this
estimate improves asL increases towardL D 3.

2.2 Limits: A Numerical and Graphical Approach

Preliminary Questions
1. What is the limit off .x/ D 1 asx ! �?

SOLUTION limx!� 1 D 1:

2. What is the limit ofg.t/ D t ast ! �?

SOLUTION limt!� t D �:

3. Is lim
x!10

20 equal to10 or 20?

SOLUTION limx!10 20 D 20:

4. Canf .x/ approach a limit asx ! c if f .c/ is undefined? If so, give an example.

SOLUTION Yes. The limit of a functionf asx ! c does not depend on what happensat x D c, only on the behavior off as
x ! c. As an example, consider the function

f .x/ D x2 � 1
x � 1 :

The function is clearly not defined atx D 1 but

lim
x!1

f .x/ D lim
x!1

x2 � 1

x � 1
D lim
x!1

.x C 1/ D 2:

5. What does the following table suggest about lim
x!1�

f .x/ and lim
x!1C

f .x/?

x 0:9 0:99 0:999 1:1 1:01 1:001

f .x/ 7 25 4317 3:0126 3:0047 3:00011

SOLUTION The values in the table suggest that limx!1� f .x/ D 1 and limx!1C f .x/ D 3.

6. Can you tell whether lim
x!5

f .x/ exists from a plot off .x/ for x > 5? Explain.

SOLUTION No. By examining values off .x/ for x close to but greater than 5, we can determine whether the one-sided limit
limx!5C f .x/ exists. To determine whether limx!5 f .x/ exists, we must examine value off .x/ on both sides ofx D 5.
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7. If you know in advance that lim
x!5

f .x/ exists, can you determine its value from a plot off .x/ for all x > 5?

SOLUTION Yes. If limx!5 f .x/ exists, then both one-sided limits must exist and be equal.

Exercises
In Exercises 1–4, fill in the tables and guess the value of the limit.

1. lim
x!1

f .x/, wheref .x/ D x3 � 1
x2 � 1

.

x f .x/ x f .x/

1:002 0:998

1:001 0:999

1:0005 0:9995

1:00001 0:99999

SOLUTION

x 0.998 0.999 0.9995 0.99999 1.00001 1.0005 1.001 1.002

f .x/ 1.498501 1.499250 1.499625 1.499993 1.500008 1.500375 1.500750 1.501500

The limit asx ! 1 is 32 .

2. lim
t!0

h.t/, whereh.t/ D cost � 1

t2
. Note thath.t/ is even; that is,h.t/ D h.�t/.

t ˙0:002 ˙0:0001 ˙0:00005 ˙0:00001

h.t/

SOLUTION

t ˙0:002 ˙0:0001

h.t/ �0:499999833333 �0:499999999583

t ˙0:00005 ˙0:00001

h.t/ �0:499999999896 �0:500000000000

The limit ast ! 0 is�1
2 .

3. lim
y!2

f .y/, wheref .y/ D y2 � y � 2

y2 C y � 6
.

y f .y/ y f .y/

2:002 1:998

2:001 1:999

2:0001 1:9999

SOLUTION

y 1.998 1.999 1.9999 2.0001 2.001 2.02

f .y/ 0.59984 0.59992 0.599992 0.600008 0.60008 0.601594

The limit asy ! 2 is 35 .

4. lim
x!0C

f .x/, wheref .x/ D x ln x.

x 1 0.5 0.1 0.05 0.01 0.005 0.001

f .x/
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SOLUTION

x 1.0 0.5 0.1 0.05 0.01 0.005 0.001

f .x/ 0 �0:34657 �0:23026 �0:14979 �0:04605 �0:02649 �0:00691

The limit asx ! 0C is0.

5. Determine lim
x!0:5

f .x/ for f .x/ as in Figure 1.

0.5

1.5

x

y

1
f (x)

FIGURE 1

SOLUTION The graph suggests thatf .x/ ! 1:5 asx ! 0:5.

6. Determine lim
x!0:5

g.x/ for g.x/ as in Figure 2.

0.5

1.5

x

y

1 g(x)

FIGURE 2

SOLUTION The graph suggests thatg.x/ ! 1:5 asx ! 0:5. The valueg.0:5/, which happens to be1, does not affect the limit.

In Exercises 7 and 8, evaluate the limit.

7. lim
x!21

x

SOLUTION As x ! 21, f .x/ D x ! 21. You can see this, for example, on the graph off .x/ D x.

8. lim
x!4:2

p
3

SOLUTION The graph off .x/ D
p
3 is a horizontal line.f .x/ D

p
3 for all values ofx, so the limit is also equal to

p
3.

In Exercises 9–16, verify each limit using the limit definition. For example, in Exercise 9, show thatj3x � 12j can be made as small
as desired by takingx close to4.

9. lim
x!4

3x D 12

SOLUTION j3x � 12j D 3jx � 4j. j3x � 12j can be made arbitrarily small by makingx close enough to4, thus makingjx � 4j
small.

10. lim
x!5

3 D 3

SOLUTION jf .x/� 3j D j3 � 3j D 0 for all values ofx sof .x/� 3 is already smaller than any positive number asx ! 5.

11. lim
x!3

.5x C 2/ D 17

SOLUTION j.5x C 2/� 17j D j5x � 15j D 5jx � 3j. Therefore, if you makejx � 3j small enough, you can makej.5x C 2/� 17j
as small as desired.

12. lim
x!2

.7x � 4/ D 10
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SOLUTION As x ! 2, note thatj.7x � 4/ � 10j D j7x � 14j D 7 jx � 2j. If you makejx � 2j small enough, you can make
j.7x � 4/ � 10j as small as desired.

13. lim
x!0

x2 D 0

SOLUTION As x ! 0, we havejx2 � 0j D jx C 0jjx � 0j. To simplify things, suppose thatjxj < 1, so thatjx C 0jjx � 0j D
jxjjxj < jxj. By makingjxj sufficiently small, so thatjx C 0jjx � 0j D x2 is even smaller, you can makejx2 � 0j as small as
desired.

14. lim
x!0

.3x2 � 9/ D �9

SOLUTION j3x2 � 9 � .�9/j D j3x2j D 3jx2j. If you makejxj < 1, jx2j < jxj, so that makingjx � 0j small enough can make
j3x2 � 9 � .�9/j as small as desired.

15. lim
x!0

.4x2 C 2x C 5/ D 5

SOLUTION As x ! 0, we havej4x2 C 2x C 5 � 5j D j4x2 C 2xj D jxjj4x C 2j. If jxj < 1, j4x C 2j can be no bigger than6,
sojxjj4x C 2j < 6jxj. Therefore, by makingjx � 0j D jxj sufficiently small, you can makej4x2 C 2x C 5 � 5j D jxjj4x C 2j as
small as desired.

16. lim
x!0

.x3 C 12/ D 12

SOLUTION j.x3 C 12/� 12j D jx3j. If we makejxj < 1, thenjx3j < jxj. Therefore, by makingjx � 0j D jxj sufficiently small,
we can makej.x3 C 12/ � 12j as small as desired.

In Exercises 17–36, estimate the limit numerically or state that the limit does not exist. If infinite, state whether the one-sided limits
are 1 or �1.

17. lim
x!1

p
x � 1

x � 1
SOLUTION

x 0.9995 0.99999 1.00001 1.0005

f .x/ 0.500063 0.500001 0.49999 0.499938

The limit asx ! 1 is 12 .

18. lim
x!�4

2x2 � 32

x C 4

SOLUTION

x �4:001 �4:0001 �3:9999 �3:999

f .x/ �16:002 �16:0002 �15:9998 �15:998

The limit asx ! �4 is �16.

19. lim
x!2

x2 C x � 6
x2 � x � 2

SOLUTION

x 1.999 1.99999 2.00001 2.001

f .x/ 1.666889 1.666669 1.666664 1.666445

The limit asx ! 2 is 53 .

20. lim
x!3

x3 � 2x2 � 9

x2 � 2x � 3

SOLUTION

x 2.99 2.995 3.005 3.01

f .x/ 3.741880 3.745939 3.754064 3.758130

The limit asx ! 3 is3:75.
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21. lim
x!0

sin2x

x

SOLUTION

x �0:01 �0:005 0.005 0.01

f .x/ 1.999867 1.999967 1.999967 1.999867

The limit asx ! 0 is 2.

22. lim
x!0

sin5x

x

SOLUTION

x �0:01 �0:005 0.005 0.01

f .x/ 4.997917 4.999479 4.999479 4.997917

The limit asx ! 0 is5.

23. lim
�!0

cos� � 1

�

SOLUTION

� �0:05 �0:001 0.001 0.05

f .�/ 0:0249948 0:0005 �0:0005 �0:0249948

The limit as� ! 0 is 0.

24. lim
x!0

sinx

x2

SOLUTION

x �0:01 �0:001 �0:0001 0.0001 0.001 0.01

f .x/ �99:9983 �999:9998 �10000:0 10000:0 999:9998 99:9983

The limit does not exist. Asx ! 0�, f .x/ ! �1; similarly, asx ! 0C, f .x/ ! 1.

25. lim
x!4

1

.x � 4/3

SOLUTION

x 3:99 3:999 3:9999 4.0001 4.001 4.01

f .x/ �106 �109 �1012 1012 109 106

The limit does not exist. Asx ! 4�, f .x/ ! �1; similarly, asx ! 4C, f .x/ ! 1.

26. lim
x!1�

3 � x

x � 1

SOLUTION

x 0:99 0:999 0.9999 0.99999

f .x/ �201 �2001 �20001 �200001

As x ! 1�, f .x/ ! �1.

27. lim
x!3C

x � 4

x2 � 9

SOLUTION

x 3:01 3:001 3.0001 3.00001

f .x/ �16:473 �166:473 �1666:473 �16666:473

As x ! 3C, f .x/ ! �1.
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28. lim
h!0

3h � 1

h

SOLUTION

h �0:05 �0:001 �0:0001 0.0001 0.001 0.05

f .h/ 1.06898 1.09801 1.09855 1.09867 1.09922 1.12935

The limit ash ! 0 is approximately 1.099. (The exact answer is ln3.)

29. lim
h!0

sinh cos
1

h

SOLUTION

h �0:01 �0:001 �0:0001 0.0001 0.001 0.01

f .h/ �0:008623 �0:000562 0.000095 �0:000095 0.000562 0.008623

The limit ash ! 0 is 0.

30. lim
h!0

cos
1

h

SOLUTION

h ˙0:1 ˙0:01 ˙0:001 ˙0:0001

f .h/ �0:839072 0:862319 0:562379 �0:952155

The limit does not exist since cos.1=h/ oscillates infinitely often ash ! 0.

31. lim
x!0

jxjx

SOLUTION

x �0:05 �0:001 �0:00001 0.00001 0.001 0.05

f .x/ 1.161586 1.006932 1.000115 0.999885 0.993116 0.860892

The limit asx ! 0 is 1.

32. lim
x!1C

sec�1 xp
x � 1

SOLUTION

x 1:05 1:01 1.005 1.001

f .x/ 1.3857 1.4084 1.4113 1.4136

The limit asx ! 1C is approximately1:414. (The exact answer is
p
2.)

33. lim
t!e

t � e

ln t � 1

SOLUTION

r e � 0:01 e � 0:001 e � 0:0001 e C 0:0001 e C 0:001 e C 0:01

f .t/ 2.713279 2.717782 2.718232 2.718332 2.718782 2.723279

The limit ast ! e is approximately 2.718. (The exact answer ise.)

34. lim
r!0

.1C r/1=r

SOLUTION

r �0:01 �0:001 �0:0001 0.0001 0.001 0.01

f .r/ 2.731999 2.719642 2.718418 2.718146 2.716924 2.704814

The limit asr ! 0 is approximately 2.718. (The exact answer ise.)
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35. lim
x!1�

tan�1 x
cos�1 x

SOLUTION

x 0:999 0.9999 0.99999 0.999999 0.9999999

f .x/ 17.549 55.532 175.619 555.360 1756.204

The limit asx ! 1� does not exist.

36. lim
x!0

tan�1 x � x

sin�1 x � x

SOLUTION

x �0:01 �0:001 0.001 0.01

f .x/ �1:999791 �2:000066 �2:000066 �1:999791

The limit asx ! 0 is approximately�2:00. (The exact answer is�2.)
37. Thegreatest integer functionis defined byŒx� D n, wheren is the unique integer such thatn � x < nC 1. Sketch the graph
of y D Œx�. Calculate, forc an integer:

(a) lim
x!c�

Œx� (b) lim
x!cC

Œx�

SOLUTION Here is a graph of the greatest integer function:

2

1

1 2 3−1
x

y

(a) From the graph, we see that, forc an integer,

lim
x!c�Œx� D c � 1:

(b) From the graph, we see that, forc an integer,

lim
x!cC

Œx� D c:

38. Determine the one-sided limits atc D 1, 2, and 4 of the functiong.x/ shown in Figure 3, and state whether the limit exists at
these points.

1 2 3 4 5

1

2

3

x

y

FIGURE 3

SOLUTION

� At c D 1, the left-hand limit is lim
x!1�

g.x/ D 3, whereas the right-hand limit is lim
x!1C

g.x/ D 1. Accordingly, the two-sided

limit does not exist atc D 1.
� At c D 2, the left-hand limit is lim

x!2�
g.x/ D 2, whereas the right-hand limit is lim

x!2C
g.x/ D 1. Accordingly, the two-sided

limit does not exist atc D 2.
� At c D 4, the left-hand limit is lim

x!4�
g.x/ D 2, whereas the right-hand limit is lim

x!4C
g.x/ D 2. Accordingly, the two-sided

limit exists atc D 4 and equals 2.
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In Exercises 39–46, determine the one-sided limits numerically or graphically. If infinite, state whether the one-sided limits are1
or �1, and describe the corresponding vertical asymptote. In Exercise 46,Œx� is the greatest integer function defined in Exercise
37.

39. lim
x!0˙

sinx

jxj
SOLUTION

x �0:2 �0:02 0.02 0.2

f .x/ �0:993347 �0:999933 0.999933 0.993347

The left-hand limit is lim
x!0�

f .x/ D �1, whereas the right-hand limit is lim
x!0C

f .x/ D 1.

40. lim
x!0˙

jxj1=x

SOLUTION

x �0:2 �0:1 0.15 0.2

f .x/ 3125.0 1010 0.000003 0.000320

The left-hand limit is lim
x!0�

f .x/ D 1, whereas the right-hand limit is lim
x!0C

f .x/ D 0. Thus, the linex D 0 is a vertical asymp-

tote from the left for the graph ofy D jxj1=x .

41. lim
x!0˙

x � sinjxj
x3

SOLUTION

x �0:1 �0:01 0.01 0.1

f .x/ 199.853 19999.8 0.166666 0.166583

The left-hand limit is lim
x!0�

f .x/ D 1, whereas the right-hand limit is lim
x!0C

f .x/ D 1

6
. Thus, the linex D 0 is a vertical

asymptote from the left for the graph ofy D x�sinjxj
x3 .

42. lim
x!4˙

x C 1

x � 4

SOLUTION The graph ofy D xC1
x�4 for x near 4 is shown below. From this graph, we see that

lim
x!4�

x C 1

x � 4
D �1 while lim

x!4C
x C 1

x � 4
D 1:

Thus, the linex D 4 is a vertical asymptote for the graph ofy D xC1
x�4 .

3.0 3.5
x

4.0 4.5 5.0

43. lim
x!�2˙

4x2 C 7

x3 C 8

SOLUTION The graph ofy D 4x2C7
x3C8 for x near�2 is shown below. From this graph, we see that

lim
x!�2�

4x2 C 7

x3 C 8
D �1 while lim

x!�2C
4x2 C 7

x3 C 8
D 1:

Thus, the linex D �2 is a vertical asymptote for the graph ofy D 4x2C7
x3C8 .

−3.0 −2.5 −2.0 −1.5 −1.0
x
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44. lim
x!�3˙

x2

x2 � 9

SOLUTION The graph ofy D x2

x2�9 for x near�3 is shown below. From this graph, we see that

lim
x!�3�

x2

x2 � 9
D 1 while lim

x!�3C
x2

x2 � 9
D �1:

Thus, the linex D �3 is a vertical asymptote for the graph ofy D x2

x2�9 .

−4.0 −3.5 −2.5 −2.0
x

−3.0

45. lim
x!1˙

x5 C x � 2

x2 C x � 2

SOLUTION The graph ofy D x5Cx�2
x2Cx�2 for x near1 is shown below. From this graph, we see that

lim
x!1˙

x5 C x � 2

x2 C x � 2
D 2:

2

0.5 1.0 1.5
x

y

4

6

46. lim
x!2˙

cos
��
2
.x � Œx�/

�

SOLUTION The graph ofy D cos
�
�
2 .x � Œx�/

�
for x near2 is shown below. From this graph, we see that

lim
x!2�

cos
��
2
.x � Œx�/

�
D 0 while lim

x!2C
cos

��
2
.x � Œx�/

�
D 1:

0.5

0.2

0.4

0.6

0.8

1.0

y

x
1.0 1.5 2.0 2.5

47. Determine the one-sided limits atc D 2; 4 of the functionf .x/ in Figure 4. What are the vertical asymptotes off .x/?

−5
42

15

5

10

x

y

FIGURE 4

SOLUTION

� Forc D 2, we have lim
x!2�

f .x/ D 1 and lim
x!2C

f .x/ D 1.

� Forc D 4, we have lim
x!4�

f .x/ D �1 and lim
x!4C

f .x/ D 10.

The vertical asymptotes are the vertical linesx D 2 andx D 4.
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48. Determine the infinite one- and two-sided limits in Figure 5.

x

y

−1 3 5

FIGURE 5

SOLUTION

� lim
x!�1�

f .x/ D �1
� lim
x!�1C

f .x/ D 1

� lim
x!3

f .x/ D 1
� lim
x!5

f .x/ D �1

The vertical asymptotes are the vertical linesx D 1, x D 3, andx D 5.

In Exercises 49–52, sketch the graph of a function with the given limits.

49. lim
x!1

f .x/ D 2, lim
x!3�

f .x/ D 0, lim
x!3C

f .x/ D 4

SOLUTION

2

4

6

1 2 3 4

y

x

50. lim
x!1

f .x/ D 1, lim
x!3�

f .x/ D 0, lim
x!3C

f .x/ D �1

SOLUTION

−30

−20

−10

30

20

10

4321
x

y

51. lim
x!2C

f .x/ D f .2/ D 3, lim
x!2�

f .x/ D �1, lim
x!4

f .x/ D 2 ¤ f .4/

SOLUTION

1

−1

2

3

1 2 3 4 5

y

x
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52. lim
x!1C

f .x/ D 1, lim
x!1�

f .x/ D 3, lim
x!4

f .x/ D �1

SOLUTION

4321
x

y

10

5

−5

−10

53. Determine the one-sided limits of the functionf .x/ in Figure 6, at the pointsc D 1; 3; 5; 6.

−1

−2

−3

−4

1

2

3

4

5

y

x
1 2 3 4 5 6 7 8

FIGURE 6 Graph off .x/

SOLUTION

� lim
x!1�

f .x/ D lim
x!1C

f .x/ D 3

� lim
x!3�

f .x/ D �1
� lim
x!3C

f .x/ D 4

� lim
x!5�

f .x/ D 2

� lim
x!5C

f .x/ D �3
� lim
x!6�

f .x/ D lim
x!6C

f .x/ D 1

54. Does either of the two oscillating functions in Figure 7 appear to approach a limit asx ! 0?

(A) (B)

xx

y
y

FIGURE 7

SOLUTION (A) does not appear to approach a limit asx ! 0; the values of the function oscillate wildly asx ! 0. The values of
the function graphed in (B) seem to settle to0 asx ! 0, so the limit seems to exist.

In Exercises 55–60, plot the function and use the graph to estimate the value of the limit.

55. lim
�!0

sin5�

sin2�

SOLUTION

2.42

2.44

2.46

2.48

2.50

y
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From the graph ofy D sin5�

sin2�
shown above, we see that the limit as� ! 0 is 52 .

56. lim
x!0

12x � 1

4x � 1
SOLUTION

1.788

1.790

1.792

1.794

y

From the graph ofy D 12x � 1

4x � 1
shown above, we see that the limit asx ! 0 is approximately 1.7925. (The exact answer is

ln 12= ln 4.)

57. lim
x!0

2x � cosx

x

SOLUTION

0.6935

0.6940

0.6930

0.6925

0.6920

y

y = 2
x − cos x

x

The limit asx ! 0 is approximately 0.693. (The exact answer is ln2.)

58. lim
�!0

sin2 4�

cos� � 1

SOLUTION

−30.0

−30.5

−31.0

−31.5

−32.0

y

y = sin2 4q

cosq  − 1

The limit as� ! 0 is�32.

59. lim
�!0

cos7� � cos5�

�2

SOLUTION

−12.0

−11.8

−11.6

−11.4

y

From the graph ofy D cos7� � cos5�

�2
shown above, we see that the limit as� ! 0 is �12.

60. lim
�!0

sin2 2� � � sin4�

�4
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SOLUTION

5.325

5.330

5.335

5.340

y

From the graph ofy D sin2 2� � � sin4�

�4
shown above, we see that the limit as� ! 0 is approximately 5.333. (The exact answer

is 163 .)

61. Let n be a positive integer. For whichn are the two infinite one-sided limits lim
x!0˙

1=xn equal?

SOLUTION First, suppose thatn is even. Thenxn � 0 for all x, and 1
xn > 0 for all x ¤ 0. Hence,

lim
x!0�

1

xn
D lim
x!0C

1

xn
D 1:

Next, suppose thatn is odd. Then 1xn > 0 for all x > 0 but 1xn < 0 for all x < 0. Thus,

lim
x!0�

1

xn
D �1 but lim

x!0C
1

xn
D 1:

Finally, the two infinite one-sided limits are equal whenevern is even.

62. Let L.n/ D lim
x!1

�
n

1 � xn
� 1

1 � x

�
for n a positive integer. InvestigateL.n/ numerically for several values ofn, and then

guess the value of ofL.n/ in general.

SOLUTION

� We first notice that forn D 1,

1

1 � x � 1

1 � x
D 0;

soL.1/ D 0.
� Next, let’s tryn D 3. From the table below, it appears thatL.3/ D 1.

x 0.99 0.999 1.001 1.01

f .x/ 1.006700 1.000667 0.999334 0.993367

� For n D 6, we find

x 0.99 0.999 0.9999 1.0001 1.001 1.01

f .x/ 2.529312 2.502919 2.500392 2.499375 2.497082 2.470980

Thus,L.6/ D 2:5 D 5
2

From these values, we conjecture thatL.n/ D n�1
2 .

63. In some cases, numerical investigations can be misleading. Plot f .x/ D cos�x .

(a) Does lim
x!0

f .x/ exist?

(b) Show, by evaluatingf .x/ at x D 1
2 ;
1
4 ;
1
6 ; : : : , that you might be able to trick your friends into believing that the limit exists

and is equal toL D 1.

(c) Which sequence of evaluations might trick them into believing that the limit isL D �1.

SOLUTION Here is the graph off .x/.

−0.05
−0.5

0.5

y

x
0.05
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(a) From the graph off .x/, which shows that the value off .x/ oscillates more and more rapidly asx ! 0, it follows that
lim
x!0

f .x/ does not exist.

(b) Notice that

f

�
˙1

2

�
D cos˙ �

1=2
D cos˙2� D 1I

f

�
˙1

4

�
D cos˙ �

1=4
D cos˙4� D 1I

f

�
˙1

6

�
D cos˙ �

1=6
D cos˙6� D 1I

and, in general,f .˙ 1
2n / D 1 for all integersn.

(c) At x D ˙1;˙1
3 ;˙

1
5 ; : : :, the value off .x/ is always�1.

Further Insights and Challenges

64. Light waves of frequency� passing through a slit of widtha produce aFraunhofer diffraction pattern of light and dark
fringes (Figure 8). The intensity as a function of the angle� is

I.�/ D Im

�
sin.R sin�/

R sin �

�2

whereR D �a=� andIm is a constant. Show that the intensity function is not defined at� D 0. Then choose any two values forR
and check numerically thatI.�/ approachesIm as� ! 0.

a

Intensity
pattern

Viewing
screen

Slit

Incident 
light waves

FIGURE 8 Fraunhofer diffraction pattern.

SOLUTION If you plug in� D 0, you get a division by zero in the expression

sin
�
R sin�

�

R sin �
I

thus,I.0/ is undefined. IfR D 2, a table of values as� ! 0 follows:

� �0:01 �0:005 0.005 0.01

I.�/ 0.998667Im 0.9999667Im 0.9999667Im 0.9998667Im

The limit as� ! 0 is1 � Im D Im:

If R D 3, the table becomes:

� �0:01 �0:005 0.005 0.01

I.�/ 0.999700Im 0.999925Im 0.999925Im 0.999700Im

Again, the limit as� ! 0 is1Im D Im.

65. Investigate lim
�!0

sinn�

�
numerically for several values ofn. Then guess the value in general.

SOLUTION

� Forn D 3, we have

� �0:1 �0:01 �0:001 0.001 0.01 0.1

sinn�

�
2.955202 2.999550 2.999996 2.999996 2.999550 2.955202
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The limit as� ! 0 is 3.
� Forn D �5, we have

� �0:1 �0:01 �0:001 0.001 0.01 0.1

sinn�

�
�4:794255 �4:997917 �4:999979 �4:999979 �4:997917 �4:794255

The limit as� ! 0 is�5.
� We surmise that, in general, lim

�!0

sinn�

�
D n.

66. Show numerically that lim
x!0

bx � 1

x
for b D 3; 5 appears to equal ln3, ln5, where lnx is the natural logarithm. Then make a

conjecture (guess) for the value in general and test your conjecture for two additional values ofb.

SOLUTION

�
x �0:1 �0:01 �0:001 0.001 0.01 0.1

5x � 1
x

1.486601 1.596556 1.608144 1.610734 1.622459 1.746189

We have ln5 � 1:6094.
�

x �0:1 �0:01 �0:001 0.001 0.01 0.1

3x � 1
x

1.040415 1.092600 1.098009 1.099216 1.104669 1.161232

We have ln3 � 1:0986.

� We conjecture that lim
x!0

bx � 1
x

D lnb for any positive numberb. Here are two additional test cases.

x �0:1 �0:01 �0:001 0.001 0.01 0.1

�
1
2

�x � 1

x
�0:717735 �0:695555 �0:693387 �0:692907 �0:690750 �0:669670

We have ln12 � �0:69315.

x �0:1 �0:01 �0:001 0.001 0.01 0.1

7x � 1
x

1.768287 1.927100 1.944018 1.947805 1.964966 2.148140

We have ln7 � 1:9459.

67. Investigate lim
x!1

xn � 1

xm � 1 for .m; n/ equal to.2; 1/, .1; 2/, .2; 3/, and.3; 2/. Then guess the value of the limit in general and

check your guess for two additional pairs.

SOLUTION

�

x 0.99 0.9999 1.0001 1.01

x � 1

x2 � 1
0.502513 0.500025 0.499975 0.497512

The limit asx ! 1 is 12 .

x 0.99 0.9999 1.0001 1.01

x2 � 1

x � 1
1.99 1.9999 2.0001 2.01
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The limit asx ! 1 is 2.

x 0.99 0.9999 1.0001 1.01

x2 � 1

x3 � 1
0.670011 0.666700 0.666633 0.663344

The limit asx ! 1 is 23 .

x 0.99 0.9999 1.0001 1.01

x3 � 1

x2 � 1
1.492513 1.499925 1.500075 1.507512

The limit asx ! 1 is 32 .

� For generalm andn, we have lim
x!1

xn � 1

xm � 1
D n

m
.

�

x 0.99 0.9999 1.0001 1.01

x � 1

x3 � 1
0.336689 0.333367 0.333300 0.330022

The limit asx ! 1 is 13 .

x 0.99 0.9999 1.0001 1.01

x3 � 1

x � 1
2.9701 2.9997 3.0003 3.0301

The limit asx ! 1 is 3.

x 0.99 0.9999 1.0001 1.01

x3 � 1

x7 � 1
0.437200 0.428657 0.428486 0.420058

The limit asx ! 1 is 37 � 0:428571.

68. Find by numerical experimentation the positive integersk such that lim
x!0

sin.sin2 x/

xk
exists.

SOLUTION

� Fork D 1, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x
D 0.

x �0:01 �0:0001 0.0001 0.01

f .x/ �0:01 �0:0001 0.0001 0.01

� For k D 2, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x2
D 1.

x �0:01 �0:0001 0.0001 0.01

f .x/ 0.999967 1.000000 1.000000 0.999967

� For k D 3, the limit does not exist.

x �0:01 �0:0001 0.0001 0.01

f .x/ �102 �104 104 102

Indeed, asx ! 0�, f .x/ D sin.sin2 x/

x3
! �1, whereas asx ! 0C, f .x/ D sin.sin2 x/

x3
! 1.
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� For k D 4, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x4
D 1.

x �0:01 �0:0001 0.0001 0.01

f .x/ 104 108 108 104

� For k D 5, the limit does not exist.

x �0:01 �0:0001 0.0001 0.01

f .x/ �106 �1012 1012 106

Indeed, asx ! 0�, f .x/ D sin.sin2 x/

x5
! �1, whereas asx ! 0C, f .x/ D sin.sin2 x/

x5
! 1.

� Fork D 6, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x6
D 1.

x �0:01 �0:0001 0.0001 0.01

f .x/ 108 1016 1016 108

� SUMMARY

– Fork D 1, the limit is 0.
– Fork D 2, the limit is 1.
– For oddk > 2, the limit does not exist.
– For evenk > 2, the limit is1.

69. Plot the graph off .x/ D 2x � 8

x � 3
.

(a) Zoom in on the graph to estimateL D lim
x!3

f .x/.

(b) Explain why

f .2:99999/ � L � f .3:00001/

Use this to determineL to three decimal places.

SOLUTION

(a)

5.555

5.565

5.545

5.535

5.525

y

x = 3

y = 2
x − 8

x − 3

(b) It is clear that the graph off rises as we move to the right. Mathematically, we may express this observation as: whenever
u < v, f .u/ < f .v/. Because

2:99999 < 3 D lim
x!3

f .x/ < 3:00001;

it follows that

f .2:99999/ < L D lim
x!3

f .x/ < f .3:00001/:

With f .2:99999/ � 5:54516 andf .3:00001/ � 5:545195, the above inequality becomes5:54516 < L < 5:545195; hence, to
three decimal places,L D 5:545.

70. The functionf .x/ D 21=x � 2�1=x

21=x C 2�1=x is defined forx ¤ 0.

(a) Investigate lim
x!0C

f .x/ and lim
x!0�

f .x/ numerically.

(b) Plot the graph off and describe its behavior nearx D 0.
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SOLUTION

(a)

x �0:3 �0:2 �0:1 0.1 0.2 0.3

f .x/ �0:980506 �0:998049 �0:999998 0.999998 0.998049 0.980506

(b) Asx ! 0�; f .x/ ! �1, whereas asx ! 0C; f .x/ ! 1.

−0.5

0.5

−1

1

y

0.5 1−1 −0.5
x

2.3 Basic Limit Laws

Preliminary Questions
1. State the Sum Law and Quotient Law.

SOLUTION Suppose limx!c f .x/ and limx!c g.x/ both exist. The Sum Law states that

lim
x!c

.f .x/C g.x// D lim
x!c

f .x/C lim
x!c

g.x/:

Provided limx!c g.x/ ¤ 0, the Quotient Law states that

lim
x!c

f .x/

g.x/
D limx!c f .x/

limx!c g.x/
:

2. Which of the following is a verbal version of the Product Law (assuming the limits exist)?

(a) The product of two functions has a limit.

(b) The limit of the product is the product of the limits.

(c) The product of a limit is a product of functions.

(d) A limit produces a product of functions.

SOLUTION The verbal version of the Product Law is(b): The limit of the product is the product of the limits.

3. Which statement is correct? The Quotient Law does not hold if:

(a) The limit of the denominator is zero.

(b) The limit of the numerator is zero.

SOLUTION Statement(a) is correct. The Quotient Law does not hold if the limit of the denominator is zero.

Exercises
In Exercises 1–24, evaluate the limit using the Basic Limit Laws and the limitslim

x!c
xp=q D cp=q and lim

x!c
k D k.

1. lim
x!9

x

SOLUTION lim
x!9

x D 9.

2. lim
x!�3

14

SOLUTION lim
x!�3

14 D 14.

3. lim
x! 1

2

x4

SOLUTION lim
x! 1

2

x4 D
�
1

2

�4
D 1

16
.
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4. lim
z!27

z2=3

SOLUTION lim
z!27

z2=3 D 272=3 D 9.

5. lim
t!2

t�1

SOLUTION lim
t!2

t�1 D 2�1 D 1

2
.

6. lim
x!5

x�2

SOLUTION lim
x!5

x�2 D 5�2 D 1

25
.

7. lim
x!0:2

.3x C 4/

SOLUTION Using the Sum Law and the Constant Multiple Law:

lim
x!0:2

.3x C 4/ D lim
x!0:2

3x C lim
x!0:2

4

D 3 lim
x!0:2

x C lim
x!0:2

4 D 3.0:2/C 4 D 4:6:

8. lim
x! 1

3

.3x3 C 2x2/

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim
x! 1

3

.3x3 C 2x2/ D lim
x! 1

3

3x3 C lim
x! 1

3

2x2

D 3 lim
x! 1

3

x3 C 2 lim
x! 1

3

x2

D 3

�
1

3

�3
C 2

�
1

3

�2
D 1

3
:

9. lim
x!�1

.3x4 � 2x3 C 4x/

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim
x!�1

.3x4 � 2x3 C 4x/ D lim
x!�1

3x4 � lim
x!�1

2x3 C lim
x!�1

4x

D 3 lim
x!�1

x4 � 2 lim
x!�1

x3 C 4 lim
x!�1

x

D 3.�1/4 � 2.�1/3 C 4.�1/ D 3C 2 � 4 D 1:

10. lim
x!8

.3x2=3 � 16x�1/

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim
x!8

.3x2=3 � 16x�1/ D lim
x!8

3x2=3 � lim
x!8

16x�1

D 3 lim
x!8

x2=3 � 16 lim
x!8

x�1

D 3.8/2=3 � 16.8/�1 D 3.4/ � 2 D 10:

11. lim
x!2

.x C 1/.3x2 � 9/

SOLUTION Using the Product Law, the Sum Law and the Constant Multiple Law:

lim
x!2

.x C 1/
�
3x2 � 9

�
D
�

lim
x!2

x C lim
x!2

1

��
lim
x!2

3x2 � lim
x!2

9

�

D .2C 1/

�
3 lim
x!2

x2 � 9

�

D 3.3.2/2 � 9/ D 9:

12. lim
x! 1

2

.4x C 1/.6x � 1/
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SOLUTION Using the Product Law, the Sum Law and the Constant Multiple Law:

lim
x!1=2

.4x C 1/.6x � 1/ D
�

lim
x!1=2

.4x C 1/

��
lim

x!1=2
.6x � 1/

�

D
�

lim
x!1=2

4x C lim
x!1=2

1

��
lim

x!1=2
6x � lim

x!1=2
1

�

D
�
4 lim
x!1=2

x C lim
x!1=2

1

��
6 lim
x!1=2

x � lim
x!1=2

1

�

D
�
4 � 1
2

C 1

��
6 � 1
2

� 1

�
D 3.2/ D 6:

13. lim
t!4

3t � 14
t C 1

SOLUTION Using the Quotient Law, the Sum Law and the Constant Multiple Law:

lim
t!4

3t � 14
t C 1

D
lim
t!4

.3t � 14/

lim
t!4

.t C 1/
D
3 lim
t!4

t � lim
t!4

14

lim
t!4

t C lim
t!4

1
D 3 � 4 � 14

4C 1
D �2

5
:

14. lim
z!9

p
z

z � 2

SOLUTION Using the Quotient Law, the Powers Law and the Sum Law:

lim
z!9

p
z

z � 2
D

lim
z!9

p
z

lim
z!9

.z � 2/ D
lim
z!9

p
z

lim
z!9

z � lim
z!9

2
D 3

7
:

15. lim
y! 1

4

.16y C 1/.2y1=2 C 1/

SOLUTION Using the Product Law, the Sum Law, the Constant Multiple Law and the Powers Law:

lim
y! 1

4

.16y C 1/.2y1=2 C 1/ D
 

lim
y! 1

4

.16y C 1/

! 
lim
y! 1

4

.2y1=2 C 1/

!

D
 
16 lim
y! 1

4

y C lim
y! 1

4

1

! 
2 lim
y! 1

4

y1=2 C lim
y! 1

4

1

!

D
�
16

�
1

4

�
C 1

��
2

�
1

2

�
C 1

�
D 10:

16. lim
x!2

x.x C 1/.x C 2/

SOLUTION Using the Product Law and Sum Law:

lim
x!2

x.x C 1/.x C 2/ D
�

lim
x!2

x

��
lim
x!2

.x C 1/

��
lim
x!2

.x C 2/

�

D 2

�
lim
x!2

x C lim
x!2

1

��
lim
x!2

x C lim
x!2

2

�

D 2.2C 1/.2C 2/ D 24

17. lim
y!4

1p
6y C 1

SOLUTION Using the Quotient Law, the Powers Law, the Sum Law and the Constant Multiple Law:

lim
y!4

1p
6y C 1

D 1

lim
y!4

p
6y C 1

D 1q
6 lim
y!4

y C 1

D 1p
6.4/C 1

D 1

5
:

18. lim
w!7

p
w C 2C 1p
w � 3 � 1
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SOLUTION Using the Quotient Law, the Sum Law and the Powers Law:

lim
w!7

p
w C 2C 1p
w � 3 � 1

D
lim
w!7

.
p
w C 2C 1/

lim
w!7

.
p
w � 3 � 1/

D

q
lim
w!7

.w C 2/C 1

q
lim
w!7

.w � 3/ � 1

D
p
9C 1p
4 � 1

D 4:

19. lim
x!�1

x

x3 C 4x

SOLUTION Using the Quotient Law, the Sum Law, the Powers Law and the Constant Multiple Law:

lim
x!�1

x

x3 C 4x
D

lim
x!�1

x

lim
x!�1

x3 C 4 lim
x!�1

x
D �1
.�1/3 C 4.�1/

D 1

5
:

20. lim
t!�1

t2 C 1

.t3 C 2/.t4 C 1/

SOLUTION Using the Quotient Law, the Product Law, the Sum Law and the Powers Law:

lim
x!�1

t2 C 1

.t3 C 2/.t4 C 1/
D

lim
x!�1

t2 C lim
x!�1

1

�
lim
x!�1

t3 C lim
x!�1

2

��
lim
x!�1

t4 C lim
x!�1

1

�

D .�1/2 C 1

..�1/3 C 2/..�1/4 C 1/
D 2

.1/.2/
D 1:

21. lim
t!25

3
p
t � 1

5 t

.t � 20/2

SOLUTION Using the Quotient Law, the Sum Law, the Constant Multiple Law and the Powers Law:

lim
t!25

3
p
t � 1

5 t

.t � 20/2
D
3
q

lim
t!25

t � 1
5 lim
t!25

t

�
lim
t!25

t � 20

�2 D
3.5/ � 1

5 .25/

52
D 2

5
:

22. lim
y! 1

3

.18y2 � 4/4

SOLUTION Using the Powers Law, the Sum Law and the Constant Multiple Law:

lim
y! 1

3

.18y2 � 4/4 D
 
18 lim
y! 1

3

y2 � 4

!4
D .2 � 4/4 D 16:

23. lim
t! 3

2

.4t2 C 8t � 5/3=2

SOLUTION Using the Powers Law, the Sum Law and the Constant Multiple Law:

lim
t! 3

2

.4t2 C 8t � 5/3=2 D
 
4 lim
t! 3

2

t2 C 8 lim
t! 3

2

t � 5

!3=2
D .9C 12 � 5/3=2 D 64:

24. lim
t!7

.t C 2/1=2

.t C 1/2=3

SOLUTION Using the Quotient Law, the Powers Law and the Sum Law:

lim
t!7

.t C 2/1=2

.t C 1/2=3
D

�
lim
t!7

t C 2

�1=2

�
lim
t!7

t C 1

�2=3 D 91=2

82=3
D 3

4
:
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25. Use the Quotient Law to prove that if lim
x!c

f .x/ exists and is nonzero, then

lim
x!c

1

f .x/
D 1

lim
x!c

f .x/

SOLUTION Since lim
x!c

f .x/ is nonzero, we can apply the Quotient Law:

lim
x!c

�
1

f .x/

�
D

�
lim
x!c

1
�

�
lim
x!c

f .x/
� D 1

lim
x!c

f .x/
:

26. Assuming that lim
x!6

f .x/ D 4, compute:

(a) lim
x!6

f .x/2 (b) lim
x!6

1

f .x/
(c) lim

x!6
x
p
f .x/

SOLUTION

(a) Using the Powers Law:

lim
x!6

f .x/2 D
�

lim
x!6

f .x/

�2
D 42 D 16:

(b) Since lim
x!6

f .x/ ¤ 0, we may apply the Quotient Law:

lim
x!6

1

f .x/
D 1

lim
x!6

f .x/
D 1

4
:

(c) Using the Product Law and Powers Law:

lim
x!6

x
p
f .x/ D

�
lim
x!6

x

��
lim
x!6

f .x/

�1=2
D 6.4/1=2 D 12:

In Exercises 27–30, evaluate the limit assuming thatlim
x!�4

f .x/ D 3 and lim
x!�4

g.x/ D 1.

27. lim
x!�4

f .x/g.x/

SOLUTION lim
x!�4

f .x/g.x/ D lim
x!�4

f .x/ lim
x!�4

g.x/ D 3 � 1 D 3.

28. lim
x!�4

.2f .x/C 3g.x//

SOLUTION

lim
x!�4

.2f .x/C 3g.x// D 2 lim
x!�4

f .x/C 3 lim
x!�4

g.x/

D 2 � 3C 3 � 1 D 6C 3 D 9:

29. lim
x!�4

g.x/

x2

SOLUTION Since lim
x!�4

x2 ¤ 0, we may apply the Quotient Law, then applying the Powers Law:

lim
x!�4

g.x/

x2
D

lim
x!�4

g.x/

lim
x!�4

x2
D 1
�

lim
x!�4

x

�2 D 1

16
:

30. lim
x!�4

f .x/C 1

3g.x/� 9

SOLUTION

lim
x!�4

f .x/C 1

3g.x/� 9
D

lim
x!�4

f .x/C lim
x!�4

1

3 lim
x!�4

g.x/� lim
x!�4

9
D 3C 1

3 � 1 � 9
D 4

�6 D �2
3
:

31. Can the Quotient Law be applied to evaluate lim
x!0

sinx

x
? Explain.
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SOLUTION The limit Quotient Lawcannotbe applied to evaluate lim
x!0

sinx

x
since lim

x!0
x D 0. This violates a condition of the

Quotient Law. Accordingly, the rulecannotbe employed.

32. Show that the Product Law cannot be used to evaluate the limit lim
x!�=2

�
x � �

2

�
tanx:

SOLUTION The limit Product Lawcannotbe applied to evaluate lim
x!�=2

.x � �=2/ tanx since lim
x!�=2

tanx does not exist (for

example, asx ! �=2�, tanx ! 1). This violates a hypothesis of the Product Law. Accordingly, the rulecannotbe employed.

33. Give an example where lim
x!0

.f .x/C g.x// exists but neither lim
x!0

f .x/ nor lim
x!0

g.x/ exists.

SOLUTION Let f .x/ D 1=x andg.x/ D �1=x. Then lim
x!0

.f .x/C g.x// D lim
x!0

0 D 0 However, lim
x!0

f .x/ D lim
x!0

1=x and

lim
x!0

g.x/ D lim
x!0

�1=x do not exist.

Further Insights and Challenges

34. Show that if both lim
x!c

f .x/g.x/ and lim
x!c

g.x/ exist and lim
x!c

g.x/ ¤ 0, then lim
x!c

f .x/ exists.Hint: Write f .x/ D
f .x/ g.x/

g.x/
.

SOLUTION Given that lim
x!c

f .x/g.x/D L and lim
x!c

g.x/ D M ¤ 0 both exist, observe that

lim
x!c

f .x/ D lim
x!c

f .x/g.x/

g.x/
D

lim
x!c

f .x/g.x/

lim
x!c

g.x/
D L

M

also exists.

35. Suppose that lim
t!3

tg.t/ D 12. Show that lim
t!3

g.t/ exists and equals4.

SOLUTION We are given that lim
t!3

tg.t/ D 12. Since lim
t!3

t D 3 ¤ 0, we may apply the Quotient Law:

lim
t!3

g.t/ D lim
t!3

tg.t/

t
D

lim
t!3

tg.t/

lim
t!3

t
D 12

3
D 4:

36. Prove that if lim
t!3

h.t/
t D 5, then lim

t!3
h.t/ D 15.

SOLUTION Given that lim
t!3

h.t/

t
D 5, observe that lim

t!3
t D 3. Now use the Product Law:

lim
t!3

h.t/ D lim
t!3

t
h.t/

t
D
�

lim
t!3

t

��
lim
t!3

h.t/

t

�
D 3 � 5 D 15:

37. Assuming that lim
x!0

f.x/
x D 1, which of the following statements is necessarily true? Why?

(a) f .0/ D 0 (b) lim
x!0

f .x/ D 0

SOLUTION

(a) Given that lim
x!0

f .x/

x
D 1, it is not necessarily true thatf .0/ D 0. A counterexample is provided byf .x/ D

(
x; x ¤ 0

5; x D 0
.

(b) Given that lim
x!0

f .x/

x
D 1, it is necessarily true that lim

x!0
f .x/ D 0. For note that lim

x!0
x D 0, whence

lim
x!0

f .x/ D lim
x!0

x
f .x/

x
D
�

lim
x!0

x

��
lim
x!0

f .x/

x

�
D 0 � 1 D 0:

38. Prove that if lim
x!c

f .x/ D L ¤ 0 and lim
x!c

g.x/ D 0, then the limit lim
x!c

f .x/
g.x/

does not exist.

SOLUTION Suppose that lim
x!c

f .x/

g.x/
exists. Then

L D lim
x!c

f .x/ D lim
x!c

g.x/ � f .x/
g.x/

D lim
x!c

g.x/ � lim
x!c

f .x/

g.x/
D 0 � lim

x!c

f .x/

g.x/
D 0:

But, we were given thatL ¤ 0, so we have arrived at a contradiction. Thus, lim
x!c

f .x/

g.x/
does not exist.
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39. Suppose that lim
h!0

g.h/ D L.

(a) Explain why lim
h!0

g.ah/ D L for any constanta ¤ 0.

(b) If we assume instead that lim
h!1

g.h/ D L, is it still necessarily true that lim
h!1

g.ah/ D L?

(c) Illustrate (a) and (b) with the functionf .x/ D x2.

SOLUTION

(a) As h ! 0, ah ! 0 as well; hence, if we make the change of variablew D ah, then

lim
h!0

g.ah/ D lim
w!0

g.w/ D L:

(b) No. Ash ! 1, ah ! a, so we should not expect lim
h!1

g.ah/ D lim
h!1

g.h/.

(c) Let g.x/ D x2. Then

lim
h!0

g.h/ D 0 and lim
h!0

g.ah/ D lim
h!0

.ah/2 D 0:

On the other hand,

lim
h!1

g.h/ D 1 while lim
h!1

g.ah/ D lim
h!1

.ah/2 D a2;

which is equal to the previous limit if and only ifa D ˙1.

40. Assume thatL.a/ D lim
x!0

ax � 1

x
exists for alla > 0. Assume also that lim

x!0
ax D 1.

(a) Prove thatL.ab/ D L.a/ C L.b/ for a; b > 0. Hint: .ab/x � 1 D ax.bx � 1/C .ax � 1/. This shows thatL.a/ “behaves”
like a logarithm. We will see thatL.a/ D ln a in Section 3.10.

(b) Verify numerically thatL.12/ D L.3/C L.4/.

SOLUTION

(a) Let a; b > 0. Then

L.ab/ D lim
x!0

.ab/x � 1

x
D lim
x!0

ax.bx � 1/C .ax � 1/

x

D lim
x!0

ax � lim
x!0

bx � 1

x
C lim
x!0

ax � 1

x

D 1 � L.b/C L.a/ D L.a/C L.b/:

(b) From the table below, we estimate that, to three decimal places,L.3/ D 1:099, L.4/ D 1:386 andL.12/ D 2:485. Thus,

L.12/ D 2:485 D 1:099C 1:386 D L.3/C L.4/:

x �0:01 �0:001 �0:0001 0.0001 0.001 0.01

.3x � 1/=x 1.092600 1.098009 1.098552 1.098673 1.099216 1.104669

.4x � 1/=x 1.376730 1.385334 1.386198 1.386390 1.387256 1.395948

.12x � 1/=x 2.454287 2.481822 2.484600 2.485215 2.488000 2.516038

2.4 Limits and Continuity

Preliminary Questions
1. Which property off .x/ D x3 allows us to conclude that lim

x!2
x3 D 8?

SOLUTION We can conclude that limx!2 x
3 D 8 because the functionx3 is continuous atx D 2.

2. What can be said aboutf .3/ if f is continuous and lim
x!3

f .x/ D 1
2?

SOLUTION If f is continuous and limx!3 f .x/ D 1
2 , thenf .3/ D 1

2 .
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3. Suppose thatf .x/ < 0 if x is positive andf .x/ > 1 if x is negative. Canf be continuous atx D 0?

SOLUTION Sincef .x/ < 0 whenx is positive andf .x/ > 1 whenx is negative, it follows that

lim
x!0C

f .x/ � 0 and lim
x!0�

f .x/ � 1:

Thus, limx!0 f .x/ does not exist, sof cannot be continuous atx D 0.

4. Is it possible to determinef .7/ if f .x/ D 3 for all x < 7 andf is right-continuous atx D 7? What iff is left-continuous?

SOLUTION No. To determinef .7/, we need to combine either knowledge of the values off .x/ for x < 7 with left-continuity or
knowledge of the values off .x/ for x > 7 with right-continuity.

5. Are the following true or false? If false, state a correct version.

(a) f .x/ is continuous atx D a if the left- and right-hand limits off .x/ asx ! a exist and are equal.
(b) f .x/ is continuous atx D a if the left- and right-hand limits off .x/ asx ! a exist and equalf .a/.

(c) If the left- and right-hand limits off .x/ asx ! a exist, thenf has a removable discontinuity atx D a.
(d) If f .x/ andg.x/ are continuous atx D a, thenf .x/C g.x/ is continuous atx D a.

(e) If f .x/ andg.x/ are continuous atx D a, thenf .x/=g.x/ is continuous atx D a.

SOLUTION

(a) False. The correct statement is “f .x/ is continuous atx D a if the left- and right-hand limits off .x/ asx ! a exist and equal
f .a/.”

(b) True.
(c) False. The correct statement is “If the left- and right-hand limits off .x/ asx ! a are equal but not equal tof .a/, thenf has a
removable discontinuity atx D a.”

(d) True.
(e) False. The correct statement is “Iff .x/ andg.x/ are continuous atx D a andg.a/ ¤ 0, thenf .x/=g.x/ is continuous at
x D a.”

Exercises
1. Referring to Figure 1, state whetherf .x/ is left- or right-continuous (or neither) at each point of discontinuity. Doesf .x/ have

any removable discontinuities?

1 2 3 4 5 6
x

5

4

3

2

1

y

FIGURE 1 Graph ofy D f .x/

SOLUTION

� The functionf is discontinuous atx D 1; it is right-continuous there.
� The functionf is discontinuous atx D 3; it is neither left-continuous nor right-continuous there.
� The functionf is discontinuous atx D 5; it is left-continuous there.

However, these discontinuities are not removable.

Exercises 2–4 refer to the functiong.x/ in Figure 2.

1 2 3 4 5 6
x

5

4

3

2

1

y

FIGURE 2 Graph ofy D g.x/
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2. State whetherg.x/ is left- or right-continuous (or neither) at each of its points of discontinuity.

SOLUTION

� The functiong is discontinuous atx D 1; it is left-continuous there.
� The functiong is discontinuous atx D 3; it is neither left-continuous nor right-continuous there.
� The functiong is discontinuous atx D 5; it is right-continuous there.

3. At which pointc doesg.x/ have a removable discontinuity? How shouldg.c/ be redefined to makeg continuous atx D c?

SOLUTION Because limx!3 g.x/ exists, the functiong has a removable discontinuity atx D 3. Assigningg.3/ D 4 makesg
continuous atx D 3.

4. Find the pointc1 at whichg.x/ has a jump discontinuity but is left-continuous. How shouldg.c1/ be redefined to makeg
right-continuous atx D c1?

SOLUTION The functiong has a jump discontinuity atx D 1, but is left-continuous there. Assigningg.1/ D 3 makesg right-
continuous atx D 1 (but no longer left-continuous).

5. In Figure 3, determine the one-sided limits at the points of discontinuity. Which discontinuity is removable and how shouldf

be redefined to make it continuous at this point?

42−2

6

x

y

FIGURE 3

SOLUTION The functionf is discontinuous atx D 0, at which lim
x!0�

f .x/ D 1 and lim
x!0C

f .x/ D 2. The functionf is also

discontinuous atx D 2; at which lim
x!2�

f .x/ D 6 and lim
x!2C

f .x/ D 6. Because the two one-sided limits exist and are equal at

x D 2, the discontinuity atx D 2 is removable. Assigningf .2/ D 6 makesf continuous atx D 2.

6. Suppose thatf .x/ D 2 for x < 3 andf .x/ D �4 for x > 3.

(a) What isf .3/ if f is left-continuous atx D 3?

(b) What isf .3/ if f is right-continuous atx D 3?

SOLUTION f .x/ D 2 for x < 3 andf .x/ D �4 for x > 3.

� If f is left-continuous atx D 3; thenf .3/ D limx!3� f .x/ D 2.
� If f is right-continuous atx D 3, thenf .3/ D limx!0C f .x/ D �4.

In Exercises 7–16, use the Laws of Continuity and Theorems 2 and 3 to show that the function is continuous.

7. f .x/ D x C sinx

SOLUTION Sincex and sinx are continuous, so isx C sinx by Continuity Law (i).

8. f .x/ D x sinx

SOLUTION Sincex and sinx are continuous, so isx sinx by Continuity Law (iii).

9. f .x/ D 3x C 4 sinx

SOLUTION Sincex and sinx are continuous, so are3x and4 sinx by Continuity Law (ii). Thus3x C 4 sinx is continuous by
Continuity Law (i).

10. f .x/ D 3x3 C 8x2 � 20x

SOLUTION

� Sincex is continuous, so arex3 andx2 by repeated applications of Continuity Law (iii).
� Hence3x3, 8x2, and�20x are continuous by Continuity Law (ii).
� Finally, 3x3 C 8x2 � 20x is continuous by Continuity Law (i).

11. f .x/ D 1

x2 C 1
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SOLUTION

� Sincex is continuous, so isx2 by Continuity Law (iii).
� Recall that constant functions, such as 1, are continuous. Thusx2 C 1 is continuous.

� Finally,
1

x2 C 1
is continuous by Continuity Law (iv) becausex2 C 1 is never 0.

12. f .x/ D x2 � cosx

3C cosx

SOLUTION

� Sincex is continuous, so isx2 by Continuity Law (iii).
� Since cosx is continuous, so is� cosx by Continuity Law (ii).
� Accordingly,x2 � cosx is continuous by Continuity Law (i).
� Since 3 (a constant function) and cosx are continuous, so is3C cosx by Continuity Law (i).

� Finally,
x2 � cosx

3C cosx
is continuous by Continuity Law (iv) because3C cosx is never 0.

13. f .x/ D cos.x2/

SOLUTION The functionf .x/ is a composite of two continuous functions: cosx andx2, sof .x/ is continuous by Theorem 5,
which states that a composite of continuous functions is continuous.

14. f .x/ D tan�1.4x/

SOLUTION The functionf .x/ is a composite of two continuous functions: tan�1 x and4x , sof .x/ is continuous by Theorem 5,
which states that a composite of continuous functions is continuous.

15. f .x/ D ex cos3x

SOLUTION ex and cos3x are continuous, soex cos3x is continuous by Continuity Law (iii).

16. f .x/ D ln.x4 C 1/

SOLUTION

� Sincex is continuous, so isx4 by repeated application of Continuity Law (iii).
� Since 1 (a constant function) andx4 are continuous, so isx4 C 1 by Continuity Law (i).
� Finally, becausex4 C 1 > 0 for all x and lnx is continuous forx > 0, the composite function ln.x4 C 1/ is continuous.

In Exercises 17–34, determine the points of discontinuity. State the type of discontinuity (removable, jump, infinite, or none of these)
and whether the function is left- or right-continuous.

17. f .x/ D 1

x

SOLUTION The function1=x is discontinuous atx D 0; at which there is an infinite discontinuity. The function is neither left-
nor right-continuous atx D 0.

18. f .x/ D jxj
SOLUTION The functionf .x/ D jxj is continuous everywhere.

19. f .x/ D x � 2

jx � 1j

SOLUTION The function
x � 2

jx � 1j
is discontinuous atx D 1, at which there is an infinite discontinuity. The function is neither

left- nor right-continuous atx D 1.

20. f .x/ D Œx�

SOLUTION This function has a jump discontinuity atx D n for every integern. It is continuous at all other values ofx. For every
integern,

lim
x!nC

Œx� D n

sinceŒx� D n for all x betweenn andnC 1. This shows thatŒx� is right-continuousatx D n. On the other hand,

lim
x!n�

Œx� D n� 1

sinceŒx� D n � 1 for all x betweenn� 1 andn. ThusŒx� is not left-continuous.
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21. f .x/ D
�
1

2
x

�

SOLUTION The function
h
1
2x
i

is discontinuous at even integers, at which there are jump discontinuities. Because

lim
x!2nC

�
1

2
x

�
D n

but

lim
x!2n�

�
1

2
x

�
D n� 1;

it follows that this function is right-continuous at the even integers but not left-continuous.

22. g.t/ D 1

t2 � 1

SOLUTION The functionf .t/ D 1

t2 � 1
D 1

.t � 1/.t C 1/
is discontinuous att D �1 and t D 1, at which there are infinite

discontinuities. The function is neither left- nor right- continuous at either point of discontinuity.

23. f .x/ D x C 1

4x � 2

SOLUTION The functionf .x/ D x C 1

4x � 2
is discontinuous atx D 1

2 , at which there is an infinite discontinuity. The function is

neither left- nor right-continuous atx D 1
2 .

24. h.z/ D 1 � 2z
z2 � z � 6

SOLUTION The functionf .z/ D 1 � 2z
z2 � z � 6

D 1 � 2z

.z C 2/.z � 3/
is discontinuous atz D �2 andz D 3, at which there are infinite

discontinuities. The function is neither left- nor right- continuous at either point of discontinuity.

25. f .x/ D 3x2=3 � 9x3

SOLUTION The functionf .x/ D 3x2=3 � 9x3 is defined and continuous for allx.

26. g.t/ D 3t�2=3 � 9t3

SOLUTION The functiong.t/ D 3t�2=3 � 9t3 is discontinuous att D 0, at which there is an infinite discontinuity. The function
is neither left- nor right-continuous att D 0.

27. f .x/ D

8
<
:

x � 2

jx � 2j x ¤ 2

�1 x D 2

SOLUTION Forx > 2, f .x/ D x � 2
.x � 2/ D 1. Forx < 2, f .x/ D .x � 2/

.2 � x/
D �1. The function has a jump discontinuity atx D 2.

Because

lim
x!2�

f .x/ D �1 D f .2/

but

lim
x!2C

f .x/ D 1 ¤ f .2/;

it follows that this function is left-continuous atx D 2 but not right-continuous.

28. f .x/ D
(

cos
1

x
x ¤ 0

1 x D 0

SOLUTION The function cos
�
1
x

�
is discontinuous atx D 0, at which there is an oscillatory discontinuity. Because neither

lim
x!0�

f .x/ nor lim
x!0C

f .x/

exist, the function is neither left- nor right-continuous atx D 0.

29. g.t/ D tan2t

SOLUTION The functiong.t/ D tan2t D sin2t

cos2t
is discontinuous whenever cos2t D 0; i.e., whenever

2t D .2nC 1/�

2
or t D .2nC 1/�

4
;

wheren is an integer. At every such value oft there is an infinite discontinuity. The function is neither left- nor right-continuous at
any of these points of discontinuity.
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30. f .x/ D csc.x2/

SOLUTION The functionf .x/ D csc.x2/ D 1

sin.x2/
is discontinuous whenever sin.x2/ D 0; i.e., wheneverx2 D n� or

x D ˙
p
n�, wheren is a positive integer. At every such value ofx there is an infinite discontinuity. The function is neither left-

nor right-continuous at any of these points of discontinuity.

31. f .x/ D tan.sinx/

SOLUTION The functionf .x/ D tan.sinx/ is continuous everywhere. Reason: sinx is continuous everywhere and tanu is
continuous on

�
��
2 ;

�
2

�
—and in particular on�1 � u D sinx � 1. Continuity of tan.sinx/ follows by the continuity of composite

functions.

32. f .x/ D cos.�Œx�/

SOLUTION The functionf .x/ D cos.�Œx�/ has a jump discontinuity atx D n for every integern. The function is right-
continuous but not left-continuous at each of these points of discontinuity.

33. f .x/ D 1

ex � e�x

SOLUTION The functionf .x/ D 1

ex � e�x is discontinuous atx D 0, at which there is an infinite discontinuity. The function is

neither left- nor right-continuous atx D 0.

34. f .x/ D ln jx � 4j
SOLUTION The functionf .x/ D ln jx � 4j is discontinuous atx D 4, at which there is an infinite discontinuity. The function is
neither left- nor right-continuous atx D 4.

In Exercises 35–48, determine the domain of the function and prove that it is continuous on its domain using the Laws of Continuity
and the facts quoted in this section.

35. f .x/ D 2 sinx C 3 cosx

SOLUTION The domain of2 sinx C 3 cosx is all real numbers. Both sinx and cosx are continuous on this domain, so2 sinx C
3 cosx is continuous by Continuity Laws (i) and (ii).

36. f .x/ D
p
x2 C 9

SOLUTION The domain of
p
x2 C 9 is all real numbers, asx2 C 9 > 0 for all x. Since

p
x and the polynomialx2 C 9 are both

continuous, so is the composite function
p
x2 C 9.

37. f .x/ D
p
x sinx

SOLUTION This function is defined as long asx � 0. Since
p
x and sinx are continuous, so is

p
x sin x by Continuity Law (iii).

38. f .x/ D x2

x C x1=4

SOLUTION This function is defined as long asx � 0 andx C x1=4 ¤ 0, and so the domain is allx > 0. Sincex is continuous,

so arex2 andx C x1=4 by Continuity Laws (iii) and (i); hence, by Continuity Law (iv), so is
x2

x C x1=4
.

39. f .x/ D x2=32x

SOLUTION The domain ofx2=32x is all real numbers as the denominator of the rational exponent is odd. Bothx2=3 and2x are

continuous on this domain, sox2=32x is continuous by Continuity Law (iii).

40. f .x/ D x1=3 C x3=4

SOLUTION The domain ofx1=3 C x3=4 is x � 0. On this domain, bothx1=3 andx3=4 are continuous, sox1=3 C x3=4 is
continuous by Continuity Law (i).

41. f .x/ D x�4=3

SOLUTION This function is defined for allx ¤ 0. Because the functionx4=3 is continuous and not equal to zero forx ¤ 0, it
follows that

x�4=3 D 1

x4=3

is continuous forx ¤ 0 by Continuity Law (iv).

42. f .x/ D ln.9 � x2/
SOLUTION The domain of ln.9 � x2/ is all x such that9 � x2 > 0, or jxj < 3. The polynomial9 � x2 is continuous for all real
numbers and lnx is continuous forx > 0; therefore, the composite function ln.9� x2/ is continuous forjxj < 3.
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43. f .x/ D tan2 x

SOLUTION The domain of tan2 x is all x ¤ ˙.2n � 1/�=2 wheren is a positive integer. Because tanx is continuous on this
domain, it follows from Continuity Law (iii) that tan2 x is also continuous on this domain.

44. f .x/ D cos.2x/

SOLUTION The domain of cos.2x/ is all real numbers. Because the functions cosx and2x are continuous on this domain, so is
the composite function cos.2x/.

45. f .x/ D .x4 C 1/3=2

SOLUTION The domain of.x4 C 1/3=2 is all real numbers asx4 C 1 > 0 for all x. Becausex3=2 and the polynomialx4 C 1 are

both continuous, so is the composite function.x4 C 1/3=2.

46. f .x/ D e�x2

SOLUTION The domain ofe�x2
is all real numbers. Becauseex and the polynomial�x2 are both continuous for all real numbers,

so is the composite functione�x2
.

47. f .x/ D cos.x2/

x2 � 1
SOLUTION The domain for this function is allx ¤ ˙1. Because the functions cosx andx2 are continuous on this domain, so
is the composite function cos.x2/. Finally, because the polynomialx2 � 1 is continuous and not equal to zero forx ¤ ˙1, the

function
cos.x2/

x2 � 1
is continuous by Continuity Law (iv).

48. f .x/ D 9tanx

SOLUTION The domain of9tanx is all x ¤ ˙.2n � 1/�=2 wheren is a positive integer. Because tanx and9x are continuous on
this domain, it follows that the composite function9tanx is also continuous on this domain.

49. Show that the function

f .x/ D

8
<̂

:̂

x2 C 3 for x < 1

10 � x for 1 � x � 2

6x � x2 for x > 2

is continuous forx ¤ 1; 2. Then compute the right- and left-hand limits atx D 1, 2, and determine whetherf .x/ is left-continuous,
right-continuous, or continuous at these points (Figure 4).

621

9

y = 10 − x

y = 6x − x2

y = x2 + 3
x

y

FIGURE 4

SOLUTION Let’s start withx ¤ 1; 2.

� Becausex is continuous, so isx2 by Continuity Law (iii). The constant function 3 is also continuous, sox2 C 3 is continuous
by Continuity Law (i). Therefore,f .x/ is continuous forx < 1.

� Becausex and the constant function 10 are continuous, the function10 � x is continuous by Continuity Law (i). Therefore,
f .x/ is continuous for1 < x < 2.

� Becausex is continuous,x2 is continuous by Continuity Law (iii) and6x is continuous by Continuity Law (ii). Therefore,
6x � x2 is continuous by Continuity Law (i), sof .x/ is continuous forx > 2.

At x D 1, f .x/ has a jump discontinuity because the one-sided limits exist but are not equal:

lim
x!1�

f .x/ D lim
x!1�

.x2 C 3/ D 4; lim
x!1C

f .x/ D lim
x!1C

.10 � x/ D 9:

Furthermore, the right-hand limit equals the function valuef .1/ D 9, sof .x/ is right-continuous atx D 1. At x D 2,

lim
x!2�

f .x/ D lim
x!2�

.10 � x/ D 8; lim
x!2C

f .x/ D lim
x!2C

.6x � x2/ D 8:

The left- and right-hand limits exist and are equal tof .2/, sof .x/ is continuous atx D 2.
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50. Sawtooth Function Draw the graph off .x/ D x � Œx�. At which points isf discontinuous? Is it left- or right-continuous at
those points?

SOLUTION Two views of the sawtooth functionf .x/ D x � Œx� appear below. The first is the actual graph. In the second, the
jumps are “connected” so as to better illustrate its “sawtooth” nature. The function is right-continuous at integer values ofx.

11

31 2−3 −2 −1
x

y

31 2−3 −2 −1
x

y

In Exercises 51–54, sketch the graph off .x/. At each point of discontinuity, state whetherf is left- or right-continuous.

51. f .x/ D
(
x2 for x � 1

2 � x for x > 1

SOLUTION

−1

1

−1

x

y

1 2 3

The functionf is continuous everywhere.

52. f .x/ D

8
<
:
x C 1 for x < 1

1

x
for x � 1

SOLUTION

2

1

1 2 3−2 −1

−1

x

y

The functionf is right-continuous atx D 1.

53. f .x/ D

8
<
:
x2 � 3x C 2

jx � 2j x ¤ 2

0 x D 2

SOLUTION

1

−1−2 4 6

2

3

4

5

y

x

The functionf is neither left- nor right-continuous atx D 2.

54. f .x/ D

8
<̂

:̂

x3 C 1 for �1 < x � 0

�x C 1 for 0 < x < 2

�x2 C 10x � 15 for x � 2
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SOLUTION

10

5

5

−5

x

y

The functionf is right-continuous atx D 2.

55. Show that the function

f .x/ D

8
<
:
x2 � 16

x � 4
x ¤ 4

10 x D 4

has a removable discontinuity atx D 4.

SOLUTION To show thatf .x/ has a removable discontinuity atx D 4, we must establish that

lim
x!4

f .x/

exists but does not equalf .4/. Now,

lim
x!4

x2 � 16

x � 4 D lim
x!4

.x C 4/ D 8 ¤ 10 D f .4/I

thus,f .x/ has a removable discontinuity atx D 4. To remove the discontinuity, we must redefinef .4/ D 8.

56. Definef .x/ D x sin 1x C 2 for x ¤ 0. Plotf .x/. How shouldf .0/ be defined so thatf is continuous atx D 0?

SOLUTION

3.0

2.5

2.0

1.5

1.0

0.5

y

x
−3 −2 −1 1 2 3

From the graph, it appears thatf .0/ should be defined equal to 2 to makef continuous atx D 0.

In Exercises 57–59, find the value of the constant (a, b, or c) that makes the function continuous.

57. f .x/ D
(
x2 � c for x < 5

4x C 2c for x � 5

SOLUTION As x ! 5�, we havex2 � c ! 25 � c D L. As x ! 5C, we have4x C 2c ! 20 C 2c D R. Match the limits:

L D R or 25 � c D 20C 2c impliesc D 5
3 .

58. f .x/ D
(
2x C 9x�1 for x � 3

�4x C c for x > 3

SOLUTION As x ! 3�, we have2x C 9x�1 ! 9 D L. As x ! 3C, we have�4x C c ! c � 12 D R. Match the limits:
L D R or 9 D c � 12 impliesc D 21.

59. f .x/ D

8
<̂

:̂

x�1 for x < �1
ax C b for � 1 � x � 1

2

x�1 for x > 1
2

SOLUTION As x ! �1�, x�1 ! �1 while asx ! �1C, ax C b ! b � a. For f to be continuous atx D �1, we must

therefore haveb � a D �1. Now, asx ! 1
2�, ax C b ! 1

2aC b while asx ! 1
2C, x�1 ! 2. Forf to be continuous atx D 1

2 ,
we must therefore have12aC b D 2. Solving these two equations fora andb yieldsa D 2 andb D 1.
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60. Define

g.x/ D

8
<̂

:̂

x C 3 for x < �1
cx for � 1 � x � 2

x C 2 for x > 2

Find a value ofc such thatg.x/ is

(a) left-continuous (b) right-continuous

In each case, sketch the graph ofg.x/.

SOLUTION

(a) In order forg.x/ to be left-continuous, we need

lim
x!�1�

g.x/ D lim
x!�1�

.x C 3/ D 2

to be equal to

lim
x!�1C

g.x/ D lim
x!�1C

cx D �c:

Therefore, we must havec D �2. The graph ofg.x/ with c D �2 is shown below.

6

y

x

4

2

−2
−4 −3 −2 −1 1 2 3 4 5

(b) In order forg.x/ to be right-continuous, we need

lim
x!2�

g.x/ D lim
x!2�

cx D 2c

to be equal to

lim
x!2C

g.x/ D lim
x!2C

.x C 2/ D 4:

Therefore, we must havec D 2. The graph ofg.x/ with c D 2 is shown below.

6

y

x

4

2

−4 −3 −2 −1 1 2 3 4 5

61. Defineg.t/ D tan�1
�

1

t � 1

�
for t ¤ 1. Answer the following questions, using a plot if necessary.

(a) Cang.1/ be defined so thatg.t/ is continuous att D 1?

(b) How shouldg.1/ be defined so thatg.t/ is left-continuous att D 1?

SOLUTION

(a) From the graph ofg.t/ shown below, we see thatg has a jump discontinuity att D 1; therefore,g.a/ cannot be defined so that
g is continuous att D 1.

y

x

−1

1

0.5 1.0 1.5 2.0

(b) To makeg left-continuous att D 1, we should define

g.1/ D lim
t!1�

tan�1
�
1
t�1

�
D ��

2
:
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62. Each of the following statements isfalse. For each statement, sketch the graph of a function that provides a counterexample.

(a) If lim
x!a

f .x/ exists, thenf .x/ is continuous atx D a.

(b) If f .x/ has a jump discontinuity atx D a, thenf .a/ is equal to either lim
x!a�

f .x/ or lim
x!aC

f .x/.

SOLUTION Refer to the two figures shown below.

(a) The figure at the left shows a function for which lim
x!a

f .x/ exists, but the function is not continuous atx D a because the

function is not defined atx D a.

(b) The figure at the right shows a function that has a jump discontinuity atx D a but f .a/ is not equal to either lim
x!a�

f .x/ or

lim
x!aC

f .x/.

yy

x
a a

x

In Exercises 63–66, draw the graph of a function onŒ0; 5� with the given properties.

63. f .x/ is not continuous atx D 1, but lim
x!1C

f .x/ and lim
x!1�

f .x/ exist and are equal.

SOLUTION

54321

1

2

3

4

y

x

64. f .x/ is left-continuous but not continuous atx D 2 and right-continuous but not continuous atx D 3.

SOLUTION

2

1

3

4

1 2 3 4 5

y

x

65. f .x/ has a removable discontinuity atx D 1, a jump discontinuity atx D 2, and

lim
x!3�

f .x/ D �1; lim
x!3C

f .x/ D 2

SOLUTION

54321

1

2

3

4

y

x

66. f .x/ is right- but not left-continuous atx D 1, left- but not right-continuous atx D 2, and neither left- nor right-continuous at
x D 3.
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SOLUTION

2

1

3

4

1 2 3 4 5

y

x

In Exercises 67–80, evaluate using substitution.

67. lim
x!�1

.2x3 � 4/

SOLUTION lim
x!�1

.2x3 � 4/ D 2.�1/3 � 4 D �6:

68. lim
x!2

.5x � 12x�2/

SOLUTION lim
x!2

.5x � 12x�2/ D 5.2/ � 12.2�2/ D 10 � 12.14 / D 7:

69. lim
x!3

x C 2

x2 C 2x

SOLUTION lim
x!3

x C 2

x2 C 2x
D 3C 2

32 C 2 � 3
D 5

15
D 1

3

70. lim
x!�

sin
�x
2

� �
�

SOLUTION lim
x!�

sin.x2 � �/ D sin.��
2 / D �1.

71. lim
x! �

4

tan.3x/

SOLUTION lim
x! �

4

tan.3x/ D tan.3 � �4 / D tan.3�4 / D �1

72. lim
x!�

1

cosx

SOLUTION lim
x!�

1

cosx
D 1

cos�
D 1

�1 D �1.

73. lim
x!4

x�5=2

SOLUTION lim
x!4

x�5=2 D 4�5=2 D 1

32
.

74. lim
x!2

p
x3 C 4x

SOLUTION lim
x!2

p
x3 C 4x D

q
23 C 4.2/ D 4.

75. lim
x!�1

.1 � 8x3/3=2

SOLUTION lim
x!�1

.1 � 8x3/3=2 D .1 � 8.�1/3/3=2 D 27.

76. lim
x!2

�7x C 2

4 � x

�2=3

SOLUTION lim
x!2

�
7x C 2

4 � x

�2=3
D
�
7.2/C 2

4 � 2

�2=3
D 4.

77. lim
x!3

10x
2�2x

SOLUTION lim
x!3

10x
2�2x D 103

2�2.3/ D 1000.

78. lim
x!� �

2

3sinx
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SOLUTION lim
x!� �

2

3sinx D 3sin.��=2/ D 1

3
.

79. lim
x!4

sin�1
�x
4

�

SOLUTION lim
x!4

sin�1
�x
4

�
D sin�1

�
lim
x!4

x

4

�
D sin�1

�
4

4

�
D �

2

80. lim
x!0

tan�1.ex/

SOLUTION lim
x!0

tan�1.ex/ D tan�1
�

lim
x!0

ex
�

D tan�1.e0/ D tan�1 1 D �

4

81. Suppose thatf .x/ andg.x/ are discontinuous atx D c. Does it follow thatf .x/C g.x/ is discontinuous atx D c? If not,
give a counterexample. Does this contradict Theorem 1 (i)?

SOLUTION Even if f .x/ andg.x/ are discontinuous atx D c, it is not necessarily true thatf .x/ C g.x/ is discontinuous at
x D c. For example, supposef .x/ D �x�1 andg.x/ D x�1. Both f .x/ andg.x/ are discontinuous atx D 0; however, the
functionf .x/C g.x/ D 0, which is continuous everywhere, includingx D 0. This does not contradict Theorem 1 (i), which deals
only with continuous functions.

82. Prove thatf .x/ D jxj is continuous for allx. Hint: To prove continuity atx D 0, consider the one-sided limits.

SOLUTION Let c < 0. Then

lim
x!c

jxj D lim
x!c

�x D �c D jcj:

Next, letc > 0. Then

lim
x!c

jxj D lim
x!c

x D c D jcj:

Finally,

lim
x!0�

jxj D lim
x!0�

�x D 0;

lim
x!0C

jxj D lim
x!0C

x D 0

and we recall thatj0j D 0. Thus,jxj is continuous for allx.

83. Use the result of Exercise 82 to prove that ifg.x/ is continuous, thenf .x/ D jg.x/j is also continuous.

SOLUTION Recall that the composition of two continuous functions is continuous. Now,f .x/ D jg.x/j is a composition of the
continuous functionsg.x/ andjxj, so is also continuous.

84. Which of the following quantities would be represented by continuous functions of time and which would have one or more
discontinuities?

(a) Velocity of an airplane during a flight
(b) Temperature in a room under ordinary conditions
(c) Value of a bank account with interest paid yearly
(d) The salary of a teacher
(e) The population of the world

SOLUTION

(a) The velocity of an airplane during a flight from Boston to Chicago is a continuous function of time.
(b) The temperature of a room under ordinary conditions is a continuous function of time.
(c) The value of a bank account with interest paid yearly isnot a continuous function of time. It has discontinuities when deposits
or withdrawals are made and when interest is paid.
(d) The salary of a teacher isnota continuous function of time. It has discontinuities whenever the teacher gets a raise (or whenever
his or her salary is lowered).
(e) The population of the world isnot a continuous function of time since it changes by a discrete amount with each birth or death.
Since it takes on such large numbers (many billions), it is often treated as a continuous function for the purposes of mathematical
modeling.

85. In 2009, the federal income taxT .x/ on income ofx dollars (up to $82,250) was determined by the formula

T .x/ D

8
<̂

:̂

0:10x for 0 � x < 8350

0:15x � 417:50 for 8350 � x < 33;950

0:25x � 3812:50 for 33;950 � x < 82;250

Sketch the graph ofT .x/. DoesT .x/ have any discontinuities? Explain why, ifT .x/ had a jump discontinuity, it might be advan-
tageous in some situations to earnlessmoney.
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SOLUTION T .x/, the amount of federal income tax owed on an income ofx dollars in 2009, might be a discontinuous function
depending upon how the tax tables are constructed (as determined by that year’s regulations). Here is a graph ofT .x/ for that
particular year.

20,000

5000

10,000

15,000

40,000 60,000 80,000
x

y

If T .x/ had a jump discontinuity (say atx D c), it might be advantageous to earn slightly less income thanc (sayc � �) and be
taxed at a lower rate than to earnc or more and be taxed at a higher rate. Your net earnings may actually be more in the former case
than in the latter one.

Further Insights and Challenges

86. If f .x/ has a removable discontinuity atx D c, then it is possible to redefinef .c/ so thatf .x/ is continuous atx D c.
Can this be done in more than one way?

SOLUTION In order forf .x/ to have a removable discontinuity atx D c, lim
x!c

f .x/ D Lmust exist. To remove the discontinuity,

we definef .c/ D L. Thenf is continuous atx D c since lim
x!c

f .x/ D L D f .c/. Now assumethat we may definef .c/ D M ¤
L and still havef continuous atx D c. Then lim

x!c
f .x/ D f .c/ D M . ThereforeM D L, a contradiction. Roughly speaking,

there’s only one way to fill in the hole in the graph off !

87. Give an example of functionsf .x/ andg.x/ such thatf .g.x// is continuous butg.x/ has at least one discontinuity.

SOLUTION Answers may vary. The simplest examples are the functionsf .g.x// wheref .x/ D C is a constant function, and
g.x/ is defined for allx. In these cases,f .g.x// D C . For example, iff .x/ D 3 andg.x/ D Œx�, g is discontinuous at all integer
valuesx D n, butf .g.x// D 3 is continuous.

88. Continuous at Only One Point Show that the following function is continuous only atx D 0:

f .x/ D
(
x for x rational

�x for x irrational

SOLUTION Let f .x/ D x for x rational andf .x/ D �x for x irrational.

� Now f .0/ D 0 since 0 is rational. Moreover, asx ! 0, we havejf .x/� f .0/j D jf .x/� 0j D jxj ! 0. Thus
lim
x!0

f .x/ D f .0/ andf is continuous atx D 0.

� Let c ¤ 0 be any nonzero rational number. Letfx1; x2; : : :g be a sequence of irrational points that approachc; i.e., asn ! 1,
thexn get arbitrarily close toc. Notice that asn ! 1, we havejf .xn/ � f .c/j D j�xn � cj D jxn C cj ! j2cj ¤ 0.
Therefore, it isnot true that lim

x!c
f .x/ D f .c/. Accordingly,f is not continuous atx D c. Sincec was arbitrary,f is

discontinuous at all rational numbers.
� Let c ¤ 0 be any nonzero irrational number. Letfx1; x2; : : :g be a sequence of rational points that approachc; i.e., asn ! 1,

thexn get arbitrarily close toc. Notice that asn ! 1, we havejf .xn/� f .c/j D jxn � .�c/j D jxn C cj ! j2cj ¤ 0.
Therefore, it isnot true that lim

x!c
f .x/ D f .c/. Accordingly,f is not continuous atx D c. Sincec was arbitrary,f is

discontinuous at all irrational numbers.
� CONCLUSION:f is continuous atx D 0 and is discontinuous at all pointsx ¤ 0.

89. Show thatf .x/ is a discontinuous function for allx wheref .x/ is defined as follows:

f .x/ D
(
1 for x rational

�1 for x irrational

Show thatf .x/2 is continuous for allx.

SOLUTION lim
x!c

f .x/ does not exist for anyc. If c is irrational, then there is always a rational numberr arbitrarily close toc

so thatjf .c/ � f .r/j D 2. If, on the other hand,c is rational, there is always anirrational numberz arbitrarily close toc so that
jf .c/ � f .z/j D 2.

On the other hand,f .x/2 is a constant function that always has value1, which is obviously continuous.
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2.5 Evaluating Limits Algebraically

Preliminary Questions
1. Which of the following is indeterminate atx D 1?

x2 C 1

x � 1
;

x2 � 1

x C 2
;

x2 � 1p
x C 3 � 2

;
x2 C 1p
x C 3 � 2

SOLUTION At x D 1, x2�1p
xC3�2 is of the form 0

0 ; hence, this function is indeterminate. None of the remaining functions is

indeterminate atx D 1: x
2C1
x�1 and x2C1p

xC3�2 are undefined because the denominator is zero but the numerator is not, whilex2�1
xC2

is equal to 0.

2. Give counterexamples to show that these statements are false:

(a) If f .c/ is indeterminate, then the right- and left-hand limits asx ! c are not equal.

(b) If lim
x!c

f .x/ exists, thenf .c/ is not indeterminate.

(c) If f .x/ is undefined atx D c, thenf .x/ has an indeterminate form atx D c.

SOLUTION

(a) Let f .x/ D x2�1
x�1 . At x D 1, f is indeterminate of the form00 but

lim
x!1�

x2 � 1
x � 1

D lim
x!1�

.x C 1/ D 2 D lim
x!1C

.x C 1/ D lim
x!1C

x2 � 1

x � 1
:

(b) Again, letf .x/ D x2�1
x�1 . Then

lim
x!1

f .x/ D lim
x!1

x2 � 1
x � 1 D lim

x!1
.x C 1/ D 2

butf .1/ is indeterminate of the form00 .

(c) Let f .x/ D 1
x . Thenf is undefined atx D 0 but does not have an indeterminate form atx D 0.

3. The method for evaluating limits discussed in this section is sometimes called “simplify and plug in.” Explain how it actually
relies on the property of continuity.

SOLUTION If f is continuous atx D c, then, by definition, limx!c f .x/ D f .c/; in other words, the limit of a continuous
function atx D c is the value of the function atx D c. The “simplify and plug-in” strategy is based on simplifying a function
which is indeterminate to a continuous function. Once the simplification has been made, the limit of the remaining continuous
function is obtained by evaluation.

Exercises
In Exercises 1–4, show that the limit leads to an indeterminate form. Then carry out the two-step procedure: Transform the function
algebraically and evaluate using continuity.

1. lim
x!6

x2 � 36

x � 6

SOLUTION When we substitutex D 6 into x2�36
x�6 , we obtain the indeterminate form00 . Upon factoring the numerator and

simplifying, we find

lim
x!6

x2 � 36
x � 6

D lim
x!6

.x � 6/.x C 6/

x � 6 D lim
x!6

.x C 6/ D 12:

2. lim
h!3

9 � h2
h � 3

SOLUTION When we substituteh D 3 into 9�h2

h�3 , we obtain the indeterminate form00 . Upon factoring the denominator and
simplifying, we find

lim
h!3

9 � h2

h � 3
D lim
h!3

.3 � h/.3C h/

h � 3
D lim
h!3

�.3C h/ D �6:
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3. lim
x!�1

x2 C 2x C 1

x C 1

SOLUTION When we substitutex D �1 into x2C2xC1
xC1 , we obtain the indeterminate form00 . Upon factoring the numerator and

simplifying, we find

lim
x!�1

x2 C 2x C 1

x C 1
D lim
x!�1

.x C 1/2

x C 1
D lim
x!�1

.x C 1/ D 0:

4. lim
t!9

2t � 18
5t � 45

SOLUTION When we substitutet D 9 into 2t�18
5t�45 , we obtain the indeterminate form00 . Upon dividing out the common factor of

t � 9 from both the numerator and denominator, we find

lim
t!9

2t � 18
5t � 45

D lim
t!9

2.t � 9/

5.t � 9/
D lim
t!9

2

5
D 2

5
:

In Exercises 5–34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

5. lim
x!7

x � 7

x2 � 49

SOLUTION lim
x!7

x � 7

x2 � 49
D lim
x!7

x � 7
.x � 7/.x C 7/

D lim
x!7

1

x C 7
D 1

14
.

6. lim
x!8

x2 � 64

x � 9

SOLUTION lim
x!8

x2 � 64
x � 9

D 0

�1 D 0

7. lim
x!�2

x2 C 3x C 2

x C 2

SOLUTION lim
x!�2

x2 C 3x C 2

x C 2
D lim
x!�2

.x C 1/.x C 2/

x C 2
D lim
x!�2

.x C 1/ D �1.

8. lim
x!8

x3 � 64x

x � 8

SOLUTION lim
x!8

x3 � 64x
x � 8

D lim
x!8

x.x � 8/.x C 8/

x � 8
D lim
x!8

x.x C 8/ D 8.16/ D 128:

9. lim
x!5

2x2 � 9x � 5

x2 � 25

SOLUTION lim
x!5

2x2 � 9x � 5

x2 � 25
D lim
x!5

.x � 5/.2x C 1/

.x � 5/.x C 5/
D lim
x!5

2x C 1

x C 5
D 11

10
:

10. lim
h!0

.1C h/3 � 1
h

SOLUTION

lim
h!0

.1C h/3 � 1

h
D lim
h!0

1C 3hC 3h2 C h3 � 1

h
D lim
h!0

3hC 3h2 C h3

h

D lim
h!0

.3C 3hC h2/ D 3C 3.0/C 02 D 3:

11. lim
x!� 1

2

2x C 1

2x2 C 3x C 1

SOLUTION lim
x!� 1

2

2x C 1

2x2 C 3x C 1
D lim
x!� 1

2

2x C 1

.2x C 1/.x C 1/
D lim
x!� 1

2

1

x C 1
D 2:

12. lim
x!3

x2 � x

x2 � 9

SOLUTION As x ! 3, the numeratorx2 � x ! 6 while the denominatorx2 � 9 ! 0; thus, this limit does not exist. Checking
the one-sided limits, we find

lim
x!3�

x2 � x

x2 � 9
D lim
x!3�

x.x � 1/

.x � 3/.x C 3/
D �1

while

lim
x!3C

x2 � x

x2 � 9
D lim
x!3C

x.x � 1/
.x � 3/.x C 3/

D 1:
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13. lim
x!2

3x2 � 4x � 4
2x2 � 8

SOLUTION lim
x!2

3x2 � 4x � 4
2x2 � 8

D lim
x!2

.3x C 2/.x � 2/

2.x � 2/.x C 2/
D lim
x!2

3x C 2

2.x C 2/
D 8

8
D 1.

14. lim
h!0

.3C h/3 � 27
h

SOLUTION

lim
h!0

.3C h/3 � 27

h
D lim
h!0

27C 27hC 9h2 C h3 � 27

h
D lim
h!0

27hC 9h2 C h3

h

D lim
h!0

.27C 9hC h2/ D 27C 9.0/C 02 D 27:

15. lim
t!0

42t � 1
4t � 1

SOLUTION lim
t to0

42t � 1

4t � 1 D lim
t to0

.4t � 1/.4t C 1/

4t � 1
D lim
t!0

.4t C 1/ D 2:

16. lim
h!4

.hC 2/2 � 9h
h � 4

SOLUTION lim
h!4

.hC 2/2 � 9h
h � 4 D lim

h!4

h2 � 5hC 4

h � 4 D lim
h!4

.h � 1/.h � 4/
h � 4 D lim

h!4
.h � 1/ D 3:

17. lim
x!16

p
x � 4

x � 16

SOLUTION lim
x!16

p
x � 4

x � 16
D lim
x!16

p
x � 4�p

x C 4
� �p

x � 4
� D lim

x!16

1p
x C 4

D 1

8
:

18. lim
t!�2

2t C 4

12 � 3t2

SOLUTION lim
t!�2

2t C 4

12 � 3t2
D lim
t!�2

2.t C 2/

�3.t � 2/.t C 2/
D lim
t!�2

2

�3.t � 2/ D 1

6
.

19. lim
y!3

y2 C y � 12

y3 � 10y C 3

SOLUTION lim
y!3

y2 C y � 12

y3 � 10y C 3
D lim
y!3

.y � 3/.y C 4/

.y � 3/.y2 C 3y � 1/
D lim
y!3

.y C 4/

.y2 C 3y � 1/
D 7

17
:

20. lim
h!0

1

.hC 2/2
� 1

4

h

SOLUTION

lim
h!0

1
.hC2/2 � 1

4

h
D lim
h!0

4�.hC2/2
4.hC2/2

h
D lim
h!0

4�.h2C4hC4/
4.hC2/2

h
D lim
h!0

�h2�4h
4.hC2/2

h

D lim
h!0

h �h�4
4.hC2/2

h
D lim
h!0

�h � 4
4.hC 2/2

D �4
16

D �1
4
:

21. lim
h!0

p
2C h � 2

h

SOLUTION lim
h!0

p
hC 2 � 2
h

does not exist.

� As h ! 0C, we have

p
hC 2 � 2
h

D
�p
hC 2 � 2

�
.
p
hC 2C 2/

h.
p
hC 2C 2/

D h � 2
h.

p
hC 2C 2/

! �1.

� As h ! 0�, we have

p
hC 2 � 2

h
D
�p
hC 2 � 2

�
.
p
hC 2C 2/

h.
p
hC 2C 2/

D h � 2

h.
p
hC 2C 2/

! 1.

22. lim
x!8

p
x � 4 � 2
x � 8
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SOLUTION

lim
x!8

p
x � 4 � 2

x � 8
D lim
x!8

.
p
x � 4 � 2/.

p
x � 4C 2/

.x � 8/.
p
x � 4C 2/

D lim
x!8

x � 4 � 4

.x � 8/.
p
x � 4C 2/

D lim
x!8

1p
x � 4C 2

D 1p
4C 2

D 1

4
:

23. lim
x!4

x � 4
p
x �

p
8 � x

SOLUTION

lim
x!4

x � 4
p
x �

p
8 � x

D lim
x!4

.x � 4/.
p
x C

p
8 � x/

.
p
x �

p
8 � x/.

p
x C

p
8 � x/

D lim
x!4

.x � 4/.
p
x C

p
8 � x/

x � .8� x/

D lim
x!4

.x � 4/.
p
x C

p
8 � x/

2x � 8
D lim
x!4

.x � 4/.
p
x C

p
8 � x/

2.x � 4/

D lim
x!4

.
p
x C

p
8 � x/

2
D

p
4C

p
4

2
D 2:

24. lim
x!4

p
5 � x � 1
2 �

p
x

SOLUTION

lim
x!4

p
5 � x � 1

2 �
p
x

D lim
x!4

 p
5 � x � 1
2 �

p
x

�
p
5 � x C 1p
5 � x C 1

!
D lim
x!4

4 � x

.2 �
p
x/.

p
5 � x C 1/

D lim
x!4

.2 �
p
x/.2C

p
x/

.2 �
p
x/.

p
5 � x C 1/

D lim
x!4

2C
p
xp

5 � x C 1
D 2:

25. lim
x!4

�
1p
x � 2

� 4

x � 4

�

SOLUTION lim
x!4

�
1p
x � 2

� 4

x � 4

�
D lim
x!4

p
x C 2 � 4�p

x � 2
� �p

x C 2
� D lim

x!4

p
x � 2�p

x � 2
� �p

x C 2
� D 1

4
:

26. lim
x!0C

�
1p
x

� 1p
x2 C x

�

SOLUTION

lim
x!0C

�
1p
x

� 1p
x2 C x

�
D lim
x!0C

p
x C 1 � 1

p
x

p
x C 1

D lim
x!0C

�p
x C 1 � 1

� �p
x C 1C 1

�
p
x

p
x C 1

�p
x C 1C 1

�

D lim
x!0C

x
p
x

p
x C 1

�p
x C 1C 1

� D lim
x!0C

p
xp

x C 1
�p
x C 1C 1

� D 0:

27. lim
x!0

cotx

cscx

SOLUTION lim
x!0

cotx

cscx
D lim
x!0

cosx

sinx
� sin x D cos0 D 1.

28. lim
�! �

2

cot�

csc�

SOLUTION lim
�! �

2

cot�

csc�
D lim
�! �

2

cos�

sin�
� sin � D cos

�

2
D 0.

29. lim
t!2

22t C 2t � 20

2t � 4

SOLUTION lim
t!2

22t C 2t � 20

2t � 4 D lim
t!2

.2t C 5/.2t � 4/
2t � 4 D lim

t!2
.2t C 5/ D 9:

30. lim
x!1

�
1

1 � x
� 2

1 � x2

�
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SOLUTION lim
x!1

�
1

1� x
� 2

1 � x2

�
D lim
x!1

.1C x/� 2

.1 � x/.1C x/
D lim
x!1

�1
1C x

D �1
2
:

31. lim
x! �

4

sinx � cosx

tanx � 1

SOLUTION lim
x! �

4

sin x � cosx

tanx � 1
� cosx

cosx
D lim
x! �

4

.sin x � cosx/ cosx

sinx � cosx
D cos

�

4
D

p
2

2
.

32. lim
�! �

2

�
sec� � tan�

�

SOLUTION

lim
�! �

2

�
sec� � tan�

�
D lim
�! �

2

1 � sin �

cos�
� 1C sin �

1C sin �
D lim
�! �

2

1 � sin2 �

cos� .1C sin�/
D lim
�! �

2

cos�

1C sin �
D 0

2
D 0:

33. lim
�! �

4

�
1

tan� � 1
� 2

tan2 � � 1

�

SOLUTION lim
�! �

4

�
1

tan� � 1
� 2

tan2 � � 1

�
D lim
�! �

4

.tan� C 1/ � 2

.tan� C 1/.tan� � 1/ D lim
�! �

4

1

tan� C 1
D 1

2
:

34. lim
x! �

3

2 cos2 x C 3 cosx � 2

2 cosx � 1

SOLUTION

lim
x! �

3

2 cos2 x C 3 cosx � 2
2 cosx � 1 D lim

x! �
3

.2 cosx � 1/ .cosx C 2/

2 cosx � 1
D lim
x! �

3

cosx C 2 D cos
�

3
C 2 D 5

2
:

35. Use a plot off .x/ D x � 4
p
x �

p
8 � x

to estimate lim
x!4

f .x/ to two decimal places. Compare with the answer obtained

algebraically in Exercise 23.

SOLUTION Let f .x/ D x�4p
x�

p
8�x . From the plot off .x/ shown below, we estimate lim

x!4
f .x/ � 2:00; to two decimal places,

this matches the value of2 obtained in Exercise 23.

1.996

1.997

1.998

1.999

2.000

2.001

1.995
3.6

y

x
3.8 4.0 4.2 4.4

36. Use a plot off .x/ D 1p
x � 2

� 4

x � 4
to estimate lim

x!4
f .x/ numerically. Compare with the answer obtained alge-

braically in Exercise 25.

SOLUTION Let f .x/ D 1p
x�2 � 4

x�4 . From the plot off .x/ shown below, we estimate lim
x!4

f .x/ � 0:25; to two decimal

places, this matches the value of14 obtained in Exercise 25.

3.6 3.8 4 4.2 4.4

0.256
0.254
0.252
0.25

0.248
0.246
0.244
0.242 x

y

In Exercises 37–42, evaluate using the identity

a3 � b3 D .a � b/.a2 C ab C b2/
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37. lim
x!2

x3 � 8

x � 2

SOLUTION lim
x!2

x3 � 8
x � 2

D lim
x!2

.x � 2/
�
x2 C 2x C 4

�

x � 2 D lim
x!2

�
x2 C 2x C 4

�
D 12.

38. lim
x!3

x3 � 27

x2 � 9

SOLUTION lim
x!3

x3 � 27
x2 � 9

D lim
x!3

.x � 3/
�
x2 C 3x C 9

�

.x � 3/.x C 3/
D lim
x!3

�
x2 C 3x C 9

�

x C 3
D 27

6
D 9

2
.

39. lim
x!1

x2 � 5x C 4

x3 � 1

SOLUTION lim
x!1

x2 � 5x C 4

x3 � 1
D lim
x!1

.x � 1/.x � 4/

.x � 1/
�
x2 C x C 1

� D lim
x!1

x � 4
x2 C x C 1

D �1.

40. lim
x!�2

x3 C 8

x2 C 6x C 8

SOLUTION lim
x!�2

x3 C 8

x2 C 6x C 8
D lim
x!�2

.x C 2/.x2 � 2x C 4/

.x C 2/.x C 4/
D lim
x!�2

.x2 � 2x C 4/

x C 4
D 12

2
D 6:

41. lim
x!1

x4 � 1

x3 � 1

SOLUTION

lim
x!1

x4 � 1

x3 � 1
D lim
x!1

.x2 � 1/.x2 C 1/

.x � 1/.x2 C x C 1/
D lim
x!1

.x � 1/.x C 1/.x2 C 1/

.x � 1/.x2 C x C 1/
D lim
x!1

.x C 1/.x2 C 1/

.x2 C x C 1/
D 4

3
:

42. lim
x!27

x � 27
x1=3 � 3

SOLUTION lim
x!27

x � 27
x1=3 � 3

D lim
x!27

.x1=3 � 3/.x2=3 C 3x1=3 C 9/

x1=3 � 3
D lim
x!27

.x2=3 C 3x1=3 C 9/ D 27

43. Evaluate lim
h!0

4
p
1C h � 1

h
. Hint: Setx D 4

p
1C h and rewrite as a limit asx ! 1.

SOLUTION Let x D 4
p
1C h. Thenh D x4 � 1 D .x � 1/.x C 1/.x2 C 1/, x ! 1 ash ! 0 and

lim
h!0

4
p
1C h � 1

h
D lim
x!1

x � 1

.x � 1/.x C 1/.x2 C 1/
D lim
x!1

1

.x C 1/.x2 C 1/
D 1

4
:

44. Evaluate lim
h!0

3
p
1C h � 1

2
p
1C h � 1

. Hint: Setx D 6
p
1C h and rewrite as a limit asx ! 1.

SOLUTION Let x D 6
p
1C h. Then 3

p
1C h � 1 D x2 � 1 D .x � 1/.x C 1/,

p
1C h � 1 D x3 � 1 D .x � 1/.x2 C x C 1/,

x ! 1 ash ! 0 and

lim
h!0

3
p
1C h � 1

2
p
1C h � 1

D lim
x!1

.x � 1/.x C 1/

.x � 1/.x2 C x C 1/
D lim
x!1

x C 1

x2 C x C 1
D 2

3
:

In Exercises 45–54, evaluate in terms of the constanta.

45. lim
x!0

.2aC x/

SOLUTION lim
x!0

.2aC x/ D 2a.

46. lim
h!�2

.4ahC 7a/

SOLUTION lim
h!�2

.4ahC 7a/ D �a.

47. lim
t!�1

.4t � 2at C 3a/

SOLUTION lim
t!�1

.4t � 2at C 3a/ D �4C 5a.

48. lim
h!0

.3aC h/2 � 9a2

h
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SOLUTION lim
h!0

.3aC h/2 � 9a2

h
D lim
h!0

6ahC h2

h
D lim
h!0

.6aC h/ D 6a.

49. lim
h!0

2.a C h/2 � 2a2
h

SOLUTION lim
h!0

2.a C h/2 � 2a2

h
D lim
h!0

4ha C 2h2

h
D lim
h!0

.4aC 2h/ D 4a.

50. lim
x!a

.x C a/2 � 4x2

x � a

SOLUTION

lim
x!a

.x C a/2 � 4x2
x � a

D lim
x!a

.x2 C 2ax C a2/� 4x2

x � a
D lim
x!a

�3x2 C 2ax C a2

x � a

D lim
x!a

.a � x/.aC 3x/

x � a
D lim
x!a

.�.aC 3x// D �4a:

51. lim
x!a

p
x �

p
a

x � a

SOLUTION lim
x!a

p
x �

p
a

x � a
D lim
x!a

p
x �

p
a�p

x �
p
a
� �p

x C
p
a
� D lim

x!a

1p
x C

p
a

D 1

2
p
a

.

52. lim
h!0

p
a C 2h �

p
a

h

SOLUTION

lim
h!0

p
aC 2h �

p
a

h
D lim
h!0

�p
aC 2h �

p
a
� �p

aC 2hC
p
a
�

h
�p
aC 2hC

p
a
�

D lim
h!0

2h

h
�p
aC 2hC

p
a
� D lim

h!0

2p
a C 2hC

p
a

D 1p
a
:

53. lim
x!0

.x C a/3 � a3

x

SOLUTION lim
x!0

.x C a/3 � a3

x
D lim
x!0

x3 C 3x2aC 3xa2 C a3 � a3
x

D lim
x!0

.x2 C 3xaC 3a2/ D 3a2:

54. lim
h!a

1

h
� 1

a
h � a

SOLUTION lim
h!a

1
h

� 1
a

h � a
D lim
h!a

a�h
ah

h � a
D lim
h!a

a � h

ah

1

h � a
D lim
h!a

�1
ah

D � 1

a2

Further Insights and Challenges

In Exercises 55–58, find all values ofc such that the limit exists.

55. lim
x!c

x2 � 5x � 6

x � c

SOLUTION lim
x!c

x2 � 5x � 6

x � c will exist provided thatx � c is a factor of the numerator. (Otherwise there will be an infinite

discontinuity atx D c.) Sincex2 � 5x � 6 D .x C 1/.x � 6/, this occurs forc D �1 andc D 6.

56. lim
x!1

x2 C 3x C c

x � 1

SOLUTION lim
x!1

x2 C 3x C c

x � 1
exists as long as.x � 1/ is a factor ofx2 C 3x C c. If x2 C 3x C c D .x � 1/.x C q/, then

q � 1 D 3 and�q D c. Henceq D 4 andc D �4.

57. lim
x!1

�
1

x � 1 � c

x3 � 1

�

SOLUTION Simplifying, we find

1

x � 1
� c

x3 � 1
D x2 C x C 1 � c

.x � 1/.x2 C x C 1/
:

In order for the limit to exist asx ! 1, the numerator must evaluate to 0 atx D 1. Thus, we must have3 � c D 0, which implies
c D 3.
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58. lim
x!0

1C cx2 �
p
1C x2

x4

SOLUTION Rationalizing the numerator, we find

1C cx2 �
p
1C x2

x4
D .1C cx2 �

p
1C x2/.1C cx2 C

p
1C x2/

x4.1C cx2 C
p
1C x2/

D .1C cx2/2 � .1C x2/

x4.1C cx2 C
p
1C x2/

D .2c � 1/x2 C c2x4

x4.1C cx2 C
p
1C x2/

:

In order for the limit to exist asx ! 0, the coefficient ofx2 in the numerator must be zero. Thus, we need2c � 1 D 0, which
impliesc D 1

2 .

59. For which sigṅ does the following limit exist?

lim
x!0

�
1

x
˙ 1

x.x � 1/

�

SOLUTION

� The limit lim
x!0

�
1

x
C 1

x.x � 1/

�
D lim
x!0

.x � 1/C 1

x.x � 1/ D lim
x!0

1

x � 1
D �1.

� The limit lim
x!0

�
1

x
� 1

x.x � 1/

�
does not exist.

– As x ! 0C, we have
1

x
� 1

x.x � 1/ D .x � 1/ � 1

x.x � 1/
D x � 2

x.x � 1/
! 1.

– As x ! 0�, we have
1

x
� 1

x.x � 1/
D .x � 1/ � 1

x.x � 1/ D x � 2

x.x � 1/
! �1.

2.6 Trigonometric Limits

Preliminary Questions
1. Assume that�x4 � f .x/ � x2. What is lim

x!0
f .x/? Is there enough information to evaluate lim

x! 1
2

f .x/? Explain.

SOLUTION Since limx!0�x4 D limx!0 x
2 D 0, the squeeze theorem guarantees that limx!0 f .x/ D 0. Since lim

x! 1
2

�x4 D
� 1
16 ¤ 1

4 D lim
x! 1

2
x2, we do not have enough information to determine lim

x! 1
2
f .x/.

2. State the Squeeze Theorem carefully.

SOLUTION Assume that forx ¤ c (in some open interval containingc),

l.x/ � f .x/ � u.x/

and that lim
x!c

l.x/ D lim
x!c

u.x/ D L. Then lim
x!c

f .x/ exists and

lim
x!c

f .x/ D L:

3. If you want to evaluate lim
h!0

sin5h

3h
, it is a good idea to rewrite the limit in terms of the variable (choose one):

(a) � D 5h (b) � D 3h (c) � D 5h

3

SOLUTION To match the given limit to the pattern of

lim
�!0

sin�

�
;

it is best to substitute for the argument of the sine function; thus, rewrite the limit in terms of(a): � D 5h.
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Exercises
1. State precisely the hypothesis and conclusions of the Squeeze Theorem for the situation in Figure 1.

1 2

2

u(x)

l(x)

f (x)

x

y

FIGURE 1

SOLUTION For allx ¤ 1 on the open interval.0; 2/ containingx D 1, `.x/ � f .x/ � u.x/. Moreover,

lim
x!1

`.x/ D lim
x!1

u.x/ D 2:

Therefore, by the Squeeze Theorem,

lim
x!1

f .x/ D 2:

2. In Figure 2, isf .x/ squeezed byu.x/ andl.x/ atx D 3? At x D 2?

1 2 3 4

1.5

x

l (x)

f(x)

u(x)
y

FIGURE 2

SOLUTION Because there is an open interval containingx D 3 on whichl.x/ � f .x/ � u.x/ and lim
x!3

l.x/ D lim
x!3

u.x/, f .x/

is squeezedby u.x/ andl.x/ at x D 3. Because there is an open interval containingx D 2 on whichl.x/ � f .x/ � u.x/ but
lim
x!2

l.x/ ¤ lim
x!2

u.x/, f .x/ is trappedby u.x/ andl.x/ atx D 2 but notsqueezed.

3. What does the Squeeze Theorem say about lim
x!7

f .x/ if lim
x!7

l.x/ D lim
x!7

u.x/ D 6 andf .x/, u.x/, andl.x/ are related as in

Figure 3? The inequalityf .x/ � u.x/ is not satisfied for allx. Does this affect the validity of your conclusion?

7

6

x

u(x)

f(x)

l (x)

y

FIGURE 3

SOLUTION The Squeeze Theorem does not require that the inequalitiesl.x/ � f .x/ � u.x/ hold for all x, only that the
inequalities hold on some open interval containingx D c. In Figure 3, it is clear thatl.x/ � f .x/ � u.x/ on some open interval
containingx D 7. Because lim

x!7
u.x/ D lim

x!7
l.x/ D 6, the Squeeze Theorem guarantees that lim

x!7
f .x/ D 6.

4. Determine lim
x!0

f .x/ assuming that cosx � f .x/ � 1.

SOLUTION Because lim
x!0

cosx D lim
x!0

1 D 1, it follows that lim
x!0

f .x/ D 1 by the Squeeze Theorem.

5. State whether the inequality provides sufficient information to determine lim
x!1

f .x/; and if so, find the limit.

(a) 4x � 5 � f .x/ � x2

(b) 2x � 1 � f .x/ � x2

(c) 4x � x2 � f .x/ � x2 C 2
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SOLUTION

(a) Because lim
x!1

.4x � 5/ D �1 ¤ 1 D lim
x!1

x2, the given inequality doesnot provide sufficient information to determine

limx!1 f .x/.

(b) Because lim
x!1

.2x � 1/ D 1 D lim
x!1

x2, it follows from the Squeeze Theorem that limx!1 f .x/ D 1.

(c) Because lim
x!1

.4x � x2/ D 3 D lim
x!1

.x2 C 2/, it follows from the Squeeze Theorem that limx!1 f .x/ D 3.

6. Plot the graphs ofu.x/ D 1C
ˇ̌
x � �

2

ˇ̌
and l.x/ D sinx on the same set of axes. What can you say about lim

x! �
2

f .x/

if f .x/ is squeezed byl.x/ andu.x/ atx D �
2 ?

SOLUTION

1

x

u(x) = 1 + |x −    /2|

   /2

l (x) = sin x

y

lim
x!�=2

u.x/ D 1 and lim
x!�=2

l.x/ D 1, so any functionf .x/ satisfyingl.x/ � f .x/ � u.x/ for all x near�=2 will satisfy

lim
x!�=2

f .x/ D 1.

In Exercises 7–16, evaluate using the Squeeze Theorem.

7. lim
x!0

x2 cos
1

x

SOLUTION Multiplying the inequality�1 � cos1x � 1, which holds for allx ¤ 0, byx2 yields�x2 � x2 cos1x � x2. Because

lim
x!0

�x2 D lim
x!0

x2 D 0;

it follows by the Squeeze Theorem that

lim
x!0

x2 cos
1

x
D 0:

8. lim
x!0

x sin
1

x2

SOLUTION Multiplying the inequality
ˇ̌
ˇsin 1

x2

ˇ̌
ˇ � 1, which holds forx ¤ 0, by jxj yields

ˇ̌
ˇx sin 1

x2

ˇ̌
ˇ � jxj or �jxj � x sin 1

x2 �
jxj. Because

lim
x!0

�jxj D lim
x!0

jxj D 0;

it follows by the Squeeze Theorem that

lim
x!0

x sin
1

x2
D 0:

9. lim
x!1

.x � 1/ sin
�

x � 1

SOLUTION Multiplying the inequality
ˇ̌
sin �

x�1
ˇ̌

� 1, which holds forx ¤ 1, by jx � 1j yields
ˇ̌
.x � 1/ sin �

x�1
ˇ̌

� jx � 1j or
�jx � 1j � .x � 1/ sin �

x�1 � jx � 1j. Because

lim
x!1

�jx � 1j D lim
x!1

jx � 1j D 0;

it follows by the Squeeze Theorem that

lim
x!1

.x � 1/ sin
�

x � 1
D 0:

10. lim
x!3

.x2 � 9/
x � 3

jx � 3j
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SOLUTION Forx ¤ 3, x�3
jx�3j D ˙1; thus

�jx2 � 9j � .x2 � 9/
x � 3

jx � 3j � jx2 � 9j:

Because

lim
x!3

�jx2 � 9j D lim
x!3

jx2 � 9j D 0;

it follows by the Squeeze Theorem that

lim
x!3

.x2 � 9/
x � 3

jx � 3j D 0:

11. lim
t!0

.2t � 1/ cos
1

t

SOLUTION Multiplying the inequality
ˇ̌
ˇcos1t

ˇ̌
ˇ � 1, which holds fort ¤ 0, by j2t � 1j yields

ˇ̌
ˇ.2t � 1/ cos1t

ˇ̌
ˇ � j2t � 1j or

�j2t � 1j � .2t � 1/ cos1t � j2t � 1j. Because

lim
t!0

�j2t � 1j D lim
t!0

j2t � 1j D 0;

it follows by the Squeeze Theorem that

lim
t!0

.2t � 1/ cos
1

t
D 0:

12. lim
x!0C

p
x ecos.�=x/

SOLUTION Since�1 � cos�x � 1 and ex is an increasing function, it follows that

1

e
� ecos.�=x/ � e and

1

e

p
x �

p
xecos.�=x/ � e

p
x:

Because

lim
x!0C

1

e

p
x D lim

x!0C
e
p
x D 0;

it follows from the Squeeze Theorem that

lim
x!0C

p
xecos.�=x/ D 0:

13. lim
t!2

.t2 � 4/ cos
1

t � 2

SOLUTION Multiplying the inequality
ˇ̌
ˇcos 1

t�2

ˇ̌
ˇ � 1, which holds fort ¤ 2, by jt2 � 4j yields

ˇ̌
ˇ.t2 � 4/ cos 1

t�2

ˇ̌
ˇ � jt2 � 4j or

�jt2 � 4j � .t2 � 4/ cos 1
t�2 � jt2 � 4j. Because

lim
t!2

�jt2 � 4j D lim
t!2

jt2 � 4j D 0;

it follows by the Squeeze Theorem that

lim
t!2

.t2 � 4/ cos
1

t � 2 D 0:

14. lim
x!0

tanx cos

�
sin

1

x

�

SOLUTION Multiplying the inequality
ˇ̌
ˇcos

�
sin 1x

�ˇ̌
ˇ � 1, which holds forx ¤ 0, by j tanxj yields

ˇ̌
ˇtanx cos

�
sin 1x

�ˇ̌
ˇ � j tanxj

or �j tanxj � tanx cos
�
sin 1x

�
� j tanxj. Because

lim
x!0

�j tanxj D lim
x!0

j tanxj D 0;

it follows by the Squeeze Theorem that

lim
x!0

tanx cos
�

sin
1

x

�
D 0:
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15. lim
�! �

2

cos� cos.tan�/

SOLUTION Multiplying the inequalityj cos.tan�/j � 1, which holds for all� near �2 but not equal to�2 , by j cos� j yields
j cos� cos.tan�/j � j cos� j or �j cos� j � cos� cos.tan�/ � j cos� j. Because

lim
�! �

2

�j cos� j D lim
�! �

2

j cos� j D 0;

it follows from the Squeeze Theorem that

lim
�! �

2

cos� cos.tan�/ D 0:

16. lim
t!0C

sint tan�1.ln t/

SOLUTION Multiplying the inequalityj tan�1.ln t/j � �
2 , which holds for allt > 0, by j sint j yields j sint tan�1.ln t/j �

�
2 j sin t j or ��

2 j sin t j � sint tan�1.ln t/ � �
2 j sin t j. Because

lim
t!0C

�j sint j D lim
t!0C

j sint j D 0;

it follows from the Squeeze Theorem that

lim
t!0C

sint tan�1.ln t/ D 0:

In Exercises 17–26, evaluate using Theorem 2 as necessary.

17. lim
x!0

tanx

x

SOLUTION lim
x!0

tanx

x
D lim
x!0

sinx

x

1

cosx
D lim
x!0

sinx

x
� lim
x!0

1

cosx
D 1 � 1 D 1.

18. lim
x!0

sinx secx

x

SOLUTION lim
x!0

sinx secx

x
D lim
x!0

sinx

x
� lim
x!0

secx D 1 � 1 D 1.

19. lim
t!0

p
t3 C 9 sin t

t

SOLUTION lim
t!0

p
t3 C 9 sin t

t
D lim
t!0

p
t3 C 9 � lim

t!0

sint

t
D

p
9 � 1 D 3.

20. lim
t!0

sin2 t

t

SOLUTION lim
t!0

sin2 t

t
D lim
t!0

sint

t
sin t D lim

t!0

sint

t
� lim
t!0

sint D 1 � 0 D 0.

21. lim
x!0

x2

sin2 x

SOLUTION lim
x!0

x2

sin2 x
D lim
x!0

1
sinx
x

sinx
x

D lim
x!0

1
sinx
x

� lim
x!0

1
sinx
x

D 1

1
� 1
1

D 1.

22. lim
t! �

2

1 � cost

t

SOLUTION The function
1 � cost

t
is continuous at�2 ; evaluate using substitution:

lim
t! �

2

1 � cost

t
D 1 � 0

�
2

D 2

�
:

23. lim
�!0

sec� � 1
�

SOLUTION lim
�!0

sec� � 1
�

D lim
�!0

1 � cos�

� cos�
D lim
�!0

1 � cos�

�
� lim
�!0

1

cos�
D 0 � 1 D 0.
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24. lim
�!0

1 � cos�

sin�

SOLUTION

lim
�!0

1 � cos�

sin�
D lim
�!0

1 � cos�

�
� lim
�!0

�

sin�
D 0 � 1 D 0:

25. lim
t! �

4

sin t

t

SOLUTION
sint

t
is continuous att D �

4
. Hence, by substitution

lim
t! �

4

sin t

t
D

p
2
2
�
4

D 2
p
2

�
:

26. lim
t!0

cost � cos2 t

t

SOLUTION By factoring and applying the Product Law:

lim
t!0

cost � cos2 t

t
D lim
t!0

cost � lim
t!0

1 � cost

t
D 1.0/ D 0:

27. LetL D lim
x!0

sin14x

x
.

(a) Show, by letting� D 14x, thatL D lim
�!0

14
sin�

�
.

(b) ComputeL.

SOLUTION

(a) Let � D 14x. Thenx D �
14 and � ! 0 asx ! 0, so

L D lim
x!0

sin14x

x
D lim
�!0

sin�

.�=14/
D lim
�!0

14
sin�

�
:

(b) Based on part (a),

L D 14 lim
�!0

� sin�

�
D 14:

28. Evaluate lim
h!0

sin9h

sin7h
. Hint:

sin9h

sin7h
D
�
9

7

��
sin9h

9h

��
7h

sin7h

�
.

SOLUTION

lim
h!0

sin9h

sin7h
D lim
h!0

9

7

.sin 9h/ = .9h/

.sin 7h/ = .7h/
D 9

7

limh!0.sin9h/=.9h/

limh!0.sin 7h/=.7h/
D 9

7
� 1
1

D 9

7
:

In Exercises 29–48, evaluate the limit.

29. lim
h!0

sin9h

h

SOLUTION lim
h!0

sin9h

h
D lim
h!0

9
sin9h

9h
D 9.

30. lim
h!0

sin4h

4h

SOLUTION Let x D 4h. Thenx ! 0 ash ! 0 and

lim
h!0

sin4h

4h
D limx ! 0

sinx

x
D 1:

31. lim
h!0

sinh

5h

SOLUTION lim
h!0

sinh

5h
D lim
h!0

1

5

sinh

h
D 1

5
.
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32. lim
x! �

6

x

sin3x

SOLUTION lim
x! �

6

x

sin3x
D �=6

sin.�=2/
D �

6
.

33. lim
�!0

sin7�

sin3�

SOLUTION We have

sin7�

sin3�
D 7

3

�
sin 7�

7�

��
3�

sin3�

�

Therefore,

lim
�!0

sin7�

3�
D 7

3

�
lim
�!0

sin7�

7�

��
lim
�!0

3�

sin3�

�
D 7

3
.1/.1/ D 7

3

34. lim
x!0

tan4x

9x

SOLUTION lim
x!0

tan4x

9x
D lim
x!0

1

9
� sin 4x

4x
� 4

cos4x
D 4

9
.

35. lim
x!0

x csc25x

SOLUTION Let h D 25x. Then

lim
x!0

x csc25x D lim
h!0

h

25
csch D 1

25
lim
h!0

h

sinh
D 1

25
:

36. lim
t!0

tan4t

t sect

SOLUTION lim
t!0

tan4t

t sect
D lim
t!0

4 sin4t

4t cos.4t/ sec.t/
D lim
t!0

4 cost

cos4t
� sin4t

4t
D 4.

37. lim
h!0

sin2h sin3h

h2

SOLUTION

lim
h!0

sin2h sin3h

h2
D lim
h!0

sin2h sin3h

h � h D lim
h!0

sin2h

h

sin 3h

h

D lim
h!0

2
sin2h

2h
3

sin 3h

3h
D lim
h!0

2
sin2h

2h
lim
h!0

3
sin3h

3h
D 2 � 3 D 6:

38. lim
z!0

sin.z=3/

sinz

SOLUTION lim
z!0

sin.z=3/

sinz
� z=3
z=3

D lim
z!0

1

3
� z

sinz
� sin.z=3/

z=3
D 1

3
.

39. lim
�!0

sin.�3�/
sin.4�/

SOLUTION lim
�!0

sin.�3�/
sin.4�/

D lim
�!0

� sin.3�/

3�
� 3
4

� 4�

sin.4�/
D �3

4
.

40. lim
x!0

tan4x

tan9x

SOLUTION lim
x!0

tan4x

tan9x
D lim
x!0

cos9x

cos4x
� sin4x

4x
� 4
9

� 9x

sin9x
D 4

9
.

41. lim
t!0

csc8t

csc4t

SOLUTION lim
t!0

csc8t

csc4t
D lim
t!0

sin4t

sin8t
� 8t
4t

� 1
2

D 1

2
.

42. lim
x!0

sin5x sin2x

sin3x sin5x

SOLUTION lim
x!0

sin5x sin2x

sin3x sin5x
D lim
x!0

sin2x

2x
� 2
3

� 3x

sin3x
D 2

3
.
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43. lim
x!0

sin3x sin2x

x sin 5x

SOLUTION lim
x!0

sin3x sin2x

x sin 5x
D lim
x!0

�
3

sin3x

3x
� 2
5

.sin 2x/ = .2x/

.sin 5x/ = .5x/

�
D 6

5
.

44. lim
h!0

1 � cos2h

h

SOLUTION lim
h!0

1 � cos2h

h
D lim
h!0

2
1 � cos2h

2h
D 2 lim

h!0

1 � cos2h

2h
D 2 � 0 D 0:

45. lim
h!0

sin.2h/.1 � cosh/

h2

SOLUTION lim
h!0

sin.2h/.1 � cosh/

h2
D lim
h!0

sin.2h/

h
lim
h!0

1 � cosh

h
D 1 � 0 D 0:

46. lim
t!0

1 � cos2t

sin2 3t

SOLUTION Using the identity cos2t D 1 � 2 sin2 t , we find

1 � cos2t

sin2 3t
D 2 sin2 t

sin2 3t
D 2

9

�
sin t

t

�2 � 3t

sin3t

�2
:

Thus,

lim
t!0

1 � cos2t

sin2 3t
D lim
t!0

2

9

�
sin t

t

�2 � 3t

sin3t

�2
D 2

9
:

47. lim
�!0

cos2� � cos�

�

SOLUTION

lim
�!0

cos2� � cos�

�
D lim
�!0

.cos2� � 1/C .1 � cos�/

�
D lim
�!0

cos2� � 1

�
C lim
�!0

1 � cos�

�

D �2 lim
�!0

1 � cos2�

2�
C lim
�!0

1 � cos�

�
D �2 � 0C 0 D 0:

48. lim
h! �

2

1 � cos3h

h

SOLUTION The function is continuous at�2 , so we may use substitution:

lim
h! �

2

1 � cos3h

h
D
1 � cos3�2

�
2

D 1 � 0
�
2

D 2

�
:

49. Calculate lim
x!0�

sinx

jxj .

SOLUTION

lim
x!0�

sinx

jxj
D lim
x!0�

sinx

�x D �1

50. Use the identity sin3� D 3 sin� � 4 sin3 � to evaluate the limit lim
�!0

sin3� � 3 sin�

�3
.

SOLUTION Using the identity sin3� D 3 sin� � 4 sin3 � , we find

sin3� � 3 sin�

�3
D �4

�
sin�

�

�3
:

Therefore,

lim
�!0

sin3� � 3 sin�

�3
D �4 lim

�!0

�
sin�

�

�3
D �4.1/3 D �4:

51. Prove the following result stated in Theorem 2:

lim
�!0

1 � cos�

�
D 0 7

Hint:
1 � cos�

�
D 1

1C cos�
� 1 � cos2 �

�
.
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SOLUTION

lim
�!0

1 � cos�

�
D lim
�!0

1

1C cos�
� 1 � cos2 �

�
D lim
�!0

1

1C cos�
� sin2 �

�

D lim
�!0

1

1C cos�
� lim
�!0

sin2 �

�
D lim
�!0

1

1C cos�
� lim
�!0

sin�
sin�

�

D lim
�!0

1

1C cos�
� lim
�!0

sin� � lim
�!0

sin�

�
D 1

2
� 0 � 1 D 0:

52. Investigate lim
h!0

1 � cosh

h2
numerically (and graphically if you have a graphing utility). Then prove that the limit is

equal to12 . Hint: See the hint for Exercise 51.

SOLUTION

�

h �0:1 �0:01 0.01 0.1

1 � cosh

h2
0:499583 0:499996 0:499996 0:499583

The limit is 12 .

�

21−2 −1

0.1

0.2

0.3

0.4

0.5

x

y

� lim
h!0

1 � cosh

h2
D lim
h!0

1 � cos2 h

h2.1C cosh/
D lim
h!0

�
sinh

h

�2 1

1C cosh
D 1

2
:

In Exercises 53–55, evaluate using the result of Exercise 52.

53. lim
h!0

cos3h � 1

h2

SOLUTION We make the substitution� D 3h. Thenh D �=3, and

lim
h!0

cos3h � 1

h2
D lim
�!0

cos� � 1

.�=3/2
D �9 lim

�!0

1 � cos�

�2
D �9

2
:

54. lim
h!0

cos3h � 1

cos2h � 1

SOLUTION Write

cos3h � 1

cos2h � 1
D 1 � cos3h

.3h/2
� .2h/2

1 � cos2h
� 9h

2

4h2
:

Then

lim
h!0

cos3h � 1

cos2h � 1
D 9

4
lim
h!0

1 � cos3h

.3h/2
� lim
h!0

.2h/2

1 � cos2h
D 9

4
� 1
2

� 1

1=2
D 9

4
:

55. lim
t!0

p
1 � cost

t

SOLUTION lim
t!0C

p
1 � cost

t
D

s
lim
t!0C

1 � cost

t2
D

r
1

2
D

p
2

2
; on the other hand, lim

t!0�

p
1 � cost

t
D

�

s
lim
t!0�

1 � cost

t2
D �

r
1

2
D �

p
2

2
.
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56. Use the Squeeze Theorem to prove that if lim
x!c

jf .x/j D 0, then lim
x!c

f .x/ D 0.

SOLUTION Suppose lim
x!c

jf .x/j D 0. Then

lim
x!c

�jf .x/j D � lim
x!c

jf .x/j D 0:

Now, for allx, the inequalities

�jf .x/j � f .x/ � jf .x/j

hold. Because lim
x!c

jf .x/j D 0 and lim
x!c

�jf .x/j D 0, it follows from the Squeeze Theorem that lim
x!c

f .x/ D 0.

Further Insights and Challenges

57. Use the result of Exercise 52 to prove that form ¤ 0,

lim
x!0

cosmx � 1
x2

D �m
2

2

SOLUTION Substituteu D mx into
cosmx � 1

x2
. We obtainx D u

m . As x ! 0, u ! 0; therefore,

lim
x!0

cosmx � 1

x2
D lim
u!0

cosu � 1

.u=m/2
D lim
u!0

m2
cosu � 1
u2

D m2
�

�1
2

�
D �m

2

2
:

58. Using a diagram of the unit circle and the Pythagorean Theorem, show that

sin2 � � .1� cos�/2 C sin2 � � �2

Conclude that sin2 � � 2.1� cos�/ � �2 and use this to give an alternative proof of Eq. (7) in Exercise 51. Then give an alternative
proof of the result in Exercise 52.

SOLUTION

� Consider the unit circle shown below. The triangleBDA is a right triangle. It has base1� cos� , altitude sin� , and hypotenuse
h. Observe that the hypotenuseh is less than the arc lengthAB D radius� angle D 1 � � D � . Apply the Pythagorean
Theorem to obtain.1 � cos�/2 C sin2 � D h2 � �2. The inequality sin2 � � .1 � cos�/2 C sin2 � follows from the fact
that.1 � cos�/2 � 0.

A
D

B

O

� Note that

.1 � cos�/2 C sin2 � D 1 � 2 cos� C cos2 � C sin2 � D 2 � 2 cos� D 2.1 � cos�/:

Therefore,

sin2 � � 2.1 � cos�/ � �2:

� Divide the previous inequality by2� to obtain

sin2 �

2�
� 1 � cos�

�
� �

2
:

Because

lim
�!0

sin2 �

2�
D 1

2
lim
�!0

sin�

�
� lim
�!0

sin� D 1

2
.1/.0/ D 0;

and lim
h!0

�

2
D 0, it follows by the Squeeze Theorem that

lim
�!0

1 � cos�

�
D 0:
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� Divide the inequality

sin2 � � 2.1 � cos�/ � �2

by 2�2 to obtain

sin2 �

2�2
� 1 � cos�

�2
� 1

2
:

Because

lim
�!0

sin2 �

2�2
D 1

2
lim
�!0

�
sin�

�

�2
D 1

2
.12/ D 1

2
;

and lim
h!0

1

2
D 1

2
, it follows by the Squeeze Theorem that

lim
�!0

1 � cos�

�2
D 1

2
:

59. (a) Investigate lim
x!c

sinx � sinc

x � c
numerically for the five valuesc D 0; �6 ;

�
4 ;

�
3 ;

�
2 .

(b) Can you guess the answer for generalc?
(c) Check that your answer to (b) works for two other values ofc.

SOLUTION

(a)
x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c 0.999983 0.99999983 0.99999983 0.999983

Herec D 0 and cosc D 1.

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.868511 0.866275 0.865775 0.863511

Herec D �
6 and cosc D

p
3
2 � 0:866025.

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.504322 0.500433 0.499567 0.495662

Herec D �
3 and cosc D 1

2 .

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.710631 0.707460 0.706753 0.703559

Herec D �
4 and cosc D

p
2
2 � 0:707107.

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c 0.005000 0.000500 �0:000500 �0:005000

Herec D �
2 and cosc D 0.

(b) lim
x!c

sinx � sinc

x � c
D cosc.

(c)

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
�0:411593 �0:415692 �0:416601 �0:420686

Herec D 2 and cosc D cos2 � �0:416147.
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x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.863511 0.865775 0.866275 0.868511

Herec D ��
6 and cosc D

p
3
2 � 0:866025.

2.7 Limits at Infinity

Preliminary Questions
1. Assume that

lim
x!1

f .x/ D L and lim
x!L

g.x/ D 1

Which of the following statements are correct?
(a) x D L is a vertical asymptote ofg.x/.
(b) y D L is a horizontal asymptote ofg.x/.
(c) x D L is a vertical asymptote off .x/.
(d) y D L is a horizontal asymptote off .x/.

SOLUTION

(a) Because lim
x!L

g.x/ D 1, x D L is a vertical asymptote ofg.x/. This statement is correct.

(b) This statement is not correct.
(c) This statement is not correct.
(d) Because lim

x!1
f .x/ D L, y D L is a horizontal asymptote off .x/. This statement is correct.

2. What are the following limits?
(a) lim

x!1
x3 (b) lim

x!�1
x3 (c) lim

x!�1
x4

SOLUTION

(a) limx!1 x3 D 1
(b) limx!�1 x3 D �1
(c) limx!�1 x4 D 1
3. Sketch the graph of a function that approaches a limit asx ! 1 but does not approach a limit (either finite or infinite) as
x ! �1.

SOLUTION

y

x

4. What is the sign ofa if f .x/ D ax3 C x C 1 satisfies
lim

x!�1
f .x/ D 1?

SOLUTION Because lim
x!�1x3 D �1, a must be negative to have lim

x!�1 f .x/ D 1.

5. What is the sign of the leading coefficienta7 if f .x/ is a polynomial of degree7 such that lim
x!�1

f .x/ D 1?

SOLUTION The behavior off .x/ asx ! �1 is controlled by the leading term; that is, limx!�1 f .x/ D limx!�1 a7x
7.

Becausex7 ! �1 asx ! �1, a7 must be negative to have limx!�1 f .x/ D 1.

6. Explain why lim
x!1

sin 1x exists but lim
x!0

sin 1x does not exist. What is lim
x!1

sin 1x ?

SOLUTION As x ! 1, 1x ! 0, so

lim
x!1

sin
1

x
D sin 0 D 0:

On the other hand,1x ! ˙1 asx ! 0, and as1x ! ˙1, sin 1x oscillates infinitely often. Thus

lim
x!0

sin
1

x

does not exist.
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Exercises
1. What are the horizontal asymptotes of the function in Figure 1?

−20 20 40 60 80
x

1

2

y

y = f (x)

FIGURE 1

SOLUTION Because

lim
x!�1

f .x/ D 1 and lim
x!1

f .x/ D 2;

the functionf .x/ has horizontal asymptotes ofy D 1 andy D 2.

2. Sketch the graph of a functionf .x/ that has bothy D �1 andy D 5 as horizontal asymptotes.

SOLUTION

−1
−10 −5 5 10

1

2

3

4

5

y

x

3. Sketch the graph of a functionf .x/ with a single horizontal asymptotey D 3.

SOLUTION

−13

−9

−5

−1
−4 −2 2

3

y

x

4. Sketch the graphs of two functionsf .x/ andg.x/ that have bothy D �2 andy D 4 as horizontal asymptotes but
lim
x!1

f .x/ ¤ lim
x!1

g.x/.

SOLUTION

−1
−2

−10 −5 5 10

1

2

3

4

y

x

y = f (x)

−1
−2

−10 −5 5 10

1

2

3

y

x

y = g(x)

5. Investigate the asymptotic behavior off .x/ D x3

x3 C x
numerically and graphically:

(a) Make a table of values off .x/ for x D ˙50, ˙100, ˙500, ˙1000.
(b) Plot the graph off .x/.

(c) What are the horizontal asymptotes off .x/?

SOLUTION

(a) From the table below, it appears that

lim
x!˙1

x3

x3 C x
D 1:
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x ˙50 ˙100 ˙500 ˙1000
f .x/ 0.999600 0.999900 0.999996 0.999999

(b) From the graph below, it also appears that

lim
x!˙1

x3

x3 C x
D 1:

−5 5

0.2

0.4

0.6

0.8

1.0

y

x

(c) The horizontal asymptote off .x/ is y D 1.

6. Investigate lim
x!˙1

12x C 1p
4x2 C 9

numerically and graphically:

(a) Make a table of values off .x/ D 12x C 1p
4x2 C 9

for x D ˙100, ˙500, ˙1000, ˙10;000.

(b) Plot the graph off .x/.
(c) What are the horizontal asymptotes off .x/?

SOLUTION

(a) From the tables below, it appears that

lim
x!1

12x C 1p
4x2 C 9

D 6 and lim
x!�1

12x C 1p
4x2 C 9

D �6:

x �100 �500 �1000 �10000
f .x/ �5:994326 �5:998973 �5:999493 �5:999950

x 100 500 1000 10000

f .x/ 6:004325 6:000973 6:000493 6:000050

(b) From the graph below, it also appears that

lim
x!1

12x C 1p
4x2 C 9

D 6 and lim
x!�1

12x C 1p
4x2 C 9

D �6:

−6

−4

−2

2

4

6

−5 5

y

x

(c) The horizontal asymptotes off .x/ arey D �6 andy D 6.

In Exercises 7–16, evaluate the limit.

7. lim
x!1

x

x C 9

SOLUTION

lim
x!1

x

x C 9
D lim
x!1

x�1.x/
x�1.x C 9/

D lim
x!1

1

1C 9
x

D 1

1C 0
D 1:

8. lim
x!1

3x2 C 20x

4x2 C 9

SOLUTION

lim
x!1

3x2 C 20x

4x2 C 9
D lim
x!1

x�2.3x2 C 20x/

x�2.4x2 C 9/
D lim
x!1

3C 20
x

4C 9
x2

D 3C 0

4C 0
D 3

4
:
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9. lim
x!1

3x2 C 20x

2x4 C 3x3 � 29
SOLUTION

lim
x!1

3x2 C 20x

2x4 C 3x3 � 29
D lim
x!1

x�4.3x2 C 20x/

x�4.2x4 C 3x3 � 29/
D lim
x!1

3
x2 C 20

x3

2C 3
x � 29

x4

D 0

2
D 0:

10. lim
x!1

4

x C 5

SOLUTION

lim
x!1

4

x C 5
D lim
x!1

x�1.4/
x�1.x C 5/

D lim
x!1

4
x

1C 5
x

D 0

1
D 0:

11. lim
x!1

7x � 9
4x C 3

SOLUTION

lim
x!1

7x � 9
4x C 3

D lim
x!1

x�1.7x � 9/

x�1.4x C 3/
D lim
x!1

7 � 9
x

4C 3
x

D 7

4
:

12. lim
x!1

9x2 � 2

6 � 29x
SOLUTION

lim
x!1

9x2 � 2
6 � 29x

D lim
x!1

x�1.9x2 � 2/

x�1.6 � 29x/
D lim
x!1

9x � 2
x

6
x � 29

D 1
�29 D �1:

13. lim
x!�1

7x2 � 9

4x C 3

SOLUTION

lim
x!�1

7x2 � 9
4x C 3

D lim
x!�1

x�1.7x2 � 9/

x�1.4x C 3/
D lim
x!�1

7x � 9
x

4C 3
x

D �1:

14. lim
x!�1

5x � 9

4x3 C 2x C 7

SOLUTION

lim
x!�1

5x � 9
4x3 C 2x C 7

D lim
x!�1

x�3.5x � 9/

x�3.4x3 C 2x C 7/
D lim
x!�1

5
x2 � 9

x3

4C 2
x2 C 7

x3

D 0

4
D 0:

15. lim
x!�1

3x3 � 10

x C 4

SOLUTION

lim
x!�1

3x3 � 10
x C 4

D lim
x!�1

x�1.3x3 � 10/

x�1.x C 4/
D lim
x!�1

3x2 � 10
x

1C 4
x

D 1
1

D 1:

16. lim
x!�1

2x5 C 3x4 � 31x

8x4 � 31x2 C 12

SOLUTION

lim
x!�1

2x5 C 3x4 � 31x
8x4 � 31x2 C 12

D lim
x!�1

x�4.2x5 C 3x4 � 31x/
x�4.8x4 � 31x2 C 12/

D lim
x!�1

2x C 3 � 31
x3

8 � 31
x2 C 12

x4

D �1
8

D �1:

In Exercises 17–22, find the horizontal asymptotes.

17. f .x/ D 2x2 � 3x
8x2 C 8
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SOLUTION First calculate the limits asx ! ˙1. Forx ! 1,

lim
x!1

2x2 � 3x

8x2 C 8
D lim
x!1

2 � 3
x

8C 8
x2

D 2

8
D 1

4
:

Similarly,

lim
x!�1

2x2 � 3x

8x2 C 8
D lim
x!�1

2 � 3
x

8C 8
x2

D 2

8
D 1

4
:

Thus, the horizontal asymptote off .x/ is y D 1
4 .

18. f .x/ D 8x3 � x2

7C 11x � 4x4
SOLUTION First calculate the limits asx ! ˙1. Forx ! 1,

lim
x!1

8x3 � x2

7C 11x � 4x4
D lim
x!1

8
x � 1

x2

7
x4 C 11

x3 � 4
D 0:

Similarly,

lim
x!�1

8x3 � x2

7C 11x � 4x4
D lim
x!�1

8
x � 1

x2

7
x4 C 11

x3 � 4
D 0:

Thus, the horizontal asymptote off .x/ is y D 0.

19. f .x/ D
p
36x2 C 7

9x C 4

SOLUTION Forx > 0, x�1 D jx�1j D
p
x�2, so

lim
x!1

p
36x2 C 7

9x C 4
D lim
x!1

q
36C 7

x2

9C 4
x

D
p
36

9
D 2

3
:

On the other hand, forx < 0, x�1 D �jx�1j D �
p
x�2, so

lim
x!�1

p
36x2 C 7

9x C 4
D lim
x!�1

�
q
36C 7

x2

9C 4
x

D �
p
36

9
D �2

3
:

Thus, the horizontal asymptotes off .x/ arey D 2
3 andy D �2

3 .

20. f .x/ D
p
36x4 C 7

9x2 C 4

SOLUTION For allx ¤ 0, x�2 D jx�2j D
p
x�4, so

lim
x!1

p
36x4 C 7

9x2 C 4
D lim
x!1

q
36C 7

x4

9C 4
x2

D
p
36

9
D 2

3
:

Similarly,

lim
x!�1

p
36x4 C 7

9x2 C 4
D lim
x!�1

q
36C 7

x4

9C 4
x2

D
p
36

9
D 2

3
:

Thus, the horizontal asymptote off .x/ is y D 2
3 .

21. f .t/ D et

1C e�t

SOLUTION With

lim
t!1

et

1C e�t D 1
1

D 1

and

lim
t!�1

et

1C e�t D 0;

the functionf .t/ has one horizontal asymptote,y D 0.
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22. f .t/ D t1=3

.64t2 C 9/1=6

SOLUTION For t > 0, t�1=3 D jt�1=3j D .t�2/1=6, so

lim
t!1

t1=3

.64t2 C 9/1=6
D lim
t!1

1

.64C 9
t2
/1=6

D 1

2
:

On the other hand, fort < 0, t�1=3 D �jt�1=3j D �.t�2/1=6, so

lim
t!�1

t1=3

.64t2 C 9/1=6
D lim
t!�1

1

�.64C 9
t2
/1=6

D �1
2
:

Thus, the horizontal asymptotes forf .t/ arey D 1
2 andy D �1

2 .

In Exercises 23–30, evaluate the limit.

23. lim
x!1

p
9x4 C 3x C 2

4x3 C 1

SOLUTION Forx > 0, x�3 D jx�3j D
p
x�6, so

lim
x!1

p
9x4 C 3x C 2

4x3 C 1
D lim
x!1

q
9
x2 C 3

x5 C 2
x6

4C 1
x3

D 0:

24. lim
x!1

p
x3 C 20x

10x � 2

SOLUTION Forx > 0, x�1 D jx�1j D
p
x�2, so

lim
x!1

p
x3 C 20x

10x � 2 D lim
x!1

q
x C 20

x

10 � 2
x

D 1
10

D 1:

25. lim
x!�1

8x2 C 7x1=3p
16x4 C 6

SOLUTION Forx < 0, x�2 D jx�2j D
p
x�4, so

lim
x!�1

8x2 C 7x1=3p
16x4 C 6

D lim
x!�1

8C 7
x5=3q

16C 6
x4

D 8p
16

D 2:

26. lim
x!�1

4x � 3p
25x2 C 4x

SOLUTION Forx < 0, x�1 D �jx�1j D �
p
x�2, so

lim
x!�1

4x � 3p
25x2 C 4x

D lim
x!�1

4 � 3
x

�
q
25C 4

x

D 4

�
p
25

D �4
5
:

27. lim
t!1

t4=3 C t1=3

.4t2=3 C 1/2

SOLUTION lim
t!1

t4=3 C t1=3

.4t2=3 C 1/2
D lim
t!1

1C 1
t

.4C 1
t2=3

/2
D 1

16
.

28. lim
t!1

t4=3 � 9t1=3

.8t4 C 2/1=3

SOLUTION lim
t!1

t4=3 � 9t1=3

.8t4 C 2/1=3
D lim
t!1

1 � 9
t

.8C 2
t4
/1=3

D 1

2
.

29. lim
x!�1

jxj C x

x C 1

SOLUTION Forx < 0, jxj D �x. Therefore, for allx < 0,

jxj C x

x C 1
D �x C x

x C 1
D 0I

consequently,

lim
x!�1

jxj C x

x C 1
D 0:
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30. lim
t!�1

4C 6e2t

5 � 9e3t

SOLUTION Because

lim
t!�1

e2t D lim
t!�1

e3t D 0;

it follows that

lim
t!�1

4C 6e2t

5� 9e3t
D 4C 0

5 � 0
D 4

5
:

31. Determine lim
x!1

tan�1 x. Explain geometrically.

SOLUTION As an angle� increases from0 to �
2 , its tangentx D tan� approaches1. Therefore,

lim
x!1

tan�1 x D �

2
:

Geometrically, this means that the graph ofy D tan�1 x has a horizontal asymptote aty D �
2 .

32. Show that lim
x!1

.
p
x2 C 1 � x/ D 0. Hint: Observe that

p
x2 C 1 � x D 1p

x2 C 1C x

SOLUTION Rationalizing the ”numerator,” we find

p
x2 C 1 � x D .

p
x2 C 1 � x/

p
x2 C 1C xp
x2 C 1C x

D .x2 C 1/ � x2p
x2 C 1C x

D 1p
x2 C 1C x

:

Thus,

lim
x!1

.
p
x2 C 1 � x/ D lim

x!1
1p

x2 C 1C x
D 0:

33. According to theMichaelis–Menten equation(Figure 7), when an enzyme is combined with a substrate of concentrations (in
millimolars), the reaction rate (in micromolars/min) is

R.s/ D As

K C s
.A,K constants)

(a) Show, by computing lim
s!1

R.s/, thatA is the limiting reaction rate as the concentrations approaches1.

(b) Show that the reaction rateR.s/ attains one-half of the limiting valueA whens D K.

(c) For a certain reaction,K D 1:25 mM andA D 0:1. For which concentrations isR.s/ equal to75% of its limiting value?

Leonor Michaelis
1875−1949

Maud Menten
1879−1960

FIGURE 2 Canadian-born biochemist Maud Menten is best known for her fundamental work on enzyme kinetics with German
scientist Leonor Michaelis. She was also an accomplished painter, clarinetist, mountain climber, and master of numerous
languages.

SOLUTION

(a) lim
s!1

R.s/ D lim
s!1

As

K C s
D lim
s!1

A

1C K
s

D A.
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(b) Observe that

R.K/ D AK

K CK
D AK

2K
D A

2
;

have of the limiting value.

(c) By part (a), the limiting value is 0.1, so we need to determine the value ofs that satisfies

R.s/ D 0:1s

1:25C s
D 0:075:

Solving this equation fors yields

s D .1:25/.0:075/

0:025
D 3:75 mM:

34. Suppose that the average temperature of the earth isT .t/ D 283 C 3.1 � e�0:03t / kelvins, wheret is the number of years
since2000.

(a) Calculate the long-term averageL D lim
t!1

T .t/.

(b) At what time isT .t/ within one-half a degree of its limiting value?

SOLUTION

(a) L D lim
t!1

T .t/ D lim
t!1

.283C 3.1 � e�0:03t // D 286 kelvins.

(b) We need to solve the equation

T .t/ D 283C 3.1 � e�0:03t / D 285:5:

This yields

t D 1

0:03
ln6 � 59:73:

The average temperature of the earth will be within one-half a degree of its limiting value in roughly 2060.

In Exercises 35–42, calculate the limit.

35. lim
x!1

�p
4x4 C 9x � 2x2

�

SOLUTION Write

p
4x4 C 9x � 2x2 D

�p
4x4 C 9x � 2x2

�p
4x4 C 9x C 2x2p
4x4 C 9x C 2x2

D .4x4 C 9x/ � 4x4p
4x4 C 9x C 2x2

D 9xp
4x4 C 9x C 2x2

:

Thus,

lim
x!1

.
p
4x4 C 9x � 2x2/ D lim

x!1
9xp

4x4 C 9x C 2x2
D 0:

36. lim
x!1

.
p
9x3 C x � x3=2/

SOLUTION Write

p
9x3 C x � x3=2 D

�p
9x3 C x � x3=2

�p
9x3 C x C x3=2p
9x3 C x C x3=2

D .9x3 C x/� x3p
9x3 C x C x3=2

D 8x3 C xp
9x3 C x C x3=2

:

Thus,

lim
x!1

.
p
9x3 C x � x3=2/ D lim

t!1
8x3 C xp

9x3 C x C x3=2
D 1:

37. lim
x!1

�
2
p
x �

p
x C 2

�
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SOLUTION Write

2
p
x �

p
x C 2 D

�
2
p
x �

p
x C 2

�2px C
p
x C 2

2
p
x C

p
x C 2

D 4x � .x C 2/

2
p
x C

p
x C 2

D 3x � 2

2
p
x C

p
x C 2

:

Thus,

lim
x!1

.2
p
x �

p
x C 2/ D lim

x!1
3x � 2

2
p
x C

p
x C 2

D 1:

38. lim
x!1

�
1

x
� 1

x C 2

�

SOLUTION lim
x!1

�
1

x
� 1

x C 2

�
D lim
x!1

2

x.x C 2/
D 0.

39. lim
x!1

.ln.3x C 1/ � ln.2x C 1//

SOLUTION Because

ln.3x C 1/� ln.2x C 1/ D ln
3x C 1

2x C 1

and

lim
x!1

3x C 1

2x C 1
D 3

2
;

it follows that

lim
x!1 .ln.3x C 1/ � ln.2x C 1// D ln

3

2
:

40. lim
x!1

�
ln.
p
5x2 C 2/� ln x

�

SOLUTION Because

ln.
p
5x2 C 2/ � ln x D ln

p
5x2 C 2

x

and

lim
x!1

p
5x2 C 2

x
D lim
x!1

q
5C 2

x2

1
D

p
5;

it follows that

lim
x!1

�
ln.
p
5x2 C 2/� ln x

�
D ln

p
5 D 1

2
ln5:

41. lim
x!1

tan�1
 
x2 C 9

9 � x

!

SOLUTION Because

lim
x!1

x2 C 9

9 � x D lim
x!1

x C 9
x

9
x � 1

D 1
�1 D �1;

it follows that

lim
x!1 tan�1

 
x2 C 9

9 � x

!
D ��

2
:

42. lim
x!1

tan�1
�
1C x

1 � x

�

SOLUTION Because

lim
x!1

1C x

1 � x
D �1;

it follows that

lim
x!1

tan�1
�
1C x

1 � x

�
D tan�1.�1/ D ��

4
:
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43. LetP.n/ be the perimeter of ann-gon inscribed in a unit circle (Figure 3).

(a) Explain, intuitively, whyP.n/ approaches2� asn ! 1.
(b) Show thatP.n/ D 2n sin

�
�
n

�
:

(c) Combine (a) and (b) to conclude that lim
n!1

n
� sin

�
�
n

�
D 1.

(d) Use this to give another argument that lim
�!0

sin�

�
D 1.

n = 6 n = 9 n = 12

FIGURE 3

SOLUTION

(a) As n ! 1, then-gon approaches a circle of radius 1. Therefore, the perimeter of then-gon approaches the circumference of
the unit circle asn ! 1. That is,P.n/ ! 2� asn ! 1.
(b) Each side of then-gon is the third side of an isosceles triangle with equal length sides of length 1 and angle� D 2�

n between
the equal length sides. The length of each side of then-gon is therefore

r
12 C 12 � 2 cos

2�

n
D
r
2.1 � cos

2�

n
/ D

r
4 sin2

�

n
D 2 sin

�

n
:

Finally,

P.n/ D 2n sin
�

n
:

(c) Combining parts (a) and (b),

lim
n!1

P.n/ D lim
n!1

2n sin
�

n
D 2�:

Dividing both sides of this last expression by2� yields

lim
n!1

n

�
sin

�

n
D 1:

(d) Let � D �
n . Then� ! 0 asn ! 1,

n

�
sin

�

n
D 1

�
sin � D sin�

�
;

and

lim
n!1

n

�
sin

�

n
D lim
�!0

sin�

�
D 1:

44. Physicists have observed that Einstein’s theory ofspecial relativity reduces to Newtonian mechanics in the limit asc ! 1,
wherec is the speed of light. This is illustrated by a stone tossed up vertically from ground level so that it returns to earth one
second later. Using Newton’s Laws, we find that the stone’s maximum height ish D g=8 meters (g D 9:8 m/s2). According to
special relativity, the stone’s mass depends on its velocity divided byc, and the maximum height is

h.c/ D c

q
c2=g2 C 1=4 � c2=g

Prove that lim
c!1

h.c/ D g=8.

SOLUTION Write

h.c/ D c

q
c2=g2 C 1=4 � c2=g D

�
c

q
c2=g2 C 1=4 � c2=g

�c
p
c2=g2 C 1=4C c2=g

c
p
c2=g2 C 1=4C c2=g

D c2.c2=g2 C 1=4/ � c4=g2

c
p
c2=g2 C 1=4C c2=g

D c2=4

c
p
c2=g2 C 1=4C c2=g

:

Thus,

lim
c!1

h.c/ D lim
c!1

c2=4

c
p
c2=g2 C 1=4C c2=g

D c2=4

2c2=g
D g

8
:
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Further Insights and Challenges

45. Every limit asx ! 1 can be rewritten as a one-sided limit ast ! 0C, wheret D x�1. Settingg.t/ D f .t�1/, we have

lim
x!1 f .x/ D lim

t!0C
g.t/

Show that lim
x!1

3x2 � x
2x2 C 5

D lim
t!0C

3 � t
2C 5t2

, and evaluate using the Quotient Law.

SOLUTION Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

3x2 � x

2x2 C 5
D 3t�2 � t�1

2t�2 C 5
D 3 � t
2C 5t2

:

Thus,

lim
x!1

3x2 � x

2x2 C 5
D lim
t!0C

3 � t

2C 5t2
D 3

2
:

46. Rewrite the following as one-sided limits as in Exercise 45 and evaluate.

(a) lim
x!1

3 � 12x3

4x3 C 3x C 1
(b) lim

x!1
e1=x

(c) lim
x!1

x sin
1

x
(d) lim

x!1
ln
�
x C 1

x � 1

�

SOLUTION

(a) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

3 � 12x3

4x3 C 3x C 1
D 3 � 12t�3

4t�3 C 3t�1 C 1
D 3t3 � 12

4C 3t2 C t3
:

Thus,

lim
x!1

3 � 12x3

4x3 C 3x C 1
D lim
t!0C

3t3 � 12

4C 3t2 C t3
D �12

4
D �3:

(b) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, ande1=x D et . Thus,

lim
x!1

e1=x D lim
t!0C

et D e0 D 1:

(c) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

x sin
1

x
D 1

t
sin t D sint

t
:

Thus,

lim
x!1

x sin
1

x
D lim
t!0C

sint

t
D 1:

(d) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

x C 1

x � 1
D t�1 C 1

t�1 � 1
D 1C t

1 � t
:

Thus,

lim
x!1

ln

�
x C 1

x � 1

�
D lim
t!0C

ln

�
1C t

1 � t

�
D ln1 D 0:

47. LetG.b/ D lim
x!1

.1C bx/1=x for b � 0. InvestigateG.b/ numerically and graphically forb D 0:2, 0:8, 2, 3, 5 (and additional

values if necessary). Then make a conjecture for the value ofG.b/ as a function ofb. Draw a graph ofy D G.b/. DoesG.b/ appear
to be continuous? We will evaluateG.b/ using L’Hôpital’s Rule in Section 4.5 (see Exercise 69 in Section 4.5).

SOLUTION

� b D 0:2:

x 5 10 50 100

f .x/ 1.000064 1.000000 1.000000 1.000000
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It appears thatG.0:2/ D 1.
� b D 0:8:

x 5 10 50 100

f .x/ 1.058324 1.010251 1.000000 1.000000

It appears thatG.0:8/ D 1.
� b D 2:

x 5 10 50 100

f .x/ 2.012347 2.000195 2.000000 2.000000

It appears thatG.2/ D 2.
� b D 3:

x 5 10 50 100

f .x/ 3.002465 3.000005 3.000000 3.000000

It appears thatG.3/ D 3.
� b D 5:

x 5 10 50 100

f .x/ 5.000320 5.000000 5.000000 5.000000

It appears thatG.5/ D 5.

Based on these observations we conjecture thatG.b/ D 1 if 0 � b � 1 andG.b/ D b for b > 1. The graph ofy D G.b/ is shown
below; the graph does appear to be continuous.

1

0
0 1 2 3 4

2

3

4

y

x

2.8 Intermediate Value Theorem

Preliminary Questions
1. Prove thatf .x/ D x2 takes on the value 0.5 in the intervalŒ0; 1�.

SOLUTION Observe thatf .x/ D x2 is continuous onŒ0; 1� with f .0/ D 0 andf .1/ D 1. Becausef .0/ < 0:5 < f .1/, the
Intermediate Value Theorem guarantees there is ac 2 Œ0; 1� such thatf .c/ D 0:5.

2. The temperature in Vancouver was8ıC at 6AM and rose to20ıC at noon. Which assumption about temperature allows us to
conclude that the temperature was15ıC at some moment of time between 6AM and noon?

SOLUTION We must assume that temperature is a continuous function of time.

3. What is the graphical interpretation of the IVT?

SOLUTION If f is continuous onŒa; b�, then the horizontal liney D k for everyk betweenf .a/ andf .b/ intersects the graph of
y D f .x/ at least once.

4. Show that the following statement is false by drawing a graph that provides a counterexample:

If f .x/ is continuous and has a root inŒa; b�, thenf .a/ andf .b/ have opposite signs.

SOLUTION

f (a)

f (b)

a

y

x
b
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5. Assume thatf .t/ is continuous onŒ1; 5� and thatf .1/ D 20, f .5/ D 100. Determine whether each of the following statements
is always true, never true, or sometimes true.

(a) f .c/ D 3 has a solution withc 2 Œ1; 5�.
(b) f .c/ D 75 has a solution withc 2 Œ1; 5�.
(c) f .c/ D 50 has no solution withc 2 Œ1; 5�.
(d) f .c/ D 30 has exactly one solution withc 2 Œ1; 5�.

SOLUTION

(a) This statement is sometimes true.

(b) This statement is always true.

(c) This statement is never true.

(d) This statement is sometimes true.

Exercises
1. Use the IVT to show thatf .x/ D x3 C x takes on the value 9 for somex in Œ1; 2�.

SOLUTION Observe thatf .1/ D 2 andf .2/ D 10. Sincef is a polynomial, it is continuous everywhere; in particular onŒ1; 2�.
Therefore, by the IVT there is ac 2 Œ1; 2� such thatf .c/ D 9.

2. Show thatg.t/ D t

t C 1
takes on the value 0.499 for somet in Œ0; 1�.

SOLUTION g.0/ D 0 andg.1/ D 1
2 . Sinceg.t/ is continuous for allx ¤ �1, and since0 < 0:4999 < 1

2 , the IVT states that
g.t/ D 0:4999 for somet between0 and1.

3. Show thatg.t/ D t2 tant takes on the value12 for somet in
�
0; �4

�
.

SOLUTION g.0/ D 0 andg.�4 / D �2

16 : g.t/ is continuous for allt between0 and �4 , and0 < 1
2 <

�2

16 ; therefore, by the IVT,

there is ac 2 Œ0; �4 � such thatg.c/ D 1
2 .

4. Show thatf .x/ D x2

x7 C 1
takes on the value 0.4.

SOLUTION f .0/ D 0 < 0:4. f .1/ D 1
2 > 0:4. f .x/ is continuous at all pointsx wherex ¤ �1, thereforef .x/ D 0:4 for some

x between0 and1.

5. Show that cosx D x has a solution in the intervalŒ0; 1�. Hint: Show thatf .x/ D x � cosx has a zero inŒ0; 1�.

SOLUTION Let f .x/ D x � cosx: Observe thatf is continuous withf .0/ D �1 andf .1/ D 1 � cos1 � 0:46. Therefore, by
the IVT there is ac 2 Œ0; 1� such thatf .c/ D c � cosc D 0. Thusc D cosc and hence the equation cosx D x has a solutionc in
Œ0; 1�.

6. Use the IVT to find an interval of length12 containing a root off .x/ D x3 C 2x C 1.

SOLUTION Let f .x/ D x3 C 2x C 1. Observe thatf .�1/ D �2 andf .0/ D 1. Sincef is continuous, we may conclude by the

IVT that f has a root inŒ�1; 0�. Now,f .�1
2 / D �1

8 so f .�1
2 / andf .0/ are of opposite sign. Therefore, the IVT guarantees that

f has a root onŒ�1
2 ; 0�.

In Exercises 7–16, prove using the IVT.

7.
p
c C

p
c C 2 D 3 has a solution.

SOLUTION Letf .x/ D
p
xC

p
x C 2� 3:Note thatf is continuous on

h
1
4 ; 2

i
with f .14 / D

q
1
4 C

q
9
4 � 3 D �1 andf .2/ D

p
2 � 1 � 0:41. Therefore, by the IVT there is ac 2

h
1
4 ; 2

i
such thatf .c/ D

p
c C

p
c C 2 � 3 D 0. Thus

p
c C

p
c C 2 D 3

and hence the equation
p
x C

p
x C 2 D 3 has a solutionc in

h
1
4 ; 2

i
.

8. For all integersn, sinnx D cosx for somex 2 Œ0; ��.
SOLUTION For each integern, let f .x/ D sinnx � cosx. Observe thatf is continuous withf .0/ D �1 andf .�/ D 1.
Therefore, by the IVT there is ac 2 Œ0; �� such thatf .c/ D sinnc � cosc D 0. Thus sinnc D cosc and hence the equation
sinnx D cosx has a solutionc in the intervalŒ0; ��.

9.
p
2 exists.Hint: Considerf .x/ D x2.

SOLUTION Let f .x/ D x2: Observe thatf is continuous withf .1/ D 1 andf .2/ D 4. Therefore, by the IVT there is a

c 2 Œ1; 2� such thatf .c/ D c2 D 2. This proves the existence of
p
2, a number whose square is 2.

10. A positive numberc has annth root for all positive integersn.
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SOLUTION If c D 1, then n
p
c D 1. Now, supposec ¤ 1. Let f .x/ D xn � c, and letb D maxf1; cg. Then, if c > 1,

bn D cn > c, and if c < 1, bn D 1 > c. Sobn > c. Now observe thatf .0/ D �c < 0 andf .b/ D bn � c > 0. Sincef is
continuous onŒ0; b�, by the intermediate value theorem, there is somed 2 Œ0; b� such thatf .d/ D 0. We can refer tod as n

p
c.

11. For all positive integersk, cosx D xk has a solution.

SOLUTION For each positive integerk, let f .x/ D xk � cosx: Observe thatf is continuous on
�
0; �2

�
with f .0/ D �1 and

f .�2 / D
�
�
2

�k
> 0. Therefore, by the IVT there is ac 2

�
0; �2

�
such thatf .c/ D ck � cos.c/ D 0. Thus cosc D ck and hence

the equation cosx D xk has a solutionc in the interval
�
0; �2

�
.

12. 2x D bx has a solution ifb > 2.

SOLUTION Let f .x/ D 2x � bx. Observe thatf is continuous onŒ0; 1� with f .0/ D 1 > 0 andf .1/ D 2� b < 0. Therefore, by
the IVT, there is ac 2 Œ0; 1� such thatf .c/ D 2c � bc D 0.

13. 2x C 3x D 4x has a solution.

SOLUTION Let f .x/ D 2x C 3x � 4x . Observe thatf is continuous onŒ0; 2� with f .0/ D 1 > 0 andf .2/ D �3 < 0. Therefore,
by the IVT, there is ac 2 .0; 2/ such thatf .c/ D 2c C 3c � 4c D 0.

14. cosx D cos�1 x has a solution in.0; 1/.

SOLUTION Let f .x/ D cosx � cos�1 x. Observe thatf is continuous onŒ0; 1� with f .0/ D 1� �
2 < 0 andf .1/ D cos1 � 0 �

0:54 > 0. Therefore, by the IVT, there is ac 2 .0; 1/ such thatf .c/ D cosc � cos�1 c D 0.

15. ex C lnx D 0 has a solution.

SOLUTION Let f .x/ D ex C ln x. Observe thatf is continuous onŒe�2; 1� with f .e�2/ D ee
�2 � 2 < 0 andf .1/ D e > 0.

Therefore, by the IVT, there is ac 2 .e�2; 1/ � .0; 1/ such thatf .c/ D ec C ln c D 0.

16. tan�1 x D cos�1 x has a solution.

SOLUTION Let f .x/ D tan�1 x � cos�1 x. Observe thatf is continuous onŒ0; 1� with f .0/ D tan�1 0 � cos�1 0 D ��
2 < 0

andf .1/ D tan�1 1 � cos�1 1 D �
4 > 0. Therefore, by the IVT, there is ac 2 .0; 1/ such thatf .c/ D tan�1 c � cos�1 c D 0.

17. Carry out three steps of the Bisection Method forf .x/ D 2x � x3 as follows:

(a) Show thatf .x/ has a zero inŒ1; 1:5�.

(b) Show thatf .x/ has a zero inŒ1:25; 1:5�.

(c) Determine whetherŒ1:25; 1:375� or Œ1:375; 1:5� contains a zero.

SOLUTION Note thatf .x/ is continuous for allx.

(a) f .1/ D 1, f .1:5/ D 21:5 � .1:5/3 < 3 � 3:375 < 0. Hence,f .x/ D 0 for somex between1 and1:5.

(b) f .1:25/ � 0:4253 > 0 andf .1:5/ < 0. Hence,f .x/ D 0 for somex between1:25 and1:5.

(c) f .1:375/ � �0:0059. Hence,f .x/ D 0 for somex between 1.25 and 1.375.

18. Figure 1 shows thatf .x/ D x3 � 8x � 1 has a root in the intervalŒ2:75; 3�. Apply the Bisection Method twice to find an
interval of length 116 containing this root.

1 2 3
x

y

FIGURE 1 Graph ofy D x3 � 8x � 1.

SOLUTION Let f .x/ D x3 � 8x � 1: Observe thatf is continuous withf .2:75/ D �2:203125 andf .3/ D 2. Therefore,
by the IVT there is ac 2 Œ2:75; 3� such thatf .c/ D 0. The midpoint of the intervalŒ2:75; 3� is 2.875 andf .2:875/ D �0:236.
Hence,f .x/ D 0 for somex between 2.875 and 3. The midpoint of the intervalŒ2:875; 3� is 2.9375 andf .2:9375/ D 0:84. Thus,
f .x/ D 0 for somex between 2.875 and 2.9375.

19. Find an interval of length14 in Œ1; 2� containing a root of the equationx7 C 3x � 10 D 0.

SOLUTION Let f .x/ D x7 C 3x � 10. Observe thatf is continuous withf .1/ D �6 andf .2/ D 124. Therefore, by the IVT
there is ac 2 Œ1; 2� such thatf .c/ D 0. f .1:5/ � 11:59 > 0, sof .c/ D 0 for somec 2 Œ1; 1:5�. f .1:25/ � �1:48 < 0, and so
f .c/ D 0 for somec 2 Œ1:25; 1:5�. This means thatŒ1:25; 1:5� is an interval of length0:25 containing a root off .x/.

20. Show that tan3 � � 8 tan2 � C 17 tan� � 8 D 0 has a root inŒ0:5; 0:6�. Apply the Bisection Method twice to find an interval
of length 0.025 containing this root.
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SOLUTION Let f .x/ D tan3 � � 8 tan2 � C 17 tan� � 8. Sincef .0:5/ D �0:937387 < 0 andf .0:6/ D 0:206186 > 0, we
conclude thatf .x/ D 0 has a root inŒ0:5; 0:6�. Sincef .0:55/ D �0:35393 < 0 andf .0:6/ > 0, we can conclude thatf .x/ D 0

has a root inŒ0:55; 0:6�. Sincef .0:575/ D �0:0707752 < 0, we can conclude thatf has a root onŒ0:575; 0:6�.

In Exercises 21–24, draw the graph of a functionf .x/ on Œ0; 4� with the given property.

21. Jump discontinuity atx D 2 and does not satisfy the conclusion of the IVT.

SOLUTION The function graphed below has a jump discontinuity atx D 2. Note that whilef .0/ D 2 andf .4/ D 4, there is no
point c in the intervalŒ0; 4� such thatf .c/ D 3. Accordingly, the conclusion of the IVT isnot satisfied.
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22. Jump discontinuity atx D 2 and satisfies the conclusion of the IVT onŒ0; 4�.

SOLUTION The function graphed below has a jump discontinuity atx D 2. Note that for every valueM betweenf .0/ D 2 and
f .4/ D 4, thereis a pointc in the intervalŒ0; 4� such thatf .c/ D M . Accordingly, the conclusion of the IVTis satisfied.
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23. Infinite one-sided limits atx D 2 and does not satisfy the conclusion of the IVT.

SOLUTION The function graphed below has infinite one-sided limits atx D 2. Note that whilef .0/ D 2 andf .4/ D 4, there is
no pointc in the intervalŒ0; 4� such thatf .c/ D 3. Accordingly, the conclusion of the IVT isnot satisfied.
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24. Infinite one-sided limits atx D 2 and satisfies the conclusion of the IVT onŒ0; 4�.

SOLUTION The function graphed below has infinite one-sided limits atx D 2. Note that for every valueM betweenf .0/ D 0

andf .4/ D 4, thereis a pointc in the intervalŒ0; 4� such thatf .c/ D M . Accordingly, the conclusion of the IVTis satisfied.
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25. Can Corollary 2 be applied tof .x/ D x�1 on Œ�1; 1�? Doesf .x/ have any roots?

SOLUTION No, becausef .x/ D x�1 is not continuous onŒ�1; 1�. Even thoughf .�1/ D �1 < 0 andf .1/ D 1 > 0, the
function has no roots betweenx D �1 andx D 1. In fact, this function has no roots at all.

Further Insights and Challenges

26. Take any map and draw a circle on it anywhere (Figure 2). Prove that at any moment in time there exists a pair of diametrically
opposite pointsA andB on that circle corresponding to locations where the temperatures at that moment are equal.Hint: Let � be
an angular coordinate along the circle and letf .�/ be the difference in temperatures at the locations corresponding to� and� C �.

θ

B

A

FIGURE 2 f .�/ is the difference between the temperatures atA andB.

SOLUTION Say the circle has (fixed but arbitrary) radiusr and use polar coordinates with the pole at the center of the circle.
For 0 � � � 2�, let T .�/ be the temperature at the point.r cos�; r sin�/. We assume this temperature varies continuously. For
0 � � � �, definef as the differencef .�/ D T .�/� T .� C �/. Thenf is continuous onŒ0; ��. There are three cases.

� If f .0/ D T .0/ � T .�/ D 0, thenT .0/ D T .�/ and we have found a pair of diametrically opposite points on the circle at
which the temperatures are equal.

� If f .0/ D T .0/� T .�/ > 0, then

f .�/ D T .�/� T .2�/ D T .�/ � T .0/ < 0:

[Note that the angles 0 and2� correspond to the same point,.x; y/ D .r; 0/.] Sincef is continuous onŒ0; ��, we have by the
IVT that f .c/ D T .c/� T .c C �/ D 0 for somec 2 Œ0; ��. Accordingly,T .c/ D T .c C �/ and we have again found a pair
of diametrically opposite points on the circle at which the temperatures are equal.

� If f .0/ D T .0/� T .�/ < 0, then

f .�/ D T .�/� T .2�/ D T .�/ � T .0/ > 0:

Sincef is continuous onŒ0; ��, we have by the IVT thatf .d/ D T .d/ � T .d C �/ D 0 for somed 2 Œ0; ��. Accordingly,
T .d/ D T .d C�/ and once more we have found a pair of diametrically opposite points on the circle at which the temperatures
are equal.

CONCLUSION: There is always a pair of diametrically opposite points on the circle at which the temperatures are equal.

27. Show that iff .x/ is continuous and0 � f .x/ � 1 for 0 � x � 1, thenf .c/ D c for somec in Œ0; 1� (Figure 3).

1

1

y = f (x)

y = x

c
x

y

FIGURE 3 A function satisfying0 � f .x/ � 1 for 0 � x � 1.

SOLUTION If f .0/ D 0, the proof is done withc D 0. We may assume thatf .0/ > 0. Letg.x/ D f .x/� x. g.0/ D f .0/� 0 D
f .0/ > 0. Sincef .x/ is continuous, the Rule of Differences dictates thatg.x/ is continuous. We need to prove thatg.c/ D 0 for
somec 2 Œ0; 1�. Sincef .1/ � 1, g.1/ D f .1/� 1 � 0. If g.1/ D 0, the proof is done withc D 1, so let’s assume thatg.1/ < 0.

We now have a continuous functiong.x/ on the intervalŒ0; 1� such thatg.0/ > 0 andg.1/ < 0. From the IVT, there must be
somec 2 Œ0; 1� so thatg.c/ D 0, sof .c/� c D 0 and sof .c/ D c.

This is a simple case of a very general, useful, and beautiful theorem called theBrouwer fixed point theorem.
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28. Use the IVT to show that iff .x/ is continuous and one-to-one on an intervalŒa; b�, thenf .x/ is either an increasing or a
decreasing function.

SOLUTION Let f .x/ be a continuous, one-to-one function on the intervalŒa; b�. Suppose for sake of contradiction thatf .x/ is
neither increasing nor decreasing onŒa; b�. Now,f .x/ cannot be constant for that would contradict the condition thatf .x/ is one-
to-one. It follows that somewhere onŒa; b�, f .x/ must transition from increasing to decreasing or from decreasing to increasing.
To be specific, supposef .x/ is increasing forx1 < x < x2 and decreasing forx2 < x < x3. Let k be any number between
maxff .x1/; f .x3/g andf .x2/. Becausef .x/ is continuous, the IVT guarantees there exists ac1 2 .x1; x2/ such thatf .c1/ D k;
moreover, there exists ac2 2 .x2; x3/ such thatf .c2/ D k. However, this contradicts the condition thatf .x/ is one-to-one.
A similar analysis for the case whenf .x/ is decreasing forx1 < x < x2 and increasing forx2 < x < x3 again leads to a
contradiction. Therefore,f .x/must either be increasing or decreasing onŒa; b�.

29. Ham Sandwich TheoremFigure 4(A) shows a slice of ham. Prove that for any angle� (0 � � � �), it is possible
to cut the slice in half with a cut of incline� . Hint: The lines of inclination� are given by the equationsy D .tan�/x C b, where
b varies from�1 to 1. Each such line divides the slice into two pieces (one of which may be empty). LetA.b/ be the amount
of ham to the left of the line minus the amount to the right, and letA be the total area of the ham. Show thatA.b/ D �A if b is
sufficiently large andA.b/ D A if b is sufficiently negative. Then use the IVT. This works if� ¤ 0 or �2 . If � D 0, defineA.b/
as the amount of ham above the liney D b minus the amount below. How can you modify the argument to work when� D �

2 (in
which case tan� D 1)?

Cutting a slice of ham
at an angle   .

L(0) = L(  )

L(  )L (    ) 
2

(A) (B) A slice of ham on top
of a slice of bread.

x

y

x

y

FIGURE 4

SOLUTION Let � be such that� ¤ �
2 . For anyb, consider the lineL.�/ drawn at angle� to thex axis starting at.0; b/. This line

has formulay D .tan�/x C b. LetA.b/ be the amount of ham above the line minus that below the line.
LetA > 0 be the area of the ham. We have to accept the following (reasonable) assumptions:

� For low enoughb D b0, the lineL.�/ lies entirely below the ham, so thatA.b0/ D A � 0 D A.
� For high enoughb1, the lineL.�/ lies entirely above the ham, so thatA.b1/ D 0 � A D �A.
� A.b/ is continuous as a function ofb.

Under these assumptions, we seeA.b/ is a continuous function satisfyingA.b0/ > 0 andA.b1/ < 0 for someb0 < b1. By the
IVT, A.b/ D 0 for someb 2 Œb0; b1�.

Suppose that� D �
2 . Let the lineL.c/ be the vertical line through.c; 0/ (x D c). LetA.c/ be the area of ham to the left ofL.c/

minus that to the right ofL.c/. SinceL.0/ lies entirely to the left of the ham,A.0/ D 0 � A D �A. For somec D c1 sufficiently
large,L.c/ lies entirely to the right of the ham, so thatA.c1/ D A � 0 D A. HenceA.c/ is a continuous function ofc such that
A.0/ < 0 andA.c1/ > 0. By the IVT, there is somec 2 Œ0; c1� such thatA.c/ D 0.

30. Figure 4(B) shows a slice of ham on a piece of bread. Prove that it is possible to slice this open-faced sandwich so that
each part has equal amounts of ham and bread.Hint: By Exercise 29, for all0 � � � � there is a lineL.�/ of incline� (which we
assume is unique) that divides the ham into two equal pieces. LetB.�/ denote the amount of bread to the left of (or above)L.�/

minus the amount to the right (or below). Notice thatL.�/ andL.0/ are the same line, butB.�/ D �B.0/ since left and right
get interchanged as the angle moves from0 to �. Assume thatB.�/ is continuous and apply the IVT. (By a further extension of
this argument, one can prove the full “Ham Sandwich Theorem,” which states that if you allow the knife to cut at a slant, then it is
possible to cut a sandwich consisting of a slice of ham and two slices of bread so that all three layers are divided in half.)

SOLUTION For each angle� , 0 � � < �, let L.�/ be the line at angle� to thex-axis that slices the ham exactly in half, as
shown in Figure 4. LetL.0/ D L.�/ be the horizontal line cutting the ham in half, also as shown. For� andL.�/ thus defined, let
B.�/ D the amount of bread to the left ofL.�/ minus that to the right ofL.�/.

To understand this argument, one must understand what we mean by “to the left” or “to the right”. Here, we mean to the left or
right of the line as viewed in the direction� . Imagine you are walking along the line in direction� (directly right if � D 0, directly
left if � D �, etc).

We will further accept the fact thatB is continuous as a function of� , which seems intuitively obvious. We need to prove that
B.c/ D 0 for some anglec.

SinceL.0/ andL.�/ are drawn in opposite direction,B.0/ D �B.�/. If B.0/ > 0, we apply the IVT onŒ0; �� with B.0/ > 0,
B.�/ < 0, andB continuous onŒ0; ��; by IVT, B.c/ D 0 for somec 2 Œ0; ��. On the other hand, ifB.0/ < 0, then we apply the
IVT with B.0/ < 0 andB.�/ > 0. If B.0/ D 0, we are also done;L.0/ is the appropriate line.
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2.9 The Formal Definition of a Limit

Preliminary Questions
1. Given that lim

x!0
cosx D 1, which of the following statements is true?

(a) If jcosx � 1j is very small, thenx is close to0.

(b) There is an� > 0 such thatjxj < 10�5 if 0 < jcosx � 1j < �.
(c) There is aı > 0 such thatjcosx � 1j < 10�5 if 0 < jxj < ı.
(d) There is aı > 0 such thatjcosxj < 10�5 if 0 < jx � 1j < ı.

SOLUTION The true statement is(c): There is aı > 0 such thatjcosx � 1j < 10�5 if 0 < jxj < ı.
2. Suppose it is known that for a given� andı, jf .x/� 2j < � if 0 < jx � 3j < ı. Which of the following statements must also be
true?

(a) jf .x/� 2j < � if 0 < jx � 3j < 2ı
(b) jf .x/� 2j < 2� if 0 < jx � 3j < ı

(c) jf .x/� 2j < �

2
if 0 < jx � 3j < ı

2

(d) jf .x/� 2j < � if 0 < jx � 3j < ı

2

SOLUTION Statements(b) and(d) are true.

Exercises
1. Based on the information conveyed in Figure 1(A), find values ofL, �, andı > 0 such that the following statement holds:

jf .x/� Lj < � if jxj < ı.

3 3.12.9

10

10.4

9.8

x

y

y  = f (x) y  = f (x)

(A) (B)

0.1−0.1

4

4.8

3.5

x

y

FIGURE 1

SOLUTION We see�0:1 < x < 0:1 forces3:5 < f .x/ < 4:8. Rewritten, this means thatjx � 0j < 0:1 implies thatjf .x/� 4j <
0:8. Replacing numbers where appropriate in the definition of the limitjx � cj < ı impliesjf .x/�Lj < �, we getL D 4, � D 0:8,
c D 0, andı D 0:1.

2. Based on the information conveyed in Figure 1(B), find values ofc, L, �, andı > 0 such that the following statement holds:
jf .x/� Lj < � if 0 < jx � cj < ı.
SOLUTION From the shaded region in the graph, we can see that9:8 < f .x/ < 10:4 whenever2:9 < x < 3:1. Rewriting these
double inequalities as absolute value inequalities, we getjf .x/� 10j < 0:4 whenever0 < jx � 3j < 0:1. Replacing numbers
where appropriate in the definition of the limit0 < jx � cj < ı implies jf .x/ � Lj < �, we getL D 10, � D 0:4, c D 3, and
ı D 0:1.

3. Consider lim
x!4

f .x/, wheref .x/ D 8x C 3.

(a) Show thatjf .x/� 35j D 8jx � 4j.
(b) Show that for any� > 0, jf .x/ � 35j < � if 0 < jx � 4j < ı, whereı D �

8 . Explain how this proves rigorously that
lim
x!4

f .x/ D 35.

SOLUTION

(a) jf .x/� 35j D j8x C 3� 35j D j8x � 32j D j8.x � 4/j D 8 jx � 4j. (Remember that the last step is justified because8 > 0).

(b) Let � > 0. Let ı D �=8 and suppose0 < jx � 4j < ı. By part(a), jf .x/� 35j D 8jx � 4j < 8ı. Substitutingı D �=8, we see
jf .x/� 35j < 8�=8 D �. We see that, for any� > 0, we found an appropriateı so that0 < jx � 4j < ı implies jf .x/� 35j < �.
Hence lim

x!4
f .x/ D 35.
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4. Consider lim
x!2

f .x/, wheref .x/ D 4x � 1.

(a) Show thatjf .x/� 7j < 4ı if 0 < jx � 2j < ı.
(b) Find aı such that

jf .x/� 7j < 0:01 if 0 < jx � 2j < ı
(c) Prove rigorously that lim

x!2
f .x/ D 7.

SOLUTION

(a) If 0 < jx � 2j < ı, thenj.4x � 1/ � 7j D 4jx � 2j < 4ı.
(b) If 0 < jx � 2j < ı D 0:0025, thenj.4x � 1/ � 7j D 4jx � 2j < 4ı D 0:01.

(c) Let � > 0 be given. Then whenever0 < jx � 2j < ı D �=4, we havej.4x � 1/ � 7j D 4jx � 2j < 4ı D �. Since� was
arbitrary, we conclude that lim

x!2
.4x � 1/ D 7.

5. Consider lim
x!2

x2 D 4 (refer to Example 2).

(a) Show thatjx2 � 4j < 0:05 if 0 < jx � 2j < 0:01.
(b) Show thatjx2 � 4j < 0:0009 if 0 < jx � 2j < 0:0002.
(c) Find a value ofı such thatjx2 � 4j is less than10�4 if
0 < jx � 2j < ı.

SOLUTION

(a) If 0 < jx � 2j < ı D 0:01, thenjxj < 3 and
ˇ̌
x2 � 4

ˇ̌
D jx � 2jjx C 2j � jx � 2j .jxj C 2/ < 5jx � 2j < 0:05.

(b) If 0 < jx � 2j < ı D 0:0002, thenjxj < 2:0002 and
ˇ̌
ˇx2 � 4

ˇ̌
ˇ D jx � 2jjx C 2j � jx � 2j .jxj C 2/ < 4:0002jx � 2j < 0:00080004 < 0:0009:

(c) Note that
ˇ̌
x2 � 4

ˇ̌
D j.x C 2/.x � 2/j � jx C 2j jx � 2j. Sincejx � 2j can get arbitrarily small, we can requirejx � 2j < 1

so that1 < x < 3. This ensures thatjx C 2j is at most 5. Now we know that
ˇ̌
x2 � 4

ˇ̌
� 5jx � 2j. Let ı D 10�5. Then, if

0 < jx � 2j < ı, we get
ˇ̌
x2 � 4

ˇ̌
� 5jx � 2j < 5 � 10�5 < 10�4 as desired.

6. With regard to the limit lim
x!5

x2 D 25,

(a) Show thatjx2 � 25j < 11jx � 5j if 4 < x < 6. Hint: Write jx2 � 25j D jx C 5j � jx � 5j.
(b) Find aı such thatjx2 � 25j < 10�3 if 0 < jx � 5j < ı.
(c) Give a rigorous proof of the limit by showing thatjx2 � 25j < � if 0 < jx � 5j < ı, whereı is the smaller of �11 and 1.

SOLUTION

(a) If 4 < x < 6, thenjx � 5j < ı D 1 and
ˇ̌
x2 � 25

ˇ̌
D jx � 5jjx C 5j � jx � 5j .jxj C 5/ < 11jx � 5j.

(b) If 0 < jx � 5j < ı D 0:001
11 , thenx < 6 and

ˇ̌
x2 � 25

ˇ̌
D jx � 5jjx C 5j � jx � 5j .jxj C 5/ < 11jx � 5j < 0:001.

(c) Let 0 < jx � 5j < ı D min
˚
1; �11

	
. Sinceı < 1, jx � 5j < ı < 1 implies4 < x < 6. Specifically,x < 6 and

ˇ̌
ˇx2 � 25

ˇ̌
ˇ D jx � 5jjx C 5j � jx � 5j .jxj C 5/ < jx � 5j.6C 5/ D 11jx � 5j:

Sinceı is also less than�=11, we can conclude11jx � 5j < 11.�=11/ D �, thus completing the rigorous proof thatjx2 � 25j < �

if jx � 5j < ı.
7. Refer to Example 3 to find a value ofı > 0 such that

ˇ̌
ˇ̌ 1
x

� 1

3

ˇ̌
ˇ̌ < 10�4 if 0 < jx � 3j < ı

SOLUTION The Example shows that for any� > 0 we have

ˇ̌
ˇ̌ 1
x

� 1

3

ˇ̌
ˇ̌ � � if 0 < jx � 3j < ı

whereı is the smaller of the numbers6� and1. In our case, we may takeı D 6 � 10�4.

8. Use Figure 2 to find a value ofı > 0 such that the following statement holds:
ˇ̌
1=x2 � 1

4

ˇ̌
< � if 0 < jx � 2j < ı for � D 0:03.

Then find a value ofı that works for� D 0:01.
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FIGURE 2

SOLUTION From Figure 2, we see that0:22 < 1
x2 < 0:28 for 1:9 < x < 2:1. Rewriting these expressions using absolute values

yields
ˇ̌
ˇ̌ 1
x2

� 1

4

ˇ̌
ˇ̌ < 0:03

for 0 < jx � 2j < 0:1. Thus, for� D 0:03, we may takeı D 0:1. Additionally, we see that0:24 < 1
x2 < 0:26 for 1:96 < x < 2:04.

Rewriting these expressions using absolute values yields
ˇ̌
ˇ̌ 1
x2

� 1

4

ˇ̌
ˇ̌ < 0:01

for 0 < jx � 2j < 0:04. Thus, for� D 0:01, we may takeı D 0:04.

9. Plotf .x/ D
p
2x � 1 together with the horizontal linesy D 2:9 andy D 3:1. Use this plot to find a value ofı > 0

such thatj
p
2x � 1 � 3j < 0:1 if jx � 5j < ı.

SOLUTION From the plot below, we see thatı D 0:25 will guarantee thatj
p
2x � 1 � 3j < 0:1 wheneverjx � 5j � ı.

4.6 4.8 5 5.2 5.4

2.9

2.8

3

3.1

x

y

10. Plotf .x/ D tanx together with the horizontal linesy D 0:99 andy D 1:01. Use this plot to find a value ofı > 0 such
that jtanx � 1j < 0:01 if

ˇ̌
x � �

4

ˇ̌
< ı.

SOLUTION From the plot below, we see thatı D 0:005 will guarantee thatjtanx � 1j < 0:01 wheneverjx � �
4 j � ı.

0.775

0.98

0.99

1

1.01

1.02

0.78 0.785 0.79 0.795
x

y

11. The numbere has the following property: lim
x!0

ex � 1

x
D 1. Use a plot off .x/ D ex � 1

x
to find a value ofı > 0 such

that jf .x/� 1j < 0:01 if jx � 1j < ı.
SOLUTION From the plot below, we see thatı D 0:02 will guarantee that

ˇ̌
ˇ̌ e
x � 1

x
� 1

ˇ̌
ˇ̌ < 0:01

wheneverjxj < ı.

−0.04 −0.02 0 0.02 0.04
0.97

0.98

0.99

1.00

1.01

1.02

x

y
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12. Let f .x/ D 4

x2 C 1
and � D 0:5. Using a plot off .x/, find a value ofı > 0 such that

ˇ̌
ˇf .x/� 16

5

ˇ̌
ˇ < � for

0 <
ˇ̌
ˇx � 1

2

ˇ̌
ˇ < ı. Repeat for� D 0:2 and 0.1.

SOLUTION From the plot below, we see thatı D 0:18 will guarantee thatjf .x/� 16
5 j < 0:5 whenever0 < jx � 1

2 j < ı.

0.2 0.40.3 0.5 0.6 0.7

2.4

3.8
3.6
3.4
3.2

3
2.8
2.6

x

y

When� D 0:2, we see thatı D 0:075 will guaranteejf .x/ � 16
5 j < � whenever0 < jx � 1

2 j < ı (examine the plot below at the
left); when� D 0:1, ı D 0:035 will guaranteejf .x/� 16

5 j < � whenever0 < jx � 1
2 j < ı (examine the plot below at the right).
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13. Consider lim
x!2

1

x
.

(a) Show that ifjx � 2j < 1, then
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
jx � 2j

(b) Let ı be the smaller of 1 and2�. Prove:
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < � if 0 < jx � 2j < ı

(c) Find aı > 0 such that
ˇ̌
ˇ 1x � 1

2

ˇ̌
ˇ < 0:01 if 0 < jx � 2j < ı.

(d) Prove rigorously that lim
x!2

1

x
D 1

2
.

SOLUTION

(a) Sincejx � 2j < 1, it follows that1 < x < 3, in particular thatx > 1. Becausex > 1, then
1

x
< 1 and

ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌2 � x
2x

ˇ̌
ˇ̌ D jx � 2j

2x
<
1

2
jx � 2j:

(b) Let ı D minf1; 2�g and suppose that0 < jx � 2j < ı. Then by part (a) we have
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
jx � 2j < 1

2
ı <

1

2
� 2� D �:

(c) Chooseı D 0:02. Then

ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
ı D 0:01 by part (b).

(d) Let � > 0 be given. Then whenever0 < jx � 2j < ı D minf1; 2�g, we have
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
ı � �:

Since� was arbitrary, we conclude that lim
x!2

1

x
D 1

2
.

14. Consider lim
x!1

p
x C 3.

(a) Show thatj
p
x C 3� 2j < 1

2 jx � 1j if jx � 1j < 4. Hint: Multiply the inequality byj
p
x C 3C 2j and observe thatj

p
x C 3C

2j > 2.
(b) Find ı > 0 such thatj

p
x C 3 � 2j < 10�4 for 0 < jx � 1j < ı.

(c) Prove rigorously that the limit is equal to 2.
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SOLUTION

(a) jx � 1j < 4 implies that�3 < x < 5. Sincex > �3, then
p
x C 3 is defined (and positive), whence

ˇ̌p
x C 3 � 2

ˇ̌
D
ˇ̌
ˇ̌
ˇ

�p
x C 3 � 2

�

1

�p
x C 3C 2

�
�p
x C 3C 2

�
ˇ̌
ˇ̌
ˇ D jx � 1jp

x C 3C 2
<

jx � 1j
2

:

(b) Chooseı D 0:0002. Then provided0 < jx � 1j < ı, we havex > �3 and therefore

ˇ̌p
x C 3 � 2

ˇ̌
<

jx � 1j
2

<
ı

2
D 0:0001

by part (a).

(c) Let � > 0 be given. Then whenever0 < jx � 1j < ı D minf2�, 4g, we havex > �3 and thus

ˇ̌p
x C 3 � 2

ˇ̌
D
ˇ̌
ˇ̌
ˇ

�p
x C 3 � 2

�

1

�p
x C 3C 2

�
�p
x C 3C 2

�
ˇ̌
ˇ̌
ˇ D jx � 1jp

x C 3C 2
<
2�

2
D �:

Since� was arbitrary, we conclude that lim
x!1

p
x C 3 D 2.

15. Let f .x/ D sinx. Using a calculator, we find:

f
��
4

� 0:1
�

� 0:633; f
��
4

�
� 0:707; f

��
4

C 0:1
�

� 0:774

Use these values and the fact thatf .x/ is increasing on
�
0; �2

�
to justify the statement

ˇ̌
ˇf .x/� f

��
4

�ˇ̌
ˇ < 0:08 if 0 <

ˇ̌
ˇx � �

4

ˇ̌
ˇ < 0:1

Then draw a figure like Figure 3 to illustrate this statement.

SOLUTION Sincef .x/ is increasing on the interval, the threef .x/ values tell us that0:633 � f .x/ � 0:774 for all x between
�
4 � 0:1 and �

4 C 0:1. We may subtractf .�4 / from the inequality forf .x/. This show that, for�4 � 0:1 < x < �
4 C 0:1,

0:633 � f .�4 / � f .x/� f .�4 / � 0:774 � f .�4 /. This means that, if0 < jx � �
4 j < 0:1, then0:633 � 0:707 � f .x/� f .�4 / �

0:774 � 0:707, so�0:074 � f .x/� f .�4 / � 0:067. Then�0:08 < f .x/� f .�4 / < 0:08 follows from this, so0 < jx � �
4 j < 0:1

implies jf .x/� f .�4 /j < 0:08. The figure below illustrates this.

0.25 0.5 0.75 1 1.25 1.5

1

0.8

0.6

0.4

0.2

x

y

16. Adapt the argument in Example 1 to prove rigorously that lim
x!c

.ax C b/ D ac C b, wherea, b, c are arbitrary.

SOLUTION jf .x/� .ac C b/j D j.ax C b/ � .ac C b/j D ja.x � c/j D jaj jx � cj. This says the gap isjaj times as large as
jx � cj. Let � > 0. Let ı D �=jaj. If jx � cj < ı, we getjf .x/� .ac C b/j D jaj jx � cj < jaj�=jaj D �, which is what we had to
prove.

17. Adapt the argument in Example 2 to prove rigorously that lim
x!c

x2 D c2 for all c.

SOLUTION To relate the gap tojx � cj, we take
ˇ̌
ˇx2 � c2

ˇ̌
ˇ D j.x C c/.x � c/j D jx C cj jx � cj :

We chooseı in two steps. First, since we are requiringjx � cj to be small, we requireı < jcj, so thatx lies between0 and2c. This

means thatjx C cj < 3jcj, sojx � cjjx C cj < 3jcjı. Next, we require thatı <
�

3jcj , so

jx � cjjx C cj < �

3jcj3jcj D �;

and we are done.
Therefore, given� > 0, we let

ı D min

�
jcj; �

3jcj

�
:
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Then, forjx � cj < ı, we have

jx2 � c2j D jx � cj jx C cj < 3jcjı < 3jcj �

3jcj D �:

18. Adapt the argument in Example 3 to prove rigorously that lim
x!c

x�1 D 1
c for all c ¤ 0.

SOLUTION Suppose thatc ¤ 0. To relate the gap tojx � cj, we find:

ˇ̌
ˇ̌x�1 � 1

c

ˇ̌
ˇ̌ D

ˇ̌
ˇ c � x
cx

ˇ̌
ˇ D jx � cj

jcxj

Sincejx � cj is required to be small, we may assume from the outset thatjx � cj < jcj=2, so thatx is betweenjcj=2 and3jcj=2.
This forcesjcxj > jcj=2, from which

jx � cj
jcxj <

2

jcj jx � cj:

If ı < �. jcj
2 /,

ˇ̌
ˇ̌x�1 � 1

c

ˇ̌
ˇ̌ < 2

jcj jx � cj < 2

jcj
jcj
2
� D �:

Therefore, given� > 0 we let

ı D min

� jcj
2
; �

� jcj
2

��
:

We have shown thatjx�1 � 1
c j < � if 0 < jx � cj < ı.

In Exercises 19–24, use the formal definition of the limit to prove the statement rigorously.

19. lim
x!4

p
x D 2

SOLUTION Let � > 0 be given. We boundj
p
x � 2j by multiplying

p
x C 2p
x C 2

.

j
p
x � 2j D

ˇ̌
ˇ̌px � 2

�p
x C 2p
x C 2

�ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ x � 4p
x C 2

ˇ̌
ˇ̌ D jx � 4j

ˇ̌
ˇ̌ 1p
x C 2

ˇ̌
ˇ̌ :

We can assumeı < 1, so thatjx � 4j < 1, and hence
p
x C 2 >

p
3C 2 > 3. This gives us

j
p
x � 2j D jx � 4j

ˇ̌
ˇ̌ 1p
x C 2

ˇ̌
ˇ̌ < jx � 4j1

3
:

Let ı D min.1; 3�/. If jx � 4j < ı,

j
p
x � 2j D jx � 4j

ˇ̌
ˇ̌ 1p
x C 2

ˇ̌
ˇ̌ < jx � 4j1

3
< ı

1

3
< 3�

1

3
D �;

thus proving the limit rigorously.

20. lim
x!1

.3x2 C x/ D 4

SOLUTION Let � > 0 be given. We bound
ˇ̌
.3x2 C x/� 4

ˇ̌
using quadratic factoring.

ˇ̌
ˇ.3x2 C x/ � 4

ˇ̌
ˇ D

ˇ̌
ˇ3x2 C x � 4

ˇ̌
ˇ D j.3x C 4/.x � 1/j D jx � 1jj3x C 4j:

Let ı D min.1; �10 /. Sinceı < 1, we getj3x C 4j < 10, so that

ˇ̌
ˇ.3x2 C x/� 4

ˇ̌
ˇ D jx � 1jj3x C 4j < 10jx � 1j:

Sinceı < �
10 , we get

ˇ̌
ˇ.3x2 C x/� 4

ˇ̌
ˇ < 10jx � 1j < 10 �

10
D �:

21. lim
x!1

x3 D 1
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SOLUTION Let � > 0 be given. We bound
ˇ̌
x3 � 1

ˇ̌
by factoring the difference of cubes:

ˇ̌
ˇx3 � 1

ˇ̌
ˇ D

ˇ̌
ˇ.x2 C x C 1/.x � 1/

ˇ̌
ˇ D jx � 1j

ˇ̌
ˇx2 C x C 1

ˇ̌
ˇ :

Let ı D min.1; �7 /, and assumejx � 1j < ı. Sinceı < 1, 0 < x < 2. Sincex2 C x C 1 increases asx increases forx > 0,
x2 C x C 1 < 7 for 0 < x < 2, and so

ˇ̌
ˇx3 � 1

ˇ̌
ˇ D jx � 1j

ˇ̌
ˇx2 C x C 1

ˇ̌
ˇ < 7jx � 1j < 7�

7
D �

and the limit is rigorously proven.

22. lim
x!0

.x2 C x3/ D 0

SOLUTION Let � > 0 be given. Now,

j.x2 C x3/ � 0j D jxj jxj jx C 1j:

Let ı D min.1; 12 �/, and supposejxj < ı. Sinceı < 1, jxj < 1, so�1 < x < 1. This meansj1C xj < 2, so thatjxj jx C 1j < 2.
Thus,

ˇ̌
ˇ.x2 C x3/� 0

ˇ̌
ˇ D jxj jxj jx C 1j < 2jxj < 2 � 1

2
� D �:

and the limit is rigorously proven.

23. lim
x!2

x�2 D 1

4

SOLUTION Let � > 0 be given. First, we boundx�2 � 1
4 :

ˇ̌
ˇ̌x�2 � 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ
4 � x2

4x2

ˇ̌
ˇ̌
ˇ D j2 � xj

ˇ̌
ˇ̌2C x

4x2

ˇ̌
ˇ̌ :

Let ı D min.1; 45 �/, and supposejx � 2j < ı. Sinceı < 1, jx � 2j < 1, so1 < x < 3. This means that4x2 > 4 andj2C xj < 5,

so that
2C x

4x2
< 5
4 . We get:

ˇ̌
ˇ̌x�2 � 1

4

ˇ̌
ˇ̌ D j2 � xj

ˇ̌
ˇ̌2C x

4x2

ˇ̌
ˇ̌ < 5

4
jx � 2j < 5

4
� 4
5
� D �:

and the limit is rigorously proven.

24. lim
x!0

x sin
1

x
D 0

SOLUTION Let � > 0 be given. Letı D �, and assumejx � 0j D jxj < ı. We boundx sin 1x .

ˇ̌
ˇ̌x sin

1

x
� 0

ˇ̌
ˇ̌ D jxj

ˇ̌
ˇ̌sin

1

x

ˇ̌
ˇ̌ < jxj < ı D �:

25. Let f .x/ D x

jxj . Prove rigorously that lim
x!0

f .x/ does not exist.Hint: Show that for anyL, there always exists somex such

that jxj < ı but jf .x/� Lj � 1
2 , no matter how smallı is taken.

SOLUTION LetL be any real number. Letı > 0 be any small positive number. Letx D ı
2 , which satisfiesjxj < ı, andf .x/ D 1.

We consider two cases:

� (jf .x/�Lj � 1
2 ) : we are done.

� (jf .x/�Lj < 1
2 ): This means12 < L <

3
2 . In this case, letx D � ı

2 . f .x/ D �1, and so32 < L � f .x/.

In either case, there exists anx such thatjxj < ı
2 , but jf .x/�Lj � 1

2 .

26. Prove rigorously that lim
x!0

jxj D 0.

SOLUTION Let � > 0 be given and takeı D �. Then, wheneverjxj < ı,

jjxj � 0j D jxj < ı D �;

thus proving the limit rigorously.
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27. Let f .x/ D min.x; x2/, where min.a; b/ is the minimum ofa andb. Prove rigorously that lim
x!1

f .x/ D 1.

SOLUTION Let � > 0 and letı D min.1; �2 /. Then, wheneverjx � 1j < ı, it follows that0 < x < 2. If 1 < x < 2, then
min.x; x2/ D x and

jf .x/� 1j D jx � 1j < ı < �

2
< �:

On the other hand, if0 < x < 1, then min.x; x2/ D x2, jx C 1j < 2 and

jf .x/� 1j D jx2 � 1j D jx � 1j jx C 1j < 2ı < �:

Thus, wheneverjx � 1j < ı, jf .x/� 1j < �.
28. Prove rigorously that lim

x!0
sin 1x does not exist.

SOLUTION Let ı > 0 be a given small positive number, and letL be any real number. We will prove that
ˇ̌
ˇsin 1x �L

ˇ̌
ˇ � 1

2 for

somex such thatjxj < ı.
LetN > 0 be a positive integer large enough so that 2

.4NC1/� < ı. Let

x1 D 2

.4N C 1/�
;

x2 D 2

.4N C 3/�
:

x2 < x1 < ı:

sin
1

x1
D sin

.4N C 1/�

2
D 1 and sin

1

x2
D sin

.4N C 3/�

2
D �1:

If jsin 1
x1

� Lj � 1
2 , we are done. Therefore, let’s assume thatjsin 1

x1
� Lj < 1

2 . �1
2 < sin 1

x1
�L < 1

2 , soL� 1
2 < sin 1

x1
D

1 < L C 1
2 . This meansL > 1

2 , so thatjsin 1
x2

� Lj D j�1 � Lj > 3
2 . In either case, there is anx such thatjxj < ı but

jsin 1x �Lj � 1
2 , so no limitL can exist.

29. First, use the identity

sinx C siny D 2 sin

�
x C y

2

�
cos

�x � y

2

�

to verify the relation

sin.aC h/ � sina D h
sin.h=2/

h=2
cos

�
aC h

2

�
6

Then use the inequality

ˇ̌
ˇ̌sin x
x

ˇ̌
ˇ̌ � 1 for x ¤ 0 to show thatjsin.aC h/ � sinaj < jhj for all a. Finally, prove rigorously that

lim
x!a

sinx D sina.

SOLUTION We first write

sin.aC h/ � sina D sin.aC h/C sin.�a/:

Applying the identity withx D aC h, y D �a, yields:

sin.aC h/ � sina D sin.aC h/C sin.�a/ D 2 sin
�
aC h � a

2

�
cos

�
2a C h

2

�

D 2 sin
�
h

2

�
cos

�
aC h

2

�
D 2

�
h

h

�
sin
�
h

2

�
cos

�
aC h

2

�
D h

sin.h=2/

h=2
cos

�
aC h

2

�
:

Therefore,

jsin.aC h/ � sinaj D jhj
ˇ̌
ˇ̌sin.h=2/

h=2

ˇ̌
ˇ̌
ˇ̌
ˇ̌cos

�
aC h

2

�ˇ̌
ˇ̌ :

Using the fact that

ˇ̌
ˇ̌sin�

�

ˇ̌
ˇ̌ < 1 and thatjcos� j � 1, and making the substitutionh D x � a, we see that this last relation is

equivalent to

jsinx � sinaj < jx � aj:
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Now, to prove the desired limit, let� > 0, and takeı D �. If jx � aj < ı, then

jsinx � sinaj < jx � aj < ı D �;

Therefore, aı was found for arbitrary�, and the proof is complete.

Further Insights and Challenges

30. Uniqueness of the Limit Prove that a function converges to at most one limiting value. In other words, use the limit definition
to prove that if lim

x!c
f .x/ D L1 and lim

x!c
f .x/ D L2, thenL1 D L2.

SOLUTION Let � > 0 be given. Since lim
x!c

f .x/ D L1, there existsı1 such that ifjx � cj < ı1 thenjf .x/�L1j < �. Similarly,

since lim
x!c

f .x/ D L2, there existsı2 such that ifjx � cj < ı2 thenjf .x/� L2j < �. Now let jx � cj < min.ı1; ı2/ and observe

that

jL1 � L2j D jL1 � f .x/C f .x/� L2j

� jL1 � f .x/j C jf .x/� L2j

D jf .x/�L1j C jf .x/� L2j < 2�:

So,jL1 � L2j < 2� for any� > 0. We havejL1 � L2j D lim
�!0

jL1 � L2j < lim
�!0

2� D 0. Therefore,jL1 � L2j D 0 and, hence,

L1 D L2.

In Exercises 31–33, prove the statement using the formal limit definition.

31. The Constant Multiple Law [Theorem 1, part (ii) in Section 2.3, p. 77]

SOLUTION Suppose that lim
x!c

f .x/ D L. We wish to prove that lim
x!c

af .x/ D aL.

Let � > 0 be given.�=jaj is also a positive number. Since lim
x!c

f .x/ D L, we know there is aı > 0 such thatjx � cj < ı forces

jf .x/� Lj < �=jaj. Supposejx � cj < ı. jaf .x/� aLj D jajjf .x/ � aLj < jaj.�=jaj/ D �; so the rule is proven.

32. The Squeeze Theorem. (Theorem 1 in Section 2.6, p. 96)

SOLUTION Proof of the Squeeze Theorem.Suppose that (i) the inequalitiesh.x/ � f .x/ � g.x/ hold for all x near (but not
equal to)a and (ii) lim

x!a
h.x/ D lim

x!a
g.x/ D L. Let � > 0 be given.

� By (i), there exists aı1 > 0 such thath.x/ � f .x/ � g.x/ whenever0 < jx � aj < ı1.
� By (ii), there existı2 > 0 andı3 > 0 such thatjh.x/� Lj < � whenever0 < jx � aj < ı2 andjg.x/ � Lj < � whenever
0 < jx � aj < ı3.

� Chooseı D minfı1; ı2; ı3g. Then whenever0 < jx � aj < ı we haveL � � < h.x/ � f .x/ � g.x/ < L C �; i.e.,
jf .x/� Lj < �. Since� was arbitrary, we conclude that lim

x!a
f .x/ D L.

33. The Product Law [Theorem 1, part (iii) in Section 2.3, p. 77].Hint: Use the identity

f .x/g.x/� LM D .f .x/�L/ g.x/C L.g.x/�M/

SOLUTION Before we can prove the Product Law, we need to establish one preliminary result. We are given that limx!c g.x/ D
M . Consequently, if we set� D 1, then the definition of a limit guarantees the existence of aı1 > 0 such that whenever0 <
jx � cj < ı1, jg.x/ � M j < 1. Applying the inequalityjg.x/j � jM j � jg.x/ �M j, it follows that jg.x/j < 1 C jM j. In other
words, because limx!c g.x/ D M , there exists aı1 > 0 such thatjg.x/j < 1C jM j whenever0 < jx � cj < ı1.

We can now prove the Product Law. Let� > 0. As proven above, because limx!c g.x/ D M , there exists aı1 > 0 such
that jg.x/j < 1 C jM j whenever0 < jx � cj < ı1. Furthermore, by the definition of a limit, limx!c g.x/ D M implies there
exists aı2 > 0 such thatjg.x/ � M j < �

2.1CjLj/ whenever0 < jx � cj < ı2. We have included the “1C” in the denominator
to avoid division by zero in caseL D 0. The reason for including the factor of 2 in the denominator will become clear shortly.
Finally, because limx!c f .x/ D L, there exists aı3 > 0 such thatjf .x/� Lj < �

2.1CjM j/ whenever0 < jx � cj < ı3. Now, let

ı D min.ı1; ı2; ı3/. Then, for allx satisfying0 < jx � cj < ı, we have

jf .x/g.x/� LM j D j.f .x/�L/g.x/C L.g.x/�M/j

� jf .x/�Lj jg.x/j C jLj jg.x/�M j

<
�

2.1C jM j/ .1C jM j/C jLj �

2.1C jLj/

<
�

2
C �

2
D �:

Hence,

lim
x!c

f .x/g.x/D LM D lim
x!c

f .x/ � lim
x!c

g.x/:
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34. Let f .x/ D 1 if x is rational andf .x/ D 0 if x is irrational. Prove that lim
x!c

f .x/ does not exist for anyc.

SOLUTION Let c be any number, and letı > 0 be an arbitrary small number. We will prove that there is anx such thatjx � cj < ı,
but jf .x/� f .c/j > 1

2 . c must be either irrational or rational. Ifc is rational, thenf .c/ D 1. Since the irrational numbers are dense,
there is at least one irrational numberz such thatjz � cj < ı. jf .z/ � f .c/j D 1 > 1

2 , so the function is discontinuous atx D c.
On the other hand, ifc is irrational, then there is arational numberq such thatjq � cj < ı. jf .q/� f .c/j D j1 � 0j D 1 > 1

2 , so
the function is discontinuous atx D c.

35. Here is a function with strange continuity properties:

f .x/ D

8
<̂

:̂

1

q

if x is the rational numberp=q in
lowest terms

0 if x is an irrational number

(a) Show thatf .x/ is discontinuous atc if c is rational.Hint: There exist irrational numbers arbitrarily close toc.
(b) Show thatf .x/ is continuous atc if c is irrational.Hint: Let I be the intervalfx W jx � cj < 1g. Show that for anyQ > 0, I
contains at most finitely many fractionsp=q with q < Q. Conclude that there is aı such that all fractions infx W jx � cj < ıg have
a denominator larger thanQ.

SOLUTION

(a) Let c be any rational number and suppose that, in lowest terms,c D p=q, wherep andq are integers. To prove the discontinuity
of f at c, we must show there is an� > 0 such that for anyı > 0 there is anx for which jx � cj < ı, but thatjf .x/� f .c/j > �.
Let � D 1

2q and ı > 0. Since there is at least one irrational number between any two distinct real numbers, there is some irrational

x betweenc andc C ı. Hence,jx � cj < ı, but jf .x/� f .c/j D j0 � 1
q j D 1

q >
1
2q D �.

(b) Let c be irrational, let� > 0 be given, and letN > 0 be a prime integer sufficiently large so that1
N
< �. Let p1

q1
; : : : ;

pm

qm
be

all rational numberspq in lowest terms such thatjpq � cj < 1 andq < N . SinceN is finite, this is a finite list; hence, one number
pi
qi

in the list must be closest toc. Let ı D 1
2 jpi
qi

� cj. By construction,jpi
qi

� cj > ı for all i D 1 : : : m. Therefore, for any rational

numberpq such thatjpq � cj < ı, q > N , so 1q <
1
N
< �.

Therefore, for anyrational numberx such thatjx � cj < ı, jf .x/ � f .c/j < �. jf .x/ � f .c/j D 0 for any irrational number
x, sojx � cj < ı implies thatjf .x/� f .c/j < � for any numberx.

CHAPTER REVIEW EXERCISES

1. The position of a particle at timet (s) iss.t/ D
p
t2 C 1 m. Compute its average velocity overŒ2; 5� and estimate its instanta-

neous velocity att D 2.

SOLUTION Let s.t/ D
p
t2 C 1. The average velocity overŒ2; 5� is

s.5/ � s.2/
5 � 2 D

p
26 �

p
5

3
� 0:954 m/s:

From the data in the table below, we estimate that the instantaneous velocity att D 2 is approximately0:894 m/s.

interval Œ1:9; 2� Œ1:99; 2� Œ1:999; 2� Œ2; 2:001� Œ2; 2:01� Œ2; 2:1�

average ROC 0.889769 0.893978 0.894382 0.894472 0.894873 0.898727

2. The “wellhead” pricep of natural gas in the United States (in dollars per 1000 ft3) on the first day of each month in 2008 is
listed in the table below.

J F M A M J

6.99 7.55 8.29 8.94 9.81 10.82

J A S O N D

10.62 8.32 7.27 6.36 5.97 5.87

Compute the average rate of change ofp (in dollars per 1000 ft3 per month) over the quarterly periods January–March, April–June,
and July–September.

SOLUTION To determine the average rate of change in price over the first quarter, divide the difference between the April and
January prices by the three-month duration of the quarter. This yields

8:94 � 6:99
3

D 0:65 dollars per 1000 ft3 per month:
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In a similar manner, we calculate the average rates of change for the second and third quarters of the year to be

10:62 � 8:94

3
D 0:56 dollars per 1000 ft3 per month:

and

6:36 � 10:62

3
D �1:42 dollars per 1000 ft3 per month:

3. For a whole numbern, let P.n/ be the number ofpartitions of n, that is, the number of ways of writingn as a sum of one
or more whole numbers. For example,P.4/ D 5 since the number4 can be partitioned in five different ways:4, 3 C 1, 2 C 2,
2 C 1 C 1, and1 C 1 C 1 C 1. TreatingP.n/ as a continuous function, use Figure 1 to estimate the rate of change ofP.n/ at
n D 12.

n

P(n)

14121086420
0

40

80

120

160

FIGURE 1 Graph ofP.n/.

SOLUTION The tangent line drawn in the figure appears to pass through the points.15; 140/ and.10:5; 40/. We therefore estimate
that the rate of change ofP.n/ atn D 12 is

140 � 40
15 � 10:5

D 100

4:5
D 200

9
:

4. The average velocityv (m/s) of an oxygen molecule in the air at temperatureT (ıC) is v D 25:7
p
273:15 C T . What is the

average speed atT D 25ı (room temperature)? Estimate the rate of change of average velocity with respect to temperature at
T D 25ı. What are the units of this rate?

SOLUTION Let v.T / D 25:7
p
273:15C T . The average velocity atT D 25ıC is

v.25/ D 25:7
p
273:15C 25 � 443:76 m/s:

From the data in the table below, we estimate that the rate of change of velocity with respect to temperature whenT D 25ıC is
0:7442 m/s2.

interval Œ24:9; 25� Œ24:99; 25� Œ24:999; 25� Œ25; 25:001� Œ25; 25:01� Œ25; 25:1�

average ROC 0.744256 0.744199 0.744193 0.744195 0.744187 0.744131

In Exercises 5–10, estimate the limit numerically to two decimal places or state that the limit does not exist.

5. lim
x!0

1 � cos3.x/

x2

SOLUTION Let f .x/ D 1�cos3 x
x2 . The data in the table below suggests that

lim
x!0

1 � cos3 x

x2
� 1:50:

In constructing the table, we take advantage of the fact thatf is an even function.

x ˙0:001 ˙0:01 ˙0:1

f .x/ 1.500000 1.499912 1.491275

(The exact value is32 .)

6. lim
x!1

x1=.x�1/

SOLUTION Let f .x/ D x1=.x�1/. The data in the table below suggests that

lim
x!1

x1=.x�1/ � 2:72:

x 0.9 0.99 0.999 1.001 1.01 1.1

f .x/ 2.867972 2.731999 2.719642 2.716924 2.704814 2.593742

(The exact value ise.)
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7. lim
x!2

xx � 4

x2 � 4

SOLUTION Let f .x/ D xx�4
x2�4 . The data in the table below suggests that

lim
x!2

xx � 4

x2 � 4
� 1:69:

x 1.9 1.99 1.999 2.001 2.01 2.1

f .x/ 1.575461 1.680633 1.691888 1.694408 1.705836 1.828386

(The exact value is1C ln2.)

8. lim
x!2

x � 2

ln.3x � 5/

SOLUTION Let f .x/ D x�2
ln.3x�5/ . The data in the table below suggests that

lim
x!2

x � 2
ln.3x � 5/

� 0:33:

x 1.9 1.99 1.999 2.001 2.01 2.1

f .x/ 0.280367 0.328308 0.332833 0.333833 0.338309 0.381149

(The exact value is1=3.)

9. lim
x!1

�
7

1 � x7
� 3

1 � x3

�

SOLUTION Let f .x/ D
�

7
1�x7 � 3

1�x3

�
. The data in the table below suggests that

lim
x!1

�
7

1 � x7
� 3

1 � x3

�
� 2:00:

x 0.9 0.99 0.999 1.001 1.01 1.1

f .x/ 2.347483 2.033498 2.003335 1.996668 1.966835 1.685059

(The exact value is2.)

10. lim
x!2

3x � 9
5x � 25

SOLUTION Let f .x/ D 3x�9
5x�25 . The data in the table below suggests that

lim
x!2

3x � 9

5x � 25
� 0:246:

x 1.9 1.99 1.999 2.001 2.01 2.1

f .x/ 0.251950 0.246365 0.245801 0.245675 0.245110 0.239403

(The exact value is925
ln3
ln5 .)

In Exercises 11–50, evaluate the limit if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

11. lim
x!4

.3C x1=2/

SOLUTION lim
x!4

.3C x1=2/ D 3C
p
4 D 5.

12. lim
x!1

5� x2

4x C 7

SOLUTION lim
x!1

5 � x2
4x C 7

D 5 � 12

4.1/C 7
D 4

11
.

13. lim
x!�2

4

x3



170 C H A P T E R 2 LIMITS

SOLUTION lim
x!�2

4

x3
D 4

.�2/3
D �1

2
.

14. lim
x!�1

3x2 C 4x C 1

x C 1

SOLUTION lim
x!�1

3x2 C 4x C 1

x C 1
D lim
x!�1

.3x C 1/.x C 1/

x C 1
D lim
x!�1

.3x C 1/ D 3.�1/C 1 D �2.

15. lim
t!9

p
t � 3

t � 9

SOLUTION lim
t!9

p
t � 3

t � 9
D lim
t!9

p
t � 3

.
p
t � 3/.

p
t C 3/

D lim
t!9

1p
t C 3

D 1p
9C 3

D 1

6
.

16. lim
x!3

p
x C 1 � 2

x � 3

SOLUTION

lim
x!3

p
x C 1 � 2

x � 3
D lim
x!3

p
x C 1 � 2

x � 3
�

p
x C 1C 2p
x C 1C 2

D lim
x!3

.x C 1/ � 4

.x � 3/.
p
x C 1C 2/

D lim
x!3

1p
x C 1C 2

D 1p
3C 1C 2

D 1

4
:

17. lim
x!1

x3 � x

x � 1

SOLUTION lim
x!1

x3 � x
x � 1

D lim
x!1

x.x � 1/.x C 1/

x � 1 D lim
x!1

x.x C 1/ D 1.1C 1/ D 2.

18. lim
h!0

2.a C h/2 � 2a2
h

SOLUTION

lim
h!0

2.a C h/2 � 2a2
h

D lim
h!0

2a2 C 4ahC 2h2 � 2a2

h
D lim
h!0

h.4a C 2h/

h
D lim
h!0

.4a C 2h/ D 4aC 2.0/ D 4a:

19. lim
t!9

t � 6p
t � 3

SOLUTION Because the one-sided limits

lim
t!9�

t � 6p
t � 3

D �1 and lim
t!9C

t � 6p
t � 3

D 1;

are not equal, the two-sided limit

lim
t!9

t � 6p
t � 3

does not exist.

20. lim
s!0

1 �
p
s2 C 1

s2

SOLUTION

lim
s!0

1 �
p
s2 C 1

s2
D lim
s!0

1 �
p
s2 C 1

s2
� 1C

p
s2 C 1

1C
p
s2 C 1

D lim
s!0

1 � .s2 C 1/

s2.1C
p
s2 C 1/

D lim
s!0

�1
1C

p
s2 C 1

D �1
1C

p
02 C 1

D �1
2
:

21. lim
x!�1C

1

x C 1

SOLUTION Forx > �1, x C 1 > 0. Therefore,

lim
x!�1C

1

x C 1
D 1:

22. lim
y! 1

3

3y2 C 5y � 2

6y2 � 5y C 1
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SOLUTION

lim
y! 1

3

3y2 C 5y � 2

6y2 � 5y C 1
D lim
y! 1

3

.3y � 1/.y C 2/

.3y � 1/.2y � 1/ D lim
y! 1

3

y C 2

2y � 1 D �7:

23. lim
x!1

x3 � 2x

x � 1
SOLUTION Because the one-sided limits

lim
x!1�

x3 � 2x

x � 1
D 1 and lim

x!1C
x3 � 2x

x � 1
D �1;

are not equal, the two-sided limit

lim
x!1

x3 � 2x
x � 1

does not exist.

24. lim
a!b

a2 � 3ab C 2b2

a � b

SOLUTION lim
a!b

a2 � 3ab C 2b2

a � b D lim
a!b

.a � b/.a � 2b/

a � b
D lim
a!b

.a � 2b/ D b � 2b D �b.

25. lim
x!0

e3x � ex
ex � 1

SOLUTION

lim
x!0

e3x � ex

ex � 1 D lim
x!0

ex.ex � 1/.ex C 1/

ex � 1 D lim
x!0

ex.ex C 1/ D 1 � 2 D 2:

26. lim
�!0

sin5�

�

SOLUTION

lim
�!0

sin5�

�
D 5 lim

�!0

sin5�

5�
D 5.1/ D 5:

27. lim
x!1:5

Œx�

x

SOLUTION lim
x!1:5

Œx�

x
D Œ1:5�

1:5
D 1

1:5
D 2

3
.

28. lim
�! �

4

sec�

SOLUTION

lim
�! �

4

sec� D sec
�

4
D

p
2:

29. lim
z!�3

z C 3

z2 C 4z C 3

SOLUTION

lim
z!�3

z C 3

z2 C 4z C 3
D lim
z!�3

z C 3

.z C 3/.z C 1/
D lim
z!�3

1

z C 1
D �1

2
:

30. lim
x!1

x3 � ax2 C ax � 1

x � 1

SOLUTION Using

x3 � ax2 C ax � 1 D .x � 1/.x2 C x C 1/ � ax.x � 1/ D .x � 1/.x2 C x � ax C 1/

we find

lim
x!1

x3 � ax2 C ax � 1

x � 1
D lim
x!1

.x � 1/.x2 C x � ax C 1/

x � 1
D lim
x!1

.x2 C x � ax C 1/

D 12 C 1 � a.1/C 1 D 3 � a:
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31. lim
x!b

x3 � b3

x � b

SOLUTION lim
x!b

x3 � b3

x � b
D lim
x!b

.x � b/.x2 C xb C b2/

x � b
D lim
x!b

.x2 C xb C b2/ D b2 C b.b/C b2 D 3b2.

32. lim
x!0

sin4x

sin3x

SOLUTION

lim
x!0

sin4x

sin3x
D 4

3
lim
x!0

sin4x

4x
� 3x

sin3x
D 4

3
lim
x!0

sin4x

4x
� lim
x!0

3x

sin3x
D 4

3
.1/.1/ D 4

3
:

33. lim
x!0

�
1

3x
� 1

x.x C 3/

�

SOLUTION lim
x!0

�
1

3x
� 1

x.x C 3/

�
D lim
x!0

.x C 3/ � 3
3x.x C 3/

D lim
x!0

1

3.x C 3/
D 1

3.0C 3/
D 1

9
.

34. lim
�! 1

4

3tan.��/

SOLUTION

lim
�! 1

4

3tan.��/ D 3tan.�=4/ D 31 D 3:

35. lim
x!0�

Œx�

x

SOLUTION Forx sufficiently close to zero but negative,Œx� D �1. Therefore,

lim
x!0�

Œx�

x
D lim
x!0�

�1
x

D 1:

36. lim
x!0C

Œx�

x

SOLUTION Forx sufficiently close to zero but positive,Œx� D 0. Therefore,

lim
x!0C

Œx�

x
D lim
x!0C

0

x
D 0:

37. lim
�! �

2

� sec�

SOLUTION Because the one-sided limits

lim
�! �

2
�
� sec� D 1 and lim

�! �
2

C
� sec� D �1

are not equal, the two-sided limit

lim
�! �

2

� sec� does not exist.

38. lim
y!2

ln
�

sin
�

y

�

SOLUTION

lim
y!2

ln

�
sin

�

y

�
D ln

�
sin

�

2

�
D ln1 D 0:

39. lim
�!0

cos� � 2

�

SOLUTION Because the one-sided limits

lim
�!0�

cos� � 2

�
D 1 and lim

�!0C
cos� � 2

�
D �1

are not equal, the two-sided limit

lim
�!0

cos� � 2

�
does not exist.
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40. lim
x!4:3

1

x � Œx�

SOLUTION lim
x!4:3

1

x � Œx�
D 1

4:3 � Œ4:3�
D 1

0:3
D 10

3
.

41. lim
x!2�

x � 3

x � 2

SOLUTION Forx close to 2 but less than 2,x � 3 < 0 andx � 2 < 0. Therefore,

lim
x!2�

x � 3
x � 2 D 1:

42. lim
t!0

sin2 t

t3

SOLUTION Note that

sin2 t

t3
D sin t

t
� sin t

t
� 1
t
:

As t ! 0, each factor ofsint
t approaches 1; however, the factor1t tends to�1 as t ! 0� and tends to1 as t ! 0C.

Consequently,

lim
t!0�

sin2 t

t3
D �1; lim

t!0C
sin2 t

t3
D 1

and

lim
t!0

sin2 t

t3
does not exist:

43. lim
x!1C

�
1p
x � 1

� 1p
x2 � 1

�

SOLUTION lim
x!1C

�
1p
x � 1

� 1p
x2 � 1

�
D lim
x!1C

p
x C 1 � 1p
x2 � 1

D 1.

44. lim
t!e

p
t.ln t � 1/

SOLUTION

lim
t!e

p
t.ln t � 1/ D lim

t!e

p
t � lim
t!e

.ln t � 1/ D
p
e.lne � 1/ D 0:

45. lim
x! �

2

tanx

SOLUTION Because the one-sided limits

lim
x! �

2
�

tanx D 1 and lim
x! �

2
C

tanx D �1

are not equal, the two-sided limit

lim
x! �

2

tanx does not exist.

46. lim
t!0

cos
1

t

SOLUTION As t ! 0, 1t grows without bound and cos.1t / oscillates faster and faster. Consequently,

lim
t!0

cos
�
1

t

�
does not exist:

The same is true for both one-sided limits.

47. lim
t!0C

p
t cos

1

t
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SOLUTION For t > 0,

�1 � cos

�
1

t

�
� 1;

so

�
p
t �

p
t cos

�
1

t

�
�

p
t :

Because

lim
t!0C

�
p
t D lim

t!0C

p
t D 0;

it follows from the Squeeze Theorem that

lim
t!0C

p
t cos

�
1

t

�
D 0:

48. lim
x!5C

x2 � 24

x2 � 25

SOLUTION Forx close to 5 but larger than 5,x2 � 24 > 0 andx2 � 25 > 0. Therefore,

lim
x!5C

x2 � 24

x2 � 25
D 1:

49. lim
x!0

cosx � 1

sinx

SOLUTION

lim
x!0

cosx � 1

sinx
D lim
x!0

cosx � 1
sinx

� cosx C 1

cosx C 1
D lim
x!0

� sin2 x

sinx.cosx C 1/
D � lim

x!0

sinx

cosx C 1
D � 0

1C 1
D 0:

50. lim
�!0

tan� � sin�

sin3 �

SOLUTION

lim
�!0

tan� � sin�

sin3 �
D lim
�!0

sec� � 1
sin2 �

D lim
�!0

sec� � 1

sin2 �
� sec� C 1

sec� C 1
D lim
�!0

tan2 �

sin2 �.sec� C 1/

D lim
�!0

sec2 �

sec� C 1
D 1

1C 1
D 1

2
:

51. Find the left- and right-hand limits of the functionf .x/ in Figure 2 atx D 0; 2; 4. State whetherf .x/ is left- or right-continuous
(or both) at these points.

x

y

1 3 52 4

1

2

FIGURE 2

SOLUTION According to the graph off .x/,

lim
x!0�

f .x/ D lim
x!0C

f .x/ D 1

lim
x!2�

f .x/ D lim
x!2C

f .x/ D 1

lim
x!4�

f .x/ D �1

lim
x!4C

f .x/ D 1:

The function is both left- and right-continuous atx D 0 and neither left- nor right-continuous atx D 2 andx D 4.
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52. Sketch the graph of a functionf .x/ such that

(a) lim
x!2�

f .x/ D 1; lim
x!2C

f .x/ D 3

(b) lim
x!4

f .x/ exists but does not equalf .4/.

SOLUTION

2

1

3

4

1 2 3 4 5 6

y

x

53. Graphh.x/ and describe the discontinuity:

h.x/ D
(
ex for x � 0

lnx for x > 0

Is h.x/ left- or right-continuous?

SOLUTION The graph ofh.x/ is shown below. Atx D 0, the function has an infinite discontinuity but is left-continuous.

–4 –2 2 4

–1

1

54. Sketch the graph of a functiong.x/ such that

lim
x!�3�

g.x/ D 1; lim
x!�3C

g.x/ D �1; lim
x!4

g.x/ D 1

SOLUTION

x

y

10

5

−5

−10

−2 2 4 6−4

55. Find the points of discontinuity of

g.x/ D

8
<̂

:̂

cos
��x
2

�
for jxj < 1

jx � 1j for jxj � 1

Determine the type of discontinuity and whetherg.x/ is left- or right-continuous.

SOLUTION First note that cos
�
�x
2

�
is continuous for�1 < x < 1 and thatjx � 1j is continuous forx � �1 and forx � 1.

Thus, the only points at whichg.x/might be discontinuous arex D ˙1. At x D 1, we have

lim
x!1�

g.x/ D lim
x!1�

cos
��x
2

�
D cos

��
2

�
D 0

and

lim
x!1C

g.x/ D lim
x!1C

jx � 1j D j1 � 1j D 0;
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so g.x/ is continuous atx D 1. On the other hand, atx D �1,

lim
x!�1C

g.x/ D lim
x!�1C

cos
��x
2

�
D cos

�
��
2

�
D 0

and

lim
x!�1�

g.x/ D lim
x!�1�

jx � 1j D j � 1 � 1j D 2;

sog.x/ has a jump discontinuity atx D �1. Sinceg.�1/ D 2, g.x/ is left-continuous atx D �1.
56. Show thatf .x/ D xesinx is continuous on its domain.

SOLUTION Becauseex and sinx are continuous for all real numbers, their composition,esinx is continuous for all real numbers.
Moreover,x is continuous for all real numbers, so the productxesinx is continuous for all real numbers. Thus,f .x/ D xesinx is
continuous for all real numbers.

57. Find a constantb such thath.x/ is continuous atx D 2, where

h.x/ D
(
x C 1 for jxj < 2
b � x2 for jxj � 2

With this choice ofb, find all points of discontinuity.

SOLUTION To makeh.x/ continuous atx D 2, we must have the two one-sided limits asx approaches 2 be equal. With

lim
x!2�

h.x/ D lim
x!2�

.x C 1/ D 2C 1 D 3

and

lim
x!2C

h.x/ D lim
x!2C

.b � x2/ D b � 4;

it follows that we must chooseb D 7. Becausex C 1 is continuous for�2 < x < 2 and7 � x2 is continuous forx � �2 and for
x � 2, the only possible point of discontinuity isx D �2. At x D �2,

lim
x!�2C

h.x/ D lim
x!�2C

.x C 1/ D �2C 1 D �1

and

lim
x!�2�

h.x/ D lim
x!�2�

.7 � x2/ D 7 � .�2/2 D 3;

soh.x/ has a jump discontinuity atx D �2.

In Exercises 58–63, find the horizontal asymptotes of the function by computing the limits at infinity.

58. f .x/ D 9x2 � 4

2x2 � x
SOLUTION Because

lim
x!1

9x2 � 4

2x2 � x
D lim
x!1

9 � 4=x2

2 � 1=x D 9

2

and

lim
x!�1

9x2 � 4

2x2 � x
D lim
x!�1

9 � 4=x2

2 � 1=x D 9

2
;

it follows that the graph ofy D 9x2 � 4

2x2 � x
has a horizontal asymptote of92 .

59. f .x/ D x2 � 3x4

x � 1
SOLUTION Because

lim
x!1

x2 � 3x4

x � 1
D lim
x!1

1=x2 � 3

1=x3 � 1=x4
D �1

and

lim
x!�1

x2 � 3x4
x � 1

D lim
x!�1

1=x2 � 3

1=x3 � 1=x4
D 1;

it follows that the graph ofy D x2 � 3x4

x � 1
does not have any horizontal asymptotes.
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60. f .u/ D 8u � 3p
16u2 C 6

SOLUTION Because

lim
u!1

8u � 3p
16u2 C 6

D lim
u!1

8� 3=up
16C 6=u2

D 8p
16

D 2

and

lim
u!�1

8u � 3p
16u2 C 6

D lim
u!�1

8 � 3=u
�
p
16C 6=u2

D 8

�
p
16

D �2;

it follows that the graph ofy D 8u � 3p
16u2 C 6

has horizontal asymptotes ofy D ˙2.

61. f .u/ D 2u2 � 1p
6C u4

SOLUTION Because

lim
u!1

2u2 � 1p
6C u4

D lim
u!1

2 � 1=u2p
6=u4 C 1

D 2p
1

D 2

and

lim
u!�1

2u2 � 1p
6C u4

D lim
u!�1

2 � 1=u2p
6=u4 C 1

D 2p
1

D 2;

it follows that the graph ofy D 2u2 � 1p
6C u4

has a horizontal asymptote ofy D 2.

62. f .x/ D 3x2=3 C 9x3=7

7x4=5 � 4x�1=3

SOLUTION Because

lim
x!1

3x2=3 C 9x3=7

7x4=5 � 4x�1=3 D lim
x!1

3x�2=15 C 9x�13=35

7 � x�17=15 D 0

and

lim
x!�1

3x2=3 C 9x3=7

7x4=5 � 4x�1=3 D lim
x!�1

3x�2=15 C 9x�13=35

7 � x�17=15 D 0;

it follows that the graph ofy D 3x2=3 C 9x3=7

7x4=5 � 4x�1=3 has a horizontal asymptote ofy D 0.

63. f .t/ D t1=3 � t�1=3

.t � t�1/1=3

SOLUTION Because

lim
t!1

t1=3 � t�1=3

.t � t�1/1=3
D lim
t!1

1 � t�2=3

.1� t�2/1=3
D 1

11=3
D 1

and

lim
t!�1

t1=3 � t�1=3

.t � t�1/1=3
D lim
t!�1

1 � t�2=3

.1 � t�2/1=3
D 1

11=3
D 1;

it follows that the graph ofy D t1=3 � t�1=3

.t � t�1/1=3
has a horizontal asymptote ofy D 1.

64. Calculate (a)–(d), assuming that

lim
x!3

f .x/ D 6; lim
x!3

g.x/ D 4

(a) lim
x!3

.f .x/� 2g.x// (b) lim
x!3

x2f .x/

(c) lim
x!3

f .x/

g.x/C x
(d) lim

x!3
.2g.x/3 � g.x/3=2/
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SOLUTION

(a) lim
x!3

.f .x/� 2g.x// D lim
x!3

f .x/� 2 lim
x!3

g.x/ D 6 � 2.4/ D �2.

(b) lim
x!3

x2f .x/ D lim
x!3

x2 � lim
x!3

f .x/ D 32 � 6 D 54.

(c) lim
x!3

f .x/

g.x/C x
D limx!3 f .x/

limx!3.g.x/C x/
D 6

limx!3 g.x/C limx!3 x
D 6

4C 3
D 6

7
.

(d) lim
x!3

.2g.x/3 � g.x/3=2/ D 2

�
lim
x!3

g.x/

�3
�
�

lim
x!3

g.x/

�3=2
D 2.4/3 � 43=2 D 120.

65. Assume that the following limits exist:

A D lim
x!a

f .x/; B D lim
x!a

g.x/; L D lim
x!a

f .x/

g.x/

Prove that ifL D 1, thenA D B. Hint: You cannot use the Quotient Law ifB D 0, so apply the Product Law toL andB instead.

SOLUTION Suppose the limitsA, B, andL all exist andL D 1. Then

B D B � 1 D B � L D lim
x!a

g.x/ � lim
x!a

f .x/

g.x/
D lim
x!a

g.x/
f .x/

g.x/
D lim
x!a

f .x/ D A:

66. Defineg.t/ D .1C 21=t /�1 for t ¤ 0. How shouldg.0/ be defined to makeg.t/ left-continuous att D 0?

SOLUTION Because

lim
t!0�

.1C 21=t /�1 D
�

lim
t!0�

.1C 21=t /

��1
D 1�1 D 1;

we should defineg.0/ D 1 to makeg.t/ left-continuous att D 0.

67. In the notation of Exercise 65, give an example whereL exists but neitherA norB exists.

SOLUTION Suppose

f .x/ D 1

.x � a/3
and g.x/ D 1

.x � a/5
:

Then, neitherA norB exists, but

L D lim
x!a

.x � a/�3

.x � a/�5
D lim
x!a

.x � a/2 D 0:

68. True or false?
(a) If lim

x!3
f .x/ exists, then lim

x!3
f .x/ D f .3/.

(b) If lim
x!0

f .x/

x
D 1, thenf .0/ D 0.

(c) If lim
x!�7

f .x/ D 8, then lim
x!�7

1

f .x/
D 1

8
.

(d) If lim
x!5C

f .x/ D 4 and lim
x!5�

f .x/ D 8, then lim
x!5

f .x/ D 6.

(e) If lim
x!0

f .x/

x
D 1, then lim

x!0
f .x/ D 0:

(f) If lim
x!5

f .x/ D 2, then lim
x!5

f .x/3 D 8.

SOLUTION

(a) False. The limit lim
x!3

f .x/may exist and need not equalf .3/. The limit is equal tof .3/ if f .x/ is continuous atx D 3.

(b) False. The value of the limit lim
x!0

f .x/

x
D 1 does not depend on the valuef .0/, sof .0/ can have any value.

(c) True, by the Limit Laws.
(d) False. If the two one-sided limits are not equal, then the two-sided limit does not exist.

(e) True. Apply the Product Law to the functions
f .x/

x
andx.

(f) True, by the Limit Laws.

69. Let f .x/ D x
h
1
x

i
, whereŒx� is the greatest integer function. Show that forx ¤ 0,

1

x
� 1 <

�
1

x

�
� 1

x

Then use the Squeeze Theorem to prove that

lim
x!0

x

�
1

x

�
D 1

Hint: Treat the one-sided limits separately.
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SOLUTION Let y be any real number. From the definition of the greatest integer function, it follows thaty � 1 < Œy� � y, with

equality holding if and only ify is an integer. Ifx ¤ 0, then 1x is a real number, so

1

x
� 1 <

�
1

x

�
� 1

x
:

Upon multiplying this inequality through byx, we find

1 � x < x

�
1

x

�
� 1:

Because

lim
x!0

.1 � x/ D lim
x!0

1 D 1;

it follows from the Squeeze Theorem that

lim
x!0

x

�
1

x

�
D 1:

70. Let r1 andr2 be the roots off .x/ D ax2 � 2x C 20. Observe thatf .x/ “approaches” the linear functionL.x/ D �2x C 20

asa ! 0. Becauser D 10 is the unique root ofL.x/, we might expect one of the roots off .x/ to approach10 asa ! 0 (Figure
3). Prove that the roots can be labeled so that lim

a!0
r1 D 10 and lim

a!0
r2 D 1.

x

y

100 200

Root tending to ∞
as a → 0

Root
near 10

300 400

200

−200
y = −2x + 20

a = 0.002
a = 0.008

FIGURE 3 Graphs off .x/ D ax2 � 2x C 20.

SOLUTION Using the quadratic formula, we find that the roots of the quadratic polynomialf .x/ D ax2 � 2x C 20 are

2˙
p
4 � 80a
2a

D 1˙
p
1 � 20a
a

D 20

1˙
p
1 � 20a

:

Now let

r1 D 20

1C
p
1� 20a

and r2 D 20

1 �
p
1 � 20a

:

It is straightforward to calculate that

lim
a!0

r1 D lim
a!0

20

1C
p
1 � 20a

D 20

2
D 10

and that

lim
a!0

r2 D lim
a!0

20

1 �
p
1 � 20a

D 1

as desired.

71. Use the IVT to prove that the curvesy D x2 andy D cosx intersect.

SOLUTION Let f .x/ D x2 � cosx. Note that any root off .x/ corresponds to a point of intersection between the curvesy D x2

andy D cosx. Now, f .x/ is continuous over the intervalŒ0; �2 �, f .0/ D �1 < 0 andf .�2 / D �2

4 > 0. Therefore, by the
Intermediate Value Theorem, there exists ac 2 .0; �2 / such thatf .c/ D 0; consequently, the curvesy D x2 andy D cosx
intersect.

72. Use the IVT to prove thatf .x/ D x3 � x2 C 2

cosx C 2
has a root in the intervalŒ0; 2�.

SOLUTION Let f .x/ D x3 � x2C2
cosxC2 . Because cosx C 2 is never zero,f .x/ is continuous for all real numbers. Because

f .0/ D �2
3
< 0 and f .2/ D 8 � 6

cos2C 2
� 4:21 > 0;

the Intermediate Value Theorem guarantees there exists ac 2 .0; 2/ such thatf .c/ D 0.



180 C H A P T E R 2 LIMITS

73. Use the IVT to show thate�x2 D x has a solution on.0; 1/.

SOLUTION Letf .x/ D e�x2 � x. Observe thatf is continuous onŒ0; 1�with f .0/ D e0 � 0 D 1 > 0 andf .1/ D e�1 � 1 < 0.
Therefore, the IVT guarantees there exists ac 2 .0; 1/ such thatf .c/ D e�c2 � c D 0.

74. Use the Bisection Method to locate a solution ofx2 � 7 D 0 to two decimal places.

SOLUTION Let f .x/ D x2 � 7. By trial and error, we find thatf .2:6/ D �0:24 < 0 andf .2:7/ D 0:29 > 0. Becausef .x/
is continuous onŒ2:6; 2:7�, it follows from the Intermediate Value Theorem thatf .x/ has a root on.2:6; 2:7/. We approximate the
root by the midpoint of the interval:x D 2:65. Now,f .2:65/ D 0:0225 > 0. Becausef .2:6/ andf .2:65/ are of opposite sign, the
root must lie on.2:6; 2:65/. The midpoint of this interval isx D 2:625 andf .2:625/ < 0; hence, the root must be on the interval
.2:625; 2:65/. Continuing in this fashion, we construct the following sequence of intervals and midpoints.

interval midpoint

.2:625; 2:65/ 2.6375
.2:6375; 2:65/ 2.64375
.2:64375; 2:65/ 2.646875

.2:64375; 2:646875/ 2.6453125
.2:6453125; 2:646875/ 2.64609375

At this point, we note that, to two decimal places, one root ofx2 � 7 D 0 is 2.65.

75. Give an example of a (discontinuous) function that does not satisfy the conclusion of the IVT onŒ�1; 1�. Then show
that the function

f .x/ D

8
<
:

sin
1

x
x ¤ 0

0 x D 0

satisfies the conclusion of the IVT on every intervalŒ�a; a�, even thoughf is discontinuous atx D 0.

SOLUTION Let g.x/ D Œx�. This function is discontinuous onŒ�1; 1� with g.�1/ D �1 andg.1/ D 1. For allc ¤ 0, there is no
x such thatg.x/ D c; thus,g.x/ does not satisfy the conclusion of the Intermediate Value Theorem onŒ�1; 1�.

Now, let

f .x/ D
(

sin
�
1
x

�
for x ¤ 0

0 for x D 0

and leta > 0. On the interval

x 2
�

a

2C 2�a
;
a

2

�
� Œ�a; a�;

1
x runs from2

a to 2
a C 2�, so the sine function covers one full period and clearly takes on every value from� sina through sina.

76. Let f .x/ D 1

x C 2
.

(a) Show that
ˇ̌
ˇf .x/� 1

4

ˇ̌
ˇ < jx � 2j

12
if jx � 2j < 1. Hint: Observe thatj4.x C 2/j > 12 if jx � 2j < 1.

(b) Find ı > 0 such that
ˇ̌
ˇf .x/� 1

4

ˇ̌
ˇ < 0:01 for jx � 2j < ı.

(c) Prove rigorously that lim
x!2

f .x/ D 1
4 .

SOLUTION

(a) Let f .x/ D 1
xC2 . Then

ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ 1

x C 2
� 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌4 � .x C 2/

4.x C 2/

ˇ̌
ˇ̌ D jx � 2j

j4.x C 2/j :

If jx � 2j < 1, then1 < x < 3, so3 < x C 2 < 5 and12 < 4.x C 2/ < 20. Hence,

1

j4.x C 2/j <
1

12
and

ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ < jx � 2j

12
:

(b) If jx � 2j < ı, then by part (a),
ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ < ı

12
:

Choosingı D 0:12 will then guarantee thatjf .x/� 1
4 j < 0:01.
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(c) Let � > 0 and takeı D minf1; 12�g. Then, wheneverjx � 2j < ı,
ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ 1

x C 2
� 1

4

ˇ̌
ˇ̌ D j2 � xj

4jx C 2j � jx � 2j
12

<
ı

12
D �:

77. Plot the functionf .x/ D x1=3. Use the zoom feature to find aı > 0 such thatjx1=3 � 2j < 0:05 for jx � 8j < ı.

SOLUTION The graphs ofy D f .x/ D x1=3 and the horizontal linesy D 1:95 andy D 2:05 are shown below. From this plot,

we see thatı D 0:55 guarantees thatjx1=3 � 2j < 0:05 wheneverjx � 8j < ı.

7 7.5 8 8.5

1.95

1.9

2

2.05

x

y

78. Use the fact thatf .x/ D 2x is increasing to find a value ofı such thatj2x � 8j < 0:001 if jx � 2j < ı. Hint: Find c1 andc2
such that7:999 < f .c1/ < f .c2/ < 8:001.

SOLUTION From the graph below, we see that

7:999 < f .2:99985/ < f .3:00015/ < 8:001:

Thus, withı D 0:00015, it follows thatj2x � 8j < 0:001 if jx � 3j < ı.

2.9996

7.997

7.998

7.999

8

8.001

8.002

2.9998 3 3.0002 3.0004

79. Prove rigorously that lim
x!�1

.4C 8x/ D �4.

SOLUTION Let � > 0 and takeı D �=8. Then, wheneverjx � .�1/j D jx C 1j < ı,

jf .x/� .�4/j D j4C 8x C 4j D 8jx C 1j < 8ı D �:

80. Prove rigorously that lim
x!3

.x2 � x/ D 6.

SOLUTION Let � > 0 and takeı D minf1; �=6g. Becauseı � 1, jx � 3j < ı guaranteesjx C 2j < 6. Therefore, whenever
jx � 3j < ı,

jf .x/� 6j D jx2 � x � 6j D jx � 3j jx C 2j < 6jx � 3j < 6ı � �:
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Chapter 2: Limits 

Preparing for the AP Exam Solutions 
 

 
Multiple Choice Questions 

 

1)   B  2)   A  3)   C  4)   D  5)   E  6)   B 

7)   E  8)   B  9)   C  10)   A  11)   C  12)   A 

13)   D  14)   C  15)   B  16)   B  17)   D  18)   E 

19)   E  20)   B 

 

 

Free Response Questions 

1. a)   
23

8
)

2

3

2
(

1
)

2
(

1

)
2

3
(

1

22

3

)
2

()
2

3
(






















 ff
 

b)  1)(lim
0




xf
x

 

c) No, 1)(lim
0




xf
x

, so neither the left-hand limit nor the right hand limit is infinite, which is needed for the 

graph to have a vertical asymptote. 

d) We know 1sin1  x , so if ,0x  then ,
1sin1

xx

x

x



 and since

xx xx

1
lim0

1
lim





, the Squeeze 

Theorem implies .0
sin

lim 
 x

x

x
  This means the line y = 0 is a horizontal asymptote. 

 

POINTS: 

(a) (2 pts) 1) change in y; 1) answer 

(b) (1 pt) 

(c) (3 pts) 1) “no”; 1) mentioning finite limit; 1) mentioning need for infinite limit 

(d) (3 pts)  1) 
1 sin 1x

x x x


  ; 1)  

xx xx

1
lim0

1
lim





; 1) conclusion 

 

 

2.  a)   The function )(xf
25

107
2

2





x

xx
 is discontinuous at x = 5 and x = –5.   First,  

25

107
lim

2

2

5 



 x

xx

x
 = 

)5)(5(

)2)(5(
lim

5 



 xx

xx

x
 = 

)5(

)2(
lim

5 



 x

x

x
 = 

10

3
. Thus the line  x = 5  is not a vertical asymptote. Next, 

25

107
lim

2

2

5 


 x

xx

x
 = 

5

2
lim

5 


 x

x

x
 =     Thus the line x = –5 is a vertical asymptote. 

 

b)  
25

107
lim

2

2





 x

xx

x
 = 1, so the line y = 1 is a horizontal asymptote. Also 

25

107
lim

2

2





 x

xx

x
 = 1, so the line 

y = 1 is the only horizontal asymptote. 

c) Yes, since 
10

3
)(lim

5



xf

x
, we can let A = 

10

3
. 
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d) No, since )(lim
5

xf
x 

 does not exist, there is no possible value for B. 

 

POINTS: 

(a) (4 pts) 1) “no” for x = 5; 1) Limit is 
10

3
; 1) “yes” for x = –5; 1) infinite limit 

(b) (3 pts) 1) y = 1; 1) Limit at  . 1) Limit at  . 

(c) (1pt)  A = 
10

3
 

(d) (1 pt)  No limit. 

 

 

3. a)  Since 10)(5  xf , if x > 0 then xxxfx 10)(5  . Thus by the Squeeze Theorem )(lim
0

xxf
x 

 = 

0. Next, if x < 0, then   xxxfx 10)(5  . Applying the Squeeze Theorem again, 0)(lim
0




xxf
x

. Thus 

0)(lim)(lim
00




xgxxf
xx

.  Checking the functional value, we have 030)0( g .  Thus 

)0()(lim
0

gxg
x




, so g is continuous at x = 0.  

b) No.  )(lim
)(

lim
0

0)(
lim

000
xf

x

xxf

x

xg

xxx 





, which does not exist. 

POINTS: 

(a) (6 pts) 1) 0)0( g ; 1) if x > 0 then xxxfx 10)(5  ; 1) )(lim
0

xxf
x 

 = 0;  

if x < 0, then xxxfx 10)(5  ; 1) 0)(lim
0




xxf
x

; 1) 0)(lim
0




xg
x

 

(b) (3 pts) 1) Considers 
0

0)(
lim

0 



 x

xg

x
; 1) )(lim

0

0)(
lim

00
xf

x

xg

xx 





; 1) Answer 

 

 

 

4. a) First, 2)6(lim)(lim
44


 

xxf
xx

. Next 282lim)(lim 33

44


 
xxf

xx
. 

       So 2)(lim
4




xf
x

. Also f(4) = 2, which means f is continuous at x = 4.  

b)  50
004.

2.

004.

008.

0004.

)0()004(. 3




 ff
 

 

c) No, 
3/2

3

0

3

00

2
lim

2
lim

0

)0()(
lim

xx

x

x

fxf

xxx 





 does not exist. 

        

POINTS: 

(a) ( 5 pts) 1) 2)6(lim
4




x
x

; 1) 22lim 3

4



x

x
; 1) 2)(lim

4



xf

x
; 1) f(4) = 2; 1) Answer 

(b) (1 pt) 

(c) (3 pts) 1) Considers 
0

)0()(
lim

0 



 x

fxf

x
; 1) 

x

x

x

3

0

2
lim


; 1) 
3/2

3

0

2
lim

xx
 does  not exist. 



3 DIFFERENTIATION

3.1 Definition of the Derivative

Preliminary Questions
1. Which of the lines in Figure 1 are tangent to the curve?

A

B

C

D

FIGURE 1

SOLUTION LinesB andD are tangent to the curve.

2. What are the two ways of writing the difference quotient?

SOLUTION The difference quotient may be written either as

f .x/� f .a/
x � a

or as

f .aC h/ � f .a/
h

:

3. Finda andh such that
f .aC h/ � f .a/

h
is equal to the slope of the secant line between.3; f .3// and.5; f .5//.

SOLUTION With a D 3 andh D 2,
f .aC h/ � f .a/

h
is equal to the slope of the secant line between the points.3; f .3// and

.5; f .5// on the graph off .x/.

4. Which derivative is approximated by
tan
�
�
4 C 0:0001

�
� 1

0:0001
?

SOLUTION
tan.�4 C 0:0001/ � 1

0:0001
is a good approximation to the derivative of the functionf .x/ D tanx atx D �

4 .

5. What do the following quantities represent in terms of the graph off .x/ D sinx?

(a) sin1:3 � sin0:9 (b)
sin1:3 � sin0:9

0:4
(c) f 0.0:9/

SOLUTION Consider the graph ofy D sinx.

(a) The quantity sin1:3 � sin0:9 represents the difference in height between the points.0:9; sin0:9/ and.1:3; sin1:3/.

(b) The quantity
sin1:3 � sin0:9

0:4
represents the slope of the secant line between the points.0:9; sin0:9/ and.1:3; sin1:3/ on the

graph.
(c) The quantityf 0.0:9/ represents the slope of the tangent line to the graph atx D 0:9.

Exercises
1. Let f .x/ D 5x2. Show thatf .3C h/ D 5h2 C 30hC 45. Then show that

f .3C h/ � f .3/

h
D 5hC 30

and computef 0.3/ by taking the limit ash ! 0.

SOLUTION With f .x/ D 5x2, it follows that

f .3C h/ D 5.3C h/2 D 5.9C 6hC h2/ D 45C 30hC 5h2:

Using this result, we find

f .3C h/ � f .3/

h
D 45C 30hC 5h2 � 5 � 9

h
D 45C 30hC 5h2 � 45

h
D 30hC 5h2

h
D 30C 5h:

As h ! 0, 30C 5h ! 30, sof 0.3/ D 30.
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2. Let f .x/ D 2x2 � 3x � 5. Show that the secant line through.2; f .2// and.2C h; f .2C h// has slope2hC 5. Then use this
formula to compute the slope of:

(a) The secant line through.2; f .2// and.3; f .3//
(b) The tangent line atx D 2 (by taking a limit)

SOLUTION The formula for the slope of the secant line is

f .2C h/ � f .2/
2C h � 2 D Œ2.2C h/2 � 3.2C h/ � 5� � .8 � 6 � 5/

h
D 2h2 C 5h

h
D 2hC 5

(a) To find the slope of the secant line through.2; f .2// and.3; f .3//, we takeh D 1, so the slope is2.1/C 5 D 7.
(b) As h ! 0, the slope of the secant line approaches2.0/C 5 D 5. Hence, the slope of the tangent line atx D 2 is 5.

In Exercises 3–6, computef 0.a/ in two ways, using Eq. (1) and Eq. (2).

3. f .x/ D x2 C 9x, a D 0

SOLUTION Let f .x/ D x2 C 9x. Then

f 0.0/ D lim
h!0

f .0C h/� f .0/

h
D lim
h!0

.0C h/2 C 9.0C h/ � 0
h

D lim
h!0

9hC h2

h
D lim
h!0

.9C h/ D 9:

Alternately,

f 0.0/ D lim
x!0

f .x/� f .0/

x � 0
D lim
x!0

x2 C 9x � 0

x
D lim
x!0

.x C 9/ D 9:

4. f .x/ D x2 C 9x, a D 2

SOLUTION Let f .x/ D x2 C 9x. Then

f 0.2/ D lim
h!0

f .2C h/� f .2/

h
D lim
h!0

.2C h/2 C 9.2C h/ � 22
h

D lim
h!0

13hC h2

h
D lim
h!0

.13C h/ D 13:

Alternately,

f 0.2/ D lim
x!2

f .x/� f .2/
x � 2 D lim

x!2

x2 C 9x � .22 C 9.2//

x � 2
D lim
x!2

.x � 2/.x C 11/

x � 2 D lim
x!2

.x C 11/ D 13:

5. f .x/ D 3x2 C 4x C 2, a D �1
SOLUTION Let f .x/ D 3x2 C 4x C 2. Then

f 0.�1/ D lim
h!0

f .�1C h/ � f .�1/
h

D lim
h!0

3.�1C h/2 C 4.�1C h/C 2 � 1

h

D lim
h!0

3h2 � 2h

h
D lim
h!0

.3h � 2/ D �2:

Alternately,

f 0.�1/ D lim
x!�1

f .x/� f .�1/
x � .�1/ D lim

x!�1
3x2 C 4x C 2 � 1

x C 1

D lim
x!�1

.3x C 1/.x C 1/

x C 1
D lim
x!�1

.3x C 1/ D �2:

6. f .x/ D x3, a D 2

SOLUTION Let f .x/ D x3. Then

f 0.2/ D lim
h!0

f .2C h/ � f .2/
h

D lim
h!0

.2C h/3 � 8
h

D lim
h!0

8C 12hC 6h2 C h3 � 8

h
D lim
h!0

.12C 6hC h2/ D 12:

Alternately,

f 0.2/ D lim
x!2

f .x/� f .2/

x � 2
D lim
x!2

x3 � 8

x � 2

D lim
x!2

.x � 2/.x2 C 2x C 4/

x � 2
D lim
x!2

.x2 C 2x C 4/ D 12:
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In Exercises 7–10, refer to Figure 2.

0.5

1.0

1.5

2.0

2.5

3.0
f (x)

1.0 2.0 3.00.5 1.5 2.5
x

y

FIGURE 2

7. Find the slope of the secant line through.2; f .2// and.2:5; f .2:5//. Is it larger or smaller thanf 0.2/? Explain.

SOLUTION From the graph, it appears thatf .2:5/ D 2:5 andf .2/ D 2. Thus, the slope of the secant line through.2; f .2// and
.2:5; f .2:5// is

f .2:5/� f .2/

2:5 � 2
D 2:5 � 2

2:5 � 2
D 1:

From the graph, it is also clear that the secant line through.2; f .2// and.2:5; f .2:5// has a larger slope than the tangent line at
x D 2. In other words, the slope of the secant line through.2; f .2// and.2:5; f .2:5// is larger thanf 0.2/.

8. Estimate
f .2C h/ � f .2/

h
for h D �0:5. What does this quantity represent? Is it larger or smaller thanf 0.2/?

Explain.

SOLUTION With h D �0:5, 2C h D 1:5. Moreover, from the graph it appears thatf .1:5/ D 1:7 andf .2/ D 2. Thus,

f .2C h/ � f .2/

h
D 1:7 � 2

�0:5 D 0:6:

This quantity represents the slope of the secant line through the points.2; f .2// and.1:5; f .1:5//. It is clear from the graph that
the secant line through the points.2; f .2// and.1:5; f .1:5// has a smaller slope than the tangent line atx D 2. In other words,
f .2C h/ � f .2/

h
for h D �0:5 is smaller thanf 0.2/.

9. Estimatef 0.1/ andf 0.2/.

SOLUTION From the graph, it appears that the tangent line atx D 1 would be horizontal. Thus,f 0.1/ � 0. The tangent line at
x D 2 appears to pass through the points.0:5; 0:8/ and.2; 2/. Thus

f 0.2/ � 2 � 0:8
2 � 0:5 D 0:8:

10. Find a value ofh for which
f .2C h/ � f .2/

h
D 0.

SOLUTION In order for

f .2C h/ � f .2/
h

to be equal to zero, we must havef .2C h/ D f .2/. Now,f .2/ D 2, and the only other point on the graph with ay-coordinate of
2 isf .0/ D 2. Thus,2C h D 0, or h D �2.

In Exercises 11–14, refer to Figure 3.

1

2

3

5

4

1 2 3 4 5 6 7 8 9
x

y

FIGURE 3 Graph off .x/.

11. Determinef 0.a/ for a D 1, 2, 4, 7.

SOLUTION Remember that the value of the derivative off at x D a can be interpreted as the slope of the line tangent to the
graph ofy D f .x/ atx D a. From Figure 3, we see that the graph ofy D f .x/ is a horizontal line (that is, a line with zero slope)
on the interval0 � x � 3. Accordingly,f 0.1/ D f 0.2/ D 0. On the interval3 � x � 5, the graph ofy D f .x/ is a line of slope
1
2 ; thus,f 0.4/ D 1

2 . Finally, the line tangent to the graph ofy D f .x/ atx D 7 is horizontal, sof 0.7/ D 0.
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12. For which values ofx is f 0.x/ < 0?

SOLUTION If f 0.x/ < 0, then the slope of the tangent line atx is negative. Graphically, this would mean that the value of the
function was decreasing for increasingx. From the graph, it follows thatf 0.x/ < 0 for 7 < x < 9.

13. Which is larger,f 0.5:5/ or f 0.6:5/?

SOLUTION The line tangent to the graph ofy D f .x/ atx D 5:5 has a larger slope than the line tangent to the graph ofy D f .x/

atx D 6:5. Therefore,f 0.5:5/ is larger thanf 0.6:5/.

14. Show thatf 0.3/ does not exist.

SOLUTION Because

lim
h!0�

f .3C h/ � f .3/

h
D 0 but lim

h!0C
f .3C h/ � f .3/

h
D 1

2
;

it follows that

f 0.3/ D lim
h!0

f .3C h/ � f .3/
h

does not exist.

In Exercises 15–18, use the limit definition to calculate the derivative of the linear function.

15. f .x/ D 7x � 9

SOLUTION

lim
h!0

f .aC h/ � f .a/

h
D lim
h!0

7.aC h/ � 9 � .7a � 9/

h
D lim
h!0

7 D 7:

16. f .x/ D 12

SOLUTION

lim
h!0

f .aC h/ � f .a/

h
D lim
h!0

12 � 12
h

D lim
h!0

0 D 0:

17. g.t/ D 8 � 3t

SOLUTION

lim
h!0

g.aC h/ � g.a/

h
D lim
h!0

8 � 3.aC h/ � .8 � 3a/
h

D lim
h!0

�3h
h

D lim
h!0

.�3/ D �3:

18. k.z/ D 14z C 12

SOLUTION

lim
h!0

k.aC h/ � k.a/

h
D lim
h!0

14.a C h/C 12 � .14a C 12/

h
D lim
h!0

14h

h
D lim
h!0

14 D 14:

19. Find an equation of the tangent line atx D 3, assuming thatf .3/ D 5 andf 0.3/ D 2?

SOLUTION By definition, the equation of the tangent line to the graph off .x/ at x D 3 is y D f .3/ C f 0.3/.x � 3/ D
5C 2.x � 3/ D 2x � 1.
20. Findf .3/ andf 0.3/, assuming that the tangent line toy D f .x/ ata D 3 has equationy D 5x C 2.

SOLUTION The slope of the tangent line toy D f .x/ at a D 3 is f 0.3/ by definition, thereforef 0.3/ D 5. Also by definition,
the tangent line toy D f .x/ ata D 3 goes through.3; f .3//, sof .3/ D 17.

21. Describe the tangent line at an arbitrary point on the “curve”y D 2x C 8.

SOLUTION Sincey D 2x C 8 represents a straight line, the tangent line at any point is the line itself,y D 2x C 8.

22. Suppose thatf .2C h/ � f .2/ D 3h2 C 5h. Calculate:

(a) The slope of the secant line through.2; f .2// and.6; f .6//
(b) f 0.2/

SOLUTION Let f be a function such thatf .2C h/ � f .2/ D 3h2 C 5h.

(a) We takeh D 4 to compute the slope of the secant line through.2; f .2// and.6; f .6//:

f .4C 2/ � f .2/

.4C 2/ � 2
D 3.4/2 C 5.4/

4
D 17

(b) f 0.2/ D lim
h!0

f .2C h/ � f .2/

h
D lim
h!0

3h2 C 5h

h
D lim
h!0

.3hC 5/ D 5.
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23. Let f .x/ D 1

x
. Doesf .�2C h/ equal

1

�2C h
or

1

�2 C 1

h
? Compute the difference quotient ata D �2 with h D 0:5.

SOLUTION Let f .x/ D 1
x . Then

f .�2C h/ D 1

�2C h
:

With a D �2 andh D 0:5, the difference quotient is

f .aC h/ � f .a/

h
D f .�1:5/� f .�2/

0:5
D

1
�1:5 � 1

�2
0:5

D �1
3
:

24. Let f .x/ D
p
x. Doesf .5C h/ equal

p
5C h or

p
5C

p
h? Compute the difference quotient ata D 5 with h D 1.

SOLUTION Let f .x/ D
p
x. Thenf .5C h/ D

p
5C h. With a D 5 andh D 1, the difference quotient is

f .aC h/ � f .a/
h

D f .5C 1/ � f .5/

1
D

p
6 �

p
5

1
D

p
6 �

p
5:

25. Let f .x/ D 1=
p
x. Computef 0.5/ by showing that

f .5C h/ � f .5/
h

D � 1p
5
p
5C h.

p
5C hC

p
5/

SOLUTION Let f .x/ D 1=
p
x. Then

f .5C h/ � f .5/

h
D

1p
5Ch � 1p

5

h
D

p
5 �

p
5C h

h
p
5
p
5C h

D
p
5 �

p
5C h

h
p
5
p
5C h

 p
5C

p
5C hp

5C
p
5C h

!

D 5 � .5C h/

h
p
5
p
5C h.

p
5C hC

p
5/

D � 1p
5
p
5C h.

p
5C hC

p
5/
:

Thus,

f 0.5/ D lim
h!0

f .5C h/ � f .5/
h

D lim
h!0

� 1p
5
p
5C h.

p
5C hC

p
5/

D � 1p
5

p
5.

p
5C

p
5/

D � 1

10
p
5
:

26. Find an equation of the tangent line to the graph off .x/ D 1=
p
x at x D 9.

SOLUTION Let f .x/ D 1=
p
x. Then

f .9C h/ � f .9/

h
D

1p
9Ch � 1

3

h
D 3 �

p
9C h

3h
p
9C h

D 3 �
p
9C h

3h
p
9C h

 
3C

p
9C h

3C
p
9C h

!

D 9 � .9C h/

3h
p
9C h.

p
9C hC 3/

D � 1

3
p
9C h.

p
9C hC 3/

:

Thus,

f 0.9/ D lim
h!0

f .9C h/� f .9/

h
D lim
h!0

� 1

3
p
9C h.

p
9C hC 3/

D � 1

9.3C 3/
D � 1

54
:

Becausef .9/ D 1
3 , it follows that an equation of the tangent line to the graph off .x/ D 1=

p
x at x D 9 is

y D f 0.9/.x � 9/C f .9/ D � 1

54
.x � 9/C 1

3
:
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In Exercises 27–44, use the limit definition to computef 0.a/ and find an equation of the tangent line.

27. f .x/ D 2x2 C 10x, a D 3

SOLUTION Let f .x/ D 2x2 C 10x. Then

f 0.3/ D lim
h!0

f .3C h/ � f .3/
h

D lim
h!0

2.3C h/2 C 10.3C h/ � 48

h

D lim
h!0

18C 12hC 2h2 C 30C 10h � 48

h
D lim
h!0

.22C 2h/ D 22:

At a D 3, the tangent line is

y D f 0.3/.x � 3/C f .3/ D 22.x � 3/C 48 D 22x � 18:

28. f .x/ D 4 � x2, a D �1
SOLUTION Let f .x/ D 4 � x2. Then

f 0.�1/ D lim
h!0

f .�1C h/ � f .�1/
h

D lim
h!0

4 � .�1C h/2 � 3
h

D lim
h!0

4 � .1 � 2hC h2/� 3

h

D lim
h!0

.2 � h/ D 2:

At a D �1, the tangent line is

y D f 0.�1/.x C 1/C f .�1/ D 2.x C 1/C 3 D 2x C 5:

29. f .t/ D t � 2t2, a D 3

SOLUTION Let f .t/ D t � 2t2. Then

f 0.3/ D lim
h!0

f .3C h/ � f .3/

h
D lim
h!0

.3C h/ � 2.3C h/2 � .�15/
h

D lim
h!0

3C h � 18 � 12h � 2h2 C 15

h

D lim
h!0

.�11 � 2h/ D �11:

At a D 3, the tangent line is

y D f 0.3/.t � 3/C f .3/ D �11.t � 3/ � 15 D �11t C 18:

30. f .x/ D 8x3, a D 1

SOLUTION Let f .x/ D 8x3. Then

f 0.1/ D lim
h!0

f .1C h/ � f .1/
h

D lim
h!0

8.1C h/3 � 8

h

D lim
h!0

8C 24h C 24h2 C 8h3 � 8

h

D lim
h!0

.24C 24hC 8h2/ D 24:

At a D 1, the tangent line is

y D f 0.1/.x � 1/C f .1/ D 24.x � 1/C 8 D 24x � 16:

31. f .x/ D x3 C x, a D 0

SOLUTION Let f .x/ D x3 C x. Then

f 0.0/ D lim
h!0

f .h/ � f .0/
h

D lim
h!0

h3 C h � 0

h

D lim
h!0

.h2 C 1/ D 1:

At a D 0, the tangent line is

y D f 0.0/.x � 0/C f .0/ D x:
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32. f .t/ D 2t3 C 4t , a D 4

SOLUTION Let f .t/ D 2t3 C 4t . Then

f 0.4/ D lim
h!0

f .4C h/ � f .4/

h
D lim
h!0

2.4C h/3 C 4.4C h/ � 144
h

D lim
h!0

128C 96hC 24h2 C 2h3 C 16C 4h � 144

h

D lim
h!0

.100C 24hC 2h2/ D 100:

At a D 4, the tangent line is

y D f 0.4/.t � 4/C f .4/ D 100.t � 4/C 144 D 100t � 256:

33. f .x/ D x�1, a D 8

SOLUTION Let f .x/ D x�1. Then

f 0.8/ D lim
h!0

f .8C h/ � f .8/

h
D lim
h!0

1
8Ch �

�
1
8

�

h
D lim
h!0

8�8�h
8.8Ch/
h

D lim
h!0

�h
.64C 8h/h

D � 1

64

The tangent ata D 8 is

y D f 0.8/.x � 8/C f .8/ D � 1

64
.x � 8/C 1

8
D � 1

64
x C 1

4
:

34. f .x/ D x C x�1, a D 4

SOLUTION Let f .x/ D x C x�1. Then

f 0.4/ D lim
h!0

f .4C h/ � f .4/

h
D lim
h!0

4C hC 1
4Ch � 4 � 1

4

h
D lim
h!0

hC 4�4�h
4.4Ch/
h

D lim
h!0

�
1 � 1

16C 4h

�
D 15

16

The tangent ata D 4 is

y D f 0.4/.x � 4/C f .4/ D 15

16
.x � 4/C 17

4
D 15

16
x C 1

2
:

35. f .x/ D 1

x C 3
, a D �2

SOLUTION Let f .x/ D 1
xC3 . Then

f 0.�2/ D lim
h!0

f .�2C h/ � f .�2/
h

D lim
h!0

1
�2ChC3 � 1

h
D lim
h!0

1
1Ch � 1
h

D lim
h!0

�h
h.1C h/

D lim
h!0

�1
1C h

D �1:

The tangent line ata D �2 is

y D f 0.�2/.x C 2/C f .�2/ D �1.x C 2/C 1 D �x � 1:

36. f .t/ D 2

1 � t
, a D �1

SOLUTION Let f .t/ D 2
1�t . Then

f 0.�1/ D lim
h!0

f .�1C h/ � f .�1/
h

D lim
h!0

2
1�.�1Ch/ � 1

h
D lim
h!0

2 � .2� h/

h.2 � h/ D lim
h!0

1

2 � h
D 1

2
:

At a D �1, the tangent line is

y D f 0.�1/.x C 1/C f .�1/ D 1

2
.x C 1/C 1 D 1

2
x C 3

2
:

37. f .x/ D
p
x C 4, a D 1

SOLUTION Let f .x/ D
p
x C 4. Then

f 0.1/ D lim
h!0

f .1C h/ � f .1/
h

D lim
h!0

p
hC 5 �

p
5

h
D lim
h!0

p
hC 5 �

p
5

h
�

p
hC 5C

p
5

p
hC 5C

p
5

D lim
h!0

h

h.
p
hC 5C

p
5/

D lim
h!0

1
p
hC 5C

p
5

D 1

2
p
5
:

The tangent line ata D 1 is

y D f 0.1/.x � 1/C f .1/ D 1

2
p
5
.x � 1/C

p
5 D 1

2
p
5
x C 9

2
p
5
:



190 C H A P T E R 3 DIFFERENTIATION

38. f .t/ D
p
3t C 5, a D �1

SOLUTION Let f .t/ D
p
3t C 5. Then

f 0.�1/ D lim
h!0

f .�1C h/ � f .�1/
h

D lim
h!0

p
3hC 2 �

p
2

h
D lim
h!0

p
3hC 2 �

p
2

h
�

p
3hC 2C

p
2

p
3hC 2C

p
2

D lim
h!0

3h

h.
p
3hC 2C

p
2/

D lim
h!0

3
p
3hC 2C

p
2

D 3

2
p
2
:

The tangent line ata D �1 is

y D f 0.�1/.t C 1/C f .�1/ D 3

2
p
2
.t C 1/C

p
2 D 3

2
p
2
t C 7

2
p
2
:

39. f .x/ D 1p
x

, a D 4

SOLUTION Let f .x/ D 1p
x

. Then

f 0.4/ D lim
h!0

f .4C h/ � f .4/
h

D lim
h!0

1p
4Ch � 1

2

h
D lim
h!0

2�
p
4Ch

2
p
4Ch � 2C

p
4Ch

2C
p
4Ch

h
D lim
h!0

4�4�h
4

p
4ChC2.4Ch/

h

D lim
h!0

�1
4
p
4C hC 2.4C h/

D � 1

16
:

At a D 4 the tangent line is

y D f 0.4/.x � 4/C f .4/ D � 1

16
.x � 4/C 1

2
D � 1

16
x C 3

4
:

40. f .x/ D 1p
2x C 1

, a D 4

SOLUTION Let f .x/ D 1p
2x C 1

. Then

f 0.4/ D lim
h!0

f .4C h/ � f .4/

h
D lim
h!0

1p
2hC9 � 1

3

h
D lim
h!0

3�
p
2hC9

3
p
2hC9 � 3C

p
2hC9

3C
p
2hC9

h
D lim
h!0

9�2h�9
9

p
2hC9C3.2hC9/

h

D lim
h!0

�2
9
p
2hC 9C 3.2hC 9/

D � 1

27
:

At a D 4 the tangent line is

y D f 0.4/.x � 4/C f .4/ D � 1

27
.x � 4/C 1

3
D � 1

27
x C 13

27
:

41. f .t/ D
p
t2 C 1, a D 3

SOLUTION Let f .t/ D
p
t2 C 1. Then

f 0.3/ D lim
h!0

f .3C h/ � f .3/

h
D lim
h!0

p
10C 6hC h2 �

p
10

h

D lim
h!0

p
10C 6hC h2 �

p
10

h
�

p
10C 6hC h2 C

p
10p

10C 6hC h2 C
p
10

D lim
h!0

6hC h2

h.
p
10C 6hC h2 C

p
10/

D lim
h!0

6C hp
10C 6hC h2 C

p
10

D 3p
10
:

The tangent line ata D 3 is

y D f 0.3/.t � 3/C f .3/ D 3p
10
.t � 3/C

p
10 D 3p

10
t C 1p

10
:

42. f .x/ D x�2, a D �1
SOLUTION Let f .x/ D 1

x2 . Then

f 0.�1/ D lim
h!0

f .�1C h/ � f .�1/
h

D lim
h!0

1
.�1Ch/2 � 1

h
D lim
h!0

h.2�h/
.�1Ch/2

h
D lim
h!0

2 � h
.�1C h/2

D 2:

The tangent line ata D �1 is

y D f 0.�1/.x C 1/C f .�1/ D 2.x C 1/C 1 D 2x C 3:
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43. f .x/ D 1

x2 C 1
, a D 0

SOLUTION Let f .x/ D 1

x2 C 1
. Then

f 0.0/ D lim
h!0

f .0C h/ � f .0/

h
D lim
h!0

1
.0Ch/2C1 � 1

h
D lim
h!0

�h2

h2C1
h

D lim
h!0

�h
h2 C 1

D 0:

The tangent line ata D 0 is

y D f .0/C f 0.0/.x � 0/ D 1C 0.x � 1/ D 1:

44. f .t/ D t�3, a D 1

SOLUTION Let f .t/ D 1

t3
. Then

f 0.1/ D lim
h!0

f .1C h/ � f .h/

h
D lim
h!0

1
.1Ch/3 � 1

h
D lim
h!0

�h.3C3hCh2/
.1Ch/3
h

D lim
h!0

�.3C 3hC h2/

.1C h/3
D �3:

The tangent line ata D 1 is

y D f 0.1/.t � 1/C f .1/ D �3.t � 1/C 1 D �3t C 4:

45. Figure 4 displays data collected by the biologist Julian Huxley (1887–1975) on the average antler weightW of male red deer
as a function of aget . Estimate the derivative att D 4. For which values oft is the slope of the tangent line equal to zero? For
which values is it negative?

2 40 6 8 10 12 14

Age (years)

Antler
Weight

(kg)

0
1
2
3
4
5
6
7
8

FIGURE 4

SOLUTION LetW.t/ denote the antler weight as a function of age. The “tangent line” sketched in the figure below passes through
the points.1; 1/ and.6; 5:5/. Therefore

W 0.4/ � 5:5 � 1

6 � 1
D 0:9 kg=year:

If the slope of the tangent is zero, the tangent line is horizontal. This appears to happen at roughlyt D 10 and att D 11:6. The
slope of the tangent line is negative when the height of the graph decreases as we move to the right. For the graph in Figure 4, this
occurs for10 < t < 11:6.

2 40 6 8 10 12 14
0
1
2
3
4
5
6
7
8

y

x

46. Figure 5(A) shows the graph off .x/ D
p
x. The close-up in Figure 5(B) shows that the graph is nearly a straight line near

x D 16. Estimate the slope of this line and take it as an estimate forf 0.16/. Then computef 0.16/ and compare with your estimate.

3.9

4.1

(B) Zoom view near (16, 4)

16.1

15.9
x

y

1
2

5
4
3

2 4 6 8 10 12 14 16 18
x

y

(A) Graph of y = √x

FIGURE 5
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SOLUTION From the close-up in Figure 5(B), the line appears to pass through the points.15:92; 3:99/ and.16:08; 4:01/. Thus,

f 0.16/ � 4:01 � 3:99

16:08 � 15:92 D 0:02

0:16
D 0:125:

With f .x/ D
p
x,

f 0.16/ D lim
h!0

p
16C h � 4

h
�

p
16C hC 4p
16C hC 4

D lim
h!0

16C h � 16

h.
p
16C hC 4/

D lim
h!0

1p
16C hC 4

D 1

8
D 0:125;

which is consistent with the approximation obtained from the close-up graph.

47. Let f .x/ D 4

1C 2x
.

(a) Plotf .x/ over Œ�2; 2�. Then zoom in nearx D 0 until the graph appears straight, and estimate the slopef 0.0/.
(b) Use (a) to find an approximate equation to the tangent line atx D 0. Plot this line andf .x/ on the same set of axes.

SOLUTION

(a) The figure below at the left shows the graph off .x/ D 4
1C2x over Œ�2; 2�. The figure below at the right is a close-up near

x D 0. From the close-up, we see that the graph is nearly straight and passes through the points.�0:22; 2:15/ and.0:22; 1:85/. We
therefore estimate

f 0.0/ � 1:85 � 2:15

0:22 � .�0:22/ D �0:3
0:44

D �0:68

y

x
−2 −1 1 2

y

x
−0.2 −0.1 0.1 0.2

0.5 1.8

2.0
2.2

2.4

1
1.5
2

3
2.5

(b) Using the estimate forf 0.0/ obtained in part (a), the approximate equation of the tangent line is

y D f 0.0/.x � 0/C f .0/ D �0:68x C 2:

The figure below shows the graph off .x/ and the approximate tangent line.

y

x
−2 −1 1 2

0.5
1

1.5
2

3
2.5

48. Let f .x/ D cotx. Estimatef 0��
2

�
graphically by zooming in on a plot off .x/ nearx D �

2 .

SOLUTION The figure below shows a close-up of the graph off .x/ D cotx nearx D �
2 � 1:5708. From the close-up, we see

that the graph is nearly straight and passes through the points.1:53; 0:04/ and.1:61;�0:04/. We therefore estimate

f 0
��
2

�
� �0:04 � 0:04

1:61 � 1:53
D �0:08

0:08
D �1

y

x
1.54 1.56

1.58 1.6

−0.05

−1

0.05

1

49. Determine the intervals along thex-axis on which the derivative in Figure 6 is positive.
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1.0 1.5 2.0 2.5 3.0 3.5 4.00.5

1.0

0.5

1.5

2.0

2.5

3.0

3.5

4.0

x

y

FIGURE 6

SOLUTION The derivative (that is, the slope of the tangent line) is positive when the height of the graph increases as we move to
the right. From Figure 6, this appears to be true for1 < x < 2:5 and forx > 3:5.

50. Sketch the graph off .x/ D sinx on Œ0; �� and guess the value off 0��
2

�
. Then calculate the difference quotient atx D �

2 for
two small positive and negative values ofh. Are these calculations consistent with your guess?

SOLUTION Here is the graph ofy D sinx on Œ0; ��.

y

x
0.5 1 1.5 2 2.5 3

0.2
0.4
0.6
0.8

1

At x D �
2 , we’re at the peak of the sine graph. The tangent line appears to be horizontal, so the slope is 0; hence,f 0.�2 / appears to

be 0.

h �0:01 �0:001 �0:0001 0.0001 0.001 0.01

sin.�2 C h/ � 1

h
0.005 0.0005 0.00005 �0:00005 �0:0005 �0:005

These numerical calculations are consistent with our guess.

In Exercises 51–56, each limit represents a derivativef 0.a/. Findf .x/ anda.

51. lim
h!0

.5C h/3 � 125
h

SOLUTION The difference quotient
.5C h/3 � 125

h
has the form

f .aC h/ � f .a/

h
wheref .x/ D x3 anda D 5.

52. lim
x!5

x3 � 125

x � 5

SOLUTION The difference quotient
x3 � 125
x � 5

has the form
f .x/� f .a/

x � a wheref .x/ D x3 anda D 5.

53. lim
h!0

sin
�
�
6 C h

�
� 0:5

h

SOLUTION The difference quotient
sin.�6 C h/ � :5

h
has the form

f .aC h/ � f .a/

h
wheref .x/ D sinx anda D �

6 .

54. lim
x! 1

4

x�1 � 4
x � 1

4

SOLUTION The difference quotient
1
x � 4

x � 1
4

has the form
f .x/� f .a/

x � a
wheref .x/ D 1

x anda D 1
4 .

55. lim
h!0

52Ch � 25

h

SOLUTION The difference quotient
5.2Ch/ � 25

h
has the form

f .aC h/ � f .a/

h
wheref .x/ D 5x anda D 2.
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56. lim
h!0

5h � 1

h

SOLUTION The difference quotient
5h � 1

h
has the form

f .aC h/ � f .a/

h
wheref .x/ D 5x anda D 0.

57. Apply the method of Example 6 tof .x/ D sinx to determinef 0 ��
4

�
accurately to four decimal places.

SOLUTION We know that

f 0.�=4/ D lim
h!0

f .�=4C h/ � f .�=4/

h
D lim
h!0

sin.�=4C h/ �
p
2=2

h
:

Creating a table of values ofh close to zero:

h �0:001 �0:0001 �0:00001 0.00001 0.0001 0.001

sin.�4 C h/ � .
p
2=2/

h
0.7074602 0.7071421 0.7071103 0.7071033 0.7070714 0.7067531

Accurate up to four decimal places,f 0.�4 / � 0:7071:

58. Apply the method of Example 6 tof .x/ D cosx to determinef 0��
5

�
accurately to four decimal places. Use a graph

of f .x/ to explain how the method works in this case.

SOLUTION We know that

f 0
��
5

�
D lim
h!0

f .�=5C h/ � f .�=5/

h
D lim
h!0

cos.�5 C h/ � cos.�5 /

h
:

We make a chart using values ofh close to zero:

h �0:001 �0:0001 �0:00001

cos.�5 C h/ � cos.�5 /

h
�0:587381 �0:587745 �0:587781

h 0.001 0.0001 0.00001

cos.�5 C h/ � cos.�5 /

h
�0:588190 �0:587826 �0:587789

f 0.�5 / � �0:5878. The figures shown below illustrate why this procedure works. From the figure on the left, we see that forh < 0,
the slope of the secant line is greater (less negative) than the slope of the tangent line. On the other hand, from the figure on the
right, we see that forh > 0, the slope of the secant line is less (more negative) than the slope of the tangent line. Thus, the slope of
the tangent line must fall between the slope of a secant line withh > 0 and the slope of a secant line withh < 0.

Tangent line

y

x

h = −1

1
2

h = −
Tangent line

y

x

y = cos x

h = 0.4
h = 0.8

y = cos x

59. For each graph in Figure 7, determine whetherf 0.1/ is larger or smaller than the slope of the secant line between
x D 1 andx D 1C h for h > 0. Explain.

1 1

(A) (B)

y

x

y

x

y = f(x)
y = f(x)

FIGURE 7
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SOLUTION

� On curve (A),f 0.1/ is larger than

f .1C h/ � f .1/
h

I

the curve is bending downwards, so that the secant line to the right is at a lower angle than the tangent line. We say such a
curve isconcave down, and that its derivative isdecreasing.

� On curve (B),f 0.1/ is smaller than

f .1C h/ � f .1/
h

I

the curve is bending upwards, so that the secant line to the right is at a steeper angle than the tangent line. We say such a curve
is concave up, and that its derivative isincreasing.

60. Refer to the graph off .x/ D 2x in Figure 8.

(a) Explain graphically why, forh > 0,

f .�h/� f .0/

�h � f 0.0/ � f .h/� f .0/

h

(b) Use (a) to show that0:69314 � f 0.0/ � 0:69315.

(c) Similarly, computef 0.x/ to four decimal places forx D 1, 2, 3, 4.

(d) Now compute the ratiosf 0.x/=f 0.0/ for x D 1, 2, 3, 4. Can you guess an approximate formula forf 0.x/?

321−1

1
x

y

FIGURE 8 Graph off .x/ D 2x .

SOLUTION

(a) In the graph, the inequality

f 0.0/ � f .h/� f .0/

h

holds for positive values ofh, since the difference quotient

f .h/� f .0/

h

is an increasing function ofh. (The slopes of the secant lines between.0; f .0// and a nearby point increase as the nearby point
moves from left to right.) Hence the slopes of the secant lines between.0; f .0// and a nearby point to the right,.h; f .h// (where
h is positive) exceedf 0.0/. Similarly, forh > 0;�h is negative and0 lies to the right of�h. Consequently, the slope of the secant
line between.0; f .0// and a nearby point to the left,.�h; f .�h// is less thanf 0.0/. Therefore, the inequality

f 0.0/ � f .�h/� f .0/

�h
holds forh > 0.

(b) Forh D 0:00001, we have

f .h/� f .0/

h
D 2h � 1

h
� 0:69315;

and

f .�h/� f .0/

�h � 0:69314:

In light of (a),0:69314 � f 0.0/ � 0:69315.

(c) We’ll use the same values ofh D ˙0:00001 and compute difference quotients atx D 1; 2; 3; 4.

� Since1:386290 � f 0.1/ � 1:386299, we conclude thatf 0.1/ � 1:3863 to four decimal places.
� Since2:772579 � f 0.2/ � 2:772598, we conclude thatf 0.2/ � 2:7726 to four decimal places.
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� Since5:545158 � f 0.3/ � 5:545197, we conclude thatf 0.3/ � 5:5452 to four decimal places.
� With h D ˙0:000001, 11:090351 � f 0.4/ � 11:090359, so we conclude thatf 0.4/ � 11:0904 to four decimal places.

(d)
x 1 2 3 4

f 0.x/=f 0.0/ 2 4 8 16

Looking at this table, we guess thatf 0.x/=f 0.0/ D 2x . In other words,f 0.x/ D 2xf 0.0/.

61. Sketch the graph off .x/ D x5=2 on Œ0; 6�.

(a) Use the sketch to justify the inequalities forh > 0:

f .4/� f .4� h/

h
� f 0.4/ � f .4C h/ � f .4/

h

(b) Use (a) to computef 0.4/ to four decimal places.

(c) Use a graphing utility to plotf .x/ and the tangent line atx D 4, using your estimate forf 0.4/.

SOLUTION

(a) The slope of the secant line between points.4; f .4// and.4C h; f .4C h// is

f .4C h/ � f .4/
h

:

x5=2 is a smooth curve increasing at a faster rate asx ! 1. Therefore, ifh > 0, then the slope of the secant line is greater than the
slope of the tangent line atf .4/, which happens to bef 0.4/. Likewise, ifh < 0, the slope of the secant line is less than the slope
of the tangent line atf .4/, which happens to bef 0.4/.
(b) We know that

f 0.4/ D lim
h!0

f .4C h/ � f .4/

h
D lim
h!0

.4C h/5=2 � 32

h
:

Creating a table with values ofh close to zero:

h �0:0001 �0:00001 0.00001 0.0001

.4C h/5=2 � 32
h

19.999625 19.99999 20.0000 20.0000375

Thus,f 0.4/ � 20:0000.

(c) Using the estimate forf 0.4/ obtained in part (b), the equation of the line tangent tof .x/ D x5=2 atx D 4 is

y D f 0.4/.x � 4/C f .4/ D 20.x � 4/C 32 D 20x � 48:

y

x
1 2 3 4 5 6−20

−40
−60

20
40
60
80

62. Verify thatP D
�
1; 12

�
lies on the graphs of bothf .x/ D 1=.1C x2/ andL.x/ D 1

2 C m.x � 1/ for every slopem.
Plot f .x/ andL.x/ on the same axes for several values ofm until you find a value ofm for which y D L.x/ appears tangent to
the graph off .x/. What is your estimate forf 0.1/?

SOLUTION Let f .x/ D 1

1C x2
andL.x/ D 1

2 Cm.x � 1/. Because

f .1/ D 1

1C 12
D 1

2
and L.1/ D 1

2
Cm.1 � 1/ D 1

2
;

it follows thatP D .1; 12 / lies on the graphs of both functions. A plot off .x/ andL.x/ on the same axes for several values of
m is shown below. The graph ofL.x/ with m D �1

2 appears to be tangent to the graph off .x/ at x D 1. We therefore estimate
f 0.1/ D �1

2 .
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y

x
0.5 1 1.5 2

0.2

0.4

0.6

0.8

1

m = −1

m = −1/4

m = −1/2

63. Use a plot off .x/ D xx to estimate the valuec such thatf 0.c/ D 0. Findc to sufficient accuracy so that

ˇ̌
ˇ̌f .c C h/ � f .c/

h

ˇ̌
ˇ̌ � 0:006 for h D ˙0:001

SOLUTION Here is a graph off .x/ D xx over the intervalŒ0; 1:5�.

0.2 0.4 0.6 0.8 1 1.2 1.4

0.5

1

1.5

2

y

x

The graph shows one location with a horizontal tangent line. The figure below at the left shows the graph off .x/ together with
the horizontal linesy D 0:6, y D 0:7 andy D 0:8. The liney D 0:7 is very close to being tangent to the graph off .x/. The
figure below at the right refines this estimate by graphingf .x/ andy D 0:69 on the same set of axes. The point of tangency has an
x-coordinate of roughly0:37, soc � 0:37.
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We note that
ˇ̌
ˇ̌f .0:37C 0:001/ � f .0:37/

0:001

ˇ̌
ˇ̌ � 0:00491 < 0:006

and
ˇ̌
ˇ̌f .0:37 � 0:001/ � f .0:37/

0:001

ˇ̌
ˇ̌ � 0:00304 < 0:006;

so we have determinedc to the desired accuracy.

64. Plotf .x/ D xx andy D 2x C a on the same set of axes for several values ofa until the line becomes tangent to the
graph. Then estimate the valuec such thatf 0.c/ D 2.

SOLUTION The figure below on the left shows the graphs of the functionf .x/ D xx together with the linesy D 2x, y D 2x � 1,
andy D 2x � 2; the figure on the right shows the graphs off .x/ D xx together with the linesy D 2x � 1, y D 2x � 1:2, and
y D 2x � 1:4. The graph ofy D 2x � 1:2 appears to be tangent to the graph off .x/ at x � 1:4. We therefore estimate that
f 0.1:4/ D 2.
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In Exercises 65–71, estimate derivatives using thesymmetric difference quotient(SDQ), defined as the average of the difference
quotients ath and�h:

1

2

�
f .aC h/ � f .a/

h
C f .a � h/ � f .a/

�h

�
D f .aC h/ � f .a � h/

2h
4

The SDQ usually gives a better approximation to the derivative than the difference quotient.

65. The vapor pressure of water at temperatureT (in kelvins) is the atmospheric pressureP at which no net evaporation takes
place. Use the following table to estimateP 0.T / for T D 303, 313, 323, 333, 343 by computing the SDQ given by Eq. (4) with
h D 10.

T (K) 293 303 313 323 333 343 353

P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754

SOLUTION Using equation (4),

P 0.303/ � P.313/ � P.293/

20
D 0:0808 � 0:0278

20
D 0:00265 atm=KI

P 0.313/ � P.323/ � P.303/

20
D 0:1311 � 0:0482

20
D 0:004145 atm=KI

P 0.323/ � P.333/ � P.313/

20
D 0:2067 � 0:0808

20
D 0:006295 atm=KI

P 0.333/ � P.343/ � P.323/

20
D 0:3173 � 0:1311

20
D 0:00931 atm=KI

P 0.343/ � P.353/ � P.333/

20
D 0:4754 � 0:2067

20
D 0:013435 atm=K

66. Use the SDQ withh D 1 year to estimateP 0.T / in the years2000; 2002; 2004; 2006, whereP.T / is the U.S. ethanol produc-
tion (Figure 9). Express your answer in the correct units.
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20
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20
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20
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20
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20
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1.63 1.77

2.81

4.89

P (billions of gallons)

FIGURE 9 U.S. Ethanol Production

SOLUTION Using equation (4),

P 0.2000/ � P.2001/ � P.1999/
2

D 1:77 � 1:47

2
D 0:15 billions of gallons=yrI

P 0.2002/ � P.2003/ � P.2001/
2

D 2:81 � 1:77

2
D 0:52 billions of gallons=yrI

P 0.2004/ � P.2005/ � P.2003/
2

D 4 � 2:81

2
D 0:595 billions of gallons=yrI

P 0.2006/ � P.2007/ � P.2005/
2

D 6:2 � 4

2
D 1:1 billions of gallons=yr
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In Exercises 67 and 68, traffic speedS along a certain road (in km/h) varies as a function of traffic densityq (number of cars per
km of road). Use the following data to answer the questions:

q (density) 60 70 80 90 100

S (speed) 72.5 67.5 63.5 60 56

67. EstimateS 0.80/.

SOLUTION Let S.q/ be the function determiningS givenq. Using equation (4) withh D 10,

S 0.80/ � S.90/ � S.70/

20
D 60 � 67:5

20
D �0:375I

with h D 20,

S 0.80/ � S.100/ � S.60/

40
D 56 � 72:5

40
D �0:4125I

The mean of these two symmetric difference quotients is�0:39375 kph�km=car.

68. Explain whyV D qS , calledtraffic volume, is equal to the number of cars passing a point per hour. Use the data to
estimateV 0.80/.

SOLUTION The traffic speedS has units of km/hour, and the traffic density has units of cars/km. Therefore, the traffic volume
V D Sq has units of cars/hour. A table giving the values ofV follows.

q 60 70 80 90 100

V 4350 4725 5080 5400 5600

To estimatedV =dq, we take the mean of the symmetric difference quotients. Withh D 10,

V 0.80/ � V.90/ � V.70/

20
D 5400 � 4725

20
D 33:75I

with h D 20,

V 0.80/ � V.100/ � V.60/

40
D 5600 � 4350

40
D 31:25I

The mean of the symmetric difference quotients is32:5. HencedV =dq � 32:5 cars per hour whenq D 80.

Exercises 69–71: The current (in amperes) at timet (in seconds) flowing in the circuit in Figure 10 is given by Kirchhoff ’s Law:

i.t/ D Cv0.t/CR�1v.t/

wherev.t/ is the voltage (in volts),C the capacitance (in farads), andR the resistance (in ohms,�).

+

−

v
R

i

C

FIGURE 10

69. Calculate the current att D 3 if

v.t/ D 0:5t C 4 V

whereC D 0:01 F andR D 100 �.

SOLUTION Sincev.t/ is a line with slope0:5, v0.t/ D 0:5 volts=s for all t . From the formula,i.3/ D Cv0.3/ C .1=R/v.3/ D
0:01.0:5/ C .1=100/.5:5/ D 0:005 C 0:055 D 0:06 amperes.

70. Use the following data to estimatev0.10/ (by an SDQ). Then estimatei.10/, assumingC D 0:03 andR D 1000.

t 9.8 9.9 10 10.1 10.2

v.t/ 256.52 257.32 258.11 258.9 259.69
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SOLUTION Takingh D 0:1, we find

v0.10/ � v.10:1/ � v.9:9/

0:2
D 258:9 � 257:32

0:2
D 7:9 volts=s:

Thus,

i.10/ D 0:03.7:9/ C 1

1000
.258:11/ D 0:49511 amperes:

71. Assume thatR D 200 � butC is unknown. Use the following data to estimatev0.4/ (by an SDQ) and deduce an approximate
value for the capacitanceC .

t 3.8 3.9 4 4.1 4.2

v.t/ 388.8 404.2 420 436.2 452.8

i.t/ 32.34 33.22 34.1 34.98 35.86

SOLUTION Solving i.4/ D Cv0.4/C .1=R/v.4/ for C yields

C D i.4/ � .1=R/v.4/
v0.4/

D
34:1 � 420

200

v0.4/
:

To computeC , we first approximatev0.4/. Takingh D 0:1, we find

v0.4/ � v.4:1/ � v.3:9/

0:2
D 436:2 � 404:2

0:2
D 160:

Plugging this in to the equation above yields

C � 34:1 � 2:1

160
D 0:2 farads:

Further Insights and Challenges

72. The SDQ usually approximates the derivative much more closely than does the ordinary difference quotient. Letf .x/ D 2x

anda D 0. Compute the SDQ withh D 0:001 and the ordinary difference quotients withh D ˙0:001. Compare with the actual
value, which isf 0.0/ D ln 2.

SOLUTION Let f .x/ D 2x anda D 0.

� The ordinary difference quotient forh D �0:001 is 0.69290701 and forh D 0:001 is 0.69338746.
� The symmetric difference quotient forh D 0:001 is 0.69314724.
� Clearly the symmetric difference quotient gives a better estimate of the derivativef 0.0/ D ln 2 � 0:69314718.

73. Explain how the symmetric difference quotient defined by Eq. (4) can be interpreted as the slope of a secant line.

SOLUTION The symmetric difference quotient

f .aC h/ � f .a � h/
2h

is the slope of the secant line connecting the points.a � h; f .a � h// and.a C h; f .aC h// on the graph off ; the difference in
the function values is divided by the difference in thex-values.

74. Which of the two functions in Figure 11 satisfies the inequality

f .aC h/� f .a � h/
2h

� f .aC h/ � f .a/

h

for h > 0? Explain in terms of secant lines.

a
x

y

a
x

y

(A) (B)

FIGURE 11
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SOLUTION Figure (A) satisfies the inequality

f .aC h/� f .a � h/
2h

� f .aC h/ � f .a/

h

since in this graph the symmetric difference quotient has a larger negative slope than the ordinary right difference quotient. [In
figure (B), the symmetric difference quotient has a larger positive slope than the ordinary right difference quotient and therefore
doesnot satisfy the stated inequality.]

75. Show that iff .x/ is a quadratic polynomial, then the SDQ atx D a (for anyh ¤ 0) is equal to f 0.a/. Explain the
graphical meaning of this result.

SOLUTION Let f .x/ D px2 C qx C r be a quadratic polynomial. We compute the SDQ atx D a.

f .aC h/ � f .a � h/

2h
D p.aC h/2 C q.aC h/C r � .p.a � h/2 C q.a � h/C r/

2h

D pa2 C 2pahC ph2 C qaC qhC r � pa2 C 2pah � ph2 � qaC qh� r

2h

D 4pahC 2qh

2h
D 2h.2paC q/

2h
D 2paC q

Since this doesn’t depend onh, the limit, which is equal tof 0.a/, is also2pa C q. Graphically, this result tells us that the secant
line to a parabola passing through points chosen symmetrically aboutx D a is always parallel to the tangent line atx D a.

76. Let f .x/ D x�2. Computef 0.1/ by taking the limit of the SDQs (witha D 1) ash ! 0.

SOLUTION Let f .x/ D x�2. With a D 1, the symmetric difference quotient is

f .1C h/ � f .1� h/

2h
D

1
.1Ch/2 � 1

.1�h/2

2h
D .1 � h/2 � .1C h/2

2h.1 � h/2.1C h/2
D �4h
2h.1 � h/2.1C h/2

D � 2

.1 � h/2.1C h/2
:

Therefore,

f 0.1/ D lim
h!0

� 2

.1 � h/2.1C h/2
D �2:

3.2 The Derivative as a Function

Preliminary Questions
1. What is the slope of the tangent line through the point.2; f .2// if f 0.x/ D x3?

SOLUTION The slope of the tangent line through the point.2; f .2// is given byf 0.2/. Sincef 0.x/ D x3, it follows that
f 0.2/ D 23 D 8.

2. Evaluate.f � g/0.1/ and.3f C 2g/0.1/ assuming thatf 0.1/ D 3 andg0.1/ D 5.

SOLUTION .f � g/0.1/ D f 0.1/ � g0.1/ D 3 � 5 D �2 and.3f C 2g/0.1/ D 3f 0.1/C 2g0.1/ D 3.3/C 2.5/ D 19.

3. To which of the following does the Power Rule apply?

(a) f .x/ D x2 (b) f .x/ D 2e

(c) f .x/ D xe (d) f .x/ D ex

(e) f .x/ D xx (f) f .x/ D x�4=5

SOLUTION

(a) Yes.x2 is a power function, so the Power Rule can be applied.

(b) Yes.2e is a constant function, so the Power Rule can be applied.

(c) Yes.xe is a power function, so the Power Rule can be applied.

(d) No. ex is an exponential function (the base is constant while the exponent is a variable), so the Power Rule does not apply.

(e) No. xx is not a power function because both the base and the exponent are variable, so the Power Rule does not apply.

(f) Yes.x�4=5 is a power function, so the Power Rule can be applied.

4. Choose (a) or (b). The derivative does not exist if the tangent line is: (a) horizontal (b) vertical.

SOLUTION The derivative does not exist when: (b) the tangent line is vertical. At a horizontal tangent, the derivative is zero.
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5. Which property distinguishesf .x/ D ex from all other exponential functionsg.x/ D bx?

SOLUTION The line tangent tof .x/ D ex atx D 0 has slope equal to 1.

Exercises
In Exercises 1–6, computef 0.x/ using the limit definition.

1. f .x/ D 3x � 7

SOLUTION Let f .x/ D 3x � 7. Then,

f 0.x/ D lim
h!0

f .x C h/ � f .x/

h
D lim
h!0

3.x C h/ � 7 � .3x � 7/

h
D lim
h!0

3h

h
D 3:

2. f .x/ D x2 C 3x

SOLUTION Let f .x/ D x2 C 3x. Then,

f 0.x/ D lim
h!0

f .x C h/ � f .x/
h

D lim
h!0

.x C h/2 C 3.x C h/ � .x2 C 3x/

h

D lim
h!0

2xhC h2 C 3h

h
D lim
h!0

.2x C hC 3/ D 2x C 3:

3. f .x/ D x3

SOLUTION Let f .x/ D x3. Then,

f 0.x/ D lim
h!0

f .x C h/ � f .x/

h
D lim
h!0

.x C h/3 � x3
h

D lim
h!0

x3 C 3x2hC 3xh2 C h3 � x3

h

D lim
h!0

3x2hC 3xh2 C h3

h
D lim
h!0

.3x2 C 3xhC h2/ D 3x2:

4. f .x/ D 1 � x�1

SOLUTION Let f .x/ D 1 � x�1. Then,

f 0.x/ D lim
h!0

f .x C h/ � f .x/

h
D lim
h!0

1 � 1
xCh �

�
1 � 1

x

�

h
D lim
h!0

.xCh/�x
x.xCh/
h

D lim
h!0

1

x.x C h/
D 1

x2
:

5. f .x/ D x �
p
x

SOLUTION Let f .x/ D x �
p
x. Then,

f 0.x/ D lim
h!0

f .x C h/ � f .x/
h

D lim
h!0

x C h �
p
x C h � .x �

p
x/

h
D 1 � lim

h!0

p
x C h �

p
x

h
�
 p

x C hC
p
xp

x C hC
p
x

!

D 1� lim
h!0

.x C h/ � x
h.

p
x C hC

p
x/

D 1 � lim
h!0

1p
x C hC

p
x

D 1 � 1

2
p
x
:

6. f .x/ D x�1=2

SOLUTION Let f .x/ D x�1=2. Then,

f 0.x/ D lim
h!0

f .x C h/ � f .x/

h
D lim
h!0

1p
xCh � 1p

x

h
D lim
h!0

p
x �

p
x C h

h
p
x C h

p
x

Multiplying the numerator and denominator of the expression by
p
x C

p
x C h, we obtain:

f 0.x/ D lim
h!0

p
x �

p
x C h

h
p
x C h

p
x

p
x C

p
x C h

p
x C

p
x C h

D lim
h!0

x � .x C h/

h
p
x C h

p
x.

p
x C

p
x C h/

D lim
h!0

�1p
x C h

p
x.

p
x C

p
x C h/

D �1p
x

p
x.2

p
x/

D �1
2x

p
x
:



S E C T I O N 3.2 The Derivative as a Function 203

In Exercises 7–14, use the Power Rule to compute the derivative.

7.
d

dx
x4
ˇ̌
ˇ̌
xD�2

SOLUTION
d

dx

�
x4
�

D 4x3 so
d

dx
x4
ˇ̌
ˇ̌
xD�2

D 4.�2/3 D �32.

8.
d

dt
t�3

ˇ̌
ˇ̌
tD4

SOLUTION
d

dt

�
t�3

�
D �3t�4 so

d

dt
t�3

ˇ̌
ˇ̌
tD4

D �3.4/�4 D � 3

256
.

9.
d

dt
t2=3

ˇ̌
ˇ̌
tD8

SOLUTION
d

dt

�
t2=3

�
D 2

3
t�1=3 so

d

dt
t2=3

ˇ̌
ˇ̌
tD8

D 2

3
.8/�1=3 D 1

3
.

10.
d

dt
t�2=5

ˇ̌
ˇ̌
tD1

SOLUTION
d

dt

�
t�2=5

�
D �2

5
t�7=5 so

d

dt
t�2=5

ˇ̌
ˇ̌
tD1

D �2
5
.1/�7=5 D �2

5
.

11.
d

dx
x0:35

SOLUTION
d

dx

�
x0:35

�
D 0:35.x0:35�1/ D 0:35x�0:65:

12.
d

dx
x14=3

SOLUTION
d

dx

�
x14=3

�
D 14

3

�
x.14=3/�1

�
D 14

3
x11=3:

13.
d

dt
t
p
17

SOLUTION
d

dt

�
t
p
17
�

D
p
17t

p
17�1

14.
d

dt
t��

2

SOLUTION
d

dt
.t��

2

/ D ��2t��2�1

In Exercises 15–18, computef 0.x/ and find an equation of the tangent line to the graph atx D a.

15. f .x/ D x4, a D 2

SOLUTION Let f .x/ D x4. Then, by the Power Rule,f 0.x/ D 4x3. The equation of the tangent line to the graph off .x/ at
x D 2 is

y D f 0.2/.x � 2/C f .2/ D 32.x � 2/C 16 D 32x � 48:

16. f .x/ D x�2, a D 5

SOLUTION Let f .x/ D x�2. Using the Power Rule,f 0.x/ D �2x�3. The equation of the tangent line to the graph off .x/ at
x D 5 is

y D f 0.5/.x � 5/C f .5/ D � 2

125
.x � 5/C 1

25
D � 2

125
x C 3

25
:

17. f .x/ D 5x � 32
p
x, a D 4

SOLUTION Let f .x/ D 5x � 32x1=2. Thenf 0.x/ D 5 � 16x�1=2. In particular,f 0.4/ D �3. The tangent line atx D 4 is

y D f 0.4/.x � 4/C f .4/ D �3.x � 4/ � 44 D �3x � 32:

18. f .x/ D 3
p
x, a D 8

SOLUTION Let f .x/ D 3
p
x D x1=3. Thenf 0.x/ D 1

3 .x
1=3�1/ D 1

3x
�2=3. In particular,f 0.8/ D 1

3

�
1
4

�
D 1

12 : f .8/ D 2, so

the tangent line atx D 8 is

y D f 0.8/.x � 8/C f .8/ D 1

12
.x � 8/C 2 D 1

12
x C 4

3
:
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19. Calculate:

(a)
d

dx
12ex (b)

d

dt
.25t � 8et / (c)

d

dt
et�3

Hint for (c): Write et�3 ase�3et .

SOLUTION

(a)
d

dx
12ex D 12

d

dx
ex D 12ex .

(b)
d

dt
.25t � 8et / D 25

d

dt
t � 8

d

dt
et D 25 � 8et .

(c)
d

dt
et�3 D e�3 d

dt
et D e�3 � et D et�3.

20. Find an equation of the tangent line toy D 24ex atx D 2.

SOLUTION Let f .x/ D 24ex . Thenf .2/ D 24e2, f 0.x/ D 24ex , andf 0.2/ D 24e2. The equation of the tangent line is

y D f 0.2/.x � 2/C f .2/ D 24e2.x � 2/C 24e2:

In Exercises 21–32, calculate the derivative.

21. f .x/ D 2x3 � 3x2 C 5

SOLUTION
d

dx

�
2x3 � 3x2 C 5

�
D 6x2 � 6x.

22. f .x/ D 2x3 � 3x2 C 2x

SOLUTION
d

dx

�
2x3 � 3x2 C 2x

�
D 6x2 � 6x C 2.

23. f .x/ D 4x5=3 � 3x�2 � 12

SOLUTION
d

dx

�
4x5=3 � 3x�2 � 12

�
D 20

3
x2=3 C 6x�3.

24. f .x/ D x5=4 C 4x�3=2 C 11x

SOLUTION
d

dx

�
x5=4 C 4x�3=2 C 11x

�
D 5

4
x1=4 � 6x�5=2 C 11.

25. g.z/ D 7z�5=14 C z�5 C 9

SOLUTION
d

dz

�
7z�5=14 C z�5 C 9

�
D �5

2
z�19=14 � 5z�6.

26. h.t/ D 6
p
t C 1p

t

SOLUTION
d

dt

�
6t1=2 C t�1=2

�
D 3t�1=2 � 1

2
t�3=2.

27. f .s/ D 4
p
s C 3

p
s

SOLUTION f .s/ D 4
p
s C 3

p
s D s1=4 C s1=3: In this form, we can apply the Sum and Power Rules.

d

ds

�
s1=4 C s1=3

�
D 1

4
.s.1=4/�1/C 1

3
.s.1=3/�1/ D 1

4
s�3=4 C 1

3
s�2=3:

28. W.y/ D 6y4 C 7y2=3

SOLUTION
d

dy

�
6y4 C 7y2=3

�
D 24y3 C 14

3
y�1=3.

29. g.x/ D e2

SOLUTION Becausee2 is a constant,
d

dx
e2 D 0.

30. f .x/ D 3ex � x3

SOLUTION
d

dx

�
3ex � x3

�
D 3ex � 3x2.

31. h.t/ D 5et�3

SOLUTION
d

dt
5et�3 D 5e�3 d

dt
et D 5e�3et D 5et�3.
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32. f .x/ D 9 � 12x1=3 C 8ex

SOLUTION
d

dx

�
9 � 12x1=3 C 8ex

�
D �4x�2=3 C 8ex .

In Exercises 33–36, calculate the derivative by expanding or simplifying the function.

33. P.s/ D .4s � 3/2

SOLUTION P.s/ D .4s � 3/2 D 16s2 � 24s C 9. Thus,

dP

ds
D 32s � 24:

34. Q.r/ D .1 � 2r/.3r C 5/

SOLUTION Q.r/ D .1 � 2r/.3r C 5/ D �6r2 � 7r C 5. Thus,

dQ

dr
D �12r � 7:

35. g.x/ D x2 C 4x1=2

x2

SOLUTION g.x/ D x2 C 4x1=2

x2
D 1C 4x�3=2. Thus,

dg

dx
D �6x�5=2:

36. s.t/ D 1 � 2t

t1=2

SOLUTION s.t/ D 1 � 2t

t1=2
D t�1=2 � 2t1=2. Thus,

ds

dt
D �1

2
t�3=2 � t�1=2:

In Exercises 37–42, calculate the derivative indicated.

37.
dT

dC

ˇ̌
ˇ
CD8

, T D 3C 2=3

SOLUTION With T .C / D 3C 2=3, we have
dT

dC
D 2C�1=3. Therefore,

dT

dC

ˇ̌
ˇ̌
CD8

D 2.8/�1=3 D 1:

38.
dP

dV

ˇ̌
ˇ
VD�2

, P D 7

V

SOLUTION With P D 7V �1, we have
dP

dV
D �7V �2. Therefore,

dP

dV

ˇ̌
ˇ̌
VD�2

D �7.�2/�2 D �7
4
:

39.
ds

dz

ˇ̌
ˇ
zD2

, s D 4z � 16z2

SOLUTION With s D 4z � 16z2, we have
ds

dz
D 4 � 32z. Therefore,

ds

dz

ˇ̌
ˇ̌
zD2

D 4 � 32.2/ D �60:

40.
dR

dW

ˇ̌
ˇ̌
WD1

, R D W �

SOLUTION LetR.W / D W � . ThendR=dW D �W ��1. Therefore,

dR

dW

ˇ̌
ˇ̌
WD1

D �.1/��1 D �:
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41.
dr

dt

ˇ̌
ˇ̌
tD4

, r D t � et

SOLUTION With r D t � et , we have
dr

dt
D 1 � et . Therefore,

dr

dt

ˇ̌
ˇ̌
tD4

D 1 � e4:

42.
dp

dh

ˇ̌
ˇ̌
hD4

, p D 7eh�2

SOLUTION With p D 7eh�2, we have
dp

dh
D 7eh�2. Therefore,

dp

dh

ˇ̌
ˇ̌
hD4

D 7e4�2 D 7e2:

43. Match the functions in graphs (A)–(D) with their derivatives (I)–(III) in Figure 1. Note that two of the functions have the same
derivative. Explain why.

y

x

x

(A)

y

(I)

x

y

(II)

x

y

(III)

y

x

(B)

y

x

(C)

y

x

(D)

FIGURE 1

SOLUTION

� Consider the graph in (A). On the left side of the graph, the slope of the tangent line is positive but on the right side the slope
of the tangent line is negative. Thus the derivative should transition from positive to negative with increasingx. This matches
the graph in (III).

� Consider the graph in (B). This is a linear function, so its slope is constant. Thus the derivative is constant, which matches the
graph in (I).

� Consider the graph in (C). Moving from left to right, the slope of the tangent line transitions from positive to negative then
back to positive. The derivative should therefore be negative in the middle and positive to either side. This matches the graph
in (II).

� Consider the graph in (D). On the left side of the graph, the slope of the tangent line is positive but on the right side the slope
of the tangent line is negative. Thus the derivative should transition from positive to negative with increasingx. This matches
the graph in (III).

Note that the functions whose graphs are shown in (A) and (D) have the same derivative. This happens because the graph in (D)
is just a vertical translation of the graph in (A), which means the two functions differ by a constant. The derivative of a constant is
zero, so the two functions end up with the same derivative.

44. Of the two functionsf andg in Figure 2, which is the derivative of the other? Justify your answer.

f (x)

g(x)

1−1

2

x

y

FIGURE 2

SOLUTION g.x/ is the derivative off .x/. Forf .x/ the slope is negative for negative values ofx until x D 0, where there is a
horizontal tangent, and then the slope is positive for positive values ofx. Notice thatg.x/ is negative for negative values ofx, goes
through the origin atx D 0, and then is positive for positive values ofx.
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45. Assign the labelsf .x/, g.x/, andh.x/ to the graphs in Figure 3 in such a way thatf 0.x/ D g.x/ andg0.x/ D h.x/.

y

x

y

x

y

x

(A) (B) (C)

FIGURE 3

SOLUTION Consider the graph in (A). Moving from left to right, the slope of the tangent line is positive over the first quarter of
the graph, negative in the middle half and positive again over the final quarter. The derivative of this function must therefore be
negative in the middle and positive on either side. This matches the graph in (C).

Now focus on the graph in (C). The slope of the tangent line is negative over the left half and positive on the right half. The
derivative of this function therefore needs to be negative on the left and positive on the right. This description matches the graph in
(B).

We should therefore label the graph in (A) asf .x/, the graph in (B) ash.x/, and the graph in (C) asg.x/. Thenf 0.x/ D g.x/

andg0.x/ D h.x/.

46. According to thepeak oil theory, first proposed in 1956 by geophysicist M. Hubbert, the total amount of crude oilQ.t/

produced worldwide up to timet has a graph like that in Figure 4.

(a) Sketch the derivativeQ0.t/ for 1900 � t � 2150. What doesQ0.t/ represent?
(b) In which year (approximately) doesQ0.t/ take on its maximum value?
(c) What isL D lim

t!1
Q.t/? And what is its interpretation?

(d) What is the value of lim
t!1

Q0.t/?

Q (trillions of barrels)

t (year)

1900 21501950 2000 2050 2100

0.5

1.0

2.0

2.3

1.5

FIGURE 4 Total oil production up to timet

SOLUTION

(a) One possible derivative sketch is shown below. Because the graph ofQ.t/ is roughly horizontal aroundt D 1900, the graph
of Q0.t/ begins near zero. Until roughlyt D 2000, the graph ofQ.t/ increases more and more rapidly, so the graph ofQ0.t/
increases. Thereafter, the graph ofQ.t/ increases more and more gradually, so the graph ofQ0.t/ decreases. Aroundt D 2150, the
graph ofQ.t/ is again roughly horizontal, so the graph ofQ0.t/ returns to zero. Note thatQ0.t/ represents the rate of change in
total worldwide oil production; that is, the number of barrels produced per year.

1900 1950 2000 2050 2100 2150
x

(b) The graph ofQ.t/ appears to be increasing most rapidly around the year 2000, soQ0.t/ takes on its maximum value around
the year 2000.
(c) From Figure 4

L D lim
t!1

Q.t/ D 2:3

trillion barrels of oil. This value represents the total number of barrels of oil that can be produced by the planet.
(d) Because the graph ofQ.t/ appears to approach a horizontal line ast ! 1, it appears that

lim
t!1

Q0.t/ D 0:
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47. Use the table of values off .x/ to determine which of (A) or (B) in Figure 5 is the graph off 0.x/. Explain.

x 0 0.5 1 1.5 2 2.5 3 3.5 4

f .x/ 10 55 98 139 177 210 237 257 268

x

y

x

y

(A) (B)

FIGURE 5 Which is the graph off 0.x/?

SOLUTION The increment between successivex values in the table is a constant 0.5 but the increment between successivef .x/

values decreases from 45 to 43 to 41 to 38 and so on. Thus the difference quotients decrease with increasingx, suggesting that
f 0.x/ decreases as a function ofx. Because the graph in (B) depicts a decreasing function, (B) might be the graph of the derivative
of f .x/.

48. LetR be a variable andr a constant. Compute the derivatives:

(a)
d

dR
R (b)

d

dR
r (c)

d

dR
r2R3

SOLUTION

(a)
d

dR
R D 1, sinceR is a linear function ofR with slope 1.

(b)
d

dR
r D 0, sincer is a constant.

(c) We apply the Linearity and Power Rules:

d

dR
r2R3 D r2

d

dR
R3 D r2

�
3.R2/

�
D 3r2R2:

49. Compute the derivatives, wherec is a constant.

(a)
d

dt
ct3 (b)

d

dz
.5z C 4cz2/ (c)

d

dy
.9c2y3 � 24c/

SOLUTION

(a)
d

dt
ct3 D 3ct2.

(b)
d

dz
.5z C 4cz2/ D 5C 8cz.

(c)
d

dy
.9c2y3 � 24c/ D 27c2y2.

50. Find the points on the graph off .x/ D 12x � x3 where the tangent line is horizontal.

SOLUTION Let f .x/ D 12x � x3. Solvef 0.x/ D 12 � 2x2 D 0 to obtainx D ˙
p
6. Thus, the graph off .x/ D 12x � x3 has

a horizontal tangent line at two points:.
p
6; 6

p
6/ and .�

p
6;�6

p
6/.

51. Find the points on the graph ofy D x2 C 3x � 7 at which the slope of the tangent line is equal to 4.

SOLUTION Let y D x2 C 3x � 7. Solvingdy=dx D 2x C 3 D 4 yieldsx D 1
2 .

52. Find the values ofx wherey D x3 andy D x2 C 5x have parallel tangent lines.

SOLUTION Let f .x/ D x3 andg.x/ D x2 C 5x. The graphs have parallel tangent lines whenf 0.x/ D g0.x/. Hence, we solve

f 0.x/ D 3x2 D 2x C 5 D g0.x/ to obtainx D 5
3 andx D �1.

53. Determinea andb such thatp.x/ D x2 C ax C b satisfiesp.1/ D 0 andp0.1/ D 4.

SOLUTION Letp.x/ D x2 C ax C b satisfyp.1/ D 0 andp0.1/ D 4. Now,p0.x/ D 2x C a. Therefore0 D p.1/ D 1C aC b

and4 D p0.1/ D 2C a; i.e.,a D 2 andb D �3.
54. Find all values ofx such that the tangent line toy D 4x2 C 11x C 2 is steeper than the tangent line toy D x3.
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SOLUTION Let f .x/ D 4x2 C 11x C 2 and letg.x/ D x3. We need allx such thatf 0.x/ > g0.x/.

f 0.x/ > g0.x/

8x C 11 > 3x2

0 > 3x2 � 8x � 11

0 > .3x � 11/.x C 1/:

The product.3x � 11/.x C 1/ D 0 whenx D �1 and whenx D 11
3 . We therefore examine the intervalsx < �1, �1 < x < 11

3

andx > 11
3 . Forx < �1 and forx > 11

3 , .3x � 11/.x C 1/ > 0, whereas for�1 < x < 11
3 , .3x � 11/.x C 1/ < 0. The solution

set is therefore�1 < x < 11
3 .

55. Let f .x/ D x3 � 3x C 1. Show thatf 0.x/ � �3 for all x and that, for everym > �3, there are precisely two points where
f 0.x/ D m. Indicate the position of these points and the corresponding tangent lines for one value ofm in a sketch of the graph of
f .x/.

SOLUTION LetP D .a; b/ be a point on the graph off .x/ D x3 � 3x C 1.

� The derivative satisfiesf 0.x/ D 3x2 � 3 � �3 since3x2 is nonnegative.
� Suppose the slopem of the tangent line is greater than�3. Thenf 0.a/ D 3a2 � 3 D m, whence

a2 D mC 3

3
> 0 and thus a D ˙

r
mC 3

3
:

� The two parallel tangent lines with slope2 are shown with the graph off .x/ here.

−2
−1

−2
2

4

1

2
x

y

56. Show that the tangent lines toy D 1
3x
3 � x2 at x D a and atx D b are parallel ifa D b or aC b D 2.

SOLUTION Let P D .a; f .a// andQ D .b; f .b// be points on the graph ofy D f .x/ D 1
3x
3 � x2. Equate the slopes of the

tangent lines at the pointsP andQ: a2 � 2a D b2 � 2b. Thusa2 � 2a � b2 C 2b D 0. Now,

a2 � 2a � b2 C 2b D .a � b/.aC b/� 2.a � b/ D .a � 2C b/.a � b/I

therefore, eithera D b (i.e.,P andQ are the same point) ora C b D 2.

57. Compute the derivative off .x/ D x3=2 using the limit definition.Hint: Show that

f .x C h/ � f .x/

h
D .x C h/3 � x3

h

 
1p

.x C h/3 C
p
x3

!

SOLUTION Once we have the difference of square roots, we multiply by the conjugate to solve the problem.

f 0.x/ D lim
h!0

.x C h/3=2 � x3=2

h
D lim
h!0

p
.x C h/3 �

p
x3

h

 p
.x C h/3 C

p
x3p

.x C h/3 C
p
x3

!

D lim
h!0

.x C h/3 � x3

h

 
1p

.x C h/3 C
p
x3

!
:

The first factor of the expression in the last line is clearly the limit definition of the derivative ofx3, which is3x2. The second
factor can be evaluated, so

d

dx
x3=2 D 3x2

1

2
p
x3

D 3

2
x1=2:

58. Use the limit definition ofm.b/ to approximatem.4/. Then estimate the slope of the tangent line toy D 4x at x D 0 and
x D 2.

SOLUTION Recall

m.4/ D lim
h!0

 
4h � 1

h

!
:
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Using a table of values, we find

h
4h � 1

h

0:01 1:39595

0:001 1:38726

0:0001 1:38639

0:00001 1:38630

Thusm.4/ � 1:386. Knowing thaty0.x/ D m.4/ � 4x , it follows thaty0.0/ � 1:386 andy0.2/ � 1:386 � 16 D 22:176.

59. Let f .x/ D xex . Use the limit definition to computef 0.0/, and find the equation of the tangent line atx D 0.

SOLUTION Let f .x/ D xex . Thenf .0/ D 0, and

f 0.0/ D lim
h!0

f .0C h/ � f .0/

h
D lim
h!0

heh � 0
h

D lim
h!0

eh D 1:

The equation of the tangent line is

y D f 0.0/.x � 0/C f .0/ D 1.x � 0/C 0 D x:

60. The average speed (in meters per second) of a gas molecule is

vavg D
r
8RT

�M

whereT is the temperature (in kelvins),M is the molar mass (in kilograms per mole), andR D 8:31. Calculatedvavg=dT at
T D 300 K for oxygen, which has a molar mass of 0.032 kg/mol.

SOLUTION Using the formvav D .8RT=.�M//1=2 D
p
8R=.�M/T 1=2, whereM andR are constant, we use the Power Rule

to compute the derivativedvav=dT .

d

dT

p
8R=.�M/T 1=2 D

p
8R=.�M/

d

dT
T 1=2 D

p
8R=.�M/

1

2
.T .1=2/�1/:

In particular, ifT D 300ıK,

d

dT
vav D

p
8.8:31/=.�.0:032//

1

2
.300/�1=2 D 0:74234 m=.s � K/:

61. Biologists have observed that the pulse rateP (in beats per minute) in animals is related to body mass (in kilograms) by the
approximate formulaP D 200m�1=4. This is one of manyallometric scaling lawsprevalent in biology. IsjdP=dmj an increasing
or decreasing function ofm? Find an equation of the tangent line at the points on the graph in Figure 6 that represent goat (m D 33)
and man (m D 68).

Mass (kg)

500400300200100

Cattle

Pulse
(beats/min)

200

100

Guinea pig

Goat

Man

FIGURE 6

SOLUTION dP=dm D �50m�5=4: Form > 0, jdP=dmj D j50m�5=4j: jdP=dmj ! 0 asm gets larger;jdP=dmj gets smaller
asm gets bigger.

For eachm D c, the equation of the tangent line to the graph ofP atm is

y D P 0.c/.m � c/C P.c/:

For a goat (m D 33 kg),P.33/ D 83:445 beats per minute (bpm) and

dP

dm
D �50.33/�5=4 � �0:63216 bpm=kg:

Hence,y D �0:63216.m � 33/C 83:445.
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For a man (m D 68 kg), we haveP.68/ D 69:647 bpm and

dP

dm
D �50.68/�5=4 � �0:25606 bpm=kg:

Hence, the tangent line has formulay D �0:25606.m � 68/C 69:647.

62. Some studies suggest that kidney massK in mammals (in kilograms) is related to body massm (in kilograms) by the approx-
imate formulaK D 0:007m0:85. CalculatedK=dm atm D 68. Then calculate the derivative with respect tom of the relative
kidney-to-mass ratioK=m atm D 68.

SOLUTION

dK

dm
D 0:007.0:85/m�0:15 D 0:00595m�0:15 I

hence,

dK

dm

ˇ̌
ˇ̌
mD68

D 0:00595.68/�0:15 D 0:00315966:

Because

K

m
D 0:007

m0:85

m
D 0:007m�0:15;

we find

d

dm

�
K

m

�
D 0:007

d

dm
m�0:15 D �0:00105m�1:15 ;

and

d

dm

�
K

m

�ˇ̌
ˇ̌
mD68

D �8:19981 � 10�6 kg�1:

63. The Clausius–Clapeyron Law relates thevapor pressureof waterP (in atmospheres) to the temperatureT (in kelvins):

dP

dT
D k

P

T 2

wherek is a constant. EstimatedP=dT for T D 303, 313, 323, 333, 343 using the data and the approximation

dP

dT
� P.T C 10/ � P.T � 10/

20

T (K) 293 303 313 323 333 343 353

P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754

Do your estimates seem to confirm the Clausius–Clapeyron Law?What is the approximate value ofk?

SOLUTION Using the indicated approximation to the first derivative, we calculate

P 0.303/ � P.313/ � P.293/

20
D 0:0808 � 0:0278

20
D 0:00265 atm=KI

P 0.313/ � P.323/ � P.303/

20
D 0:1311 � 0:0482

20
D 0:004145 atm=KI

P 0.323/ � P.333/ � P.313/

20
D 0:2067 � 0:0808

20
D 0:006295 atm=KI

P 0.333/ � P.343/ � P.323/

20
D 0:3173 � 0:1311

20
D 0:00931 atm=KI

P 0.343/ � P.353/ � P.333/

20
D 0:4754 � 0:2067

20
D 0:013435 atm=K

If the Clausius–Clapeyron law is valid, then
T 2

P

dP

dT
should remain constant asT varies. Using the data for vapor pressure and

temperature and the approximate derivative values calculated above, we find

T (K) 303 313 323 333 343

T 2

P

dP

dT
5047.59 5025.76 5009.54 4994.57 4981.45

These values are roughly constant, suggesting that the Clausius–Clapeyron law is valid, and thatk � 5000.
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64. LetL be the tangent line to the hyperbolaxy D 1 atx D a, wherea > 0. Show that the area of the triangle bounded byL and
the coordinate axes does not depend ona.

SOLUTION Let f .x/ D x�1. The tangent line tof atx D a is y D f 0.a/.x � a/C f .a/ D � 1
a2 .x � a/C 1

a . They-intercept

of this line (wherex D 0) is 2
a . Its x-intercept (wherey D 0) is 2a. Hence the area of the triangle bounded by the tangent line and

the coordinate axes isA D 1
2bh D 1

2 .2a/
�
2
a

�
D 2, which is independent ofa.

y

x

)P = (0, 2
a

y = 1
x

)R = (a, 1
a

Q = (2a, 0)

65. In the setting of Exercise 64, show that the point of tangency is the midpoint of the segment ofL lying in the first quadrant.

SOLUTION In the previous exercise, we saw that the tangent line to the hyperbolaxy D 1 or y D 1
x at x D a hasy-intercept

P D .0; 2a / andx-interceptQ D .2a; 0/. The midpoint of the line segment connectingP andQ is thus

 
0C 2a

2
;

2
a C 0

2

!
D
�
a;
1

a

�
;

which is the point of tangency.

66. Match functions (A)–(C) with their derivatives (I)–(III) in Figure 7.

(A)

(I) (II) (III)

x

x

y

(C)

x

y

(B)

x

y

x

y

y

x

y

FIGURE 7

SOLUTION Note that the graph in (A) has three locations with a horizontal tangent line. The derivative must therefore cross the
x-axis in three locations, which matches (III).

The graph in (B) has only one location with a horizontal tangent line, so its derivative should cross thex-axis only once. Thus,
(I) is the graph corresponding to the derivative of (B).

Finally, the graph in (B) has two locations with a horizontal tangent line, so its derivative should cross thex-axis twice. Thus,
(II) is the graph corresponding to the derivative of (C).

67. Make a rough sketch of the graph of the derivative of the function in Figure 8(A).

(A) (B)

y =    x2

434321 20 1−1

3

2

1
2

x

y

x

y

FIGURE 8
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SOLUTION The graph has a tangent line with negative slope approximately on the interval.1; 3:6/, and has a tangent line with a
positive slope elsewhere. This implies that the derivative must be negative on the interval.1; 3:6/ and positive elsewhere. The graph
may therefore look like this:

y

x
1 2 3 4

68. Graph the derivative of the function in Figure 8(B), omitting points where the derivative is not defined.

SOLUTION On .�1; 0/, the graph is a line with slope�3, so the derivative is equal to�3. The derivative on.0; 2/ is x. Finally,
on .2; 4/ the function is a line with slope�1, so the derivative is equal to�1. Combining this information leads to the graph:

4321
x

y

1

−1

−2

−3

−1

69. Sketch the graph off .x/ D x jxj. Then show thatf 0.0/ exists.

SOLUTION Forx < 0, f .x/ D �x2, andf 0.x/ D �2x. Forx > 0, f .x/ D x2, andf 0.x/ D 2x. At x D 0, we find

lim
h!0C

f .0C h/ � f .0/

h
D lim
h!0C

h2

h
D 0

and

lim
h!0�

f .0C h/ � f .0/

h
D lim
h!0�

�h2
h

D 0:

Because the two one-sided limits exist and are equal, it follows thatf 0.0/ exists and is equal to zero. Here is the graph off .x/ D
xjxj.

y

x
1 2−1−2

2

4

−4

−2

70. Determine the values ofx at which the function in Figure 9 is: (a) discontinuous, and (b) nondifferentiable.

4321
x

y

FIGURE 9

SOLUTION The function is discontinuous at those points where it is undefined or there is a break in the graph. On the interval
Œ0; 4�, there is only one such point, atx D 1.

The function is nondifferentiable at those points where it is discontinuous or where it has a corner or cusp. In addition to the
pointx D 1 we already know about, the function is nondifferentiable atx D 2 andx D 3.
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In Exercises 71–76, find the pointsc (if any) such thatf 0.c/ does not exist.

71. f .x/ D jx � 1j
SOLUTION

y

x
1

0.5

1

1.5

2

2 3−1

Here is the graph off .x/ D jx � 1j. Its derivative does not exist atx D 1. At that value ofx there is a sharp corner.

72. f .x/ D Œx�

SOLUTION

4321
x

y

1

2

3

−1−2

−2

−1

Here is the graph off .x/ D Œx�. This is the integer step function graph. Its derivative does not exist at allx values that are integers.
At those values ofx the graph is discontinuous.

73. f .x/ D x2=3

SOLUTION Here is the graph off .x/ D x2=3. Its derivative does not exist atx D 0. At that value ofx, there is a sharp corner or
“cusp”.

y

x
1

1

1.5

2−1−2

74. f .x/ D x3=2

SOLUTION The function is differentiable on its entire domain,fx W x � 0g. The formula is d
dx
x3=2 D 3

2x
1=2.

75. f .x/ D jx2 � 1j
SOLUTION Here is the graph off .x/ D

ˇ̌
x2 � 1

ˇ̌
. Its derivative does not exist atx D �1 or atx D 1. At these values ofx, the

graph has sharp corners.

y

x
1

2

1

3

2−1−2

76. f .x/ D jx � 1j2

SOLUTION

321
x

y

1

3

−1

This is the graph off .x/ D jx � 1j2. Its derivative exists everywhere.
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In Exercises 77–82, zoom in on a plot off .x/ at the point.a; f .a// and state whether or notf .x/ appears to be differen-
tiable atx D a. If it is nondifferentiable, state whether the tangent line appears to be vertical or does not exist.

77. f .x/ D .x � 1/jxj, a D 0

SOLUTION The graph off .x/ D .x � 1/jxj for x near 0 is shown below. Because the graph has a sharp corner atx D 0, it
appears thatf is not differentiable atx D 0. Moreover, the tangent line does not exist at this point.

y

x
0.1 0.2−0.1−0.2

−0.1

−0.2

−0.3

78. f .x/ D .x � 3/5=3, a D 3

SOLUTION The graph off .x/ D .x � 3/5=3 for x near 3 is shown below. From this graph, it appears thatf is differentiable at
x D 3, with a horizontal tangent line.

3

2.95

3.05

79. f .x/ D .x � 3/1=3, a D 3

SOLUTION The graph off .x/ D .x � 3/1=3 for x near 3 is shown below. From this graph, it appears thatf is not differentiable
atx D 3. Moreover, the tangent line appears to be vertical.

3.05 3.12.95 32.9

80. f .x/ D sin.x1=3/, a D 0

SOLUTION The graph off .x/ D sin.x1=3/ for x near 0 is shown below. From this graph, it appears thatf is not differentiable
atx D 0. Moreover, the tangent line appears to be vertical.

y

x
0.05−0.05

0.2

0.4

−0.4

−0.2

81. f .x/ D j sinxj, a D 0

SOLUTION The graph off .x/ D j sinxj for x near 0 is shown below. Because the graph has a sharp corner atx D 0, it appears
thatf is not differentiable atx D 0. Moreover, the tangent line does not exist at this point.

y

x
0.05

0.08

0.04

0.1

0.1−0.05−0.1

82. f .x/ D jx � sinxj, a D 0

SOLUTION The graph off .x/ D jx � sinxj for x near 0 is shown below. From this graph, it appears thatf is differentiable at
x D 0, with a horizontal tangent line.
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y

x
0.05−0.05

0.00005

0.0001

0.00015

83. Plot the derivativef 0.x/ of f .x/ D 2x3 � 10x�1 for x > 0 (set the bounds of the viewing box appropriately) and
observe thatf 0.x/ > 0. What does the positivity off 0.x/ tell us about the graph off .x/ itself? Plotf .x/ and confirm this
conclusion.

SOLUTION Let f .x/ D 2x3 � 10x�1. Thenf 0.x/ D 6x2 C 10x�2. The graph off 0.x/ is shown in the figure below at the left
and it is clear thatf 0.x/ > 0 for all x > 0. The positivity off 0.x/ tells us that the graph off .x/ is increasing forx > 0. This is
confirmed in the figure below at the right, which shows the graph off .x/.

8642
x

y

100

200

300

400

8642
x

y

200

−200

400

600

800

84. Find the coordinates of the pointP in Figure 10 at which the tangent line passes through.5; 0/.

9

y

Pf (x) = 9 − x2

−3 3 4 5
x

FIGURE 10 Graph off .x/ D 9 � x2.

SOLUTION Let f .x/ D 9� x2, and supposeP has coordinates.a; 9� a2/. Becausef 0.x/ D �2x, the slope of the line tangent
to the graph off .x/ atP is �2a, and the equation of the tangent line is

y D f 0.a/.x � a/C f .a/ D �2a.x � a/C 9 � a2 D �2ax C 9C a2:

In order for this line to pass through the point.5; 0/, we must have

0 D �10a C 9C a2 D .a � 9/.a � 1/:

Thus,a D 1 or a D 9. We excludea D 9 because from Figure 10 we are looking for anx-coordinate between 0 and 5. Thus, the
pointP has coordinates.1; 8/.

Exercises 85–88 refer to Figure 11. Length QR is called thesubtangentatP , and length RT is called thesubnormal.

x

y

P = (x, f (x))

TR

y = f (x)

Q

Tangent line

FIGURE 11
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85. Calculate the subtangent of

f .x/ D x2 C 3x atx D 2

SOLUTION Let f .x/ D x2 C 3x. Thenf 0.x/ D 2x C 3, and the equation of the tangent line atx D 2 is

y D f 0.2/.x � 2/C f .2/ D 7.x � 2/C 10 D 7x � 4:

This line intersects thex-axis atx D 4
7 . ThusQ has coordinates.47 ; 0/,R has coordinates.2; 0/ and the subtangent is

2 � 4

7
D 10

7
:

86. Show that the subtangent off .x/ D ex is everywhere equal to1.

SOLUTION Let f .x/ D ex . Thenf 0.x/ D ex , and the equation of the tangent line atx D a is

y D f 0.a/.x � a/C f .a/ D ea.x � a/C ea:

This line intersects thex-axis atx D a � 1. Thus,Q has coordinates.a � 1; 0/,R has coordinates.a; 0/ and the subtangent is

a � .a � 1/ D 1:

87. Prove in general that the subnormal atP is jf 0.x/f .x/j.
SOLUTION The slope of the tangent line atP is f 0.x/. The slope of the line normal to the graph atP is then�1=f 0.x/, and the
normal line intersects thex-axis at the pointT with coordinates.x C f .x/f 0.x/; 0/. The pointR has coordinates.x; 0/, so the
subnormal is

jx C f .x/f 0.x/� xj D jf .x/f 0.x/j:
88. Show thatPQ has lengthjf .x/j

p
1C f 0.x/�2.

SOLUTION The coordinates of the pointP are.x; f .x//, the coordinates of the pointR are.x; 0/ and the coordinates of the
pointQ are

�
x � f .x/

f 0.x/
; 0

�
:

Thus,PR D jf .x/j,QR D
ˇ̌
ˇ f.x/f 0.x/

ˇ̌
ˇ, and by the Pythagorean Theorem

PQ D

s�
f .x/

f 0.x/

�2
C .f .x//2 D jf .x/j

q
1C f 0.x/�2:

89. Prove the following theorem of Apollonius of Perga (the Greek mathematician born in 262BCE who gave the parabola, ellipse,
and hyperbola their names): The subtangent of the parabolay D x2 atx D a is equal toa=2.

SOLUTION Let f .x/ D x2. The tangent line tof atx D a is

y D f 0.a/.x � a/C f .a/ D 2a.x � a/C a2 D 2ax � a2:

Thex-intercept of this line (wherey D 0) is a2 as claimed.

y

y = x2

(a, a2)

x

(–, 0)a
2

90. Show that the subtangent toy D x3 atx D a is equal to13a.

SOLUTION Let f .x/ D x3. Thenf 0.x/ D 3x2, and the equation of the tangent line tx D a is

y D f 0.a/.x � a/C f .a/ D 3a2.x � a/C a3 D 3a2x � 2a3:

This line intersects thex-axis atx D 2a=3. Thus,Q has coordinates.2a=3; 0/,R has coordinates.a; 0/ and the subtangent is

a � 2

3
a D 1

3
a:
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91. Formulate and prove a generalization of Exercise 90 fory D xn.

SOLUTION Let f .x/ D xn. Thenf 0.x/ D nxn�1, and the equation of the tangent line tx D a is

y D f 0.a/.x � a/C f .a/ D nan�1.x � a/C an D nan�1x � .n� 1/an:

This line intersects thex-axis atx D .n � 1/a=n. Thus,Q has coordinates..n � 1/a=n; 0/, R has coordinates.a; 0/ and the
subtangent is

a � n � 1
n

a D 1

n
a:

Further Insights and Challenges

92. Two small arches have the shape of parabolas. The first is given byf .x/ D 1 � x2 for �1 � x � 1 and the second byg.x/ D
4� .x � 4/2 for 2 � x � 6. A board is placed on top of these arches so it rests on both (Figure 12). What is the slope of the board?
Hint: Find the tangent line toy D f .x/ that intersectsy D g.x/ in exactly one point.

FIGURE 12

SOLUTION At the points where the board makes contact with the arches the slope of the board must be equal to the slope of
the arches (and hence they are equal to each other). Suppose.t; f .t// is the point where the board touches the left hand arch. The
tangent line here (the line the board defines) is given by

y D f 0.t/.x � t/C f .t/:

This line must hit the other arch in exactly one point. In other words, if we plug iny D g.x/ to get

g.x/ D f 0.t/.x � t/C f .t/

there can only be one solution forx in terms oft . Computingf 0 and plugging in we get

4 � .x2 � 8x C 16/ D �2tx C 2t2 C 1 � t2

which simplifies to

x2 � 2tx � 8x C t2 C 13 D 0:

This is a quadratic equationax2 C bx C c D 0 with a D 1, b D .�2t � 8/ andc D t2 C 13. By the quadratic formula we know
there is a unique solution forx iff b2 � 4ac D 0. In our case this means

.2t C 8/2 D 4.t2 C 13/:

Solving this givest D �3=8 and plugging intof 0 shows the slope of the board must be3=4.

93. A vase is formed by rotatingy D x2 around they-axis. If we drop in a marble, it will either touch the bottom point of the vase
or be suspended above the bottom by touching the sides (Figure 13). How small must the marble be to touch the bottom?

FIGURE 13



S E C T I O N 3.2 The Derivative as a Function 219

SOLUTION Suppose a circle is tangent to the parabolay D x2 at the point.t; t2/. The slope of the parabola at this point is2t , so

the slope of the radius of the circle at this point is� 1
2t (since it is perpendicular to the tangent line of the circle). Thus the center of

the circle must be where the line given byy D � 1
2t .x � t/C t2 crosses they-axis. We can find they-coordinate by settingx D 0:

we gety D 1
2 C t2. Thus, the radius extends from.0; 12 C t2/ to .t; t2/ and

r D

s�
1

2
C t2 � t2

�2
C t2 D

r
1

4
C t2:

This radius is greater than12 whenevert > 0; so, if a marble has radius> 1=2 it sits on the edge of the vase, but if it has radius
� 1=2 it rolls all the way to the bottom.

94. Let f .x/ be a differentiable function, and setg.x/ D f .x C c/, wherec is a constant. Use the limit definition to show
thatg0.x/ D f 0.x C c/. Explain this result graphically, recalling that the graph ofg.x/ is obtained by shifting the graph off .x/ c
units to the left (ifc > 0) or right (if c < 0).

SOLUTION

� Let g.x/ D f .x C c/. Using the limit definition,

g0.x/ D lim
h!0

g.x C h/ � g.x/

h
D lim
h!0

f ..x C h/C c/ � f .x C c/

h

D lim
h!0

f ..x C c/C h/ � f .x C c/

h
D f 0.x C c/:

� The graph ofg.x/ is obtained by shiftingf .x/ to the left byc units. This implies thatg0.x/ is equal tof 0.x/ shifted to the
left by c units, which happens to bef 0.x C c/. Therefore,g0.x/ D f 0.x C c/.

95. Negative Exponents Let n be a whole number. Use the Power Rule forxn to calculate the derivative off .x/ D x�n by
showing that

f .x C h/ � f .x/

h
D �1
xn.x C h/n

.x C h/n � xn

h

SOLUTION Let f .x/ D x�n wheren is a positive integer.

� The difference quotient forf is

f .x C h/ � f .x/

h
D .x C h/�n � x�n

h
D

1
.xCh/n � 1

xn

h
D

xn�.xCh/n
xn.xCh/n

h

D �1
xn.x C h/n

.x C h/n � xn

h
:

� Therefore,

f 0.x/ D lim
h!0

f .x C h/ � f .x/

h
D lim
h!0

�1
xn.x C h/n

.x C h/n � xn
h

D lim
h!0

�1
xn.x C h/n

lim
h!0

.x C h/n � xn

h
D �x�2n d

dx

�
xn
�
:

� From above, we continue:f 0.x/ D �x�2n d
dx

�
xn
�

D �x�2n � nxn�1 D �nx�n�1. Sincen is a positive integer,k D

�n is a negative integer and we have
d

dx

�
xk
�

D d

dx

�
x�n� D �nx�n�1 D kxk�1; i.e.

d

dx

�
xk
�

D kxk�1 for negative

integersk.

96. Verify the Power Rule for the exponent1=n, wheren is a positive integer, using the following trick: Rewrite the difference
quotient fory D x1=n atx D b in terms ofu D .b C h/1=n anda D b1=n.

SOLUTION Substitutingx D .b C h/1=n anda D b1=n into the left-hand side of equation (3) yields

xn � an
x � a D .b C h/ � b

.b C h/1=n � b1=n
D h

.b C h/1=n � b1=n

whereas substituting these same expressions into the right-hand side of equation (3) produces

xn � an

x � a
D .b C h/

n�1
n C .b C h/

n�2
n b1=n C .b C h/

n�3
n b2=n C � � � C b

n�1
n I
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hence,

.b C h/1=n � b1=n

h
D 1

.b C h/
n�1

n C .b C h/
n�2

n b1=n C .b C h/
n�3

n b2=n C � � � C b
n�1

n

:

If we takef .x/ D x1=n, then, using the previous expression,

f 0.b/ D lim
h!0

.b C h/1=n � b1=n

h
D 1

nb
n�1

n

D 1

n
b

1
n

�1:

Replacingb by x, we havef 0.x/ D 1
nx

1
n

�1.

97. Infinitely Rapid Oscillations Define

f .x/ D

8
<̂

:̂

x sin
1

x
x ¤ 0

0 x D 0

Show thatf .x/ is continuous atx D 0 butf 0.0/ does not exist (see Figure 12).

SOLUTION Let f .x/ D
(
x sin

�
1
x

�
if x ¤ 0

0 if x D 0
. As x ! 0,

jf .x/� f .0/j D
ˇ̌
ˇ̌x sin

�
1

x

�
� 0

ˇ̌
ˇ̌ D jxj

ˇ̌
ˇ̌sin

�
1

x

�ˇ̌
ˇ̌ ! 0

since the values of the sine lie between�1 and 1. Hence, by the Squeeze Theorem, lim
x!0

f .x/ D f .0/ and thusf is continuous at

x D 0.
As x ! 0, the difference quotient atx D 0,

f .x/� f .0/
x � 0 D

x sin
�
1
x

�
� 0

x � 0
D sin

�
1

x

�

doesnot converge to a limit since it oscillates infinitely through every value between�1 and 1. Accordingly,f 0.0/ does not exist.

98. For which value of� does the equationex D �x have a unique solution? For which values of� does it have at least one
solution? For intuition, ploty D ex and the liney D �x.

SOLUTION First, note that when� D 0, the equationex D 0 � x D 0 has no real solution. For� ¤ 0, we observe that solutions to
the equationex D �x correspond to points of intersection between the graphs ofy D ex andy D �x. When� < 0, the two graphs
intersect at only one location (see the graph below at the left). On the other hand, when� > 0, the graphs may have zero, one or
two points of intersection (see the graph below at the right). Note that the graphs have one point of intersection wheny D �x is
the tangent line toy D ex . Thus, not only do we requireex D �x, but alsoex D �. It then follows that the point of intersection
satisfies� D �x, sox D 1. This then gives� D e.

Therefore the equationex D �x:

(a) has at least one solution when� < 0 and when� � e;

(b) has a unique solution when� < 0 and when� D e.

6

4

2

−2
−1−2 1 2

x

y

15

10

5

−5
−1 21 3

x

y
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3.3 Product and Quotient Rules

Preliminary Questions
1. Are the following statements true or false? If false, state the correct version.

(a) fg denotes the function whose value atx is f .g.x//.
(b) f=g denotes the function whose value atx is f .x/=g.x/.
(c) The derivative of the product is the product of the derivatives.

(d)
d

dx
.fg/

ˇ̌
ˇ̌
xD4

D f .4/g0.4/� g.4/f 0.4/

(e)
d

dx
.fg/

ˇ̌
ˇ̌
xD0

D f .0/g0.0/C g.0/f 0.0/

SOLUTION

(a) False. The notationfg denotes the function whose value atx is f .x/g.x/.
(b) True.
(c) False. The derivative of a productfg is f 0.x/g.x/C f .x/g0.x/.

(d) False.
d

dx
.fg/

ˇ̌
ˇ̌
xD4

D f .4/g0.4/C g.4/f 0.4/:

(e) True.

2. Find .f =g/0.1/ if f .1/ D f 0.1/ D g.1/ D 2 andg0.1/ D 4.

SOLUTION
d

dx
.f =g/

ˇ̌
xD1 D Œg.1/f 0.1/ � f .1/g0.1/�=g.1/2 D Œ2.2/ � 2.4/�=22 D �1:

3. Findg.1/ if f .1/ D 0, f 0.1/ D 2, and.fg/0.1/ D 10.

SOLUTION .fg/0.1/ D f .1/g0.1/C f 0.1/g.1/, so10 D 0 � g0.1/C 2g.1/ andg.1/ D 5.

Exercises
In Exercises 1–6, use the Product Rule to calculate the derivative.

1. f .x/ D x3.2x2 C 1/

SOLUTION Let f .x/ D x3.2x2 C 1/. Then

f 0.x/ D x3
d

dx
.2x2 C 1/C .2x2 C 1/

d

dx
x3 D x3.4x/C .2x2 C 1/.3x2/ D 10x4 C 3x2:

2. f .x/ D .3x � 5/.2x2 � 3/

SOLUTION Let f .x/ D .3x � 5/.2x2 � 3/. Then

f 0.x/ D .3x � 5/
d

dx
.2x2 � 3/C .2x2 � 3/

d

dx
.3x � 5/ D .3x � 5/.4x/C .2x2 � 3/.3/ D 18x2 � 20x � 9:

3. f .x/ D x2ex

SOLUTION Let f .x/ D x2ex . Then

f 0.x/ D x2
d

dx
ex C ex

d

dx
x2 D x2ex C ex.2x/ D ex.x2 C 2x/:

4. f .x/ D .2x � 9/.4ex C 1/

SOLUTION Let f .x/ D .2x � 9/.4ex C 1/. Then

f 0.x/ D .2x � 9/
d

dx
.4ex C 1/C .4ex C 1/

d

dx
.2x � 9/ D .2x � 9/.4ex/C .4ex C 1/.2/ D 8xex � 28ex C 2:

5.
dh

ds

ˇ̌
ˇ̌
sD4

, h.s/ D .s�1=2 C 2s/.7 � s�1/

SOLUTION Let h.s/ D .s�1=2 C 2s/.7 � s�1/. Then

dh

ds
D .s�1=2 C 2s/

d

dx
.7 � s�1/C .7 � s�1/

d

ds

�
s�1=2 C 2s

�

D .s�1=2 C 2s/.s�2/C .7 � s�1/
�

�1
2
s�3=2 C 2

�
D �7

2
s�3=2 C 3

2
s�5=2 C 14:

Therefore,

dh

ds

ˇ̌
ˇ̌
sD4

D �7
2
.4/�3=2 C 3

2
.4/�5=2 C 14 D 871

64
:
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6.
dy

dt

ˇ̌
ˇ̌
tD2

, y D .t � 8t�1/.et C t2/

SOLUTION Let y.t/ D .t � 8t�1/.et C t2/. Then

dy

dt
D .t � 8t�1/

d

dt
.et C t2/C .et C t2/

d

dt
.t � 8t�1/

D .t � 8t�1/.et C 2t/C .et C t2/.1C 8t�2/:

Therefore,

dy

dt

ˇ̌
ˇ̌
tD2

D .2 � 4/.e2 C 4/C .e2 C 4/.1C 2/ D e2 C 4:

In Exercises 7–12, use the Quotient Rule to calculate the derivative.

7. f .x/ D x

x � 2

SOLUTION Let f .x/ D x
x�2 . Then

f 0.x/ D
.x � 2/ d

dx
x � x d

dx
.x � 2/

.x � 2/2
D .x � 2/ � x

.x � 2/2
D �2
.x � 2/2

:

8. f .x/ D x C 4

x2 C x C 1

SOLUTION Let f .x/ D xC4
x2CxC1 . Then

f 0.x/ D
.x2 C x C 1/ d

dx
.x C 4/ � .x C 4/ d

dx
.x2 C x C 1/

.x2 C x C 1/2

D .x2 C x C 1/ � .x C 4/.2x C 1/

.x2 C x C 1/2
D �x2 � 8x � 3
.x2 C x C 1/2

:

9.
dg

dt

ˇ̌
ˇ̌
tD�2

, g.t/ D t2 C 1

t2 � 1

SOLUTION Let g.t/ D t2 C 1

t2 � 1
. Then

dg

dt
D
.t2 � 1/ d

dt
.t2 C 1/ � .t2 C 1/ d

dt
.t2 � 1/

.t2 � 1/2
D .t2 � 1/.2t/ � .t2 C 1/.2t/

.t2 � 1/2
D � 4t

.t2 � 1/2
:

Therefore,

dg

dt

ˇ̌
ˇ̌
tD�2

D � 4.�2/
..�2/2 � 1/2

D 8

9
:

10.
dw

dz

ˇ̌
ˇ̌
zD9

, w D z2p
z C z

SOLUTION Letw.z/ D z2p
z C z

. Then

dw

dz
D
.
p
z C z/ d

dz
z2 � z2 d

dz
.
p
z C z/

.
p
z C z/2

D 2z.
p
z C z/� z2..1=2/z�1=2 C 1/

.
p
z C z/2

D .3=2/z3=2 C z2

.
p
z C z/2

:

Therefore,

dw

dz

ˇ̌
ˇ̌
zD9

D .3=2/.9/3=2 C 92

.
p
9C 9/2

D 27

32
:

11. g.x/ D 1

1C ex

SOLUTION Let g.x/ D 1

1C ex
. Then

dg

dx
D
.1C ex/ d

dx
1 � 1 d

dx
.1C ex/

.1C ex/2
D .1C ex/.0/� ex

.1C ex/2
D � ex

.1C ex/2
:
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12. f .x/ D ex

x2 C 1

SOLUTION Let f .x/ D ex

x2 C 1
. Then

df

dx
D
.x2 C 1/ d

dx
ex � ex d

dx
.x2 C 1/

.x2 C 1/2
D .x2 C 1/ex � ex.2x/

.x2 C 1/2
D ex.x � 1/2

.x2 C 1/2
:

In Exercises 13–16, calculate the derivative in two ways. First use the Product or Quotient Rule; then rewrite the function alge-
braically and apply the Power Rule directly.

13. f .t/ D .2t C 1/.t2 � 2/
SOLUTION Let f .t/ D .2t C 1/.t2 � 2/. Then, using the Product Rule,

f 0.t/ D .2t C 1/.2t/C .t2 � 2/.2/ D 6t2 C 2t � 4:

Multiplying out first, we findf .t/ D 2t3 C t2 � 4t � 2. Therefore,f 0.t/ D 6t2 C 2t � 4:
14. f .x/ D x2.3C x�1/

SOLUTION Let f .x/ D x2.3C x�1/. Then, using the product rule, and then power and sum rules,

f 0.x/ D x2.�x�2/C .3C x�1/.2x/ D 6x C 1:

Multiplying out first, we findf .x/ D 3x2 C x. Thenf 0.x/ D 6x C 1.

15. h.t/ D t2 � 1

t � 1

SOLUTION Let h.t/ D t2�1
t�1 . Using the quotient rule,

f 0.t/ D .t � 1/.2t/ � .t2 � 1/.1/

.t � 1/2
D t2 � 2t C 1

.t � 1/2
D 1

for t ¤ 1. Simplifying first, we find fort ¤ 1,

h.t/ D .t � 1/.t C 1/

.t � 1/
D t C 1:

Henceh0.t/ D 1 for t ¤ 1.

16. g.x/ D x3 C 2x2 C 3x�1

x

SOLUTION Let g.x/ D x3C2x2C3x�1

x . Using the quotient rule and the sum and power rules, and simplifying

g0.x/ D x.3x2 C 4x � 3x�2/� .x3 C 2x2 C 3x�1/1
x2

D 1

x2

�
2x3 C 2x2 � 6x�1

�
D 2x C 2 � 6x�3:

Simplifying first yieldsg.x/ D x2 C 2x C 3x�2, from which we calculateg0.x/ D 2x C 2 � 6x�3.

In Exercises 17–38, calculate the derivative.

17. f .x/ D .x3 C 5/.x3 C x C 1/

SOLUTION Let f .x/ D .x3 C 5/.x3 C x C 1/. Then

f 0.x/ D .x3 C 5/.3x2 C 1/C .x3 C x C 1/.3x2/ D 6x5 C 4x3 C 18x2 C 5:

18. f .x/ D .4ex � x2/.x3 C 1/

SOLUTION Let f .x/ D .4ex � x2/.x3 C 1/. Then

f 0.x/ D .4ex � x2/.3x2/C .x3 C 1/.4ex � 2x/ D ex.4x3 C 12x2 C 4/ � 5x4 � 2x:

19.
dy

dx

ˇ̌
ˇ̌
xD3

, y D 1

x C 10

SOLUTION Let y D 1
xC10 . Using the quotient rule:

dy

dx
D .x C 10/.0/ � 1.1/

.x C 10/2
D � 1

.x C 10/2
:

Therefore,

dy

dx

ˇ̌
ˇ̌
xD3

D � 1

.3C 10/2
D � 1

169
:
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20.
dz

dx

ˇ̌
ˇ̌
xD�2

, z D x

3x2 C 1

SOLUTION Let z D x
3x2C1 . Using the quotient rule:

dz

dx
D .3x2 C 1/.1/ � x.6x/

.3x2 C 1/2
D 1 � 3x2

.3x2 C 1/2
:

Therefore,

dz

dx

ˇ̌
ˇ̌
xD�2

D 1 � 3.�2/2
.3.�2/2 C 1/2

D � 11

169
:

21. f .x/ D .
p
x C 1/.

p
x � 1/

SOLUTION Let f .x/ D .
p
x C 1/.

p
x � 1/. Multiplying through first yieldsf .x/ D x � 1 for x � 0. Therefore,f 0.x/ D 1 for

x � 0. If we carry out the product rule onf .x/ D .x1=2 C 1/.x1=2 � 1/, we get

f 0.x/ D .x1=2 C 1/

�
1

2
.x�1=2/

�
C .x1=2 � 1/

�
1

2
x�1=2

�
D 1

2
C 1

2
x�1=2 C 1

2
� 1

2
x�1=2 D 1:

22. f .x/ D 9x5=2 � 2
x

SOLUTION Let f .x/ D 9x5=2�2
x D 9x3=2 � 2x�1. Thenf 0.x/ D 27

2 x
1=2 C 2x�2.

23.
dy

dx

ˇ̌
ˇ̌
xD2

, y D x4 � 4

x2 � 5

SOLUTION Let y D x4 � 4

x2 � 5
. Then

dy

dx
D
�
x2 � 5

� �
4x3

�
�
�
x4 � 4

�
.2x/

�
x2 � 5

�2 D 2x5 � 20x3 C 8x
�
x2 � 5

�2 :

Therefore,

dy

dx

ˇ̌
ˇ̌
xD2

D 2.2/5 � 20.2/3 C 8.2/

.22 � 5/2
D �80:

24. f .x/ D x4 C ex

x C 1

SOLUTION Let f .x/ D x4 C ex

x C 1
. Then

df

dx
D .x C 1/.4x3 C ex/� .x4 C ex/.1/

.x C 1/2
D .x C 1/.4x3 C ex/� x4 � ex

.x C 1/2
:

25.
dz

dx

ˇ̌
ˇ̌
xD1

, z D 1

x3 C 1

SOLUTION Let z D 1
x3C1 . Using the quotient rule:

dz

dx
D .x3 C 1/.0/ � 1.3x2/

.x3 C 1/2
D � 3x2

.x3 C 1/2
:

Therefore,

dz

dx

ˇ̌
ˇ̌
xD1

D � 3.1/2

.13 C 1/2
D �3

4
:

26. f .x/ D 3x3 � x2 C 2p
x

SOLUTION Let

f .x/ D 3x3 � x2 C 2p
x

D 3x3 � x2 C 2

x1=2
:
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Using the quotient rule, and then simplifying by taking out the greatest negative factor:

f 0.x/ D
.x1=2/.9x2 � 2x/� .3x3 � x2 C 2/.12x

�1=2/
x

D 1

x3=2

�
.9x3 � 2x2/ � 1

2
.3x3 � x2 C 2/

�

D 1

x3=2

�
15

2
x3 � 3

2
x2 � 1

�
:

Alternately, since there is a single exponent ofx in the denominator, we could also simplifyf .x/ first, gettingf .x/ D 3x5=2 �
x3=2 C 2x�1=2. Thenf 0.x/ D 15

2 x
3=2 � 3

2x
1=2 � x�3=2. The two answers are the same.

27. h.t/ D t

.t C 1/.t2 C 1/

SOLUTION Let h.t/ D t

.t C 1/.t2 C 1/
D t

t3 C t2 C t C 1
. Then

h0.t/ D
�
t3 C t2 C t C 1

�
.1/ � t

�
3t2 C 2t C 1

�
�
t3 C t2 C t C 1

�2 D �2t3 � t2 C 1
�
t3 C t2 C t C 1

�2 :

28. f .x/ D x3=2
�
2x4 � 3x C x�1=2�

SOLUTION Let f .x/ D x3=2.2x4 � 3x C x�1=2/. We multiply through thex3=2 to getf .x/ D 2x11=2 � 3x5=2 C x. Then

f 0.x/ D 11x9=2 � 15
2 x

3=2 C 1.

29. f .t/ D 31=2 � 51=2

SOLUTION Let f .t/ D
p
3
p
5. Thenf 0.t/ D 0, sincef .t/ is aconstantfunction!

30. h.x/ D �2.x � 1/
SOLUTION Let h.x/ D �2.x � 1/. Thenh0.x/ D �2.

31. f .x/ D .x C 3/.x � 1/.x � 5/

SOLUTION Let f .x/ D .x C 3/.x � 1/.x � 5/. Using the Product Rule inside the Product Rule with a first factor of.x C 3/ and
a second factor of.x � 1/.x � 5/, we find

f 0.x/ D .x C 3/ ..x � 1/.1/C .x � 5/.1//C .x � 1/.x � 5/.1/ D 3x2 � 6x � 13:

Alternatively,

f .x/ D .x C 3/
�
x2 � 6x C 5

�
D x3 � 3x2 � 13x C 15:

Therefore,f 0.x/ D 3x2 � 6x � 13.

32. f .x/ D ex.x2 C 1/.x C 4/

SOLUTION Letf .x/ D ex.x2 C 1/.xC 4/. Using the Product Rule inside the Product Rule with a first factor ofex and a second
factor of.x2 C 1/.x C 4/, we find

f 0.x/ D ex
�
.x2 C 1/.1/C .x C 4/.2x/

�
C .x2 C 1/.x C 4/ex D .x3 C 7x2 C 9x C 5/ex :

33. f .x/ D ex

x C 1

SOLUTION Let f .x/ D ex

.x C 1/
. Then

f 0.x/ D .x C 1/ex � ex

.x C 1/2
D xex

.x C 1/2
:

34. g.x/ D exC1 C ex

e C 1

SOLUTION Let

g.x/ D exC1 C ex

e C 1
D ex.e C 1/

e C 1
D ex :

Theng0.x/ D ex .
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35. g.z/ D
 
z2 � 4

z � 1

! 
z2 � 1
z C 2

!
Hint: Simplify first.

SOLUTION Let

g.z/ D
 
z2 � 4
z � 1

! 
z2 � 1

z C 2

!
D
�
.z C 2/.z � 2/

z � 1

��
.z C 1/.z � 1/

z C 2

�
D .z � 2/.z C 1/

for z ¤ �2 andz ¤ 1. Then,

g0.z/ D .z C 1/.1/C .z � 2/.1/ D 2z � 1:

36.
d

dx

�
.ax C b/.abx2 C 1/

�
(a; b constants)

SOLUTION Let f .x/ D .ax C b/.abx2 C 1/. Then

f 0.x/ D .ax C b/.2abx/C .abx2 C 1/.a/ D 3a2bx2 C aC 2ab2x:

37.
d

dt

�
xt � 4

t2 � x

�
(x constant)

SOLUTION Let f .t/ D xt�4
t2�x . Using the quotient rule:

f 0.t/ D .t2 � x/.x/� .xt � 4/.2t/

.t2 � x/2
D xt2 � x2 � 2xt2 C 8t

.t2 � x/2
D �xt2 C 8t � x2

.t2 � x/2
:

38.
d

dx

�
ax C b

cx C d

�
(a, b, c, d constants)

SOLUTION Let f .x/ D
�
ax C b

cx C d

�
. Using the quotient rule:

f 0.x/ D .cx C d/a � .ax C b/c

.cx C d/2
D .ad � bc/

.cx C d/2
:

In Exercises 39–42, calculate the derivative using the values:

f .4/ f 0.4/ g.4/ g0.4/

10 �2 5 �1

39. .fg/0.4/ and.f =g/0.4/.

SOLUTION Let h D fg andH D f=g. Thenh0 D fg0 C gf 0 andH 0 D gf 0�fg 0

g2 . Finally,

h0.4/ D f .4/g0.4/C g.4/f 0.4/ D .10/.�1/C .5/.�2/ D �20;

and

H 0.4/ D g.4/f 0.4/ � f .4/g0.4/
.g.4//2

D .5/.�2/ � .10/.�1/
.5/2

D 0:

40. F 0.4/, whereF.x/ D x2f .x/.

SOLUTION LetF.x/ D x2f .x/. ThenF 0.x/ D x2f 0.x/C 2xf .x/, and

F 0.4/ D 16f 0.4/C 8f .4/ D .16/.�2/C .8/.10/ D 48:

41. G0.4/, whereG.x/ D g.x/2.

SOLUTION LetG.x/ D g.x/2 D g.x/g.x/. ThenG0.x/ D g.x/g0.x/C g.x/g0.x/ D 2g.x/g0.x/, and

G0.4/ D 2g.4/g0.4/ D 2.5/.�1/ D �10:

42. H 0.4/, whereH.x/ D x

g.x/f .x/
.

SOLUTION LetH.x/ D x

g.x/f .x/
. Then

H 0.x/ D g.x/f .x/ � 1 � x.g.x/f 0.x/C f .x/g0.x//
.g.x/f .x//2

;

and

H 0.4/ D .5/.10/ � 4..5/.�2/C .10/.�1//
..5/.10//2

D 13

250
:
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43. CalculateF 0.0/, where

F.x/ D x9 C x8 C 4x5 � 7x

x4 � 3x2 C 2x C 1

Hint: Do not calculateF 0.x/. Instead, writeF.x/ D f .x/=g.x/ and expressF 0.0/ directly in terms off .0/; f 0.0/; g.0/;
g0.0/.

SOLUTION Taking the hint, let

f .x/ D x9 C x8 C 4x5 � 7x

and let

g.x/ D x4 � 3x2 C 2x C 1:

ThenF.x/ D f.x/
g.x/

. Now,

f 0.x/ D 9x8 C 8x7 C 20x4 � 7 and g0.x/ D 4x3 � 6x C 2:

Moreover,f .0/ D 0, f 0.0/ D �7, g.0/ D 1, andg0.0/ D 2.
Using the quotient rule:

F 0.0/ D g.0/f 0.0/ � f .0/g0.0/
.g.0//2

D �7 � 0

1
D �7:

44. Proceed as in Exercise 43 to calculateF 0.0/, where

F.x/ D
�
1C x C x4=3 C x5=3

� 3x5 C 5x4 C 5x C 1

8x9 � 7x4 C 1

SOLUTION WriteF.x/ D f .x/.g.x/=h.x//, where

f .x/ D .1C x C x4=3 C x5=3/

g.x/ D 3x5 C 5x4 C 5x C 1

and

h.x/ D 8x9 � 7x4 C 1:

Now, f 0.x/ D 1 C 4
3x

1
3 C 5

3x
2
3 , g0.x/ D 15x4 C 20x3 C 5, andh0.x/ D 72x8 � 28x3. Moreover,f .0/ D 1, f 0.0/ D 1,

g.0/ D 1, g0.0/ D 5, h.0/ D 1, andh0.0/ D 0. From the product and quotient rules,

F 0.0/ D f .0/
h.0/g0.0/� g.0/h0.0/

h.0/2
C f 0.0/.g.0/=h.0// D 1

1.5/ � 1.0/

1
C 1.1=1/ D 6:

45. Use the Product Rule to calculate
d

dx
e2x .

SOLUTION Note thate2x D ex � ex . Therefore

d

dx
e2x D d

dx
.ex � ex/ D ex � ex C ex � ex D 2e2x :

46. Plot the derivative off .x/ D x=.x2 C 1/ over Œ�4; 4�. Use the graph to determine the intervals on whichf 0.x/ > 0

andf 0.x/ < 0. Then plotf .x/ and describe how the sign off 0.x/ is reflected in the graph off .x/.

SOLUTION Let f .x/ D x

x2 C 1
. Then

f 0.x/ D .x2 C 1/.1/ � x.2x/

.x2 C 1/2
D 1 � x2

.x2 C 1/2
:

The derivative is shown in the figure below at the left. From this plot we see thatf 0.x/ > 0 for �1 < x < 1 andf 0.x/ < 0 for
jxj > 1. The original function is plotted in the figure below at the right. Observe that the graph off .x/ is increasing whenever
f 0.x/ > 0 and thatf .x/ is decreasing wheneverf 0.x/ < 0.

y

x

2

0.2

0.4

0.6

0.8

1

41 3−2−4 −1−3

y

x
2

0.2

0.4

41 3−2
−0.2

−0.4

−4 −1−3
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47. Plot f .x/ D x=.x2 � 1/ (in a suitably bounded viewing box). Use the plot to determine whetherf 0.x/ is positive or
negative on its domainfx W x ¤ ˙1g. Then computef 0.x/ and confirm your conclusion algebraically.

SOLUTION Let f .x/ D x

x2 � 1
. The graph off .x/ is shown below. From this plot, we see thatf .x/ is decreasing on its domain

fx W x ¤ ˙1g. Consequently,f 0.x/must be negative. Using the quotient rule, we find

f 0.x/ D .x2 � 1/.1/ � x.2x/

.x2 � 1/2
D � x2 C 1

.x2 � 1/2
;

which is negative for allx ¤ ˙1.

4321
x

y

5

−5

−1−2−3−4

48. LetP D V 2R=.RC r/2 as in Example 7. CalculatedP=dr, assuming thatr is variable andR is constant.

SOLUTION Note thatV is also constant. Let

f .r/ D V 2R

.RC r/2
D V 2R

R2 C 2Rr C r2
:

Using the quotient rule:

f 0.r/ D .R2 C 2Rr C r2/.0/ � .V 2R/.2RC 2r/

.RC r/4
D �2V

2R.RC r/

.RC r/4
D � 2V 2R

.RC r/3
:

49. Finda > 0 such that the tangent line to the graph of

f .x/ D x2e�x atx D a

passes through the origin (Figure 1).

y

x
a

f (x) = x2e−x

FIGURE 1

SOLUTION Let f .x/ D x2e�x . Thenf .a/ D a2e�a,

f 0.x/ D �x2e�x C 2xe�x D e�x.2x � x2/;

f 0.a/ D .2a � a2/e�a, and the equation of the tangent line tof atx D a is

y D f 0.a/.x � a/C f .a/ D .2a � a2/e�a.x � a/C a2e�a:

For this line to pass through the origin, we must have

0 D .2a � a2/e�a.�a/C a2e�a D e�a
�
a2 � 2a2 C a3

�
D a2e�a.a � 1/:

Thus,a D 0 or a D 1. The only valuea > 0 such that the tangent line tof .x/ D x2e�x passes through the origin is therefore
a D 1.

50. CurrentI (amperes), voltageV (volts), and resistanceR (ohms) in a circuit are related by Ohm’s Law,I D V=R.

(a) Calculate
dI

dR

ˇ̌
ˇ̌
RD6

if V is constant with valueV D 24.

(b) Calculate
dV

dR

ˇ̌
ˇ̌
RD6

if I is constant with valueI D 4.
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SOLUTION

(a) According to Ohm’s Law,I D V=R D VR�1. Thus, using the power rule,

dI

dR
D �VR�2:

With V D 24 volts, it follows that

dI

dR

ˇ̌
ˇ̌
RD6

D �24.6/�2 D �2
3

amps

�
:

(b) Solving Ohm’s Law forV yieldsV D RI . Thus

dV

dR
D I and

dV

dR

ˇ̌
ˇ̌
ID4

D 4 amps:

51. The revenue per month earned by the Couture clothing chain at timet isR.t/ D N.t/S.t/, whereN.t/ is the number of stores
andS.t/ is average revenue per store per month. Couture embarks on a two-part campaign: (A) to build new stores at a rate of
5 stores per month, and (B) to use advertising to increase average revenue per store at a rate of $10;000 per month. Assume that
N.0/ D 50 andS.0/ D $150,000.
(a) Show that total revenue will increase at the rate

dR

dt
D 5S.t/C 10,000N.t/

Note that the two terms in the Product Rule correspond to the separate effects of increasing the number of stores on the one hand,
and the average revenue per store on the other.

(b) Calculate
dR

dt

ˇ̌
ˇ̌
tD0

.

(c) If Couture can implement only one leg (A or B) of its expansion att D 0, which choice will grow revenue most rapidly?

SOLUTION

(a) GivenR.t/ D N.t/S.t/, it follows that

dR

dt
D N.t/S 0.t/C S.t/N 0.t/:

We are told thatN 0.t/ D 5 stores per month andS 0.t/ D 10;000 dollars per month. Therefore,

dR

dt
D 5S.t/C 10;000N.t/:

(b) Using part (a) and the given values ofN.0/ andS.0/, we find

dR

dt

ˇ̌
ˇ̌
tD0

D 5.150;000/C 10;000.50/ D 1;250;000:

(c) From part (b), we see that of the two terms contributing to total revenue growth, the term5S.0/ is larger than the term
10;000N.0/. Thus, if only one leg of the campaign can be implemented, it should be part A: increase the number of stores by
5 per month.

52. The tip speed ratio of a turbine (Figure 2) is the ratioR D T=W , whereT is the speed of the tip of a blade andW is the
speed of the wind. (Engineers have found empirically that a turbine withn blades extracts maximum power from the wind when
R D 2�=n.) CalculatedR=dt (t in minutes) ifW D 35 km/h andW decreases at a rate of4 km/h per minute, and the tip speed
has constant valueT D 150 km/h.

FIGURE 2 Turbines on a wind farm
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SOLUTION LetR D T=W . Then

dR

dt
D W T 0 � T W 0

W 2
:

Using the valuesT D 150, T 0 D 0,W D 35 andW 0 D �4, we find

dR

dt
D .35/.0/ � 150.�4/

352
D 24

49
:

53. The curvey D 1=.x2 C 1/ is called thewitch of Agnesi(Figure 3) after the Italian mathematician Maria Agnesi (1718–1799),
who wrote one of the first books on calculus. This strange name is the result of a mistranslation of the Italian wordla versiera,
meaning “that which turns.” Find equations of the tangent lines atx D ˙1.

321−2−3 −1

1

x

y

FIGURE 3 The witch of Agnesi.

SOLUTION Let f .x/ D 1

x2 C 1
. Thenf 0.x/ D .x2 C 1/.0/ � 1.2x/

.x2 C 1/2
D � 2x

�
x2 C 1

�2 .

� At x D �1, the tangent line is

y D f 0.�1/.x C 1/C f .�1/ D 1

2
.x C 1/C 1

2
D 1

2
x C 1:

� At x D 1, the tangent line is

y D f 0.1/.x � 1/C f .1/ D �1
2
.x � 1/C 1

2
D �1

2
x C 1:

54. Let f .x/ D g.x/ D x. Show that.f =g/0 ¤ f 0=g0.

SOLUTION .f =g/ D .x=x/ D 1, so.f =g/0 D 0. On the other hand,.f 0=g0/ D .x0=x0/ D .1=1/ D 1. We see that0 ¤ 1.

55. Use the Product Rule to show that.f 2/0 D 2ff 0.

SOLUTION Let g D f 2 D ff . Theng0 D
�
f 2
�0

D .ff /0 D ff 0 C ff 0 D 2ff 0.

56. Show that.f 3/0 D 3f 2f 0.

SOLUTION Let g D f 3 D fff . Then

g0 D
�
f 3
�0

D Œf .ff /�0 D f
�
ff 0 C ff 0�C ff .f 0/ D 3f 2f 0:

Further Insights and Challenges

57. Let f , g, h be differentiable functions. Show that.fgh/0.x/ is equal to

f .x/g.x/h0.x/C f .x/g0.x/h.x/C f 0.x/g.x/h.x/

Hint: Write fgh asf .gh/.

SOLUTION Letp D fgh. Then

p0 D .fgh/0 D f
�
gh0 C hg0�C ghf 0 D f 0ghC fg0hC fgh0:

58. Prove the Quotient Rule using the limit definition of the derivative.

SOLUTION Letp D f

g
. Suppose thatf andg are differentiable atx D a and thatg.a/ ¤ 0. Then

p0.a/ D lim
h!0

p.aC h/ � p.a/
h

D lim
h!0

f .aC h/

g.aC h/
� f .a/

g.a/

h
D lim
h!0

f .aC h/g.a/� f .a/g.aC h/

g.aC h/g.a/

h

D lim
h!0

f .aC h/g.a/ � f .a/g.a/C f .a/g.a/� f .a/g.aC h/

hg.aC h/g.a/
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D lim
h!0

�
1

g.aC h/g.a/

�
g.a/

f .aC h/ � f .a/

h
� f .a/

g.aC h/ � g.a/

h

��

D
�

lim
h!0

1

g.aC h/g.a/

���
g.a/ lim

h!0

f .aC h/ � f .a/

h

�
�
�
f .a/ lim

h!0

g.aC h/ � g.a/

h

��

D 1

.g.a//2

�
g.a/f 0.a/ � f .a/g0.a/

�
D g.a/f 0.a/ � f .a/g0.a/

.g.a//2

In other words,p0 D
�
f

g

�0
D gf 0 � fg0

g2
.

59. Derivative of the Reciprocal Use the limit definition to prove

d

dx

�
1

f .x/

�
D � f 0.x/

f 2.x/
7

Hint: Show that the difference quotient for1=f .x/ is equal to

f .x/� f .x C h/

hf .x/f .x C h/

SOLUTION Let g.x/ D 1
f.x/

. We then compute the derivative ofg.x/ using the difference quotient:

g0.x/ D lim
h!0

g.x C h/ � g.x/

h
D lim
h!0

1

h

�
1

f .x C h/
� 1

f .x/

�
D lim
h!0

1

h

�
f .x/� f .x C h/

f .x/f .x C h/

�

D � lim
h!0

�
f .x C h/ � f .x/

h

��
1

f .x/f .xC h/

�
:

We can apply the rule of products for limits. The first parenthetical expression is the difference quotient definition off 0.x/. The
second can be evaluated ath D 0 to give 1

.f .x//2
. Hence

g0.x/ D d

dx

�
1

f .x/

�
D � f 0.x/

f 2.x/
:

60. Prove the Quotient Rule using Eq. (7) and the Product Rule.

SOLUTION Let h.x/ D f.x/
g.x/

. We can writeh.x/ D f .x/ 1
g.x/

. Applying Eq. (7),

h0.x/ D f .x/

��
1

g.x/

�0�
C f 0.x/

�
1

g.x/

�
D �f .x/

�
g0.x/
.g.x//2

�
C f 0.x/

g.x/
D �f .x/g0.x/C f 0.x/g.x/

.g.x//2
:

61. Use the limit definition of the derivative to prove the following special case of the Product Rule:

d

dx
.xf .x// D xf 0.x/C f .x/

SOLUTION First note that becausef .x/ is differentiable, it is also continuous. It follows that

lim
h!0

f .x C h/ D f .x/:

Now we tackle the derivative:

d

dx
.xf .x// D lim

h!0

.x C h/f .x C h/ � f .x/
h

D lim
h!0

�
x
f .x C h/ � f .x/

h
C f .x C h/

�

D x lim
h!0

f .x C h/ � f .x/

h
C lim
h!0

f .x C h/

D xf 0.x/C f .x/:

62. Carry out Maria Agnesi’s proof of the Quotient Rule from her book on calculus, published in 1748: Assume thatf , g, and
h D f=g are differentiable. Compute the derivative ofhg D f using the Product Rule, and solve forh0.

SOLUTION Suppose thatf , g, andh are differentiable functions withh D f=g.

� Thenhg D f and via the product rulehg0 C gh0 D f 0.

� Solving forh0 yieldsh0 D f 0 � hg0

g
D
f 0 � f

g
g0

g
D gf 0 � fg0

g2
.
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63. The Power Rule Revisited If you are familiar withproof by induction, use induction to prove the Power Rule for all whole
numbersn. Show that the Power Rule holds forn D 1; then writexn asx � xn�1 and use the Product Rule.

SOLUTION Let k be a positive integer. Ifk D 1, thenxk D x. Note that

d

dx

�
x1
�

D d

dx
.x/ D 1 D 1x0:

Hence the Power Rule holds fork D 1. Assume it holds fork D n wheren � 2. Then fork D nC 1, we have

d

dx

�
xk
�

D d

dx

�
xnC1

�
D d

dx

�
x � xn

�
D x

d

dx

�
xn
�

C xn
d

dx
.x/

D x � nxn�1 C xn � 1 D .nC 1/xn D kxk�1

Accordingly, the Power Rule holds for all positive integers by induction.

Exercises 64 and 65: A basic fact of algebra states thatc is a root of a polynomialf .x/ if and only iff .x/ D .x � c/g.x/ for
some polynomialg.x/. We say thatc is amultiple root if f .x/ D .x � c/2h.x/, whereh.x/ is a polynomial.

64. Show thatc is a multiple root off .x/ if and only if c is a root of bothf .x/ andf 0.x/.

SOLUTION Assume first thatf .c/ D f 0.c/ D 0 and let us show thatc is a multiple root off .x/. We havef .x/ D .x � c/g.x/

for some polynomialg.x/ and sof 0.x/ D .x � c/g0.x/C g.x/. However,f 0.c/ D 0C g.c/ D 0, soc is also a root ofg.x/ and
henceg.x/ D .x � c/h.x/ for some polynomialh.x/. We conclude thatf .x/ D .x � c/2h.x/, which shows thatc is a multiple
root off .x/.

Conversely, assume thatc is a multiple root. Thenf .c/ D 0 andf .x/ D .x � c/2g.x/ for some polynomialg.x/. Then
f 0.x/ D .x � c/2g0.x/C 2g.x/.x � c/. Therefore,f 0.c/ D .c � c/2g0.c/C 2g.c/.c � c/ D 0.

65. Use Exercise 64 to determine whetherc D �1 is a multiple root:

(a) x5 C 2x4 � 4x3 � 8x2 � x C 2

(b) x4 C x3 � 5x2 � 3x C 2

SOLUTION

(a) To show that�1 is a multiple root of

f .x/ D x5 C 2x4 � 4x3 � 8x2 � x C 2;

it suffices to check thatf .�1/ D f 0.�1/ D 0. We havef .�1/ D �1C 2C 4 � 8C 1C 2 D 0 and

f 0.x/ D 5x4 C 8x3 � 12x2 � 16x � 1

f 0.�1/ D 5 � 8 � 12C 16 � 1 D 0

(b) Let f .x/ D x4 C x3 � 5x2 � 3x C 2. Thenf 0.x/ D 4x3 C 3x2 � 10x � 3. Because

f .�1/ D 1� 1 � 5C 3C 2 D 0

but

f 0.�1/ D �4C 3C 10 � 3 D 6 ¤ 0;

it follows thatx D �1 is a root off , but not a multiple root.

66. Figure 4 is the graph of a polynomial with roots atA, B, andC . Which of these is a multiple root? Explain your
reasoning using Exercise 64.

x

y

B CA

FIGURE 4

SOLUTION A on the figure is a multiple root. It is a multiple root becausef .x/ D 0 atA and because the tangent line to the
graph atA is horizontal, so thatf 0.x/ D 0 atA. For the same reasons,f also has a multiple root atC .
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67. According to Eq. (6) in Section 3.2,d
dx
bx D m.b/ bx . Use the Product Rule to show thatm.ab/ D m.a/Cm.b/.

SOLUTION

m.ab/.ab/x D d

dx
.ab/x D d

dx

�
axbx

�
D ax

d

dx
bx C bx

d

dx
ax D m.b/axbx Cm.a/axbx D .m.a/Cm.b//.ab/x :

Thus,m.ab/ D m.a/Cm.b/.

3.4 Rates of Change

Preliminary Questions
1. Which units might be used for each rate of change?

(a) Pressure (in atmospheres) in a water tank with respect to depth

(b) The rate of a chemical reaction (change in concentration with respect to time with concentration in moles per liter)

SOLUTION

(a) The rate of change of pressure with respect to depth might be measured in atmospheres/meter.

(b) The reaction rate of a chemical reaction might be measured in moles/.liter�hour/.

2. Two trains travel from New Orleans to Memphis in 4 hours. The first train travels at a constant velocity of 90 mph, but the
velocity of the second train varies. What was the second train’s average velocity during the trip?

SOLUTION Since both trains travel the same distance in the same amount of time, they have the same average velocity: 90 mph.

3. Estimatef .26/, assuming thatf .25/ D 43, f 0.25/ D 0:75.

SOLUTION f .x/ � f .25/C f 0.25/.x � 25/, sof .26/ � 43C 0:75.26 � 25/ D 43:75.

4. The populationP.t/ of Freedonia in 2009 wasP.2009/ D 5 million.

(a) What is the meaning ofP 0.2009/?
(b) EstimateP.2010/ if P 0.2009/ D 0:2.

SOLUTION

(a) BecauseP.t/measures the population of Freedonia as a function of time, the derivativeP 0.2009/ measures the rate of change
of the population of Freedonia in the year 2009.

(b) P.2010/ � P.2009/C P 0.2010/. Thus, ifP 0.2009/ D 0:2, thenP.2009/ � 5:2 million.

Exercises
In Exercises 1–8, find the rate of change.

1. Area of a square with respect to its sides whens D 5.

SOLUTION Let the area beA D f .s/ D s2. Then the rate of change ofA with respect tos is d=ds.s2/ D 2s. Whens D 5,
the area changes at a rate of 10 square units per unit increase. (Draw a5 � 5 square on graph paper and trace the area added by
increasing each side length by 1, excluding the corner, to see what this means.)

2. Volume of a cube with respect to its sides whens D 5.

SOLUTION Let the volume beV D f .s/ D s3. Then the rate of change ofV with respect tos is
d

ds
s3 D 3s2. Whens D 5, the

volume changes at a rate of3.52/ D 75 cubic units per unit increase.

3. Cube root 3
p
x with respect tox whenx D 1, 8, 27.

SOLUTION Let f .x/ D 3
p
x. Writing f .x/ D x1=3, we see the rate of change off .x/ with respect tox is given byf 0.x/ D

1
3x

�2=3. The requested rates of change are given in the table that follows:

c ROC off .x/ with respect tox atx D c.

1 f 0.1/ D 1
3 .1/ D 1

3

8 f 0.8/ D 1
3 .8

�2=3/ D 1
3 .
1
4 / D 1

12

27 f 0.27/ D 1
3 .27

�2=3/ D 1
3 .
1
9 / D 1

27

4. The reciprocal1=x with respect tox whenx D 1; 2; 3.
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SOLUTION Let f .x/ D x�1. The rate of change off .x/ with respect tox is given byf 0.x/ D �x�2. The requested rates of

change are then�1 whenx D 1, �1
4 whenx D 2 and�1

9 whenx D 3.

5. The diameter of a circle with respect to radius.

SOLUTION The relationship between the diameterd of a circle and its radiusr is d D 2r . The rate of change of the diameter
with respect to the radius is thend 0 D 2.

6. Surface areaA of a sphere with respect to radiusr (A D 4�r2).

SOLUTION BecauseA D 4�r2, the rate of change of the surface area of a sphere with respect to the radius isA0 D 8�r .

7. VolumeV of a cylinder with respect to radius if the height is equal to the radius.

SOLUTION The volume of the cylinder isV D �r2h D �r3. ThusdV=dr D 3�r2.

8. Speed of soundv (in m/s) with respect to air temperatureT (in kelvins), wherev D 20
p
T .

SOLUTION Because,v D 20
p
T D 20T 1=2, the rate of change of the speed of sound with respect to temperature isv0 D

10T �1=2 D 10p
T

.

In Exercises 9–11, refer to Figure 1, the graph of distances.t/ from the origin as a function of time for a car trip.

t (h)
3.02.52.01.51.00.5

150

100

50

Distance (km)

FIGURE 1 Distance from the origin versus time for a car trip.

9. Find the average velocity over each interval.

(a) Œ0; 0:5� (b) Œ0:5; 1� (c) Œ1; 1:5� (d) Œ1; 2�

SOLUTION

(a) The average velocity over the intervalŒ0; 0:5� is

50 � 0

0:5 � 0 D 100 km=hour:

(b) The average velocity over the intervalŒ0:5; 1� is

100 � 50

1 � 0:5
D 100 km=hour:

(c) The average velocity over the intervalŒ1; 1:5� is

100 � 100

1:5 � 1
D 0 km=hour:

(d) The average velocity over the intervalŒ1; 2� is

50 � 100
2 � 1

D �50 km=hour:

10. At what time is velocity at a maximum?

SOLUTION The velocity is maximum when the slope of the distance versus time curve is most positive. This appears to happen
whent D 0:5 hours.

11. Match the descriptions (i)–(iii) with the intervals (a)–(c).

(i) Velocity increasing
(ii) Velocity decreasing

(iii) Velocity negative

(a) Œ0; 0:5�
(b) Œ2:5; 3�
(c) Œ1:5; 2�

SOLUTION

(a) (i) : The distance curve is increasing, and is alsobendingupward, so that distance is increasing at an increasing rate.
(b) (ii) : Over the intervalŒ2:5; 3�, the distance curve is flattening, showing that the car is slowing down; that is, the velocity is
decreasing.
(c) (iii) : The distance curve is decreasing, so the tangent line has negative slope; this means the velocity is negative.
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12. Use the data from Table 1 in Example 1 to calculate the average rate of change of Martian temperatureT with respect to time
t over the interval from 8:36AM to 9:34AM .

SOLUTION The time interval from 8:36AM to 9:34 AM has length 58 minutes, and the change in temperature over this time
interval is

�T D �42 � .�47:7/ D 5:7ıC:

The average rate of change is then

�T

�t
D 5:7

58
� 0:0983ıC=min D 5:897ıC=hr:

13. Use Figure 3 from Example 1 to estimate the instantaneous rate of change of Martian temperature with respect to time (in
degrees Celsius per hour) att D 4 AM .

SOLUTION The segment of the temperature graph aroundt D 4 AM appears to be a straight line passing through roughly
.1:36;�70/ and.4:48;�75/. The instantaneous rate of change of Martian temperature with respect to time att D 4 AM is therefore
approximately

dT

dt
D �75 � .�70/

3:2
D �1:5625ıC=hour:

14. The temperature (inıC) of an object at timet (in minutes) isT .t/ D 3
8 t
2 � 15t C 180 for 0 � t � 20. At what rate is the

object cooling att D 10? (Give correct units.)

SOLUTION GivenT .t/ D 3
8 t
2 � 15t C 180, it follows that

T 0.t/ D 3

4
t � 15 and T 0.10/ D 3

4
.10/ � 15 D �7:5ıC=min:

At t D 10, the object is cooling at the rate of 7.5ıC/min.

15. The velocity (in cm/s) of blood molecules flowing through a capillary of radius 0.008 cm isv D 6:4 � 10�8 � 0:001r2,
wherer is the distance from the molecule to the center of the capillary. Find the rate of change of velocity with respect tor when
r D 0:004 cm.

SOLUTION The rate of change of the velocity of the blood molecules isv0.r/ D �0:002r . Whenr D 0:004 cm, this rate is
�8 � 10�6 1=s:

16. Figure 2 displays the voltageV across a capacitor as a function of time while the capacitor is being charged. Estimate the rate
of change of voltage att D 20 s. Indicate the values in your calculation and include proper units. Does voltage change more quickly
or more slowly as time goes on? Explain in terms of tangent lines.

t (s)
4010 20 30

4

3

2

1

5

V (volts)

FIGURE 2

SOLUTION The tangent line sketched in the figure below appears to pass through the points.10; 3/ and.30; 4/. Thus, the rate of
change of voltage att D 20 seconds is approximately

4 � 3

30 � 10
D 0:05 V=s:

As we move to the right of the graph, the tangent lines to it grow shallower, indicating that the voltage changes more slowly as time
goes on.

4010 20 30

4

3

2

1

y

x
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17. Use Figure 3 to estimatedT =dh ath D 30 and 70, whereT is atmospheric temperature (in degrees Celsius) andh is altitude
(in kilometers). Where isdT =dh equal to zero?

T
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he
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S
tr
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e

M
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er
e

T
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rm
os
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er

e

Altitude (km)

Temperature
(˚C) 250

200

150

100

50

0

−50

−100

10 50 100 150

FIGURE 3 Atmospheric temperature versus altitude.

SOLUTION At h D 30 km, the graph of atmospheric temperature appears to be linear passing through the points.23;�50/ and
.40; 0/. The slope of this segment of the graph is then

0 � .�50/
40 � 23 D 50

17
D 2:94I

so

dT

dh

ˇ̌
ˇ̌
hD30

� 2:94ıC=km:

At h D 70 km, the graph of atmospheric temperature appears to be linear passing through the points.58; 0/ and.88;�100/. The
slope of this segment of the graph is then

�100 � 0

88 � 58
D �100

30
D �3:33I

so

dT

dh

ˇ̌
ˇ̌
hD70

� �3:33ıC=km:

dT
dh

D 0 at those points where the tangent line on the graph is horizontal. This appears to happen over the intervalŒ13; 23�, and near
the pointsh D 50 andh D 90.

18. The earth exerts a gravitational force ofF.r/ D .2:99 � 1016/=r2 newtons on an object with a mass of 75 kg locatedr meters
from the center of the earth. Find the rate of change of force with respect to distancer at the surface of the earth.

SOLUTION The rate of change of force isF 0.r/ D �5:98 � 1016=r3: Therefore,

F 0.6:77 � 106/ D �5:98 � 1016=.6:77 � 106/3 D �1:93 � 10�4 N=m:

19. Calculate the rate of change of escape velocityvescD .2:82 � 107/r�1=2 m/s with respect to distancer from the center of the
earth.

SOLUTION The rate that escape velocity changes isv0
esc.r/ D �1:41 � 107r�3=2.

20. The power delivered by a battery to an apparatus of resistanceR (in ohms) isP D 2:25R=.RC 0:5/2 watts. Find the rate of
change of power with respect to resistance forR D 3 � andR D 5 �.

SOLUTION

P 0.R/ D .RC 0:5/22:25 � 2:25R.2R C 1/

.RC 0:5/4
:

Therefore,P 0.3/ D �0:1312 W=� andP 0.5/ D �0:0609 W=�.

21. The position of a particle moving in a straight line during a 5-s trip iss.t/ D t2 � t C 10 cm. Find a timet at which the
instantaneous velocity is equal to the average velocity for the entire trip.

SOLUTION Let s.t/ D t2 � t C 10; 0 � t � 5, with s in centimeters (cm) andt in seconds (s). The average velocity over the
t-interval Œ0; 5� is

s.5/� s.0/

5 � 0
D 30 � 10

5
D 4 cm=s:

The (instantaneous) velocity isv.t/ D s0.t/ D 2t � 1. Solving2t � 1 D 4 yields t D 5
2 s, the time at which the instantaneous

velocity equals the calculated average velocity.
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22. The height (in meters) of a helicopter at timet (in minutes) iss.t/ D 600t � 3t3 for 0 � t � 12.

(a) Plot s.t/ and velocityv.t/.
(b) Find the velocity att D 8 andt D 10.
(c) Find the maximum height of the helicopter.

SOLUTION

(a) With s.t/ D 600t � 3t3, it follows thatv.t/ D 600 � 9t2. Plots of the position and the velocity are shown below.

1000

2 4 6 8 10 12

2000

3000

x

y

s(t)

v(t)

(b) From part (a), we havev.t/ D 600 � 9t2. Thus,v0.8/ D 24 meters/minute andv0.10/ D �300 meters/minute.
(c) From the graph in part (a), we see that the helicopter achieves its maximum height when the velocity is zero. Solving600 �
9t2 D 0 for t yields

t D
r
600

9
D 10

3

p
6 minutes:

The maximum height of the helicopter is then

s

�
10

3

p
6

�
D 4000

3

p
6 � 3266 meters:

23. A particle moving along a line has positions.t/ D t4 � 18t2 m at timet seconds. At which times does the particle pass through
the origin? At which times is the particle instantaneously motionless (that is, it has zero velocity)?

SOLUTION The particle passes through the origin whens.t/ D t4 � 18t2 D t2.t2 � 18/ D 0. This happens whent D 0 seconds

and whent D 3
p
2 � 4:24 seconds. Withs.t/ D t4 � 18t2, it follows thatv.t/ D s0.t/ D 4t3 � 36t D 4t.t2 � 9/. The particle

is therefore instantaneously motionless whent D 0 seconds and whent D 3 seconds.

24. Plot the position of the particle in Exercise 23. What is the farthest distance to the left of the origin attained by the
particle?

SOLUTION The plot of the position of the particle in Exercise 23 is shown below. Positive values of position correspond to
distance to the right of the origin and negative values correspond to distance to the left of the origin. The most negative value of
s.t/ occurs att D 3 and is equal tos.3/ D 34 � 18.3/2 D �81. Thus, the particle achieves a maximum distance to the left of the
origin of 81 meters.

200

1 2 3 4 5

400

600

y

x

25. A bullet is fired in the air vertically from ground level with an initial velocity 200 m/s. Find the bullet’s maximum velocity and
maximum height.

SOLUTION We employ Galileo’s formula,s.t/ D s0 C v0t � 1
2gt

2 D 200t � 4:9t2, where the timet is in seconds (s) and the
heights is in meters (m). The velocity isv.t/ D 200 � 9:8t . The maximum velocity of 200 m=s occurs att D 0. This is the initial
velocity. The bullet reaches its maximum height whenv.t/ D 200 � 9:8t D 0; i.e., whent � 20:41 s. At this point, the height is
2040.82 m.

26. Find the velocity of an object dropped from a height of 300 m at the moment it hits the ground.

SOLUTION We employ Galileo’s formula,s.t/ D s0 C v0t � 1
2gt

2 D 300 � 4:9t2, where the timet is in seconds (s) and the
heights is in meters (m). When the object hits the ground its height is 0. Solves.t/ D 300� 4:9t2 D 0 to obtaint � 7:8246 s. (We
discard the negative time, which took place before the object was dropped.) The velocity at impact isv.7:8246/ D �9:8.7:8246/ �
�76:68 m=s. This signifies that the object isfalling at 76.68 m=s.

27. A ball tossed in the air vertically from ground level returns to earth 4 s later. Find the initial velocity and maximum height of
the ball.

SOLUTION Galileo’s formula givess.t/ D s0 C v0t � 1
2gt

2 D v0t � 4:9t2, where the timet is in seconds (s) and the heights
is in meters (m). When the ball hits the ground after 4 seconds its height is 0. Solve0 D s.4/ D 4v0 � 4:9.4/2 to obtainv0 D 19:6

m=s. The ball reaches its maximum height whens0.t/ D 0, that is, when19:6 � 9:8t D 0, or t D 2 s. At this time,t D 2 s,

s.2/ D 0C 19:6.2/ � 1

2
.9:8/.4/ D 19:6 m:
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28. Olivia is gazing out a window from the tenth floor of a building when a bucket (dropped by a window washer) passes by. She
notes that it hits the ground 1.5 s later. Determine the floor from which the bucket was dropped if each floor is 5 m high and the
window is in the middle of the tenth floor. Neglect air friction.

SOLUTION SupposeH is the unknown height from which the bucket fell starting at timet D 0. The height of the bucket at time
t is s.t/ D H � 4:9t2. LetT be the time when the bucket hits the ground (thusS.T / D 0). Olivia saw the bucket at timeT � 1:5.
The window is located9:5 floors or47:5 m above ground. So we have the equations

s.T � 1:5/ D H � 4:9.T � 1:5/2 D 47:5 and s.T / D H � 4:9T 2 D 0

Subtracting the second equation from the first, we obtain�4:9.�3T C 2:25/ D 47:5, soT � 4 s. The second equation gives us
H D 4:9T 2 D 4:9.4/2 � 78:4 m. Since there are5 m in a floor, the bucket was dropped78:4=5 � 15:7 floors above the ground.
The bucket was dropped from the top of the15th floor.

29. Show that for an object falling according to Galileo’s formula, the average velocity over any time intervalŒt1; t2� is equal to the
average of the instantaneous velocities att1 andt2.

SOLUTION The simplest way to proceed is to compute both values and show that they are equal. The average velocity overŒt1; t2�

is

s.t2/� s.t1/

t2 � t1
D
.s0 C v0t2 � 1

2gt
2
2 /� .s0 C v0t1 � 1

2gt
2
1 /

t2 � t1
D
v0.t2 � t1/C g

2 .t2
2 � t1

2/

t2 � t1

D v0.t2 � t1/

t2 � t1
� g

2
.t2 C t1/ D v0 � g

2
.t2 C t1/

Whereas the average of the instantaneous velocities at the beginning and end ofŒt1; t2� is

s0.t1/C s0.t2/
2

D 1

2

�
.v0 � gt1/C .v0 � gt2/

�
D 1

2
.2v0/� g

2
.t2 C t1/ D v0 � g

2
.t2 C t1/:

The two quantities are the same.

30. An object falls under the influence of gravity near the earth’ssurface. Which of the following statements is true?
Explain.

(a) Distance traveled increases by equal amounts in equal time intervals.

(b) Velocity increases by equal amounts in equal time intervals.

(c) The derivative of velocity increases with time.

SOLUTION For an object falling under the influence of gravity, Galileo’s formula givess.t/ D s0 C v0t � 1
2gt

2:

(a) Since the height of the object varies quadratically with respect to time, it isnot true that the object covers equal distance in
equal time intervals.

(b) The velocity isv.t/ D s0.t/ D v0 � gt . The velocity varies linearly with respect to time. Accordingly, the velocity decreases
(becomes more negative) by equal amounts in equal time intervals. Moreover, itsspeed(the magnitude of velocity) increases by
equal amounts in equal time intervals.

(c) Acceleration, the derivative of velocity with respect to time, is given bya.t/ D v0.t/ D �g. This is aconstant; it does not
change with time. Hence it isnot true that acceleration (the derivative of velocity) increases with time.

31. By Faraday’s Law, if a conducting wire of length`meters moves at velocityv m/s perpendicular to a magnetic field of strength
B (in teslas), a voltage of sizeV D �B`v is induced in the wire. Assume thatB D 2 and` D 0:5.

(a) CalculatedV=dv.

(b) Find the rate of change ofV with respect to timet if v D 4t C 9.

SOLUTION

(a) Assuming thatB D 2 andl D 0:5, V D �2.:5/v D �v. Therefore,

dV

dv
D �1:

(b) If v D 4t C 9, thenV D �2.:5/.4t C 9/ D �.4t C 9/. Therefore,dV
dt

D �4.
32. The voltageV , currentI , and resistanceR in a circuit are related by Ohm’s Law:V D IR, where the units are volts, amperes,
and ohms. Assume that voltage is constant withV D 12 volts. Calculate (specifying units):

(a) The average rate of change ofI with respect toR for the interval fromR D 8 toR D 8:1

(b) The rate of change ofI with respect toR whenR D 8

(c) The rate of change ofR with respect toI whenI D 1:5
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SOLUTION Let V D IR or I D V=R D 12=R (since we are assumingV D 12 volts).

(a) The average rate of change is

�I

�R
D I.8:1/ � I.8/

8:1 � 8
D

12
8:1 � 12

8

0:1
� �0:185 A=¨:

(b) dI=dR D �12=R2 D �12=82 D �0:1875 A=�.

(c) With R D 12=I , we havedR=dI D �12=I2 D �12=1:52 � �5:33 �=A.

33. Ethan finds that withh hours of tutoring, he is able to answer correctlyS.h/ percent of the problems on a math exam.
Which would you expect to be larger:S 0.3/ or S 0.30/? Explain.

SOLUTION One possible graph ofS.h/ is shown in the figure below on the left. This graph indicates that in the early hours of
working with the tutor, Ethan makes rapid progress in learning the material but eventually approaches either the limit of his ability
to learn the material or the maximum possible score on the exam. In this scenario,S 0.3/ would be larger thanS 0.30/.

An alternative graph ofS.h/ is shown below on the right. Here, in the early hours of working with the tutor little progress is
made (perhaps the tutor is assessing how much Ethan already knows, his learning style, his personality, etc.). This is followed by
a period of rapid improvement and finally a leveling off as Ethan reaches his maximum score. In this scenario,S 0.3/ andS 0.30/
might be roughly equal.
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34. Suppose�.t/measures the angle between a clock’s minute and hour hands. What is� 0.t/ at 3 o’clock?

SOLUTION The minute hand makes one full revolution every 60 minutes, so the minute hand moves at a rate of

2�

60
D �

30
rad/min:

The hour hand makes one-twelfth of a revolution every 60 minutes, so the hour hand moves with a rate of

�

360
rad/min:

At 3 o’clock, the movement of the minute hand works to decrease the angle between the minute and hour hands while the movement
of the hour hand works to increase the angle. Therefore, at 3 o’clock,

� 0.t/ D �

360
� �

30
D �11�

360
rad/min:

35. To determine drug dosages, doctors estimate a person’s body surface area (BSA) (in meters squared) using the formula BSADp
hm=60, whereh is the height in centimeters andm the mass in kilograms. Calculate the rate of change of BSA with respect to

mass for a person of constant heighth D 180. What is this rate atm D 70 andm D 80? Express your result in the correct units.
Does BSA increase more rapidly with respect to mass at lower or higher body mass?

SOLUTION Assuming constant heighth D 180 cm, letf .m/ D
p
hm=60 D

p
5
10 m be the formula for body surface area in terms

of weight. The rate of change of BSA with respect to mass is

f 0.m/ D
p
5

10

�
1

2
m�1=2

�
D

p
5

20
p
m
:

If m D 70 kg, this is

f 0.70/ D
p
5

20
p
70

D
p
14

280
� 0:0133631

m2

kg
:

If m D 80 kg,

f 0.80/ D
p
5

20
p
80

D 1

20
p
16

D 1

80

m2

kg
:

Because the rate of change of BSA depends on1=
p
m, it is clear that BSA increases more rapidly at lower body mass.
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36. The atmospheric CO2 levelA.t/ at Mauna Loa, Hawaii at timet (in parts per million by volume) is recorded by the Scripps
Institution of Oceanography. The values for the months January–December 2007 were

382.45, 383.68, 384.23, 386.26, 386.39, 385.87,
384.39, 381.78, 380.73, 380.81, 382.33, 383.69

(a) Assuming that the measurements were made on the first of each month, estimateA0.t/ on the15th of the months January–
November.
(b) In which months didA0.t/ take on its largest and smallest values?
(c) In which month was the CO2 level most nearly constant?

SOLUTION

(a) The rate of change in the atmospheric CO2 level on the15th of each month can be estimated using the monthly differences
A.n/� A.n� 1/ for 2 � n � 12. The estimates we obtain are:

1:23; 0:55; 2:03; 0:13;�0:52;�1:48;�2:61;�1:05; 0:08; 1:52; 1:36

t Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov

P 0.t/ 1.23 0.55 2.03 0.13 �0:52 �1:48 �2:61 �1:05 0.08 1.52 1.36

(b) According to the table in part (a), the maximum rate of change occurs in March and the minimum rate is in July.
(c) According to the table in part (a), the CO2 level is most nearly constant in September.

37. The tangent lines to the graph off .x/ D x2 grow steeper asx increases. At what rate do the slopes of the tangent lines
increase?

SOLUTION Let f .x/ D x2. The slopess of the tangent lines are given bys D f 0.x/ D 2x: The rate at which these slopes are
increasing isds=dx D 2.

38. Figure 4 shows the heighty of a mass oscillating at the end of a spring. through one cycle of the oscillation. Sketch the graph
of velocity as a function of time.

Time

y

FIGURE 4

SOLUTION The position graph appears to break into four equal-sized components. Over the first quarter of the time interval, the
position graph is rising but bending downward, eventually reaching a horizontal tangent. Thus, over the first quarter of the time
interval, the velocity is positive but decreasing, eventually reaching 0. Continuing to examine the structure of the position graph
produces the following graph of velocity:

Velocity

y

Time

In Exercises 39–46, use Eq. (3) to estimate the unit change.

39. Estimate
p
2 �

p
1 and

p
101 �

p
100. Compare your estimates with the actual values.

SOLUTION Let f .x/ D
p
x D x1=2. Thenf 0.x/ D 1

2 .x
�1=2/. We are using the derivative to estimate the average rate of

change. That is,
p
x C h �

p
x

h
� f 0.x/;

so that
p
x C h �

p
x � hf 0.x/:

Thus,
p
2 �

p
1 � 1f 0.1/ D 1

2 .1/ D 1
2 . The actual value, to six decimal places, is 0.414214. Also,

p
101 �

p
100 � 1f 0.100/ D

1
2

�
1
10

�
D :05. The actual value, to six decimal places, is 0.0498756.
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40. Estimatef .4/� f .3/ if f 0.x/ D 2�x . Then estimatef .4/, assuming thatf .3/ D 12.

SOLUTION Using the estimate that

f .x C h/ � f .x/
h

� f 0.x/;

so thatf .x C h/ � f .x/ � f 0.x/h with x D 3, h D 1, we get

f .4/� f .3/ � 2�3.1/ D 1

8
:

If f .3/ D 12, thenf .4/ � 1218 D 97
8 .

41. Let F.s/ D 1:1s C 0:05s2 be the stopping distance as in Example 3. CalculateF.65/ and estimate the increase in stopping
distance if speed is increased from 65 to 66 mph. Compare your estimate with the actual increase.

SOLUTION LetF.s/ D 1:1s C :05s2 be as in Example 3.F 0.s/ D 1:1C 0:1s.

� ThenF.65/ D 282:75 ft andF 0.65/ D 7:6 ft=mph.
� F 0.65/ � F.66/ � F.65/ is approximately equal to the change in stopping distance per 1 mph increase in speed when

traveling at 65 mph. Increasing speed from 65 to 66 therefore increases stopping distance by approximately 7.6 ft.
� The actual increase in stopping distance when speed increases from 65 mph to 66 mph isF.66/�F.65/ D 290:4� 282:75 D
7:65 feet, which differs by less than one percent from the estimate found using the derivative.

42. According to Kleiber’s Law, the metabolic rateP (in kilocalories per day) and body massm (in kilograms) of an animal are
related by athree-quarter-power lawP D 73:3m3=4. Estimate the increase in metabolic rate when body mass increases from 60 to
61 kg.

SOLUTION LetP.m/ D 73:3m3=4 be the function relating body massm to metabolic rateP . Then,

P 0.m/ D 3

4
.73:3/m�1=4 D 54:975m�1=4

P.61/ � P.60/ � P 0.60/ D 54:975.60�1=4/ D 19:7527:

As body mass is increased from60 to 61 kg, metabolic rate is increased by approximately 19.7527 kcal/day.

43. The dollar cost of producingx bagels isC.x/ D 300C 0:25x � 0:5.x=1000/3. Determine the cost of producing 2000 bagels
and estimate the cost of the 2001st bagel. Compare your estimate with the actual cost of the 2001st bagel.

SOLUTION Expanding the power of 3 yields

C.x/ D 300C 0:25x � 5 � 10�10x3:

This allows us to get the derivativeC 0.x/ D 0:25 � 1:5 � 10�9x2. The cost of producing 2000 bagels is

C.2000/ D 300C 0:25.2000/ � 0:5.2000=1000/3 D 796

dollars. The cost of the 2001st bagel is, by definition,C.2001/ � C.2000/. By the derivative estimate,C.2001/ � C.2000/ �
C 0.2000/.1/, so the cost of the 2001st bagel is approximately

C 0.2000/ D 0:25 � 1:5 � 10�9.20002/ D $0:244:

C.2001/ D 796:244, so theexactcost of the 2001st bagel is indistinguishable from the estimated cost. The function is very nearly
linear at this point.

44. Suppose the dollar cost of producingx video cameras isC.x/ D 500x � 0:003x2 C 10�8x3:
(a) Estimate the marginal cost at production levelx D 5000 and compare it with the actual costC.5001/ � C.5000/.
(b) Compare the marginal cost atx D 5000 with the average cost per camera, defined asC.x/=x.

SOLUTION LetC.x/ D 500x � 0:003x2 C 10�8x3. Then

C 0.x/ D 500 � 0:006x C .3 � 10�8/x2:

(a) The cost difference is approximatelyC 0.5000/ D 470:75. The actual cost isC.5001/ � C.5000/ D 470:747, which is quite
close to the marginal cost computed using the derivative.

(b) The average cost per camera is

C.5000/

5000
D 2426250

5000
D 485:25;

which is slightly higher than the marginal cost.



242 C H A P T E R 3 DIFFERENTIATION

45. Demand for a commodity generally decreases as the price is raised. Suppose that the demand for oil (per capita per year) is
D.p/ D 900=p barrels, wherep is the dollar price per barrel. Find the demand whenp D $40. Estimate the decrease in demand if
p rises to $41 and the increase ifp declines to $39.

SOLUTION D.p/ D 900p�1, soD0.p/ D �900p�2. When the price is $40 a barrel, the per capita demand isD.40/ D 22:5

barrels per year. With an increase in price from $40 to $41 a barrel, the change in demandD.41/ � D.40/ is approximately
D0.40/ D �900.40�2/ D �0:5625 barrels a year. With a decrease in price from $40 to $39 a barrel, the change in demand
D.39/ � D.40/ is approximately�D0.40/ D C0:5625. An increase in oil prices of a dollar leads to a decrease in demand of
0:5625 barrels a year, and a decrease of a dollar leads to anincreasein demand of0:5625 barrels a year.

46. The reproduction ratef of the fruit fly Drosophila melanogaster, grown in bottles in a laboratory, decreases with the number
p of flies in the bottle. A researcher has found the number of offspring per female per day to be approximatelyf .p/ D .34 �
0:612p/p�0:658.

(a) Calculatef .15/ andf 0.15/.
(b) Estimate the decrease in daily offspring per female whenp is increased from 15 to 16. Is this estimate larger or smaller than
the actual valuef .16/ � f .15/?
(c) Plot f .p/ for 5 � p � 25 and verify thatf .p/ is a decreasing function ofp. Do you expectf 0.p/ to be positive or
negative? Plotf 0.p/ and confirm your expectation.

SOLUTION Let

f .p/ D .34 � 0:612p/p�0:658 D 34p�0:658 � 0:612p0:342:

Then

f 0.p/ D �22:372p�1:658 � 0:209304p�0:658:

(a) f .15/ D 34.15/�0:658 � 0:612.15/0:342 � 4:17767 offspring per female per day andf 0.15/ D �22:372.15/�1:658 �
0:209304.15/�0:658 � �0:28627 offspring per female per day per fly.

(b) f .16/ � f .15/ � f 0.15/ � �0:28627. The decrease in daily offspring per female is estimated at0:28627. f .16/ � f .15/ D
�0:272424. The actual decrease in daily offspring per female is0:272424. The actual decrease in daily offspring per female is less
than the estimated decrease. This is because the graph of the function bends towards thex axis.

(c) The functionf .p/ is plotted below at the left and is clearly a decreasing function ofp; we therefore expect thatf 0.p/ will be
negative. The plot of the derivative shown below at the right confirms our expectation.
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47. According to Stevens’ Law in psychology, the perceived magnitude of a stimulus is proportional (approximately) to a

power of the actual intensityI of the stimulus. Experiments show that theperceived brightnessB of a light satisfiesB D kI2=3,
whereI is the light intensity, whereas theperceived heavinessH of a weightW satisfiesH D kW 3=2 (k is a constant that is
different in the two cases). ComputedB=dI anddH=dW and state whether they are increasing or decreasing functions. Then
explain the following statements:

(a) A one-unit increase in light intensity is felt more strongly whenI is small than whenI is large.

(b) Adding another pound to a loadW is felt more strongly whenW is large than whenW is small.

SOLUTION

(a) dB=dI D 2k

3
I�1=3 D 2k

3I1=3
.

As I increases,dB=dI shrinks, so that the rate of change of perceived intensity decreases as the actual intensity increases.
Increased light intensity has adiminished returnin perceived intensity. A sketch ofB againstI is shown: See that the height of the
graph increases more slowly as you move to the right.

(b) dH=dW D 3k
2 W

1=2. AsW increases,dH=dW increases as well, so that the rate of change of perceived weight increases as
weight increases. A sketch ofH againstW is shown: See that the graph becomes steeper as you move to the right.
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48. LetM.t/ be the mass (in kilograms) of a plant as a function of time (in years). Recent studies by Niklas and Enquist have
suggested that a remarkably wide range of plants (from algae and grass to palm trees) obey athree-quarter-power growth law—that
is,dM=dt D CM 3=4 for some constantC .

(a) If a tree has a growth rate of6 kg/yr whenM D 100 kg, what is its growth rate whenM D 125 kg?

(b) If M D 0:5 kg, how much more mass must the plant acquire to double its growth rate?

SOLUTION

(a) Suppose a tree has a growth ratedM=dt of 6 kg/yr whenM D 100, then6 D C.1003=4/ D 10C
p
10, so thatC D 3

p
10
50 .

WhenM D 125,

dM

dt
D C.1253=4/ D 3

p
10

50
25.51=4/ D 7:09306:

(b) The growth rate whenM D 0:5 kg isdM=dt D C.0:53=4/. To double the rate, we must findM so thatdM=dt D CM 3=4 D
2C.0:53=4/. We solve forM .

CM 3=4 D 2C.0:53=4/

M 3=4 D 2.0:53=4/

M D .2.0:53=4//4=3 D 1:25992:

The plant must acquire the difference1:25992 � 0:5 D 0:75992 kg in order to double its growth rate.
Note that a doubling of growth rate requiresmorethan a doubling of mass.

Further Insights and Challenges

Exercises 49–51: TheLorenz curvey D F.r/ is used by economists to study income distribution in a given country (see Figure
5). By definition,F.r/ is the fraction of the total income that goes to the bottomr th part of the population, where0 � r � 1.
For example, ifF.0:4/ D 0:245, then the bottom40% of households receive24:5% of the total income. Note thatF.0/ D 0 and
F.1/ D 1.

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

F(r)

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

F(r)

P

(A) Lorenz curve for Sweden in 2004 (B) Two Lorenz curves: The tangent
lines at P and Q have slope 1.

Q

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

r

F(r)

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

r

F(r)

L2

L1

P

(A) Lorenz curve for Sweden in 2004 (B) Two Lorenz curves: The tangent
lines at P and Q have slope 1.

Q

FIGURE 5

49. Our goal is to find an interpretation forF 0.r/. The average income for a group of households is the total income going
to the group divided by the number of households in the group. The national average income isA D T=N , whereN is the total
number of households andT is the total income earned by the entire population.

(a) Show that the average income among households in the bottomr th part is equal to.F .r/=r/A.

(b) Show more generally that the average income of households belonging to an intervalŒr; r C�r� is equal to
�
F.r C�r/ � F.r/

�r

�
A
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(c) Let 0 � r � 1. A household belongs to the100r th percentile if its income is greater than or equal to the income of100r % of
all households. Pass to the limit as�r ! 0 in (b) to derive the following interpretation: A household in the100r th percentile has
incomeF 0.r/A. In particular, a household in the 100r th percentile receives more than the national average ifF 0.r/ > 1 and less if
F 0.r/ < 1.
(d) For the Lorenz curvesL1 andL2 in Figure 5(B), what percentage of households have above-average income?

SOLUTION

(a) The total income among households in the bottomr th part isF.r/T and there arerN households in this part of the population.
Thus, the average income among households in the bottomr th part is equal to

F.r/T

rN
D F.r/

r
� T
N

D F.r/

r
A:

(b) Consider the intervalŒr; r C�r�. The total income among households between the bottomr th part and the bottomr C�r-th
part isF.r C�r/T � F.r/T . Moreover, the number of households covered by this interval is.r C�r/N � rN D �rN . Thus,
the average income of households belonging to an intervalŒr; r C�r� is equal to

F.r C�r/T � F.r/T

�rN
D F.r C�r/ � F.r/

�r
� T
N

D F.r C�r/ � F.r/
�r

A:

(c) Take the result from part (b) and let�r ! 0. Because

lim
�r!0

F.r C�r/ � F.r/

�r
D F 0.r/;

we find that a household in the100r th percentile has incomeF 0.r/A.

(d) The pointP in Figure 5(B) has anr-coordinate of 0.6, while the pointQ has anr-coordinate of roughly 0.75. Thus, on curve
L1, 40% of households haveF 0.r/ > 1 and therefore have above-average income. On curveL2, roughly 25% of households have
above-average income.

50. The following table provides values ofF.r/ for Sweden in 2004. Assume that the national average income wasA D 30;000

euros.

r 0 0.2 0.4 0.6 0.8 1
F.r/ 0 0.01 0.245 0.423 0.642 1

(a) What was the average income in the lowest40% of households?

(b) Show that the average income of the households belonging to the intervalŒ0:4; 0:6� was 26,700 euros.

(c) EstimateF 0.0:5/. Estimate the income of households in the50th percentile? Was it greater or less than the national average?

SOLUTION

(a) The average income in the lowest 40% of households isF 0.0:4/A D 0:245.30;000/ D 7350 euros.

(b) The average income of the households belonging to the intervalŒ0:4; 0:6� is

F.0:6/ � F.0:4/

0:2
A D 0:423 � 0:245

0:2
.30;000/ D .0:89/.30;000/ D 26700

euros.

(c) We estimate

F 0.0:5/ � F.0:6/� F.0:4/

0:2
D 0:423 � 0:245

0:2
D 0:89:

The income of households in the50th percentile is thenF 0.0:5/A D 0:89.30;000/ D 26;700 euros, which is less than the national
average.

51. Use Exercise 49 (c) to prove:

(a) F 0.r/ is an increasing function ofr .

(b) Income is distributed equally (all households have the same income) if and only ifF.r/ D r for 0 � r � 1.

SOLUTION

(a) Recall from Exercise 49 (c) thatF 0.r/A is the income of a household in the 100r-th percentile. Suppose0 � r1 < r2 � 1.
Becauser2 > r1, a household in the 100r2-th percentile must have income at least as large as a household in the 100r1-th percentile.
Thus,F 0.r2/A � F 0.r1/A, orF 0.r2/ � F 0.r1/. This impliesF 0.r/ is an increasing function ofr .

(b) If F.r/ D r for 0 � r � 1, thenF 0.r/ D 1 and households in all percentiles have income equal to the national average; that is,
income is distributed equally. Alternately, if income is distributed equally (all households have the same income), thenF 0.r/ D 1

for 0 � r � 1. Thus,F must be a linear function inr with slope 1. Moreover, the conditionF.0/ D 0 requires theF intercept of
the line to be 0. Hence,F.r/ D 1 � r C 0 D r .
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52. Studies of Internet usage show that website popularity is described quite well by Zipf’s Law, according to which the
nth most popular website receives roughly the fraction1=n of all visits. Suppose that on a particular day, thenth most popular site
had approximatelyV.n/ D 106=n visitors (forn � 15;000/.

(a) Verify that the top 50 websites received nearly 45% of the visits.Hint: Let T .N/ denote the sum ofV.n/ for 1 � n � N . Use
a computer algebra system to computeT .50/ andT .15;000/.
(b) Verify, by numerical experimentation, that when Eq. (3) is used to estimateV.nC 1/� V.n/, the error in the estimate decreases
asn grows larger. Find (again, by experimentation) anN such that the error is at most10 for n � N .
(c) Using Eq. (3), show that forn � 100, thenth website received at most 100 more visitors than the.nC 1/st website.

SOLUTION

(a) In Mathematica, using the commandSumŒ10 ˆ 6/n,fn,50g� yields4:49921 � 106 and the commandSumŒ10 ˆ 6/n,fn,15000g�
yields1:01931 � 107. We see that the first 50 sites get around 4.4 million hits, nearly half the 10.19 million hits of the first 15000
sites.
(b) We useVŒn � WD 10 ˆ 6=n, and compute the errorV.n C 1/ � V.n/ � V 0.n/ for various values ofn. The table of values
computed follows:

n 10 20 30 40 50

.V .nC 1/ � V.n//� V 0.n/ 909.091 119.048 35.8423 15.2489 7.84314

The error decreases in every entry. Furthermore, forn > 50, the error appears to be less than10.
(c) SinceV.n/ D 106n�1, V 0.n/ D �106n�2. The marginal derivative estimate Eq. (3) tells us that

V.n/� V.nC 1/ � �V 0.n/ D 106n�2:

If n � 100, �V 0.n/ � 106.100/�2 D 106.10�4/ D 100. ThereforeV.n/� V.nC 1/ < 100 for n � 100.

In Exercises 53 and 54, the average cost per unit at production levelx is defined asCavg.x/ D C.x/=x, whereC.x/ is the cost
function. Average cost is a measure of the efficiency of the production process.

53. Show thatCavg.x/ is equal to the slope of the line through the origin and the point.x; C.x// on the graph ofC.x/. Using this
interpretation, determine whether average cost or marginal cost is greater at pointsA, B, C ,D in Figure 6.

C

x

A
B C

D

FIGURE 6 Graph ofC.x/.

SOLUTION By definition, the slope of the line through the origin and.x; C.x//, that is, between.0; 0/ and.x; C.x// is

C.x/� 0

x � 0
D C.x/

x
D Cav:

At pointA, average cost is greater than marginal cost, as the line from the origin toA is steeper than the curve at this point (we
see this because the line, tracing from the origin, crosses the curve from below). At pointB, the average cost is still greater than the
marginal cost. At the pointC , the average cost and the marginal cost are nearly the same, since the tangent line and the line from
the origin are nearly the same. The line from the origin toD crosses the cost curve from above, and so is less steep than the tangent
line to the curve atD; the average cost at this point is less than the marginal cost.

54. The cost in dollars of producing alarm clocks isC.x/ D 50x3 � 750x2 C 3740x C 3750 wherex is in units of 1000.

(a) Calculate the average cost atx D 4, 6, 8, and 10.
(b) Use the graphical interpretation of average cost to find the production levelx0 at which average cost is lowest. What is the
relation between average cost and marginal cost atx0 (see Figure 7)?

10,000

15,000

5,000

1 2 3 4 5 6 7 8 9 10
x

C

FIGURE 7 Cost functionC.x/ D 50x3 � 750x2 C 3740x C 3750.
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SOLUTION LetC.x/ D 50x3 � 750x2 C 3740x C 3750.

(a) The slope of the line through the origin and the point.x; C.x// is

C.x/� 0
x � 0

D C.x/

x
D Cav.x/;

the average cost.

x 4 6 8 10

C.x/ 9910 9990 11270 16150

Cav.x/ 2477.5 1665 1408.75 1615

(b) The average cost is lowest at the pointP0 where the angle between thex-axis and the line through the origin andP0 is lowest.
This is at the point.8; 11270/, where the line through the origin and the graph ofC.x/ meet in the figure above. You can see that
the line is also tangent to the graph ofC.x/, so the average cost and the marginal cost are equal at this point.

3.5 Higher Derivatives

Preliminary Questions
1. On September 4, 2003, theWall Street Journalprinted the headline “Stocks Go Higher, Though the Pace of Their Gains Slows.”

Rephrase this headline as a statement about the first and second time derivatives of stock prices and sketch a possible graph.

SOLUTION Because stocks are going higher, stock prices are increasing and the first derivative of stock prices must therefore be
positive. On the other hand, because the pace of gains is slowing, the second derivative of stock prices must be negative.

Stock
price

Time

2. True or false? The third derivative of position with respect to time is zero for an object falling to earth under the influence of
gravity. Explain.

SOLUTION This statement is true. The acceleration of an object falling to earth under the influence of gravity is constant; hence,
the second derivative of position with respect to time is constant. Because the third derivative is just the derivative of the second
derivative and the derivative of a constant is zero, it follows that the third derivative is zero.

3. Which type of polynomial satisfiesf 000.x/ D 0 for all x?

SOLUTION The third derivative of all quadratic polynomials (polynomials of the formax2 C bxC c for some constantsa, b and
c) is equal to 0 for allx.

4. What is the millionth derivative off .x/ D ex?

SOLUTION Every derivative off .x/ D ex is ex .

Exercises
In Exercises 1–16, calculatey00 andy000.

1. y D 14x2

SOLUTION Let y D 14x2. Theny0 D 28x, y00 D 28, andy000 D 0.

2. y D 7 � 2x

SOLUTION Let y D 7 � 2x. Theny0 D �2, y00 D 0, andy000 D 0.

3. y D x4 � 25x2 C 2x

SOLUTION Let y D x4 � 25x2 C 2x. Theny0 D 4x3 � 50x C 2, y00 D 12x2 � 50, andy000 D 24x.

4. y D 4t3 � 9t2 C 7
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SOLUTION Let y D 4t3 � 9t2 C 7. Theny0 D 12t2 � 18t , y00 D 24t � 18, andy000 D 24.

5. y D 4

3
�r3

SOLUTION Let y D 4
3�r

3. Theny0 D 4�r2, y00 D 8�r , andy000 D 8�.

6. y D
p
x

SOLUTION Let y D
p
x D x1=2. Theny0 D 1

2x
�1=2, y00 D �1

4x
�3=2, andy000 D 3

8x
�5=2.

7. y D 20t4=5 � 6t2=3

SOLUTION Let y D 20t4=5 � 6t2=3. Theny0 D 16t�1=5 � 4t�1=3, y00 D �16
5 t

�6=5 C 4
3 t

�4=3, andy000 D 96
25 t

�11=15 �
16
9 t

�7=3.

8. y D x�9=5

SOLUTION Let y D x�9=5. Theny0 D �9
5x

�14=5, y00 D 126
25 x

�19=5, andy000 D �2394
125 x

�24=5.

9. y D z � 4

z

SOLUTION Let y D z � 4z�1. Theny0 D 1C 4z�2, y00 D �8z�3, andy000 D 24z�4.

10. y D 5t�3 C 7t�8=3

SOLUTION Let y D 5t�3 C 7t�8=3. Theny0 D �15t�4 � 56
3 t

�11=3, y00 D 60t�5 C 616
9 t�14=3, andy000 D �300t�6 �

8624
27 t�17=3.

11. y D �2.2� C 7/

SOLUTION Let y D �2.2� C 7/ D 2�3 C 7�2. Theny0 D 6�2 C 14� , y00 D 12� C 14, andy000 D 12.

12. y D .x2 C x/.x3 C 1/

SOLUTION Since we don’t want to apply the product rule to an ever growing list of products, we multiply through first. Let
y D .x2 C x/.x3 C 1/ D x5 C x4 C x2 C x. Theny0 D 5x4 C 4x3 C 2x C 1, y00 D 20x3 C 12x2 C 2, andy000 D 60x2 C 24x.

13. y D x � 4

x

SOLUTION Let y D x�4
x D 1 � 4x�1. Theny0 D 4x�2, y00 D �8x�3, andy000 D 24x�4.

14. y D 1

1 � x

SOLUTION Let y D 1
1�x . Applying the quotient rule:

y0 D .1 � x/.0/� 1.�1/
.1� x/2

D 1

.1 � x/2
D 1

1 � 2x C x2

y00 D .1 � 2x C x2/.0/ � .1/.�2C 2x/

.1 � 2x C x2/2
D 2 � 2x
.1 � x/4

D 2

.1� x/3
D 2

1 � 3x C 3x2 � x3

y000 D .1 � 3x C 3x2 � x3/.0/� 2.�3C 6x � 3x2/

.1 � 3x C 3x2 � x3/2
D 6.x2 � 2x C 1/

.1� x/6
D 6

.1 � x/4
:

15. y D x5ex

SOLUTION Let y D x5ex . Then

y0 D x5ex C 5x4ex D .x5 C 5x4/ex

y00 D .x5 C 5x4/ex C .5x4 C 20x3/ex D .x5 C 10x4 C 20x3/ex

y000 D .x5 C 10x4 C 20x3/ex C .5x4 C 40x3 C 60x2/ex D .x5 C 15x4 C 60x3 C 60x2/ex :

16. y D ex

x

SOLUTION Let y D ex

x D x�1ex . Then

y0 D x�1ex C ex.�x�2/ D .x�1 � x�2/ex

y00 D .x�1 � x�2/ex C ex.�x�2 C 2x�3/ D .x�1 � 2x�2 C 2x�3/ex

y000 D .x�1 � 2x�2 C 2x�3/ex C ex.�x�2 C 4x�3 � 6x�4/ D .x�1 � 3x�2 C 6x�3 � 6x�4/ex:
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In Exercises 17–26, calculate the derivative indicated.

17. f .4/.1/, f .x/ D x4

SOLUTION Let f .x/ D x4. Thenf 0.x/ D 4x3, f 00.x/ D 12x2, f 000.x/ D 24x, andf .4/.x/ D 24. Thusf .4/.1/ D 24.

18. g000.�1/, g.t/ D �4t�5

SOLUTION Let g.t/ D �4t�5. Theng0.t/ D 20t�6, g00.t/ D �120t�7, andg000.t/ D 840t�8. Henceg000.�1/ D 840.

19.
d2y

dt2

ˇ̌
ˇ̌
tD1

, y D 4t�3 C 3t2

SOLUTION Let y D 4t�3 C 3t2. Thendy
dt

D �12t�4 C 6t and d
2y

dt2
D 48t�5 C 6. Hence

d2y

dt2

ˇ̌
ˇ̌
ˇ
tD1

D 48.1/�5 C 6 D 54:

20.
d4f

dt4

ˇ̌
ˇ̌
tD1

, f .t/ D 6t9 � 2t5

SOLUTION Let f .t/ D 6t9 � 2t5. Then df
dt

D 54t8 � 10t4, d
2f

dt2
D 432t7 � 40t3, d

3f

dt3
D 3024t6 � 120t2, and d

4f

dt4
D

18144t5 � 240t . Therefore,

d4f

dt4

ˇ̌
ˇ̌
ˇ
tD1

D 17904:

21.
d4x

dt4

ˇ̌
ˇ̌
tD16

, x D t�3=4

SOLUTION Let x.t/ D t�3=4. Thendx
dt

D �3
4 t

�7=4, d
2x
dt2

D 21
16 t

�11=4, d
3x
dt3

D �231
64 t

�15=4, andd
4x
dt4

D 3465
256 t

�19=4. Thus

d4x

dt4

ˇ̌
ˇ̌
ˇ
tD16

D 3465

256
16�19=4 D 3465

134217728
:

22. f 000.4/, f .t/ D 2t2 � t
SOLUTION Sincef .t/ D 2t2 � t , f 0.t/ D 4t � 1, f 00.t/ D 4, andf 000.t/ D 0 for all t . In particular,f 000.4/ D 0.

23. f 000.�3/, f .x/ D 4ex � x3

SOLUTION Let f .x/ D 4ex � x3. Thenf 0.x/ D 4ex � 3x2, f 00.x/ D 4ex � 6x, f 000.x/ D 4ex � 6, andf 000.�3/ D
4e�3 � 6.

24. f 00.1/, f .t/ D t

t C 1

SOLUTION Let f .t/ D t

t C 1
. Then

f 0.t/ D .t C 1/.1/ � .t/.1/
.t C 1/2

D 1

.t C 1/2
D 1

t2 C 2t C 1

and

f 00.t/ D .t2 C 2t C 1/.0/ � 1.2t C 2/

.t2 C 2t C 1/2
D �2.t C 1/

.t C 1/4
D � 2

.t C 1/3
:

Thus,f 00.1/ D �1
4

.

25. h00.1/, h.w/ D
p
wew

SOLUTION Let h.w/ D
p
wew D w1=2ew . Then

h0.w/ D w1=2ew C ew
�
1

2
w�1=2

�
D
�
w1=2 C 1

2
w�1=2

�
ew

and

h00.w/ D
�
w1=2 C 1

2
w�1=2

�
ew C ew

�
1

2
w�1=2 � 1

4
w�3=2

�
D
�
w1=2 C w�1=2 � 1

4
w�3=2

�
ew :

Thus,h00.1/ D 7

4
e.
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26. g00.0/, g.s/ D es

s C 1

SOLUTION Let g.s/ D es

s C 1
. Then

g0.s/ D .s C 1/es � es.1/

.s C 1/2
D ses

s2 C 2s C 1

and

g00.s/ D .s2 C 2s C 1/.ses C es/� ses.2s C 2/

.s2 C 2s C 1/2
D .s2 C 1/es

.s C 1/3
:

Thus,g00.0/ D 1.

27. Calculatey.k/.0/ for 0 � k � 5, wherey D x4 C ax3 C bx2 C cx C d (with a, b, c, d the constants).

SOLUTION Applying the power, constant multiple, and sum rules at each stage, we get (notey.0/ is y by convention):

k y.k/

0 x4 C ax3 C bx2 C cx C d

1 4x3 C 3ax2 C 2bx C c

2 12x2 C 6ax C 2b

3 24x C 6a

4 24

5 0

from which we gety.0/.0/ D d , y.1/.0/ D c, y.2/.0/ D 2b, y.3/.0/ D 6a, y.4/.0/ D 24, andy.5/.0/ D 0.

28. Which of the following satisfyf .k/.x/ D 0 for all k � 6?

(a) f .x/ D 7x4 C 4C x�1 (b) f .x/ D x3 � 2

(c) f .x/ D
p
x (d) f .x/ D 1 � x6

(e) f .x/ D x9=5 (f) f .x/ D 2x2 C 3x5

SOLUTION Equations (b) and (f) go to zero after the sixth derivative. We don’t have to take the derivatives to see this.

� Look at (a).f 0.x/ D 28x3 � x�2. Every time we take higher derivatives off .x/, the negative exponent will keep decreasing,
and will never become zero.

� In the case of (b), we see that every derivative decreases the degree (the highest exponent) of the polynomial by one, so that
f .4/.x/ D 0.

� For (c),f 0.x/ D d
dx
x1=2 D 1

2x
�1=2. Every further derivative off .x/ is going to make the exponent more negative, so that

it will never go to zero.
� In the case of (d), like (b), the highest exponent will decrease with every derivative, but 6 derivatives will leave the exponent

zero,f .6/.x/ will be �6Š. This is easy to verify.
� (e) is like (c). Since the exponent is not a whole number, successive derivatives will make the exponent “pass over” zero, and

go to negative infinity.
� In the case of (f),f .5/.x/ is constant, so thatf .6/.x/ D 0 for all x.

29. Use the result in Example 3 to find
d6

dx6
x�1.

SOLUTION The equation in Example 3 indicates that

d6

dx6
x�1 D .�1/66Šx�6�1:

.�1/6 D 1 and6Š D 6 � 5 � 4 � 3 � 2 � 1 D 720, so

d6

dx6
x�1 D 720x�7:

30. Calculate the first five derivatives off .x/ D
p
x.

(a) Show thatf .n/.x/ is a multiple ofx�nC1=2.
(b) Show thatf .n/.x/ alternates in sign as.�1/n�1 for n � 1.

(c) Find a formula forf .n/.x/ for n � 2. Hint: Verify that the coefficient iṡ 1 � 3 � 5 � � � 2n � 3
2n

.
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SOLUTION We use the Power Rule:

df

dx
D 1

2 x
�1=2 d4f

dx4
D �5

2

�
3
2

��
1
2

��
1
2

�
x�7=2

d2f

dx2
D �1

2

�
1
2

�
x�3=2 d5f

dx5
D 7

2

�
5
2

��
3
2

��
1
2

��
1
2

�
x�9=2

d3f

dx3
D 3

2

�
1
2

��
1
2

�
x�5=2

(a) The power ofx in the first derivative isx�1C1=2 D x�1=2, the power ofx in the second derivative isx�2C1=2 D x�3=2, and
so forth. According to the Power Law, the power ofx will continue to decrease by 1 for each additional derivative, so, in general,
the power ofx term forf .n/.x/ D x�nC1=2.
(b) The first, third, and fifth derivatives are positive, while the second and fourth derivatives are negative. Because the exponent
onx is negative and will decrease with each additional derivative, each additional derivative will be multiplied by another negative
number and the sign of the derivative will continue to alternate, such that the sign off .n/.x/ is determined by.�1/n�1.

(c) The pattern we see here is that thenth derivative is a multiple oḟ x�nC 1
2 . Which multiple? The coefficient is the product of

the odd numbers up to2n � 3 divided by2n. Therefore we can write a general formula for thenth derivative as follows:

f .n/.x/ D .�1/n�1 1 � 3 � 5 � � � .2n � 3/

2n
x�nC 1

2

In Exercises 31–36, find a general formula forf .n/.x/.

31. f .x/ D x�2

SOLUTION f 0.x/ D �2x�3, f 00.x/ D 6x�4, f 000.x/ D �24x�5, f .4/.x/ D 5 � 24x�6; : : : : From this we can conclude that

thenth derivative can be written asf .n/.x/ D .�1/n.nC 1/Šx�.nC2/.
32. f .x/ D .x C 2/�1

SOLUTION Let f .x/ D .x C 2/�1 D 1
xC2 . Thenf 0.x/ D �1.x C 2/�2, f 00.x/ D 2.x C 2/�3,f 000.x/ D �6.x C 2/�4,

f .4/.x/ D 24.x C 2/�5; : : : From this we conclude that thenth derivative can be written as

f .n/.x/ D .�1/nnŠ.x C 2/�.nC1/:
33. f .x/ D x�1=2

SOLUTION f 0.x/ D �1
2 x

�3=2. We will avoid simplifying numerators and denominators to find the pattern:

f 00.x/ D �3
2

�1
2
x�5=2 D .�1/2 3 � 1

22
x�5=2

f 000.x/ D �5
2

3 � 1
22

x�7=2 D .�1/3 5 � 3 � 1
23

x�7=2

:::

f .n/.x/ D .�1/n .2n � 1/ � .2n � 3/ � : : : � 1
2n

x�.2nC1/=2:

34. f .x/ D x�3=2

SOLUTION f 0.x/ D �3
2 x

�5=2. We will avoid simplifying numerators and denominators to find the pattern:

f 00.x/ D �5
2

�3
2
x�7=2 D .�1/2 5 � 3

22
x�7=2

f 000.x/ D �7
2

5 � 3
22

x�9=2 D .�1/3 7 � 5 � 3
23

x�9=2

:::

f .n/.x/ D .�1/n .2nC 1/ � .2n� 1/ � : : : � 3
2n

x�.2nC3/=2:

35. f .x/ D xe�x

SOLUTION Let f .x/ D xe�x . Then

f 0.x/ D x.�e�x/C e�x D .1 � x/e�x D �.x � 1/e�x

f 00.x/ D .1 � x/.�e�x/� e�x D .x � 2/e�x

f 000.x/ D .x � 2/.�e�x/C e�x D .3 � x/e�x D �.x � 3/e�x

From this we conclude that thenth derivative can be written asf .n/.x/ D .�1/n.x � n/e�x .
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36. f .x/ D x2ex

SOLUTION Let f .x/ D x2ex . Then

f 0.x/ D x2ex C 2xex D .x2 C 2x/ex

f 00.x/ D .x2 C 2x/ex C ex.2x C 2/ D .x2 C 4x C 2/ex

f 000.x/ D .x2 C 4x C 2/ex C ex.2x C 4/ D .x2 C 6x C 6/ex

f .4/.x/ D .x2 C 6x C 6/ex C ex.2x C 6/ D .x2 C 8x C 12/ex

From this we conclude that thenth derivative can be written asf .n/.x/ D .x2 C 2nx C n.n� 1//ex .

37. (a) Find the acceleration at timet D 5 min of a helicopter whose height iss.t/ D 300t � 4t3 m.

(b) Plot the accelerationh00.t/ for 0 � t � 6. How does this graph show that the helicopter is slowing down during this time
interval?

SOLUTION

(a) Let s.t/ D 300t � 4t3, with t in minutes ands in meters. The velocity isv.t/ D s0.t/ D 300 � 12t2 and acceleration is
a.t/ D s00.t/ D �24t . Thusa.5/ D �120 m=min2.

(b) The acceleration of the helicopter for0 � t � 6 is shown in the figure below. As the acceleration of the helicopter is negative,
the velocity of the helicopter must be decreasing. Because the velocity is positive for0 � t � 6, the helicopter is slowing down.

−140
−120
−100
−80
−60

−40
−20 1 2 3 4 5 6

y

x

38. Find an equation of the tangent to the graph ofy D f 0.x/ atx D 3, wheref .x/ D x4.

SOLUTION Let f .x/ D x4 andg.x/ D f 0.x/ D 4x3. Theng0.x/ D 12x2. The tangent line tog atx D 3 is given by

y D g0.3/.x � 3/C g.3/ D 108.x � 3/C 108 D 108x � 216:

39. Figure 1 showsf , f 0, andf 00. Determine which is which.

(A) (B)

x

y

321
x

y

321
x

y

(C)

321

FIGURE 1

SOLUTION (a)f 00 (b) f 0 (c) f .
The tangent line to (c) is horizontal atx D 1 andx D 3, where (b) has roots. The tangent line to (b) is horizontal atx D 2 and

x D 0, where (a) has roots.

40. The second derivativef 00 is shown in Figure 2. Which of (A) or (B) is the graph off and which isf 0?

x

y

x

y

x

y

(A) (B)f ''(x)

FIGURE 2

SOLUTION f 0.x/ D A andf .x/ D B.



252 C H A P T E R 3 DIFFERENTIATION

41. Figure 3 shows the graph of the positions of an object as a function of timet . Determine the intervals on which the acceleration
is positive.

Time

40302010

Position

FIGURE 3

SOLUTION Roughly from time 10 to time 20 and from time 30 to time 40. The acceleration is positive over the same intervals
over which the graph is bending upward.

42. Find a polynomialf .x/ that satisfies the equationxf 00.x/C f .x/ D x2.

SOLUTION Sincexf 00.x/ C f .x/ D x2, andx2 is a polynomial, it seems reasonable to assume thatf .x/ is a polynomial of
some degree, call itn. The degree off 00.x/ is n � 2, so the degree ofxf 00.x/ is n � 1, and the degree ofxf 00.x/ C f .x/ is n.
Hence,n D 2, since the degree ofx2 is 2. Therefore, letf .x/ D ax2 C bx C c. Thenf 0.x/ D 2ax C b andf 00.x/ D 2a.
Substituting into the equationxf 00.x/C f .x/ D x2 yieldsax2 C .2a C b/x C c D x2, an identity inx. Equating coefficients,
we havea D 1, 2a C b D 0, c D 0. Therefore,b D �2 andf .x/ D x2 � 2x.

43. Find all values ofn such thaty D xn satisfiesx2y00 � 2xy0 D 4y

SOLUTION Let y D xn. Then y0 D nxn�1 and y00 D n .n � 1/ xn�2. Therefore,x2y00 � 2xy0 D 4y is equivalent to
n .n � 1/ xn � 2nxn D 4xn, or

�
n2 � 3n

�
xn D 4xn. Solving forn, we have

n2 � 3n D 4

n2 � 3n � 4 D 0

.n � 4/ .nC 1/ D 0

n D �1 or 4

44. Which of the following descriptions couldnot apply to Figure 4? Explain.

(a) Graph of acceleration when velocity is constant

(b) Graph of velocity when acceleration is constant

(c) Graph of position when acceleration is zero

Time

Position

FIGURE 4

SOLUTION

(a) Does NOT apply to the figure because ifv.t/ D C whereC is a constant, thena.t/ D v0.t/ D 0, which is the horizontal line
going through the origin.

(b) Can apply because the graph has a constant slope.

(c) Can apply because if we took this as a position graph, the velocity graph would be a horizontal line and thus, acceleration
would be zero.

45. According to one model that takes into account air resistance, the accelerationa.t/ (in m/s2) of a skydiver of massm in free
fall satisfies

a.t/ D �9:8C k

m
v.t/2

wherev.t/ is velocity (negative since the object is falling) andk is a constant. Suppose thatm D 75 kg andk D 14 kg/m.

(a) What is the object’s velocity whena.t/ D �4:9?
(b) What is the object’s velocity whena.t/ D 0? This velocity is the object’s terminal velocity.
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SOLUTION Solvinga.t/ D �9:8C k
mv.t/

2 for the velocity and taking into account that the velocity is negative since the object
is falling, we find

v.t/ D �
r
m

k
.a.t/C 9:8/ D �

r
75

14
.a.t/C 9:8/:

(a) Substitutinga.t/ D �4:9 into the above formula for the velocity, we find

v.t/ D �
r
75

14
.4:9/ D �

p
26:25 D �5:12 m=s:

(b) Whena.t/ D 0,

v.t/ D �
r
75

14
.9:8/ D �

p
52:5 D �7:25 m=s:

46. According to one model that attempts to account for air resistance, the distances.t/ (in meters) traveled by a falling
raindrop satisfies

d2s

dt2
D g � 0:0005

D

�
ds

dt

�2

whereD is the raindrop diameter andg D 9:8 m/s2. Terminal velocityvterm is defined as the velocity at which the drop has zero
acceleration (one can show that velocity approachesvterm as time proceeds).

(a) Show thatvterm D
p
2000gD.

(b) Findvterm for drops of diameter10�3 m and10�4 m.
(c) In this model, do raindrops accelerate more rapidly at higher or lower velocities?

SOLUTION

(a) vterm is found by settingd
2s
dt2

D 0, and solving fords
dt

D v.

0 D g � 0:0005

D

�
ds

dt

�2

g D 0:0005

D

�
ds

dt

�2

ds

dt
D
r
g

D

0:0005
D
p
2000gD D v1=2:

(b) If D D 0:003 ft,

vterm D
p
2000g.0:003/ D

p
58:8 D 7:668 m=s:

If D D 0:0003 ft,

vterm D
p
2000g.0:0003/ D

p
5:88 D 2:425 m=s:

(c) The greater the velocity, the more gets subtracted fromg in the formula for acceleration. Therefore, assuming velocity is less
thanvterm, greater velocities correspond tolower acceleration.

47. A servomotor controls the vertical movement of a drill bit that will drill a pattern of holes in sheet metal. The maximum vertical
speed of the drill bit is4 in./s, and while drilling the hole, it must move no more than2:6 in./s to avoid warping the metal. During
a cycle, the bit begins and ends at rest, quickly approaches the sheet metal, and quickly returns to its initial position after the hole
is drilled. Sketch possible graphs of the drill bit’s vertical velocity and acceleration. Label the point where the bit enters the sheet
metal.

SOLUTION There will be multiple cycles, each of which will be more or less identical. Letv.t/ be thedownwardvertical velocity
of the drill bit, and leta.t/ be the vertical acceleration. From the narrative, we see thatv.t/ can be no greater than4 and no greater
than2:6 while drilling is taking place. During each cycle,v.t/ D 0 initially, v.t/ goes to4 quickly. When the bit hits the sheet
metal,v.t/ goes down to2:6 quickly, at which it stays until the sheet metal is drilled through. As the drill pulls out, it reaches
maximum non-drilling upward speed (v.t/ D �4) quickly, and maintains this speed until it returns to rest. A possible plot follows:

−2

−4

4

2

21.510.5
x

y

Metal
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A graph of the acceleration is extracted from this graph:

−20

−40

40

20

21.5

10.5
x

y

Metal

In Exercises 48 and 49, refer to the following. In a 1997 study,Boardman and Lave related the traffic speedS on a two-lane road
to traffic densityQ (number of cars per mile of road) by the formula

S D 2882Q�1 � 0:052Q C 31:73

for 60 � Q � 400 (Figure 5).

Density Q

400300200100

Speed S
(mph)

10
20
30
40
50
60
70

FIGURE 5 Speed as a function of traffic density.

48. CalculatedS=dQ andd2S=dQ2.

SOLUTION

dS=dQ D �2882Q�2 � 0:052

d2S=dQ2 D 5764Q�3 :

49. (a) Explain intuitively why we should expect thatdS=dQ < 0.

(b) Show thatd2S=dQ2 > 0. Then use the fact thatdS=dQ < 0 andd2S=dQ2 > 0 to justify the following statement:A one-unit
increase in traffic density slows down traffic more whenQ is small than whenQ is large.

(c) PlotdS=dQ. Which property of this graph shows thatd2S=dQ2 > 0?

SOLUTION

(a) Traffic speed must be reduced when the road gets more crowded so we expectdS=dQ to be negative. This is indeed the case
sincedS=dQ D �0:052 � 2882=Q2 < 0.

(b) The decrease in speed due to a one-unit increase in density is approximatelydS=dQ (a negative number). Sinced2S=dQ2 D
5764Q�3 > 0 is positive, this tells us thatdS=dQ gets larger asQ increases—and a negative number which gets larger is getting
closer to zero. So the decrease in speed is smaller whenQ is larger, that is, a one-unit increase in traffic density has a smaller effect
whenQ is large.

(c) dS=dQ is plotted below. The fact that this graph is increasing shows thatd2S=dQ2 > 0.

x

y

−0.2
−0.4
−0.6
−0.8

−1
−1.2

400300100 200

50. Use a computer algebra system to computef .k/.x/ for k D 1, 2, 3 for the following functions.

(a) f .x/ D .1C x3/5=3 (b) f .x/ D 1 � x4

1 � 5x � 6x2
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SOLUTION

(a) Let f .x/ D .1C x3/5=3. Using a computer algebra system,

f 0.x/ D 5x2.1C x3/2=3I

f 00.x/ D 10x.1C x3/2=3 C 10x4.1C x3/�1=3I and

f 000.x/ D 10.1C x3/2=3 C 60x3.1C x3/�1=3 � 10x6.1C x3/�4=3:

(b) Let f .x/ D 1 � x4

1 � 5x � 6x2
. Using a computer algebra system,

f 0.x/ D 12x3 � 9x2 C 2x C 5

.6x � 1/2
I

f 00.x/ D 2.36x3 � 18x2 C 3x � 31/

.6x � 1/3
I and

f 000.x/ D 1110

.6x � 1/4
:

51. Let f .x/ D x C 2

x � 1
. Use a computer algebra system to compute thef .k/.x/ for 1 � k � 4. Can you find a general

formula forf .k/.x/?

SOLUTION Let f .x/ D x C 2

x � 1 . Using a computer algebra system,

f 0.x/ D � 3

.x � 1/2
D .�1/1 3 � 1

.x � 1/1C1 I

f 00.x/ D 6

.x � 1/3
D .�1/2 3 � 2 � 1

.x � 1/2C1 I

f 000.x/ D � 18

.x � 1/4
D .�1/3 3 � 3Š

.x � 1/3C1 I and

f .4/.x/ D 72

.x � 1/5
D .�1/4 3 � 4Š

.x � 1/4C1 :

From the pattern observed above, we conjecture

f .k/.x/ D .�1/k 3 � kŠ
.x � 1/kC1 :

Further Insights and Challenges

52. Find the 100th derivative of

p.x/ D .x C x5 C x7/10.1C x2/11.x3 C x5 C x7/

SOLUTION This is a polynomial of degree70C 22C 7 D 99, so its 100th derivative is zero.

53. What isp.99/.x/ for p.x/ as in Exercise 52?

SOLUTION First note that for any integern � 98,

d99

dx99
xn D 0:

Now, if we expandp.x/, we find

p.x/ D x99 C terms of degree at most 98I

therefore,

d99

dx99
p.x/ D d99

dx99
.x99 C terms of degree at most 98/ D d99

dx99
x99

Using logic similar to that used to compute the derivative in Example (3), we compute:

d99

dx99
.x99/ D 99 � 98 � : : : 1;

so that d
99

dx99p.x/ D 99Š.
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54. Use the Product Rule twice to find a formula for.fg/00 in terms off andg and their first and second derivatives.

SOLUTION Let h D fg. Thenh0 D fg0 C gf 0 D f 0g C fg0 and

h00 D f 0g0 C gf 00 C fg00 C g0f 0 D f 00g C 2f 0g0 C fg00:

55. Use the Product Rule to find a formula for.fg/000 and compare your result with the expansion of.a C b/3. Then try to guess
the general formula for.fg/.n/.

SOLUTION Continuing from Exercise 54, we have

h000 D f 00g0 C gf 000 C 2.f 0g00 C g0f 00/C fg000 C g00f 0 D f 000g C 3f 00g0 C 3f 0g00 C fg000

The binomial theorem gives

.aC b/3 D a3 C 3a2b C 3ab2 C b3 D a3b0 C 3a2b1 C 3a1b2 C a0b3

and more generally

.aC b/n D
nX

kD0

 
n

k

!
an�kbk ;

where the binomial coefficients are given by
 
n

k

!
D k.k � 1/ � � � .k � nC 1/

nŠ
:

Accordingly, the general formula for.fg/.n/ is given by

.fg/.n/ D
nX

kD0

 
n

k

!
f .n�k/g.k/;

wherep.k/ is thekth derivative ofp (or p itself whenk D 0).

56. Compute

�f .x/ D lim
h!0

f .x C h/C f .x � h/ � 2f .x/

h2

for the following functions:

(a) f .x/ D x (b) f .x/ D x2 (c) f .x/ D x3

Based on these examples, what do you think the limit�f represents?

SOLUTION Forf .x/ D x, we have

f .x C h/C f .x � h/ � 2f .x/ D .x C h/C .x � h/ � 2x D 0:

Hence,�.x/ D 0. Forf .x/ D x2,

f .x C h/C f .x � h/ � 2f .x/ D .x C h/2 C .x � h/2 � 2x2

D x2 C 2xhC h2 C x2 � 2xhC h2 � 2x2 D 2h2;

so�.x2/ D 2. Working in a similar fashion, we find�.x3/ D 6x. One can prove that for twice differentiable functions,�f D f 00.
It is an interesting fact of more advanced mathematics that there are functionsf for which�f exists at all points, but the function
is not differentiable.

3.6 Trigonometric Functions

Preliminary Questions
1. Determine the sign (C or �) that yields the correct formula for the following:

(a)
d

dx
.sin x C cosx/ D ˙ sinx ˙ cosx

(b)
d

dx
secx D ˙ secx tanx

(c)
d

dx
cotx D ˙ csc2 x
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SOLUTION The correct formulas are

(a)
d

dx
.sin x C cosx/ D � sinx C cosx

(b)
d

dx
secx D secx tanx

(c)
d

dx
cotx D � csc2 x

2. Which of the following functions can be differentiated using the rules we have covered so far?

(a) y D 3 cosx cotx (b) y D cos.x2/ (c) y D ex sinx

SOLUTION

(a) 3 cosx cotx is a product of functions whose derivatives are known. This function can therefore be differentiated using the
Product Rule.

(b) cos.x2/ is a composition of the functions cosx andx2. We have not yet discussed how to differentiate composite functions.

(c) x2 cosx is a product of functions whose derivatives are known. This function can therefore be differentiated using the Product
Rule.

3. Compute d
dx
.sin2 x C cos2 x/ without using the derivative formulas for sinx and cosx.

SOLUTION Recall that sin2 x C cos2 x D 1 for all x. Thus,

d

dx
.sin2 x C cos2 x/ D d

dx
1 D 0:

4. How is the addition formula used in deriving the formula.sinx/0 D cosx?

SOLUTION The difference quotient for the function sinx involves the expression sin.x C h/. The addition formula for the sine
function is used to expand this expression as sin.x C h/ D sinx coshC sinh cosx.

Exercises
In Exercises 1–4, find an equation of the tangent line at the point indicated.

1. y D sinx, x D �
4

SOLUTION Let f .x/ D sinx. Thenf 0.x/ D cosx and the equation of the tangent line is

y D f 0
��
4

� �
x � �

4

�
C f

��
4

�
D

p
2

2

�
x � �

4

�
C

p
2

2
D

p
2

2
x C

p
2

2

�
1 � �

4

�
:

2. y D cosx, x D �
3

SOLUTION Let f .x/ D cosx. Thenf 0.x/ D � sinx and the equation of the tangent line is

y D f 0
��
3

� �
x � �

3

�
C f

��
3

�
D �

p
3

2

�
x � �

3

�
C 1

2
D �

p
3

2
x C 1

2
C �

p
3

6
:

3. y D tanx, x D �
4

SOLUTION Let f .x/ D tanx. Thenf 0.x/ D sec2 x and the equation of the tangent line is

y D f 0
��
4

� �
x � �

4

�
C f

��
4

�
D 2

�
x � �

4

�
C 1 D 2x C 1 � �

2
:

4. y D secx, x D �
6

SOLUTION Let f .x/ D secx. Thenf 0.x/ D secx tanx and the equation of the tangent line is

y D f 0
��
6

� �
x � �

6

�
C f

��
6

�
D 2

3

�
x � �

6

�
C 2p

3
D 2

3
x C 2

p
3

3
C �

9
:

In Exercises 5–24, compute the derivative.

5. f .x/ D sinx cosx

SOLUTION Let f .x/ D sinx cosx. Then

f 0.x/ D sinx.� sinx/C cosx.cosx/ D � sin2 x C cos2 x:
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6. f .x/ D x2 cosx

SOLUTION Let f .x/ D x2 cosx. Then

f 0.x/ D x2 .� sinx/C .cosx/ .2x/ D 2x cosx � x2 sinx:

7. f .x/ D sin2 x

SOLUTION Let f .x/ D sin2 x D sinx sinx. Then

f 0.x/ D sinx.cosx/C sinx.cosx/ D 2 sinx cosx:

8. f .x/ D 9 secx C 12 cotx

SOLUTION Let f .x/ D 9 secx C 12 cotx. Thenf 0.x/ D 9 secx tanx � 12 csc2 x.

9. H.t/ D sint sec2 t

SOLUTION LetH.t/ D sint sec2 t . Then

H 0.t/ D sint
d

dt
.sect � sect/C sec2 t.cost/

D sint.sect sect tant C sect sect tant/C sect

D 2 sint sec2 t tant C sect:

10. h.t/ D 9 csct C t cott

SOLUTION Let h.t/ D 9 csct C t cott . Then

h0.t/ D 9.� csct cott/C t.� csc2 t/C cott D cott � 9 csct cott � t csc2 t:

11. f .�/ D tan� sec�

SOLUTION Let f .�/ D tan� sec� . Then

f 0.�/ D tan� sec� tan� C sec� sec2 � D sec� tan2 � C sec3 � D
�
tan2 � C sec2 �

�
sec�:

12. k.�/ D �2 sin2 �

SOLUTION Let k.�/ D �2 sin2 � . Then

k0.�/ D �2 .2 sin� cos�/C 2� sin2 � D 2�2 sin� cos� C 2� sin2 �:

Here we used the result from Exercise 7.

13. f .x/ D .2x4 � 4x�1/ secx

SOLUTION Let f .x/ D .2x4 � 4x�1/ secx. Then

f 0.x/ D .2x4 � 4x�1/ secx tanx C secx.8x3 C 4x�2/:

14. f .z/ D z tanz

SOLUTION Let f .z/ D z tanz. Thenf 0.z/ D z.sec2 z/C tanz.

15. y D sec�

�

SOLUTION Let y D sec�

�
. Then

y0 D � sec� tan� � sec�

�2
:

16. G.z/ D 1

tanz � cotz

SOLUTION LetG.z/ D 1

tanz � cotz
. Then

G0.z/ D .tanz � cotz/.0/� 1.sec2 z C csc2 z/

.tanz � cotz/2
D �sec2 z C csc2 z

.tanz � cotz/2
:

17. R.y/ D 3 cosy � 4
siny
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SOLUTION LetR.y/ D 3 cosy � 4

siny
. Then

R0.y/ D siny.�3 siny/� .3 cosy � 4/.cosy/

sin2 y
D 4 cosy � 3.sin2 y C cos2 y/

sin2 y
D 4 cosy � 3

sin2 y
:

18. f .x/ D x

sinx C 2

SOLUTION Let f .x/ D x

2C sin x
. Then

f 0.x/ D .2C sinx/ .1/ � x cosx

.2C sin x/2
D 2C sinx � x cosx

.2C sinx/2
:

19. f .x/ D 1C tanx

1 � tanx

SOLUTION Let f .x/ D 1C tanx

1 � tanx
. Then

f 0.x/ D
.1 � tanx/ sec2 x � .1C tanx/

�
� sec2 x

�

.1 � tanx/2
D 2 sec2 x

.1 � tanx/2
:

20. f .�/ D � tan� sec�

SOLUTION Let f .�/ D � tan� sec� . Then

f 0.�/ D �
d

d�
.tan� sec�/C tan� sec�

D �.tan� sec� tan� C sec� sec2 �/C tan� sec�

D � tan2 � sec� C � sec3 � C tan� sec�:

21. f .x/ D ex sinx

SOLUTION Let f .x/ D ex sinx. Thenf 0.x/ D ex cosx C sinxex D ex.cosx C sinx/.

22. h.t/ D et csct

SOLUTION Let h.t/ D et csct . Thenh0.t/ D et .� csct cott/C csctet D et csct.1 � cott/.

23. f .�/ D e� .5 sin� � 4 tan�/

SOLUTION Let f .�/ D e� .5 sin� � 4 tan�/. Then

f 0.�/ D e� .5 cos� � 4 sec2 �/C e� .5 sin� � 4 tan�/

D e� .5 sin� C 5 cos� � 4 tan� � 4 sec2 �/:

24. f .x/ D xex cosx

SOLUTION Let f .x/ D xex cosx. Then

f 0.x/ D x
d

dx
.ex cosx/C ex cosx D x.ex.� sinx/C cosxex/C ex cosx

D ex.x cosx � x sinx C cosx/:

In Exercises 25–34, find an equation of the tangent line at the point specified.

25. y D x3 C cosx, x D 0

SOLUTION Let f .x/ D x3 C cosx. Thenf 0.x/ D 3x2 � sinx andf 0.0/ D 0. The tangent line atx D 0 is

y D f 0.0/.x � 0/C f .0/ D 0.x/C 1 D 1:

26. y D tan� , � D �
6

SOLUTION Let f .�/ D tan� . Thenf 0.�/ D sec2 � andf 0.�6 / D 4
3 . The tangent line atx D �

6 is

y D f 0
��
6

� �
� � �

6

�
C f

��
6

�
D 4

3

�
� � �

6

�
C

p
3

3
D 4

3
� C

p
3

3
� 2�

9
:
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27. y D sinx C 3 cosx, x D 0

SOLUTION Let f .x/ D sinx C 3 cosx. Thenf 0.x/ D cosx � 3 sinx andf 0.0/ D 1. The tangent line atx D 0 is

y D f 0.0/.x � 0/C f .0/ D x C 3:

28. y D sint

1C cost
, t D �

3

SOLUTION Let f .t/ D sint
1Ccost . Then

f 0.t/ D .1C cost/.cost/ � sint.� sint/

.1C cost/2
D 1C cost

.1C cost/2
D 1

1C cost
;

and

f 0
��
3

�
D 1

1C 1=2
D 2

3
:

The tangent line atx D �
3 is

y D f 0
��
3

� �
x � �

3

�
C f

��
3

�
D 2

3

�
x � �

3

�
C

p
3

3
D 2

3
x C

p
3

3
� 2�

9
:

29. y D 2.sin� C cos�/, � D �
3

SOLUTION Let f .�/ D 2.sin� C cos�/. Thenf 0.�/ D 2.cos� � sin�/ andf 0.�3 / D 1 �
p
3. The tangent line atx D �

3 is

y D f 0
��
3

� �
x � �

3

�
C f

��
3

�
D .1 �

p
3/
�
x � �

3

�
C 1C

p
3:

30. y D cscx � cotx, x D �
4

SOLUTION Let f .x/ D cscx � cotx. Then

f 0.x/ D csc2 x � cscx cotx

and

f 0
��
4

�
D 2 �

p
2 � 1 D 2 �

p
2:

Hence the tangent line is

y D f 0
��
4

� �
x � �

4

�
C f

��
4

�
D
�
2 �

p
2
� �
x � �

4

�
C
�p

2 � 1
�

D
�
2 �

p
2
�
x C

p
2 � 1C �

4

�p
2 � 2

�
:

31. y D ex cosx, x D 0

SOLUTION Let f .x/ D ex cosx. Then

f 0.x/ D ex.� sinx/C ex cosx D ex.cosx � sinx/;

andf 0.0/ D e0.cos0 � sin0/ D 1. Thus, the equation of the tangent line is

y D f 0.0/.x � 0/C f .0/ D x C 1:

32. y D ex cos2 x, x D �
4

SOLUTION Let f .x/ D ex cos2 x. Then

f 0.x/ D ex
d

dx
.cosx � cosx/C ex cos2 x D ex.cosx.� sinx/C cosx.� sinx//C ex cos2 x

D ex.cos2 x � 2 sinx cosx/;

and

f 0
��
4

�
D e�=4

�
1

2
� 1

�
D �1

2
e�=4:

The tangent line atx D �
4 is

y D f 0
��
4

� �
x � �

4

�
C f

��
4

�
D �1

2
e�=4

�
x � �

4

�
C 1

2
e�=4:
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33. y D et .1� cost/, t D �
2

SOLUTION Let f .t/ D et .1 � cost/. Then

f 0.t/ D et sint C et .1� cost/ D et .1C sint � cost/;

andf 0.�2 / D 2e�=2. The tangent line atx D �
2 is

y D f 0
��
2

� �
t � �

2

�
C f

��
2

�
D 2e�=2

�
t � �

2

�
C e�=2:

34. y D e� sec� , � D �
4

SOLUTION Let f .�/ D e� sec� . Then

f 0.�/ D e� sec� tan� C e� sec� D e� sec�.tan� C 1/;

and

f 0
��
4

�
D e�=4 sec

�

4

�
tan

�

4
C 1

�
D 2

p
2e�=4:

Thus, the equation of the tangent line is

y D f 0
��
4

� �
x � �

4

�
C f

��
4

�
D 2

p
2e�=4

�
x � �

4

�
C

p
2e�=4:

In Exercises 35–37, use Theorem 1 to verify the formula.

35.
d

dx
cotx D � csc2 x

SOLUTION cotx D cosx

sinx
. Using the quotient rule and the derivative formulas, we compute:

d

dx
cotx D d

dx

cosx

sinx
D sin x.� sinx/� cosx.cosx/

sin2 x
D �.sin2 x C cos2 x/

sin2 x
D �1

sin2 x
D � csc2 x:

36.
d

dx
secx D secx tanx

SOLUTION Since secx D 1

cosx
, we can apply the quotient rule and the known derivatives to get:

d

dx
secx D d

dx

1

cosx
D cosx.0/� 1.� sinx/

cos2 x
D sin x

cos2 x
D sinx

cosx

1

cosx
D tanx secx:

37.
d

dx
cscx D � cscx cotx

SOLUTION Since cscx D 1

sinx
, we can apply the quotient rule and the two known derivatives to get:

d

dx
cscx D d

dx

1

sinx
D sin x.0/ � 1.cosx/

sin2 x
D � cosx

sin2 x
D �cosx

sinx

1

sinx
D � cotx cscx:

38. Show that bothy D sinx andy D cosx satisfyy00 D �y.

SOLUTION Let y D sinx. Theny0 D cosx andy00 D � sinx D �y. Similarly, if we lety D cosx, theny0 D � sinx and
y00 D � cosx D �y.

In Exercises 39–42, calculate the higher derivative.

39. f 00.�/, f .�/ D � sin�

SOLUTION Let f .�/ D � sin� . Then

f 0.�/ D � cos� C sin�

f 00.�/ D �.� sin�/C cos� C cos� D �� sin� C 2 cos�:

40.
d2

dt2
cos2 t

SOLUTION

d

dt
cos2 t D d

dt
.cost � cost/ D cost.� sint/C cost.� sint/ D �2 sint cost

d2

dt2
cos2 t D d

dt
.�2 sin t cost/ D �2.sint.� sint/C cost.cost// D �2.cos2 t � sin2 t/:
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41. y00, y000, y D tanx

SOLUTION Let y D tanx. Theny0 D sec2 x and by the Chain Rule,

y00 D D d

dx
sec2 x D 2.secx/.secx tanx/ D 2 sec2 x tanx

y000 D 2 sec2 x.sec2 x/C .2 sec2 x tanx/ tanx D 2 sec4C4 sec4 x tan2 x

42. y00, y000, y D et sint

SOLUTION Let y D et sint . Then

y0 D et cost C et sint D et .cost C sint/

y00 D et .� sint C cost/C et .cost C sint/ D 2et cost

y000 D 2et .� sint/C 2et cost D 2et .cost � sint/:

43. Calculate the first five derivatives off .x/ D cosx. Then determinef .8/ andf .37/.

SOLUTION Let f .x/ D cosx.

� Thenf 0.x/ D � sinx, f 00.x/ D � cosx, f 000.x/ D sinx, f .4/.x/ D cosx, andf .5/.x/ D � sinx.
� Accordingly, the successive derivatives off cycle among

f� sinx;� cosx; sinx; cosxg

in that order. Since 8 is a multiple of 4, we havef .8/.x/ D cosx.
� Since 36 is a multiple of 4, we havef .36/.x/ D cosx. Therefore,f .37/.x/ D � sinx.

44. Findy.157/, wherey D sinx.

SOLUTION Let f .x/ D sinx. Then the successive derivatives off cycle among

fcosx;� sinx;� cosx; sinxg

in that order. Since 156 is a multiple of 4, we havef .156/.x/ D sinx. Therefore,f .157/.x/ D cosx.

45. Find the values ofx between 0 and2� where the tangent line to the graph ofy D sinx cosx is horizontal.

SOLUTION Let y D sinx cosx. Then

y0 D .sinx/.� sinx/C .cosx/.cosx/ D cos2 x � sin2 x:

Wheny0 D 0, we have sinx D ˙ cosx. In the intervalŒ0; 2��, this occurs whenx D �
4 , 3�4 , 5�4 , 7�4 .

46. Plot the graphf .�/ D sec� C csc� over Œ0; 2�� and determine the number of solutions tof 0.�/ D 0 in this interval
graphically. Then computef 0.�/ and find the solutions.

SOLUTION The graph off .�/ D sec� C csc� over Œ0; 2�� is given below. From the graph, it appears that there are two
locations where the tangent line would be horizontal; that is, there appear to be two solutions tof 0.�/ D 0. Now f 0.�/ D
sec� tan� � csc� cot� . Setting sec� tan� � csc� cot� D 0 and then multiplying by sin� tan� and rearranging terms yields
tan3 � D 1. Thus, on the intervalŒ0; 2��, there are two solution off 0.�/ D 0: � D �

4 and� D 5�
4 .

−5

5

1 2 3 4 5 6

y

x

47. Let g.t/ D t � sint .

(a) Plot the graph ofg with a graphing utility for0 � t � 4�.

(b) Show that the slope of the tangent line is nonnegative. Verify this on your graph.

(c) For which values oft in the given range is the tangent line horizontal?

SOLUTION Let g.t/ D t � sint .

(a) Here is a graph ofg over the intervalŒ0; 4��.
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(b) Sinceg0.t/ D 1 � cost � 0 for all t , the slope of the tangent line tog is always nonnegative.

(c) In the intervalŒ0; 4��, the tangent line is horizontal whent D 0; 2�; 4�.

48. Let f .x/ D .sinx/=x for x ¤ 0 andf .0/ D 1.

(a) Plotf .x/ on Œ�3�; 3��.
(b) Show thatf 0.c/ D 0 if c D tanc. Use the numerical root finder on a computer algebra system to find a good approximation to
the smallestpositivevaluec0 such thatf 0.c0/ D 0.

(c) Verify that the horizontal liney D f .c0/ is tangent to the graph ofy D f .x/ at x D c0 by plotting them on the same set of
axes.

SOLUTION

(a) Here is the graph off .x/ over Œ�3�; 3��.

y

x
−10

−5 5

10

0.4

0.8

1

(b) Letf .x/ D sinx

x
. Then

f 0.x/ D x cosx � sinx

x2
:

To havef 0.c/ D 0, it follows thatc cosc � sinc D 0, or

tanc D c:

Using a computer algebra system, we find that the smallest positive valuec0 such thatf 0.c0/ D 0 is c0 D 4:493409.

(c) The horizontal liney D f .c0/ D �0:217234 and the functiony D f .x/ are both plotted below. The horizontal line is clearly
tangent to the graph off .x/.

y

x
−10

−5 5

10

0.4

0.8

1

49. Show that no tangent line to the graph off .x/ D tanx has zero slope. What is the least slope of a tangent line? Justify
by sketching the graph of.tanx/0.

SOLUTION Let f .x/ D tanx. Thenf 0.x/ D sec2 x D 1
cos2 x

. Note thatf 0.x/ D 1
cos2 x

has numerator1; the equation

f 0.x/ D 0 therefore has no solution. Because the maximum value of cos2 x is 1, the minimum value off 0.x/ D 1
cos2 x

is 1.

Hence, the least slope for a tangent line to tanx is 1. Here is a graph off 0.

2 4−2−4

y

x
2
4
6
8

10
12
14
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50. The height at timet (in seconds) of a mass, oscillating at the end of a spring, iss.t/ D 300C 40 sint cm. Find the velocity and
acceleration att D �

3 s.

SOLUTION Let s.t/ D 300C 40 sint be the height. Then the velocity is

v.t/ D s0.t/ D 40 cost

and the acceleration is

a.t/ D v0.t/ D �40 sint:

At t D �
3 , the velocity isv

�
�
3

�
D 20 cm/sec and the acceleration isa

�
�
3

�
D �20

p
3 cm/sec2.

51. The horizontal rangeR of a projectile launched from ground level at an angle� and initial velocity v0 m/s is R D
.v20=9:8/ sin� cos� . CalculatedR=d� . If � D 7�=24, will the range increase or decrease if the angle is increased slightly?
Base your answer on the sign of the derivative.

SOLUTION LetR.�/ D .v20=9:8/ sin� cos� .

dR

d�
D R0.�/ D .v20=9:8/.� sin2 � C cos2 �/:

If � D 7�=24, �4 < � < �
2 , so j sin� j > j cos� j, anddR=d� < 0 (numerically,dR=d� D �0:0264101v20 ). At this point,

increasing the angle willdecreasethe range.

52. Show that if �2 < � < �, then the distance along thex-axis between� and the point where the tangent line intersects the
x-axis is equal tojtan� j (Figure 1).

y = sin x

2

x

y

|tan x|

FIGURE 1

SOLUTION Let f .x/ D sinx. Sincef 0.x/ D cosx, this means that the tangent line at.�; sin�/ is y D cos�.x � �/ C sin� .
Wheny D 0, x D � � tan� . The distance fromx to � is then

j� � .� � tan�/j D j tan� j:

Further Insights and Challenges

53. Use the limit definition of the derivative and the addition law for the cosine function to prove that.cosx/0 D � sinx.

SOLUTION Let f .x/ D cosx. Then

f 0.x/ D lim
h!0

cos.x C h/ � cosx

h
D lim
h!0

cosx cosh � sinx sinh � cosx

h

D lim
h!0

�
.� sinx/

sinh

h
C .cosx/

cosh � 1

h

�
D .� sin x/ � 1C .cosx/ � 0 D � sinx:

54. Use the addition formula for the tangent

tan.x C h/ D tanx C tanh

1C tanx tanh

to compute.tanx/0 directly as a limit of the difference quotients. You will also need to show that lim
h!0

tanh

h
D 1.

SOLUTION First note that

lim
h!0

tanh

h
D lim
h!0

sinh

h
� lim
h!0

1

cosh
D 1.1/ D 1:

Now, using the addition formula for tangent,

tan.x C h/ � tanx

h
D

tanxCtanh
1Ctanx tanh � tanx

h



S E C T I O N 3.6 Trigonometric Functions 265

D tanh.1 � tan2 x/

h.1C tanx tanh/
D tanh

h
� sec2 x

1C tanx tanh
:

Therefore,
d

dx
tanx D lim

h!0

tanh

h
� sec2 x

1C tanx tanh

D lim
h!0

tanh

h
� lim
h!0

sec2 x

1C tanx tanh

D 1.sec2 x/ D sec2 x:

55. Verify the following identity and use it to give another proof of the formula.sinx/0 D cosx.

sin.x C h/ � sinx D 2 cos
�
x C 1

2h
�

sin
�
1
2h
�

Hint: Use the addition formula to prove that sin.aC b/� sin.a � b/ D 2 cosa sinb.

SOLUTION Recall that

sin.aC b/ D sina cosb C cosa sinb

and

sin.a � b/ D sina cosb � cosa sinb:

Subtracting the second identity from the first yields

sin.aC b/ � sin.a � b/ D 2 cosa sinb:

If we now seta D x C h
2 andb D h

2 , then the previous equation becomes

sin.x C h/ � sinx D 2 cos
�
x C h

2

�
sin
�
h

2

�
:

Finally, we use the limit definition of the derivative of sinx to obtain

d

dx
sin x D lim

h!0

sin.x C h/� sinx

h
D lim
h!0

2 cos
�
x C h

2

�
sin
�
h
2

�

h

D lim
h!0

cos
�
x C h

2

�
� lim
h!0

sin
�
h
2

�

�
h
2

� D cosx � 1 D cosx:

In other words,
d

dx
.sin x/ D cosx.

56. Show that a nonzero polynomial functiony D f .x/ cannotsatisfy the equationy00 D �y. Use this to prove that
neither sinx nor cosx is a polynomial. Can you think of another way to reach this conclusion by considering limits asx ! 1?

SOLUTION

� Letp be a nonzero polynomial of degreen andassumethatp satisfies the differential equationy00 C y D 0. Thenp00 Cp D 0

for all x. There are exactly three cases.

(a) If n D 0, thenp is a constant polynomial and thusp00 D 0. Hence0 D p00 C p D p orp � 0 (i.e.,p is equal to 0 for all
x or p is identically 0). This is a contradiction, sincep is anonzero polynomial.

(b) If n D 1, thenp is a linear polynomial and thusp00 D 0. Once again, we have0 D p00 C p D p orp � 0, a contradiction
sincep is a nonzero polynomial.

(c) If n � 2, thenp is at least a quadratic polynomial and thusp00 is a polynomial of degreen � 2 � 0. Thusq D p00 C p

is a polynomial of degreen � 2. By assumption, however,p00 C p D 0. Thusq � 0, a polynomial of degree 0. This is a
contradiction, since the degree ofq is n � 2.

CONCLUSION: In all cases, we have reached a contradiction. Therefore theassumptionthat p satisfies the differential
equationy00 C y D 0 is false. Accordingly, a nonzero polynomialcannotsatisfy the stated differential equation.

� Let y D sinx. Theny0 D cosx andy00 D � sinx. Therefore,y00 D �y. Now, let y D cosx. Theny0 D � sinx and
y00 D � cosx. Therefore,y00 D �y. Because sinx and cosx are nonzero functions that satisfyy00 D �y, it follows that
neither sinx nor cosx is a polynomial.
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57. Let f .x/ D x sinx andg.x/ D x cosx.

(a) Show thatf 0.x/ D g.x/C sinx andg0.x/ D �f .x/C cosx.

(b) Verify thatf 00.x/ D �f .x/C 2 cosx and
g00.x/ D �g.x/� 2 sinx.

(c) By further experimentation, try to find formulas for all higher derivatives off andg. Hint: The kth derivative depends on
whetherk D 4n, 4nC 1, 4nC 2, or 4nC 3.

SOLUTION Let f .x/ D x sinx andg.x/ D x cosx.

(a) We examine first derivatives:f 0.x/ D x cosx C .sinx/ � 1 D g.x/ C sinx andg0.x/ D .x/.� sinx/ C .cosx/ � 1 D
�f .x/C cosx; i.e.,f 0.x/ D g.x/C sinx andg0.x/ D �f .x/C cosx.

(b) Now look at second derivatives:f 00.x/ D g0.x/C cosx D �f .x/C 2 cosx andg00.x/ D �f 0.x/� sinx D �g.x/� 2 sinx;
i.e.,f 00.x/ D �f .x/C 2 cosx andg00.x/ D �g.x/� 2 sinx.

(c) � The third derivatives aref 000.x/ D �f 0.x/ � 2 sinx D �g.x/ � 3 sinx andg000.x/ D �g0.x/ � 2 cosx D f .x/ �
3 cosx; i.e.,f 000.x/ D �g.x/� 3 sinx andg000.x/ D f .x/� 3 cosx.

� The fourth derivatives aref .4/.x/ D �g0.x/ � 3 cosx D f .x/� 4 cosx andg.4/.x/ D f 0.x/C 3 sinx D g.x/C 4 sinx;
i.e.,f .4/ D f .x/� 4 cosx andg.4/.x/ D g.x/C 4 sinx.

� We can now see the pattern for the derivatives, which are summarized in the following table. Heren D 0; 1; 2; : : :

k 4n 4nC 1 4nC 2 4nC 3

f .k/.x/ f .x/� k cosx g.x/C k sin x �f .x/C k cosx �g.x/� k sinx

g.k/.x/ g.x/C k sin x �f .x/C k cosx �g.x/� k sinx f .x/� k cosx

58. Figure 2 shows the geometry behind the derivative formula.sin �/0 D cos� . SegmentsBA andBD are parallel to the
x- andy-axes. Let� sin� D sin.� C h/ � sin� . Verify the following statements.

(a) � sin� D BC

(b) †BDA D � Hint: OA ? AD.

(c) BD D .cos�/AD

Now explain the following intuitive argument: Ifh is small, thenBC � BD andAD � h, so� sin� � .cos�/h and.sin�/0 D
cos� .

1

h

θ

B

C

A

O

D

x

y

FIGURE 2

SOLUTION

(a) We note that sin.� C h/ is they-coordinate of the pointC and sin� is they-coordinate of the pointA, and therefore also of
the pointB. Now,� sin� D sin.� C h/ � sin� can be interpreted as the difference between they-coordinates of the pointsB and
C ; that is,� sin� D BC .

(b) From the figure, we note that†OAB D � , so†BAD D � � � and†BDA D � .

(c) Using part (b), it follows that

cos� D BD

AD
or BD D .cos�/AD:

Forh “small,” BC � BD andAD is roughly the length of the arc subtended fromA to C ; that is,AD � 1.h/ D h. Thus, using
(a) and (c),

� sin� D BC � BD D .cos�/AD � .cos�/h:

In the limit ash ! 0,

� sin�

h
! .sin �/0;

so.sin�/0 D cos� .
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3.7 The Chain Rule

Preliminary Questions
1. Identify the outside and inside functions for each of these composite functions.

(a) y D
p
4x C 9x2 (b) y D tan.x2 C 1/

(c) y D sec5 x (d) y D .1C ex/4

SOLUTION

(a) The outer function is
p
x, and the inner function is4x C 9x2.

(b) The outer function is tanx, and the inner function isx2 C 1.

(c) The outer function isx5, and the inner function is secx.

(d) The outer function isx4, and the inner function is1C ex .

2. Which of the following can be differentiated easilywithoutusing the Chain Rule?

(a) y D tan.7x2 C 2/ (b) y D x

x C 1

(c) y D
p
x � secx (d) y D

p
x cosx

(e) y D xex (f) y D esinx

SOLUTION The function x
xC1 can be differentiated using the Quotient Rule, and the functions

p
x � secx and xex can be

differentiated using the Product Rule. The functions tan.7x2 C 2/,
p
x cosx andesinx require the Chain Rule.

3. Which is the derivative off .5x/?

(a) 5f 0.x/ (b) 5f 0.5x/ (c) f 0.5x/

SOLUTION The correct answer is(b): 5f 0.5x/.

4. Suppose thatf 0.4/ D g.4/ D g0.4/ D 1. Do we have enough information to computeF 0.4/, whereF.x/ D f .g.x//? If not,
what is missing?

SOLUTION If F.x/ D f .g.x//, thenF 0.x/ D f 0.g.x//g0.x/ andF 0.4/ D f 0.g.4//g0.4/. Thus, we do not have enough
information to computeF 0.4/. We are missing the value off 0.1/.

Exercises
In Exercises 1–4, fill in a table of the following type:

f .g.x// f 0.u/ f 0.g.x// g0.x/ .f ı g/0

1. f .u/ D u3=2, g.x/ D x4 C 1

SOLUTION

f .g.x// f 0.u/ f 0.g.x// g0.x/ .f ı g/0

.x4 C 1/3=2 3
2u
1=2 3

2 .x
4 C 1/1=2 4x3 6x3.x4 C 1/1=2

2. f .u/ D u3, g.x/ D 3x C 5

SOLUTION

f .g.x// f 0.u/ f 0.g.x// g0.x/ .f ı g/0

.3x C 5/3 3u2 3.3x C 5/2 3 9.3x C 5/2

3. f .u/ D tanu, g.x/ D x4

SOLUTION

f .g.x// f 0.u/ f 0.g.x// g0.x/ .f ı g/0

tan.x4/ sec2 u sec2.x4/ 4x3 4x3 sec2.x4/

4. f .u/ D u4 C u, g.x/ D cosx
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SOLUTION

f .g.x// f 0.u/ f 0.g.x// g0.x/ .f ı g/0

.cosx/4 C cosx 4u3 C 1 4.cosx/3 C 1 � sin x �4 sin x cos3 x � sinx

In Exercises 5 and 6, write the function as a compositef .g.x// and compute the derivative using the Chain Rule.

5. y D .x C sinx/4

SOLUTION Let f .x/ D x4, g.x/ D x C sinx, andy D f .g.x// D .x C sinx/4. Then

dy

dx
D f 0.g.x//g0.x/ D 4.x C sinx/3.1C cosx/:

6. y D cos.x3/

SOLUTION Let f .x/ D cosx, g.x/ D x3, andy D f .g.x// D cos.x3/. Then

dy

dx
D f 0.g.x//g0.x/ D �3x2 sin.x3/:

7. Calculate
d

dx
cosu for the following choices ofu.x/:

(a) u D 9� x2 (b) u D x�1 (c) u D tanx

SOLUTION

(a) cos.u.x// D cos.9 � x2/.

d

dx
cos.u.x// D � sin.u.x//u0.x/ D � sin.9 � x2/.�2x/ D 2x sin.9 � x2/:

(b) cos.u.x// D cos.x�1/.

d

dx
cos.u.x// D � sin.u.x//u0.x/ D � sin.x�1/

�
� 1

x2

�
D sin.x�1/

x2
:

(c) cos.u.x// D cos.tanx/.

d

dx
cos.u.x// D � sin.u.x//u0.x/ D � sin.tanx/.sec2 x/ D � sec2 x sin.tanx/:

8. Calculate
d

dx
f .x2 C 1/ for the following choices off .u/:

(a) f .u/ D sinu (b) f .u/ D 3u3=2 (c) f .u/ D u2 � u

SOLUTION

(a) Let sin.u/ D sin.x2 C 1/. Then

d

dx
sin.x2 C 1/ D cos.x2 C 1/ � d

dx
.x2 C 1/ D cos.x2 C 1/2x D 2x cos.x2 C 1/:

(b) Let 3u3=2 D 3.x2 C 1/3=2: Then

d

dx
3.x2 C 1/3=2 D 3 � 3

2
.x2 C 1/1=2

d

dx
.x2 C 1/ D 9

2
.x2 C 1/1=2.2x/ D 9x.x2 C 1/1=2:

(c) Let u2 � u D .x2 C 1/2 � .x2 C 1/: Then

d

dx

�
.x2 C 1/2 � .x2 C 1/

�
D Œ2.x2 C 1/ � 1�

d

dx
.x2 C 1/ D Œ2.x2 C 1/ � 1�.2x/ D 4x3 C 2x:

9. Compute
df

dx
if
df

du
D 2 and

du

dx
D 6.

SOLUTION Assumingf is a function ofu, which is in turn a function ofx,

df

dx
D df

du
� du
dx

D 2.6/ D 12:

10. Compute
df

dx

ˇ̌
ˇ
xD2

if f .u/ D u2, u.2/ D �5, andu0.2/ D �5.
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SOLUTION Becausef .u/ D u2, it follows thatf 0.u/ D 2u. Therefore,

df

dx

ˇ̌
ˇ̌
xD2

D f 0.u.2//u0.2/ D 2u.2/u0.2/ D 2.�5/.�5/ D 50:

In Exercises 11–22, use the General Power Rule or the Shifting and Scaling Rule to compute the derivative.

11. y D .x4 C 5/3

SOLUTION Using the General Power Rule,

d

dx
.x4 C 5/3 D 3.x4 C 5/2

d

dx
.x4 C 5/ D 3.x4 C 5/2.4x3/ D 12x3.x4 C 5/2:

12. y D .8x4 C 5/3

SOLUTION Using the General Power Rule,

d

dx
.8x4 C 5/3 D 3.8x4 C 5/2

d

dx
.8x4 C 5/ D 3.8x4 C 5/2.32x3/ D 96x3.8x4 C 5/2:

13. y D
p
7x � 3

SOLUTION Using the Shifting and Scaling Rule

d

dx

p
7x � 3 D d

dx
.7x � 3/1=2 D 1

2
.7x � 3/�1=2.7/ D 7

2
p
7x � 3

:

14. y D .4 � 2x � 3x2/5

SOLUTION Using the General Power Rule,

d

dx
.4� 2x � 3x2/5 D 5.4 � 2x � 3x2/4

d

dx
.4� 2x � 3x2/ D 5.4 � 2x � 3x2/4.�2 � 6x/

D �10.1C 3x/.4 � 2x � 3x2/4:

15. y D .x2 C 9x/�2

SOLUTION Using the General Power Rule,

d

dx
.x2 C 9x/�2 D �2.x2 C 9x/�3

d

dx
.x2 C 9x/ D �2.x2 C 9x/�3.2x C 9/:

16. y D .x3 C 3x C 9/�4=3

SOLUTION Using the General Power Rule,

d

dx
.x3 C 3x C 9/�4=3 D �4

3
.x3 C 3x C 9/�7=3

d

dx
.x3 C 3x C 9/ D �4

3
.x3 C 3x C 9/�7=3.3x2 C 3/

D �4.x2 C 1/.x3 C 3x C 9/�7=3:

17. y D cos4 �

SOLUTION Using the General Power Rule,

d

d�
cos4 � D 4 cos3 �

d

d�
cos� D �4 cos3 � sin�:

18. y D cos.9� C 41/

SOLUTION Using the Shifting and Scaling Rule

d

d�
cos.9� C 41/ D �9 sin.9� C 41/:

19. y D .2 cos� C 5 sin�/9

SOLUTION Using the General Power Rule,

d

d�
.2 cos� C 5 sin�/9 D 9.2 cos� C 5 sin�/8

d

d�
.2 cos� C 5 sin�/ D 9.2 cos� C 5 sin�/8.5 cos� � 2 sin�/:

20. y D
p
9C x C sin x
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SOLUTION Using the General Power Rule,

d

dx

p
9C x C sinx D 1

2
.9C x C sinx/�1=2

d

dx
.9C x C sinx/ D 1C cosx

2
p
9C x C sin x

:

21. y D ex�12

SOLUTION Using the Shifting and Scaling Rule,

d

dx
ex�12 D .1/ex�12 D ex�12:

22. y D e8xC9

SOLUTION Using the Shifting and Scaling Rule,

d

dx
e8xC9 D 8e8xC9:

In Exercises 23–26, compute the derivative off ı g.

23. f .u/ D sinu, g.x/ D 2x C 1

SOLUTION Leth.x/ D f .g.x// D sin.2xC 1/. Then, applying the shifting and scaling rule,h0.x/ D 2 cos.2xC 1/. Alternately,

d

dx
f .g.x// D f 0.g.x//g0.x/ D cos.2x C 1/ � 2 D 2 cos.2x C 1/:

24. f .u/ D 2uC 1, g.x/ D sinx

SOLUTION Let h.x/ D f .g.x// D 2.sinx/C 1. Thenh0.x/ D 2 cosx. Alternately,

d

dx
f .g.x// D f 0.g.x//g0.x/ D 2 cosx:

25. f .u/ D eu, g.x/ D x C x�1

SOLUTION Let h.x/ D f .g.x// D exCx�1
. Then

d

dx
f .g.x// D f 0.g.x//g0.x/ D exCx�1

�
1 � x�2

�
:

26. f .u/ D u

u � 1
, g.x/ D cscx

SOLUTION Let h.x/ D f .g.x//: Then, applying the quotient rule:

h0.x/ D .cscx � 1/.� cscx cotx/ � .cscx/.� cscx cotx/

.cscx � 1/2
D cscx cotx

.cscx � 1/2
:

Alternately,

d

dx
f .g.x// D f 0.g.x//g0.x/ D � 1

.cscx � 1/2
.� cscx cotx/ D cscx cotx

.cscx � 1/2
;

where we have used the quotient rule to calculatef 0.u/ D � 1
.u�1/2 .

In Exercises 27 and 28, find the derivatives off .g.x// andg.f .x//.

27. f .u/ D cosu, u D g.x/ D x2 C 1

SOLUTION

d

dx
f .g.x// D f 0.g.x//g0.x/ D � sin.x2 C 1/.2x/ D �2x sin.x2 C 1/:

d

dx
g.f .x// D g0.f .x//f 0.x/ D 2.cosx/.� sinx/ D �2 sinx cosx:

28. f .u/ D u3, u D g.x/ D 1

x C 1

SOLUTION The derivative of 1xC1 is taken using the shifting and scaling rule.

d

dx
f .g.x//D f 0.g.x//g0.x/ D 3

�
1

x C 1

�2 �
� 1

.x C 1/2

�
D � 3

.x C 1/4
:

d

dx
g.f .x//D g0.f .x//f 0.x/ D � 1

.x3 C 1/2
.3x2/ D � 3x2

.x3 C 1/2
:
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In Exercises 29–42, use the Chain Rule to find the derivative.

29. y D sin.x2/

SOLUTION Let y D sin
�
x2
�
. Theny0 D cos

�
x2
�

� 2x D 2x cos
�
x2
�
.

30. y D sin2 x

SOLUTION Let y D sin2 x D .sinx/2. Theny0 D 2 sinx.cosx/:

31. y D
p
t2 C 9

SOLUTION Let y D
p
t2 C 9 D .t2 C 9/1=2. Then

y0 D 1

2
.t2 C 9/�1=2.2t/ D tp

t2 C 9
:

32. y D .t2 C 3t C 1/�5=2

SOLUTION Let y D
�
t2 C 3t C 1

��5=2
. Then

y0 D �5
2

�
t2 C 3t C 1

��7=2
.2t C 3/ D � 5 .2t C 3/

2
�
t2 C 3t C 1

�7=2 :

33. y D .x4 � x3 � 1/2=3

SOLUTION Let y D
�
x4 � x3 � 1

�2=3
. Then

y0 D 2

3

�
x4 � x3 � 1

��1=3 �
4x3 � 3x2

�
:

34. y D .
p
x C 1 � 1/3=2

SOLUTION Let y D
�
.x C 1/1=2 � 1

�3=2
. Here, we note that calculating the derivative of the inside function,

p
x C 1 � 1,

requires the chain rule (in the form of the scaling and shifting rule). After two applications of the chain rule, we have

y0 D 3

2

�
.x C 1/1=2 � 1

�1=2
�
�
1

2
.x C 1/�1=2 � 1

�
D 3

pp
x C 1 � 1

4
p
x C 1

:

35. y D
�
x C 1

x � 1

�4

SOLUTION Let y D
�
x C 1

x � 1

�4
. Then

y0 D 4

�
x C 1

x � 1

�3
� .x � 1/ � 1 � .x C 1/ � 1

.x � 1/2
D �8 .x C 1/3

.x � 1/5
D 8.1C x/3

.1 � x/5
:

36. y D cos3.12�/

SOLUTION After two applications of the chain rule,

y0 D 3 cos2.12�/.� sin.12�//.12/ D �36 cos2.12�/ sin.12�/:

37. y D sec
1

x

SOLUTION Let f .x/ D sec
�
x�1�. Then

f 0.x/ D sec
�
x�1

�
tan

�
x�1

�
�
�
�x�2

�
D �sec.1=x/ tan.1=x/

x2
:

38. y D tan.�2 � 4�/
SOLUTION Let y D tan.�2 � 4�/. Then

y0 D sec2.�2 � 4�/ � .2� � 4/ D .2� � 4/ sec2.�2 � 4�/:

39. y D tan.� C cos�/

SOLUTION Let y D tan.� C cos�/. Then

y0 D sec2 .� C cos�/ � .1 � sin�/ D .1 � sin�/ sec2 .� C cos�/ :
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40. y D e2x
2

SOLUTION Let y D e2x
2
. Then

y0 D e2x
2

.4x/ D 4xe2x
2

:

41. y D e2�9t2

SOLUTION Let y D e2�9t2 . Then

y0 D e2�9t2.�18t/ D �18te2�9t2 :

42. y D cos3.e4� /

SOLUTION Let y D cos3.e4� /. After two applications of the chain rule, we have

y0 D 3 cos2.e4� /.� sin.e4� //.4e4� / D �12e4� cos2.e4� / sin.e4� /:

In Exercises 43–72, find the derivative using the appropriate rule or combination of rules.

43. y D tan.x2 C 4x/

SOLUTION Let y D tan.x2 C 4x/. By the chain rule,

y0 D sec2.x2 C 4x/ � .2x C 4/ D .2x C 4/ sec2.x2 C 4x/:

44. y D sin.x2 C 4x/

SOLUTION Let y D sin.x2 C 4x/. By the chain rule,

dy

dx
D .2x C 4/ cos.x2 C 4x/:

45. y D x cos.1 � 3x/

SOLUTION Let y D x cos.1 � 3x/. Applying the product rule and then the scaling and shifting rule,

y0 D x .� sin.1 � 3x// � .�3/C cos.1� 3x/ � 1 D 3x sin.1 � 3x/C cos.1 � 3x/ :

46. y D sin.x2/ cos.x2/

SOLUTION We start by using a trig identity to rewrite

y D sin.x2/ cos.x2/ D 1

2
sin.2x2/:

Then, by the chain rule,

y0 D 1

2
cos.2x2/ � 4x D 2x cos.2x2/:

47. y D .4t C 9/1=2

SOLUTION Let y D .4t C 9/1=2. By the shifting and scaling rule,

dy

dt
D 4

�
1

2

�
.4t C 9/�1=2 D 2.4t C 9/�1=2:

48. y D .z C 1/4.2z � 1/3

SOLUTION Let y D .z C 1/4.2z � 1/3. Applying the product rule and the general power rule,

dy

dz
D .z C 1/4.3.2z � 1/2/.2/C .2z � 1/3.4.z C 1/3/.1/ D .z C 1/3.2z � 1/2.6.z C 1/C 4.2z � 1//

D .z C 1/3.2z � 1/2.14z C 2/:

49. y D .x3 C cosx/�4

SOLUTION Let y D .x3 C cosx/�4. By the general power rule,

y0 D �4.x3 C cosx/�5.3x2 � sinx/ D 4.sinx � 3x2/.x3 C cosx/�5:

50. y D sin.cos.sinx//
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SOLUTION Let y D sin.cos.sinx//. Applying the chain rule twice,

y0 D cos.cos.sinx// � .� sin.sinx// � cosx D � cosx sin.sinx/ cos.cos.sinx// :

51. y D
p

sinx cosx

SOLUTION We start by using a trig identity to rewrite

y D
p

sinx cosx D
r
1

2
sin 2x D 1p

2
.sin 2x/1=2 :

Then, after two applications of the chain rule,

y0 D 1p
2

� 1
2
.sin 2x/�1=2 � cos2x � 2 D cos2xp

2 sin 2x
:

52. y D .9 � .5 � 2x4/7/3

SOLUTION Let y D .9 � .5 � 2x4/7/3. Applying the chain rule twice, we find

y0 D 3.9 � .5 � 2x4/7/2.�7.5 � 2x4/6/.�8x3/ D 168x3.5� 2x4/6.9 � .5 � 2x4/7/2:

53. y D .cos6x C sinx2/1=2

SOLUTION Let y D .cos6x C sin.x2//1=2. Applying the general power rule followed by both the scaling and shifting rule and
the chain rule,

y0 D 1

2

�
cos6x C sin.x2/

��1=2�� sin6x � 6C cos.x2/ � 2x
�

D x cos.x2/� 3 sin6xp
cos6x C sin.x2/

:

54. y D .x C 1/1=2

x C 2

SOLUTION Let y D .xC1/1=2

xC2 . Applying the quotient rule and the shifting and scaling rule, we get

dy

dx
D
.x C 2/12 .x C 1/�1=2 � .x C 1/1=2

.x C 2/2
D 1

2
p
x C 1

.x C 2/ � 2.x C 1/

.x C 2/2
D � 1

2
p
x C 1

x

.x C 2/2
:

55. y D tan3 x C tan.x3/

SOLUTION Let y D tan3 x C tan.x3/ D .tanx/3 C tan.x3/. Applying the general power rule to the first term and the chain rule
to the second term,

y0 D 3.tanx/2 sec2 x C sec2.x3/ � 3x2 D 3
�
x2 sec2.x3/C sec2 x tan2 x

�
:

56. y D
p
4 � 3 cosx

SOLUTION Let y D .4 � 3 cosx/1=2. By the general power rule,

y0 D 1

2
.4 � 3 cosx/�1=2 � 3 sinx D 3 sinx

2
p
4 � 3 cosx

:

57. y D
r
z C 1

z � 1

SOLUTION Let y D
�
z C 1

z � 1

�1=2
. Applying the general power rule followed by the quotient rule,

dy

dz
D 1

2

�
z C 1

z � 1

��1=2
� .z � 1/ � 1 � .z C 1/ � 1

.z � 1/2
D �1

p
z C 1 .z � 1/3=2

:

58. y D .cos3 x C 3 cosx C 7/9

SOLUTION Let y D
�
cos3 x C 3 cosx C 7

�9
. Applying the general power rule followed by the sum rule, with the first term

requiring the general power rule,

dy

dx
D 9

�
cos3 x C 3 cosx C 7

�8 �
3 cos2 x � .� sinx/� 3 sinx

�

D �27 sinx
�
cos3 x C 3 cosx C 7

�8 �
1C cos2 x

�
:
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59. y D cos.1C x/

1C cosx

SOLUTION Let

y D cos.1C x/

1C cosx
:

Then, applying the quotient rule and the shifting and scaling rule,

dy

dx
D �.1C cosx/ sin.1C x/C cos.1C x/ sinx

.1C cosx/2
D cos.1C x/ sinx � cosx sin.1C x/� sin.1C x/

.1C cosx/2

D sin.�1/ � sin.1C x/

.1C cosx/2
:

The last line follows from the identity

sin.A � B/ D sinA cosB � cosA sinB

with A D x andB D 1C x.

60. y D sec.
p
t2 � 9/

SOLUTION Let y D sec
�p

t2 � 9
�
. Applying the chain rule followed by the general power rule,

dy

dt
D sec

�p
t2 � 9

�
tan

�p
t2 � 9

�
� 1
2

�
t2 � 9

��1=2
� 2t D

t sec
�p

t2 � 9
�

tan
�p

t2 � 9
�

p
t2 � 9

:

61. y D cot7.x5/

SOLUTION Let y D cot7
�
x5
�
. Applying the general power rule followed by the chain rule,

dy

dx
D 7 cot6

�
x5
�

�
�
� csc2

�
x5
��

� 5x4 D �35x4 cot6
�
x5
�

csc2
�
x5
�
:

62. y D cos.1=x/

1C x2

SOLUTION Let y D cos.1=x/
1Cx2 D cos.x�1/

1Cx2 . Then, applying the quotient rule and the chain rule, we get:

dy

dx
D .1C x2/.x�2 sin.x�1// � cos.x�1/.2x/

.1C x2/2
D sin.x�1/ � 2x cos.x�1/C x�2 sin.x�1/

.1C x2/2
:

63. y D
�
1C cot5.x4 C 1/

�9

SOLUTION Let y D
�
1C cot5

�
x4 C 1

��9
. Applying the general power rule, the chain rule, and the general power rule in

succession,

dy

dx
D 9

�
1C cot5

�
x4 C 1

��8
� 5 cot4

�
x4 C 1

�
�
�
� csc2

�
x4 C 1

��
� 4x3

D �180x3 cot4
�
x4 C 1

�
csc2

�
x4 C 1

� �
1C cot5

�
x4 C 1

��8
:

64. y D 4e�x C 7e�2x

SOLUTION Let y D 4e�x C 7e�2x . Using the chain rule twice, once for each exponential function, we obtain

dy

dx
D �4e�x � 14e�2x :

65. y D .2e3x C 3e�2x/4

SOLUTION Let y D .2e3x C 3e�2x/4. Applying the general power rule followed by two applications of the chain rule, one for
each exponential function, we find

dy

dx
D 4.2e3x C 3e�2x/3.6e3x � 6e�2x/ D 24.2e3x C 3e�2x/3.e3x � e�2x/:

66. y D cos.te�2t /

SOLUTION Let y D cos.te�2t /. Applying the chain rule and the product rule, we have

dy

dt
D � sin.te�2t /

�
�2te�2t C e�2t

�
D e�2t .2t � 1/ sin.te�2t /:
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67. y D e.x
2C2xC3/2

SOLUTION Let y D e.x
2C2xC3/2 . By the chain rule and the general power rule, we obtain

dy

dx
D e.x

2C2xC3/2 � 2.x2 C 2x C 3/.2x C 2/ D 4.x C 1/.x2 C 2x C 3/e.x
2C2xC3/2 :

68. y D ee
x

SOLUTION Let y D ee
x

. Applying the chain rule, we have

dy

dx
D ee

x

ex:

69. y D
r
1C

q
1C

p
x

SOLUTION Let y D
�
1C

�
1C x1=2

�1=2�1=2
. Applying the general power rule twice,

dy

dx
D 1

2

�
1C

�
1C x1=2

�1=2��1=2
� 1
2

�
1C x1=2

��1=2
� 1
2
x�1=2 D 1

8
p
x
p
1C

p
x

q
1C

p
1C

p
x

:

70. y D
qp

x C 1C 1

SOLUTION Let y D
�
1C .x C 1/1=2

�1=2
. Applying the general power rule twice,

dy

dx
D 1

2

�
1C .x C 1/1=2

��1=2
� 1
2
.x C 1/�1=2 � 1 D 1

4
p
x C 1

p
1C

p
x C 1

:

71. y D .kx C b/�1=3; k andb any constants

SOLUTION Let y D .kx C b/�1=3, whereb andk are constants. By the scaling and shifting rule,

y0 D �1
3
.kx C b/�4=3 � k D �k

3
.kx C b/�4=3:

72. y D 1p
kt4 C b

; k; b constants, not both zero

SOLUTION Let y D
�
kt4 C b

��1=2
, whereb andk are constants. By the chain rule,

y0 D �1
2

�
kt4 C b

��3=2
� 4kt3 D � 2kt3

�
kt4 C b

�3=2 :

In Exercises 73–76, compute the higher derivative.

73.
d2

dx2
sin.x2/

SOLUTION Let f .x/ D sin
�
x2
�
. Then, by the chain rule,f 0.x/ D 2x cos

�
x2
�

and, by the product rule and the chain rule,

f 00.x/ D 2x
�
� sin

�
x2
�

� 2x
�

C 2 cos
�
x2
�

D 2 cos
�
x2
�

� 4x2 sin
�
x2
�
:

74.
d2

dx2
.x2 C 9/5

SOLUTION Let f .x/ D .x2 C 9/5. Then, by the general power rule,

f 0.x/ D 5.x2 C 9/4 � 2x D 10x.x2 C 9/4

and, by the product rule and the general power rule,

f 00.x/ D 10x � 4.x2 C 9/3 � 2x C 10.x2 C 9/4 D 80x2.x2 C 9/3 C 10.x2 C 9/4:

75.
d3

dx3
.9 � x/8

SOLUTION Let f .x/ D .9 � x/8. Then, by repeated use of the scaling and shifting rule,

f 0.x/ D 8.9 � x/7 � .�1/ D �8.9 � x/7

f 00.x/ D �56.9 � x/6 � .�1/ D 56.9 � x/6;

f 000.x/ D 336.9 � x/5 � .�1/ D �336.9 � x/5:
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76.
d3

dx3
sin.2x/

SOLUTION Let f .x/ D sin.2x/. Then, by repeated use of the scaling and shifting rule,

f 0.x/ D 2 cos.2x/

f 00.x/ D �4 sin.2x/

f 000.x/ D �8 cos.2x/:

77. The average molecular velocityv of a gas in a certain container is given byv D 29
p
T m/s, whereT is the temperature in

kelvins. The temperature is related to the pressure (in atmospheres) byT D 200P . Find
dv

dP

ˇ̌
ˇ̌
ˇ
PD1:5

.

SOLUTION First note that whenP D 1:5 atmospheres,T D 200.1:5/ D 300K. Thus,

dv

dP

ˇ̌
ˇ̌
PD1:5

D dv

dT

ˇ̌
ˇ̌
TD300

� dT
dP

ˇ̌
ˇ̌
PD1:5

D 29

2
p
300

� 200 D 290
p
3

3

m

s � atmospheres
:

Alternately, substitutingT D 200P into the equation forv givesv D 290
p
2P . Therefore,

dv

dP
D 290

p
2

2
p
P

D 290p
2P

;

so

dv

dP

ˇ̌
ˇ̌
PD1:5

D 290p
3

D 290
p
3

3

m

s � atmospheres
:

78. The powerP in a circuit isP D Ri2, whereR is the resistance andi is the current. FinddP=dt at t D 1
3 if R D 1000 �

andi varies according toi D sin.4�t/ (time in seconds).

SOLUTION
d

dt

�
Ri2

�ˇ̌
ˇ̌
tD1=3

D 2Ri
di

dt

ˇ̌
ˇ̌
tD2

D 2.1000/4� sin.4�t/ cos.4�t/jtD1=3 D 2000�
p
3.

79. An expanding sphere has radiusr D 0:4t cm at timet (in seconds). LetV be the sphere’s volume. FinddV =dt when
(a) r D 3 and (b)t D 3.

SOLUTION Let r D 0:4t , wheret is in seconds (s) andr is in centimeters (cm). WithV D 4
3�r

3, we have

dV

dr
D 4�r2:

Thus

dV

dt
D dV

dr

dr

dt
D 4�r2 � .0:4/ D 1:6�r2:

(a) Whenr D 3,
dV

dt
D 1:6�.3/2 � 45:24 cm/s.

(b) Whent D 3; we haver D 1:2. Hence
dV

dt
D 1:6�.1:2/2 � 7:24 cm/s.

80. A 2005 study by the Fisheries Research Services in Aberdeen, Scotland, suggests that the average length of the speciesClupea
harengus(Atlantic herring) as a function of aget (in years) can be modeled byL.t/ D 32.1 � e�0:37t / cm for 0 � t � 13. See
Figure 1.

(a) How fast is the average length changing at aget D 6 years?

(b) At what age is the average length changing at a rate of5 cm/yr?

2 4 6 8 10 12

10

20

30
32

t (year)

L (cm)

FIGURE 1 Average length of the speciesClupea harengus
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SOLUTION LetL.t/ D 32.1 � e�0:37t /. Then

L0.t/ D 32.0:37/e�0:37t D 11:84e�0:37t :

(a) At aget D 6,

L0.t/ D 11:84e�0:37.6/ D 11:84e�2:22 � 1:29 cm=yr:

(b) The length will be changing at a rate of 5 cm/yr when

11:84e�0:37t D 5:

Solving for t yields

t D � 1

0:37
ln

5

11:84
� 2:33 years:

81. A 1999 study by Starkey and Scarnecchia developed the following model for the average weight (in kilograms) at aget (in
years) of channel catfish in the Lower Yellowstone River (Figure 2):

W.t/ D .3:46293 � 3:32173e�0:03456t /3:4026

Find the rate at which average weight is changing at aget D 10.

5 10 15 20

1

2

3

4

5

6

7

8

t (year)

W (kg)

Lower Yellowstone River

FIGURE 2 Average weight of channel catfish at aget

SOLUTION LetW.t/ D .3:46293 � 3:32173e�0:03456t /3:4026. Then

W 0.t/ D 3:4026.3:46293 � 3:32173e�0:03456t /2:4026.3:32173/.0:03456/e�0:03456t

D 0:3906.3:46293 � 3:32173e�0:03456t /2:4026e�0:03456t :

At aget D 10,

W 0.10/ D 0:3906.1:1118/2:4026.0:7078/ � 0:3566 kg=yr:

82. The functions in Exercises 80 and 81 are examples of thevon Bertalanffy growth function

M.t/ D
�
aC .b � a/ekmt

�1=m
.m ¤ 0/

introduced in the 1930s by Austrian-born biologist Karl Ludwig von Bertalanffy. CalculateM 0.0/ in terms of the constantsa, b, k
andm.

SOLUTION Let

M.t/ D
�
aC .b � a/ekmt

�1=m
.m ¤ 0/:

Then

M 0.t/ D 1

m
.aC .b � a/ekmt /1=m�1km.b � a/ekmt D k.b � a/ekmt .aC .b � a/ekmt /1=m�1;

and

M 0.0/ D k.b � a/e0.aC .b � a/e0/1=m�1 D k.b � a/b1=m�1:

83. With notation as in Example 7, calculate

(a)
d

d�
sin �

ˇ̌
ˇ̌
�D60ı

(b)
d

d�
.� C tan�/

ˇ̌
ˇ̌
�D45ı
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SOLUTION

(a)
d

d�
sin �

ˇ̌
ˇ
�D60ı

D d

d�
sin
� �

180
�
� ˇ̌
ˇ
�D60ı

D
� �

180

�
cos

� �

180
.60/

�
D �

180

1

2
D �

360
:

(b)
d

d�
.� C tan�/

ˇ̌
ˇ
�D45ı

D d

d�

�
� C tan

� �

180
�
�� ˇ̌
ˇ
�D45ı

D 1C �

180
sec2

��
4

�
D 1C �

90
:

84. Assume that

f .0/ D 2; f 0.0/ D 3; h.0/ D �1; h0.0/ D 7

Calculate the derivatives of the following functions atx D 0:

(a) .f .x//3 (b) f .7x/ (c) f .4x/h.5x/

SOLUTION

(a) Let g.x/ D .f .x//3. Then

g0.0/ D 3.f .0//2.f 0.0// D 12.3/ D 36:

(b) Let g.x/ D f .7x/. Then

g0.0/ D 7f 0.7.0// D 21:

(c) LetF.x/ D f .4x/h.5x/. ThenF 0.x/ D 4f 0.4x/h.5x/C 5f .4x/h0.5x/ and

F 0.0/ D 4.3/.�1/C 5.2/.7/ D 58:

85. Compute the derivative ofh.sinx/ atx D �
6 , assuming thath0.0:5/ D 10.

SOLUTION Let u D sinx and suppose thath0.0:5/ D 10. Then

d

dx
.h.u// D dh

du

du

dx
D dh

du
cosx:

Whenx D �
6 ; we haveu D :5. Accordingly, the derivative ofh.sinx/ atx D �

6 is10 cos
�
�
6

�
D 5

p
3:

86. Let F.x/ D f .g.x//, where the graphs off andg are shown in Figure 3. Estimateg0.2/ andf 0.g.2// and computeF 0.2/.

1

2

3

4

1 2 3 4 5

f (x)

g(x)

x

y

FIGURE 3

SOLUTION After sketching an approximate tangent line tog atx D 2 (see the figure below), we estimateg0.2/ D �1. It appears

from the graph thatg.2/ D 3 andf 0.3/ D 5
4 (since betweenx D 2 andx D 4 the graph off appears to be linear with slope54 ).

Thus,

F 0.2/ D f 0.g.2//g0.2/ D 5

4
.�1/ D �1:25:

1

2

3

4

1 2 3 4 5
x

y
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In Exercises 87–90, use the table of values to calculate the derivative of the function at the given point.

x 1 4 6

f .x/ 4 0 6

f 0.x/ 5 7 4

g.x/ 4 1 6

g0.x/ 5 1
2 3

87. f .g.x//, x D 6

SOLUTION
d

dx
f .g.x//

ˇ̌
ˇ̌
xD6

D f 0.g.6//g0.6/ D f 0.6/g0.6/ D 4 � 3 D 12.

88. ef.x/, x D 4

SOLUTION
d

dx
ef.x/

ˇ̌
ˇ̌
xD4

D ef.4/f 0.4/ D e0.7/ D 7.

89. g.
p
x/, x D 16

SOLUTION
d

dx
g.

p
x/

ˇ̌
ˇ̌
xD16

D g0.4/
�
1

2

�
.1=

p
16/ D

�
1

2

��
1

2

��
1

4

�
D 1

16
.

90. f .2x C g.x//, x D 1

SOLUTION
d

dx
f .2x C g.x//

ˇ̌
ˇ̌
xD1

D f 0.2.1/C g.1//.2C g0.1// D f 0.2C 4/.7/ D 4.7/ D 28.

91. The price (in dollars) of a computer component isP D 2C � 18C�1, whereC is the manufacturer’s cost to produce it.
Assume that cost at timet (in years) isC D 9C 3t�1. Determine the rate of change of price with respect to time att D 3.

SOLUTION
dC

dt
D �3t�2. C.3/ D 10 andC 0.3/ D �1

3 , so we compute:

dP

dt

ˇ̌
ˇ̌
tD3

D 2C 0.3/C 18

.C.3//2
C 0.3/ D �2

3
C 18

100

�
�1
3

�
D �0:727 dollars

year
:

92. Plot the “astroid”y D .4 � x2=3/3=2 for 0 � x � 8. Show that the part of every tangent line in the first quadrant has
a constant length 8.

SOLUTION

� Here is a graph of the astroid.

y

x

10

10−10

−10

� Letf .x/ D .4 � x2=3/3=2. Then

f 0.x/ D 3

2
.4 � x2=3/1=2

�
�2
3
x�1=3

�
D �

p
4 � x2=3

x1=3
;

and the tangent line tof atx D a is

y D �
p
4 � a2=3

a1=3
.x � a/C

�
4 � a2=3

�3=2
:

They-intercept of this line is the pointP D
�
0; 4

p
4 � a2=3

�
, its x-intercept is the pointQ D

�
4a1=3; 0

�
, and the distance

betweenP andQ is 8.

93. According to the U.S. standard atmospheric model, developed by the National Oceanic and Atmospheric Administration for
use in aircraft and rocket design, atmospheric temperatureT (in degrees Celsius), pressureP (kPaD 1;000 pascals), and altitude
h (in meters) are related by these formulas (valid in the troposphereh � 11;000):

T D 15:04 � 0:000649h; P D 101:29 C
�
T C 273:1

288:08

�5:256
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Use the Chain Rule to calculatedP=dh. Then estimate the change inP (in pascals, Pa) per additional meter of altitude when
h D 3;000.

SOLUTION

dP

dT
D 5:256

�
T C 273:1

288:08

�4:256 � 1

288:08

�
D 6:21519 � 10�13 .273:1C T /4:256

and dT
dh

D �0:000649ıC=m. dP
dh

D dP
dT

dT
dh

, so

dP

dh
D
�
6:21519 � 10�13 .273:1 C T /4:256

�
.�0:000649/ D �4:03366 � 10�16 .288:14 � 0:000649 h/4:256:

Whenh D 3000,

dP

dh
D �4:03366 � 10�16.286:193/4:256 D �1:15 � 10�5 kPa=mI

therefore, for each additional meter of altitude,

�P � �1:15 � 10�5 kPaD �1:15 � 10�2 Pa:

94. Climate scientists use theStefan-Boltzmann LawR D �T 4 to estimate the change in the earth’s average temperatureT

(in kelvins) caused by a change in the radiationR (in joules per square meter per second) that the earth receives from the sun.
Here� D 5:67 � 10�8 Js�1m�2K�4. CalculatedR=dt , assuming thatT D 283 and dT

dt
D 0:05 K/yr. What are the units of the

derivative?

SOLUTION By the Chain Rule,

dR

dt
D dR

dT
� dT
dt

D 4�T 3
dT

dt
:

AssumingT D 283 K and dT
dt

D 0:05 K/yr, it follows that

dR

dt
D 4�.2833/.0:05/ � 0:257 Js�1m�2/yr

95. In the setting of Exercise 94, calculate the yearly rate of change ofT if T D 283 K andR increases at a rate of0:5 Js�1m�2

per year.

SOLUTION By the Chain Rule,

dR

dt
D dR

dT
� dT
dt

D 4�T 3
dT

dt
:

AssumingT D 283 K and dR
dt

D 0:5 Js�1m�2 per year, it follows that author:

0:5 D 4�.283/3
dT

dt
) dT

dt
D 0:5

4�.283/3
� 0:0973 kelvins/yr

96. Use a computer algebra system to computef .k/.x/ for k D 1; 2; 3 for the following functions:

(a) f .x/ D cot.x2/ (b) f .x/ D
p
x3 C 1

SOLUTION

(a) Let f .x/ D cot.x2/. Using a computer algebra system,

f 0.x/ D �2x csc2.x2/I

f 00.x/ D 2 csc2.x2/.4x2 cot.x2/� 1/I and

f 000.x/ D �8x csc2.x2/
�
6x2 cot2.x2/ � 3 cot.x2/C 2x2

�
:

(b) Let f .x/ D
p
x3 C 1. Using a computer algebra system,

f 0.x/ D 3x2

2
p
x3 C 1

I

f 00.x/ D 3x.x3 C 4/

4.x3 C 1/3=2
I and

f 000.x/ D �3.x
6 C 20x3 � 8/

8.x3 C 1/5=2
:
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97. Use the Chain Rule to express the second derivative off ı g in terms of the first and second derivatives off andg.

SOLUTION Let h.x/ D f .g.x//. Then

h0.x/ D f 0.g.x//g0.x/

and

h00.x/ D f 0.g.x//g00.x/C g0.x/f 00.g.x//g0.x/ D f 0.g.x//g00.x/C f 00.g.x//
�
g0.x/

�2
:

98. Compute the second derivative of sin.g.x// atx D 2, assuming thatg.2/ D �
4 , g0.2/ D 5, andg00.2/ D 3.

SOLUTION Let f .x/ D sin.g.x//. Thenf 0.x/ D cos.g.x//g0.x/ and

f 00.x/ D cos.g.x//g00.x/C g0.x/.� sin.g.x///g0.x/ D cos.g.x//g00.x/� .g0.x//2 sin.g.x//:

Therefore,

f 00.2/ D g00.2/ cos.g.2//�
�
g0.2/

�2 sin.g.2// D 3 cos
�
�
4

�
� .5/2 sin

�
�
4

�
D �22 �

p
2
2 D �11

p
2

Further Insights and Challenges

99. Show that iff , g, andh are differentiable, then

Œf .g.h.x///�0 D f 0.g.h.x///g0.h.x//h0.x/

SOLUTION Let f , g, andh be differentiable. Letu D h.x/, v D g.u/, andw D f .v/. Then

dw

dx
D df

dv

dv

dx
D df

dv

dg

du

du

dx
D f 0.g.h.x//g0.h.x//h0.x/

100. Show that differentiation reverses parity: Iff is even, thenf 0 is odd, and iff is odd, thenf 0 is even.Hint: Differ-
entiatef .�x/.
SOLUTION A function isevenif f .�x/ D f .x/ andodd if f .�x/ D �f .x/. By the chain rule,d

dx
f .�x/ D �f 0.�x/. Now

suppose thatf is even. Thenf .�x/ D f .x/ and

d

dx
f .�x/ D d

dx
f .x/ D f 0.x/:

Hence, whenf is even,�f 0.�x/ D f 0.x/ or f 0.�x/ D �f 0.x/ andf 0 is odd. On the other hand, supposef is odd. Then
f .�x/ D �f .x/ and

d

dx
f .�x/ D � d

dx
f .x/ D �f 0.x/:

Hence, whenf is odd,�f 0.�x/ D �f 0.x/ or f 0.�x/ D f 0.x/ andf 0 is even.

101. (a) Sketch a graph of any even functionf .x/ and explain graphically whyf 0.x/ is odd.
(b) Suppose thatf 0.x/ is even. Isf .x/ necessarily odd?Hint: Check whether this is true for linear functions.

SOLUTION

(a) The graph of an even function is symmetric with respect to they-axis. Accordingly, its image in the left half-plane is a mirror
reflection of that in the right half-plane through they-axis. If atx D a � 0, the slope off exists and is equal tom, then by
reflection its slope atx D �a � 0 is �m. That is,f 0.�a/ D �f 0.a/. Note:This means that iff 0.0/ exists, then it equals 0.

y

x
−2 −1 1 2

1

2

3

4

(b) Suppose thatf 0 is even. Thenf is not necessarily odd. Letf .x/ D 4x C 7. Thenf 0.x/ D 4, an even function. Butf is not
odd. For example,f .2/ D 15, f .�2/ D �1, butf .�2/ ¤ �f .2/.
102. Power Rule for Fractional Exponents Let f .u/ D uq andg.x/ D xp=q . Assume thatg.x/ is differentiable.

(a) Show thatf .g.x//D xp (recall the laws of exponents).
(b) Apply the Chain Rule and the Power Rule for whole-number exponents to show thatf 0.g.x// g0.x/ D pxp�1.
(c) Then derive the Power Rule forxp=q .
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SOLUTION

(a) Let f .u/ D uq andg.x/ D xp=q , whereq is a positive integer andp is an integer. Then

f .g.x//D f
�
xp=q

�
D
�
xp=q

�q
D xp :

(b) Differentiating both sides of the final expression in part (a), applying the chain rule on the left and the power rule for whole
number exponents on the right, it follows that

f 0.g.x//g0.x/ D pxp�1:

(c) Thus

g0.x/ D pxp�1

f 0.g.x//
D pxp�1

q
�
xp=q

�q�1 D pxp�1

qxp�p=q D p

q
xp=q�1:

103. Prove that for all whole numbersn � 1,

dn

dxn
sinx D sin

�
x C n�

2

�

Hint: Use the identity cosx D sin
�
x C �

2

�
.

SOLUTION We will proceed by induction onn. Forn D 1, we find

d

dx
sin x D cosx D sin

�
x C �

2

�
;

as required. Now, suppose that for some positive integerk,

dk

dxk
sin x D sin

�
x C k�

2

�
:

Then

dkC1

dxkC1 sinx D d

dx
sin
�
x C k�

2

�

D cos

�
x C k�

2

�
D sin

�
x C .k C 1/�

2

�
:

104. A Discontinuous Derivative Use the limit definition to show thatg0.0/ exists butg0.0/ ¤ lim
x!0

g0.x/, where

g.x/ D

8
<̂

:̂

x2 sin
1

x
x ¤ 0

0 x D 0

SOLUTION Using the limit definition,

g0.0/ D lim
h!0

g.0C h/ � g.0/

h
D lim
h!0

h2 sin
�
1
h

�
� 0

h
D lim
h!0

h sin

�
1

h

�
D 0;

where we have used the squeeze theorem in the last step. Now, forx ¤ 0,

g0.x/ D x2
�

� 1

x2

�
cos

�
1

x

�
C 2x sin

�
1

x

�
D 2x sin

�
1

x

�
� cos

�
1

x

�
:

Although the first term ing0 has a limit of 0 asx ! 0 (by the squeeze theorem), the limit asx ! 0 of the second term does not
exist. Hence, limx!0 g

0.x/ does not exist, sog0.0/ ¤ limx!0 g
0.x/.

105. Chain Rule This exercise proves the Chain Rule without the special assumption made in the text. For any numberb, define
a new function

F.u/ D f .u/� f .b/

u � b
for all u ¤ b

(a) Show that if we defineF.b/ D f 0.b/, thenF.u/ is continuous atu D b.
(b) Takeb D g.a/. Show that ifx ¤ a, then for allu,

f .u/� f .g.a//

x � a
D F.u/

u� g.a/
x � a

2

Note that both sides are zero ifu D g.a/.
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(c) Substituteu D g.x/ in Eq. (2) to obtain

f .g.x//� f .g.a//

x � a
D F.g.x//

g.x/� g.a/
x � a

Derive the Chain Rule by computing the limit of both sides asx ! a.

SOLUTION For any differentiable functionf and any numberb, define

F.u/ D f .u/� f .b/

u � b

for all u ¤ b.

(a) DefineF.b/ D f 0.b/. Then

lim
u!b

F.u/ D lim
u!b

f .u/� f .b/
u � b D f 0.b/ D F.b/;

i.e., lim
u!b

F.u/ D F.b/. Therefore,F is continuous atu D b.

(b) Let g be a differentiable function and takeb D g.a/. Let x be a number distinct froma. If we substituteu D g.a/ into Eq.
(2), both sides evaluate to 0, so equality is satisfied. On the other hand, ifu ¤ g.a/, then

f .u/� f .g.a//

x � a
D f .u/� f .g.a//

u � g.a/

u � g.a/

x � a D f .u/� f .b/

u � b

u � g.a/
x � a

D F.u/
u � g.a/

x � a
:

Hence for allu, we have

f .u/� f .g.a//
x � a

D F.u/
u � g.a/
x � a

:

(c) Substitutingu D g.x/ in Eq. (2), we have

f .g.x//� f .g.a//

x � a
D F.g.x//

g.x/� g.a/

x � a
:

Lettingx ! a gives

lim
x!a

f .g.x//� f .g.a//
x � a D lim

x!a

�
F.g.x//

g.x/� g.a/

x � a

�
D F.g.a//g0.a/ D F.b/g0.a/ D f 0.b/g0.a/

D f 0.g.a//g0.a/

Therefore.f ı g/0 .a/ D f 0.g.a//g0.a/, which is the Chain Rule.

3.8 Derivatives of Inverse Functions

Preliminary Questions
1. What is the slope of the line obtained by reflecting the liney D x

2 through the liney D x?

SOLUTION The line obtained by reflecting the liney D x=2 through the liney D x has slope 2.

2. Suppose thatP D .2; 4/ lies on the graph off .x/ and that the slope of the tangent line throughP ism D 3. Assuming that
f �1.x/ exists, what is the slope of the tangent line to the graph off �1.x/ at the pointQ D .4; 2/?

SOLUTION The tangent line to the graph off �1.x/ at the pointQ D .4; 2/ has slope13 .

3. Which inverse trigonometric functiong.x/ has the derivativeg0.x/ D 1

x2 C 1
?

SOLUTION g.x/ D tan�1 x has the derivativeg0.x/ D 1

x2 C 1
.

4. What does the following identity tell us about the derivatives of sin�1 x and cos�1 x?

sin�1 x C cos�1 x D �

2

SOLUTION Angles whose sine and cosine arex are complementary.
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Exercises
1. Find the inverseg.x/ of f .x/ D

p
x2 C 9 with domainx � 0 and calculateg0.x/ in two ways: using Theorem 1 and by direct

calculation.

SOLUTION To find a formula forg.x/ D f �1.x/, solvey D
p
x2 C 9 for x. This yieldsx D ˙

p
y2 � 9. Because the domain

of f was restricted tox � 0, we must choose the positive sign in front of the radical. Thus

g.x/ D f �1.x/ D
p
x2 � 9:

Becausex2 C 9 � 9 for all x, it follows thatf .x/ � 3 for all x. Thus, the domain ofg.x/ D f �1.x/ is x � 3. The range ofg is
the restricted domain off : y � 0.

By Theorem 1,

g0.x/ D 1

f 0.g.x//
:

With

f 0.x/ D xp
x2 C 9

;

it follows that

f 0.g.x// D
p
x2 � 9q

.
p
x2 � 9/2 C 9

D
p
x2 � 9p
x2

D
p
x2 � 9
x

since the domain ofg is x � 3. Thus,

g0.x/ D 1

f 0.g.x//
D xp

x2 � 9
:

This agrees with the answer we obtain by differentiating directly:

g0.x/ D 2x

2
p
x2 � 9

D xp
x2 � 9

:

2. Let g.x/ be the inverse off .x/ D x3 C 1. Find a formula forg.x/ and calculateg0.x/ in two ways: using Theorem 1 and
then by direct calculation.

SOLUTION To findg.x/, we solvey D x3 C 1 for x:

y � 1 D x3

x D .y � 1/1=3

Therefore, the inverse isg.x/ D .x � 1/1=3.
We havef 0.x/ D 3x2. According to Theorem 1,

g0.x/ D 1

f 0.g.x//
D 1

3g.x/2
D 1

3.x � 1/2=3
D 1

3
.x � 1/�2=3

This agrees with the answer we obtain by differentiating directly:

d

dx
.x � 1/1=3 D 1

3 .x � 1/�2=3:

In Exercises 3–8, use Theorem 1 to calculateg0.x/, whereg.x/ is the inverse off .x/.

3. f .x/ D 7x C 6

SOLUTION Let f .x/ D 7x C 6 thenf 0.x/ D 7. Solvingy D 7x C 6 for x and switching variables, we obtain the inverse
g.x/ D .x � 6/=7. Thus,

g0.x/ D 1

f 0.g.x//
D 1

7
:

4. f .x/ D
p
3 � x
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SOLUTION Let f .x/ D .3 � x/1=2. Then

f 0.x/ D 1

2
.3 � x/�1=2.�1/ D �1

2.3 � x/1=2
:

Solvingy D
p
3 � x for x and switching variables, we obtain the inverseg.x/ D 3 � x2. Thus,

g0.x/ D 1

� �1
2.3 � 3C x2/1=2

D �2x;

where we have used the fact that the domain ofg is x � 0 to write
p
x2 D x.

5. f .x/ D x�5

SOLUTION Let f .x/ D x�5, thenf 0.x/ D �5x�6. Solvingy D x�5 for x and switching variables, we obtain the inverse

g.x/ D x�1=5. Thus,

g0.x/ D 1

�5.x�1=5/�6
D �1

5
x�6=5:

6. f .x/ D 4x3 � 1

SOLUTION Let f .x/ D 4x3 � 1, thenf 0.x/ D 12x2. Solvingy D 4x3 � 1 for x and switching variables, we obtain the inverse

g.x/ D .xC1
4 /1=3. Thus,

g0.x/ D 1

12

�
x C 1

4

��2=3

7. f .x/ D x

x C 1

SOLUTION Let f .x/ D x
xC1 , then

f 0.x/ D .x C 1/ � x

.x C 1/2
D 1

.x C 1/2
:

Solvingy D x
xC1 for x and switching variables, we obtain the inverseg.x/ D x

1�x . Thus

g0.x/ D 1

�
1

.x=.1 � x/C 1/2
D 1

.1 � x/2
:

8. f .x/ D 2C x�1

SOLUTION Let f .x/ D 2 C x�1, thenf 0.x/ D �1=x2. Solvingy D 2 C x�1 for x and switching variables, we obtain the
inverseg.x/ D 1=.x � 2/. Thus,

g0.x/ D 1

� �1
1=.x � 2/2

D � 1

.x � 2/2
:

9. Let g.x/ be the inverse off .x/ D x3 C 2x C 4. Calculateg.7/ [without finding a formula forg.x/], and then calculateg0.7/.
SOLUTION Let g.x/ be the inverse off .x/ D x3 C 2x C 4. Because

f .1/ D 13 C 2.1/C 4 D 7;

it follows thatg.7/ D 1. Moreover,f 0.x/ D 3x2 C 2, and

g0.7/ D 1

f 0.g.7//
D 1

f 0.1/
D 1

5
:

10. Findg0�� 1
2

�
, whereg.x/ is the inverse off .x/ D x3

x2 C 1
.

SOLUTION Let g.x/ be the inverse off .x/ D x3

x2 C 1
. Because

f .�1/ D .�1/3

.�1/2 C 1
D �1

2
;

it follows thatg.�1
2 / D �1. Moreover,

f 0.x/ D .x2 C 1/.3x2/� x3.2x/

.x2 C 1/2
D x4 C 3x2

.x2 C 1/2
;

and

g0
�

�1
2

�
D 1

f 0.g.�1
2 //

D 1

f 0.�1/ D 1:
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In Exercises 11–16, calculateg.b/ andg0.b/, whereg is the inverse off (in the given domain, if indicated).

11. f .x/ D x C cosx, b D 1

SOLUTION f .0/ D 1, sog.1/ D 0. f 0.x/ D 1 � sinx sof 0.g.1// D f 0.0/ D 1 � sin0 D 1. Thus,g0.1/ D 1=1 D 1.

12. f .x/ D 4x3 � 2x, b D �2
SOLUTION f .�1/ D �2, sog.�2/ D �1. f 0.x/ D 12x2 � 2 sof 0.g.�2// D f 0.�1/ D 12 � 2 D 10. Thus,g0.�2/ D 1=10.

13. f .x/ D
p
x2 C 6x for x � 0, b D 4

SOLUTION To determineg.4/, we solvef .x/ D
p
x2 C 6x D 4 for x. This yields:

x2 C 6x D 16

x2 C 6x � 16 D 0

.x C 8/.x � 2/ D 0

or x D �8; 2. Because the domain off has been restricted tox � 0, we haveg.4/ D 2. With

f 0.x/ D x C 3p
x2 C 6x

;

it then follows that

g0.4/ D 1

f 0.g.4//
D 1

f 0.2/
D 4

5
:

14. f .x/ D
p
x2 C 6x for x � �6, b D 4

SOLUTION To determineg.4/, we solvef .x/ D
p
x2 C 6x D 4 for x. This yields:

x2 C 6x D 16

x2 C 6x � 16 D 0

.x C 8/.x � 2/ D 0

or x D �8; 2. Because the domain off has been restricted tox � �6, we haveg.4/ D �8. With

f 0.x/ D x C 3p
x2 C 6x

;

it then follows that

g0.4/ D 1

f 0.g.4//
D 1

f 0.�8/ D �4
5
:

15. f .x/ D 1

x C 1
, b D 1

4

SOLUTION f .3/ D 1=4, sog.1=4/ D 3. f 0.x/ D �1
.xC1/2 sof 0.g.1=4// D f 0.3/ D �1

.3C1/2 D �1=16. Thus,g0.1=4/ D �16.

16. f .x/ D ex , b D e

SOLUTION f .1/ D e sog.e/ D 1. f 0.x/ D ex sof 0.g.e// D f 0.1/ D e. Thus,g0.x/ D 1=e.

17. Let f .x/ D xn andg.x/ D x1=n. Computeg0.x/ using Theorem 1 and check your answer using the Power Rule.

SOLUTION Note thatg.x/ D f �1.x/. Therefore,

g0.x/ D 1

f 0.g.x//
D 1

n.g.x//n�1 D 1

n.x1=n/n�1 D 1

n.x1�1=n/
D x1=n�1

n
D 1

n
.x1=n�1/

which agrees with the Power Rule.

18. Show thatf .x/ D 1

1C x
andg.x/ D 1 � x

x
are inverses. Then computeg0.x/ directly and verify thatg0.x/ D 1=f 0.g.x//.

SOLUTION Let f .x/ D 1

1C x
andg.x/ D 1 � x

x
. Then

f .g.x//D 1

1C 1�x
x

D x

x C 1 � x
D x;
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and

g.f .x// D
1 � 1

1Cx
1
1Cx

D 1C x � 1
1

D xI

consequently,f andg are inverses. Rewritingg.x/ D x�1 � 1, we see thatg0.x/ D �x�2. Moreover,f 0.x/ D �.1C x/�2, so

f 0.g.x// D �
�
1C 1 � x

x

��2
D �.x�1/�2 D �x2;

and

1

f 0.g.x//
D �x�2 D g0.x/:

In Exercises 19–22, compute the derivative at the point indicated without using a calculator.

19. y D sin�1 x, x D 3
5

SOLUTION Let y D sin�1 x. Theny0 D 1p
1�x2

and

y0
�
3

5

�
D 1p

1 � 9=25
D 1

4=5
D 5

4
:

20. y D tan�1 x, x D 1
2

SOLUTION Let y D tan�1 x. Theny0 D 1
x2C1 and

y0
�
1

2

�
D 1

1
4 C 1

D 4

5
:

21. y D sec�1 x, x D 4

SOLUTION Let y D sec�1 x. Theny0 D 1

jxj
p
x2�1

and

y0.4/ D 1

4
p
15
:

22. y D arccos.4x/, x D 1
5

SOLUTION Let y D cos�1.4x/. Theny0 D �4p
1�16x2

and

y0
�
1

5

�
D �4q

1 � 16
25

D �4
3
5

D �20
3
:

In Exercises 23–36, find the derivative.

23. y D sin�1.7x/

SOLUTION
d

dx
sin�1.7x/ D 1p

1 � .7x/2
� d
dx
7x D 7p

1 � .7x/2
.

24. y D arctan
�x
3

�

SOLUTION
d

dx
tan�1

�x
3

�
D 1

.x=3/2 C 1
� d
dx

�x
3

�
D 1

3
� 1
�
x
3

�2 C 1
D 1

.x2=3/C 3
.

25. y D cos�1.x2/

SOLUTION
d

dx
cos�1.x2/ D �1p

1 � x4
� d
dx
x2 D �2xp

1 � x4
.

26. y D sec�1.t C 1/

SOLUTION
d

dt
sec�1.t C 1/ D 1

jt C 1j
p
.t C 1/2 � 1

D 1

jt C 1j
p
t2 C 2t

.

27. y D x tan�1 x
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SOLUTION
d

dx
x tan�1 x D x

�
1

1C x2

�
C tan�1 x.

28. y D ecos�1 x

SOLUTION
d

dx
ecos�1 x D ecos�1 x d

dx
cos�1 x D �ecos�1 x

p
1 � x2

.

29. y D arcsin.ex/

SOLUTION
d

dx
sin�1.ex/ D 1p

1 � e2x
� d
dx
ex D exp

1 � e2x
.

30. y D csc�1.x�1/

SOLUTION
d

dx
csc�1.x�1/ D �1

j1=xj
p
1=x2 � 1

��1
x2

�
D 1

x2j1=xj
p
1=x2 � 1

D 1p
1 � x2

:

31. y D
p
1 � t2 C sin�1 t

SOLUTION
d

dt

�p
1 � t2 C sin�1 t

�
D 1

2
.1 � t2/�1=2.�2t/C 1p

1 � t2
D �tp

1 � t2
C 1p

1 � t2
D 1 � tp

1 � t2
:

32. y D tan�1
�
1C t

1 � t

�

SOLUTION
d

dx
tan�1

�
1C t

1 � t

�
D 1
�
1Ct
1�t

�2
C 1

�
�
.1 � t/ � .1C t/.�1/

.1 � t/2

�
D 2

.1C t/2 C .1 � t/2
D 1

t2 C 1
:

33. y D .tan�1 x/3

SOLUTION
d

dx

�
.tan�1 x/3

�
D 3.tan�1 x/2

d

dx
tan�1 x D 3.tan�1 x/2

x2 C 1
:

34. y D cos�1 x

sin�1 x

SOLUTION
d

dx

 
cos�1 x

sin�1 x

!
D

sin�1 x
�

�1p
1�x2

�
� cos�1 x

�
1p
1�x2

�

.sin�1 x/2
D � �

2
p
1 � x2.sin�1 x/2

:

35. y D cos�1 t�1 � sec�1 t

SOLUTION
d

dx
.cos�1 t�1 � sec�1 t/D �1p

1 � .1=t/2

��1
t2

�
� 1

jt j
p
t2 � 1

D 1p
t4 � t2

� 1

jt j
p
t2 � 1

D 1

jt j
p
t2 � 1

� 1

jt j
p
t2 � 1

D 0:

Alternately, lett D sec� . Thent�1 D cos� and cos�1 t�1 � sec�1 t D � � � D 0. Consequently,

d

dx
.cos�1 t�1 � sec�1 t/ D 0:

36. y D cos�1.x C sin�1 x/

SOLUTION
d

dx
cos�1.x C sin�1 x/ D �1q

1 � .x C sin�1 x/2

�
1C 1p

1 � x2

�
.

37. Use Figure 1 to prove that.cos�1 x/0 D � 1p
1 � x2

.

1

x

�1 − x2

θ

FIGURE 1 Right triangle with� D cos�1 x.

SOLUTION Let � D cos�1 x. Then cos� D x and

� sin�
d�

dx
D 1 or

d�

dx
D � 1

sin�
D � 1

sin.cos�1 x/
:

From Figure 1, we see that sin.cos�1 x/ D sin� D
p
1 � x2; hence,

d

dx
cos�1 x D 1

� sin.cos�1 x/
D � 1p

1 � x2
:
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38. Show that.tan�1 x/0 D cos2.tan�1 x/ and then use Figure 2 to prove that.tan�1 x/0 D .x2 C 1/�1.

θ

1

x
�1 + x2

FIGURE 2 Right triangle with� D tan�1 x.

SOLUTION Let � D tan�1 x. Thenx D tan� and

1 D sec2 �
d�

dx
or

d�

dx
D 1

sec2 �
D cos2 � D cos2.tan�1 x/:

From Figure 2, cos� D 1p
1C x2

, thus cos2 � D 1

1C x2
and

d

dx
.tan�1 x/ D 1

1C x2
:

39. Let � D sec�1 x. Show that tan� D
p
x2 � 1 if x � 1 and that tan� D �

p
x2 � 1 if x � �1. Hint: tan� � 0 on

�
0; �2

�
and

tan� � 0 on
�
�
2 ; �

�
.

SOLUTION In general,1 C tan2 � D sec2 � , so tan� D ˙
p

sec2 � � 1. With � D sec�1 x, it follows that sec� D x, so

tan� D ˙
p
x2 � 1. Finally, if x � 1 then � D sec�1 x 2 Œ0; �=2/ so tan� is positive; on the other hand, ifx � 1 then

� D sec�1 x 2 .��=2; 0� so tan� is negative.

40. Use Exercise 39 to verify the formula

.sec�1 x/0 D 1

jxj
p
x2 � 1

SOLUTION Let � D sec�1 x. Then sec� D x and

sec� tan�
d�

dx
D 1 or

d�

dx
D 1

sec� tan�
D 1

x tan.sec�1 x/
:

By Exercise 39, tan.sec�1 x/ D
p
x2 � 1 for x > 1 and tan.sec�1 x/ D �

p
x2 � 1 for x < �1. Hence,

d

dx
sec�1 x D 1

jxj
p
x2 � 1

:

Further Insights and Challenges

41. Let g.x/ be the inverse off .x/. Show that iff 0.x/ D f .x/, theng0.x/ D x�1. We will apply this in the next section to show
that the inverse off .x/ D ex (the natural logarithm) has the derivativef 0.x/ D x�1.

SOLUTION

g0.x/ D 1

f 0.g.x//
D 1

f 0.f �1.x//
D 1

f .f �1.x//
D 1

x
:

3.9 Derivatives of General Exponential and Logarithmic Func tions

Preliminary Questions
1. What is the slope of the tangent line toy D 4x atx D 0?

SOLUTION The slope of the tangent line toy D 4x atx D 0 is

d

dx
4x
ˇ̌
ˇ̌
xD0

D 4x ln4

ˇ̌
ˇ̌
xD0

D ln 4:

2. What is the rate of change ofy D lnx atx D 10?

SOLUTION The rate of change ofy D lnx atx D 10 is

d

dx
lnx

ˇ̌
ˇ̌
xD10

D 1

x

ˇ̌
ˇ̌
xD10

D 1

10
:



290 C H A P T E R 3 DIFFERENTIATION

3. What isb > 0 if the tangent line toy D bx atx D 0 has slope2?

SOLUTION The tangent line toy D bx atx D 0 has slope

d

dx
bx
ˇ̌
ˇ̌
xD0

D bx lnb

ˇ̌
ˇ̌
xD0

D ln b:

This slope will be equal to 2 when

ln b D 2 or b D e2:

4. What isb if .logb x/
0 D 1

3x
?

SOLUTION .logb x/
0 D

�
ln x

ln b

�0
D 1

x lnb
. This derivative will equal13x when

ln b D 3 or b D e3:

5. What arey.100/ andy.101/ for y D coshx?

SOLUTION Let y D coshx. Theny0 D sinhx, y00 D coshx, and this pattern repeats indefinitely. Thus,y.100/ D coshx and

y.101/ D sinhx.

Exercises
In Exercises 1–20, find the derivative.

1. y D x ln x

SOLUTION
d

dx
x lnx D lnx C x

x
D lnx C 1.

2. y D t ln t � t

SOLUTION
d

dt
.t ln t � t/ D t

�
1

t

�
C ln t � 1 D ln t .

3. y D .ln x/2

SOLUTION
d

dx
.lnx/2 D .2 ln x/

1

x
D 2

x
lnx.

4. y D ln.x5/

SOLUTION
d

dx
.lnx5/ D 1

x5
.5x4/ D 5

x
.

5. y D ln.9x2 � 8/

SOLUTION
d

dx
ln.9x2 � 8/ D 18x

9x2 � 8
.

6. y D ln.t5t /

SOLUTION Using the rules for logarithms, we write

y D ln.t5t / D ln t C ln.5t / D ln t C t ln 5:

Then,

d

dt
ln.t5t / D 1

t
C ln5:

7. y D ln.sint C 1/

SOLUTION
d

dt
ln.sint C 1/ D cost

sint C 1
.

8. y D x2 ln x

SOLUTION
d

dx
x2 lnx D 2x ln x C x2

x
D 2x ln x C x.

9. y D ln x

x

SOLUTION
d

dx

lnx

x
D

1
x .x/� ln x

x2
D 1 � lnx

x2
.
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10. y D e.lnx/
2

SOLUTION
d

dx
e.lnx/

2 D e.lnx/
2 � 2 � lnx

x
.

11. y D ln.ln x/

SOLUTION
d

dx
ln.ln x/ D 1

x lnx
.

12. y D ln.cotx/

SOLUTION
d

dx
ln.cotx/ D 1

cotx
.� csc2 x/ D � 1

sinx cosx
.

13. y D
�

ln.lnx/
�3

SOLUTION
d

dx
.ln.lnx//3 D 3.ln.lnx//2

�
1

lnx

��
1

x

�
D 3.ln.ln x//2

x lnx
.

14. y D ln
�
.lnx/3

�

SOLUTION
d

dx
ln..lnx/3/ D 3.ln x/2

x.lnx/3
D 3

x lnx
.

Alternately, because ln..lnx/3/ D 3 ln.lnx/,

d

dx
ln..ln x/3/ D 3

d

dx
ln.lnx/ D 3 � 1

x lnx
:

15. y D ln
�
.x C 1/.2x C 9/

�

SOLUTION

d

dx
ln ..x C 1/.2x C 9// D 1

.x C 1/.2x C 9/
� ..x C 1/2C .2x C 9// D 4x C 11

.x C 1/.2x C 9/
:

Alternately, because ln..x C 1/.2x C 9// D ln.x C 1/C ln.2x C 9/,

d

dx
ln..x C 1/.2x C 9// D 1

x C 1
C 2

2x C 9
D 4x C 11

.x C 1/.2x C 9/
:

16. y D ln
�
x C 1

x3 C 1

�

SOLUTION

d

dx
ln

�
x C 1

x3 C 1

�
D d

dx
ln

�
1

x2 � x C 1

�
D � d

dx
ln.x2 � x C 1/ D � 2x � 1

x2 � x C 1
:

17. y D 11x

SOLUTION
d

dx
11x D ln 11 � 11x .

18. y D 74x�x2

SOLUTION
d

dx
74x�x2 D ln 7.4 � 2x/74x�x2

.

19. y D 2x � 3�x

x

SOLUTION
d

dx

2x � 3�x

x
D x.2x ln 2C 3�x ln 3/ � .2x � 3�x/

x2
.

20. y D 16sinx

SOLUTION
d

dx
16sinx D ln 16.cosx/16sinx .

In Exercises 21–24, compute the derivative.

21. f 0.x/, f .x/ D log2 x

SOLUTION f .x/ D log2 x D lnx

ln 2
. Thus,f 0.x/ D 1

x
� 1

ln 2
.

22. f 0.3/, f .x/ D log5 x
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SOLUTION f .x/ D lnx

ln 5
, sof 0.x/ D 1

x ln5
. Thus,f 0.3/ D 1

3 ln5
.

23.
d

dt
log3.sint/

SOLUTION
d

dt
log3.sint/ D d

dt

�
ln.sint/

ln 3

�
D 1

ln 3
� 1

sint
� cost D cott

ln 3
.

24.
d

dt
log10.t C 2t /

SOLUTION
d

dt
log10.t C 2t / D d

dt

�
ln.t C 2t /

ln 10

�
D 1

ln 10
� 1C 2t ln 2

t C 2t
.

In Exercises 25–36, find an equation of the tangent line at the point indicated.

25. f .x/ D 6x , x D 2

SOLUTION Let f .x/ D 6x . Thenf .2/ D 36, f 0.x/ D 6x ln 6 andf 0.2/ D 36 ln 6. The equation of the tangent line is therefore
y D 36 ln 6.x � 2/C 36.

26. y D .
p
2/x , x D 8

SOLUTION Let y D .
p
2/x . Theny.8/ D 16, y0.x/ D .

p
2/x ln

p
2 andy0.8/ D 16 ln

p
2 D 8 ln2. The equation of the tangent

line is thereforey D 8 ln 2.x � 8/C 16.

27. s.t/ D 39t , t D 2

SOLUTION Let s.t/ D 39t . Thens.2/ D 318, s0.t/ D 39t 9 ln 3, ands0.2/ D 318 � 9 ln 3 D 320 ln 3. The equation of the tangent
line is thereforey D 320 ln 3.t � 2/C 318.

28. y D �5x�2, x D 1

SOLUTION Let y D �5x�2. Theny.1/ D �3, y0.x/ D �5x�25 ln�, andy0.1/ D 5�3 ln�. The equation of the tangent line is
thereforey D 5�3 ln�.x � 1/C �3.

29. f .x/ D 5x
2�2x , x D 1

SOLUTION Let f .x/ D 5x
2�2x . Thenf .1/ D 5�1, f 0.x/ D ln 5 � 5x2�2x.2x � 2/, andf 0.1/ D ln 5.0/ D 0. Therefore, the

equation of the tangent line isy D 5�1.

30. s.t/ D ln t , t D 5

SOLUTION Let s.t/ D ln t . Then s.5/ D ln 5. s0.t/ D 1=t , so s0.5/ D 1=5. Therefore the equation of the tangent line is
y D .1=5/.t � 5/C ln 5.

31. s.t/ D ln.8� 4t/, t D 1

SOLUTION Let s.t/ D ln.8 � 4t/. Thens.1/ D ln.8 � 4/ D ln 4. s0.t/ D �4
8�4t , sos0.1/ D �4=4 D �1. Therefore the equation

of the tangent line isy D �1.t � 1/C ln 4.

32. f .x/ D ln.x2/, x D 4

SOLUTION Let f .x/ D ln x2 D 2 ln x. Thenf .4/ D 2 ln 4. f 0.x/ D 2=x, sof 0.4/ D 1=2. Therefore the equation of the
tangent line isy D .1=2/.x � 4/C 2 ln 4.

33. R.z/ D log5.2z
2 C 7/, z D 3

SOLUTION LetR.z/ D log5.2z
2 C 7/. ThenR.3/ D log5.25/ D 2,

R0.z/ D 4z

.2z2 C 7/ ln 5
; and R0.3/ D 12

25 ln5
:

The equation of the tangent line is therefore

y D 12

25 ln5
.z � 3/C 2:

34. y D ln.sinx/, x D �

4

SOLUTION Let f .x/ D ln sinx. Thenf .�=4/ D ln.
p
2=2/. f 0.x/ D cosx= sinx D cotx, sof 0.�=4/ D 1. Therefore the

equation of the tangent line isy D .x � �=4/C ln.
p
2=2/.

35. f .w/ D log2w, w D 1
8
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SOLUTION Let f .w/ D log2 w. Then

f

�
1

8

�
D log2

1

8
D log2 2

�3 D �3;

f 0.w/ D 1
w ln2 , and

f 0
�
1

8

�
D 8

ln 2
:

The equation of the tangent line is therefore

y D 8

ln 2

�
w � 1

8

�
� 3:

36. y D log2.1C 4x�1/, x D 4

SOLUTION Let y D log2.1C 4x�1/. Theny.4/ D log2.1C 1/ D 1,

y0.x/ D � 4x�2

.1C 4x�1/ ln 2
; and y0.4/ D � 1

8 ln2
:

The equation of the tangent line is therefore

y D � 1

8 ln2
.x � 4/ � 1:

In Exercises 37–44, find the derivative using logarithmic differentiation as in Example 5.

37. y D .x C 5/.x C 9/

SOLUTION Let y D .x C 5/.x C 9/. Then lny D ln..x C 5/.x C 9// D ln.x C 5/C ln.x C 9/. By logarithmic differentiation

y0

y
D 1

x C 5
C 1

x C 9

or

y0 D .x C 5/.x C 9/

�
1

x C 5
C 1

x C 9

�
D .x C 9/C .x C 5/ D 2x C 14:

38. y D .3x C 5/.4x C 9/

SOLUTION Let y D .3x C 5/.4x C 9/. Then lny D ln..3x C 5/.4x C 9// D ln.3x C 5/ C ln.4x C 9/. By logarithmic
differentiation

y0

y
D 3

3x C 5
C 4

4x C 9

or

y0 D .3x C 5/.4x C 9/

�
3

3x C 5
C 4

4x C 9

�
D .12x C 27/C .12x C 20/ D 24x C 47:

39. y D .x � 1/.x � 12/.x C 7/

SOLUTION Let y D .x � 1/.x � 12/.x C 7/. Then lny D ln.x � 1/C ln.x � 12/C ln.x C 7/. By logarithmic differentiation,

y0

y
D 1

x � 1 C 1

x � 12 C 1

x C 7

or

y0 D .x � 12/.x C 7/C .x � 1/.x C 7/C .x � 1/.x � 12/ D 3x2 � 12x C 79:

40. y D x.x C 1/3

.3x � 1/2

SOLUTION Let y D x.xC1/3
.3x�1/2 . Then lny D ln x C 3 ln.x C 1/ � 2 ln.3x � 1/. By logarithmic differentiation

y0

y
D 1

x
C 3

x C 1
� 6

3x � 1
;

so

y0 D .x C 1/3

.3x � 1/2
C 3x.x C 1/2

.3x � 1/2
� 6x.x C 1/3

.3x � 1/3
:
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41. y D x.x2 C 1/p
x C 1

SOLUTION Let y D x.x2C1/p
xC1 . Then lny D ln x C ln.x2 C 1/ � 1

2 ln.x C 1/. By logarithmic differentiation

y0

y
D 1

x
C 2x

x2 C 1
� 1

2.x C 1/
;

so

y0 D x.x2 C 1/p
x C 1

�
1

x
C 2x

x2 C 1
� 1

2.x C 1/

�
:

42. y D .2x C 1/.4x2/
p
x � 9

SOLUTION Let y D .2x C 1/.4x2/
p
x � 9. Then

lny D ln.2x C 1/C ln 4x2 C ln.x � 9/1=2 D ln.2x C 1/C ln 4C 2 ln x C 1

2
ln.x � 9/:

By logarithmic differentiation

y0

y
D 2

2x C 1
C 2

x
C 1

2.x � 9/
;

so

y0 D .2x C 1/.4x2/
p
x � 9

�
2

2x C 1
C 2

x
C 1

2.x � 9/

�
:

43. y D

s
x.x C 2/

.2x C 1/.3x C 2/

SOLUTION Let y D
q

x.xC2/
.2xC1/.3xC2/ . Then lny D 1

2 Œln.x/C ln.x C 2/ � ln.2x C 1/� ln.3x C 2/�. By logarithmic differenti-
ation

y0

y
D 1

2

�
1

x
C 1

x C 2
� 2

2x C 1
� 3

3x C 2

�
;

so

y0 D 1

2

s
x.x C 2/

.2x C 1/.3x C 2/
�
�
1

x
C 1

x C 2
� 2

2x C 1
� 3

3x C 2

�
:

44. y D .x3 C 1/.x4 C 2/.x5 C 3/2

SOLUTION Let y D .x3 C 1/.x4 C 2/.x5 C 3/2. Then lny D ln.x3 C 1/ C ln.x4 C 2/ C 2 ln.x5 C 3/. By logarithmic
differentiation

y0

y
D 3x2

x3 C 1
C 4x3

x4 C 2
C 10x4

x5 C 3
;

so

y0 D .x3 C 1/.x4 C 2/.x5 C 3/2

 
3x2

x3 C 1
C 4x3

x4 C 2
C 10x4

x5 C 3

!
:

In Exercises 45–50, find the derivative using either method of Example 6.

45. f .x/ D x3x

SOLUTION Method 1:x3x D e3x lnx , so

d

dx
x3x D e3x lnx.3C 3 lnx/ D x3x.3C 3 ln x/:

Method 2: Lety D x3x . Then, lny D 3x ln x. By logarithmic differentiation

y0

y
D 3x � 1

x
C 3 lnx;

so

y0 D y.3C 3 lnx/ D x3x .3C 3 ln x/ :
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46. f .x/ D xcosx

SOLUTION Method 1:xcosx D ecosx lnx , so

d

dx
xcosx D ecosx lnx

�cosx

x
� sin x ln x

�
D xcosx

�cosx

x
� sinx lnx

�
:

Method 2: Lety D xcosx . Then lny D cosx ln x. By logarithmic differentiation

y0

y
D cosx

1

x
C lnx.� sinx/;

so

y0 D y
�cosx

x
� sinx ln x

�
D xcosx

�cosx

x
� sin x lnx

�
:

47. f .x/ D xe
x

SOLUTION Method 1:xe
x D ee

x lnx , so

d

dx
xe

x D ee
x lnx

�
ex

x
C ex lnx

�
D xe

x

�
ex

x
C ex lnx

�
:

Method 2: Lety D xe
x

. Then lny D ex lnx. By logarithmic differentiation

y0

y
D ex � 1

x
C ex lnx;

so

y0 D y

�
ex

x
C ex lnx

�
D xe

x

�
ex

x
C ex lnx

�
:

48. f .x/ D xx
2

SOLUTION Method 1:xx
2 D ex

2 lnx , so

d

dx
xx

2 D ex
2 lnx.x C 2x ln x/ D xx

2

.x C 2x lnx/ D xx
2C1.1C 2 ln x/:

Method 2: Lety D xx
2
. Then lny D x2 ln x. By logarithmic differentiation

y0

y
D x C 2x ln x;

so

y0 D xx
2

.x C 2x ln x/ D xx
2C1.1C 2 lnx/:

49. f .x/ D x3
x

SOLUTION Method 1:x3
x D e3

x lnx , so

d

dx
x3

x D e3
x lnx

�
3x

x
C .lnx/.ln 3/3x

�
D x3

x

�
3x

x
C .lnx/.ln 3/3x

�
:

Method 2: Lety D x3
x

. Then lny D 3x lnx. By logarithmic differentiation

y0

y
D 3x

1

x
C .lnx/.ln 3/3x ;

so

y0 D x3
x

�
3x

x
C .lnx/.ln 3/3x

�
:

50. f .x/ D ex
x

SOLUTION Method 1:

d

dx
ex

x D ex
x d

dx
xx D ex

x � xx.1C ln x/;

by Example 6 from the text.
Method 2: Lety D ex

x
. Then lny D xx ln e D xx . By logarithmic differentiation and Example 6

y0

y
D xx.1C lnx/; so y0 D ex

x

.xx/.1C lnx/:
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In Exercises 51–74, calculate the derivative.

51. y D sinh.9x/

SOLUTION
d

dx
sinh.9x/ D 9 cosh.9x/.

52. y D sinh.x2/

SOLUTION
d

dx
sinh.x2/ D 2x cosh.x2/.

53. y D cosh2.9 � 3t/

SOLUTION
d

dt
cosh2.9 � 3t/ D 2 cosh.9 � 3t/ � .�3 sinh.9 � 3t// D �6 cosh.9� 3t/ sinh.9� 3t/.

54. y D tanh.t2 C 1/

SOLUTION
d

dt
tanh.t2 C 1/ D 2t sech2.t2 C 1/.

55. y D
p

coshx C 1

SOLUTION
d

dx

p
coshx C 1 D 1

2
.coshx C 1/�1=2 sinhx.

56. y D sinhx tanhx

SOLUTION
d

dx
sinhx tanhx D coshx tanhx C sinhx sech2 x D sinhx C tanhx sechx.

57. y D cotht

1C tanht

SOLUTION
d

dt

cotht

1C tanht
D � csch2 t.1C tanht/ � cotht.sech2 t/

.1C tanht/2
D �csch2t C 2 cscht secht

.1C tanht/2

58. y D .ln.coshx//5

SOLUTION
d

dx
.ln.coshx//5 D 5.ln coshx/4

sinhx

coshx
D 5.ln coshx/4 tanhx.

59. y D sinh.lnx/

SOLUTION
d

dx
sinh.lnx/ D cosh.ln x/

x
.

60. y D ecothx

SOLUTION
d

dx
ecothx D � csch2 x � ecothx .

61. y D tanh.ex/

SOLUTION
d

dx
tanh.ex/ D ex sech2.ex/.

62. y D sinh.cosh3 x/

SOLUTION
d

dx
sinh.cosh3 x/ D cosh.cosh3 x/.3 cosh2 x sinhx/.

63. y D sech.
p
x/

SOLUTION
d

dx
sech.

p
x/ D �1

2
x�1=2 sech

p
x tanh

p
x.

64. y D ln.cothx/

SOLUTION
d

dx
ln.cothx/ D � csch2 x

cothx
D �1

sinh2 x. coshx
sinhx /

D �1
sinhx coshx

.

65. y D sechx cothx

SOLUTION
d

dx
sechx cothx D d

dx
cschx D � cschx cothx.

66. y D xsinhx

SOLUTION

d

dx
xsinhx D d

dx
elnx sinhx D

�
coshx ln x C sinhx

x

�
esinhx lnx D xsinhx

�
coshx ln x C sinhx

x

�
:
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67. y D cosh�1.3x/

SOLUTION
d

dx
cosh�1.3x/ D 3p

9x2 � 1
.

68. y D tanh�1.ex C x2/

SOLUTION
d

dx
tanh�1.ex C x2/ D ex C 2x

1 � .ex C x2/2
.

69. y D .sinh�1.x2//3

SOLUTION
d

dx
.sinh�1.x2//3 D 3.sinh�1.x2//2

2xp
x4 C 1

.

70. y D .csch�1 3x/4

SOLUTION
d

dx
.csch�1 3x/4 D 4.csch�1 3x/3

 
�1

j3xj
p
1C 9x2

!
.3/ D �4.csch�1 3x/3

jxj
p
1C 9x2

.

71. y D ecosh�1 x

SOLUTION
d

dx
ecosh�1 x D ecosh�1 x

�
1p
x2 � 1

�
.

72. y D sinh�1.
p
x2 C 1/

SOLUTION
d

dx
sinh�1.

p
x2 C 1/ D 1p

x2 C 1C 1

�
1

2
p
x2 C 1

�
.2x/ D xp

x2 C 2 �
p
x2 C 1

.

73. y D tanh�1.ln t/

SOLUTION
d

dt
tanh�1.ln t/ D 1

t.1 � .ln t/2/
.

74. y D ln.tanh�1 x/

SOLUTION
d

dx
ln.tanh�1 x/ D 1

tanh�1 x

�
1

1 � x2

�
.

In Exercises 75–77, prove the formula.

75.
d

dx
.cothx/ D � csch2 x

SOLUTION
d

dx
cothx D d

dx

coshx

sinhx
D sinh2 x � cosh2 x

sinh2 x
D �1

sinh2 x
D � csch2 x.

76.
d

dt
sinh�1 t D 1p

t2 C 1

SOLUTION Let x D sinh�1 t . Thent D sinhx and

1 D coshx
dx

dt
or

dx

dt
D 1

coshx
:

Thus,

d

dt
sinh�1 t D 1

coshx
;

where sinhx D t . Working from the identity cosh2 x � sinh2 x D 1, we find coshx D ˙
p

sinh2 x C 1. Because the hyperbolic

cosine is always positive, we know to choose the positive square root. Hence, coshx D
p

sinh2 x C 1 D
p
t2 C 1, and

d

dt
sinh�1 t D 1

coshx
D 1p

t2 C 1
:

77.
d

dt
cosh�1 t D 1p

t2 � 1
for t > 1

SOLUTION Let x D cosh�1 t . Thenx � 0, t D coshx and

1 D sinhx
dx

dt
or

dx

dt
D 1

sinhx
:

Thus, fort > 1,

d

dt
cosh�1 t D 1

sinhx
;
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where coshx D t . Working from the identity cosh2 x � sinh2 x D 1, we find sinhx D ˙
p

cosh2 x � 1. Because sinhw � 0 for

w � 0, we know to choose the positive square root. Hence, sinhx D
p

cosh2 x � 1 D
p
t2 � 1, and

d

dt
cosh�1 t D 1

sinhx
D 1p

t2 � 1
:

78. Use the formula.lnf .x//0 D f 0.x/=f .x/ to show that lnx and ln.2x/ have the same derivative. Is there a simpler
explanation of this result?

SOLUTION Observe

.lnx/0 D 1

x
and .ln 2x/0 D 2

2x
D 1

x
:

As an alternative explanation, note that ln.2x/ D ln 2 C ln x. Hence, lnx and ln.2x/ differ by a constant, which implies the two
functions have the same derivative.

79. According to one simplified model, the purchasing power of a dollar in the year2000C t is equal toP.t/ D 0:68.1:04/�t (in
1983 dollars). Calculate the predicted rate of decline in purchasing power (in cents per year) in the year2020.

SOLUTION First, note that

P 0.t/ D �0:68.1:04/�t ln 1:04I

thus, the rate of change in the year 2020 is

P 0.20/ D �0:68.1:04/�20 ln 1:04 D �0:0122:

That is, the rate of decline is 1.22 cents per year.

80. The energyE (in joules) radiated as seismic waves by an earthquake of Richter magnitudeM satisfies log10E D 4:8C 1:5M .

(a) Show that whenM increases by1, the energy increases by a factor of approximately 31.5.
(b) CalculatedE=dM .

SOLUTION Solving log10 E D 4:8C 1:5M for E yields

E D 104:8C1:5M :

(a) We find

E.M C 1/ D 104:8C1:5.MC1/ D 101:5104:8C1:5M � 31:6E.M/:

(b)

dE

dM
D .1:5 ln 10/104:8C1:5M :

81. Show that for any constantsM , k, anda, the function

y.t/ D 1

2
M

�
1C tanh

�
k.t � a/

2

��

satisfies thelogistic equation:
y0

y
D k

�
1 � y

M

�
.

SOLUTION Let

y.t/ D 1

2
M

�
1C tanh

�
k.t � a/

2

��
:

Then

1 � y.t/

M
D 1

2

�
1 � tanh

�
k.t � a/

2

��
;

and

ky.t/

�
1� y.t/

M

�
D 1

4
Mk

�
1 � tanh2

�
k.t � a/

2

��

D 1

4
Mk sech2

�
k.t � a/

2

�
:

Finally,

y0.t/ D 1

4
Mk sech2

�
k.t � a/

2

�
D ky.t/

�
1 � y.t/

M

�
:
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82. Show thatV.x/ D 2 ln.tanh.x=2// satisfies thePoisson-BoltzmannequationV 00.x/ D sinh.V .x//, which is used to describe
electrostatic forces in certain molecules.

SOLUTION Let V.x/ D 2 ln.tanh.x=2//. Then

V 0.x/ D 2
1

tanh.x=2/
� 1
2

sech2.x=2/ D 1

sinh.x=2/ cosh.x=2/

and

V 00.x/ D �1
2

sinh2.x=2/C cosh2.x=2/

sinh2.x=2/ cosh2.x=2/
D �1

2

�
sech2.x=2/C csch2.x=2/

�
:

On the other hand,

sinh.V .x// D e2 ln.tanh.x=2// � e�2 ln.tanh.x=2//

2

D tanh2.x=2/ � coth2.x=2/

2

D .1 � sech2.x=2// � .1C csch2.x=2//

2
D �1

2

�
sech2.x=2/C csch2.x=2/

�
:

Thus,V 00.x/ D sinh.V .x//.

83. The Palermo Technical Impact Hazard ScaleP is used to quantify the risk associated with the impact of an asteroid colliding
with the earth:

P D log10

 
piE

0:8

0:03T

!

wherepi is the probability of impact,T is the number of years until impact, andE is the energy of impact (in megatons of TNT).
The risk is greater than a random event of similar magnitude ifP > 0.

(a) CalculatedP=dT , assuming thatpi D 2 � 10�5 andE D 2 megatons.

(b) Use the derivative to estimate the change inP if T increases from 8 to 9 years.

SOLUTION

(a) Observe that

P D log10

 
piE

0:8

0:03T

!
D log10

 
piE

0:8

0:03

!
� log10 T;

so

dP

dT
D � 1

T ln10
:

(b) If T increases to 9 years from 8 years, then

�P � dP

dT

ˇ̌
ˇ̌
TD8

��T D � 1

.8 yr/ ln 10
� .1 yr/ D �0:054

Further Insights and Challenges

84. (a) Show that iff andg are differentiable, then

d

dx
ln.f .x/g.x//D f 0.x/

f .x/
C g0.x/
g.x/

4

(b) Give a new proof of the Product Rule by observing that the left-hand side of Eq. (4) is equal to
.f .x/g.x//0

f .x/g.x/
.

SOLUTION

(a)
d

dx
lnf .x/g.x/ D d

dx
.lnf .x/C ln g.x// D f 0.x/

f .x/
C g0.x/
g.x/

.
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(b) By part (a),

d

dx
lnf .x/g.x/D f 0.x/

f .x/
C g0.x/
g.x/

D f 0.x/g.x/C f .x/g0.x/
f .x/g.x/

:

Alternately,

d

dx
lnf .x/g.x/ D .f .x/g.x//0

f .x/g.x/
:

Thus,

.f .x/g.x//0

f .x/g.x/
D f 0.x/g.x/C f .x/g0.x/

f .x/g.x/
;

or

.f .x/g.x//0 D f 0.x/g.x/C f .x/g0.x/:

85. Use the formula logb x D loga x

loga b
for a; b > 0 to verify the formula

d

dx
logb x D 1

.lnb/x

SOLUTION
d

dx
logb x D d

dx

lnx

ln b
D 1

.lnb/x
.

3.10 Implicit Differentiation

Preliminary Questions

1. Which differentiation rule is used to show
d

dx
sin y D cosy

dy

dx
?

SOLUTION The chain rule is used to show thatd
dx

sin y D cosy dy
dx

.

2. One of (a)–(c) is incorrect. Find and correct the mistake.

(a)
d

dy
sin.y2/ D 2y cos.y2/ (b)

d

dx
sin.x2/ D 2x cos.x2/ (c)

d

dx
sin.y2/ D 2y cos.y2/

SOLUTION

(a) This is correct. Note that the differentiation is with respect to the variabley.

(b) This is correct. Note that the differentiation is with respect to the variablex.

(c) This is incorrect. Because the differentiation is with respect to the variablex, the chain rule is needed to obtain

d

dx
sin.y2/ D 2y cos.y2/

dy

dx
:

3. On an exam, Jason was asked to differentiate the equation

x2 C 2xy C y3 D 7

Find the errors in Jason’s answer:2x C 2xy0 C 3y2 D 0

SOLUTION There are two mistakes in Jason’s answer. First, Jason should have applied the product rule to the second term to
obtain

d

dx
.2xy/ D 2x

dy

dx
C 2y:

Second, he should have applied the general power rule to the third term to obtain

d

dx
y3 D 3y2

dy

dx
:

4. Which of (a) or (b) is equal to
d

dx
.x sint/?

(a) .x cost/
dt

dx
(b) .x cost/

dt

dx
C sin t
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SOLUTION Using the product rule and the chain rule we see that

d

dx
.x sint/ D x cost

dt

dx
C sin t;

so the correct answer is(b).

Exercises
1. Show that if you differentiate both sides ofx2 C 2y3 D 6, the result is2x C 6y2

dy
dx

D 0. Then solve fordy=dx and evaluate
it at the point.2; 1/.

SOLUTION

d

dx
.x2 C 2y3/ D d

dx
6

2x C 6y2
dy

dx
D 0

2x C 6y2
dy

dx
D 0

6y2
dy

dx
D �2x

dy

dx
D �2x
6y2

:

At .2; 1/, dy
dx

D �4
6 D �2

3 .

2. Show that if you differentiate both sides ofxy C 4x C 2y D 1, the result is.x C 2/
dy
dx

C y C 4 D 0. Then solve fordy=dx
and evaluate it at the point.1;�1/.
SOLUTION Applying the product rule

d

dx
.xy C 4x C 2y/ D d

dx
1

x
dy

dx
C y C 4C 2

dy

dx
D 0

.x C 2/
dy

dx
D �.y C 4/

dy

dx
D �y C 4

x C 2
:

At .1;�1/, dy=dx D �3=3 D �1.

In Exercises 3–8, differentiate the expression with respect tox, assuming thaty D f .x/.

3. x2y3

SOLUTION Assuming thaty depends onx, then

d

dx

�
x2y3

�
D x2 � 3y2y0 C y3 � 2x D 3x2y2y0 C 2xy3:

4.
x3

y2

SOLUTION Assuming thaty depends onx, then

d

dx

 
x3

y2

!
D y2.3x2/� x32yy0

y4
D 3x2

y2
� 2x3y0

y3
:

5. .x2 C y2/3=2

SOLUTION Assuming thaty depends onx, then

d

dx

��
x2 C y2

�3=2�
D 3

2

�
x2 C y2

�1=2 �
2x C 2yy0� D 3

�
x C yy0�

q
x2 C y2:
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6. tan.xy/

SOLUTION Assuming thaty depends onx, then
d

dx
.tan.xy// D

�
xy0 C y

�
sec2.xy/.

7.
y

y C 1

SOLUTION Assuming thaty depends onx, then
d

dx

y

y C 1
D .y C 1/y0 � yy0

.y C 1/2
D y0

.y C 1/2
.

8. ey=x

SOLUTION Assuming thaty depends onx, then

d

dx
ey=x D ey=x

�
xy0 � y

x2

�
:

In Exercises 9–26, calculate the derivative with respect tox.

9. 3y3 C x2 D 5

SOLUTION Let 3y3 C x2 D 5. Then9y2y0 C 2x D 0, andy0 D � 2x

9y2
.

10. y4 � 2y D 4x3 C x

SOLUTION Let y4 � 2y D 4x3 C x. Then

d

dx
.y4 � 2y/ D d

dx
.4x3 C x/

4y3y0 � 2y0 D 12x2 C 1

y0.4y3 � 2/ D 12x2 C 1

y0 D 12x2 C 1

4y3 � 2
11. x2y C 2x3y D x C y

SOLUTION Let x2y C 2x3y D x C y. Then

x2y0 C 2xy C 2x3y0 C 6x2y D 1C y0

x2y0 C 2x3y0 � y0 D 1 � 2xy � 6x2y

y0 D 1 � 2xy � 6x2y

x2 C 2x3 � 1
:

12. xy2 C x2y5 � x3 D 3

SOLUTION Let xy2 C x2y5 � x3 D 3. Then

2xyy0 C y2 C 5x2y4y0 C 2xy5 � 3x2 D 0

.2xy C 5x2y4/y0 D 3x2 � y2 � 2xy5

y0 D 3x2 � y2 � 2xy5

2xy C 5x2y4

13. x3R5 D 1

SOLUTION Let x3R5 D 1. Thenx3 � 5R4R0 CR5 � 3x2 D 0, andR0 D �3x
2R5

5x3R4
D �3R

5x
.

14. x4 C z4 D 1

SOLUTION Let x4 C z4 D 1. Then4x3 C 4z3z0 D 0, andz0 D �x3=z3.

15.
y

x
C x

y
D 2y
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SOLUTION Let

y

x
C x

y
D 2y:

Then

xy0 � y

x2
C y � xy0

y2
D 2y0

�
1

x
� x

y2
� 2

�
y0 D y

x2
� 1

y

y2 � x2 � 2xy2

xy2
y0 D y2 � x2

x2y

y0 D y.y2 � x2/

x.y2 � x2 � 2xy2/
:

16.
p
x C s D 1

x
C 1

s

SOLUTION Let .x C s/1=2 D x�1 C s�1. Then

1

2
.x C s/�1=2

�
1C s0� D �x�2 � s�2s0:

Multiplying by 2x2s2
p
x C s and then solving fors0 gives

x2s2
�
1C s0� D �2s2

p
x C s � 2x2s0px C s

x2s2s0 C 2x2s0px C s D �2s2
p
x C s � x2s2

x2
�
s2 C 2

p
x C s

�
s0 D �s2

�
x2 C 2

p
x C s

�

s0 D �
s2
�
x2 C 2

p
x C s

�

x2
�
s2 C 2

p
x C s

� :

17. y�2=3 C x3=2 D 1

SOLUTION Let y�2=3 C x3=2 D 1. Then

�2
3
y�5=3y0 C 3

2
x1=2 D 0 or y0 D 9

4
x1=2y5=3:

18. x1=2 C y2=3 D �4y
SOLUTION Let x1=2 C y2=3 D y�4. Then12x

�1=2 C 2
3y

�1=3y0 D �4y�5y0, and

y0 D �
1
2x

�1=2

2
3y

�1=3 C 4y�5 :

19. y C 1

y
D x2 C x

SOLUTION Let y C 1
y D x2 C x. Then

y0 � 1

y2
y0 D 2x C 1 or y0 D 2x C 1

1 � y�2 D .2x C 1/y2

y2 � 1
:

20. sin.xt/ D t

SOLUTION In what follows,t 0 D dt
dx

. Applying the chain rule and the product rule, we get:

d

dx
sin.xt/ D d

dx
t

cos.xt/.xt 0 C t/ D t 0

x cos.xt/t 0 C t cos.xt/ D t 0

x cos.xt/t 0 � t 0 D �t cos.xt/

t 0.x cos.xt/� 1/ D �t cos.xt/

t 0 D �t cos.xt/

x cos.xt/� 1
:
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21. sin.x C y/ D x C cosy

SOLUTION Let sin.x C y/ D x C cosy. Then

.1C y0/ cos.x C y/ D 1 � y0 siny

cos.x C y/C y0 cos.x C y/ D 1 � y0 siny

.cos.x C y/C siny/ y0 D 1 � cos.x C y/

y0 D 1 � cos.x C y/

cos.x C y/C siny
:

22. tan.x2y/ D .x C y/3

SOLUTION Let tan
�
x2y

�
D .x C y/3. Then

sec2.x2y/ � .x2y0 C 2xy/ D 3.x C y/2.1C y0/

x2 sec2.x2y/y0 C 2xy sec2.x2y/ D 3.x C y/2 C 3.x C y/2y0
�
x2 sec2.x2y/� 3.x C y/2

�
y0 D 3.x C y/2 � 2xy sec2.x2y/

y0 D
3.x C y/2 � 2xy sec2

�
x2y

�

x2 sec2
�
x2y

�
� 3.x C y/2

:

23. xey D 2xy C y3

SOLUTION Let xey D 2xy C y3. Thenxy0ey C ey D 2xy0 C 2y C 3y2y0, whence

y0 D ey � 2y
2x C 3y2 � xey

:

24. exy D sin.y2/

SOLUTION Let exy D sin.y2/. Thenexy
�
xy0 C y

�
D 2y cos.y2/y0, whence

y0 D yexy

2y cos.y2/ � xexy
:

25. ln x C lny D x � y
SOLUTION Let lnx C ln y D x � y. Then

1

x
C y0

y
D 1 � y0 or y0 D

1 � 1
x

1C 1
y

D xy � y
xy C x

:

26. ln.x2 C y2/ D x C 4

SOLUTION Let ln.x2 C y2/ D x C 4. Then

2x C 2yy0

x2 C y2
D 1 or y0 D x2 C y2 � 2x

2y
:

27. Show thatx C yx�1 D 1 andy D x � x2 define the same curve (except that.0; 0/ is not a solution of the first equation) and
that implicit differentiation yieldsy0 D yx�1 � x andy0 D 1 � 2x. Explain why these formulas produce the same values for the
derivative.

SOLUTION Multiply the first equation byx and then isolate they term to obtain

x2 C y D x ) y D x � x2:

Implicit differentiation applied to the first equation yields

1 � yx�2 C x�1y0 D 0 or y0 D yx�1 � x:

From the first equation, we findyx�1 D 1 � x; upon substituting this expression into the previous derivative, we find

y0 D 1 � x � x D 1 � 2x;

which is the derivative of the second equation.

28. Use the method of Example 4 to computedy
dx

ˇ̌
P

at P D .2; 1/ on the curvey2x3 C y3x4 � 10x C y D 5.
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SOLUTION Implicit differentiation yields

3x2y2 C 2x3yy0 C 4x3y3 C 3x4y2y0 � 10C y0 D 0 or y0 D 10 � 3x2y2 � 4x3y3

2x3y C 3x4y2 C 1
:

Thus, atP D .2; 1/,

dy

dx

ˇ̌
ˇ
P

D 10 � 3.2/2.1/2 � 4.2/3.1/3

2.2/3.1/C 3.2/4.1/2 C 1
D �34

65
:

In Exercises 29 and 30, finddy=dx at the given point.

29. .x C 2/2 � 6.2y C 3/2 D 3, .1;�1/
SOLUTION By the scaling and shifting rule,

2.x C 2/ � 24.2y C 3/y0 D 0:

If x D 1 andy D �1, then

2.3/ � 24.1/y0 D 0:

so that24y0 D 6, or y0 D 1
4 :

30. sin2.3y/ D x C y,
�
2 � �

4
;
�

4

�

SOLUTION Taking the derivative of both sides of sin2.3y/ D x C y yields

2 sin.3y/ cos.3y/.3y0/ D 1C y0:

If x D 2��
4 andy D �

4 , we get

6 sin

�
3�

4

�
cos

�
3�

4

�
y0 D 1C y0:

Using

sin

�
3�

4

�
D

p
2

2
and cos

�
3�

4

�
D �

p
2

2

we find

�6
 p

2

2

! p
2

2

!
y0 D 1C y0

�3y0 D 1C y0

y0 D �1
4
:

In Exercises 31–38, find an equation of the tangent line at the given point.

31. xy C x2y2 D 5, .2; 1/

SOLUTION Taking the derivative of both sides ofxy C x2y2 D 5 yields

xy0 C y C 2xy2 C 2x2yy0 D 0:

Substitutingx D 2; y D 1, we find

2y0 C 1C 4C 8y0 D 0 or y0 D �1
2
:

Hence, the equation of the tangent line at.2; 1/ is y � 1 D �1
2 .x � 2/ or y D �1

2x C 2.

32. x2=3 C y2=3 D 2, .1; 1/

SOLUTION Taking the derivative of both sides ofx2=3 C y2=3 D 2 yields

2

3
x�1=3 C 2

3
y�1=3y0 D 0:

Substitutingx D 1, y D 1 yields 23 C 2
3y

0 D 0, so that1C y0 D 0, or y0 D �1. Hence, the equation of the tangent line at.1; 1/ is
y � 1 D �.x � 1/, or y D 2 � x.
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33. x2 C siny D xy2 C 1, .1; 0/

SOLUTION Taking the derivative of both sides ofx2 C siny D xy2 C 1 yields

2x C cosyy0 D y2 C 2xyy0:

Substitutingx D 1; y D 0, we find

2C y0 D 0 or y0 D �2:

Hence, the equation of the tangent line isy � 0 D �2.x � 1/ or y D �2x C 2.

34. sin.x � y/ D x cos
�
y C �

4

�
,

�
�
4 ;

�
4

�

SOLUTION Taking the derivative of both sides of sin.x � y/ D x cos
�
y C �

4

�
yields

cos.x � y/.1 � y0/ D cos
�
y C �

4

�
� x sin

�
y C �

4

�
y0:

Substitutingx D �
4 ; y D �

4 , we find

1.1 � y0/ D 0 � �

4
y0 or y0 D 4

4C �
:

Hence, the equation of the tangent line is

y � �

4
D 4

4C �

�
x � �

4

�
:

35. 2x1=2 C 4y�1=2 D xy, .1; 4/

SOLUTION Taking the derivative of both sides of2x1=2 C 4y�1=2 D xy yields

x�1=2 � 2y�3=2y0 D xy0 C y:

Substitutingx D 1; y D 4, we find

1 � 2
�
1

8

�
y0 D y0 C 4 or y0 D �12

5
:

Hence, the equation of the tangent line isy � 4 D �12
5 .x � 1/ or y D �12

5 x C 32
5 .

36. x2ey C yex D 4, .2; 0/

SOLUTION Taking the derivative of both sides ofx2ey C yex D 4 yields

x2eyy0 C 2xey C yex C exy0 D 0:

Substitutingx D 2; y D 0, we find

4y0 C 4C 0C e2y0 D 0 or y0 D � 4

4C e2
:

Hence, the equation of the tangent line is

y D � 4

4C e2
.x � 2/:

37. e2x�y D x2

y
, .2; 4/

SOLUTION taking the derivative of both sides ofe2x�y D x2

y
yields

e2x�y.2 � y0/ D 2xy � x2y0

y2
:

Substitutingx D 2; y D 4, we find

e0.2� y0/ D 16 � 4y0

16
or y0 D 4

3
:

Hence, the equation of the tangent line isy � 4 D 4
3 .x � 2/ or y D 4

3x C 4
3 .
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38. y2ex
2�16 � xy�1 D 2, .4; 2/

SOLUTION Taking the derivative of both sides ofy2ex
2�16 � xy�1 D 2 yields

2xy2ex
2�16 C 2yy0ex

2�16 C xy�2y0 � y�1 D 0:

Substitutingx D 4; y D 2, we find

32e0 C 4y0e0 C y0 � 1

2
D 0 or y0 D �63

10
:

Hence, the equation of the tangent line isy � 2 D �63
10 .x � 4/ or y D �63

10x C 136
5 .

39. Find the points on the graph ofy2 D x3 � 3x C 1 (Figure 1) where the tangent line is horizontal.
(a) First show that2yy0 D 3x2 � 3, wherey0 D dy=dx.
(b) Do not solve fory0. Rather, sety0 D 0 and solve forx. This yields two values ofx where the slope may be zero.
(c) Show that the positive value ofx does not correspond to a point on the graph.
(d) The negative value corresponds to the two points on the graph where the tangent line is horizontal. Find their coordinates.

2

−2

−2 −1 1 2
x

y

FIGURE 1 Graph ofy2 D x3 � 3x C 1.

SOLUTION

(a) Applying implicit differentiation toy2 D x3 � 3x C 1, we have

2y
dy

dx
D 3x2 � 3:

(b) Settingy0 D 0 we have0 D 3x2 � 3, sox D 1 or x D �1.
(c) If we return to the equationy2 D x3 � 3x C 1 and substitutex D 1, we obtain the equationy2 D �1, which has no real
solutions.
(d) Substitutingx D �1 into y2 D x3 � 3x C 1 yields

y2 D .�1/3 � 3.�1/C 1 D �1C 3C 1 D 3;

soy D
p
3 or �

p
3. The tangent is horizontal at the points.�1;

p
3/ and .�1;�

p
3/.

40. Show, by differentiating the equation, that if the tangent line at a point.x; y/ on the curvex2y � 2x C 8y D 2 is horizontal,
thenxy D 1. Then substitutey D x�1 in x2y � 2x C 8y D 2 to show that the tangent line is horizontal at the points

�
2; 12

�
and�

� 4;�1
4

�
.

SOLUTION Taking the derivative on both sides of the equationx2y � 2x C 8y D 2 yields

x2y0 C 2xy � 2C 8y0 D 0 or y0 D 2.1 � xy/

x2 C 8
:

Thus, if the tangent line to the given curve is horizontal, it must be that1 � xy D 0, or xy D 1. Substitutingy D x�1 into
x2y � 2x C 8y D 2 then yields

x � 2x C 8

x
D 2 or x2 C 2x � 8 D .x C 4/.x � 2/ D 0:

Hence, the given curve has a horizontal tangent line whenx D 2 and whenx D �4. The corresponding points on the curve are
thus

�
2; 12

�
and

�
� 4;�1

4

�
.

41. Find all points on the graph of3x2 C 4y2 C 3xy D 24 where the tangent line is horizontal (Figure 2).

x

y

FIGURE 2 Graph of3x2 C 4y2 C 3xy D 24.
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SOLUTION Differentiating the equation3x2 C 4y2 C 3xy D 24 implicitly yields

6x C 8yy0 C 3xy0 C 3y D 0;

so

y0 D �6x C 3y

8y C 3x
:

Settingy0 D 0 leads to6x C 3y D 0, ory D �2x. Substitutingy D �2x into the equation3x2 C 4y2 C 3xy D 24 yields

3x2 C 4.�2x/2 C 3x.�2x/ D 24;

or 13x2 D 24. Thus,x D ˙2
p
78=13, and the coordinates of the two points on the graph of3x2 C 4y2 C 3xy D 24 where the

tangent line is horizontal are
 
2
p
78

13
;�4

p
78

13

!
and

 
�2

p
78

13
;
4
p
78

13

!
:

42. Show that no point on the graph ofx2 � 3xy C y2 D 1 has a horizontal tangent line.

SOLUTION Let the implicit curvex2 � 3xy C y2 D 1 be given. Then

2x � 3xy0 � 3y C 2yy0 D 0;

so

y0 D 2x � 3y

3x � 2y
:

Settingy0 D 0 leads toy D 2
3x. Substitutingy D 2

3x into the equation of the implicit curve gives

x2 � 3x
�
2

3
x

�
C
�
2

3
x

�2
D 1;

or �5
9x
2 D 1, which hasno real solutions. Accordingly, there areno points on the implicit curve where the tangent line has slope

zero.

43. Figure 1 shows the graph ofy4 C xy D x3 � x C 2. Finddy=dx at the two points on the graph withx-coordinate0 and find
an equation of the tangent line at.1; 1/.

SOLUTION Consider the equationy4 C xy D x3 � x C 2. Then4y3y0 C xy0 C y D 3x2 � 1, and

y0 D 3x2 � y � 1

x C 4y3
:

� Substitutingx D 0 into y4 C xy D x3 � x C 2 givesy4 D 2, which has two real solutions,y D ˙21=4. Wheny D 21=4,
we have

y0 D �21=4 � 1

4
�
23=4

� D �
p
2C 4

p
2

8
� �:3254:

Wheny D �21=4, we have

y0 D 21=4 � 1

�4
�
23=4

� D �
p
2 � 4

p
2

8
� �:02813:

� At the point.1; 1/, we havey0 D 1
5 . At this point the tangent line isy � 1 D 1

5 .x � 1/ or y D 1
5x C 4

5 .

44. Folium of DescartesThe curvex3 C y3 D 3xy (Figure 3) was first discussed in 1638 by the French philosopher-mathematician
René Descartes, who called it the folium (meaning “leaf”). Descartes’s scientific colleague Gilles de Roberval called it the jasmine
flower. Both men believed incorrectly that the leaf shape in the first quadrant was repeated in each quadrant, giving the appearance
of petals of a flower. Find an equation of the tangent line at the point

�
2
3 ;
4
3

�
.

2

−2

−2 2
x

y

FIGURE 3 Folium of Descartes:x3 C y3 D 3xy.
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SOLUTION Let x3 C y3 D 3xy. Then3x2 C 3y2y0 D 3xy0 C 3y, andy0 D x2 � y

x � y2
. At the point

�
2
3 ;
4
3

�
, we have

y0 D
4
9 � 4

3
2
3 � 16

9

D
�8
9

�10
9

D 4

5
:

The tangent line atP is thusy � 4
3 D 4

5

�
x � 2

3

�
or y D 4

5x C 4
5 .

45. Find a point on the foliumx3 C y3 D 3xy other than the origin at which the tangent line is horizontal.

SOLUTION Using implicit differentiation, we find

d

dx

�
x3 C y3

�
D d

dx
.3xy/

3x2 C 3y2y0 D 3.xy0 C y/

Settingy0 D 0 in this equation yields3x2 D 3y or y D x2. If we substitute this expression into the original equationx3 C y3 D
3xy, we obtain:

x3 C x6 D 3x.x2/ D 3x3 or x3.x3 � 2/ D 0:

One solution of this equation isx D 0 and the other isx D 21=3. Thus, the two points on the foliumx3 C y3 D 3xy at which the
tangent line is horizontal are.0; 0/ and.21=3; 22=3/.

46. Plotx3 C y3 D 3xy C b for several values ofb and describe how the graph changes asb ! 0. Then compute

dy=dx at the point.b1=3; 0/. How does this value change asb ! 1? Do your plots confirm this conclusion?

SOLUTION Consider the first row of figures below. Whenb < 0, the graph ofx3 C y3 D 3xy C b consists of two pieces.
As b ! 0�, the two pieces move closer to intersecting at the origin. From the second row of figures, we see that the graph of
x3 C y3 D 3xy C b whenb > 0 consists of a single piece that has a “loop” in the first quadrant. Asb ! 0C, the loop comes
closer to “pinching off” at the origin.

y

x
−0.5

−0.5

1.510.5

b = −0.1

0.5

1

1.5

y

x
−0.5

−0.5

1.510.5

b = −0.01

0.5

1

1.5

y

x
−0.5

−0.5

1.510.5

b = −0.001

0.5

1

1.5

y

x
−0.5

−0.5

1.510.5

b = 0.1

0.5

1

1.5

y

x
−0.5

−0.5

1.510.5

b = 0.01

0.5

1

1.5

y

x
−0.5

−0.5

1.510.5

b = 0.001

0.5

1

1.5

Differentiating the equationx3 C y3 D 3xy C b with respect tox yields3x2 C 3y2y0 D 3xy0 C 3y, so

y0 D y � x2

y2 � x
:

At .b1=3; 0/, we have

y0 D 0 � x2

02 � x
D x D 3

p
b:

Consequently, asb ! 1, y0 ! 1 at the point on the graph wherey D 0. This conclusion is supported by the figures shown
below, which correspond tob D 1, b D 10, andb D 100.
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y

x
−4 −2

−4

−2

42

b = 01

2

4

y

x
−4 −2

−4

−2

42

2

4

y

x
−4 −2

−4

−2

42

2

4

b = 10
b = 100

47. Find thex-coordinates of the points where the tangent line is horizontal on thetrident curvexy D x3 � 5x2 C 2x � 1, so
named by Isaac Newton in his treatise on curves published in 1710 (Figure 4).

Hint: 2x3 � 5x2 C 1 D .2x � 1/.x2 � 2x � 1/.

20

−20

−2 86

4

2
x

y

FIGURE 4 Trident curve:xy D x3 � 5x2 C 2x � 1.

SOLUTION Take the derivative of the equation of a trident curve:

xy D x3 � 5x2 C 2x � 1

to obtain

xy0 C y D 3x2 � 10x C 2:

Settingy0 D 0 givesy D 3x2 � 10x C 2. Substituting this into the equation of the trident, we have

xy D x.3x2 � 10x C 2/ D x3 � 5x2 C 2x � 1

or

3x3 � 10x2 C 2x D x3 � 5x2 C 2x � 1

Collecting like terms and setting to zero, we have

0 D 2x3 � 5x2 C 1 D .2x � 1/.x2 � 2x � 1/:

Hence,x D 1
2 ; 1˙

p
2.

48. Find an equation of the tangent line at each of the four points on the curve.x2 C y2 � 4x/2 D 2.x2 C y2/ wherex D 1.
This curve (Figure 5) is an example of alimaçon of Pascal, named after the father of the French philosopher Blaise Pascal, who
first described it in 1650.

3

−3

531
x

y

FIGURE 5 Limaçon:.x2 C y2 � 4x/2 D 2.x2 C y2/.

SOLUTION Pluggingx D 1 into the equation for the limaçon and solving fory, we find that the points on the curve wherex D 1

are:.1; 1/, .1;�1/, .1;
p
7/, .1;�

p
7/. Using implicit differentiation, we obtain

2.x2 C y2 � 4x/.2x C 2yy0 � 4/ D 2.2x C 2yy0/:

We plug inx D 1 and get

2.1C y2 � 4/.2C 2yy0 � 4/ D 2.2C 2yy0/
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or

.2y2 � 6/.2yy0 � 2/ D 4C 4yy0:

After collecting like terms and solving fory0, we have

y0 D �2C y2

y3 � 4y
:

At the point.1; 1/ the slope of the tangent is13 and the tangent line is

y � 1 D 1

3
.x � 1/ or y D 1

3
x C 2

3
:

At the point.1;�1/ the slope of the tangent is�1
3 and the tangent line is

y C 1 D �1
3
.x � 1/ or y D �1

3
x � 2

3
:

At the point.1;
p
7/ the slope of the tangent is5=3

p
7 and the tangent line is

y �
p
7 D 5

3
p
7
.x � 1/ or y D 5

3
p
7
x C

p
7 � 5

3
p
7
:

At the point.1;�
p
7/ the slope of the tangent is�5=3

p
7 and the tangent line is

y C
p
7 D � 5

3
p
7
.x � 1/ or y D � 5

3
p
7
x C 5

3
p
7

�
p
7:

49. Find the derivative at the points wherex D 1 on the folium.x2 C y2/2 D 25
4 xy

2. See Figure 6.

2

−2

1
x

y

FIGURE 6 Folium curve:.x2 C y2/2 D 25

4
xy2

SOLUTION First, find the points.1; y/ on the curve. Settingx D 1 in the equation.x2 C y2/2 D 25
4 xy

2 yields

.1C y2/2 D 25

4
y2

y4 C 2y2 C 1 D 25

4
y2

4y4 C 8y2 C 4 D 25y2

4y4 � 17y2 C 4 D 0

.4y2 � 1/.y2 � 4/ D 0

y2 D 1

4
or y2 D 4

Hencey D ˙1
2 or y D ˙2. Taking d

dx
of both sides of the original equation yields

2.x2 C y2/.2x C 2yy0/ D 25

4
y2 C 25

2
xyy0

4.x2 C y2/x C 4.x2 C y2/yy0 D 25

4
y2 C 25

2
xyy0

.4.x2 C y2/� 25

2
x/yy0 D 25

4
y2 � 4.x2 C y2/x

y0 D
25
4 y

2 � 4.x2 C y2/x

y.4.x2 C y2/� 25
2 x/
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� At .1; 2/, x2 C y2 D 5, and

y0 D
25
4 2

2 � 4.5/.1/

2.4.5/ � 25
2 .1//

D 1

3
:

� At .1;�2/, x2 C y2 D 5 as well, and

y0 D
25
4 .�2/2 � 4.5/.1/
�2.4.5/ � 25

2 .1//
D �1

3
:

� At .1; 12 /, x
2 C y2 D 5

4 , and

y0 D
25
4

�
1
2

�2
� 4

�
5
4

�
.1/

1
2

�
4
�
5
4

�
� 25

2 .1/
� D 11

12
:

� At .1;�1
2 /, x

2 C y2 D 5
4 , and

y0 D
25
4

�
�1
2

�2
� 4

�
5
4

�
.1/

�1
2

�
4
�
5
4

�
� 25

2 .1/
� D �11

12
:

The folium and its tangent lines are plotted below:

2

1

−1

−2

21.510.5
x

y

50. Plot .x2 C y2/2 D 12.x2 � y2/ C 2 for �4 � x � 4, 4 � y � 4 using a computer algebra system. How many
horizontal tangent lines does the curve appear to have? Find the points where these occur.

SOLUTION A plot of the curve.x2 C y2/2 D 12.x2 � y2/C 2 is shown below. From this plot, it appears that the curve has a
horizontal tangent line at six different locations.

−1−2−3

1

−1

1 2 3
x

y

Differentiating the equation.x2 C y2/2 D 12.x2 � y2/C 2 with respect tox yields

2.x2 C y2/.2x C 2yy0/ D 12.2x � 2yy0/;

so

y0 D x.6 � x2 � y2/

y.x2 C y2 C 6/
:

Thus, horizontal tangent lines occur whenx D 0 and whenx2 C y2 D 6. Substitutingx D 0 into the equation for the curve leaves

y4 C 12y2 � 2 D 0, from which it follows thaty2 D
p
38 � 6 or y D ˙

pp
38 � 6. Substitutingx2 C y2 D 6 into the equation

for the curve leavesx2 � y2 D 17
6 . From here, it follows that

x D ˙
p
159

6
and y D ˙

p
57

6
:

The six points at which horizontal tangent lines occur are therefore
�
0;

qp
38 � 6

�
;

�
0;�

qp
38 � 6

�
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 p
159

6
;

p
57

6

!
;

 p
159

6
;�

p
57

6

!
;

 
�

p
159

6
;

p
57

6

!
;

 
�

p
159

6
;�

p
57

6

!

Exercises 51–53: If the derivativedx=dy (instead ofdy=dx D 0) exists at a point anddx=dy D 0, then the tangent line at that
point is vertical.

51. Calculatedx=dy for the equationy4 C 1 D y2 C x2 and find the points on the graph where the tangent line is vertical.

SOLUTION Let y4 C 1 D y2 C x2. Differentiating this equation with respect toy yields

4y3 D 2y C 2x
dx

dy
;

so

dx

dy
D 4y3 � 2y

2x
D y.2y2 � 1/

x
:

Thus,
dx

dy
D 0 wheny D 0 and wheny D ˙

p
2

2
. Substitutingy D 0 into the equationy4 C 1 D y2 C x2 gives1 D x2, so

x D ˙1. Substitutingy D ˙
p
2

2
, givesx2 D 3=4, sox D ˙

p
3

2
. Thus, there are six points on the graph ofy4 C 1 D y2 C x2

where the tangent line is vertical:

.1; 0/; .�1; 0/;
 p

3

2
;

p
2

2

!
;

 
�

p
3

2
;

p
2

2

!
;

 p
3

2
;�

p
2

2

!
;

 
�

p
3

2
;�

p
2

2

!
:

52. Show that the tangent lines atx D 1˙
p
2 to theconchoidwith equation.x � 1/2.x2 C y2/ D 2x2 are vertical (Figure 7).

2

1

−1

−2

21
x

y

FIGURE 7 Conchoid:.x � 1/2.x2 C y2/ D 2x2.

SOLUTION Consider the equation of a conchoid:

.x � 1/2
�
x2 C y2

�
D 2x2:

Taking the derivative of both sides of this equation gives

.x � 1/2
�
2x
dx

dy
C 2y

�
C
�
x2 C y2

�
� 2 .x � 1/ dx

dy
D 4x

dx

dy
;

so that

dx

dy
D .x � 1/2 y

2x C .1 � x/
�
x2 C y2

�
� x .x � 1/2

:

Settingdx=dy D 0 yieldsx D 1 or y D 0. We can’t havex D 1, lest0 D 2 in the conchoid’s equation. Pluggingy D 0 into the

equation gives.x � 1/2 x2 D 2x2 or x2
�
.x � 1/2 � 2

�
D 0, which impliesx D 0 (a double root) orx D 1 ˙

p
2. [Plugging

x D 0 into the conchoid’s equation givesy2 D 0 or y D 0: At .x; y/ D .0; 0/ the expression fordx=dy is undefined (0=0). Via an
alternative parametric analysis, the slopes of the tangent lines at the origin turn out to be˙

p
3.] Accordingly, the tangent lines to

the conchoid are vertical at.x; y/ D .1˙
p
2; 0/.

53. Use a computer algebra system to ploty2 D x3 � 4x for �4 � x � 4, 4 � y � 4. Show that ifdx=dy D 0, then
y D 0. Conclude that the tangent line is vertical at the points where the curve intersects thex-axis. Does your plot confirm this
conclusion?



314 C H A P T E R 3 DIFFERENTIATION

SOLUTION A plot of the curvey2 D x3 � 4x is shown below.

1

2

−1

−2

−1−2 321
x

y

Differentiating the equationy2 D x3 � 4x with respect toy yields

2y D 3x2
dx

dy
� 4

dx

dy
;

or

dx

dy
D 2y

3x2 � 4
:

From here, it follows thatdx
dy

D 0 wheny D 0, so the tangent line to this curve is vertical at the points where the curve intersects
thex-axis. This conclusion is confirmed by the plot of the curve shown above.

54. Show that for all pointsP on the graph in Figure 8, the segmentsOP andPR have equal length.

x

y

P

Tangent line

RO

FIGURE 8 Graph ofx2 � y2 D a2.

SOLUTION Because of the symmetry of the graph, we may restrict attention to any pointP in the first quadrant. SupposeP has

coordinates.p;
p
p2 � a2/. Taking the derivative of both sides of the equationx2 � y2 D a2 yields2x � 2yy0 D 0, ory0 D x=y.

It follows that the slope of the line tangent to the graph atP has slope

pp
p2 � a2

and the slope of the normal line is

�
p
p2 � a2

p
:

Thus, the equation of the normal line is

y �
q
p2 � a2 D �

p
p2 � a2

p
.x � p/;

and the coordinates of the pointR are.2p; 0/. Finally, the length of the line segmentOP is
q
p2 C p2 � a2 D

q
2p2 � a2;

while the length of the segmentPR is
q
.2p � p/2 C p2 � a2 D

q
2p2 � a2:
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In Exercises 55–58, use implicit differentiation to calculate higher derivatives.

55. Consider the equationy3 � 3
2x
2 D 1.

(a) Show thaty0 D x=y2 and differentiate again to show that

y00 D y2 � 2xyy0

y4

(b) Expressy00 in terms ofx andy using part (a).

SOLUTION

(a) Let y3 � 3
2x
2 D 1. Then3y2y0 � 3x D 0, andy0 D x=y2. Therefore,

y00 D y2 � 1 � x � 2yy0

y4
D y2 � 2xyy0

y4
:

(b) Substituting the expression fory0 into the result fory00 gives

y00 D
y2 � 2xy

�
x=y2

�

y4
D y3 � 2x2

y5
:

56. Use the method of the previous exercise to show thaty00 D �y�3 on the circlex2 C y2 D 1.

SOLUTION Let x2 C y2 D 1. Then2x C 2yy0 D 0, andy0 D �x
y

. Thus

y00 D �y � 1 � xy0

y2
D �

y � x
�
�x
y

�

y2
D �y

2 C x2

y3
D � 1

y3
D �y�3:

57. Calculatey00 at the point.1; 1/ on the curvexy2 C y � 2 D 0 by the following steps:

(a) Findy0 by implicit differentiation and calculatey0 at the point.1; 1/.

(b) Differentiate the expression fory0 found in (a). Then computey00 at .1; 1/ by substitutingx D 1, y D 1, and the value ofy0

found in (a).

SOLUTION Let xy2 C y � 2 D 0.

(a) Thenx � 2yy0 C y2 � 1C y0 D 0, andy0 D � y2

2xy C 1
. At .x; y/ D .1; 1/, we havey0 D �1

3
.

(b) Therefore,

y00 D �
.2xy C 1/

�
2yy0�� y2

�
2xy0 C 2y

�

.2xy C 1/2
D �

.3/
�
�2
3

�
� .1/

�
�2
3 C 2

�

32
D ��6C 2 � 6

27
D 10

27

given that.x; y/ D .1; 1/ andy0 D �1
3 .

58. Use the method of the previous exercise to computey00 at the point.1; 1/ on the curvex3 C y3 D 3x C y � 2.

SOLUTION Let x3 C y3 D 3x C y � 2. Then3x2 C 3y2y0 D 3C y0, andy0 D 3.1 � x2/
3y2 � 1

. At .x; y/ D .1; 1/, we find

y0 D 3.1 � 1/

3.1/ � 1 D 0:

Similarly,

y00 D
�
3y2 � 1

�
.�6x/ �

�
3 � 3x2

� �
6yy0�

�
3y2 � 1

�2 D �3

when.x; y/ D .1; 1/ andy0 D 0.

In Exercises 59–61,x andy are functions of a variablet and use implicit differentiation to relatedy=dt anddx=dt .

59. Differentiatexy D 1 with respect tot and derive the relation
dy

dt
D �y

x

dx

dt
.

SOLUTION Let xy D 1. Thenx
dy

dt
C y

dx

dt
D 0, and

dy

dt
D �y

x

dx

dt
.
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60. Differentiatex3 C 3xy2 D 1 with respect tot and expressdy=dt in terms ofdx=dt , as in Exercise 59.

SOLUTION Let x3 C 3xy2 D 1. Then

3x2
dx

dt
C 6xy

dy

dt
C 3y2

dx

dt
D 0;

and

dy

dt
D �x

2 C y2

2xy

dx

dt
:

61. Calculatedy=dt in terms ofdx=dt .

(a) x3 � y3 D 1 (b) y4 C 2xy C x2 D 0

SOLUTION

(a) Taking the derivative of both sides of the equationx3 � y3 D 1 with respect tot yields

3x2
dx

dt
� 3y2

dy

dt
D 0 or

dy

dt
D x2

y2
dx

dt
:

(b) Taking the derivative of both sides of the equationy4 C 2xy C x2 D 0 with respect tot yields

4y3
dy

dt
C 2x

dy

dt
C 2y

dx

dt
C 2x

dx

dt
D 0;

or

dy

dt
D � x C y

2y3 C x

dx

dt
:

62. The volumeV and pressureP of gas in a piston (which vary in timet) satisfyPV 3=2 D C , whereC is a constant.
Prove that

dP=dt

dV =dt
D �3

2

P

V

The ratio of the derivatives is negative. Could you have predicted this from the relationPV 3=2 D C?

SOLUTION LetPV 3=2 D C , whereC is a constant. Then

P � 3
2
V 1=2

dV

dt
C V 3=2

dP

dt
D 0; so

dP=dt

dV=dt
D �3

2

P

V
:

If P is increasing (respectively, decreasing), thenV D .C=P /2=3 is decreasing (respectively, increasing). Hence the ratio of the
derivatives (C=� or �=C) is negative.

Further Insights and Challenges

63. Show that ifP lies on the intersection of the two curvesx2 � y2 D c andxy D d (c; d constants), then the tangents to the
curves atP are perpendicular.

SOLUTION Let C1 be the curve described byx2 � y2 D c, and letC2 be the curve described byxy D d . Suppose that
P D .x0; y0/ lies on the intersection of the two curvesx2 � y2 D c andxy D d . Sincex2 � y2 D c, the chain rule gives us
2x � 2yy0 D 0, so thaty0 D 2x

2y D x
y . The slope to the tangent line toC1 is x0

y0
. On the curveC2, sincexy D d , the product

rule yields thatxy0 C y D 0, so thaty0 D �y
x . Therefore the slope to the tangent line toC2 is �y0

x0
. The two slopes are negative

reciprocals of one another, hence the tangents to the two curves are perpendicular.

64. The lemniscate curve.x2 C y2/2 D 4.x2 � y2/ was discovered by Jacob Bernoulli in 1694, who noted that it is “shaped like
a figure 8, or a knot, or the bow of a ribbon.” Find the coordinates of the four points at which the tangent line is horizontal (Figure
9).

1

−1

−1 1
x

y

FIGURE 9 Lemniscate curve:.x2 C y2/2 D 4.x2 � y2/.
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SOLUTION Consider the equation of a lemniscate curve:
�
x2 C y2

�2 D 4
�
x2 � y2

�
. Taking the derivative of both sides of this

equation, we have

2
�
x2 C y2

� �
2x C 2yy0� D 4

�
2x � 2yy0� :

Therefore,

y0 D
8x � 4x

�
x2 C y2

�

8y C 4y
�
x2 C y2

� D �
�
x2 C y2 � 2

�
x�

x2 C y2 C 2
�
y
:

If y0 D 0, then eitherx D 0 or x2 C y2 D 2.

� If x D 0 in the lemniscate curve, theny4 D �4y2 or y2
�
y2 C 4

�
D 0. If y is real, theny D 0. The formula fory0 in (a) is

not defined at the origin (0=0). An alternative parametric analysis shows that the slopes of the tangent lines to the curve at the
origin are˙1.

� If x2 C y2 D 2 or y2 D 2 � x2, then plugging this into the lemniscate equation gives4 D 4
�
2x2 � 2

�
which yields

x D ˙
q
3
2 D ˙

p
6
2 . Thusy D ˙

q
1
2 D ˙

p
2
2 . Accordingly, the four points at which the tangent lines to the lemniscate

curve are horizontal are
�
�

p
6
2 ;�

p
2
2

�
,
�
�

p
6
2 ;

p
2
2

�
,
�p

6
2 ;�

p
2
2

�
, and

�p
6
2 ;

p
2
2

�
.

65. Divide the curve in Figure 10 into five branches, each of which is the graph of a function. Sketch the branches.

2

−2

−2−4 42
x

y

FIGURE 10 Graph ofy5 � y D x2y C x C 1.

SOLUTION The branches are:

� Upper branch:

−2−4 42
x

2

−2

y

� Lower part of lower left curve:

x

y

−4 −3 −2 −1

−2

−1

1

� Upper part of lower left curve:

x

y

−4 −3 −2 −1

−1

1

−2

� Upper part of lower right curve:
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y

−1

−2

1

1 2 3 4
x

� Lower part of lower right curve:

y

−1

−2

1

1 2 3 4
x

3.11 Related Rates

Preliminary Questions
1. Assign variables and restate the following problem in terms of known and unknown derivatives (but do not solve it): How fast

is the volume of a cube increasing if its side increases at a rate of0:5 cm/s?

SOLUTION Let s andV denote the length of the side and the corresponding volume of a cube, respectively. DeterminedV
dt

if
ds
dt

D 0:5 cm/s.

2. What is the relation betweendV =dt anddr=dt if V D
�
4
3

�
�r3?

SOLUTION Applying the general power rule, we finddV
dt

D 4�r2 dr
dt

. Therefore, the ratio is4�r2.

In Questions 3 and 4, water pours into a cylindrical glass of radius 4 cm. LetV andh denote the volume and water level respectively,
at timet .

3. Restate this question in terms ofdV =dt anddh=dt : How fast is the water level rising if water pours in at a rate of2 cm3/min?

SOLUTION Determinedh
dt

if dV
dt

D 2 cm3/min.

4. Restate this question in terms ofdV =dt anddh=dt : At what rate is water pouring in if the water level rises at a rate of
1 cm/min?

SOLUTION DeterminedV
dt

if dh
dt

D 1 cm/min.

Exercises
In Exercises 1 and 2, consider a rectangular bathtub whose base is 18 ft2.

1. How fast is the water level rising if water is filling the tub at a rate of0:7 ft3/min?

SOLUTION Let h be the height of the water in the tub andV be the volume of the water. ThenV D 18h and
dV

dt
D 18

dh

dt
. Thus

dh

dt
D 1

18

dV

dt
D 1

18
.0:7/ � 0:039 ft=min:

2. At what rate is water pouring into the tub if the water level rises at a rate of0:8 ft/min?

SOLUTION Let h be the height of the water in the tub andV its volume. ThenV D 18h and

dV

dt
D 18

dh

dt
D 18 .0:8/ D 14:4 ft3=min:

3. The radius of a circular oil slick expands at a rate of2 m/min.

(a) How fast is the area of the oil slick increasing when the radius is 25 m?

(b) If the radius is 0 at timet D 0, how fast is the area increasing after 3 min?
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SOLUTION Let r be the radius of the oil slick andA its area.

(a) ThenA D �r2 and
dA

dt
D 2�r

dr

dt
. Substitutingr D 25 and dr

dt
D 2, we find

dA

dt
D 2� .25/ .2/ D 100� � 314:16 m2=min:

(b) Sincedr
dt

D 2 and r.0/ D 0, it follows thatr.t/ D 2t . Thus,r.3/ D 6 and

dA

dt
D 2� .6/ .2/ D 24� � 75:40 m2=min:

4. At what rate is the diagonal of a cube increasing if its edges are increasing at a rate of2 cm/s?

SOLUTION Let s be the length of an edge of the cube andq the length of its diagonal. Two applications of the Pythagorean

Theorem (or the distance formula) yieldq D
p
3s. Thus

dq

dt
D

p
3
ds

dt
. Using ds

dt
D 2,

dq

dt
D

p
3 � 2 D 2

p
3 � 3:46 cm=s:

In Exercises 5–8, assume that the radiusr of a sphere is expanding at a rate of30 cm/min. The volume of a sphere isV D 4
3�r

3

and its surface area is 4�r2. Determine the given rate.

5. Volume with respect to time whenr D 15 cm.

SOLUTION As the radius is expanding at 30 centimeters per minute, we know thatdr
dt

D 30 cm=min. Taking d
dt

of the equation

V D 4
3�r

3 yields

dV

dt
D 4

3
�

�
3r2

dr

dt

�
D 4�r2

dr

dt
:

Substitutingr D 15 and dr
dt

D 30 yields

dV

dt
D 4�.15/2.30/ D 27000� cm3=min:

6. Volume with respect to time att D 2 min, assuming thatr D 0 at t D 0.

SOLUTION Taking d
dt

of the equationV D 4
3�r

3 yields dV
dt

D 4�r2 dr
dt

. Since dr
dt

D 30 and r.0/ D 0, it follows that
r.t/ D 30t . From this,r.2/ D 60, so

dV

dt
D 4�.602/.30/ D 432000� cm3=min:

7. Surface area with respect to time whenr D 40 cm.

SOLUTION Taking the derivative of both sides ofA D 4�r2 with respect tot yields dA
dt

D 8�r dr
dt

. dr
dt

D 30, so

dA

dt
D 8�.40/.30/ D 9600� cm2=min:

8. Surface area with respect to time att D 2 min, assuming thatr D 10 at t D 0.

SOLUTION Taking d
dt

of both sides ofA D 4�r2 yields dA
dt

D 8�r dr
dt
: Since r D 10 at t D 0 and dr

dt
D 30, r D 30t C 10.

Hence, att D 2,

dA

dt
D 8�.30 � 2C 10/.30/ D 16800� cm2=min:

In Exercises 9–12, refer to a 5-meter ladder sliding down a wall, as in Figures 1 and 2. The variableh is the height of the ladder’s
top at timet , andx is the distance from the wall to the ladder’s bottom.

9. Assume the bottom slides away from the wall at a rate of0:8 m/s. Find the velocity of the top of the ladder att D 2 s if the
bottom is 1.5 m from the wall att D 0 s.

SOLUTION Let x denote the distance from the base of the ladder to the wall, andh denote the height of the top of the ladder
from the floor. The ladder is 5 m long, soh2 C x2 D 52. At any timet , x D 1:5 C 0:8t . Therefore, at timet D 2, the base is
x D 1:5C 0:8.2/ D 3:1 m from the wall. Furthermore, we have

2h
dh

dt
C 2x

dx

dt
D 0 so

dh

dt
D �x

h

dx

dt
:

Substitutingx D 3:1, h D
p
52 � 3:12 and dx

dt
D 0:8, we obtain

dh

dt
D � 3:1p

52 � 3:12
.0:8/ � �0:632 m=s:
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10. Suppose that the top is sliding down the wall at a rate of1:2 m/s. Calculatedx=dt whenh D 3 m.

SOLUTION Let h be the height of the ladder’s top andx the distance from the wall of the ladder’s bottom. Thenh2 C x2 D 52.

Thus2h
dh

dt
C 2x

dx

dt
D 0, and

dx

dt
D �h

x

dh

dt
. With h D 3, x D

p
52 � 32 D 4, and dh

dt
D �1:2, we find

dx

dt
D �3

4
.�1:2/ D 0:9 m=s:

11. Suppose thath.0/ D 4 and the top slides down the wall at a rate of1:2 m=s. Calculatex anddx=dt at t D 2 s.

SOLUTION Let h andx be the height of the ladder’s top and the distance from the wall of the ladder’s bottom, respectively. After
2 seconds,h D 4C 2 .�1:2/ D 1:6 m. Sinceh2 C x2 D 52,

x D
p
52 � 1:62 D 4:737 m:

Furthermore, we have2h
dh

dt
C 2x

dx

dt
D 0, so that

dx

dt
D �h

x

dh

dt
. Substitutingh D 1:6, x D 4:737, anddh

dt
D �1:2, we find

dx

dt
D � 1:6

4:737
.�1:2/ � 0:405 m=s:

12. What is the relation betweenh andx at the moment when the top and bottom of the ladder move at the same speed?

SOLUTION Let h andx be the height of the ladder’s top and the distance from the wall of the ladder’s bottom, respectively. When

the top and the bottom of the ladder are moving at the samespeed(says > 0), their velocitiessatisfy
dh

dt
D �dx

dt
D �s. Since

h2 C x2 D 162, we have2h
dh

dt
C 2x

dx

dt
D 0 or �hs C xs D 0. This impliesh D x.

13. A conical tank has height 3 m and radius 2 m at the top. Water flows in at a rate of2m3/min. How fast is the water level rising
when it is 2 m?

SOLUTION Consider the cone of water in the tank at a certain instant. Letr be the radius of its (inverted) base,h its height, and

V its volume. By similar triangles,r
h

D 2
3 or r D 2

3h and thusV D 1
3�r

2h D 4
27�h

3. Therefore,

dV

dt
D 4

9�h
2 dh

dt
;

and

dh

dt
D 9

4�h2
dV

dt
:

Substitutingh D 2 and dV
dt

D 2 yields

dh

dt
D 9

4� .2/2
� 2 D 9

8�
� 0:36 m=min:

14. Follow the same set-up as Exercise 13, but assume that the water level is rising at a rate of0:3 m/min when it is 2 m. At what
rate is water flowing in?

SOLUTION Consider the cone of water in the tank at a certain instant. Letr be the radius of its (inverted) base,h its height, and

V its volume. By similar triangles,r
h

D 2
3 or r D 2

3h and thusV D 1
3�r

2h D 4
27�h

3. Accordingly,

dV

dt
D 4

9
�h2

dh

dt
:

Substitutingh D 2 and dh
dt

D 0:3 yields

dV

dt
D 4

9
� .2/2 .0:3/ � 1:68 m3=min:

15. The radiusr and heighth of a circular cone change at a rate of2 cm/s. How fast is the volume of the cone increasing when
r D 10 andh D 20?

SOLUTION Let r be the radius,h be the height, andV be the volume of a right circular cone. ThenV D 1
3�r

2h, and

dV

dt
D 1

3
�

�
r2
dh

dt
C 2hr

dr

dt

�
:

Whenr D 10, h D 20, anddr
dt

D dh
dt

D 2, we find

dV

dt
D �

3

�
102 � 2C 2 � 20 � 10 � 2

�
D 1000�

3
� 1047:20 cm3=s:
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16. A road perpendicular to a highway leads to a farmhouse located 2 km away (Figure 1). An automobile travels past the farmhouse
at a speed of 80 km/h. How fast is the distance between the automobile and the farmhouse increasing when the automobile is 6 km
past the intersection of the highway and the road?

80 km/h

Automobile

2

FIGURE 1

SOLUTION Let l denote the distance between the automobile and the farmhouse, and lets denote the distance past the intersection

of the highway and the road. Thenl2 D 22 C s2. Taking the derivative of both sides of this equation yields2l dl
dt

D 2s ds
dt

, so

dl

dt
D s

l

ds

dt
:

When the auto is 6 km past the intersection, we have

dl

dt
D 6 � 80p

22 C 62
D 480p

40
D 24

p
10 � 75:89 km=h:

17. A man of height1:8 meters walks away from a 5-meter lamppost at a speed of1:2 m/s (Figure 2). Find the rate at which his
shadow is increasing in length.

x y

5

FIGURE 2

SOLUTION Since the man is moving at a rate of1:2 m/s, his distance from the light post at any given time isx D 1:2t . Knowing
the man is 1.8 meters tall and that the length of his shadow is denoted byy, we set up a proportion of similar triangles from the
diagram:

y

1:8
D 1:2t C y

5
:

Clearing fractions and solving fory yields

y D 0:675t:

Thus,dy=dt D 0:675 meters per second is the rate at which the length of the shadow is increasing.

18. As Claudia walks away from a 264-cm lamppost, the tip of her shadow moves twice as fast as she does. What is Claudia’s
height?

SOLUTION Let L be the distance from the base of the lamppost to the tip of Claudia’s shadow, letx denote the distance from
the base of the lamppost to Claudia’s feet, and leth denote Claudia’s height. The right triangle with legsL � x andh (formed by
Claudia and her shadow) and the right triangle with legsL and 264 (formed by the lamppost and the total distanceL) are similar.
By similarity

L � x
h

D L264:

h is constant, so taking the derivative of both sides of this equation yields

dL=dt � dx=dt

h
D dL=dt

264
:
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The problem states thatdL
dt

D 2dx
dt

, so

264

�
2
dx

dt
� dx

dt

�
D 2h

dx

dt
or 264 D 2h:

Hence,h D 132 cm.

19. At a given moment, a plane passes directly above a radar station at an altitude of 6 km.

(a) The plane’s speed is 800 km/h. How fast is the distance between the plane and the station changing half a minute later?

(b) How fast is the distance between the plane and the station changing when the plane passes directly above the station?

SOLUTION Let x be the distance of the plane from the station along the ground andh the distance through the air.

(a) By the Pythagorean Theorem, we have

h2 D x2 C 62 D x2 C 36:

Thus 2h
dh

dt
D 2x

dx

dt
, and

dh

dt
D x

h

dx

dt
. After half a minute,x D 1

2 � 1
60 � 800 D 20

3 kilometers. Withx D 20
3 ; h D

r�
20
3

�2
C 36, anddx

dt
D 800,

dh

dt
D

20
3r�

20
3

�2
C 36

� 800 � 594:64 km/h

(b) When the plane is directly above the station,x D 0, so the distance between the plane and the station is not changing, for at
this instant we have

dh

dt
D 0

6
� 800 D 0 km=h:

20. In the setting of Exercise 19, let� be the angle that the line through the radar station and the plane makes with the horizontal.
How fast is� changing 12 min after the plane passes over the radar station?

SOLUTION Let the distancex and angle� be defined as in the figure below. Then

tan� D 6

x
and sec2 �

d�

dt
D � 6

x2
dx

dt
:

Because the plane is traveling at 800 km/h, 12 minutes after the plane passes over the radar station,

x D 160 and tan� D 3

80
:

Furthermore,

sec2 � D 1C tan2 � D 1C 32

802
:

Finally,

d�

dt
D � 6

1602
1

1C 32

802

800 D �1200
6409

D �0:187 rad/hour:

x

q

6

Plane

Radar
station

21. A hot air balloon rising vertically is tracked by an observer located 4 km from the lift-off point. At a certain moment, the angle
between the observer’s line of sight and the horizontal is�

5 , and it is changing at a rate of0:2 rad/min. How fast is the balloon rising
at this moment?

SOLUTION Lety be the height of the balloon (in miles) and� the angle between the line-of-sight and the horizontal. Via trigonom-

etry, we have tan� D y

4
. Therefore,

sec2 � � d�
dt

D 1

4

dy

dt
;
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and

dy

dt
D 4

d�

dt
sec2 �:

Using d�
dt

D 0:2 and� D �
5 yields

dy

dt
D 4 .0:2/

1

cos2 .�=5/
� 1:22 km=min:

22. A laser pointer is placed on a platform that rotates at a rate of 20 revolutions per minute. The beam hits a wall 8 m away,
producing a dot of light that moves horizontally along the wall. Let� be the angle between the beam and the line through the
searchlight perpendicular to the wall (Figure 3). How fast is this dot moving when� D �

6 ?

8 m
θ

Wall

Laser

FIGURE 3

SOLUTION Let y be the distance between the dot of light and the point of intersection of the wall and the line through the
searchlight perpendicular to the wall. Let� be the angle between the beam of light and the line. Using trigonometry, we have
tan� D y

8 . Therefore,

sec2 � � d�
dt

D 1

8

dy

dt
;

and

dy

dt
D 8

d�

dt
sec2 �:

With � D �
6 and d�

dt
D 40�, we find

dy

dt
D 8 .40�/

1

cos2 .�=6/
D 1280

3
� � 1340:4 m=min:

23. A rocket travels vertically at a speed of 1200 km/h. The rocket is tracked through a telescope by an observer located 16 km
from the launching pad. Find the rate at which the angle between the telescope and the ground is increasing 3 min after lift-off.

SOLUTION Let y be the height of the rocket and� the angle between the telescope and the ground. Using trigonometry, we have
tan� D y

16 . Therefore,

sec2 � � d�
dt

D 1

16

dy

dt
;

and

d�

dt
D cos2 �

16

dy

dt
:

After the rocket has traveled for 3 minutes (or120 hour), its height is 120 � 1200 D 60 km. At this instant, tan� D 60=16 D 15=4

and thus

cos� D 4p
152 C 42

D 4p
241

:

Finally,

d�

dt
D 16=241

16
.1200/ D 1200

241
� 4:98 rad=hr:

24. Using a telescope, you track a rocket that was launched 4 km away, recording the angle� between the telescope and the ground
at half-second intervals. Estimate the velocity of the rocket if�.10/ D 0:205 and�.10:5/ D 0:225.

SOLUTION Let h be the height of the vertically ascending rocket. Using trigonometry, tan� D h

4
, so

dh

dt
D 4 sec2 � � d�

dt
:
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We are given�.10/ D 0:205, and we can estimate

d�

dt

ˇ̌
ˇ̌
tD10

� �.10:5/ � �.10/
0:5

D 0:04:

Thus,

dh

dt
D 4 sec2.0:205/ � .0:04/ � 0:166 km=s;

or roughly 600 km/h.

25. A police car traveling south toward Sioux Falls at 160 km/h pursues a truck traveling east away from Sioux Falls, Iowa, at
140 km/h (Figure 4). At timet D 0, the police car is 20 km north and the truck is 30 km east of Sioux Falls. Calculate the rate at
which the distance between the vehicles is changing:

(a) At time t D 0

(b) 5 minutes later

160 km/h

140 km/h

Sioux Falls

x

y

FIGURE 4

SOLUTION Let y denote the distance the police car is north of Sioux Falls andx the distance the truck is east of Sioux Falls.
Theny D 20 � 160t andx D 30C 140t . If ` denotes the distance between the police car and the truck, then

`2 D x2 C y2 D .30C 140t/2 C .20 � 160t/2

and

`
d`

dt
D 140.30C 140t/ � 160.20 � 160t/ D 1000C 45200t:

(a) At t D 0, ` D
p
302 C 202 D 10

p
13, so

d`

dt
D 1000

10
p
13

D 100
p
13

13
� 27:735 km=h:

(b) At t D 5 minutesD 1
12 hour,

` D

s�
30C 140 � 1

12

�2
C
�
20 � 160 � 1

12

�2
� 42:197 km;

and

d`

dt
D
1000C 45200 � 112

42:197
� 112:962 km=h:

26. A car travels down a highway at 25 m/s. An observer stands 150 m from the highway.

(a) How fast is the distance from the observer to the car increasing when the car passes in front of the observer? Explain your
answer without making any calculations.

(b) How fast is the distance increasing20 s later?

SOLUTION Let x be the distance (in feet) along the road that the car has traveled andh be the distance (in feet) between the car
and the observer.

(a) Before the car passes the observer, we havedh=dt < 0; after it passes, we havedh=dt > 0. So at the instant it passes we have
dh=dt D 0, given thatdh=dt varies continuously since the car travels at a constant velocity.
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(b) By the Pythagorean Theorem, we haveh2 D x2 C 1502. Thus

2h
dh

dt
D 2x

dx

dt
;

and

dh

dt
D x

h

dx

dt
:

The car travels at 25 m/s, so after 20 seconds,x D 25.20/ D 500 meters. Therefore,

dh

dt
D 500p

5002 C 1252
.25/ � 24:25 m=s:

27. In the setting of Example 5, at a certain moment, the tractor’s speed is3 m/s and the bale is rising at2 m/s. How far is the
tractor from the bale at this moment?

SOLUTION From Example 5, we have the equation

x dx
dtp

x2 C 4:52
D dh

dt
;

wherex denote the distance from the tractor to the bale andh denotes the height of the bale. Given

dx

dt
D 3 and

dh

dt
D 2;

it follows that

3xp
4:52 C x2

D 2;

which yieldsx D
p
16:2 � 4:025 m.

28. Placido pulls a rope attached to a wagon through a pulley at a rate ofq m/s. With dimensions as in Figure 5:

(a) Find a formula for the speed of the wagon in terms ofq and the variablex in the figure.

(b) Find the speed of the wagon whenx D 0:6 if q D 0:5 m/s.

x

0.6 m

3 m

FIGURE 5

SOLUTION Let h be the distance from the pulley to the loop on the wagon. Using the Pythagorean Theorem, we haveh2 D
x2 C .3 � 0:6/2 D x2 C 2:42.

(a) Thus2h
dh

dt
D 2x

dx

dt
, and

dx

dt
D h

x

dh

dt
. Givendh=dt D q, it follows that

dx

dt
D

p
x2 C 2:42

x
q:

(b) As Placido pulls the rope at the rate ofq D 0:5 m=s andx D 0:6

dx

dt
D

p
0:62 C 2:42

0:6
.0:5/ � 2:06 m=s:

29. Julian is jogging around a circular track of radius 50 m. In a coordinate system with origin at the center of the track, Julian’s
x-coordinate is changing at a rate of�1:25 m/s when his coordinates are.40; 30/. Finddy=dt at this moment.

SOLUTION We havex2 C y2 D 502, so

2x
dx

dt
C 2y

dy

dt
D 0 or

dy

dt
D �x

y

dx

dt
:

Givenx D 40, y D 30 anddx=dt D �1:25, we find

dy

dt
D �40

30
.�1:25/ D 5

3
m=s:
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30. A particle moves counterclockwise around the ellipse with equation9x2 C 16y2 D 25 (Figure 6).

(a) In which of the four quadrants isdx=dt > 0? Explain.

(b) Find a relation betweendx=dt anddy=dt .

(c) At what rate is thex-coordinate changing when the particle passes the point.1; 1/ if its y-coordinate is increasing at a rate of
6 m/s?

(d) Finddy=dt when the particle is at the top and bottom of the ellipse.

− 5
4

− 5
3

5
3

5
4

FIGURE 6

SOLUTION A particle moves counterclockwise around the ellipse with equation9x2 C 16y2 D 25.

(a) The derivativedx=dt is positive in quadrants 3 and 4 since the particle is moving to the right.

(b) From9x2 C 16y2 D 25 we have18x
dx

dt
C 32y

dy

dt
D 0.

(c) From (b), we have
dx

dt
D �16y

9x

dy

dt
. With x D y D 1 and dy

dt
D 6,

dx

dt
D �16 � 1

9 � 1 .6/ D �32
3

m=s:

(d) From (b), we have
dy

dt
D � 9x

16y

dx

dt
. When.x; y/ D

�
0;˙5

4

�
, it follows that

dy

dt
D 0.

In Exercises 31 and 32, assume that the pressureP (in kilopascals) and volumeV (in cubic centimeters) of an expanding gas are
related byPV b D C , whereb andC are constants (this holds in anadiabaticexpansion, without heat gain or loss).

31. FinddP=dt if b D 1:2, P D 8 kPa,V D 100 cm2, anddV =dt D 20 cm3/min.

SOLUTION LetPV b D C . Then

PbV b�1 dV
dt

C V b
dP

dt
D 0;

and

dP

dt
D �Pb

V

dV

dt
:

Substitutingb D 1:2, P D 8, V D 100, anddV
dt

D 20, we find

dP

dt
D � .8/ .1:2/

100
.20/ D �1:92 kPa=min:

32. Findb if P D 25 kPa,dP=dt D 12 kPa/min,V D 100 cm2, anddV =dt D 20 cm3/min.

SOLUTION LetPV b D C . Then

PbV b�1 dV
dt

C V b
dP

dt
D 0;

and

b D �V
P

dP=dt

dV=dt
:

With P D 25, V D 100, dP
dt

D 12, anddV
dt

D 20, we have

b D �100
25

� 12

20
D �12

5
:

(Note: If instead we havedP
dt

D �12 kPa=min, thenb D 12
5 .)
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33. The basex of the right triangle in Figure 7 increases at a rate of5 cm/s, while the height remains constant ath D 20. How fast
is the angle� changing whenx D 20?

x

q

20

FIGURE 7

SOLUTION We have cot� D x

20
, from which

� csc2 � � d�
dt

D 1

20

dx

dt

and thus

d�

dt
D �sin2 �

20

dx

dt
:

We are givendx
dt

D 5 and whenx D h D 20, � D �
4 . Hence,

d�

dt
D �

sin2
�
�
4

�

20
.5/ D �1

8
rad=s:

34. Two parallel paths 15 m apart run east-west through the woods. Brooke jogs east on one path at 10 km/h, while Jamail walks
west on the other path at 6 km/h. If they pass each other at timet D 0, how far apart are they 3 s later, and how fast is the distance
between them changing at that moment?

SOLUTION Brooke jogs at10 km=h D 25
9 m=s and Jamail walks at6 km=h D 5

3 m=s. At time zero, consider Brooke to be at the
origin .0; 0/ and (without loss of generality) Jamail to be at.0; 15/; i.e., due north of Brooke. Then at timet , the position of Brooke

is
�
25
9 t; 0

�
and that of Jamail is

�
�5
3 t; 15

�
. The distance between them is

L D

s�
25

9
t C 5

3
t

�2
C .15/2 D

 �
40

9
t

�2
C 152

!1=2
:

� Whent D 3 seconds, the distance between them is

L D

s�
40

3

�2
C 152 D 5

3

p
145 � 20:07 m:

� The distance between them is changing at the rate

dL

dt
D 1

2

 �
40

9
t

�2
C 152

!�1=2 �
2

�
40

9
t

�
40

9

�
:

Whent D 3, we then have

dL

dt
D

1
9 .40/

2

p
402 C 452

� 2:95 m=s

35. A particle travels along a curvey D f .x/ as in Figure 8. LetL.t/ be the particle’s distance from the origin.

(a) Show that
dL

dt
D
 
x C f .x/f 0.x/p
x2 C f .x/2

!
dx

dt
if the particle’s location at timet isP D .x; f .x//.

(b) CalculateL0.t/ whenx D 1 andx D 2 if f .x/ D
p
3x2 � 8x C 9 anddx=dt D 4.

x

y

y = f (x)

O

P

θ

1 2

2

FIGURE 8
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SOLUTION

(a) If the particle’s location at timet isP D .x; f .x//, then

L.t/ D
q
x2 C f .x/2:

Thus,

dL

dt
D 1

2
.x2 C f .x/2/�1=2

�
2x
dx

dt
C 2f .x/f 0.x/

dx

dt

�
D
 
x C f .x/f 0.x/p
x2 C f .x/2

!
dx

dt
:

(b) Givenf .x/ D
p
3x2 � 8x C 9, it follows that

f 0.x/ D 3x � 4p
3x2 � 8x C 9

:

Let’s start withx D 1. Thenf .1/ D 2, f 0.1/ D �1
2 and

dL

dt
D
�

1 � 1p
12 C 22

�
.4/ D 0:

With x D 2, f .2/ D
p
5, f 0.2/ D 2=

p
5 and

dL

dt
D 2C 2q

22 C
p
5
2
.4/ D 16

3
:

36. Let � be the angle in Figure 8, whereP D .x; f .x//. In the setting of the previous exercise, show that

d�

dt
D
�
xf 0.x/� f .x/

x2 C f .x/2

�
dx

dt

Hint: Differentiate tan� D f .x/=x and observe that cos� D x=
p
x2 C f .x/2.

SOLUTION If the particle’s location at timet isP D .x; f .x//, then tan� D f .x/=x and

sec2 �
d�

dx
D xf 0.x/� f .x/

x2
:

Now

cos� D xp
x2 C f .x/2

so sec2 � D x2 C f .x/2

x2
:

Finally,

d�

dx
D xf 0.x/� f .x/

x2 C f .x/2
:

Exercises 37 and 38 refer to the baseball diamond (a square of side90 ft) in Figure 9.

20 ft/s

15 ft/s

s

90 ft

First base

Second base

Home plate

FIGURE 9

37. A baseball player runs from home plate toward first base at20 ft/s. How fast is the player’s distance from second base changing
when the player is halfway to first base?
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SOLUTION Let x be the distance of the player from home plate andh the player’s distance from second base. Using the

Pythagorean theorem, we haveh2 D 902 C .90 � x/2. Therefore,

2h
dh

dt
D 2 .90 � x/

�
� dx

dt

�
;

and

dh

dt
D �90 � x

h

dx

dt
:

We are givendx
dt

D 20. When the player is halfway to first base,x D 45 andh D
p
902 C 452, so

dh

dt
D � 45p

902 C 452
.20/ D �4

p
5 � �8:94 ft=s:

38. Player 1 runs to first base at a speed of20 ft/s while Player 2 runs from second base to third base at a speed of15 ft/s. Let s
be the distance between the two players. How fast iss changing when Player 1 is30 ft from home plate and Player 2 is60 ft from
second base?

SOLUTION Let x denote the distance from home plate to Player 1 andy denote the distance from second base to Player 2, both
distances measured along the base path. Then

s.t/ D
q
.90 � x � y/2 C 902;

and

ds

dt
D � 90 � x � yp

.90 � x � y/2 C 902

�
dx

dt
C dy

dt

�
:

With x D 30 andy D 60, it follows that

ds

dt
D 0:

39. The conical watering pail in Figure 10 has a grid of holes. Water flows out through the holes at a rate ofkA m3/min, wherek
is a constant andA is the surface area of the part of the cone in contact with the water. This surface area isA D �r

p
h2 C r2 and

the volume isV D 1
3�r

2h. Calculate the ratedh=dt at which the water level changes ath D 0:3 m, assuming thatk D 0:25 m.

0.45 m

0.15 m

h

r

FIGURE 10

SOLUTION By similar triangles, we have

r

h
D 0:15

0:45
D 1

3
so r D 1

3
h:

Substituting this expression forr into the formula forV yields

V D 1

3
�

�
1

3
h

�2
h D 1

27
�h3:

From here and the problem statement, it follows that

dV

dt
D 1

9
�h2

dh

dt
D �kA D �0:25�r

p
h2 C r2:
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Solving for dh=dt gives

dh

dt
D �9

4

r

h2

p
h2 C r2:

Whenh D 0:3, r D 0:1 and

dh

dt
D �9

4

0:1

0:32

p
0:32 C 0:12 D �0:79 m=min:

Further Insights and Challenges

40. A bowl contains water that evaporates at a rate proportional to the surface area of water exposed to the air (Figure 11).
LetA.h/ be the cross-sectional area of the bowl at heighth.

(a) Explain whyV.hC�h/ � V.h/ � A.h/�h if �h is small.

(b) Use (a) to argue that
dV

dh
D A.h/.

(c) Show that the water levelh decreases at a constant rate.

V(h) = volume up 
            to height h

Cross-sectional
area A(h)

h

1h

V(h + 1h) − V(h)

FIGURE 11

SOLUTION

(a) Consider a thin horizontal slice of the water in the cup of thickness�h at heighth. Assuming the cross-sectional area of the
cup is roughly constant across this slice, it follows that

V.hC�h/ � V.h/ � A.h/�h:

(b) If we take the expression from part (a), divide by�h and pass to the limit as�h ! 0, we find

dV

dh
D A.h/:

(c) If we take the expression from part (b) and multiply bydh=dt , recognizing that

dV

dt
D dV

dh
� dh
dt
;

we find that

dV

dt
D A.h/

dh

dt
:

We are told that the water in the bowl evaporates at a rate proportional to the surface area exposed to the air; translated into
mathematics, this means

dV

dt
D �kA.h/;

wherek is a positive constant of proportionality. Combining the last two equations yields

dh

dt
D �kI

that is, the water level decreases at a constant rate.

41. A roller coaster has the shape of the graph in Figure 12. Show that when the roller coaster passes the point.x; f .x//, the
vertical velocity of the roller coaster is equal tof 0.x/ times its horizontal velocity.

(x,  f(x))

FIGURE 12 Graph off .x/ as a roller coaster track.
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SOLUTION Let the equationy D f .x/ describe the shape of the roller coaster track. Takingd
dt

of both sides of this equation

yields dy
dt

D f 0.x/dx
dt

. In other words, the vertical velocity of a car moving along the track,dy
dt

, is equal tof 0.x/ times the

horizontal velocity,dx
dt

.

42. Two trains leave a station att D 0 and travel with constant velocityv along straight tracks that make an angle� .

(a) Show that the trains are separating from each other at a ratev
p
2 � 2 cos� .

(b) What does this formula give for� D �?

SOLUTION Choose a coordinate system such that

� the origin is the point of departure of the trains;
� the first train travels along the positivex-axis;
� the second train travels along the ray emanating from the origin at an angle of� > 0.

(a) At time t , the position of the first train is.vt; 0/, while that of the second is.vt cos�; vt sin�/. The distance between the trains
is

L D
q
.vt .1 � cos�//2 C .vt sin�/2 D vt

p
2 � 2 cos�:

ThusdL=dt D v
p
2 � 2 cos� .

(b) When� D �, we havedL=dt D 2v. This is obviously correct since at this angle the trains travel in opposite directions at the
same constant speed, having started from the same point.

43. As the wheel of radiusr cm in Figure 13 rotates, the rod of lengthL attached at pointP drives a piston back and forth in a
straight line. Letx be the distance from the origin to pointQ at the end of the rod, as shown in the figure.

(a) Use the Pythagorean Theorem to show that

L2 D .x � r cos�/2 C r2 sin2 � 6

(b) Differentiate Eq. (6) with respect tot to prove that

2.x � r cos�/
�
dx

dt
C r sin �

d�

dt

�
C 2r2 sin� cos�

d�

dt
D 0

(c) Calculate the speed of the piston when� D �
2 , assuming thatr D 10 cm,L D 30 cm, and the wheel rotates at 4 revolutions

per minute.

Piston moves
back and forth

x

L
qP

Q

r

FIGURE 13

SOLUTION From the diagram, the coordinates ofP are.r cos�; r sin�/ and those ofQ are.x; 0/.

(a) The distance formula gives

L D
q
.x � r cos�/2 C .�r sin�/2:

Thus,

L2 D .x � r cos�/2 C r2 sin2 �:

Note thatL (the length of the fixed rod) andr (the radius of the wheel) are constants.
(b) From (a) we have

0 D 2 .x � r cos�/
�
dx

dt
C r sin �

d�

dt

�
C 2r2 sin� cos�

d�

dt
:

(c) Solving fordx=dt in (b) gives

dx

dt
D
r2 sin � cos� d�

dt

r cos� � x � r sin�
d�

dt
D
rx sin� d�

dt

r cos� � x
:

With � D �
2 , r D 10, L D 30, andd�

dt
D 8�,

dx

dt
D
.10/ .x/

�
sin �2

�
.8�/

.10/ .0/ � x D �80� � �251:33 cm=min
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44. A spectator seated 300 m away from the center of a circular track of radius 100 m watches an athlete run laps at a speed of
5 m=s. How fast is the distance between the spectator and athlete changing when the runner is approaching the spectator and the
distance between them is 250 m?Hint: The diagram for this problem is similar to Figure 13, withr D 100 andx D 300.

SOLUTION From the diagram, the coordinates ofP are.r cos�; r sin�/ and those ofQ are.x; 0/.

� The distance formula gives

L D
q
.x � r cos�/2 C .�r sin�/2:

Thus,

L2 D .x � r cos�/2 C r2 sin2 �:

Note thatx (the distance of the spectator from the center of the track) andr (the radius of the track) are constants.
� Differentiating with respect tot gives

2L
dL

dt
D 2 .x � r cos�/ r sin�

d�

dt
C 2r2 sin� cos�

d�

dt
:

Thus,

dL

dt
D rx

L
sin �

d�

dt
:

� Recall the relation between arc lengths and angle� , namelys D r� . Thus
d�

dt
D 1

r

ds

dt
. Givenr D 100 and ds

dt
D �5, we

have

d�

dt
D 1

100
.�5/ D � 1

20
rad=s:

(Note: In this scenario, the runner traverses the track in aclockwisefashion and approaches the spectator from Quadrant 1.)
� Next, the Law of Cosines givesL2 D r2 C x2 � 2rx cos� , so

cos� D r2 C x2 � L2

2rx
D 1002 C 3002 � 2502

2 .100/ .300/
D 5

8
:

Accordingly,

sin� D

s
1 �

�
5

8

�2
D

p
39

8
:

� Finally

dL

dt
D .300/ .100/

250

 p
39

8

!�
� 1

20

�
D �3

p
39

4
� �4:68 m=s:

45. A cylindrical tank of radiusR and lengthL lying horizontally as in Figure 14 is filled with oil to heighth.

(a) Show that the volumeV.h/ of oil in the tank is

V.h/ D L

�
R2 cos�1

�
1 � h

R

�
� .R � h/

p
2hR � h2

�

(b) Show thatdV
dh

D 2L
p
h.2R � h/.

(c) Suppose thatR D 1:5 m andL D 10 m and that the tank is filled at a constant rate of0:6 m3/min. How fast is the heighth
increasing whenh D 0:5?

h

L

R

FIGURE 14 Oil in the tank has levelh.
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SOLUTION

(a) From Figure 14, we see that the volume of oil in the tank,V.h/, is equal toL timesA.h/, the area of that portion of the circular
cross section occupied by the oil. Now,

A.h/ D area of sector� area of triangleD R2�

2
� R2 sin �

2
;

where� is the central angle of the sector. Referring to the diagram below,

cos
�

2
D R � h

R
and sin

�

2
D

p
2hR � h2

R
:

2hR − h2

/2
R − h

R

Thus,

� D 2 cos�1
�
1 � h

R

�
;

sin � D 2 sin
�

2
cos

�

2
D 2

.R � h/
p
2hR � h2

R2
;

and

V.h/ D L

�
R2 cos�1

�
1 � h

R

�
� .R � h/

p
2hR � h2

�
:

(b) Recalling that d
dx

cos�1 u D � 1p
1�x2

du
dx

,

dV

dh
D L

�
d

dh

�
R2 cos�1

�
1 � h

R

��
� d

dh

�
.R � h/

p
2hR � h2

��

D L

 
�R �1p

1 � .1 � .h=R//2
C
p
2hR � h2 � .R � h/2p

2hR � h2

!

D L

 
R2p

2hR � h2
C
p
2hR � h2 � R2 � 2RhC h2p

2hR � h2

!

D L

 
R2 C .2hR � h2/� .R2 � 2RhC h2/p

2hR � h2

!

D L

 
4hR � 2h2p
2hR � h2

!
D L

 
2.2hR � h2/p
2hR � h2

!
D 2L

p
2hR � h2:

(c)
dV

dt
D dV

dh

dh

dt
, so

dh

dt
D 1

dV=dh

dV

dt
. From part (b) withR D 1:5, L D 10 andh D 0:5,

dV

dh
D 2.10/

q
2.0:5/.1:5/ � 0:52 D 10

p
5 m2:

Thus,

dh

dt
D 1

10
p
5
.0:6/ D 3

p
5

2500
� 0:0027 m=min:
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CHAPTER REVIEW EXERCISES

In Exercises 1–4, refer to the functionf .x/ whose graph is shown in Figure 1.

y

2.01.51.00.5
x

7
6
5
4
3
2
1

FIGURE 1

1. Compute the average rate of change off .x/ over Œ0; 2�. What is the graphical interpretation of this average rate?

SOLUTION The average rate of change off .x/ over Œ0; 2� is

f .2/� f .0/

2 � 0
D 7 � 1
2 � 0 D 3:

Graphically, this average rate of change represents the slope of the secant line through the points.2; 7/ and.0; 1/ on the graph of
f .x/.

2. For which value ofh is
f .0:7C h/ � f .0:7/

h
equal to the slope of the secant line between the points wherex D 0:7 and

x D 1:1?

SOLUTION Because1:1 D 0:7C 0:4, the difference quotient

f .0:7C h/ � f .0:7/
h

is equal to the slope of the secant line between the points wherex D 0:7 andx D 1:1 for h D 0:4.

3. Estimate
f .0:7C h/� f .0:7/

h
for h D 0:3. Is this number larger or smaller thanf 0.0:7/?

SOLUTION Forh D 0:3,

f .0:7C h/ � f .0:7/
h

D f .1/� f .0:7/
0:3

� 2:8 � 2

0:3
D 8

3
:

Because the curve is concave up, the slope of the secant line is larger than the slope of the tangent line, so the value of the difference
quotient should be larger than the value of the derivative.

4. Estimatef 0.0:7/ andf 0.1:1/.

SOLUTION The tangent line sketched in the graph below at the left appears to pass through the points.0:2; 1/ and .1:5; 3:5/.
Thus,

f 0.0:7/ � 3:5 � 1

1:5 � 0:2
D 2:5

1:3
D 1:923:

The tangent line sketched in the graph below at the right appears to pass through the points.0:8; 2/ and.2; 5:5/. Thus,

f 0.1:1/ � 5:5 � 2

2 � 0:8 D 3:5

1:2
D 2:917:

y

2.01.51.00.5
x

7
6
5
4
3
2
1

y

2.01.51.00.5
x

7
6
5
4
3
2
1
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In Exercises 5–8, computef 0.a/ using the limit definition and find an equation of the tangent line to the graph off .x/ at x D a.

5. f .x/ D x2 � x, a D 1

SOLUTION Let f .x/ D x2 � x anda D 1. Then

f 0.a/ D lim
h!0

f .aC h/ � f .a/

h
D lim
h!0

.1C h/2 � .1C h/ � .12 � 1/
h

D lim
h!0

1C 2hC h2 � 1 � h

h
D lim
h!0

.1C h/ D 1

and the equation of the tangent line to the graph off .x/ atx D a is

y D f 0.a/.x � a/C f .a/ D 1.x � 1/C 0 D x � 1:

6. f .x/ D 5 � 3x, a D 2

SOLUTION Let f .x/ D 5 � 3x anda D 2. Then

f 0.a/ D lim
h!0

f .aC h/ � f .a/

h
D lim
h!0

5 � 3.2C h/ � .5� 6/

h
D lim
h!0

�3 D �3

and the equation of the tangent line to the graph off .x/ atx D a is

y D f 0.a/.x � a/C f .a/ D �3.x � 2/ � 1 D �3x C 5:

7. f .x/ D x�1, a D 4

SOLUTION Let f .x/ D x�1 anda D 4. Then

f 0.a/ D lim
h!0

f .aC h/ � f .a/

h
D lim
h!0

1
4Ch � 1

4

h
D lim
h!0

4 � .4C h/

4h.4C h/

D lim
h!0

�1
4.4C h/

D � 1

4.4C 0/
D � 1

16

and the equation of the tangent line to the graph off .x/ atx D a is

y D f 0.a/.x � a/C f .a/ D � 1

16
.x � 4/C 1

4
D � 1

16
x C 1

2
:

8. f .x/ D x3, a D �2
SOLUTION Let f .x/ D x3 anda D �2. Then

f 0.a/ D lim
h!0

f .aC h/� f .a/

h
D lim
h!0

.�2C h/3 � .�2/3
h

D lim
h!0

�8C 12h � 6h2 C h3 C 8

h

D lim
h!0

.12 � 6hC h2/ D 12 � 6.0/C 02 D 12

and the equation of the tangent line to the graph off .x/ atx D a is

y D f 0.a/.x � a/C f .a/ D 12.x C 2/ � 8 D 12x C 16:

In Exercises 9–12, computedy=dx using the limit definition.

9. y D 4 � x2

SOLUTION Let y D 4 � x2. Then

dy

dx
D lim
h!0

4 � .x C h/2 � .4� x2/

h
D lim
h!0

4 � x2 � 2xh � h2 � 4C x2

h
D lim
h!0

.�2x � h/ D �2x � 0 D �2x:

10. y D
p
2x C 1

SOLUTION Let y D
p
2x C 1. Then

dy

dx
D lim
h!0

p
2.x C h/C 1 �

p
2x C 1

h
D lim
h!0

p
2x C 2hC 1�

p
2x C 1

h
�

p
2x C 2hC 1C

p
2x C 1p

2x C 2hC 1C
p
2x C 1

D lim
h!0

.2x C 2hC 1/ � .2x C 1/

h.
p
2x C 2hC 1C

p
2x C 1/

D lim
h!0

2p
2x C 2hC 1C

p
2x C 1

D 1p
2x C 1

:
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11. y D 1

2 � x

SOLUTION Let y D 1

2 � x
. Then

dy

dx
D lim
h!0

1
2�.xCh/ � 1

2�x
h

D lim
h!0

.2 � x/� .2 � x � h/

h.2 � x � h/.2 � x/
D lim
h!0

1

.2 � x � h/.2 � x/
D 1

.2 � x/2
:

12. y D 1

.x � 1/2

SOLUTION Let y D 1

.x � 1/2
. Then

dy

dx
D lim
h!0

1
.xCh�1/2 � 1

.x�1/2

h
D lim
h!0

.x � 1/2 � .x C h � 1/2

h.x C h � 1/2.x � 1/2

D lim
h!0

x2 � 2x C 1 � .x2 C 2xhC h2 � 2x � 2hC 1/

h.x C h � 1/2.x � 1/2
D lim
h!0

�2x � hC 2

.x C h � 1/2.x � 1/2

D �2x C 2

.x � 1/4
D � 2

.x � 1/3
:

In Exercises 13–16, express the limit as a derivative.

13. lim
h!0

p
1C h � 1

h

SOLUTION Let f .x/ D
p
x. Then

lim
h!0

p
1C h � 1

h
D lim
h!0

f .1C h/ � f .1/

h
D f 0.1/:

14. lim
x!�1

x3 C 1

x C 1

SOLUTION Let f .x/ D x3. Then

lim
x!�1

x3 C 1

x C 1
D lim
x!�1

f .x/� f .�1/
x � .�1/ D f 0.�1/:

15. lim
t!�

sint cost

t � �

SOLUTION Let f .t/ D sint cost and note thatf .�/ D sin� cos� D 0. Then

lim
t!�

sint cost

t � �
D lim
t!�

f .t/� f .�/

t � �
D f 0.�/:

16. lim
�!�

cos� � sin� C 1

� � �
SOLUTION Let f .�/ D cos� � sin� and note thatf .�/ D �1. Then

lim
�!�

cos� � sin� C 1

� � �
D lim
�!�

f .�/� f .�/

� � �
D f 0.�/:

17. Findf .4/ andf 0.4/ if the tangent line to the graph off .x/ atx D 4 has equationy D 3x � 14.
SOLUTION The equation of the tangent line to the graph off .x/ at x D 4 is y D f 0.4/.x � 4/ C f .4/ D f 0.4/x C .f .4/ �
4f 0.4//. Matching this toy D 3x � 14, we see thatf 0.4/ D 3 andf .4/� 4.3/ D �14, sof .4/ D �2.
18. Each graph in Figure 2 shows the graph of a functionf .x/ and its derivativef 0.x/. Determine which is the function and

which is the derivative.

y

x

(I)

y

x

(II)

y

x

(III)

A

B

A

B

A

B

FIGURE 2 Graph off .x/.
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SOLUTION

� In (I), the graph labeled A is increasing when the graph labeled B is positive and is decreasing when the graph labeled B is
negative. Therefore, the graph labeled A is the functionf .x/ and the graph labeled B is the derivativef 0.x/.

� In (II), the graph labeled B is increasing when the graph labeled A is positive and is decreasing when the graph labeled A is
negative. Therefore, the graph labeled B is the functionf .x/ and the graph labeled A is the derivativef 0.x/.

� In (III), the graph labeled B has horizontal tangent lines at the locations the graph labeled A is zero. Therefore, the graph
labeled B is the functionf .x/ and the graph labeled A is the derivativef 0.x/.

19. Is (A), (B), or (C) the graph of the derivative of the functionf .x/ shown in Figure 3?

(A) (B)

y

(C)

y

x
−2 2−1 1

x
−2 2−1 1

y

y = f (x)

x
−2 2−1 1

y

x
−2 2−1 1

FIGURE 3

SOLUTION The graph off .x/ has four horizontal tangent lines onŒ�2; 2�, so the graph of its derivative must have fourx-
intercepts onŒ�2; 2�. This eliminates (B). Moreover,f .x/ is increasing at both ends of the interval, so its derivative must be
positive at both ends. This eliminates (A) and identifies (C) as the graph off 0.x/.

20. LetN.t/ be the percentage of a state population infected with a flu virus on weekt of an epidemic. What percentage is likely
to be infected in week4 if N.3/ D 8 andN 0.3/ D 1:2?

SOLUTION BecauseN.4/ �N.3/ � N 0.3/, we estimate that

N.4/ � N.3/CN 0.3/ D 8C 1:2 D 9:2:

Thus,9:2% of the population is likely infected in week 4.

21. A girl’s heighth.t/ (in centimeters) is measured at timet (in years) for0 � t � 14:

52, 75.1, 87.5, 96.7, 104.5, 111.8, 118.7, 125.2,
131.5, 137.5, 143.3, 149.2, 155.3, 160.8, 164.7

(a) What is the average growth rate over the 14-year period?

(b) Is the average growth rate larger over the first half or the second half of this period?

(c) Estimateh0.t/ (in centimeters per year) fort D 3; 8.

SOLUTION

(a) The average growth rate over the 14-year period is

164:7 � 52

14
D 8:05 cm/year:

(b) Over the first half of the 14-year period, the average growth rate is

125:2 � 52
7

� 10:46 cm/year;

which is larger than the average growth rate over the second half of the 14-year period:

164:7 � 125:2
7

� 5:64 cm/year:

(c) For t D 3,

h0.3/ � h.4/ � h.3/

4 � 3
D 104:5 � 96:7

1
D 7:8 cm/yearI

for t D 8,

h0.8/ � h.9/ � h.8/

9 � 8
D 137:5 � 131:5

1
D 6:0 cm/year:
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22. A planet’s periodP (number of days to complete one revolution around the sun) is approximately0:199A3=2, whereA is the
average distance (in millions of kilometers) from the planet to the sun.
(a) CalculateP anddP=dA for Earth using the valueA D 150.
(b) Estimate the increase inP if A is increased to152.

SOLUTION

(a) LetP D 0:199A3=2. ThendP
dA

D 0:2985A1=2. ForA D 150,

P D 0:199.150/3=2 � 365:6 days; and

dP

dA
D 0:2985.150/1=2 � 3:656 days/millions of kilometers:

(b) If A is increased to 152, then

P.152/ � P.150/ � 2 � dP

dA

ˇ̌
ˇ̌
AD150

D 7:312 days:

In Exercises 23 and 24, use the following table of values for the numberA.t/ of automobiles (in millions) manufactured in the
United States in yeart .

t 1970 1971 1972 1973 1974 1975 1976

A.t/ 6.55 8.58 8.83 9.67 7.32 6.72 8.50

23. What is the interpretation ofA0.t/? EstimateA0.1971/. DoesA0.1974/ appear to be positive or negative?

SOLUTION BecauseA.t/ measures the number of automobiles manufactured in the United States in yeart , A0.t/ measures the
rate of change in automobile production in the United States. Fort D 1971,

A0.1971/ � A.1972/ � A.1971/

1972 � 1971
D 8:83 � 8:58

1
D 0:25 million automobiles/year:

BecauseA.t/ decreases from 1973 to 1974 and from 1974 to 1975, it appears thatA0.1974/ would be negative.

24. Given the data, which of (A)–(C) in Figure 4 could be the graph of the derivativeA0.t/? Explain.

(A) (B) (C)
−2

'75'73'71−1

1
2

−2

'75'73'71−1

1
2

−2

'75'73'71−1

1
2

FIGURE 4

SOLUTION The values ofA.t/ increase, then decrease and finally increase. ThusA0.t/ should transition from positive to negative
and back to positive. This describes the graph in (B).

25. Which of the following is equal to
d

dx
2x?

(a) 2x (b) .ln 2/2x (c) x2x�1 (d)
1

ln 2
2x

SOLUTION The derivative off .x/ D 2x is

d

dx
2x D 2x ln2:

Hence, the correct answer is(b).

26. Describe the graphical interpretation of the relationg0.x/ D 1=f 0.g.x//, wheref .x/ andg.x/ are inverses of each
other.

SOLUTION Supposef .x/ andg.x/ are inverse functions. Consider a point on the graph ofy D f .x/ – say.a; b/ – and the point
on the graph ofy D g.x/ symmetric with respect to the liney D x – that is,.b; a/. The relationg0.x/ D 1=f 0.g.x// indicates
that the lines tangent to the two graphs at these symmetric points have slopes that are reciprocals of one another.

(g(a),a)

(a, g(a))

0
x

y y = g(x)

y = f(x)

y = x
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27. Show that iff .x/ is a function satisfyingf 0.x/ D f .x/2, then its inverseg.x/ satisfiesg0.x/ D x�2.

SOLUTION

g0.x/ D 1

f 0.g.x//
D 1

f .g.x//2
D 1

x2
D x�2:

28. Findg0.8/, whereg.x/ is the inverse of a differentiable functionf .x/ such thatf .�1/ D 8 andf 0.�1/ D 12.

SOLUTION The Theorem on the derivative of an inverse function states

g0.x/ D 1

f 0.g.x//
:

Settingx D 8, we obtain

g0.8/ D 1

f 0.g.8//
:

Becausef .�1/ D 8, it follows thatg.8/ D �1. Thus,

g0.8/ D 1

f 0.�1/ D 1

12
:

In Exercises 29–80, compute the derivative.

29. y D 3x5 � 7x2 C 4

SOLUTION Let y D 3x5 � 7x2 C 4. Then

dy

dx
D 15x4 � 14x:

30. y D 4x�3=2

SOLUTION Let y D 4x�3=2. Then

dy

dx
D �6x�5=2:

31. y D t�7:3

SOLUTION Let y D t�7:3. Then

dy

dt
D �7:3t�8:3:

32. y D 4x2 � x�2

SOLUTION Let y D 4x2 � x�2. Then

dy

dx
D 8x C 2x�3:

33. y D x C 1

x2 C 1

SOLUTION Let y D x C 1

x2 C 1
. Then

dy

dx
D .x2 C 1/.1/ � .x C 1/.2x/

.x2 C 1/2
D 1 � 2x � x2

.x2 C 1/2
:

34. y D 3t � 2

4t � 9

SOLUTION Let y D 3t � 2

4t � 9
. Then

dy

dt
D .4t � 9/.3/ � .3t � 2/.4/

.4t � 9/2
D � 19

.4t � 9/2
:

35. y D .x4 � 9x/6

SOLUTION Let y D .x4 � 9x/6. Then

dy

dx
D 6.x4 � 9x/5

d

dx
.x4 � 9x/ D 6.4x3 � 9/.x4 � 9x/5:
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36. y D .3t2 C 20t�3/6

SOLUTION Let y D .3t2 C 20t�3/6. Then

dy

dt
D 6.3t2 C 20t�3/5

d

dt
.3t2 C 20t�3/ D 6.6t � 60t�4/.3t2 C 20t�3/5:

37. y D .2C 9x2/3=2

SOLUTION Let y D .2C 9x2/3=2. Then

dy

dx
D 3

2
.2C 9x2/1=2

d

dx
.2C 9x2/ D 27x.2C 9x2/1=2:

38. y D .x C 1/3.x C 4/4

SOLUTION Let y D .x C 1/3.x C 4/4. Then

dy

dx
D 4.x C 1/3.x C 4/3 C 3.x C 1/2.x C 4/4 D .x C 1/2.x C 4/3.4x C 4C 3x C 12/

D .7x C 16/.x C 1/2.x C 4/3:

39. y D zp
1 � z

SOLUTION Let y D zp
1 � z

. Then

dy

dz
D

p
1 � z � .� z

2 /
1p
1�z

1 � z
D
1 � z C z

2

.1 � z/3=2
D 2 � z
2.1 � z/3=2

:

40. y D
�
1C 1

x

�3

SOLUTION Let y D
�
1C 1

x

�3
. Then

dy

dx
D 3

�
1C 1

x

�2 d

dx

�
1C 1

x

�
D � 3

x2

�
1C 1

x

�2
:

41. y D x4 C
p
x

x2

SOLUTION Let

y D x4 C
p
x

x2
D x2 C x�3=2:

Then

dy

dx
D 2x � 3

2
x�5=2:

42. y D 1

.1 � x/
p
2 � x

SOLUTION Let y D 1

.1 � x/
p
2 � x

D
�
.1 � x/

p
2 � x

��1
. Then

dy

dx
D �

�
.1 � x/

p
2 � x

��2 d

dx

�
.1 � x/

p
2 � x

�
D �

�
.1 � x/

p
2 � x

��2 �
� 1 � x
2
p
2 � x

�
p
2 � x

�

D 5 � 3x
2.1 � x/2.2 � x/3=2

:

43. y D
r
x C

q
x C

p
x

SOLUTION Let y D
q
x C

p
x C

p
x. Then

dy

dx
D 1

2

�
x C

q
x C

p
x

��1=2 d

dx

�
x C

q
x C

p
x

�

D 1

2

�
x C

q
x C

p
x

��1=2 �
1C 1

2

�
x C

p
x
��1=2 d

dx

�
x C

p
x
��
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D 1

2

�
x C

q
x C

p
x

��1=2 �
1C 1

2

�
x C

p
x
��1=2

�
1C 1

2
x�1=2

��
:

44. h.z/ D
�
z C .z C 1/1=2

��3=2

SOLUTION

d

dz

�
z C .z C 1/1=2

��3=2 D �3
2

�
z C .z C 1/1=2

��5=2 d

dz

�
z C .z C 1/1=2

�

D �3
2

�
z C .z C 1/1=2

��5=2 �
1C 1

2
.z C 1/�1=2

�
:

45. y D tan.t�3/

SOLUTION Let y D tan.t�3/. Then

dy

dt
D sec2.t�3/

d

dt
t�3 D �3t�4 sec2.t�3/:

46. y D 4 cos.2 � 3x/
SOLUTION Let y D 4 cos.2 � 3x/. Then

dy

dx
D �4 sin.2 � 3x/ d

dx
.2 � 3x/ D 12 sin.2 � 3x/:

47. y D sin.2x/ cos2 x

SOLUTION Let y D sin.2x/ cos2 x D 2 sinx cos3 x. Then

dy

dx
D �6 sin2 x cos2 x C 2 cos4 x:

48. y D sin

�
4

�

�

SOLUTION Let y D sin

�
4

�

�
. Then

dy

d�
D cos

�
4

�

�
d

d�

�
4

�

�
D � 4

�2
cos

�
4

�

�
:

49. y D t

1C sect

SOLUTION Let y D t

1C sect
. Then

dy

dt
D 1C sect � t sect tant

.1C sect/2
:

50. y D z csc.9z C 1/

SOLUTION Let y D z csc.9z C 1/. Then

dy

dz
D �9z csc.9z C 1/ cot.9z C 1/C csc.9z C 1/:

51. y D 8

1C cot�

SOLUTION Let y D 8

1C cot�
D 8.1C cot�/�1. Then

dy

d�
D �8.1C cot�/�2

d

d�
.1C cot�/ D 8 csc2 �

.1C cot�/2
:

52. y D tan.cosx/

SOLUTION Let y D tan.cosx/. Then

dy

dx
D sec2.cosx/

d

dx
cosx D � sinx sec2.cosx/:
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53. y D tan.
p
1C csc�/

SOLUTION

dy

dx
D sec2.

p
1C csc�/

d

dx

p
1C csc�

D sec2.
p
1C csc�/ � 1

2
.1C csc�/�1=2

d

dx
.1C csc�/

D �sec2.
p
1C csc�/ csc� cot�

2.
p
1C csc�/

:

54. y D cos.cos.cos.�///

SOLUTION Let y D cos.cos.cos.�///. Then

dy

d�
D � sin.cos.cos.�///

d

d�
cos.cos.�// D sin.cos.cos.�/// sin.cos.�//

d

d�
cos.�/

D � sin.cos.cos.�/// sin.cos.�// sin.�/:

55. f .x/ D 9e�4x

SOLUTION
d

dx
9e�4x D �36e�4x .

56. f .x/ D e�x

x

SOLUTION
d

dx

�
e�x

x

�
D �xe�x � e�x

x2
D �e

�x.x C 1/

x2
.

57. g.t/ D e4t�t
2

SOLUTION
d

dt
e4t�t

2 D .4 � 2t/e4t�t
2

.

58. g .t/ D t2e1=t

SOLUTION
d

dt
t2e1=t D 2te1=t C t2

�
� 1

t2

�
e1=t D .2t � 1/e1=t .

59. f .x/ D ln.4x2 C 1/

SOLUTION
d

dx
ln.4x2 C 1/ D 8x

4x2 C 1
.

60. f .x/ D ln.ex � 4x/

SOLUTION
d

dx
ln.ex � 4x/ D ex � 4

ex � 4x
.

61. G.s/ D .ln.s//2

SOLUTION
d

ds
.lns/2 D 2 ln s

s
.

62. G.s/ D ln.s2/

SOLUTION
d

ds
ln.s2/ D 2

d

ds
lns D 2

s
.

63. f .�/ D ln.sin�/

SOLUTION
d

d�
ln.sin�/ D cos�

sin�
D cot� .

64. f .�/ D sin.ln �/

SOLUTION
d

d�
sin.ln �/ D cos.ln �/

�
.

65. h.z/ D sec.z C ln z/

SOLUTION
d

dz
sec.z C ln z/ D sec.z C ln z/ tan.z C ln z/

�
1C 1

z

�
.

66. f .x/ D esin2x

SOLUTION
d

dx
esin2 x D 2 sinx cosxesin2 x D sin2xesin2 x .



Chapter Review Exercises 343

67. f .x/ D 7�2x

SOLUTION
d

dx
7�2x D

�
� 2 ln 7

��
7�2x�.

68. h .y/ D 1C ey

1 � ey

SOLUTION
d

dy

�
1C ey

1 � ey

�
D .1 � ey/ey � .1C ey/.�ey/

.1 � ey/2
D ey.1 � ey C 1C ey/

.1 � ey/2
D 2ey

.1 � ey/2
:

69. g.x/ D tan�1.lnx/

SOLUTION
d

dx
tan�1.lnx/ D 1

1C .lnx/2
� 1
x

.

70. G.s/ D cos�1.s�1/

SOLUTION
d

ds
cos�1.s�1/ D �1r

1 �
�
1
s

�2

�
� 1

s2

�
D 1p

s4 � s2
.

71. f .x/ D ln.csc�1 x/

SOLUTION
d

dx
ln.csc�1 x/ D � 1

jxj
p
x2 � 1 csc�1 x

.

72. f .x/ D esec�1 x

SOLUTION
d

dx
esec�1 x D 1

jxj
p
x2 � 1

esec�1 x .

73. R.s/ D s ln s

SOLUTION Rewrite

R.s/ D
�
eln s

�ln s
D e.ln s/

2

:

Then

dR

ds
D e.lns/

2 � 2 ln s � 1
s

D 2 lns

s
s lns :

Alternately,R.s/ D s ln s implies that lnR D ln
�
s ln s

�
D .ln s/2. Thus,

1

R

dR

ds
D 2 lns � 1

s
or

dR

ds
D 2 lns

s
s lns :

74. f .x/ D .cos2 x/cosx

SOLUTION Rewrite

f .x/ D
�
eln cos2 x

�cosx
D e2 cosx ln cosx :

Then

df

dx
D e2 cosx ln cosx

�
2 cosx � � sinx

cosx
� 2 sin x ln cosx

�

D �2 sinx.cos2 x/cosx.1C ln cosx/:

Alternately,f .x/ D .cos2 x/cosx implies that lnf D cosx ln cos2 x D 2 cosx ln cosx. Thus,

1

f

df

dx
D 2 cosx � � sinx

cosx
� 2 sin x ln cosx

D �2 sinx.1C ln cosx/;

and

df

dx
D �2 sinx.cos2 x/cosx.1C ln cosx/:

75. G.t/ D .sin2 t/t
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SOLUTION Rewrite

G.t/ D
�
eln sin2 t

�t
D e2t ln sint :

Then

dG

dt
D e2t ln sint

�
2t � cost

sint
C 2 ln sint

�
D 2.sin2 t/t .t cott C ln sint/:

Alternately,G.t/ D .sin2 t/t implies that lnG D t ln sin2 t D 2t ln sint . Thus,

1

G

dG

dt
D 2t � cost

sint
C 2 ln sint;

and

dG

dt
D 2.sin2 t/t .t cott C ln sint/:

76. h.t/ D t .t
t /

SOLUTION Let h.t/ D t .t
t /. Then lnh D t t ln t and

ln.lnh/ D ln.t t ln t/ D ln t t C ln.ln t/

D t ln t C ln.ln t/:

Thus,

1

h lnh

dh

dt
D t � 1

t
C ln t C 1

t ln t
D 1C ln t C 1

t ln t
;

and

dh

dt
D t .t

t /t t ln t

�
1C ln t C 1

t ln t

�
:

77. g.t/ D sinh.t2/

SOLUTION
d

dt
sinh.t2/ D 2t cosh.t2/.

78. h.y/ D y tanh.4y/

SOLUTION
d

dy
y tanh.4y/ D tanh.4y/C 4y sech2.4y/.

79. g.x/ D tanh�1.ex/

SOLUTION
d

dx
tanh�1.ex/ D 1

1 � .ex/2
ex D ex

1 � e2x
.

80. g.t/ D
p
t2 � 1 sinh�1 t

SOLUTION
d

dt

p
t2 � 1 sinh�1 t D tp

t2 � 1
sinh�1t C

p
t2 � 1 � 1p

t2 C 1
D tsinh�1tp

t2 � 1
C

s
t2 � 1

t2 C 1
:

81. For which values of̨ is f .x/ D jxj˛ differentiable atx D 0?

SOLUTION Let f .x/ D jxj˛ . If ˛ < 0, thenf .x/ is not continuous atx D 0 and therefore cannot be differentiable atx D 0. If
˛ D 0, then the function reduces tof .x/ D 1, which is differentiable atx D 0. Now, supposę > 0 and consider the limit

lim
x!0

f .x/� f .0/

x � 0
D lim
x!0

jxj˛
x
:

If 0 < ˛ < 1, then

lim
x!0�

jxj˛
x

D �1 while lim
x!0C

jxj˛
x

D 1

andf 0.0/ does not exist. If̨ D 1, then

lim
x!0�

jxj
x

D �1 while lim
x!0C

jxj
x

D 1

andf 0.0/ again does not exist. Finally, if̨ > 1, then

lim
x!0

jxj˛
x

D 0;

sof 0.0/ does exist.
In summary,f .x/ D jxj˛ is differentiable atx D 0 when˛ D 0 and when̨ > 1.
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82. Findf 0.2/ if f .g.x// D ex
2
, g.1/ D 2, andg0.1/ D 4.

SOLUTION We differentiate both sides of the equationf .g.x// D ex
2

to obtain,

f 0 .g.x// g0.x/ D 2xex
2

:

Settingx D 1 yields

f 0 .g.1// g0.1/ D 2e:

Sinceg.1/ D 2 andg0.1/ D 4, we find

f 0.2/ � 4 D 2e;

or

f 0.2/ D e

2
:

In Exercises 83 and 84, letf .x/ D xe�x .

83. Show thatf .x/ has an inverse onŒ1;1/. Letg.x/ be this inverse. Find the domain and range ofg.x/ and computeg0.2e�2/.

SOLUTION Let f .x/ D xe�x . Thenf 0.x/ D e�x.1 � x/. On Œ1;1/, f 0.x/ < 0, sof .x/ is decreasing and therefore one-to-
one. It follows thatf .x/ has an inverse onŒ1;1/. Let g.x/ denote this inverse. Becausef .1/ D e�1 andf .x/ ! 0 asx ! 1,
the domain ofg.x/ is .0; e�1�, and the range isŒ1;1/.

To determineg0.2e�2/, we use the formulag0.x/ D 1=f 0.g.x//. Becausef .2/ D 2e�2, it follows thatg.2e�2/ D 2. Then,

g0.2e�2/ D 1

f 0.g.2e�2//
D 1

f 0.2/
D 1

�e�2 D �e2:

84. Show thatf .x/ D c has two solutions if0 < c < e�1.

SOLUTION First note thatf .x/ < 0 for x < 0, so we only need to examine.0;1/ for solutions tof .x/ D c whenc > 0. Next,
becausef 0.x/ D e�x.1 � x/, f is decreasing on.1;1/ and increasing on.0; 1/. Therefore,f is one-to-one on each of these
intervals, which guarantees that the equationf .x/ D c can have at most one solution on each of these intervals for any value ofc.

Now, let0 < c < e�1 and consider the intervalŒ1;1/. Because

lim
x!1

f .x/ D lim
x!1

x

ex
D 0;

it follows that there exists ad 2 .1;1/ such thatf .d/ < c. With f .1/ D e�1 > c, it follows from the Intermediate Value Theorem
that the equationf .x/ D c has a solution onŒ1;1/. Next, consider the intervalŒ0; 1�. With f .0/ D 0 < c andf .1/ D e�1 > c, it
follows from the Intermediate Value Theorem that the equationf .x/ D c has a solution onŒ0; 1�.

In summary, the equationf .x/ D c has exactly two solutions for anyc between 0 ande�1.

In Exercises 85–90, use the following table of values to calculate the derivative of the given function atx D 2.

x f .x/ g.x/ f 0.x/ g0.x/

2 5 4 �3 9

4 3 2 �2 3

85. S.x/ D 3f .x/� 2g.x/

SOLUTION Let S.x/ D 3f .x/� 2g.x/. ThenS 0.x/ D 3f 0.x/� 2g0.x/ and

S 0.2/ D 3f 0.2/� 2g0.2/ D 3.�3/ � 2.9/ D �27:
86. H.x/ D f .x/g.x/

SOLUTION LetH.x/ D f .x/g.x/. ThenH 0.x/ D f .x/g0.x/C f 0.x/g.x/ and

H 0.2/ D f .2/g0.2/C f 0.2/g.2/ D 5.9/C .�3/.4/ D 33:

87. R.x/ D f .x/

g.x/

SOLUTION LetR.x/ D f .x/=g.x/. Then

R0.x/ D g.x/f 0.x/� f .x/g0.x/
g.x/2

and

R0.2/ D g.2/f 0.2/ � f .2/g0.2/
g.2/2

D 4.�3/ � 5.9/
42

D �57
16
:
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88. G.x/ D f .g.x//

SOLUTION LetG.x/ D f .g.x//. ThenG0.x/ D f 0.g.x//g0.x/ and

G0.2/ D f 0.g.2//g0.2/ D f 0.4/g0.2/ D �2.9/ D �18:
89. F.x/ D f .g.2x//

SOLUTION LetF.x/ D f .g.2x//. ThenF 0.x/ D 2f 0.g.2x//g0.2x/ and

F 0.2/ D 2f 0.g.4//g0.4/ D 2f 0.2/g0.4/ D 2.�3/.3/ D �18:
90. K.x/ D f .x2/

SOLUTION LetK.x/ D f .x2/. ThenK0.x/ D 2xf 0.x2/ and

K0.2/ D 2.2/f 0.4/ D 4.�2/ D �8:
91. Find the points on the graph off .x/ D x3 � 3x2 C x C 4 where the tangent line has slope 10.

SOLUTION Let f .x/ D x3 � 3x2 C x C 4. Thenf 0.x/ D 3x2 � 6x C 1. The tangent line to the graph off .x/ will have slope
10 whenf 0.x/ D 10. Solving the quadratic equation3x2 � 6x C 1 D 10 yieldsx D �1 andx D 3. Thus, the points on the graph
of f .x/ where the tangent line has slope 10 are.�1;�1/ and.3; 7/.

92. Find the points on the graph ofx2=3 C y2=3 D 1 where the tangent line has slope1.

SOLUTION Supposex2=3 C y2=3 D 1. Differentiating with respect tox leads to

2

3
x�1=3 C 2

3
y�1=3 dy

dx
D 0;

or

dy

dx
D �

�
x

y

��1=3
D �

�y
x

�1=3
:

Tangents to the curve therefore have slope 1 wheny D �x. Substitutingy D �x into the equation for the curve yields2x2=3 D 1,

sox D ˙
p
2
4 . Thus, the points along the curvex2=3 C y2=3 D 1 where the tangent line has slope 1 are:

 p
2

4
;�

p
2

4

!
and

 
�

p
2

4
;

p
2

4

!
:

93. Finda such that the tangent linesy D x3 � 2x2 C x C 1 atx D a andx D aC 1 are parallel.

SOLUTION Let f .x/ D x3 � 2x2 C x C 1. Thenf 0.x/ D 3x2 � 4x C 1 and the slope of the tangent line atx D a is
f 0.a/ D 3a2 � 4aC 1, while the slope of the tangent line atx D aC 1 is

f 0.aC 1/ D 3.aC 1/2 � 4.a C 1/C 1 D 3.a2 C 2aC 1/ � 4a � 4C 1 D 3a2 C 2a:

In order for the tangent lines atx D a andx D a C 1 to have the same slope, we must havef 0.a/ D f 0.aC 1/, or

3a2 � 4aC 1 D 3a2 C 2a:

The only solution to this equation isa D 1
6 . The equation of the tangent line atx D 1

6 is

y D f 0
�
1

6

��
x � 1

6

�
C f

�
1

6

�
D 5

12

�
x � 1

6

�
C 241

216
D 5

12
x C 113

108
;

and the equation of the tangent line atx D 7
6 is

y D f 0
�
7

6

��
x � 7

6

�
C f

�
7

6

�
D 5

12

�
x � 7

6

�
C 223

216
D 5

12
x C 59

108
:

The graphs off .x/ and the two tangent lines appear below.

y

x
−1 −1

−3
−2

21.510.5

3
2
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94. Use the table to compute the average rate of change of Candidate A’s percentage of votes over the intervals from
day 20 to day 15, day 15 to day 10, and day 10 to day5. If this trend continues over the last5 days before the election, will
Candidate A win?

Days Before Election 20 15 10 5

Candidate A 44.8% 46.8% 48.3% 49.3%

Candidate B 55.2% 53.2% 51.7% 50.7%

SOLUTION The average rate of change of A’s percentage for the period from day 20 to day 15 is

46:8 � 44:8

5
D 0:4%=day:

For the period from day 15 to day 10, the average rate of change is

48:3 � 46:8

5
D 0:3%=day:

Finally, for the period from day 10 to day 5, the average rate of change is

49:3 � 48:3

5
D 0:2%=day:

If this trend continues over the last five days before the election, the average rate of change will drop to 0.1 %/day, so A’s percentage
will increase another 0.5% to 49.8%. Accordingly, A willnot win the election.

In Exercises 95–100, calculatey00.

95. y D 12x3 � 5x2 C 3x

SOLUTION Let y D 12x3 � 5x2 C 3x. Then

y0 D 36x2 � 10x C 3 and y00 D 72x � 10:

96. y D x�2=5

SOLUTION Let y D x�2=5. Then

y0 D �2
5
x�7=5 and y00 D 14

25
x�12=5:

97. y D
p
2x C 3

SOLUTION Let y D
p
2x C 3 D .2x C 3/1=2. Then

y0 D 1

2
.2x C 3/�1=2

d

dx
.2x C 3/ D .2x C 3/�1=2 and y00 D �1

2
.2x C 3/�3=2

d

dx
.2x C 3/ D �.2x C 3/�3=2:

98. y D 4x

x C 1

SOLUTION Let y D 4x

x C 1
. Then

y0 D .x C 1/.4/ � 4x
.x C 1/2

D 4

.x C 1/2
and y00 D � 8

.x C 1/3
:

99. y D tan.x2/

SOLUTION Let y D tan.x2/. Then

y0 D 2x sec2.x2/ and

y00 D 2x

�
2 sec.x2/

d

dx
sec.x2/

�
C 2 sec2.x2/ D 8x2 sec2.x2/ tan.x2/C 2 sec2.x2/:

100. y D sin2.4x C 9/

SOLUTION Let y D sin2.4x C 9/. Then

y0 D 8 sin.4x C 9/ cos.4x C 9/ D 4 sin.8x C 18/ and y00 D 32 cos.8x C 18/:
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In Exercises 101–106, compute
dy

dx
.

101. x3 � y3 D 4

SOLUTION Consider the equationx3 � y3 D 4. Differentiating with respect tox yields

3x2 � 3y2
dy

dx
D 0:

Therefore,

dy

dx
D x2

y2
:

102. 4x2 � 9y2 D 36

SOLUTION Consider the equation4x2 � 9y2 D 36. Differentiating with respect tox yields

8x � 18y
dy

dx
D 0:

Therefore,

dy

dx
D 4x

9y
:

103. y D xy2 C 2x2

SOLUTION Consider the equationy D xy2 C 2x2. Differentiating with respect tox yields

dy

dx
D 2xy

dy

dx
C y2 C 4x:

Therefore,

dy

dx
D y2 C 4x

1 � 2xy
:

104.
y

x
D x C y

SOLUTION Solving yx D x C y for y yields

y D x2

1� x
:

By the quotient rule,

dy

dx
D .1 � x/.2x/� x2.�1/

.1� x/2
D 2x � x2

.1 � x/2
:

105. y D sin.x C y/

SOLUTION Consider the equationy D sin.x C y/. Differentiating with respect tox yields

dy

dx
D cos.x C y/

�
1C dy

dx

�
:

Therefore,

dy

dx
D cos.x C y/

1 � cos.x C y/
:

106. tan.x C y/ D xy

SOLUTION Consider the equation tan.x C y/ D xy. Differentiating with respect tox yields

sec2.x C y/

�
1C dy

dx

�
D x

dy

dx
C y:

Therefore,

dy

dx
D y � sec2.x C y/

sec2.x C y/� x
:
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107. In Figure 5, label the graphsf , f 0, andf 00.

y

x

y

x

FIGURE 5

SOLUTION First consider the plot on the left. Observe that the green curve is nonnegative whereas the red curve is increasing,
suggesting that the green curve is the derivative of the red curve. Moreover, the green curve is linear with negative slope forx < 0

and linear with positive slope forx > 0 while the blue curve is a negative constant forx < 0 and a positive constant forx > 0,
suggesting the blue curve is the derivative of the green curve. Thus, the red, green and blue curves, respectively, are the graphs of
f , f 0 andf 00.

Now consider the plot on the right. Because the red curve is decreasing when the blue curve is negative and increasing when the
blue curve is positive and the green curve is decreasing when the red curve is negative and increasing when the red curve is positive,
it follows that the green, red and blue curves, respectively, are the graphs off , f 0 andf 00.

108. Let f .x/ D x2 sin.x�1/ for x ¤ 0 andf .0/ D 0. Show thatf 0.x/ exists for allx (includingx D 0) but thatf 0.x/ is not
continuous atx D 0 (Figure 6).

y

x

−0.05

0.05

−0.5 0.5

FIGURE 6 Graph off .x/ D x2 sin.x�1/.

SOLUTION Let f .x/ D x2 sin.x�1/ for x ¤ 0 andf .0/ D 0. Forx ¤ 0, the product rule and the chain rule give

f 0.x/ D 2x sin.x�1/� x2 cos.x�1/.x�2/ D 2x sin.x�1/� cos.x�1/;

which exists for allx ¤ 0. At x D 0 we use the limit definition of the derivative:

f 0.0/ D lim
h!0

f .h/� f .0/

h
D lim
h!0

1

h
.h2 sin.h�1// D lim

h!0
h sin.h�1/ D 0;

by the Squeeze Theorem, since�h � h sin 1
h

� h. Thus,f 0.x/ exists for allx. However,

lim
x!0

f 0.x/ D lim
x!0

�
2x sin.x�1/ � cos.x�1/

�

does not exist, sof 0.x/ is not continuous atx D 0.

In Exercises 109–114, use logarithmic differentiation to find the derivative.

109. y D .x C 1/3

.4x � 2/2

SOLUTION Let y D .x C 1/3

.4x � 2/2
. Then

ln y D ln

 
.x C 1/3

.4x � 2/2

!
D ln .x C 1/3 � ln .4x � 2/2 D 3 ln.x C 1/ � 2 ln.4x � 2/:

By logarithmic differentiation,

y0

y
D 3

x C 1
� 2

4x � 2
� 4 D 3

x C 1
� 4

2x � 1 ;

so

y0 D .x C 1/3

.4x � 2/2

�
3

x C 1
� 4

2x � 1

�
:
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110. y D .x C 1/.x C 2/2

.x C 3/.x C 4/

SOLUTION Let y D .x C 1/.x C 2/2

.x C 3/.x C 4/
. Then

lny D ln
�
.x C 1/.x C 2/2

�
� ln ..x C 3/.x C 4//

D ln.x C 1/C 2 ln.x C 2/� ln.x C 3/ � ln.x C 4/:

By logarithmic differentiation,

y0

y
D 1

x C 1
C 2

x C 2
� 1

x C 3
� 1

x C 4
;

so

y0 D .x C 1/.x C 2/2

.x C 3/.x C 4/

�
1

x C 1
C 2

x C 2
� 1

x C 3
� 1

x C 4

�
:

111. y D e.x�1/2e.x�3/2

SOLUTION Let y D e.x�1/2e.x�3/2 . Then

ln y D ln
�
e.x�1/2e.x�3/2� D ln

�
e.x�1/2C.x�3/2� D .x � 1/2 C .x � 3/2:

By logarithmic differentiation,

y0

y
D 2.x � 1/C 2.x � 3/ D 4x � 8;

so

y0 D 4e.x�1/2e.x�3/2.x � 2/:

112. y D ex sin�1 x
ln x

SOLUTION Let y D ex sin�1 x
ln x

. Then

ln y D ln

 
exsin�1x

ln x

!
D ln.exsin�1x/ � ln.ln x/

D ln
�
ex
�

C ln.sin�1x/� ln.lnx/ D x C ln.sin�1x/ � ln.ln x/:

By logarithmic differentiation,

y0

y
D 1C 1

sin�1x
� 1p

1 � x2
� 1

ln x
� 1
x
;

so

y0 D exsin�1x
ln x

�
1C 1p

1 � x2sin�1x
� 1

x lnx

�
:

113. y D e3x.x � 2/2

.x C 1/2

SOLUTION Let y D e3x.x � 2/2

.x C 1/2
. Then

lny D ln

 
e3x.x � 2/2

.x C 1/2

!
D ln e3x C ln .x � 2/2 � ln .x C 1/2

D 3x C 2 ln.x � 2/� 2 ln.x C 1/:

By logarithmic differentiation,

y0

y
D 3C 2

x � 2
� 2

x C 1
;

so

y D e3x.x � 2/2

.x C 1/2

�
3C 2

x � 2
� 2

x C 1

�
:
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114. y D x
p
x.x lnx/

SOLUTION Let y D x
p
x.x lnx/. Then

ln y D
p
x lnx C .ln x/2

By logarithmic differentiation,

y0

y
D 1

2
p
x

lnx C
p
x � 1

x
C 2.ln x/ � 1

x
D lnx

2
p
x

C 1p
x

C 2 lnx

x
;

so

y0 D x
p
x.x lnx/

�
ln x

2
p
x

C 1p
x

C 2 lnx

x

�
:

Exercises 115–117: Letq be the number of units of a product (cell phones, barrels of oil, etc.) that can be sold at the pricep. The
price elasticity of demandE is defined as the percentage rate of change ofq with respect top. In terms of derivatives,

E D p

q

dq

dp
D lim
�p!0

.100�q/=q

.100�p/=p

115. Show that the total revenueR D pq satisfies
dR

dp
D q.1CE/.

SOLUTION LetR D pq. Then

dR

dp
D p

dq

dp
C q D q

p

q

dq

dp
C q D q.E C 1/:

116. A commercial bakery can sellq chocolate cakes per week at price $p, whereq D 50p.10 � p/ for 5 < p < 10.

(a) Show thatE.p/ D 2p � 10

p � 10
.

(b) Show, by computingE.8/, that ifp D $8, then a 1% increase in price reduces demand by approximately 3%.

SOLUTION

(a) Let q D 50p.10 � p/ D 500p � 50p2. Thenq0.p/ D 500 � 100p and

E.p/ D
�
p

q

�
dq

dp
D p

50p.10 � p/
.500 � 100p/ D 10 � 2p

10 � p
D 2p � 10

p � 10
:

(b) From part (a),

E.8/ D 2.8/ � 10

8 � 10
D �3:

Thus, with the price set at $8, a 1% increase in price results in a 3% decrease in demand.

117. The monthly demand (in thousands) for flights between Chicago and St. Louis at the pricep is q D 40 � 0:2p. Calculate the
price elasticity of demand whenp D $150 and estimate the percentage increase in number of additional passengers if the ticket
price is lowered by 1%.

SOLUTION Let q D 40 � 0:2p. Thenq0.p/ D �0:2 and

E.p/ D
�
p

q

�
dq

dp
D 0:2p

0:2p � 40 :

Forp D 150,

E.150/ D 0:2.150/

0:2.150/ � 40
D �3;

so a 1% decrease in price increases demand by 3%. The demand whenp D 150 is q D 40 � 0:2.150/ D 10, or 10000 passengers.
Therefore, a 1% increase in demand translates to 300 additional passengers.

118. How fast does the water level rise in the tank in Figure 7 when the water level ish D 4 m and water pours in at20 m3/min?

24 m
10 m

8 m

36 m

FIGURE 7
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SOLUTION When the water level is at heighth, the length of the upper surface of the water is24C 3
2h and the volume of water

in the trough is

V D 1

2
h

�
24C 24C 3

2
h

�
.10/ D 240hC 15

2
h2:

Therefore,

dV

dt
D .240C 15h/

dh

dt
D 20 m3/min:

Whenh D 4, we have

dh

dt
D 20

240C 15.4/
D 1

15
m/min:

119. The minute hand of a clock is 8 cm long, and the hour hand is 5 cm long. How fast is the distance between the tips of the
hands changing at 3 o’clock?

SOLUTION Let S be the distance between the tips of the two hands. By the law of cosines

S2 D 82 C 52 � 2 � 8 � 5 cos.�/;

where� is the angle between the hands. Thus

2S
dS

dt
D 80 sin.�/

d�

dt
:

At three o’clock� D �=2, S D
p
89, and

d�

dt
D
� �

360
� �

30

�
rad/minD �11�

360
rad/min;

so

dS

dt
D 1

2
p
89
.80/.1/

�11�
360

� �0:407 cm/min:

120. Chloe and Bao are in motorboats at the center of a lake. At timet D 0, Chloe begins traveling south at a speed of 50 km/h. One
minute later, Bao takes off, heading east at a speed of 40 km/h. At what rate is the distance between them increasing att D 12min?

SOLUTION Take the center of the lake to be origin of our coordinate system. Because Chloe travels at 50 km/h =5
6 km/min due

south, her position at timet > 0 is .0; 56 t/; because Bao travels at 40 km/h =23 km/min due east, her position at timet > 1 is
.23 .t � 1/; 0/. Thus, the distance between the two motorboats at timet > 1 is

s D
r
4

9
.t � 1/2 C 25

36
t2 D 1

6

p
41t2 � 32t C 16;

and

ds

dt
D 41t � 16

6
p
41t2 � 32t C 16

:

At t D 12, it follows that

ds

dt
D 476

6
p
5536

� 1:066 km=min:

121. A bead slides down the curvexy D 10. Find the bead’s horizontal velocity at timet D 2 s if its height at timet seconds is
y D 400 � 16t2 cm.

SOLUTION Let xy D 10. Thenx D 10=y and

dx

dt
D � 10

y2
dy

dt
:

If y D 400 � 16t2, thendy
dt

D �32t and

dx

dt
D � 10

.400 � 16t2/2
.�32t/ D 320t

.400 � 16t2/2
:

Thus, att D 2,

dx

dt
D 640

.336/2
� 0:00567 cm=s:
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122. In Figure 8,x is increasing at2 cm/s,y is increasing at3 cm/s, and� is decreasing such that the area of the triangle has the
constant value4 cm2.

(a) How fast is� decreasing whenx D 4, y D 4?

(b) How fast is the distance betweenP andQ changing whenx D 4, y D 4?

P

Qy

x

FIGURE 8

SOLUTION

(a) The area of the triangle is

A D 1

2
xy sin� D 4:

Differentiating with respect tot , we obtain

dA

dt
D 1

2
xy cos�

d�

dt
C 1

2
y sin �

dx

dt
C x sin �

dy

dt
D 0:

Whenx D y D 4, we have12 .4/.4/ sin� D 4, so sin� D 1
2 . Thus,� D �

6 and

1

2
.4/.4/

p
3

2

d�

dt
C 1

2
.4/

�
1

2

�
.2/C 1

2
.4/

�
1

2

�
.3/ D 0:

Solving ford�=dt , we find

d�

dt
D � 5

4
p
3

� �0:72 rad/s:

(b) By the Law of Cosines, the distanceD betweenP andQ satisfies

D2 D x2 C y2 � 2xy cos�;

so

2D
dD

dt
D 2x

dx

dt
C 2y

dy

dt
C 2xy sin�

d�

dt
� 2x cos�

dy

dt
� 2y cos�

dx

dt
:

With x D y D 4 and� D �
6 ,

D D

s

42 C 42 � 2.4/.4/

p
3

2
D 4

q
2�

p
3:

Therefore,

dD

dt
D
16C 24 � 20p

3
� 12

p
3 � 8

p
3

8
p
2 �

p
3

� �1:50 cm=s:

123. A light moving at0:8m/s approaches a man standing 4 m from a wall (Figure 9). The light is 1 m above the ground. How fast
is the tipP of the man’s shadow moving when the light is 7 m from the wall?

1.8 m

1 m

4 m 0.8 m/s

P

FIGURE 9
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SOLUTION Let x denote the distance between the man and the light. Using similar triangles, we find

0:8

x
D P � 1
4C x

or P D 3:2

x
C 1:8:

Therefore,

dP

dt
D �3:2

x2
dx

dt
:

When the light is 7 meters from the wall,x D 3. With dx
dt

D �0:8, we have

dP

dt
D �3:2

32
.�0:8/ D 0:284 m/s:
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Chapter 3: Differentiation 

Preparing for the AP Exam Solutions 
 

Multiple Choice Questions 

 

1)  A  2)   D  3)   B  4)   B  5)   D 

6)   A  7)   D  8)   A  9)   E  10)   E 

11)   E  12)   E  13)  C  14)  C  15)  A 

16)   A  17)   A  18)  A  19)   D  20)  A 

 

Free Response Questions 

 

1. a) The line through (3, –7) with slope –2 has equation .12)3(27  xxy  To see where this line 

meets 
2xy  , set 122  xx ; we get x = –1. The point (–1, 1) is on the graph of 

2xy  , and the 

derivative is 2x, so the slope of the tangent line is 2(–1) = –2. Thus )3(27  xy is tangent to 
2xy   at 

(–1,1). 

b) Let the slope of the line be m. Then we have two equations to solve: first, as we did in (a), set 

)3(72  xmx . Next, at the solution to that equation, we will have xm 2 . Thus, we need to solve 

)3(272  xxx , or 0762  xx . That is, 0)7)(1(  xx , so x = –1 or 7. The x = –1 confirms our 

solution to (a). The slope we want is m = 14, so the line is )3(147  xy . 

c) No. The x-coordinates of the points on the graph of 
2xy   must satisfy the quadratic 0762  xx , 

which only has two solutions. 

   

POINTS: 

(a) (3 pts)  1) Finds x = –1; 1) Derivative of .2x ; 1) slope of tangent = –2. 

(b) (4 pts)  1) ).3(7  xmy  1) Sets )3(272  xxx ; 1) Finds m = 14; 1) Equation of line 

(c) (2 pts) 1) Answer; 2) Reason 

 

2.  a)  We have 032 322 
dx

dy
xyx

dx

dy
xyy . Solving   

3

22

2

3

xxy

yyx

dx

dy




 . 

b)  Need 0
dx

dy
, or 0)3( 2  yxy  This happens if y = 0, or  

23xy  . Since the equation of the curve is 

632  yxxy , there is no point on the curve where y = 0. If we substitute 
23xy  into the curve, we get 

63)3( 2322  xxxx , or 66 5 x , so x = 1. Since 
23xy  , the only point with a horizontal tangent is (1, 3). 

c) Now we want 0
dy

dx
. 

22

3

3

2

yyx

xxy

dy

dx




 , so we want 02 3  xxy , so x = 0,or 

2

2x
y  . As in b), there is 

no point on 632  yxxy  with x = 0. Substituting 
2

2x
y  into the equation for the curve, we 

have 6
24

)
2

()
2

(
552

32
2


xxx

x
x

x , or 245 x . Thus 5 24x , and 
2

)24(

2

252


x

y  

 

POINTS: 

(a) (3 pts)  Subtract 1 for each error 

(b) (3 pts)  1) Sets 0)3( 2  yxy ; 1) Deals correctly with y = 0; 1) Finds the point (1, 3). 



AP-3 

 

(c) (3 pts) 1) Sets 02 3  xxy ; 1) Deals correctly with x = 0; 1) Finds point )
2

24
,24(

5 2

5  

 

3.  a) The volume of sand in the box is V = (20)(40)(y) where y is the depth of the sand in the box. Thus 

dt

dy

dt

dV
800300  , so 

8

3


dt

dy
. The depth of the sand is decreasing at the rate of 

8

3
 inch per minute. 

b) (i)  The area of the circular base is 
2rA  , so  12)75)(.8(22 

dt

dr
r

dt

dA
. The area is increasing 

at the rate of 12 square inches per minute. Note that the diameter is twice the radius. 

 

(ii)   ])2[(
3

2

dt

dh
rh

dt

dr
r

dt

dV



, and the sand is coming in at 300 cubic inches per minute, so 

])8(23))75)(.8(2[(
3

300 2

dt

dh



, or )276

900
(

64

1


dt

dh
inches per minute. 

 

POINTS: 

(a) (3 pts) 1) 
dt

dV
 300 ; 1) 

dt

dy

dt

dV
800 ; 1) Answer 

(b-i) (2 pts) 1) 
dt

dr
r

dt

dA
2 ; 1) Answer 

(b-ii) (3 pts)  2) ])2[(
3

2

dt

dh
rh

dt

dr
r

dt

dV



1) Answer 

1 point for correct units throughout. 

 

 

4. a) 0508 
dt

dy
y

dt

dx
x , so 0250658 

dt

dy
, 

100

240


dt

dy
. Her y-coordinate is decreasing at the rate 

of 2.4 units per minute. 

b) No; once she enters the fourth quadrant her 
dt

dx
must change from positive to negative. 

c) 0508 
dx

dy
yx  so 4.0

100

40

50

8


y

x

dx

dy
. Her line of sight to the x-axis is the tangent line at (5, 

2), which has equation )5(4.02  xy .This line meets the x-axis at the point x = 10. She cannot see any 

object on the x-axis with x-coordinate less than 10, so she cannot see the bear. 

 

 

POINTS: 

(a) (3 pts) 1) 0508 
dt

dy
y

dt

dx
x ; 1) 

100

240


dt

dy
; 1) Correct description 

(b) (2 pts) 1) Answer; 1) Reasoning 

(c) (4 pts) 1) 0508 
dx

dy
yx ; 1) 4.0

dx

dy
; 1) )5(4.02  xy ; 1) Finds x = 10 and answer. 



4 APPLICATIONS OF
THE DERIVATIVE

4.1 Linear Approximation and Applications

Preliminary Questions
1. True or False? The Linear Approximation says that the vertical change in the graph is approximately equal to the vertical

change in the tangent line.

SOLUTION This statement is true. The linear approximation does say that the vertical change in the graph is approximately equal
to the vertical change in the tangent line.

2. Estimateg.1:2/ � g.1/ if g0.1/ D 4.

SOLUTION Using the Linear Approximation,

g.1:2/� g.1/ � g0.1/.1:2 � 1/ D 4.0:2/ D 0:8:

3. Estimatef .2:1/ if f .2/ D 1 andf 0.2/ D 3.

SOLUTION Using the Linearization,

f .2:1/ � f .2/C f 0.2/.2:1 � 2/ D 1C 3.0:1/ D 1:3

4. Complete the sentence: The Linear Approximation shows that up to a small error, the change in output�f is directly propor-
tional to . . . .

SOLUTION The Linear Approximation tells us that up to a small error, the change in output�f is directly proportional to the
change in input�x when�x is small.

Exercises
In Exercises 1–6, use Eq. (1) to estimate�f D f .3:02/ � f .3/.

1. f .x/ D x2

SOLUTION Let f .x/ D x2. Thenf 0.x/ D 2x and�f � f 0.3/�x D 6.0:02/ D 0:12.

2. f .x/ D x4

SOLUTION Let f .x/ D x4. Thenf 0.x/ D 4x3 and�f � f 0.3/�x D 4.27/.0:02/ D 2:16:

3. f .x/ D x�1

SOLUTION Let f .x/ D x�1. Thenf 0.x/ D �x�2 and�f � f 0.3/�x D �1
9
.0:02/ D �0:00222:

4. f .x/ D 1

x C 1

SOLUTION Let f .x/ D .x C 1/�1. Thenf 0.x/ D �.x C 1/�2 and�f � f 0.3/�x D � 1

16
.0:02/ D �0:00125:

5. f .x/ D
p
x C 6

SOLUTION Let f .x/ D
p
x C 6. Thenf 0.x/ D 1

2 .x C 6/�1=2 and

�f � f 0.3/�x D 1

2
9�1=2.0:02/ D 0:003333:

6. f .x/ D tan
�x

3

SOLUTION Let f .x/ D tan�x3 . Thenf 0.x/ D �
3 sec2 �x3 and

�f � f 0.3/�x D �

3
.0:02/ D 0:020944:

7. The cube root of 27 is 3. How much larger is the cube root of 27.2? Estimate using the Linear Approximation.

SOLUTION Let f .x/ D x1=3, a D 27, and�x D 0:2. Thenf 0.x/ D 1
3x

�2=3 andf 0.a/ D f 0.27/ D 1
27 . The Linear

Approximation is

�f � f 0.a/�x D 1

27
.0:2/ D 0:0074074
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8. Estimate ln.e3 C 0:1/ � ln.e3/ using differentials.

SOLUTION Let f .x/ D ln x, a D e3, and�x D 0:1. Thenf 0.x/ D x�1 andf 0.a/ D e�3. Thus,

ln.e3 C 0:1/ � ln.e3/ D �f � f 0.a/�x D e�3.0:1/ D 0:00498:

In Exercises 9–12, use Eq. (1) to estimate�f . Use a calculator to compute both the error and the percentage error.

9. f .x/ D
p
1C x, a D 3, �x D 0:2

SOLUTION Let f .x/ D .1 C x/1=2, a D 3, and�x D 0:2. Thenf 0.x/ D 1
2 .1 C x/�1=2, f 0.a/ D f 0.3/ D 1

4 and

�f � f 0.a/�x D 1
4 .0:2/ D 0:05. The actual change is

�f D f .aC�x/ � f .a/ D f .3:2/ � f .3/ D
p
4:2 � 2 � 0:049390:

The error in the Linear Approximation is thereforej0:049390 � 0:05j D 0:000610; in percentage terms, the error is

0:000610

0:049390
� 100% � 1:24%:

10. f .x/ D 2x2 � x, a D 5, �x D �0:4
SOLUTION Let f .x/ D 2x2 � x, a D 5 and�x D �0:4. Thenf 0.x/ D 4x � 1, f 0.a/ D 19 and�f � f 0.a/�x D
19.�0:4/ D �7:6. The actual change is

�f D f .aC�x/ � f .a/ D f .4:6/ � f .5/ D 37:72 � 45 D �7:28:

The error in the Linear Approximation is thereforej � 7:28 � .�7:6/j D 0:32; in percentage terms, the error is

0:32

7:28
� 100% � 4:40%:

11. f .x/ D 1

1C x2
, a D 3, �x D 0:5

SOLUTION Let f .x/ D 1
1Cx2 , a D 3, and�x D :5. Thenf 0.x/ D � 2x

.1Cx2/2
, f 0.a/ D f 0.3/ D �0:06 and�f �

f 0.a/�x D �0:06.0:5/ D �0:03. The actual change is

�f D f .aC�x/ � f .a/ D f .3:5/ � f .3/ � �0:0245283:

The error in the Linear Approximation is thereforej � 0:0245283 � .�0:03/j D 0:0054717; in percentage terms, the error is
ˇ̌
ˇ̌ 0:0054717
�0:0245283

ˇ̌
ˇ̌ � 100% � 22:31%

12. f .x/ D ln.x2 C 1/, a D 1, �x D 0:1

SOLUTION Let f .x/ D ln.x2 C 1/, a D 1, and�x D 0:1. Thenf 0.x/ D 2x
x2C1 , f 0.a/ D f 0.1/ D 1, and�f � f 0.a/�x D

1.0:1/ D 0:1. The actual change is

�f D f .aC�x/ � f .a/ D f .1:1/ � f .1/ D 0:099845:

The error in the Linear Approximation is thereforej0:099845 � 0:1j D 0:000155; in percentage terms, the error is

0:000155

0:099845
� 100% � 0:16%:

In Exercises 13–16, estimate�y using differentials [Eq. (3)].

13. y D cosx, a D �
6 , dx D 0:014

SOLUTION Let f .x/ D cosx. Thenf 0.x/ D � sinx and

�y � dy D f 0.a/dx D � sin
��
6

�
.0:014/ D �0:007:

14. y D tan2 x, a D �
4 , dx D �0:02

SOLUTION Let f .x/ D tan2 x. Thenf 0.x/ D 2 tanx sec2 x and

�y � dy D f 0.a/dx D 2 tan
�

4
sec2

�

4
.�0:02/ D �0:08:
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15. y D 10 � x2

2C x2
, a D 1, dx D 0:01

SOLUTION Let f .x/ D 10 � x2

2C x2
. Then

f 0.x/ D .2C x2/.�2x/� .10 � x2/.2x/

.2C x2/2
D � 24x

.2C x2/2

and

�y � dy D f 0.a/dx D �24
9
.0:01/ D �0:026667:

16. y D x1=3ex�1, a D 1, dx D 0:1

SOLUTION Let y D x1=3ex�1, a D 1, anddx D 0:1. Theny0.x/ D 1
3x

�2=3ex�1.3x C 1/, y0.a/ D y0.1/ D 4
3 , and

�y � dy D y0.a/ dx D 4
3 .0:1/ D 0:133333.

In Exercises 17–24, estimate using the Linear Approximation and find the error using a calculator.

17.
p
26 �

p
25

SOLUTION Let f .x/ D
p
x, a D 25, and�x D 1. Thenf 0.x/ D 1

2x
�1=2 andf 0.a/ D f 0.25/ D 1

10 .

� The Linear Approximation is�f � f 0.a/�x D 1
10 .1/ D 0:1.

� The actual change is�f D f .aC�x/ � f .a/ D f .26/� f .25/ � 0:0990195.
� The error in this estimate isj0:0990195 � 0:1j D 0:000980486.

18. 16:51=4 � 161=4

SOLUTION Let f .x/ D x1=4, a D 16, and�x D :5. Thenf 0.x/ D 1
4x

�3=4 andf 0.a/ D f 0.16/ D 1
32 .

� The Linear Approximation is�f � f 0.a/�x D 1
32 .0:5/ D 0:015625.

� The actual change is

�f D f .aC�x/ � f .a/ D f .16:5/ � f .16/ � 2:015445 � 2 D 0:015445

� The error in this estimate isj0:015625 � 0:015445j � 0:00018.

19.
1p
101

� 1

10

SOLUTION Let f .x/ D 1p
x

, a D 100, and�x D 1. Thenf 0.x/ D d
dx
.x�1=2/ D �1

2x
�3=2 andf 0.a/ D �1

2 .
1

1000 / D
�0:0005.

� The Linear Approximation is�f � f 0.a/�x D �0:0005.1/ D �0:0005.
� The actual change is

�f D f .aC�x/ � f .a/ D 1p
101

� 1

10
D �0:000496281:

� The error in this estimate isj�0:0005 � .�0:000496281/j D 3:71902 � 10�6.

20.
1p
98

� 1

10

SOLUTION Let f .x/ D 1p
x

, a D 100, and�x D �2. Thenf 0.x/ D d
dx
.x�1=2/ D �1

2x
�3=2 andf 0.a/ D �1

2 .
1

1000 / D
�0:0005.

� The Linear Approximation is�f � f 0.a/�x D �0:0005.�2/ D 0:001:

� The actual change is�f D f .aC�x/ � f .a/ D f .98/� f .100/ D 0:00101525.
� The error in this estimate isj0:001 � 0:00101525j � 0:00001525.

21. 91=3 � 2

SOLUTION Let f .x/ D x1=3, a D 8, and�x D 1. Thenf 0.x/ D 1
3x

�2=3 andf 0.a/ D f 0.8/ D 1
12 .

� The Linear Approximation is�f � f 0.a/�x D 1
12 .1/ D 0:083333.

� The actual change is�f D f .aC�x/ � f .a/ D f .9/� f .8/ D 0:080084.
� The error in this estimate isj0:080084 � 0:083333j � 3:25 � 10�3.
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22. tan�1.1:05/ � �
4

SOLUTION Let f .x/ D tan�1 x, a D 1, and�x D 0:05. Thenf 0.x/ D .1C x2/�1 andf 0.a/ D f 0.1/ D 1
2 .

� The Linear Approximation is�f � f 0.a/�x D 1
2 .0:05/ D 0:025.

� The actual change is�f D f .aC�x/ � f .a/ D f .1:05/ � f .1/ D 0:024385.
� The error in this estimate isj0:024385 � 0:025j � 6:15 � 10�4.

23. e�0:1 � 1
SOLUTION Let f .x/ D ex , a D 0, and�x D �0:1. Thenf 0.x/ D ex andf 0.a/ D f 0.0/ D 1.

� The Linear Approximation is�f � f 0.a/�x D 1.�0:1/ D �0:1.
� The actual change is�f D f .aC�x/ � f .a/ D f .�0:1/ � f .0/ D �0:095163.
� The error in this estimate isj � 0:095163 � .�0:1/j � 4:84 � 10�3.

24. ln.0:97/

SOLUTION Let f .x/ D ln x, a D 1, and�x D �0:03. Thenf 0.x/ D 1
x andf 0.a/ D f 0.1/ D 1.

� The Linear Approximation is�f � f 0.a/�x D .1/.�0:03/ D �0:03, so ln.0:97/ � ln 1 � 0:03 D �0:03.
� The actual change is

�f D f .aC�x/ � f .a/ D f .0:97/ � f .1/ � �0:030459 � 0 D �0:030459:

� The error isj�f � f 0.a/�xj � 0:000459.

25. Estimatef .4:03/ for f .x/ as in Figure 1.

(4, 2)

(10, 4)

x

y = f (x)

Tangent line

y

FIGURE 1

SOLUTION Using the Linear Approximation,f .4:03/ � f .4/C f 0.4/.0:03/. From the figure, we find thatf .4/ D 2 and

f 0.4/ D 4 � 2

10 � 4
D 1

3
:

Thus,

f .4:03/ � 2C 1

3
.0:03/ D 2:01:

26. At a certain moment, an object in linear motion has velocity100 m/s. Estimate the distance traveled over the next
quarter-second, and explain how this is an application of the Linear Approximation.

SOLUTION Because the velocity is 100 m/s, we estimate the object will travel

�
100

m

s

��1
4

s
�

D 25 m

in the next quarter-second. Recall that velocity is the derivative of position, so we have just estimated the change in position,�s,
using the products0�t , which is just the Linear Approximation.

27. Which is larger:
p
2:1 �

p
2 or

p
9:1 �

p
9?Explain using the Linear Approximation.

SOLUTION Let f .x/ D
p
x, and�x D 0:1. Thenf 0.x/ D 1

2x
�1=2 and the Linear Approximation atx D a gives

�f D
p
aC 0:1 �

p
a � f 0.a/.0:1/ D 1

2
a�1=2.0:1/ D 0:05p

a

We see that�f decreases asa increases. In particular

p
2:1 �

p
2 � 0:05p

2
is larger than

p
9:1 �

p
9 � 0:05

3
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28. Estimate sin61ı � sin60ı using the Linear Approximation.Hint: Express�� in radians.

SOLUTION Let f .x/ D sinx, a D �
3 , and�x D �

180 . Thenf 0.x/ D cosx andf 0.a/ D f 0.�3 / D 1
2 . Finally, the Linear

Approximation is

�f � f 0.a/�x D 1

2

� �

180

�
D �

360
� 0:008727

29. Box office revenue at a multiplex cinema in Paris isR.p/ D 3600p � 10p3 euros per showing when the ticket price isp euros.
CalculateR.p/ for p D 9 and use the Linear Approximation to estimate�R if p is raised or lowered by0:5 euros.

SOLUTION LetR.p/ D 3600p � 10p3. ThenR.9/ D 3600.9/ � 10.9/3 D 25110 euros. Moreover,R0.p/ D 3600 � 30p2, so
by the Linear Approximation,

�R � R0.9/�p D 1170�p:

If p is raised by 0.5 euros, then�R � 585 euros; on the other hand, ifp is lowered by 0.5 euros, then�R � �585 euros.

30. Thestopping distancefor an automobile isF.s/ D 1:1s C 0:054s2 ft, wheres is the speed in mph. Use the Linear Approxi-
mation to estimate the change in stopping distance per additional mph whens D 35 and whens D 55.

SOLUTION LetF.s/ D 1:1s C 0:054s2.

� The Linear Approximation ats D 35 mph is

�F � F 0.35/�s D .1:1C 0:108 � 35/�s D 4:88�s ft

The change in stopping distance per additional mph fors D 35 mph is approximately4:88 ft.
� The Linear Approximation ats D 55 mph is

�F � F 0.55/�s D .1:1C 0:108 � 55/�s D 7:04�s ft

The change in stopping distance per additional mph fors D 55 mph is approximately7:04 ft.

31. A thin silver wire has lengthL D 18 cm when the temperature isT D 30ıC. Estimate�L whenT decreases to25ıC if the
coefficient of thermal expansion isk D 1:9 � 10�5ıC�1 (see Example 3).

SOLUTION We have

dL

dT
D kL D .1:9 � 10�5/.18/ D 3:42 � 10�4 cm=ıC

The change in temperature is�T D �5ı C, so by the Linear Approximation, the change in length is approximately

�L � 3:42 � 10�4�T D .3:42 � 10�4/.�5/ D �0:00171 cm

At T D 25ı C, the length of the wire is approximately17:99829 cm.

32. At a certain moment, the temperature in a snake cage satisfiesdT=dt D 0:008ıC/s. Estimate the rise in temperature over the
next10 seconds.

SOLUTION Using the Linear Approximation, the rise in temperature over the next 10 seconds will be

�T � dT

dt
�t D 0:008.10/ D 0:08ıC:

33. The atmospheric pressure at altitudeh (kilometers) for11 � h � 25 is approximately

P.h/ D 128e�0:157h kilopascals.

(a) Estimate�P ath D 20 when�h D 0:5.

(b) Compute the actual change, and compute the percentage error in the Linear Approximation.

SOLUTION

(a) LetP.h/ D 128e�0:157h. ThenP 0.h/ D �20:096e�0:157h . Using the Linear Approximation,

�P � P 0.h/�h D P 0.20/.0:5/ D �0:434906 kilopascals:

(b) The actual change in pressure is

P.20:5/ � P.20/ D �0:418274 kilopascals:

The percentage error in the Linear Approximation is
ˇ̌
ˇ̌�0:434906 � .�0:418274/

�0:418274

ˇ̌
ˇ̌ � 100% � 3:98%:
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34. The resistanceR of a copper wire at temperatureT D 20ıC isR D 15 �. Estimate the resistance atT D 22ıC, assuming that
dR=dT

ˇ̌
TD20 D 0:06 �/ıC.

SOLUTION �T D 2ıC. The Linear Approximation gives us:

R.22/ � R.20/ � dR=dT

ˇ̌
ˇ̌
TD20

�T D 0:06 �=ıC.2ıC/ D 0:12 �:

Therefore,R.22/ � 15 �C 0:12 � D 15:12 �.

35. Newton’s Law of Gravitation shows that if a person weighsw pounds on the surface of the earth, then his or her weight at
distancex from the center of the earth is

W.x/ D wR2

x2
.for x � R/

whereR D 3960 miles is the radius of the earth (Figure 2).

(a) Show that the weight lost at altitudeh miles above the earth’s surface is approximately�W � �.0:0005w/h. Hint: Use the
Linear Approximation withdx D h.

(b) Estimate the weight lost by a 200-lb football player flying in a jet at an altitude of 7 miles.

3960

h

FIGURE 2 The distance to the center of the earth is3960C h miles.

SOLUTION

(a) Using the Linear Approximation

�W � W 0.R/�x D �2wR
2

R3
h D �2wh

R
� �0:0005wh:

(b) Substitutew D 200 andh D 7 into the result from part (a) to obtain

�W � �0:0005.200/.7/ D �0:7 pounds:

36. Using Exercise 35(a), estimate the altitude at which a 130-lb pilot would weigh 129.5 lb.

SOLUTION From Exercise 35(a), the weight loss�W at altitudeh (in miles) for a person weighingw at the surface of the earth
is approximately

�W � �0:0005wh

If w D 130 pounds, then�W � �0:065h. Accordingly, the pilot loses approximately 0.065 pounds per mile of altitude gained.
The pilot will weigh 129.5 pounds at the altitudeh such that�0:065h D �0:5, or h D 0:5=0:065 � 7:7 miles.

37. A stone tossed vertically into the air with initial velocityv cm/s reaches a maximum height ofh D v2=1960 cm.

(a) Estimate�h if v D 700 cm/s and�v D 1 cm/s.

(b) Estimate�h if v D 1,000 cm/s and�v D 1 cm/s.

(c) In general, does a 1 cm/s increase inv lead to a greater change inh at low or high initial velocities? Explain.

SOLUTION A stone tossed vertically with initial velocityv cm=s attains a maximum height ofh.v/ D v2=1960 cm. Thus,
h0.v/ D v=980.

(a) If v D 700 and�v D 1, then�h � h0.v/�v D 1
980 .700/.1/ � 0:71 cm.

(b) If v D 1000 and�v D 1, then�h � h0.v/�v D 1
980 .1000/.1/ D 1:02 cm.

(c) A one centimeter per second increase in initial velocityv increases the maximum height by approximatelyv=980 cm. Accord-
ingly, there is a bigger effect at higher velocities.

38. The sides of a square carpet is measured at 6 m. Estimate the maximum error in the areaA of the carpet ifs is accurate to
within 2 centimeters.
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SOLUTION Let s be the length in meters of the side of the square carpet. ThenA.s/ D s2 is the area of the carpet. Witha D 6

and�s D 0:02 (note that 1 cm equals0:01m), an estimate of the size of the error in the area is given by the Linear Approximation:

�A � A0.6/�s D 12 .0:02/ D 0:24 m2

In Exercises 39 and 40, use the following fact derived from Newton’s Laws: An object released at an angle� with initial velocity
v ft/s travels a horizontal distance

s D 1

32
v2 sin 2� ft (Figure 3)

q
x

y

FIGURE 3 Trajectory of an object released at an angle� .

39. A player located 18.1 ft from the basket launches a successful jump shot from a height of 10 ft (level with the rim of the basket),
at an angle� D 34ı and initial velocityv D 25 ft/s.)

(a) Show that�s � 0:255�� ft for a small change of�� .
(b) Is it likely that the shot would have been successful if the angle had been off by2ı?

SOLUTION Using Newton’s laws and the given initial velocity ofv D 25 ft=s, the shot travelss D 1
32v

2 sin 2t D 625
32 sin 2t ft,

wheret is in radians.

(a) If � D 34ı (i.e., t D 17
90�), then

�s � s0.t/�t D 625

16
cos

�
17

45
�

�
�t D 625

16
cos

�
17

45
�

�
�� � �

180
� 0:255��:

(b) If �� D 2ı, this gives�s � 0:51 ft, in which case the shot would not have been successful, having been off half a foot.

40. Estimate�s if � D 34ı, v D 25 ft/s, and�v D 2.

SOLUTION Using Newton’s laws and the fixed angle of� D 34ı D 17
90�, the shot travels

s D 1

32
v2 sin

17

45
�:

With v D 25 ft/s and�v D 2 ft/s, we find

�s � s0.v/�v D 1

16
.25/ sin

17�

45
� 2 D 2:897 ft:

41. The radius of a spherical ball is measured atr D 25 cm. Estimate the maximum error in the volume and surface area ifr is
accurate to within0:5 cm.

SOLUTION The volume and surface area of the sphere are given byV D 4
3�r

3 andS D 4�r2, respectively. Ifr D 25 and
�r D ˙0:5, then

�V � V 0.25/�r D 4�.25/2.0:5/ � 3927 cm3;

and

�S � S 0.25/�r D 8�.25/.0:5/ � 314:2 cm2:

42. The dosageD of diphenhydramine for a dog of body massw kg isD D 4:7w2=3 mg. Estimate the maximum allowable error
in w for a cocker spaniel of massw D 10 kg if the percentage error inD must be less than 3%.

SOLUTION We haveD D kw2=3 wherek D 4:7. The Linear Approximation yields

�D � 2

3
kw�1=3�w;

so

�D

D
�

2
3kw

�1=3�w

kw2=3
D 2

3
� �w
w

If the percentage error inD must be less than 3%, we estimate the maximum allowable error inw to be

�w � 3w

2
� �D
D

D 3.10/

2
.:03/ D 0:45 kg
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43. The volume (in liters) and pressureP (in atmospheres) of a certain gas satisfyPV D 24. A measurement yieldsV D 4 with a
possible error oḟ 0:3 L. ComputeP and estimate the maximum error in this computation.

SOLUTION GivenPV D 24 andV D 4, it follows thatP D 6 atmospheres. SolvingPV D 24 for P yieldsP D 24V �1. Thus,
P 0 D �24V �2 and

�P � P 0.4/�V D �24.4/�2.˙0:3/ D ˙0:45 atmospheres:

44. In the notation of Exercise 43, assume that a measurement yieldsV D 4. Estimate the maximum allowable error inV if P
must have an error of less than 0.2 atm.

SOLUTION From Exercise 43, withV D 4, we have

�P � �3
2
�V or �V D �2

3
�P:

If we requirej�P j � 0:2, then we must have

j�V j � 2

3
.0:2/ D 0:133333 L:

In Exercises 45–54, find the linearization atx D a.

45. f .x/ D x4, a D 1

SOLUTION Let f .x/ D x4. Thenf 0.x/ D 4x3. The linearization ata D 1 is

L.x/ D f 0.a/.x � a/C f .a/ D 4.x � 1/C 1 D 4x � 3:

46. f .x/ D 1

x
, a D 2

SOLUTION Let f .x/ D 1
x D x�1. Thenf 0.x/ D �x�2. The linearization ata D 2 is

L.x/ D f 0.a/.x � a/C f .a/ D �1
4
.x � 2/C 1

2
D �1

4
x C 1:

47. f .�/ D sin2 � , a D �
4

SOLUTION Let f .�/ D sin2 � . Thenf 0.�/ D 2 sin� cos� D sin2� . The linearization ata D �
4 is

L.�/ D f 0.a/.� � a/C f .a/ D 1
�
� � �

4

�
C 1

2
D � � �

4
C 1

2
:

48. g.x/ D x2

x � 3
, a D 4

SOLUTION Let g.x/ D x2

x�3 . Then

g0.x/ D .x � 3/.2x/ � x2
.x � 3/2

D x2 � 6x

.x � 3/2
:

The linearization ata D 4 is

L.x/ D g0.a/.x � a/C g.a/ D �8.x � 4/C 16 D �8x C 48:

49. y D .1C x/�1=2, a D 0

SOLUTION Let f .x/ D .1C x/�1=2. Thenf 0.x/ D �1
2 .1C x/�3=2. The linearization ata D 0 is

L.x/ D f 0.a/.x � a/C f .a/ D �1
2
x C 1:

50. y D .1C x/�1=2, a D 3

SOLUTION Let f .x/ D .1C x/�1=2. Thenf 0.x/ D �1
2 .1C x/�3=2, f .a/ D 4�1=2 D 1

2 , andf 0.a/ D �1
2 .4

�3=2/ D � 1
16 ,

so the linearization ata D 3 is

L.x/ D f 0.a/.x � a/C f .a/ D � 1

16
.x � 3/C 1

2
D � 1

16
x C 11

16
:

51. y D .1C x2/�1=2, a D 0

SOLUTION Let f .x/ D .1C x2/�1=2. Thenf 0.x/ D �x.1C x2/�3=2, f .a/ D 1 andf 0.a/ D 0, so the linearization ata is

L.x/ D f 0.a/.x � a/C f .a/ D 1:
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52. y D tan�1 x, a D 1

SOLUTION Let f .x/ D tan�1 x. Then

f 0.x/ D 1

1C x2
; f .a/ D �

4
; andf 0.a/ D 1

2
;

so the linearization off .x/ ata is

L.x/ D f 0.a/.x � a/C f .a/ D 1

2
.x � 1/C �

4
:

53. y D e
p
x , a D 1

SOLUTION Let f .x/ D e
p
x . Then

f 0.x/ D 1

2
p
x
e

p
x ; f .a/ D e; andf 0.a/ D 1

2
e;

so the linearization off .x/ ata is

L.x/ D f 0.a/.x � a/C f .a/ D 1

2
e.x � 1/C e D 1

2
e.x C 1/:

54. y D ex ln x, a D 1

SOLUTION Let f .x/ D ex lnx. Then

f 0.x/ D ex

x
C ex lnx; f .a/ D 0; andf 0.a/ D e;

so the linearization off .x/ ata is

L.x/ D f 0.a/.x � a/C f .a/ D e.x � 1/:

55. What isf .2/ if the linearization off .x/ ata D 2 isL.x/ D 2x C 4?

SOLUTION f .2/ D L.2/ D 2.2/C 4 D 8.

56. Compute the linearization off .x/ D 3x � 4 at a D 0 anda D 2. Prove more generally that a linear function coincides with
its linearization atx D a for all a.

SOLUTION Let f .x/ D 3x � 4. Thenf 0.x/ D 3. With a D 0, f .a/ D �4 andf 0.a/ D 3, so the linearization off .x/ ata D 0

is

L.x/ D �4C 3.x � 0/ D 3x � 4 D f .x/:

With a D 2, f .a/ D 2 andf 0.a/ D 3, so the linearization off .x/ ata D 2 is

L.x/ D 2C 3.x � 2/ D 2C 3x � 6 D 3x � 4 D f .x/:

More generally, letg.x/ D bx C c be any linear function. The linearizationL.x/ of g.x/ atx D a is

L.x/ D g0.a/.x � a/C g.a/ D b.x � a/C baC c D bx C c D g.x/I

i.e.,L.x/ D g.x/.

57. Estimate
p
16:2 using the linearizationL.x/ of f .x/ D

p
x at a D 16. Plot f .x/ andL.x/ on the same set of axes and

determine whether the estimate is too large or too small.

SOLUTION Let f .x/ D x1=2, a D 16, and�x D 0:2. Thenf 0.x/ D 1
2x

�1=2 andf 0.a/ D f 0.16/ D 1
8 . The linearization to

f .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D 1

8
.x � 16/C 4 D 1

8
x C 2:

Thus, we have
p
16:2 � L.16:2/ D 4:025. Graphs off .x/ andL.x/ are shown below. Because the graph ofL.x/ lies above the

graph off .x/, we expect that the estimate from the Linear Approximation is too large.

y

x
1
2
3
4

0

5

5 10 15 2520

f (x)

L(x)
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58. Estimate1=
p
15 using a suitable linearization off .x/ D 1=

p
x. Plot f .x/ andL.x/ on the same set of axes and

determine whether the estimate is too large or too small. Use a calculator to compute the percentage error.

SOLUTION The nearest perfect square to 15 is 16. Letf .x/ D 1p
x

anda D 16. Thenf 0.x/ D �1
2x

�3=2 andf 0.a/ D f 0.16/ D
� 1
128 . The linearization is

L.x/ D f 0.a/.x � a/C f .a/ D � 1

128
.x � 16/C 1

4
:

Then

1p
15

� L.15/ D � 1

128
.�1/C 1

4
D 33

128
D 0:257813:

Graphs off .x/ andL.x/ are shown below. Because the graph ofL.x/ lies below the graph off .x/, we expect that the estimate
from the Linear Approximation is too small. The percentage error in the estimate is

ˇ̌
ˇ̌
ˇ̌
1p
15

� 0:257813

1p
15

ˇ̌
ˇ̌
ˇ̌ � 100% � 0:15%

y

x
0

0.2

0.4

0.6

0.8

5 10 15 2520

f (x)

L(x)

In Exercises 59–67, approximate using linearization and usea calculator to compute the percentage error.

59.
1p
17

SOLUTION Let f .x/ D x�1=2, a D 16, and�x D 1. Thenf 0.x/ D �1
2x

�3=2, f 0.a/ D f 0.16/ D � 1
128 and the linearization

to f .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D � 1

128
.x � 16/C 1

4
D � 1

128
x C 3

8
:

Thus, we have 1p
17

� L.17/ � 0:24219. The percentage error in this estimate is

ˇ̌
ˇ̌
ˇ̌
1p
17

� 0:24219
1p
17

ˇ̌
ˇ̌
ˇ̌ � 100% � 0:14%

60.
1

101

SOLUTION Let f .x/ D x�1, a D 100 and�x D 1. Thenf 0.x/ D �x�2, f 0.a/ D f 0.100/ D �0:0001 and the linearization
to f .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D �0:0001.x � 100/C 0:01 D �0:0001x C 0:02:

Thus, we have

1

101
� L.101/ D �0:0001.101/ C 0:02 D 0:0099:

The percentage error in this estimate is
ˇ̌
ˇ̌
ˇ
1
101 � 0:0099

1
101

ˇ̌
ˇ̌
ˇ � 100% � 0:01%

61.
1

.10:03/2

SOLUTION Let f .x/ D x�2, a D 10 and�x D 0:03. Thenf 0.x/ D �2x�3, f 0.a/ D f 0.10/ D �0:002 and the linearization
to f .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D �0:002.x � 10/C 0:01 D �0:002x C 0:03:
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Thus, we have

1

.10:03/2
� L.10:03/ D �0:002.10:03/ C 0:03 D 0:00994:

The percentage error in this estimate is
ˇ̌
ˇ̌
ˇ̌

1
.10:03/2

� 0:00994
1

.10:03/2

ˇ̌
ˇ̌
ˇ̌ � 100% � 0:0027%

62. .17/1=4

SOLUTION Let f .x/ D x1=4, a D 16, and�x D 1. Thenf 0.x/ D 1
4x

�3=4, f 0.a/ D f 0.16/ D 1
32 and the linearization to

f .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D 1

32
.x � 16/C 2 D 1

32
x C 3

2
:

Thus, we have.17/1=4 � L.17/ D 2:03125. The percentage error in this estimate is
ˇ̌
ˇ̌
ˇ
.17/1=4 � 2:03125

.17/1=4

ˇ̌
ˇ̌
ˇ � 100% � 0:035%

63. .64:1/1=3

SOLUTION Let f .x/ D x1=3, a D 64, and�x D 0:1. Thenf 0.x/ D 1
3x

�2=3, f 0.a/ D f 0.64/ D 1
48 and the linearization to

f .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D 1

48
.x � 64/C 4 D 1

48
x C 8

3
:

Thus, we have.64:1/1=3 � L.64:1/ � 4:002083. The percentage error in this estimate is
ˇ̌
ˇ̌
ˇ
.64:1/1=3 � 4:002083

.64:1/1=3

ˇ̌
ˇ̌
ˇ � 100% � 0:000019%

64. .1:2/5=3

SOLUTION Let f .x/ D .1C x/5=3 anda D 0. Thenf 0.x/ D 5
3 .1C x/2=3, f 0.a/ D f 0.0/ D 5

3 and the linearization tof .x/
is

L.x/ D f 0.a/.x � a/C f .a/ D 5

3
x C 1:

Thus, we have.1:2/5=3 � L.0:2/ D 5
3 .0:2/C 1 D 1:3333. The percentage error in this estimate is

ˇ̌
ˇ̌
ˇ
.1:2/5=3 � 1:3333

.1:2/5=3

ˇ̌
ˇ̌
ˇ � 100% � 1:61%

65. cos�1.0:52/

SOLUTION Let f .x/ D cos�1 x anda D 0:5. Then

f 0.x/ D � 1p
1 � x2

; f 0.a/ D f 0.0/ D �2
p
3

3
;

and the linearization tof .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D �2
p
3

3
.x � 0:5/C �

3
:

Thus, we have cos�1.0:52/ � L.0:02/ D 1:024104. The percentage error in this estimate is
ˇ̌
ˇ̌
ˇ
cos�1.0:52/ � 1:024104

cos�1.0:52/

ˇ̌
ˇ̌
ˇ � 100% � 0:015%:

66. ln 1:07

SOLUTION Let f .x/ D ln.1C x/ anda D 0. Thenf 0.x/ D 1
1Cx , f 0.a/ D f 0.0/ D 1 and the linearization tof .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D x:

Thus, we have ln1:07 � L.0:07/ D 0:07. The percentage error in this estimate is
ˇ̌
ˇ̌ ln 1:07 � 0:07

ln 1:07

ˇ̌
ˇ̌ � 100% � 3:46%:
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67. e�0:012

SOLUTION Let f .x/ D ex anda D 0. Thenf 0.x/ D ex , f 0.a/ D f 0.0/ D 1 and the linearization tof .x/ is

L.x/ D f 0.a/.x � a/C f .a/ D 1.x � 0/C 1 D x C 1:

Thus, we havee�0:012 � L.�0:012/ D 1 � 0:012 D 0:988. The percentage error in this estimate is
ˇ̌
ˇ̌
ˇ
e�0:012 � 0:988

e�0:012

ˇ̌
ˇ̌
ˇ � 100% � 0:0073%:

68. Compute the linearizationL.x/ of f .x/ D x2 � x3=2 ata D 4. Then plotf .x/� L.x/ and find an intervalI around
a D 4 such thatjf .x/� L.x/j � 0:1 for x 2 I .

SOLUTION Let f .x/ D x2 � x3=2 anda D 4. Thenf 0.x/ D 2x � 3
2x
1=2, f 0.4/ D 5 and

L.x/ D f .a/C f 0.a/.x � a/ D 8C 5.x � 4/ D 5x � 12:

The graph ofy D f .x/� L.x/ is shown below at the left, and portions of the graphs ofy D f .x/� L.x/ andy D 0:1 are shown
below at the right. From the graph on the right, we see thatjf .x/�L.x/j < 0:1 roughly for3:6 < x < 4:4.

2

2

4

6
8

10

12

y

x
4 6 3.6 3.8 4.0 4.2 4.4

x

69. Show that the Linear Approximation tof .x/ D
p
x at x D 9 yields the estimate

p
9C h � 3 � 1

6h. SetK D 0:01 and show
that jf 00.x/j � K for x � 9. Then verify numerically that the errorE satisfies Eq. (5) forh D 10�n, for 1 � n � 4.

SOLUTION Let f .x/ D
p
x. Thenf .9/ D 3, f 0.x/ D 1

2x
�1=2 andf 0.9/ D 1

6 . Therefore, by the Linear Approximation,

f .9C h/ � f .9/ D
p
9C h � 3 � 1

6
h:

Moreover,f 00.x/ D �1
4x

�3=2, sojf 00.x/j D 1
4x

�3=2. Because this is a decreasing function, it follows that forx � 9,

K D maxjf 00.x/j � jf 00.9/j D 1

108
< 0:01:

From the following table, we see that forh D 10�n, 1 � n � 4, E � 1
2Kh

2.

h E D j
p
9C h � 3 � 1

6hj 1
2Kh

2

10�1 4:604 � 10�5 5:00 � 10�5

10�2 4:627 � 10�7 5:00 � 10�7

10�3 4:629 � 10�9 5:00 � 10�9

10�4 4:627 � 10�11 5:00 � 10�11

70. The Linear Approximation tof .x/ D tanx at x D �
4 yields the estimate tan

�
�
4 C h

�
� 1 � 2h. SetK D 6:2 and

show, using a plot, thatjf 00.x/j � K for x 2 Œ�4 ;
�
4 C 0:1�. Then verify numerically that the errorE satisfies Eq. (5) forh D 10�n,

for 1 � n � 4.

SOLUTION Let f .x/ D tanx. Thenf .�4 / D 1, f 0.x/ D sec2 x andf 0.�4 / D 2. Therefore, by the Linear Approximation,

f
��
4

C h
�

� f
��
4

�
D tan

��
4

C h
�

� 1 � 2h:

Moreover,f 00.x/ D 2 sec2 x tanx. The graph of the second derivative over the intervalŒ�=4; �=4 C 0:1� is shown below. From
this graph we see thatK D maxjf 00.x/j � 6:1 < 6:2.

6.1

5.7

5.3

4.9

4.5

4.1

0.78 0.80 0.82 0.84 0.86 0.88

y

x
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Finally, from the following table, we see that forh D 10�n, 1 � n � 4,E � 1
2Kh

2.

h E D j tan.�4 C h/ � 1 � 2hj 1
2Kh

2

10�1 2:305 � 10�2 3:10 � 10�2

10�2 2:027 � 10�4 3:10 � 10�4

10�3 2:003 � 10�6 3:10 � 10�6

10�4 2:000 � 10�8 3:10 � 10�8

Further Insights and Challenges

71. Computedy=dx at the pointP D .2; 1/ on the curvey3 C 3xy D 7 and show that the linearization atP isL.x/ D �1
3xC 5

3 .
UseL.x/ to estimate they-coordinate of the point on the curve wherex D 2:1.

SOLUTION Differentiating both sides of the equationy3 C 3xy D 7 with respect tox yields

3y2
dy

dx
C 3x

dy

dx
C 3y D 0;

so

dy

dx
D � y

y2 C x
:

Thus,

dy

dx

ˇ̌
ˇ̌
.2;1/

D � 1

12 C 2
D �1

3
;

and the linearization atP D .2; 1/ is

L.x/ D 1 � 1

3
.x � 2/ D �1

3
x C 5

3
:

Finally, whenx D 2:1, we estimate that they-coordinate of the point on the curve is

y � L.2:1/ D �1
3
.2:1/C 5

3
D 0:967:

72. Apply the method of Exercise 71 toP D .0:5; 1/ ony5 C y � 2x D 1 to estimate they-coordinate of the point on the curve
wherex D 0:55.

SOLUTION Differentiating both sides of the equationy5 C y � 2x D 1 with respect tox yields

5y4
dy

dx
C dy

dx
� 2 D 0;

so

dy

dx
D 2

5y4 C 1
:

Thus,

dy

dx

ˇ̌
ˇ̌
.0:5;1/

D 2

5.1/2 C 1
D 1

3
;

and the linearization atP D .0:5; 1/ is

L.x/ D 1C 1

3

�
x � 1

2

�
D 1

3
x C 5

6
:

Finally, whenx D 0:55, we estimate that they-coordinate of the point on the curve is

y � L.0:55/ D 1

3
.0:55/C 5

6
D 1:017:

73. Apply the method of Exercise 71 toP D .�1; 2/ ony4 C 7xy D 2 to estimate the solution ofy4 � 7:7y D 2 neary D 2.
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SOLUTION Differentiating both sides of the equationy4 C 7xy D 2 with respect tox yields

4y3
dy

dx
C 7x

dy

dx
C 7y D 0;

so

dy

dx
D � 7y

4y3 C 7x
:

Thus,

dy

dx

ˇ̌
ˇ̌
.�1;2/

D � 7.2/

4.2/3 C 7.�1/
D �14

25
;

and the linearization atP D .�1; 2/ is

L.x/ D 2 � 14

25
.x C 1/ D �14

25
x C 36

25
:

Finally, the equationy4 � 7:7y D 2 corresponds tox D �1:1, so we estimate the solution of this equation neary D 2 is

y � L.�1:1/ D �14
25
.�1:1/C 36

25
D 2:056:

74. Show that for any real numberk, .1C�x/k � 1C k�x for small�x. Estimate.1:02/0:7 and.1:02/�0:3.

SOLUTION Let f .x/ D .1C x/k . Then for small�x, we have

f .�x/ � L.�x/ D f 0.0/.�x � 0/C f .0/ D k.1C 0/k�1.�x � 0/C 1 D 1C k�x

� Let k D 0:7 and�x D 0:02. ThenL.0:02/ D 1C .0:7/.0:02/ D 1:014.
� Let k D �0:3 and�x D 0:02. ThenL.0:02/ D 1C .�0:3/.0:02/ D 0:994.

75. Let�f D f .5C h/ � f .5/, wheref .x/ D x2. Verify directly thatE D j�f � f 0.5/hj satisfies (5) withK D 2.

SOLUTION Let f .x/ D x2. Then

�f D f .5C h/ � f .5/ D .5C h/2 � 52 D h2 C 10h

and

E D j�f � f 0.5/hj D jh2 C 10h � 10hj D h2 D 1

2
.2/h2 D 1

2
Kh2:

76. Let�f D f .1C h/ � f .1/ wheref .x/ D x�1. Show directly thatE D j�f � f 0.1/hj is equal toh2=.1C h/. Then prove
thatE � 2h2 if �1

2 � h � 1
2 . Hint: In this case,12 � 1C h � 3

2 .

SOLUTION Let f .x/ D x�1. Then

�f D f .1C h/ � f .1/ D 1

1C h
� 1 D � h

1C h

and

E D j�f � f 0.1/hj D
ˇ̌
ˇ̌� h

1C h
C h

ˇ̌
ˇ̌ D h2

1C h
:

If �1
2 � h � 1

2 , then 12 � 1C h � 3
2 and 23 � 1

1Ch � 2. Thus,E � 2h2 for �1
2 � h � 1

2 .

4.2 Extreme Values

Preliminary Questions
1. What is the definition of a critical point?

SOLUTION A critical point is a value of the independent variablex in the domain of a functionf at which eitherf 0.x/ D 0 or
f 0.x/ does not exist.
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In Questions 2 and 3, choose the correct conclusion.

2. If f .x/ is not continuous onŒ0; 1�, then

(a) f .x/ has no extreme values onŒ0; 1�.

(b) f .x/might not have any extreme values onŒ0; 1�.

SOLUTION The correct response is(b): f .x/ might not have any extreme values onŒ0; 1�. AlthoughŒ0; 1� is closed, becausef is
not continuous, the function is not guaranteed to have any extreme values onŒ0; 1�.

3. If f .x/ is continuous but has no critical points inŒ0; 1�, then

(a) f .x/ has no min or max onŒ0; 1�.

(b) Eitherf .0/ or f .1/ is the minimum value onŒ0; 1�.

SOLUTION The correct response is(b): eitherf .0/ or f .1/ is the minimum value onŒ0; 1�. Remember that extreme values occur
either at critical points or endpoints. If a continuous function on a closed interval has no critical points, the extreme values must
occur at the endpoints.

4. Fermat’s Theoremdoes notclaim that if f 0.c/ D 0, thenf .c/ is a local extreme value (this is false). WhatdoesFermat’s
Theorem assert?

SOLUTION Fermat’s Theorem claims: Iff .c/ is a local extreme value, then eitherf 0.c/ D 0 or f 0.c/ does not exist.

Exercises
1. The following questions refer to Figure 1.

(a) How many critical points doesf .x/ have onŒ0; 8�?

(b) What is the maximum value off .x/ on Œ0; 8�?

(c) What are the local maximum values off .x/?

(d) Find a closed interval on which both the minimum and maximum values off .x/ occur at critical points.

(e) Find an interval on which the minimum value occurs at an endpoint.

83 4 5 6 721

2

3

4

5

6

1

f (x)

x

y

FIGURE 1

SOLUTION

(a) f .x/ has three critical points on the intervalŒ0; 8�: atx D 3, x D 5 andx D 7. Two of these,x D 3 andx D 5, are where the
derivative is zero and one,x D 7, is where the derivative does not exist.

(b) The maximum value off .x/ on Œ0; 8� is 6; the function takes this value atx D 0.

(c) f .x/ achieves a local maximum of 5 atx D 5.

(d) Answers may vary. One example is the intervalŒ4; 8�. Another isŒ2; 6�.

(e) Answers may vary. The easiest way to ensure this is to choose an interval on which the graph takes no local minimum. One
example isŒ0; 2�.

2. State whetherf .x/ D x�1 (Figure 2) has a minimum or maximum value on the following intervals:

(a) .0; 2/ (b) .1; 2/ (c) Œ1; 2�

1 2 3
x

y

FIGURE 2 Graph off .x/ D x�1.
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SOLUTION f .x/ has no local minima or maxima. Hence,f .x/ only takes minimum and maximum values on an interval if it
takes them at the endpoints.

(a) f .x/ takes no minimum or maximum value on this interval, since the interval does not contain its endpoints.
(b) f .x/ takes no minimum or maximum value on this interval, since the interval does not contain its endpoints.
(c) The function is decreasing on the whole intervalŒ1; 2�. Hence,f .x/ takes on its maximum value of 1 atx D 1 andf .x/ takes
on its minimum value of12 at x D 2.

In Exercises 3–20, find all critical points of the function.

3. f .x/ D x2 � 2x C 4

SOLUTION Let f .x/ D x2 � 2x C 4. Thenf 0.x/ D 2x � 2 D 0 implies thatx D 1 is the lone critical point off .

4. f .x/ D 7x � 2

SOLUTION Let f .x/ D 7x � 2. Thenf 0.x/ D 7, which is never zero, sof .x/ has no critical points.

5. f .x/ D x3 � 9
2x
2 � 54x C 2

SOLUTION Let f .x/ D x3 � 9
2x
2 � 54x C 2. Thenf 0.x/ D 3x2 � 9x � 54 D 3.x C 3/.x � 6/ D 0 implies thatx D �3 and

x D 6 are the critical points off .

6. f .t/ D 8t3 � t2

SOLUTION Let f .t/ D 8t3 � t2. Thenf 0.t/ D 24t2 � 2t D 2t.12t � 1/ D 0 implies thatt D 0 andt D 1
12 are the critical

points off .

7. f .x/ D x�1 � x�2

SOLUTION Let f .x/ D x�1 � x�2. Then

f 0.x/ D �x�2 C 2x�3 D 2 � x

x3
D 0

implies thatx D 2 is the only critical point off . Thoughf 0.x/ does not exist atx D 0, this is not a critical point off because
x D 0 is not in the domain off .

8. g.z/ D 1

z � 1
� 1

z

SOLUTION Let

g.z/ D 1

z � 1
� 1

z
D z � .z � 1/

z.z � 1/
D 1

z2 � z
:

Then

g0.z/ D � 1

.z2 � z/2
.2z � 1/ D � 2z � 1

.z2 � z/2
D 0

implies thatz D 1=2 is the only critical point ofg. Thoughg0.z/ does not exist at eitherz D 0 or z D 1, neither is a critical point
of g because neither is in the domain ofg.

9. f .x/ D x

x2 C 1

SOLUTION Let f .x/ D x

x2 C 1
. Thenf 0.x/ D 1 � x2

.x2 C 1/2
D 0 implies thatx D ˙1 are the critical points off .

10. f .x/ D x2

x2 � 4x C 8

SOLUTION Let f .x/ D x2

x2 � 4x C 8
. Then

f 0.x/ D .x2 � 4x C 8/.2x/� x2.2x � 4/

.x2 � 4x C 8/2
D 4x.4 � x/

.x2 � 4x C 8/2
D 0

implies thatx D 0 andx D 4 are the critical points off .

11. f .t/ D t � 4
p
t C 1

SOLUTION Let f .t/ D t � 4
p
t C 1. Then

f 0.t/ D 1 � 2p
t C 1

D 0

implies thatt D 3 is a critical point off . Becausef 0.t/ does not exist att D �1, this is another critical point off .
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12. f .t/ D 4t �
p
t2 C 1

SOLUTION Let f .t/ D 4t �
p
t2 C 1. Then

f 0.t/ D 4 � t

.t2 C 1/1=2
D 4.t2 C 1/1=2 � t

.t2 C 1/1=2
D 0

implies that there are no critical points off since neither the numerator nor denominator equals0 for any value oft .

13. f .x/ D x2
p
1 � x2

SOLUTION Let f .x/ D x2
p
1 � x2. Then

f 0.x/ D � x3p
1 � x2

C 2x
p
1 � x2 D 2x � 3x3p

1 � x2
:

This derivative is 0 whenx D 0 and whenx D ˙
p
2=3; the derivative does not exist whenx D ˙1. All five of these values are

critical points off

14. f .x/ D x C j2x C 1j
SOLUTION Removing the absolute values, we see that

f .x/ D
�

�x � 1; x < �1
2

3x C 1; x � �1
2

Thus,

f 0.x/ D
�

�1; x < �1
2

3; x � �1
2

and we see thatf 0.0/ is never equal to 0. However,f 0.�1=2/ does not exist, sox D �1=2 is the only critical point off .

15. g.�/ D sin2 �

SOLUTION Let g.�/ D sin2 � . Theng0.�/ D 2 sin� cos� D sin2� D 0 implies that

� D n�

2

is a critical value ofg for all integer values ofn.

16. R.�/ D cos� C sin2 �

SOLUTION LetR.�/ D cos� C sin2 � . Then

R0.�/ D � sin� C 2 sin� cos� D sin�.2 cos� � 1/ D 0

implies that� D n�,

� D �

3
C 2n� and � D 5�

3
C 2n�

are critical points ofR for all integer values ofn.

17. f .x/ D x lnx

SOLUTION Let f .x/ D x ln x. Thenf 0.x/ D 1C ln x D 0 implies thatx D e�1 D 1
e is the only critical point off .

18. f .x/ D xe2x

SOLUTION Let f .x/ D xe2x . Thenf 0.x/ D .2x C 1/e2x D 0 implies thatx D �1
2 is the only critical point off .

19. f .x/ D sin�1 x � 2x

SOLUTION Let f .x/ D sin�1 x � 2x. Then

f 0.x/ D 1p
1 � x2

� 2 D 0

implies thatx D ˙
p
3
2 are the critical points off .

20. f .x/ D sec�1 x � ln x

SOLUTION Let f .x/ D sec�1 x � ln x. Then

f 0.x/ D 1

x
p
x2 � 1

� 1

x
:

This derivative is equal to zero when
p
x2 � 1 D 1, or whenx D ˙

p
2. Moreover, the derivative does not exist atx D 0 and at

x D ˙1. Among these numbers,x D 1 andx D
p
2 are the only critical points off . x D �

p
2, x D �1, andx D 0 are not

critical points off because none are in the domain off .
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21. Let f .x/ D x2 � 4x C 1.

(a) Find the critical pointc of f .x/ and computef .c/.

(b) Compute the value off .x/ at the endpoints of the intervalŒ0; 4�.

(c) Determine the min and max off .x/ on Œ0; 4�.

(d) Find the extreme values off .x/ on Œ0; 1�.

SOLUTION Let f .x/ D x2 � 4x C 1.

(a) Thenf 0.c/ D 2c � 4 D 0 implies thatc D 2 is the sole critical point off . We havef .2/ D �3.
(b) f .0/ D f .4/ D 1.

(c) Using the results from (a) and (b), we find the maximum value off on Œ0; 4� is 1 and the minimum value is�3.
(d) We havef .1/ D �2. Hence the maximum value off on Œ0; 1� is 1 and the minimum value is�2.
22. Find the extreme values off .x/ D 2x3 � 9x2 C 12x on Œ0; 3� andŒ0; 2�.

SOLUTION Let f .x/ D 2x3 � 9x2 C 12x. First, we find the critical points. Settingf 0.x/ D 6x2 � 18x C 12 D 0 yields
x2 � 3x C 2 D 0 so thatx D 2 or x D 1. Next, we compare: first, forŒ0; 3�:

x-value Value off

1 (critical point) f .1/ D 5

2 (critical point) f .2/ D 4

0 (endpoint) f .0/ D 0 min

3 (endpoint) f .3/ D 9 max

Then, forŒ0; 2�:

x-value Value off

1 (critical point) f .1/ D 5 max

2 (endpoint) f .2/ D 4

0 (endpoint) f .0/ D 0 min

23. Find the critical points off .x/ D sinx C cosx and determine the extreme values on
�
0; �2

�
.

SOLUTION

� Let f .x/ D sinx C cosx. Then on the interval
�
0; �2

�
, we havef 0.x/ D cosx � sinx D 0 atx D �

4 , the only critical point
of f in this interval.

� Sincef .�4 / D
p
2 andf .0/ D f .�2 / D 1, the maximum value off on

�
0; �2

�
is

p
2, while the minimum value is 1.

24. Compute the critical points ofh.t/ D .t2 � 1/1=3. Check that your answer is consistent with Figure 3. Then find the extreme
values ofh.t/ on Œ0; 1� andŒ0; 2�.

1 2−1−2

1

−1

t

h(t)

FIGURE 3 Graph ofh.t/ D .t2 � 1/1=3.

SOLUTION

� Let h.t/ D .t2 � 1/1=3. Thenh0.t/ D 2t

3.t2 � 1/2=3
D 0 implies critical points att D 0 and t D ˙1. These results are

consistent with Figure 3 which shows a horizontal tangent att D 0 and vertical tangents att D ˙1.
� Sinceh.0/ D �1 andh.1/ D 0, the maximum value onŒ0; 1� is h.1/ D 0 and the minimum ish.0/ D �1. Similarly, the

minimum onŒ0; 2� is h.0/ D �1 and the maximum ish.2/ D 31=3 � 1:44225.

25. Plotf .x/ D 2
p
x � x on Œ0; 4� and determine the maximum value graphically. Then verify your answer using calculus.
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SOLUTION The graph ofy D 2
p
x � x over the intervalŒ0; 4� is shown below. From the graph, we see that atx D 1, the function

achieves its maximum value of 1.

y

x
0.2
0.4
0.6
0.8

0

1

1 2 3 4

To verify the information obtained from the plot, letf .x/ D 2
p
x � x. Thenf 0.x/ D x�1=2 � 1. Solvingf 0.x/ D 0 yields the

critical pointsx D 0 andx D 1. Becausef .0/ D f .4/ D 0 andf .1/ D 1, we see that the maximum value off on Œ0; 4� is 1.

26. Plotf .x/ D lnx � 5 sinx on Œ0:1; 2� and approximate both the critical points and the extreme values.

SOLUTION The graph off .x/ D lnx � 5 sinx is shown below. From the graph, we see that critical points occur at approximately
x D 0:2 andx D 1:4. The maximum value of approximately�2:6 occurs atx � 0:2; the minimum value of approximately�4:6
occurs atx � 1:4.

−5

−4

−3

−2

−1

0.5 1.0 1.5
y

x

27. Approximate the critical points ofg.x/ D x cos�1 x and estimate the maximum value ofg.x/.

SOLUTION g0.x/ D �xp
1�x2

C cos�1 x, sog0.x/ D 0whenx � 0:652185. Evaluatingg at the endpoints of its domain,x D ˙1,
and at the critical pointx � 0:652185, we findg.�1/ D ��, g.0:652185/ � 0:561096, andg.1/ D 0. Hence, the maximum value
of g.x/ is approximately0:561096.

28. Approximate the critical points ofg.x/ D 5ex � tanx in
�
��
2 ;

�
2

�
.

SOLUTION Let g.x/ D 5ex � tanx. Theng0.x/ D 5ex � sec2 x. The derivative is defined for allx 2
�
��
2 ;

�
2

�
and is equal to

0 for x � 1:339895 andx � �0:82780. Hence, the critical points ofg arex � 1:339895 andx � �0:82780.

In Exercises 29–58, find the min and max of the function on the given interval by comparing values at the critical points and
endpoints.

29. y D 2x2 C 4x C 5, Œ�2; 2�
SOLUTION Let f .x/ D 2x2 C 4x C 5. Thenf 0.x/ D 4x C 4 D 0 implies thatx D �1 is the only critical point off . The
minimum off on the intervalŒ�2; 2� is f .�1/ D 3, whereas its maximum isf .2/ D 21. (Note:f .�2/ D 5.)

30. y D 2x2 C 4x C 5, Œ0; 2�

SOLUTION Let f .x/ D 2x2 C 4x C 5. Thenf 0.x/ D 4x C 4 D 0 implies thatx D �1 is the only critical point off . The
minimum off on the intervalŒ0; 2� is f .0/ D 5, whereas its maximum isf .2/ D 21. (Note:The critical pointx D �1 is not on
the intervalŒ0; 2�.)

31. y D 6t � t2, Œ0; 5�

SOLUTION Let f .t/ D 6t � t2. Thenf 0.t/ D 6 � 2t D 0 implies thatt D 3 is the only critical point off . The minimum off
on the intervalŒ0; 5� is f .0/ D 0, whereas the maximum isf .3/ D 9. (Note:f .5/ D 5.)

32. y D 6t � t2, Œ4; 6�

SOLUTION Let f .t/ D 6t � t2. Thenf 0.t/ D 6 � 2t D 0 implies thatt D 3 is the only critical point off . The minimum off
on the intervalŒ4; 6� is f .6/ D 0, whereas the maximum isf .4/ D 8. (Note:The critical pointt D 3 is not on the intervalŒ4; 6�.)

33. y D x3 � 6x2 C 8, Œ1; 6�

SOLUTION Let f .x/ D x3 � 6x2 C 8. Thenf 0.x/ D 3x2 � 12x D 3x.x � 4/ D 0 implies thatx D 0 andx D 4 are the
critical points off . The minimum off on the intervalŒ1; 6� is f .4/ D �24, whereas the maximum isf .6/ D 8. (Note:f .1/ D 3

and the critical pointx D 0 is not in the intervalŒ1; 6�.)

34. y D x3 C x2 � x, Œ�2; 2�
SOLUTION Let f .x/ D x3 C x2 � x. Thenf 0.x/ D 3x2 C 2x � 1 D .3x � 1/.x C 1/ D 0 implies thatx D 1=3 andx D �1
are critical points off . The minimum off on the intervalŒ�2; 2� is f .�2/ D �2, whereas the maximum isf .2/ D 10. (Note:
f .�1/ D 1 andf .1=3/ D �5=27.)
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35. y D 2t3 C 3t2, Œ1; 2�

SOLUTION Let f .t/ D 2t3 C 3t2. Thenf 0.t/ D 6t2 C 6t D 6t.t C 1/ D 0 implies thatt D 0 and t D �1 are the critical
points off . The minimum off on the intervalŒ1; 2� is f .1/ D 5, whereas the maximum isf .2/ D 28. (Note: Neither critical
points are in the intervalŒ1; 2�.)

36. y D x3 � 12x2 C 21x, Œ0; 2�

SOLUTION Let f .x/ D x3 � 12x2 C 21x. Thenf 0.x/ D 3x2 � 24x C 21 D 3.x � 7/.x � 1/ D 0 implies thatx D 1 and
x D 7 are the critical points off . The minimum off on the intervalŒ0; 2� is f .0/ D 0, whereas its maximum isf .1/ D 10. (Note:
f .2/ D 2 and the critical pointx D 7 is not in the intervalŒ0; 2�.)

37. y D z5 � 80z, Œ�3; 3�
SOLUTION Let f .z/ D z5 � 80z. Thenf 0.z/ D 5z4 � 80 D 5.z4 � 16/ D 5.z2 C 4/.z C 2/.z � 2/ D 0 implies that
z D ˙2 are the critical points off . The minimum value off on the intervalŒ�3; 3� is f .2/ D �128, whereas the maximum is
f .�2/ D 128. (Note:f .�3/ D 3 andf .3/ D �3.)
38. y D 2x5 C 5x2, Œ�2; 2�
SOLUTION Let f .x/ D 2x5 C 5x2. Thenf 0.x/ D 10x4 C 10x D 10x.x3 C 1/ D 0 implies thatx D 0 andx D �1 are
critical points off . The minimum value off on the intervalŒ�2; 2� is f .�2/ D �44, whereas the maximum isf .2/ D 84. (Note:
f .�1/ D 3 andf .0/ D 0.)

39. y D x2 C 1

x � 4 , Œ5; 6�

SOLUTION Let f .x/ D x2 C 1

x � 4 . Then

f 0.x/ D .x � 4/ � 2x � .x2 C 1/ � 1
.x � 4/2

D x2 � 8x � 1

.x � 4/2
D 0

impliesx D 4˙
p
17 are critical points off . x D 4 is not a critical point becausex D 4 is not in the domain off . On the interval

Œ5; 6�, the minimum off is f .6/ D 37
2 D 18:5, whereas the maximum off is f .5/ D 26. (Note:The critical pointsx D 4˙

p
17

are not in the intervalŒ5; 6�.)

40. y D 1 � x
x2 C 3x

, Œ1; 4�

SOLUTION Let f .x/ D 1 � x
x2 C 3x

. Then

f 0.x/ D �.x2 C 3x/� .1 � x/.2x C 3/

.x2 C 3x/2
D .x � 3/.x C 1/

.x2 C 3x/2
D 0

implies thatx D 3 andx D �1 are critical points. Neitherx D 0 norx D �3 is a critical point because neither is in the domain of
f . On the intervalŒ1; 4�, the maximum value isf .1/ D 0 and the minimum value isf .3/ D �1

9 . (Note:The critical pointx D �1
is not in the intervalŒ1; 4�.)

41. y D x � 4x

x C 1
, Œ0; 3�

SOLUTION Let f .x/ D x � 4x

x C 1
. Then

f 0.x/ D 1 � 4

.x C 1/2
D .x � 1/.x C 3/

.x C 1/2
D 0

implies thatx D 1 andx D �3 are critical points off . x D �1 is not a critical point becausex D �1 is not in the domain of
f . The minimum off on the intervalŒ0; 3� is f .1/ D �1, whereas the maximum isf .0/ D f .3/ D 0. (Note:The critical point
x D �3 is not in the intervalŒ0; 3�.)

42. y D 2
p
x2 C 1 � x, Œ0; 2�

SOLUTION Let f .x/ D 2
p
x2 C 1 � x. Then

f 0.x/ D 2xp
x2 C 1

� 1 D 0

implies thatx D ˙
q
1
3 are critical points off . On the intervalŒ0; 2�, the minimum isf

�q
1
3

�
D

p
3 and the maximum is

f .2/ D 2
p
5 � 2. (Note:The critical pointx D �

q
1
3 is not in the intervalŒ0; 2�.)
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43. y D .2C x/
p
2C .2 � x/2, Œ0; 2�

SOLUTION Let f .x/ D .2C x/
p
2C .2 � x/2. Then

f 0.x/ D
q
2C .2 � x/2 � .2C x/.2C .2� x/2/�1=2.2 � x/ D 2.x � 1/2p

2C .2 � x/2
D 0

implies thatx D 1 is the critical point off . On the intervalŒ0; 2�, the minimum isf .0/ D 2
p
6 � 4:9 and the maximum is

f .2/ D 4
p
2 � 5:66. (Note:f .1/ D 3

p
3 � 5:2.)

44. y D
p
1C x2 � 2x, Œ0; 1�

SOLUTION Let f .x/ D
p
1C x2 � 2x. Then

f 0.x/ D xp
1C x2

� 2 D 0

implies thatf has no critical points. The minimum value off on the intervalŒ0; 1� is f .1/ D
p
2 � 2, whereas the maximum is

f .0/ D 1.

45. y D
p
x C x2 � 2

p
x, Œ0; 4�

SOLUTION Let f .x/ D
p
x C x2 � 2

p
x. Then

f 0.x/ D 1

2
.x C x2/�1=2.1C 2x/� x�1=2 D 1C 2x � 2

p
1C x

2
p
x

p
1C x

D 0

implies thatx D 0 andx D
p
3
2 are the critical points off . Neitherx D �1 nor x D �

p
3
2 is a critical point because neither is

in the domain off . On the intervalŒ0; 4�, the minimum off is f
�p

3
2

�
� �0:589980 and the maximum isf .4/ � 0:472136.

(Note:f .0/ D 0.)

46. y D .t � t2/1=3, Œ�1; 2�
SOLUTION Let s.t/ D .t � t2/1=3. Thens0.t/ D 1

3 .t � t2/�2=3.1 � 2t/ D 0 at t D 1
2 , a critical point ofs. Other critical

points ofs aret D 0 andt D 1, where the derivative ofs does not exist. Therefore, on the intervalŒ�1; 2�, the minimum ofs is
s.�1/ D s.2/ D �21=3 � �1:26 and the maximum iss.12 / D .14 /

1=3 � 0:63. (Note:s.0/ D s.1/ D 0.)

47. y D sinx cosx,
�
0; �2

�

SOLUTION Let f .x/ D sinx cosx D 1
2 sin 2x. On the interval

�
0; �2

�
, f 0.x/ D cos2x D 0 whenx D �

4 . The minimum off

on this interval isf .0/ D f .�2 / D 0, whereas the maximum isf .�4 / D 1
2 .

48. y D x C sinx, Œ0; 2��

SOLUTION Let f .x/ D x C sinx. Thenf 0.x/ D 1 C cosx D 0 implies thatx D � is the only critical point onŒ0; 2��. The
minimum value off on the intervalŒ0; 2�� is f .0/ D 0, whereas the maximum isf .2�/ D 2�. (Note:f .�/ D � � 1.)

49. y D
p
2 � � sec� ,

�
0; �3

�

SOLUTION Let f .�/ D
p
2� � sec� . On the intervalŒ0; �3 �, f

0.�/ D
p
2 � sec� tan� D 0 at � D �

4 . The minimum value

of f on this interval isf .0/ D �1, whereas the maximum value over this interval isf .�4 / D
p
2.�4 � 1/ � �0:303493. (Note:

f .�3 / D
p
2�3 � 2 � �:519039.)

50. y D cos� C sin� , Œ0; 2��

SOLUTION Let f .�/ D cos� C sin� . On the intervalŒ0; 2��, f 0.�/ D � sin� C cos� D 0 where sin� D cos� , which is at the

two points� D �
4 and 5�

4 . The minimum value on the interval isf .5�4 / D �
p
2, whereas the maximum value on the interval is

f .�4 / D
p
2. (Note:f .0/ D f .2�/ D 1.)

51. y D � � 2 sin� , Œ0; 2��

SOLUTION Let g.�/ D � � 2 sin� . On the intervalŒ0; 2��, g0.�/ D 1 � 2 cos� D 0 at � D �
3 and � D 5

3�. The minimum

of g on this interval isg.�3 / D �
3 �

p
3 � �:685 and the maximum isg.53�/ D 5

3� C
p
3 � 6:968. (Note: g.0/ D 0 and

g.2�/ D 2� � 6:283.)

52. y D 4 sin3 � � 3 cos2 � , Œ0; 2��

SOLUTION Let f .�/ D 4 sin3 � � 3 cos2 � . Then

f 0.�/ D 12 sin2 � cos� C 6 cos� sin�

D 6 cos� sin�.2 sin� C 1/ D 0

yields� D 0; �=2; �; 7�=6; 3�=2; 11�=6; 2� as critical points off . The minimum value off on the intervalŒ0; 2�� isf .3�=2/ D
�4, whereas the maximum isf .�=2/ D 4. (Note:f .0/ D f .�/ D f .2�/ D �3 andf .7�=6/ D f .11�=6/ D �11=4.)
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53. y D tanx � 2x, Œ0; 1�

SOLUTION Let f .x/ D tanx � 2x. Then on the intervalŒ0; 1�, f 0.x/ D sec2 x � 2 D 0 at x D �
4 . The minimum off is

f .�4 / D 1 � �
2 � �0:570796 and the maximum isf .0/ D 0. (Note:f .1/ D tan1 � 2 � �0:442592.)

54. y D xe�x , Œ0; 2�

SOLUTION Let f .x/ D xe�x . Then, on the intervalŒ0; 2�, f 0.x/ D �xe�x C e�x D .1� x/e�x D 0 atx D 1. The minimum
of f on this interval isf .0/ D 0 and the maximum isf .1/ D e�1 � 0:367879. (Note:f .2/ D 2e�2 � 0:270671.)

55. y D ln x

x
, Œ1; 3�

SOLUTION Let f .x/ D lnx
x . Then, on the intervalŒ1; 3�,

f 0.x/ D 1 � ln x

x2
D 0

at x D e. The minimum off on this interval isf .1/ D 0 and the maximum isf .e/ D e�1 � 0:367879. (Note:f .3/ D 1
3 ln3 �

0:366204.)

56. y D 3ex � e2x ,
�
�1
2 ; 1

�

SOLUTION Let f .x/ D 3ex � e2x . Then, on the interval
�
�1
2 ; 1

�
, f 0.x/ D 3ex � 2e2x D ex.3 � 2ex/ D 0 at x D ln.3=2/.

The minimum off on this interval isf .1/ D 3e � e2 � 0:765789 and the maximum isf .ln.3=2// D 2:25. (Note:f .�1=2/ D
3e�1=2 � e�1 � 1:451713.)

57. y D 5 tan�1 x � x, Œ1; 5�

SOLUTION Let f .x/ D 5 tan�1 x � x. Then, on the intervalŒ1; 5�,

f 0.x/ D 5
1

1C x2
� 1 D 0

at x D 2. The minimum off on this interval isf .5/ D 5 tan�1 5 � 5 � 1:867004 and the maximum isf .2/ D 5 tan�1 2 � 2 �
3:535744. (Note:f .1/ D 5�

4 � 1 � 2:926991.)

58. y D x3 � 24 ln x,
�
1
2 ; 3

�

SOLUTION Let f .x/ D x3 � 24 ln x. Then, on the interval
�
1
2 ; 3

�
,

f 0.x/ D 3x2 � 24

x
D 0

at x D 2. The minimum off on this interval isf .2/ D 8 � 24 ln 2 � �8:635532 and the maximum isf .1=2/ D 1
8 C 24 ln 2 �

16:760532. (Note:f .3/ D 27 � 24 ln 2 � 0:633305.)

59. Let f .�/ D 2 sin2� C sin4� .

(a) Show that� is a critical point if cos4� D � cos2� .

(b) Show, using a unit circle, that cos�1 D � cos�2 if and only if �1 D � ˙ �2 C 2�k for an integerk.

(c) Show that cos4� D � cos2� if and only if � D �
2 C �k or � D �

6 C
�
�
3

�
k.

(d) Find the six critical points off .�/ on Œ0; 2�� and find the extreme values off .�/ on this interval.

(e) Check your results against a graph off .�/.

SOLUTION f .�/ D 2 sin2� C sin4� is differentiable at all� , so the way to find the critical points is to find all points such that
f 0.�/ D 0.

(a) f 0.�/ D 4 cos2� C 4 cos4� . If f 0.�/ D 0, then4 cos4� D �4 cos2� , so cos4� D � cos2� .

(b) Given the point.cos�; sin�/ at angle� on the unit circle, there are two points withx coordinate� cos� . The graphic shows
these two points, which are:

� The point.cos.� C �/; sin.� C �// on the opposite end of the unit circle.
� The point.cos.� � �/; sin.� � �// obtained by reflecting through they axis.

If we include all angles representing these points on the circle, we find that cos�1 D � cos�2 if and only if �1 D .� C �2/C 2�k

or �1 D .� � �2/C 2�k for integersk.
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(c) Using (b), we recognize that cos4� D � cos2� if 4� D 2� C � C 2�k or 4� D � � 2� C 2�k. Solving for� , we obtain
� D �

2 C k� or � D �
6 C �

3 k.

(d) To find all� , 0 � � < 2� indicated by (c), we use the following table:

k 0 1 2 3 4 5

�
2 C k� �

2
3�
2

�
6 C �

3 k
�
6

�
2

5�
6

7�
6

3�
2

11�
6

The critical points in the rangeŒ0; 2�� are �6 , �2 , 5�6 , 7�6 ,3�2 , and 11�6 . On this interval, the maximum value isf .�6 / D f .7�6 / D
3

p
3
2 and the minimum value isf .5�6 / D f .11�6 / D �3

p
3
2 .

(e) The graph off .�/ D 2 sin2� C sin4� is shown here:

x
1

2 3

4

5

6

1

2

−1

−2

y

We can see that there are six flat points on the graph between0 and 2�, as predicted. There are 4 local extrema, and two points at
.�2 ; 0/ and.3�2 ; 0/ where the graph has neither a local maximum nor a local minimum.

60. Find the critical points off .x/ D 2 cos3x C 3 cos2x in Œ0; 2��. Check your answer against a graph off .x/.

SOLUTION f .x/ is differentiable for allx, so we are looking for points wheref 0.x/ D 0 only. Settingf 0.x/ D �6 sin3x �
6 sin2x, we get sin3x D � sin2x. Looking at a unit circle, we find the relationship between anglesy andx such that siny D
� sinx. This technique is also used in Exercise 59.

From the diagram, we see that siny D � sinx if y is either (i.) the point antipodal tox (y D � C x C 2�k) or (ii.) the point
obtained by reflectingx through the horizontal axis (y D �x C 2�k).

Since sin3x D � sin2x, we get either3x D � C 2x C 2�k or 3x D �2x C 2�k. Solving each of these equations forx yields
x D � C 2�k andx D 2�

5 k, respectively. The values ofx between 0 and2� are0; 2�5 ;
4�
5 ; �;

6�
5 ;

8�
5 ; and2�.

The graph is shown below. As predicted, it has horizontal tangent lines at2�
5 k and atx D �

2 . Each of these points is a local
extremum.

x
1 2 3 4 5 6

2

4

−2

−4

y

In Exercises 61–64, find the critical points and the extreme values onŒ0; 4�. In Exercises 63 and 64, refer to Figure 4.

y = |x2 + 4x − 12|

2−6

10

20

30

y = |cos x|

1

π
2

π 3π
2

− π
2

x x

yy

FIGURE 4
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61. y D jx � 2j
SOLUTION Let f .x/ D jx � 2j. For x < 2, we havef 0.x/ D �1. For x > 2, we havef 0.x/ D 1. Now asx ! 2�, we

have
f .x/� f .2/

x � 2
D .2 � x/� 0

x � 2
! �1; whereas asx ! 2C; we have

f .x/� f .2/
x � 2 D .x � 2/� 0

x � 2
! 1. Therefore,f 0.2/ D

lim
x!2

f .x/� f .2/
x � 2 does not exist and the lone critical point off is x D 2. Alternately, we examine the graph off .x/ D jx � 2j

shown below.
To find the extremum, we check the values off .x/ at the critical point and the endpoints.f .0/ D 2, f .4/ D 2, andf .2/ D 0.

f .x/ takes its minimum value of 0 atx D 2, and its maximum of 2 atx D 0 and atx D 4.

y

x

0.5

1

1.5

2

0 3 421

62. y D j3x � 9j
SOLUTION Let f .x/ D j3x � 9j D 3jx � 3j. Forx < 3, we havef 0.x/ D �3. Forx > 3, we havef 0.x/ D 3. Now asx ! 3�,

we have
f .x/� f .3/

x � 3
D 3.3 � x/� 0

x � 3
! �3; whereas as x ! 3C; we have

f .x/� f .3/

x � 3
D

3.x � 3/ � 0

x � 3
! 3. Therefore,f 0.3/ D lim

x!3

f .x/� f .3/
x � 3 does not exist and the lone critical point off is x D 3. Alter-

nately, we examine the graph off .x/ D j3x � 9j shown below.
To find the extrema off .x/ on Œ0; 4�, we test the values off .x/ at the critical point and the endpoints.f .0/ D 9, f .3/ D 0 and

f .4/ D 3, sof .x/ takes its minimum value of 0 atx D 3, and its maximum value of 9 atx D 0.

x

12

4

8

2 4 6

y

63. y D jx2 C 4x � 12j
SOLUTION Let f .x/ D jx2 C 4x � 12j D j.x C 6/.x � 2/j. From the graph off in Figure 4, we see thatf 0.x/ does not exist
at x D �6 and atx D 2, so these are critical points off . There is also a critical point betweenx D �6 andx D 2 at which
f 0.x/ D 0. For�6 < x < 2, f .x/ D �x2 � 4x C 12, sof 0.x/ D �2x � 4 D 0whenx D �2. On the intervalŒ0; 4� the minimum
value off is f .2/ D 0 and the maximum value isf .4/ D 20. (Note:f .0/ D 12 and the critical pointsx D �6 andx D �2 are
not in the interval.)

64. y D j cosxj
SOLUTION Let f .x/ D j cosxj. There are two types of critical points: points of the form�n where the derivative is zero and
points of the formn� C �=2 where the derivative does not exist. Only two of these,x D �

2 and x D � are in the intervalŒ0; 4�.
Now, f .0/ D f .�/ D 1, f .4/ D j cos4j � 0:6536, andf .�2 / D 0, sof .x/ takes its maximum value of 1 atx D 0 andx D �

and its minimum of 0 atx D �
2 .

In Exercises 65–68, verify Rolle’s Theorem for the given interval.

65. f .x/ D x C x�1,
�
1
2 ; 2

�

SOLUTION Becausef is continuous onŒ12 ; 2�, differentiable on.12 ; 2/ and

f

�
1

2

�
D 1

2
C 1

1
2

D 5

2
D 2C 1

2
D f .2/;

we may conclude from Rolle’s Theorem that there exists ac 2 .12 ; 2/ at whichf 0.c/ D 0. Here,f 0.x/ D 1 � x�2 D x2�1
x2 , so

we may takec D 1.

66. f .x/ D sinx,
�
�
4 ;

3�
4

�

SOLUTION Becausef is continuous onŒ�4 ;
3�
4 �, differentiable on.�4 ;

3�
4 / and

f
��
4

�
D f

�
3�

4

�
D

p
2

2
;

we may conclude from Rolle’s Theorem that there exists ac 2 .�4 ;
3�
4 / at whichf 0.c/ D 0. Here,f 0.x/ D cosx, so we may take

c D �
2 .
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67. f .x/ D x2

8x � 15
, Œ3; 5�

SOLUTION Becausef is continuous onŒ3; 5�, differentiable on.3; 5/ andf .3/ D f .5/ D 1, we may conclude from Rolle’s
Theorem that there exists ac 2 .3; 5/ at whichf 0.c/ D 0. Here,

f 0.x/ D .8x � 15/.2x/ � 8x2
.8x � 15/2

D 2x.4x � 15/

.8x � 15/2
;

so we may takec D 15
4 .

68. f .x/ D sin2 x � cos2 x,
�
�
4 ;

3�
4

�

SOLUTION Becausef is continuous onŒ�4 ;
3�
4 �, differentiable on.�4 ;

3�
4 / and

f
��
4

�
D f

�
3�

4

�
D 0;

we may conclude from Rolle’s Theorem that there exists ac 2 .�4 ;
3�
4 / at whichf 0.c/ D 0. Here,

f 0.x/ D 2 sinx cosx � 2 cosx.� sinx/ D 2 sin2x;

so we may takec D �
2 .

69. Prove thatf .x/ D x5 C 2x3 C 4x � 12 has precisely one real root.

SOLUTION Let’s first establish thef .x/ D x5 C 2x3 C 4x � 12 has at least one root. Becausef is a polynomial, it is continuous
for all x. Moreover,f .0/ D �12 < 0 andf .2/ D 44 > 0. Therefore, by the Intermediate Value Theorem, there exists ac 2 .0; 2/
such thatf .c/ D 0.

Next, we prove that this is the only root. We will use proof by contradiction. Supposef .x/ D x5 C 2x3 C 4x � 12 has two real
roots,x D a andx D b. Thenf .a/ D f .b/ D 0 and Rolle’s Theorem guarantees that there exists ac 2 .a; b/ at whichf 0.c/ D 0.
However,f 0.x/ D 5x4 C 6x2 C 4 � 4 for all x, so there is noc 2 .a; b/ at whichf 0.c/ D 0. Based on this contradiction, we
conclude thatf .x/ D x5 C 2x3 C 4x � 12 cannot have more than one real root. Finally,f must have precisely one real root.

70. Prove thatf .x/ D x3 C 3x2 C 6x has precisely one real root.

SOLUTION First, note thatf .0/ D 0, sof has at least one real root. We will proceed by contradiction to establish thatx D 0

is the only real root. Suppose there exists another real root, sayx D a. Because the polynomialf is continuous and differentiable
for all real x, it follows by Rolle’s Theorem that there exists a real numberc between0 anda such thatf 0.c/ D 0. However,
f 0.x/ D 3x2 C 6x C 6 D 3.x C 1/2 C 3 � 3 for all x. Thus, there is noc between0 anda at whichf 0.c/ D 0. Based on this
contradiction, we conclude thatf .x/ D x3 C 3x2 C 6x cannot have more than one real root. Finally,f must have precisely one
real root.

71. Prove thatf .x/ D x4 C 5x3 C 4x has no rootc satisfyingc > 0. Hint: Note thatx D 0 is a root and apply Rolle’s Theorem.

SOLUTION We will proceed by contradiction. Note thatf .0/ D 0 and suppose that there exists ac > 0 such thatf .c/ D 0.
Thenf .0/ D f .c/ D 0 and Rolle’s Theorem guarantees that there exists ad 2 .0; c/ such thatf 0.d/ D 0. However,f 0.x/ D
4x3 C 15x2 C 4 > 4 for all x > 0, so there is nod 2 .0; c/ such thatf 0.d/ D 0. Based on this contradiction, we conclude that
f .x/ D x4 C 5x3 C 4x has no rootc satisfyingc > 0.

72. Prove thatc D 4 is the largest root off .x/ D x4 � 8x2 � 128.
SOLUTION First, note thatf .4/ D 44 � 8.4/2 � 128 D 256 � 128 � 128 D 0, soc D 4 is a root off . We will proceed by
contradiction to establish thatc D 4 is the largest real root. Suppose there exists real root, sayx D a, wherea > 4. Because the
polynomialf is continuous and differentiable for all realx, it follows by Rolle’s Theorem that there exists a real numberc 2 .4; a/
such thatf 0.c/ D 0. However,f 0.x/ D 4x3 � 16x D 4x.x2 � 4/ > 0 for all x > 4. Thus, there is noc 2 .4; a/ at which
f 0.c/ D 0. Based on this contradiction, we conclude thatf .x/ D x4 � 8x2 � 128 has no real root larger than 4.

73. The position of a mass oscillating at the end of a spring iss.t/ D A sin!t , whereA is the amplitude and! is the angular
frequency. Show that the speedjv.t/j is at a maximum when the accelerationa.t/ is zero and thatja.t/j is at a maximum when
v.t/ is zero.

SOLUTION Let s.t/ D A sin!t . Then

v.t/ D ds

dt
D A! cos!t

and

a.t/ D dv

dt
D �A!2 sin!t:

Thus, the speed

jv.t/j D jA! cos!t j
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is a maximum whenj cos!t j D 1, which is precisely when sin!t D 0; that is, the speedjv.t/j is at a maximum when the
accelerationa.t/ is zero. Similarly,

ja.t/j D jA!2 sin!t j

is a maximum whenj sin!t j D 1, which is precisely when cos!t D 0; that is,ja.t/j is at a maximum whenv.t/ is zero.

74. The concentrationC.t/ (in mg=cm3) of a drug in a patient’s bloodstream aftert hours is

C.t/ D 0:016t

t2 C 4t C 4

Find the maximum concentration in the time intervalŒ0; 8� and the time at which it occurs.

SOLUTION

C 0.t/ D 0:016.t2 C 4t C 4/ � .0:016t.2t C 4//

.t2 C 4t C 4/2
D 0:016

�t2 C 4

.t2 C 4t C 4/2
D 0:016

2 � t

.t C 2/3
:

C 0.t/ exists for allt � 0, so we are looking for points whereC 0.t/ D 0. C 0.t/ D 0 whent D 2. Using a calculator, we find that
C.2/ D 0:002

mg
cm3 . On the other hand,C.0/ D 0 andC.8/ � 0:001. Hence, the maximum concentration occurs att D 2 hours and

is equal to:002 mg
cm3 .

75. Antibiotic Levels A study shows that the concentrationC.t/ (in micrograms per milliliter) of antibiotic in a patient’s

blood serum aftert hours isC.t/ D 120.e�0:2t � e�bt /, whereb � 1 is a constant that depends on the particular combination of
antibiotic agents used. Solve numerically for the value ofb (to two decimal places) for which maximum concentration occurs at
t D 1 h. You may assume that the maximum occurs at a critical point as suggested by Figure 5.

t (h)

C (mcg/ml)

2 4 6 8 10 12

20

40

60

80

100

FIGURE 5 Graph ofC.t/ D 120.e�0:2t � e�bt / with b chosen so that the maximum occurs att D 1 h.

SOLUTION Answer isb D 2:86. The max ofC.t/ occurs att D ln.5b/=.b � 0:2/ so we solve ln.5b/=.b � 0:1/ D 1 numerically.

LetC.t/ D 120.e�0:2t � e�bt /. ThenC 0.t/ D 120.�0:2e�0:2t C be�bt / D 0 when

t D ln 5b

b � 0:2 :

Substitutingt D 1 and solving forb numerically yieldsb � 2:86.

76. In the notation of Exercise 75, find the value ofb (to two decimal places) for which the maximum value ofC.t/ is
equal to100 mcg/ml.

SOLUTION From the previous exercise, we know thatC.t/ achieves its maximum when

t D ln 5b

b � 0:2 :

Substituting this expression into the formula forC.t/, setting the resulting expression equal to 100 and solving forb yieldsb � 4:75.

77. In 1919, physicist Alfred Betz argued that the maximum efficiency of a wind turbine is around59%. If wind enters a turbine
with speedv1 and exits with speedv2, then the power extracted is the difference in kinetic energy per unit time:

P D 1

2
mv21 � 1

2
mv22 watts

wherem is the mass of wind flowing through the rotor per unit time (Figure 6). Betz assumed thatm D �A.v1 C v2/=2, where�
is the density of air andA is the area swept out by the rotor. Wind flowing undisturbed through the same areaA would have mass
per unit time�Av1 and powerP0 D 1

2�Av
3
1 . The fraction of power extracted by the turbine isF D P=P0.

(a) Show thatF depends only on the ratior D v2=v1 and is equal toF.r/ D 1
2 .1 � r2/.1C r/, where0 � r � 1.

(b) Show that the maximum value ofF.r/, called theBetz Limit , is 16=27 � 0:59.
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(c) Explain why Betz’s formula forF.r/ is not meaningful forr close to zero.Hint: How much wind would pass through
the turbine ifv2 were zero? Is this realistic?

1

0.1

0.2

0.3

0.5

0.4

0.6

0.5
r

F

(A) Wind flowing through a turbine. (B) F is the fraction of energy
       extracted by the turbine as a 
      function of r = v2/v1.

v1 v2

FIGURE 6

SOLUTION

(a) We note that

F D P

P0
D

1
2
�A.v1Cv2/

2 .v21 � v22/
1
2�Av

3
1

D 1

2

v21 � v22
v21

� v1 C v2

v1

D 1

2

 
1 �

v22

v21

!�
1C v2

v1

�

D 1

2
.1 � r2/.1C r/:

(b) Based on part (a),

F 0.r/ D 1

2
.1 � r2/� r.1C r/ D �3

2
r2 � r C 1

2
:

The roots of this quadratic arer D �1 andr D 1
3 . Now,F.0/ D 1

2 , F.1/ D 0 and

F

�
1

3

�
D 1

2
� 8
9

� 4
3

D 16

27
� 0:59:

Thus, the Betz Limit is16=27 � 0:59.

(c) If v2 were 0, then no air would be passing through the turbine, which is not realistic.

78. TheBohr radius a0 of the hydrogen atom is the value ofr that minimizes the energy

E.r/ D „2
2mr2

� e2

4��0r

where„,m, e, and�0 are physical constants. Show thata0 D 4��0„2=.me2/. Assume that the minimum occurs at a critical point,
as suggested by Figure 7.

1 32

−1

−2

1

2

r (10−10 meters) 

E(r) (10−18 joules) 

FIGURE 7
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SOLUTION Let

E.r/ D „2

2mr2
� e2

4��0r
:

Then

dE

dr
D � „2

mr3
C e2

4��0r2
D 0

implies

r D 4��0„2
me2

:

Thus,

a0 D 4��0„2
me2

:

79. The response of a circuit or other oscillatory system to an input of frequency! (“omega”) is described by the function

�.!/ D 1q
.!20 � !2/2 C 4D2!2

Both !0 (the natural frequency of the system) andD (the damping factor) are positive constants. The graph of� is called a
resonance curve, and the positive frequency!r > 0, where� takes its maximum value, if it exists, is called theresonant

frequency. Show that!r D
q
!20 � 2D2 if 0 < D < !0=

p
2 and that no resonant frequency exists otherwise (Figure 8).

w

(A) D = 0.01 (B) D = 0.2

2 2w r

(C) D = 0.75 (no resonance)

50
f f f

w
2w r

1

2

3

w
31 2

1

0.5

FIGURE 8 Resonance curves with!0 D 1.

SOLUTION Let �.!/ D ..!20 � !2/2 C 4D2!2/�1=2. Then

�0.!/ D
2!..!20 � !2/ � 2D2/

..!20 � !2/2 C 4D2!2/3=2

and the non-negative critical points are! D 0 and! D
q
!20 � 2D2. The latter critical point is positive if and only if!20 � 2D2 >

0, and since we are givenD > 0, this is equivalent to0 < D < !0=
p
2.

Define!r D
q
!20 � 2D2. Now,�.0/ D 1=!20 and�.!/ ! 0 as! ! 1. Finally,

�.!r / D 1

2D

q
!20 �D2

;

which, for0 < D < !0=
p
2, is larger than1=!20 . Hence, the point! D

q
!20 � 2D2, if defined, is a local maximum.

80. Bees build honeycomb structures out of cells with a hexagonal base and three rhombus-shaped faces on top, as in Figure 9. We
can show that the surface area of this cell is

A.�/ D 6hs C 3

2
s2.

p
3 csc� � cot�/

with h, s, and� as indicated in the figure. Remarkably, bees “know” which angle� minimizes the surface area (and therefore
requires the least amount of wax).

(a) Show that� � 54:7ı (assumeh ands are constant).Hint: Find the critical point ofA.�/ for 0 < � < �=2.

(b) Confirm, by graphingf .�/ D
p
3 csc� � cot� , that the critical point indeed minimizes the surface area.
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s

h

θ

FIGURE 9 A cell in a honeycomb constructed by bees.

SOLUTION

(a) Becauseh and s are constant relative to� , we haveA0.�/ D 3
2 s
2.�

p
3 csc� cot� C csc2 �/ D 0. From this, we getp

3 csc� cot� D csc2 � , or cos� D 1p
3

, whence� D cos�1
�
1p
3

�
D 0:955317 radians =54:736ı.

(b) The plot of
p
3 csc� � cot� , where� is given in degrees, is given below. We can see that the minimum occurs just below55ı.

h

Degrees

1.42

1.44

1.4

1.46

1.48

1.5

45 50 55 60 6540

81. Find the maximum ofy D xa � xb on Œ0; 1� where0 < a < b. In particular, find the maximum ofy D x5 � x10 on Œ0; 1�.

SOLUTION

� Let f .x/ D xa � xb . Thenf 0.x/ D axa�1 � bxb�1. Sincea < b, f 0.x/ D xa�1.a � bxb�a/ D 0 implies critical points
x D 0 andx D .a

b
/1=.b�a/, which is in the intervalŒ0; 1� asa < b implies a

b
< 1 and consequentlyx D .a

b
/1=.b�a/ < 1.

Also, f .0/ D f .1/ D 0 anda < b impliesxa > xb on the intervalŒ0; 1�, which givesf .x/ > 0 and thus the maximum
value off on Œ0; 1� is

f

��a
b

�1=.b�a/�
D
�a
b

�a=.b�a/
�
�a
b

�b=.b�a/
:

� Let f .x/ D x5 � x10. Then by part (a), the maximum value off on Œ0; 1� is

f

 �
1

2

�1=5!
D
�
1

2

�
�
�
1

2

�2
D 1

2
� 1

4
D 1

4
:

In Exercises 82–84, plot the function using a graphing utility and find its critical points and extreme values onŒ�5; 5�.

82. y D 1

1C jx � 1j

SOLUTION Let f .x/ D 1
1Cjx�1j . The plot follows:

−5 −4 −3 −2 −1 1 2 3 4 5

0.2

0.4

0.6

0.8

1

y

x

We can see on the plot that the only critical point off .x/ lies atx D 1. With f .�5/ D 1
7 , f .1/ D 1 andf .5/ D 1

5 , it follows that
the maximum value off .x/ on Œ�5; 5� is f .1/ D 1 and the minimum value isf .�5/ D 1

7 .
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83. y D 1

1C jx � 1j C 1

1C jx � 4j
SOLUTION Let

f .x/ D 1

1C jx � 1j C 1

1C jx � 4j :

The plot follows:

−5 −4 −3 −2 −1 1 2 3 4 5

0.2

0.4

0.6

0.8

1

1.2

We can see on the plot that the critical points off .x/ lie at the cusps atx D 1 andx D 4 and at the location of the horizontal
tangent line atx D 5

2 . With f .�5/ D 17
70 , f .1/ D f .4/ D 5

4 , f .52 / D 4
5 andf .5/ D 7

10 , it follows that the maximum value of
f .x/ on Œ�5; 5� is f .1/ D f .4/ D 5

4 and the minimum value isf .�5/ D 17
70 .

84. y D x

jx2 � 1j C jx2 � 4j
SOLUTION Let f .x/ D x

jx2�1jCjx2�4j . The cusps of the graph of a function containingjg.x/j are likely to lie whereg.x/ D 0,

so we choose a plot range that includesx D ˙2 andx D ˙1:

x

0.5

42

−4

−2

−0.5

y

As we can see from the graph, the function has cusps atx D ˙2 and sharp corners atx D ˙1. The cusps at.2; 23 / and .�2;�2
3 /

are the locations of the maximum and minimum values off .x/, respectively.

85. (a) Use implicit differentiation to find the critical points on the curve27x2 D .x2 C y2/3.
(b) Plot the curve and the horizontal tangent lines on the same setof axes.

SOLUTION

(a) Differentiating both sides of the equation27x2 D .x2 C y2/3 with respect tox yields

54x D 3.x2 C y2/2
�
2x C 2y

dy

dx

�
:

Solving for dy=dx we obtain

dy

dx
D 27x � 3x.x2 C y2/2

3y.x2 C y2/2
D x.9 � .x2 C y2/2/

y.x2 C y2/2
:

Thus, the derivative is zero whenx2 C y2 D 3. Substituting into the equation for the curve, this yieldsx2 D 1, or x D ˙1. There
are therefore four points at which the derivative is zero:

.�1;�
p
2/; .�1;

p
2/; .1;�

p
2/; .1;

p
2/:

There are also critical points where the derivative does not exist. This occurs wheny D 0 and gives the following points with
vertical tangents:

.0; 0/; .˙ 4
p
27; 0/:

(b) The curve27x2 D .x2 C y2/3 and its horizontal tangents are plotted below.

1

−1

y

x
−2 −1 1 2
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86. Sketch the graph of a continuous function on.0; 4/ with a minimum value but no maximum value.

SOLUTION Here is the graph of a functionf on.0; 4/with a minimum value [atx D 2] but no maximum value [sincef .x/ ! 1
asx ! 0C and asx ! 4�].

x
2 40 1 3

1

2

3

4

y

87. Sketch the graph of a continuous function on.0; 4/ having a local minimum but no absolute minimum.

SOLUTION Here is the graph of a functionf on .0; 4/ with a local minimum value [betweenx D 2 andx D 4] but no absolute
minimum [sincef .x/ ! �1 asx ! 0C].

x
1 2 3

10

−10

y

88. Sketch the graph of a function onŒ0; 4� having

(a) Two local maxima and one local minimum.

(b) An absolute minimum that occurs at an endpoint, and an absolute maximum that occurs at a critical point.

SOLUTION Here is the graph of a function onŒ0; 4� that (a) has two local maxima and one local minimum and (b) has an absolute
minimum that occurs at an endpoint (atx D 0 or x D 4) and has an absolute maximum that occurs at a critical point.

x
2 40 1 3

2

4

6

8

10

y

89. Sketch the graph of a functionf .x/ on Œ0; 4� with a discontinuity such thatf .x/ has an absolute minimum but no absolute
maximum.

SOLUTION Here is the graph of a functionf on Œ0; 4� that (a) has a discontinuity [atx D 4] and (b) has an absolute minimum
[at x D 0] but no absolute maximum [sincef .x/ ! 1 asx ! 4�].

y

x
0

1

2

3

4

1 2 3 4

90. A rainbow is produced by light rays that enter a raindrop (assumed spherical) and exit after being reflected internally as in
Figure 10. The angle between the incoming and reflected rays is� D 4r � 2i , where the angle of incidencei and refractionr are
related by Snell’s Law sini D n sinr with n � 1:33 (the index of refraction for air and water).

(a) Use Snell’s Law to show that
dr

di
D cosi

n cosr
.

(b) Show that the maximum value�max of � occurs wheni satisfies cosi D

s
n2 � 1

3
. Hint: Show that

d�

di
D 0 if cosi D n

2
cosr .

Then use Snell’s Law to eliminater .
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(c) Show that�max � 59:58ı.

i

r
r

r

r

i

θ

Incoming light ray

Water
droplet

Reflected ray

FIGURE 10

SOLUTION

(a) Differentiating Snell’s Law with respect toi yields

cosi D n cosr
dr

di
or

dr

di
D cosi

n cosr
:

(b) Differentiating the formula for� with respect toi yields

d�

di
D 4

dr

di
� 2 D 4

cosi

n cosr
� 2

by part (a). Thus,

d�

di
D 0 when cosi D n

2
cosr:

Squaring both sides of this last equation gives

cos2 i D n2

4
cos2 r;

while squaring both sides of Snell’s Law gives

sin2 i D n2 sin2 r or 1 � cos2 i D n2.1 � cos2 r/:

Solving this equation for cos2 r gives

cos2 r D 1 � 1 � cos2 i

n2
I

Combining these last two equations and solving for cosi yields

cosi D

s
n2 � 1
3

:

(c) With n D 1:33,

cosi D

s
.1:33/2 � 1

3
D 0:5063

and

cosr D 2

1:33
cosi D 0:7613:

Thus,r D 40:42ı, i D 59:58ı and

�max D 4r � 2i D 42:52ı:
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Further Insights and Challenges

91. Show that the extreme values off .x/ D a sinx C b cosx are˙
p
a2 C b2.

SOLUTION If f .x/ D a sinx C b cosx, thenf 0.x/ D a cosx � b sinx, so thatf 0.x/ D 0 impliesa cosx � b sinx D 0. This
implies tanx D a

b
. Then,

sinx D ˙ap
a2 C b2

and cosx D ˙bp
a2 C b2

:

Therefore

f .x/ D a sinx C b cosx D a
˙ap
a2 C b2

C b
˙bp
a2 C b2

D ˙ a2 C b2p
a2 C b2

D ˙
p
a2 C b2:

92. Show, by considering its minimum, thatf .x/ D x2 � 2xC 3 takes on only positive values. More generally, find the conditions
on r ands under which the quadratic functionf .x/ D x2 C rx C s takes on only positive values. Give examples ofr ands for
whichf takes on both positive and negative values.

SOLUTION

� Observe thatf .x/ D x2 � 2x C 3 D .x � 1/2 C 2 > 0 for all x. Letf .x/ D x2 C rx C s. Completing the square, we note
thatf .x/ D .x C 1

2 r/
2 C s � 1

4 r
2 > 0 for all x provided thats > 1

4 r
2.

� Letf .x/ D x2 � 4x C 3 D .x � 1/.x � 3/. Thenf takes on both positive and negative values. Here,r D �4 ands D 3.

93. Show that if the quadratic polynomialf .x/ D x2 C rx C s takes on both positive and negative values, then its minimum value
occurs at the midpoint between the two roots.

SOLUTION Let f .x/ D x2 C rx C s and suppose thatf .x/ takes on both positive and negative values. This will guarantee that
f has two real roots. By the quadratic formula, the roots off are

x D �r ˙
p
r2 � 4s
2

:

Observe that the midpoint between these roots is

1

2

 
�r C

p
r2 � 4s
2

C �r �
p
r2 � 4s

2

!
D � r

2
:

Next,f 0.x/ D 2x C r D 0 whenx D � r
2 and, because the graph off .x/ is an upward opening parabola, it follows thatf .� r

2 /

is a minimum. Thus,f takes on its minimum value at the midpoint between the two roots.

94. Generalize Exercise 93: Show that if the horizontal liney D c intersects the graph off .x/ D x2 C rx C s at two points

.x1; f .x1// and.x2; f .x2//, thenf .x/ takes its minimum value at the midpointM D
x1 C x2

2
(Figure 11).

x

y

x1 M

c

f (x)

y = c

x2

FIGURE 11

SOLUTION Suppose that a horizontal liney D c intersects the graph of a quadratic functionf .x/ D x2 C rx C s in two points
.x1; f .x1// and.x2; f .x2//. Then of coursef .x1/ D f .x2/ D c. Let g.x/ D f .x/� c. Theng.x1/ D g.x2/ D 0. By Exercise
93,g takes on its minimum value atx D 1

2 .x1 C x2/. Hence so doesf .x/ D g.x/C c.

95. A cubic polynomial may have a local min and max, or it may have neither (Figure 12). Find conditions on the coefficientsa

andb of

f .x/ D 1

3
x3 C 1

2
ax2 C bx C c

that ensure thatf has neither a local min nor a local max.Hint: Apply Exercise 92 tof 0.x/.
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−4 −2 42

(A) (B)

−2 42

20

−20

60

30

xx

yy

FIGURE 12 Cubic polynomials

SOLUTION Let f .x/ D 1
3x
3 C 1

2ax
2 C bx C c. Using Exercise 92, we haveg.x/ D f 0.x/ D x2 C ax C b > 0 for all x

providedb > 1
4a
2, in which casef has no critical points and hence no local extrema. (Actuallyb � 1

4a
2 will suffice, since in this

case [as we’ll see in a later section]f has an inflection point but no local extrema.)

96. Find the min and max of

f .x/ D xp.1� x/q on Œ0; 1�,

wherep; q > 0.

SOLUTION Let f .x/ D xp.1 � x/q ; 0 � x � 1, wherep andq are positive numbers. Then

f 0.x/ D xpq.1� x/q�1.�1/C .1 � x/qpxp�1

D xp�1.1� x/q�1.p.1 � x/� qx/ D 0 at x D 0; 1;
p

p C q

The minimum value off on Œ0; 1� is f .0/ D f .1/ D 0, whereas its maximum value is

f

�
p

p C q

�
D ppqq

.p C q/pCq :

97. Prove that iff is continuous andf .a/ andf .b/ are local minima wherea < b, then there exists a valuec between
a andb such thatf .c/ is a local maximum. (Hint: Apply Theorem 1 to the intervalŒa; b�.) Show that continuity is a necessary
hypothesis by sketching the graph of a function (necessarily discontinuous) with two local minima but no local maximum.

SOLUTION

� Let f .x/ be a continuous function withf .a/ andf .b/ local minima on the intervalŒa; b�. By Theorem1, f .x/must take on
both a minimum and a maximum onŒa; b�. Since local minima occur atf .a/ andf .b/, the maximum must occur at some
other point in the interval, call itc, wheref .c/ is a local maximum.

� The function graphed here is discontinuous atx D 0.

x
2 4 6 8−8 −6 −4 −2

4

6

8

y

4.3 The Mean Value Theorem and Monotonicity

Preliminary Questions
1. For which value ofm is the following statement correct? Iff .2/ D 3 andf .4/ D 9, andf .x/ is differentiable, thenf has a

tangent line of slopem.

SOLUTION The Mean Value Theorem guarantees that the function has a tangent line with slope equal to

f .4/� f .2/

4 � 2
D 9 � 3
4 � 2 D 3:

Hence,m D 3 makes the statement correct.

2. Assumef is differentiable. Which of the following statements doesnot follow from the MVT?

(a) If f has a secant line of slope 0, thenf has a tangent line of slope 0.
(b) If f .5/ < f .9/, thenf 0.c/ > 0 for somec 2 .5; 9/.
(c) If f has a tangent line of slope 0, thenf has a secant line of slope0.
(d) If f 0.x/ > 0 for all x, then every secant line has positive slope.
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SOLUTION Conclusion(c) does not follow from the Mean Value Theorem. As a counterexample, consider the functionf .x/ D
x3. Note thatf 0.0/ D 0, but no secant line has zero slope.

3. Can a function that takes on only negative values have a positive derivative? If so, sketch an example.

SOLUTION Yes. The figure below displays a function that takes on only negative values but has a positive derivative.

x

y

4. For f .x/ with derivative as in Figure 1:

(a) Is f .c/ a local minimum or maximum?
(b) Is f .x/ a decreasing function?

c
x

y

FIGURE 1 Graph of derivativef 0.x/.

SOLUTION

(a) To the left ofx D c, the derivative is positive, sof is increasing; to the right ofx D c, the derivative is negative, sof is
decreasing. Consequently,f .c/must be a local maximum.
(b) No. The derivative is a decreasing function, but as noted in part (a),f .x/ is increasing forx < c and decreasing forx > c.

Exercises
In Exercises 1–8, find a pointc satisfying the conclusion of the MVT for the given function and interval.

1. y D x�1, Œ2; 8�

SOLUTION Let f .x/ D x�1, a D 2, b D 8. Thenf 0.x/ D �x�2, and by the MVT, there exists ac 2 .2; 8/ such that

� 1

c2
D f 0.c/ D f .b/� f .a/

b � a D
1
8 � 1

2

8 � 2 D � 1

16
:

Thusc2 D 16 andc D ˙4. Choosec D 4 2 .2; 8/.
2. y D

p
x, Œ9; 25�

SOLUTION Let f .x/ D x1=2, a D 9, b D 25. Thenf 0.x/ D 1
2x

�1=2, and by the MVT, there exists ac 2 .9; 25/ such that

1

2
c�1=2 D f 0.c/ D f .b/� f .a/

b � a D 5 � 3
25 � 9

D 1

8
:

Thus 1p
c

D 1
4 and c D 16 2 .9; 25/.

3. y D cosx � sinx, Œ0; 2��

SOLUTION Letf .x/ D cosx � sinx, a D 0, b D 2�. Thenf 0.x/ D � sinx � cosx, and by the MVT, there exists ac 2 .0; 2�/
such that

� sinc � cosc D f 0.c/ D f .b/� f .a/

b � a
D 1 � 1
2� � 0

D 0:

Thus� sinc D cosc. Choose eitherc D 3�
4 or c D 7�

4 2 .0; 2�/.

4. y D x

x C 2
, Œ1; 4�

SOLUTION Let f .x/ D x= .x C 2/, a D 1, b D 4. Thenf 0.x/ D 2
.xC2/2 , and by the MVT, there exists ac 2 .1; 4/ such that

2

.c C 2/2
D f 0.c/ D f .b/� f .a/

b � a D
2
3 � 1

3

4 � 1 D 1

9
:

Thus.c C 2/2 D 18 andc D �2˙ 3
p
2. Choosec D 3

p
2 � 2 � 2:24 2 .1; 4/.
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5. y D x3, Œ�4; 5�
SOLUTION Let f .x/ D x3, a D �4, b D 5. Thenf 0.x/ D 3x2, and by the MVT, there exists ac 2 .�4; 5/ such that

3c2 D f 0.c/ D f .b/� f .a/

b � a
D 189

9
D 21:

Solving forc yieldsc2 D 7, soc D ˙
p
7. Both of these values are in the intervalŒ�4; 5�, so either value can be chosen.

6. y D x ln x, Œ1; 2�

SOLUTION Let f .x/ D x ln x, a D 1, b D 2. Thenf 0.x/ D 1C ln x, and by the MVT, there exists ac 2 .1; 2/ such that

1C ln c D f 0.c/ D f .b/� f .a/

b � a
D 2 ln2

1
D 2 ln2:

Solving forc yieldsc D e2ln2�1 D 4
e � 1:4715 2 .1; 2/.

7. y D e�2x , Œ0; 3�

SOLUTION Let f .x/ D e�2x , a D 0, b D 3. Thenf 0.x/ D �2e�2x , and by the MVT, there exists ac 2 .0; 3/ such that

�2e�2c D f 0.c/ D f .b/� f .a/

b � a
D e�6 � 1

3 � 0 D e�6 � 1

3
:

Solving for c yields

c D �1
2

ln

 
1 � e�6

6

!
� 0:8971 2 .0; 3/:

8. y D ex � x, Œ�1; 1�
SOLUTION Let f .x/ D ex � x, a D �1, b D 1. Thenf 0.x/ D ex � 1, and by the MVT, there exists ac 2 .�1; 1/ such that

ec � 1 D f 0.c/ D f .b/� f .a/

b � a
D .e � 1/� .e�1 C 1/

1 � .�1/ D 1

2
.e � e�1/� 1:

Solving forc yields

c D ln

 
e � e�1

2

!
� 0:1614 2 .�1; 1/:

9. Let f .x/ D x5 C x2. The secant line betweenx D 0 andx D 1 has slope 2 (check this), so by the MVT,f 0.c/ D 2

for somec 2 .0; 1/. Plotf .x/ and the secant line on the same axes. Then ploty D 2x C b for different values ofb until the line
becomes tangent to the graph off . Zoom in on the point of tangency to estimatex-coordinatec of the point of tangency.

SOLUTION Let f .x/ D x5 C x2. The slope of the secant line betweenx D 0 andx D 1 is

f .1/� f .0/

1 � 0
D 2 � 0

1
D 2:

A plot of f .x/, the secant line betweenx D 0 andx D 1, and the liney D 2x � 0:764 is shown below at the left. The line
y D 2x � 0:764 appears to be tangent to the graph ofy D f .x/. Zooming in on the point of tangency (see below at the right), it
appears that thex-coordinate of the point of tangency is approximately 0.62.

y = x5 + x2

y = 2x − .764

x
1

2

4

y

x

y

0.3

0.6

0.5

0.4

0.56 0.6 0.640.52

10. Plot the derivative off .x/ D 3x5 � 5x3. Describe its sign changes and use this to determine the local extreme values
of f .x/. Then graphf .x/ to confirm your conclusions.

SOLUTION Let f .x/ D 3x5 � 5x3. Thenf 0.x/ D 15x4 � 15x2 D 15x2.x2 � 1/. The graph off 0.x/ is shown below at the
left. Becausef 0.x/ changes from positive to negative atx D �1, f .x/ changes from increasing to decreasing and therefore has
a local maximum atx D �1. At x D 1, f 0.x/ changes from negative to positive, sof .x/ changes from decreasing to increasing
and therefore has a local minimum. Thoughf 0.x/ D 0 atx D 0, f 0.x/ does not change sign atx D 0, sof .x/ has neither a local
maximum nor a local minimum atx D 0. The graph off .x/, shown below at the right, confirms each of these conclusions.
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11. Determine the intervals on whichf 0.x/ is positive and negative, assuming that Figure 2 is the graph off .x/.

x
654321

y

FIGURE 2

SOLUTION The derivative off is positive on the intervals.0; 1/ and.3; 5/ wheref is increasing; it is negative on the intervals
.1; 3/ and.5; 6/ wheref is decreasing.

12. Determine the intervals on whichf .x/ is increasing or decreasing, assuming that Figure 2 is the graph off 0.x/.

SOLUTION f .x/ is increasing on every interval.a; b/ over whichf 0.x/ > 0, and is decreasing on every interval over which
f 0.x/ < 0. If the graph off 0.x/ is given in Figure 2, thenf .x/ is increasing on the intervals.0; 2/ and.4; 6/, and is decreasing
on the interval.2; 4/.

13. State whetherf .2/ andf .4/ are local minima or local maxima, assuming that Figure 2 is the graph off 0.x/.

SOLUTION

� f 0.x/makes a transition from positive to negative atx D 2, sof .2/ is a local maximum.
� f 0.x/makes a transition from negative to positive atx D 4, sof .4/ is a local minimum.

14. Figure 3 shows the graph of the derivativef 0.x/ of a functionf .x/. Find the critical points off .x/ and determine whether
they are local minima, local maxima, or neither.

y

x
320.5−2 −1

y = f '(x)

6

−2

FIGURE 3

SOLUTION Sincef 0.x/ D 0 whenx D �1, x D 1
2 and x D 2, these are the critical points off . At x D �1, there is no sign

transition inf 0, sof .�1/ is neither a local maximum nor a local minimum. Atx D 1
2 , f 0 transitions fromC to �, sof .12 / is a

local maximum. Finally, atx D 2, f 0 transitions from� to C, sof .2/ is a local minimum.

In Exercises 15–18, sketch the graph of a functionf .x/ whose derivativef 0.x/ has the given description.

15. f 0.x/ > 0 for x > 3 andf 0.x/ < 0 for x < 3

SOLUTION Here is the graph of a functionf for whichf 0.x/ > 0 for x > 3 andf 0.x/ < 0 for x < 3.

y

x
0

2

4

6

8

10

1 2 3 4 5
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16. f 0.x/ > 0 for x < 1 andf 0.x/ < 0 for x > 1

SOLUTION Here is the graph of a functionf for whichf 0.x/ > 0 for x < 1 andf 0.x/ < 0 for x > 1.

x
321−1

y

1

−2

17. f 0.x/ is negative on.1; 3/ and positive everywhere else.

SOLUTION Here is the graph of a functionf for whichf 0.x/ is negative on.1; 3/ and positive elsewhere.

x
1 2 3 4

2

4

6

8

−2

y

18. f 0.x/makes the sign transitionsC; �; C; �.

SOLUTION Here is the graph of a functionf for whichf 0 makes the sign transitionsC;�;C;�.

x

60

40

20

42−2−4

−40

y

In Exercises 19–22, find all critical points off and use the First Derivative Test to determine whether they are local minima or
maxima.

19. f .x/ D 4C 6x � x2

SOLUTION Let f .x/ D 4 C 6x � x2. Thenf 0.x/ D 6 � 2x D 0 implies thatx D 3 is the only critical point off . As x
increases through 3,f 0.x/makes the sign transitionC;�. Therefore,f .3/ D 13 is a local maximum.

20. f .x/ D x3 � 12x � 4

SOLUTION Let f .x/ D x3 � 12x � 4. Then,f 0.x/ D 3x2 � 12 D 3.x � 2/.x C 2/ D 0 implies thatx D ˙2 are critical points
of f . As x increases through�2, f 0.x/ makes the sign transitionC;�; therefore,f .�2/ is a local maximum. On the other hand,
asx increases through 2,f 0.x/makes the sign transition�;C; therefore,f .2/ is a local minimum.

21. f .x/ D x2

x C 1

SOLUTION Let f .x/ D x2

x C 1
. Then

f 0.x/ D x.x C 2/

.x C 1/2
D 0

implies thatx D 0 andx D �2 are critical points. Note thatx D �1 is not a critical point because it is not in the domain off .
As x increases through�2, f 0.x/ makes the sign transitionC;� sof .�2/ D �4 is a local maximum. Asx increases through 0,
f 0.x/makes the sign transition�;C sof .0/ D 0 is a local minimum.

22. f .x/ D x3 C x�3

SOLUTION Let f .x/ D x3 C x�3. Then

f 0.x/ D 3x2 � 3x�4 D 3

x4
.x6 � 1/ D 3

x4
.x � 1/.x C 1/.x2 � x C 1/.x2 C x C 1/ D 0

implies thatx D ˙1 are critical points off . Thoughf 0.x/ does not exist atx D 0, x D 0 is not a critical point off because it is
not in the domain off . As x increases through�1, f 0.x/ makes the sign transitionC;�; therefore,f .�1/ is a local maximum.
On the other hand, asx increases through 1,f 0.x/makes the sign transition�;C; therefore,f .1/ is a local minimum.
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In Exercises 23–52, find the critical points and the intervals on which the function is increasing or decreasing. Use the First
Derivative Test to determine whether the critical point is a local min or max (or neither).

SOLUTION Here is a table legend for Exercises 23–44.

SYMBOL MEANING

� The entity is negative on the given interval.

0 The entity is zero at the specified point.

C The entity is positive on the given interval.

U The entity is undefined at the specified point.

% f is increasing on the given interval.

& f is decreasing on the given interval.

M f has a local maximum at the specified point.

m f has a local minimum at the specified point.

: There is no local extremum here.

23. y D �x2 C 7x � 17

SOLUTION Let f .x/ D �x2 C 7x � 17. Thenf 0.x/ D 7 � 2x D 0 yields the critical pointc D 7
2 .

x
�
�1; 72

�
7=2

�
7
2 ;1

�

f 0 C 0 �

f % M &

24. y D 5x2 C 6x � 4
SOLUTION Let f .x/ D 5x2 C 6x � 4. Thenf 0.x/ D 10x C 6 D 0 yields the critical pointc D �3

5 .

x
�
�1;�3

5

�
�3=5

�
�3
5 ;1

�

f 0 � 0 C

f & m %

25. y D x3 � 12x2

SOLUTION Let f .x/ D x3 � 12x2. Thenf 0.x/ D 3x2 � 24x D 3x.x � 8/ D 0 yields critical pointsc D 0; 8.

x .�1; 0/ 0 .0; 8/ 8 .8;1/

f 0 C 0 � 0 C

f % M & m %

26. y D x.x � 2/3

SOLUTION Let f .x/ D x .x � 2/3. Then

f 0.x/ D x � 3 .x � 2/2 C .x � 2/3 � 1 D .4x � 2/ .x � 2/2 D 0

yields critical pointsc D 2; 12 .

x .�1; 1=2/ 1=2 .1=2; 2/ 2 .2;1/

f 0 � 0 C 0 C

f & m % : %

27. y D 3x4 C 8x3 � 6x2 � 24x

SOLUTION Let f .x/ D 3x4 C 8x3 � 6x2 � 24x. Then

f 0.x/ D 12x3 C 24x2 � 12x � 24

D 12x2.x C 2/ � 12.x C 2/ D 12.x C 2/.x2 � 1/
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D 12 .x � 1/ .x C 1/ .x C 2/ D 0

yields critical pointsc D �2;�1; 1.

x .�1;�2/ �2 .�2;�1/ �1 .�1; 1/ 1 .1;1/

f 0 � 0 C 0 � 0 C

f & m % M & m %

28. y D x2 C .10 � x/2

SOLUTION Let f .x/ D x2 C .10 � x/2. Thenf 0.x/ D 2x C 2 .10 � x/ .�1/ D 4x � 20 D 0 yields the critical pointc D 5.

x .�1; 5/ 5 .5;1/

f 0 � 0 C

f & m %

29. y D 1
3x
3 C 3

2x
2 C 2x C 4

SOLUTION Let f .x/ D 1
3x
3 C 3

2x
2 C 2x C 4. Thenf 0.x/ D x2 C 3x C 2 D .x C 1/ .x C 2/ D 0 yields critical points

c D �2;�1.

x .�1;�2/ �2 .�2;�1/ �1 .�1;1/

f 0 C 0 � 0 C

f % M & m %

30. y D x4 C x3

SOLUTION Let f .x/ D x4 C x3. Thenf 0.x/ D 4x3 C 3x2 D x2.4x C 3/ yields critical pointsc D 0;�3
4 .

x
�
�1;�3

4

�
�3
4

�
�3
4 ; 0

�
0 .0;1/

f 0 � 0 C 0 C

f & m % : %

31. y D x5 C x3 C 1

SOLUTION Let f .x/ D x5 C x3 C 1. Thenf 0.x/ D 5x4 C 3x2 D x2.5x2 C 3/ yields a single critical point:c D 0.

x .�1; 0/ 0 .0;1/

f 0 C 0 C

f % : %

32. y D x5 C x3 C x

SOLUTION Let f .x/ D x5 C x3 C x. Thenf 0.x/ D 5x4 C 3x2 C 1 � 1 for all x. Thus,f has no critical points and is always
increasing.

33. y D x4 � 4x3=2 (x > 0)

SOLUTION Let f .x/ D x4 � 4x3=2 for x > 0. Thenf 0.x/ D 4x3 � 6x1=2 D 2x1=2.2x5=2 � 3/ D 0, which gives us the

critical pointc D .32 /
2=5. (Note:c D 0 is not in the interval under consideration.)

x
�
0;
�
3
2

�2=5� 3
2

2=5
��
3
2

�2=5
;1

�

f 0 � 0 C

f & m %

34. y D x5=2 � x2 (x > 0)

SOLUTION Let f .x/ D x5=2 � x2. Thenf 0.x/ D 5
2x
3=2 � 2x D x.52x

1=2 � 2/ D 0, so the critical point isc D 16
25 . (Note:

c D 0 is not in the interval under consideration.)

x
�
0; 1625

�
16
25

�
16
25 ;1

�

f 0 � 0 C

f & m %
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35. y D x C x�1 .x > 0/

SOLUTION Let f .x/ D x C x�1 for x > 0. Thenf 0.x/ D 1 � x�2 D 0 yields the critical pointc D 1. (Note:c D �1 is not in
the interval under consideration.)

x .0; 1/ 1 .1;1/

f 0 � 0 C

f & m %

36. y D x�2 � 4x�1 (x > 0)

SOLUTION Let f .x/ D x�2 � 4x�1. Thenf 0.x/ D �2x�3 C 4x�2 D 0 yields�2C 4x D 0. Thus,2x D 1, andx D 1
2 .

x .0; 12 /
1
2 .12 ;1/

f 0 � 0 C

f & m %

37. y D 1

x2 C 1

SOLUTION Let f .x/ D
�
x2 C 1

��1
. Thenf 0.x/ D �2x

�
x2 C 1

��2 D 0 yields critical pointc D 0.

x .�1; 0/ 0 .0;1/

f 0 C 0 �

f % M &

38. y D 2x C 1

x2 C 1

SOLUTION Let f .x/ D 2x C 1

x2 C 1
. Then

f 0.x/ D
�
x2 C 1

�
.2/ � .2x C 1/ .2x/
�
x2 C 1

�2 D
�2

�
x2 C x � 1

�
�
x2 C 1

�2 D 0

yields critical pointsc D �1˙
p
5

2
.

x
�
�1; �1�

p
5

2

�
�1�

p
5

2

�
�1�

p
5

2 ; �1C
p
5

2

�
�1C

p
5

2

�
�1C

p
5

2 ;1
�

f 0 � 0 C 0 �

f & m % M &

39. y D x3

x2 C 1

SOLUTION Let f .x/ D x3

x2 C 1
. Then

f 0.x/ D .x2 C 1/.3x2/� x3.2x/

.x2 C 1/2
D x2.x2 C 3/

.x2 C 1/2
D 0

yields the single critical pointc D 0.

x .�1; 0/ 0 .0;1/

f 0 C 0 C

f % : %

40. y D x3

x2 � 3
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SOLUTION Let f .x/ D x3

x2 � 3
. Then

f 0.x/ D .x2 � 3/.3x2/� x3.2x/

.x2 � 3/2
D x2.x2 � 9/

.x2 � 3/2
D 0

yields the critical pointsc D 0 andc D ˙3. c D ˙
p
3 are not critical points because they are not in the domain off .

x .�1;�3/ �3 .�3;�
p
3/ �

p
3 .�

p
3; 0/ 0 .0;

p
3/

p
3 .

p
3; 3/ 3 .3;1/

f 0 C 0 � 1 � 0 � 1 � 0 C

f % M & : & : & : & m %

41. y D � C sin � C cos�

SOLUTION Let f .�/ D � C sin� C cos� . Thenf 0.�/ D 1C cos� � sin� D 0 yields the critical pointsc D �
2 and c D �.

�
�
0; �2

�
�
2

�
�
2 ; �

�
� .�; 2�/

f 0 C 0 � 0 C

f % M & m %

42. y D sin � C
p
3 cos�

SOLUTION Let f .�/ D sin� C
p
3 cos� . Thenf 0.�/ D cos� �

p
3 sin � D 0 yields the critical pointsc D �

6 and c D 7�
6 .

�
�
0; �6

�
�
6

�
�
6 ;

7�
6

�
7�
6

�
7�
6 ; 2�

�

f 0 C 0 � 0 C

f % M & m %

43. y D sin2 � C sin�

SOLUTION Let f .�/ D sin2 � C sin� . Thenf 0.�/ D 2 sin� cos� C cos� D cos�.2 sin� C 1/ D 0 yields the critical points

c D �
2 , 7�6 , 3�2 , and 11�6 .

�
�
0; �2

�
�
2

�
�
2 ;

7�
6

�
7�
6

�
7�
6 ;

3�
2

�
3�
2

�
3�
2 ;

11�
6

�
11�
6

�
11�
6 ; 2�

�

f 0 C 0 � 0 C 0 � 0 C

f % M & m % M & m %

44. y D � � 2 cos� , Œ0; 2��

SOLUTION Let f .�/ D � � 2 cos� . Thenf 0.�/ D 1C 2 sin� D 0, which yieldsc D 7�
6 ;

11�
6 on the intervalŒ0; 2��.

�
�
0; 7�6

�
7�
6

�
7�
6 ;

11�
6

�
11�
6

�
11�
6 ; 2�

�

f 0 C 0 � 0 C

f % M & m %

45. y D x C e�x

SOLUTION Let f .x/ D x C e�x . Thenf 0.x/ D 1 � e�x , which yieldsc D 0 as the only critical point.

x .�1; 0/ 0 .0;1/

f 0 � 0 C

f & m %

46. y D ex

x
.x > 0/

SOLUTION Let f .x/ D ex

x . Then

f 0.x/ D xex � ex

x2
D ex.x � 1/

x2
;

which yieldsc D 1 as the only critical point.
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x .0; 1/ 1 .1;1/

f 0 � 0 C

f & m %

47. y D e�x cosx,
�

� �
2 ;

�
2

�

SOLUTION Let f .x/ D e�x cosx. Then

f 0.x/ D �e�x sinx � e�x cosx D �e�x.sinx C cosx/;

which yieldsc D ��
4 as the only critical point on the intervalŒ��

2 ;
�
2 �.

x
�
��
2 ;�

�
4

�
��
4

�
��
4 ;

�
2

�

f 0 C 0 �

f % M &

48. y D x2ex

SOLUTION Let f .x/ D x2ex . Thenf 0.x/ D x2ex C 2xex D xex.x C 2/, which yieldsc D �2 andc D 0 as critical points.

x .�1;�2/ �2 .�2; 0/ 0 .0;1/

f 0 C 0 � 0 C

f % M & m %

49. y D tan�1 x � 1
2x

SOLUTION Let f .x/ D tan�1 x � 1
2x. Then

f 0.x/ D 1

1C x2
� 1

2
;

which yieldsc D ˙1 as critical points.

x .�1;�1/ �1 .�1; 1/ 1 .1;1/

f 0 � 0 C 0 �

f & m % M &

50. y D .x2 � 2x/ex

SOLUTION Let f .x/ D .x2 � 2x/ex . Then

f 0.x/ D .x2 � 2x/ex C .2x � 2/ex D .x2 � 2/ex ;

which yieldsc D ˙
p
2 as critical points.

x
�
�1;

p
2
�

�
p
2

�
�

p
2;

p
2
� p

2
�p
2;1

�

f 0 C 0 � 0 C

f % M & m %

51. y D x � lnx .x > 0/

SOLUTION Let f .x/ D x � ln x. Thenf 0.x/ D 1 � x�1, which yieldsc D 1 as the only critical point.

x .0; 1/ 1 .1;1/

f 0 � 0 C

f & m %

52. y D lnx

x
.x > 0/

SOLUTION Let f .x/ D lnx
x . Then

f 0.x/ D 1 � ln x

x2
;

which yieldsc D e as the only critical point.
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x .0; e/ e .e;1/

f 0 C 0 �

f % M &

53. Find the minimum value off .x/ D xx for x > 0.

SOLUTION Letf .x/ D xx . By logarithmic differentiation, we know thatf 0.x/ D xx.1C ln x/. Thus,x D 1
e is the only critical

point. Becausef 0.x/ < 0 for 0 < x < 1
e andf 0.x/ > 0 for x > 1

e ,

f

�
1

e

�
D
�
1

e

�1=e
� 0:692201

is the minimum value.

54. Show thatf .x/ D x2 C bx C c is decreasing on
�

� 1;�b
2

�
and increasing on

�
� b
2 ;1

�
.

SOLUTION Let f .x/ D x2 C bx C c. Thenf 0.x/ D 2x C b D 0 yields the critical pointc D �b
2 .

� For x < �b
2 , we havef 0.x/ < 0, sof is decreasing on

�
�1;�b

2

�
.

� For x > �b
2 , we havef 0.x/ > 0, sof is increasing on

�
�b
2 ;1

�
.

55. Show thatf .x/ D x3 � 2x2 C 2x is an increasing function.Hint: Find the minimum value off 0.x/.

SOLUTION Let f .x/ D x3 � 2x2 C 2x. For allx, we have

f 0.x/ D 3x2 � 4x C 2 D 3

�
x � 2

3

�2
C 2

3
� 2

3
> 0:

Sincef 0.x/ > 0 for all x, the functionf is everywhere increasing.

56. Find conditions ona andb that ensure thatf .x/ D x3 C ax C b is increasing on.�1;1/.

SOLUTION Let f .x/ D x3 C ax C b.

� If a > 0, thenf 0.x/ D 3x2 C a > 0 andf is increasing for allx.
� If a D 0, then

f .x2/� f .x1/ D .3x32 C b/� .3x31 C b/ D 3.x2 � x1/.x
2
2 C x2x1 C x21/ > 0

wheneverx2 > x1. Thus,f is increasing for allx.

� If a < 0, thenf 0.x/ D 3x2 C a < 0 andf is decreasing forjxj <
q

�a
3 .

In summary,f .x/ D x3 C ax C b is increasing on.�1;1/ whenevera � 0.

57. Let h.x/ D x.x2 � 1/

x2 C 1
and suppose thatf 0.x/ D h.x/. Ploth.x/ and use the plot to describe the local extrema and

the increasing/decreasing behavior off .x/. Sketch a plausible graph forf .x/ itself.

SOLUTION The graph ofh.x/ is shown below at the left. Becauseh.x/ is negative forx < �1 and for0 < x < 1, it follows that
f .x/ is decreasing forx < �1 and for0 < x < 1. Similarly,f .x/ is increasing for�1 < x < 0 and forx > 1 becauseh.x/ is
positive on these intervals. Moreover,f .x/ has local minima atx D �1 andx D 1 and a local maximum atx D 0. A plausible
graph forf .x/ is shown below at the right.

x

0.3

0.2

0.1

21−1−2

−0.2

x

1

0.5

−1

−0.5

h(x) f(x)

1 2−2 −1

58. Sam made two statements that Deborah found dubious.

(a) “The average velocity for my trip was 70 mph; at no point in time did my speedometer read 70 mph.”

(b) “A policeman clocked me going 70 mph, but my speedometer never read 65 mph.”

In each case, which theorem did Deborah apply to prove Sam’s statement false: the Intermediate Value Theorem or the Mean Value
Theorem? Explain.
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SOLUTION

(a) Deborah is applying the Mean Value Theorem here. Lets.t/ be Sam’s distance, in miles, from his starting point, leta be the
start time for Sam’s trip, and letb be the end time of the same trip. Sam is claiming that at no point was

s0.t/ D s.b/� s.a/
b � a :

This violates the MVT.

(b) Deborah is applying the Intermediate Value Theorem here. Letv.t/ be Sam’s velocity in miles per hour. Sam started out at rest,
and reached a velocity of70 mph. By the IVT, he should have reached a velocity of65 mph at some point.

59. Determine wheref .x/ D .1000 � x/2 C x2 is decreasing. Use this to decide which is larger:8002 C 2002 or 6002 C 4002.

SOLUTION If f .x/ D .1000 � x/2 C x2, thenf 0.x/ D �2.1000 � x/ C 2x D 4x � 2000. f 0.x/ < 0 as long asx < 500.
Therefore,8002 C 2002 D f .200/ > f .400/ D 6002 C 4002.

60. Show thatf .x/ D 1� jxj satisfies the conclusion of the MVT onŒa; b� if both a andb are positive or negative, but not ifa < 0
andb > 0.

SOLUTION Let f .x/ D 1 � jxj.

� If a andb (wherea < b) are both positive (or both negative), thenf is continuous onŒa; b� and differentiable on.a; b/.
Accordingly, the hypotheses of the MVT are met and the theorem does apply. Indeed, in these cases, any pointc 2 .a; b/

satisfies the conclusion of the MVT (sincef 0 is constant onŒa; b� in these instances).

� For a D �2 andb D 1, we have
f .b/� f .a/

b � a
D 0 � .�1/
1 � .�2/ D 1

3
. Yet there is no pointc 2 .�2; 1/ such thatf 0.c/ D 1

3 .

Indeed,f 0.x/ D 1 for x < 0, f 0.x/ D �1 for x > 0, andf 0.0/ is undefined. The MVT does not apply in this case, sincef

is not differentiable on the open interval.�2; 1/.
61. Which values ofc satisfy the conclusion of the MVT on the intervalŒa; b� if f .x/ is a linear function?

SOLUTION Let f .x/ D px C q, wherep andq are constants. Then the slope ofeverysecant line and tangent line off is

p. Accordingly, considering the intervalŒa; b�, everypoint c 2 .a; b/ satisfiesf 0.c/ D p D f .b/� f .a/

b � a
, the conclusion of the

MVT.

62. Show that iff .x/ is any quadratic polynomial, then the midpointc D aC b

2
satisfies the conclusion of the MVT onŒa; b� for

anya andb.

SOLUTION Let f .x/ D px2 C qx C r with p ¤ 0 and consider the intervalŒa; b�. Thenf 0.x/ D 2px C q, and by the MVT
we have

2pc C q D f 0.c/ D f .b/� f .a/

b � a
D
�
pb2 C qb C r

�
�
�
pa2 C qaC r

�

b � a

D .b � a/ .p .b C a/C q/

b � a
D p .b C a/C q

Thus2pc C q D p.aC b/C q, andc D aC b

2
.

63. Suppose thatf .0/ D 2 andf 0.x/ � 3 for x > 0. Apply the MVT to the intervalŒ0; 4� to prove thatf .4/ � 14. Prove more
generally thatf .x/ � 2C 3x for all x > 0.

SOLUTION The MVT, applied to the intervalŒ0; 4�, guarantees that there exists ac 2 .0; 4/ such that

f 0.c/ D f .4/ � f .0/
4 � 0 or f .4/� f .0/ D 4f 0.c/:

Becausec > 0, f 0.c/ � 3, sof .4/� f .0/ � 12. Finally,f .4/ � f .0/C 12 D 14.
More generally, letx > 0. The MVT, applied to the intervalŒ0; x�, guarantees there exists ac 2 .0; x/ such that

f 0.c/ D f .x/� f .0/

x � 0
or f .x/� f .0/ D f 0.c/x:

Becausec > 0, f 0.c/ � 3, sof .x/� f .0/ � 3x. Finally,f .x/ � f .0/C 3x D 3x C 2.

64. Show that iff .2/ D �2 andf 0.x/ � 5 for x > 2, thenf .4/ � 8.

SOLUTION The MVT, applied to the intervalŒ2; 4�, guarantees there exists ac 2 .2; 4/ such that

f 0.c/ D f .4/� f .2/

4 � 2
or f .4/ � f .2/ D 2f 0.c/:

Becausef 0.x/ � 5, it follows thatf .4/� f .2/ � 10, or f .4/ � f .2/C 10 D 8.



400 C H A P T E R 4 APPLICATIONS OF THE DERIVATIVE

65. Show that iff .2/ D 5 andf 0.x/ � 10 for x > 2, thenf .x/ � 10x � 15 for all x > 2.

SOLUTION Let x > 2. The MVT, applied to the intervalŒ2; x�, guarantees there exists ac 2 .2; x/ such that

f 0.c/ D f .x/� f .2/
x � 2 or f .x/� f .2/ D .x � 2/f 0.c/:

Becausef 0.x/ � 10, it follows thatf .x/� f .2/ � 10.x � 2/, or f .x/ � f .2/C 10.x � 2/ D 10x � 15.

Further Insights and Challenges

66. Show that a cubic functionf .x/ D x3 C ax2 C bx C c is increasing on.�1;1/ if b > a2=3.

SOLUTION Let f .x/ D x3 C ax2 C bx C c. Thenf 0.x/ D 3x2 C 2ax C b D 3
�
x C a

3

�2 � a2

3 C b > 0 for all x if

b � a2

3 > 0. Therefore, ifb > a2=3, thenf .x/ is increasing on.�1;1/.

67. Prove that iff .0/ D g.0/ andf 0.x/ � g0.x/ for x � 0, thenf .x/ � g.x/ for all x � 0. Hint: Show thatf .x/ � g.x/ is
nonincreasing.

SOLUTION Let h.x/ D f .x/ � g.x/. By the sum rule,h0.x/ D f 0.x/ � g0.x/. Sincef 0.x/ � g0.x/ for all x � 0, h0.x/ � 0

for all x � 0. This implies thath is nonincreasing. Sinceh.0/ D f .0/ � g.0/ D 0, h.x/ � 0 for all x � 0 (ash is nonincreasing,
it cannot climb above zero). Hencef .x/� g.x/ � 0 for all x � 0, and sof .x/ � g.x/ for x � 0.

68. Use Exercise 67 to prove thatx � tanx for 0 � x < �
2 .

SOLUTION Let f .x/ D x andg.x/ D tanx. Thenf .0/ D g.0/ D 0 andf 0.x/ D 1 � sec2 x D g0.x/ for 0 � x < �
2 . Apply

the result of Exercise 67 to conclude thatx � tanx for 0 � x < �
2 .

69. Use Exercise 67 and the inequality sinx � x for x � 0 (established in Theorem 3 of Section 2.6) to prove the following
assertions for allx � 0 (each assertion follows from the previous one).

(a) cosx � 1 � 1
2x
2

(b) sinx � x � 1
6x
3

(c) cosx � 1 � 1
2x
2 C 1

24x
4

(d) Can you guess the next inequality in the series?

SOLUTION

(a) We prove this using Exercise 67: Letg.x/ D cosx andf .x/ D 1 � 1
2x
2. Thenf .0/ D g.0/ D 1 andg0.x/ D � sinx �

�x D f 0.x/ for x � 0 by Exercise 68. Now apply Exercise 67 to conclude that cosx � 1 � 1
2x
2 for x � 0.

(b) Let g.x/ D sinx andf .x/ D x � 1
6x
3. Thenf .0/ D g.0/ D 0 andg0.x/ D cosx � 1 � 1

2x
2 D f 0.x/ for x � 0 by part

(a). Now apply Exercise 67 to conclude that sinx � x � 1
6x
3 for x � 0.

(c) Let g.x/ D 1 � 1
2x
2 C 1

24x
4 and f .x/ D cosx. Thenf .0/ D g.0/ D 1 andg0.x/ D �x C 1

6x
3 � � sinx D f 0.x/ for

x � 0 by part (b). Now apply Exercise 67 to conclude that cosx � 1 � 1
2x
2 C 1

24x
4 for x � 0.

(d) The next inequality in the series is sinx � x � 1
6x
3 C 1

120x
5, valid for x � 0. To construct (d) from (c), we note that

the derivative of sinx is cosx, and look for a polynomial (which we currently must do by educated guess) whose derivative is
1 � 1

2x
2 C 1

24x
4. We know the derivative ofx is 1, and that a term whose derivative is�1

2x
2 should be of the formCx3.

d
dx
Cx3 D 3Cx2 D �1

2x
2, soC D �1

6 . A term whose derivative is124x
4 should be of the formDx5. From this, d

dx
Dx5 D

5Dx4 D 1
24x

4, so that5D D 1
24 , orD D 1

120 .

70. Let f .x/ D e�x . Use the method of Exercise 69 to prove the following inequalities forx � 0.

(a) e�x � 1 � x

(b) e�x � 1 � x C 1
2x
2

(c) e�x � 1 � x C 1
2x
2 � 1

6x
3

Can you guess the next inequality in the series?

SOLUTION

(a) Let f .x/ D 1 � x andg.x/ D e�x . Thenf .0/ D g.0/ D 1 and, forx � 0,

f 0.x/ D �1 � �e�x D g0.x/:

Thus, by Exercise 67 we conclude thate�x � 1 � x for x � 0.

(b) Let f .x/ D e�x andg.x/ D 1 � x C 1
2x
2. Thenf .0/ D g.0/ D 1 and, forx � 0,

f 0.x/ D �e�x � x � 1 D g0.x/

by the result from part (a). Thus, by Exercise 67 we conclude thate�x � 1 � x C 1

2
x2 for x � 0.
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(c) Let f .x/ D 1 � x C 1
2x
2 � 1

6x
3 andg.x/ D e�x . Thenf .0/ D g.0/ D 1 and, forx � 0,

f 0.x/ D �1C x � 1

2
x2 � �e�x D g0.x/

by the result from part (b). Thus, by Exercise 67 we conclude thate�x � 1 � x C 1

2
x2 � 1

6
x3 for x � 0.

The next inequality in the series ise�x � 1 � x C 1

2
x2 � 1

6
x3 C 1

24
x4 for x � 0

71. Assume thatf 00 exists andf 00.x/ D 0 for all x. Prove thatf .x/ D mx C b, wherem D f 0.0/ andb D f .0/.

SOLUTION

� Let f 00.x/ D 0 for all x. Thenf 0.x/ D constant for allx. Sincef 0.0/ D m, we conclude thatf 0.x/ D m for all x.
� Let g.x/ D f .x/ � mx. Theng0.x/ D f 0.x/ � m D m � m D 0 which implies thatg.x/ D constant for allx and

consequentlyf .x/ � mx D constant for allx. Rearranging the statement,f .x/ D mx C constant. Sincef .0/ D b, we
conclude thatf .x/ D mx C b for all x.

72. Definef .x/ D x3 sin
�
1
x

�
for x ¤ 0 andf .0/ D 0.

(a) Show thatf 0.x/ is continuous atx D 0 and thatx D 0 is a critical point off .
(b) Examine the graphs off .x/ andf 0.x/. Can the First Derivative Test be applied?
(c) Show thatf .0/ is neither a local min nor a local max.

SOLUTION

(a) Let f .x/ D x3 sin. 1x /. Then

f 0.x/ D 3x2 sin

�
1

x

�
C x3 cos

�
1

x

�
.�x�2/ D x

�
3x sin

�
1

x

�
� cos

�
1

x

��
:

This formula is not defined atx D 0, but its limit is. Since�1 � sinx � 1 and�1 � cosx � 1 for all x,

jf 0.x/j D jxj
ˇ̌
ˇ̌3x sin

�
1

x

�
� cos

�
1

x

�ˇ̌
ˇ̌ � jxj

�ˇ̌
ˇ̌3x sin

�
1

x

�ˇ̌
ˇ̌C

ˇ̌
ˇ̌cos

�
1

x

�ˇ̌
ˇ̌
�

� jxj.3jxj C 1/

so, by the Squeeze Theorem, lim
x!0

jf 0.x/j D 0. But doesf 0.0/ D 0? We check using the limit definition of the derivative:

f 0.0/ D lim
x!0

f .x/� f .0/

x � 0
D lim
x!0

x2 sin
�
1

x

�
D 0:

Thusf 0.x/ is continuous atx D 0, andx D 0 is a critical point off .
(b) The figure below at the left showsf .x/, and the figure below at the right showsf 0.x/. Note how the two functions oscillate
nearx D 0, which implies that the First Derivative Test cannot be applied.

x
0.2−0.2

y

x
0.2−0.2

y

(c) Asx approaches0 from either direction,f .x/ alternates between positive and negative arbitrarily close tox D 0. This means
thatf .0/ cannot be a local minimum (sincef .x/ gets lower thanf .0/ arbitrarily close to0), nor canf .0/ be a local maximum
(sincef .x/ takes values higher thanf .0/ arbitrarily close tox D 0). Thereforef .0/ is neither a local minimum nor a local
maximum off .

73. Suppose thatf .x/ satisfies the following equation (an example of adifferential equation):

f 00.x/ D �f .x/ 1

(a) Show thatf .x/2 C f 0.x/2 D f .0/2 C f 0.0/2 for all x. Hint: Show that the function on the left has zero derivative.
(b) Verify that sinx and cosx satisfy Eq. (1), and deduce that sin2 x C cos2 x D 1.

SOLUTION

(a) Let g.x/ D f .x/2 C f 0.x/2. Then

g0.x/ D 2f .x/f 0.x/C 2f 0.x/f 00.x/ D 2f .x/f 0.x/C 2f 0.x/.�f .x// D 0;

where we have used the fact thatf 00.x/ D �f .x/. Becauseg0.0/ D 0 for all x, g.x/ D f .x/2 C f 0.x/2 must be a constant
function. In other words,f .x/2 C f 0.x/2 D C for some constantC . To determine the value ofC , we can substitute any number
for x. In particular, for this problem, we want to substitutex D 0 and findC D f .0/2 C f 0.0/2. Hence,

f .x/2 C f 0.x/2 D f .0/2 C f 0.0/2:
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(b) Let f .x/ D sinx. Thenf 0.x/ D cosx andf 00.x/ D � sinx, sof 00.x/ D �f .x/. Next, letf .x/ D cosx. Thenf 0.x/ D
� sinx, f 00.x/ D � cosx, and we again havef 00.x/ D �f .x/. Finally, if we takef .x/ D sinx, the result from part (a) guarantees
that

sin2 x C cos2 x D sin2 0C cos2 0 D 0C 1 D 1:

74. Suppose that functionsf andg satisfy Eq. (1) and have the same initial values—that is,f .0/ D g.0/ andf 0.0/ D g0.0/.
Prove thatf .x/ D g.x/ for all x. Hint: Apply Exercise 73(a) tof � g.

SOLUTION Let h.x/ D f .x/� g.x/. Then

h00.x/ D f 00.x/� g00.x/ D �f .x/� .�g.x// D �.f .x/� g.x// D �h.x/:

Furthermore,h.0/ D f .0/ � g.0/ D 0 andh0.0/ D f 0.0/ � g0.0/ D 0. Thus, by part (a) of Exercise 73,h.x/2 C h0.x/2 D 0.
This can only happen ifh.x/ D 0 for all x, or, equivalently,f .x/ D g.x/ for all x.

75. Use Exercise 74 to prove:f .x/ D sinx is the unique solution of Eq. (1) such thatf .0/ D 0 andf 0.0/ D 1; andg.x/ D cosx
is the unique solution such thatg.0/ D 1 andg0.0/ D 0. This result can be used to develop all the properties of the trigonometric
functions “analytically”—that is, without reference to triangles.

SOLUTION In part (b) of Exercise 73, it was shown thatf .x/ D sinx satisfies Eq. (1), and we can directly calculate that
f .0/ D sin0 D 0 andf 0.0/ D cos0 D 1. Suppose there is another function, call itF.x/, that satisfies Eq. (1) with the same initial
conditions:F.0/ D 0 andF 0.0/ D 1. By Exercise 74, it follows thatF.x/ D sinx for all x. Hence,f .x/ D sinx is the unique
solution of Eq. (1) satisfyingf .0/ D 0 andf 0.0/ D 1. The proof thatg.x/ D cosx is the unique solution of Eq. (1) satisfying
g.0/ D 1 andg0.0/ D 0 is carried out in a similar manner.

4.4 The Shape of a Graph

Preliminary Questions
1. If f is concave up, thenf 0 is (choose one):

(a) increasing (b) decreasing

SOLUTION The correct response is(a): increasing. If the function is concave up, thenf 00 is positive. Sincef 00 is the derivative
of f 0, it follows that the derivative off 0 is positive andf 0 must therefore be increasing.

2. What conclusion can you draw iff 0.c/ D 0 andf 00.c/ < 0?

SOLUTION If f 0.c/ D 0 andf 00.c/ < 0, thenf .c/ is a local maximum.

3. True or False? Iff .c/ is a local min, thenf 00.c/ must be positive.

SOLUTION False.f 00.c/ could be zero.

4. True or False? Iff 00.x/ changes fromC to � atx D c, thenf has a point of inflection atx D c.

SOLUTION False.f will have a point of inflection atx D c only if x D c is in the domain off .

Exercises
1. Match the graphs in Figure 1 with the description:

(a) f 00.x/ < 0 for all x. (b) f 00.x/ goes fromC to �.

(c) f 00.x/ > 0 for all x. (d) f 00.x/ goes from� to C.

(A) (B) (C) (D)

FIGURE 1

SOLUTION

(a) In C, we havef 00.x/ < 0 for all x.

(b) In A, f 00.x/ goes fromC to �.

(c) In B, we havef 00.x/ > 0 for all x.

(d) In D, f 00.x/ goes from� to C.
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2. Match each statement with a graph in Figure 2 that represents company profits as a function of time.

(a) The outlook is great: The growth rate keeps increasing.

(b) We’re losing money, but not as quickly as before.

(c) We’re losing money, and it’s getting worse as time goes on.

(d) We’re doing well, but our growth rate is leveling off.

(e) Business had been cooling off, but now it’s picking up.

(f) Business had been picking up, but now it’s cooling off.

(i) (ii) (iii) (iv) (v) (vi)

FIGURE 2

SOLUTION

(a) (ii) An increasing growth rate implies an increasingf 0, and so a graph that is concave up.

(b) (iv) “Losing money” implies a downward curve. “Not as fast” implies thatf 0 is becoming less negative, so thatf 00.x/ > 0.
(c) (i) “Losing money” implies a downward curve. “Getting worse” implies thatf 0 is becoming more negative, so the curve is
concave down.

(d) (iii) “We’re doing well” implies thatf is increasing, but “the growth rate is leveling off” implies thatf 0 is decreasing, so that
the graph is concave down.

(e) (vi) “Cooling off” generally means increasing at a decreasing rate. The use of “had” implies that only the beginning of the
graph is that way. The phrase “...now it’s picking up” implies that the end of the graph is concave up.

(f) (v) “Business had been picking up” implies that the graph started out concave up. The phrase “. . . but now it’s cooling off”
implies that the graph ends up concave down.

In Exercises 3–18, determine the intervals on which the function is concave up or down and find the points of inflection.

3. y D x2 � 4x C 3

SOLUTION Let f .x/ D x2 � 4x C 3. Thenf 0.x/ D 2x � 4 andf 00.x/ D 2 > 0 for all x. Therefore,f is concave up
everywhere, and there are no points of inflection.

4. y D t3 � 6t2 C 4

SOLUTION Let f .t/ D t3 � 6t2 C 4. Thenf 0.t/ D 3t2 � 12t andf 00.t/ D 6t � 12 D 0 at t D 2. Now, f is concave up on
.2;1/, sincef 00.t/ > 0 there. Moreover,f is concave down on.�1; 2/, sincef 00.t/ < 0 there. Finally, becausef 00.t/ changes
sign att D 2, f .t/ has a point of inflection att D 2.

5. y D 10x3 � x5

SOLUTION Let f .x/ D 10x3 � x5. Thenf 0.x/ D 30x2 � 5x4 andf 00.x/ D 60x � 20x3 D 20x.3 � x2/. Now,f is concave

up for x < �
p
3 and for 0 < x <

p
3 sincef 00.x/ > 0 there. Moreover,f is concave down for�

p
3 < x < 0 and for x >

p
3

sincef 00.x/ < 0 there. Finally, becausef 00.x/ changes sign atx D 0 and atx D ˙
p
3, f .x/ has a point of inflection atx D 0

and atx D ˙
p
3.

6. y D 5x2 C x4

SOLUTION Let f .x/ D 5x2 C x4. Thenf 0.x/ D 10x C 4x3 andf 00.x/ D 10C 12x2 > 10 for all x. Thus,f is concave up
for all x and has no points of inflection.

7. y D � � 2 sin� , Œ0; 2��

SOLUTION Let f .�/ D � � 2 sin� . Thenf 0.�/ D 1 � 2 cos� andf 00.�/ D 2 sin� . Now,f is concave up for0 < � < � since
f 00.�/ > 0 there. Moreover,f is concave down for� < � < 2� sincef 00.�/ < 0 there. Finally, becausef 00.�/ changes sign at
� D �, f .�/ has a point of inflection at� D �.

8. y D � C sin2 � , Œ0; ��

SOLUTION Let f .�/ D � C sin2 � . Thenf 0.�/ D 1 C 2 sin� cos� D 1 C sin2� andf 00.�/ D 2 cos2� . Now, f is concave
up for 0 < � < �=4 and for3�=4 < � < � sincef 00.�/ > 0 there. Moreover,f is concave down for�=4 < � < 3�=4 since
f 00.�/ < 0 there. Finally, becausef 00.�/ changes sign at� D �=4 and at� D 3�=4, f .�/ has a point of inflection at� D �=4

and at� D 3�=4.

9. y D x.x � 8
p
x/ .x � 0/

SOLUTION Let f .x/ D x.x � 8
p
x/ D x2 � 8x3=2. Thenf 0.x/ D 2x � 12x1=2 andf 00.x/ D 2� 6x�1=2. Now,f is concave

down for0 < x < 9 sincef 00.x/ < 0 there. Moreover,f is concave up forx > 9 sincef 00.x/ > 0 there. Finally, becausef 00.x/
changes sign atx D 9, f .x/ has a point of inflection atx D 9.
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10. y D x7=2 � 35x2

SOLUTION Let f .x/ D x7=2 � 35x2. Then

f 0.x/ D 7

2
x5=2 � 70x and f 00.x/ D 35

4
x3=2 � 70:

Now, f is concave down for0 < x < 4 sincef 00.x/ < 0 there. Moreover,f is concave up forx > 4 sincef 00.x/ > 0 there.
Finally, becausef 00.x/ changes sign atx D 4, f .x/ has a point of inflection atx D 4.

11. y D .x � 2/.1 � x3/

SOLUTION Let f .x/ D .x � 2/
�
1 � x3

�
D x � x4 � 2 C 2x3. Thenf 0.x/ D 1 � 4x3 C 6x2 andf 00.x/ D 12x � 12x2 D

12x.1 � x/ D 0 at x D 0 andx D 1. Now, f is concave up on.0; 1/ sincef 00.x/ > 0 there. Moreover,f is concave down on
.�1; 0/ [ .1;1/ sincef 00.x/ < 0 there. Finally, becausef 00.x/ changes sign at bothx D 0 andx D 1, f .x/ has a point of
inflection at bothx D 0 andx D 1.

12. y D x7=5

SOLUTION Let f .x/ D x7=5. Thenf 0.x/ D 7
5x
2=5 andf 00.x/ D 14

25x
�3=5. Now, f is concave down forx < 0 since

f 00.x/ < 0 there. Moreover,f is concave up forx > 0 sincef 00.x/ > 0 there. Finally, becausef 00.x/ changes sign atx D 0,
f .x/ has a point of inflection atx D 0.

13. y D 1

x2 C 3

SOLUTION Let f .x/ D 1

x2 C 3
. Thenf 0.x/ D � 2x

.x2 C 3/2
and

f 00.x/ D �2.x
2 C 3/2 � 8x2.x2 C 3/

.x2 C 3/4
D 6x2 � 6
.x2 C 3/3

:

Now,f is concave up forjxj > 1 sincef 00.x/ > 0 there. Moreover,f is concave down forjxj < 1 sincef 00.x/ < 0 there. Finally,
becausef 00.x/ changes sign at bothx D �1 andx D 1, f .x/ has a point of inflection at bothx D �1 andx D 1.

14. y D x

x2 C 9

SOLUTION Let f .x/ D x
x2C9 . Then

f 0.x/ D .x2 C 9/.1/ � x.2x/

.x2 C 9/2
D 9 � x2

.x2 C 9/2

and

f 00.x/ D .x2 C 9/2.�2x/� .9 � x2/.2/.x2 C 9/.2x/

.x2 C 9/4
D 2x.x2 � 27/

.x2 C 9/3
:

Now, f is concave up for�3
p
3 < x < 0 and forx > 3

p
3 sincef 00.x/ > 0 there. Moreover,f is concave down forx < �3

p
3

and for 0 < x < 3
p
3 sincef 00.x/ < 0 there. Finally, becausef 00.x/ changes sign atx D 0 and atx D ˙3

p
3, f .x/ has a point

of inflection atx D 0 and atx D ˙3
p
3.

15. y D xe�3x

SOLUTION Let f .x/ D xe�3x . Thenf 0.x/ D �3xe�3x C e�3x D .1 � 3x/e�3x andf 00.x/ D �3.1 � 3x/e�3x � 3e�3x D
.9x � 6/e�3x . Now,f is concave down forx < 2

3 sincef 00.x/ < 0 there. Moreover,f is concave up forx > 2
3 sincef 00.x/ > 0

there. Finally, becausef 00.x/ changes sign atx D 2
3 , x D 2

3 is a point of inflection.

16. y D .x2 � 7/ex

SOLUTION Let f .x/ D .x2 � 7/ex . Thenf 0.x/ D .x2 � 7/ex C 2xex D .x2 C 2x07/ex andf 00.x/ D .x2 C 2x � 7/ex C
.2x C 2/ex D .x C 5/.x � 1/ex . Now,f is concave up forx < �5 and forx > 1 sincef 00.x/ > 0 there. Moreover,f is concave
down for �5 < x < 1 sincef 00.x/ < 0 there. Finally, becausef 00.x/ changes sign atx D �5 and atx D 1, f has a point of
inflection atx D �5 and atx D 1.

17. y D 2x2 C ln x .x > 0/

SOLUTION Let f .x/ D 2x2 C lnx. Thenf 0.x/ D 4x C x�1 andf 00.x/ D 4 � x�2. Now,f is concave down forx < 1
2 since

f 00.x/ < 0 there. Moreover,f is concave up forx > 1
2 sincef 00.x/ > 0 there. Finally, becausef 00.x/ changes sign atx D 1

2 , f

has a point of inflection atx D 1
2 .

18. y D x � ln x .x > 0/

SOLUTION Let f .x/ D x � lnx. Thenf 0.x/ D 1 � 1=x andf 00.x/ D x�2 > 0 for all x > 0. Thus,f is concave up for all
x > 0 and has no points of inflection.
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19. The growth of a sunflower during the first 100 days after sprouting is modeled well by thelogistic curvey D h.t/

shown in Figure 3. Estimate the growth rate at the point of inflection and explain its significance. Then make a rough sketch of the
first and second derivatives ofh.t/.
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t  (days)

Height (cm)

FIGURE 3

SOLUTION The point of inflection in Figure 3 appears to occur att D 40 days. The graph below shows the logistic curve with an
approximate tangent line drawn att D 40. The approximate tangent line passes roughly through the points.20; 20/ and.60; 240/.
The growth rate at the point of inflection is thus

240 � 20

60 � 20
D 220

40
D 5:5 cm/day:

Because the logistic curve changes from concave up to concave down att D 40, the growth rate at this point is the maximum
growth rate for the sunflower plant.

20 40 60 80 100

50

100

150

200

300

250

t  (days)

Height (cm)

Sketches of the first and second derivative ofh.t/ are shown below at the left and at the right, respectively.

20 40 60 80 100
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10080604020
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h′
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h′′

20. Assume that Figure 4 is the graph off .x/. Where do the points of inflection off .x/ occur, and on which interval isf .x/
concave down?

x

y

gecba d f

FIGURE 4

SOLUTION The function in Figure 4 changes concavity atx D c; therefore, there is a single point of inflection atx D c. The
graph is concave down forx < c.

21. Repeat Exercise 20 but assume that Figure 4 is the graph of thederivativef 0.x/.

SOLUTION Points of inflection occur whenf 00.x/ changes sign. Consequently, points of inflection occur whenf 0.x/ changes
from increasing to decreasing or from decreasing to increasing. In Figure 4, this occurs atx D b and atx D e; therefore,f .x/ has
an inflection point atx D b and another atx D e. The functionf .x/ will be concave down whenf 00.x/ < 0 or whenf 0.x/ is
decreasing. Thus,f .x/ is concave down forb < x < e.
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22. Repeat Exercise 20 but assume that Figure 4 is the graph of thesecond derivativef 00.x/.

SOLUTION Inflection points occur whenf 00.x/ changes sign; therefore,f .x/ has inflection points atx D a, x D d andx D f .
The functionf .x/ is concave down forx < a and ford < x < f .

23. Figure 5 shows thederivativef 0.x/ on Œ0; 1:2�. Locate the points of inflection off .x/ and the points where the local minima
and maxima occur. Determine the intervals on whichf .x/ has the following properties:

(a) Increasing (b) Decreasing

(c) Concave up (d) Concave down

1.210.17 0.640.4
x

y

y = f '(x)

FIGURE 5

SOLUTION Recall that the graph is that off 0, not f . The inflection points off occur wheref 0 changes from increasing to
decreasing or vice versa because it is at these points that the sign off 00 changes. From the graph we conclude thatf has points
of inflection atx D 0:17, x D 0:64, andx D 1. The local extrema off occur wheref 0 changes sign. This occurs atx D 0:4.
Because the sign off 0 changes fromC to �, f .0:4/ is a local maximum. There are no local minima.

(a) f is increasing whenf 0 is positive. Hence,f is increasing on.0; 0:4/.

(b) f is decreasing whenf 0 is negative. Hence,f is decreasing on.0:4; 1/ [ .1; 1:2/.

(c) Now f is concave up wheref 0 is increasing. This occurs on.0; 0:17/ [ .0:64; 1/.
(d) Moreover,f is concave down wheref 0 is decreasing. This occurs on.0:17; 0:64/ [ .1; 1:2/.

24. Leticia has been selling solar-powered laptop chargers through her website, with monthly sales as recorded below. In a report
to investors, she states, “Sales reached a point of inflection when I started using pay-per-click advertising.” In which month did that
occur? Explain.

Month 1 2 3 4 5 6 7 8

Sales 2 30 50 60 90 150 230 340

SOLUTION Note that in successive months, sales increased by 28, 20, 10, 30, 60, 80 and 110. Until month 5, the rate of increase
in sales was decreasing. After month 5, the rate of increase in sales increased. Thus, Leticia began using pay-per-click advertising
in month 5.

In Exercises 25–38, find the critical points and apply the Second Derivative Test (or state that it fails).

25. f .x/ D x3 � 12x2 C 45x

SOLUTION Let f .x/ D x3 � 12x2 C 45x. Thenf 0.x/ D 3x2 � 24x C 45 D 3.x � 3/.x � 5/, and the critical points arex D 3

andx D 5. Moreover,f 00.x/ D 6x � 24, sof 00.3/ D �6 < 0 andf 00.5/ D 6 > 0. Therefore, by the Second Derivative Test,
f .3/ D 54 is a local maximum, andf .5/ D 50 is a local minimum.

26. f .x/ D x4 � 8x2 C 1

SOLUTION Let f .x/ D x4 � 8x2 C 1. Thenf 0.x/ D 4x3 � 16x D 4x.x2 � 4/, and the critical points arex D 0 andx D ˙2.
Moreover,f 00.x/ D 12x2 � 16, sof 00.�2/ D f 00.2/ D 32 > 0 andf 00.0/ D �16 < 0. Therefore, by the second derivative test,
f .�2/ D �15 andf .2/ D �15 are local minima, andf .0/ D 1 is a local maximum.

27. f .x/ D 3x4 � 8x3 C 6x2

SOLUTION Let f .x/ D 3x4 � 8x3 C 6x2. Thenf 0.x/ D 12x3 � 24x2 C 12x D 12x.x � 1/2 D 0 at x D 0, 1 and
f 00.x/ D 36x2 � 48xC 12. Thus,f 00.0/ > 0, which impliesf .0/ is a local minimum; however,f 00.1/ D 0, which is inconclusive.

28. f .x/ D x5 � x3

SOLUTION Let f .x/ D x5 � x3. Thenf 0.x/ D 5x4 � 3x2 D x2.5x2 � 3/ D 0 at x D 0, x D ˙
q
3
5 and f 00.x/ D

20x3 � 6x D x.20x2 � 6/. Thus,f 00
�q

3
5

�
> 0, which impliesf

�q
3
5

�
is a local minimum, andf 00

�
�
q
3
5

�
< 0, which

implies thatf

�
�
q
3
5

�
is a local maximum; however,f 00.0/ D 0, which is inconclusive.
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29. f .x/ D x2 � 8x

x C 1

SOLUTION Let f .x/ D x2 � 8x
x C 1

. Then

f 0.x/ D x2 C 2x � 8
.x C 1/2

and f 00.x/ D 2.x C 1/2 � 2.x2 C 2x � 8/

.x C 1/3
:

Thus, the critical points arex D �4 andx D 2. Moreover,f 00.�4/ < 0 andf 00.2/ > 0. Therefore, by the second derivative test,
f .�4/ D �16 is a local maximum andf .2/ D �4 is a local minimum.

30. f .x/ D 1

x2 � x C 2

SOLUTION Let f .x/ D 1

x2 � x C 2
. Thenf 0.x/ D �2x C 1

.x2 � x C 2/2
D 0 atx D 1

2 and

f 00.x/ D �2.x2 � x C 2/C 2.2x � 1/2

.x2 � x C 2/3
:

Thusf 00
�
1
2

�
< 0, which implies thatf

�
1
2

�
is a local maximum.

31. y D 6x3=2 � 4x1=2

SOLUTION Let f .x/ D 6x3=2 � 4x1=2. Thenf 0.x/ D 9x1=2 � 2x�1=2 D x�1=2.9x � 2/, so there are two critical points:

x D 0 andx D 2
9 . Now,

f 00.x/ D 9

2
x�1=2 C x�3=2 D 1

2
x�3=2.9x C 2/:

Thus,f 00
�
2
9

�
> 0, which impliesf

�
2
9

�
is a local minimum.f 00.x/ is undefined atx D 0, so the Second Derivative Test cannot

be applied there.

32. y D 9x7=3 � 21x1=2

SOLUTION Let f .x/ D 9x7=3 � 21x1=2. Thenf 0.x/ D 21x4=3 � 21
2 x

�1=2 D 0 when

x D
�
1

2

�6=11
;

andf 00.x/ D 28x1=3 C 21
4 x

�3=2. Thus,

f 00
 �

1

2

�6=11!
> 0;

which impliesf

��
1
2

�6=11�
is a local minimum.

33. f .x/ D sin2 x C cosx, Œ0; ��

SOLUTION Letf .x/ D sin2 xC cosx. Thenf 0.x/ D 2 sinx cosx � sinx D sinx.2 cosx � 1/. On the intervalŒ0; ��, f 0.x/ D
0 atx D 0, x D �

3 andx D �. Now,

f 00.x/ D 2 cos2 x � 2 sin2 x � cosx:

Thus,f 00.0/ > 0, sof .0/ is a local minimum. On the other hand,f 00.�3 / < 0, sof .�3 / is a local maximum. Finally,f 00.�/ > 0,
sof .�/ is a local minimum.

34. y D 1

sinx C 4
, Œ0; 2��

SOLUTION Let f .x/ D .sinx C 4/�1. Then

f 0.x/ D � cosx

.sin x C 4/2
and f 00.x/ D 2 cos2 x C sin2 x C 4 sinx

.sinx C 4/3
:

Now, f 0.x/ D 0 whenx D �=2 and whenx D 3�=2. Sincef 00.�=2/ > 0, it follows thatf .�=2/ is a local minimum. On the
other hand,f 00.3�=2/ < 0, sof .3�=2/ is a local maximum.
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35. f .x/ D xe�x2

SOLUTION Let f .x/ D xe�x2
. Thenf 0.x/ D �2x2e�x2 C e�x2 D .1 � 2x2/e�x2

, so there are two critical points:x D
˙

p
2
2 . Now,

f 00.x/ D .4x3 � 2x/e�x2 � 4xe�x2 D .4x3 � 6x/e�x2
:

Thus,f 00
�p

2
2

�
< 0, sof

�p
2
2

�
is a local maximum. On the other hand,f 00

�
�

p
2
2

�
> 0, sof

�
�

p
2
2

�
is a local minimum.

36. f .x/ D e�x � 4e�2x

SOLUTION Let f .x/ D e�x � 4e�2x . Thenf 0.x/ D �e�x C 8e�2x D 0 whenx D 3 ln 2. Now,f 00.x/ D e�x � 16e�2x , so
f 00.3 ln 2/ < 0. Thus,f .3 ln 2/ is a local maximum.

37. f .x/ D x3 ln x .x > 0/

SOLUTION Let f .x/ D x3 ln x. Thenf 0.x/ D x2 C 3x2 ln x D x2.1C 3 ln x/, so there is only one critical point:x D e�1=3.
Now,

f 00.x/ D 3x C 2x.1C 3 ln x/ D x.5C 6lnx/:

Thus,f 00
�
e�1=3

�
> 0, sof

�
e�1=3

�
is a local minimum.

38. f .x/ D lnx C ln.4 � x2/, .0; 2/

SOLUTION Let f .x/ D ln x C ln.4 � x2/. Then

f 0.x/ D 1

x
� 2x

4 � x2
;

so there is only one critical point on the interval0 < x < 2: x D 2
p
3
3 . Now,

f 00.x/ D � 1

x2
� .4 � x2/.2/� 2x.�2x/

.4 � x2/2
D � 1

x2
� 8C 2x2

.4 � x2/2
:

Thus,f 00
�
2

p
3
3

�
< 0, sof

�
2

p
3
3

�
is a local maximum.

In Exercises 39–52, find the intervals on whichf is concave up or down, the points of inflection, the critical points, and the local
minima and maxima.

SOLUTION Here is a table legend for Exercises 39–52.

SYMBOL MEANING

� The entity is negative on the given interval.

0 The entity is zero at the specified point.

C The entity is positive on the given interval.

U The entity is undefined at the specified point.

% The function (f , g, etc.) is increasing on the given interval.

& The function (f , g, etc.) is decreasing on the given interval.

` The function (f , g, etc.) is concave up on the given interval.

a The function (f , g, etc.) is concave down on the given interval.

M The function (f , g, etc.) has a local maximum at the specified point.

m The function (f , g, etc.) has a local minimum at the specified point.

I The function (f , g, etc.) has an inflection point here.

: There is no local extremum or inflection point here.

39. f .x/ D x3 � 2x2 C x

SOLUTION Let f .x/ D x3 � 2x2 C x.

� Thenf 0.x/ D 3x2 � 4x C 1 D .x � 1/.3x � 1/ D 0 yieldsx D 1 andx D 1
3 as candidates for extrema.

� Moreover,f 00.x/ D 6x � 4 D 0 gives a candidate for a point of inflection atx D 2
3 .
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x
�

� 1; 13

�
1
3

�
1
3 ; 1

�
1

�
1;1

�

f 0 C 0 � 0 C

f % M & m %

x
�

� 1; 23

�
2
3

�
2
3 ;1

�

f 00 � 0 C

f a I `

40. f .x/ D x2.x � 4/
SOLUTION Let f .x/ D x2.x � 4/ D x3 � 4x2.

� Thenf 0.x/ D 3x2 � 8x D x.3x � 8/ D 0 yieldsx D 0 andx D 8
3 as candidates for extrema.

� Moreover,f 00.x/ D 6x � 8 D 0 gives a candidate for a point of inflection atx D 4
3 .

x .�1; 0/ 0
�
0; 83

�
8
3

�
8
3 ;1

�

f 0 C 0 � 0 C

f % M & m %

x
�

� 1; 43

�
4
3

�
4
3 ;1

�

f 00 � 0 C

f a I `

41. f .t/ D t2 � t3

SOLUTION Let f .t/ D t2 � t3.

� Thenf 0.t/ D 2t � 3t2 D t.2 � 3t/ D 0 yieldst D 0 andt D 2
3 as candidates for extrema.

� Moreover,f 00.t/ D 2 � 6t D 0 gives a candidate for a point of inflection att D 1
3 .

t .�1; 0/ 0
�
0; 23

�
2
3

�
2
3 ;1

�

f 0 � 0 C 0 �

f & m % M &

t
�

� 1; 13

�
1
3

�
1
3 ;1

�

f 00 C 0 �

f ` I a

42. f .x/ D 2x4 � 3x2 C 2

SOLUTION Let f .x/ D 2x4 � 3x2 C 2.

� Thenf 0.x/ D 8x3 � 6x D 2x.4x2 � 3/ D 0 yieldsx D 0 andx D ˙
p
3
2 as candidates for extrema.

� Moreover,f 00.x/ D 24x2 � 6 D 6.4x2 � 1/ D 0 gives candidates for a point of inflection atx D ˙1
2 .

x
�
�1;�

p
3
2

�
�

p
3
2

�
�

p
3
2 ; 0

�
0

�
0;

p
3
2

� p
3
2

�p
3
2 ;1

�

f 0 � 0 C 0 � 0 C

f & m % M & m %

x
�

� 1;�1
2

�
�1
2

�
� 1
2 ;
1
2

�
1
2

�
1
2 ;1

�

f 00 C 0 � 0 C

f ` I a I `

43. f .x/ D x2 � 8x1=2 .x � 0/

SOLUTION Let f .x/ D x2 � 8x1=2. Note that the domain off is x � 0.

� Thenf 0.x/ D 2x � 4x�1=2 D x�1=2
�
2x3=2 � 4

�
D 0 yieldsx D 0 andx D .2/2=3 as candidates for extrema.

� Moreover,f 00.x/ D 2C 2x�3=2 > 0 for all x � 0, which means there are no inflection points.

x 0
�
0; .2/2=3

�
.2/2=3

�
.2/2=3 ;1

�

f 0 U � 0 C

f M & m %

44. f .x/ D x3=2 � 4x�1=2 .x > 0/

SOLUTION Let f .x/ D x3=2 � 4x�1=2. Then

f 0.x/ D 3

2
x1=2 C 2x�3=2 > 0
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for all x > 0. Thus,f is always increasing and there are no local extrema. Now,

f 00.x/ D 3

4
x�1=2 � 3x�5=2

sox D 2 is a candidate point of inflection.

x .0; 2/ 2 .2;1/

f 00 � 0 C

f a I `

45. f .x/ D x

x2 C 27

SOLUTION Let f .x/ D x

x2 C 27
.

� Thenf 0.x/ D 27 � x2

�
x2 C 27

�2 D 0 yieldsx D ˙3
p
3 as candidates for extrema.

� Moreover,f 00.x/ D
�2x

�
x2 C 27

�2 � .27 � x2/.2/
�
x2 C 27

�
.2x/

�
x2 C 27

�4 D
2x
�
x2 � 81

�
�
x2 C 27

�3 D 0 gives candidates for a point of

inflection atx D 0 and atx D ˙9.

x
�
�1;�3

p
3
�

�3
p
3

�
�3

p
3; 3

p
3
�

3
p
3

�
3
p
3;1

�

f 0 � 0 C 0 �

f & m % M &

x .�1;�9/ �9 .�9; 0/ 0 .0; 9/ 9 .9;1/

f 00 � 0 C 0 � 0 C

f a I ` I a I `

46. f .x/ D 1

x4 C 1

SOLUTION Let f .x/ D 1

x4 C 1
.

� Thenf 0.x/ D � 4x3

�
x4 C 1

�2 D 0 yieldsx D 0 as a candidate for an extremum.

� Moreover,

f 00.x/ D
�
x4 C 1

�2 ��12x2
�

� .�4x3/ � 2
�
x4 C 1

� �
4x3

�
�
x2 C 1

�4 D
4x2

�
5x4 � 3

�
�
x4 C 1

�3 D 0

gives candidates for a point of inflection atx D 0 and atx D ˙
�
3
5

�1=4
.

x .�1; 0/ 0 .0;1/

f 0 C 0 �

f % M &

x

�
�1;�

�
3
5

�1=4�
�
�
3
5

�1=4 �
�
�
3
5

�1=4
; 0

�
0

�
0;
�
3
5

�1=4� �
3
5

�1=4 ��
3
5

�1=4
;1

�

f 00 C 0 � 0 � 0 C

f ` I a : a I `
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47. f .�/ D � C sin� , Œ0; 2��

SOLUTION Let f .�/ D � C sin� on Œ0; 2��.

� Thenf 0.�/ D 1C cos� D 0 yields� D � as a candidate for an extremum.
� Moreover,f 00.�/ D � sin� D 0 gives candidates for a point of inflection at� D 0, at� D �, and at� D 2�.

� .0; �/ � .�; 2�/

f 0 C 0 C

f % : %

� 0 .0; �/ � .�; 2�/ 2�

f 00 0 � 0 C 0

f : a I ` :

48. f .x/ D cos2 x, Œ0; ��

SOLUTION Let f .x/ D cos2 x. Thenf 0.x/ D �2 cosx sinx D �2 sin2x D 0 whenx D 0, x D �=2 andx D �. All three
are candidates for extrema. Moreover,f 00.x/ D �4 cos2x D 0 whenx D �=4 andx D 3�=4. Both are candidates for a point of
inflection.

x 0
�
0; �2

�
�
2

�
�
2 ; �

�
�

f 0 0 � 0 C 0

f M & m % M

x
�
0; �4

�
�
4

�
�
4 ;

3�
4

�
3�
4

�
3�
4 ; �

�

f 00 � 0 C 0 �

f a I ` I a

49. f .x/ D tanx,
�
��
2 ;

�
2

�

SOLUTION Let f .x/ D tanx on
�
��
2 ;

�
2

�
.

� Thenf 0.x/ D sec2 x � 1 > 0 on
�
��
2 ;

�
2

�
.

� Moreover,f 00.x/ D 2 secx � secx tanx D 2 sec2 x tanx D 0 gives a candidate for a point of inflection atx D 0.

x
�
��
2 ;

�
2

�

f 0 C

f %

x
�
��
2 ; 0

�
0

�
0; �2

�

f 00 � 0 C

f a I `

50. f .x/ D e�x cosx,
�
��
2 ;

3�
2

�

SOLUTION Let f .x/ D e�x cosx on
h
��
2 ;

3�
2

i
.

� Then,f 0.x/ D �e�x sinx � e�x cosx D �e�x.sinx C cosx/ D 0 givesx D ��
4 andx D 3�

4 as candidates for extrema.
� Moreover,

f 00.x/ D �e�x.cosx � sinx/C e�x.sinx C cosx/ D 2e�x sinx D 0

givesx D 0 andx D � as inflection point candidates.

x
�
��
2 ;�

�
4

�
��
4

�
��
4 ;

3�
4

�
3�
4

�
3�
4 ;

3�
2

�

f 0 C 0 � 0 C

f % M & m %

x
�
��
2 ; 0

�
0 .0; �/ �

�
�; 3�2

�

f 00 � 0 C 0 �

f a I ` I a

51. y D .x2 � 2/e�x .x > 0/
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SOLUTION Let f .x/ D .x2 � 2/e�x .

� Thenf 0.x/ D �.x2 � 2x � 2/e�x D 0 givesx D 1C
p
3 as a candidate for an extrema.

� Moreover,f 00.x/ D .x2 � 4x/e�x D 0 givesx D 4 as a candidate for a point of inflection.

x
�
0; 1C

p
3
�

1C
p
3

�
1C

p
3;1

�

f 0 C 0 �

f % M &

x .0; 4/ 4 .4;1/

f 00 � 0 C

f a I `

52. y D ln.x2 C 2x C 5/

SOLUTION Let f .x/ D ln.x2 C 2x C 5/. Then

f 0.x/ D 2x C 2

x2 C 2x C 5
D 0

whenx D �1. This is the only critical point. Moreover,

f 00.x/ D �2.x � 1/.x C 3/

.x2 C 2x C 5/2
;

sox D 1 andx D �3 are candidates for inflection points.

x .�1;�1/ �1 .�1;1/

f 0 � 0 C

f & m %

x .�1;�3/ �3 .�3; 1/ 1 .1;1/

f 00 � 0 C 0 �

f a I ` I a

53. Sketch the graph of an increasing function such thatf 00.x/ changes fromC to � atx D 2 and from� to C atx D 4. Do the
same for a decreasing function.

SOLUTION The graph shown below at the left is an increasing function which changes from concave up to concave down at
x D 2 and from concave down to concave up atx D 4. The graph shown below at the right is a decreasing function which changes
from concave up to concave down atx D 2 and from concave down to concave up atx D 4.

x
2 4

2

1

y

x
2 4

6

2

4

y

In Exercises 54–56, sketch the graph of a functionf .x/ satisfying all of the given conditions.

54. f 0.x/ > 0 andf 00.x/ < 0 for all x.

SOLUTION Here is the graph of a functionf .x/ satisfyingf 0.x/ > 0 for all x andf 00.x/ < 0 for all x.

21
x

0.50.5

−0.5

y

55. (i) f 0.x/ > 0 for all x, and

(ii) f 00.x/ < 0 for x < 0 andf 00.x/ > 0 for x > 0.
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SOLUTION Here is the graph of a functionf .x/ satisfying(i) f 0.x/ > 0 for all x and(ii) f 00.x/ < 0 for x < 0 andf 00.x/ > 0

for x > 0.

x

10

5

−10

−5

y

1 2−2 −1

56. (i) f 0.x/ < 0 for x < 0 andf 0.x/ > 0 for x > 0, and
(ii) f 00.x/ < 0 for jxj > 2, andf 00.x/ > 0 for jxj < 2.
SOLUTION

Interval .�1;�2/ .�2; 0/ .0; 2/ .2;1/

Direction & & % %

Concavity a ` ` a

One potential graph with this shape is the following:

x
10−10

y

57. An infectious flu spreads slowly at the beginning of an epidemic. The infection process accelerates until a majority of
the susceptible individuals are infected, at which point the process slows down.

(a) If R.t/ is the number of individuals infected at timet , describe the concavity of the graph ofR near the beginning and end of
the epidemic.

(b) Describe the status of the epidemic on the day thatR.t/ has a point of inflection.

SOLUTION

(a) Near the beginning of the epidemic, the graph ofR is concave up. Near the epidemic’s end,R is concave down.
(b) “Epidemic subsiding: number of new cases declining.”

58. Water is pumped into a sphere at a constant rate (Figure 6). Leth.t/ be the water level at timet . Sketch the graph of
h.t/ (approximately, but with the correct concavity). Where does the point of inflection occur?

h

R

FIGURE 6

SOLUTION Because water is entering the sphere at a constant rate, we expect the water level to rise more rapidly near the bottom
and top of the sphere where the sphere is not as “wide” and to rise more slowly near the middle of the sphere. The graph ofh.t/

should therefore start concave down and end concave up, with an inflection point when the sphere is half full; that is, when the
water level is equal to the radius of the sphere. A possible graph ofh.t/ is shown below.

h(t)

t

2R

R

W
at

er
 le

ve
l

Time
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59. Water is pumped into a sphere of radiusR at a variable rate in such a way that the water level rises at a constant
rate (Figure 6). LetV.t/ be the volume of water in the tank at timet . Sketch the graphV.t/ (approximately, but with the correct
concavity). Where does the point of inflection occur?

SOLUTION Because water is entering the sphere in such a way that the water level rises at a constant rate, we expect the volume
to increase more slowly near the bottom and top of the sphere where the sphere is not as “wide” and to increase more rapidly near
the middle of the sphere. The graph ofV.t/ should therefore start concave up and change to concave down when the sphere is half
full; that is, the point of inflection should occur when the water level is equal to the radius of the sphere. A possible graph ofV.t/

is shown below.

t

V

60. (Continuation of Exercise 59) If the sphere has radiusR, the volume of water isV D �
�
Rh2 � 1

3h
3
�

whereh is the water
level. Assume the level rises at a constant rate of1 (that is,h D t).

(a) Find the inflection point ofV.t/. Does this agree with your conclusion in Exercise 59?

(b) PlotV.t/ for R D 1.

SOLUTION

(a) With h D t andV.t/ D �.Rt2 � 1
3 t
3/. Then,V 0.t/ D �.2Rt � t2/ andV 00.t/ D �.2R � 2t/. Therefore,V.t/ is concave

up for t < R, concave down fort > R and has an inflection point att D R. In other words,V.t/ has an inflection point when the
water level is equal to the radius of the sphere, in agreement with the conclusion of Exercise 59.

(b) With h D t andR D 1, V.t/ D �.t2 � 1
3 t
3/. The graph ofV.t/ is shown below.

V(t)

t

4π/3

2π/3

1 2

61. Image ProcessingThe intensity of a pixel in a digital image is measured by a numberu between0 and1. Often, images can
be enhanced by rescaling intensities (Figure 7), where pixels of intensityu are displayed with intensityg.u/ for a suitable function
g.u/. One common choice is thesigmoidal correction, defined for constantsa, b by

g.u/ D f .u/� f .0/

f .1/� f .0/
where f .u/ D

�
1C eb.a�u/��1

Figure 8 shows thatg.u/ reduces the intensity of low-intensity pixels (whereg.u/ < u) and increases the intensity of high-intensity
pixels.

(a) Verify thatf 0.u/ > 0 and use this to show thatg.u/ increases from0 to 1 for 0 � u � 1.

(b) Where doesg.u/ have a point of inflection?

Original Sigmoidal correction

FIGURE 7

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

u

y

y = g(u)

y = u

FIGURE 8 Sigmoidal correction with
a D 0:47, b D 12.
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SOLUTION

(a) With f .u/ D .1C eb.a�u//�1, it follows that

f 0.u/ D �.1C eb.a�u//�2 � �beb.a�u/ D beb.a�u/

.1C eb.a�u//2
> 0

for all u. Next, observe that

g.0/ D f .0/� f .0/

f .1/� f .0/
D 0; g.1/ D f .1/ � f .0/

f .1/ � f .0/ D 1;

and

g0.u/ D 1

f .1/� f .0/
f 0.u/ > 0

for all u. Thus,g.u/ increases from0 to 1 for 0 � u � 1.

(b) Working from part (a), we find

f 00.u/ D b2eb.a�u/.2eb.a�u/ � 1/

.1C eb.a�u//3
:

Because

g00.u/ D 1

f .1/� f .0/
f 00.u/;

it follows thatg.u/ has a point of inflection when

2eb.a�u/ � 1 D 0 or u D aC 1

b
ln2:

62. Use graphical reasoning to determine whether the following statements are true or false. If false, modify the statement
to make it correct.

(a) If f .x/ is increasing, thenf �1.x/ is decreasing.

(b) If f .x/ is decreasing, thenf �1.x/ is decreasing.

(c) If f .x/ is concave up, thenf �1.x/ is concave up.

(d) If f .x/ is concave down, thenf �1.x/ is concave up.

SOLUTION

(a) False. Should be: Iff .x/ is increasing, thenf �1.x/ is increasing.

(b) True.

(c) False. Should be: Iff .x/ is concave up, thenf �1.x/ is concave down.

(d) True.

Further Insights and Challenges

In Exercises 63–65, assume thatf .x/ is differentiable.

63. Proof of the Second Derivative Test Let c be a critical point such thatf 00.c/ > 0 (the casef 00.c/ < 0 is similar).

(a) Show thatf 00.c/ D lim
h!0

f 0.c C h/

h
.

(b) Use (a) to show that there exists an open interval.a; b/ containingc such thatf 0.x/ < 0 if a < x < c andf 0.x/ > 0 if
c < x < b. Conclude thatf .c/ is a local minimum.

SOLUTION

(a) Becausec is a critical point, eitherf 0.c/ D 0 or f 0.c/ does not exist; however,f 00.c/ exists, sof 0.c/ must also exist.
Therefore,f 0.c/ D 0. Now, from the definition of the derivative, we have

f 00.c/ D lim
h!0

f 0.c C h/ � f 0.c/
h

D lim
h!0

f 0.c C h/

h
:
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(b) We are given thatf 00.c/ > 0. By part (a), it follows that

lim
h!0

f 0.c C h/

h
> 0I

in other words, for sufficiently smallh,

f 0.c C h/

h
> 0:

Now, if h is sufficiently small but negative, thenf 0.c C h/ must also be negative (so that the ratiof 0.c C h/=h will be positive)
andc C h < c. On the other hand, ifh is sufficiently small but positive, thenf 0.c C h/must also be positive andc C h > c. Thus,
there exists an open interval.a; b/ containingc such thatf 0.x/ < 0 for a < x < c andf 0.c/ > 0 for c < x < b. Finally, because
f 0.x/ changes from negative to positive atx D c, f .c/must be a local minimum.

64. Prove that iff 00.x/ exists andf 00.x/ > 0 for all x, then the graph off .x/ “sits above” its tangent lines.

(a) For anyc, setG.x/ D f .x/� f 0.c/.x � c/ � f .c/. It is sufficient to prove thatG.x/ � 0 for all c. Explain why with a sketch.

(b) Show thatG.c/ D G0.c/ D 0 andG00.x/ > 0 for all x. Conclude thatG0.x/ < 0 for x < c andG0.x/ > 0 for x > c. Then
deduce, using the MVT, thatG.x/ > G.c/ for x ¤ c.

SOLUTION

(a) Let c be any number. Theny D f 0.c/.x � c/ C f .c/ is the equation of the line tangent to the graph off .x/ at x D c and
G.x/ D f .x/� f 0.c/.x � c/� f .c/measures the amount by which the value of the function exceeds the value of the tangent line
(see the figure below). Thus, to prove that the graph off .x/ “sits above” its tangent lines, it is sufficient to prove thatG.x/ � 0 for
all c.

y

x

(b) Note thatG.c/ D f .c/ � f 0.c/.c � c/ � f .c/ D 0, G0.x/ D f 0.x/ � f 0.c/ andG0.c/ D f 0.c/ � f 0.c/ D 0. Moreover,
G00.x/ D f 00.x/ > 0 for all x. Now, becauseG0.c/ D 0 andG0.x/ is increasing, it must be true thatG0.x/ < 0 for x < c and that
G0.x/ > 0 for x > c. Therefore,G.x/ is decreasing forx < c and increasing forx > c. This implies thatG.c/ D 0 is a minimum;
consequentlyG.x/ > G.c/ D 0 for x ¤ c.

65. Assume thatf 00.x/ exists and letc be a point of inflection off .x/.

(a) Use the method of Exercise 64 to prove that the tangent line atx D c crosses the graph(Figure 9).Hint: Show thatG.x/
changes sign atx D c.

(b) Verify this conclusion forf .x/ D x

3x2 C 1
by graphingf .x/ and the tangent line at each inflection point on the same

set of axes.

FIGURE 9 Tangent line crosses graph at point of inflection.

SOLUTION

(a) LetG.x/ D f .x/� f 0.c/.x � c/� f .c/. Then, as in Exercise 63,G.c/ D G0.c/ D 0 andG00.x/ D f 00.x/. If f 00.x/ changes
from positive to negative atx D c, then so doesG00.x/ andG0.x/ is increasing forx < c and decreasing forx > c. This means
thatG0.x/ < 0 for x < c andG0.x/ < 0 for x > c. This in turn implies thatG.x/ is decreasing, soG.x/ > 0 for x < c but
G.x/ < 0 for x > c. On the other hand, iff 00.x/ changes from negative to positive atx D c, then so doesG00.x/ andG0.x/ is
decreasing forx < c and increasing forx > c. Thus,G0.x/ > 0 for x < c andG0.x/ > 0 for x > c. This in turn implies thatG.x/
is increasing, soG.x/ < 0 for x < c andG.x/ > 0 for x > c. In either case,G.x/ changes sign atx D c, and the tangent line at
x D c crosses the graph of the function.

(b) Let f .x/ D x

3x2 C 1
. Then

f 0.x/ D 1 � 3x2
.3x2 C 1/2

and f 00.x/ D �18x.1 � x2/
.3x2 C 1/3

:
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Thereforef .x/ has a point of inflection atx D 0 and atx D ˙1. The figure below shows the graph ofy D f .x/ and its tangent
lines at each of the points of inflection. It is clear that each tangent line crosses the graph off .x/ at the inflection point.

x

y

66. LetC.x/ be the cost of producingx units of a certain good. Assume that the graph ofC.x/ is concave up.

(a) Show that the average costA.x/ D C.x/=x is minimized at the production levelx0 such that average cost equals marginal
cost—that is,A.x0/ D C 0.x0/.
(b) Show that the line through.0; 0/ and.x0; C.x0// is tangent to the graph ofC.x/.

SOLUTION LetC.x/ be the cost of producingx units of a commodity. Assume the graph ofC is concave up.

(a) Let A.x/ D C.x/=x be the average cost and letx0 be the production level at which average cost is minimized. Then

A0.x0/ D x0C
0.x0/� C.x0/

x20
D 0 impliesx0C 0.x0/ � C.x0/ D 0, whenceC 0.x0/ D C.x0/=x0 D A.x0/. In other words,

A.x0/ D C 0.x0/ or average cost equals marginal cost at production levelx0. To confirm thatx0 corresponds to a local minimum
of A, we use the Second Derivative Test. We find

A00.x0/ D
x20C

00.x0/ � 2.x0C 0.x0/ � C.x0//
x30

D C 00.x0/
x0

> 0

becauseC is concave up. Hence,x0 corresponds to a local minimum.

(b) The line between.0; 0/ and.x0; C.x0// is

C.x0/� 0

x0 � 0
.x � x0/C C.x0/ D C.x0/

x0
.x � x0/C C.x0/ D A.x0/.x � x0/C C.x0/

D C 0.x0/.x � x0/C C.x0/

which is the tangent line toC atx0.

67. Letf .x/ be a polynomial of degreen � 2. Show thatf .x/ has at least one point of inflection ifn is odd. Then give an example
to show thatf .x/ need not have a point of inflection ifn is even.

SOLUTION Let f .x/ D anx
n C an�1xn�1 C � � � C a1x C a0 be a polynomial of degreen. Thenf 0.x/ D nanx

n�1 C .n �
1/an�1xn�2 C � � � C 2a2x C a1 andf 00.x/ D n.n� 1/anxn�2 C .n� 1/.n� 2/an�1xn�3 C � � � C 6a3x C 2a2. If n � 3 and
is odd, thenn � 2 is also odd andf 00.x/ is a polynomial of odd degree. Thereforef 00.x/ must take on both positive and negative
values. It follows thatf 00.x/ has at least one rootc such thatf 00.x/ changes sign atc. The functionf .x/ will then have a point of
inflection atx D c. On the other hand, the functionsf .x/ D x2, x4 andx8 are polynomials of even degree that do not have any
points of inflection.

68. Critical and Inflection Points If f 0.c/ D 0 andf .c/ is neither a local min nor a local max, mustx D c be a point of
inflection? This is true for “reasonable” functions (including the functions studied in this text), but it is not true in general. Let

f .x/ D
(
x2 sin 1x for x ¤ 0

0 for x D 0

(a) Use the limit definition of the derivative to show thatf 0.0/ exists andf 0.0/ D 0.

(b) Show thatf .0/ is neither a local min nor a local max.

(c) Show thatf 0.x/ changes sign infinitely often nearx D 0. Conclude thatx D 0 is not a point of inflection.

SOLUTION Let f .x/ D
(
x2 sin.1=x/ for x ¤ 0

0 for x D 0
.

(a) Now f 0.0/ D lim
x!0

f .x/� f .0/

x � 0
D lim
x!0

x2 sin.1=x/

x
D lim
x!0

x sin

�
1

x

�
D 0 by the Squeeze Theorem: asx ! 0 we have

ˇ̌
ˇ̌x sin

�
1

x

�
� 0

ˇ̌
ˇ̌ D jxj

ˇ̌
ˇ̌sin

�
1

x

�ˇ̌
ˇ̌ ! 0;

sincej sinuj � 1.

(b) Since sin. 1x / oscillates through every value between�1 and 1 with increasing frequency asx ! 0, in any open interval.�ı; ı/
there are pointsa andb such thatf .a/ D a2 sin. 1a / < 0 andf .b/ D b2 sin. 1

b
/ > 0. Accordingly,f .0/ D 0 can neither be a local

minimum value nor a local maximum value off .
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(c) In part (a) it was shown thatf 0.0/ D 0. Forx ¤ 0, we have

f 0.x/ D x2 cos

�
1

x

��
� 1

x2

�
C 2x sin

�
1

x

�
D 2x sin

�
1

x

�
� cos

�
1

x

�
:

As x ! 0, f 0.x/ oscillates increasingly rapidly; consequently,f 0.x/ changes sign infinitely often nearx D 0. From this we
conclude thatf .x/ does not have a point of inflection atx D 0.

4.5 L’Hôpital’s Rule

Preliminary Questions

1. What is wrong with applying L’Hôpital’s Rule to lim
x!0

x2 � 2x
3x � 2 ?

SOLUTION As x ! 0,

x2 � 2x
3x � 2

is not of the form00 or 1
1 , so L’Hôpital’s Rule cannot be used.

2. Does L’Hôpital’s Rule apply to lim
x!a

f .x/g.x/ if f .x/ andg.x/ both approach1 asx ! a?

SOLUTION No. L’Hôpital’s Rule only applies to limits of the form00 or 1
1 .

Exercises
In Exercises 1–10, use L’Hôpital’s Rule to evaluate the limit, or state that L’Hôpital’s Rule does not apply.

1. lim
x!3

2x2 � 5x � 3

x � 4
SOLUTION Because the quotient is not indeterminate atx D 3,

2x2 � 5x � 3

x � 4

ˇ̌
ˇ̌
xD3

D 18 � 15 � 3

3 � 4
D 0

�1 ;

L’Hôpital’s Rule does not apply.

2. lim
x!�5

x2 � 25

5 � 4x � x2

SOLUTION The functionsx2 � 25 and5 � 4x � x2 are differentiable, but the quotient is indeterminate atx D �5,

x2 � 25

5 � 4x � x2

ˇ̌
ˇ̌
xD�5

D 25 � 25

5C 20 � 25
D 0

0
;

so L’Hôpital’s Rule applies. We find

lim
x!�5

x2 � 25

5 � 4x � x2
D lim
x!�5

2x

�4 � 2x D �10
�4C 10

D �5
3
:

3. lim
x!4

x3 � 64
x2 C 16

SOLUTION Because the quotient is not indeterminate atx D 4,

x3 � 64

x2 C 16

ˇ̌
ˇ̌
xD4

D 64 � 64

16C 16
D 0

32
;

L’Hôpital’s Rule does not apply.

4. lim
x!�1

x4 C 2x C 1

x5 � 2x � 1

SOLUTION The functionsx4 C 2x C 1 andx5 � 2x � 1 are differentiable, but the quotient is indeterminate atx D �1,

x4 C 2x C 1

x5 � 2x � 1

ˇ̌
ˇ̌
xD�1

D 1 � 2C 1

�1C 2 � 1 D 0

0
;

so L’Hôpital’s Rule applies. We find

lim
x!�1

x4 C 2x C 1

x5 � 2x � 1
D lim
x!�1

4x3 C 2

5x4 � 2
D �4C 2

5 � 2 D �2
3
:
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5. lim
x!9

x1=2 C x � 6
x3=2 � 27

SOLUTION Because the quotient is not indeterminate atx D 9,

x1=2 C x � 6

x3=2 � 27

ˇ̌
ˇ̌
xD9

D 3C 9 � 6

27 � 27 D 6

0
;

L’Hôpital’s Rule does not apply.

6. lim
x!3

p
x C 1 � 2

x3 � 7x � 6
SOLUTION The functions

p
x C 1 � 2 andx3 � 7x � 6 are differentiable, but the quotient is indeterminate atx D 3,

p
x C 1 � 2

x3 � 7x � 6

ˇ̌
ˇ̌
xD3

D 2 � 2
27 � 21 � 6

D 0

0
;

so L’Hôpital’s Rule applies. We find

lim
x!3

p
x C 1 � 2

x3 � 7x � 6
D

1

2
p
xC1

3x2 � 7
D

1
4

20
D 1

80
:

7. lim
x!0

sin4x

x2 C 3x C 1

SOLUTION Because the quotient is not indeterminate atx D 0,

sin4x

x2 C 3x C 1

ˇ̌
ˇ̌
xD0

D 0

0C 0C 1
D 0

1
;

L’Hôpital’s Rule does not apply.

8. lim
x!0

x3

sinx � x

SOLUTION The functionsx3 and sinx � x are differentiable, but the quotient is indeterminate atx D 0,

x3

sinx � x

ˇ̌
ˇ̌
xD0

D 0

0 � 0
D 0

0
;

so L’Hôpital’s Rule applies. Here, we use L’Hôpital’s Rule three times to find

lim
x!0

x3

sinx � x D lim
x!0

3x2

cosx � 1
D lim
x!0

6x

� sinx
D lim
x!0

6

� cosx
D �6:

9. lim
x!0

cos2x � 1
sin5x

SOLUTION The functions cos2x � 1 and sin5x are differentiable, but the quotient is indeterminate atx D 0,

cos2x � 1

sin5x

ˇ̌
ˇ̌
xD0

D 1� 1

0
D 0

0
;

so L’Hôpital’s Rule applies. We find

lim
x!0

cos2x � 1

sin5x
D lim
x!0

�2 sin2x

5 cos5x
D 0

5
D 0:

10. lim
x!0

cosx � sin2 x

sinx

SOLUTION Because the quotient is not indeterminate atx D 0,

cosx � sin2 x

sinx

ˇ̌
ˇ̌
xD0

D 1 � 0

0
D 1

0
;

L’Hôpital’s Rule does not apply.
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In Exercises 11–16, show that L’Hôpital’s Rule is applicable to the limit asx ! ˙1 and evaluate.

11. lim
x!1

9x C 4

3 � 2x

SOLUTION As x ! 1, the quotient
9x C 4

3 � 2x
is of the form

1
1 , so L’Hôpital’s Rule applies. We find

lim
x!1

9x C 4

3 � 2x
D lim
x!1

9

�2 D �9
2
:

12. lim
x!�1

x sin
1

x

SOLUTION As x ! 1, x sin 1x is of the form1 � 0, so L’Hôpital’s Rule does not immediately apply. If we rewritex sin 1x as
sin.1=x/

1=x
, the rewritten expression is of the form

0

0
asx ! 1, so L’Hôpital’s Rule now applies. We find

lim
x!1

x � sin

�
1

x

�
D lim
x!1

sin.1=x/

1=x
D lim
x!1

cos.1=x/.�1=x2/
�1=x2

D lim
x!1

cos.1=x/ D cos0 D 1:

13. lim
x!1

ln x

x1=2

SOLUTION As x ! 1, the quotient
ln x

x1=2
is of the form

1
1 , so L’Hôpital’s Rule applies. We find

lim
x!1

lnx

x1=2
D lim
x!1

1
x

1
2x

�1=2 D lim
x!1

1

2x1=2
D 0:

14. lim
x!1

x

ex

SOLUTION As x ! 1, the quotient
x

ex
is of the form

1
1 , so L’Hôpital’s Rule applies. We find

lim
x!1

x

ex
D lim
x!1

1

ex
D 0:

15. lim
x!�1

ln.x4 C 1/

x

SOLUTION As x ! 1, the quotient
ln.x4 C 1/

x
is of the form

1
1 , so L’Hôpital’s Rule applies. Here, we use L’Hôpital’s Rule

twice to find

lim
x!1

ln.x4 C 1/

x
D lim
x!1

4x3

x4C1
1

D lim
x!1

12x2

4x3
D lim
x!1

3

x
D 0:

16. lim
x!1

x2

ex

SOLUTION As x ! 1, the quotient
x2

ex
is of the form

1
1 , so L’Hôpital’s Rule applies. Here, we use L’Hôpital’s Rule twice to

find

lim
x!1

x2

ex
D lim
x!1

2x

ex
D lim
x!1

2

ex
D 0:

In Exercises 17–54, evaluate the limit.

17. lim
x!1

p
8C x � 3x1=3

x2 � 3x C 2

SOLUTION lim
x!1

p
8C x � 3x1=3

x2 � 3x C 2
D lim
x!1

1
2 .8C x/�1=2 � x�2=3

2x � 3 D
1
6 � 1
�1 D 5

6
.

18. lim
x!4

�
1p
x � 2

� 4

x � 4

�

SOLUTION lim
x!4

�
1p
x � 2

� 4

x � 4

�
D lim
x!4

�p
x C 2

x � 4
� 4

x � 4

�
D lim
x!4

1
2

p
x

1
D 1

4
.
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19. lim
x!�1

3x � 2

1 � 5x

SOLUTION lim
x!�1

3x � 2

1� 5x
D lim
x!�1

3

�5 D �3
5

.

20. lim
x!1

x2=3 C 3x

x5=3 � x

SOLUTION lim
x!1

x2=3 C 3x

x5=3 � x
D lim
x!1

1
x C 3

x2=3

1 � 1
x2=3

D 0C 0

1 � 0
D 0.

21. lim
x!�1

7x2 C 4x

9 � 3x2

SOLUTION lim
x!�1

7x2 C 4x

9 � 3x2
D lim
x!�1

14x C 4

�6x D lim
x!�1

14

�6 D �7
3

.

22. lim
x!1

3x3 C 4x2

4x3 � 7

SOLUTION lim
x!1

3x3 C 4x2

4x3 � 7
D lim
x!1

9x2 C 8x

12x2
D lim
x!1

18x C 8

24x
D 18

24
D 3

4
.

23. lim
x!1

.1C 3x/1=2 � 2

.1C 7x/1=3 � 2

SOLUTION Apply L’Hôpital’s Rule once:

lim
x!1

.1C 3x/1=2 � 2

.1C 7x/1=3 � 2
D lim
x!1

3
2 .1C 3x/�1=2

7
3 .1C 7x/�2=3

D
.32 /

1
2

.73 /.
1
4 /

D 9

7

24. lim
x!8

x5=3 � 2x � 16
x1=3 � 2

SOLUTION lim
x!8

x5=3 � 2x � 16
x1=3 � 2

D lim
x!8

5
3x
2=3 � 2

1
3x

�2=3 D
20
3 � 2

1
12

D 56.

25. lim
x!0

sin2x

sin7x

SOLUTION lim
x!0

sin2x

sin7x
D lim
x!0

2 cos2x

7 cos7x
D 2

7
.

26. lim
x!�=2

tan4x

tan5x

SOLUTION

lim
x!�=2

tan4x

tan5x
D lim
x!�=2

4 sec2 4x

5 sec2 5x
D 4

5
lim

x!�=2

cos2 5x

cos2 4x

D 4

5
lim

x!�=2

�10 sin5x cos5x

�8 sin 4x cos4x
D lim
x!�=2

sin10x

sin8x

D lim
x!�=2

10 cos10x

8 cos8x
D �5

4
:

27. lim
x!0

tanx

x

SOLUTION lim
x!0

tanx

x
D lim
x!0

sec2 x

1
D 1.

28. lim
x!0

�
cotx � 1

x

�

SOLUTION

lim
x!0

�
cotx � 1

x

�
D lim
x!0

x cosx � sinx

x sinx
D lim
x!0

�x sinx C cosx � cosx

x cosx C sinx
D lim
x!0

�x sinx

x cosx C sinx

D lim
x!0

�x cosx � x

�x sinx C cosx C cosx
D 0

2
D 0:
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29. lim
x!0

sinx � x cosx

x � sin x

SOLUTION

lim
x!0

sinx � x cosx

x � sinx
D lim
x!0

x sinx

1 � cosx
D lim
x!0

sinx C x cosx

sinx
D lim
x!0

cosx C cosx � x sinx

cosx
D 2:

30. lim
x!�=2

�
x � �

2

�
tanx

SOLUTION

lim
x!�=2

�
x � �

2

�
tanx D lim

x!�=2

x � �=2

1= tanx
D lim
x!�=2

x � �=2

cotx
D lim
x!�=2

1

� csc2 x
D lim
x!�=2

� sin2 x D �1:

31. lim
x!0

cos.x C �
2 /

sinx

SOLUTION lim
x!0

cos.x C �
2 /

sinx
D lim
x!0

� sin.x C �
2 /

cosx
D �1.

32. lim
x!0

x2

1 � cosx

SOLUTION lim
x!0

x2

1 � cosx
D lim
x!0

2x

sinx
D lim
x!0

2

cosx
D 2.

33. lim
x!�=2

cosx

sin.2x/

SOLUTION lim
x!�=2

cosx

sin.2x/
D lim
x!�=2

� sinx

2 cos.2x/
D 1

2
.

34. lim
x!0

�
1

x2
� csc2 x

�

SOLUTION

lim
x!0

�
1

x2
� csc2 x

�
D lim
x!0

sin2 x � x2

x2 sin2 x

D lim
x!0

2 sinx cosx � 2x
2x2 sinx cosx C 2x sin2 x

D lim
x!0

sin2x � 2x

x2 sin 2x C 2x sin2 x

D lim
x!0

2 cos2x � 2
2x2 cos2x C 2x sin2x C 4x sinx cosx C 2 sin2 x

D lim
x!0

cos2x � 1

x2 cos2x C 2x sin2x C sin2 x

D lim
x!0

�2 sin2x

�2x2 sin2x C 2x cos2x C 4x cos2x C 2 sin2x C 2 sinx cosx

D lim
x!0

�2 sin2x

.3 � 2x2/ sin2x C 6x cos2x

D lim
x!0

�4 cos2x

2.3 � 2x2/ cos2x � 4x sin2x C �12x sin2x C 6 cos2x
D �1

3
:

35. lim
x!�=2

.secx � tanx/

SOLUTION

lim
x! �

2

. secx � tanx/ D lim
x! �

2

�
1

cosx
� sin x

cosx

�
D lim
x! �

2

�
1 � sinx

cosx

�
D lim
x! �

2

� � cosx

� sin x

�
D 0:

36. lim
x!2

ex
2 � e4
x � 2

SOLUTION lim
x!2

ex
2 � e4
x � 2

D lim
x!2

2xex
2

1
D 4e4.

37. lim
x!1

tan
��x
2

�
lnx

SOLUTION lim
x!1

tan
��x
2

�
lnx D lim

x!1

ln x

cot.�x2 /
D lim
x!1

1
x

��
2 csc2.�x2 /

D lim
x!1

�2
�x

sin2
��
2
x
�

D � 2

�
.
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38. lim
x!1

x.ln x � 1/C 1

.x � 1/ lnx

SOLUTION

lim
x!1

x.ln x � 1/C 1

.x � 1/ lnx
D lim
x!1

x. 1x /C .lnx � 1/

.x � 1/. 1x /C lnx
D lim
x!1

ln x

1 � 1
x C lnx

D lim
x!1

1
x

1
x2 C 1

x

D 1

1C 1
D 1

2
:

39. lim
x!0

ex � 1
sinx

SOLUTION lim
x!0

ex � 1
sinx

D lim
x!0

ex

cosx
D 1.

40. lim
x!1

ex � e
ln x

SOLUTION lim
x!1

ex � e
lnx

D lim
x!1

ex

x�1 D e

1
D e.

41. lim
x!0

e2x � 1 � x

x2

SOLUTION lim
x!0

e2x � 1 � x

x2
D lim
x!0

2e2x � 1
2x

which does not exist.

42. lim
x!1

e2x � 1 � x

x2

SOLUTION

lim
x!1

e2x � 1 � x
x2

D lim
x!1

2e2x � 1

2x

D lim
x!1

4e2x

2
D 1:

43. lim
t!0C

.sint/.ln t/

SOLUTION

lim
t!0C

.sint/.ln t/ D lim
t!0C

ln t

csct
D lim
t!0C

1
t

� csct cott
D lim
t!0C

� sin2 t

t cost
D lim
t!0C

�2 sint cost

cost � t sin t
D 0:

44. lim
x!1

e�x.x3 � x2 C 9/

SOLUTION

lim
x!1

e�x.x3 � x2 C 9/ D lim
x!1

x3 � x2 C 9

ex
D lim
x!1

3x2 � 2x
ex

D lim
x!1

6x � 2

ex
D lim
x!1

6

ex
D 0:

45. lim
x!0

ax � 1

x
(a > 0)

SOLUTION lim
x!0

ax � 1

x
D lim
x!0

ln a � ax
1

D lna.

46. lim
x!1

x1=x
2

SOLUTION lim
x!1

ln x1=x
2 D lim

x!1
lnx

x2
D lim
x!1

1

2x2
D 0. Hence,

lim
x!1

x1=x
2 D lim

x!1
elnx1=x2

D e0 D 1:

47. lim
x!1

.1C ln x/1=.x�1/

SOLUTION lim
x!1

ln.1C ln x/1=.x�1/ D lim
x!1

ln.1C ln x/

x � 1
D lim
x!1

1

x.1C lnx/
D 1. Hence,

lim
x!1

.1C ln x/1=.x�1/ D lim
x!1

e.1Clnx/1=.x�1/ D e:
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48. lim
x!0C

xsinx

SOLUTION

lim
x!0C

ln.xsinx/ D lim
x!0C

sinx.ln x/ D lim
x!0C

lnx
1

sinx

D lim
x!0C

1
x

� cosx.sinx/�2

D lim
x!0C

� sin2 x

x cosx
D lim
x!0C

� 2 sinx cosx

�x sinx C cosx
D 0:

Hence, lim
x!0C

xsinx D lim
x!0C

eln.xsinx/ D e0 D 1.

49. lim
x!0

.cosx/3=x
2

SOLUTION

lim
x!0

ln.cosx/3=x
2 D lim

x!0

3 ln cosx

x2

D lim
x!0

�3 tanx

2x

D lim
x!0

�3 sec2 x

2
D �3

2
:

Hence, lim
x!0

.cosx/3=x
2 D e�3=2.

50. lim
x!1

�
x

x C 1

�x

SOLUTION

lim
x!1

x ln

�
x

x C 1

�
D lim
x!1

ln
�
x
xC1

�

1=x
D lim
x!1

�
xC1
x

��
1

.xC1/2

�

�1=x2
D lim
x!1

� x

x C 1
D �1:

Hence,

lim
x!1

�
x

x C 1

�x
D 1

e
:

51. lim
x!0

sin�1 x
x

SOLUTION lim
x!0

sin�1 x
x

D lim
x!0

1p
1�x2

1
D 1.

52. lim
x!0

tan�1 x

sin�1 x

SOLUTION lim
x!0

tan�1 x

sin�1 x
D lim
x!0

1
1Cx2

1p
1�x2

D 1.

53. lim
x!1

tan�1 x � �
4

tan�4 x � 1

SOLUTION lim
x!1

tan�1 x � �
4

tan.�x=4/ � 1 D lim
x!1

1
1Cx2

�
4 sec2.�x=4/

D
1
2
�
2

D 1

�
.

54. lim
x!0C

lnx tan�1 x

SOLUTION Let h.x/ D ln x tan�1 x. limx!0 h.x/ D �1 � 0, so we apply L’Hôpital’s rule toh.x/ D f.x/
g.x/

, wheref .x/ D
tan�1.x/ andg.x/ D 1

lnx .

f 0.x/ D 1

1C x2

lim
x!0

f 0.x/ D 1
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g0.x/ D � 1

x.lnx/2

lim
x!0

g0.x/ D �1

Hence, L’Hôpital’s rule yields:

lim
x!0

f .x/

g.x/
D limx!0 f

0.x/
limx!0 g0.x/

D � 1

1 D 0:

55. Evaluate lim
x!�=2

cosmx

cosnx
, wherem, n ¤ 0 are integers.

SOLUTION Supposem andn are even. Then there exist integersk andl such thatm D 2k andn D 2l and

lim
x!�=2

cosmx

cosnx
D cosk�

cosl�
D .�1/k�l :

Now, supposem is even andn is odd. Then

lim
x!�=2

cosmx

cosnx

does not exist (from one side the limit tends toward�1, while from the other side the limit tends towardC1). Third, supposem
is odd andn is even. Then

lim
x!�=2

cosmx

cosnx
D 0:

Finally, supposem andn are odd. This is the only case when the limit is indeterminate. Then there exist integersk andl such that
m D 2k C 1, n D 2l C 1 and, by L’Hôpital’s Rule,

lim
x!�=2

cosmx

cosnx
D lim
x!�=2

�m sinmx

�n sinnx
D .�1/k�l m

n
:

To summarize,

lim
x!�=2

cosmx

cosnx
D

8
ˆ̂̂
<
ˆ̂̂
:

.�1/.m�n/=2; m; n even

does not exist; m even; n odd

0 m odd; n even

.�1/.m�n/=2 m
n ; m; n odd

56. Evaluate lim
x!1

xm � 1

xn � 1
for any numbersm; n ¤ 0.

SOLUTION lim
x!1

xm � 1
xn � 1

D lim
x!1

mxm�1

nxn�1 D m

n
.

57. Prove the following limit formula fore:

e D lim
x!0

.1C x/1=x

Then find a value ofx such thatj.1C x/1=x � ej � 0:001:

SOLUTION Using L’Hôpital’s Rule,

lim
x!0

ln.1C x/

x
D lim
x!0

1
1Cx
1

D 1:

Thus,

lim
x!0

ln
�
.1C x/1=x

�
D lim
x!0

1

x
ln.1C x/ D lim

x!0

ln.1C x/

x
D 1;

and lim
x!0

.1C x/1=x D e1 D e. Forx D 0:0005,

ˇ̌
ˇ.1C x/1=x � e

ˇ̌
ˇ D j.1:0005/2000 � ej � 6:79 � 10�4 < 0:001:

58. Can L’Hôpital’s Rule be applied to lim
x!0C

xsin.1=x/? Does a graphical or numerical investigation suggest that the limit

exists?
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SOLUTION Since sin.1=x/ oscillates asx ! 0C, L’Hôpital’s Rule cannot be applied. Both numerical and graphical investigations
suggest that the limit does not exist due to the oscillation.

x 1 0.1 0.01 0.001 0.0001 0.00001

xsin.1=x/ 1 3.4996 10.2975 0.003316 16.6900 0.6626

y

x

15

20

10

5

0 0.40.30.20.1

59. Letf .x/ D x1=x for x > 0.

(a) Calculate lim
x!0C

f .x/ and lim
x!1

f .x/.

(b) Find the maximum value off .x/, and determine the intervals on whichf .x/ is increasing or decreasing.

SOLUTION

(a) Let f .x/ D x1=x. Note that limx!0C x1=x is not indeterminate. Asx ! 0C, the base of the function tends toward 0
and the exponent tends towardC1. Both of these factors forcex1=x toward 0. Thus, limx!0C f .x/ D 0. On the other hand,
limx!1 f .x/ is indeterminate. We calculate this limit as follows:

lim
x!1

ln f .x/ D lim
x!1

ln x

x
D lim
x!1

1

x
D 0;

so limx!1 f .x/ D e0 D 1.

(b) Again, letf .x/ D x1=x, so that lnf .x/ D 1
x lnx. To find the derivativef 0, we apply the derivative to both sides:

d

dx
lnf .x/ D d

dx

�
1

x
lnx

�

1

f .x/
f 0.x/ D � lnx

x2
C 1

x2

f 0.x/ D f .x/

�
� lnx

x2
C 1

x2

�
D x1=x

x2
.1 � lnx/

Thus,f is increasing for0 < x < e, is decreasing forx > e and has a maximum atx D e. The maximum value isf .e/ D e1=e �
1:444668.

60. (a)Use the results of Exercise 59 to prove thatx1=x D c has a unique solution if0 < c � 1 or c D e1=e, two solutions if
1 < c < e1=e, and no solutions ifc > e1=e.

(b) Plot the graph off .x/ D x1=x and verify that it confirms the conclusions of (a).

SOLUTION

(a) Because.e; e1=e/ is the only maximum, no solution exists forc > e1=e and only one solution exists forc D e1=e. Moreover,
becausef .x/ increases from 0 toe1=e asx goes from 0 toe and then decreases frome1=e to 1 asx goes frome to C1, it follows
that there are two solutions for1 < c < e1=e, but only one solution for0 < c � 1.

(b) Observe that if we sketch the horizontal liney D c, this line will intersect the graph ofy D f .x/ only once for0 < c � 1 and
c D e1=e and will intersect the graph ofy D f .x/ twice for1 < c < e1=e. There are no points of intersection forc > e1=e.

y

x

0.5

0

1

2015105

61. Determine whetherf << g or g << f (or neither) for the functionsf .x/ D log10 x andg.x/ D ln x.
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SOLUTION Because

lim
x!1

f .x/

g.x/
D lim
x!1

log10 x

lnx
D lim
x!1

lnx
ln10

lnx
D 1

ln 10
;

neitherf << g or g << f is satisfied.

62. Show that.lnx/2 <<
p
x and .lnx/4 << x1=10.

SOLUTION

� .ln x/2 <<
p
x:

lim
x!1

p
x

.lnx/2
D lim
x!1

1
2

p
x

2
x lnx

D lim
x!1

p
x

4 lnx
D lim
x!1

1
2

p
x

4
x

D lim
x!1

p
x

8
D 1:

� .ln x/4 << x1=10:

lim
x!1

x1=10

.lnx/4
D lim
x!1

1
10x9=10

4
x .lnx/

3
D lim
x!1

x1=10

40.lnx/3
D lim
x!1

1
10x9=10

120
x .lnx/2

D lim
x!1

x1=10

1200.lnx/2

D lim
x!1

1
10x9=10

2400
x .lnx/

D lim
x!1

x1=10

24000 lnx
D lim
x!1

1
10x9=10

24000
x

D lim
x!1

x1=10

240000
D 1:

63. Just as exponential functions are distinguished by their rapid rate of increase, the logarithm functions grow particularly slowly.
Show that lnx << xa for all a > 0.

SOLUTION Using L’Hôpital’s Rule:

lim
x!1

ln x

xa
D lim
x!1

x�1

axa�1 D lim
x!1

1

a
x�a D 0I

hence, lnx << .xa/.

64. Show that.lnx/N << xa for all N and alla > 0.

SOLUTION

lim
x!1

xa

.lnx/N
D lim
x!1

axa�1

N
x .lnx/

N�1 D lim
x!1

axa

N.lnx/N�1 D � � �

If we continue in this manner, L’Hôpital’s Rule will give a factor ofxa in the numerator, but the power on lnx in the denominator
will eventually be zero. Thus,

lim
x!1

xa

.lnx/N
D 1;

so.ln x/N << xa for all N and for alla > 0.

65. Determine whether
p
x << e

p
lnx or e

p
lnx <<

p
x. Hint: Use the substitutionu D ln x instead of L’Hôpital’s Rule.

SOLUTION Let u D ln x, thenx D eu, and asx ! 1; u ! 1. So

lim
x!1

e
p

lnx
p
x

D lim
u!1

e
p
u

eu=2
D lim
u!1

e
p
u� u

2 :

We need to examine lim
u!1

.
p
u � u

2 /. Since

lim
u!1

u=2p
u

D lim
u!1

1
2
1

2
p
u

D lim
u!1

p
u D 1;

p
u D o.u=2/ and lim

u!1

�p
u � u

2

�
D �1. Thus

lim
u!1

e
p
u� u

2 D e�1 D 0 so lim
x!1

e
p

lnx
p
x

D 0

and e
p

lnx <<
p
x.
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66. Show that lim
x!1xne�x D 0 for all whole numbersn > 0.

SOLUTION

lim
x!1

xne�x D lim
x!1

xn

ex
D lim
x!1

nxn�1

ex

D lim
x!1

n.n� 1/xn�2

ex

:::

D lim
x!1

nŠ

ex
D 0:

67. Assumptions Matter Let f .x/ D x.2C sinx/ andg.x/ D x2 C 1.

(a) Show directly that lim
x!1

f .x/=g.x/ D 0.

(b) Show that lim
x!1

f .x/ D lim
x!1

g.x/ D 1, but lim
x!1

f 0.x/=g0.x/ does not exist.

Do (a) and (b) contradict L’Hôpital’s Rule? Explain.

SOLUTION

(a) 1 � 2C sinx � 3, so

x

x2 C 1
� x.2C sinx/

x2 C 1
� 3x

x2 C 1
:

Since,

lim
x!1

x

x2 C 1
D lim
x!1

3x

x2 C 1
D 0;

it follows by the Squeeze Theorem that

lim
x!1

x.2C sinx/

x2 C 1
D 0:

(b) lim
x!1f .x/ D lim

x!1x.2C sinx/ � lim
x!1x D 1 and lim

x!1 g.x/ D lim
x!1.x

2 C 1/ D 1, but

lim
x!1

f 0.x/
g0.x/

D lim
x!1

x.cosx/C .2C sinx/

2x

does not exist since cosx oscillates. This does not violate L’Hôpital’s Rule since the theorem clearly states

lim
x!1

f .x/

g.x/
D lim
x!1

f 0.x/
g0.x/

“provided the limit on the right exists.”

68. LetH.b/ D lim
x!1

ln.1C bx/

x
for b > 0.

(a) Show thatH.b/ D ln b if b � 1

(b) DetermineH.b/ for 0 < b � 1.

SOLUTION

(a) Supposeb � 1. Then

H.b/ D lim
x!1

ln.1C bx/

x
D lim
x!1

bx ln b

1C bx
D bx lnb

bx
D lnb:

(b) Now, suppose0 < b < 1. Then

H.b/ D lim
x!1

ln.1C bx/

x
D lim
x!1

bx ln b

1C bx
D 0

1
D 0:

69. LetG.b/ D lim
x!1

.1C bx/1=x .

(a) Use the result of Exercise 68 to evaluateG.b/ for all b > 0.

(b) Verify your result graphically by plottingy D .1C bx/1=x together with the horizontal liney D G.b/ for the values
b D 0:25; 0:5; 2; 3.
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SOLUTION

(a) Using Exercise 68, we see thatG.b/ D eH.b/. Thus,G.b/ D 1 if 0 � b � 1 andG.b/ D b if b > 1.

(b)

1
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70. Show that lim
t!1

tke�t2 D 0 for all k. Hint: Compare with lim
t!1

tke�t D 0.

SOLUTION Because we are interested in the limit ast ! C1, we will restrict attention tot > 1. Then, for allk,

0 � tke�t2 � tke�t :

As lim
t!1

tke�t D 0, it follows from the Squeeze Theorem that

lim
t!1

tke�t2 D 0:

In Exercises 71–73, let

f .x/ D
(
e�1=x2

for x ¤ 0

0 for x D 0

These exercises show thatf .x/ has an unusual property: All of its derivatives atx D 0 exist and are equal to zero.

71. Show that lim
x!0

f .x/

xk
D 0 for all k. Hint: Let t D x�1 and apply the result of Exercise 70.

SOLUTION lim
x!0

f .x/

xk
D lim
x!0

1

xke1=x
2

. Let t D 1=x. As x ! 0; t ! 1. Thus,

lim
x!0

1

xke1=x
2

D lim
t!1

tk

et
2

D 0

by Exercise 70.

72. Show thatf 0.0/ exists and is equal to zero. Also, verify thatf 00.0/ exists and is equal to zero.

SOLUTION Working from the definition,

f 0.0/ D lim
x!0

f .x/� f .0/

x � 0
D lim
x!0

f .x/

x
D 0

by the previous exercise. Thus,f 0.0/ exists and is equal to 0. Moreover,

f 0.x/ D
(
e�1=x2

�
2
x3

�
for x ¤ 0

0 for x D 0

Now,

f 00.0/ D lim
x!0

f 0.x/� f 0.0/
x � 0

D lim
x!0

e�1=x2

�
2

x4

�
D 2 lim

x!0

f .x/

x4
D 0

by the previous exercise. Thus,f 00.0/ exists and is equal to 0.
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73. Show that fork � 1 andx ¤ 0,

f .k/.x/ D P.x/e�1=x2

xr

for some polynomialP.x/ and some exponentr � 1. Use the result of Exercise 71 to show thatf .k/.0/ exists and is equal to zero
for all k � 1.

SOLUTION Forx ¤ 0, f 0.x/ D e�1=x2

�
2

x3

�
. HereP.x/ D 2 andr D 3. Assumef .k/.x/ D P.x/e�1=x2

xr
. Then

f .kC1/.x/ D e�1=x2

 
x3P 0.x/C .2 � rx2/P.x/

xrC3

!

which is of the form desired.
Moreover, from Exercise 72,f 0.0/ D 0. Supposef .k/.0/ D 0. Then

f .kC1/.0/ D lim
x!0

f .k/.x/� f .k/.0/

x � 0
D lim
x!0

P.x/e�1=x2

xrC1 D P.0/ lim
x!0

f .x/

xrC1 D 0:

Further Insights and Challenges

74. Show that L’Hôpital’s Rule applies to lim
x!1

xp
x2 C 1

but that it does not help. Then evaluate the limit directly.

SOLUTION Both the numeratorf .x/ D x and the denominatorg.x/ D
p
x2 C 1 tend to infinity asx ! 1, andg0.x/ D

x=
p
x2 C 1 is nonzero forx > 0. Therefore, L’Hôpital’s Rule applies:

lim
x!1

xp
x2 C 1

D lim
x!1

1

x.x2 C 1/�1=2
D lim
x!1

.x2 C 1/1=2

x

We may apply L’Hôpital’s Rule again: lim
x!1

.x2 C 1/1=2

x
D lim
x!1

x.x2 C 1/�1=2

1
D lim
x!1

xp
x2 C 1

. This takes us back to the

original limit, so L’Hôpital’s Rule is ineffective. However, we can evaluate the limit directly by observing that

xp
x2 C 1

D x�1.x/

x�1p
x2 C 1

D 1p
1C x�2 and hence lim

x!1
xp

x2 C 1
D lim
x!1

1p
1C x�2 D 1:

75. The Second Derivative Test for critical points fails iff 00.c/ D 0. This exercise develops aHigher Derivative Test based on
the sign of the first nonzero derivative. Suppose that

f 0.c/ D f 00.c/ D � � � D f .n�1/.c/ D 0; but f .n/.c/ ¤ 0

(a) Show, by applying L’Hôpital’s Rulen times, that

lim
x!c

f .x/� f .c/

.x � c/n D 1

nŠ
f .n/.c/

wherenŠ D n.n� 1/.n� 2/ � � � .2/.1/.
(b) Use (a) to show that ifn is even, thenf .c/ is a local minimum iff .n/.c/ > 0 and is a local maximum iff .n/.c/ < 0. Hint: If
n is even, then.x � c/n > 0 for x ¤ a, sof .x/� f .c/must be positive forx nearc if f .n/.c/ > 0.

(c) Use (a) to show that ifn is odd, thenf .c/ is neither a local minimum nor a local maximum.

SOLUTION

(a) Repeated application of L’Hôpital’s rule yields

lim
x!c

f .x/� f .c/

.x � c/n
D lim
x!c

f 0.x/
n.x � c/n�1

D lim
x!c

f 00.x/
n.n � 1/.x � c/n�2

D lim
x!c

f 000.x/
n.n � 1/.n � 2/.x � c/n�3

D � � �

D 1

nŠ
f .n/.c/
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(b) Supposen is even. Then.x � c/n > 0 for all x ¤ c. If f .n/.c/ > 0, it follows thatf .x/ � f .c/ must be positive forx
nearc. In other words,f .x/ > f .c/ for x nearc andf .c/ is a local minimum. On the other hand, iff .n/.c/ < 0, it follows that
f .x/� f .c/ must be negative forx nearc. In other words,f .x/ < f .c/ for x nearc andf .c/ is a local maximum.

(c) If n is odd, then.x � c/n > 0 for x > c but .x � c/n < 0 for x < c. If f .n/.c/ > 0, it follows thatf .x/ � f .c/ must be
positive forx nearc andx > c but is negative forx nearc andx < c. In other words,f .x/ > f .c/ for x nearc andx > c but
f .x/ < f .c/ for x nearc andx < c. Thus,f .c/ is neither a local minimum nor a local maximum. We obtain a similar result if
f .n/.c/ < 0.

76. When a spring with natural frequency�=2� is driven with a sinusoidal force sin.!t/ with ! ¤ �, it oscillates according to

y.t/ D 1

�2 � !2

�
� sin.!t/� ! sin.�t/

�

Let y0.t/ D lim
!!�

y.t/.

(a) Use L’Hôpital’s Rule to determiney0.t/.

(b) Show thaty0.t/ ceases to be periodic and that its amplitudejy0.t/j tends to1 ast ! 1 (the system is said to be inresonance;
eventually, the spring is stretched beyond its limits).

(c) Ploty.t/ for � D 1 and! D 0.8, 0.9, 0.99, and 0.999. Do the graphs confirm your conclusion in (b)?

SOLUTION

(a)

lim
!!�

y.t/ D lim
!!�

� sin.!t/ � ! sin.�t/

�2 � !2
D lim
!!�

d
d!
.� sin.!t/� ! sin.�t//

d
d!
.�2 � !2/

D lim
!!�

�t cos.!t/� sin.�t/

�2! D �t cos.�t/ � sin.�t/

�2�

(b) From part (a)

y0.t/ D lim
!!�

y.t/ D �t cos.�t/ � sin.�t/

�2� :

This may be rewritten as

y0.t/ D
p
�2t2 C 1

�2� cos.�t C �/;

where cos� D �tp
�2t2 C 1

and sin� D 1p
�2t2 C 1

. Since the amplitude varies witht , y0.t/ is not periodic. Also note that

p
�2t2 C 1

�2� ! 1 as t ! 1:

(c) The graphs below were produced with� D 1. Moving from left to right and from top to bottom,! D
0:5; 0:8; 0:9; 0:99; 0:999; 1.
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77. We expended a lot of effort to evaluate lim
x!0

sinx

x
in Chapter 2. Show that we could have evaluated it easily using

L’Hôpital’s Rule. Then explain why this method would involvecircular reasoning.

SOLUTION lim
x!0

sinx

x
D lim
x!0

cosx

1
D 1. To use L’Hôpital’s Rule to evaluate lim

x!0

sinx

x
, we must know that the derivative of

sinx is cosx, but to determine the derivative of sinx, we must be able to evaluate lim
x!0

sinx

x
.
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78. By a fact from algebra, iff , g are polynomials such thatf .a/ D g.a/ D 0, then there are polynomialsf1, g1 such that

f .x/ D .x � a/f1.x/; g.x/ D .x � a/g1.x/

Use this to verify L’Hôpital’s Rule directly for lim
x!a

f .x/=g.x/.

SOLUTION As in the problem statement, letf .x/ andg.x/ be two polynomials such thatf .a/ D g.a/ D 0, and letf1.x/ and
g1.x/ be the polynomials such thatf .x/ D .x � a/f1.x/ andg.x/ D .x � a/g1.x/. By the product rule, we have the following
facts,

f 0.x/ D .x � a/f 0
1.x/C f1.x/

g0.x/ D .x � a/g0
1.x/C g1.x/

so

lim
x!a

f 0.x/ D f1.a/ and lim
x!a

g0.x/ D g1.a/:

L’Hôpital’s Rule stated forf andg is: if limx!a g
0.x/ ¤ 0, so thatg1.a/ ¤ 0,

lim
x!a

f .x/

g.x/
D lim
x!a

f 0.x/
g0.x/

D f1.a/

g1.a/
:

Supposeg1.a/ ¤ 0. Then, by direct computation,

lim
x!a

f .x/

g.x/
D lim
x!a

.x � a/f1.x/

.x � a/g1.x/
D lim
x!a

f1.x/

g1.x/
D f1.a/

g1.a/
;

exactly as predicted by L’Hôpital’s Rule.

79. Patience Required Use L’Hôpital’s Rule to evaluate and check your answers numerically:

(a) lim
x!0C

�
sinx

x

�1=x2

(b) lim
x!0

�
1

sin2 x
� 1

x2

�

SOLUTION

(a) We start by evaluating

lim
x!0C

ln
�

sinx

x

�1=x2

D lim
x!0C

ln.sinx/� ln x

x2
:

Repeatedly using L’Hôpital’s Rule, we find

lim
x!0C

ln
�

sinx

x

�1=x2

D lim
x!0C

cotx � x�1

2x
D lim
x!0C

x cosx � sinx

2x2 sin x
D lim
x!0C

�x sinx

2x2 cosx C 4x sinx

D lim
x!0C

�x cosx � sinx

8x cosx C 4 sinx � 2x2 sinx
D lim
x!0C

�2 cosx C x sinx

12 cosx � 2x2 cosx � 12x sinx

D � 2

12
D �1

6
:

Therefore, lim
x!0C

�sinx

x

�1=x2

D e�1=6. Numerically we find:

x 1 0.1 0.01

�sin x

x

�1=x2

0.841471 0.846435 0.846481

Note thate�1=6 � 0:846481724.

(b) Repeatedly using L’Hôpital’s Rule and simplifying, we find

lim
x!0

�
1

sin2 x
� 1

x2

�
D lim
x!0

x2 � sin2 x

x2 sin2 x
D lim
x!0

2x � 2 sinx cosx

x2.2 sinx cosx/C 2x sin2 x
D lim
x!0

2x � 2 sin2x

x2 sin 2x C 2x sin2 x

D lim
x!0

2 � 2 cos2x

2x2 cos2x C 2x sin2x C 4x sinx cosx C 2 sin2 x

D lim
x!0

2 � 2 cos2x

2x2 cos2x C 4x sin2x C 2 sin2 x
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D lim
x!0

4 sin2x

�4x2 sin2x C 4x cos2x C 8x cos2x C 4 sin2x C 4 sinx cosx

D lim
x!0

4 sin2x

.6 � 4x2/ sin2x C 12x cos2x

D lim
x!0

8 cos2x

.12 � 8x2/ cos2x � 8x sin2x C 12 cos2x � 24x sin2x
D 1

3
:

Numerically we find:

x 1 0.1 0.01

1

sin2 x
� 1

x2
0.412283 0.334001 0.333340

80. In the following cases, check thatx D c is a critical point and use Exercise 75 to determine whetherf .c/ is a local minimum
or a local maximum.

(a) f .x/ D x5 � 6x4 C 14x3 � 16x2 C 9x C 12 .c D 1/

(b) f .x/ D x6 � x3 .c D 0/

SOLUTION

(a) Let f .x/ D x5 � 6x4 C 14x3 � 16x2 C 9x C 12. Thenf 0.x/ D 5x4 � 24x3 C 42x2 � 32x C 9, sof 0.1/ D 5� 24C 42�
32C 9 D 0 andc D 1 is a critical point. Now,

f 00.x/ D 20x3 � 72x2 C 84x � 32 sof 00.1/ D 0I

f 000.x/ D 60x2 � 144x C 84 sof 000.1/ D 0I

f .4/.x/ D 120x � 144 sof .4/.1/ D �24 ¤ 0:

Thus,n D 4 is even andf .4/ < 0, sof .1/ is a local maximum.

(b) Let f .x/ D x6 � x3. Then,f 0.x/ D 6x5 � 3x2, sof 0.0/ D 0 andc D 0 is a critical point. Now,

f 00.x/ D 30x4 � 6x sof 00.0/ D 0I

f 000.x/ D 120x � 6 sof 000.0/ D �6 ¤ 0:

Thus,n D 3 is odd, sof .0/ is neither a local minimum nor a local maximum.

4.6 Graph Sketching and Asymptotes

Preliminary Questions
1. Sketch an arc wheref 0 andf 00 have the sign combinationCC. Do the same for�C.

SOLUTION An arc with the sign combinationCC (increasing, concave up) is shown below at the left. An arc with the sign
combination�C (decreasing, concave up) is shown below at the right.

x

y

x

y

2. If the sign combination off 0 andf 00 changes fromCC to C� atx D c, then (choose the correct answer):

(a) f .c/ is a local min (b) f .c/ is a local max

(c) c is a point of inflection

SOLUTION Because the sign of the second derivative changes atx D c, the correct response is(c): c is a point of inflection.

3. The second derivative of the functionf .x/ D .x � 4/�1 is f 00.x/ D 2.x � 4/�3. Althoughf 00.x/ changes sign atx D 4,
f .x/ does not have a point of inflection atx D 4. Why not?

SOLUTION The functionf does not have a point of inflection atx D 4 becausex D 4 is not in the domain off.
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Exercises
1. Determine the sign combinations off 0 andf 00 for each intervalA–G in Figure 1.

CB D E F GA
x

y

y = f(x)

FIGURE 1

SOLUTION

� In A, f is decreasing and concave up, sof 0 < 0 andf 00 > 0.
� In B, f is increasing and concave up, sof 0 > 0 andf 00 > 0.
� In C,f is increasing and concave down, sof 0 > 0 andf 00 < 0.
� In D, f is decreasing and concave down, sof 0 < 0 andf 00 < 0.
� In E,f is decreasing and concave up, sof 0 < 0 andf 00 > 0.
� In F,f is increasing and concave up, sof 0 > 0 andf 00 > 0.
� In G,f is increasing and concave down, sof 0 > 0 andf 00 < 0.

2. State the sign change at each transition pointA–G in Figure 2. Example:f 0.x/ goes fromC to � atA.

A
x

y

y = f(x)

CB D E F G

FIGURE 2

SOLUTION

� At A, the graph changes from increasing to decreasing, sof 0 goes fromC to �.
� At B, the graph changes from concave down to concave up, sof 00 goes from� to C.
� At C, the graph changes from decreasing to increasing, sof 0 goes from� to C.
� At D, the graph changes from concave up to concave down, sof 00 goes fromC to �.
� At E, the graph changes from increasing to decreasing, sof 0 goes fromC to �.
� At F, the graph changes from concave down to concave up, sof 00 goes from� to C.
� At G, the graph changes from decreasing to increasing, sof 0 goes from� to C.

In Exercises 3–6, draw the graph of a function for whichf 0 andf 00 take on the given sign combinations.

3. CC, C�, ��
SOLUTION This function changes from concave up to concave down atx D �1 and from increasing to decreasing atx D 0.

x

y

−1

0 1−1

4. C�, ��, �C
SOLUTION This function changes from increasing to decreasing atx D 0 and from concave down to concave up atx D 1.

x
21−1

y

−0.2

−0.4

−0.6
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5. �C, ��, �C
SOLUTION The function is decreasing everywhere and changes from concave up to concave down atx D �1 and from concave

down to concave up atx D �1
2 .

x

y

0.05

−1 0

6. �C, CC, C�
SOLUTION This function changes from decreasing to increasing atx D 0 and from concave up to concave down atx D 1.

0.2

x
21−1

y

0.4

0.6

7. Sketch the graph ofy D x2 � 5x C 4.

SOLUTION Let f .x/ D x2 � 5x C 4. Thenf 0.x/ D 2x � 5 andf 00.x/ D 2. Hencef is decreasing forx < 5=2, is increasing
for x > 5=2, has a local minimum atx D 5=2 and is concave up everywhere.

2

5

10

15

4 6

y

x

8. Sketch the graph ofy D 12 � 5x � 2x2.

SOLUTION Let f .x/ D 12 � 5x � 2x2. Thenf 0.x/ D �5 � 4x andf 00.x/ D �4. Hencef is increasing forx < �5=4, is
decreasing forx > �5=4, has a local maximum atx D �5=4 and is concave down everywhere.

−6 −4 −2

−20

−40

2

y

x

9. Sketch the graph off .x/ D x3 � 3x2 C 2. Include the zeros off .x/, which arex D 1 and 1 ˙
p
3 (approximately

�0:73; 2:73).
SOLUTION Let f .x/ D x3 � 3x2 C 2. Thenf 0.x/ D 3x2 � 6x D 3x.x � 2/ D 0 yieldsx D 0; 2 andf 00.x/ D 6x � 6. Thus
f is concave down forx < 1, is concave up forx > 1, has an inflection point atx D 1, is increasing forx < 0 and forx > 2, is
decreasing for0 < x < 2, has a local maximum atx D 0, and has a local minimum atx D 2.

1

x
1 2 3−1

y

−1

2

−2

10. Show thatf .x/ D x3 � 3x2 C 6x has a point of inflection but no local extreme values. Sketch the graph.

SOLUTION Let f .x/ D x3 � 3x2 C 6x. Thenf 0.x/ D 3x2 � 6x C 6 D 3
�
.x � 1/2 C 1

�
> 0 for all values ofx and

f 00.x/ D 6x � 6. Hencef is everywhere increasing and has an inflection point atx D 1. It is concave down on.�1; 1/ and
concave up on.1;1/.
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x

10

15

5

−5

y

1 2 3−1

11. Extend the sketch of the graph off .x/ D cosx C 1
2x in Example 4 to the intervalŒ0; 5��.

SOLUTION Let f .x/ D cosx C 1
2x. Thenf 0.x/ D � sinx C 1

2 D 0 yields critical points atx D �
6 , 5�6 , 13�6 , 17�6 , 25�6 , and

29�
6 . Moreover,f 00.x/ D � cosx so there are points of inflection atx D �

2 , 3�2 , 5�2 , 7�2 , and 9�2 .

2

x
2 4 6 8 10 12 14

y

4

6

0

12. Sketch the graphs ofy D x2=3 andy D x4=3.

SOLUTION

� Let f .x/ D x2=3. Thenf 0.x/ D 2
3x

�1=3 andf 00.x/ D �2
9x

�4=3, neither of which exist atx D 0. Thusf is decreasing
and concave down forx < 0 and increasing and concave down forx > 0.

x
1 2−2 −1

1

2

y

� Let f .x/ D x4=3. Thenf 0.x/ D 4
3x
1=3 andf 00.x/ D 4

9x
�2=3. Thusf is decreasing and concave up forx < 0 and

increasing and concave up forx > 0.

x
1 2−2 −1

1

2

y

In Exercises 13–34, find the transition points, intervals of increase/decrease, concavity, and asymptotic behavior. Then sketch the
graph, with this information indicated.

13. y D x3 C 24x2

SOLUTION Let f .x/ D x3 C 24x2. Thenf 0.x/ D 3x2 C 48x D 3x .x C 16/ andf 00.x/ D 6x C 48. This shows thatf has
critical points atx D 0 andx D �16 and a candidate for an inflection point atx D �8.

Interval .�1;�16/ .�16;�8/ .�8; 0/ .0;1/

Signs off 0 andf 00 C� �� �C CC

Thus, there is a local maximum atx D �16, a local minimum atx D 0, and an inflection point atx D �8. Moreover,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

Here is a graph off with these transition points highlighted as in the graphs in the textbook.

−20 −15 −10 −5 5

1000

2000

3000

y

x
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14. y D x3 � 3x C 5

SOLUTION Let f .x/ D x3 � 3x C 5. Thenf 0.x/ D 3x2 � 3 andf 00.x/ D 6x. Critical points are atx D ˙1 and the sole
candidate point of inflection is atx D 0.

Interval .�1;�1/ .�1; 0/ .0; 1/ .1;1/

Signs off 0 andf 00 C� �� �C CC

Thus,f .�1/ is a local maximum,f .1/ is a local minimum, and there is a point of inflection atx D 0. Moreover,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

Here is the graph off with the transition points highlighted as in the textbook.

x

10

20

21−1−2

−10

y

15. y D x2 � 4x3

SOLUTION Let f .x/ D x2 � 4x3. Thenf 0.x/ D 2x � 12x2 D 2x.1 � 6x/ andf 00.x/ D 2� 24x. Critical points are atx D 0

andx D 1
6 , and the sole candidate point of inflection is atx D 1

12 .

Interval .�1; 0/ .0; 112 / . 112 ;
1
6 / .16 ;1/

Signs off 0 andf 00 �C CC C� ��

Thus,f .0/ is a local minimum,f .16 / is a local maximum, and there is a point of inflection atx D 1
12 . Moreover,

lim
x!˙1

f .x/ D 1:

Here is the graph off with transition points highlighted as in the textbook:

0.04

x
0.2−0.2

y

−0.04

16. y D 1
3x
3 C x2 C 3x

SOLUTION Let f .x/ D 1
3x
3 C x2 C 3x. Thenf 0.x/ D x2 C 2x C 3, andf 00.x/ D 2x C 2 D 0 if x D �1. Sign analysis

shows thatf 0.x/ D .x C 1/2 C 2 > 0 for all x (so thatf .x/ has no critical points and is always increasing), and thatf 00.x/
changes from negative to positive atx D �1, implying that the graph off .x/ has an inflection point at.�1; f .�1//. Moreover,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

A graph with the inflection point indicated appears below:

x

5

10

21

−1

−2

−5

y

17. y D 4 � 2x2 C 1
6x
4

SOLUTION Let f .x/ D 1
6x
4 � 2x2 C 4. Thenf 0.x/ D 2

3x
3 � 4x D 2

3x
�
x2 � 6

�
and f 00.x/ D 2x2 � 4. This shows thatf

has critical points atx D 0 andx D ˙
p
6 and has candidates for points of inflection atx D ˙

p
2.
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Interval .�1;�
p
6/ .�

p
6;�

p
2/ .�

p
2; 0/ .0;

p
2/ .

p
2;

p
6/ .

p
6;1/

Signs off 0 andf 00 �C CC C� �� �C CC

Thus,f has local minima atx D ˙
p
6, a local maximum atx D 0, and inflection points atx D ˙

p
2. Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off with transition points highlighted.

5

x
2−2

y

10

18. y D 7x4 � 6x2 C 1

SOLUTION Let f .x/ D 7x4 � 6x2 C 1. Thenf 0.x/ D 28x3 � 12x D 4x
�
7x2 � 3

�
andf 00.x/ D 84x2 � 12. This shows that

f has critical points atx D 0 andx D ˙
p
21
7 and candidates for points of inflection atx D ˙

p
7
7 .

Interval .�1;�
p
21
7 / .�

p
21
7 ;�

p
7
7 / .�

p
7
7 ; 0/ .0;

p
7
7 / .

p
7
7 ;

p
21
7 / .

p
21
7 ;1/

Signs off 0 andf 00 �C CC C� �� �C CC

Thus,f has local minima atx D ˙
p
21
7 , a local maximum atx D 0, and inflection points atx D ˙

p
7
7 . Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off with transition points highlighted.

x
1−1

−0.5

1.5

y

19. y D x5 C 5x

SOLUTION Let f .x/ D x5 C 5x. Thenf 0.x/ D 5x4 C 5 D 5.x4 C 1/ andf 00.x/ D 20x3. f 0.x/ > 0 for all x, so the graph
has no critical points and is always increasing.f 00.x/ D 0 at x D 0. Sign analyses reveal thatf 00.x/ changes from negative to
positive atx D 0, so that the graph off .x/ has an inflection point at.0; 0/. Moreover,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

Here is a graph off with transition points highlighted.

20

x
21−2 −1

y

−40

40

−20

20. y D x5 � 15x3

SOLUTION Let f .x/ D x5 � 15x3. Thenf 0.x/ D 5x4 � 45x2 D 5x2.x2 � 9/ andf 00.x/ D 20x3 � 90x D 10x.2x2 � 9/.

This shows thatf has critical points atx D 0 andx D ˙3 and candidate inflection points atx D 0 andx D ˙3
p
2=2. Sign

analyses reveal thatf 0.x/ changes from positive to negative atx D �3, is negative on either side ofx D 0 and changes from
negative to positive atx D 3. The graph therefore has a local maximum atx D �3 and a local minimum atx D 3. Further sign
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analyses show thatf 00.x/ transitions from positive to negative atx D 0 and from negative to positive atx D ˙3
p
2=2. The graph

therefore has points of inflection atx D 0 andx D ˙3
p
2=2. Moreover,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

Here is a graph off with transition points highlighted.

−6 −4 −2

2

4 6

−200

200

y

x

21. y D x4 � 3x3 C 4x

SOLUTION Let f .x/ D x4 � 3x3 C 4x. Thenf 0.x/ D 4x3 � 9x2 C 4 D .4x2 � x � 2/.x � 2/ andf 00.x/ D 12x2 � 18x D

6x.2x � 3/. This shows thatf has critical points atx D 2 andx D 1˙
p
33

8
and candidate points of inflection atx D 0 and

x D 3
2 . Sign analyses reveal thatf 0.x/ changes from negative to positive atx D 1�

p
33

8 , from positive to negative atx D 1C
p
33

8 ,

and again from negative to positive atx D 2. Therefore,f .1�
p
33

8 / andf .2/ are local minima off .x/, andf .1C
p
33

8 / is a local
maximum. Further sign analyses reveal thatf 00.x/ changes from positive to negative atx D 0 and from negative to positive at
x D 3

2 , so that there are points of inflection both atx D 0 andx D 3
2 . Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off .x/ with transition points highlighted.

4

x
21−1

y

6

2

−2

22. y D x2.x � 4/2

SOLUTION Let f .x/ D x2.x � 4/2. Then

f 0.x/ D 2x.x � 4/2 C 2x2.x � 4/ D 2x.x � 4/.x � 4C x/ D 4x.x � 4/.x � 2/

and

f 00.x/ D 12x2 � 48x C 32 D 4.3x2 � 12x C 8/:

Critical points are therefore atx D 0, x D 4, andx D 2. Candidate inflection points are at solutions of4.3x2 � 12x C 8/ D 0,

which, from the quadratic formula, are at2˙
p
48
6 D 2˙ 2

p
3
3 .

Sign analyses reveal thatf 0.x/ changes from negative to positive atx D 0 andx D 4, and from positive to negative atx D 2.
Therefore,f .0/ andf .4/ are local minima, andf .2/ a local maximum, off .x/. Also,f 00.x/ changes from positive to negative at

2 � 2
p
3
3 and from negative to positive at2C 2

p
3
3 . Therefore there are points of inflection at bothx D 2˙ 2

p
3
3 . Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off .x/ with transition points highlighted.
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54321−1

y
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23. y D x7 � 14x6

SOLUTION Letf .x/ D x7 � 14x6. Thenf 0.x/ D 7x6 � 84x5 D 7x5 .x � 12/ andf 00.x/ D 42x5 � 420x4 D 42x4 .x � 10/.
Critical points are atx D 0 andx D 12, and candidate inflection points are atx D 0 andx D 10. Sign analyses reveal thatf 0.x/
changes from positive to negative atx D 0 and from negative to positive atx D 12. Thereforef .0/ is a local maximum andf .12/
is a local minimum. Also,f 00.x/ changes from negative to positive atx D 10. Therefore, there is a point of inflection atx D 10.
Moreover,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

Here is a graph off with transition points highlighted.

−5 5 10

−5 × 106

5 × 106

1 × 107

y

x

24. y D x6 � 9x4

SOLUTION Let f .x/ D x6 � 9x4. Thenf 0.x/ D 6x5 � 36x3 D 6x3.x2 � 6/ andf 00.x/ D 30x4 � 108x2 D 6x2.5x2 � 18/.

This shows thatf has critical points atx D 0 andx D ˙
p
6 and candidate inflection points atx D 0 andx D ˙3

p
10=5. Sign

analyses reveal thatf 0.x/ changes from negative to positive atx D �
p
6, from positive to negative atx D 0 and from negative

to positive atx D
p
6. The graph therefore has a local maximum atx D 0 and local minima atx D ˙

p
6. Further sign analyses

show thatf 00.x/ transitions from positive to negative atx D �3
p
10=5 and from negative to positive atx D 3

p
10=5. The graph

therefore has points of inflection atx D ˙3
p
10=5. Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off with transition points highlighted.
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−200

200

400

2

y

x

25. y D x � 4
p
x

SOLUTION Let f .x/ D x � 4
p
x D x � 4x1=2. Thenf 0.x/ D 1 � 2x�1=2. This shows thatf has critical points atx D 0

(where the derivative does not exist) and atx D 4 (where the derivative is zero). Becausef 0.x/ < 0 for 0 < x < 4 andf 0.x/ > 0
for x > 4, f .4/ is a local minimum. Nowf 00.x/ D x�3=2 > 0 for all x > 0, so the graph is always concave up. Moreover,

lim
x!1

f .x/ D 1:

Here is a graph off with transition points highlighted.
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y

x

26. y D
p
x C

p
16 � x

SOLUTION Let f .x/ D
p
x C

p
16 � x D x1=2 C .16 � x/1=2. Note that the domain off is Œ0; 16�. Now,f 0.x/ D 1

2x
�1=2 �

1
2 .16 � x/�1=2 andf 00.x/ D �1

4x
�3=2 � 1

4 .16 � x/�3=2. Thus, the critical points arex D 0, x D 8 andx D 16. Sign analysis
reveals thatf 0.x/ > 0 for 0 < x < 8 andf 0.x/ < 0 for 8 < x < 16, sof has a local maximum atx D 9. Further,f 00.x/ < 0 on
.0; 16/, so the graph is always concave down. Here is a graph off with the transition point highlighted.
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2 4 6 8 10 12 14 16

y

x
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27. y D x.8 � x/1=3

SOLUTION Let f .x/ D x .8 � x/1=3. Then

f 0.x/ D x � 13 .8 � x/�2=3 .�1/C .8 � x/1=3 � 1 D 24 � 4x

3 .8 � x/2=3

and similarly

f 00.x/ D 4x � 48
9 .8 � x/5=3

:

Critical points are atx D 8 andx D 6, and candidate inflection points arex D 8 andx D 12. Sign analyses reveal thatf 0.x/
changes from positive to negative atx D 6 andf 0.x/ remains negative on either side ofx D 8. Moreover,f 00.x/ changes from
negative to positive atx D 8 and from positive to negative atx D 12. Therefore,f has a local maximum atx D 6 and inflection
points atx D 8 andx D 12. Moreover,

lim
x!˙1

f .x/ D �1:

Here is a graph off with the transition points highlighted.
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−20
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28. y D .x2 � 4x/1=3

SOLUTION Let f .x/ D .x2 � 4x/1=3. Then

f 0.x/ D 2

3
.x � 2/.x2 � 4x/�2=3

and

f 00.x/ D 2

3

�
.x2 � 4x/�2=3 � 4

3
.x � 2/2.x2 � 4x/�5=3

�

D 2

9
.x2 � 4x/�5=3

�
3.x2 � 4x/ � 4.x � 2/2

�
D �2

9
.x2 � 4x/�5=3.x2 � 4x C 16/:

Critical points off .x/ arex D 2 (where the derivative is zero) anx D 0 andx D 4 (where the derivative does not exist); candidate
points of inflection arex D 0 andx D 4. Sign analyses reveal thatf 00.x/ < 0 for x < 0 and forx > 4, while f 00.x/ > 0 for
0 < x < 4. Therefore, the graph off .x/ has points of inflection atx D 0 andx D 4. Since.x2 � x/�2=3 is positive wherever it
is defined, the sign off 0.x/ depends solely on the sign ofx � 2. Hence,f 0.x/ does not change sign atx D 0 or x D 4, and goes
from negative to positive atx D 2. f .2/ is, in that case, a local minimum. Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off .x/ with the transition points indicated.
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−4 −2 2 6 8

y

x

29. y D xe�x2

SOLUTION Let f .x/ D xe�x2
. Then

f 0.x/ D �2x2e�x2 C e�x2 D .1 � 2x2/e�x2

;

and

f 00.x/ D .4x3 � 2x/e�x2 � 4xe�x2 D 2x.2x2 � 3/e�x2

:
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There are critical points atx D ˙
p
2
2 , andx D 0 andx D ˙

p
3
2 are candidates for inflection points. Sign analysis shows that

f 0.x/ changes from negative to positive atx D �
p
2
2 and from positive to negative atx D

p
2
2 . Moreover,f 00.x/ changes from

negative to positive at bothx D ˙
p
3
2 and from positive to negative atx D 0. Therefore,f has a local minimum atx D �

p
2
2 , a

local maximum atx D
p
2
2 and inflection points atx D 0 and atx D ˙

p
3
2 . Moreover,

lim
x!˙1

f .x/ D 0;

so the graph has a horizontal asymptote aty D 0. Here is a graph off with the transition points highlighted.
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30. y D .2x2 � 1/e�x2

SOLUTION Let f .x/ D .2x2 � 1/e�x2
. Then

f 0.x/ D .2x � 4x3/e�x2 C 4xe�x2 D 2x.3 � 2x2/e�x2

;

and

f 00.x/ D .8x4 � 12x2/e�x2 C .6 � 12x2/e�x2 D 2.4x4 � 12x2 C 3/e�x2

:

There are critical points atx D 0 andx D ˙
p
3
2 , and

x D �

s
3C

p
6

2
; x D �

s
3 �

p
6

2
; x D

s
3�

p
6

2
; x D

s
3C

p
6

2

are candidates for inflection points. Sign analysis shows thatf 0.x/ changes from positive to negative atx D ˙
p
3
2 and from

negative to positive atx D 0. Moreover,f 00.x/ changes from positive to negative atx D �
q
3C

p
6

2 and atx D
q
3�

p
6

2 and from

negative to positive atx D �
q
3�

p
6

2 and atx D
q
3C

p
6

2 . Therefore,f has local maxima atx D ˙
p
3
2 , a local minimum at

x D 0 and points of inflection atx D ˙
q
3˙

p
6

2 . Moreover,

lim
x!˙1

f .x/ D 0;

so the graph has a horizontal asymptote aty D 0. Here is a graph off with the transition points highlighted.
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31. y D x � 2 lnx

SOLUTION Let f .x/ D x � 2 ln x. Note that the domain off is x > 0. Now,

f 0.x/ D 1 � 2

x
and f 00.x/ D 2

x2
:

The only critical point isx D 2. Sign analysis shows thatf 0.x/ changes from negative to positive atx D 2, sof .2/ is a local
minimum. Further,f 00.x/ > 0 for x > 0, so the graph is always concave up. Moreover,

lim
x!1

f .x/ D 1:

Here is a graph off with the transition points highlighted.
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32. y D x.4 � x/� 3 ln x

SOLUTION Let f .x/ D x.4 � x/� 3 ln x. Note that the domain off is x > 0. Now,

f 0.x/ D 4 � 2x � 3

x
and f 00.x/ D �2C 3

x2
:

Becausef 0.x/ < 0 for all x > 0, the graph is always decreasing. On the other hand,f 00.x/ changes from positive to negative at

x D
q
3
2 , so there is a point of inflection atx D

q
3
2 . Moreover,

lim
x!0C

f .x/ D 1 and lim
x!inf ty

f .x/ D �1;

sof has a vertical asymptote atx D 0. Here is a graph off with the transition points highlighted.

1 2 3 4
x

5

10

15

y

33. y D x � x2 lnx

SOLUTION Let f .x/ D x � x2 lnx. Thenf 0.x/ D 1� x � 2x lnx andf 00.x/ D �3� 2 lnx. There is a critical point atx D 1,

andx D e�3=2 � 0:223 is a candidate inflection point. Sign analysis shows thatf 0.x/ changes from positive to negative atx D 1

and thatf 00.x/ changes from positive to negative atx D e�3=2. Therefore,f has a local maximum atx D 1 and a point of
inflection atx D e�3=2. Moreover,

lim
x!1

f .x/ D �1:

Here is a graph off with the transition points highlighted.
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34. y D x � 2 ln.x2 C 1/

SOLUTION Let f .x/ D x � 2 ln.x2 C 1/. Thenf 0.x/ D 1 � 4x

x2 C 1
, and

f 00.x/ D � .x
2 C 1/.4/ � .4x/.2x/

.x2 C 1/2
D 4.x2 � 1/

.x2 C 1/2
:

There are critical points atx D 2˙
p
3, andx D ˙1 are candidates for inflection points. Sign analysis shows thatf 0.x/ changes

from positive to negative atx D 2 �
p
3 and from negative to positive atx D 2C

p
3. Moreover,f 00.x/ changes from positive to

negative atx D �1 and from negative to positive atx D 1. Therefore,f has a local maximum atx D 2�
p
3, a local minimum at

x D 2C
p
3 and points of inflection atx D ˙1. Finally,

lim
x!�1

f .x/ D �1 and lim
x!1

f .x/ D 1:

Here is a graph off with the transition points highlighted.
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35. Sketch the graph off .x/ D 18.x � 3/.x � 1/2=3 using the formulas

f 0.x/ D
30
�
x � 9

5

�

.x � 1/1=3
; f 00.x/ D

20
�
x � 3

5

�

.x � 1/4=3

SOLUTION

f 0.x/ D
30.x � 9

5 /

.x � 1/1=3

yields critical points atx D 9
5 , x D 1.

f 00.x/ D
20.x � 3

5 /

.x � 1/4=3

yields potential inflection points atx D 3
5 , x D 1.

Interval signs off 0 andf 00

.�1; 35 / C�

.35 ; 1/ CC

.1; 95 / �C

.95 ;1/ CC

The graph has an inflection point atx D 3
5 , a local maximum atx D 1 (at which the graph has a cusp), and a local minimum at

x D 9
5 . The sketch looks something like this.

40

x
321−2 −1

y

−20

20

−40
−60
−80

36. Sketch the graph off .x/ D x

x2 C 1
using the formulas

f 0.x/ D 1 � x2

.1C x2/2
; f 00.x/ D 2x.x2 � 3/

.x2 C 1/3

SOLUTION Let f .x/ D x

x2 C 1
.

� Because lim
x!˙1

f .x/ D 1
1 � lim

x!˙1
x�1 D 0, y D 0 is a horizontal asymptote forf .

� Now f 0.x/ D 1 � x2

�
x2 C 1

�2 is negative forx < �1 andx > 1, positive for�1 < x < 1, and 0 atx D ˙1. Accordingly,f is

decreasing forx < �1 andx > 1, is increasing for�1 < x < 1, has a local minimum value atx D �1 and a local maximum
value atx D 1.

� Moreover,

f 00.x/ D
2x
�
x2 � 3

�
�
x2 C 1

�3 :

Here is a sign chart for the second derivative, similar to those constructed in various exercises in Section 4.4. (The legend is
on page 408.)

x
�
�1;�

p
3
�

�
p
3

�
�

p
3; 0

�
0

�
0;

p
3
� p

3
�p

3;1
�

f 00 � 0 C 0 � 0 C

f a I ` I a I `

� Here is a graph off .x/ D x

x2 C 1
.
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x
105

−10 −5

y

−0.5

0.5

In Exercises 37–40, sketch the graph of the function, indicating all transition points. If necessary, use a graphing utility or
computer algebra system to locate the transition points numerically.

37. y D x2 � 10 ln.x2 C 1/

SOLUTION Let f .x/ D x2 � 10 ln.x2 C 1/. Thenf 0.x/ D 2x � 20x

x2 C 1
, and

f 00.x/ D 2 � .x2 C 1/.20/ � .20x/.2x/

.x2 C 1/2
D x4 C 12x2 � 9

.x2 C 1/2
:

There are critical points atx D 0 andx D ˙3, andx D ˙
p

�6C 3
p
5 are candidates for inflection points. Sign analysis shows

thatf 0.x/ changes from negative to positive atx D ˙3 and from positive to negative atx D 0. Moreover,f 00.x/ changes from

positive to negative atx D �
p

�6C 3
p
5 and from negative to positive atx D

p
�6C 3

p
5. Therefore,f has a local maximum

atx D 0, local minima atx D ˙3 and points of inflection atx D ˙
p

�6C 3
p
5. Here is a graph off with the transition points

highlighted.

−6 −4 −2 2 4 6

−10

5

y

x

38. y D e�x=2 lnx

SOLUTION Let f .x/ D e�x=2 lnx. Then

f 0.x/ D e�x=2

x
� 1

2
e�x=2 ln x D e�x=2

�
1

x
� 1

2
lnx

�

and

f 00.x/ D e�x=2
�

� 1

x2
� 1

2x

�
� 1

2
e�x=2

�
1

x
� 1

2
lnx

�

D e�x=2
�

� 1

x2
� 1

x
C 1

4
lnx

�
:

There is a critical point atx D 2:345751 and a candidate point of inflection atx D 3:792199. Sign analysis reveals thatf 0.x/
changes from positive to negative atx D 2:345751 and thatf 00.x/ changes from negative to positive atx D 3:792199. Therefore,
f has a local maximum atx D 2:345751 and a point of inflection atx D 3:792199. Moreover,

lim
x!0C

f .x/ D �1 and lim
x!1

f .x/ D 0:

Here is a graph off with the transition points highlighted.

2 4 6 8
−1

−2

−3

y

x

39. y D x4 � 4x2 C x C 1
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SOLUTION Let f .x/ D x4 � 4x2 C x C 1. Thenf 0.x/ D 4x3 � 8x C 1 andf 00.x/ D 12x2 � 8. The critical points are

x D �1:473, x D 0:126 andx D 1:347, while the candidates for points of inflection arex D ˙
q
2
3 . Sign analysis reveals that

f 0.x/ changes from negative to positive atx D �1:473, from positive to negative atx D 0:126 and from negative to positive

at x D 1:347. For the second derivative,f 00.x/ changes from positive to negative atx D �
q
2
3 and from negative to positive at

x D
q
2
3 . Therefore,f has local minima atx D �1:473 andx D 1:347, a local maximum atx D 0:126 and points of inflection at

x D ˙
q
2
3 . Moreover,

lim
x!˙1

f .x/ D 1:

Here is a graph off with the transition points highlighted.

−2 −1 1 2
−5

5

10

15

20

y

x

40. y D 2
p
x � sin x, 0 � x � 2�

SOLUTION Let f .x/ D 2
p
x � sin x. Then

f 0.x/ D 1p
x

� cosx and f 00.x/ D �1
2
x�3=2 C sinx:

On 0 � x � 2�, there is a critical point atx D 5:167866 and candidate points of inflection atx D 0:790841 andx D 3:047468.
Sign analysis reveals thatf 0.x/ changes from positive to negative atx D 5:167866, whilef 00.x/ changes from negative to positive
at x D 0:790841 and from positive to negative atx D 3:047468. Therefore,f has a local maximum atx D 5:167866 and points
of inflection atx D 0:790841 andx D 3:047468. Here is a graph off with the transition points highlighted.

1

1 2 3 4 5 6

2

3

4

5

y

x

In Exercises 41–46, sketch the graph over the given interval,with all transition points indicated.

41. y D x C sinx, Œ0; 2��

SOLUTION Let f .x/ D x C sinx. Settingf 0.x/ D 1C cosx D 0 yields cosx D �1, so thatx D � is the lone critical point on
the intervalŒ0; 2��. Settingf 00.x/ D � sinx D 0 yields potential points of inflection atx D 0; �; 2� on the intervalŒ0; 2��.

Interval signs off 0 andf 00

.0; �/ C�

.�; 2�/ CC

The graph has an inflection point atx D �, and no local maxima or minima. Here is a sketch of the graph off .x/:

y

x

1

2

3

4

5

6

0 654321
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42. y D sinx C cosx, Œ0; 2��

SOLUTION Let f .x/ D sinx C cosx. Settingf 0.x/ D cosx � sinx D 0 yields sinx D cosx, so that tanx D 1, and

x D �
4 ;

5�
4 . Settingf 00.x/ D � sinx � cosx D 0 yields sinx D � cosx, so that� tanx D 1, andx D 3�

4 , x D 7�
4 .

Interval signs off 0 andf 00

.0; �4 / C�

.�4 ;
3�
4 / ��

.3�4 ;
5�
4 / �C

.5�4 ;
7�
4 / CC

.7�4 ; 2�/ C�

The graph has a local maximum atx D �
4 , a local minimum atx D 5�

4 , and inflection points atx D 3�
4 and x D 7�

4 . Here is a
sketch of the graph off .x/:

x
1 2 3 4 5 6

1

−1

y

43. y D 2 sin x � cos2 x, Œ0; 2��

SOLUTION Let f .x/ D 2 sinx � cos2 x. Thenf 0.x/ D 2 cosx � 2 cosx .� sinx/ D sin2x C 2 cosx andf 00.x/ D 2 cos2x �
2 sinx. Settingf 0.x/ D 0 yields sin2x D �2 cosx, so that2 sinx cosx D �2 cosx. This implies cosx D 0 or sinx D �1, so
thatx D �

2 or 3�2 . Settingf 00.x/ D 0 yields2 cos2x D 2 sinx, so that2 sin.�2 � 2x/ D 2 sinx, or �2 � 2x D x ˙ 2n�. This
yields3x D �

2 C 2n�, or x D �
6 ;

5�
6 ;

9�
6 D 3�

2 .

Interval signs off 0 andf 00

�
0; �6

�
CC

�
�
6 ;

�
2

�
C�

�
�
2 ;

5�
6

�
��

�
5�
6 ;

3�
2

�
�C

�
3�
2 ; 2�

�
CC

The graph has a local maximum atx D �
2 , a local minimum atx D 3�

2 , and inflection points atx D �
6 and x D 5�

6 . Here is a
graph off without transition points highlighted.

x
654

3

21

y

1

2

−2

−1

44. y D sin x C 1
2x, Œ0; 2��

SOLUTION Let f .x/ D sinx C 1
2x. Settingf 0.x/ D cosx C 1

2 D 0 yieldsx D 2�
3 or 4�3 . Settingf 00.x/ D � sinx D 0 yields

potential points of inflection atx D 0, �, 2�.
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Interval signs off 0 andf 00

�
0; 2�3

�
C�

�
2�
3 ; �

�
��

�
�; 4�3

�
�C

�
4�
3 ; 2�

�
CC

The graph has a local maximum atx D 2�
3 , a local minimum atx D 4�

3 , and an inflection point atx D �. Here is a graph off
without transition points highlighted.

1

x
1 2 3 4 5 6

y

2

3

0

45. y D sin x C
p
3 cosx, Œ0; ��

SOLUTION Let f .x/ D sinx C
p
3 cosx. Settingf 0.x/ D cosx �

p
3 sin x D 0 yields tanx D 1p

3
. In the intervalŒ0; ��,

the solution isx D �
6 . Settingf 00.x/ D � sinx �

p
3 cosx D 0 yields tanx D �

p
3. In the intervalŒ0; ��, the lone solution is

x D 2�
3 .

Interval signs off 0 andf 00

.0; �=6/ C�

.�=6; 2�=3/ ��

.2�=3; �/ �C

The graph has a local maximum atx D �
6 and a point of inflection atx D 2�

3 . A plot without the transition points highlighted is
given below:

x
321

y

1

2

−2

−1

46. y D sin x � 1
2 sin 2x, Œ0; ��

SOLUTION Let f .x/ D sinx � 1
2 sin 2x. Settingf 0.x/ D cosx � cos2x D 0 yields cos2x D cosx. Using the double angle

formula for cosine, this gives2 cos2 x � 1 D cosx or .2 cosx C 1/.cosx � 1/ D 0. Solving forx 2 Œ0; ��, we findx D 0 or 2�3 .
Settingf 00.x/ D � sinx C 2 sin2x D 0 yields4 sinx cosx D sinx, so sinx D 0 or cosx D 1

4 . Hence, there are potential
points of inflection atx D 0, x D � andx D cos�1 14 � 1:31812.

Interval Sign off 0 andf 00
�
0; cos�1 14

�
CC

�
cos�1 1

4 ;
2�
3

�
C�

�
2�
3 ; �

�
��

The graph off .x/ has a local maximum atx D 2�
3 and a point of inflection atx D cos�1 14 .
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1

x
1 2 3

y

0

47. Are all sign transitions possible? Explain with a sketch why the transitionsCC ! �C and�� ! C� do not occur
if the function is differentiable. (See Exercise 76 for a proof.)

SOLUTION In both cases, there is a point wheref is not differentiable at the transition from increasing to decreasing or decreasing
to increasing.

y

x

y

x

48. Suppose thatf is twice differentiable satisfying (i)f .0/ D 1, (ii) f 0.x/ > 0 for all x ¤ 0, and (iii)f 00.x/ < 0 for x < 0 and
f 00.x/ > 0 for x > 0. Letg.x/ D f .x2/.

(a) Sketch a possible graph off .x/.
(b) Prove thatg.x/ has no points of inflection and a unique local extreme value atx D 0. Sketch a possible graph ofg.x/.

SOLUTION

(a) To produce a possible sketch, we give the direction and concavity of the graph over every interval.

Interval .�1; 0/ .0;1/

Direction % %

Concavity a `

A sketch of one possible such function appears here:

2
x

21−2 −1

y

(b) Let g.x/ D f .x2/. Theng0.x/ D 2xf 0.x2/. If g0.x/ D 0, eitherx D 0 or f 0.x2/ D 0, which implies thatx D 0 as well.
Sincef 0.x2/ > 0 for all x ¤ 0, g0.x/ < 0 for x < 0 andg0.x/ > 0 for x > 0. This givesg.x/ a unique local extreme value
at x D 0, a minimum.g00.x/ D 2f 0.x2/ C 4x2f 00.x2/. For all x ¤ 0, x2 > 0, and sof 00.x2/ > 0 andf 0.x2/ > 0. Thus
g00.x/ > 0, and sog00.x/ does not change sign, and can have no inflection points. A sketch ofg.x/ based on the sketch we made
for f .x/ follows: indeed, this sketch shows a unique local minimum atx D 0.

2
x

1−1

y

49. Which of the graphs in Figure 3cannotbe the graph of a polynomial? Explain.

(A) (B) (C)

x

x

x

yy y

FIGURE 3
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SOLUTION Polynomials are everywhere differentiable. Accordingly, graph (B) cannot be the graph of a polynomial, since the
function in (B) has a cusp (sharp corner), signifying nondifferentiability at that point.

50. Which curve in Figure 4 is the graph off .x/ D 2x4 � 1

1C x4
? Explain on the basis of horizontal asymptotes.

(A)

−4 −2 2 4

2

−1.5

(B)

−4 −2 2 4

2

−1.5

x x

yy

FIGURE 4

SOLUTION Since

lim
x!˙1

2x4 � 1

1C x4
D 2

1
� lim
x!˙1

1 D 2

the graph has left and right horizontal asymptotes aty D 2, so the left curve is the graph off .x/ D 2x4 � 1
1C x4

.

51. Match the graphs in Figure 5 with the two functionsy D 3x

x2 � 1
andy D 3x2

x2 � 1
. Explain.

(A) (B)

−1 1−1 1
xx

y y

FIGURE 5

SOLUTION Since lim
x!˙1

3x2

x2 � 1
D 3

1
� lim
x!˙1

1 D 3, the graph ofy D 3x2

x2 � 1
has a horizontal asymptote ofy D 3; hence,

the right curve is the graph off .x/ D 3x2

x2 � 1
. Since

lim
x!˙1

3x

x2 � 1
D 3

1
� lim
x!˙1

x�1 D 0;

the graph ofy D 3x

x2 � 1
has a horizontal asymptote ofy D 0; hence, the left curve is the graph off .x/ D 3x

x2 � 1
.

52. Match the functions with their graphs in Figure 6.

(a) y D 1

x2 � 1
(b) y D x2

x2 C 1

(c) y D 1

x2 C 1
(d) y D x

x2 � 1

(A) (B) (D)(C)

x

x

x

y y

x

y y

FIGURE 6
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SOLUTION

(a) The graph of 1
x2�1 should have a horizontal asymptote aty D 0 and vertical asymptotes atx D ˙1. Further, the graph should

consist of positive values forjxj > 1 and negative values forjxj < 1. Hence, the graph of 1
x2�1 is (D).

(b) The graph of x
2

x2C1 should have a horizontal asymptote aty D 1 and no vertical asymptotes. Hence, the graph ofx
2

x2C1 is (A).

(c) The graph of 1
x2C1 should have a horizontal asymptote aty D 0 and no vertical asymptotes. Hence, the graph of1

x2C1 is (B).

(d) The graph of x
x2�1 should have a horizontal asymptote aty D 0 and vertical asymptotes atx D ˙1. Further, the graph should

consist of positive values for�1 < x < 0 andx > 1 and negative values forx < 1 and0 < x < 1. Hence, the graph of x
x2�1 is

(C).

In Exercises 53–70, sketch the graph of the function. Indicate the transition points and asymptotes.

53. y D 1

3x � 1

SOLUTION Let f .x/ D 1

3x � 1 . Then f 0.x/ D �3
.3x � 1/2

, so thatf is decreasing for allx ¤ 1
3 . Moreover,f 00.x/ D

18

.3x � 1/3
, so thatf is concave up forx > 1

3 and concave down forx < 1
3 . Because lim

x!˙1
1

3x � 1
D 0, f has a horizontal

asymptote aty D 0. Finally,f has a vertical asymptote atx D 1
3 with

lim
x! 1

3 �

1

3x � 1
D �1 and lim

x! 1
3 C

1

3x � 1 D 1:

−5

−2 2

5

y

x

54. y D x � 2

x � 3

SOLUTION Let f .x/ D x � 2

x � 3
. Thenf 0.x/ D �1

.x � 3/2
, so thatf is decreasing for allx ¤ 3. Moreover,f 00.x/ D 2

.x � 3/3
,

so thatf is concave up forx > 3 and concave down forx < 3. Because lim
x!˙1

x � 2

x � 3
D 1, f has a horizontal asymptote at

y D 1. Finally,f has a vertical asymptote atx D 3 with

lim
x!3�

x � 2

x � 3
D �1 and lim

x!3C
x � 2
x � 3 D 1:

−5

5

−2 2 4 6

y

x

55. y D x C 3

x � 2

SOLUTION Let f .x/ D x C 3

x � 2 . Thenf 0.x/ D �5
.x � 2/2

, so thatf is decreasing for allx ¤ 2. Moreover,f 00.x/ D 10

.x � 2/3
,

so thatf is concave up forx > 2 and concave down forx < 2. Because lim
x!˙1

x C 3

x � 2
D 1, f has a horizontal asymptote at

y D 1. Finally,f has a vertical asymptote atx D 2 with

lim
x!2�

x C 3

x � 2
D �1 and lim

x!2C
x C 3

x � 2
D 1:

x
105−10 −5

y

−10

−5

10

5



452 C H A P T E R 4 APPLICATIONS OF THE DERIVATIVE

56. y D x C 1

x

SOLUTION Let f .x/ D x C x�1. Thenf 0.x/ D 1 � x�2, so thatf is increasing forx < �1 andx > 1 and decreasing for
�1 < x < 0 and0 < x < 1. Moreover,f 00.x/ D 2x�3, so thatf is concave up forx > 0 and concave down forx < 0. f has no
horizontal asymptote and has a vertical asymptote atx D 0 with

lim
x!0�

.x C x�1/ D �1 and lim
x!0C

.x C x�1/ D 1:

−5

x
1 2

−2 −1

5

y

57. y D 1

x
C 1

x � 1

SOLUTION Let f .x/ D 1

x
C 1

x � 1
. Then f 0.x/ D �2x

2 � 2x C 1

x2 .x � 1/2
, so thatf is decreasing for allx ¤ 0; 1. Moreover,

f 00.x/ D
2
�
2x3 � 3x2 C 3x � 1

�

x3 .x � 1/3
, so thatf is concave up for0 < x < 1

2 and x > 1 and concave down forx < 0 and

1
2 < x < 1. Because lim

x!˙1

�
1

x
C 1

x � 1

�
D 0, f has a horizontal asymptote aty D 0. Finally, f has vertical asymptotes at

x D 0 andx D 1 with

lim
x!0�

�
1

x
C 1

x � 1

�
D �1 and lim

x!0C

�
1

x
C 1

x � 1

�
D 1

and

lim
x!1�

�
1

x
C 1

x � 1

�
D �1 and lim

x!1C

�
1

x
C 1

x � 1

�
D 1:

x
1 2−1

y

5

−5

58. y D 1

x
� 1

x � 1

SOLUTION Let f .x/ D 1

x
� 1

x � 1
. Then f 0.x/ D 2x � 1

x2 .x � 1/2
, so thatf is decreasing forx < 0 and 0 < x < 1

2 and

increasing for12 < x < 1 andx > 1. Moreover,f 00.x/ D �
2
�
3x2 � 3x C 1

�

x3 .x � 1/3
, so thatf is concave up for0 < x < 1 and concave

down forx < 0 andx > 1. Because lim
x!˙1

�
1

x
� 1

x � 1

�
D 0, f has a horizontal asymptote aty D 0. Finally, f has vertical

asymptotes atx D 0 andx D 1 with

lim
x!0�

�
1

x
� 1

x � 1

�
D �1 and lim

x!0C

�
1

x
� 1

x � 1

�
D 1

and

lim
x!1�

�
1

x
� 1

x � 1

�
D 1 and lim

x!1C

�
1

x
� 1

x � 1

�
D �1:

x
21−1

y

−5

5
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59. y D 1

x.x � 2/

SOLUTION Let f .x/ D 1

x.x � 2/
. Thenf 0.x/ D 2.1 � x/

x2.x � 2/2
, so thatf is increasing forx < 0 and0 < x < 1 and decreasing

for 1 < x < 2 andx > 2. Moreover,f 00.x/ D 2.3x2 � 6x C 4/

x3.x � 2/3
, so thatf is concave up forx < 0 andx > 2 and concave down

for 0 < x < 2. Because lim
x!˙1

�
1

x.x � 2/

�
D 0, f has a horizontal asymptote aty D 0. Finally, f has vertical asymptotes at

x D 0 andx D 2 with

lim
x!0�

�
1

x.x � 2/

�
D C1 and lim

x!0C

�
1

x.x � 2/

�
D �1

and

lim
x!2�

�
1

x.x � 2/

�
D �1 and lim

x!2C

�
1

x.x � 2/

�
D 1:

−5

5

−2 4

y

x

60. y D x

x2 � 9

SOLUTION Letf .x/ D x

x2 � 9
. Thenf 0.x/ D � x2 C 9

.x2 � 9/2
, so thatf is decreasing for allx ¤ ˙3. Moreover,f 00.x/ D 6x.x2 C 6/

.x2 � 9/3
,

so thatf is concave down forx < �3 and for 0 < x < 3 and is concave up for�3 < x < 0 and for x > 3. Because

lim
x!˙1

x

x2 � 9
D 0, f has a horizontal asymptote aty D 0. Finally,f has vertical asymptotes atx D ˙3, with

lim
x!�3�

� x

x2 � 9

�
D �1 and lim

x!�3C

� x

x2 � 9

�
D 1

and

lim
x!3�

� x

x2 � 9

�
D �1 and lim

x!3C

� x

x2 � 9

�
D 1:

−10

10

−4 −2 2 4

y

x

61. y D 1

x2 � 6x C 8

SOLUTION Let f .x/ D 1

x2 � 6x C 8
D 1

.x � 2/ .x � 4/
. Thenf 0.x/ D 6 � 2x

�
x2 � 6x C 8

�2 , so thatf is increasing forx < 2

and for 2 < x < 3, is decreasing for3 < x < 4 and for x > 4, and has a local maximum atx D 3. Moreover,

f 00.x/ D
2
�
3x2 � 18x C 28

�
�
x2 � 6x C 8

�3 , so thatf is concave up forx < 2 and forx > 4 and is concave down for2 < x < 4. Be-

cause lim
x!˙1

1

x2 � 6x C 8
D 0, f has a horizontal asymptote aty D 0. Finally,f has vertical asymptotes atx D 2 andx D 4,

with

lim
x!2�

�
1

x2 � 6x C 8

�
D 1 and lim

x!2C

�
1

x2 � 6x C 8

�
D �1

and

lim
x!4�

�
1

x2 � 6x C 8

�
D �1 and lim

x!4C

�
1

x2 � 6x C 8

�
D 1:
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x
6542

3

1

y

5

−5

62. y D x3 C 1

x

SOLUTION Let f .x/ D x3 C 1

x
D x2 C x�1. Thenf 0.x/ D 2x � x�2, so thatf is decreasing forx < 0 and for0 < x <

3
p
1=2 and increasing forx > 3

p
1=2. Moreover,f 00.x/ D 2C 2x�3, sof is concave up forx < �1 and forx > 0 and concave

down for�1 < x < 0. Because

lim
x!˙1

x3 C 1

x
D 1;

f has no horizontal asymptotes. Finally,f has a vertical asymptote atx D 0 with

lim
x!0�

x3 C 1

x
D �1 and lim

x!0C
x3 C 1

x
D 1:

−20

−10

10

20

−4 −2 2 4

y

x

63. y D 1 � 3

x
C 4

x3

SOLUTION Let f .x/ D 1 � 3

x
C 4

x3
. Then

f 0.x/ D 3

x2
� 12

x4
D 3.x � 2/.x C 2/

x4
;

so thatf is increasing forjxj > 2 and decreasing for�2 < x < 0 and for0 < x < 2. Moreover,

f 00.x/ D � 6

x3
C 48

x5
D 6.8 � x2/

x5
;

so thatf is concave down for�2
p
2 < x < 0 and for x > 2

p
2, while f is concave up forx < �2

p
2 and for 0 < x < 2

p
2.

Because

lim
x!˙1

�
1 � 3

x
C 4

x3

�
D 1;

f has a horizontal asymptote aty D 1. Finally,f has a vertical asymptote atx D 0 with

lim
x!0�

�
1 � 3

x
C 4

x3

�
D �1 and lim

x!0C

�
1 � 3

x
C 4

x3

�
D 1:

2

x
2 4 6−6 −4 −2

y

4

6

−6

−4

−2
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64. y D 1

x2
C 1

.x � 2/2

SOLUTION Let f .x/ D 1

x2
C 1

.x � 2/2
. Then

f 0.x/ D �2x�3 � 2 .x � 2/�3 D �4.x � 1/.x2 � 2x C 4/

x3.x � 2/3
;

so thatf is increasing forx < 0 and for1 < x < 2, is decreasing for0 < x < 1 and forx > 2, and has a local minimum atx D 1.

Moreover,f 00.x/ D 6x�4 C 6 .x � 2/�4, so thatf is concave up for allx ¤ 0; 2. Because lim
x!˙1

�
1

x2
C 1

.x � 2/2

�
D 0, f

has a horizontal asymptote aty D 0. Finally,f has vertical asymptotes atx D 0 andx D 2 with

lim
x!0�

�
1

x2
C 1

.x � 2/2

�
D 1 and lim

x!0C

�
1

x2
C 1

.x � 2/2

�
D 1

and

lim
x!2�

�
1

x2
C 1

.x � 2/2

�
D 1 and lim

x!2C

�
1

x2
C 1

.x � 2/2

�
D 1:

x
1 2 3 4−1−2

y

2

65. y D 1

x2
� 1

.x � 2/2

SOLUTION Let f .x/ D 1

x2
� 1

.x � 2/2
. Thenf 0.x/ D �2x�3 C 2 .x � 2/�3, so thatf is increasing forx < 0 and forx > 2

and is decreasing for0 < x < 2. Moreover,

f 00.x/ D 6x�4 � 6 .x � 2/�4 D �48.x � 1/.x2 � 2x C 2/

x4.x � 2/4
;

so thatf is concave up forx < 0 and for0 < x < 1, is concave down for1 < x < 2 and forx > 2, and has a point of inflection

at x D 1. Because lim
x!˙1

�
1

x2
� 1

.x � 2/2

�
D 0, f has a horizontal asymptote aty D 0. Finally, f has vertical asymptotes at

x D 0 andx D 2 with

lim
x!0�

�
1

x2
� 1

.x � 2/2

�
D 1 and lim

x!0C

�
1

x2
� 1

.x � 2/2

�
D 1

and

lim
x!2�

�
1

x2
� 1

.x � 2/2

�
D �1 and lim

x!2C

�
1

x2
� 1

.x � 2/2

�
D �1:

x

2

4

−2

−4

y

1 2 3 4

−2 −1

66. y D 4

x2 � 9

SOLUTION Let f .x/ D 4

x2 � 9
. Thenf 0.x/ D � 8x

�
x2 � 9

�2 , so thatf is increasing forx < �3 and for �3 < x < 0, is

decreasing for0 < x < 3 and forx > 3, and has a local maximum atx D 0. Moreover,f 00.x/ D
24
�
x2 C 3

�
�
x2 � 9

�3 , so thatf is
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concave up forx < �3 and forx > 3 and is concave down for�3 < x < 3. Because lim
x!˙1

4

x2 � 9
D 0, f has a horizontal

asymptote aty D 0. Finally,f has vertical asymptotes atx D �3 andx D 3, with

lim
x!�3�

�
4

x2 � 9

�
D 1 and lim

x!�3C

�
4

x2 � 9

�
D �1

and

lim
x!3�

�
4

x2 � 9

�
D �1 and lim

x!3C

�
4

x2 � 9

�
D 1:

x
5−5

y

−2

−1

2

1

67. y D 1

.x2 C 1/2

SOLUTION Let f .x/ D 1

.x2 C 1/2
. Thenf 0.x/ D �4x

.x2 C 1/3
, so thatf is increasing forx < 0, is decreasing forx > 0 and

has a local maximum atx D 0. Moreover,

f 00.x/ D �4.x2 C 1/3 C 4x � 3.x2 C 1/2 � 2x
.x2 C 1/6

D 20x2 � 4

.x2 C 1/4
;

so thatf is concave up forjxj > 1=
p
5, is concave down forjxj < 1=

p
5, and has points of inflection atx D ˙1=

p
5. Because

lim
x!˙1

1

.x2 C 1/2
D 0, f has a horizontal asymptote aty D 0. Finally,f has no vertical asymptotes.

x

1

0.8

42−2−4

y

68. y D x2

.x2 � 1/.x2 C 1/

SOLUTION Let

f .x/ D x2

.x2 � 1/.x2 C 1/
:

Then

f 0.x/ D � 2x.1C x4/

.x � 1/2.x C 1/2.x2 C 1/2
;

so thatf is increasing forx < �1 and for�1 < x < 0, is decreasing for0 < x < 1 and forx > 1, and has a local maximum at
x D 0. Moreover,

f 00.x/ D 2C 24x4 C 6x8

.x � 1/3.x C 1/3.x2 C 1/3
;

so thatf is concave up forjxj > 1 and concave down forjxj < 1. Because lim
x!˙1

x2

.x2 � 1/.x2 C 1/
D 0, f has a horizontal

asymptote aty D 0. Finally,f has vertical asymptotes atx D �1 andx D 1, with

lim
x!�1�

x2

.x2 � 1/.x2 C 1/
D 1 and lim

x!�1C
x2

.x2 � 1/.x2 C 1/
D �1
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and

lim
x!1�

x2

.x2 � 1/.x2 C 1/
D �1 and lim

x!1C
x2

.x2 � 1/.x2 C 1/
D 1:

x
21−2 −1

y

−2

−1

2

1

69. y D 1p
x2 C 1

SOLUTION Let f .x/ D 1p
x2C1

. Then

f 0.x/ D � xp
.x2 C 1/3

D �x.x2 C 1/�3=2;

so thatf is increasing forx < 0 and decreasing forx > 0. Moreover,

f 00.x/ D �3
2
x.x2 C 1/�5=2.�2x/ � .x2 C 1/�3=2 D .2x2 � 1/.x2 C 1/�5=2;

so thatf is concave down forjxj <
p
2
2 and concave up forjxj >

p
2
2 . Because

lim
x!˙1

1p
x2 C 1

D 0;

f has a horizontal asymptote aty D 0. Finally,f has no vertical asymptotes.

x

1

0.8

0.2

105−5−10

y

70. y D xp
x2 C 1

SOLUTION Let

f .x/ D xp
x2 C 1

:

Then

f 0.x/ D .x2 C 1/�3=2 and f 00.x/ D �3x
.x2 C 1/5=2

:

Thus,f is increasing for allx, is concave up forx < 0, is concave down forx > 0, and has a point of inflection atx D 0. Because

lim
x!1

xp
x2 C 1

D 1 and lim
x!�1

xp
x2 C 1

D �1;

f has horizontal asymptotes ofy D �1 andy D 1. There are no vertical asymptotes.

x
5−5

y

−1

1
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Further Insights and Challenges

In Exercises 71–75, we explore functions whose graphs approach a nonhorizontal line asx ! 1. A liney D ax C b is called a
slant asymptoteif

lim
x!1.f .x/� .ax C b// D 0

or

lim
x!�1

.f .x/� .ax C b// D 0

71. Let f .x/ D x2

x � 1
(Figure 7). Verify the following:

(a) f .0/ is a local max andf .2/ a local min.

(b) f is concave down on.�1; 1/ and concave up on.1;1/.
(c) lim

x!1�
f .x/ D �1 and lim

x!1C
f .x/ D 1.

(d) y D x C 1 is a slant asymptote off .x/ asx ! ˙1.
(e) The slant asymptote lies above the graph off .x/ for x < 1 and below the graph forx > 1.

y = x + 1

10−10

10

−10

x

y
f (x) = x2

x − 1

FIGURE 7

SOLUTION Let f .x/ D x2

x � 1
. Thenf 0.x/ D x.x � 2/

.x � 1/2
andf 00.x/ D 2

.x � 1/3
.

(a) Critical points off 0.x/ occur atx D 0 andx D 2. x D 1 is not a critical point because it is not in the domain off . Sign
analyses reveal thatx D 2 is a local minimum off andx D 0 is a local maximum.

(b) Sign analysis off 00.x/ reveals thatf 00.x/ < 0 on .�1; 1/ andf 00.x/ > 0 on .1;1/.
(c)

lim
x!1�

f .x/ D �1 lim
x!1�

1

1 � x
D �1 and lim

x!1C
f .x/ D 1 lim

x!1C
1

x � 1
D 1:

(d) Note that using polynomial division, f .x/ D x2

x � 1 D x C 1 C 1

x � 1
. Then

lim
x!˙1

.f .x/� .x C 1// D lim
x!˙1

x C 1C 1

x � 1
� .x C 1/ D lim

x!˙1
1

x � 1
D 0.

(e) For x > 1, f .x/ � .x C 1/ D 1

x � 1 > 0, sof .x/ approachesx C 1 from above. Similarly, forx < 1, f .x/ � .x C 1/ D
1

x � 1
< 0, sof .x/ approachesx C 1 from below.

72. If f .x/ D P.x/=Q.x/, whereP andQ are polynomials of degreesmC 1 andm, then by long division, we can write

f .x/ D .ax C b/C P1.x/=Q.x/

whereP1 is a polynomial of degree< m. Show thaty D ax C b is the slant asymptote off .x/. Use this procedure to find the
slant asymptotes of the following functions:

(a) y D x2

x C 2
(b) y D x3 C x

x2 C x C 1

SOLUTION Since deg.P1/ < deg.Q/,

lim
x!˙1

P1.x/

Q.x/
D 0:

Thus

lim
x!˙1

.f .x/� .ax C b// D 0

andy D ax C b is a slant asymptote off .
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(a)
x2

x C 2
D x � 2C 4

x C 2
; hencey D x � 2 is a slant asymptote of

x2

x C 2
.

(b)
x3 C x

x2 C x C 1
D .x � 1/C x C 1

x2 � 1
; hence,y D x � 1 is a slant asymptote of

x3 C x

x2 C x C 1
.

73. Sketch the graph of

f .x/ D x2

x C 1
:

Proceed as in the previous exercise to find the slant asymptote.

SOLUTION Let f .x/ D x2

x C 1
. Thenf 0.x/ D x.x C 2/

.x C 1/2
andf 00.x/ D 2

.x C 1/3
. Thus,f is increasing forx < �2 and for

x > 0, is decreasing for�2 < x < �1 and for�1 < x < 0, has a local minimum atx D 0, has a local maximum atx D �2, is
concave down on.�1;�1/ and concave up on.�1;1/. Limit analyses give a vertical asymptote atx D �1, with

lim
x!�1�

x2

x C 1
D �1 and lim

x!�1C
x2

x C 1
D 1:

By polynomial division,f .x/ D x � 1C 1

x C 1
and

lim
x!˙1

�
x � 1C 1

x C 1
� .x � 1/

�
D 0;

which implies that the slant asymptote isy D x � 1. Notice thatf approaches the slant asymptote as in exercise 71.

x

4

2

42−2−4

−4

−6

−2

y

74. Show thaty D 3x is a slant asymptote forf .x/ D 3x C x�2. Determine whetherf .x/ approaches the slant asymptote from
above or below and make a sketch of the graph.

SOLUTION Let f .x/ D 3x C x�2. Then

lim
x!˙1

.f .x/� 3x/ D lim
x!˙1

.3x C x�2 � 3x/ D lim
x!˙1

x�2 D 0

which implies that3x is the slant asymptote off .x/. Sincef .x/ � 3x D x�2 > 0 asx ! ˙1, f .x/ approaches the slant
asymptote from above in both directions. Moreover,f 0.x/ D 3� 2x�3 andf 00.x/ D 6x�4. Sign analyses reveal a local minimum

atx D
�
3
2

��1=3
� 0:87358 and thatf is concave up for allx ¤ 0. Limit analyses give a vertical asymptote atx D 0.

x
42−4 −2

y

−5

5

75. Sketch the graph off .x/ D 1 � x2
2 � x

.

SOLUTION Let f .x/ D 1 � x2

2 � x
. Using polynomial division,f .x/ D x C 2C 3

x � 2
. Then

lim
x!˙1

.f .x/� .x C 2// D lim
x!˙1

�
.x C 2/C 3

x � 2
� .x C 2/

�
D lim
x!˙1

3

x � 2
D 3

1
� lim
x!˙1

x�1 D 0

which implies thaty D x C 2 is the slant asymptote off .x/. Sincef .x/ � .x C 2/ D 3

x � 2 > 0 for x > 2, f .x/ approaches

the slant asymptote from above forx > 2; similarly,
3

x � 2
< 0 for x < 2 sof .x/ approaches the slant asymptote from below
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for x < 2. Moreover,f 0.x/ D x2 � 4x C 1

.2 � x/2
andf 00.x/ D �6

.2 � x/3
. Sign analyses reveal a local minimum atx D 2 C

p
3, a

local maximum atx D 2 �
p
3 and thatf is concave down on.�1; 2/ and concave up on.2;1/. Limit analyses give a vertical

asymptote atx D 2.

x

10

5
105−5−10

−10

−5

y

76. Assume thatf 0.x/ andf 00.x/ exist for allx and letc be a critical point off .x/. Show thatf .x/ cannot make a transition
from CC to �C atx D c. Hint: Apply the MVT tof 0.x/.

SOLUTION Let f .x/ be a function such thatf 00.x/ > 0 for all x and such that it transitions fromCC to �C at a critical point
c wheref 0.c/ is defined. That is,f 0.c/ D 0, f 0.x/ > 0 for x < c andf 0.x/ < 0 for x > c. Let g.x/ D f 0.x/. The previous
statements indicate thatg.c/ D 0, g.x0/ > 0 for somex0 < c, andg.x1/ < 0 for somex1 > c. By the Mean Value Theorem,

g.x1/� g.x0/

x1 � x0
D g0.c0/;

for somec0 betweenx0 andx1. Becausex1 > c > x0 andg.x1/ < 0 < g.x0/,

g.x1/� g.x0/

x1 � x0
< 0:

But, on the other handg0.c0/ D f 00.c0/ > 0, so there is a contradiction. This means that our assumption of the existence of such a
functionf .x/must be in error, so no function can transition fromCC to �C.

If we drop the requirement thatf 0.c/ exist, such a function can be found. The following is a graph off .x/ D �x2=3. f 00.x/ > 0
whereverf 00.x/ is defined, andf 0.x/ transitions from positive to negative atx D 0.

x
10.5−1 −0.5

y

−0.8

77. Assume thatf 00.x/ exists andf 00.x/ > 0 for all x. Show thatf .x/ cannot be negative for allx. Hint: Show that
f 0.b/ ¤ 0 for someb and use the result of Exercise 64 in Section 4.4.

SOLUTION Let f .x/ be a function such thatf 00.x/ exists andf 00.x/ > 0 for all x. Sincef 00.x/ > 0, there is at least one
point x D b such thatf 0.b/ ¤ 0. If not, f 0.x/ D 0 for all x, so f 00.x/ D 0. By the result of Exercise 64 in Section 4.4,
f .x/ � f .b/C f 0.b/.x � b/. Now, if f 0.b/ > 0, we find thatf .b/C f 0.b/.x � b/ > 0 whenever

x >
bf 0.b/ � f .b/

f 0.b/
;

a condition that must be met for somex sufficiently large. For suchx, f .x/ > f .b/C f 0.b/.x � b/ > 0. On the other hand, if
f 0.b/ < 0, we find thatf .b/C f 0.b/.x � b/ > 0 whenever

x <
bf 0.b/� f .b/

f 0.b/
:

For such anx, f .x/ > f .b/C f 0.b/.x � b/ > 0.
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4.7 Applied Optimization

Preliminary Questions
1. The problem is to find the right triangle of perimeter 10 whose area is as large as possible. What is the constraint equation

relating the baseb and heighth of the triangle?

SOLUTION The perimeter of a right triangle is the sum of the lengths of the base, the height and the hypotenuse. If the base has

lengthb and the height ish, then the length of the hypotenuse is
p
b2 C h2 and the perimeter of the triangle isP D b C h Cp

b2 C h2. The requirement that the perimeter be 10 translates to the constraint equation

b C hC
p
b2 C h2 D 10:

2. Describe a way of showing that a continuous function on an open interval.a; b/ has a minimum value.

SOLUTION If the function tends to infinity at the endpoints of the interval, then the function must take on a minimum value at a
critical point.

3. Is there a rectangle of area100 of largest perimeter? Explain.

SOLUTION No. Even by fixing the area at 100, we can take one of the dimensions as large as we like thereby allowing the
perimeter to become as large as we like.

Exercises
1. Find the dimensionsx andy of the rectangle of maximum area that can be formed using 3 meters of wire.

(a) What is the constraint equation relatingx andy?

(b) Find a formula for the area in terms ofx alone.

(c) What is the interval of optimization? Is it open or closed?

(d) Solve the optimization problem.

SOLUTION

(a) The perimeter of the rectangle is 3 meters, so3 D 2x C 2y, which is equivalent toy D 3
2 � x.

(b) Using part (a),A D xy D x.32 � x/ D 3
2x � x2.

(c) This problem requires optimization over the closed intervalŒ0; 32 �, since bothx andy must be non-negative.

(d) A0.x/ D 3
2 � 2x D 0, which yieldsx D 3

4 and consequently,y D 3
4 . BecauseA.0/ D A.3=2/ D 0 andA.34 / D 0:5625, the

maximum area 0.5625 m2 is achieved withx D y D 3
4 m.

2. Wire of length 12 m is divided into two pieces and each piece is bent into a square. How should this be done in order to
minimize the sum of the areas of the two squares?

(a) Express the sum of the areas of the squares in terms of the lengthsx andy of the two pieces.

(b) What is the constraint equation relatingx andy?

(c) What is the interval of optimization? Is it open or closed?

(d) Solve the optimization problem.

SOLUTION Let x andy be the lengths of the pieces.

(a) The perimeter of the first square isx, which implies the length of each side isx4 and the area is
�
x
4

�2. Similarly, the area of the

second square is
�y
4

�2. Then the sum of the areas is given byA D
�
x
4

�2 C
�y
4

�2.

(b) x C y D 12, so thaty D 12 � x. Then

A.x/ D
�x
4

�2
C
�y
4

�2
D
�x
4

�2
C
�
12 � x
4

�2
D 1

8
x2 � 3

2
x C 9:

(c) Since it is possible for the minimum total area to be realized by not cutting the wire at all, optimization over the closed interval
Œ0; 12� suffices.

(d) SolveA0.x/ D 1
4x � 3

2 D 0 to obtainx D 6 m. NowA.0/ D A.12/ D 9 m2, whereasA.4/ D 9
4 m2. Accordingly, the sum

of the areas of the squares is minimized if the wire is cut in half.

3. Wire of length 12 m is divided into two pieces and the pieces are bent into a square and a circle. How should this be done in
order to minimize the sum of their areas?
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SOLUTION Suppose the wire is divided into one piece of lengthx m that is bent into a circle and a piece of length12 � x m that
is bent into a square. Because the circle has circumferencex, it follows that the radius of the circle isx=2�; therefore, the area of
the circle is

�
� x
2�

�2
D x2

4�
:

As for the square, because the perimeter is12 � x, the length of each side is3 � x=4 and the area is.3 � x=4/2. Then

A.x/ D x2

4�
C
�
3� 1

4
x

�2
:

Now

A0.x/ D x

2�
� 1

2

�
3 � 1

4
x

�
D 0

when

x D 12�

4C �
m � 5:28 m:

BecauseA.0/ D 9 m2, A.12/ D 36=� � 11:46 m2, and

A

�
12�

4C �

�
� 5:04 m2;

we see that the sum of the areas is minimized when approximately 5.28 m of the wire is allotted to the circle.

4. Find the positive numberx such that the sum ofx and its reciprocal is as small as possible. Does this problem require opti-
mization over an open interval or a closed interval?

SOLUTION Let x > 0 andf .x/ D x C x�1. Here we require optimization over the open interval.0;1/. Solvef 0.x/ D
1 � x�2 D 0 for x > 0 to obtainx D 1. Sincef .x/ ! 1 asx ! 0C and asx ! 1, we conclude thatf has an absolute
minimum off .1/ D 2 atx D 1.

5. A flexible tube of length4 m is bent into anL-shape. Where should the bend be made to minimize the distance between the
two ends?

SOLUTION Let x; y > 0 be lengths of the side of theL. Sincex C y D 4 or y D 4 � x, the distance between the ends ofL is

h.x/ D
p
x2 C y2 D

q
x2 C .4 � x/2. We may equivalently minimize the square of the distance,

f .x/ D x2 C y2 D x2 C .4 � x/2

This is easier computationally (when working by hand). Solvef 0.x/ D 4x � 8 D 0 to obtainx D 2 m. Nowf .0/ D f .4/ D 16,
whereasf .2/ D 8. Hence the distance between the two ends of theL is minimized when the bend is made at the middle of the
wire.

6. Find the dimensions of the box with square base with:

(a) Volume 12 and the minimal surface area.
(b) Surface area20 and maximal volume.

SOLUTION A box has a square base of sidex and heighty wherex; y > 0. Its volume isV D x2y and its surface area is
S D 2x2 C 4xy.

(a) If V D x2y D 12, theny D 12=x2 andS.x/ D 2x2 C 4x
�
12=x2

�
D 2x2 C 48x�1. SolveS 0.x/ D 4x � 48x�2 D 0 to

obtainx D 121=3. SinceS.x/ ! 1 asx ! 0C and asx ! 1, the minimum surface area isS.121=3/ D 6 .12/2=3 � 31:45,
whenx D 121=3 andy D 121=3.
(b) If S D 2x2 C 4xy D 20, theny D 5x�1 � 1

2x and V.x/ D x2y D 5x � 1
2x
3. Note thatx must lie on the closed interval

Œ0;
p
10�. SolveV 0.x/ D 5 � 3

2x
2 for x > 0 to obtainx D

p
30
3 . SinceV.0/ D V.

p
10/ D 0 and V

�p
30
3

�
D 10

p
30
9 , the

maximum volume isV.
p
30
3 / D 10

9

p
30 � 6:086, whenx D

p
30
3 andy D

p
30
3 .

7. A rancher will use 600 m of fencing to build a corral in the shape of a semicircle on top of a rectangle (Figure 1). Find the
dimensions that maximize the area of the corral.

FIGURE 1



S E C T I O N 4.7 Applied Optimization 463

SOLUTION Let x be the width of the corral and therefore the diameter of the semicircle, and lety be the height of the rectangular
section. Then the perimeter of the corral can be expressed by the equation2y C x C �

2 x D 2y C .1 C �
2 /x D 600 m or

equivalently,y D 1
2

�
600 � .1C �

2 /x
�
. Sincex andy must both be nonnegative, it follows thatx must be restricted to the interval

Œ0; 600
1C�=2 �. The area of the corral is the sum of the area of the rectangle and semicircle,A D xy C �

8 x
2. Making the substitution

for y from the constraint equation,

A.x/ D 1

2
x
�
600 � .1C �

2
/x
�

C �

8
x2 D 300x � 1

2

�
1C �

2

�
x2 C �

8
x2:

Now,A0.x/ D 300 �
�
1C �

2

�
x C �

4 x D 0 impliesx D 300

.1C �
4 /

� 168:029746 m. WithA.0/ D 0 m2,

A

�
300

1C �=4

�
� 25204:5 m2 and A

�
600

1C �=2

�
� 21390:8 m2;

it follows that the corral of maximum area has dimensions

x D 300

1C �=4
m and y D 150

1C �=4
m:

8. What is the maximum area of a rectangle inscribed in a right triangle with 5 and 8 as in Figure 2. The sides of the rectangle are
parallel to the legs of the triangle.

5

8

FIGURE 2

SOLUTION Position the triangle with its right angle at the origin, with its side of length 8 along the positivey-axis, and side of
length 5 along the positivex-axis. Letx; y > 0 be the lengths of sides of the inscribed rectangle along the axes. By similar triangles,
we have85 D y

5�x or y D 8 � 8
5x. The area of the rectangle is thusA.x/ D xy D 8x � 8

5x
2. To guarantee that bothx andy

remain nonnegative, we must restrictx to the intervalŒ0; 5�. SolveA0.x/ D 8� 16
5 x D 0 to obtainx D 5

2 . SinceA.0/ D A.5/ D 0

andA.52 / D 10, the maximum area isA
�
5
2

�
D 10 whenx D 5

2 andy D 4.

9. Find the dimensions of the rectangle of maximum area that can be inscribed in a circle of radiusr D 4 (Figure 3).

r

FIGURE 3

SOLUTION Place the center of the circle at the origin with the sides of the rectangle (of lengths2x > 0 and2y > 0) parallel to

the coordinate axes. By the Pythagorean Theorem,x2 C y2 D r2 D 16, so thaty D
p
16 � x2. Thus the area of the rectangle is

A.x/ D 2x � 2y D 4x
p
16 � x2. To guarantee bothx andy are real and nonnegative, we must restrictx to the intervalŒ0; 4�. Solve

A0.x/ D 4
p
16 � x2 � 4x2p

16 � x2
D 0

for x > 0 to obtainx D 4p
2

D 2
p
2. SinceA.0/ D A.4/ D 0 andA.2

p
2/ D 32, the rectangle of maximum area has dimensions

2x D 2y D 4
p
2.

10. Find the dimensionsx andy of the rectangle inscribed in a circle of radiusr that maximizes the quantityxy2.

SOLUTION Place the center of the circle of radiusr at the origin with the sides of the rectangle (of lengthsx > 0 andy > 0)
parallel to the coordinate axes. By the Pythagorean Theorem, we have.x2 /

2 C .
y
2 /
2 D r2, whencey2 D 4r2 � x2. Let f .x/ D

xy2 D 4xr2 � x3. Allowing for degenerate rectangles, we have0 � x � 2r . Solvef 0.x/ D 4r2 � 3x2 for x � 0 to obtain

x D 2rp
3

. Sincef .0/ D f .2r/ D 0, the maximal value off is f . 2rp
3
/ D 16

9

p
3r3 whenx D 2rp

3
andy D 2

q
2
3 r .

11. Find the point on the liney D x closest to the point.1; 0/. Hint: It is equivalent and easier to minimize thesquareof the
distance.



464 C H A P T E R 4 APPLICATIONS OF THE DERIVATIVE

SOLUTION With y D x, let’s equivalently minimize the square of the distance,f .x/ D .x � 1/2 C y2 D 2x2 � 2x C 1, which

is computationally easier (when working by hand). Solvef 0.x/ D 4x � 2 D 0 to obtainx D 1
2 . Sincef .x/ ! 1 asx ! ˙1,

.12 ;
1
2 / is the point ony D x closest to.1; 0/.

12. Find the pointP on the parabolay D x2 closest to the point.3; 0/ (Figure 4).

3
x

y

P
y = x2

FIGURE 4

SOLUTION With y D x2, let’s equivalently minimize the square of the distance,

f .x/ D .x � 3/2 C y2 D x4 C x2 � 6x C 9:

Then

f 0.x/ D 4x3 C 2x � 6 D 2.x � 1/.2x2 C 2x C 3/;

so thatf 0.x/ D 0 whenx D 1 (plus two complex solutions, which we discard). Sincef .x/ ! 1 asx ! ˙1, P D .1; 1/ is the
point ony D x2 closest to.3; 0/.

13. Find a good numerical approximation to the coordinates of thepoint on the graph ofy D ln x � x closest to the origin
(Figure 5).

x

y

y = ln x − x

FIGURE 5

SOLUTION The distance from the origin to the point.x; ln x � x/ on the graph ofy D lnx � x is d D
p
x2 C .lnx � x/2. As

usual, we will minimized2. Letd2 D f .x/ D x2 C .lnx � x/2. Then

f 0.x/ D 2x C 2.ln x � x/
�
1

x
� 1

�
:

To determinex, we need to solve

4x C 2 lnx

x
� 2 lnx � 2 D 0:

This yields x � :632784. Thus, the point on the graph ofy D lnx � x that is closest to the origin is approximately
.0:632784;�1:090410/.
14. Problem of Tartaglia (1500–1557) Among all positive numbersa; b whose sum is8, find those for which the product of the
two numbers and their difference is largest.

SOLUTION The product ofa,b and their difference isab.a � b/. SinceaC b D 8, b D 8 � a anda � b D 2a � 8. Thus, let

f .a/ D a.8 � a/.2a � 8/ D �2a3 C 24a2 � 64a:

wherea 2 Œ0; 8�. Settingf 0.a/ D �6a2 C 48a � 64 D 0 yieldsa D 4˙ 4
3

p
3. Now, f .0/ D f .8/ D 0, while

f

�
4 � 4

3

p
3

�
< 0 and f

�
4C 4

3

p
3

�
> 0:

Hence the numbersa, b maximizing the product are

a D 4C 4
p
3

3
; and b D 8 � a D 4 � 4

p
3

3
:
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15. Find the angle� that maximizes the area of the isosceles triangle whose legs have length` (Figure 6).

q

FIGURE 6

SOLUTION The area of the triangle is

A.�/ D 1

2
`2 sin �;

where0 � � � �. Setting

A0.�/ D 1

2
`2 cos� D 0

yields� D �
2 . SinceA.0/ D A.�/ D 0 andA.�2 / D 1

2`
2, the angle that maximizes the area of the isosceles triangle is� D �

2 .

16. A right circular cone (Figure 7) has volumeV D �
3 r
2h and surface area isS D �r

p
r2 C h2. Find the dimensions of the

cone with surface area 1 and maximal volume.

r

h

FIGURE 7

SOLUTION We have�r
p
r2 C h2 D 1 so �2r2.r2 C h2/ D 1 and henceh2 D 1��2r4

�2r2 and now we must maximize

V D 1

3
�r2h D 1

3
�

 
r2

p
1 � �2r4

�r

!
D 1

3
r
p
1 � �2r4;

where0 < r � 1=
p
� . Because

d

dr
r
p
1 � �2r4 D

p
1 � �2r4 C 1

2
r

�4�2r3p
1 � �2r4

the relevant critical point isr D .3�2/�1=4.
To findh, we back substitute our solution forr in h2 D .1 � �2r4/=.�2r2/. r D .3�2/�1=4, sor4 D 1

3�2 and r2 D 1p
3�

;

hence,�2r4 D 1
3 and�2r2 D �p

3
, and:

h2 D
�
2

3

���
�p
3

�
D 2p

3�
:

From this,h D
p
2=
�
31=4

p
�
�
. Since

lim
r!0C

V.r/ D 0; V

�
1p
�

�
D 0 and V

�
.3�2/�1=4

�
D 1

37=4

r
2

�
;

the cone of surface area 1 with maximal volume has dimensions

r D 1

31=4
p
�

and h D
p
2

31=4
p
�
:

17. Find the area of the largest isosceles triangle that can be inscribed in a circle of radiusr .
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SOLUTION Consider the following diagram:

q

p  −q p  −q

2q

r

r r

The area of the isosceles triangle is

A.�/ D 2 � 1
2
r2 sin.� � �/C 1

2
r2 sin.2�/ D r2 sin� C 1

2
r2 sin.2�/;

where0 � � � �. Solve

A0.�/ D r2 cos� C r2 cos.2�/ D 0

to obtain� D �
3 ; �. SinceA.0/ D A.�/ D 0 andA.�3 / D 3

p
3
4 r2, the area of the largest isosceles triangle that can be inscribed

in a circle of radiusr is 3
p
3
4 r2.

18. Find the radius and height of a cylindrical can of total surface areaA whose volume is as large as possible. Does there exist a
cylinder of surface areaA and minimal total volume?

SOLUTION Let a closed cylindrical can be of radiusr and heighth. Its total surface area isS D 2�r2 C 2�rh D A, whence

h D A

2�r
� r . Its volume is thusV.r/ D �r2h D 1

2Ar � �r3, where0 < r �
q

A
2� . SolveV 0.r/ D 1

2A � 3�r2 for r > 0 to

obtainr D
r
A

6�
. SinceV.0/ D V.

q
A
2� / D 0 and

V

 r
A

6�

!
D

p
6A3=2

18
p
�
;

the maximum volume is achieved when

r D
r
A

6�
and h D 1

3

r
6A

�
:

For a can of total surface areaA, there are cans of arbitrarily small volume since lim
r!0C

V.r/ D 0.

19. A poster of area6000 cm2 has blank margins of width 10 cm on the top and bottom and 6 cm on the sides. Find the dimensions
that maximize the printed area.

SOLUTION Let x be the width of the printed region, and lety be the height. The total printed area isA D xy. Because the total
area of the poster is6000 cm2, we have the constraint.x C 12/.y C 20/ D 6000, so thatxy C 12y C 20x C 240 D 6000, or

y D 5760�20x
xC12 . Therefore,A.x/ D 20288x�x2

xC12 , where0 � x � 288.
A.0/ D A.288/ D 0, so we are looking for a critical point on the intervalŒ0; 288�. SettingA0.x/ D 0 yields

20
.x C 12/.288 � 2x/ � .288x � x2/

.x C 12/2
D 0

�x2 � 24x C 3456

.x C 12/2
D 0

x2 C 24x � 3456 D 0

.x � 48/.x C 72/ D 0

Thereforex D 48 or x D �72. x D 48 is the only critical point ofA.x/ in the intervalŒ0; 288�, soA.48/ D 3840 is the maximum
value ofA.x/ in the intervalŒ0; 288�. Now,y D 20288�48

48C12 D 80 cm, so the poster with maximum printed area is48C 12 D 60 cm.
wide by80C 20 D 100 cm. tall.

20. According to postal regulations, a carton is classified as “oversized” if the sum of its height and girth ( perimeter of its base)
exceeds 108 in. Find the dimensions of a carton with square base that is not oversized and has maximum volume.

SOLUTION Let h denote the height of the carton ands denote the side length of the square base. Clearly the volume will be
maximized when the sum of the height and girth equals 108; i.e.,4s C h D 108, whenceh D 108 � 4s. Allowing for degenerate
cartons, the carton’s volume isV.s/ D s2h D s2.108 � 4s/, where0 � s � 27. SolveV 0.s/ D 216s � 12s3 D 0 for s to obtain
s D 0 or s D 18. SinceV.0/ D V.27/ D 0, the maximum volume isV.18/ D 11664 in3 whens D 18 in andh D 36 in.
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21. Kepler’s Wine Barrel Problem In his workNova stereometria doliorum vinariorum(New Solid Geometry of a Wine Barrel),
published in 1615, astronomer Johannes Kepler stated and solved the following problem: Find the dimensions of the cylinder of
largest volume that can be inscribed in a sphere of radiusR. Hint: Show that an inscribed cylinder has volume2�x.R2 � x2/,
wherex is one-half the height of the cylinder.

SOLUTION Place the center of the sphere at the origin in three-dimensional space. Let the cylinder be of radiusy and half-height
x. The Pythagorean Theorem states,x2 C y2 D R2, so thaty2 D R2 � x2. The volume of the cylinder isV.x/ D �y2 .2x/ D
2�
�
R2 � x2

�
x D 2�R2x � 2�x3. Allowing for degenerate cylinders, we have0 � x � R. SolveV 0.x/ D 2�R2 � 6�x2 D 0

for x � 0 to obtainx D Rp
3

. SinceV.0/ D V.R/ D 0, the largest volume isV. Rp
3
/ D 4

9�
p
3R3 whenx D Rp

3
andy D

q
2
3R.

22. Find the angle� that maximizes the area of the trapezoid with a base of length4 and sides of length2, as in Figure 8.

4

2 2

qq

FIGURE 8

SOLUTION Allowing for degenerate trapezoids, we have0 � � � �. Via trigonometry and surgery (slice off a right triangle
and rearrange the trapezoid into a rectangle), we have that the area of the trapezoid is equivalent to the area of a rectangle of base
4 � 2 cos� and height2 sin� ; i.e,

A.�/ D .4 � 2 cos�/ � 2 sin� D 8 sin� � 4 sin� cos� D 8 sin� � 2 sin2�;

where0 � � � �. Solve

A0.�/ D 8 cos� � 4 cos2� D 4C 8 cos� � 8 cos2 � D 0

for 0 � � � � to obtain

� D �0 D cos�1
 
1 �

p
3

2

!
� 1:94553:

SinceA.0/ D A.�/ D 0 andA.�0/ D 31=4.3C
p
3/

p
2, the area of the trapezoid is maximized when� D cos�1

�
1�

p
3

2

�
.

23. A landscape architect wishes to enclose a rectangular garden of area1;000 m2 on one side by a brick wall costing $90/m and
on the other three sides by a metal fence costing $30/m. Which dimensions minimize the total cost?

SOLUTION Letx be the length of the brick wall andy the length of an adjacent side withx; y > 0. With xy D 1000 ory D 1000
x ,

the total cost is

C.x/ D 90x C 30 .x C 2y/ D 120x C 60000x�1:

SolveC 0.x/ D 120 � 60000x�2 D 0 for x > 0 to obtainx D 10
p
5. SinceC.x/ ! 1 asx ! 0C and asx ! 1, the minimum

cost isC.10
p
5/ D 2400

p
5 � $5366:56 whenx D 10

p
5 � 22:36 m andy D 20

p
5 � 44:72 m.

24. The amount of light reaching a point at a distancer from a light sourceA of intensityIA is IA=r
2. Suppose that a second light

sourceB of intensityIB D 4IA is located 10 m fromA. Find the point on the segment joiningA andB where the total amount of
light is at a minimum.

SOLUTION Place the segment in thexy-plane withA at the origin andB at .10; 0/. Let x be the distance fromA. Then10 � x

is the distance fromB. The total amount of light is

f .x/ D IA

x2
C IB

.10 � x/2
D IA

�
1

x2
C 4

.10 � x/2

�
:

Solve

f 0.x/ D IA

�
8

.10 � x/3
� 2

x3

�
D 0

for 0 � x � 10 to obtain

4 D .10 � x/3

x3
D
�
10

x
� 1

�3
or x D 10

1C 3
p
4

� 3:86 m:

Sincef .x/ ! 1 asx ! 0C andx ! 10� we conclude that the minimal amount of light occurs 3.86 m fromA.
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25. Find the maximum area of a rectangle inscribed in the region bounded by the graph ofy D 4 � x

2C x
and the axes (Figure 9).

2

4

y = 4 − x
2 + x

x

y

FIGURE 9

SOLUTION Let s be the width of the rectangle. The height of the rectangle ish D 4�s
2Cs , so that the area is

A.s/ D s
4 � s
2C s

D 4s � s2

2C s
:

We are maximizing on the closed intervalŒ0; 4�. It is obvious from the pictures thatA.0/ D A.4/ D 0, so we look for critical points
of A.

A0.s/ D .2C s/.4� 2s/� .4s � s2/

.2C s/2
D � s

2 C 4s � 8

.s C 2/2
:

The only point whereA0.s/ doesn’t exist iss D �2 which isn’t under consideration.
SettingA0.s/ D 0 gives, by the quadratic formula,

s D �4˙
p
48

2
D �2˙ 2

p
3:

Of these, only�2 C 2
p
3 is positive, so this is our lone critical point.A.�2 C 2

p
3/ � 1:0718 > 0. Since we are finding the

maximum over a closed interval and�2C 2
p
3 is the only critical point, the maximum area isA.�2C 2

p
3/ � 1:0718.

26. Find the maximum area of a triangle formed by the axes and a tangent line to the graph ofy D .x C 1/�2 with x > 0.

SOLUTION LetP
�
t; 1
.tC1/2

�
be a point on the graph of the curvey D 1

.xC1/2 in the first quadrant. The tangent line to the curve

atP is

L.x/ D 1

.t C 1/2
� 2.x � t/

.t C 1/3
;

which hasx-intercepta D 3tC1
2 andy-interceptb D 3tC1

.tC1/3 . The area of the triangle in question is

A.t/ D 1

2
ab D .3t C 1/2

4.t C 1/3
:

Solve

A0.t/ D .3t C 1/.3 � 3t/
4.t C 1/4

D 0

for 0 � t to obtaint D 1. BecauseA.0/ D 1
4 , A.1/ D 1

2 andA.t/ ! 0 ast ! 1, it follows that the maximum area isA.1/ D 1
2 .

27. Find the maximum area of a rectangle circumscribed around a rectangle of sidesL andH . Hint: Express the area in terms of
the angle� (Figure 10).

H

q

L

FIGURE 10

SOLUTION Position theL � H rectangle in the first quadrant of thexy-plane with its “northwest” corner at the origin. Let�
be the angle the base of the circumscribed rectangle makes with the positivex-axis, where0 � � � �

2 . Then the area of the
circumscribed rectangle isA D LH C 2 � 12 .H sin�/.H cos�/ C 2 � 12 .L sin�/.L cos�/ D LH C 1

2 .L
2 C H2/ sin2� , which

has a maximum value ofLH C 1
2 .L

2 CH2/ when� D �
4 because sin2� achieves its maximum when� D �

4 .
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28. A contractor is engaged to build steps up the slope of a hill that has the shape of the graph ofy D x2.120 � x/=6400 for
0 � x � 80 with x in meters (Figure 11). What is the maximum vertical rise of a stair if each stair has a horizontal length of
one-third meter.

20 40 60 80

20

40

y

x

FIGURE 11

SOLUTION Let f .x/ D x2.120 � x/=6400. Because the horizontal length of each stair is one-third meter, the vertical rise of
each stair is

r.x/ D f

�
x C 1

3

�
� f .x/ D 1

6400

�
x C 1

3

�2 �359
3

� x

�
� 1

6400
x2.120 � x/

D 1

6400

�
�x2 C 239

3
x C 359

27

�
;

wherex denotes the location of the beginning of the stair. This is the equation of a downward opening parabola; thus, the maximum
occurs whenr 0.x/ D 0. Now,

r 0.x/ D 1

6400

�
�2x C 239

3

�
D 0

whenx D 239=6. Because the stair must start at a location of the formn=3 for some integern, we evaluater.x/ atx D 119=3 and
x D 120=3 D 40. We find

r

�
119

3

�
D r.40/ D 43199

172800
� 0:249994

meters. Thus, the maximum vertical rise of any stair is just below 0.25 meters.

29. Find the equation of the line throughP D .4; 12/ such that the triangle bounded by this line and the axes in the first quadrant
has minimal area.

SOLUTION Let P D .4; 12/ be a point in the first quadrant andy � 12 D m.x � 4/;�1 < m < 0, be a line throughP that
cuts the positivex- andy-axes. Theny D L.x/ D m.x � 4/C 12. The lineL.x/ intersects they-axis atH .0; 12 � 4m/ and the

x-axis atW
�
4 � 12

m ; 0
�
. Hence the area of the triangle is

A.m/ D 1

2
.12 � 4m/

�
4 � 12

m

�
D 48 � 8m � 72m�1:

SolveA0.m/ D 72m�2 � 8 D 0 for m < 0 to obtainm D �3. SinceA ! 1 asm ! �1 or m ! 0�, we conclude that
the minimal triangular area is obtained whenm D �3. The equation of the line throughP D .4; 12/ is y D �3.x � 4/ C 12 D
�3x C 24.

30. LetP D .a; b/ lie in the first quadrant. Find the slope of the line throughP such that the triangle bounded by this line and the
axes in the first quadrant has minimal area. Then show thatP is the midpoint of the hypotenuse of this triangle.

SOLUTION Let P.a; b/ be a point in the first quadrant (thusa; b > 0) andy � b D m.x � a/;�1 < m < 0, be a line through
P that cuts the positivex- andy-axes. Theny D L.x/ D m.x � a/C b. The lineL.x/ intersects they-axis atH .0; b � am/ and

thex-axis atW
�
a � b

m ; 0
�
. Hence the area of the triangle is

A.m/ D 1

2
.b � am/

�
a � b

m

�
D ab � 1

2
a2m � 1

2
b2m�1:

SolveA0.m/ D 1
2b
2m�2 � 1

2a
2 D 0 form < 0 to obtainm D �b

a . SinceA ! 1 asm ! �1 orm ! 0�, we conclude that

the minimal triangular area is obtained whenm D �b
a . Form D �b=a, we haveH.0; 2b/ andW.2a; 0/. The midpoint of the line

segment connectingH andW is thusP.a; b/.
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31. Archimedes’ Problem A spherical cap (Figure 12) of radiusr and heighth has volumeV D �h2
�
r � 1

3h
�

and surface area
S D 2�rh. Prove that the hemisphere encloses the largest volume among all spherical caps of fixed surface areaS .

r

h

FIGURE 12

SOLUTION Consider all spherical caps of fixed surface areaS . BecauseS D 2�rh, it follows that

r D S

2�h

and

V.h/ D �h2
�
S

2�h
� 1

3
h

�
D S

2
h � �

3
h3:

Now

V 0.h/ D S

2
� �h2 D 0

when

h2 D S

2�
or h D S

2�h
D r:

Hence, the hemisphere encloses the largest volume among all spherical caps of fixed surface areaS .

32. Find the isosceles triangle of smallest area (Figure 13) that circumscribes a circle of radius 1 (from Thomas Simpson’sThe
Doctrine and Application of Fluxions, a calculus text that appeared in 1750).

q

1

FIGURE 13

SOLUTION From the diagram, we see that the heighth and baseb of the triangle areh D 1 C csc� and b D 2h tan� D
2.1C csc�/ tan� . Thus, the area of the triangle is

A.�/ D 1

2
hb D .1C csc�/2 tan�;

where0 < � < �. We now set the derivative equal to zero:

A0.�/ D .1C csc�/.�2 csc� C sec2 �.1C csc�// D 0:

The first factor gives� D 3�=2 which is not in the domain of the problem. To find the roots of the second factor, multiply through
by cos2 � sin� to obtain

�2 cos2 � C sin� C 1 D 0;

or

2 sin2 � C sin� � 1 D 0:

This is a quadratic equation in sin� with roots sin� D �1 and sin� D 1=2. Only the second solution is relevant and gives us
� D �=6. SinceA.�/ ! 1 as� ! 0C and as� ! ��, we see that the minimum area occurs when the triangle is an equilateral
triangle.
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33. A box of volume72 m3 with square bottom and no top is constructed out of two different materials. The cost of the bottom is
$40/m2 and the cost of the sides is $30/m2. Find the dimensions of the box that minimize total cost.

SOLUTION Let s denote the length of the side of the square bottom of the box andh denote the height of the box. Then

V D s2h D 72 or h D 72

s2
:

The cost of the box is

C D 40s2 C 120sh D 40s2 C 8640

s
;

so

C 0.s/ D 80s � 8640

s2
D 0

whens D 3
3
p
4 m andh D 2

3
p
4 m. BecauseC ! 1 ass ! 0� and ass ! 1, we conclude that the critical point gives the

minimum cost.

34. Find the dimensions of a cylinder of volume1 m3 of minimal cost if the top and bottom are made of material that costs twice
as much as the material for the side.

SOLUTION Let r be the radius in meters of the top and bottom of the cylinder. Leth be the height in meters of the cylinder.

SinceV D �r2h D 1, we geth D 1
�r2 . Ignoring the actual cost, and using only the proportion, suppose that the sides cost 1

monetary unit per square meter and the top and the bottom 2. The cost of the top and bottom is2.2�r2/ and the cost of the sides is
1.2�rh/ D 2�r. 1

�r2 / D 2
r . LetC.r/ D 4�r2 C 2

r . BecauseC.r/ ! 1 asr ! 0C and asr ! 1, we are looking for critical

points ofC.r/. SettingC 0.r/ D 8�r � 2
r2 D 0 yields8�r D 2

r2 , so thatr3 D 1
4� . This yieldsr D 1

.4�/1=3
� 0:430127. The

dimensions that minimize cost are

r D 1

.4�/1=3
m; h D 1

�r2
D 42=3��1=3 m:

35. Your task is to design a rectangular industrial warehouse consisting of three separate spaces of equal size as in Figure 14. The
wall materials cost $500 per linear meter and your company allocates $2,400,000 for the project.

(a) Which dimensions maximize the area of the warehouse?

(b) What is the area of each compartment in this case?

FIGURE 14

SOLUTION Let one compartment have lengthx and widthy. Then total length of the wall of the warehouse isP D 4x C 6y and

the constraint equation is costD 2;400;000 D 500.4x C 6y/, which givesy D 800 � 2
3x.

(a) Area is given byA D 3xy D 3x
�
800 � 2

3x
�

D 2400x � 2x2, where0 � x � 1200. ThenA0.x/ D 2400 � 4x D 0 yields

x D 600 and consequentlyy D 400. SinceA.0/ D A.1200/ D 0 andA.600/ D 720; 000, the area of the warehouse is maximized
when each compartment has length of 600 m and width of 400 m.

(b) The area of one compartment is600 � 400 D 240; 000 square meters.

36. Suppose, in the previous exercise, that the warehouse consists ofn separate spaces of equal size. Find a formula in terms ofn

for the maximum possible area of the warehouse.

SOLUTION Forn compartments, withx andy as before, costD 2;400;000 D 500..nC 1/x C 2ny/ andy D 4800 � .nC 1/x

2n
.

Then

A D nxy D x
4800 � .nC 1/x

2
D 2400x � nC 1

2
x2

andA0.x/ D 2400 � .nC 1/x D 0 yieldsx D 2400

nC 1
and consequentlyy D 1200

n
. Thus the maximum area is given by

A D n

�
2400

nC 1

��
1200

n

�
D 28;800;000

nC 1
:
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37. According to a model developed by economists E. Heady and J. Pesek, if fertilizer made fromN pounds of nitrogen andP
pounds of phosphate is used on an acre of farmland, then the yield of corn (in bushels per acre) is

Y D 7:5C 0:6N C 0:7P � 0:001N 2 � 0:002P 2 C 0:001NP

A farmer intends to spend $30 per acre on fertilizer. If nitrogen costs25 cents/lb and phosphate costs20 cents/lb, which combination
of N andL produces the highest yield of corn?

SOLUTION The farmer’s budget for fertilizer is $30 per acre, so we have the constraint equation

0:25N C 0:2P D 30 or P D 150 � 1:25N

Substituting forP in the equation forY , we find

Y.N/ D 7:5C 0:6N C 0:7.150 � 1:25N/ � 0:001N 2 � 0:002.150 � 1:25N/2 C 0:001N.150 � 1:25N/

D 67:5C 0:625N � 0:005375N 2

BothN andP must be nonnegative. SinceP D 150 � 1:25N � 0, we require that0 � N � 120. Next,

dY

dN
D 0:625 � 0:01075N D 0 ) N D 0:625

0:01075
� 58:14 pounds:

Now, Y.0/ D 67:5, Y.120/ D 65:1 andY.58:14/ � 85:67, so the maximum yield of corn occurs forN � 58:14 pounds and
P � 77:33 pounds.

38. Experiments show that the quantitiesx of corn andy of soybean required to produce a hog of weightQ satisfyQ D
0:5x1=2y1=4. The unit ofx, y, andQ is the cwt, an agricultural unit equal to 100 lbs. Find the values ofx andy that minimize the
cost of a hog of weightQ D 2:5 cwt if corn costs $3/cwt and soy costs $7/cwt.

SOLUTION WithQ D 2:5, we find that

y D
�

2:5

0:5x1=2

�4
D 625

x2
:

The cost is then

C D 3x C 7y D 3x C 4375

x2
:

Solving

dC

dx
D 3 � 8750

x3
D 0

yieldsx D 3
p
8750=3 � 14:29. From this, it follows thaty D 625=14:292 � 3:06. The overall cost isC D 3.14:29/ C 7.3:06/ �

$64:29.

39. All units in a 100-unit apartment building are rented out when the monthly rent is set atr D $900/month. Suppose that one
unit becomes vacant with each $10 increase in rent and that each occupied unit costs $80/month in maintenance. Which rentr
maximizes monthly profit?

SOLUTION Let n denote the number of $10 increases in rent. Then the monthly profit is given by

P.n/ D .100 � n/.900C 10n � 80/ D 82000 C 180n � 10n2;

and

P 0.n/ D 180 � 20n D 0

whenn D 9. We know this results in maximum profit because this gives the location of vertex of a downward opening parabola.
Thus, monthly profit is maximized with a rent of $990.

40. An 8-billion-bushel corn crop brings a price of $2:40/bu. A commodity broker uses the rule of thumb: If the crop is reduced by
x percent, then the price increases by10x cents. Which crop size results in maximum revenue and what is the price per bu?Hint:
Revenue is equal to price times crop size.

SOLUTION Let x denote the percentage reduction in crop size. Then the price for corn is2:40 C 0:10x, the crop size is8.1 �
0:01x/ and the revenue (in billions of dollars) is

R.x/ D .2:4C 0:1x/8.1 � 0:01x/ D 8.�0:001x2 C 0:076x C 2:4/;

where0 � x � 100. Solve

R0.x/ D �0:002x C 0:076 D 0
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to obtainx D 38 percent. SinceR.0/ D 19:2, R.38/ D 30:752, andR.100/ D 0, revenue is maximized whenx D 38. So we
reduce the crop size to

8.1 � 0:38/ D 4:96 billion bushels:

The price would be $2:40C 0:10.38/ D 2:40C 3:80 D $6:20.

41. The monthly output of a Spanish light bulb factory isP D 2LK2 (in millions), whereL is the cost of labor andK is the cost
of equipment (in millions of euros). The company needs to produce 1.7 million units per month. Which values ofL andK would
minimize the total costLCK?

SOLUTION SinceP D 1:7 andP D 2LK2, we haveL D 0:85

K2
. Accordingly, the cost of production is

C.K/ D LCK D K C 0:85

K2
:

SolveC 0.K/ D 1 � 1:7

K3
forK � 0 to obtainK D 3

p
1:7. SinceC.K/ ! 1 asK ! 0C and asK ! 1, the minimum cost of

production is achieved forK D 3
p
1:7 � 1:2 andL D 0:6. The company should invest1:2million euros in equipment and600; 000

euros in labor.

42. The rectangular plot in Figure 15 has size100 m � 200 m. Pipe is to be laid fromA to a pointP on sideBC and from there to
C . The cost of laying pipe along the side of the plot is $45/m and the cost through the plot is $80/m (since it is underground).

(a) Let f .x/ be the total cost, wherex is the distance fromP to B. Determinef .x/, but note thatf is discontinuous atx D 0

(whenx D 0, the cost of the entire pipe is $45/ft).

(b) What is the most economical way to lay the pipe? What if the cost along the sides is $65/m?

100

200

200 − x

A

B P C
x

FIGURE 15

SOLUTION

(a) Let x be the distance fromP toB. If x > 0, then the length of the underground pipe is
p
1002 C x2 and the length of the pipe

along the side of the plot is200 � x. The total cost is

f .x/ D 80
p
1002 C x2 C 45.200 � x/:

If x D 0, all of the pipe is along the side of the plot andf .0/ D 45.200C 100/ D $13;500.

(b) To locate the critical points off , solve

f 0.x/ D 80xp
1002 C x2

� 45 D 0:

We findx D ˙180=
p
7. Note that only the positive value is in the domain of the problem. Becausef .0/ D $13;500, f .180=

p
7/ D

$15;614:38 andf .200/ D $17;888:54, the most economical way to lay the pipe is to place the pipe along the side of the plot.
If the cost of laying the pipe along the side of the plot is $65 per meter, then

f .x/ D 80
p
1002 C x2 C 65.200 � x/

and

f 0.x/ D 80xp
1002 C x2

� 65:

The only critical point in the domain of the problem isx D 1300=
p
87 � 139:37. Becausef .0/ D $19;500, f .139:37/ D

$17;663:69 andf .200/ D $17;888:54, the most economical way to lay the pipe is place the underground pipe fromA to a point
139.37 meters to the right ofB and continuing toC along the side of the plot.

43. Brandon is on one side of a river that is 50 m wide and wants to reach a point 200 m downstream on the opposite side as quickly
as possible by swimming diagonally across the river and then running the rest of the way. Find the best route if Brandon can swim
at 1.5 m/s and run at 4 m/s.
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SOLUTION Let lengths be in meters, times in seconds, and speeds in m=s. Suppose that Brandon swims diagonally to a point

locatedx meters downstream on the opposite side. Then Brandon then swims a distance
p
x2 C 502 and runs a distance200 � x.

The total time of the trip is

f .x/ D
p
x2 C 2500

1:5
C 200 � x

4
; 0 � x � 200:

Solve

f 0.x/ D 2x

3
p
x2 C 2500

� 1

4
D 0

to obtainx D 30 511 � 20:2 andf .20:2/ � 80:9. Sincef .0/ � 83:3 andf .200/ � 137:4, we conclude that the minimal time is
80:9 s. This occurs when Brandon swims diagonally to a point located20:2 m downstream and then runs the rest of the way.

44. Snell’s Law When a light beam travels from a pointA above a swimming pool to a pointB below the water (Figure 16),
it chooses the path that takes theleast time. Let v1 be the velocity of light in air andv2 the velocity in water (it is known that
v1 > v2). Prove Snell’s Law of Refraction:

sin�1
v1

D sin �2
v2

A

h1 q 1

q 2

B

h2

FIGURE 16

SOLUTION The time it takes a beam of light to travel fromA toB is

f .x/ D a

v1
C b

v2
D

q
x2 C h21

v1
C

q
.L � x/2 C h22

v2

(See diagram below.) Now

f 0.x/ D x

v1

q
x2 C h21

� L � x

v2

q
.L � x/2 C h22

D 0

yields

x
.q

x2 C h21

v1
D
.L � x/

.q
.L � x/2 C h22

v2
or

sin�1
v1

D sin �2
v2

;

which is Snell’s Law. Since

f 00.x/ D
h21

v1
�
x2 C h21

�3=2 C
h22

v2

�
.L� x/2 C h22

�3=2 > 0

for all x, the minimum time is realized when Snell’s Law is satisfied.

A

h1 q 1
q 1

q 2

q 2

B

x

a

b

L − x

h2
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In Exercises 45–47, a box (with no top) is to be constructed from a piece of cardboard of sidesA andB by cutting out squares of
lengthh from the corners and folding up the sides (Figure 17).

h

A

B

FIGURE 17

45. Find the value ofh that maximizes the volume of the box ifA D 15 andB D 24. What are the dimensions of this box?

SOLUTION Once the sides have been folded up, the base of the box will have dimensions.A� 2h/ � .B � 2h/ and the height of
the box will beh. Thus

V.h/ D h.A � 2h/.B � 2h/ D 4h3 � 2.AC B/h2 C ABh:

WhenA D 15 andB D 24, this gives

V.h/ D 4h3 � 78h2 C 360h;

and we need to maximize over0 � h � 15
2 . Now,

V 0.h/ D 12h2 � 156hC 360 D 0

yieldsh D 3 andh D 10. Becauseh D 10 is not in the domain of the problem andV.0/ D V.15=2/ D 0 andV.3/ D 486, volume
is maximized whenh D 3. The corresponding dimensions are9 � 18 � 3.
46. Vascular Branching A small blood vessel of radiusr branches off at an angle� from a larger vessel of radiusR to supply
blood along a path fromA toB. According to Poiseuille’s Law, the total resistance to blood flow is proportional to

T D
�
a � b cot�

R4
C b csc�

r4

�

wherea andb are as in Figure 18. Show that the total resistance is minimized when cos� D .r=R/4.

B

A

R

r

q

b

a

FIGURE 18

SOLUTION With a; b; r;R > 0 andR > r , let T .�/ D
�
a � b cot�

R4
C b csc�

r4

�
. Set

T 0.�/ D
 
b csc2 �

R4
� b csc� cot�

r4

!
D 0:

Then

b
�
r4 �R4 cos�

�

R4r4 sin2 �
D 0;

so that cos� D
� r
R

�4
. Since lim

�!0C
T .�/ D 1 and lim

�!��
T .�/ D 1, the minimum value ofT .�/ occurs when cos� D

� r
R

�4
.

47. Which values ofA andB maximize the volume of the box ifh D 10 cm andAB D 900 cm.

SOLUTION With h D 10 andAB D 900 (which means thatB D 900=A), the volume of the box is

V.A/ D 10.A � 20/

�
900

A
� 20

�
D 13;000 � 200A � 180;000

A
;

where20 � A � 45. Now, solving

V 0.A/ D �200C 180;000

A2
D 0

yields A D 30. BecauseV.20/ D V.45/ D 0 and V.30/ D 1000 cm3, maximum volume is achieved withA D B D
30 cm.
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48. Givenn numbersx1; : : : ; xn, find the value ofx minimizing the sum of the squares:

.x � x1/
2 C .x � x2/

2 C � � � C .x � xn/2

First solve forn D 2; 3 and then try it for arbitraryn.

SOLUTION Note that the sum of squares approaches1 asx ! ˙1, so the minimum must occur at a critical point.

� Forn D 2: Let f .x/ D .x � x1/2 C .x � x2/
2. Then settingf 0.x/ D 2.x � x1/C 2.x � x2/ D 0 yieldsx D 1

2 .x1 C x2/.

� Forn D 3: Letf .x/ D .x � x1/2 C .x � x2/2 C .x � x3/2, so that settingf 0.x/ D 2.x � x1/C 2.x � x2/C 2.x � x3/ D 0

yieldsx D 1
3 .x1 C x2 C x3/.

� Let f .x/ D
Pn
kD1.x � xk/2. Solvef 0.x/ D 2

Pn
kD1.x � xk/ D 0 to obtainx D Nx D 1

n

Pn
kD1 xk .

Note that the optimum value forx is the average ofx1; : : : ; xn.

49. A billboard of heightb is mounted on the side of a building with its bottom edge at a distanceh from the street as in Figure 19.
At what distancex should an observer stand from the wall to maximize the angle of observation�?

h

b

x

P
q θ

ψ

ψ

P

A

R

B

C

Q

FIGURE 19

SOLUTION From the upper diagram in Figure 19 and the addition formula for the cotangent function, we see that

cot� D
1C x

bCh
x
h

x
h

� x
bCh

D x2 C h.b C h/

bx
;

whereb andh are constant. Now, differentiate with respect tox and solve

� csc2 �
d�

dx
D x2 � h.b C h/

bx2
D 0

to obtainx D
p
bhC h2. Since this is the only critical point, and since� ! 0 asx ! 0C and� ! 0 asx ! 1, �.x/ reaches its

maximum atx D
p
bhC h2.

50. Solve Exercise 49 again using geometry rather than calculus. There is a unique circle passing through pointsB andC which is
tangent to the street. LetR be the point of tangency. Note that the two angles labeled in Figure 19 are equal because they subtend
equal arcs on the circle.

(a) Show that the maximum value of� is � D  . Hint: Show that D � C †PBA whereA is the intersection of the circle with
PC .
(b) Prove that this agrees with the answer to Exercise 49.
(c) Show that†QRB D †RCQ for the maximal angle .

SOLUTION

(a) We note that†PAB is supplementary to both and� C †PBA; hence, D � C †PBA. From here, it is clear that� is at a
maximum when†PBA D 0; that is, whenA coincides withP . This occurs whenP D R.
(b) To show that the two answers agree, letO be the center of the circle. One observes that ifd is the distance fromR to the wall,
thenO has coordinates.�d; b2 C h/. This is because the height of the center is equidistant from pointsB andC and because the
center must lie directly aboveR if the circle is tangent to the floor.

Now we can solve ford . The radius of the circle is clearlyb2 C h, by the distance formula:

OB
2 D d2 C

�
b

2
C h � h

�2
D
�
b

2
C h

�2

This gives

d2 D
�
b

2
C h

�2
�
�
b

2

�2
D bhC h2

or d D
p
bhC h2 as claimed.

(c) Observe that the arcRB on the dashed circle is subtended by†QRB and also by†RCQ. Thus, both are equal to one-half the
angular measure of the arc.
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51. Optimal Delivery Schedule A gas station sellsQ gallons of gasoline per year, which is deliveredN times per year in equal
shipments ofQ=N gallons. The cost of each delivery isd dollars and the yearly storage costs aresQT , whereT is the length
of time (a fraction of a year) between shipments ands is a constant. Show that costs are minimized forN D

p
sQ=d . (Hint:

T D 1=N .) Find the optimal number of deliveries ifQ D 2 million gal,d D $8000, ands D 30 cents/gal-yr. Your answer should
be a whole number, so compare costs for the two integer values ofN nearest the optimal value.

SOLUTION There areN shipments per year, so the time interval between shipments isT D 1=N years. Hence, the total storage
costs per year aresQ=N . The yearly delivery costs aredN and the total costs isC.N/ D dN C sQ=N . Solving,

C 0.N / D d � sQ

N 2
D 0

forN yieldsN D
p
sQ=d . For the specific caseQ D 2;000;000, d D 8000 ands D 0:30,

N D
r
0:30.2;000;000/

8000
D 8:66:

With C.8/ D $139;000 andC.9/ D $138;667, the optimal number of deliveries per year isN D 9.

52. Victor Klee’s Endpoint Maximum Problem Given40 meters of straight fence, your goal is to build a rectangular enclosure
using80 additional meters of fence that encompasses the greatest area. LetA.x/ be the area of the enclosure, withx as in Figure
20.

(a) Find the maximum value ofA.x/.
(b) Which interval ofx values is relevant to our problem? Find the maximum value ofA.x/ on this interval.

40

20 − x

40 + x

20 − x

x

FIGURE 20

SOLUTION

(a) From the diagram,A.x/ D .40 C x/.20 � x/ D 800 � 20x � x2 D 900 � .x C 10/2. Thus, the maximum value ofA.x/ is
900 square meters, occurring whenx D �10.
(b) For our problem,x 2 Œ0; 20�. On this interval,A.x/ has no critical points andA.0/ D 800, while A.20/ D 0. Thus, on the
relevant interval, the maximum enclosed area is 800 square meters.

53. Let .a; b/ be a fixed point in the first quadrant and letS.d/ be the sum of the distances from.d; 0/ to the points.0; 0/, .a; b/,
and.a;�b/.
(a) Find the value ofd for whichS.d/ is minimal. The answer depends on whetherb <

p
3a or b �

p
3a. Hint: Show thatd D 0

whenb �
p
3a.

(b) Let a D 1. PlotS.d/ for b D 0:5,
p
3, 3 and describe the position of the minimum.

SOLUTION

(a) If d < 0, then the distance from.d; 0/ to the other three points can all be reduced by increasing the value ofd . Similarly, if
d > a, then the distance from.d; 0/ to the other three points can all be reduced by decreasing the value ofd . It follows that the
minimum ofS.d/ must occur for0 � d � a. Restricting attention to this interval, we find

S.d/ D d C 2

q
.d � a/2 C b2:

Solving

S 0.d/ D 1C 2.d � a/p
.d � a/2 C b2

D 0

yields the critical pointd D a � b=
p
3. If b <

p
3a, thend D a � b=

p
3 > 0 and the minimum occurs at this value ofd . On the

other hand, ifb �
p
3a, then the minimum occurs at the endpointd D 0.

(b) Let a D 1. Plots ofS.d/ for b D 0:5, b D
p
3 and b D 3 are shown below. Forb D 0:5, the results of (a) indicate the

minimum should occur ford D 1 � 0:5=
p
3 � 0:711, and this is confirmed in the plot. For bothb D

p
3 and b D 3, the results of

(a) indicate that the minimum should occur atd D 0, and both of these conclusions are confirmed in the plots.
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54. The forceF (in Newtons) required to move a box of massm kg in motion by pulling on an attached rope (Figure 21) is

F.�/ D f mg

cos� C f sin �

where� is the angle between the rope and the horizontal,f is the coefficient of static friction, andg D 9:8 m/s2. Find the angle�
that minimizes the required forceF , assumingf D 0:4. Hint: Find the maximum value of cos� C f sin� .

F

θ

FIGURE 21

SOLUTION LetF.˛/ D 3:92m

sin˛ C 2
5 cos˛

, where0 � ˛ � �
2 . Solve

F 0.˛/ D
3:92m

�
2
5 sin˛ � cos˛

�

�
sin˛ C 2

5 cos˛
�2 D 0

for 0 � ˛ � �
2 to obtain tan̨ D 5

2 . From the diagram below, we note that when tan˛ D 5
2 ,

sin˛ D 5p
29

and cos̨ D 2p
29
:

Therefore, at the critical point the force is

3:92m
5p
29

C 2
5

2p
29

D 5
p
29

29
.3:92m/ � 3:64m:

SinceF.0/ D 5
2 .3:92m/ D 9:8m andF

�
�
2

�
D 3:92m, we conclude that the minimum force occurs when tan˛ D 5

2 .

a

2

529

55. In the setting of Exercise 54, show that for anyf the minimal force required is proportional to1=
p
1C f 2.

SOLUTION We minimizeF.�/ by finding the maximum valueg.�/ D cos� C f sin� . The angle� is restricted to the interval
Œ0; �2 �. We solve for the critical points:

g0.�/ D � sin� C f cos� D 0

We obtain

f cos� D sin� ) tan� D f

From the figure below we find that cos� D 1=
p
1C f 2 and sin� D f=

p
1C f 2. Hence

g.�/ D 1

f
C f 2p

1C f 2
D 1C f 2p

1C f 2
D
q
1C f 2

The values at the endpoints are

g.0/ D 1; g
��
2

�
D f



S E C T I O N 4.7 Applied Optimization 479

Both of these values are less than
p
1C f 2. Therefore the maximum value ofg.�/ is

p
1C f 2 and the minimum value ofF.�/

is

F D f mg

g.�/
D f mgp

1C f 2

f

α

1
√1 + f2

56. Bird Migration Ornithologists have found that the power (in joules per second) consumed by a certain pigeon flying at
velocityv m/s is described well by the functionP.v/ D 17v�1 C 10�3v3 J/s. Assume that the pigeon can store5� 104 J of usable
energy as body fat.

(a) Show that at velocityv, a pigeon can fly a total distance ofD.v/ D .5 � 104/v=P.v/ if it uses all of its stored energy.

(b) Find the velocityvp thatminimizesP.v/.

(c) Migrating birds are smart enough to fly at the velocity that maximizes distance traveled rather than minimizes power consump-
tion. Show that the velocityvd which maximizesD.v/ satisfiesP 0.vd/ D P.vd/=vd. Show thatvd is obtained graphically as the
velocity coordinate of the point where a line through the origin is tangent to the graph ofP.v/ (Figure 22).

(d) Findvd and the maximum distanceD.vd/.

10 155

Velocity (m/s)

Minimum power
consumption

Maximum
distance
traveled

Power (J/s)

4

FIGURE 22

SOLUTION

(a) Flying at a velocityv, the birds will exhaust their energy store afterT D 5 � 104 joules

P.v/ joules=sec
D 5 � 104 sec

P.v/
. The total distance

traveled is thenD.v/ D vT D 5 � 104v
P.v/

.

(b) Let P.v/ D 17v�1 C 10�3v3. ThenP 0.v/ D �17v�2 C 0:003v2 D 0 impliesvp D
�

17
0:003

�1=4
� 8:676247. This critical

point is a minimum, because it is the only critical point andP.v/ ! 1 both asv ! 0C and asv ! 1.

(c) D0.v/ D P.v/ � 5 � 104 � 5 � 104v � P 0.v/
.P.v//2

D 5 � 104P.v/� vP 0.v/
.P.v//2

D 0 impliesP.v/ � vP 0.v/ D 0, or P 0.v/ D P.v/

v
.

SinceD.v/ ! 0 asv ! 0 and asv ! 1, the critical point determined byP 0.v/ D P.v/=v corresponds to a maximum.
Graphically, the expression

P.v/

v
D P.v/� 0

v � 0

is the slope of the line passing through the origin and.v; P.v//. The conditionP 0.v/ D P.v/=v which definesvd therefore
indicates thatvd is the velocity component of the point where a line through the origin is tangent to the graph ofP.v/.

(d) UsingP 0.v/ D P.v/

v
gives

�17v�2 C 0:003v2 D 17v�1 C 0:001v3

v
D 17v�2 C 0:001v2;

which simplifies to0:002v4 D 34 and thusvd � 11:418583. The maximum total distance is given byD.vd/ D 5 � 104 � vd

P.vd/
D

191:741 kilometers.
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57. The problem is to put a “roof” of sides on an attic room of heighth and widthb. Find the smallest lengths for which this is
possible ifb D 27 andh D 8 (Figure 23).

s

h

b

FIGURE 23

SOLUTION Consider the right triangle formed by the right half of the rectangle and its “roof”. This triangle has hypotenuses.

h

b/2 x

sy

As shown, lety be the height of the roof, and letx be the distance from the right base of the rectangle to the base of the roof. By
similar triangles applied to the smaller right triangles at the top and right of the larger triangle, we get:

y � 8

27=2
D 8

x
or y D 108

x
C 8:

s; y; andx are related by the Pythagorean Theorem:

s2 D
�
27

2
C x

�2
C y2 D

�
27

2
C x

�2
C
�
108

x
C 8

�2
:

Sinces > 0, s2 is least whenevers is least, so we can minimizes2 instead ofs. Setting the derivative equal to zero yields

2

�
27

2
C x

�
C 2

�
108

x
C 8

��
�108
x2

�
D 0

2

�
27

2
C x

�
C 2

8

x

�
27

2
C x

��
�108
x2

�
D 0

2

�
27

2
C x

��
1 � 864

x3

�
D 0

The zeros arex D �27
2 (irrelevant) andx D 6

3
p
4. Since this is the only critical point ofs with x > 0, and sinces ! 1 asx ! 0

ands ! 1 asx ! 1, this is the point wheres attains its minimum. For this value ofx,

s2 D
�
27

2
C 6

3
p
4

�2
C
�
9

3
p
2C 8

�2
� 904:13;

so the smallest roof length is

s � 30:07:

58. Redo Exercise 57 for arbitraryb andh.

SOLUTION Consider the right triangle formed by the right half of the rectangle and its “roof”. This triangle has hypotenuses.

h

b/2 x

sy

As shown, lety be the height of the roof, and letx be the distance from the right base of the rectangle to the base of the roof. By
similar triangles applied to the smaller right triangles at the top and right of the larger triangle, we get:

y � h
b=2

D h

x
or y D bh

2x
C h:
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s; y; andx are related by the Pythagorean Theorem:

s2 D
�
b

2
C x

�2
C y2 D

�
b

2
C x

�2
C
�
bh

2x
C h

�2
:

Sinces > 0, s2 is least whenevers is least, so we can minimizes2 instead ofs. Setting the derivative equal to zero yields

2

�
b

2
C x

�
C 2

�
bh

2x
C h

��
� bh

2x2

�
D 0

2

�
b

2
C x

�
C 2

h

x

�
b

2
C x

��
� bh

2x2

�
D 0

2

�
b

2
C x

� 
1 � bh2

2x3

!
D 0

The zeros arex D �b
2 (irrelevant) and

x D b1=3h2=3

21=3
:

Since this is the only critical point ofs with x > 0, and sinces ! 1 asx ! 0 ands ! 1 asx ! 1, this is the point wheres
attains its minimum. For this value ofx,

s2 D
 
b

2
C b1=3h2=3

21=3

!2
C
 
b2=3h1=3

22=3
C h

!2

D b2=3

22=3

 
b2=3

22=3
C h2=3

!2
C h2=3

 
b2=3

22=3
C h2=3

!2
D
 
b2=3

22=3
C h2=3

!3
;

so the smallest roof length is

s D
 
b2=3

22=3
C h2=3

!3=2
:

59. Find the maximum length of a pole that can be carried horizontally around a corner joining corridors of widthsa D 24 and
b D 3 (Figure 24).

a

b

FIGURE 24

SOLUTION In order to find the length of thelongestpole that can be carried around the corridor, we have to find theshortest
length from the left wall to the top wall touching the corner of the inside wall. Any pole that does not fit in this shortest space cannot
be carried around the corner, so an exact fit represents the longest possible pole.

Let � be the angle between the pole and a horizontal line to the right. Letc1 be the length of pole in the corridor of width 24
and letc2 be the length of pole in the corridor of width 3. By the definitions of sine and cosine,

3

c2
D sin � and

24

c1
D cos�;

so thatc1 D 24
cos� ; c2 D 3

sin� : What must be minimized is the total length, given by

f .�/ D 24

cos�
C 3

sin�
:

Settingf 0.�/ D 0 yields

24 sin�

cos2 �
� 3 cos�

sin2 �
D 0

24 sin�

cos2 �
D 3 cos�

sin2 �
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24 sin3 � D 3 cos3 �

As � < �
2 (the pole is being turned around a corner, after all), we can divide both sides by cos3 � , getting tan3 � D 1

8 . This implies

that tan� D 1
2 (tan� > 0 as the angle is acute).

Sincef .�/ ! 1 as� ! 0C and as� ! �
2�, we can tell that theminimumis attained at�0 where tan�0 D 1

2 . Because

tan�0 D opposite

adjacent
D 1

2
;

we draw a triangle with opposite side1 and adjacent side2. By Pythagoras,c D
p
5, so

sin�0 D 1p
5

and cos�0 D 2p
5
:

From this, we get

f .�0/ D 24

cos�0
C 3

sin�0
D 24

2

p
5C 3

p
5 D 15

p
5:

60. Redo Exercise 59 for arbitrary widthsa andb.

SOLUTION If the corridors have widthsa andb, and if� is the angle between the beam and the line perpendicular to the corridor
of width a, then we have tominimize

f .�/ D a

cos�
C b

sin�
:

Setting the derivative equal to zero,

a sec� tan� � b cot� csc� D 0;

we obtain the critical value�0 defined by

tan�0 D
�
b

a

�1=3

and from this we conclude (witness the diagram below) that

cos�0 D 1q
1C .b=a/2=3

and sin�0 D .b=a/1=3q
1C .b=a/2=3

:

θ

c

1

(b/a)1/3

This gives the minimum value as

f .�0/ D a

q
1C .b=a/2=3 C b.b=a/�1=3

q
1C .b=a/2=3

D a2=3
p
a2=3 C b2=3 C b2=3

p
a2=3 C b2=3

D .a2=3 C b2=3/3=2

61. Find the minimum length̀ of a beam that can clear a fence of heighth and touch a wall locatedb ft behind the fence (Figure
25).

b x

h

FIGURE 25
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SOLUTION Let y be the height of the point where the beam touches the wall in feet. By similar triangles,

y � h
b

D h

x
or y D bh

x
C h

and by Pythagoras:

`2 D .b C x/2 C
�
bh

x
C h

�2
:

We can minimizè 2 rather thaǹ , so setting the derivative equal to zero gives:

2.b C x/C 2

�
bh

x
C h

��
�bh
x2

�
D 2.b C x/

 
1 � h2b

x3

!
D 0:

The zeroes areb D �x (irrelevant) andx D 3
p
h2b. Since`2 ! 1 asx ! 0C and asx ! 1, x D 3

p
h2b corresponds to a

minimum for`2. For this value ofx, we have

`2 D .b C h2=3b1=3/2 C .hC h1=3b2=3/2

D b2=3.b2=3 C h2=3/2 C h2=3.h2=3 C b2=3/2

D .b2=3 C h2=3/3

and so

` D .b2=3 C h2=3/3=2:

A beam that clears a fence of heighth feet and touches a wallb feet behind the fence must have length at least` D .b2=3 C
h2=3/3=2 ft.

62. Which value ofh maximizes the volume of the box ifA D B?

SOLUTION WhenA D B, the volume of the box is

V.h/ D hxy D h .A� 2h/2 D 4h3 � 4Ah2 C A2h;

where0 � h � A
2 (allowing for degenerate boxes). SolveV 0.h/ D 12h2 � 8Ah C A2 D 0 for h to obtainh D A

2 or h D A
6 .

BecauseV.0/ D V.A2 / D 0 andV.A6 / D 2
27A

3, volume is maximized whenh D A
6 .

63. A basketball player standsd feet from the basket. Leth and˛ be as in Figure 26. Using physics, one can show that if
the player releases the ball at an angle� , then the initial velocity required to make the ball go through the basket satisfies

v2 D 16d

cos2 �.tan� � tan˛/

(a) Explain why this formula is meaningful only for̨< � < �
2 . Why doesv approach infinity at the endpoints of this interval?

(b) Take˛ D �
6 and plotv2 as a function of� for �6 < � <

�
2 . Verify that the minimum occurs at� D �

3 .

(c) SetF.�/ D cos2 �.tan� � tan˛/. Explain whyv is minimized for� such thatF.�/ is maximized.
(d) Verify thatF 0.�/ D cos.˛ � 2�/ sec̨ (you will need to use the addition formula for cosine) and show that the maximum value
of F.�/ on

�
˛; �2

�
occurs at�0 D ˛

2 C �
4 .

(e) For a given˛, the optimal angle for shooting the basket is�0 because it minimizesv2 and therefore minimizes the energy
required to make the shot (energy is proportional tov2). Show that the velocityvopt at the optimal angle�0 satisfies

v2opt D 32d cos˛

1 � sin˛
D 32 d2

�hC
p
d2 C h2

(f) Show with a graph that for fixedd (say,d D 15 ft, the distance of a free throw),v2opt is an increasing function ofh. Use
this to explain why taller players have an advantage and why it can help to jump while shooting.

q
a

h

d

FIGURE 26
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SOLUTION

(a) ˛ D 0 corresponds to shooting the ball directly at the basket while˛ D �=2 corresponds to shooting the ball directly upward.
In neither case is it possible for the ball to go into the basket.

If the angle˛ is extremely close to 0, the ball is shot almost directly at the basket, so that it must be launched with great speed,
as it can only fall an extremely short distance on the way to the basket.

On the other hand, if the anglęis extremely close to�=2, the ball is launched almost vertically. This requires the ball to travel
a great distance upward in order to travel the horizontal distance. In either one of these cases, the ball has to travel at an enormous
speed.

(b)

π
6

π
4

π
3

5π
12

π
2

The minimum clearly occurs where� D �=3.

(c) If F.�/ D cos2 � .tan� � tan˛/,

v2 D 16d

cos2 � .tan� � tan˛/
D 16d

F.�/
:

Since˛ � � , F.�/ > 0, hencev2 is smallest wheneverF.�/ is greatest.

(d) F 0.�/ D �2 sin� cos� .tan� � tan˛/C cos2 �
�
sec2 �

�
D �2 sin� cos� tan� C 2 sin� cos� tan˛C 1. We will apply all the

double angle formulas:

cos.2�/ D cos2 � � sin2 � D 1 � 2 sin2 � I sin2� D 2 sin� cos�;

getting:

F 0.�/ D 2 sin� cos� tan˛ � 2 sin� cos� tan� C 1

D 2 sin� cos�
sin˛

cos˛
� 2 sin � cos�

sin�

cos�
C 1

D sec˛
�
�2 sin2 � cos˛ C 2 sin� cos� sin˛ C cos˛

�

D sec̨
�
cos˛

�
1� 2 sin2 �

�
C sin˛ .2 sin� cos�/

�

D sec̨ .cos˛.cos2�/C sin˛.sin2�//

D sec̨ cos.˛ � 2�/

A critical point ofF.�/ occurs where cos.˛ � 2�/ D 0, so that̨ � 2� D ��
2 (negative because2� > � > ˛), and this gives us

� D ˛=2C �=4. The minimum valueF.�0/ takes place at�0 D ˛=2C �=4.

(e) Plug in�0 D ˛=2C �=4. To findv2opt we must simplify

cos2 �0.tan�0 � tan˛/ D cos�0.sin�0 cos˛ � cos�0 sin˛/

cos˛

By the addition law for sine:

sin�0 cos˛ � cos�0 sin˛ D sin.�0 � ˛/ D sin.�˛=2C �=4/

and so

cos�0.sin�0 cos˛ � cos�0 sin˛/ D cos.˛=2C �=4/ sin.�˛=2C �=4/

Now use the identity (that follows from the addition law):

sinx cosy D 1

2
.sin.x C y/C sin.x � y//

to get

cos.˛=2C �=4/ sin.�˛=2C �=4/ D .1=2/.1 � sin˛/
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So we finally get

cos2 �0.tan�0 � tan˛/ D .1=2/.1 � sin˛/

cos˛

and therefore

v2opt D 32d cos˛

1 � sin˛

as claimed. From Figure 26 we see that

cos˛ D dp
d2 C h2

and sin˛ D hp
d2 C h2

:

Substituting these values into the expression forv2opt yields

v2opt D 32d2

�hC
p
d2 C h2

:

(f) A sketch of the graph ofv2opt versush for d D 15 feet is given below:v2opt increases with respect to basket height relative to
the shooter. This shows that the minimum velocity required to launch the ball to the basket drops as shooter height increases. This
shows one of the ways height is an advantage in free throws; a taller shooter need not shoot the ball as hard to reach the basket.

100

200

300

400

500

600

4 50 321

64. Three townsA,B, andC are to be joined by an underground fiber cable as illustrated in Figure 27(A). Assume thatC is located
directly below the midpoint ofAB. Find the junction pointP that minimizes the total amount of cable used.

(a) First show thatP must lie directly aboveC . Hint: Use the result of Example 6 to show that if the junction is placed
at point Q in Figure 27(B), then we can reduce the cable length by movingQ horizontally over to the pointP lying
aboveC .

(b) With x as in Figure 27(A), letf .x/ be the total length of cable used. Show thatf .x/ has a unique critical pointc. Computec
and show that0 � c � L if and only ifD � 2

p
3L.

(c) Find the minimum off .x/ on Œ0; L� in two cases:D D 2, L D 4 andD D 8, L D 2.

D

PCable

(A)

L

x x

C

A B

(B)

PQ

C

A B

FIGURE 27

SOLUTION

(a) Look at diagram 27(B). LetT be the point directly aboveQ onAB. Let s D AT andD D AB so thatTB D D � s. Let ` be
the total length of cable fromA toQ andB toQ. By the Pythagorean Theorem applied to4AQT and4BQT , we get:

` D
p
s2 C x2 C

q
.D � s/2 C x2:

From here, it follows that

d`

ds
D sp

s2 C x2
� D � sp

.D � s/2 C x2
:

Sinces andD � s must be non-negative, the only critical point occurs whens D D=2. As d`
ds

changes sign from negative to
positive ats D D=2, it follows that` is minimized whens D D=2, that is, whenQ D P . Since it is obvious thatPC � QC (QC
is the hypotenuse of the triangle4PQC ), it follows that total cable length is minimized atQ D P .



486 C H A P T E R 4 APPLICATIONS OF THE DERIVATIVE

(b) Let f .x/ be the total cable length. From diagram 27(A), we get:

f .x/ D .L � x/C 2

q
x2 CD2=4:

Then

f 0.x/ D �1C 2xp
x2 CD2=4

D 0

gives

2x D
q
x2 CD2=4

or

4x2 D x2 CD2=4

and the critical point is

c D D=2
p
3:

This is the only critical point off . It lies in the intervalŒ0; L� if and only if c � L, or

D � 2
p
3L:

(c) The minimum off will depend on whetherD � 2
p
3L.

� D D 2, L D 4; 2
p
3L D 8

p
3 > D, soc D D=.2

p
3/ D

p
3=3 2 Œ0; L�. f .0/ D LCD D 6, f .L/ D 2

p
L2 CD2=4 D

2
p
17 � 8:24621, andf .c/ D 4 � .

p
3=3/ C 2

q
1
3 C 1 D 4 C

p
3 � 5:73204. Therefore, the total length is minimized

wherex D c D
p
3=3.

� D D 8;L D 2; 2
p
3L D 4

p
3 < D, so c does not lie in the intervalŒ0; L�. f .0/ D 2 C 2

p
64=4 D 10, andf .L/ D

0C 2
p
4C 64=4 D 2

p
20 D 4

p
5 � 8:94427: Therefore, the total length is minimized wherex D L, or whereP D C .

Further Insights and Challenges

65. Tom and Ali drive along a highway represented by the graph off .x/ in Figure 28. During the trip, Ali views a billboard
represented by the segmentBC along they-axis. LetQ be they-intercept of the tangent line toy D f .x/. Show that� is
maximized at the value ofx for which the angles†QPB and†QCP are equal. This generalizes Exercise 50 (c) (which corresponds
to the casef .x/ D 0). Hints:

(a) Show thatd�=dx is equal to

.b � c/ � .x
2 C .xf 0.x//2/� .b � .f .x/� xf 0.x///.c � .f .x/� xf 0.x///

.x2 C .b � f .x//2/.x2 C .c � f .x//2/

(b) Show that they-coordinate ofQ is f .x/� xf 0.x/.
(c) Show that the conditiond�=dx D 0 is equivalent to

PQ2 D BQ � CQ

(d) Conclude that4QPBand4QCPare similar triangles.

x
x

y

billboard

highway

P = (x, f(x))

y = f(x)
B = (0, b)

C = (0, c)

FIGURE 28
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SOLUTION

(a) From the figure, we see that

�.x/ D tan�1 c � f .x/

x
� tan�1 b � f .x/

x
:

Then

� 0.x/ D b � .f .x/� xf 0.x//
x2 C .b � f .x//2

� c � .f .x/� xf 0.x//
x2 C .c � f .x//2

D .b � c/
x2 � bc C .b C c/.f .x/� xf 0.x//� .f .x//2 C 2xf .x/f 0.x/

.x2 C .b � f .x//2/.x2 C .c � f .x//2/

D .b � c/
.x2 C .xf 0.x//2 � .bc � .b C c/.f .x/� xf 0.x//C .f .x/� xf 0.x//2/

.x2 C .b � f .x//2/.x2 C .c � f .x//2/

D .b � c/
.x2 C .xf 0.x//2 � .b � .f .x/� xf 0.x///.c � .f .x/� xf 0.x///

.x2 C .b � f .x//2/.x2 C .c � f .x//2/
:

(b) The pointQ is they-intercept of the line tangent to the graph off .x/ at pointP . The equation of this tangent line is

Y � f .x/ D f 0.x/.X � x/:

They-coordinate ofQ is thenf .x/� xf 0.x/.
(c) From the figure, we see that

BQ D b � .f .x/� xf 0.x//;

CQ D c � .f .x/� xf 0.x//

and

PQ D
q
x2 C .f .x/� .f .x/� xf 0.x///2 D

q
x2 C .xf 0.x//2:

Comparing these expressions with the numerator ofd�=dx, it follows that
d�

dx
D 0 is equivalent to

PQ2 D BQ � CQ:

(d) The equationPQ2 D BQ � CQ is equivalent to

PQ

BQ
D CQ

PQ
:

In other words, the sidesCQ andPQ from the triangle�QCP are proportional in length to the sidesPQ andBQ from the
triangle�QPB. As †PQB D †CQP , it follows that triangles�QCP and�QPB are similar.

Seismic Prospecting Exercises 66–68 are concerned with determining the thicknessd of a layer of soil that lies on top of a rock
formation. Geologists send two sound pulses from pointA to pointD separated by a distances. The first pulse travels directly from
A toD along the surface of the earth. The second pulse travels down to the rock formation, then along its surface, and then back
up toD (path ABCD), as in Figure 29. The pulse travels with velocityv1 in the soil andv2 in the rock.

A

B C

s D

Soil

Rock

q q d

FIGURE 29

66. (a) Show that the time required for the first pulse to travel fromA toD is t1 D s=v1.
(b) Show that the time required for the second pulse is

t2 D 2d

v1
sec� C s � 2d tan�

v2

provided that

tan� � s

2d
2

(Note: If this inequality is not satisfied, then pointB does not lie to the left ofC .)
(c) Show thatt2 is minimized when sin� D v1=v2.
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SOLUTION

(a) We have timet1 D distance=velocity D s=v1.

(b) Let p be the length of the base of the right triangle (opposite the angle�) andh the length of the hypotenuse of this right
triangle. Then cos� D d

h
andh D d sec� . Moreover, tan� D p

d
givesp D d tan� . Hence

t2 D tAB C tCD C tBC D h

v1
C h

v1
C s � 2p

v2
D 2d

v1
sec� C s � 2d tan�

v2

(c) Solve
dt2

d�
D 2d sec� tan�

v1
� 2d sec2 �

v2
D 0 to obtain

tan�

v1
D sec�

v2
. Therefore

sin�= cos�

1= cos�
D v1

v2
or sin� D v1

v2
.

67. In this exercise, assume thatv2=v1 �
p
1C 4.d=s/2.

(a) Show that inequality (2) holds if sin� D v1=v2.

(b) Show that the minimal time for the second pulse is

t2 D 2d

v1
.1 � k2/1=2 C s

v2

wherek D v1=v2.

(c) Conclude that
t2

t1
D 2d.1 � k2/1=2

s
C k.

SOLUTION

(a) If sin � D v1
v2

, then

tan� D v1q
v22 � v21

D 1r�
v2
v1

�2
� 1

:

Becausev2
v1

�
q
1C 4.ds /

2, it follows that

s�
v2

v1

�2
� 1 �

s

1C 4

�
d

s

�2
� 1 D 2d

s
:

Hence, tan� � s
2d

as required.

(b) For the time-minimizing choice of� , we have sin� D v1

v2
from which sec� D v2q

v22 � v21

and tan� D v1q
v22 � v21

. Thus

t2 D 2d

v1
sec� C s � 2d tan�

v2
D 2d

v1

v2q
v22 � v21

C
s � 2d

v1q
v2

2
�v2

1

v2

D 2d

v1

0
B@

v2q
v22 � v21

�
v21

v2

q
v22 � v21

1
CAC s

v2

D 2d

v1

0
B@

v22 � v21

v2

q
v22 � v21

1
CAC s

v2
D 2d

v1

0
B@

q
v22 � v21q
v22

1
CAC s

v2

D 2d

v1

s

1 �
�
v1

v2

�2
C s

v2
D
2d
�
1 � k2

�1=2

v1
C s

v2
:

(c) Recall thatt1 D s

v1
. We therefore have

t2

t1
D

2d.1�k2/
1=2

v1
C s
v2

s
v1

D
2d
�
1 � k2

�1=2

s
C v1

v2
D
2d
�
1 � k2

�1=2

s
C k:
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68. Continue with the assumption of the previous exercise.

(a) Find the thickness of the soil layer, assuming thatv1 D 0:7v2, t2=t1 D 1:3, ands D 400 m.

(b) The timest1 andt2 are measured experimentally. The equation in Exercise 67(c) shows thatt2=t1 is a linear function of1=s.
What might you conclude if experiments were formed for several values ofs and the points.1=s; t2=t1/ did not lie on a straight
line?

SOLUTION

(a) Substitutingk D v1=v2 D 0:7, t2=t1 D 1:3, and s D 400 into the equation fort2=t1 in Exercise 67(c) gives

1:3 D
2d

q
1 � .0:7/2

400
C 0:7. Solving ford yieldsd � 168:03 m.

(b) If several experiments for different values ofs showed that plots of the points

�
1

s
;
t2

t1

�
did not lie on a straight line, then we

would suspect that
t2

t1
isnot a linear function of

1

s
and that a different model is required.

69. In this exercise we use Figure 30 to prove Heron’s principle ofExample 6 without calculus. By definition,C is the
reflection ofB across the lineMN (so thatBC is perpendicular toMN andBN D CN . Let P be the intersection ofAC and
MN . Use geometry to justify:

(a) 4PNB and4PNC are congruent and�1 D �2.

(b) The pathsAPB andAPC have equal length.

(c) SimilarlyAQB andAQC have equal length.

(d) The pathAPC is shorter thanAQC for allQ ¤ P .

Conclude that the shortest pathAQB occurs forQ D P .

A
B

h1
h2

P

h2

Q

C

M N

θ1

θ1

θ2

FIGURE 30

SOLUTION

(a) By definition,BC is orthogonal toQM , so triangles4PNB and4PNC are congruent by side–angle–side. Therefore�1 D
�2

(b) Because4PNB and4PNC are congruent, it follows thatPB andPC are of equal length. Thus, pathsAPB andAPC have
equal length.

(c) The same reasoning used in parts (a) and (b) lead us to conclude that4QNB and4QNC are congruent and thatQB andQC
are of equal length. Thus, pathsAQB andAQC are of equal length.

(d) Consider triangle4AQC . By the triangle inequality, the length of sideAC is less than or equal to the sum of the lengths of
the sidesAQ andQC . Thus, the pathAPC is shorter thanAQC for allQ ¤ P .

Finally, the shortest pathAQB occurs forQ D P .

70. A jewelry designer plans to incorporate a component made of gold in the shape of a frustum of a cone of height 1 cm and fixed
lower radiusr (Figure 31). The upper radiusx can take on any value between0 andr . Note thatx D 0 andx D r correspond to a
cone and cylinder, respectively. As a function ofx, the surface area (not including the top and bottom) isS.x/ D �s.r C x/, where
s is theslant heightas indicated in the figure. Which value ofx yields the least expensive design [the minimum value ofS.x/ for
0 � x � r ]?

(a) Show thatS.x/ D �.r C x/
p
1C .r � x/2.

(b) Show that ifr <
p
2, thenS.x/ is an increasing function. Conclude that the cone (x D 0/ has minimal area in this case.

(c) Assume thatr >
p
2. Show thatS.x/ has two critical pointsx1 < x2 in .0; r/, and thatS.x1/ is a local maximum, andS.x2/

is a local minimum.

(d) Conclude that the minimum occurs atx D 0 or x2.

(e) Find the minimum in the casesr D 1:5 andr D 2.
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(f) Challenge: Letc D
q
.5C 3

p
3/=4 � 1:597. Prove that the minimum occurs atx D 0 (cone) if

p
2 < r < c, but the minimum

occurs atx D x2 if r > c.

s
1 cm

r

x

FIGURE 31 Frustrum of height 1 cm.

SOLUTION

(a) Consider a cross-section of the object and notice a triangle can be formed with height 1, hypotenuses, and baser � x. Then,
by the Pythagorean Theorem,s D

p
1C .r � x/2 and the surface area isS D �.r C x/s D �.r C x/

p
1C .r � x/2.

(b) S 0.x/ D �
�p

1C .r � x/2 � .r C x/.1C .r � x/2/�1=2.r � x/
�

D �
2x2 � 2rx C 1p
1C .r � x/2

D 0 yields critical pointsx D

1
2 r ˙ 1

2

p
r2 � 2. If r <

p
2 then there are no real critical points andS 0.x/ > 0 for x > 0. Hence,S.x/ is increasing everywhere

and thus the minimum must occur at the left endpoint,x D 0.

(c) For r >
p
2, there are two critical points,x1 D 1

2 r � 1
2

p
r2 � 2 and x2 D 1

2 r C 1
2

p
r2 � 2. Both values are on the interval

Œ0; r� sincer >
p
r2 � 2. Sign analysis reveals thatS.x/ is increasing for0 < x < x1, decreasing forx1 < x < x2 and increasing

for x2 < x < r . Hence,S.x1/ is a local maximum, andS.x2/ is a local minimum.

(d) The minimum value ofS must occur at an endpoint or a critical point. SinceS.x1/ is a local maximum andS increases for
x2 < x < r , we conclude that the minimum ofS must occur either atx D 0 or atx D x2.

(e) If r D 1:5 cm,S.x2/ D 8:8357 cm2 andS.0/ D 8:4954 cm2, soS.0/ D 8:4954 cm2 is the minimum (cone). Ifr D 2 cm,
S.x2/ D 12:852 cm2 andS.0/ D 14:0496 cm2, soS.x2/ D 12:852 cm2 is the minimum.

(f) Take a deep breath. SettingS.x2/ D S.0/ produces an equation inr (x2 is given inr , and so isS.0/). By means of a great deal
of algebraic labor and a clever substitution, we are going to solve forr . S.0/ D �r

p
1C r2, while, sincex2 D 1

2 r C 1
2

p
r2 � 2,

S.x2/ D �

�
3

2
r C 1

2

p
r2 � 2

�r
1C .

1

2
r � 1

2

p
r2 � 2/2

D �

2

�
3r C

p
r2 � 2

�r
1C 1

4
.r2 � 2r

p
r2 � 2C r2 � 2/

D �

2

�
3r C

p
r2 � 2

�r
1C 1

2
.r2 � r

p
r2 � 2 � 1/

From this, we simplify by squaring and taking out constants:

S.x2/=� D 1

2

�
3r C

p
r2 � 2

�r
1C 1

2
.r2 � r

p
r2 � 2� 1/

.S.x2/=�/
2 D 1

8

�
3r C

p
r2 � 2

�2 �
2C .r2 � r

p
r2 � 2 � 1/

�

8.S.x2/=�/
2 D

�
3r C

p
r2 � 2

�2 �
r2 � r

p
r2 � 2C 1

�

To solve the equationS.x2/ D S.0/, we solve the equivalent equation8.S.x2/=�/2 D 8.S.0/=�/2. 8.S.0/=�/2 D 8r2.1C r2/ D
8r2 C 8r4. Letu D r2 � 2, so that

p
r2 � 2 D

p
u, r2 D uC 2, andr D

p
uC 2. The expression for8.S.x2/=�/2 is, then:

8.S.x2/=�/
2 D

�
3
p
uC 2C

p
u
�2 �

.uC 2/ �
p
uC 2

p
uC 1

�

while

8.S.0/=�/2 D 8r2 C 8r4 D 8.uC 2/.uC 3/ D 8u2 C 40uC 48:

We compute:

�
3
p
uC 2C

p
u
�2

D 9.uC 2/C 6
p
u

p
uC 2C u

D 10uC 6
p
u

p
uC 2C 18

�
10uC 6

p
u

p
uC 2C 18

� �
u �

p
u

p
uC 2C 3

�
D 10u2 C 6u3=2

p
uC 2C 18u � 10u3=2

p
uC 2 � 6u2 � 12u

� 18
p
uC 2

p
uC 30uC 18

p
uC 2

p
uC 54
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D 4u2 � 4u
�p

u
p
uC 2

�
C 36uC 54

Therefore the equation becomes:

8.S.0/=�/2 D 8.S.x2/=�/
2

8u2 C 40uC 48 D 4u2 � 4u.
p
u

p
uC 2/C 36uC 54

4u2 C 4u � 6 D �4u.
p
u

p
uC 2/

16u4 C 32u3 � 32u2 � 48uC 36 D 16u2.u/.uC 2/

16u4 C 32u3 � 32u2 � 48uC 36 D 16u4 C 32u3

�32u2 � 48uC 36 D 0

8u2 C 12u � 9 D 0:

The last quadratic has positive solution:

u D �12C
p
144C 4.72/

16
D �12C 12

p
3

16
D �3C 3

p
3

4
:

Therefore

r2 � 2 D �3C 3
p
3

4
;

so

r2 D 5C 3
p
3

4
:

This gives us thatS.x2/ D S.0/ when

r D c D

s
5C 3

p
3

4
:

From part (e) we know that forr D 1:5 < c, S.0/ is the minimum value forS , but for r D 2 > c, S.x2/ is the minimum value.
Sincer D c is the only solution ofS.0/ D S.x2/ for r >

p
2, it follows thatS.0/ provides the minimum value for

p
2 < r < c

andS.x2/ provides the minimum whenr > c.

4.8 Newton’s Method

Preliminary Questions
1. How many iterations of Newton’s Method are required to compute a root iff .x/ is a linear function?

SOLUTION Remember that Newton’s Method uses the linear approximation of a function to estimate the location of a root. If the
original function is linear, then only one iteration of Newton’s Method will be required to compute the root.

2. What happens in Newton’s Method if your initial guess happens to be a zero off ?

SOLUTION If x0 happens to be a zero off, then

x1 D x0 � f .x0/

f 0.x0/
D x0 � 0 D x0I

in other words, every term in the Newton’s Method sequence will remainx0.

3. What happens in Newton’s Method if your initial guess happens to be a local min or max off ?

SOLUTION Assuming that the function is differentiable, then the derivative is zero at a local maximum or a local minimum. If
Newton’s Method is started with an initial guess such thatf 0.x0/ D 0, then Newton’s Method will fail in the sense thatx1 will not
be defined. That is, the tangent line will be parallel to thex-axis and will never intersect it.

4. Is the following a reasonable description of Newton’s Method: “A root of the equation of the tangent line tof .x/ is used as an
approximation to a root off .x/ itself”? Explain.

SOLUTION Yes, that is a reasonable description. The iteration formula for Newton’s Method was derived by solving the equation
of the tangent line toy D f .x/ atx0 for its x-intercept.
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Exercises
In this exercise set, all approximations should be carried out using Newton’s Method.

In Exercises 1–6, apply Newton’s Method tof .x/ and initial guessx0 to calculatex1; x2; x3.

1. f .x/ D x2 � 6, x0 D 2

SOLUTION Let f .x/ D x2 � 6 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x2n � 6

2xn
:

With x0 D 2, we compute

n 1 2 3

xn 2.5 2.45 2.44948980

2. f .x/ D x2 � 3x C 1, x0 D 3

SOLUTION Let f .x/ D x2 � 3x C 1 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x2n � 3xn C 1

2xn � 3 :

With x0 D 3, we compute

n 1 2 3

xn 2.66666667 2.61904762 2.61803445

3. f .x/ D x3 � 10, x0 D 2

SOLUTION Let f .x/ D x3 � 10 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x3n � 10

3x2n
:

With x0 D 2 we compute

n 1 2 3

xn 2.16666667 2.15450362 2.15443469

4. f .x/ D x3 C x C 1, x0 D �1
SOLUTION Let f .x/ D x3 C x C 1 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x3n C xn C 1

3x2n C 1
:

With x0 D �1 we compute

n 1 2 3

xn �0:75 �0:68604651 �0:68233958

5. f .x/ D cosx � 4x, x0 D 1

SOLUTION Let f .x/ D cosx � 4x and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � cosxn � 4xn

� sin xn � 4
:

With x0 D 1 we compute

n 1 2 3

xn 0.28540361 0.24288009 0.24267469
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6. f .x/ D 1 � x sinx, x0 D 7

SOLUTION Let f .x/ D 1 � x sinx and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � 1 � xn sinxn

�xn cosxn � sinxn
:

With x0 D 7 we compute

n 1 2 3

xn 6.39354183 6.43930706 6.43911724

7. Use Figure 1 to choose an initial guessx0 to the unique real root ofx3 C 2x C 5 D 0 and compute the first three Newton
iterates.

21−2 −1
x

y

FIGURE 1 Graph ofy D x3 C 2x C 5.

SOLUTION Let f .x/ D x3 C 2x C 5 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x3n C 2xn C 5

3x2n C 2
:

We takex0 D �1:4, based on the figure, and then calculate

n 1 2 3

xn �1:330964467 �1:328272820 �1:328268856

8. Approximate a solution of sinx D cos2x in the interval
�
0; �2

�
to three decimal places. Then find the exact solution and

compare with your approximation.

SOLUTION Let f .x/ D sinx � cos2x and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � sinxn � cos2xn

cosxn C 2 sin 2xn
:

With x0 D 0:5 we find

n 1 2

xn 0.523775116 0.523598785

The root, to three decimal places, is0:524. The exact root is�6 , which is equal to0:524 to three decimal places.

9. Approximate both solutions ofex D 5x to three decimal places (Figure 2).

321
x

y

10

20
y = ex

y = 5x

FIGURE 2 Graphs ofex and5x.
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SOLUTION We need to solveex � 5x D 0, so letf .x/ D ex � 5x. Thenf 0.x/ D ex � 5. With an initial guess ofx0 D 0:2, we
calculate

Newton’s Method (First root) x0 D 0:2 .guess/

x1 D 0:2 � f .0:2/

f 0.0:2/
x1 � 0:25859

x2 D 0:25859 � f .0:25859/

f 0.0:25859/
x2 � 0:25917

x3 D 0:25917 � f .0:25917/

f 0.0:25917/
x3 � 0:25917

For the second root, we use an initial guess ofx0 D 2:5.

Newton’s Method (Second root)x0 D 2:5 .guess/

x1 D 2:5 � f .2:5/

f 0.2:5/
x1 � 2:54421

x2 D 2:54421 � f .2:54421/

f 0.2:54421/
x2 � 2:54264

x3 D 2:54264 � f .2:54264/

f 0.2:54264/
x3 � 2:54264

Thus the two solutions ofex D 5x are approximatelyr1 � 0:25917 andr2 � 2:54264.

10. The first positive solution of sinx D 0 is x D �. Use Newton’s Method to calculate� to four decimal places.

SOLUTION Let f .x/ D sinx. Takingx0 D 3, we have

n 1 2 3

xn 3.142546543 3.141592653 3.141592654

Hence,� � 3:1416 to four decimal places.

In Exercises 11–14, approximate to three decimal places using Newton’s Method and compare with the value from a calculator.

11.
p
11

SOLUTION Let f .x/ D x2 � 11, and letx0 D 3. Newton’s Method yields:

n 1 2 3

xn 3.33333333 3.31666667 3.31662479

A calculator yields 3.31662479.

12. 51=3

SOLUTION Let f .x/ D x3 � 5, and letx0 D 2. Here are approximations to the root off .x/, which is51=3.

n 1 2 3 4

xn 1.75 1.710884354 1.709976429 1.709975947

A calculator yields 1.709975947.

13. 27=3

SOLUTION Note that27=3 D 4 � 21=3. Letf .x/ D x3 � 2, and letx0 D 1. Newton’s Method yields:

n 1 2 3

xn 1.33333333 1.26388889 1.25993349

Thus,27=3 � 4 � 1:25993349 D 5:03973397. A calculator yields 5.0396842.
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14. 3�1=4

SOLUTION Let f .x/ D x�4 � 3, and letx0 D 0:8. Here are approximations to the root off .x/, which is3�1=4.

n 1 2 3 4

xn 0.75424 0.75973342 0.75983565 0.75983569

A calculator yields 0.75983569.

15. Approximate the largest positive root off .x/ D x4 � 6x2 C x C 5 to within an error of at most10�4. Refer to Figure 5.

SOLUTION Figure 5 from the text suggests the largest positive root off .x/ D x4 � 6x2 C x C 5 is near 2. So letf .x/ D
x4 � 6x2 C x C 5 and takex0 D 2.

n 1 2 3 4

xn 2.111111111 2.093568458 2.093064768 2.093064358

The largest positive root ofx4 � 6x2 C x C 5 is approximately2:093064358.

In Exercises 16–19, approximate the root specified to three decimal places using Newton’s Method. Use a plot to choose an
initial guess.

16. Largest positive root off .x/ D x3 � 5x C 1.

SOLUTION Let f .x/ D x3 � 5x C 1. The graph off .x/ shown below suggests the largest positive root is nearx D 2:2. Taking
x0 D 2:2, Newton’s Method gives

n 1 2 3

xn 2.13193277 2.12842820 2.12841906

The largest positive root ofx3 � 5x C 1 is approximately2:1284.
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5
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x

17. Negative root off .x/ D x5 � 20x C 10.

SOLUTION Let f .x/ D x5 � 20x C 10. The graph off .x/ shown below suggests takingx0 D �2:2. Starting fromx0 D �2:2,
the first three iterates of Newton’s Method are:

n 1 2 3

xn �2:22536529 �2:22468998 �2:22468949

Thus, to three decimal places, the negative root off .x/ D x5 � 20x C 10 is �2:225.

−150

−100

−50
−2.5 −2.0 −1.5 −1.0 −0.5

y

x

18. Positive solution of sin� D 0:8� .

SOLUTION From the graph below, we see that the positive solution to the equation sin� D 0:8� is approximatelyx D 1:1. Now,
let f .�/ D sin� � 0:8� and define

�nC1 D �n � f .�n/

f 0.�n/
D �n � sin�n � 0:8�n

cos�n � 0:8 :

With �0 D 1:1 we find

n 1 2 3

�n 1.13235345 1.13110447 1.13110259
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Thus, to three decimal places, the positive solution to the equation sin� D 0:8� is 1.131.

0.5

1.0

1.5

0.5 1.0 1.5 2.0 2.5 3.0

y

x

19. Solution of ln.x C 4/ D x.

SOLUTION From the graph below, we see that the positive solution to the equation ln.x C 4/ D x is approximatelyx D 2. Now,
let f .x/ D ln.x C 4/ � x and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � ln.xn C 4/ � xn

1
xnC4 � 1

:

With x0 D 2 we find

n 1 2 3

xn 1.750111363 1.749031407 1.749031386

Thus, to three decimal places, the positive solution to the equation ln.x C 4/ D x is 1.749.

0.5 1 1.5 2 2.5

0.5

1

1.5

2

2.5

y = ln(x + 4)

y = x

20. Letx1; x2 be the estimates to a root obtained by applying Newton’s Method withx0 D 1 to the function graphed in Figure 3.
Estimate the numerical values ofx1 andx2, and draw the tangent lines used to obtain them.

31 2−1
x

y

FIGURE 3

SOLUTION The graph with tangent lines drawn on it appears below. The tangent line to the curve at.x0; f .x0// has anx-intercept
at approximatelyx1 D 3:0. The tangent line to the curve at.x1; f .x1// has anx-intercept at approximatelyx2 D 2:2.

31 2−1
x

y

21. Find the smallest positive value ofx at whichy D x andy D tanx intersect.Hint: Draw a plot.

SOLUTION Here is a plot of tanx andx on the same axes:

431 2
x

y

−5

5

The first intersection withx > 0 lies on the second “branch” ofy D tanx, betweenx D 5�
4 and x D 3�

2 . Let f .x/ D tanx � x.
The graph suggests an initial guessx0 D 5�

4 , from which we get the following table:



S E C T I O N 4.8 Newton’s Method 497

n 1 2 3 4

xn 6.85398 21.921 4480.8 7456.27

This is clearly leading nowhere, so we need to try a better initial guess.Note: This happens with Newton’s Method—it is sometimes
difficult to choose an initial guess. We try the point directly between5�4 and 3�2 , x0 D 11�

8 :

n 1 2 3 4 5 6 7

xn 4.64662 4.60091 4.54662 4.50658 4.49422 4.49341 4.49341

The first point wherey D x andy D tanx cross is at approximatelyx D 4:49341, which is approximately1:4303�.

22. In 1535, the mathematician Antonio Fior challenged his rival Niccolo Tartaglia to solve this problem: A tree stands 12braccia
high; it is broken into two parts at such a point that the height of the part left standing is the cube root of the length of the part cut
away. What is the height of the part left standing? Show that this is equivalent to solvingx3 C x D 12 and find the height to three
decimal places. Tartaglia, who had discovered the secret of the cubic equation, was able to determine the exact answer:

x D
�

3

qp
2919C 54 � 3

qp
2919 � 54

��
3
p
9

SOLUTION Suppose thatx is the part of the tree left standing, so thatx3 is the part cut away. Since the tree is 12bracciahigh,
this gives thatx C x3 D 12. Let f .x/ D x C x3 � 12. We are looking for a point wheref .x/ D 0. Using the initial guessx D 2

(it seems that most of the tree is cut away), we get the following table:

n 1 2 3 4
xn 2.15384615385 2.14408201873 2.14404043328 2.14404043253

Hencex � 2:14404043253. Tartaglia’s exact answer is2:14404043253, so the 4th Newton’s Method approximation is accurate
to at least 11 decimal places.

23. Find (to two decimal places) the coordinates of the pointP in Figure 4 where the tangent line toy D cosx passes through the
origin.

P

y = cos x

2π

1

x

y

FIGURE 4

SOLUTION Let .xr ; cos.xr // be the coordinates of the pointP . The slope of the tangent line is� sin.xr /, so we are looking for
a tangent line:

y D � sin.xr /.x � xr /C cos.xr /

such thaty D 0 whenx D 0. This gives us the equation:

� sin.xr /.�xr /C cos.xr / D 0:

Let f .x/ D cosx C x sinx. We are looking for the first pointx D r wheref .r/ D 0. The sketch given indicates thatx0 D 3�=4

would be a good initial guess. The following table gives successive Newton’s Method approximations:

n 1 2 3 4

xn 2.931781309 2.803636974 2.798395826 2.798386046

The pointP has approximate coordinates.2:7984;�0:941684/.

Newton’s Method is often used to determine interest rates in financial calculations. In Exercises 24–26,r denotes a yearly interest
rate expressed as a decimal (rather than as a percent).

24. If P dollars are deposited every month in an account earning interest at the yearly rater , then the valueS of the account after
N years is

S D P

 
b12NC1 � b

b � 1

!
whereb D 1C r

12

You have decided to depositP D 100 dollars per month.
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(a) DetermineS after 5 years ifr D 0:07 (that is, 7%).

(b) Show that to save $10,000 after 5 years, you must earn interest at a rater determined by the equationb61 � 101b C 100 D 0.
Use Newton’s Method to solve forb. Then findr . Note thatb D 1 is a root, but you want the root satisfyingb > 1.

SOLUTION

(a) If r D 0:07, b D 1C r=12 � 1:00583, and :

S D 100
.b61 � b/

b � 1 D 7201:05:

(b) If our goal is to get $10,000 after five years, we needS D 10;000 whenN D 5.

10;000 D 100

 
b61 � b
b � 1

!
;

So that:

10;000.b � 1/ D 100
�
b61 � b

�

100b � 100 D b61 � b

b61 � 101b C 100 D 0

b D 1 is a root, but, sinceb � 1 appears in the denominator of our original equation, it does not satisfy the original equation. Let
f .b/ D b61 � 101b C 100. Let’s use the initial guessr D 0:2, so thatx0 D 1C r=12 D 1:016666.

n 1 2 3

xn 1.01576 1.01569 1.01569

The solution is approximatelyb D 1:01569. The interest rater required satisfies1C r=12 D 1:01569, so thatr D 0:01569 � 12 D
0:18828. An annual interest rate of 18.828% is required to have $10,000 after five years.

25. If you borrowL dollars forN years at a yearly interest rater , your monthly payment ofP dollars is calculated using the
equation

L D P

 
1� b�12N

b � 1

!
whereb D 1C r

12

(a) FindP if L D $5000, N D 3, andr D 0:08 (8%).

(b) You are offered a loan ofL D $5000 to be paid back over 3 years with monthly payments ofP D $200. Use Newton’s Method
to computeb and find the implied interest rater of this loan.Hint: Show that.L=P /b12NC1 � .1C L=P /b12N C 1 D 0.

SOLUTION

(a) b D .1C 0:08=12/ D 1:00667

P D L

�
b � 1

1 � b�12N

�
D 5000

�
1:00667 � 1

1 � 1:00667�36

�
� $156:69

(b) Starting from

L D P

 
1 � b�12N

b � 1

!
;

divide byP , multiply by b � 1, multiply by b12N and collect like terms to arrive at

.L=P /b12NC1 � .1C L=P /b12N C 1 D 0:

SinceL=P D 5000=200 D 25, we must solve

25b37 � 26b36 C 1 D 0:

Newton’s Method givesb � 1:02121 and

r D 12.b � 1/ D 12.0:02121/ � 0:25452

So the interest rate is around25:45%.
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26. If you depositP dollars in a retirement fund every year forN years with the intention of then withdrawingQ dollars per year
for M years, you must earn interest at a rater satisfyingP.bN � 1/ D Q.1 � b�M /, whereb D 1 C r . Assume that $2,000 is
deposited each year for 30 years and the goal is to withdraw $10,000 per year for 25 years. Use Newton’s Method to computeb

and then findr . Note thatb D 1 is a root, but you want the root satisfyingb > 1.

SOLUTION SubstitutingP D 2000, Q D 10;000, N D 30 andM D 25 into the equationP.bN � 1/ D Q.1 � b�M / and
then rearranging terms, we find thatb must satisfy the equationb55 � 6b25 C 5 D 0. Newton’s Method with a starting value of
b0 D 1:1 yieldsb � 1:05217. Thus,r � 0:05217 D 5:217%.

27. There is no simple formula for the position at timet of a planetP in its orbit (an ellipse) around the sun. Introduce the auxiliary
circle and angle� in Figure 5 (note thatP determines� because it is the central angle of pointB on the circle). Leta D OA and
e D OS=OA (the eccentricity of the orbit).

(a) Show that sectorBSAhas area.a2=2/.� � e sin�/.

(b) By Kepler’s Second Law, the area of sectorBSA is proportional to the timet elapsed since the planet passed pointA, and
because the circle has area�a2, BSAhas area.�a2/.t=T /, whereT is the period of the orbit. DeduceKepler’s Equation:

2�t

T
D � � e sin �

(c) The eccentricity of Mercury’s orbit is approximatelye D 0:2. Use Newton’s Method to find� after a quarter of Mercury’s year
has elapsed (t D T=4). Convert� to degrees. Has Mercury covered more than a quarter of its orbit att D T=4?

O

P

A
S

Auxiliary circle

Elliptical orbit

Sun
q

B

FIGURE 5

SOLUTION

(a) The sectorSAB is the sliceOAB with the triangleOPS removed.OAB is a central sector with arc� and radiusOA D a, and

therefore has areaa
2�
2 .OPS is a triangle with heighta sin� and base lengthOS D ea. Hence, the area of the sector is

a2

2
� � 1

2
ea2 sin� D a2

2
.� � e sin�/:

(b) Since Kepler’s second law indicates that the area of the sector is proportional to the timet since the planet passed pointA, we
get

�a2 .t=T / D a2=2 .� � e sin�/

2�
t

T
D � � e sin �:

(c) If t D T=4, the last equation in (b) gives:

�

2
D � � e sin � D � � :2 sin�:

Let f .�/ D � � :2 sin� � �
2 . We will use Newton’s Method to find the point wheref .�/ D 0. Since a quarter of the year on

Mercury has passed, a good first estimate�0 would be�2 .

n 1 2 3 4

xn 1.7708 1.76696 1.76696 1.76696

From the point of view of the Sun, Mercury has traversed an angle of approximately1:76696 radians D 101:24ı. Mercury has
therefore traveled more than one fourth of the way around (from the point of view of central angle) during this time.

28. The roots off .x/ D 1
3x
3 � 4x C 1 to three decimal places are�3:583, 0.251, and 3.332 (Figure 6). Determine the root to

which Newton’s Method converges for the initial choicesx0 D 1:85, 1.7, and 1.55. The answer shows that a small change inx0
can have a significant effect on the outcome of Newton’s Method.
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0.2513

4

−4

−3.583

3.332
x

y

FIGURE 6 Graph off .x/ D 1
3x
3 � 4x C 1.

SOLUTION Let f .x/ D 1
3x
3 � 4x C 1, and define

xnC1 D xn � f .xn/

f 0.xn/
D xn �

1
3x
3
n � 4xn C 1

x2n � 4
:

� Takingx0 D 1:85, we have

n 1 2 3 4 5 6 7

xn �5:58 �4:31 �3:73 �3:59 �3:58294362 �3:582918671 �3:58291867

� Takingx0 D 1:7, we have

n 1 2 3 4 5 6 7 8 9

xn �2:05 �33:40 �22:35 �15:02 �10:20 �7:08 �5:15 �4:09 �3:66

n 10 11 12 13

xn �3:585312288 �3:582920989 �3:58291867 �3:58291867

� Takingx0 D 1:55, we have

n 1 2 3 4 5 6

xn �0:928 0.488 0.245 0.251320515 0.251322863 0.251322863

29. What happens when you apply Newton’s Method to find a zero off .x/ D x1=3? Note thatx D 0 is the only zero.

SOLUTION Let f .x/ D x1=3. Define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x

1=3
n

1
3x

�2=3
n

D xn � 3xn D �2xn:

Takex0 D 0:5. Then the sequence of iterates is�1; 2;�4; 8;�16; 32;�64; : : : That is, for any nonzero starting value, the sequence
of iterates diverges spectacularly, sincexn D .�2/n x0. Thus limn!1 jxnj D limn!1 2n jx0j D 1.

30. What happens when you apply Newton’s Method to the equationx3 � 20x D 0 with the unlucky initial guessx0 D 2?

SOLUTION Let f .x/ D x3 � 20x. Define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x3n � 20xn

3x2n � 20
:

Takex0 D 2. Then the sequence of iterates is�2; 2;�2; 2; : : :, which diverges by oscillation.

Further Insights and Challenges

31. Newton’s Method can be used to compute reciprocals without performing division. Letc > 0 and setf .x/ D x�1 � c.

(a) Show thatx � .f .x/=f 0.x// D 2x � cx2.

(b) Calculate the first three iterates of Newton’s Method withc D 10:3 and the two initial guessesx0 D 0:1 andx0 D 0:5.

(c) Explain graphically whyx0 D 0:5 does not yield a sequence converging to1=10:3.

SOLUTION

(a) Let f .x/ D 1
x � c. Then

x � f .x/

f 0.x/
D x �

1
x � c
�x�2 D 2x � cx2:



S E C T I O N 4.8 Newton’s Method 501

(b) Forc D 10:3, we havef .x/ D 1
x � 10:3 and thusxnC1 D 2xn � 10:3x2n.

� Takex0 D 0:1.

n 1 2 3
xn 0.097 0.0970873 0.09708738

� Takex0 D 0:5.

n 1 2 3
xn �1:575 �28:7004375 �8541:66654

(c) The graph is disconnected. Ifx0 D :5, .x1; f .x1// is on the other portion of the graph, which will never converge to any point
under Newton’s Method.

In Exercises 32 and 33, consider a metal rod of lengthL fastened at both ends. If you cut the rod and weld on an additional segment
of lengthm, leaving the ends fixed, the rod will bow up into a circular arc of radiusR (unknown), as indicated in Figure 7.

R

h

q

L

FIGURE 7 The bold circular arc has lengthLCm.

32. Let h be the maximum vertical displacement of the rod.

(a) Show thatL D 2R sin� and conclude that

h D L.1 � cos�/

2 sin �

(b) Show thatLCm D 2R� and then prove

sin�

�
D L

LCm
2

SOLUTION

(a) From the figure, we have sin� D L=2
R

, so thatL D 2R sin� . Hence

h D R � R cos� D R .1 � cos�/ D
1
2L

sin�
.1 � cos�/ D L .1� cos�/

2 sin �

(b) The arc lengthLCm is also given by radius� angleD R � 2� . Thus,LCm D 2R� . DividingL D 2R sin� byLCm D 2R�

yields

L

LCm
D 2R sin�

2R�
D sin �

�
:

33. LetL D 3 andm D 1. Apply Newton’s Method to Eq. (2) to estimate� , and use this to estimateh.

SOLUTION We letL D 3 andm D 1. We want the solution of:

sin�

�
D L

LCm

sin �

�
� L

LCm
D 0

sin �

�
� 3

4
D 0:

Let f .�/ D sin�
�

� 3
4 .

1.50.5 1
x

y

−0.2
−0.2

0.2
0.1
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The figure above suggests that�0 D 1:5 would be a good initial guess. The Newton’s Method approximations for the solution
follow:

n 1 2 3 4

�n 1.2854388 1.2757223 1.2756981 1.2756981

The angle wheresin�
�

D L
LCm is approximately1:2757. Hence

h D L
1 � cos�

2 sin �
� 1:11181:

34. Quadratic Convergence to Square Roots Let f .x/ D x2 � c and leten D xn �
p
c be the error inxn.

(a) Show thatxnC1 D 1
2 .xn C c=xn/ andenC1 D e2n=2xn.

(b) Show that ifx0 >
p
c, thenxn >

p
c for all n. Explain graphically.

(c) Show that ifx0 >
p
c, thenenC1 � e2n=.2

p
c/.

SOLUTION

(a) Let f .x/ D x2 � c. Then

xnC 1 D xn � f .xn/

f 0.xn/
D xn � x2n � c

2xn
D x2n C c

2xn
D 1

2

�
xn C c

xn

�
;

as long asxn ¤ 0. Now

e2n
2xn

D
�
xn �

p
c
�2

2xn
D x2n � 2xn

p
c C c

2xn
D 1

2
xn �

p
c C c

2xn

D 1

2

�
xn C c

xn

�
�

p
c D xnC1 �

p
c D enC1:

(b) Sincex0 >
p
c � 0, we havee0 D x0 �

p
c > 0. Now assume thatek > 0 for k D n. Then0 < ek D en D xn �

p
c,

whencexn >
p
c � 0; i.e.,xn > 0 anden > 0. By part (a), we have fork D n C 1 thatek D enC1 D e2n

2xn
> 0 sincexn > 0.

ThusenC1 > 0. Therefore by inductionen > 0 for all n � 0. Henceen D xn �
p
c > 0 for all n � 0. Thereforexn >

p
c for all

n � 0.
The figure below shows the graph off .x/ D x2 � c. Thex-intercept of the graph is, of course,x D

p
c. We see that for any

xn >
p
c, the tangent line to the graph off intersects thex-axis at a valuexnC1 >

p
c.

y

x

(c) By part (b), if x0 >
p
c, thenxn >

p
c for all n � 0. Accordingly, for alln � 0 we haveenC1 D e2n

2xn
<

e2n

2
p
c

. In other

words,enC1 <
e2n

2
p
c

for all n � 0.

In Exercises 35–37, a flexible chain of lengthL is suspended between two poles of equal height separated by a distance2M (Figure
8). By Newton’s laws, the chain describes acatenaryy D a cosh

�
x
a

�
, wherea is the number such thatL D 2a sinh

�
M
a

�
. Thesag

s is the vertical distance from the highest to the lowest point on the chain.

y = a cosh(x/a)

2 M

s

x

y

FIGURE 8 Chain hanging between two poles.
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35. Suppose thatL D 120 andM D 50.

(a) Use Newton’s Method to find a value ofa (to two decimal places) satisfyingL D 2a sinh.M=a/.

(b) Compute the sags.

SOLUTION

(a) Let

f .a/ D 2a sinh
�
50

a

�
� 120:

The graph off shown below suggestsa � 47 is a root off . Starting witha0 D 47, we find the following approximations using
Newton’s method:

a1 D 46:95408 and a2 D 46:95415

Thus, to two decimal places,a D 46:95.

40 42 44 46 48

−2

0

2

4

6

y

x

(b) The sag is given by

s D y.M/ � y.0/ D
�
a cosh

M

a
C C

�
�
�
a cosh

0

a
C C

�
D a cosh

M

a
� a:

UsingM D 50 anda D 46:95, we finds D 29:24.

36. Assume thatM is fixed.

(a) Calculateds
da

. Note thats D a cosh
�
M
a

�
� a.

(b) Calculateda
dL

by implicit differentiation using the relationL D 2a sinh
�
M
a

�
.

(c) Use (a) and (b) and the Chain Rule to show that

ds

dL
D ds

da

da

dL
D cosh.M=a/� .M=a/ sinh.M=a/ � 1

2 sinh.M=a/� .2M=a/ cosh.M=a/
3

SOLUTION The sag in the curve is

s D y.M/ � y.0/ D a cosh
�
M

a

�
C C � .a cosh0C C/ D a cosh

�
M

a

�
� a:

(a)
ds

da
D cosh

�
M

a

�
� M

a
sinh

�
M

a

�
� 1

(b) If we differentiate the relationL D 2a sinh
�
M

a

�
with respect toa, we find

0 D 2
da

dL
sinh

�
M

a

�
� 2M

a

da

dL
cosh

�
M

a

�
:

Solving for da=dL yields

da

dL
D
�
2 sinh

�
M

a

�
� 2M

a
cosh

�
M

a

���1
:

(c) By the Chain Rule,

ds

dL
D ds

da
� da
dL

:

The formula fords=dL follows upon substituting the results from parts (a) and (b).
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37. Suppose thatL D 160 andM D 50.

(a) Use Newton’s Method to find a value ofa (to two decimal places) satisfyingL D 2a sinh.M=a/.
(b) Use Eq. (3) and the Linear Approximation to estimate the increase in sag�s for changes in length�L D 1 and�L D 5.
(c) Computes.161/ � s.160/ ands.165/ � s.160/ directly and compare with your estimates in (b).

SOLUTION

(a) Let f .x/ D 2x sinh.50=x/� 160. Using the graph below, we select an initial guess ofx0 D 30. Newton’s Method then yields:

n 1 2 3

xn 28.30622107 28.45653356 28.45797517

Thus, to two decimal places,a � 28:46.

10 20 30 40

50

100

150

200

250
y = 2a sinh(50/a)

(b) WithM D 50 anda � 28:46, we find using Eq. (3) that

ds

dL
D 0:61:

By the Linear Approximation,

�s � ds

dL
��L:

If L increases from 160 to 161, then�L D 1 and�s � 0:61; if L increases from 160 to 165, then�L D 5 and�s � 3:05.
(c) WhenL D 160, a � 28:46 and

s.160/ D 28:46 cosh

�
50

28:46

�
� 28:46 � 56:45I

whereas, whenL D 161, a � 28:25 and

s.161/ D 28:25 cosh

�
50

28:25

�
� 28:25 � 57:07:

Therefore,s.161/ � s.160/ D 0:62, very close to the approximation obtained from the Linear Approximation. Moreover, when
L D 165, a � 27:49 and

s.165/ D 27:49 cosh

�
50

27:49

�
� 27:49 � 59:47I

thus,s.165/ � s.160/ D 3:02, again very close to the approximation obtained from the Linear Approximation.

4.9 Antiderivatives

Preliminary Questions
1. Find an antiderivative of the functionf .x/ D 0.

SOLUTION Since the derivative of any constant is zero, any constant function is an antiderivative for the functionf .x/ D 0.

2. Is there a difference between finding the general antiderivative of a functionf .x/ and evaluating
R
f .x/ dx?

SOLUTION No difference. The indefinite integral is the symbol for denoting the general antiderivative.

3. Jacques was told thatf .x/ andg.x/ have the same derivative, and he wonders whetherf .x/ D g.x/. Does Jacques have
sufficient information to answer his question?

SOLUTION No. Knowing that the two functions have the same derivative is only good enough to tell Jacques that the functions
may differ by at most an additive constant. To determine whether the functions are equal for allx, Jacques needs to know the value
of each function for a single value ofx. If the two functions produce the same output value for a single input value, they must take
the same value for all input values.
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4. Suppose thatF 0.x/ D f .x/ andG0.x/ D g.x/. Which of the following statements are true? Explain.

(a) If f D g, thenF D G.

(b) If F andG differ by a constant, thenf D g.

(c) If f andg differ by a constant, thenF D G.

SOLUTION

(a) False. Even iff .x/ D g.x/, the antiderivativesF andG may differ by an additive constant.

(b) True. This follows from the fact that the derivative of any constant is 0.

(c) False. If the functionsf andg are different, then the antiderivativesF andG differ by a linear function:F.x/�G.x/ D ax C b

for some constantsa andb.

5. Is y D x a solution of the following Initial Value Problem?

dy

dx
D 1; y.0/ D 1

SOLUTION Although d
dx
x D 1, the functionf .x/ D x takes the value 0 whenx D 0, soy D x is nota solution of the indicated

initial value problem.

Exercises
In Exercises 1–8, find the general antiderivative off .x/ and check your answer by differentiating.

1. f .x/ D 18x2

SOLUTION

Z
18x2 dx D 18

Z
x2 dx D 18 � 1

3
x3 C C D 6x3 C C:

As a check, we have

d

dx
.6x3 C C/ D 18x2

as needed.

2. f .x/ D x�3=5

SOLUTION

Z
x�3=5 dx D x2=5

2=5
C C D 5

2
x2=5 C C:

As a check, we have

d

dx

�
5

2
x2=5 C C

�
D x�3=5

as needed.

3. f .x/ D 2x4 � 24x2 C 12x�1

SOLUTION

Z
.2x4 � 24x2 C 12x�1/ dx D 2

Z
x4 dx � 24

Z
x2 dx C 12

Z
1

x
dx

D 2 � 1
5
x5 � 24 � 1

3
x3 C 12 ln jxj C C

D 2

5
x5 � 8x3 C 12 ln jxj C C:

As a check, we have

d

dx

�
2

5
x5 � 8x3 C 12 ln jxj C C

�
D 2x4 � 24x2 C 12x�1

as needed.
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4. f .x/ D 9x C 15x�2

SOLUTION

Z
.9x C 15x�2/ dx D 9

Z
x dx C 15

Z
x�2 dx

D 9 � 1
2
x2 C 15 � x

�1

�1 C C

D 9

2
x2 � 15x�1 C C:

As a check, we have

d

dx

�
9

2
x2 � 15x�1 C C

�
D 9x C 15x�2

as needed.

5. f .x/ D 2 cosx � 9 sinx

SOLUTION

Z
.2 cosx � 9 sinx/ dx D 2

Z
cosx dx � 9

Z
sinx dx

D 2 sinx � 9.� cosx/C C D 2 sinx C 9 cosx C C

As a check, we have

d

dx
.2 sinx C 9 cosx C C/ D 2 cosx C 9.� sinx/ D 2 cosx � 9 sinx

as needed.

6. f .x/ D 4x7 � 3 cosx

SOLUTION

Z
.4x7 � 3 cosx/ dx D 4

Z
x7 dx � 3

Z
cosx dx

D 4 � 1
8
x8 � 3 sin x C C D 1

2
x8 � 3 sin x C C:

As a check, we have

d

dx

�
1

2
x8 � 3 sinx C C

�
D 4x7 � 3 cosx;

as needed.

7. f .x/ D 12ex � 5x�2

SOLUTION

Z
.12ex � 5x�2/ dx D 12

Z
ex dx � 5

Z
x�2 dx D 12ex � 5.�x�1/C C D 12ex C 5x�1 C C:

As a check, we have

d

dx

�
12ex C 5x�1 C C

�
D 12ex C 5.�x�2/ D 12ex � 5x�2

as needed.

8. f .x/ D ex � 4 sinx

SOLUTION

Z
.ex � 4 sinx/ dx D ex � 4

Z
sinx dx

D ex � 4.� cosx/C C D ex C 4 cosx C C:

As a check, we have

d

dx

�
ex C 4 cosx C C

�
D ex � 4 sinx

as needed.
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9. Match functions (a)–(d) with their antiderivatives (i)–(iv).

(a)f .x/ D sinx (i) F.x/ D cos.1 � x/
(b) f .x/ D x sin.x2/ (ii) F.x/ D � cosx

(c) f .x/ D sin.1 � x/ (iii) F.x/ D �1
2 cos.x2/

(d) f .x/ D x sinx (iv) F.x/ D sinx � x cosx

SOLUTION

(a) An antiderivative of sinx is � cosx, which is(ii) . As a check, we haved
dx
.� cosx/ D � .� sinx/ D sinx.

(b) An antiderivative ofx sin.x2/ is �1
2 cos.x2/, which is(iii) . This is because, by the Chain Rule, we haved

dx

�
�1
2 cos.x2/

�
D

�1
2

�
� sin.x2/

�
� 2x D x sin.x2/.

(c) An antiderivative of sin.1 � x/ is cos.1 � x/ or (i). As a check, we haved
dx

cos.1� x/ D � sin.1 � x/ � .�1/ D sin.1 � x/.

(d) An antiderivative ofx sinx is sinx � x cosx, which is(iv). This is because

d

dx
.sin x � x cosx/ D cosx � .x .� sinx/C cosx � 1/ D x sinx

In Exercises 10–39, evaluate the indefinite integral.

10.
Z
.9x C 2/ dx

SOLUTION

Z
.9x C 2/ dx D 9

2
x2 C 2x C C .

11.
Z
.4 � 18x/ dx

SOLUTION

Z
.4 � 18x/ dx D 4x � 9x2 C C .

12.
Z
x�3 dx

SOLUTION

Z
x�3 dx D x�2

�2 C C D �1
2
x�2 C C .

13.
Z
t�6=11 dt

SOLUTION

Z
t�6=11 dt D t5=11

5=11
C C D 11

5
t5=11 C C .

14.
Z
.5t3 � t�3/ dt

SOLUTION

Z
.5t3 � t�3/ dt D 5

4
t4 � t�2

�2 C C D 5

4
t4 C 1

2
t�2 C C .

15.
Z
.18t5 � 10t4 � 28t/ dt

SOLUTION

Z
.18t5 � 10t4 � 28t/ dt D 3t6 � 2t5 � 14t2 C C .

16.
Z
14s9=5 ds

SOLUTION

Z
14s9=5 ds D 14 � s

14=5

14=5
C C D 5s14=5 C C .

17.
Z
.z�4=5 � z2=3 C z5=4/ dz

SOLUTION

Z
..z�4=5 � z2=3 C z5=4/ dz D z1=5

1=5
� z5=3

5=3
C z9=4

9=4
C C D 5z1=5 � 3

5
z5=3 C 4

9
z9=4 C C .

18.
Z
3

2
dx
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SOLUTION

Z
3

2
dx D 3

2
x C C .

19.
Z

1
3
p
x
dx

SOLUTION

Z
1

3
p
x
dx D

Z
x�1=3 dx D x2=3

2=3
C C D 3

2
x2=3 C C .

20.
Z

dx

x4=3

SOLUTION

Z
dx

x4=3
D
Z
x�4=3 dx D x�1=3

�1=3 C C D � 3

x1=3
C C .

21.
Z

36 dt

t3

SOLUTION

Z
36

t3
dt D

Z
36t�3 dt D 36

t�2

�2 C C D �18
t2

C C .

22.
Z
x.x2 � 4/ dx

SOLUTION

Z
x.x2 � 4/ dx D

Z
.x3 � 4x/ dx D 1

4
x4 � 2x2 C C .

23.
Z
.t1=2 C 1/.t C 1/ dt

SOLUTION

Z
.t1=2 C 1/.t C 1/ dt D

Z
.t3=2 C t C t1=2 C 1/ dt

D t5=2

5=2
C 1

2
t2 C t3=2

3=2
C t C C

D 2

5
t5=2 C 1

2
t2 C 2

3
t3=2 C t C C

24.
Z
12 � zp

z
dz

SOLUTION

Z
12 � zp

z
dz D

Z
.12z�1=2 � z1=2/ dz D 24z1=2 � 2

3
z3=2 C C .

25.
Z
x3 C 3x � 4

x2
dx

SOLUTION

Z
x3 C 3x � 4

x2
dx D

Z
.x C 3x�1 � 4x�2/ dx

D 1

2
x2 C 3 ln jxj C 4x�1 C C

26.
Z �

1

3
sin x � 1

4
cosx

�
dx

SOLUTION

Z �
1

3
sin x � 1

4
cosx

�
dx D �1

3
cosx � 1

4
sinx C C .

27.
Z
12 secx tanx dx

SOLUTION

Z
12 secx tanx dx D 12 secx C C .

28.
Z
.� C sec2 �/ d�

SOLUTION

Z
.� C sec2 �/ d� D 1

2
�2 C tan� C C .
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29.
Z
.csct cott/ dt

SOLUTION

Z
.csct cott/ dt D � csct C C .

30.
Z

sin.7x � 5/ dx

SOLUTION

Z
sin.7x � 5/ dx D �1

7
cos.7x � 5/C C .

31.
Z

sec2.7 � 3�/ d�

SOLUTION

Z
sec2.7 � 3�/ d� D �1

3
tan.7 � 3�/C C .

32.
Z
.� � cos.1 � �// d�

SOLUTION

Z
.� � cos.1 � �// d� D 1

2
�2 C sin.1 � �/C C .

33.
Z
25 sec2.3z C 1/ dz

SOLUTION

Z
25 sec2.3z C 1/ dz D 25

3
tan.3z C 1/C C .

34.
Z

sec.x C 5/ tan.x C 5/ dx

SOLUTION

Z
sec.x C 5/ tan.x C 5/ dx D sec.x C 5/C C .

35.
Z �

cos.3�/ � 1

2
sec2

�
�

4

��
d�

SOLUTION

Z �
cos.3�/ � 1

2
sec2

�
�

4

��
d� D 1

3
sin.3�/ � 2 tan

�
�

4

�
C C .

36.
Z �

4

x
� ex

�
dx

SOLUTION

Z �
4

x
� ex

�
dx D 4 ln jxj � ex C C .

37.
Z
.3e5x/ dx

SOLUTION

Z
.3e5x/ dx D 3

5
e5x C C .

38.
Z
e3t�4 dt

SOLUTION

Z
e3t�4 dt D 1

3
e3t�4 C C .

39.
Z
.8x � 4e5�2x/ dx

SOLUTION

Z
.8x � 4e5�2x/ dx D 4x2 C 2e5�2x C C .

40. In Figure 1, is graph (A) or graph (B) the graph of an antiderivative off .x/?

f (x) (A) (B)

x

x

x

yy y

FIGURE 1
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SOLUTION Let F.x/ be an antiderivative off .x/. By definition, this meansF 0.x/ D f .x/. In other words,f .x/ provides
information as to the increasing/decreasing behavior ofF.x/. Since, moving left to right,f .x/ transitions from� to C to � to C
to � to C, it follows thatF.x/must transition from decreasing to increasing to decreasing to increasing to decreasing to increasing.
This describes the graph in (A)!

41. In Figure 2, which of graphs (A), (B), and (C) isnot the graph of an antiderivative off .x/? Explain.

f (x)

(C)(B)(A)

x

x

y

x

y

x

y

y

FIGURE 2

SOLUTION LetF.x/ be an antiderivative off .x/. Notice thatf .x/ D F 0.x/ changes sign from� to C to � to C. Hence,F.x/
must transition from decreasing to increasing to decreasing to increasing.

� Both graph (A) and graph (C) meet the criteria discussed above and only differ by an additive constant. Thus either could be
an antiderivative off .x/.

� Graph (B) does not have the same local extrema as indicated byf .x/ and therefore isnot an antiderivative off .x/.

42. Show thatF.x/ D 1
3 .x C 13/3 is an antiderivative off .x/ D .x C 13/2.

SOLUTION Note that

d

dx
F.x/ D d

dx

1

3
.x C 13/3 D .x C 13/2:

Thus,F.x/ D 1
3 .x C 13/3 is an antiderivative off .x/ D .x C 13/2.

In Exercises 43–46, verify by differentiation.

43.
Z
.x C 13/6 dx D 1

7
.x C 13/7 C C

SOLUTION
d

dx

�
1

7
.x C 13/7 C C

�
D .x C 13/6 as required.

44.
Z
.x C 13/�5 dx D �1

4
.x C 13/�4 C C

SOLUTION
d

dx

�
�1
4
.x C 13/�4 C C

�
D .x C 13/�5 as required.

45.
Z
.4x C 13/2 dx D 1

12
.4x C 13/3 C C

SOLUTION
d

dx

�
1

12
.4x C 13/3 C C

�
D 1

4
.4x C 13/2.4/ D .4x C 13/2 as required.

46.
Z
.ax C b/n dx D 1

a.nC 1/
.ax C b/nC1 C C (for n ¤ �1).

SOLUTION
d

dx

�
1

a.nC 1/
.ax C b/nC1 C C

�
D .ax C b/n as required.

In Exercises 47–62, solve the initial value problem.

47.
dy

dx
D x3, y.0/ D 4
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SOLUTION Sincedy
dx

D x3, we have

y D
Z
x3 dx D 1

4
x4 C C:

Thus,

4 D y.0/ D 1

4
04 C C D C;

so thatC D 4. Therefore,y D 1
4x
4 C 4.

48.
dy

dt
D 3 � 2t , y.0/ D �5

SOLUTION Sincedy
dt

D 3 � 2t , we have

y D
Z
.3� 2t/ dt D 3t � t2 C C:

Thus,

�5 D y.0/ D 3.0/ � .0/2 C C D C;

so thatC D �5. Therefore,y D 3t � t2 � 5.

49.
dy

dt
D 2t C 9t2, y.1/ D 2

SOLUTION Sincedy
dt

D 2t C 9t2, we have

y D
Z
.2t C 9t2/ dt D t2 C 3t3 C C:

Thus,

2 D y.1/ D 12 C 3.1/3 C C;

so thatC D �2. Thereforey D t2 C 3t3 � 2.

50.
dy

dx
D 8x3 C 3x2, y.2/ D 0

SOLUTION Sincedy
dx

D 8x3 C 3x2, we have

y D
Z
.8x3 C 3x2/ dx D 2x4 C x3 C C:

Thus

0 D y.2/ D 2.2/4 C 23 C C;

so thatC D �40. Therefore,y D 2x4 C x3 � 40.

51.
dy

dt
D

p
t , y.1/ D 1

SOLUTION Sincedy
dt

D
p
t D t1=2, we have

y D
Z
t1=2 dt D 2

3
t3=2 C C:

Thus

1 D y.1/ D 2

3
C C;

so thatC D 1
3 . Therefore,y D 2

3 t
3=2 C 1

3 .

52.
dz

dt
D t�3=2, z.4/ D �1

SOLUTION Sincedz
dt

D t�3=2, we have

z D
Z
t�3=2 dt D �2t�1=2 C C:

Thus

�1 D z.4/ D �2.4/�1=2 C C;

so thatC D 0. Therefore,z D �2t�1=2.
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53.
dy

dx
D .3x C 2/3, y.0/ D 1

SOLUTION Sincedy
dx

D .3x C 2/3, we have

y D
Z
.3x C 2/3 dx D 1

4
� 1
3
.3x C 2/4 C C D 1

12
.3x C 2/4 C C:

Thus,

1 D y.0/ D 1

12
.2/4 C C;

so thatC D 1 � 4
3 D �1

3 . Therefore,y D 1
12 .3x C 2/4 � 1

3 .

54.
dy

dt
D .4t C 3/�2, y.1/ D 0

SOLUTION Sincedy
dt

D .4t C 3/�2, we have

y D
Z
.4t C 3/�2 dt D 1

�1 � 1
4
.4t C 3/�1 C C D �1

4
.4t C 3/�1 C C:

Thus,

0 D y.1/ D �1
4
.7/�1 C C;

so thatC D 1
28 . Therefore,y D �1

4 .4t C 3/�1 C 1
28 .

55.
dy

dx
D sin x, y

��
2

�
D 1

SOLUTION Sincedy
dx

D sin x, we have

y D
Z

sinx dx D � cosx C C:

Thus

1 D y
��
2

�
D 0C C;

so thatC D 1. Therefore,y D 1 � cosx.

56.
dy

dz
D sin 2z, y

��
4

�
D 4

SOLUTION Sincedy
dz

D sin 2z, we have

y D
Z

sin2z dz D �1
2

cos2z C C:

Thus

4 D y
��
4

�
D 0C C;

so thatC D 4. Therefore,y D 4 � 1
2 cos2z.

57.
dy

dx
D cos5x, y.�/ D 3

SOLUTION Sincedy
dx

D cos5x, we have

y D
Z

cos5x dx D 1

5
sin 5x C C:

Thus3 D y.�/ D 0C C , so thatC D 3. Therefore,y D 3C 1
5 sin 5x.

58.
dy

dx
D sec2 3x, y

��
4

�
D 2
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SOLUTION Sincedy
dx

D sec2 3x, we have

y D
Z

sec2.3x/ dx D 1

3
tan.3x/C C:

Sincey
�
�
4

�
D 2, we get:

2 D 1

3
tan

�
3
�

4

�
C C

2 D 1

3
.�1/C C

7

3
D C:

Therefore,y D 1
3 tan.3x/C 7

3 .

59.
dy

dx
D ex , y.2/ D 0

SOLUTION Sincedy
dx

D ex , we have

y D
Z
ex dx D ex C C:

Thus,

0 D y.2/ D e2 C C;

so thatC D �e2. Therefore,y D ex � e2.

60.
dy

dt
D e�t , y.0/ D 0

SOLUTION Sincedy
dt

D e�t , we have

y D
Z
e�t dt D �e�t C C:

Thus,

0 D y.0/ D �e0 C C;

so thatC D 1. Therefore,y D �e�t C 1.

61.
dy

dt
D 9e12�3t , y.4/ D 7

SOLUTION Sincedy
dt

D 9e12�3t , we have

y D
Z
9e12�3t dt D �3e12�3t C C:

Thus,

7 D y.4/ D �3e0 C C;

so thatC D 10. Therefore,y D �3e12�3t C 10.

62.
dy

dt
D t C 2et�9, y.9/ D 4

SOLUTION Sincedy
dt

D t C 2et�9, we have

y D
Z
.t C 2et�9/ dt D 1

2
t2 C 2et�9 C C:

Thus,

4 D y.9/ D 1

2
.9/2 C 2e0 C C;

so thatC D �77
2 . Therefore,y D 1

2 t
2 C 2et�9 � 77

2 .
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In Exercises 63–69, first findf 0 and then findf .

63. f 00.x/ D 12x, f 0.0/ D 1, f .0/ D 2

SOLUTION Let f 00.x/ D 12x. Thenf 0.x/ D 6x2 C C . Givenf 0.0/ D 1, it follows that1 D 6.0/2 C C andC D 1. Thus,
f 0.x/ D 6x2 C 1. Next, f .x/ D 2x3 C x C C . Givenf .0/ D 2, it follows that 2 D 2.0/3 C 0 C C andC D 2. Finally,
f .x/ D 2x3 C x C 2.

64. f 00.x/ D x3 � 2x, f 0.1/ D 0, f .1/ D 2

SOLUTION Let f 00.x/ D x3 � 2x. Thenf 0.x/ D 1
4x
4 � x2 C C . Givenf 0.1/ D 0, it follows that0 D 1

4 .1/
4 � .1/2 C C

andC D 3
4 . Thus,f 0.x/ D 1

4x
4 � x2 C 3

4 . Next, f .x/ D 1
20x

5 � 1
3x
3 C 3

4x C C . Given f .1/ D 2, it follows that2 D
1
20 .1/

5 � 1
3 .1/

3 C 3
4 C C andC D 23

15 . Finally,f .x/ D 1
20x

5 � 1
3x
3 C 3

4x C 23
15 .

65. f 00.x/ D x3 � 2x C 1, f 0.0/ D 1, f .0/ D 0

SOLUTION Let g.x/ D f 0.x/. The statement gives usg0.x/ D x3 � 2x C 1, g.0/ D 1. From this, we getg.x/ D 1
4x
4 �

x2 C x C C . g.0/ D 1 gives us1 D C , sof 0.x/ D g.x/ D 1
4x
4 � x2 C x C 1. f 0.x/ D 1

4x
4 � x2 C x C 1, sof .x/ D

1
20x

5 � 1
3x
3 C 1

2x
2 C x C C . f .0/ D 0 givesC D 0, so

f .x/ D 1

20
x5 � 1

3
x3 C 1

2
x2 C x:

66. f 00.x/ D x3 � 2x C 1, f 0.1/ D 0, f .1/ D 4

SOLUTION Let g.x/ D f 0.x/. The problem statement gives usg0.x/ D x3 � 2x C 1, g.0/ D 0. Fromg0.x/, we getg.x/ D
1
4x
4 � x2 C x C C , and fromg.1/ D 0, we get0 D 1

4 � 1 C 1 C C , so thatC D �1
4 . This givesf 0.x/ D g.x/ D

1
4x
4 � x2 C x � 1

4 . From f 0.x/, we getf .x/ D 1
4 .
1
5x
5/ � 1

3x
3 C 1

2x
2 � 1

4x C C D 1
20x

5 � 1
3x
3 C 1

2x
2 � 1

4x C C .
Fromf .1/ D 4, we get

1

20
� 1

3
C 1

2
� 1

4
C C D 4;

so thatC D 121
30 . Hence,

f .x/ D 1

20
x5 � 1

3
x3 C 1

2
x2 � 1

4
x C 121

30
:

67. f 00.t/ D t�3=2, f 0.4/ D 1, f .4/ D 4

SOLUTION Let g.t/ D f 0.t/. The problem statement isg0.t/ D t�3=2; g.4/ D 1. Fromg0.t/ we getg.t/ D 1
�1=2 t

�1=2 C C D
�2t�1=2 C C . Fromg.4/ D 1 we get�1 C C D 1 so thatC D 2. Hencef 0.t/ D g.t/ D �2t�1=2 C 2. Fromf 0.t/ we
get f .t/ D �2 1

1=2
t1=2 C 2t C C D �4t1=2 C 2t C C . Fromf .4/ D 4 we get�8 C 8 C C D 4, so thatC D 4. Hence,

f .t/ D �4t1=2 C 2t C 4.

68. f 00.�/ D cos� , f 0
��
2

�
D 1, f

��
2

�
D 6

SOLUTION Let g.�/ D f 0.�/. The problem statement gives

g0.�/ D cos�; g
��
2

�
D 1:

Fromg0.�/ we getg.�/ D sin� C C . Fromg.�2 / D 1 we get1C C D 1, soC D 0. Hencef 0.�/ D g.�/ D sin� . Fromf 0.�/
we getf .�/ D � cos� C C . Fromf .�2 / D 6 we getC D 6, so

f .�/ D � cos� C 6:

69. f 00.t/ D t � cost , f 0.0/ D 2, f .0/ D �2
SOLUTION Let g.t/ D f 0.t/. The problem statement gives

g0.t/ D t � cost; g.0/ D 2:

Fromg0.t/, we getg.t/ D 1
2 t
2 � sin t C C . Fromg.0/ D 2, we getC D 2. Hencef 0.t/ D g.t/ D 1

2 t
2 � sin t C 2. Fromf 0.t/,

we getf .t/ D 1
2 .
1
3 t
3/C cost C 2t C C . Fromf .0/ D �2, we get1C C D �2, henceC D �3, and

f .t/ D 1

6
t3 C cost C 2t � 3:

70. Show thatF.x/ D tan2 x andG.x/ D sec2 x have the same derivative. What can you conclude about the relation betweenF

andG? Verify this conclusion directly.
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SOLUTION Let f .x/ D tan2 x and g.x/ D sec2 x. Then f 0.x/ D 2 tanx sec2 x and g0.x/ D 2 secx � secx tanx D
2 tanx sec2 x; hencef 0.x/ D g0.x/. Accordingly,f .x/ andg.x/must differ by a constant; i.e.,f .x/� g.x/ D tan2 x � sec2 x D
C for some constantC . To see that this is true directly, divide the identity sin2 x C cos2 x D 1 by cos2 x. This yields
tan2 x C 1 D sec2 x, so that tan2 x � sec2 x D �1.
71. A particle located at the origin att D 1 s moves along thex-axis with velocityv.t/ D .6t2 � t/ m/s. State the differential
equation with initial condition satisfied by the positions.t/ of the particle, and finds.t/.

SOLUTION The differential equation satisfied bys.t/ is

ds

dt
D v.t/ D 6t2 � t;

and the associated initial condition iss.1/ D 0. From the differential equation, we find

s.t/ D
Z
.6t2 � t/ dt D 2t3 � 1

2
t2 C C:

Using the initial condition, it follows that

0 D s.1/ D 2 � 1

2
C C so C D �3

2
:

Finally,

s.t/ D 2t3 � 1

2
t2 � 3

2
:

72. A particle moves along thex-axis with velocityv.t/ D .6t2 � t/m/s. Find the particle’s positions.t/ assuming thats.2/ D 4.

SOLUTION The differential equation satisfied bys.t/ is

ds

dt
D v.t/ D 6t2 � t;

and the associated initial condition iss.2/ D 4. From the differential equation, we find

s.t/ D
Z
.6t2 � t/ dt D 2t3 � 1

2
t2 C C:

Using the initial condition, it follows that

4 D s.2/ D 16 � 2C C so C D �10:

Finally,

s.t/ D 2t3 � 1

2
t2 � 10:

73. A mass oscillates at the end of a spring. Lets.t/ be the displacement of the mass from the equilibrium position at timet .
Assuming that the mass is located at the origin att D 0 and has velocityv.t/ D sin.�t=2/ m/s, state the differential equation with
initial condition satisfied bys.t/, and finds.t/.

SOLUTION The differential equation satisfied bys.t/ is

ds

dt
D v.t/ D sin.�t=2/;

and the associated initial condition iss.0/ D 0. From the differential equation, we find

s.t/ D
Z

sin.�t=2/ dt D � 2

�
cos.�t=2/C C:

Using the initial condition, it follows that

0 D s.0/ D � 2

�
C C so C D 2

�
:

Finally,

s.t/ D 2

�
.1 � cos.�t=2//:

74. Beginning att D 0 with initial velocity 4 m/s, a particle moves in a straight line with accelerationa.t/ D 3t1=2 m/s2. Find the
distance traveled after25 seconds.
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SOLUTION Givena.t/ D 3t1=2 and an initial velocity of 4 m/s, it follows thatv.t/ satisfies

dv

dt
D 3t1=2; v.0/ D 4:

Thus,

v.t/ D
Z
3t1=2 dt D 2t3=2 C C:

Using the initial condition, we find

4 D v.0/ D 2.0/3=2 C C so C D 4

andv.t/ D 2t3=2 C 4. Next,

s D
Z
v.t/ dt D

Z
.2t3=2 C 4/ dt D 4

5
t5=2 C 4t C C:

Finally, the distance traveled after 25 seconds is

s.25/� s.0/ D 4

5
.25/5=2 C 4.25/ D 2600

meters.

75. A car traveling25 m/s begins to decelerate at a constant rate of4 m/s2. After how many seconds does the car come to a stop
and how far will the car have traveled before stopping?

SOLUTION Since the acceleration of the car is a constant�4m=s2, v is given by the differential equation:

dv

dt
D �4; v.0/ D 25:

From dv
dt

, we getv.t/ D
R

�4 dt D �4t C C . Sincev.0/25, C D 25. From this,v.t/ D �4t C 25 m
s . To find the time until the

car stops, we must solvev.t/ D 0:

�4t C 25 D 0

4t D 25

t D 25=4 D 6:25 s:

Now we have a differential equation fors.t/. Since we want to know how far the car has traveled from the beginning of its
deceleration at timet D 0, we haves.0/ D 0 by definition, so:

ds

dt
D v.t/ D �4t C 25; s.0/ D 0:

From this,s.t/ D
R
.�4t C 25/ dt D �2t2 C 25t C C . Sinces.0/ D 0, we haveC D 0, and

s.t/ D �2t2 C 25t:

At stopping timet D 0:25 s, the car has traveled

s.6:25/ D �2.6:25/2 C 25.6:25/ D 78:125 m:

76. At time t D 1 s, a particle is traveling at 72 m/s and begins to decelerate at the ratea.t/ D �t�1=2 until it stops. How far does
the particle travel before stopping?

SOLUTION With a.t/ D �t�1=2 and a velocity of 72 m/s att D 1 s, it follows thatv.t/ satisfies

dv

dt
D �t�1=2; v.1/ D 72:

Thus,

v.t/ D
Z

�t�1=2 dt D �2t1=2 C C:

Using the initial condition, we find

72 D v.1/ D �2C C so C D 74;

andv.t/ D 74 � 2t1=2. The particle comes to rest when

74 � 2t1=2 D 0 or when t D 372 D 1369
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seconds. Now,

s.t/ D
Z
v.t/ dt D

Z
.74 � 2t1=2/ dt D 74t � 4

3
t3=2 C C:

The distance traveled by the particle before it comes to rest is then

s.1369/ � s.1/ D 74.1369/ � 202612

3
� 74C 4

3
D 33696

meters.

77. A 900-kg rocket is released from a space station. As it burns fuel, the rocket’s mass decreases and its velocity increases. Let
v.m/ be the velocity (in meters per second) as a function of massm. Find the velocity whenm D 729 if dv=dm D �50m�1=2.
Assume thatv.900/ D 0.

SOLUTION Since dv
dm

D �50m�1=2, we havev.m/ D
R

�50m�1=2 dm D �100m1=2 CC . Thus0 D v.900/ D �100
p
900C

C D �3000C C , andC D 3000. Therefore,v.m/ D 3000 � 100
p
m. Accordingly,

v.729/ D 3000 � 100
p
729 D 3000 � 100.27/ D 300 meters/sec:

78. As water flows through a tube of radiusR D 10 cm, the velocityv of an individual water particle depends only on its distance
r from the center of the tube. The particles at the walls of the tube have zero velocity anddv=dr D �0:06r . Determinev.r/.

SOLUTION The statement amounts to the differential equation and initial condition:

dv

dr
D �0:06r; v.R/ D 0:

From dv
dr

D �0:06r , we get

v.r/ D
Z

�0:06r dr D �0:06r
2

2
C C D �0:03r2 C C:

Plugging inv.R/ D 0, we get�0:03R2 C C D 0, so thatC D 0:03R2. Therefore,

v.r/ D �0:03r2 C 0:03R2 D 0:03.R2 � r2/ cm=s:

If R D 10 centimeters, we get:

v.r/ D 0:03.102 � r2/:

79. Verify the linearity properties of the indefinite integral stated in Theorem 4.

SOLUTION To verify the Sum Rule, letF.x/ andG.x/ be any antiderivatives off .x/ andg.x/, respectively. Because

d

dx
.F.x/CG.x// D d

dx
F.x/C d

dx
G.x/ D f .x/C g.x/;

it follows thatF.x/CG.x/ is an antiderivative off .x/C g.x/; i.e.,
Z
.f .x/C g.x// dx D

Z
f .x/ dx C

Z
g.x/ dx:

To verify the Multiples Rule, again letF.x/ be any antiderivative off .x/ and letc be a constant. Because

d

dx
.cF.x// D c

d

dx
F.x/ D cf .x/;

it follows thatcF.x/ is and antiderivative ofcf .x/; i.e.,
Z
.cf .x// dx D c

Z
f .x/ dx:
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Further Insights and Challenges

80. Find constantsc1 andc2 such thatF.x/ D c1x sinx C c2 cosx is an antiderivative off .x/ D x cosx.

SOLUTION LetF.x/ D c1x sinx C c2 cosx. If F.x/ is to be an antiderivative off .x/ D x cosx, we must haveF 0.x/ D f .x/

for all x. Hencec1 .x cosx C sinx/� c2 sinx D x cosx for all x. Equating coefficients on the left- and right-hand sides, we have
c1 D 1 (i.e., the coefficients ofx cosx are equal) andc1 � c2 D 0 (i.e., the coefficients of sinx are equal). Thusc1 D c2 D 1 and
henceF.x/ D x sinx C cosx. As a check, we haveF 0.x/ D x cosx C sinx � sinx D x cosx D f .x/, as required.

81. Find constantsc1 andc2 such thatF.x/ D c1xe
x C c2e

x is an antiderivative off .x/ D xex.

SOLUTION Let F.x/ D c1xe
x C c2e

x . If F.x/ is to be an antiderivative off .x/ D xex, we must haveF 0.x/ D f .x/ for all
x. Hence,

c1xe
x C .c1 C c2/e

x D xex D 1 � xex C 0 � ex :

Equating coefficients of like terms we havec1 D 1 andc1 C c2 D 0. Thus,c1 D 1 andc2 D �1.
82. Suppose thatF 0.x/ D f .x/ andG0.x/ D g.x/. Is it true thatF.x/G.x/ is an antiderivative off .x/g.x/? Confirm or provide
a counterexample.

SOLUTION Let f .x/ D x2 andg.x/ D x3. ThenF.x/ D 1
3x
3 and G.x/ D 1

4x
4 are antiderivatives forf .x/ andg.x/,

respectively. Leth.x/ D f .x/g.x/ D x5, the general antiderivative of which isH.x/ D 1
6x
6 C C . There is no value of the

constantC for whichF.x/G.x/ D 1
12x

7 equalsH.x/. Accordingly,F.x/G.x/ is not an antiderivative ofh.x/ D f .x/g.x/.

83. Suppose thatF 0.x/ D f .x/.

(a) Show that12F.2x/ is an antiderivative off .2x/.

(b) Find the general antiderivative off .kx/ for k ¤ 0.

SOLUTION LetF 0.x/ D f .x/.

(a) By the Chain Rule, we have

d

dx

�
1

2
F.2x/

�
D 1

2
F 0.2x/ � 2 D F 0.2x/ D f .2x/:

Thus 12F.2x/ is an antiderivative off .2x/.

(b) For nonzero constantk, the Chain Rules gives

d

dx

�
1

k
F .kx/

�
D 1

k
F 0.kx/ � k D F 0.kx/ D f .kx/:

Thus 1
k
F.kx/ is an antiderivative off .kx/. Hence the general antiderivative off .kx/ is 1

k
F.kx/C C , whereC is a constant.

84. Find an antiderivative forf .x/ D jxj.

SOLUTION Let f .x/ D jxj D
(
x for x � 0

�x for x < 0
. Then the general antiderivative off .x/ is

F.x/ D
Z
f .x/ dx D

(R
x dx for x � 0R
�x dx for x < 0

D
(
1
2x
2 C C for x � 0

�1
2x
2 C C for x < 0

:

85. Using Theorem 1, prove that ifF 0.x/ D f .x/ wheref .x/ is a polynomial of degreen � 1, thenF.x/ is a polynomial of
degreen. Then prove that ifg.x/ is any function such thatg.n/.x/ D 0, theng.x/ is a polynomial of degree at mostn.

SOLUTION SupposeF 0.x/ D f .x/ wheref .x/ is a polynomial of degreen � 1. Now, we know that the derivative of a poly-
nomial of degreen is a polynomial of degreen � 1, and hence an antiderivative of a polynomial of degreen � 1 is a polynomial
of degreen. Thus, by Theorem 1,F.x/ can differ from a polynomial of degreen by at most a constant term, which is still a
polynomial of degreen. Now, suppose thatg.x/ is any function such thatg.nC1/.x/ D 0. We know that thenC 1-st derivative of
any polynomial of degree at mostn is zero, so by repeated application of Theorem 1,g.x/ can differ from a polynomial of degree
at mostn by at most a constant term. Hence,g.x/ is a polynomial of degree at mostn.

86. Show thatF.x/ D xnC1 � 1
nC 1

is an antiderivative ofy D xn for n ¤ �1. Then use L’Hôpital’s Rule to prove that

lim
n!�1

F.x/ D ln x

In this limit, x is fixed andn is the variable. This result shows that, although the Power Rule breaks down forn D �1, the
antiderivative ofy D x�1 is a limit of antiderivatives ofxn asn ! �1.
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SOLUTION If n ¤ �1, then

d

dx
F.x/ D d

dx

 
xnC1 � 1

nC 1

!
D xn:

Therefore,F.x/ is an antiderivative ofy D xn. Using L’Hôpital’s Rule,

lim
n!�1

F.x/ D lim
n!�1

xnC1 � 1
nC 1

D lim
n!�1

xnC1 lnx

1
D lnx:

CHAPTER REVIEW EXERCISES

In Exercises 1–6, estimate using the Linear Approximation or linearization, and use a calculator to estimate the error.

1. 8:11=3 � 2

SOLUTION Let f .x/ D x1=3, a D 8 and�x D 0:1. Thenf 0.x/ D 1
3x

�2=3, f 0.a/ D 1
12 and, by the Linear Approximation,

�f D 8:11=3 � 2 � f 0.a/�x D 1

12
.0:1/ D 0:00833333:

Using a calculator,8:11=3 � 2 D 0:00829885. The error in the Linear Approximation is therefore

j0:00829885 � 0:00833333j D 3:445 � 10�5:

2.
1p
4:1

� 1

2

SOLUTION Let f .x/ D x�1=2, a D 4 and�x D 0:1. Thenf 0.x/ D �1
2x

�3=2, f 0.a/ D � 1
16 and, by the Linear Approxima-

tion,

�f D 1p
4:1

� 1

2
� f 0.a/�x D � 1

16
.0:1/ D �0:00625:

Using a calculator,

1p
4:1

� 1

2
D �0:00613520:

The error in the Linear Approximation is therefore

j � 0:00613520 � .�0:00625/j D 1:148 � 10�4:

3. 6251=4 � 6241=4

SOLUTION Letf .x/ D x1=4, a D 625 and�x D �1. Thenf 0.x/ D 1
4x

�3=4, f 0.a/ D 1
500 and, by the Linear Approximation,

�f D 6241=4 � 6251=4 � f 0.a/�x D 1

500
.�1/ D �0:002:

Thus6251=4 � 6241=4 � 0:002. Using a calculator,

6251=4 � 6241=4 D 0:00200120:

The error in the Linear Approximation is therefore

j0:00200120 � .0:002/j D 1:201 � 10�6:

4.
p
101

SOLUTION Let f .x/ D
p
x and a D 100. Thenf .a/ D 10, f 0.x/ D 1

2x
�1=2 andf 0.a/ D 1

20 . The linearization off .x/ at
a D 100 is therefore

L.x/ D f .a/C f 0.a/.x � a/ D 10C 1

20
.x � 100/;

and
p
101 � L.101/ D 10:05. Using a calculator,

p
101 D 10:049876, so the error in the Linear Approximation is

j10:049876 � 10:05j D 1:244 � 10�4:
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5.
1

1:02

SOLUTION Let f .x/ D x�1 anda D 1. Thenf .a/ D 1, f 0.x/ D �x�2 andf 0.a/ D �1. The linearization off .x/ ata D 1

is therefore

L.x/ D f .a/C f 0.a/.x � a/ D 1 � .x � 1/ D 2 � x;

and 1
1:02 � L.1:02/ D 0:98. Using a calculator, 11:02 D 0:980392, so the error in the Linear Approximation is

j0:980392 � 0:98j D 3:922 � 10�4:

6. 5
p
33

SOLUTION Let f .x/ D x1=5 anda D 32. Thenf .a/ D 2, f 0.x/ D 1
5x

�4=5 andf 0.a/ D 1
80 . The linearization off .x/ at

a D 32 is therefore

L.x/ D f .a/C f 0.a/.x � a/ D 2C 1

80
.x � 32/;

and 5
p
33 � L.33/ D 2:0125. Using a calculator,5

p
33 D 2:012347, so the error in the Linear Approximation is

j2:012347 � 2:0125j D 1:534 � 10�4:

In Exercises 7–12, find the linearization at the point indicated.

7. y D
p
x, a D 25

SOLUTION Let y D
p
x and a D 25. Theny.a/ D 5, y0 D 1

2x
�1=2 andy0.a/ D 1

10 . The linearization ofy at a D 25 is
therefore

L.x/ D y.a/C y0.a/.x � 25/ D 5C 1

10
.x � 25/:

8. v.t/ D 32t � 4t2, a D 2

SOLUTION Let v.t/ D 32t � 4t2 anda D 2. Thenv.a/ D 48, v0.t/ D 32 � 8t andv0.a/ D 16. The linearization ofv.t/ at
a D 2 is therefore

L.t/ D v.a/C v0.a/.t � a/ D 48C 16.t � 2/ D 16t C 16:

9. A.r/ D 4
3�r

3, a D 3

SOLUTION Let A.r/ D 4
3�r

3 anda D 3. ThenA.a/ D 36�, A0.r/ D 4�r2 andA0.a/ D 36�. The linearization ofA.r/ at
a D 3 is therefore

L.r/ D A.a/C A0.a/.r � a/ D 36� C 36�.r � 3/ D 36�.r � 2/:
10. V.h/ D 4h.2 � h/.4 � 2h/, a D 1

SOLUTION Let V.h/ D 4h.2 � h/.4 � 2h/ D 32h � 32h2 C 8h3 anda D 1. ThenV.a/ D 8, V 0.h/ D 32 � 64h C 24h2 and
V 0.a/ D �8. The linearization ofV.h/ ata D 1 is therefore

L.h/ D V.a/C V 0.a/.h � a/ D 8 � 8.h � 1/ D 16 � 8h:

11. P.x/ D e�x2=2, a D 1

SOLUTION LetP.x/ D e�x2=2 anda D 1. ThenP.a/ D e�1=2, P 0.x/ D �xe�x2=2, andP 0.a/ D �e�1=2. The linearization
of P.x/ ata D 1 is therefore

L.x/ D P.a/C P 0.a/.x � a/ D e�1=2 � e�1=2.x � 1/ D 1p
e
.2 � x/:

12. f .x/ D ln.x C e/, a D e

SOLUTION Let f .x/ D ln.x C e/ anda D e. Thenf .a/ D ln.2e/ D 1 C ln 2, P 0.x/ D 1
xCe , andP 0.a/ D 1

2e . The
linearization off .x/ ata D e is therefore

L.x/ D f .a/C f 0.a/.x � a/ D 1C ln 2C 1

2e
.x � e/:
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In Exercises 13–18, use the Linear Approximation.

13. The position of an object in linear motion at timet is s.t/ D 0:4t2 C .t C 1/�1. Estimate the distance traveled over the time
interval Œ4; 4:2�.

SOLUTION Let s.t/ D 0:4t2 C .t C 1/�1, a D 4 and�t D 0:2. Thens0.t/ D 0:8t � .t C 1/�2 ands0.a/ D 3:16. Using the
Linear Approximation, the distance traveled over the time intervalŒ4; 4:2� is approximately

�s D s.4:2/ � s.4/ � s0.a/�t D 3:16.0:2/ D 0:632:

14. A bond that pays $10,000 in 6 years is offered for sale at a priceP . The percentage yieldY of the bond is

Y D 100

 �
10;000

P

�1=6
� 1

!

Verify that if P D $7500, thenY D 4:91%. Estimate the drop in yield if the price rises to $7700.

SOLUTION LetP D $7500. Then

Y D 100

 �
10;000

7500

�1=6
� 1

!
D 4:91%:

If the price is raised to $7700, then�P D 200. With

dY

dP
D �1

6
100.10;000/1=6P�7=6 D �10

8=3

6
P�7=6;

we estimate using the Linear Approximation that

�Y � Y 0.7500/�P D �0:46%:
15. When a bus pass from Albuquerque to Los Alamos is priced atp dollars, a bus company takes in a monthly revenue of
R.p/ D 1:5p � 0:01p2 (in thousands of dollars).

(a) Estimate�R if the price rises from $50 to $53.

(b) If p D 80, how will revenue be affected by a small increase in price? Explain using the Linear Approximation.

SOLUTION

(a) If the price is raised from $50 to $53, then�p D 3 and

�R � R0.50/�p D .1:5 � 0:02.50//.3/ D 1:5

We therefore estimate an increase of $1500 in revenue.

(b) BecauseR0.80/ D 1:5 � 0:02.80/ D �0:1, the Linear Approximation gives�R � �0:1�p. A small increase in price would
thus result in a decrease in revenue.

16. A store sells 80 MP4 players per week when the players are priced atP D $75. Estimate the numberN sold ifP is raised to
$80, assuming thatdN=dP D �4. EstimateN if the price is lowered to $69.

SOLUTION If P is raised to $80, then�P D 5. With the assumption thatdN=dP D �4, we estimate, using the Linear
Approximation, that

�N � dN

dP
�P D .�4/.5/ D �20I

therefore, we estimate that only 60 MP4 players will be sold per week when the price is $80. On the other hand, if the price is
lowered to $69, then�P D �6 and�N � .�4/.�6/ D 24. We therefore estimate that 104 MP4 players will be sold per week
when the price is $69.

17. The circumference of a sphere is measured atC D 100 cm. Estimate the maximum percentage error inV if the error inC is
at most 3 cm.

SOLUTION The volume of a sphere isV D 4
3�r

3 and the circumference isC D 2�r , wherer is the radius of the sphere. Thus,

r D 1
2�C and

V D 4

3
�

�
C

2�

�3
D 1

6�2
C 3:

Using the Linear Approximation,

�V � dV

dC
�C D 1

2�2
C 2�C;
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so

�V

V
�

1
2�2C

2�C

1
6�2C

3
D 3

�C

C
:

With C D 100 cm and�C at most 3 cm, we estimate that the maximum percentage error inV is 3 3
100 D 0:09, or 9%.

18. Show that
p
a2 C b � aC b

2a if b is small. Use this to estimate
p
26 and find the error using a calculator.

SOLUTION Let a > 0 and letf .b/ D
p
a2 C b. Then

f 0.b/ D 1

2
p
a2 C b

:

By the Linear Approximation,f .b/ � f .0/C f 0.0/b, so

p
a2 C b � a C b

2a
:

To estimate
p
26, let a D 5 andb D 1. Then

p
26 D

p
52 C 1 � 5C 1

10
D 5:1:

The error in this estimate isj
p
26 � 5:1j D 9:80 � 10�4.

19. Use the Intermediate Value Theorem to prove that sinx � cosx D 3x has a solution, and use Rolle’s Theorem to show that
this solution is unique.

SOLUTION Let f .x/ D sinx � cosx � 3x, and observe that each root of this function corresponds to a solution of the equation
sinx � cosx D 3x. Now,

f
�
��
2

�
D �1C 3�

2
> 0 and f .0/ D �1 < 0:

Becausef is continuous on.��
2 ; 0/ andf .��

2 / andf .0/ are of opposite sign, the Intermediate Value Theorem guarantees there
exists ac 2 .��

2 ; 0/ such thatf .c/ D 0. Thus, the equation sinx � cosx D 3x has at least one solution.
Next, suppose that the equation sinx � cosx D 3x has two solutions, and thereforef .x/ has two roots, saya andb. Because

f is continuous onŒa; b�, differentiable on.a; b/ andf .a/ D f .b/ D 0, Rolle’s Theorem guarantees there existsc 2 .a; b/ such
thatf 0.c/ D 0. However,

f 0.x/ D cosx C sinx � 3 � �1

for all x. We have reached a contradiction. Consequently,f .x/ has a unique root and the equation sinx � cosx D 3x has a unique
solution.

20. Show thatf .x/ D 2x3 C 2x C sinx C 1 has precisely one real root.

SOLUTION We havef .0/ D 1 andf .�1/ D �3 C sin.�1/ D �3:84 < 0. Thereforef .x/ has a root in the intervalŒ�1; 0�.
Now, suppose thatf .x/ has two real roots, saya andb. Becausef .x/ is continuous onŒa; b� and differentiable on.a; b/ and
f .a/ D f .b/ D 0, Rolle’s Theorem guarantees that there existsc 2 .a; b/ such thatf 0.c/ D 0. However

f 0.x/ D 6x2 C 2C cosx > 0

for all x (since2C cosx � 0). We have reached a contradiction. Consequently,f .x/must have precisely one real root.

21. Verify the MVT for f .x/ D ln x on Œ1; 4�.

SOLUTION Let f .x/ D ln x. On the intervalŒ1; 4�, this function is continuous and differentiable, so the MVT applies. Now,

f 0.x/ D 1
x , so

1

c
D f 0.c/ D f .b/� f .a/

b � a
D ln4 � ln 1

4 � 1
D 1

3
ln4;

or

c D 3

ln 4
� 2:164 2 .1; 4/:

22. Suppose thatf .1/ D 5 andf 0.x/ � 2 for x � 1. Use the MVT to show thatf .8/ � 19.

SOLUTION Becausef is continuous onŒ1; 8� and differentiable on.1; 8/, the Mean Value Theorem guarantees there exists a
c 2 .1; 8/ such that

f 0.c/ D f .8/� f .1/

8 � 1
or f .8/ D f .1/C 7f 0.c/:

Now, we are given thatf .1/ D 5 and thatf 0.x/ � 2 for x � 1. Therefore,

f .8/ � 5C 7.2/ D 19:
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23. Use the MVT to prove that iff 0.x/ � 2 for x > 0 andf .0/ D 4, thenf .x/ � 2x C 4 for all x � 0.

SOLUTION Let x > 0. Becausef is continuous onŒ0; x� and differentiable on.0; x/, the Mean Value Theorem guarantees there
exists ac 2 .0; x/ such that

f 0.c/ D f .x/� f .0/

x � 0
or f .x/ D f .0/C xf 0.c/:

Now, we are given thatf .0/ D 4 and thatf 0.x/ � 2 for x > 0. Therefore, for allx � 0,

f .x/ � 4C x.2/ D 2x C 4:

24. A functionf .x/ has derivativef 0.x/ D 1

x4 C 1
. Where on the intervalŒ1; 4� doesf .x/ take on its maximum value?

SOLUTION Let

f 0.x/ D 1

x4 C 1
:

Becausef 0.x/ is never 0 and exists for allx, the functionf has no critical points on the intervalŒ1; 4� and so must take its maximum
value at one of the interval endpoints. Moveover, asf 0.x/ > 0 for all x, the functionf is increasing for allx. Consequently, on
the intervalŒ1; 4�, the functionf must take its maximum value atx D 4.

In Exercises 25–30, find the critical points and determine whether they are minima, maxima, or neither.

25. f .x/ D x3 � 4x2 C 4x

SOLUTION Let f .x/ D x3 � 4x2 C 4x. Thenf 0.x/ D 3x2 � 8x C 4 D .3x � 2/.x � 2/, so thatx D 2
3 andx D 2 are critical

points. Next,f 00.x/ D 6x � 8, sof 00.23 / D �4 < 0 andf 00.2/ D 4 > 0. Therefore, by the Second Derivative Test,f .23 / is a
local maximum whilef .2/ is a local minimum.

26. s.t/ D t4 � 8t2

SOLUTION Let s.t/ D t4 � 8t2. Thens0.t/ D 4t3 � 16t D 4t.t � 2/.t C 2/, so thatt D 0, t D �2 andt D 2 are critical points.
Next,s00.t/ D 12t2 � 16, sos00.�2/ D 32 > 0, s00.0/ D �16 < 0 ands00.2/ D 32 > 0. Therefore, by the Second Derivative Test,
s.0/ is a local maximum whiles.�2/ ands.2/ are local minima.

27. f .x/ D x2.x C 2/3

SOLUTION Let f .x/ D x2.x C 2/3. Then

f 0.x/ D 3x2.x C 2/2 C 2x.x C 2/3 D x.x C 2/2.3x C 2x C 4/ D x.x C 2/2.5x C 4/;

so thatx D 0, x D �2 andx D �4
5 are critical points. The sign of the first derivative on the intervals surrounding the critical

points is indicated in the table below. Based on this information,f .�2/ is neither a local maximum nor a local minimum,f .�4
5 /

is a local maximum andf .0/ is a local minimum.

Interval .�1;�2/ .�2;�4
5 / .�4

5 ; 0/ .0;1/

Sign off 0 C C � C

28. f .x/ D x2=3.1 � x/

SOLUTION Let f .x/ D x2=3.1 � x/ D x2=3 � x5=3. Then

f 0.x/ D 2

3
x�1=3 � 5

3
x2=3 D 2 � 5x

3x1=3
;

so thatx D 0 andx D 2
5 are critical points. The sign of the first derivative on the intervals surrounding the critical points is

indicated in the table below. Based on this information,f .0/ is a local minimum andf .25 / is a local maximum.

Interval .�1; 0/ .0; 25 / .25 ;1/

Sign off 0 � C �

29. g.�/ D sin2 � C �

SOLUTION Let g.�/ D sin2 � C � . Then

g0.�/ D 2 sin� cos� C 1 D 2 sin2� C 1;

so the critical points are

� D 3�

4
C n�
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for all integersn. Becauseg0.�/ � 0 for all � , it follows thatg
�
3�

4
C n�

�
is neither a local maximum nor a local minimum for

all integersn.

30. h.�/ D 2 cos2� C cos4�

SOLUTION Let h.�/ D 2 cos2� C cos4� . Then

h0.�/ D �4 sin2� � 4 sin4� D �4 sin2�.1C 2 cos2�/;

so the critical points are

� D n�

2
; � D �

3
C �n and � D 2�

3
C �n

for all integersn. Now,

h00.�/ D �8 cos2� � 16 cos4�;

so

h00
�n�
2

�
D �8 cosn� � 16 cos2n� D �8.�1/n � 16 < 0I

h00
��
3

C n�
�

D �8 cos
2�

3
� 16 cos

4�

3
D 12 > 0I and

h00
�
2�

3
C n�

�
D �8 cos

4�

3
� 16 cos

8�

3
D 12 > 0;

for all integersn. Therefore, by the Second Derivative Test,h
�
n�
2

�
is a local maximum, andh

�
�
3 C n�

�
andh

�
2�
3 C n�

�
are

local minima for all integersn.

In Exercises 31–38, find the extreme values on the interval.

31. f .x/ D x.10 � x/, Œ�1; 3�
SOLUTION Let f .x/ D x.10 � x/ D 10x � x2. Thenf 0.x/ D 10 � 2x, so thatx D 5 is the only critical point. As this critical
point is not in the intervalŒ�1; 3�, we only need to check the value off at the endpoints to determine the extreme values. Because
f .�1/ D �11 andf .3/ D 21, the maximum value off .x/ D x.10 � x/ on the intervalŒ�1; 3� is 21 while the minimum value is
�11.
32. f .x/ D 6x4 � 4x6, Œ�2; 2�

SOLUTION Let f .x/ D 6x4 � 4x6. Thenf 0.x/ D 24x3 � 24x5 D 24x3.1� x2/, so that the critical points arex D �1, x D 0

andx D 1. The table below lists the value off at each of the critical points and the endpoints of the intervalŒ�2; 2�. Based on this
information, the minimum value off .x/ D 6x4 � 4x6 on the intervalŒ�2; 2� is �170 and the maximum value is 2.

x �2 �1 0 1 2

f .x/ �170 2 0 2 �170

33. g.�/ D sin2 � � cos� , Œ0; 2��

SOLUTION Let g.�/ D sin2 � � cos� . Then

g0.�/ D 2 sin� cos� C sin� D sin�.2 cos� C 1/ D 0

when� D 0; 2�3 ; �;
4�
3 ; 2�. The table below lists the value ofg at each of the critical points and the endpoints of the interval

Œ0; 2��. Based on this information, the minimum value ofg.�/ on the intervalŒ0; 2�� is �1 and the maximum value is54 .

� 0 2�=3 � 4�=3 2�

g.�/ �1 5/4 1 5/4 �1

34. R.t/ D t

t2 C t C 1
, Œ0; 3�

SOLUTION LetR.t/ D t
t2CtC1 . Then

R0.t/ D t2 C t C 1 � t.2t C 1/

.t2 C t C 1/2
D 1 � t2

.t2 C t C 1/2
;

so that the critical points aret D ˙1. Note that onlyt D 1 is on the intervalŒ0; 3�. WithR.0/ D 0, R.1/ D 1
3 andR.3/ D 3

13 , it
follows that the minimum value ofR.t/ on the intervalŒ0; 3� is 0 and the maximum value is13 .
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35. f .x/ D x2=3 � 2x1=3, Œ�1; 3�
SOLUTION Let f .x/ D x2=3 � 2x1=3. Thenf 0.x/ D 2

3x
�1=3 � 2

3x
�2=3 D 2

3x
�2=3.x1=3 � 1/, so that the critical points are

x D 0 andx D 1. With f .�1/ D 3, f .0/ D 0, f .1/ D �1 andf .3/ D 3
p
9 � 2

3
p
3 � �0:804, it follows that the minimum value

of f .x/ on the intervalŒ�1; 3� is �1 and the maximum value is 3.

36. f .x/ D 4x � tan2 x;
�
��
4 ;

�
3

�

SOLUTION Let f .x/ D 4x � tan2 x. Thenf 0.x/ D 4 � 2 tanx sec2 x, andf 00.x/ D 0 when tanx sec2 x D 2. x D �
4 is clearly

a solution. Since both secx and tanx are positive and increasing on the given interval, it is the only solution, so thatx D �
4 is

the only critical point on
�
��
4 ;

�
3

�
. With f .��

4 / D 4.��
4 / � tan2.��

4 / D �� � 1; f .�3 / D 4.�3 / � tan2.�3 / D 4�
3 � 3, and

f .�4 / D 4.�4 /� tan2.�4 / D � � 1, the minimum value is�� � 1 � �4:1416 and the maximum value is� � 1 � 2:1416:

37. f .x/ D x � 12 ln x, Œ5; 40�

SOLUTION Let f .x/ D x � 12 ln x. Thenf 0.x/ D 1 � 12
x , whencex D 12 is the only critical point. The minimum value of

f is then12 � 12 ln 12 � �17:818880, and the maximum value is40 � 12 ln 40 � �4:266553. Note thatf .5/ D 5 � 12 ln 5 �
�14:313255.
38. f .x/ D ex � 20x � 1, Œ0; 5�

SOLUTION Let f .x/ D ex � 20x � 1. Thenf 0.x/ D ex � 20, whencex D ln 20 is the only critical point. The minimum value
of f is then20 � 20 ln 20 � 1 � �40:914645, and the maximum value ise5 � 101 � 47:413159. Note thatf .0/ D 0.

39. Find the critical points and extreme values of
f .x/ D jx � 1j C j2x � 6j in Œ0; 8�.

SOLUTION Let

f .x/ D jx � 1j C j2x � 6j D

8
<̂

:̂

7 � 3x; x < 1

5 � x; 1 � x < 3

3x � 7; x � 3

:

The derivative off .x/ is never zero but does not exist at the transition pointsx D 1 andx D 3. Thus, the critical points off are
x D 1 andx D 3. With f .0/ D 7, f .1/ D 4, f .3/ D 2 andf .8/ D 17, it follows that the minimum value off .x/ on the interval
Œ0; 8� is 2 and the maximum value is 17.

40. Match the description off .x/ with the graph of itsderivativef 0.x/ in Figure 1.

(a) f .x/ is increasing and concave up.

(b) f .x/ is decreasing and concave up.

(c) f .x/ is increasing and concave down.

y y y

x

x x

(ii) (iii)(i)

FIGURE 1 Graphs of the derivative.

SOLUTION

(a) If f .x/ is increasing and concave up, thenf 0.x/ is positive and increasing. This matches the graph in (ii).

(b) If f .x/ is decreasing and concave up, thenf 0.x/ is negative and increasing. This matches the graph in (i).

(c) If f .x/ is increasing and concave down, thenf 0.x/ is positive and decreasing. This matches the graph in (iii).

In Exercises 41–46, find the points of inflection.

41. y D x3 � 4x2 C 4x

SOLUTION Let y D x3 � 4x2 C 4x. Theny0 D 3x2 � 8x C 4 andy00 D 6x � 8. Thus,y00 > 0 andy is concave up forx > 4
3 ,

while y00 < 0 andy is concave down forx < 4
3 . Hence, there is a point of inflection atx D 4

3 .

42. y D x � 2 cosx

SOLUTION Let y D x � 2 cosx. Theny0 D 1C 2 sinx andy00 D 2 cosx. Thus,y00 > 0 andy is concave up on each interval of
the form

�
.4n � 1/�

2
;
.4nC 1/�

2

�
;
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while y00 < 0 andy is concave down on each interval of the form
�
.4nC 1/�

2
;
.4nC 3/�

2

�
;

wheren is any integer. Hence, there is a point of inflection at

x D .2nC 1/�

2

for each integern.

43. y D x2

x2 C 4

SOLUTION Let y D x2

x2 C 4
D 1 � 4

x2 C 4
. Theny0 D 8x

.x2 C 4/2
and

y00 D .x2 C 4/2.8/ � 8x.2/.2x/.x2 C 4/

.x2 C 4/4
D 8.4 � 3x2/

.x2 C 4/3
:

Thus,y00 > 0 andy is concave up for

� 2p
3
< x <

2p
3
;

while y00 < 0 andy is concave down for

jxj � 2p
3
:

Hence, there are points of inflection at

x D ˙ 2p
3
:

44. y D x

.x2 � 4/1=3

SOLUTION Let y D x

.x2 � 4/1=3
. Then

y0 D
.x2 � 4/1=3 � 1

3x.x
2 � 4/�2=3.2x/

.x2 � 4/2=3
D 1

3

x2 � 12
.x2 � 4/4=3

and

y00 D 1

3

.x2 � 4/4=3.2x/ � .x2 � 12/43 .x
2 � 4/1=3.2x/

.x2 � 4/8=3
D 2x.36 � x2/
9.x2 � 4/7=3

:

Thus,y00 > 0 andy is concave up forx < �6;�2 < x < 0; 2 < x < 6, while y00 < 0 andy is concave down for�6 < x <

�2; 0 < x < 2; x > 6. Hence, there are points of inflection atx D ˙6 andx D 0. Note thatx D ˙2 are not points of inflection
because these points are not in the domain of the function.

45. f .x/ D .x2 � x/e�x

SOLUTION Let f .x/ D .x2 � x/e�x . Then

y0 D �.x2 � x/e�x C .2x � 1/e�x D �.x2 � 3x C 1/e�x ;

and

y00 D .x2 � 3x C 1/e�x � .2x � 3/e�x D e�x.x2 � 5x C 4/ D e�x.x � 1/.x � 4/:

Thus,y00 > 0 andy is concave up forx < 1 and forx > 4, whiley00 < 0 andy is concave down for1 < x < 4. Hence, there are
points of inflection atx D 1 andx D 4.

46. f .x/ D x.ln x/2

SOLUTION Let f .x/ D x.ln x/2. Then

y0 D x � 2 lnx � 1
x

C .lnx/2 D 2 lnx C .lnx/2;
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and

y00 D 2

x
C 2

x
lnx D 2

x
.1C lnx/:

Thus,y00 > 0 andy is concave up forx > 1
e , while y00 < 0 andy is concave down for0 < x < 1

e . Hence, there is a point of

inflection atx D 1
e .

In Exercises 47–56, sketch the graph, noting the transition points and asymptotic behavior.

47. y D 12x � 3x2

SOLUTION Let y D 12x � 3x2. Theny0 D 12 � 6x andy00 D �6. It follows that the graph ofy D 12x � 3x2 is increasing for
x < 2, decreasing forx > 2, has a local maximum atx D 2 and is concave down for allx. Because

lim
x!˙1

.12x � 3x2/ D �1;

the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below.

5
x

−1 1 2 3 54

y

10

−5
−10

48. y D 8x2 � x4

SOLUTION Let y D 8x2 � x4. Theny0 D 16x � 4x3 D 4x.4 � x2/ andy00 D 16 � 12x2 D 4.4 � 3x2/. It follows that the
graph ofy D 8x2 � x4 is increasing forx < �2 and0 < x < 2, decreasing for�2 < x < 0 andx > 2, has local maxima at
x D ˙2, has a local minimum atx D 0, is concave down forjxj > 2=

p
3, is concave up forjxj < 2=

p
3 and has inflection points

atx D ˙2=
p
3. Because

lim
x!˙1

.8x2 � x4/ D �1;

the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below.

x

10

15

5

21−1−2
−5

y

49. y D x3 � 2x2 C 3

SOLUTION Let y D x3 � 2x2 C 3. Theny0 D 3x2 � 4x andy00 D 6x � 4. It follows that the graph ofy D x3 � 2x2 C 3 is

increasing forx < 0 andx > 4
3 , is decreasing for0 < x < 4

3 , has a local maximum atx D 0, has a local minimum atx D 4
3 , is

concave up forx > 2
3 , is concave down forx < 2

3 and has a point of inflection atx D 2
3 . Because

lim
x!�1

.x3 � 2x2 C 3/ D �1 and lim
x!1

.x3 � 2x2 C 3/ D 1;

the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below.

5

x
−1 1 2

y

10

−5

−10

50. y D 4x � x3=2
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SOLUTION Let y D 4x � x3=2. First note that the domain of this function isx � 0. Now,y0 D 4� 3
2x
1=2 andy00 D �3

4x
�1=2.

It follows that the graph ofy D 4x � x3=2 is increasing for0 < x < 64
9 , is decreasing forx > 64

9 , has a local maximum at
x D 64

9 and is concave down for allx > 0. Because

lim
x!1.4x � x3=2/ D �1;

the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below.

x
5 10 15

5

−5

y

51. y D x

x3 C 1

SOLUTION Let y D x

x3 C 1
. Then

y0 D x3 C 1 � x.3x2/

.x3 C 1/2
D 1 � 2x3

.x3 C 1/2

and

y00 D .x3 C 1/2.�6x2/� .1 � 2x3/.2/.x3 C 1/.3x2/

.x3 C 1/4
D �6x

2.2 � x3/

.x3 C 1/3
:

It follows that the graph ofy D x

x3 C 1
is increasing forx < �1 and�1 < x < 3

q
1
2 , is decreasing forx > 3

q
1
2 , has a local

maximum atx D 3

q
1
2 , is concave up forx < �1 andx > 3

p
2, is concave down for�1 < x < 0 and0 < x < 3

p
2 and has a point

of inflection atx D 3
p
2. Note thatx D �1 is not an inflection point becausex D �1 is not in the domain of the function. Now,

lim
x!˙1

x

x3 C 1
D 0;

soy D 0 is a horizontal asymptote. Moreover,

lim
x!�1�

x

x3 C 1
D 1 and lim

x!�1C
x

x3 C 1
D �1;

sox D �1 is a vertical asymptote. The graph is shown below.

2

x
−1−2−3 1 2 3

y

4

−2

−4

52. y D x

.x2 � 4/2=3

SOLUTION Let y D x

.x2 � 4/2=3
. Then

y0 D
.x2 � 4/2=3 � 2

3x.x
2 � 4/�1=3.2x/

.x2 � 4/4=3
D �1

3

x2 C 12

.x2 � 4/5=3

and

y00 D �1
3

.x2 � 4/5=3.2x/� .x2 C 12/53 .x
2 � 4/2=3.2x/

.x2 � 4/10=3
D 4x.x2 C 36/

9.x2 � 4/8=3
:

It follows that the graph ofy D x

.x2 � 4/2=3
is increasing for�2 < x < 2, is decreasing forjxj > 2, has no local extreme values,

is concave up for0 < x < 2; x > 2, is concave down forx < �2;�2 < x < 0 and has a point of inflection atx D 0. Note that
x D ˙2 are neither local extreme values nor inflection points becausex D ˙2 are not in the domain of the function. Now,

lim
x!˙1

x

.x2 � 4/2=3
D 0;
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so y D 0 is a horizontal asymptote. Moreover,

lim
x!�2�

x

.x2 � 4/2=3
D �1 and lim

x!�2C
x

.x2 � 4/2=3
D �1

while

lim
x!2�

x

.x2 � 4/2=3
D 1 and lim

x!2C
x

.x2 � 4/2=3
D 1;

sox D ˙2 are vertical asymptotes. The graph is shown below.

x

4

2

21 3−1−2

−4

−2

y

53. y D 1

jx C 2j C 1

SOLUTION Let y D 1

jx C 2j C 1
. Because

lim
x!˙1

1

jx C 2j C 1
D 0;

the graph of this function has a horizontal asymptote ofy D 0. The graph has no vertical asymptotes asjx C 2j C 1 � 1 for all x.
The graph is shown below. From this graph we see there is a local maximum atx D �2.

0.8

x
−4 −2−6−8 2 4

y

1

0.4

0.2

0.6

54. y D
p
2 � x3

SOLUTION Let y D
p
2 � x3. Note that the domain of this function isx � 3

p
2. Moreover, the graph has no vertical and no

horizontal asymptotes. With

y0 D 1

2
.2� x3/�1=2.�3x2/ D � 3x2

2
p
2 � x3

and

y00 D 1

2
.2 � x3/�1=2.�6x/� 3

4
x2.2 � x3/�3=2.3x2/ D 3x.x3 � 8/

4.2 � x3/3=2
;

it follows that the graph ofy D
p
2 � x3 is decreasing over its entire domain, is concave up forx < 0, is concave down for

0 < x <
3
p
2 and has a point of inflection atx D 0. The graph is shown below.

x

4

6

2

1−1−2−3−4

8

10

y

55. y D
p
3 sin x � cosx on Œ0; 2��

SOLUTION Let y D
p
3 sinx � cosx. Theny0 D

p
3 cosx C sinx andy00 D �

p
3 sin x C cosx. It follows that the graph of

y D
p
3 sin x � cosx is increasing for0 < x < 5�=6 and11�=6 < x < 2�, is decreasing for5�=6 < x < 11�=6, has a local

maximum atx D 5�=6, has a local minimum atx D 11�=6, is concave up for0 < x < �=3 and4�=3 < x < 2�, is concave
down for�=3 < x < 4�=3 and has points of inflection atx D �=3 andx D 4�=3. The graph is shown below.



530 C H A P T E R 4 APPLICATIONS OF THE DERIVATIVE

x

−1
1

4

5 62 3

y

1

56. y D 2x � tanx on Œ0; 2��

SOLUTION Let y D 2x � tanx. Theny0 D 2 � sec2 x andy00 D �2 sec2 x tanx. It follows that the graph ofy D 2x � tanx is
increasing for0 < x < �=4; 3�=4 < x < 5�=4; 7�=4 < x < 2�, is decreasing for�=4 < x < �=2; �=2 < x < 3�=4; 5�=4 <

x < 3�=2; 3�=2 < x < 7�=4, has local minima atx D 3�=4 andx D 7�=4, has local maxima atx D �=4 andx D 5�=4, is
concave up for�=2 < x < � and3�=2 < x < 2�, is concave down for0 < x < �=2 and� < x < 3�=2 and has an inflection
point atx D �. Moreover, because

lim
x!�=2�

.2x � tanx/ D �1 and lim
x!�=2C

.2x � tanx/ D 1;

while

lim
x!3�=2�

.2x � tanx/ D �1 and lim
x!3�=2C

.2x � tanx/ D 1;

the graph has vertical asymptotes atx D �=2 andx D 3�=2. The graph is shown below.

x
654321

y

5

10

15

−5

57. Draw a curvey D f .x/ for whichf 0 andf 00 have signs as indicated in Figure 2.

x
−2 0

- + + + + -- -- +

1 3 5

FIGURE 2

SOLUTION The figure below depicts a curve for whichf 0.x/ andf 00.x/ have the required signs.

x
4 8−4

y

58. Find the dimensions of a cylindrical can with a bottom but no top of volume4 m3 that uses the least amount of metal.

SOLUTION Let the cylindrical can have heighth and radiusr . Then

V D �r2h D 4 so h D 4

�r2
:

The amount of metal needed to make the can is then

M D 2�rhC �r2 D 8

r
C �r2:

Now,

M 0.r/ D � 8

r2
C 2�r D 0 when r D 3

r
4

�
:

BecauseM ! 1 asr ! 0C and asr ! 1,M must achieve its minimum for

r D 3

r
4

�
m:
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The height of the can is

h D 4

�r2
D 3

r
4

�
m:

59. A rectangular box of heighth with square base of sideb has volumeV D 4 m3. Two of the side faces are made of material
costing $40/m2. The remaining sides cost $20/m2. Which values ofb andh minimize the cost of the box?

SOLUTION Because the volume of the box is

V D b2h D 4 it follows that h D 4

b2
:

Now, the cost of the box is

C D 40.2bh/C 20.2bh/C 20b2 D 120bhC 20b2 D 480

b
C 20b2:

Thus,

C 0.b/ D �480
b2

C 40b D 0

whenb D 3
p
12 meters. BecauseC.b/ ! 1 asb ! 0C and asb ! 1, it follows that cost is minimized whenb D 3

p
12 meters

andh D 1
3

3
p
12 meters.

60. The corn yield on a certain farm is

Y D �0:118x2 C 8:5x C 12:9 (bushels per acre)

wherex is the number of corn plants per acre (in thousands). Assume that corn seed costs $1:25 (per thousand seeds) and that corn
can be sold for $1:50/bushel. LetP.x/ be the profit (revenue minus the cost of seeds) at planting levelx.

(a) ComputeP.x0/ for the valuex0 that maximizes yieldY .

(b) Find the maximum value ofP.x/. Does maximum yield lead to maximum profit?

SOLUTION

(a) Let Y D �0:118x2 C 8:5x C 12:9. ThenY 0 D �0:236x C 8:5 D 0 when

x0 D 8:5

0:236
D 36:017 thousand corn plants=acre:

BecauseY 00 D �0:236 < 0 for all x, x0 corresponds to a maximum value forY . Thus, yield is maximized for a planting level of
36,017 corn plants per acre. At this planting level, the profit is

1:5Y.x0/� 1:25x0 D 1:5.165:972/ � 1:25.36:017/ D $203:94=acre:

(b) As a function of planting levelx, the profit is

P.x/ D 1:5Y.x/ � 1:25x D �0:177x2 C 11:5x C 19:35:

Then,P 0.x/ D �0:354x C 11:5 D 0 when

x1 D 11:5

0:354
D 32:486 thousand corn plants=acre:

BecauseP 00.x/ D �0:354 < 0 for all x, x1 corresponds to a maximum value forP . Thus, profit is maximized for a planting level
of 32,486 corn plants per acre. Note the planting levels obtained in parts (a) and (b) are different. Thus, a maximum yield does not
lead to maximum profit.

61. LetN.t/ be the size of a tumor (in units of106 cells) at timet (in days). According to theGompertz Model,dN=dt D N.a � b lnN/
wherea; b are positive constants. Show that the maximum value ofN is e

a
b and that the tumor increases most rapidly when

N D e
a
b

�1.

SOLUTION GivendN=dt D N.a � b lnN/, the critical points ofN occur whenN D 0 and whenN D ea=b . The sign ofN 0.t/
changes from positive to negative atN D ea=b so the maximum value ofN is ea=b . To determine whenN changes most rapidly,
we calculate

N 00.t/ D N

�
� b

N

�
C a � b lnN D .a � b/� b lnN:

Thus,N 0.t/ is increasing forN < ea=b�1, is decreasing forN > ea=b�1 and is therefore maximum whenN D ea=b�1. Therefore,
the tumor increases most rapidly whenN D e

a
b

�1.
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62. A truck gets 10 miles per gallon of diesel fuel traveling along an interstate highway at 50 mph. This mileage decreases by
0.15 mpg for each mile per hour increase above 50 mph.

(a) If the truck driver is paid $30/hour and diesel fuel costsP D $3/gal, which speedv between 50 and 70 mph will minimize the
cost of a trip along the highway? Notice that the actual cost depends on the length of the trip, but the optimal speed does not.

(b) Plot cost as a function ofv (choose the length arbitrarily) and verify your answer to part (a).

(c) Do you expect the optimal speedv to increase or decrease if fuel costs go down toP D $2/gal? Plot the graphs of cost
as a function ofv for P D 2 andP D 3 on the same axis and verify your conclusion.

SOLUTION

(a) If the truck travelsLmiles at a speed ofv mph, then the time required isL=v, and the wages paid to the driver are30L=v. The
cost of the fuel is

3L

10 � 0:15.v � 50/
D 3L

17:5 � 0:15v
I

the total cost is therefore

C.v/ D 30L

v
C 3L

17:5 � 0:15v
:

Solving

C 0.v/ D L

�
� 30
v2

C 0:45

.17:5 � 0:15v/2

�
D 0

yields

v D 175
p
6

3C 1:5
p
6

� 64:2 mph:

BecauseC.50/ D 0:9L, C.64:2/ � 0:848L andC.70/ � 0:857L, we see that the optimal speed isv � 64:2 mph.

(b) The cost as a function of speed is shown below forL D 100. The optimal speed is clearly around 64 mph.

85

84

86

87

88

89

90

706560
Speed (mph)

C
os

t (
$)

5550

(c) We expectv to increase ifP goes down to $2 per gallon. When gas is cheaper, it is better to drive faster and thereby save on the
driver’s wages. The cost as a function of speed forP D 2 andP D 3 is shown below (withL D 100). WhenP D 2, the optimal
speed isv D 70 mph, which is an increase over the optimal speed whenP D 3.

75

70

80

85

90

706560
Speed (mph)

C
os

t (
$)

5550

P = $2

P = $3

63. Find the maximum volume of a right-circular cone placed upside-down in a right-circular cone of radiusR D 3 and height
H D 4 as in Figure 3. A cone of radiusr and heighth has volume13�r

2h.

R

H

FIGURE 3
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SOLUTION Let r denote the radius andh the height of the upside down cone. By similar triangles, we obtain the relation

4 � h
r

D 4

3
so h D 4

�
1 � r

3

�

and the volume of the upside down cone is

V.r/ D 1

3
�r2h D 4

3
�

 
r2 � r3

3

!

for 0 � r � 3. Thus,

dV

dr
D 4

3
�
�
2r � r2

�
;

and the critical points arer D 0 andr D 2. BecauseV.0/ D V.3/ D 0 and

V .2/ D 4

3
�

�
4 � 8

3

�
D 16

9
�;

the maximum volume of a right-circular cone placed upside down in a right-circular cone of radius3 and height4 is

16

9
�:

64. Redo Exercise 63 for arbitraryR andH .

SOLUTION Let r denote the radius andh the height of the upside down cone. By similar triangles, we obtain the relation

H � h
r

D H

R
so h D H

�
1 � r

R

�

and the volume of the upside down cone is

V.r/ D 1

3
�r2h D 1

3
�H

 
r2 � r3

R

!

for 0 � r � R. Thus,

dV

dr
D 1

3
�H

 
2r � 3r2

R

!
;

and the critical points arer D 0 andr D 2R=3. BecauseV.0/ D V.R/ D 0 and

V

�
2R

3

�
D 1

3
�H

 
4R2

9
� 8R2

27

!
D 4

81
�R2H;

the maximum volume of a right-circular cone placed upside down in a right-circular cone of radiusR and heightH is

4

81
�R2H:

65. Show that the maximum area of a parallelogramADEF that is inscribed in a triangleABC , as in Figure 4, is equal to one-half
the area of4ABC .

D E

B

F CA

FIGURE 4

SOLUTION Let � denote the measure of angleBAC . Then the area of the parallelogram is given byAD �AF sin � . Now, suppose
that

BE=BC D x:

Then, by similar triangles,AD D .1 � x/AB, AF D DE D xAC , and the area of the parallelogram becomesAB � ACx.1 �
x/ sin� . The functionx.1 � x/ achieves its maximum value of14 whenx D 1

2 . Thus, the maximum area of a parallelogram
inscribed in a triangle�ABC is

1

4
AB � AC sin � D 1

2

�
1

2
AB � AC sin �

�
D 1

2
.area of�ABC/ :
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66. A box of volume8m3 with a square top and bottom is constructed out of two types of metal. The metal for the top and bottom
costs $50/m2 and the metal for the sides costs $30/m2. Find the dimensions of the box that minimize total cost.

SOLUTION Let the square base have side lengths and the box have heighth. Then

V D s2h D 8 so h D 8

s2
:

The cost of the box is then

C D 100s2 C 120sh D 100s2 C 960

s
:

Now,

C 0.s/ D 200s � 960

s2
D 0 when s D 3

p
4:8:

BecauseC.s/ ! 1 ass ! 0C and ass ! 1, it follows that total cost is minimized whens D 3
p
4:8 � 1:69 meters. The height

of the box is

h D 8

s2
� 2:81 meters:

67. Let f .x/ be a function whose graph does not pass through thex-axis and letQ D .a; 0/. LetP D .x0; f .x0// be the point
on the graph closest toQ (Figure 5). Prove thatPQ is perpendicular to the tangent line to the graph ofx0. Hint: Find the minimum
value of thesquareof the distance from.x; f .x// to .a; 0/.

y

x

y = f(x)

P = (x0, f(x0))

Q = (a, 0)

FIGURE 5

SOLUTION Let P D .a; 0/ and letQ D .x0; f .x0// be the point on the graph ofy D f .x/ closest toP . The slope of the
segment joiningP andQ is then

f .x0/

x0 � a
:

Now, let

q.x/ D
q
.x � a/2 C .f .x//2;

the distance from the arbitrary point.x; f .x// on the graph ofy D f .x/ to the pointP . As .x0; f .x0// is the point closest toP ,
we must have

q0.x0/ D 2.x0 � a/C 2f .x0/f
0.x0/p

.x0 � a/2 C .f .x0//2
D 0:

Thus,

f 0.x0/ D �x0 � a
f .x0/

D �
�
f .x0/

x0 � a

��1
:

In other words, the slope of the segment joiningP andQ is the negative reciprocal of the slope of the line tangent to the graph of
y D f .x/ atx D x0; hence; the two lines are perpendicular.

68. Take a circular piece of paper of radiusR, remove a sector of angle� (Figure 6), and fold the remaining piece into a cone-
shaped cup. Which angle� produces the cup of largest volume?

θ

R

FIGURE 6
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SOLUTION Let r denote the radius andh denote the height of the cone-shaped cup. Having removed an angle of� from the paper,
there is an arc of length.2� � �/R remaining to form the circumference of the cup; hence

r D .2� � �/R

2�
D
�
1 � �

2�

�
R:

The height of the cup is then

h D

s
R2 �

�
1 � �

2�

�2
R2 D R

s
1 �

�
1 � �

2�

�2
;

and the volume of the cup is

V.�/ D 1

3
�R3

�
1 � �

2�

�2
s

1 �
�
1 � �

2�

�2

for 0 � � � 2�. Now,

dV

d�
D 2

�
1 � �

2�

��
� 1

2�

�s
1 �

�
1� �

2�

�2
C
�
1 � �

2�

�2 .�2/
�
1 � �

2�

� �
� 1
2�

�

r
1 �

�
1 � �

2�

�2

D
�
1 � �

2�

��
� 1

2�

� 2
�
1 �

�
1 � �

2�

�2�
�
�
1 � �

2�

�2

r
1 �

�
1 � �

2�

�2 ;

so that� D 2� and� D 2� ˙ 2�
p
6

3 are critical points. WithV.0/ D V.2�/ D 0 and

V

 
2� � 2�

p
6

3

!
D 2

p
3

27
�R3;

the volume of the cup is maximized when� D 2� � 2�
p
6

3 .

69. Use Newton’s Method to estimate3
p
25 to four decimal places.

SOLUTION Let f .x/ D x3 � 25 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x3n � 25

3x2n
:

With x0 D 3, we find

n 1 2 3

xn 2.925925926 2.924018982 2.924017738

Thus, to four decimal places3
p
25 D 2:9240.

70. Use Newton’s Method to find a root off .x/ D x2 � x � 1 to four decimal places.

SOLUTION Let f .x/ D x2 � x � 1 and define

xnC1 D xn � f .xn/

f 0.xn/
D xn � x2n � xn � 1

2xn � 1 :

The graph below suggests the two roots off .x/ are located nearx D �1 andx D 2.

x

4

6

2

2 3−1−2

8

10

y
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With x0 D �1, we find

n 1 2 3 4

xn �0:6666666667 �0:6190476191 �0:6180344477 �0:6180339889

On the other hand, withx0 D 2, we find

n 1 2 3 4

xn 1.666666667 1.619047619 1.618034448 1.618033989

Thus, to four decimal places, the roots off .x/ D x2 � x � 1 are�0:6180 and 1.6180.

In Exercises 71–84, calculate the indefinite integral.

71.
Z �

4x3 � 2x2
�
dx

SOLUTION

Z
.4x3 � 2x2/ dx D x4 � 2

3
x3 C C .

72.
Z
x9=4 dx

SOLUTION

Z
x9=4 dx D 4

13
x13=4 C C .

73.
Z

sin.� � 8/ d�

SOLUTION

Z
sin.� � 8/ d� D � cos.� � 8/C C .

74.
Z

cos.5 � 7�/ d�

SOLUTION

Z
cos.5 � 7�/ d� D �1

7
sin.5� 7�/C C .

75.
Z
.4t�3 � 12t�4/ dt

SOLUTION

Z
.4t�3 � 12t�4/ dt D �2t�2 C 4t�3 C C .

76.
Z
.9t�2=3 C 4t7=3/ dt

SOLUTION

Z
.9t�2=3 C 4t7=3/ dt D 27t1=3 C 6

5
t10=3 C C .

77.
Z

sec2 x dx

SOLUTION

Z
sec2 x dx D tanx C C .

78.
Z

tan3� sec3� d�

SOLUTION

Z
tan3� sec3� d� D 1

3
sec3� C C .

79.
Z
.y C 2/4 dy

SOLUTION

Z
.y C 2/4 dy D 1

5
.y C 2/5 C C .

80.
Z
3x3 � 9

x2
dx

SOLUTION

Z
3x3 � 9

x2
dx D

Z
.3x � 9x�2/ dx D 3

2
x2 C 9x�1 C C:
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81.
Z
.ex � x/ dx

SOLUTION

Z
.ex � x/ dx D ex � 1

2
x2 C C .

82.
Z
e�4x dx

SOLUTION

Z
e�4x dx D �1

4
e�4x C C .

83.
Z
4x�1 dx

SOLUTION

Z
4x�1 dx D 4 ln jxj C C .

84.
Z

sin.4x � 9/ dx

SOLUTION

Z
sin.4x � 9/ dx D �1

4
cos.4x � 9/C C .

In Exercises 85–90, solve the differential equation with the given initial condition.

85.
dy

dx
D 4x3, y.1/ D 4

SOLUTION Let dy
dx

D 4x3. Then

y.x/ D
Z
4x3 dx D x4 C C:

Using the initial conditiony.1/ D 4, we findy.1/ D 14 C C D 4, soC D 3. Thus,y.x/ D x4 C 3.

86.
dy

dt
D 3t2 C cost , y.0/ D 12

SOLUTION Let dy
dt

D 3t2 C cost . Then

y.t/ D
Z
.3t2 C cost/ dt D t3 C sint C C:

Using the initial conditiony.0/ D 12, we findy.0/ D 03 C sin0C C D 12, soC D 12. Thus,y.t/ D t3 C sint C 12.

87.
dy

dx
D x�1=2, y.1/ D 1

SOLUTION Let dy
dx

D x�1=2. Then

y.x/ D
Z
x�1=2 dx D 2x1=2 C C:

Using the initial conditiony.1/ D 1, we findy.1/ D 2
p
1C C D 1, soC D �1. Thus,y.x/ D 2x1=2 � 1.

88.
dy

dx
D sec2 x, y

�
�
4

�
D 2

SOLUTION Let dy
dx

D sec2 x. Then

y.x/ D
Z

sec2 x dx D tanx C C:

Using the initial conditiony.�4 / D 2, we findy.�4 / D tan�4 C C D 2, soC D 1. Thus,y.x/ D tanx C 1.

89.
dy

dx
D e�x , y.0/ D 3

SOLUTION Let dy
dx

D e�x . Then

y.x/ D
Z
e�x dx D �e�x C C:

Using the initial conditiony.0/ D 3, we findy.0/ D �e0 C C D 3, soC D 4. Thus,y.x/ D 4 � e�x .
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90.
dy

dx
D e4x , y.1/ D 1

SOLUTION Let dy
dx

D e4x . Then

y.x/ D
Z
e4x dx D 1

4
e4x C C:

Using the initial conditiony.1/ D 1, we findy.1/ D 1
4e
4 C C D 1, soC D 1 � 1

4e
4. Thus,y.x/ D 1

4e
4x C 1 � 1

4e
4.

91. Findf .t/ if f 00.t/ D 1 � 2t , f .0/ D 2, andf 0.0/ D �1.
SOLUTION Supposef 00.t/ D 1 � 2t . Then

f 0.t/ D
Z
f 00.t/ dt D

Z
.1 � 2t/ dt D t � t2 C C:

Using the initial conditionf 0.0/ D �1, we findf 0.0/ D 0 � 02 C C D �1, soC D �1. Thus,f 0.t/ D t � t2 � 1. Now,

f .t/ D
Z
f 0.t/ dt D

Z
.t � t2 � 1/ dt D 1

2
t2 � 1

3
t3 � t C C:

Using the initial conditionf .0/ D 2, we findf .0/ D 1
20
2 � 1

30
3 � 0C C D 2, soC D 2. Thus,

f .t/ D 1

2
t2 � 1

3
t3 � t C 2:

92. At time t D 0, a driver begins decelerating at a constant rate of�10 m/s2 and comes to a halt after traveling 500 m. Find the
velocity att D 0.

SOLUTION From the constant deceleration of�10 m/s2, we determine

v.t/ D
Z
.�10/ dt D �10t C v0;

wherev0 is the velocity of the automobile att D 0. Note the automobile comes to a halt whenv.t/ D 0, which occurs at

t D v0

10
s:

The distance traveled during the braking process is

s.t/ D
Z
v.t/ dt D �5t2 C v0t C C;

for some arbitrary constantC . We are given that the braking distance is 500 meters, so

s
�v0
10

�
� s.0/ D �5

�v0
10

�2
C v0

�v0
10

�
C C � C D 500;

leading to

v0 D 100 m=s:

93. Find the local extrema off .x/ D e2x C 1

exC1 .

SOLUTION To simplify the differentiation, we first rewritef .x/ D e2x C1
exC1 using the Laws of Exponents:

f .x/ D e2x

exC1 C 1

exC1 D e2x�.xC1/ C e�.xC1/ D ex�1 C e�x�1:

Now,

f 0.x/ D ex�1 � e�x�1:

Setting the derivative equal to zero yields

ex�1 � e�x�1 D 0 or ex�1 D e�x�1:

Thus,

x � 1 D �x � 1 or x D 0:

Next, we use the Second Derivative Test. Withf 00.x/ D ex�1 C e�x�1, it follows that

f 00.0/ D e�1 C e�1 D 2

e
> 0:

Hence,x D 0 is a local minimum. Sincef .0/ D e0�1 C e�0�1 D 2
e , we conclude that the point.0; 2e / is a local minimum.
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94. Find the points of inflection off .x/ D ln.x2 C 1/, and at each point, determine whether the concavity changes from up to
down or from down to up.

SOLUTION With f .x/ D ln.x2 C 1/, we find

f 0.x/ D 2x

x2 C 1
I and

f 00.x/ D
2
�
x2 C 1

�
� 2x � 2x

.x2 C 1/
2

D 2.1 � x2/

.x2 C 1/
2

Thus,f 00.x/ > 0 for �1 < x < 1, whereasf 00.x/ < 0 for x < �1 and forx > 1. It follows that there are points of inflection at
x D ˙1, and that the concavity off changes from down to up atx D �1 and from up to down atx D 1.

In Exercises 95–98, find the local extrema and points of inflection, and sketch the graph. Use L’Hôpital’s Rule to determine the
limits asx ! 0C or x ! ˙1 if necessary.

95. y D x lnx .x > 0/

SOLUTION Let y D x lnx. Then

y0 D lnx C x

�
1

x

�
D 1C lnx;

andy00 D 1
x . Solvingy0 D 0 yields the critical pointx D e�1. Sincey00.e�1/ D e > 0, the function has a local minimum at

x D e�1. y00 is positive forx > 0, hence the function is concave up forx > 0 and there are no points of inflection. Asx ! 0C
and asx ! 1, we find

lim
x!0C

x ln x D lim
x!0C

lnx

x�1 D lim
x!0C

x�1

�x�2 D lim
x!0C

.�x/ D 0I

lim
x!1

x ln x D 1:

The graph is shown below:

2

1 2 3 4

4

6

y

x

96. y D ex�x2

SOLUTION Let y D ex�x2
. Theny0 D .1 � 2x/ex�x2

and

y00 D .1 � 2x/2ex�x2 � 2ex�x2 D .4x2 � 4x � 1/ex�x2

:

Solvingy0 D 0 yields the critical pointx D 1
2 . Since

y00
�
1

2

�
D �2e1=4 < 0;

the function has a local maximum atx D 1
2 . Using the quadratic formula, we find thaty00 D 0 whenx D 1

2 ˙ 1
2

p
2. y00 > 0

and the function is concave up forx < 1
2 � 1

2

p
2 and for x > 1

2 C 1
2

p
2, whereasy00 < 0 and the function is concave down for

1
2 � 1

2

p
2 < x < 1

2 C 1
2

p
2; hence, there are inflection points atx D 1

2 ˙ 1
2

p
2. As x ! ˙1, x � x2 ! �1 so

lim
x!˙1

ex�x2 D 0:

The graph is shown below.

–1 1 2 3 4

0.2

0.4

0.6

0.8

1

1.2
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97. y D x.ln x/2 .x > 0/

SOLUTION Let y D x.ln x/2. Then

y0 D x
2 lnx

x
C .lnx/2 D 2 ln x C .ln x/2 D ln x.2C lnx/;

and

y00 D 2

x
C 2 lnx

x
D 2

x
.1C ln x/:

Solvingy0 D 0 yields the critical pointsx D e�2 andx D 1. Sincey00.e�2/ D �2e2 < 0 andy00.1/ D 2 > 0, the function has
a local maximum atx D e�2 and a local minimum atx D 1. y00 < 0 and the function is concave down forx < e�1, whereas
y00 > 0 and the function is concave up forx > e�1; hence, there is a point of inflection atx D e�1. As x ! 0C and asx ! 1,
we find

lim
x!0C

x.ln x/2 D lim
x!0C

.ln x/2

x�1 D lim
x!0C

2 lnx � x�1

�x�2 D lim
x!0C

2 ln x

�x�1 D lim
x!0C

2x�1

x�2 D lim
x!0C

2x D 0I

lim
x!1

x.ln x/2 D 1:

The graph is shown below:

0.5 1 1.5

0.2

0.4

0.6

0.8

98. y D tan�1
 
x2

4

!

SOLUTION Let y D tan�1
�
x2

4

�
. Then

y0 D 1

1C
�
x2

4

�2
x

2
D 8x

x4 C 16
;

and

y00 D 8.x4 C 16/ � 8x � 4x3

.x4 C 16/2
D 128 � 24x4

.x4 C 16/2
:

Solvingy0 D 0 yieldsx D 0 as the only critical point. Becausey00.0/ D 1
2 > 0, we conclude the function has a local minimum at

x D 0. Moreover,y00 < 0 for x < �2 � 3�1=4 and forx > 2 � 3�1=4, whereasy00 > 0 for �2 � 3�1=4 < x < 2 � 3�1=4. Therefore,
there are points of inflection atx D ˙2 � 3�1=4. As x ! ˙1, we find

lim
x!˙1

tan�1
 
x2

4

!
D �

2
:

The graph is shown below:

0.2

−6 −4 −2 2 4 6

0.4

0.6

0.8

1.0

1.2

1.4

y

x

99. Explain why L’Hôpital’s Rule gives no information about lim
x!1

2x � sinx

3x C cos2x
. Evaluate the limit by another method.
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SOLUTION As x ! 1, both2x � sinx and3x C cos2x tend toward infinity, so L’Hôpital’s Rule applies to lim
x!1

2x � sinx

3x C cos2x
;

however, the resulting limit, lim
x!1

2 � cosx

3 � 2 sin 2x
, does not exist due to the oscillation of sinx and cosx and further applications of

L’Hôpital’s rule will not change this situation.
To evaluate the limit, we note

lim
x!1

2x � sinx

3x C cos2x
D lim
x!1

2 � sinx
x

3C cos2x
x

D 2

3
:

100. Let f .x/ be a differentiable function with inverseg.x/ such thatf .0/ D 0 andf 0.0/ ¤ 0. Prove that

lim
x!0

f .x/

g.x/
D f 0.0/2

SOLUTION Sinceg andf are inverse functions, we haveg .f .x// D x for all x in the domain off . In particular, forx D 0 we
have

g.0/ D g .f .0// D 0:

Therefore, the limit is an indeterminate form of type00 , so we may apply L’Hôpital’s Rule. By the Theorem on the derivative of the
inverse function, we have

g0.x/ D 1

f 0 .g.x//
:

Therefore,

lim
x!0

f .x/

g.x/
D lim
x!0

f 0.x/
1

f 0.g.x//

D lim
x!0

f 0.x/f 0 .g.x// D f 0.0/f 0 .g.0// D f 0.0/ � f 0.0/ D f 0.0/2:

In Exercises 101–112, verify that L’Hôpital’s Rule applies and evaluate the limit.

101. lim
x!3

4x � 12

x2 � 5x C 6

SOLUTION The given expression is an indeterminate form of type0
0 , therefore L’Hôpital’s Rule applies. We find

lim
x!3

4x � 12

x2 � 5x C 6
D lim
x!3

4

2x � 5 D 4:

102. lim
x!�2

x3 C 2x2 � x � 2

x4 C 2x3 � 4x � 8
SOLUTION The given expression is an indeterminate form of type0

0 , therefore L’Hôpital’s Rule applies. We find

lim
x!�2

x3 C 2x2 � x � 2
x4 C 2x3 � 4x � 8

D lim
x!�2

3x2 C 4x � 1

4x3 C 6x2 � 4
D � 3

12
D �1

4
:

103. lim
x!0C

x1=2 ln x

SOLUTION First rewrite

x1=2 lnx as
ln x

x�1=2 :

The rewritten expression is an indeterminate form of type1
1 , therefore L’Hôpital’s Rule applies. We find

lim
x!0C

x1=2 ln x D lim
x!0C

ln x

x�1=2 D lim
x!0C

1=x

�1=2
x

�3=2 D lim
x!0C

�x
1=2

2
D 0:

104. lim
t!1

ln.et C 1/

t

SOLUTION The given expression is an indeterminate form of type1
1 ; hence, we may apply L’Hôpital’s Rule. We find

lim
t!1

ln.et C 1/

t
D lim
t!1

et

et C1
1

D lim
t!1

1

1C e�t D 1:
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105. lim
�!0

2 sin� � sin2�

sin� � � cos�

SOLUTION The given expression is an indeterminate form of type0
0 ; hence, we may apply L’Hôpital’s Rule. We find

lim
�!0

2 sin� � sin2�

sin� � � cos�
D lim
�!0

2 cos� � 2 cos2�

cos� � .cos� � � sin�/
D lim
�!0

2 cos� � 2 cos2�

� sin �

D lim
�!0

�2 sin� C 4 sin2�

sin� C � cos�
D lim
�!0

�2 cos� C 8 cos2�

cos� C cos� � � sin�
D �2C 8

1C 1� 0
D 3:

106. lim
x!0

p
4C x � 2 8

p
1C x

x2

SOLUTION The given expression is an indeterminate form of type0
0 ; hence, we may apply L’Hôpital’s Rule. We find

lim
x!0

p
4C x � 2 8

p
1C x

x2
D lim
x!0

1
2 .4C x/�1=2 � 1

4 .1C x/�7=8

2x

D lim
x!0

�1
4 .4C x/�3=2 C 7

32 .1C x/�15=8

2
D

�1
4 � 18 C 7

32

2
D 3

32
:

107. lim
t!1

ln.t C 2/

log2 t

SOLUTION The limit is an indeterminate form of type11 ; hence, we may apply L’Hôpital’s Rule. We find

lim
t!1

ln.t C 2/

log2 t
D lim
t!1

1
tC2
1
t ln2

D lim
t!1

t ln 2

t C 2
D lim
t!1

ln 2

1
D ln2:

108. lim
x!0

�
ex

ex � 1
� 1

x

�

SOLUTION First rewrite the function as a quotient:

ex

ex � 1
� 1

x
D xex � ex C 1

x.ex � 1/ :

The limit is now an indeterminate form of type00 ; hence, we may apply L’Hôpital’s Rule. We find

lim
x!0

�
ex

ex � 1 � 1

x

�
D lim
x!0

xex C ex � ex
xex C ex � 1

D lim
x!0

xex

xex C ex � 1

D lim
x!0

xex C ex

xex C ex C ex
D 1

1C 1
D 1

2
:

109. lim
y!0

sin�1 y � y

y3

SOLUTION The limit is an indeterminate form of type00 ; hence, we may apply L’Hôpital’s Rule. We find

lim
y!0

sin�1 y � y

y3
D lim
y!0

1p
1�y2

� 1

3y2
D lim
y!0

y.1 � y2/�3=2

6y
D lim
y!0

.1 � y2/�3=2

6
D 1

6
:

110. lim
x!1

p
1 � x2

cos�1 x

SOLUTION The limit is an indeterminate form00 ; hence, we may apply L’Hôpital’s Rule. We find

lim
x!1

p
1 � x2

cos�1 x
D lim
x!1

� xp
1�x2

� 1p
1�x2

D lim
x!1

x D 1:

111. lim
x!0

sinh.x2/

coshx � 1

SOLUTION The limit is an indeterminate form of type00 ; hence, we may apply L’Hôpital’s Rule. We find

lim
x!0

sinh.x2/

coshx � 1
D lim
x!0

2x cosh.x2/

sinhx
D lim
x!0

2 cosh.x2/C 4x2 sinh.x2/

coshx
D 2C 0

1
D 2:
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112. lim
x!0

tanhx � sinhx

sinx � x

SOLUTION The limit is an indeterminate form of type00 ; hence, we may apply L’Hôpital’s Rule. We find

lim
x!0

tanhx � sinhx

sinx � x D lim
x!0

sech2 x � coshx

cosx � 1
D lim
x!0

2 sechx.� sechx tanhx/ � sinhx

� sinx

D lim
x!0

2 sech2 x tanhx C sinhx

sinx
D lim
x!0

�4 sech2 x tanh2 x C 2 sech4 x C coshx

cosx

D �4 � 1 � 0C 2 � 1C 1

1
D 3:

113. Let f .x/ D e�Ax2=2, whereA > 0. Given anyn numbersa1; a2; : : : ; an, set

ˆ.x/ D f .x � a1/f .x � a2/ � � � f .x � an/

(a) Assumen D 2 and prove that̂ .x/ attains its maximum value at the averagex D 1
2 .a1 C a2/. Hint: Calculatê 0.x/ using

logarithmic differentiation.

(b) Show that for anyn, ˆ.x/ attains its maximum value atx D 1
n .a1 C a2 C � � � C an/. This fact is related to the role off .x/

(whose graph is a bell-shaped curve) in statistics.

SOLUTION

(a) Forn D 2 we have,

.x/ D f .x � a1/ f .x � a2/ D e� A
2
.x�a1/

2

� e� A
2
.x�a2/

2

D e
� A

2

�
.x�a1/

2C.x�a2/
2
�
:

Sincee� A
2 y is a decreasing function ofy, it attains its maximum value wherey is minimum. Therefore, we must find the minimum

value of

y D .x � a1/2 C .x � a2/2 D 2x2 � 2 .a1 C a2/ x C a21 C a22:

Now, y0 D 4x � 2.a1 C a2/ D 0 when

x D a1 C a2

2
:

We conclude that.x/ attains a maximum value at this point.

(b) We have

.x/ D e� A
2
.x�a1/

2

� e� A
2
.x�a2/

2

� � � � � e� A
2
.x�an/

2

D e
� A

2

�
.x�a1/

2C���C.x�an/
2
�
:

Since the functione� A
2 y is a decreasing function ofy, it attains a maximum value wherey is minimum. Therefore we must

minimize the function

y D .x � a1/
2 C .x � a2/

2 C � � � C .x � an/
2:

We find the critical points by solving:

y0 D 2 .x � a1/C 2 .x � a2/C � � � C 2 .x � an/ D 0

2nx D 2 .a1 C a2 C � � � C an/

x D a1 C � � � C an

n
:

We verify that this point corresponds the minimum value ofy by examining the sign ofy00 at this point:y00 D 2n > 0. We conclude
thaty attains a minimum value at the pointx D a1C���Can

n , hence.x/ attains a maximum value at this point.
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Chapter 4: Application of the Derivative 

Preparing for the AP Exam Solutions 

 
Multiple Choice Questions 

 

1)  B  2)   E  3)   B  4)   A  5)   C 

6)  A  7)  C  8)   B  9)   D  10)   B 

11)   C  12)   B  13)   E  14)  D  15)   E 

16)   C  17)   C  18)   C  19)  C  20)   E 

 

 

Free Response Questions 
 

1. a)  No. There are various justifications.  

For example, 0
dt

dx
when y > 0 and   0

dt

dx
when y < 0 since the runner is going counterclockwise.   

Or, 0
dt

dx
when y = 0, and since the runner is moving, 

dt

dx
 cannot be constantly zero. 

 

b)   Let  P = (x, y) be a point in the first quadrant on the ellipse. Then construct the rectangle R with vertices 

(x, y), (–x, y), (x, –y), and (–x, –y). The area of R is xyA 4 . Since y > 0, 
2

1050000 2x
y


 , so 

210500002 xxA  . 
2

2

1050000

4100000
)(

x

x
xA




  = 0 when x = 50 (remember  x > 0) and changes sign 

from   plus to minus. Thus A has a maximum at x = 50. A(50) = 105000A . 

Next, A(1) < 5000 < A(50), so the Intermediate Value Theorem says there is a rectangle with area exactly 

5000 square yards. 

 

POINTS: 

(a) (2 pts)  1) Answer 2) Justification 

(b) (7pts) 1) xyA 4 ; 1) 
210500002 xxA  1) 

2

2

1050000

4100000
)(

x

x
xA




 ; 1) x = 50; 1) justifies 

maximum at  x = 50; 1) A(50) > 5000; 1) uses IVT 

 

2. a) No. )(xf   is continuous for all x, thus )(xf is continuous for all x, which means there is not a vertical 

asymptote. 

b) Yes. We have no information about )(lim xf
x 

 or )(lim xf
x 

. 

c)  1
02

)0()2(




 ff
. Apply the Mean Value Theorem to )(xf  on [0,2]. There is a c in (0, 2) with 

01)(  cf  

d) Note that 0)2( f and 01)2( f , so f (x) has a local minimum at x = 2. Thus   

    f (x)  is decreasing just to the left of x = 2, and so )(xf  < 0 just to the left of x = 2. 

 

POINTS: 

(a) (2 pts) 1) Answer; 1) Reason 

(b) (2 pts) 1) Answer; 1) Reason 
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(c) (2 pts) 1) 1
02

)0()2(




 ff
; 1) Uses MVT 

(d) (3 pts) 1) local min at x = 2; 1) f (x) decreasing on some interval; 1) decreasing means )(xf   < 0. 

 

3. a)  If  k = 30, then  f (0) = 30. Since f(x) is a cubic and the coefficient of 03 x , we know f(x) will be 

negative for some negative values of  x.  Experimenting, we find   f (–3) = –15. Thus there is a c in (–3, 0) 

with f(c) = 0. 

b)  We have )2)(1(61266)( 2  xxxxxf  Thus f(x) has a local maximum  x = –1 and a local 

minimum at x = 2. With k = 30, f(x) is increasing on ]1,(  and   f(–1) = 37. So f(x) = 0 has exactly one 

solution in ]1,(  . f(x) is decreasing on [–1, 2], and f(2) = 10, so there is no solution to f(x) = 0 in [-1,2]. 

f(x) now is increasing for x > 2, so there is no solution to f(x) = 0 in ),2[  .  

c)   We want the graph to intersect the x-axis exactly once, so we want either (i) the local  maximum to be less 

than 0 or (ii) the local minimum to be greater than 0.  For (i), kf  7)1( so k < –7.  For (ii), 

kf  20)2( , so k > 20.   [ Note, for k = –7 or 20, there are exactly two solutions.] 

  

POINTS: 

(a) (2 pts) 1) Finds a negative value of  f(x) 1) Uses IVT 

(b) (5 pts) 1) local max at x = –1; 1) local min at x = 2; 1) deals with ]1,(  ; 1) deals with [–1, 2]; 1) deals 

with ),2[   

(c) (2 pts) 1) k < –7; 1) k > 20 

 

4.  a)   Differentiating with respect to x, we get .022 
dx

dy

dx

dy
xyx Thus  

xy

xy

dx

dy






2

2
. At the point 

(–2, 3), 
8

7


dx

dy
. The equation is )2(

8

7
3  xy . 

b) 853.2)2168.2(
8

7
3 q  

c)  Use our calculator to solve 19)168.2()168.2( 22  yy . Choose the solution  nearest 3; to three 

decimal places 2.849y  . This is less than the tangent line approximation, so the graph is below the tangent 

line, and it appears the graph is concave down. 

d)  
xy

xy

dx

dy






2

2
, so 

22

2

)2(

)12)(2()2)(2(

xy

dx

dy
xyxy

dx

dy

dx

yd





 . Next substitute  x = –2, y = 3 and 

8

7


dx

dy
 to get 

2

2

57
0

256

d y

dx
   , which confirms our answer of concave down in part (c). 

 

POINTS: 

(a) (3 pts)  1) .022 
dx

dy

dx

dy
xyx ; 1) 

8

7


dx

dy
; 1) )2(

8

7
3  xy  

(b) (1 pt) 

(c) (2 pts) 1) 2.850y  ; 2) conclusion of concave down 

(d) (3 pts) 1) 
22

2

)2(

)12)(2()2)(2(

xy

dx

dy
xyxy

dx

dy

dx

yd





 ; 1) 

2

2

57
0

256

d y

dx
   ;   

1) Concludes concave down 



5 THE INTEGRAL

5.1 Approximating and Computing Area

Preliminary Questions
1. What are the right and left endpoints ifŒ2; 5� is divided into six subintervals?

SOLUTION If the intervalŒ2; 5� is divided into six subintervals, the length of each subinterval is5�2
6 D 1

2 . The right endpoints

of the subintervals are then52 ; 3;
7
2 ; 4;

9
2 ; 5, while the left endpoints are2; 52 ; 3;

7
2 ; 4;

9
2 .

2. The intervalŒ1; 5� is divided into eight subintervals.

(a) What is the left endpoint of the last subinterval?

(b) What are the right endpoints of the first two subintervals?

SOLUTION Note that each of the 8 subintervals has length5�1
8 D 1

2 .

(a) The left endpoint of the last subinterval is5 � 1
2 D 9

2 .

(b) The right endpoints of the first two subintervals are1C 1
2 D 3

2 and 1C 2
�
1
2

�
D 2.

3. Which of the following pairs of sums arenot equal?

(a)
4X

iD1
i;

4X

`D1
` (b)

4X

jD1
j 2;

5X

kD2
k2

(c)
4X

jD1
j;

5X

iD2
.i � 1/ (d)

4X

iD1
i.i C 1/;

5X

jD2
.j � 1/j

SOLUTION

(a) Only the name of the index variable has been changed, so these two sumsare the same.

(b) These two sums arenot the same; the second squares the numbers two through five while the first squares the numbers one
through four.

(c) These two sumsare the same. Note that wheni ranges from two through five, the expressioni � 1 ranges from one through
four.

(d) These two sumsare the same. Both sums are1 � 2C 2 � 3C 3 � 4C 4 � 5.

4. Explain:
100P
jD1

j D
100P
jD0

j but
100P
jD1

1 is not equal to
100P
jD0

1.

SOLUTION The first term in the sum
P100
jD0 j is equal to zero, so it may be dropped. More specifically,

100X

jD0
j D 0C

100X

jD1
j D

100X

jD1
j:

On the other hand, the first term in
P100
jD0 1 is not zero, so this term cannot be dropped. In particular,

100X

jD0
1 D 1C

100X

jD1
1 ¤

100X

jD1
1:

5. Explain whyL100 � R100 for f .x/ D x�2 on Œ3; 7�.

SOLUTION On Œ3; 7�, the functionf .x/ D x�2 is a decreasing function; hence, for any subinterval ofŒ3; 7�, the function value at
the left endpoint is larger than the function value at the right endpoint. Consequently,L100 must be larger thanR100.
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Exercises
1. Figure 1 shows the velocity of an object over a 3-min interval. Determine the distance traveled over the intervalsŒ0; 3� and
Œ1; 2:5� (remember to convert from km/h to km/min).

3
min

km/h

21

20

30

10

FIGURE 1

SOLUTION The distance traveled by the object can be determined by calculating the area underneath the velocity graph over the
specified interval. During the intervalŒ0; 3�, the object travels

�
10

60

��
1

2

�
C
�
25

60

�
.1/C

�
15

60

��
1

2

�
C
�
20

60

�
.1/ D 23

24
� 0:96 km:

During the intervalŒ1; 2:5�, it travels
�
25

60

��
1

2

�
C
�
15

60

��
1

2

�
C
�
20

60

��
1

2

�
D 1

2
D 0:5 km:

2. An ostrich (Figure 2) runs with velocity 20 km/h for 2 minutes, 12 km/h for 3 minutes, and 40 km/h for another minute.
Compute the total distance traveled and indicate with a graph how this quantity can be interpreted as an area.

FIGURE 2 Ostriches can reach speeds as high as70 km/h.

SOLUTION The total distance traveled by the ostrich is

�
20

60

�
.2/C

�
12

60

�
.3/C

�
40

60

�
.1/ D 2

3
C 3

5
C 2

3
D 29

15

km. This distance is the area under the graph below which shows the ostrich’s velocity as a function of time.

10

0

20

30

40

0 1 2 3 4 5 6

y

x

3. A rainstorm hit Portland, Maine, in October 1996, resulting in record rainfall. The rainfall rateR.t/ on October 21 is recorded,
in centimeters per hour, in the following table, wheret is the number of hours since midnight. Compute the total rainfall during this
24-hour period and indicate on a graph how this quantity can be interpreted as an area.

t (h) 0–2 2–4 4–9 9–12 12–20 20–24

R.t/ (cm) 0.5 0.3 1.0 2.5 1.5 0.6
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SOLUTION Over each interval, the total rainfall is the time interval in hours times the rainfall in centimeters per hour. Thus

R D 2.0:5/ C 2.0:3/C 5.1:0/C 3.2:5/C 8.1:5/C 4.0:6/ D 28:5 cm:

The figure below is a graph of the rainfall as a function of time. The area of the shaded region represents the total rainfall.

0.5

1.0

1.5

2.0

2.5

5 10 15 20 25

y

x

4. The velocity of an object isv.t/ D 12t m/s. Use Eq. (2) and geometry to find the distance traveled over the time intervalsŒ0; 2�

andŒ2; 5�.

SOLUTION By equation Eq. (2), the distance traveled over the time intervalŒa; b� is

Z b

a
v.t/ dt D

Z b

a
12t dt I

that is, the distance traveled is the area under the graph of the velocity function over the intervalŒa; b�. The graph below shows the
area under the velocity functionv.t/ D 12t m/s over the intervalsŒ0; 2� andŒ2; 5�. Over the intervalŒ0; 2�, the area is a triangle of
base 2 and height 24; therefore, the distance traveled is

1

2
.2/.24/ D 24 meters:

Over the intervalŒ2; 5�, the area is a trapezoid of height 3 and base lengths 24 and 60; therefore, the distance traveled is

1

2
.3/.24C 60/ D 126 meters:

10

20

30

40

50

60

1 2 3 4 5

y

x

5. ComputeR5 andL5 over Œ0; 1� using the following values.

x 0 0.2 0.4 0.6 0.8 1

f .x/ 50 48 46 44 42 40

SOLUTION �x D 1�0
5 D 0:2. Thus,

L5 D 0:2 .50C 48C 46C 44C 42/ D 0:2.230/ D 46;

and

R5 D 0:2 .48C 46C 44C 42C 40/ D 0:2.220/ D 44:

The average is

46C 44

2
D 45:

This estimate is frequently referred to as theTrapezoidal Approximation.

6. ComputeR6,L6, andM3 to estimate the distance traveled overŒ0; 3� if the velocity at half-second intervals is as follows:

t (s) 0 0.5 1 1.5 2 2.5 3

v (m/s) 0 12 18 25 20 14 20
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SOLUTION ForR6 andL6,�t D 3�0
6 D 0:5. ForM3,�t D 3�0

3 D 1. Then

R6 D 0:5 s.12C 18C 25C 20C 14C 20/m/sD 0:5.109/ m D 54:5m;

L6 D 0:5 sec.0C 12C 18C 25C 20C 14/m/secD 0:5.89/m D 44:5m;

and

M3 D 1 sec.12C 25C 14/ m/secD 51m:

7. Let f .x/ D 2x C 3.

(a) ComputeR6 andL6 over Œ0; 3�.
(b) Use geometry to find the exact areaA and compute the errorsjA � R6j andjA � L6j in the approximations.

SOLUTION Let f .x/ D 2x C 3 on Œ0; 3�.

(a) We partitionŒ0; 3� into 6 equally-spaced subintervals. The left endpoints of the subintervals are
n
0; 12 ; 1;

3
2 ; 2;

5
2

o
whereas the

right endpoints are
n
1
2 ; 1;

3
2 ; 2;

5
2 ; 3

o
.

� Let a D 0, b D 3, n D 6,�x D .b � a/ =n D 1
2 , andxk D aC k�x, k D 0; 1; : : : ; 5 (left endpoints). Then

L6 D
5X

kD0
f .xk/�x D �x

5X

kD0
f .xk/ D 1

2
.3C 4C 5C 6C 7C 8/ D 16:5:

� With xk D a C k�x, k D 1; 2; : : : ; 6 (right endpoints), we have

R6 D
6X

kD1
f .xk/�x D �x

6X

kD1
f .xk/ D 1

2
.4C 5C 6C 7C 8C 9/ D 19:5:

(b) Via geometry (see figure below), the exact area isA D 1
2 .3/ .6/C 32 D 18. Thus,L6 underestimates the true area.L6 �A D

�1:5/, whileR6 overestimates the true area.R6 �A D C1:5/.

0.5 1 1.5 2 2.5 3

3

6

9

x

y

8. Repeat Exercise 7 forf .x/ D 20 � 3x over Œ2; 4�.

SOLUTION Let f .x/ D 20 � 3x on Œ2; 4�.

(a) We partitionŒ2; 4� into 6 equally-spaced subintervals. The left endpoints of the subintervals are
n
2; 73 ;

8
3 ; 3;

10
3 ;

11
3

o
whereas

the right endpoints are
n
7
3 ;
8
3 ; 3;

10
3 ;

11
3 ; 3

o
.

� Let a D 2, b D 4, n D 6,�x D .b � a/ =n D 1
3 , andxk D aC k�x, k D 0; 1; : : : ; 5 (left endpoints). Then

L6 D
5X

kD0
f .xk/�x D �x

5X

kD0
f .xk/ D 1

3
.14C 13C 12C 11C 10C 9/ D 23:

� With xk D a C k�x, k D 1; 2; : : : ; 6 (right endpoints), we have

R6 D
6X

kD1
f .xk/�x D �x

6X

kD1
f .xk/ D 1

3
.13C 12C 11C 10C 9C 8/ D 21:

(b) Via geometry (see figure below), the exact area isA D 1
2 .2/ .14C 8/ D 22. Thus,L6 overestimates the true area.L6 � A D

1/, whileR6 underestimates the true area.R6 �A D �1/.
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4

6

8

10
12

14

1 2 3 4

y

x
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9. CalculateR3 andL3

for f .x/ D x2 � x C 4 over Œ1; 4�

Then sketch the graph off and the rectangles that make up each approximation. Is the area under the graph larger or smaller than
R3? Is it larger or smaller thanL3?

SOLUTION Let f .x/ D x2 � x C 4 and seta D 1, b D 4, n D 3,�x D .b � a/ =n D .4 � 1/ =3 D 1.

(a) Let xk D a C k�x, k D 0; 1; 2; 3.

� Selecting the left endpoints of the subintervals,xk , k D 0; 1; 2, or f1; 2; 3g, we have

L3 D
2X

kD0
f .xk/�x D �x

2X

kD0
f .xk/ D .1/ .4C 6C 10/ D 20:

� Selecting the right endpoints of the subintervals,xk , k D 1; 2; 3, or f2; 3; 4g, we have

R3 D
3X

kD1
f .xk/�x D �x

3X

kD1
f .xk/ D .1/ .6C 10C 16/ D 32:

(b) Here are figures of the three rectangles that approximate the area under the curvef .x/ over the intervalŒ1; 4�. Clearly, the area
under the graph is larger thanL3 but smaller thanR3.

4

1.0 1.5 2.0 2.5 3.0 3.5

6

8

10

12

14

y

x

L3

4

1.0 1.5 2.0 2.5 3.0 3.5

6

8

10

12

14

y

x

R3

10. Letf .x/ D
p
x2 C 1 and�x D 1

3 . Sketch the graph off .x/ and draw the right-endpoint rectangles whose area is represented

by the sum
6X

iD1
f .1C i�x/�x.

SOLUTION Because�x D 1
3 and the sum evaluatesf at1C i�x for i from 1 through 6, it follows that the interval over which

we are consideringf is Œ1; 3�. The sketch off together with the six rectangles is shown below.

0.5

1.0

1.5

2.0

2.5

3.0

0.5 1.0 1.5 2.0 2.5 3.0

y

x

11. EstimateR3,M3, andL6 over Œ0; 1:5� for the function in Figure 3.

1

2

3

4

5

x

y

0.5 1 1.5

FIGURE 3

SOLUTION Let f .x/ on Œ0; 32 � be given by Figure 3. Forn D 3,�x D .32 � 0/=3 D 1
2 , fxkg3kD0 D

n
0; 12 ; 1;

3
2

o
. Therefore

R3 D 1

2

3X

kD1
f .xk/ D 1

2
.2C 1C 2/ D 2:5;

M3 D 1

2

6X

kD1
f

�
xk � 1

2
�x

�
D 1

2
.3:25C 1:25C 1:25/ D 2:875:
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For n D 6,�x D .32 � 0/=6 D 1
4 , fxkg6kD0 D

n
0; 14 ;

1
2 ;
3
4 ; 1;

5
4 ;
3
2

o
. Therefore

L6 D 1

4

5X

kD0
f .xk/ D 1

4
.5C 3:25C 2C 1:25C 1C 1:25/ D 3:4375:

12. Calculate the area of the shaded rectangles in Figure 4. Which approximation do these rectangles represent?

1 32−1−3 −2
x

y

y =
1 + x2
4 − x

FIGURE 4

SOLUTION Each rectangle in Figure 4 has a width of 1 and the height is taken as the value of the function at the midpoint of the
interval. Thus, the area of the shaded rectangles is

1

�
26

29
C 22

13
C 18

5
C 14

5
C 10

13
C 6

29

�
D 18784

1885
� 9:965:

Because there are six rectangles and the height of each rectangle is taken as the value of the function at the midpoint of the interval,
the shaded rectangles represent the approximationM6 to the area under the curve.

In Exercises 13–20, calculate the approximation for the given function and interval.

13. R3, f .x/ D 7 � x, Œ3; 5�

SOLUTION Let f .x/ D 7 � x on Œ3; 5�. Forn D 3,�x D .5 � 3/=3 D 2
3 , andfxkg3kD0 D

n
3; 113 ;

13
3 ; 5

o
. Therefore

R3 D 2

3

3X

kD1
.7 � xk/

D 2

3

�
10

3
C 8

3
C 2

�
D 2

3
.8/ D 16

3
:

14. L6, f .x/ D
p
6x C 2, Œ1; 3�

SOLUTION Let f .x/ D
p
6x C 2 on Œ1; 3�. Forn D 6,�x D .3 � 1/=6 D 1

3 , andfxkg6kD0 D
n
1; 43 ;

5
3 ; 2;

7
3 ;
8
3 ; 3

o
. Therefore

L6 D 1

3

5X

kD0

p
6xk C 2

D 1

3

�p
8C

p
10C

p
12C

p
14C 4C

p
18
�

� 7:146368:

15. M6, f .x/ D 4x C 3, Œ5; 8�

SOLUTION Let f .x/ D 4x C 3 on Œ5; 8�. For n D 6, �x D .8 � 5/=6 D 1
2 , and fx�

k
g5
kD0 D f5:25; 5:75; 6:25; 6:75;

7:25; 7:75g. Therefore,

M6 D 1

2

5X

kD0

�
4x�
k C 3

�

D 1

2
.24C 26C 28C 30C 32C 34/

D 1

2
.174/ D 87:

16. R5, f .x/ D x2 C x, Œ�1; 1�
SOLUTION Let f .x/ D x2 C x on Œ�1; 1�. For n D 5, �x D .1 � .�1//=5 D 2

5 , and fxkg5kD0 D
n
�1;�3

5 ;�
1
5 ;
1
5 ;

3
5 ; 1

o
. Therefore

R5 D 2

5

5X

kD1
.x2
k

C xk/ D 2

5

��
9

25
� 3

5

�
C
�
1

25
� 1

5

�
C
�
1

25
C 1

5

�
C
�
9

25
C 3

5

�
C 2

�

D 2

5

�
14

5

�
D 28

25
:
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17. L6, f .x/ D x2 C 3jxj, Œ�2; 1�
SOLUTION Let f .x/ D x2 C 3 jxj on Œ�2; 1�. For n D 6, �x D .1 � .�2//=6 D 1

2 , and fxkg6kD0 D f�2;�1:5;�1;
�0:5; 0; 0:5; 1g. Therefore

L6 D 1

2

5X

kD0
.x2k C 3 jxk j/ D 1

2
.10C 6:75C 4C 1:75C 0C 1:75/ D 12:125:

18. M4, f .x/ D
p
x, Œ3; 5�

SOLUTION Let f .x/ D
p
x on Œ3; 5�. Forn D 4,�x D .5 � 3/=4 D 1

2 , andfx�
k

g3
kD0 D f134 ;

15
4 ;

17
4 ;

19
4 g. Therefore,

M4 D 1

2

3X

kD0

q
x�
k

D 1

2

 p
13

2
C

p
15

2
C

p
17

2
C

p
19

2

!
� 3:990135:

19. L4, f .x/ D cos2 x,
�
�
6 ;

�
2

�

SOLUTION Let f .x/ D cos2 x on Œ�6 ;
�
2 �. Forn D 4,

�x D .�=2 � �=6/
4

D �

12
and fxkg4kD0 D

�
�

6
;
�

4
;
�

3
;
5�

12
;
�

2

�
:

Therefore

L4 D �

12

3X

kD0
cos2 xk � 0:410236:

20. M5, f .x/ D ln x, Œ1; 3�

SOLUTION Let f .x/ D ln x on Œ1; 3�. Forn D 5,�x D .3 � 1/=5 D 2
5 , andfx�

k
g4
kD0 D f65 ;

8
5 ; 2;

12
5 ;

14
5 g. Therefore,

M5 D 2

5

4X

kD0
lnx�

k

D 2

5

�
ln
6

5
C ln

8

5
C ln2C ln

12

5
C ln

14

5

�
� 1:300224:

In Exercises 21–26, write the sum in summation notation.

21. 47 C 57 C 67 C 77 C 87

SOLUTION The first term is47, and the last term is87, so it seems thekth term isk7. Therefore, the sum is:

8X

kD4
k7:

22. .22 C 2/C .32 C 3/C .42 C 4/C .52 C 5/

SOLUTION The first term is22 C 2, and the last term is52 C 5, so it seems that the sum limits are2 and5, and thekth term is
k2 C k. Therefore, the sum is:

5X

kD2
.k2 C k/:

23. .22 C 2/C .23 C 2/C .24 C 2/C .25 C 2/

SOLUTION The first term is22 C 2, and the last term is25 C 2, so it seems the sum limits are2 and5, and thekth term is2k C 2.
Therefore, the sum is:

5X

kD2
.2k C 2/:

24.
p
1C 13 C

p
2C 23 C � � � C

p
nC n3
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SOLUTION The first term is
p
1C 13 and the last term is

p
nC n3, so it seems the summation limits are 1 throughn, and the

k-th term is
p
k C k3. Therefore, the sum is

nX

kD1

p
k C k3:

25.
1

2 � 3 C 2

3 � 4 C � � � C n

.nC 1/.nC 2/

SOLUTION The first summand is 1
.1C1/�.1C2/ . This shows us

1

2 � 3 C 2

3 � 4 C � � � C n

.nC 1/.nC 2/
D

nX

iD1

i

.i C 1/.i C 2/
:

26. e� C e�=2 C e�=3 C � � � C e�=n

SOLUTION The first term ise�=1 and the last term ise�=n, so it seems the sum limits are 1 andn and thekth term ise�=k .
Therefore, the sum is

nX

kD1
e�=k :

27. Calculate the sums:

(a)
5X

iD1
9 (b)

5X

iD0
4 (c)

4X

kD2
k3

SOLUTION

(a)
5X

iD1
9 D 9C 9C 9C 9C 9 D 45. Alternatively,

5X

iD1
9 D 9

5X

iD1
1 D .9/.5/ D 45.

(b)
5X

iD0
4 D 4C 4C 4C 4C 4C 4 D 24. Alternatively,

5X

iD0
4 D 4

5X

iD0
D .4/.6/ D 24.

(c)
4X

kD2
k3 D 23 C 33 C 43 D 99. Alternatively,

4X

kD2
k3 D

0
@

4X

kD1
k3

1
A �

0
@

1X

kD1
k3

1
A D

 
44

4
C 43

2
C 42

4

!
�
 
14

4
C 13

2
C 12

4

!
D 99:

28. Calculate the sums:

(a)
4X

jD3
sin
�
j
�

2

�
(b)

5X

kD3

1

k � 1 (c)
2X

jD0
3j�1

SOLUTION

(a)
4X

jD3
sin

�
j�

2

�
D sin

�
3�

2

�
C sin

�
4�

2

�
D �1C 0 D �1.

(b)
5X

kD3

1

k � 1
D 1

2
C 1

3
C 1

4
D 13

12
:

(c)
2X

jD0
3j�1 D 1

3
C 1C 3 D 13

3
:

29. Let b1 D 4, b2 D 1, b3 D 2, andb4 D �4. Calculate:

(a)
4X

iD2
bi (b)

2X

jD1
.2bj � bj / (c)

3X

kD1
kbk

SOLUTION

(a)
4X

iD2
bi D b2 C b3 C b4 D 1C 2C .�4/ D �1:



S E C T I O N 5.1 Approximating and Computing Area 553

(b)
2X

jD1

�
2bj � bj

�
D .24 � 4/C .21 � 1/ D 13:

(c)
3X

kD1
kbk D 1.4/C 2.1/C 3.2/ D 12:

30. Assume thata1 D �5,
10X

iD1
ai D 20, and

10X

iD1
bi D 7. Calculate:

(a)
10X

iD1
.4ai C 3/ (b)

10X

iD2
ai (c)

10X

iD1
.2ai � 3bi /

SOLUTION

(a)
10X

iD1
.4ai C 3/ D 4

10X

iD1
ai C 3

10X

iD1
1 D 4.20/C 3.10/ D 110.

(b)
10X

iD2
ai D

10X

iD1
ai � a1 D 20 � .�5/ D 25.

(c)
10X

iD1
.2ai � 3bi / D 2

10X

iD1
ai � 3

10X

iD1
bi D 2.20/ � 3.7/ D 19.

31. Calculate
200X

jD101
j . Hint: Write as a difference of two sums and use formula (3).

SOLUTION

200X

jD101
j D

200X

jD1
j �

100X

jD1
j D

 
2002

2
C 200

2

!
�
 
1002

2
C 100

2

!
D 20100 � 5050 D 15050:

32. Calculate
30X

jD1
.2j C 1/2. Hint: Expand and use formulas (3)–(4).

SOLUTION

30X

jD1
.2j C 1/2 D 4

30X

jD1
j 2 C 4

30X

jD1
j C

30X

jD1
1

D 4

 
303

3
C 302

2
C 30

6

!
C 4

 
302

2
C 30

2

!
C 30

D 39;710:

In Exercises 33–40, use linearity and formulas (3)–(5) to rewrite and evaluate the sums.

33.
20X

jD1
8j 3

SOLUTION

20X

jD1
8j 3 D 8

20X

jD1
j 3 D 8

 
204

4
C 203

2
C 202

4

!
D 8.44;100/ D 352;800.

34.
30X

kD1
.4k � 3/

SOLUTION

30X

kD1
.4k � 3/ D 4

30X

kD1
k � 3

30X

kD1
1

D 4

 
302

2
C 30

2

!
� 3.30/ D 4.465/ � 90 D 1770:
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35.
150X

nD51
n2

SOLUTION

150X

nD51
n2 D

150X

nD1
n2 �

50X

nD1
n2

D
 
1503

3
C 1502

2
C 150

6

!
�
 
503

3
C 502

2
C 50

6

!

D 1;136;275 � 42;925 D 1;093;350:

36.
200X

kD101
k3

SOLUTION

200X

kD101
k3 D

200X

kD1
k3 �

100X

kD1
k3

D
 
2004

4
C 2003

2
C 2002

4

!
�
 
1004

4
C 1003

2
C 1002

4

!

D 404;010;000 � 25;502;500 D 378;507;500:

37.
50X

jD0
j.j � 1/

SOLUTION

50X

jD0
j.j � 1/ D

50X

jD0
.j 2 � j / D

50X

jD0
j 2 �

50X

jD0
j

D
 
503

3
C 502

2
C 50

6

!
�
 
502

2
C 50

2

!
D 503

3
� 50

3
D 124;950

3
D 41;650:

The power sum formula is usable because
50X

jD0
j.j � 1/ D

50X

jD1
j.j � 1/.

38.
30X

jD2

 
6j C 4j 2

3

!

SOLUTION

30X

jD2

 
6j C 4j 2

3

!
D 6

30X

jD2
j C 4

3

30X

jD2
j 2 D 6

0
@
30X

jD1
j �

1X

jD1
j

1
AC 4

3

0
@
30X

jD1
j 2 �

1X

jD1
j 2

1
A

D 6

 
302

2
C 30

2
� 1

!
C 4

3

 
303

3
C 302

2
C 30

6
� 1

!

D 6 .464/C 4

3
.9454/ D 2784C 37;816

3
D 46;168

3
:

39.
30X

mD1
.4 �m/3

SOLUTION

30X

mD1
.4 �m/3 D

30X

mD1
.64 � 48mC 12m2 �m3/

D 64

30X

mD1
1 � 48

30X

mD1
mC 12

30X

mD1
m2 �

30X

mD1
m3



S E C T I O N 5.1 Approximating and Computing Area 555

D 64.30/ � 48
.30/.31/

2
C 12

 
303

3
C 302

2
C 30

6

!
�
 
304

4
C 303

2
C 302

4

!

D 1920 � 22;320C 113;460 � 216;225 D �123;165:

40.
20X

mD1

�
5C 3m

2

�2

SOLUTION

20X

mD1

�
5C 3m

2

�2
D 25

20X

mD1
1C 15

20X

mD1
mC 9

4

20X

mD1
m2

D 25.20/C 15

 
202

2
C 20

2

!
C 9

4

 
203

3
C 202

2
C 20

6

!

D 500C 15.210/ C 9

4
.2870/ D 10107:5:

In Exercises 41–44, use formulas (3)–(5) to evaluate the limit.

41. lim
N!1

NX

iD1

i

N 2

SOLUTION Let sN D
NX

iD1

i

N 2
. Then,

sN D
NX

iD1

i

N 2
D 1

N 2

NX

iD1
i D 1

N 2

 
N 2

2
C N

2

!
D 1

2
C 1

2N
:

Therefore, lim
N!1

sN D 1

2
.

42. lim
N!1

NX

jD1

j 3

N 4

SOLUTION Let sN D
NX

jD1

j 3

N 4
. Then

sN D 1

N 4

NX

jD1
j 3 D 1

N 4

 
N 4

4
C N 3

2
C N 2

4

!
D 1

4
C 1

2N
C 1

4N 2
:

Therefore, lim
N!1

sN D 1

4
.

43. lim
N!1

NX

iD1

i2 � i C 1

N 3

SOLUTION Let sN D
NX

iD1

i2 � i C 1

N 3
. Then

sN D
NX

iD1

i2 � i C 1

N 3
D 1

N 3

2
4
0
@
NX

iD1
i2

1
A �

0
@
NX

iD1
i

1
AC

0
@
NX

iD1
1

1
A
3
5

D 1

N 3

" 
N 3

3
C N 2

2
C N

6

!
�
 
N 2

2
C N

2

!
CN

#
D 1

3
C 2

3N 2
:

Therefore, lim
N!1

sN D 1

3
.
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44. lim
N!1

NX

iD1

 
i3

N 4
� 20

N

!

SOLUTION Let sN D
NX

iD1

 
i3

N 4
� 20

N

!
. Then

sN D 1

N 4

NX

iD1
i3 � 20

N

NX

iD1
1 D 1

N 4

 
N 4

4
C N 3

2
C N 2

4

!
� 20 D 1

4
C 1

2N
C 1

4N 2
� 20:

Therefore, lim
N!1

sN D 1

4
� 20 D �79

4
.

In Exercises 45–50, calculate the limit for the given function and interval. Verify your answer by using geometry.

45. lim
N!1

RN , f .x/ D 9x, Œ0; 2�

SOLUTION Let f .x/ D 9x on Œ0; 2�. LetN be a positive integer and seta D 0, b D 2, and�x D .b � a/=N D .2 � 0/=N D
2=N . Also, letxk D aC k�x D 2k=N , k D 1; 2; : : : ; N be the right endpoints of theN subintervals ofŒ0; 2�. Then

RN D �x

NX

kD1
f .xk/ D 2

N

NX

kD1
9

�
2k

N

�
D 36

N 2

NX

kD1
k D 36

N 2

 
N 2

2
C N

2

!
D 18C 18

N
:

The area under the graph is

lim
N!1

RN D lim
N!1

�
18C 18

N

�
D 18:

The region under the graph is a triangle with base 2 and height 18. The area of the region is then1
2 .2/.18/ D 18, which agrees with

the value obtained from the limit of the right-endpoint approximations.

46. lim
N!1

RN , f .x/ D 3x C 6, Œ1; 4�

SOLUTION Letf .x/ D 3xC 6 onŒ1; 4�. LetN be a positive integer and seta D 1, b D 4, and�x D .b � a/=N D .4� 1/=N D
3=N . Also, letxk D aC k�x D 1C 3k=N , k D 1; 2; : : : ; N be the right endpoints of theN subintervals ofŒ1; 4�. Then

RN D �x

NX

kD1
f .xk/ D 3

N

NX

kD1

�
9C 9k

N

�

D 27

N

NX

kD1
1C 27

N 2

NX

kD1
j D 27

N
.N/C 27

N 2

 
N 2

2
C N

2

!

D 81

2
C 27

2N
:

The area under the graph is

lim
N!1

RN D lim
N!1

�
81

2
C 27

2N

�
D 81

2
:

The region under the graph is a trapezoid with base width 3 and heights 9 and 18. The area of the region is then1
2 .3/.9C 18/ D 81

2 ,
which agrees with the value obtained from the limit of the right-endpoint approximations.

47. lim
N!1

LN , f .x/ D 1
2x C 2, Œ0; 4�

SOLUTION Let f .x/ D 1
2x C 2 on Œ0; 4�. LetN > 0 be an integer, and seta D 0; b D 4, and�x D .4 � 0/=N D 4

N
. Also, let

xk D 0C k�x D 4k
N
; k D 0; 1; : : : ; N � 1 be the left endpoints of theN subintervals. Then

LN D �x

N�1X

kD0
f .xk/ D 4

N

N�1X

kD0

�
1

2

�
4k

N

�
C 2

�
D 8

N

N�1X

kD0
1C 8

N 2

N�1X

kD0
k

D 8C 8

N 2

 
.N � 1/2

2
C N � 1

2

!
D 12 � 4

N
:

The area under the graph is

lim
N!1

LN D 12:

The region under the curve overŒ0; 4� is a trapezoid with base width4 and heights2 and4. From this, we get that the area is
1
2 .4/.2C 4/ D 12, which agrees with the answer obtained from the limit of the left-endpoint approximations.
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48. lim
N!1

LN , f .x/ D 4x � 2, Œ1; 3�

SOLUTION Let f .x/ D 4x � 2 on Œ1; 3�. LetN > 0 be an integer, and seta D 1; b D 3, and�x D .3 � 1/=N D 2
N

. Also, let

xk D a C k�x D 1C 2k
N
; k D 0; 1; : : : ; N � 1 be the left endpoints of theN subintervals. Then

LN D �x

N�1X

kD0
f .xk/ D 2

N

N�1X

kD0

�
8k

N
C 2

�
D 16

N 2

N�1X

kD0
k C 4

N

N�1X

kD0
1

D 16

N 2

 
.N � 1/2

2
C N � 1

2

!
C 4

N
.N � 1/

D 12 � 12

N

The area under the graph is

lim
N!1

LN D 12:

The region under the curve overŒ1; 3� is a trapezoid with base width2 and heights2 and10. From this, we get that the area is
1
2 .2/.2C 10/ D 12, which agrees with the answer obtained from the limit of the left-endpoint approximations.

49. lim
N!1

MN , f .x/ D x, Œ0; 2�

SOLUTION Let f .x/ D x on Œ0; 2�. LetN > 0 be an integer and seta D 0, b D 2, and�x D .b � a/=N D 2
N

. Also, let

x�
k

D 0C .k � 1
2 /�x D 2k�1

N
; k D 1; 2; : : : N , be the midpoints of theN subintervals ofŒ0; 2�. Then

MN D �x

NX

kD1
f .x�

k
/ D 2

N

NX

kD1

2k � 1

N
D 2

N 2

NX

kD1
.2k � 1/

D 2

N 2

0
@2

NX

kD1
k �N

1
A D 4

N 2

 
N 2

2
C N

2

!
� 2

N
D 2:

The area under the curve overŒ0; 2� is

lim
N!1

MN D 2:

The region under the curve overŒ0; 2� is a triangle with base and height 2, and thus area 2, which agrees with the answer obtained
from the limit of the midpoint approximations.

50. lim
N!1

MN , f .x/ D 12 � 4x, Œ2; 6�

SOLUTION Let f .x/ D 12 � 4x on Œ2; 6�. LetN > 0 be an integer and seta D 2, b D 6, and�x D .b � a/=N D 4
N

. Also, let

x�
k

D aC .k � 1
2 /�x D 2C 4k�2

N
; k D 1; 2; : : : N , be the midpoints of theN subintervals ofŒ2; 6�. Then

MN D �x

NX

kD1
f .x�

k
/ D 4

N

NX

kD1

�
4 � 16k � 8

N

�

D 16

N

NX

kD1
1 � 64

N 2

NX

kD1
k C 32

N 2

NX

kD1
1

D 16

N
.N/� 64

N 2

 
N 2

2
C N

2

!
C 32

N 2
.N / D �16:

The area under the curve overŒ2; 6� is

lim
N!1

MN D �16:

The region under the curve overŒ2; 6� consists of a triangle of base 1 and height 4 above the axis and a triangle of base 3 and height
12 below the axis. The area of this region is therefore

1

2
.1/.4/ � 1

2
.3/.12/ D �16;

which agrees with the answer obtained from the limit of the midpoint approximations.
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51. Show, forf .x/ D 3x2 C 4x over Œ0; 2�, that

RN D 2

N

NX

jD1

 
24j 2

N 2
C 16j

N

!

Then evaluate lim
N!1

RN .

SOLUTION Let f .x/ D 3x2 C 4x on Œ0; 2�. Let N be a positive integer and seta D 0, b D 2, and�x D .b � a/=N D
.2� 0/=N D 2=N . Also, letxj D aC j�x D 2j=N , j D 1; 2; : : : ; N be the right endpoints of theN subintervals ofŒ0; 3�. Then

RN D �x

NX

jD1
f .xj / D 2

N

NX

jD1

 
3

�
2j

N

�2
C 4

2j

N

!

D 2

N

NX

jD1

 
12j 2

N 2
C 8j

N

!

Continuing, we find

RN D 24

N 3

NX

jD1
j 2 C 16

N 2

NX

jD1
j

D 24

N 3

 
N 3

3
C N 2

2
C N

6

!
C 16

N 2

 
N 2

2
C N

2

!

D 16C 20

N
C 4

N 2

Thus,

lim
N!1

RN D lim
N!1

�
16C 20

N
C 4

N 2

�
D 16:

52. Show, forf .x/ D 3x3 � x2 over Œ1; 5�, that

RN D 4

N

NX

jD1

 
192j 3

N 3
C 128j 2

N 2
C 28j

N
C 2

!

Then evaluate lim
N!1

RN .

SOLUTION Let f .x/ D 3x3 � x2 on Œ1; 5�. Let N be a positive integer and seta D 1, b D 5, and�x D .b � a/=N D
.5 � 1/=N D 4=N . Also, letxj D a C j�x D 1C 4j=N , j D 1; 2; : : : ; N be the right endpoints of theN subintervals ofŒ1; 5�.
Then

f .xj / D 3

�
1C 4j

N

�3
�
�
1C 4j

N

�2

D 3

 
1C 12j

N
C 48j 2

N 2
C 64j 3

N 3

!
�
 
1C 8j

N
C 16j 2

N 2

!

D 192j 3

N 3
C 128j 2

N 2
C 28j

N
C 2:

and

RN D
NX

jD1
f .xj /�x D 4

N

NX

jD1

 
192j 3

N 3
C 128j 2

N 2
C 28j

N
C 2

!
:

Continuing, we find

RN D 768

N 4

NX

jD1
j 3 C 512

N 3

NX

jD1
j 2 C 112

N 2

NX

jD1
j C 8

N

NX

jD1
1

D 768

N 4

 
N 4

4
C N 3

2
C N 2

2

!
C 512

N 3

 
N 3

3
C N 2

2
C N

6

!
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C 112

N 2

 
N 2

2
C N

2

!
C 8

N
.N/

D 1280

3
C 696

N
C 832

3N 2
:

Thus,

lim
N!1

RN D lim
N!1

�
1280

3
C 696

N
C 832

3N 2

�
D 1280

3
:

In Exercises 53–60, find a formula forRN and compute the area under the graph as a limit.

53. f .x/ D x2, Œ0; 1�

SOLUTION Let f .x/ D x2 on the intervalŒ0; 1�. Then�x D 1 � 0

N
D 1

N
anda D 0. Hence,

RN D �x

NX

jD1
f .0C j�x/ D 1

N

NX

jD1
j 2

1

N 2
D 1

N 3

 
N 3

3
C N 2

2
C N

6

!
D 1

3
C 1

2N
C 1

6N 2

and

lim
N!1

RN D lim
N!1

�
1

3
C 1

2N
C 1

6N 2

�
D 1

3
:

54. f .x/ D x2, Œ�1; 5�

SOLUTION Let f .x/ D x2 on the intervalŒ�1; 5�. Then�x D 5 � .�1/
N

D 6

N
anda D �1. Hence,

RN D �x

NX

jD1
f .�1C j�x/ D 6

N

NX

jD1

�
�1C 6j

N

�2

D 6

N

NX

jD1
1 � 72

N 2

NX

jD1
j C 216

N 3

NX

jD1
j 2

D 6

N
.N/ � 72

N 2

 
N 2

2
C N

2

!
C 216

N 3

 
N 3

3
C N 2

2
C N

6

!

D 42C 72

N
C 36

N 2

and

lim
N!1

RN D lim
N!1

�
42C 72

N
C 36

N 2

�
D 42:

55. f .x/ D 6x2 � 4, Œ2; 5�

SOLUTION Let f .x/ D 6x2 � 4 on the intervalŒ2; 5�. Then�x D 5 � 2

N
D 3

N
anda D 2. Hence,

RN D �x

NX

jD1
f .2C j�x/ D 3

N

NX

jD1

 
6

�
2C 3j

N

�2
� 4

!
D 3

N

NX

jD1

 
20C 72j

N
C 54j 2

N 2

!

D 60C 216

N 2

NX

jD1
j C 162

N 3

NX

jD1
j 2

D 60C 216

N 2

 
N 2

2
C N

2

!
C 162

N 3

 
N 3

3
C N 2

2
C N

6

!

D 222C 189

N
C 27

N 2

and

lim
N!1

RN D lim
N!1

�
222C 189

N
C 27

N 2

�
D 222:
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56. f .x/ D x2 C 7x, Œ6; 11�

SOLUTION Let f .x/ D x2 C 7x on the intervalŒ6; 11�. Then�x D 11 � 6
N

D 5

N
anda D 6. Hence,

RN D �x

NX

jD1
f .6C j�x/ D 5

N

NX

jD1

"�
6C 5j

N

�2
C 7

�
6C 5j

N

�#

D 5

N

NX

jD1

 
25j 2

N 2
C 95j

N
C 78

!

D 125

N 3

NX

jD1
j 3 C 475

N 2

NX

jD1
j C 390

N

NX

jD1
1

D 125

N 3

 
N 3

3
C N 2

2
C N

6

!
C 475

N 2

 
N 2

2
C N

2

!
C 390

D 4015

6
C 300

N
C 125

6N 2

and

lim
N!1

RN D lim
N!1

�
4015

6
C 300

N
C 125

6N 2

�
D 4015

6
:

57. f .x/ D x3 � x, Œ0; 2�

SOLUTION Let f .x/ D x3 � x on the intervalŒ0; 2�. Then�x D 2 � 0

N
D 2

N
anda D 0. Hence,

RN D �x

NX

jD1
f .0C j�x/ D 2

N

NX

jD1

 �
2j

N

�3
� 2j

N

!
D 2

N

NX

jD1

 
8j 3

N 3
� 2j

N

!

D 16

N 4

NX

jD1
j 3 � 4

N 2

NX

jD1
j

D 16

N 4

 
N 4

4
C N 3

2
C N 2

2

!
� 4

N 2

 
N 2

2
C N

2

!

D 2C 6

N
C 8

N 2

and

lim
N!1

RN D lim
N!1

�
2C 6

N
C 8

N 2

�
D 2:

58. f .x/ D 2x3 C x2, Œ�2; 2�

SOLUTION Let f .x/ D 2x3 C x2 on the intervalŒ�2; 2�. Then�x D 2 � .�2/
N

D 4

N
anda D �2. Hence,

RN D �x

NX

jD1
f .�2C j�x/ D 4

N

NX

jD1

"
2

�
�2C 4j

N

�3
C
�

�2C 4j

N

�2#

D 4

N

NX

jD1

 
128j 3

N 3
� 176j 2

N 2
C 80j

N
� 12

!

D 512

N 4

 
N 4

4
C N 3

2
C N 2

4

!
� 704

N 3

 
N 3

3
C N 2

2
C N

6

!
C 320

N 2

 
N 2

2
C N

2

!
� 48

D 16

3
C 64

N
C 32

3N 2

and

lim
N!1

RN D lim
N!1

�
16

3
C 64

N
C 32

3N 2

�
D 16

3
:
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59. f .x/ D 2x C 1, Œa; b� (a; b constants witha < b)

SOLUTION Let f .x/ D 2x C 1 on the intervalŒa; b�. Then�x D b � a
N

. Hence,

RN D �x

NX

jD1
f .aC j�x/ D .b � a/

N

NX

jD1

�
2

�
aC j

.b � a/

N

�
C 1

�

D .b � a/

N
.2aC 1/

NX

jD1
1C 2.b � a/2

N 2

NX

jD1
j

D .b � a/

N
.2aC 1/N C 2.b � a/2

N 2

 
N 2

2
C N

2

!

D .b � a/.2aC 1/C .b � a/2 C .b � a/2

N

and

lim
N!1

RN D lim
N!1

 
.b � a/.2a C 1/C .b � a/2 C .b � a/2

N

!

D .b � a/.2a C 1/C .b � a/2 D .b2 C b/� .a2 C a/:

60. f .x/ D x2, Œa; b� (a; b constants witha < b)

SOLUTION Let f .x/ D x2 on the intervalŒa; b�. Then�x D b � a
N

. Hence,

RN D �x

NX

jD1
f .aC j�x/ D .b � a/

N

NX

jD1

 
a2 C 2aj

.b � a/

N
C j 2

.b � a/2

N 2

!

D a2.b � a/

N

NX

jD1
1C 2a.b � a/2

N 2

NX

jD1
j C .b � a/3

N 3

NX

jD1
j 2

D a2.b � a/

N
N C 2a.b � a/2

N 2

 
N 2

2
C N

2

!
C .b � a/3

N 3

 
N 3

3
C N 2

2
C N

6

!

D a2.b � a/C a.b � a/2 C a.b � a/2
N

C .b � a/3

3
C .b � a/3

2N
C .b � a/3

6N 2

and

lim
N!1

RN D lim
N!1

 
a2.b � a/C a.b � a/2 C a.b � a/2

N
C .b � a/3

3
C .b � a/3

2N
C .b � a/3

6N 2

!

D a2.b � a/C a.b � a/2 C .b � a/3

3
D 1

3
b3 � 1

3
a3:

In Exercises 61–64, describe the area represented by the limits.

61. lim
N!1

1

N

NX

jD1

�
j

N

�4

SOLUTION The limit

lim
N!1

RN D lim
N!1

1

N

NX

jD1

�
j

N

�4

represents the area between the graph off .x/ D x4 and thex-axis over the intervalŒ0; 1�.

62. lim
N!1

3

N

NX

jD1

�
2C 3j

N

�4
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SOLUTION The limit

lim
N!1

RN D lim
N!1

3

N

NX

jD1

�
2C j � 3

N

�4

represents the area between the graph off .x/ D x4 and thex-axis over the intervalŒ2; 5�.

63. lim
N!1

5

N

N�1X

jD0
e�2C5j=N

SOLUTION The limit

lim
N!1

LN D lim
N!1

5

N

N�1X

jD0
e�2C5j=N

represents the area between the graph ofy D ex and thex-axis over the intervalŒ�2; 3�.

64. lim
N!1

�

2N

NX

jD1
sin

�
�

3
� �

4N
C j�

2N

�

SOLUTION The limit

lim
N!1

�

2N

NX

jD1
sin

�
�

3
� �

4N
C j�

2N

�

represents the area between the graph ofy D sinx and thex-axis over the intervalŒ�3 ;
5�
6 �.

In Exercises 65–70, express the area under the graph as a limit using the approximation indicated (in summation notation), but do
not evaluate.

65. RN , f .x/ D sinx over Œ0; ��

SOLUTION Let f .x/ D sinx over Œ0; �� and seta D 0, b D �, and�x D .b � a/ =N D �=N . Then

RN D �x

NX

kD1
f .xk/ D �

N

NX

kD1
sin
�
k�

N

�
:

Hence

lim
N!1

RN D lim
N!1

�

N

NX

kD1
sin
�
k�

N

�

is the area between the graph off .x/ D sinx and thex-axis overŒ0; ��.

66. RN , f .x/ D x�1 over Œ1; 7�

SOLUTION Let f .x/ D x�1 over the intervalŒ1; 7�. Then�x D 7 � 1

N
D 6

N
anda D 1. Hence,

RN D �x

NX

jD1
f .1C j�x/ D 6

N

NX

jD1

�
1C j

6

N

��1

and

lim
N!1

RN D lim
N!1

6

N

NX

jD1

�
1C j

6

N

��1

is the area between the graph off .x/ D x�1 and thex-axis overŒ1; 7�.

67. LN , f .x/ D
p
2x C 1 over Œ7; 11�
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SOLUTION Let f .x/ D
p
2x C 1 over the intervalŒ7; 11�. Then�x D 11 � 7

N
D 4

N
anda D 7. Hence,

LN D �x

N�1X

jD0
f .7C j�x/ D 4

N

N�1X

jD0

r
2.7C j

4

N
/C 1

and

lim
N!1

LN D lim
N!1

4

N

N�1X

jD0

r
15C 8j

N

is the area between the graph off .x/ D
p
2x C 1 and thex-axis overŒ7; 11�.

68. LN , f .x/ D cosx over
�
�
8 ;

�
4

�

SOLUTION Let f .x/ D cosx over the interval
�
�
8 ;

�
4

�
. Then�x D

�
4 � �

8

N
D

�
8

N
D �

8N
anda D �

8 , Hence:

LN D �x

N�1X

jD0
f
��
8

C j�x
�

D �

8N

N�1X

jD0
cos

��
8

C j
�

8N

�

and

lim
N!1

LN D lim
N!1

�

8N

N�1X

jD0
cos

��
8

C j
�

8N

�

is the area between the graph off .x/ D cosx and thex-axis overŒ�8 ;
�
4 �.

69. MN , f .x/ D tanx over
�
1
2 ; 1

�

SOLUTION Let f .x/ D tanx over the intervalŒ12 ; 1�. Then�x D 1� 1
2

N
D 1

2N
anda D 1

2 . Hence

MN D �x

NX

jD1
f

�
1

2
C
�
j � 1

2

�
�x

�
D 1

2N

NX

jD1
tan

�
1

2
C 1

2N

�
j � 1

2

��

and so

lim
N!1

MN D lim
N!1

1

2N

NX

jD1
tan

�
1

2
C 1

2N

�
j � 1

2

��

is the area between the graph off .x/ D tanx and thex-axis overŒ12 ; 1�.

70. MN , f .x/ D x�2 over Œ3; 5�

SOLUTION Let f .x/ D x�2 over the intervalŒ3; 5�. Then�x D 5�3
N

D 2
N

anda D 3. Hence

MN D �x

NX

jD1
f

�
3C

�
j � 1

2

�
�x

�
D 2

N

NX

jD1

�
3C 2

N

�
j � 1

2

���2

and so

lim
N!1

MN D lim
N!1

2

N

NX

jD1

�
3C 2

N

�
j � 1

2

���2

is the area between the graph off .x/ D x�2 and thex-axis overŒ3; 5�.

71. Evaluate lim
N!1

1

N

NX

jD1

s

1 �
�
j

N

�2
by interpreting it as the area of part of a familiar geometric figure.

SOLUTION The limit

lim
N!1

RN D lim
N!1

1

N

NX

jD1

s
1 �

�
j

N

�2

represents the area between the graph ofy D f .x/ D
p
1 � x2 and thex-axis over the intervalŒ0; 1�. This is the portion of the

circular diskx2 C y2 � 1 that lies in the first quadrant. Accordingly, its area is14� .1/
2 D �

4 .
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In Exercises 72–74, letf .x/ D x2 and letRN , LN , andMN be the approximations for the intervalŒ0; 1�.

72. Show thatRN D 1

3
C 1

2N
C 1

6N 2
. Interpret the quantity

1

2N
C 1

6N 2
as the area of a region.

SOLUTION Let f .x/ D x2 on Œ0; 1�. LetN > 0 be an integer and seta D 0, b D 1 and�x D 1�0
N

D 1
N

. Then

RN D �x

NX

jD1
f .0C j�x/ D 1

N

NX

jD1
j 2

1

N 2
D 1

N 3

 
N 3

3
C N 2

2
C N

6

!
D 1

3
C 1

2N
C 1

6N 2
:

The quantity

1

2N
C 6

N 2
in RN D 1

3
C 1

2N
C 1

6N 2

represents the collective area of the parts of the rectangles that lie above the graph off .x/: It is the error betweenRN and the true
areaA D 1

3 .

0.2 0.4 0.6 0.8 1

0.8

1

0.6

0.4

0.2

x

y

73. Show that

LN D 1

3
� 1

2N
C 1

6N 2
; MN D 1

3
� 1

12N 2

Then rank the three approximationsRN ,LN , andMN in order of increasing accuracy (use Exercise 72).

SOLUTION Let f .x/ D x2 on Œ0; 1�. LetN be a positive integer and seta D 0, b D 1, and�x D .b � a/ =N D 1=N . Let

xk D a C k�x D k=N , k D 0; 1; : : : ; N and letx�
k

D aC .k C 1
2 /�x D .k C 1

2 /=N , k D 0; 1; : : : ; N � 1. Then

LN D �x

N�1X

kD0
f .xk/ D 1

N

N�1X

kD0

�
k

N

�2
D 1

N 3

N�1X

kD1
k2

D 1

N 3

 
.N � 1/3

3
C .N � 1/2

2
C N � 1

6

!
D 1

3
� 1

2N
C 1

6N 2

MN D �x

N�1X

kD0
f .x�

k / D 1

N

N�1X

kD0

 
k C 1

2

N

!2
D 1

N 3

N�1X

kD0

�
k2 C k C 1

4

�

D 1

N 3

0
@
0
@
N�1X

kD1
k2

1
AC

0
@
N�1X

kD1
k

1
AC 1

4

0
@
N�1X

kD0
1

1
A
1
A

D 1

N 3

  
.N � 1/3

3
C .N � 1/2

2
C N � 1

6

!
C
 
.N � 1/2

2
C N � 1

2

!
C 1

4
N

!
D 1

3
� 1

12N 2

The error ofRN is given by
1

2N
C 1

6N 2
, the error ofLN is given by� 1

2N
C 1

6N 2
and the error ofMN is given by� 1

12N 2
.

Of the three approximations,RN is the least accurate, thenLN and finallyMN is the most accurate.

74. For each ofRN ,LN , andMN , find the smallest integerN for which the error is less than 0.001.

SOLUTION

� ForRN , the error is less than0:001 when:

1

2N
C 1

6N 2
< 0:001:

We find an adequate solution inN :

1

2N
C 1

6N 2
< 0:001
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3N C 1 < 0:006.N 2/

0 < 0:006N 2 � 3N � 1;

in particular, ifN > 3C
p
9:024

0:012 D 500:333. HenceR501 is within 0.001 ofA.
� ForLN , the error is less than0:001 if

ˇ̌
ˇ̌� 1

2N
C 1

6N 2

ˇ̌
ˇ̌ < 0:001:

We solve this equation forN :
ˇ̌
ˇ̌ 1
2N

� 1

6N 2

ˇ̌
ˇ̌ < 0:001

ˇ̌
ˇ̌3N � 1

6N 2

ˇ̌
ˇ̌ < 0:001

3N � 1 < 0:006N 2

0 < 0:006N 2 � 3N C 1;

which is satisfied ifN > 3C
p
9�0:024
0:012 D 499:666. Therefore,L500 is within 0.001 units ofA.

� ForMN , the error is given by� 1
12N2 , so the error is less than 0.001 if

1

12N 2
< 0:001

1000 < 12N 2

9:13 < N

Therefore,M10 is within 0.001 units of the correct answer.

In Exercises 75–80, use the Graphical Insight on page 291 to obtain bounds on the area.

75. LetA be the area underf .x/ D
p
x over Œ0; 1�. Prove that0:51 � A � 0:77 by computingR4 andL4. Explain your reasoning.

SOLUTION Forn D 4,�x D 1�0
4 D 1

4 and fxi g4iD0 D f0C i�xg D f0; 14 ;
1
2 ;
3
4 ; 1g. Therefore,

R4 D �x

4X

iD1
f .xi / D 1

4

 
1

2
C

p
2

2
C

p
3

2
C 1

!
� 0:768

L4 D �x

3X

iD0
f .xi / D 1

4

 
0C 1

2
C

p
2

2
C

p
3

2

!
� 0:518:

In the plot below, you can see the rectangles whose area is represented byL4 under the graph and the top of those whose area is
represented byR4 above the graph. The areaA under the curve is somewhere betweenL4 andR4, so

0:518 � A � 0:768:

L4,R4 and the graph off .x/.

76. UseR5 andL5 to show that the areaA undery D x�2 over Œ10; 13� satisfies0:0218 � A � 0:0244.

SOLUTION Let f .x/ D x�2 over the intervalŒ10; 13�. Becausef is a decreasing function over this interval, it follows that
RN � A � LN for all N . TakingN D 5, we have�x D 3=5 and

R5 D 3

5

�
1

10:62
C 1

11:22
C 1

11:82
C 1

12:42
C 1

132

�
D 0:021885:

Moreover,

L5 D 3

5

�
1

102
C 1

10:62
C 1

11:22
C 1

11:82
C 1

12:42

�
D 0:0243344:
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Thus,

0:0218 < R5 � A � L5 < 0:0244:

77. UseR4 andL4 to show that the areaA under the graph ofy D sinx over
�
0; �2

�
satisfies0:79 � A � 1:19.

SOLUTION Let f .x/ D sinx. f .x/ is increasing over the intervalŒ0; �=2�, so the Insight on page 291 applies, which indicates

thatL4 � A � R4. Forn D 4,�x D �=2�0
4 D �

8 and fxi g4iD0 D f0C i�xg4
iD0 D f0; �8 ;

�
4 ;

3�
8 ;

�
2 g. From this,

L4 D �

8

3X

iD0
f .xi / � 0:79; R4 D �

8

4X

iD1
f .xi / � 1:18:

HenceA is between0:79 and1:19.

Left and Right endpoint approximations toA.

78. Show that the areaA underf .x/ D x�1 over Œ1; 8� satisfies

1
2 C 1

3 C 1
4 C 1

5 C 1
6 C 1

7 C 1
8 � A � 1C 1

2 C 1
3 C 1

4 C 1
5 C 1

6 C 1
7

SOLUTION Let f .x/ D x�1, 1 � x � 8. Sincef is decreasing, the left endpoint approximationL7 overestimates the true area
between the graph off and thex-axis, whereas the right endpoint approximationR7 underestimates it. Accordingly,

1

2
C 1

3
C 1

4
C 1

5
C 1

6
C 1

7
C 1

8
D R7 < A < L7 D 1C 1

2
C 1

3
C 1

4
C 1

5
C 1

6
C 1

7

Left endpoint approximation, n = 7

21 3 4 5 7 86

1

0.8

0.6

0.4

0.2

0

Right endpoint approximation, n = 7

21 3 4 5 7 86

1

0.8

0.6

0.4

0.2

0

79. Show that the areaA undery D x1=4 over Œ0; 1� satisfiesLN � A � RN for all N . Use a computer algebra system
to calculateLN andRN for N D 100 and200, and determineA to two decimal places.

SOLUTION On Œ0; 1�, f .x/ D x1=4 is an increasing function; therefore,LN � A � RN for all N . We find

L100 D 0:793988 and R100 D 0:80399;

while

L200 D 0:797074 and R200 D 0:802075:

Thus,A D 0:80 to two decimal places.

80. Show that the areaA undery D 4=.x2 C 1/ over Œ0; 1� satisfiesRN � A � LN for all N . DetermineA to at least
three decimal places using a computer algebra system. Can you guess the exact value ofA?

SOLUTION On Œ0; 1�, the functionf .x/ D 4=.x2 C 1/ is decreasing, soRN � A � LN for all N . From the values in the table
below, we findA D 3:142 to three decimal places. It appears that the exact value ofA is �.

N RN LN
10 3.03993 3.23992
100 3.13158 3.15158
1000 3.14059 3.14259
10000 3.14149 3.14169
100000 3.14158 3.14160
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81. In this exercise, we evaluate the areaA under the graph ofy D ex over Œ0; 1� [Figure 5(A)] using the formula for a geometric
sum (valid forr ¤ 1):

1C r C r2 C � � � C rN�1 D
N�1X

jD0
rj D rN � 1

r � 1 8

(a) Show thatLN D 1

N

N�1X

jD0
ej=N .

(b) Apply Eq. (8) withr D e1=N to proveLN D e � 1

N.e1=N � 1/
.

(c) ComputeA D lim
N!1

LN using L’Hôpital’s Rule.

y = ex

y = ln x

y

A B

3

y

2

e

1

1
x x

1 e

(A) (B)

1

FIGURE 5

SOLUTION

(a) Let f .x/ D ex on Œ0; 1�. With n D N ,�x D .1� 0/=N D 1=N and

xj D aC j�x D j

N

for j D 0; 1; 2; : : : ; N . Therefore,

LN D �x

N�1X

jD0
f .xj / D 1

N

N�1X

jD0
ej=N :

(b) Applying Eq. (8) withr D e1=N , we have

LN D 1

N

.e1=N /N � 1

e1=N � 1
D e � 1

N.e1=N � 1/
:

Therefore,

A D lim
N!1

LN D .e � 1/ lim
N!1

1

N.e1=N � 1/
:

(c) Using L’Hôpital’s Rule,

A D .e � 1/ lim
N!1

N�1

e1=N � 1
D .e � 1/ lim

N!1
�N�2

�N�2e1=N
D .e � 1/ lim

N!1
e�1=N D e � 1:

82. Use the result of Exercise 81 to show that the areaB under the graph off .x/ D ln x over Œ1; e� is equal to 1.Hint: RelateB
in Figure 5(B) to the areaA computed in Exercise 81.

SOLUTION Becausey D lnx andy D ex are inverse functions, we note that if the areaB is reflected across the liney D x

and then combined with the areaA, we create a rectangle of width 1 and heighte. The area of this rectangle is thereforee, and it
follows that the areaB is equal toe minus the areaA. Using the result of Exercise 81, the areaB is equal to

e � .e � 1/ D 1:
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Further Insights and Challenges

83. Although the accuracy ofRN generally improves asN increases, this need not be true for small values ofN . Draw the graph
of a positive continuous functionf .x/ on an interval such thatR1 is closer thanR2 to the exact area under the graph. Can such a
function be monotonic?

SOLUTION Let ı be a small positive number less than14 . (In the figures below,ı D 1
10 . But imagineı beingvery tiny.) Define

f .x/ on Œ0; 1� by

f .x/ D

8
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂:

1 if 0 � x < 1
2 � ı

1
2ı

� x
ı

if 12 � ı � x < 1
2

x
ı

� 1
2ı

if 12 � x < 1
2 C ı

1 if 12 C ı � x � 1

Thenf is continuous onŒ0; 1�. (Again, just look at the figures.)

� The exact area betweenf and thex-axis isA D 1 � 1
2bh D 1 � 1

2 .2ı/.1/ D 1 � ı. (Forı D 1
10 , we haveA D 9

10 .)

� With R1 D 1, the absolute error isjE1j D jR1 �Aj D j1 � .1� ı/j D ı. (Forı D 1
10 , this absolute error isjE1j D 1

10 .)

� WithR2 D 1
2 , the absolute error isjE2j D jR2 � Aj D

ˇ̌
1
2 � .1 � ı/

ˇ̌
D
ˇ̌
ı � 1

2

ˇ̌
D 1

2 � ı. (Forı D 1
10 , we havejE2j D 2

5 .)
� Accordingly,R1 is closer to the exact areaA than isR2. Indeed, the tinierı is, the more dramatic the effect.
� For a monotonic function, this phenomenon cannot occur. Successive approximations from either side get progressively more

accurate.

x

Right endpt approx, n = 1Graph of f(x)

0.2 0.4 0.6 0.8 1

1

0.8

0.6

0.4

0.2

0
0.5 1

1

0.5

0

Right endpt approx, n = 2

0.5 1

1

0.5

0

84. Draw the graph of a positive continuous function on an interval such thatR2 andL2 are both smaller than the exact area under
the graph. Can such a function be monotonic?

SOLUTION In the plot below, the area under the saw-tooth functionf .x/ is 3, whereasL2 D R2 D 2. ThusL2 andR2 are
both smaller than the exact area. Such a function cannot be monotonic; iff .x/ is increasing, thenLN underestimates andRN
overestimates the area for allN , and, iff .x/ is decreasing, thenLN overestimates andRN underestimates the area for allN .

1 2

1

2

Left/right-endpoint approximation, n = 2

85. Explain graphically:The endpoint approximations are less accurate whenf 0.x/ is large.

SOLUTION Whenf 0 is large, the graph off is steeper and hence there is more gap betweenf andLN or RN . Recall that the
top line segments of the rectangles involved in an endpoint approximation constitute a piecewise constant function. Iff 0 is large,
thenf is increasing more rapidly and hence is less like a constant function.

1 2 4

1

2

3

0 x

y

Smaller f'

3 100 2 4

1

2

3

0 x

y

Larger f'

3
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86. Prove that for any functionf .x/ on Œa; b�,

RN � LN D b � a
N

.f .b/� f .a// 9

SOLUTION For anyf (continuous or not) onI D Œa; b�, partitionI into N equal subintervals. Let�x D .b � a/=N and set
xk D aC k�x; k D 0; 1; : : :N . Then we have the following approximations to the area between the graph off and thex-axis: the
left endpoint approximationLN D �x

PN�1
kD0 f .xk/ and right endpoint approximationRN D �x

PN
kD1 f .xk/. Accordingly,

RN � LN D

0
@�x

NX

kD1
f .xk/

1
A �

0
@�x

N�1X

kD0
f .xk/

1
A

D �x

0
@f .xN /C

0
@
N�1X

kD1
f .xk/

1
A � f .x0/�

0
@
N�1X

kD1
f .xk/

1
A
1
A

D �x .f .xN / � f .x0// D b � a

N
.f .b/� f .a// :

In other words,RN � LN D b � a

N
.f .b/� f .a//.

87. In this exercise, we prove that lim
N!1

RN and lim
N!1

LN exist and are equal iff .x/ is increasing [the case off .x/

decreasing is similar]. We use the concept of a least upper bound discussed in Appendix B.

(a) Explain with a graph whyLN � RM for all N;M � 1.
(b) By (a), the sequencefLN g is bounded, so it has a least upper boundL. By definition,L is the smallest number such that
LN � L for all N . Show thatL � RM for allM .
(c) According to (b),LN � L � RN for all N . Use Eq. (9) to show that lim

N!1
LN D L and lim

N!1
RN D L.

SOLUTION

(a) Let f .x/ be positive and increasing, and letN andM be positive integers. From the figure below at the left, we see thatLN
underestimates the area under the graph ofy D f .x/, while from the figure below at the right, we see thatRM overestimates the
area under the graph. Thus, for allN;M � 1,LN � RM .

x

y

x

y

(b) Because the sequencefLN g is bounded above byRM for anyM , eachRM is an upper bound for the sequence. Furthermore,
the sequencefLN g must have a least upper bound, call itL. By definition, the least upper bound must be no greater than any other
upper bound; consequently,L � RM for allM .
(c) SinceLN � L � RN , RN � L � RN �LN , sojRN � Lj � jRN �LN j. From this,

lim
N!1

jRN � Lj � lim
N!1

jRN �LN j:

By Eq. (9),

lim
N!1

jRN �LN j D lim
N!1

1

N
j.b � a/.f .b/� f .a//j D 0;

so lim
N!1

jRN �Lj � jRN � LN j D 0, hence lim
N!1

RN D L.

Similarly, jLN � Lj D L � LN � RN � LN , so

jLN � Lj � jRN �LN j D .b � a/
N

.f .b/� f .a//:

This gives us that

lim
N!1

jLN � Lj � lim
N!1

1

N
j.b � a/.f .b/� f .a//j D 0;

so lim
N!1

LN D L.

This proves lim
N!1

LN D lim
N!1

RN D L:
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88. Use Eq. (9) to show that iff .x/ is positive and monotonic, then the areaA under its graph overŒa; b� satisfies

jRN � Aj � b � a

N
jf .b/� f .a/j 10

SOLUTION Letf .x/ be continuous, positive, and monotonic onŒa; b�. LetA be the area between the graph off and thex-axis
over Œa; b�. For specificity, sayf is increasing. (The case forf decreasing onŒa; b� is similar.) As noted in the text, we have
LN � A � RN . By Exercise 86 and the fact thatA lies betweenLN andRN , we therefore have

0 � RN � A � RN � LN D b � a

N
.f .b/� f .a// :

Hence

jRN � Aj � b � a

N
.f .b/� f .a// D b � a

N
jf .b/� f .a/j ;

wheref .b/� f .a/ D jf .b/� f .a/j becausef is increasing onŒa; b�.

In Exercises 89 and 90, use Eq. (10) to find a value ofN such thatjRN � Aj < 10�4 for the given function and interval.

89. f .x/ D
p
x, Œ1; 4�

SOLUTION Let f .x/ D
p
x on Œ1; 4�. Thenb D 4, a D 1, and

jRN � Aj � 4 � 1

N
.f .4/� f .1// D 3

N
.2 � 1/ D 3

N
:

We need3
N
< 10�4, which givesN > 30;000. ThusjR30;001 � Aj < 10�4 for f .x/ D

p
x on Œ1; 4�.

90. f .x/ D
p
9 � x2, Œ0; 3�

SOLUTION Let f .x/ D
p
9 � x2 on Œ0; 3�. Thenb D 3; a D 0, and

jRN � Aj � b � a

N
jf .b/� f .a/j D 3

N
.3/ D 9

N
:

We need9
N
< 10�4, which givesN > 90;000. ThusjR90;001 � Aj < 10�4 for f .x/ D

p
9 � x2 on Œ0; 3�.

91. Prove that iff .x/ is positive and monotonic, thenMN lies betweenRN andLN and is closer to the actual area under
the graph than bothRN andLN . Hint: In the case thatf .x/ is increasing, Figure 6 shows that the part of the error inRN due to
thei th rectangle is the sum of the areasAC B CD, and forMN it is jB �Ej. On the other hand,A � E.

x
xi − 1 ximidpoint

A

F

D
E

B

C

FIGURE 6

SOLUTION Supposef .x/ is monotonic increasing on the intervalŒa; b�,�x D b � a
N

,

fxkgNkD0 D fa; aC�x; a C 2�x; : : : ; aC .N � 1/�x; bg

and

˚
x�
k

	N�1
kD0 D

�
aC .aC�x/

2
;
.a C�x/C .aC 2�x/

2
; : : : ;

.aC .N � 1/�x/C b

2

�
:

Note thatxi < x�
i < xiC1 impliesf .xi / < f .x�

i / < f .xiC1/ for all 0 � i < N becausef .x/ is monotone increasing. Then

0
@LN D b � a

N

N�1X

kD0
f .xk/

1
A <

0
@MN D b � a

N

N�1X

kD0
f .x�

k
/

1
A <

0
@RN D b � a

N

NX

kD1
f .xk/

1
A
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Similarly, if f .x/ is monotone decreasing,
0
@LN D b � a

N

N�1X

kD0
f .xk/

1
A >

0
@MN D b � a

N

N�1X

kD0
f .x�

k /

1
A >

0
@RN D b � a

N

NX

kD1
f .xk/

1
A

Thus, iff .x/ is monotonic, thenMN always lies in betweenRN andLN .
Now, as in Figure 6, consider the typical subintervalŒxi�1; xi � and its midpointx�

i
. We letA;B;C;D;E, andF be the areas

as shown in Figure 6. Note that, by the fact thatx�
i is the midpoint of the interval,A D D CE andF D B C C . LetER represent

the right endpoint approximation error (D ACB CD), letEL represent the left endpoint approximation error (D C C F CE)
and letEM represent the midpoint approximation error (D jB � Ej).

� If B > E, thenEM D B � E. In this case,

ER � EM D AC B CD � .B � E/ D ACD CE > 0;

soER > EM , while

EL � EM D C C F CE � .B � E/ D C C .B C C/CE � .B � E/ D 2C C 2E > 0;

soEL > EM . Therefore, the midpoint approximation is more accurate than either the left or the right endpoint approximation.
� If B < E, thenEM D E � B. In this case,

ER � EM D AC B CD � .E � B/ D D CE CD � .E � B/ D 2D C B > 0;

so thatER > EM while

EL � EM D C C F CE � .E �B/ D C C F C B > 0;

soEL > EM . Therefore, the midpoint approximation is more accurate than either the right or the left endpoint approximation.
� If B D E, the midpoint approximation is exactly equal to the area.

Hence, forB < E, B > E, or B D E, the midpoint approximation is more accurate than either the left endpoint or the right
endpoint approximation.

5.2 The Definite Integral

Preliminary Questions

1. What is
Z 5

3
dx [the function isf .x/ D 1]?

SOLUTION

Z 5

3
dx D

Z 5

3
1 � dx D 1.5 � 3/ D 2.

2. Let I D
Z 7

2
f .x/ dx, wheref .x/ is continuous. State whether true or false:

(a) I is the area between the graph and thex-axis overŒ2; 7�.

(b) If f .x/ � 0, thenI is the area between the graph and thex-axis overŒ2; 7�.

(c) If f .x/ � 0, then�I is the area between the graph off .x/ and thex-axis overŒ2; 7�.

SOLUTION

(a) False.
R b
a f .x/ dx is thesignedarea between the graph and thex-axis.

(b) True.

(c) True.

3. Explain graphically:
Z �

0
cosx dx D 0.

SOLUTION Because cos.� � x/ D � cosx, the “negative” area between the graph ofy D cosx and thex-axis overŒ�2 ; ��
exactly cancels the “positive” area between the graph and thex-axis overŒ0; �2 �.

4. Which is negative,
Z �5

�1
8 dx or

Z �1

�5
8dx?

SOLUTION Because�5 � .�1/ D �4,
Z �5

�1
8 dx is negative.
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Exercises
In Exercises 1–10, draw a graph of the signed area represented by the integral and compute it using geometry.

1.
Z 3

�3
2x dx

SOLUTION The region bounded by the graph ofy D 2x and thex-axis over the intervalŒ�3; 3� consists of two right triangles.

One has area12 .3/.6/ D 9 below the axis, and the other has area12 .3/.6/ D 9 above the axis. Hence,

Z 3

�3
2x dx D 9 � 9 D 0:

−3 −2 −2
−4
−6

−1 1 2 3

2
4
6

x

y

2.
Z 3

�2
.2x C 4/ dx

SOLUTION The region bounded by the graph ofy D 2x C 4 and thex-axis over the intervalŒ�2; 3� consists of a single right

triangle of area12 .5/.10/ D 25 above the axis. Hence,

Z 3

�2
.2x C 4/ dx D 25:

−2 −1 1 2 3

2

4

8

6

10

x

y

3.
Z 1

�2
.3x C 4/ dx

SOLUTION The region bounded by the graph ofy D 3xC 4 and thex-axis over the intervalŒ�2; 1� consists of two right triangles.

One has area12 .
2
3 /.2/ D 2

3 below the axis, and the other has area12 .
7
3 /.7/ D 49

6 above the axis. Hence,

Z 1

�2
.3x C 4/ dx D 49

6
� 2

3
D 15

2
:

−2
−2

−1 1

2

4

8

6

x

y

4.
Z 1

�2
4 dx

SOLUTION The region bounded by the graph ofy D 4 and thex-axis over the intervalŒ�2; 1� is a rectangle of area.3/.4/ D 12

above the axis. Hence,

Z 1

�2
4 dx D 12:
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−2 −1 1

1

2

4

3

x

y

5.
Z 8

6
.7 � x/ dx

SOLUTION The region bounded by the graph ofy D 7 � x and thex-axis over the intervalŒ6; 8� consists of two right triangles.

One triangle has area12 .1/.1/ D 1
2 above the axis, and the other has area1

2 .1/.1/ D 1
2 below the axis. Hence,

Z 8

6
.7 � x/dx D 1

2
� 1

2
D 0:

−1

8642

0.5

−0.5

1

x

y

6.
Z 3�=2

�=2
sinx dx

SOLUTION The region bounded by the graph ofy D sinx and thex-axis over the intervalŒ�2 ;
3�
2 � consists of two parts of equal

area, one above the axis and the other below the axis. Hence,

Z 3�=2

�=2
sinx dx D 0:

−0.5

−1

41 2 3

1

0.5

x

y

7.
Z 5

0

p
25 � x2 dx

SOLUTION The region bounded by the graph ofy D
p
25 � x2 and thex-axis over the intervalŒ0; 5� is one-quarter of a circle of

radius 5. Hence,

Z 5

0

p
25 � x2 dx D 1

4
�.5/2 D 25�

4
:

54321

3

4

5

1

2

x

y

8.
Z 3

�2
jxj dx

SOLUTION The region bounded by the graph ofy D jxj and thex-axis over the intervalŒ�2; 3� consists of two right triangles,

both above the axis. One triangle has area1
2 .2/.2/ D 2, and the other has area12 .3/.3/ D 9

2 . Hence,

Z 3

�2
jxj dx D 9

2
C 2 D 13

2
:
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−2 −1 1 2 3

3

2

1

x

y

9.
Z 2

�2
.2 � jxj/ dx

SOLUTION The region bounded by the graph ofy D 2 � jxj and thex-axis over the intervalŒ�2; 2� is a triangle above the axis
with base 4 and height 2. Consequently,

Z 2

�2
.2 � jxj/ dx D 1

2
.2/.4/ D 4:

−2 −1 21

2

1

x

y

10.
Z 5

�2
.3C x � 2jxj/ dx

SOLUTION The region bounded by the graph ofy D 3C x � 2jxj and thex-axis over the intervalŒ�2; 5� consists of a triangle
below the axis with base 1 and height 3, a triangle above the axis of base 4 and height 3 and a triangle below the axis of base 2 and
height 2. Consequently,

Z 5

�2
.3C x � 2jxj/ dx D �1

2
.1/.3/C 1

2
.4/.3/ � 1

2
.2/.2/ D 5

2
:

−2

−3

−2

−1

1

2

3

2

4

y

x

11. Calculate
Z 10

0
.8 � x/ dx in two ways:

(a) As the limit lim
N!1

RN

(b) By sketching the relevant signed area and using geometry

SOLUTION Let f .x/ D 8 � x over Œ0; 10�. Consider the integral
R 10
0 f .x/ dx D

R 10
0 .8 � x/dx.

(a) Let N be a positive integer and seta D 0, b D 10, �x D .b � a/ =N D 10=N . Also, let xk D a C k�x D 10k=N ,
k D 1; 2; : : : ; N be the right endpoints of theN subintervals ofŒ0; 10�. Then

RN D �x

NX

kD1
f .xk/ D 10

N

NX

kD1

�
8 � 10k

N

�
D 10

N

0
@8

0
@
NX

kD1
1

1
A � 10

N

0
@
NX

kD1
k

1
A
1
A

D 10

N

 
8N � 10

N

 
N 2

2
C N

2

!!
D 30 � 50

N
:

Hence lim
N!1

RN D lim
N!1

�
30 � 50

N

�
D 30.

(b) The region bounded by the graph ofy D 8 � x and thex-axis over the intervalŒ0; 10� consists of two right triangles. One
triangle has area12 .8/.8/ D 32 above the axis, and the other has area1

2 .2/.2/ D 2 below the axis. Hence,

Z 10

0
.8� x/ dx D 32 � 2 D 30:
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2

2

4

6

8

4 6 8

10

y

x

12. Calculate
Z 4

�1
.4x � 8/ dx in two ways: As the limit lim

N!1
RN and using geometry.

SOLUTION Let f .x/ D 4x � 8 over Œ�1; 4�. Consider the integral
Z 4

�1
f .x/ dx D

Z 4

�1
.4x � 8/ dx.

� Let N be a positive integer and seta D �1, b D 4, �x D .b � a/ =N D 5=N . Thenxk D a C k�x D �1 C 5k=N ,
k D 1; 2; : : : ; N are the right endpoints of theN subintervals ofŒ�1; 4�. Then

RN D �x

NX

kD1
f .xk/ D 5

N

NX

kD1

�
�4C 20k

N
� 8

�
D �60

N

0
@
NX

kD1
1

1
AC 100

N 2

0
@
NX

kD1
k

1
A

D �60
N
.N/C 100

N 2

 
N 2

2
C N

2

!

D �60C 50C 50

N
D �10C 50

N
:

Hence lim
N!1

RN D lim
N!1

�
�10C 50

N

�
D �10.

� The region bounded by the graph ofy D 4x � 8 and thex-axis over the intervalŒ�1; 4� consists of a triangle below the axis
with base 3 and height 12 and a triangle above the axis with base 2 and height 8. Hence,

Z 4

�1
.4x � 8/ dx D �1

2
.3/.12/C 1

2
.2/.8/ D �10:

5

−5

−1

1 2 3 4

−10

y

x

In Exercises 13 and 14, refer to Figure 1.

y = f(x)

642

y

x

FIGURE 1 The two parts of the graph are semicircles.

13. Evaluate: (a)
Z 2

0
f .x/ dx (b)

Z 6

0
f .x/ dx

SOLUTION Let f .x/ be given by Figure 1.

(a) The definite integral
R 2
0 f .x/ dx is the signed area of a semicircle of radius 1 which lies below thex-axis. Therefore,

Z 2

0
f .x/ dx D �1

2
� .1/2 D ��

2
:

(b) The definite integral
R 6
0 f .x/ dx is the signed area of a semicircle of radius 1 which lies below thex-axis and a semicircle of

radius 2 which lies above thex-axis. Therefore,

Z 6

0
f .x/ dx D 1

2
� .2/2 � 1

2
� .1/2 D 3�

2
:
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14. Evaluate: (a)
Z 4

1
f .x/ dx (b)

Z 6

1
jf .x/jdx

SOLUTION Let f .x/ be given by Figure 1.

(a) The definite integral
R 4
1 f .x/ dx is the signed area of one-quarter of a circle of radius 1 which lies below thex-axis and

one-quarter of a circle of radius 2 which lies above thex-axis. Therefore,

Z 4

1
f .x/ dx D 1

4
� .2/2 � 1

4
� .1/2 D 3

4
�:

(b) The definite integral
R 6
1 jf .x/jdx is the signed area of one-quarter of a circle of radius 1 and a semicircle of radius 2, both of

which lie above thex-axis. Therefore,

Z 6

1
jf .x/j dx D 1

2
� .2/2 C 1

4
� .1/2 D 9�

4
:

In Exercises 15 and 16, refer to Figure 2.

1 2 3 4 5

2

1

−1

−2

y = g(t)

t

y

FIGURE 2

15. Evaluate
Z 3

0
g.t/ dt and

Z 5

3
g.t/ dt .

SOLUTION

� The region bounded by the curvey D g.t/ and thet-axis over the intervalŒ0; 3� is comprised of two right triangles, one with
area12 below the axis, and one with area 2 above the axis. The definite integral is therefore equal to2 � 1

2 D 3
2 .

� The region bounded by the curvey D g.t/ and thet-axis over the intervalŒ3; 5� is comprised of another two right triangles,
one with area 1 above the axis and one with area 1 below the axis. The definite integral is therefore equal to 0.

16. Finda, b, andc such that
Z a

0
g.t/ dt and

Z c

b
g.t/ dt are as large as possible.

SOLUTION To make the value of
Z a

0
g.t/ dt as large as possible, we want to include as much positive area as possible. This

happens when we takea D 4. Now, to make the value of
Z c

b
g.t/ dt as large as possible, we want to make sure to include all of

the positive area and only the positive area. This happens when we takeb D 1 andc D 4.

17. Describe the partitionP and the set of sample pointsC for the Riemann sum shown in Figure 3. Compute the value of the
Riemann sum.

x
1 32.5 3.220.5 4.5 5

34.25

20

15

8

y

FIGURE 3

SOLUTION The partitionP is defined by

x0 D 0 < x1 D 1 < x2 D 2:5 < x3 D 3:2 < x4 D 5

The set of sample points is given byC D fc1 D 0:5; c2 D 2; c3 D 3; c4 D 4:5g. Finally, the value of the Riemann sum is

34:25.1 � 0/C 20.2:5 � 1/C 8.3:2 � 2:5/C 15.5 � 3:2/ D 96:85:
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18. ComputeR.f;P; C / for f .x/ D x2 C x for the partitionP and the set of sample pointsC in Figure 3.

SOLUTION

R.f;P; C / D f .0:5/.1 � 0/C f .2/.2:5 � 1/C f .3/.3:2 � 2:5/C f .4:5/.5 � 3:2/

D 0:75.1/ C 6.1:5/C 12.0:7/ C 24:75.1:8/ D 62:7

In Exercises 19–22, calculate the Riemann sumR.f;P;C / for the given function, partition, and choice of sample points. Also,
sketch the graph off and the rectangles corresponding toR.f; P;C /.

19. f .x/ D x, P D f1; 1:2; 1:5; 2g, C D f1:1; 1:4; 1:9g
SOLUTION Let f .x/ D x. With

P D fx0 D 1; x1 D 1:2; x2 D 1:5; x3 D 2g and C D fc1 D 1:1; c2 D 1:4; c3 D 1:9g;

we get

R.f;P; C / D �x1f .c1/C�x2f .c2/C�x3f .c3/

D .1:2 � 1/.1:1/C .1:5 � 1:2/.1:4/C .2 � 1:5/.1:9/ D 1:59:

Here is a sketch of the graph off and the rectangles.

0.5 1 1.5 2 2.5

0.5

1

2

1.5

x

y

20. f .x/ D 2x C 3, P D f�4;�1; 1; 4; 8g, C D f�3; 0; 2; 5g
SOLUTION Let f .x/ D 2x C 3. With

P D fx0 D �4; x1 D �1; x2 D 1; x3 D 4; x4 D 8g and C D fc1 D �3; c2 D 0; c3 D 2; c4 D 5g;

we get

R.f;P; C / D �x1f .c1/C�x2f .c2/C�x3f .c3/C�x4f .c4/

D .�1 � .�4//.�3/C .1 � .�1//.3/C .4� 1/.7/C .8 � 4/.13/ D 70:

Here is a sketch of the graph off and the rectangles.

−4 −2

2 4 6 8
−5

5

10

15

20

y

x

21. f .x/ D x2 C x, P D f2; 3; 4:5; 5g, C D f2; 3:5; 5g
SOLUTION Let f .x/ D x2 C x. With

P D fx0 D 2; x1 D 3; x3 D 4:5; x4 D 5g and C D fc1 D 2; c2 D 3:5; c3 D 5g;

we get

R.f;P; C / D �x1f .c1/C�x2f .c2/C�x3f .c3/

D .3 � 2/.6/C .4:5 � 3/.15:75/C .5 � 4:5/.30/ D 44:625:

Here is a sketch of the graph off and the rectangles.

5

10

15

20

25

30

y

x
51 42 3
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22. f .x/ D sinx, P D
˚
0; �6 ;

�
3 ;

�
2

	
, C D f0:4; 0:7; 1:2g

SOLUTION Let f .x/ D sinx. With

P D
n
x0 D 0; x1 D �

6
; x3 D �

3
; x4 D �

2

o
and C D fc1 D 0:4; c2 D 0:7; c3 D 1:2g;

we get

R.f; P;C / D �x1f .c1/C�x2f .c2/C�x3f .c3/

D
��
6

� 0
�
.sin 0:4/C

��
3

� �

6

�
.sin 0:7/C

��
2

� �

3

�
.sin 1:2/ D 1:029225:

Here is a sketch of the graph off and the rectangles.

1

0.8

0.6

0.4

0.2

y

x
1.60.2 1.40.6 1.20.4 10.8

In Exercises 23–28, sketch the signed area represented by theintegral. Indicate the regions of positive and negative area.

23.
Z 5

0
.4x � x2/ dx

SOLUTION Here is a sketch of the signed area represented by the integral
R 5
0 .4x � x2/ dx.

1 2 3 4

5

−4

−2

2

4

y

x

24.
Z �=4

��=4
tanx dx

SOLUTION Here is a sketch of the signed area represented by the integral
R �=4

��=4 tanx dx.

−0.6 −0.2

0.2 0.4 0.6

−1.0

−0.5

0.5

1.0

y

x

+

−

25.
Z 2�

�
sinx dx

SOLUTION Here is a sketch of the signed area represented by the integral
R 2�
� sinx dx.

−0.4

−0.8

−1.2

7531 642

0.4

x

y

−

26.
Z 3�

0
sinx dx
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SOLUTION Here is a sketch of the signed area represented by the integral
R 3�
0 sinx dx.

−1

−0.5

+ +

−
2 4 6 8 10

1

0.5

x

y

27.
Z 2

1=2
ln x dx

SOLUTION Here is a sketch of the signed area represented by the integral
R 2
1=2 ln x dx.

0.5 1 1.5 2

–0.6

–0.4

–0.2

0.2

0.4

0.6

–

+

28.
Z 1

�1
tan�1 x dx

SOLUTION Here is a sketch of the signed area represented by the integral
R 1

�1 tan�1 x dx.

−1 −0.5 0.5 1

−0.5

0.5
+

−

y

x

In Exercises 29–32, determine the sign of the integral without calculating it. Draw a graph if necessary.

29.
Z 1

�2
x4 dx

SOLUTION The integrand is always positive. The integral must therefore be positive, since the signed area has only positive part.

30.
Z 1

�2
x3 dx

SOLUTION By symmetry, the positive area from the intervalŒ0; 1� is cancelled by the negative area fromŒ�1; 0�. With the interval
Œ�2;�1� contributing more negative area, the definite integral must be negative.

31.
Z 2�

0
x sinx dx

SOLUTION As you can see from the graph below, the area below the axis is greater than the area above the axis. Thus, the definite
integral is negative.

−0.2

−0.4

−0.6

7531 642

0.2

x

y

−

+

32.
Z 2�

0

sinx

x
dx
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SOLUTION From the plot below, you can see that the area above the axis is bigger than the area below the axis, hence the integral
is positive.

0.4
0.2

4 5 61 2 3

0.8
0.6

1

x

y

+

−

In Exercises 33–42, use properties of the integral and the formulas in the summary to calculate the integrals.

33.
Z 4

0
.6t � 3/ dt

SOLUTION

Z 4

0
.6t � 3/ dt D 6

Z 4

0
t dt � 3

Z 4

0
1 dt D 6 � 1

2
.4/2 � 3.4 � 0/ D 36.

34.
Z 2

�3
.4x C 7/ dx

SOLUTION

Z 2

�3
.4x C 7/ dx D 4

Z 2

�3
x dx C 7

Z 2

�3
dx

D 4

 Z 0

�3
x dx C

Z 2

0
x dx

!
C 7.2 � .�3//

D 4

 Z 2

0
x dx �

Z �3

0
x dx

!
C 35

D 4

�
1

2
22 � 1

2
.�3/2

�
C 35 D 25:

35.
Z 9

0
x2 dx

SOLUTION By formula (5),
Z 9

0
x2 dx D 1

3
.9/3 D 243:

36.
Z 5

2
x2 dx

SOLUTION

Z 5

2
x2 dx D

Z 5

0
x2 dx �

Z 2

0
x2dx D 1

3
.5/3 � 1

3
.2/3 D 39.

37.
Z 1

0
.u2 � 2u/ du

SOLUTION

Z 1

0
.u2 � 2u/ du D

Z 1

0
u2 du � 2

Z 1

0
udu D 1

3
.1/3 � 2

�
1

2

�
.1/2 D 1

3
� 1 D �2

3
:

38.
Z 1=2

0
.12y2 C 6y/ dy

SOLUTION

Z 1=2

0
.12y2 C 6y/ dy D 12

Z 1=2

0
y2 dy C 6

Z 1=2

0
y dy

D 12 � 1
3

�
1

2

�3
C 6 � 1

2

�
1

2

�2

D 1

2
C 3

4
D 5

4
:
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39.
Z 1

�3
.7t2 C t C 1/ dt

SOLUTION First, write

Z 1

�3
.7t2 C t C 1/ dt D

Z 0

�3
.7t2 C t C 1/ dt C

Z 1

0
.7t2 C t C 1/ dt

D �
Z �3

0
.7t2 C t C 1/ dt C

Z 1

0
.7t2 C t C 1/ dt

Then,

Z 1

�3
.7t2 C t C 1/ dt D �

�
7 � 1
3
.�3/3 C 1

2
.�3/2 � 3

�
C
�
7 � 1
3
13 C 1

2
12 C 1

�

D �
�

�63C 9

2
� 3

�
C
�
7

3
C 1

2
C 1

�
D 196

3
:

40.
Z 3

�3
.9x � 4x2/ dx

SOLUTION First write

Z 3

�3
.9x � 4x2/ dx D

Z 0

�3
.9x � 4x2/ dx C

Z 3

0
.9x � 4x2/ dx

D �
Z �3

0
.9x � 4x2/ dx C

Z 3

0
.9x � 4x2/ dx:

Then,

Z 3

�3
.9x � 4x2/ dx D �

�
9 � 1
2
.�3/2 � 4 � 1

3
.�3/3

�
C
�
9 � 1
2
.3/2 � 4 � 1

3
.3/3

�

D �
�
81

2
C 36

�
C
�
81

2
� 36

�
D �72:

41.
Z 1

�a
.x2 C x/ dx

SOLUTION First,
R b
0 .x

2 C x/dx D
R b
0 x

2 dx C
R b
0 x dx D 1

3b
3 C 1

2b
2. Therefore

Z 1

�a
.x2 C x/ dx D

Z 0

�a
.x2 C x/ dx C

Z 1

0
.x2 C x/ dx D

Z 1

0
.x2 C x/ dx �

Z �a

0
.x2 C x/ dx

D
�
1

3
� 13 C 1

2
� 12

�
�
�
1

3
.�a/3 C 1

2
.�a/2

�
D 1

3
a3 � 1

2
a2 C 5

6
:

42.
Z a2

a
x2 dx

SOLUTION

Z a2

a
x2 dx D

Z a2

0
x2 dx �

Z a

0
x2 dx D 1

3

�
a2
�3

� 1

3
.a/3 D 1

3
a6 � 1

3
a3:

In Exercises 43–47, calculate the integral, assuming that

Z 5

0
f .x/ dx D 5;

Z 5

0
g.x/ dx D 12

43.
Z 5

0
.f .x/C g.x// dx

SOLUTION

Z 5

0
.f .x/C g.x// dx D

Z 5

0
f .x/ dx C

Z 5

0
g.x/ dx D 5C 12 D 17.

44.
Z 5

0

�
2f .x/� 1

3
g.x/

�
dx
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SOLUTION

Z 5

0

�
2f .x/� 1

3
g.x/

�
dx D 2

Z 5

0
f .x/ dx � 1

3

Z 5

0
g.x/ dx D 2.5/ � 1

3
.12/ D 6.

45.
Z 0

5
g.x/ dx

SOLUTION

Z 0

5
g.x/ dx D �

Z 5

0
g.x/ dx D �12.

46.
Z 5

0
.f .x/� x/ dx

SOLUTION

Z 5

0
.f .x/� x/ dx D

Z 5

0
f .x/ dx �

Z 5

0
x dx D 5 � 1

2
.5/2 D �15

2
.

47. Is it possible to calculate
Z 5

0
g.x/f .x/dx from the information given?

SOLUTION It is not possible to calculate
R 5
0 g.x/f .x/dx from the information given.

48. Prove by computing the limit of right-endpoint approximations:

Z b

0
x3 dx D b4

4
9

SOLUTION Letf .x/ D x3, a D 0 and�x D .b � a/=N D b=N . Then

RN D �x

NX

kD1
f .xk/ D b

N

NX

kD1

 
k3 � b

3

N 3

!
D b4

N 4

0
@
NX

kD1
k3

1
A D b4

N 4

 
N 4

4
C N 3

2
C N 2

4

!
D b4

4
C b4

2N
C b4

4N 2
:

Hence
Z b

0
x3 dx D lim

N!1
RN D lim

N!1

 
b4

4
C b4

2N
C b4

4N 2

!
D b4

4
.

In Exercises 49–54, evaluate the integral using the formulas in the summary and Eq. (9).

49.
Z 3

0
x3 dx

SOLUTION By Eq. (9),
Z 3

0
x3 dx D 34

4
D 81

4
.

50.
Z 3

1
x3 dx

SOLUTION

Z 3

1
x3 dx D

Z 3

0
x3 dx �

Z 1

0
x3 dx D 1

4
.3/4 � 1

4
.1/4 D 20.

51.
Z 3

0
.x � x3/ dx

SOLUTION

Z 3

0
.x � x3/ dx D

Z 3

0
x dx �

Z 3

0
x3 dx D 1

2
32 � 1

4
34 D �63

4
.

52.
Z 1

0
.2x3 � x C 4/ dx

SOLUTION Applying the linearity of the definite integral, Eq. (9), the formula from Example 4 and the formula for the definite
integral of a constant:

Z 1

0
.2x3 � x C 4/ dx D 2

Z 1

0
x3 dx �

Z 1

0
x dx C

Z 1

0
4dx D 2 � 1

4
.1/4 � 1

2
.1/2 C 4 D 4:

53.
Z 1

0
.12x3 C 24x2 � 8x/ dx

SOLUTION

Z 1

0
.12x3 C 24x2 � 8x/ dx D 12

Z 1

0
x3 dx C 24

Z 1

0
x2 � 8

Z 1

0
x dx

D 12 � 1
4
14 C 24 � 1

3
13 � 8 � 1

2
12

D 3C 8 � 4 D 7
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54.
Z 2

�2
.2x3 � 3x2/ dx

SOLUTION

Z 2

�2
.2x3 � 3x2/ dx D

Z 0

�2
.2x3 � 3x2/ dx C

Z 2

0
.2x3 � 3x2/ dx

D
Z 2

0
.2x3 � 3x2/ dx �

Z �2

0
.2x3 � 3x2/ dx

D 2

Z 2

0
x3 dx � 3

Z 2

0
x2 dx � 2

Z �2

0
x3 dx C 3

Z �2

0
x2 dx

D 2 � 1
4
.2/4 � 3 � 1

3
.2/3 � 2 � 1

4
.�2/4 C 3 � 1

3
.�2/3

D 8 � 8 � 8 � 8 D �16:

In Exercises 55–58, calculate the integral, assuming that

Z 1

0
f .x/ dx D 1;

Z 2

0
f .x/ dx D 4;

Z 4

1
f .x/ dx D 7

55.
Z 4

0
f .x/ dx

SOLUTION

Z 4

0
f .x/ dx D

Z 1

0
f .x/ dx C

Z 4

1
f .x/ dx D 1C 7 D 8.

56.
Z 2

1
f .x/ dx

SOLUTION

Z 2

1
f .x/ dx D

Z 2

0
f .x/ dx �

Z 1

0
f .x/ dx D 4 � 1 D 3.

57.
Z 1

4
f .x/ dx

SOLUTION

Z 1

4
f .x/ dx D �

Z 4

1
f .x/ dx D �7.

58.
Z 4

2
f .x/ dx

SOLUTION From Exercise 55,
R 4
0 f .x/ dx D 8. Accordingly,

Z 4

2
f .x/ dx D

Z 4

0
f .x/ dx �

Z 2

0
f .x/ dx D 8 � 4 D 4:

In Exercises 59–62, express each integral as a single integral.

59.
Z 3

0
f .x/ dx C

Z 7

3
f .x/ dx

SOLUTION

Z 3

0
f .x/ dx C

Z 7

3
f .x/ dx D

Z 7

0
f .x/ dx.

60.
Z 9

2
f .x/ dx �

Z 9

4
f .x/ dx

SOLUTION

Z 9

2
f .x/ dx �

Z 9

4
f .x/ dx D

 Z 4

2
f .x/ dx C

Z 9

4
f .x/ dx

!
�
Z 9

4
f .x/ dx D

Z 4

2
f .x/ dx:

61.
Z 9

2
f .x/ dx �

Z 5

2
f .x/ dx

SOLUTION

Z 9

2
f .x/ dx �

Z 5

2
f .x/ dx D

 Z 5

2
f .x/ dx C

Z 9

5
f .x/ dx

!
�
Z 5

2
f .x/ dx D

Z 9

5
f .x/ dx:
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62.
Z 3

7
f .x/ dx C

Z 9

3
f .x/ dx

SOLUTION

Z 3

7
f .x/ dx C

Z 9

3
f .x/ dx D �

Z 7

3
f .x/ dx C

 Z 7

3
f .x/ dx C

Z 9

7
f .x/ dx

!
D
Z 9

7
f .x/ dx:

In Exercises 63–66, calculate the integral, assuming thatf is integrable and
Z b

1
f .x/ dx D 1 � b�1 for all b > 0.

63.
Z 5

1
f .x/ dx

SOLUTION

Z 5

1
f .x/ dx D 1 � 5�1 D 4

5
.

64.
Z 5

3
f .x/ dx

SOLUTION

Z 5

3
f .x/ dx D

Z 5

1
f .x/ dx �

Z 3

1
f .x/ dx D

�
1 � 1

5

�
�
�
1 � 1

3

�
D 2

15
.

65.
Z 6

1
.3f .x/� 4/ dx

SOLUTION

Z 6

1
.3f .x/� 4/ dx D 3

Z 6

1
f .x/ dx � 4

Z 6

1
1 dx D 3.1 � 6�1/� 4.6 � 1/ D �35

2
.

66.
Z 1

1=2
f .x/ dx

SOLUTION

Z 1

1=2
f .x/ dx D �

Z 1=2

1
f .x/ dx D �

 
1 �

�
1

2

��1!
D 1.

67. Explain the difference in graphical interpretation between
Z b

a
f .x/ dx and

Z b

a
jf .x/jdx.

SOLUTION Whenf .x/ takes on both positive and negative values onŒa; b�,
R b
a f .x/ dx represents the signed area betweenf .x/

and thex-axis, whereas
R b
a jf .x/j dx represents the total (unsigned) area betweenf .x/ and thex-axis. Any negatively signed

areas that were part of
R b
a f .x/ dx are regarded as positive areas in

R b
a jf .x/j dx. Here is a graphical example of this phenomenon.

−20

2 4−4 −2

10

−30

−10

x

Graph of f(x)

2 4−4 −2

10

20

30

x

Graph of |f (x)|

68. Use the graphical interpretation of the definite integral to explain the inequality

ˇ̌
ˇ̌
ˇ

Z b

a
f .x/ dx

ˇ̌
ˇ̌
ˇ �

Z b

a
jf .x/jdx

wheref .x/ is continuous. Explain also why equality holds if and only if eitherf .x/ � 0 for all x or f .x/ � 0 for all x.

SOLUTION LetAC denote the unsigned area under the graph ofy D f .x/ over the intervalŒa; b� wheref .x/ � 0. Similarly, let
A� denote the unsigned area whenf .x/ < 0. Then

Z b

a
f .x/ dx D AC � A�:

Moreover,
ˇ̌
ˇ̌
ˇ

Z b

a
f .x/ dx

ˇ̌
ˇ̌
ˇ � AC C A� D

Z b

a
jf .x/j dx:

Equality holds if and only if one of the unsigned areas is equal to zero; in other words, if and only if eitherf .x/ � 0 for all x or
f .x/ � 0 for all x.
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69. Let f .x/ D x. Find an intervalŒa; b� such that

ˇ̌
ˇ̌
ˇ

Z b

a
f .x/ dx

ˇ̌
ˇ̌
ˇ D 1

2
and

Z b

a
jf .x/jdx D 3

2

SOLUTION If a > 0, thenf .x/ � 0 for all x 2 Œa; b�, so

ˇ̌
ˇ̌
ˇ

Z b

a
f .x/ dx

ˇ̌
ˇ̌
ˇ D

Z b

a
jf .x/jdx

by the previous exercise. We find a similar result ifb < 0. Thus, we must havea < 0 andb > 0. Now,

Z b

a
jf .x/jdx D 1

2
a2 C 1

2
b2:

Because
Z b

a
f .x/ dx D 1

2
b2 � 1

2
a2;

then
ˇ̌
ˇ̌
ˇ

Z b

a
f .x/ dx

ˇ̌
ˇ̌
ˇ D 1

2
jb2 � a2j:

If b2 > a2, then

1

2
a2 C 1

2
b2 D 3

2
and

1

2
.b2 � a2/ D 1

2

yield a D �1 andb D
p
2. On the other hand, ifb2 < a2, then

1

2
a2 C 1

2
b2 D 3

2
and

1

2
.a2 � b2/ D 1

2

yield a D �
p
2 andb D 1.

70. EvaluateI D
Z 2�

0
sin2 x dx andJ D

Z 2�

0
cos2 x dx as follows. First show with a graph thatI D J . Then prove

thatI C J D 2�.

SOLUTION The graphs off .x/ D sin2 x andg.x/ D cos2 x are shown below at the left and right, respectively. It is clear that
the shaded areas in the two graphs are equal, thus

I D
Z 2�

0
sin2 x dx D

Z 2�

0
cos2 x dx D J:

Now, using the fundamental trigonometric identity, we find

I C J D
Z 2�

0
.sin2 x C cos2 x/ dx D

Z 2�

0
1 � dx D 2�:

Combining this last result withI D J yieldsI D J D �.

2 61 543

0.8

1

0.6

0.4

0.2

x

y

2 61 543

0.8

1

0.6

0.4

0.2

x

y

In Exercises 71–74, calculate the integral.

71.
Z 6

0
j3 � xj dx
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SOLUTION Over the interval, the region between the curve and the intervalŒ0; 6� consists of two triangles above thex axis, each

of which has height 3 and width 3, and so area92 . The total area, hence the definite integral, is9.

654321

1

2

3

x

y

Alternately,
Z 6

0
j3 � xjdx D

Z 3

0
.3 � x/ dx C

Z 6

3
.x � 3/ dx

D 3

Z 3

0
dx �

Z 3

0
x dx C

 Z 6

0
x dx �

Z 3

0
x dx

!
� 3

Z 6

3
dx

D 9 � 1

2
32 C 1

2
62 � 1

2
32 � 9 D 9:

72.
Z 3

1
j2x � 4j dx

SOLUTION The area betweenj2x � 4j and thex axis consists of two triangles above thex-axis, each with width1 and height2,
and hence with area1. The total area, and hence the definite integral, is2.

1 30.5 2.521.5
x

0.5

1

2

1.5

y

Alternately,
Z 3

1
j2x � 4j dx D

Z 2

1
.4� 2x/ dx C

Z 3

2
.2x � 4/ dx

D 4

Z 2

1
dx � 2

 Z 2

0
x dx �

Z 1

0
x dx

!
C 2

 Z 3

0
x dx �

Z 2

0
x dx

!
� 4

Z 3

2
dx

D 4 � 2
�
1

2
22 � 1

2
12
�

C 2

�
1

2
32 � 1

2
22
�

� 4 D 2:

73.
Z 1

�1
jx3jdx

SOLUTION

jx3j D
(
x3 x � 0

�x3 x < 0:

Therefore,
Z 1

�1
jx3jdx D

Z 0

�1
�x3 dx C

Z 1

0
x3 dx D

Z �1

0
x3 dx C

Z 1

0
x3 dx D 1

4
.�1/4 C 1

4
.1/4 D 1

2
:

74.
Z 2

0
jx2 � 1j dx

SOLUTION

jx2 � 1j D
(
x2 � 1 1 � x � 2

�.x2 � 1/ 0 � x < 1:

Therefore,
Z 2

0
jx2 � 1j dx D

Z 1

0
.1 � x2/ dx C

Z 2

1
.x2 � 1/ dx
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D
Z 1

0
dx �

Z 1

0
x2 dx C

 Z 2

0
x2 dx �

Z 1

0
x2 dx

!
�
Z 2

1
1 dx

D 1 � 1

3
.1/C

�
1

3
.8/ � 1

3
.1/

�
� 1 D 2:

75. Use the Comparison Theorem to show that

Z 1

0
x5 dx �

Z 1

0
x4 dx;

Z 2

1
x4 dx �

Z 2

1
x5 dx

SOLUTION On the intervalŒ0; 1�, x5 � x4, so, by Theorem 5,

Z 1

0
x5 dx �

Z 1

0
x4 dx:

On the other hand,x4 � x5 for x 2 Œ1; 2�, so, by the same Theorem,

Z 2

1
x4 dx �

Z 2

1
x5 dx:

76. Prove that
1

3
�
Z 6

4

1

x
dx � 1

2
.

SOLUTION On the intervalŒ4; 6�, 16 � 1
x , so, by Theorem 5,

1

3
D
Z 6

4

1

6
dx �

Z 6

4

1

x
dx:

On the other hand,1x � 1
4 on the intervalŒ4; 6�, so

Z 6

4

1

x
dx �

Z 6

4

1

4
dx D 1

4
.6 � 4/ D 1

2
:

Therefore13 �
R 6
4
1
x dx � 1

2 , as desired.

77. Prove that0:0198 �
R 0:3
0:2 sinx dx � 0:0296. Hint: Show that0:198 � sinx � 0:296 for x in Œ0:2; 0:3�.

SOLUTION For 0 � x � �
6 � 0:52, we have d

dx
.sin x/ D cosx > 0. Hence sinx is increasing onŒ0:2; 0:3�. Accordingly, for

0:2 � x � 0:3, we have

m D 0:198 � 0:19867 � sin0:2 � sinx � sin0:3 � 0:29552 � 0:296 D M

Therefore, by the Comparison Theorem, we have

0:0198 D m.0:3 � 0:2/ D
Z 0:3

0:2
mdx �

Z 0:3

0:2
sinx dx �

Z 0:3

0:2
M dx D M.0:3 � 0:2/ D 0:0296:

78. Prove that0:277 �
Z �=4

�=8
cosx dx � 0:363.

SOLUTION cosx is decreasing on the intervalŒ�=8; �=4�. Hence, for�=8 � x � �=4,

cos.�=4/ � cosx � cos.�=8/:

Since cos.�=4/ D
p
2=2,

0:277 � �

8
�

p
2

2
D
Z �=4

�=8

p
2

2
dx �

Z �=4

�=8
cosx dx:

Since cos.�=8/ � 0:924,

Z �=4

�=8
cosx dx �

Z �=4

�=8
0:924 dx D �

8
.0:924/ � 0:363:

Therefore0:277 �
R �=4
�=8

cosx � 0:363:
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79. Prove that0 �
Z �=2

�=4

sinx

x
dx �

p
2

2
.

SOLUTION Let

f .x/ D sinx

x
:

As we can see in the sketch below,f .x/ is decreasing on the intervalŒ�=4; �=2�. Thereforef .x/ � f .�=4/ for all x in Œ�=4; �=2�.

f .�=4/ D 2
p
2

� , so:

Z �=2

�=4

sinx

x
dx �

Z �=2

�=4

2
p
2

�
dx D �

4

2
p
2

�
D

p
2

2
:

2

x

y

2/p

2/p

p /4 p /2

y = sin x
x

80. Find upper and lower bounds for
Z 1

0

dxp
5x3 C 4

.

SOLUTION Let

f .x/ D 1p
5x3 C 4

:

f .x/ is decreasing forx on the intervalŒ0; 1�, sof .1/ � f .x/ � f .0/ for all x in Œ0; 1�. f .0/ D 1
2 andf .1/ D 1

3 , so

Z 1

0

1

3
dx �

Z 1

0
f .x/ dx �

Z 1

0

1

2
dx

1

3
�
Z 1

0
f .x/ dx � 1

2
:

81. Suppose thatf .x/ � g.x/ on Œa; b�. By the Comparison Theorem,
R b
a f .x/ dx �

R b
a g.x/ dx. Is it also true that

f 0.x/ � g0.x/ for x 2 Œa; b�? If not, give a counterexample.

SOLUTION The assertionf 0.x/ � g0.x/ is false. Considera D 0, b D 1, f .x/ D x, g.x/ D 2. f .x/ � g.x/ for all x in the
interval Œ0; 1�, butf 0.x/ D 1 while g0.x/ D 0 for all x.

82. State whether true or false. If false, sketch the graph of a counterexample.

(a) If f .x/ > 0, then
Z b

a
f .x/ dx > 0.

(b) If
Z b

a
f .x/ dx > 0, thenf .x/ > 0.

SOLUTION

(a) It is true that iff .x/ > 0 for x 2 Œa; b�, then
R b
a f .x/ dx > 0.

(b) It is falsethat if
R b
a f .x/ dx > 0, thenf .x/ > 0 for x 2 Œa; b�. Indeed, in Exercise 3, we saw that

R 1
�2.3x C 4/ dx D 7:5 > 0,

yetf .�2/ D �2 < 0. Here is the graph from that exercise.

−2
−2

−1 1

2

6

4

x

y
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Further Insights and Challenges

83. Explain graphically: Iff .x/ is an odd function, thenZ a

�a
f .x/ dx D 0.

SOLUTION If f is an odd function, thenf .�x/ D �f .x/ for all x. Accordingly, for every positively signed area in the right
half-plane wheref is above thex-axis, there is a corresponding negatively signed area in the left half-plane wheref is below
thex-axis. Similarly, for every negatively signed area in the right half-plane wheref is below thex-axis, there is a corresponding
positively signed area in the left half-plane wheref is above thex-axis. We conclude that the net area between the graph off and
thex-axis overŒ�a; a� is 0, since the positively signed areas and negatively signed areas cancel each other out exactly.

1 2−2

−1

−2

−4

2

4

x

y

84. Compute
Z 1

�1
sin.sin.x//.sin2.x/C 1/ dx.

SOLUTION Let f .x/ D sin.sin.x//.sin2.x/C 1//. sinx is an odd function, while sin2 x is an even function, so:

f .�x/ D sin.sin.�x//.sin2.�x/C 1/ D sin.� sin.x//.sin2.x/C 1/

D � sin.sin.x//.sin2.x/C 1/ D �f .x/:

Therefore,f .x/ is an odd function. The function is odd and the interval is symmetric around the origin so, by the previous exercise,
the integral must be zero.

85. Let k andb be positive. Show, by comparing the right-endpoint approximations, that

Z b

0
xk dx D bkC1

Z 1

0
xk dx

SOLUTION Let k and b be any positive numbers. Letf .x/ D xk on Œ0; b�. Sincef is continuous, both
R b
0 f .x/ dx andR 1

0 f .x/ dx exist. LetN be a positive integer and set�x D .b � 0/ =N D b=N . Let xj D a C j�x D bj=N , j D 1; 2; : : : ; N

be the right endpoints of theN subintervals ofŒ0; b�. Then the right-endpoint approximation to
R b
0 f .x/ dx D

R b
0 x

k dx is

RN D �x

NX

jD1
f .xj / D b

N

NX

jD1

�
bj

N

�k
D bkC1

0
@ 1

N kC1

NX

jD1
jk

1
A :

In particular, ifb D 1 above, then the right-endpoint approximation to
R 1
0 f .x/ dx D

R 1
0 x

k dx is

SN D �x

NX

jD1
f .xj / D 1

N

NX

jD1

�
j

N

�k
D 1

N kC1

NX

jD1
jk D 1

bkC1RN

In other words,RN D bkC1SN . Therefore,

Z b

0
xk dx D lim

N!1
RN D lim

N!1
bkC1SN D bkC1 lim

N!1
SN D bkC1

Z 1

0
xk dx:

86. Verify for 0 � b � 1 by interpreting in terms of area:

Z b

0

p
1 � x2 dx D 1

2
b
p
1 � b2 C 1

2
sin�1 b

SOLUTION The functionf .x/ D
p
1 � x2 is the quarter circle of radius1 in the first quadrant. For0 � b � 1, the area

represented by the integral
R b
0

p
1 � x2 dx can be divided into two parts. The area of the triangular part is1

2 .b/
p
1 � b2 using the

Pythagorean Theorem. The area of the sector with angle� where sin� D b, is given by12 .1/
2.�/. Thus

Z b

0

p
1 � x2 dx D 1

2
b
p
1 � b2 C 1

2
� D 1

2
b
p
1 � b2 C 1

2
sin�1 b:
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1

1

θ

b
x

y

87. Suppose thatf andg are continuous functions such that,for all a,

Z a

�a
f .x/ dx D

Z a

�a
g.x/ dx

Give anintuitive argument showing thatf .0/ D g.0/. Explain your idea with a graph.

SOLUTION Let
R a

�a f .x/ dx D
R a

�a g .x/ dx. Consider what happens asa decreases in size, becoming very close to zero.
Intuitively, the areas of the functions become.a � .�a//.f .0// D 2a.f .0// and.a � .�a//.g.0// D 2a.g.0//. Because we know
these areas must be the same, we have2a.f .0// D 2a.g.0// and thereforef .0/ D g.0/.

88. Theorem 4 remains true without the assumptiona � b � c. Verify this for the casesb < a < c andc < a < b.

SOLUTION The additivity property of definite integrals states fora � b � c, we have
R c
a f .x/ dx D

R b
a f .x/ dx C

R c
b f .x/ dx.

� Suppose that we haveb < a < c. By the additivity property, we have
R c
b f .x/ dx D

R a
b f .x/ dx C

R c
a f .x/ dx. Therefore,R c

a f .x/ dx D
R c
b f .x/ dx �

R a
b f .x/ dx D

R b
a f .x/ dx C

R c
b f .x/ dx.

� Now suppose that we havec < a < b. By the additivity property, we have
R b
c f .x/ dx D

R a
c f .x/ dx C

R b
a f .x/ dx.

Therefore,
R c
a f .x/ dx D �

R a
c f .x/ dx D

R b
a f .x/ dx �

R b
c f .x/ dx D

R b
a f .x/ dx C

R c
b f .x/ dx.

� Hence the additivity property holds for all real numbersa, b, andc, regardless of their relationship amongst each other.

5.3 The Fundamental Theorem of Calculus, Part I

Preliminary Questions
1. Suppose thatF 0.x/ D f .x/ andF.0/ D 3, F.2/ D 7.

(a) What is the area undery D f .x/ over Œ0; 2� if f .x/ � 0?

(b) What is the graphical interpretation ofF.2/� F.0/ if f .x/ takes on both positive and negative values?

SOLUTION

(a) If f .x/ � 0 over Œ0; 2�, then the area undery D f .x/ isF.2/ � F.0/ D 7 � 3 D 4.

(b) If f .x/ takes on both positive and negative values, thenF.2/� F.0/ gives the signed area betweeny D f .x/ and thex-axis.

2. Suppose thatf .x/ is anegativefunction with antiderivativeF such thatF.1/ D 7 andF.3/ D 4. What is the area (a positive
number) between thex-axis and the graph off .x/ over Œ1; 3�?

SOLUTION

Z 3

1
f .x/ dx represents thesignedarea bounded by the curve and the intervalŒ1; 3�. Sincef .x/ is negative onŒ1; 3�,

Z 3

1
f .x/ dx is the negative of the area. Therefore, ifA is the area between thex-axis and the graph off .x/, we have:

A D �
Z 3

1
f .x/ dx D � .F .3/� F.1// D �.4 � 7/ D �.�3/ D 3:

3. Are the following statements true or false? Explain.

(a) FTC I is valid only for positive functions.

(b) To use FTC I, you have to choose the right antiderivative.

(c) If you cannot find an antiderivative off .x/, then the definite integral does not exist.

SOLUTION

(a) False. The FTC I is valid for continuous functions.

(b) False. The FTC I works for any antiderivative of the integrand.

(c) False. If you cannot find an antiderivative of the integrand, you cannot use the FTC I to evaluate the definite integral, but the
definite integral may still exist.



S E C T I O N 5.3 The Fundamental Theorem of Calculus, Part I 591

4. Evaluate
Z 9

2
f 0.x/ dx wheref .x/ is differentiable andf .2/ D f .9/ D 4.

SOLUTION Becausef is differentiable,
Z 9

2
f 0.x/ dx D f .9/� f .2/ D 4 � 4 D 0.

Exercises
In Exercises 1–4, sketch the region under the graph of the function and find its area using FTC I.

1. f .x/ D x2, Œ0; 1�

SOLUTION

0.2 0.4 0.6 0.8 1

0.2

0.4

0.8

0.6

1

x

y

We have the area

A D
Z 1

0
x2 dx D 1

3
x3
ˇ̌
ˇ̌
1

0

D 1

3
:

2. f .x/ D 2x � x2, Œ0; 2�

SOLUTION

0.2

0.4

0.8

0.6

1

y

1.5 210.5
x

LetA be the area indicated. Then:

A D
Z 2

0
.2x � x2/ dx D

Z 2

0
2x dx �

Z 2

0
x2 dx D x2

ˇ̌
ˇ̌
2

0

� 1

3
x3
ˇ̌
ˇ̌
2

0

D .4 � 0/ �
�
8

3
� 0

�
D 4

3
:

3. f .x/ D x�2, Œ1; 2�

SOLUTION

1.0

0.2

0.4

0.6

0.8

1.0

1.2 1.4 1.6 1.8 2.0

y

x

We have the area

A D
Z 2

1
x�2 dx D x�1

�1

ˇ̌
ˇ̌
ˇ

2

1

D �1
2

C 1 D 1

2
:

4. f .x/ D cosx,
�
0; �2

�

SOLUTION
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0.2

0.4

0.8

0.6

1

y

1.60.2 0.4 1.40.6 0.8 1 1.2
x

LetA be the shaded area. Then

A D
Z �=2

0
cosx dx D sinx

ˇ̌
ˇ̌
�=2

0

D 1 � 0 D 1:

In Exercises 5–42, evaluate the integral using FTC I.

5.
Z 6

3
x dx

SOLUTION

Z 6

3
x dx D 1

2
x2
ˇ̌
ˇ̌
6

3

D 1

2
.6/2 � 1

2
.3/2 D 27

2
.

6.
Z 9

0
2 dx

SOLUTION

Z 9

0
2 dx D 2x

ˇ̌
ˇ̌
9

0

D 2.9/ � 2.0/ D 18.

7.
Z 1

0
.4x � 9x2/ dx

SOLUTION

Z 1

0
.4x � 9x2/ dx D .2x2 � 3x3/

ˇ̌
ˇ̌
1

0

D .2 � 3/ � .0� 0/ D �1.

8.
Z 2

�3
u2 du

SOLUTION

Z 2

�3
u2 du D 1

3
u3
ˇ̌
ˇ̌
2

�3
D 1

3
.2/3 � 1

3
.�3/3 D 35

3
.

9.
Z 2

0
.12x5 C 3x2 � 4x/ dx

SOLUTION

Z 2

0
.12x5 C 3x2 � 4x/ dx D .2x6 C x3 � 2x2/

ˇ̌
ˇ̌
2

0

D .128C 8 � 8/ � .0C 0 � 0/ D 128.

10.
Z 2

�2
.10x9 C 3x5/ dx

SOLUTION

Z 2

�2
.10x9 C 3x5/ dx D

�
x10 C 1

2
x6
� ˇ̌
ˇ̌
2

�2
D
�
210 C 1

2
26
�

�
�
210 C 1

2
26
�

D 0:

11.
Z 0

3
.2t3 � 6t2/ dt

SOLUTION

Z 0

3
.2t3 � 6t2/ dt D

�
1

2
t4 � 2t3

�ˇ̌
ˇ̌
0

3

D .0 � 0/ �
�
81

2
� 54

�
D 27

2
.

12.
Z 1

�1
.5u4 C u2 � u/ du

SOLUTION

Z 1

�1
.5u4 C u2 � u/ du D

�
u5 C 1

3
u3 � 1

2
u2
�ˇ̌
ˇ̌
1

�1
D
�
1C 1

3
� 1

2

�
�
�

�1 � 1

3
� 1

2

�
D 8

3
.

13.
Z 4

0

p
y dy

SOLUTION

Z 4

0

p
y dy D

Z 4

0
y1=2 dy D 2

3
y3=2

ˇ̌
ˇ̌
4

0

D 2

3
.4/3=2 � 2

3
.0/3=2 D 16

3
.
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14.
Z 8

1
x4=3 dx

SOLUTION

Z 8

1
x4=3 dx D 3

7
x7=3

ˇ̌
ˇ̌
8

1

D 3

7
.128 � 1/ D 381

7
.

15.
Z 1

1=16
t1=4 dt

SOLUTION

Z 1

1=16
t1=4 dt D 4

5
t5=4

ˇ̌
ˇ̌
1

1=16

D 4

5
� 1

40
D 31

40
.

16.
Z 1

4
t5=2 dt

SOLUTION

Z 1

4
t5=2 dt D 2

7
t7=2

ˇ̌
ˇ̌
1

4

D 2

7
.1 � 128/ D �254

7
.

17.
Z 3

1

dt

t2

SOLUTION

Z 3

1

dt

t2
D
Z 3

1
t�2 dt D �t�1

ˇ̌
ˇ̌
3

1

D �1
3

C 1 D 2

3
.

18.
Z 4

1
x�4 dx

SOLUTION

Z 4

1
x�4 dx D �1

3
x�3

ˇ̌
ˇ̌
4

1

D �1
3
.4/�3 C 1

3
D 21

64
.

19.
Z 1

1=2

8

x3
dx

SOLUTION

Z 1

1=2

8

x3
dx D

Z 1

1=2
8x�3 dx D �4x�2

ˇ̌
ˇ̌
1

1=2

D �4C 16 D 12.

20.
Z �1

�2

1

x3
dx

SOLUTION

Z �1

�2

1

x3
dx D �1

2
x�2

ˇ̌
ˇ̌
�1

�2
D �1

2
.�1/�2 C 1

2
.�2/�2 D �3

8
.

21.
Z 2

1
.x2 � x�2/ dx

SOLUTION

Z 2

1
.x2 � x�2/ dx D

�
1

3
x3 C x�1

� ˇ̌
ˇ̌
2

1

D
�
8

3
C 1

2

�
�
�
1

3
C 1

�
D 11

6
:

22.
Z 9

1
t�1=2 dt

SOLUTION

Z 9

1
t�1=2 dt D 2t1=2

ˇ̌
ˇ̌
9

1

D 2.9/1=2 � 2.1/1=2 D 4.

23.
Z 27

1

t C 1p
t
dt

SOLUTION

Z 27

1

t C 1p
t
dt D

Z 27

1
.t1=2 C t�1=2/ dt D

�
2

3
t3=2 C 2t1=2

� ˇ̌
ˇ̌
27

1

D
�
2

3
.81

p
3/C 6

p
3

�
�
�
2

3
C 2

�
D 60

p
3 � 8

3
:

24.
Z 1

8=27

10t4=3 � 8t1=3

t2
dt

SOLUTION

Z 1

8=27

10t4=3 � 8t1=3

t2
dt D

Z 1

8=27
.10t�2=3 � 8t�5=3/ dt

D .30t1=3 C 12t�2=3/
ˇ̌
ˇ̌
1

8=27

D .30C 12/ � .20C 27/ D �5:
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25.
Z 3�=4

�=4
sin� d�

SOLUTION

Z 3�=4

�=4
sin� d� D � cos�

ˇ̌
ˇ̌
3�=4

�=4

D
p
2

2
C

p
2

2
D

p
2:

26.
Z 4�

2�
sinx dx

SOLUTION

Z 4�

2�
sinx dx D � cosx

ˇ̌
ˇ̌
4�

2�

D �1 � .�1/ D 0:

27.
Z �=2

0
cos

 
1

3
�

!
d�

SOLUTION

Z �=2

0
cos

 
1

3
�

!
d� D 3 sin

�
1

3
�

�ˇ̌
ˇ̌
�=2

0

D 3

2
.

28.
Z 5�=8

�=4
cos2x dx

SOLUTION

Z 5�=8

�=4
cos2x dx D 1

2
sin 2x

ˇ̌
ˇ̌
5�=8

�=4

D 1

2
sin

5�

4
� 1

2
sin

�

2
D �

p
2

4
� 1

2
.

29.
Z �=6

0
sec2

�
3t � �

6

�
dt

SOLUTION

Z �=6

0
sec2

�
3t � �

6

�
dt D 1

3
tan

�
3t � �

6

�ˇ̌
ˇ̌
�=6

0

D 1

3

�p
3C 1p

3

�
D 4

3
p
3

.

30.
Z �=6

0
sec� tan� d�

SOLUTION

Z �=6

0
sec� tan� d� D sec�

ˇ̌
ˇ̌
�=6

0

D sec
�

6
� sec0 D 2

p
3

3
� 1.

31.
Z �=10

�=20
csc5x cot5x dx

SOLUTION

Z �=10

�=20
csc5x cot5x dx D �1

5
csc5x

ˇ̌
ˇ̌
�=10

�=20

D �1
5

�
1 �

p
2
�

D 1

5
.
p
2� 1/.

32.
Z �=14

�=28
csc2 7y dy

SOLUTION

Z �=14

�=28
csc2 7y dy D �1

7
cot7y

ˇ̌
ˇ̌
�=14

�=28

D �1
7

cot
�

2
C 1

7
cot

�

4
D 1

7
.

33.
Z 1

0
ex dx

SOLUTION

Z 1

0
ex dx D ex

ˇ̌
ˇ̌
1

0

D e � 1.

34.
Z 5

3
e�4x dx

SOLUTION

Z 5

3
e�4x dx D �1

4
e�4x

ˇ̌
ˇ̌
5

3

D �1
4
e�20 C 1

4
e�12.

35.
Z 3

0
e1�6t dt

SOLUTION

Z 3

0
e1�6t dt D �1

6
e1�6t

ˇ̌
ˇ̌
3

0

D �1
6
e�17 C 1

6
e D 1

6
.e � e�17/.

36.
Z 3

2
e4t�3 dt
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SOLUTION

Z 3

2
e4t�3 dt D 1

4
e4t�3

ˇ̌
ˇ̌
3

2

D 1

4
e9 � 1

4
e5.

37.
Z 10

2

dx

x

SOLUTION

Z 10

2

dx

x
D ln jxj

ˇ̌
ˇ̌
10

2

D ln 10 � ln 2 D ln 5.

38.
Z �4

�12

dx

x

SOLUTION

Z �4

�12

dx

x
D ln jxj

ˇ̌
ˇ̌
�4

�12
D ln j�4j � ln j�12j D ln

1

3
D � ln 3.

39.
Z 1

0

dt

t C 1

SOLUTION

Z 1

0

dt

t C 1
D ln jt C 1j

ˇ̌
ˇ̌
1

0

D ln 2 � ln 1 D ln 2.

40.
Z 4

1

dt

5t C 4

SOLUTION

Z 4

1

dt

5t C 4
D 1

5
ln j5t C 4j

ˇ̌
ˇ̌
4

1

D 1

5
ln24 � 1

5
ln9 D 1

5
ln
24

9
.

41.
Z 0

�2
.3x � 9e3x/ dx

SOLUTION

Z 0

�2
.3x � 9e3x/ dx D

�
3

2
x2 � 3e3x

�ˇ̌
ˇ̌
0

�2
D .0 � 3/� .6 � 3e�6/ D 3e�6 � 9.

42.
Z 6

2

�
x C 1

x

�
dx

SOLUTION

Z 6

2

�
x C 1

x

�
dx D

�
1

2
x2 C ln jxj

�ˇ̌
ˇ̌
6

2

D .18C ln 6/ � .2C ln 2/ D 16C ln 3.

In Exercises 43–48, write the integral as a sum of integrals without absolute values and evaluate.

43.
Z 1

�2
jxj dx

SOLUTION

Z 1

�2
jxj dx D

Z 0

�2
.�x/ dx C

Z 1

0
x dx D �1

2
x2
ˇ̌
ˇ̌
0

�2
C 1

2
x2
ˇ̌
ˇ̌
1

0

D 0 �
�

�1
2
.4/

�
C 1

2
D 5

2
:

44.
Z 5

0
j3 � xj dx

SOLUTION

Z 5

0
j3 � xjdx D

Z 3

0
.3 � x/ dx C

Z 5

3
.x � 3/ dx D

�
3x � 1

2
x2
� ˇ̌
ˇ̌
3

0

C
�
1

2
x2 � 3x

� ˇ̌
ˇ̌
5

3

D
�
9 � 9

2

�
� 0C

�
25

2
� 15

�
�
�
9

2
� 9

�
D 13

2
:

45.
Z 3

�2
jx3jdx

SOLUTION

Z 3

�2
jx3jdx D

Z 0

�2
.�x3/ dx C

Z 3

0
x3 dx D �1

4
x4
ˇ̌
ˇ̌
0

�2
C 1

4
x4
ˇ̌
ˇ̌
3

0

D 0C 1

4
.�2/4 C 1

4
34 � 0 D 97

4
:
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46.
Z 3

0
jx2 � 1j dx

SOLUTION

Z 3

0
jx2 � 1j dx D

Z 1

0
.1 � x2/ dx C

Z 3

1
.x2 � 1/ dx D

�
x � 1

3
x3
� ˇ̌
ˇ̌
1

0

C
�
1

3
x3 � x

� ˇ̌
ˇ̌
3

1

D
�
1 � 1

3

�
� 0C .9 � 3/�

�
1

3
� 1

�
D 22

3
:

47.
Z �

0
jcosxj dx

SOLUTION

Z �

0
jcosxj dx D

Z �=2

0
cosx dx C

Z �

�=2
.� cosx/ dx D sinx

ˇ̌
ˇ̌
�=2

0

� sinx

ˇ̌
ˇ̌
�

�=2

D 1 � 0 � .�1 � 0/ D 2:

48.
Z 5

0
jx2 � 4x C 3j dx

SOLUTION

Z 5

0
jx2 � 4x C 3j dx D

Z 5

0
j.x � 3/.x � 1/j dx

D
Z 1

0
.x2 � 4x C 3/ dx C

Z 3

1
�.x2 � 4x C 3/ dx C

Z 5

3
.x2 � 4x C 3/ dx

D
�
1

3
x3 � 2x2 C 3x

� ˇ̌
ˇ̌
1

0

�
�
1

3
x3 � 2x2 C 3x

� ˇ̌
ˇ̌
3

1

C
�
1

3
x3 � 2x2 C 3x

� ˇ̌
ˇ̌
5

3

D
�
1

3
� 2C 3

�
� 0 � .9 � 18C 9/C

�
1

3
� 2C 3

�
C
�
125

3
� 50C 15

�
� .9 � 18C 9/

D 28

3
:

In Exercises 49–54, evaluate the integral in terms of the constants.

49.
Z b

1
x3 dx

SOLUTION

Z b

1
x3 dx D 1

4
x4
ˇ̌
ˇ̌
b

1

D 1

4
b4 � 1

4
.1/4 D 1

4

�
b4 � 1

�
for any numberb.

50.
Z a

b
x4 dx

SOLUTION

Z a

b
x4 dx D 1

5
x5
ˇ̌
ˇ̌
a

b

D 1

5
a5 � 1

5
b5 for any numbersa, b.

51.
Z b

1
x5 dx

SOLUTION

Z b

1
x5 dx D 1

6
x6
ˇ̌
ˇ̌
b

1

D 1

6
b6 � 1

6
.1/6 D 1

6
.b6 � 1/ for any numberb.

52.
Z x

�x
.t3 C t/ dt

SOLUTION

Z x

�x
.t3 C t/ dt D

�
1

4
t4 C 1

2
t2
� ˇ̌
ˇ̌
x

�x
D
�
1

4
x4 C 1

2
x2
�

�
�
1

4
x4 C 1

2
x2
�

D 0:

53.
Z 5a

a

dx

x

SOLUTION

Z 5a

a

dx

x
D ln jxj

ˇ̌
ˇ̌
5a

a

D ln j5aj � ln jaj D ln 5.
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54.
Z b2

b

dx

x

SOLUTION

Z b2

b

dx

x
D ln jxj

ˇ̌
ˇ̌
b2

b

D ln jb2j � ln jbj D ln jbj.

55. Calculate
Z 3

�2
f .x/ dx, where

f .x/ D
(
12 � x2 for x � 2

x3 for x > 2

SOLUTION

Z 3

�2
f .x/ dx D

Z 2

�2
f .x/ dx C

Z 3

2
f .x/ dx D

Z 2

�2
.12 � x2/ dx C

Z 3

2
x3 dx

D
�
12x � 1

3
x3
�ˇ̌
ˇ̌
2

�2
C 1

4
x4
ˇ̌
ˇ̌
3

2

D
�
12.2/ � 1

3
23
�

�
�
12.�2/ � 1

3
.�2/3

�
C 1

4
34 � 1

4
24

D 128

3
C 65

4
D 707

12
:

56. Calculate
Z 2�

0
f .x/ dx, where

f .x/ D
(

cosx for x � �

cosx � sin2x for x > �

SOLUTION

Z 2�

0
f .x/ dx D

Z �

0
f .x/ dx C

Z 2�

�
f .x/ dx D

Z �

0
cosx dx C

Z 2�

�
.cosx � sin2x/ dx

D sinx

ˇ̌
ˇ̌
�

0

C
�

sinx C 1

2
cos2x

�ˇ̌
ˇ̌
2�

�

D .0 � 0/C
��
0C 1

2

�
�
�
0C 1

2

��
D 0:

57. Use FTC I to show that
Z 1

�1
xn dx D 0 if n is an odd whole number. Explain graphically.

SOLUTION We have

Z 1

�1
xn dx D xnC1

nC 1

ˇ̌
ˇ̌
1

�1
D .1/nC1

nC 1
� .�1/nC1

nC 1
:

Becausen is odd,nC 1 is even, which means that.�1/nC1 D .1/nC1 D 1. Hence

.1/nC1

nC 1
� .�1/nC1

nC 1
D 1

nC 1
� 1

nC 1
D 0:

Graphically speaking, for an odd function such asx3 shown here, the positively signed area fromx D 0 to x D 1 cancels the
negatively signed area fromx D �1 to x D 0.

0.5 1−1

−0.5

−0.5

−1

0.5

1

x

y
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58. Plot the functionf .x/ D sin3x � x. Find the positive root off .x/ to three places and use it to find the area under the
graph off .x/ in the first quadrant.

SOLUTION The graph off .x/ D sin3x � x is shown below at the left. In the figure below at the right, we zoom in on the positive
root of f .x/ and find that, to three decimal places, this root is approximatelyx D 0:760. The area under the graph off .x/ in the
first quadrant is then

Z 0:760

0
.sin3x � x/ dx D

�
�1
3

cos3x � 1

2
x2
�ˇ̌
ˇ̌
0:760

0

D �1
3

cos.2:28/ � 1

2
.0:760/2 C 1

3
� 0:262

−0.2

−0.5

10.2 0.4 0.6 0.8

0.5

x

y

0.756 0.758 0.76 0.762 0.764
x

59. CalculateF.4/ given thatF.1/ D 3 andF 0.x/ D x2. Hint: ExpressF.4/� F.1/ as a definite integral.

SOLUTION By FTC I,

F.4/� F.1/ D
Z 4

1
x2 dx D 43 � 13

3
D 21

ThereforeF.4/ D F.1/C 21 D 3C 21 D 24.

60. CalculateG.16/, wheredG=dt D t�1=2 andG.9/ D �5.
SOLUTION By FTC I,

G.16/ �G.9/ D
Z 16

9
t�1=2 dt D 2.161=2/ � 2.91=2/ D 2

ThereforeG.16/ D �5C 2 D �3.

61. Does
Z 1

0
xn dx get larger or smaller asn increases? Explain graphically.

SOLUTION Let n � 0 and consider
R 1
0 x

n dx. (Note: for n < 0 the integrandxn ! 1 asx ! 0C, so we exclude this
possibility.) Now

Z 1

0
xn dx D

�
1

nC 1
xnC1

�ˇ̌
ˇ̌
1

0

D
�

1

nC 1
.1/nC1

�
�
�

1

nC 1
.0/nC1

�
D 1

nC 1
;

which decreases asn increases. Recall that
R 1
0 x

n dx represents the area between the positive curvef .x/ D xn and thex-axis over
the intervalŒ0; 1�. Accordingly, this area gets smaller asn gets larger. This is readily evident in the following graph, which shows
curves for several values ofn.

1

y

10

1/4
1/2

1
2

4
8

x

62. Show that the area of the shaded parabolic arch in Figure 1 is equal to four-thirds the area of the triangle shown.

a b

y

x

2
a + b

FIGURE 1 Graph ofy D .x � a/.b � x/.
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SOLUTION We first calculate the area of the parabolic arch:

Z b

a
.x � a/.b � x/ dx D �

Z b

a
.x � a/.x � b/ dx D �

Z b

a
.x2 � ax � bx C ab/ dx

D �
�
1

3
x3 � a

2
x2 � b

2
x2 C abx

�ˇ̌
ˇ̌
b

a

D �1
6

�
2x3 � 3ax2 � 3bx2 C 6abx

�ˇ̌
ˇ
b

a

D �1
6

�
.2b3 � 3ab2 � 3b3 C 6ab2/� .2a3 � 3a3 � 3ba2 C 6a2b/

�

D �1
6

�
.�b3 C 3ab2/ � .�a3 C 3a2b/

�

D �1
6

�
a3 C 3ab2 � 3a2b � b3

�
D 1

6
.b � a/3:

The indicated triangle has a base of lengthb � a and a height of

�
aC b

2
� a

��
b � aC b

2

�
D
�
b � a

2

�2
:

Thus, the area of the triangle is

1

2
.b � a/

�
b � a

2

�2
D 1

8
.b � a/3:

Finally, we note that

1

6
.b � a/3 D 4

3
� 1
8
.b � a/3;

as required.

Further Insights and Challenges

63. Prove a famous result of Archimedes (generalizing Exercise 62): Forr < s, the area of the shaded region in Figure 2 is equal
to four-thirds the area of triangle4ACE, whereC is the point on the parabola at which the tangent line is parallel to secant line
AE.

(a) Show thatC hasx-coordinate.r C s/=2.
(b) Show thatABDE has area.s � r/3=4 by viewing it as a parallelogram of heights � r and base of lengthCF .
(c) Show that4ACE has area.s � r/3=8 by observing that it has the same base and height as the parallelogram.
(d) Compute the shaded area as the area under the graph minus the area of a trapezoid, and prove Archimedes’ result.

r s

y

B C D

A F E
x

2
r + s

FIGURE 2 Graph off .x/ D .x � a/.b � x/.

SOLUTION

(a) The slope of the secant lineAE is

f .s/� f .r/

s � r
D .s � a/.b � s/� .r � a/.b � r/

s � r
D aC b � .r C s/

and the slope of the tangent line along the parabola is

f 0.x/ D aC b � 2x:

If C is the point on the parabola at which the tangent line is parallel to the secant lineAE, then itsx-coordinate must satisfy

aC b � 2x D aC b � .r C s/ or x D r C s

2
:



600 C H A P T E R 5 THE INTEGRAL

(b) ParallelogramABDE has heights � r and base of lengthCF . Since the equation of the secant lineAE is

y D Œa C b � .r C s/� .x � r/C .r � a/.b � r/;

the length of the segmentCF is
�
r C s

2
� a

��
b � r C s

2

�
� ŒaC b � .r C s/�

�
r C s

2
� r

�
� .r � a/.b � r/ D .s � r/2

4
:

Thus, the area ofABDE is .s�r/
3

4 .

(c) TriangleACE is comprised of�ACF and�CEF . Each of these smaller triangles has heights�r
2 and base of length.s�r/

2

4 .
Thus, the area of�ACE is

1

2

s � r

2
� .s � r/2

4
C 1

2

s � r

2
� .s � r/2

4
D .s � r/3

8
:

(d) The area under the graph of the parabola betweenx D r andx D s is
Z s

r
.x � a/.b � x/ dx D

�
�abx C 1

2
.aC b/x2 � 1

3
x3
�ˇ̌
ˇ̌
s

r

D �abs C 1

2
.aC b/s2 � 1

3
s3 C abr � 1

2
.aC b/r2 C 1

3
r3

D ab.r � s/C 1

2
.aC b/.s � r/.s C r/C 1

3
.r � s/.r2 C rs C s2/;

while the area of the trapezoid under the shaded region is

1

2
.s � r/ Œ.s � a/.b � s/C .r � a/.b � r/�

D 1

2
.s � r/

h
�2ab C .aC b/.r C s/� r2 � s2

i

D ab.r � s/C 1

2
.aC b/.s � r/.r C s/C 1

2
.r � s/.r2 C s2/:

Thus, the area of the shaded region is

.r � s/
�
1

3
r2 C 1

3
rs C 1

3
s2 � 1

2
r2 � 1

2
s2
�

D .s � r/

�
1

6
r2 � 1

3
rs C 1

6
s2
�

D 1

6
.s � r/3;

which is four-thirds the area of the triangleACE.

64. (a) Apply the Comparison Theorem (Theorem 5 in Section 5.2) to the inequality sinx � x (valid for x � 0) to prove that

1 � x2

2
� cosx � 1

(b) Apply it again to prove that

x � x3

6
� sin x � x .for x � 0/

(c) Verify these inequalities forx D 0:3.

SOLUTION

(a) We have
Z x

0
sint dt D � cost

ˇ̌
ˇ̌
x

0

D � cosx C 1 and
Z x

0
t dt D 1

2
t2
ˇ̌
ˇ̌
x

0

D 1

2
x2. Hence

� cosx C 1 � x2

2
:

Solving, this gives cosx � 1 � x2

2 . cosx � 1 follows automatically.

(b) The previous part gives us1 � t2

2 � cost � 1, for t > 0. Theorem 5 gives us, after integrating over the intervalŒ0; x�,

x � x3

6
� sin x � x:

(c) Substitutingx D 0:3 into the inequalities obtained in (a) and (b) yields

0:955 � 0:955336489 � 1 and 0:2955 � 0:2955202069 � 0:3;

respectively.
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65. Use the method of Exercise 64 to prove that

1 � x2

2
� cosx � 1 � x2

2
C x4

24

x � x3

6
� sin x � x � x3

6
C x5

120
(for x � 0)

Verify these inequalities forx D 0:1. Why have we specifiedx � 0 for sinx but not for cosx?

SOLUTION By Exercise 64,t � 1
6 t
3 � sin t � t for t > 0. Integrating this inequality over the intervalŒ0; x�, and then solving for

cosx, yields:

1

2
x2 � 1

24
x4 � 1 � cosx � 1

2
x2

1 � 1

2
x2 � cosx � 1 � 1

2
x2 C 1

24
x4:

These inequalities apply forx � 0. Since cosx, 1 � x2

2 , and1 � x2

2 C x4

24 are all even functions, they also apply forx � 0.
Having established that

1 � t2

2
� cost � 1 � t2

2
C t4

24
;

for all t � 0, we integrate over the intervalŒ0; x�, to obtain:

x � x3

6
� sin x � x � x3

6
C x5

120
:

The functions sinx, x � 1
6x
3 andx � 1

6x
3 C 1

120x
5 are all odd functions, so the inequalities are reversed forx < 0.

Evaluating these inequalities atx D 0:1 yields

0:995000000 � 0:995004165 � 0:995004167

0:0998333333 � 0:0998334166 � 0:0998334167;

both of which are true.

66. Calculate the next pair of inequalities for sinx and cosx by integrating the results of Exercise 65. Can you guess the general
pattern?

SOLUTION Integrating

t � t3

6
� sin t � t � t3

6
C t5

120
(for t � 0)

over the intervalŒ0; x� yields

x2

2
� x4

24
� 1 � cosx � x2

2
� x4

24
C x6

720
:

Solving for cosx yields

1 � x2

2
C x4

24
� x6

720
� cosx � 1 � x2

2
C x4

24
:

Replacing eachx by t and integrating over the intervalŒ0; x� produces

x � x3

6
C x5

120
� x7

5040
� sin x � x � x3

6
C x5

120
:

To see the pattern, it is best to compare consecutive inequalities for sinx and those for cosx:

0 � sinx � x

x � x3

6
� sin x � x

x � x3

6
� sin x � x � x3

6
C x5

120
:
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Each iteration adds an additional term. Looking at the highest order terms, we get the following pattern:

0

x

�x
3

6
D �x

3

3Š

x5

5Š

We guess that the leading term of the polynomials are of the form

.�1/n x2nC1

.2nC 1/Š
:

Similarly, for cosx, the leading terms of the polynomials in the inequality are of the form

.�1/n x
2n

.2n/Š
:

67. Use FTC I to prove that ifjf 0.x/j � K for x 2 Œa; b�, thenjf .x/� f .a/j � Kjx � aj for x 2 Œa; b�.
SOLUTION Let a > b be real numbers, and letf .x/ be such thatjf 0.x/j � K for x 2 Œa; b�. By FTC,

Z x

a
f 0.t/ dt D f .x/� f .a/:

Sincef 0.x/ � �K for all x 2 Œa; b�, we get:

f .x/� f .a/ D
Z x

a
f 0.t/ dt � �K.x � a/:

Sincef 0.x/ � K for all x 2 Œa; b�, we get:

f .x/� f .a/ D
Z x

a
f 0.t/ dt � K.x � a/:

Combining these two inequalities yields

�K.x � a/ � f .x/� f .a/ � K.x � a/;

so that, by definition,

jf .x/� f .a/j � Kjx � aj:
68. (a) Use Exercise 67 to prove thatj sina � sinbj � ja � bj for all a; b.
(b) Let f .x/ D sin.x C a/ � sinx. Use part (a) to show that the graph off .x/ lies between the horizontal linesy D ˙a.
(c) Plotf .x/ and the linesy D ˙a to verify (b) fora D 0:5 anda D 0:2.

SOLUTION

(a) Let f .x/ D sinx, so thatf 0.x/ D cosx, and

jf 0.x/j � 1

for all x. From Exercise 67, we get:

jsina � sinbj � ja � bj:

(b) Let f .x/ D sin.x C a/ � sin.x/. Applying (a), we get the inequality:

jf .x/j D jsin.x C a/ � sin.x/j � j.x C a � x/j D jaj:

This is equivalent, by definition, to the two inequalities:

�a � sin.x C a/ � sin.x/ � a:

(c) The plots ofy D sin.x C 0:5/ � sin.x/ and ofy D sin.x C 0:2/ � sin.x/ are shown below. The inequality is satisfied in both
plots.

−4 −2 −4 −2

−0.5

2 4

0.25

−0.25

0.5

x

y

−0.2

2 4

0.1

−0.1

0.2

x

y
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5.4 The Fundamental Theorem of Calculus, Part II

Preliminary Questions

1. LetG.x/ D
Z x

4

p
t3 C 1 dt .

(a) Is the FTC needed to calculateG.4/?

(b) Is the FTC needed to calculateG0.4/?

SOLUTION

(a) No.G.4/ D
R 4
4

p
t3 C 1 dt D 0.

(b) Yes. By the FTC II,G0.x/ D
p
x3 C 1, soG0.4/ D

p
65.

2. Which of the following is an antiderivativeF.x/ of f .x/ D x2 satisfyingF.2/ D 0?

(a)
Z x

2
2t dt (b)

Z 2

0
t2 dt (c)

Z x

2
t2 dt

SOLUTION The correct answer is(c):
Z x

2
t2 dt .

3. Does every continuous function have an antiderivative? Explain.

SOLUTION Yes. All continuous functions have an antiderivative, namely
Z x

a
f .t/ dt .

4. LetG.x/ D
Z x3

4
sint dt . Which of the following statements are correct?

(a) G.x/ is the composite function sin.x3/.

(b) G.x/ is the composite functionA.x3/, where

A.x/ D
Z x

4
sin.t/ dt

(c) G.x/ is too complicated to differentiate.

(d) The Product Rule is used to differentiateG.x/.

(e) The Chain Rule is used to differentiateG.x/.

(f) G0.x/ D 3x2 sin.x3/.

SOLUTION Statements(b), (e), and(f) are correct.

Exercises
1. Write the area function off .x/ D 2x C 4 with lower limit a D �2 as an integral and find a formula for it.

SOLUTION Let f .x/ D 2x C 4. The area function with lower limita D �2 is

A.x/ D
Z x

a
f .t/ dt D

Z x

�2
.2t C 4/ dt:

Carrying out the integration, we find

Z x

�2
.2t C 4/ dt D .t2 C 4t/

ˇ̌
ˇ̌
x

�2
D .x2 C 4x/ � ..�2/2 C 4.�2// D x2 C 4x C 4

or .x C 2/2. Therefore,A.x/ D .x C 2/2.

2. Find a formula for the area function off .x/ D 2x C 4 with lower limit a D 0.

SOLUTION The area function forf .x/ D 2x C 4 with lower limit a D 0 is given by

A.x/ D
Z x

0
.2t C 4/ dt D .t2 C 4t/

ˇ̌
ˇ̌
x

0

D x2 C 4x:

3. LetG.x/ D
R x
1 .t

2 � 2/ dt . CalculateG.1/,G0.1/ andG0.2/. Then find a formula forG.x/.

SOLUTION LetG.x/ D
R x
1 .t

2 � 2/ dt . ThenG.1/ D
R 1
1 .t

2 � 2/ dt D 0. Moreover,G0.x/ D x2 � 2, so thatG0.1/ D �1 and
G0.2/ D 2. Finally,

G.x/ D
Z x

1
.t2 � 2/ dt D

�
1

3
t3 � 2t

�ˇ̌
ˇ̌
x

1

D
�
1

3
x3 � 2x

�
�
�
1

3
.1/3 � 2.1/

�
D 1

3
x3 � 2x C 5

3
:
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4. FindF.0/, F 0.0/, andF 0.3/, whereF.x/ D
Z x

0

p
t2 C t dt .

SOLUTION By definition,F.0/ D
R 0
0

p
t2 C t dt D 0: By FTC, F 0.x/ D

p
x2 C x, so thatF 0.0/ D

p
02 C 0 D 0 and

F 0.3/ D
p
32 C 3 D

p
12 D 2

p
3.

5. FindG.1/, G0.0/, andG0.�=4/, whereG.x/ D
Z x

1
tant dt .

SOLUTION By definition,G.1/ D
R 1
1 tant dt D 0. By FTC,G0.x/ D tanx, so thatG0.0/ D tan0 D 0 andG0.�4 / D tan�4 D 1.

6. FindH.�2/ andH 0.�2/, whereH.x/ D
Z x

�2

du

u2 C 1
.

SOLUTION By definition,H.�2/ D
Z �2

�2

du

u2 C 1
D 0: By FTC,H 0.x/ D 1

x2 C 1
, soH 0.�2/ D 1

5
.

In Exercises 7–16, find formulas for the functions represented by the integrals.

7.
Z x

2
u4 du

SOLUTION F.x/ D
Z x

2
u4 du D 1

5
u5
ˇ̌
ˇ̌
x

2

D 1

5
x5 � 32

5
.

8.
Z x

2
.12t2 � 8t/ dt

SOLUTION F.x/ D
Z x

2
.12t2 � 8t/ dt D .4t3 � 4t2/

ˇ̌
ˇ̌
x

2

D 4x3 � 4x2 � 16.

9.
Z x

0
sinudu

SOLUTION F.x/ D
Z x

0
sinudu D .� cosu/

ˇ̌
ˇ̌
x

0

D 1 � cosx.

10.
Z x

��=4
sec2 � d�

SOLUTION F.x/ D
Z x

��=4
sec2 � d� D tan�

ˇ̌
ˇ̌
x

��=4
D tanx � tan.��=4/ D tanx C 1.

11.
Z x

4
e3u du

SOLUTION F.x/ D
Z x

4
e3u du D 1

3
e3u

ˇ̌
ˇ̌
x

4

D 1

3
e3x � 1

3
e12.

12.
Z 0

x
e�t dt

SOLUTION F.x/ D
Z 0

x
e�t dt D �e�t

ˇ̌
ˇ̌
0

x

D �1C e�x .

13.
Z x2

1
t dt

SOLUTION F.x/ D
Z x2

1
t dt D 1

2
t2
ˇ̌
ˇ̌
x2

1

D 1

2
x4 � 1

2
.

14.
Z x=4

x=2
sec2 udu

SOLUTION F.x/ D
Z x=4

x=2
sec2 udu D tanu

ˇ̌
ˇ̌
x=4

x=2

D tan
x

4
� tan

x

2
.

15.
Z 9xC2

3x
e�u du

SOLUTION F.x/ D
Z 9xC2

3x
e�u du D �e�u

ˇ̌
ˇ̌
9xC2

3x

D �e�9x�2 C e�3x .
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16.
Z p

x

2

dt

t

SOLUTION

Z p
x

2

dt

t
D ln jt j

ˇ̌
ˇ̌
p
x

2

D ln
p
x � ln2 D 1

2
lnx � ln 2.

In Exercises 17–20, express the antiderivativeF.x/ of f .x/ satisfying the given initial condition as an integral.

17. f .x/ D
p
x3 C 1, F.5/ D 0

SOLUTION The antiderivativeF.x/ of
p
x3 C 1 satisfyingF.5/ D 0 is F.x/ D

Z x

5

p
t3 C 1 dt .

18. f .x/ D x C 1

x2 C 9
, F.7/ D 0

SOLUTION The antiderivativeF.x/ of f .x/ D x C 1

x2 C 9
satisfyingF.7/ D 0 is F.x/ D

Z x

7

t C 1

t2 C 9
dt .

19. f .x/ D secx, F.0/ D 0

SOLUTION The antiderivativeF.x/ of f .x/ D secx satisfyingF.0/ D 0 is F.x/ D
Z x

0
sect dt .

20. f .x/ D e�x2
, F.�4/ D 0

SOLUTION The antiderivativeF.x/ of f .x/ D e�x2
satisfyingF.�4/ D 0 is

F.x/ D
Z x

�4
e�t2 dt:

In Exercises 21–24, calculate the derivative.

21.
d

dx

Z x

0
.t5 � 9t3/ dt

SOLUTION By FTC II,
d

dx

Z x

0
.t5 � 9t3/ dt D x5 � 9x3:

22.
d

d�

Z �

1
cotu du

SOLUTION By FTC II,
d

d�

Z �

1
cotudu D cot�:

23.
d

dt

Z t

100
sec.5x � 9/ dx

SOLUTION By FTC II,
d

dt

Z t

100
sec.5x � 9/ dx D sec.5t � 9/:

24.
d

ds

Z s

�2
tan

�
1

1C u2

�
du

SOLUTION By FTC II,
d

ds

Z s

�2
tan
� 1

1C u2

�
du D tan

� 1

1C s2

�
:

25. LetA.x/ D
Z x

0
f .t/ dt for f .x/ in Figure 1.

(a) CalculateA.2/, A.3/, A0.2/, andA0.3/.
(b) Find formulas forA.x/ on Œ0; 2� andŒ2; 4� and sketch the graph ofA.x/.

4321

2

3

4

1

x

y

y = f(x)

FIGURE 1
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SOLUTION

(a) A.2/ D 2 � 2 D 4, the area underf .x/ from x D 0 to x D 2, whileA.3/ D 2 � 3C 1
2 D 6:5, the area underf .x/ from x D 0

to x D 3. By the FTC,A0.x/ D f .x/ soA0.2/ D f .2/ D 2 andA0.3/ D f .3/ D 3.

(b) For eachx 2 Œ0; 2�, the region under the graph ofy D f .x/ is a rectangle of lengthx and height 2; for eachx 2 Œ2; 4�, the
region is comprised of a square of side length 2 and a trapezoid of heightx � 2 and bases 2 andx. Hence,

A.x/ D
�
2x; 0 � x < 2
1
2x
2 C 2; 2 � x � 4

A graph of the area functionA.x/ is shown below.

4321
x

Area Function
A(x)

2

4

8

6

10

y

26. Make a rough sketch of the graph ofA.x/ D
Z x

0
g.t/ dt for g.x/ in Figure 2.

4321

y = g(x)

x

y

FIGURE 2

SOLUTION The graph ofy D g.x/ lies above thex-axis over the intervalŒ0; 1�, below thex-axis overŒ1; 3�, and above thex-axis
over Œ3; 4�. The corresponding area function should therefore be increasing on.0; 1/, decreasing on.1; 3/ and increasing on.3; 4/.
Further, it appears from Figure 2 that the local minimum of the area function atx D 3 should be negative. One possible graph of
the area function is the following.

1 2 3 4

−2

−1

−3

1

2

3

4

x

y

27. Verify:
Z x

0
jt j dt D 1

2
xjxj. Hint: Considerx � 0 andx � 0 separately.

SOLUTION Let f .t/ D jt j D
(
t for t � 0

�t for t < 0
. Then

F.x/ D
Z x

0
f .t/ dt D

8
ˆ̂̂
<
ˆ̂̂
:

Z x

0
t dt for x � 0

Z x

0
�t dt for x < 0

D

8
ˆ̂̂
<
ˆ̂̂
:

1

2
t2
ˇ̌
ˇ̌
x

0

D 1

2
x2 for x � 0

�
�1
2
t2
�ˇ̌
ˇ̌
x

0

D �1
2
x2 for x < 0

For x � 0, we haveF.x/ D 1
2x
2 D 1

2x jxj since jxj D x, while for x < 0, we haveF.x/ D �1
2x
2 D 1

2x jxj since jxj D �x.
Therefore, for all realx we haveF.x/ D 1

2x jxj.

28. FindG0.1/, whereG.x/ D
Z x2

0

p
t3 C 3dt .

SOLUTION By combining the Chain Rule and FTC,G0.x/ D
p
x6 C 3 � 2x, soG0.1/ D

p
1C 3 � 2 D 4.
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In Exercises 29–34, calculate the derivative.

29.
d

dx

Z x2

0

t dt

t C 1

SOLUTION By the Chain Rule and the FTC,
d

dx

Z x2

0

t dt

t C 1
D x2

x2 C 1
� 2x D 2x3

x2 C 1
.

30.
d

dx

Z 1=x

1
cos3 t dt

SOLUTION By the Chain Rule and the FTC,
d

dx

Z 1=x

1
cos3 t dt D cos3

�
1

x

�
�
�

� 1

x2

�
D � 1

x2
cos3

�
1

x

�
.

31.
d

ds

Z coss

�6
u4 du

SOLUTION By the Chain Rule and the FTC,
d

ds

Z coss

�6
u4 du D cos4 s.� sins/ D � cos4 s sins.

32.
d

dx

Z x4

x2

p
t dt

Hint for Exercise 32:F.x/ D A.x4/ �A.x2/.

SOLUTION Let

F.x/ D
Z x4

x2

p
t dt D

Z x4

0

p
t dt �

Z x2

0

p
t dt:

Applying the Chain Rule combined with FTC, we have

F 0.x/ D
p
x4 � 4x3 �

p
x2 � 2x D 4x5 � 2x jxj :

33.
d

dx

Z x2

p
x

tant dt

SOLUTION Let

G.x/ D
Z x2

p
x

tant dt D
Z x2

0
tant dt �

Z p
x

0
tant dt:

Applying the Chain Rule combined with FTC twice, we have

G0.x/ D tan.x2/ � 2x � tan.
p
x/ � 1

2
x�1=2 D 2x tan.x2/ � tan.

p
x/

2
p
x

:

34.
d

du

Z 3u

�u

p
x2 C 1dx

SOLUTION Let

G.x/ D
Z 3u

�u

p
x2 C 1dx D

Z 3u

0

p
x2 C 1 dx �

Z �u

0

p
x2 C 1 dx:

Applying the Chain Rule combined with FTC twice, we have

G0.x/ D 3
p
9u2 C 1C

p
u2 C 1:

In Exercises 35–38, withf .x/ as in Figure 3 let

A.x/ D
Z x

0
f .t/ dt and B.x/ D

Z x

2
f .t/ dt .

x

y

63 4 521

2

1

0

−1

−2

y = f(x)

FIGURE 3
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35. Find the min and max ofA.x/ on Œ0; 6�.

SOLUTION The minimum values ofA.x/ on Œ0; 6� occur whereA0.x/ D f .x/ goes from negative to positive. This occurs at one
place, wherex D 1:5. The minimum value ofA.x/ is thereforeA.1:5/ D �1:25. The maximum values ofA.x/ on Œ0; 6� occur
whereA0.x/ D f .x/ goes from positive to negative. This occurs at one place, wherex D 4:5. The maximum value ofA.x/ is
thereforeA.4:5/ D 1:25.

36. Find the min and max ofB.x/ on Œ0; 6�.

SOLUTION The minimum values ofB.x/ on Œ0; 6� occur whereB 0.x/ D f .x/ goes from negative to positive. This occurs at one
place, wherex D 1:5. The minimum value ofA.x/ is thereforeB.1:5/ D �0:25. The maximum values ofB.x/ on Œ0; 6� occur
whereB 0.x/ D f .x/ goes from positive to negative. This occurs at one place, wherex D 4:5. The maximum value ofB.x/ is
thereforeB.4:5/ D 2:25.

37. Find formulas forA.x/ andB.x/ valid on Œ2; 4�.

SOLUTION On the intervalŒ2; 4�, A0.x/ D B 0.x/ D f .x/ D 1. A.2/ D
Z 2

0
f .t/ dt D �1 andB.2/ D

Z 2

2
f .t/ dt D 0. Hence

A.x/ D .x � 2/ � 1 andB.x/ D .x � 2/.
38. Find formulas forA.x/ andB.x/ valid on Œ4; 5�.

SOLUTION On the intervalŒ4; 5�, A0.x/ D B 0.x/ D f .x/ D �2.x � 4:5/ D 9 � 2x. A.4/ D
Z 4

0
f .t/ dt D 1 andB.4/ D

Z 4

2
f .t/ dt D 2. HenceA.x/ D 9x � x2 � 19 andB.x/ D 9x � x2 � 18.

39. LetA.x/ D
Z x

0
f .t/ dt , with f .x/ as in Figure 4.

(a) DoesA.x/ have a local maximum atP?
(b) Where doesA.x/ have a local minimum?
(c) Where doesA.x/ have a local maximum?
(d) True or false?A.x/ < 0 for all x in the interval shown.

x

y

SR

Q

P
y = f(x)

FIGURE 4 Graph off .x/.

SOLUTION

(a) In order forA.x/ to have a local maximum,A0.x/ D f .x/ must transition from positive to negative. As this does not happen
atP , A.x/ does not have a local maximum atP .
(b) A.x/ will have a local minimum whenA0.x/ D f .x/ transitions from negative to positive. This happens atR, soA.x/ has a
local minimum atR.
(c) A.x/ will have a local maximum whenA0.x/ D f .x/ transitions from positive to negative. This happens atS , soA.x/ has a
local maximum atS .
(d) It is true thatA.x/ < 0 onI since the signed area from0 to x is clearly always negative from the figure.

40. Determinef .x/, assuming that
Z x

0
f .t/ dt D x2 C x.

SOLUTION LetF.x/ D
Z x

0
f .t/ dt D x2 C x. ThenF 0.x/ D f .x/ D 2x C 1.

41. Determine the functiong.x/ and all values ofc such that
Z x

c
g.t/ dt D x2 C x � 6

SOLUTION By the FTC II we have

g.x/ D d

dx
.x2 C x � 6/ D 2x C 1

and therefore,
Z x

c
g.t/ dt D x2 C x � .c2 C c/

We must choosec so thatc2 C c D 6. We can takec D 2 or c D �3.
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42. Finda � b such that
Z b

a
.x2 � 9/ dx has minimal value.

SOLUTION Let a be given, and letFa.x/ D
R x
a .t

2 � 9/ dt . ThenF 0
a.x/ D x2 � 9, and the critical points arex D ˙3. Because

F 00
a .�3/ D �6 andF 00

a .3/ D 6, we see thatFa.x/ has a minimum atx D 3. Now, we finda minimizing
R 3
a .x

2 � 9/ dx. Let

G.x/ D
R 3
x .x

2 � 9/ dx. ThenG0.x/ D �.x2 � 9/, yielding critical pointsx D 3 or x D �3. With x D �3,

G.�3/ D
Z 3

�3
.x2 � 9/ dx D

�
1

3
x3 � 9x

�ˇ̌
ˇ̌
3

�3
D �36:

With x D 3,

G.3/ D
Z 3

3
.x2 � 9/ dx D 0:

Hencea D �3 andb D 3 are the values minimizing
Z b

a
.x2 � 9/ dx.

In Exercises 43 and 44, letA.x/ D
Z x

a
f .t/ dt .

43. Area Functions and Concavity Explain why the following statements are true. Assumef .x/ is differentiable.
(a) If c is an inflection point ofA.x/, thenf 0.c/ D 0.
(b) A.x/ is concave up iff .x/ is increasing.
(c) A.x/ is concave down iff .x/ is decreasing.

SOLUTION

(a) If x D c is an inflection point ofA.x/, thenA00.c/ D f 0.c/ D 0.
(b) If A.x/ is concave up, thenA00.x/ > 0. SinceA.x/ is the area function associated withf .x/, A0.x/ D f .x/ by FTC II, so
A00.x/ D f 0.x/. Thereforef 0.x/ > 0, sof .x/ is increasing.
(c) If A.x/ is concave down, thenA00.x/ < 0. SinceA.x/ is the area function associated withf .x/, A0.x/ D f .x/ by FTC II, so
A00.x/ D f 0.x/. Therefore,f 0.x/ < 0 and sof .x/ is decreasing.

44. Match the property ofA.x/ with the corresponding property of the graph off .x/. Assumef .x/ is differentiable.

Area function A.x/

(a) A.x/ is decreasing.
(b) A.x/ has a local maximum.
(c) A.x/ is concave up.
(d) A.x/ goes from concave up to concave down.

Graph of f .x/

(i) Lies below thex-axis.
(ii) Crosses thex-axis from positive to negative.

(iii) Has a local maximum.
(iv) f .x/ is increasing.

SOLUTION LetA.x/ D
R x
a f .t/ dt be an area function off .x/. ThenA0.x/ D f .x/ andA00.x/ D f 0.x/.

(a) A.x/ is decreasing whenA0.x/ D f .x/ < 0, i.e., whenf .x/ lies below thex-axis. This is choice(i).
(b) A.x/ has a local maximum (atx0) whenA0.x/ D f .x/ changes sign fromC to 0 to� asx increases throughx0, i.e., when
f .x/ crosses thex-axis from positive to negative. This is choice(ii) .
(c) A.x/ is concave up whenA00.x/ D f 0.x/ > 0, i.e., whenf .x/ is increasing. This corresponds to choice(iv).
(d) A.x/ goes from concave up to concave down (atx0) whenA00.x/ D f 0.x/ changes sign fromC to 0 to � asx increases
throughx0, i.e., whenf .x/ has a local maximum atx0. This is choice(iii) .

45. LetA.x/ D
Z x

0
f .t/ dt , with f .x/ as in Figure 5. Determine:

(a) The intervals on whichA.x/ is increasing and decreasing
(b) The valuesx whereA.x/ has a local min or max
(c) The inflection points ofA.x/
(d) The intervals whereA.x/ is concave up or concave down

2 4 6 8 10 12
x

y

y = f(x)

FIGURE 5
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SOLUTION

(a) A.x/ is increasing whenA0.x/ D f .x/ > 0, which corresponds to the intervals.0; 4/ and.8; 12/. A.x/ is decreasing when
A0.x/ D f .x/ < 0, which corresponds to the intervals.4; 8/ and.12;1/.
(b) A.x/ has a local minimum whenA0.x/ D f .x/ changes from� to C, corresponding tox D 8. A.x/ has a local maximum
whenA0.x/ D f .x/ changes fromC to �, corresponding tox D 4 andx D 12.
(c) Inflection points ofA.x/ occur whereA00.x/ D f 0.x/ changes sign, or wheref changes from increasing to decreasing or vice
versa. Consequently,A.x/ has inflection points atx D 2, x D 6, andx D 10.
(d) A.x/ is concave up whenA00.x/ D f 0.x/ is positive orf .x/ is increasing, which corresponds to the intervals.0; 2/ and.6; 10/.
Similarly,A.x/ is concave down whenf .x/ is decreasing, which corresponds to the intervals.2; 6/ and.10;1/.

46. Let f .x/ D x2 � 5x � 6 andF.x/ D
Z x

0
f .t/ dt .

(a) Find the critical points ofF.x/ and determine whether they are local minima or local maxima.
(b) Find the points of inflection ofF.x/ and determine whether the concavity changes from up to down or from down to up.
(c) Plotf .x/ andF.x/ on the same set of axes and confirm your answers to (a) and (b).

SOLUTION

(a) If F.x/ D
R x
0 .t

2 � 5t � 6/ dt , thenF 0.x/ D x2 � 5x � 6 andF 00.x/ D 2x � 5. SolvingF 0.x/ D x2 � 5x � 6 D 0 yields
critical pointsx D �1 andx D 6. SinceF 00.�1/ D �7 < 0, there is a local maximum value ofF at x D �1. Moreover, since
F 00.6/ D 7 > 0, there is a local minimum value ofF atx D 6.
(b) As noted in part (a),

F 0.x/ D x2 � 5x � 6 and F 00.x/ D 2x � 5:

A candidate point of inflection occurs whereF 00.x/ D 2x � 5 D 0. Thusx D 5
2 . F 00.x/ changes from negative to positive at this

point, so there is a point of inflection atx D 5
2 and concavity changes from down to up.

(c) From the graph below, we clearly note thatF.x/ has a local maximum atx D �1, a local minimum atx D 6 and a point of
inflection atx D 5

2 .

−2 62 4
x

y

f (x)

F(x)

47. Sketch the graph of an increasing functionf .x/ such that bothf 0.x/ andA.x/ D
R x
0 f .t/ dt are decreasing.

SOLUTION If f 0.x/ is decreasing, thenf 00.x/must be negative. Furthermore, ifA.x/ D
Z x

0
f .t/ dt is decreasing, thenA0.x/ D

f .x/ must also be negative. Thus, we need a function which is negative but increasing and concave down. The graph of one such
function is shown below.

x

y

48. Figure 6 shows the graph off .x/ D x sinx. LetF.x/ D
Z x

0
t sint dt .

(a) Locate the local max and absolute max ofF.x/ on Œ0; 3��.
(b) Justify graphically:F.x/ has precisely one zero inŒ�; 2��.
(c) How many zeros doesF.x/ have inŒ0; 3��?
(d) Find the inflection points ofF.x/ on Œ0; 3��. For each one, state whether the concavity changes from up to down or from down
to up.

−4

8

4

0 x
p

2
3p2pp 3p

2
5p

2

y

FIGURE 6 Graph off .x/ D x sinx.
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SOLUTION Let F.x/ D
R x
0 t sint dt . A graph off .x/ D x sinx is depicted in Figure 6. Note thatF 0.x/ D f .x/ andF 00.x/ D

f 0.x/.
(a) ForF to have a local maximum atx0 2 .0; 3�/ we must haveF 0.x0/ D f .x0/ D 0 andF 0 D f must change sign fromC to
0 to � asx increases throughx0. This occurs atx D �. The absolute maximum ofF.x/ on Œ0; 3�� occurs atx D 3� since (from
the figure) the signed area betweenx D 0 andx D c is greatest forx D c D 3�.

(b) At x D �, the value ofF is positive sincef .x/ > 0 on.0; �/. Asx increases along the intervalŒ�; 2��, we see thatF decreases
as the negatively signed area accumulates. Eventually the additional negatively signed area “outweighs” the prior positively signed
area andF attains the value 0, say atb 2 .�; 2�/. Thereafter, on.b; 2�/, we see thatf is negative and thusF becomes and
continues to be negative as the negatively signed area accumulates. Therefore,F.x/ takes the value 0 exactly once in the interval
Œ�; 2��.

(c) F.x/ has two zeroes inŒ0; 3��. One is described in part (b) and the other must occur in the intervalŒ2�; 3�� becauseF.x/ < 0
atx D 2� but clearly the positively signed area overŒ2�; 3�� is greater than the previous negatively signed area.

(d) Sincef is differentiable, we have thatF is twice differentiable onI . ThusF.x/ has an inflection point atx0 provided
F 00.x0/ D f 0.x0/ D 0 andF 00.x/ D f 0.x/ changes sign atx0. If F 00 D f 0 changes sign fromC to 0 to� at x0, thenf has a
local maximum atx0. There is clearly such a valuex0 in the figure in the intervalŒ�=2; �� and another around5�=2. Accordingly,
F has two inflection points whereF.x/ changes from concave up to concave down. IfF 00 D f 0 changes sign from� to 0 toC at
x0, thenf has a local minimum atx0. From the figure, there is such anx0 around3�=2; soF has one inflection point whereF.x/
changes from concave down to concave up.

49. Find the smallest positive critical point of

F.x/ D
Z x

0
cos.t3=2/ dt

and determine whether it is a local min or max. Then find the smallest positive inflection point ofF.x/ and use a graph of
y D cos.x3=2/ to determine whether the concavity changes from up to down or from down to up.

SOLUTION A critical point ofF.x/ occurs whereF 0.x/ D cos.x3=2/ D 0. The smallest positive critical points occurs where

x3=2 D �=2, so thatx D .�=2/2=3. F 0.x/ goes from positive to negative at this point, sox D .�=2/2=3 corresponds to a local
maximum..

Candidate inflection points ofF.x/ occur whereF 00.x/ D 0. By FTC,F 0.x/ D cos.x3=2/, soF 00.x/ D �.3=2/x1=2 sin.x3=2/.
Finding the smallest positive solution ofF 00.x/ D 0, we get:

�.3=2/x1=2 sin.x3=2/ D 0

sin.x3=2/ D 0 .sincex > 0/

x3=2 D �

x D �2=3 � 2:14503:

From the plot below, we see thatF 0.x/ D cos.x3=2/ changes from decreasing to increasing at�2=3, soF.x/ changes from concave
down to concave up at that point.

x

y

3

−1

−0.5

0.5

1

21

Further Insights and Challenges

50. Proof of FTC II The proof in the text assumes thatf .x/ is increasing. To prove it for all continuous functions, letm.h/

andM.h/ denote theminimumandmaximumof f .t/ on Œx; x C h� (Figure 7). The continuity off .x/ implies that lim
h!0

m.h/ D
lim
h!0

M.h/ D f .x/. Show that forh > 0,

hm.h/ � A.x C h/ � A.x/ � hM.h/

Forh < 0, the inequalities are reversed. Prove thatA0.x/ D f .x/.
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x + hxa
x

y

M(h) m(h)

y = f(x)

FIGURE 7 Graphical interpretation ofA.x C h/ � A.x/.

SOLUTION Let f .x/ be continuous onŒa; b�. Forh > 0, letm.h/ andM.h/ denote the minimum and maximum values off on
Œx; x C h�. Sincef is continuous, we have lim

h!0C
m.h/ D lim

h!0C
M.h/ D f .x/. If h > 0, then sincem.h/ � f .x/ � M.h/ on

Œx; x C h�, we have

hm.h/ D
Z xCh

x
m.h/ dt �

Z xCh

x
f .t/ dt D A.x C h/ � A.x/ D

Z xCh

x
f .t/ dt �

Z xCh

x
M.h/ dt D hM.h/:

In other words,hm.h/ � A.x C h/ � A.x/ � hM.h/. Sinceh > 0, it follows thatm.h/ � A.x C h/ � A.x/

h
� M.h/. Letting

h ! 0C yields

f .x/ � lim
h!0C

A.x C h/ �A.x/
h

� f .x/;

whence

lim
h!0C

A.x C h/ � A.x/

h
D f .x/

by the Squeeze Theorem. Ifh < 0, then

�hm.h/ D
Z x

xCh
m.h/ dt �

Z x

xCh
f .t/ dt D A.x/� A.x C h/ D

Z x

xCh
f .t/ dt �

Z x

xCh
M.h/ dt D �hM.h/:

Sinceh < 0, we have�h > 0 and thus

m.h/ � A.x/� A.x C h/

�h � M.h/

or

m.h/ � A.x C h/ � A.x/

h
� M.h/:

Lettingh ! 0� gives

f .x/ � lim
h!0�

A.x C h/ � A.x/

h
� f .x/;

so that

lim
h!0�

A.x C h/ � A.x/

h
D f .x/

by the Squeeze Theorem. Since the one-sided limits agree, we therefore have

A0.x/ D lim
h!0

A.x C h/ � A.x/

h
D f .x/:

51. Proof of FTC I FTC I asserts that
R b
a f .t/ dt D F.b/� F.a/ if F 0.x/ D f .x/. Use FTC II to give a new proof of FTC I as

follows. SetA.x/ D
R x
a f .t/ dt .

(a) Show thatF.x/ D A.x/C C for some constant.

(b) Show thatF.b/� F.a/ D A.b/� A.a/ D
Z b

a
f .t/ dt .

SOLUTION LetF 0.x/ D f .x/ andA.x/ D
R x
a f .t/ dt .

(a) Then by the FTC, Part II,A0.x/ D f .x/ and thusA.x/ andF.x/ are both antiderivatives off .x/. HenceF.x/ D A.x/C C

for some constantC .
(b)

F.b/� F.a/ D .A.b/C C/� .A.a/C C/ D A.b/� A.a/

D
Z b

a
f .t/ dt �

Z a

a
f .t/ dt D

Z b

a
f .t/ dt � 0 D

Z b

a
f .t/ dt

which proves the FTC, Part I.
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52. Can Every Antiderivative Be Expressed as an Integral? The area function
R x
a f .t/ dt is an antiderivative off .x/ for every

value ofa. However, not all antiderivatives are obtained in this way. The general antiderivative off .x/ D x isF.x/ D 1
2x
2 C C .

Show thatF.x/ is an area function ifC � 0 but not ifC > 0.

SOLUTION Let f .x/ D x. The general antiderivative off .x/ is F.x/ D 1
2x
2 C C . Let A.x/ D

R x
a f .t/ dt D

R x
a t dt D

1
2 t
2
ˇ̌
ˇ
x

a
D 1

2x
2 � 1

2a
2 be an area function off .x/ D x. To expressF.x/ as an area function, we must find a value fora such

that 12x
2 � 1

2a
2 D 1

2x
2 C C , whencea D ˙

p
�2C . If C � 0, then�2C � 0 and we may choose eithera D

p
�2C or

a D �
p

�2C . However, ifC > 0, then there is no real solution fora andF.x/ cannot be expressed as an area function.

53. Prove the formula

d

dx

Z v.x/

u.x/
f .t/ dt D f .v.x//v0.x/� f .u.x//u0.x/

SOLUTION Write

Z v.x/

u.x/
f .x/ dx D

Z 0

u.x/
f .x/ dx C

Z v.x/

0
f .x/ dx D

Z v.x/

0
f .x/ dx �

Z u.x/

0
f .x/ dx:

Then, by the Chain Rule and the FTC,

d

dx

Z v.x/

u.x/
f .x/ dx D d

dx

Z v.x/

0
f .x/ dx � d

dx

Z u.x/

0
f .x/ dx

D f .v.x//v0.x/� f .u.x//u0.x/:

54. Use the result of Exercise 53 to calculate

d

dx

Z ex

lnx
sint dt

SOLUTION By Exercise 53,

d

dx

Z ex

lnx
sint dt D ex sinex � 1

x
sin lnx:

5.5 Net Change as the Integral of a Rate

Preliminary Questions
1. A hot metal object is submerged in cold water. The rate at which the object cools (in degrees per minute) is a functionf .t/ of

time. Which quantity is represented by the integral
R T
0 f .t/ dt?

SOLUTION The definite integral
R T
0 f .t/ dt represents the total drop in temperature of the metal object in the firstT minutes after

being submerged in the cold water.

2. A plane travels560 km from Los Angeles to San Francisco in 1 hour. If the plane’s velocity at timet is v.t/ km/h, what is the
value of

R 1
0 v.t/ dt?

SOLUTION The definite integral
R 1
0 v.t/ dt represents the total distance traveled by the airplane during the one hour flight from

Los Angeles to San Francisco. Therefore the value of
R 1
0 v.t/ dt is 560 km.

3. Which of the following quantities would be naturally represented as derivatives and which as integrals?

(a) Velocity of a train

(b) Rainfall during a 6-month period

(c) Mileage per gallon of an automobile

(d) Increase in the U.S. population from 1990 to 2010

SOLUTION Quantities(a) and(c) involve rates of change, so these would naturally be represented as derivatives. Quantities(b)
and(d) involve an accumulation, so these would naturally be represented as integrals.
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Exercises
1. Water flows into an empty reservoir at a rate of3000 C 20t liters per hour. What is the quantity of water in the reservoir after

5 hours?

SOLUTION The quantity of water in the reservoir after five hours is

Z 5

0
.3000C 20t/ dt D

�
3000t C 10t2

� ˇ̌
ˇ̌
5

0

D 15;250 gallons:

2. A population of insects increases at a rate of200 C 10t C 0:25t2 insects per day. Find the insect population after 3 days,
assuming that there are 35 insects att D 0.

SOLUTION The increase in the insect population over three days is

Z 3

0

�
200C 10t C 1

4
t2
�
dt D

�
200t C 5t2 C 1

12
t3
�ˇ̌
ˇ̌
3

0

D 2589

4
D 647:25:

Accordingly, the population after 3 days is35C 647:25 D 682:25 or 682 insects.

3. A survey shows that a mayoral candidate is gaining votes at a rate of2000t C 1000 votes per day, wheret is the number of
days since she announced her candidacy. How many supporters will the candidate have after 60 days, assuming that she had no
supporters att D 0?

SOLUTION The number of supporters the candidate has after 60 days is

Z 60

0
.2000t C 1000/ dt D .1000t2 C 1000t/

ˇ̌
ˇ̌
60

0

D 3;660;000:

4. A factory produces bicycles at a rate of95C 3t2 � t bicycles per week. How many bicycles were produced from the beginning
of week 2 to the end of week 3?

SOLUTION The rate of production isr.t/ D 95 C 3t2 � t bicycles per week and the period from the beginning of week 2 to
the end of week 3 corresponds to the second and third weeks of production. Accordingly, the number of bikes produced from the
beginning of week 2 to the end of week 3 is

Z 3

1
r.t/ dt D

Z 3

1

�
95C 3t2 � t

�
dt D

�
95t C t3 � 1

2
t2
�ˇ̌
ˇ̌
3

1

D 212

bicycles.

5. Find the displacement of a particle moving in a straight line with velocityv.t/ D 4t � 3 m/s over the time intervalŒ2; 5�.

SOLUTION The displacement is given by

Z 5

2
.4t � 3/ dt D .2t2 � 3t/

ˇ̌
ˇ̌
5

2

D .50 � 15/ � .8 � 6/ D 33m:

6. Find the displacement over the time intervalŒ1; 6� of a helicopter whose (vertical) velocity at timet is v.t/ D 0:02t2 C t m/s.

SOLUTION Givenv.t/ D 1
50 t

2 C t m=s, the change in height overŒ1; 6� is

Z 6

1
v.t/ dt D

Z 6

1

�
1

50
t2 C t

�
dt D

�
1

150
t3 C 1

2
t2
�ˇ̌
ˇ̌
6

1

D 284

15
� 18:93 m:

7. A cat falls from a tree (with zero initial velocity) at timet D 0. How far does the cat fall betweent D 0:5 andt D 1 s? Use
Galileo’s formulav.t/ D �9:8t m/s.

SOLUTION Givenv.t/ D �9:8t m=s, the total distance the cat falls during the intervalŒ12 ; 1� is

Z 1

1=2
jv.t/j dt D

Z 1

1=2
9:8t dt D 4:9t2

ˇ̌
ˇ̌
1

1=2

D 4:9 � 1:225 D 3:675 m:

8. A projectile is released with an initial (vertical) velocity of100 m/s. Use the formulav.t/ D 100 � 9:8t for velocity to
determine the distance traveled during the first 15 seconds.

SOLUTION The distance traveled is given by

Z 15

0
j100 � 9:8t j dt D

Z 100=9:8

0
.100 � 9:8t/ dt C

Z 15

100=9:8
.9:8t � 100/ dt

D
�
100t � 4:9t2

� ˇ̌
ˇ̌
100=9:8

0

C
�
4:9t2 � 100t

� ˇ̌
ˇ̌
15

100=9:8

� 622:9 m:
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In Exercises 9–12, a particle moves in a straight line with the given velocity (in m/s). Find the displacement and distance traveled
over the time interval, and draw a motion diagram like Figure 3 (with distance and time labels).

9. v.t/ D 12 � 4t , Œ0; 5�

SOLUTION Displacement is given by
Z 5

0
.12 � 4t/ dt D .12t � 2t2/

ˇ̌
ˇ̌
5

0

D 10 ft, while total distance is given by

Z 5

0
j12 � 4t j dt D

Z 3

0
.12 � 4t/ dt C

Z 5

3
.4t � 12/ dt D .12t � 2t2/

ˇ̌
ˇ̌
3

0

C .2t2 � 12t/
ˇ̌
ˇ̌
5

3

D 26 ft:

The displacement diagram is given here.

0 18

t  = 0

t  = 5
t  = 3

10
Distance

10. v.t/ D 36 � 24t C 3t2, Œ0; 10�

SOLUTION Let v.t/ D 36 � 24t C 3t2 D 3.t � 2/.t � 6/. Displacement is given by

Z 10

0
.36 � 24t C 3t2/ dt D .36t � 12t2 C t3/

ˇ̌
ˇ̌
10

0

D 160

meters. Total distance traveled is given by

Z 10

0
j36 � 24t C 3t2j dt D

Z 2

0
.36 � 24t C 3t2/ dt C

Z 6

2
.24t � 36 � 3t2/ dt C

Z 10

6
.36 � 24t C 3t2/ dt

D .36t � 12t2 C t3/

ˇ̌
ˇ̌
2

0

C .12t2 � 36t � t3/

ˇ̌
ˇ̌
10

0

C .36t � 12t2 C t3/

ˇ̌
ˇ̌
10

6

D 224 meters:

The displacement diagram is given here.

0

y

x
20 40 60 80 100 120 140 160

t = 10

t = 6

t = 2

11. v.t/ D t�2 � 1, Œ0:5; 2�

SOLUTION Displacement is given by
Z 2

0:5
.t�2 � 1/ dt D .�t�1 � t/

ˇ̌
ˇ̌
2

0:5

D 0 m, while total distance is given by

Z 2

0:5

ˇ̌
ˇt�2 � 1

ˇ̌
ˇ dt D

Z 1

0:5
.t�2 � 1/ dt C

Z 2

1
.1 � t�2/ dt D .�t�1 � t/

ˇ̌
ˇ̌
1

0:5

C .t C t�1/
ˇ̌
ˇ̌
2

1

D 1 m:

The displacement diagram is given here.

0 0.5

t  = 0

t  = 2
t  = 1

Distance

12. v.t/ D cost , Œ0; 3��

SOLUTION Displacement is given by
Z 3�

0
cost dt D sint

ˇ̌
ˇ̌
3�

0

D 0 meters, while the total distance traveled is given by

Z 3�

0
j cost j dt D

Z �=2

0
cost dt �

Z 3�=2

�=2
cost dt C

Z 5�=2

3�=2
cost dt �

Z 3�

5�=2
cost ; dt

D sint

ˇ̌
ˇ̌
�=2

0

� sint

ˇ̌
ˇ̌
3�=2

�=2

C sint

ˇ̌
ˇ̌
5�=2

3�=2

� sint

ˇ̌
ˇ̌
3�

5�=2
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D 6 meters:

The displacement diagram is given here.

−1.0

t = 3π

−0.5

y

x
0.5 1.0

3π
2

t =

5π
2

t =

π

2
t =

13. Find the net change in velocity overŒ1; 4� of an object witha.t/ D 8t � t2 m/s2.

SOLUTION The net change in velocity is

Z 4

1
a.t/ dt D

Z 4

1
.8t � t2/ dt D

�
4t2 � 1

3
t3
�ˇ̌
ˇ̌
4

1

D 39 m=s:

14. Show that if acceleration is constant, then the change in velocity is proportional to the length of the time interval.

SOLUTION Let a.t/ D a be the constant acceleration. Letv.t/ be the velocity. LetŒt1; t2� be the time interval concerned. We
know thatv0.t/ D a, and, by FTC,

v.t2/� v.t1/ D
Z t2

t1

a dt D a.t2 � t1/;

So the net change in velocity is proportional to the length of the time interval with constant of proportionalitya.

15. The traffic flow rate past a certain point on a highway isq.t/ D 3000C 2000t � 300t2 (t in hours), wheret D 0 is 8 AM . How
many cars pass by in the time interval from 8 to 10AM?

SOLUTION The number of cars is given by

Z 2

0
q.t/ dt D

Z 2

0
.3000C 2000t � 300t2/ dt D

�
3000t C 1000t2 � 100t3

� ˇ̌
ˇ̌
2

0

D 3000.2/C 1000.4/ � 100.8/ D 9200 cars:

16. The marginal cost of producingx tablet computers isC 0.x/ D 120 � 0:06x C 0:00001x2 What is the cost of producing 3000
units if the setup cost is $90,000? If production is set at 3000 units, what is the cost of producing 200 additional units?

SOLUTION The production coot for producing 3000 units is

Z 3000

0
.120 � 0:06x C 0:00001x2/ dx D

�
120x � 0:03x2 C 1

3
0:00001x3

�ˇ̌
ˇ̌
3000

0

D 360;000 � 270;000C 90;000 D 180;000

dollars. Adding in the setup cost, we find the total cost of producing 3000 units is $270,000. If production is set at 3000 units, the
cost of producing an additional 200 units is

Z 3200

3000
.120 � 0:06x C 0:00001x2/ dx D

�
120x � 0:03x2 C 1

3
0:00001x3

�ˇ̌
ˇ̌
3200

3000

D 384;000 � 307;200C 109;226:67 � 180;000

or $6026.67.

17. A small boutique produces wool sweaters at a marginal cost of40� 5ŒŒx=5�� for 0 � x � 20, whereŒŒx�� is the greatest integer
function. Find the cost of producing20 sweaters. Then compute the average cost of the first 10 sweaters and the last 10 sweaters.

SOLUTION The total cost of producing 20 sweaters is

Z 20

0
.40 � 5ŒŒx=5��/ dx D

Z 5

0
40 dx C

Z 10

5
35 dx C

Z 15

10
30 dx C

Z 20

15
25 dx

D 40.5/C 35.5/C 30.5/C 25.5/ D 650 dollars:

From this calculation, we see that the cost of the first 10 sweaters is $375 and the cost of the last ten sweaters is $275; thus, the
average cost of the first ten sweaters is $37.50 and the average cost of the last ten sweaters is $27.50.
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18. The rate (in liters per minute) at which water drains from a tank is recorded at half-minute intervals. Compute the average of
the left- and right-endpoint approximations to estimate the total amount of water drained during the first 3 minutes.

t (min) 0 0.5 1 1.5 2 2.5 3

r .l/min/ 50 48 46 44 42 40 38

SOLUTION Let�t D 0:5. Then

RN D 0:5.48C 46C 44C 42C 40C 38/ D 129:0 liters

LN D 0:5.50C 48C 46C 44C 42C 40/ D 135:0 liters

The average ofRN andLN is 12 .129C 135/ D 132 liters.

19. The velocity of a car is recorded at half-second intervals (in feet per second). Use the average of the left- and right-endpoint
approximations to estimate the total distance traveled during the first 4 seconds.

t 0 0.5 1 1.5 2 2.5 3 3.5 4

v.t/ 0 12 20 29 38 44 32 35 30

SOLUTION Let�t D :5. Then

RN D 0:5 � .12C 20C 29C 38C 44C 32C 35C 30/ D 120 ft:

LN D 0:5 � .0C 12C 20C 29C 38C 44C 32C 35/ D 105 ft:

The average ofRN andLN is 112:5 ft.

20. To model the effects of acarbon tax on CO2 emissions, policymakers study themarginal cost of abatementB.x/, defined as
the cost of increasing CO2 reduction fromx to x C 1 tons (in units of ten thousand tons—Figure 1). Which quantity is represented
by the area under the curve overŒ0; 3� in Figure 1?

321

B(x) ($/ton)

Tons reduced (in ten thousands)

75

100

50

25

x

FIGURE 1 Marginal cost of abatementB.x/.

SOLUTION The area under the curve overŒ0; 3� represents the total cost of reducing the amount of CO2 released into the atmo-
sphere by 3 tons.

21. A megawatt of power is106 W, or 3:6 � 109 J/hour. Which quantity is represented by the area under the graph in Figure 2?
Estimate the energy (in joules) consumed during the period 4PM to 8 PM.

18
19
20
21
22
23
24
25
26
27
28

00 02 04 06 08 10 12 14 16 18 20 22 24

Megawatts (in thousands)

Hour of the day

FIGURE 2 Power consumption over 1-day period in California (February 2010).
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SOLUTION The area under the graph in Figure 2 represents the total power consumption over one day in California. Assuming
t D 0 corresponds to midnight, the period 4PM to 8PM corresponds tot D 16 to t D 20. The left and right endpoint approximations
are

L D 1.22:8C 23:5C 26:1C 26:7/ D 99:1 megawatt� hours

R D 1.23:5C 26:1C 26:7C 26:1/ D 102:4 megawatt� hours

The average of these values is

100:75megawatt� hoursD 3:627 � 1011 joules:

22. Figure 3 shows the migration rateM.t/ of Ireland in the period 1988–1998. This is the rate at which people (in
thousands per year) move into or out of the country.

(a) Is the following integral positive or negative? What does this quantity represent?
Z 1998

1988
M.t/ dt

(b) Did migration in the period 1988–1998 result in a net influx of people into Ireland or a net outflow of people from Ireland?
(c) During which two years could the Irish prime minister announce, “We’ve hit an inflection point. We are still losing population,
but the trend is now improving.”

2000199819961990 1992

1994

1988

30
20
10
0

−50
−40
−30
−20
−10

M
ig

ra
tio

n 
(in

 th
ou

sa
nd

s)

FIGURE 3 Irish migration rate (in thousands per year).

SOLUTION

(a) Because there appears to be more area below thet-axis than above in Figure 3,

Z 1998

1988
M.t/ dt

is negative. This quantity represents the net migration from Ireland during the period 1988–1998.
(b) As noted in part (a), there appears to be more area below thet-axis than above in Figure 3, so migration in the period 1988–1998
resulted in a net outflow of people from Ireland.
(c) The prime minister can make this statement when the graph ofM is at a local minimum, which appears to be in the years 1989
and 1993.

23. LetN.d/ be the number of asteroids of diameter� d kilometers. Data suggest that the diameters are distributed according to
a piecewise power law:

N 0.d/ D
(
1:9 � 109d�2:3 for d < 70

2:6 � 1012d�4 for d � 70

(a) Compute the number of asteroids with diameter between0:1 and100 km.
(b) Using the approximationN.d C 1/ �N.d/ � N 0.d/, estimate the number of asteroids of diameter50 km.

SOLUTION

(a) The number of asteroids with diameter between0:1 and100 km is
Z 100

0:1
N 0.d/ dd D

Z 70

0:1
1:9 � 109d�2:3 dd C

Z 100

70
2:6 � 1012d�4 dd

D �1:9 � 109
1:3

d�1:3
ˇ̌
ˇ̌
ˇ

70

0:1

� 2:6 � 1012
3

d�3
ˇ̌
ˇ̌
ˇ

100

70

D 2:916 � 1010 C 1:66 � 106 � 2:916 � 1010:

(b) Takingd D 49:5,

N.50:5/ �N.49:5/ � N 0.49:5/ D 1:9 � 10949:5�2:3 D 240;525:79:

Thus, there are approximately 240,526 asteroids of diameter 50 km.
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24. Heat Capacity The heat capacityC.T / of a substance is the amount of energy (in joules) required to raise the temperature
of 1 g by1ıC at temperatureT .

(a) Explain why the energy required to raise the temperature fromT1 to T2 is the area under the graph ofC.T / over ŒT1; T2�.

(b) How much energy is required to raise the temperature from50 to 100ıC if C.T / D 6C 0:2
p
T ?

SOLUTION

(a) SinceC.T / is the energy required to raise the temperature of one gram of a substance by one degree when its temperature is

T , the total energy required to raise the temperature fromT1 to T2 is given by the definite integral
Z T2

T1

C.T / dT . AsC.T / > 0,

the definite integral also represents the area under the graph ofC.T /.

(b) If C.T / D 6C :2
p
T D 6C 1

5T
1=2, then the energy required to raise the temperature from50ıC to100ıC is

R 100
50 C.T / dT

or
Z 100

50

�
6C 1

5
T 1=2

�
dT D

�
6T C 2

15
T 3=2

�ˇ̌
ˇ̌
100

50

D
�
6.100/C 2

15
.100/3=2

�
�
�
6.50/C 2

15
.50/3=2

�

D 1300 � 100
p
2

3
� 386:19 Joules

25. Figure 4 shows the rateR.t/ of natural gas consumption (in billions of cubic feet per day) in the mid-Atlantic states (New
York, New Jersey, Pennsylvania). Express the total quantity of natural gas consumed in 2009 as an integral (with respect to timet

in days). Then estimate this quantity, given the following monthly values ofR.t/:

3.18, 2.86, 2.39, 1.49, 1.08, 0.80,
1.01, 0.89, 0.89, 1.20, 1.64, 2.52

Keep in mind that the number of days in a month varies with the month.

1

2

3

J A S O N DJ F M A M J

Natural gas consumption  (109 cubic ft/day)

FIGURE 4 Natural gas consumption in 2009 in the mid-Atlantic states

SOLUTION The total quantity of natural gas consumed is given by

Z 365

0
R.t/ dt:

With the given data, we find

Z 365

0
R.t/ dt � 31.3:18/C 28.2:86/ C 31.2:39/C 30.1:49/C 31.1:08/C 30.0:80/

C31.1:01/ C 31.0:89/C 30.0:89/C 31.1:20/C 30.1:64/C 31.2:52/

D 605:05 billion cubic feet:

26. Cardiac output is the rateR of volume of blood pumped by the heart per unit time (in liters per minute). Doctors
measureR by injectingA mg of dye into a vein leading into the heart att D 0 and recording the concentrationc.t/ of dye (in
milligrams per liter) pumped out at short regular time intervals (Figure 5).

(a) Explain: The quantity of dye pumped out in a small time intervalŒt; t C�t� is approximatelyRc.t/�t .

(b) Show thatA D R
R T
0 c.t/ dt , whereT is large enough that all of the dye is pumped through the heart but not so large that the

dye returns by recirculation.

(c) AssumeA D 5 mg. EstimateR using the following values ofc.t/ recorded at 1-second intervals fromt D 0 to t D 10:

0, 0.4, 2.8, 6.5, 9.8, 8.9,
6.1, 4, 2.3, 1.1, 0
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Blood flow

Inject dye
here

Measure
concentration

here

t (s)

c(t) (mg/l)

y = c(t)

FIGURE 5

SOLUTION

(a) Over a short time interval,c.t/ is nearly constant.Rc.t/ is the rate of volume of dye (amount of fluid� concentration of dye
in fluid) flowing out of the heart (in mg per minute). Over the short time intervalŒt; t C�t�, the rate of flow of dye is approximately
constant atRc.t/ mg=minute. Therefore, the flow of dye over the interval is approximatelyRc.t/�t mg.
(b) The rate of flow of dye isRc.t/. Therefore the net flow between timet D 0 and timet D T is

Z T

0
Rc.t/ dt D R

Z T

0
c.t/ dt:

If T is great enough that all of the dye is pumped through the heart, the net flow is equal to all of the dye, so

A D R

Z T

0
c.t/ dt:

(c) In the table,�t D 1
60 minute, andN D 10. The right and left hand approximations of

Z T

0
c.t/ dt are:

R10 D 1

60
.0:4C 2:8C 6:5C 9:8C 8:9C 6:1C 4C 2:3C 1:1C 0/ D 0:6983

mg � minute

liter

L10 D 1

60
.0C 0:4C 2:8C 6:5C 9:8C 8:9C 6:1C 4C 2:3C 1:1/ D 0:6983

mg � minute

liter

BothLN andRN are the same, so the average ofLN andRN is 0.6983. Hence,

A D R

Z T

0
c.t/dt

5 mg D R

�
0:6983

mg � minute

liter

�

R D 5

0:6983

liters

minute
D 7:16

liters

minute
:

Exercises 27 and 28: A study suggests that the extinction rater.t/ of marine animal families during the Phanerozoic Eon can be
modeled by the functionr.t/ D 3130=.t C 262/ for 0 � t � 544, wheret is time elapsed (in millions of years) since the beginning
of the eon544 million years ago. Thus,t D 544 refers to the present time,t D 540 is 4 million years ago, and so on.

27. Compute the average ofRN andLN with N D 5 to estimate the total number of families that became extinct in the periods
100 � t � 150 and350 � t � 400.

SOLUTION

� (100 � t � 150) ForN D 5,

�t D 150 � 100
5

D 10:

The table of valuesfr.ti /giD0:::5 is given below:

ti 100 110 120 130 140 150

r.ti / 8.64641 8.41398 8.19372 7.98469 7.78607 7.59709

The endpoint approximations are:

RN D 10.8:41398 C 8:19372 C 7:98469 C 7:78607 C 7:59709/ � 399:756 families

LN D 10.8:64641 C 8:41398 C 8:19372 C 7:98469 C 7:78607/ � 410:249 families

The right endpoint approximation estimates 399.756 families became extinct in the period100 � t � 150, the left endpoint
approximation estimates 410.249 families became extinct during this time. The average of the two is 405.362 families.
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� (350 � t � 400) ForN D 10,

�t D 400 � 350
5

D 19:

The table of valuesfr.ti /giD0:::5 is given below:

ti 350 360 370 380 390 400

r.ti / 5.11438 5.03215 4.95253 4.87539 4.80061 4.72810

The endpoint approximations are:

RN D 10.5:03215 C 4:95253 C 4:87539 C 4:80061 C 4:72810/ � 243:888 families

LN D 10.5:11438 C 5:03215 C 4:95253 C 4:87539 C 4:80061/ � 247:751 families

The right endpoint approximation estimates 243.888 families became extinct in the period350 � t � 400, the left endpoint
approximation estimates 247.751 families became extinct during this time. The average of the two is 245.820 families.

28. Estimate the total number of extinct families fromt D 0 to the present, usingMN with N D 544.

SOLUTION We are estimating

Z 544

0

3130

.t C 262/
dt

usingMN with N D 544. If N D 544,�t D 544 � 0

544
D 1 and ft�i giD1;:::N D i�t � .�t=2/ D i � 1

2 .

MN D �t

NX

iD1
r.t�i / D 1 �

544X

iD1

3130

261:5C i
D 3517:3021:

Thus, we estimate that 3517 families have become extinct over the past 544 million years.

Further Insights and Challenges

29. Show that a particle, located at the origin att D 1 and moving along thex-axis with velocityv.t/ D t�2, will never pass the
pointx D 2.

SOLUTION The particle’s velocity isv.t/ D s0.t/ D t�2, an antiderivative for which isF.t/ D �t�1. Hence, the particle’s
position at timet is

s.t/ D
Z t

1
s0.u/ du D F.u/

ˇ̌
ˇ̌
t

1

D F.t/� F.1/ D 1 � 1

t
< 1

for all t � 1. Thus, the particle will never passx D 1, which implies it will never passx D 2 either.

30. Show that a particle, located at the origin att D 1 and moving along thex-axis with velocityv.t/ D t�1=2 moves arbitrarily
far from the origin after sufficient time has elapsed.

SOLUTION The particle’s velocity isv.t/ D s0.t/ D t�1=2, an antiderivative for which isF.t/ D 2t1=2. Hence, the particle’s
position at timet is

s.t/ D
Z t

1
s0.u/ du D F.u/

ˇ̌
ˇ̌
t

1

D F.t/� F.1/ D 2
p
t � 1

for all t � 1. LetS > 0 denote an arbitrarily large distance from the origin. We see that for

t >

�
S C 1

2

�2
;

the particle will be more thanS units from the origin. In other words, the particle moves arbitrarily far from the origin after sufficient
time has elapsed.
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5.6 Substitution Method

Preliminary Questions
1. Which of the following integrals is a candidate for the Substitution Method?

(a)
Z
5x4 sin.x5/ dx (b)

Z
sin5 x cosx dx (c)

Z
x5 sinx dx

SOLUTION The function in(c): x5 sinx is not of the formg.u.x//u0.x/. The function in(a) meets the prescribed pattern with
g.u/ D sinu andu.x/ D x5. Similarly, the function in(b) meets the prescribed pattern withg.u/ D u5 andu.x/ D sinx.

2. Find an appropriate choice ofu for evaluating the following integrals by substitution:

(a)
Z
x.x2 C 9/4 dx (b)

Z
x2 sin.x3/ dx (c)

Z
sinx cos2 x dx

SOLUTION

(a) x.x2 C 9/4 D 1
2 .2x/.x

2 C 9/4; hence,c D 1
2 , f .u/ D u4, andu.x/ D x2 C 9.

(b) x2 sin.x3/ D 1
3 .3x

2/ sin.x3/; hence,c D 1
3 , f .u/ D sinu, andu.x/ D x3.

(c) sinx cos2 x D �.� sinx/ cos2 x; hence,c D �1, f .u/ D u2, andu.x/ D cosx.

3. Which of the following is equal to
Z 2

0
x2.x3 C 1/ dx for a suitable substitution?

(a)
1

3

Z 2

0
udu (b)

Z 9

0
u du (c)

1

3

Z 9

1
udu

SOLUTION With the substitutionu D x3 C 1, the definite integral
R 2
0 x

2.x3 C 1/ dx becomes13
R 9
1 udu. The correct answer is

(c).

Exercises
In Exercises 1–6, calculatedu.

1. u D x3 � x2

SOLUTION Let u D x3 � x2. Thendu D .3x2 � 2x/ dx.

2. u D 2x4 C 8x�1

SOLUTION Let u D 2x4 C 8x�1. Thendu D .8x3 � 8x�2/ dx.

3. u D cos.x2/

SOLUTION Let u D cos.x2/. Thendu D � sin.x2/ � 2x dx D �2x sin.x2/ dx.

4. u D tanx

SOLUTION Let u D tanx. Thendu D sec2 x dx.

5. u D e4xC1

SOLUTION Let u D e4xC1. Thendu D 4e4xC1 dx.

6. u D ln.x4 C 1/

SOLUTION Let u D ln.x4 C 1/. Thendu D 4x3

x4 C 1
dx.

In Exercises 7–22, write the integral in terms ofu anddu. Then evaluate.

7.
Z
.x � 7/3 dx, u D x � 7

SOLUTION Let u D x � 7. Thendu D dx. Hence

Z
.x � 7/3 dx D

Z
u3 du D 1

4
u4 C C D 1

4
.x � 7/4 C C:

8.
Z
.x C 25/�2 dx, u D x C 25

SOLUTION Let u D x C 25. Thendu D dx and

Z
.x C 25/�2 dx D

Z
u�2 du D �u�1 C C D � 1

x C 25
C C:
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9.
Z
t
p
t2 C 1 dt , u D t2 C 1

SOLUTION Let u D t2 C 1. Thendu D 2t dt . Hence,
Z
t
p
t2 C 1 dt D 1

2

Z
u1=2 du D 1

3
u3=2 C C D 1

3
.t2 C 1/3=2 C C:

10.
Z
.x3 C 1/ cos.x4 C 4x/ dx, u D x4 C 4x

SOLUTION Let u D x4 C 4x. Thendu D .4x3 C 4/ dx D 4.x3 C 1/ dx and
Z
.x3 C 1/ cos.x4 C 4x/ dx D 1

4

Z
cosudu D 1

4
sinuC C D 1

4
sin.x4 C 4x/C C:

11.
Z

t3

.4 � 2t4/11
dt , u D 4 � 2t4

SOLUTION Let u D 4 � 2t4. Thendu D �8t3 dt . Hence,

Z
t3

.4 � 2t4/11
dt D �1

8

Z
u�11 du D 1

80
u�10 C C D 1

80
.4 � 2t4/�10 C C:

12.
Z p

4x � 1 dx, u D 4x � 1

SOLUTION Let u D 4x � 1. Thendu D 4 dx or 14du D dx. Hence

Z p
4x � 1 dx D 1

4

Z
u1=2 du D 1

4

�
2

3
u3=2

�
C C D 1

6
.4x � 1/3=2 C C:

13.
Z
x.x C 1/9 dx, u D x C 1

SOLUTION Let u D x C 1. Thenx D u � 1 anddu D dx. Hence
Z
x.x C 1/9 dx D

Z
.u � 1/u9 du D

Z
.u10 � u9/ du

D 1

11
u11 � 1

10
u10 C C D 1

11
.x C 1/11 � 1

10
.x C 1/10 C C:

14.
Z
x

p
4x � 1dx, u D 4x � 1

SOLUTION Let u D 4x � 1. Thenx D 1
4 .uC 1/ anddu D 4 dx or 14 du D dx. Hence,

Z
x

p
4x � 1 dx D 1

16

Z
.uC 1/u1=2 du D 1

16

Z
.u3=2 C u1=2/ du

D 1

16

�
2

5
u5=2

�
C 1

16

�
2

3
u3=2

�
C C

D 1

40
.4x � 1/5=2 C 1

24
.4x � 1/3=2 C C:

15.
Z
x2

p
x C 1 dx, u D x C 1

SOLUTION Let u D x C 1. Thenx D u � 1 anddu D dx. Hence

Z
x2

p
x C 1 dx D

Z
.u � 1/2u1=2 du D

Z
.u5=2 � 2u3=2 C u1=2/ du

D 2

7
u7=2 � 4

5
u5=2 C 2

3
u3=2 C C

D 2

7
.x C 1/7=2 � 4

5
.x C 1/5=2 C 2

3
.x C 1/3=2 C C:

16.
Z

sin.4� � 7/ d� , u D 4� � 7

SOLUTION Let u D 4� � 7. Thendu D 4 d� and
Z

sin.4� � 7/ d� D 1

4

Z
sinudu D �1

4
cosuC C D �1

4
cos.4� � 7/C C:
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17.
Z

sin2 � cos� d� , u D sin�

SOLUTION Let u D sin� . Thendu D cos� d� . Hence,

Z
sin2 � cos� d� D

Z
u2 du D 1

3
u3 C C D 1

3
sin3 � C C:

18.
Z

sec2 x tanx dx, u D tanx

SOLUTION Let u D tanx. Thendu D sec2 x dx. Hence

Z
sec2 x tanx dx D

Z
udu D 1

2
u2 C C D 1

2
tan2 x C C:

19.
Z
xe�x2

dx, u D �x2

SOLUTION Let u D �x2. Thendu D �2x dx or �1
2 du D x dx. Hence,

Z
xe�x2

dx D �1
2

Z
eu du D �1

2
eu C C D �1

2
e�x2 C C:

20.
Z
.sec2 t/etant dt , u D tant

SOLUTION Let u D tant . Thendu D sec2 t dt and

Z
.sec2 t/etant dt D

Z
eu du D eu C C D etant C C:

21.
Z
.ln x/2 dx

x
, u D lnx

SOLUTION Let u D ln x. Thendu D 1
x dx, and

Z
.lnx/2

x
dx D

Z
u2 du D 1

3
u3 C C D 1

3
.lnx/3 C C:

22.
Z
.tan�1 x/2 dx

x2 C 1
, u D tan�1 x

SOLUTION Let u D tan�1 x. Thendu D 1
1Cx2 dx, and

Z
.tan�1 x/2

x2 C 1
dx D

Z
u2 du D 1

3
u3 C C D 1

3
.tan�1 x/3 C C:

In Exercises 23–26, evaluate the integral in the forma sin.u.x//C C for an appropriate choice ofu.x/ and constanta.

23.
Z
x3 cos.x4/ dx

SOLUTION Let u D x4. Thendu D 4x3 dx or 14 du D x3dx. Hence

Z
x3 cos.x4/ dx D 1

4

Z
cosu du D 1

4
sinuC C D 1

4
sin.x4/C C:

24.
Z
x2 cos.x3 C 1/ dx

SOLUTION Let u D x3 C 1. Thendu D 3x2 dx or 13 du D x2 dx. Hence

Z
x2 cos.x3 C 1/ dx D 1

3

Z
cosudu D 1

3
sinuC C:

25.
Z
x1=2 cos.x3=2/ dx

SOLUTION Let u D x3=2. Thendu D 3
2x
1=2 dx or 23 du D x1=2 dx. Hence

Z
x1=2 cos.x3=2/ dx D 2

3

Z
cosudu D 2

3
sinuC C D 2

3
sin.x3=2/C C:
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26.
Z

cosx cos.sinx/ dx

SOLUTION Let u D sinx. Thendu D cosx dx. Hence
Z

cosx cos.sinx/ dx D
Z

cosudu D sinuC C:

In Exercises 27–72, evaluate the indefinite integral.

27.
Z
.4x C 5/9 dx

SOLUTION Let u D 4x C 5. Thendu D 4 dx and
Z
.4x C 5/9 dx D 1

4

Z
u9 du D 1

40
u10 C C D 1

40
.4x C 5/10 C C:

28.
Z

dx

.x � 9/5

SOLUTION Let u D x � 9. Thendu D dx and

Z
dx

.x � 9/5
D
Z
u�5 du D �1

4
u�4 C C D � 1

4.x � 9/4
C C:

29.
Z

dtp
t C 12

SOLUTION Let u D t C 12. Thendu D dt and

Z
dtp
t C 12

D
Z
u�1=2 du D 2u1=2 C C D 2

p
t C 12C C:

30.
Z
.9t C 2/2=3 dt

SOLUTION Let u D 9t C 2. Thendu D 9 dt and
Z
.9t C 2/2=3 dt D 1

9

Z
u2=3 du D 1

9
� 3
5
u5=3 C C D 1

15
.9t C 2/5=3 C C:

31.
Z

x C 1

.x2 C 2x/3
dx

SOLUTION Let u D x2 C 2x. Thendu D .2x C 2/ dx or 12du D .x C 1/ dx. Hence

Z
x C 1

.x2 C 2x/3
dx D 1

2

Z
1

u3
du D 1

2

�
�1
2
u�2

�
C C D �1

4
.x2 C 2x/�2 C C D �1

4.x2 C 2x/2
C C:

32.
Z
.x C 1/.x2 C 2x/3=4 dx

SOLUTION Let u D x2 C 2x. Thendu D .2x C 2/ dx D 2.x C 1/ dx and
Z
.x C 1/.x2 C 2x/3=4 dx D 1

2

Z
u3=4 du D 1

2
� 4
7
u7=4 C C

D 2

7
.x2 C 2x/7=4 C C:

33.
Z

xp
x2 C 9

dx

SOLUTION Let u D x2 C 9. Thendu D 2x dx or 12du D x dx. Hence

Z
xp
x2 C 9

dx D 1

2

Z
1p
u
du D 1

2

p
u
1
2

C C D
p
x2 C 9C C:

34.
Z

2x2 C x

.4x3 C 3x2/2
dx

SOLUTION Let u D 4x3 C 3x2: Thendu D .12x2 C 6x/ dx or 16du D .2x2 C x/ dx. Hence
Z
.4x3 C 3x2/�2.2x2 C x/ dx D 1

6

Z
u�2 du D �1

6
u�1 C C D �1

6
.4x3 C 3x2/�1 C C:
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35.
Z
.3x2 C 1/.x3 C x/2 dx

SOLUTION Let u D x3 C x. Thendu D .3x2 C 1/ dx. Hence

Z
.3x2 C 1/.x3 C x/2 dx D

Z
u2 du D 1

3
u3 C C D 1

3
.x3 C x/3 C C:

36.
Z

5x4 C 2x

.x5 C x2/3
dx

SOLUTION Let u D x5 C x2. Thendu D .5x4 C 2x/ dx. Hence

Z
5x4 C 2x

.x5 C x2/3
dx D

Z
1

u3
du D �1

2

1

u2
C C D �1

2

1

.x5 C x2/2
C C:

37.
Z
.3x C 8/11 dx

SOLUTION Let u D 3x C 8. Thendu D 3dx and

Z
.3x C 8/11 dx D 1

3

Z
u11 du D 1

36
u12 C C D 1

36
.3x C 8/12 C C:

38.
Z
x.3x C 8/11 dx

SOLUTION Let u D 3x C 8. Thendu D 3dx, x D u � 8

3
, and

Z
x.3x C 8/11 dx D 1

9

Z
.u � 8/u11 du D 1

9

Z
.u12 � 8u11/ du

D 1

9

�
1

13
u13 � 2

3
u12

�
C C

D 1

117
.3x C 8/13 � 2

27
.3x C 8/12 C C:

39.
Z
x2
p
x3 C 1 dx

SOLUTION Let u D x3 C 1. Thendu D 3x2 dx and

Z
x2
p
x3 C 1 dx D 1

3

Z
u1=2 du D 2

9
u3=2 C C D 2

9
.x3 C 1/3=2 C C:

40.
Z
x5
p
x3 C 1dx

SOLUTION Let u D x3 C 1. Thendu D 3x2 dx, x3 D u � 1 and

Z
x5
p
x3 C 1 dx D 1

3

Z
.u � 1/

p
udu D 1

3

Z
.u3=2 � u1=2/ du

D 1

3

�
2

5
u5=2 � 2

3
u3=2

�
C C

D 2

15
.x3 C 1/5=2 � 2

9
.x3 C 1/3=2 C C:

41.
Z

dx

.x C 5/3

SOLUTION Let u D x C 5. Thendu D dx and

Z
dx

.x C 5/3
D
Z
u�3 du D �1

2
u�2 C C D �1

2
.x C 5/�2 C C:

42.
Z

x2 dx

.x C 5/3

SOLUTION Let u D x C 5. Thendu D dx, x D u � 5 and

Z
x2 dx

.x C 5/3
D
Z
.u � 5/2

u3
du D

Z
.u�1 � 10u�2 C 25u�3/ du
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D ln juj C 10u�1 � 25

2
u�2 C C

D ln jx C 5j C 10

x C 5
� 25

2.x C 5/2
C C:

43.
Z
z2.z3 C 1/12 dz

SOLUTION Let u D z3 C 1. Thendu D 3z2 dz and
Z
z2.z3 C 1/12 dz D 1

3

Z
u12 du D 1

39
u13 C C D 1

39
.z3 C 1/13 C C:

44.
Z
.z5 C 4z2/.z3 C 1/12 dz

SOLUTION Let u D z3 C 1. Thendu D 3z2 dz, z3 D u � 1 and
Z
.z5 C 4z2/.z3 C 1/12 dz D 1

3

Z
.uC 3/u12 du D 1

3

Z
.u13 C 3u12/ du

D 1

3

�
1

14
u14 C 3

13
u13

�
C C

D 1

42
.z3 C 1/14 C 1

13
.z3 C 1/13 C C:

45.
Z
.x C 2/.x C 1/1=4 dx

SOLUTION Let u D x C 1. Thenx D u � 1, du D dx and
Z
.x C 2/.x C 1/1=4 dx D

Z
.uC 1/u1=4 du D

Z
.u5=4 C u1=4/ du

D 4

9
u9=4 C 4

5
u5=4 C C

D 4

9
.x C 1/9=4 C 4

5
.x C 1/5=4 C C:

46.
Z
x3.x2 � 1/3=2 dx

SOLUTION Let u D x2 � 1. ThenuC 1 D x2 anddu D 2x dx or 12 du D x dx. Hence
Z
x3.x2 � 1/3=2 dx D

Z
x2 � x.x2 � 1/3=2 dx

D 1

2

Z
.uC 1/u3=2 du D 1

2

Z
.u5=2 C u3=2/ du

D 1

2

�
2

7
u7=2

�
C 1

2

�
2

5
u5=2

�
C C D 1

7
.x2 � 1/7=2 C 1

5
.x2 � 1/5=2 C C:

47.
Z

sin.8 � 3�/ d�

SOLUTION Let u D 8 � 3� . Thendu D �3 d� and
Z

sin.8 � 3�/ d� D �1
3

Z
sinudu D 1

3
cosuC C D 1

3
cos.8 � 3�/C C:

48.
Z
� sin.�2/ d�

SOLUTION Let u D �2. Thendu D 2� d� and
Z
� sin.�2/ d� D 1

2

Z
sinudu D �1

2
cosuC C D �1

2
cos.�2/C C:

49.
Z

cos
p
tp

t
dt

SOLUTION Let u D
p
t D t1=2. Thendu D 1

2 t
�1=2 dt and

Z
cos

p
tp

t
dt D 2

Z
cosudu D 2 sinuC C D 2 sin

p
t C C:
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50.
Z
x2 sin.x3 C 1/ dx

SOLUTION Let u D x3 C 1. Thendu D 3x2 dx or 13du D x2 dx. Hence

Z
x2 sin.x3 C 1/ dx D 1

3

Z
sinudu D �1

3
cosuC C D �1

3
cos.x3 C 1/C C:

51.
Z

tan.4� C 9/ d�

SOLUTION Let u D 4� C 9. Thendu D 4 d� and

Z
tan.4� C 9/ d� D 1

4

Z
tanudu D 1

4
ln j secuj C C D 1

4
ln j sec.4� C 9/j C C:

52.
Z

sin8 � cos� d�

SOLUTION Let u D sin� . Thendu D cos� d� and

Z
sin8 � cos� d� D

Z
u8 du D 1

9
u9 C C D 1

9
sin9 � C C:

53.
Z

cotx dx

SOLUTION Let u D sinx. Thendu D cosx dx, and

Z
cotx dx D

Z
cosx

sinx
dx D

Z
du

u
D ln juj C C D ln j sinxj C C:

54.
Z
.x�1=5/ tanx4=5 dx

SOLUTION Let u D x4=5. Thendu D 4

5
x�1=5 dx and

Z
.x�1=5/ tanx4=5 dx D 5

4

Z
tanudu D 5

4
ln j secuj C C D 5

4
ln j secx4=5j C C:

55.
Z

sec2.4x C 9/ dx

SOLUTION Let u D 4x C 9. Thendu D 4 dx or 14 du D dx. Hence

Z
sec2.4x C 9/ dx D 1

4

Z
sec2 udu D 1

4
tanuC C D 1

4
tan.4x C 9/C C:

56.
Z

sec2 x tan4 x dx

SOLUTION Let u D tanx. Thendu D sec2 x dx. Hence

Z
sec2 x tan4 x dx D

Z
u4 du D 1

5
u5 C C D 1

5
tan5 x C C:

57.
Z

sec2.
p
x/ dxp
x

SOLUTION Let u D
p
x. Thendu D 1

2
p
x
dx or 2 du D 1p

x
dx. Hence,

Z
sec2.

p
x/ dxp
x

D 2

Z
sec2 udx D 2 tanuC C D 2 tan.

p
x/C C:

58.
Z

cos2x

.1C sin 2x/2
dx

SOLUTION Let u D 1C sin2x. Thendu D 2 cos2x or 12du D cos2x dx. Hence

Z
.1C sin2x/�2 cos2x dx D 1

2

Z
u�2 du D �1

2
u�1 C C D �1

2
.1C sin2x/�1 C C:

59.
Z

sin4x
p

cos4x C 1dx
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SOLUTION Let u D cos4x C 1. Thendu D �4 sin4x or �1
4du D sin4x. Hence

Z
sin4x

p
cos4x C 1 dx D �1

4

Z
u1=2 du D �1

4

�
2

3
u3=2

�
C C D �1

6
.cos4x C 1/3=2 C C:

60.
Z

cosx.3 sinx � 1/ dx

SOLUTION Let u D 3 sinx � 1. Thendu D 3 cosx dx or 13du D cosx dx. Hence

Z
.3 sinx � 1/ cosx dx D 1

3

Z
udu D 1

3

�
1

2
u2
�

C C D 1

6
.3 sinx � 1/2 C C:

61.
Z

sec� tan�.sec� � 1/ d�

SOLUTION Let u D sec� � 1. Thendu D sec� tan� d� and

Z
sec� tan�.sec� � 1/ d� D

Z
udu D 1

2
u2 C C D 1

2
.sec� � 1/2 C C:

62.
Z

cost cos.sint/ dt

SOLUTION Let u D sint . Thendu D cost dt and

Z
cost cos.sint/ dt D

Z
cosudu D sinuC C D sin.sint/C C:

63.
Z
e14x�7 dx

SOLUTION Let u D 14x � 7. Thendu D 14 dx or 1
14 du D dx. Hence,

Z
e14x�7 dx D 1

14

Z
eu du D 1

14
eu C C D 1

14
e14x�7 C C:

64.
Z
.x C 1/ex

2C2x dx

SOLUTION Let u D x2 C 2x. Thendu D .2x C 2/ dx or 12 du D .x C 1/ dx. Hence,

Z
.x C 1/ex

2C2x dx D 1

2

Z
eu du D 1

2
eu C C D 1

2
ex

2C2x C C:

65.
Z

ex dx

.ex C 1/4

SOLUTION Let u D ex C 1. Thendu D ex dx, and

Z
ex

.ex C 1/4
dx D

Z
u�4 du D � 1

3u3
C C D � 1

3.ex C 1/3
C C:

66.
Z
.sec2 �/ etan� d�

SOLUTION Let u D tan� . Thendu D sec2 � d� , and

Z
.sec2 �/ etan� d� D

Z
eu du D eu C C D etan� C C:

67.
Z

et dt

e2t C 2et C 1

SOLUTION Let u D et . Thendu D et dt , and

Z
et dt

e2t C 2et C 1
D
Z

du

u2 C 2uC 1
D
Z

du

.uC 1/2
D � 1

uC 1
C C D � 1

et C 1
C C:

68.
Z

dx

x.lnx/2

SOLUTION Let u D ln x. Thendu D 1
x dx, and

Z
dx

x.lnx/2
D
Z
u�2 du D � 1

u
C C D � 1

lnx
C C:
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69.
Z
.ln x/4 dx

x

SOLUTION Let u D ln x. Thendu D 1
x dx, and

Z
.lnx/4

x
dx D

Z
u4 du D 1

5
u5 C C D 1

5
.lnx/5 C C:

70.
Z

dx

x lnx

SOLUTION Let u D ln x. Thendu D 1
x dx, and

Z
dx

x lnx
D
Z
du

u
D ln juj C C D ln j ln xj C C:

71.
Z

tan.lnx/

x
dx

SOLUTION Let u D cos.lnx/. Thendu D � 1
x sin.lnx/ dx or �du D 1

x sin.lnx/ dx. Hence,

Z
tan.lnx/

x
dx D

Z
sin.lnx/

x cos.lnx/
dx D �

Z
du

u
D � ln juj C C D � ln j cos.lnx/j C C:

72.
Z
.cotx/ ln.sinx/ dx

SOLUTION Let u D ln.sinx/. Then

du D 1

sinx
cosx D cotx;

and
Z
.cotx/ ln.sinx/ dx D

Z
udu D 1

2
u2 C C D 1

2
.ln.sinx//2 C C:

73. Evaluate
Z

dx

.1C
p
x/3

usingu D 1C
p
x. Hint: Show thatdx D 2.u � 1/du.

SOLUTION Let u D 1C
p
x. Then

du D 1

2
p
x
dx or dx D 2

p
x du D 2.u � 1/ du:

Hence,
Z

dx

.1C
p
x/3

D 2

Z
u � 1
u3

du D 2

Z
.u�2 � u�3/ du

D �2u�1 C u�2 C C D � 2

1C
p
x

C 1

.1C
p
x/2

C C:

74. Can They Both Be Right? Hannah uses the substitutionu D tanx and Akiva usesu D secx to evaluate
R

tanx sec2 x dx.
Show that they obtain different answers, and explain the apparent contradiction.

SOLUTION With the substitutionu D tanx, Hannah findsdu D sec2 x dx and

Z
tanx sec2 x dx D

Z
udu D 1

2
u2 C C1 D 1

2
tan2 x C C1:

On the other hand, with the substitutionu D secx, Akiva findsdu D secx tanx dx and
Z

tanx sec2 x dx D
Z

secx.tanx secx/ dx D 1

2
sec2 x C C2

Hannah and Akiva have each found a correct antiderivative. To resolve what appears to be a contradiction, recall that any two
antiderivatives of a specified function differ by a constant. To show that this is true in their case, note that

�
1

2
sec2 x C C2

�
�
�
1

2
tan2 x C C1

�
D 1

2
.sec2 x � tan2 x/C C2 � C1

D 1

2
.1/C C2 � C1 D 1

2
C C2 � C1; a constant

Here we used the trigonometric identity tan2 x C 1 D sec2 x.
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75. Evaluate
R

sinx cosx dx using substitution in two different ways: first usingu D sinx and then usingu D cosx. Reconcile
the two different answers.

SOLUTION First, letu D sinx: Thendu D cosx dx and

Z
sinx cosx dx D

Z
udu D 1

2
u2 C C1 D 1

2
sin2 x C C1:

Next, letu D cosx. Thendu D � sinx dx or �du D sinx dx. Hence,
Z

sinx cosx dx D �
Z
udu D �1

2
u2 C C2 D �1

2
cos2 x C C2:

To reconcile these two seemingly different answers, recall that any two antiderivatives of a specified function differ by a constant.
To show that this is true here, note that.12 sin2 x C C1/ � .�1

2 cos2 x C C2/ D 1
2 C C1 � C2, a constant. Here we used the

trigonometric identity sin2 x C cos2 x D 1.

76. Some Choices Are Better Than Others Evaluate

Z
sinx cos2 x dx

twice. First useu D sinx to show that
Z

sinx cos2 x dx D
Z
u
p
1 � u2 du

and evaluate the integral on the right by a further substitution. Then show thatu D cosx is a better choice.

SOLUTION Consider the integral
R

sinx cos2 x dx. If we letu D sinx, then cosx D
p
1 � u2 anddu D cosx dx. Hence

Z
sinx cos2 x dx D

Z
u
p
1 � u2 du:

Now letw D 1 � u2. Thendw D �2u du or �1
2dw D udu. Therefore,

Z
u
p
1 � u2 du D �1

2

Z
w1=2 dw D �1

2

�
2

3
w3=2

�
C C

D �1
3
w3=2 C C D �1

3
.1 � u2/3=2 C C

D �1
3
.1 � sin2 x/3=2 C C D �1

3
cos3 x C C:

A better substitution choice isu D cosx. Thendu D � sinx dx or �du D sinx dx. Hence
Z

sinx cos2 x dx D �
Z
u2 du D �1

3
u3 C C D �1

3
cos3 x C C:

77. What are the new limits of integration if we apply the substitutionu D 3x C � to the integral
R �
0 sin.3x C �/ dx?

SOLUTION The new limits of integration areu.0/ D 3 � 0C � D � andu.�/ D 3� C � D 4�.

78. Which of the following is the result of applying the substitutionu D 4x � 9 to the integral
R 8
2 .4x � 9/20 dx?

(a)
Z 8

2
u20 du (b)

1

4

Z 8

2
u20 du

(c) 4
Z 23

�1
u20 du (d)

1

4

Z 23

�1
u20 du

SOLUTION Let u D 4x � 9. Thendu D 4 dx or 14 du D dx. Furthermore, whenx D 2, u D �1, and whenx D 8, u D 23.
Hence

Z 8

2
.4x � 9/20 dx D 1

4

Z 23

�1
u20 du:

The answer is therefore(d).

In Exercises 79–90, use the Change-of-Variables Formula to evaluate the definite integral.

79.
Z 3

1
.x C 2/3 dx
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SOLUTION Let u D x C 2. Thendu D dx. Hence

Z 3

1
.x C 2/3 dx D

Z 5

3
u3 du D 1

4
u4
ˇ̌
ˇ̌
5

3

D 54

4
� 34

4
D 136:

80.
Z 6

1

p
x C 3 dx

SOLUTION Let u D x C 3. Thendu D dx. Hence

Z 6

1

p
x C 3 dx D

Z 9

4

p
udu D 2

3
u3=2

ˇ̌
ˇ̌
9

4

D 2

3
.27 � 8/ D 38

3
:

81.
Z 1

0

x

.x2 C 1/3
dx

SOLUTION Let u D x2 C 1. Thendu D 2x dx or 12 du D x dx. Hence

Z 1

0

x

.x2 C 1/3
dx D 1

2

Z 2

1

1

u3
du D 1

2

�
�1
2
u�2

�ˇ̌
ˇ̌
2

1

D � 1

16
C 1

4
D 3

16
D 0:1875:

82.
Z 2

�1

p
5x C 6 dx

SOLUTION Let u D 5x C 6. Thendu D 5dx or 15 du D dx. Hence

Z 2

�1

p
5x C 6dx D 1

5

Z 16

1

p
udu D 1

5

�
2

3
u3=2

�ˇ̌
ˇ̌
16

1

D 2

15
.64 � 1/ D 42

5
:

83.
Z 4

0
x
p
x2 C 9 dx

SOLUTION Let u D x2 C 9. Thendu D 2x dx or 12 du D x dx. Hence

Z 4

0
x
p
x2 C 9 dx D 1

2

Z 25

9

p
udu D 1

2

�
2

3
u3=2

�ˇ̌
ˇ̌
25

9

D 1

3
.125 � 27/ D 98

3
:

84.
Z 2

1

4x C 12

.x2 C 6x C 1/2
dx

SOLUTION Let u D x2 C 6x C 1. Thendu D .2x C 6/ dx and

Z 2

1

4x C 12

.x2 C 6x C 1/2
dx D 2

Z 17

8
u�2 du D � 2

u

ˇ̌
ˇ̌
17

8

D � 2

17
C 1

4
D 9

68
:

85.
Z 1

0
.x C 1/.x2 C 2x/5 dx

SOLUTION Let u D x2 C 2x. Thendu D .2x C 2/ dx D 2.x C 1/ dx, and

Z 1

0
.x C 1/.x2 C 2x/5 dx D 1

2

Z 3

0
u5 du D 1

12
u6
ˇ̌
ˇ̌
3

0

D 729

12
D 243

4
:

86.
Z 17

10
.x � 9/�2=3 dx

SOLUTION Let u D x � 9. Thendu D dx. Hence

Z 17

10
.x � 9/�2=3 dx D

Z 8

1
u�2=3 dx D 3u1=3

ˇ̌
ˇ̌
8

1

D 3 .2 � 1/ D 3:

87.
Z 1

0
� tan.�2/ d�

SOLUTION Let u D cos�2. Thendu D �2� sin�2 d� or �1
2du D � sin�2 d� . Hence,

Z 1

0
� tan.�2/ d� D

Z 1

0

� sin.�2/

cos.�2/
d� D �1

2

Z cos1

1

du

u
D �1

2
ln juj

ˇ̌
ˇ̌
cos1

1

D �1
2
Œln.cos1/C ln 1� D 1

2
ln.sec1/:
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88.
Z �=6

0
sec2

�
2x � �

6

�
dx

SOLUTION Let u D 2x � �

6
. Thendu D 2 dx and

Z �=6

0
sec2

�
2x � �

6

�
dx D 1

2

Z �=6

��=6
sec2 udu D 1

2
tanu

ˇ̌
ˇ̌
�=6

��=6

D 1

2

 p
3

3
C

p
3

3

!
D

p
3

3
:

89.
Z �=2

0
cos3 x sinx dx

SOLUTION Let u D cosx. Thendu D � sinx dx. Hence

Z �=2

0
cos3 x sinx dx D �

Z 0

1
u3 du D

Z 1

0
u3 du D 1

4
u4
ˇ̌
ˇ̌
1

0

D 1

4
� 0 D 1

4
:

90.
Z �=2

�=3
cot2

x

2
csc2

x

2
dx

SOLUTION Let u D cot
x

2
. Thendu D �1

2
csc2

x

2
and

Z �=2

�=3
cot2

x

2
csc2

x

2
dx D �2

Z 1

p
3
u2 du

D �2
3
u3
ˇ̌
ˇ̌
1

p
3

D 2

3
.3

p
3 � 1/:

91. Evaluate
Z 2

0
r

q
5 �

p
4 � r2 dr .

SOLUTION Let u D 5 �
p
4 � r2. Then

du D r drp
4 � r2

D r dr

5 � u

so that

r dr D .5 � u/du:

Hence, the integral becomes:

Z 2

0
r

q
5 �

p
4 � r2 dr D

Z 5

3

p
u.5 � u/ du D

Z 5

3

�
5u1=2 � u3=2

�
du D

�
10

3
u3=2 � 2

5
u5=2

�ˇ̌
ˇ̌
5

3

D
�
50

3

p
5 � 10

p
5

�
�
�
10

p
3 � 18

5

p
3

�
D 20

3

p
5 � 32

5

p
3:

92. Find numbersa andb such that
Z b

a
.u2 C 1/ du D

Z �=4

��=4
sec4 � d�

and evaluate.Hint: Use the identity sec2 � D tan2 � C 1.

SOLUTION Let u D tan� . Thenu2 C 1 D tan2 � C 1 D sec2 � anddu D sec2 � d� . Moreover, because

tan
�
��
4

�
D �1 and tan

�

4
D 1;

it follows thata D �1 andb D 1. Thus,

Z �=4

��=4
sec4 � d� D

Z 1

�1
.u2 C 1/ du D

�
1

3
u3 C u

�ˇ̌
ˇ̌
1

�1
D 8

3
:
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93. Wind engineers have found that wind speedv (in meters/second) at a given location follows aRayleigh distribution of the
type

W.v/ D 1

32
ve�v2=64

This means that at a given moment in time, the probability thatv lies betweena andb is equal to the shaded area in Figure 1.

(a) Show that the probability thatv 2 Œ0; b� is 1 � e�b2=64.

(b) Calculate the probability thatv 2 Œ2; 5�.

20

0.05

0.1

a b

y = W(v)

v (m/s)

y

FIGURE 1 The shaded area is the probability thatv lies betweena andb.

SOLUTION

(a) The probability thatv 2 Œ0; b� is

Z b

0

1

32
ve�v2=64 dv:

Let u D �v2=64. Thendu D �v=32 dv and

Z b

0

1

32
ve�v2=64 dv D �

Z �b2=64

0
eu du D �eu

ˇ̌
ˇ̌
�b2=64

0

D �e�b2=64 C 1:

(b) The probability thatv 2 Œ2; 5� is the probability thatv 2 Œ0; 5� minus the probability thatv 2 Œ0; 2�. By part (a), the probability
thatv 2 Œ2; 5� is

�
1 � e�25=64

�
�
�
1 � e�1=16

�
D e�1=16 � e�25=64:

94. Evaluate
Z �=2

0
sinn x cosx dx for n � 0.

SOLUTION Let u D sinx. Thendu D cosx dx. Hence

Z �=2

0
sinn x cosx dx D

Z 1

0
un du D unC1

nC 1

ˇ̌
ˇ̌
ˇ

1

0

D 1

nC 1
:

In Exercises 95–96, use substitution to evaluate the integral in terms off .x/.

95.
Z
f .x/3 f 0.x/ dx

SOLUTION Let u D f .x/. Thendu D f 0.x/ dx. Hence

Z
f .x/3 f 0.x/ dx D

Z
u3 du D 1

4
u4 C C D 1

4
f .x/4 C C:

96.
Z
f 0.x/
f .x/2

dx

SOLUTION Let u D f .x/. Thendu D f 0.x/ dx. Hence

Z
f 0.x/
f .x/2

dx D
Z
u�2 du D �u�1 C C D �1

f .x/
C C:

97. Show that
Z �=6

0
f .sin�/ d� D

Z 1=2

0
f .u/

1p
1 � u2

du.
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SOLUTION Let u D sin� . Thenu.�=6/ D 1=2 andu.0/ D 0, as required. Furthermore,du D cos� d� , so that

d� D du

cos�
:

If sin� D u, thenu2 C cos2 � D 1; so that cos� D
p
1 � u2. Therefored� D du=

p
1 � u2. This gives

Z �=6

0
f .sin�/ d� D

Z 1=2

0
f .u/

1p
1 � u2

du:

Further Insights and Challenges

98. Use the substitutionu D 1C x1=n to show that
Z p

1C x1=n dx D n

Z
u1=2.u � 1/n�1 du

Evaluate forn D 2; 3.

SOLUTION Letu D 1C x1=n. Thenx D .u� 1/n anddx D n.u� 1/n�1 du. Accordingly,
Z p

1C x1=n dx D n

Z
u1=2.u�

1/n�1 du.
Forn D 2, we have

Z p
1C x1=2 dx D 2

Z
u1=2.u � 1/1 du D 2

Z
.u3=2 � u1=2/ du

D 2

�
2

5
u5=2 � 2

3
u3=2

�
C C D 4

5
.1C x1=2/5=2 � 4

3
.1C x1=2/3=2 C C:

Forn D 3, we have
Z p

1C x1=3 dx D 3

Z
u1=2.u � 1/2 du D 3

Z
.u5=2 � 2u3=2 C u1=2/ du

D 3

�
2

7
u7=2 � .2/

�
2

5

�
u5=2 C 2

3
u3=2

�
C C

D 6

7
.1C x1=3/7=2 � 12

5
.1C x1=3/5=2 C 2.1C x1=3/3=2 C C:

99. EvaluateI D
Z �=2

0

d�

1C tan6;000 �
. Hint: Use substitution to show thatI is equal toJ D

Z �=2

0

d�

1C cot6;000 �
and then

check thatI C J D
Z �=2

0
d� .

SOLUTION To evaluate

I D
Z �=2

0

dx

1C tan6000 x
;

we substitutet D �=2 � x. Thendt D �dx, x D �=2 � t , t.0/ D �=2, andt.�=2/ D 0. Hence,

I D
Z �=2

0

dx

1C tan6000 x
D �

Z 0

�=2

dt

1C tan6000.�=2 � t/
D
Z �=2

0

dt

1C cot6000 t
:

Let J D
R �=2
0

dt

1C cot6000.t/
. We knowI D J , soI C J D 2I . On the other hand, by the definition ofI andJ and the linearity

of the integral,

I C J D
Z �=2

0

dx

1C tan6000 x
C dx

1C cot6000 x
D
Z �=2

0

�
1

1C tan6000 x
C 1

1C cot6000 x

�
dx

D
Z �=2

0

�
1

1C tan6000 x
C 1

1C .1= tan6000 x/

�
dx

D
Z �=2

0

�
1

1C tan6000 x
C 1

.tan6000 x C 1/= tan6000 x

�
dx
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D
Z �=2

0

 
1

1C tan6000 x
C tan6000 x

1C tan6000 x

!
dx

D
Z �=2

0

 
1C tan6000 x

1C tan6000 x

!
dx D

Z �=2

0
1 dx D �=2:

Hence,I C J D 2I D �=2, soI D �=4.

100. Use substitution to prove that
Z a

�a
f .x/ dx D 0 if f is an odd function.

SOLUTION We assume thatf is continuous. Iff .x/ is an odd function, thenf .�x/ D �f .x/. Letu D �x. Thenx D �u and
du D �dx or �du D dx. Accordingly,

Z a

�a
f .x/ dx D

Z 0

�a
f .x/ dx C

Z a

0
f .x/ dx D �

Z 0

a
f .�u/duC

Z a

0
f .x/ dx

D
Z a

0
f .x/ dx �

Z a

0
f .u/ du D 0:

101. Prove that
R b
a
1
x dx D

R b=a
1

1
x dx for a, b > 0. Then show that the regions under the hyperbola over the intervalsŒ1; 2�, Œ2; 4�,

Œ4; 8�; : : : all have the same area (Figure 2).

1
2

1
8

1
4

1 2 4 8

1

x

y

y =
1
x

Equal area

FIGURE 2 The area undery D 1
x over Œ2n; 2nC1� is the same for alln D 0; 1; 2; : : : :

SOLUTION Let u D x
a . Thenau D x anddu D 1

a dx or a du D dx. Hence

Z b

a

1

x
dx D

Z b=a

1

a

au
du D

Z b=a

1

1

u
du:

Note that
Z b=a

1

1

u
du D

Z b=a

1

1

x
dx after the substitutionx D u.

The area under the hyperbola over the intervalŒ1; 2� is given by the definite integral
R 2
1
1
x dx. Denote this definite integral byA.

Using the result from part (a), we find the area under the hyperbola over the intervalŒ2; 4� is
Z 4

2

1

x
dx D

Z 4=2

1

1

x
dx D

Z 2

1

1

x
dx D A:

Similarly, the area under the hyperbola over the intervalŒ4; 8� is
Z 8

4

1

x
dx D

Z 8=4

1

1

x
dx D

Z 2

1

1

x
dx D A:

In general, the area under the hyperbola over the intervalŒ2n; 2nC1� is

Z 2nC1

2n

1

x
dx D

Z 2nC1=2n

1

1

x
dx D

Z 2

1

1

x
dx D A:

102. Show that the two regions in Figure 3 have the same area. Then use the identity cos2 u D 1
2 .1 C cos2u/ to compute the

second area.

(A) (B)

x

1 1

1 1

u

y = cos2 u

y y

y = �1 − x2

FIGURE 3
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SOLUTION The area of the region in Figure 3(A) is given by
R 1
0

p
1 � x2 dx. Let x D sinu. Then dx D cosudu andp

1 � x2 D
p
1 � sin2 u D cosu. Hence,

Z 1

0

p
1 � x2 dx D

Z �=2

0
cosu � cosudu D

Z �=2

0
cos2 udu:

This last integral represents the area of the region in Figure 3(B). The two regions in Figure 3 therefore have the same area.

Let’s now focus on the definite integral
R �=2
0 cos2 udu. Using the trigonometric identity cos2 u D 1

2 .1C cos2u/, we have

Z �=2

0
cos2 udu D 1

2

Z �=2

0
1C cos2u du D 1

2

�
uC 1

2
sin 2u

�ˇ̌
ˇ̌
�=2

0

D 1

2
� �
2

� 0 D �

4
:

103. Area of an Ellipse Prove the formulaA D �ab for the area of the ellipse with equation (Figure 4)

x2

a2
C y2

b2
D 1

Hint: Use a change of variables to show thatA is equal toab times the area of the unit circle.

x

y
b

−b

a−a

FIGURE 4 Graph of
x2

a2
C y2

b2
D 1.

SOLUTION Consider the ellipse with equationx
2

a2 C y2

b2 D 1; herea; b > 0. The area between the part of the ellipse in the upper

half-plane,y D f .x/ D
r
b2
�
1 � x2

a2

�
, and thex-axis is

R a
�a f .x/ dx. By symmetry, the part of the elliptical region in the lower

half-plane has the same area. Accordingly, the area enclosed by the ellipse is

2

Z a

�a
f .x/ dx D 2

Z a

�a

s
b2
�
1 � x2

a2

�
dx D 2b

Z a

�a

q
1 � .x=a/2 dx

Now, letu D x=a. Thenx D au anda du D dx. Accordingly,

2b

Z a

�a

r
1 �

�x
a

�2
dx D 2ab

Z 1

�1

p
1 � u2 du D 2ab

��
2

�
D �ab

Here we recognized that
R 1

�1
p
1 � u2 du represents the area of the upper unit semicircular disk, which by Exercise 102 is2.�4 / D

�
2 .

5.7 Further Transcendental Functions

Preliminary Questions

1. Findb such that
Z b

1

dx

x
is equal to

(a) ln 3 (b) 3

SOLUTION Forb > 0,

Z b

1

dx

x
D ln jxj

ˇ̌
ˇ̌
b

1

D ln b � ln 1 D ln b:

(a) For the value of the definite integral to equal ln3, we must haveb D 3.

(b) For the value of the definite integral to equal 3, we must haveb D e3.

2. Findb such that
Z b

0

dx

1C x2
D �

3
.



638 C H A P T E R 5 THE INTEGRAL

SOLUTION In general,

Z b

0

dx

1C x2
D tan�1 x

ˇ̌
ˇ̌
b

0

D tan�1 b � tan�1 0 D tan�1 b:

For the value of the definite integral to equal�3 , we must have

tan�1 b D �

3
or b D tan

�

3
D

p
3:

3. Which integral should be evaluated using substitution?

(a)
Z

9 dx

1C x2
(b)

Z
dx

1C 9x2

SOLUTION Use the substitutionu D 3x on the integral in(b).

4. Which relation betweenx andu yields
p
16C x2 D 4

p
1C u2?

SOLUTION To transform
p
16C x2 into4

p
1C u2, make the substitutionx D 4u.

Exercises
In Exercises 1–10, evaluate the definite integral.

1.
Z 9

1

dx

x

SOLUTION

Z 9

1

1

x
dx D ln jxj

ˇ̌
ˇ̌
9

1

D ln 9 � ln 1 D ln 9.

2.
Z 20

4

dx

x

SOLUTION

Z 20

4

1

x
dx D ln jxj

ˇ̌
ˇ̌
20

4

D ln 20 � ln 4 D ln 5.

3.
Z e3

1

1

t
dt

SOLUTION

Z e3

1

1

t
dt D ln jt j

ˇ̌
ˇ̌
e3

1

D ln e3 � ln 1 D 3.

4.
Z �e

�e2

1

t
dt

SOLUTION

Z �e

�e2

1

t
dt D ln jt j

ˇ̌
ˇ̌
�e

�e2

D ln j � ej � ln j � e2j D ln
e

e2
D ln.1=e/ D �1.

5.
Z 12

2

dt

3t C 4

SOLUTION Let u D 3t C 4. Thendu D 3 dt and

Z 12

2

dt

3t C 4
D 1

3

Z 40

10

du

u
D 1

3
ln juj

ˇ̌
ˇ̌
40

10

D 1

3
.ln40 � ln 10/ D 1

3
ln4:

6.
Z e3

e

dt

t ln t

SOLUTION Let u D ln t . Thendu D .1=t/dt and

Z e3

e

1

t ln t
dt D

Z 3

1

du

u
D ln juj

ˇ̌
ˇ
3

1
D ln 3 � ln 1 D ln 3:

7.
Z tan8

tan1

dx

x2 C 1

SOLUTION

Z tan8

tan1

dx

1C x2
D tan�1 x

ˇ̌
ˇ̌
tan8

tan1
D tan�1.tan8/ � tan�1.tan1/ D 8 � 1 D 7.
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8.
Z 7

2

x dx

x2 C 1

SOLUTION Let u D x2 C 1. Thendu D 2x dx and

Z 7

2

x dx

x2 C 1
D 1

2

Z 50

5

du

u
D 1

2
ln juj

ˇ̌
ˇ̌
50

5

D 1

2
.ln50 � ln 5/ D 1

2
ln10:

9.
Z 1=2

0

dxp
1 � x2

SOLUTION

Z 1=2

0

dxp
1 � x2

D sin�1 x
ˇ̌
ˇ̌
1=2

0

D sin�1 1
2

� sin�1 0 D �

6
.

10.
Z �2=

p
3

�2

dx

jxj
p
x2 � 1

SOLUTION

Z �2=
p
3

�2

dx

jxj
p
x2 � 1

D sec�1 x
ˇ̌
ˇ̌
�2=

p
3

�2
D sec�1

�
� 2p

3

�
� sec�1.�2/ D 5�

6
� 2�

3
D �

6
.

11. Use the substitutionu D x=3 to prove
Z

dx

9C x2
D 1

3
tan�1 x

3
C C

SOLUTION Let u D x=3. Then,x D 3u, dx D 3 du, 9C x2 D 9.1C u2/, and

Z
dx

9C x2
D
Z

3 du

9.1C u2/
D 1

3

Z
du

1C u2
D 1

3
tan�1 uC C D 1

3
tan�1 x

3
C C:

12. Use the substitutionu D 2x to evaluate
Z

dx

4x2 C 1
.

SOLUTION Let u D 2x. Then,x D u=2, dx D 1
2 du, 4x2 C 1 D u2 C 1, and

Z
dx

4x2 C 1
D 1

2

Z
du

u2 C 1
D 1

2
tan�1 uC C D 1

2
tan�1 2x C C:

In Exercises 13–32, calculate the integral.

13.
Z 3

0

dx

x2 C 3

SOLUTION Let x D
p
3u. Thendx D

p
3 du and

Z 3

0

dx

x2 C 3
D 1p

3

Z p
3

0

du

u2 C 1
D 1p

3
tan�1 u

ˇ̌
ˇ̌
p
3

0

D 1p
3
.tan�1 p

3 � tan�1 0/ D �

3
p
3
:

14.
Z 4

0

dt

4t2 C 9

SOLUTION Let t D .3=2/u. Thendt D .3=2/ du, 4t2 C 9 D 9t2 C 9 D 9.t2 C 1/, and

Z 4

0

dt

4t2 C 9
D 1

6

Z 8=3

0

du

u2 C 1
D 1

6
tan�1 u

ˇ̌
ˇ̌
8=3

0

D 1

6
tan�1 8

3
:

15.
Z

dtp
1 � 16t2

SOLUTION Let u D 4t . Thendu D 4dt , and

Z
dtp

1 � 16t2
D
Z

du

4
p
1 � u2

D 1

4
sin�1 uC C D 1

4
sin�1.4t/C C:

16.
Z p

3

�1

dxp
4 � 25x2
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SOLUTION Note that the domain of the function is from�2=5 to 2=5, so we will integrate overŒ�2=5; 2=5�. Letx D 2u=5. Then

dx D 2

5
du; 4 � 25x2 D 4.1 � u2/;

and
Z 2=5

�2=5

dxp
4 � 25x2

D 2

5

Z 1

�1

1p
4.1 � u2/

du

D 1

5
sin�1 u

ˇ̌
ˇ̌
1

�1

D 1

5

�
sin�1.1/� sin�1.�1/

�
D �

5
:

17.
Z

dtp
5 � 3t2

SOLUTION Let t D
p
5=3u. Thendt D

p
5=3 du and

Z
dtp
5 � 3t2

D
Z p

5=3 du
p
5
p
1 � t2

D 1p
3

Z
dup
1 � u2

D 1p
3

sin�1 uC C D 1p
3

sin�1
r
3

5
t C C:

18.
Z 1=2

1=4

dx

x
p
16x2 � 1

SOLUTION Let x D u=4. Thendx D du=4, 16x2 � 1 D u2 � 1 and

Z 1=2

1=4

dx

x
p
16x2 � 1

D
Z 2

1

du

u
p
u2 � 1

D sec�1 u
ˇ̌
ˇ
2

1
D sec�1 2 � sec�1 1 D �

3
:

19.
Z

dx

x
p
12x2 � 3

SOLUTION Let u D 2x. Thendu D 2dx and

Z
dx

x
p
12x2 � 3

D 1p
3

Z
du

u
p
u2 � 1

D 1p
3

sec�1 uC C D 1p
3

sec�1.2x/C C:

20.
Z

x dx

x4 C 1

SOLUTION Let u D x2. Thendu D 2x dx and

Z
x dx

x4 C 1
D 1

2

Z
du

u2 C 1
D 1

2
tan�1 uC C D 1

2
tan�1 x2 C C:

21.
Z

dx

x
p
x4 � 1

SOLUTION Let u D x2. Thendu D 2x dx, and

Z
dx

x
p
x4 � 1

D
Z

du

2u
p
u2 � 1

D 1

2
sec�1 uC C D 1

2
sec�1 x2 C C:

22.
Z 0

�1=2

.x C 1/ dxp
1 � x2

SOLUTION Observe that

Z
.x C 1/ dxp
1 � x2

D
Z

x dxp
1� x2

C
Z

dxp
1 � x2

:

In the first integral on the right, we letu D 1 � x2, du D �2x dx. Thus
Z
.x C 1/ dxp
1 � x2

D �1
2

Z
du

u1=2
C
Z

1 dxp
1 � x2

D �
p
1� x2 C sin�1 x C C:

Finally,

Z 0

�1=2

.x C 1/ dxp
1 � x2

D .�
p
1 � x2 C sin�1 x/

ˇ̌
ˇ̌
0

�1=2
D �1C

p
3

2
C �

6
:
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23.
Z 0

� ln2

ex dx

1C e2x

SOLUTION Let u D ex . Thendu D exdx, and

Z 0

� ln2

ex dx

1C e2x
D
Z 1

1=2

du

1C u2
D tan�1 u

ˇ̌
ˇ̌
1

1=2

D �

4
� tan�1.1=2/:

24.
Z

ln.cos�1 x/ dx

.cos�1 x/
p
1 � x2

SOLUTION Let u D ln cos�1 x. Thendu D 1

cos�1 x
� �1p

1 � x2
, and

Z
ln.cos�1 x/ dx

.cos�1 x/
p
1 � x2

D �
Z
udu D �1

2
u2 C C D �1

2
.ln cos�1 x/2 C C:

25.
Z

tan�1 x dx
1C x2

SOLUTION Let u D tan�1 x. Thendu D dx

1C x2
, and

Z
tan�1 x dx
1C x2

D
Z
udu D 1

2
u2 C C D .tan�1 x/2

2
C C:

26.
Z p

3

1

dx

.tan�1 x/.1C x2/

SOLUTION Let u D tan�1 x. Thendu D dx

1C x2
, and

Z p
3

1

dx

.tan�1 x/.1C x2/
D
Z �=3

�=4

1

u
du D ln juj

ˇ̌
ˇ̌
�=3

�=4

D ln
�

3
� ln

�

4
D ln

4

3
:

27.
Z 1

0
3x dx

SOLUTION

Z 1

0
3x dx D 3x

ln 3

ˇ̌
ˇ̌
1

0

D 1

ln 3
.3 � 1/ D 2

ln 3
.

28.
Z 1

0
3�x dx

SOLUTION Let u D �x. Thendu D �dx and

Z 1

0
3�x dx D �

Z �1

0
3u du D � 3u

ln 3

ˇ̌
ˇ̌
�1

0

D 1

ln 3

�
�1
3

C 1

�
D 2

3 ln3
:

29.
Z log4.3/

0
4x dx

SOLUTION

Z log4.3/

0
4x dx D 4x

ln 4

ˇ̌
ˇ̌
log4 3

0

D 1

ln 4
.3 � 1/ D 2

ln 4
D 1

ln 2
.

30.
Z 1

0
t5t

2

dt

SOLUTION Let u D t2. Thendu D 2t dt and

Z 1

0
t5t

2

dt D 1

2

Z 1

0
5u du D 5u

2 ln5

ˇ̌
ˇ̌
1

0

D 5

2 ln5
� 1

2 ln5
D 2

ln 5
:

31.
Z
9x sin.9x/ dx

SOLUTION Let u D 9x . Thendu D 9x ln 9dx and

Z
9x sin.9x/ dx D 1

ln 9

Z
sinudu D � 1

ln 9
cosuC C D � 1

ln 9
cos.9x/C C:
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32.
Z

dxp
52x � 1

SOLUTION First, rewrite

Z
dxp
52x � 1

D
Z

dx

5x
p
1 � 5�2x

D
Z

5�x dxp
1 � 5�2x

:

Now, letu D 5�x . Thendu D �5�x ln 5 dx and
Z

dxp
52x � 1

D � 1

ln 5

Z
dup
1 � u2

D � 1

ln 5
sin�1 uC C D � 1

ln 5
sin�1.5�x/C C:

In Exercises 33–70, evaluate the integral using the methods covered in the text so far.

33.
Z
yey

2

dy

SOLUTION Use the substitutionu D y2; du D 2y dy. Then

Z
yey

2

dy D 1

2

Z
eu du D 1

2
eu C C D 1

2
ey

2 C C:

34.
Z

dx

3x C 5

SOLUTION Let u D 3x C 5. Thendu D 3dx and

Z
dx

3x C 5
D 1

3

Z
du

u
D 1

3
ln juj C C D 1

3
ln j3x C 5j C C:

35.
Z

x dxp
4x2 C 9

SOLUTION Let u D 4x2 C 9. Thendu D 8x dx and

Z
xp

4x2 C 9
dx D 1

8

Z
u�1=2 du D 1

4
u1=2 C C D 1

4

p
4x2 C 9C C:

36.
Z
.x � x�2/2 dx

SOLUTION

Z
.x � x�2/2 dx D

Z
.x2 � 2x�1 C x�4/ dx D 1

3
x3 � 2 ln jxj � 1

3
x�3 C C .

37.
Z
7�x dx

SOLUTION Let u D �x. Thendu D �dx and

Z
7�x dx D �

Z
7u du D � 7u

ln 7
C C D �7

�x

ln 7
C C:

38.
Z
e9�12t dt

SOLUTION Let u D 9 � 12t . Thendu D �12 dt and

Z
e9�12t dt D � 1

12

Z
eu du D � 1

12
eu C C D � 1

12
e9�12t C C:

39.
Z

sec2 � tan7 � d�

SOLUTION Let u D tan� . Thendu D sec2 � d� and

Z
sec2 � tan7 � d� D

Z
u7 du D 1

8
u8 C C D 1

8
tan8 � C C:

40.
Z

cos.ln t/ dt

t

SOLUTION Let u D ln t . Thendu D dt=t and

Z
cos.ln t/ dt

t
D
Z

cosudu D sinuC C D sin.ln t/C C:
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41.
Z

t dtp
7 � t2

SOLUTION Let u D 7 � t2. Thendu D �2t dt and

Z
t dtp
7 � t2

D �1
2

Z
u�1=2 du D �u1=2 C C D �

p
7 � t2 C C:

42.
Z
2xe4x dx

SOLUTION First, note that

2x D ex ln2 so 2xe4x D e.4Cln2/x :

Thus,
Z
2xe4x dx D

Z
e.4Cln2/x dx D 1

4C ln2
e.4Cln2/x C C:

43.
Z
.3x C 2/ dx

x2 C 4

SOLUTION Write

Z
.3x C 2/ dx

x2 C 4
D
Z

3x dx

x2 C 4
C
Z

2dx

x2 C 4
:

In the first integral, letu D x2 C 4. Thendu D 2x dx and
Z

3x dx

x2 C 4
D 3

2

Z
du

u
� 3

2
ln juj C C1 D 3

2
ln.x2 C 4/C C1:

For the second integral, letx D 2u. Thendx D 2 du and
Z

2 dx

x2 C 4
D
Z

du

u2 C 1
D tan�1 uC C2 D tan�1.x=2/C C2:

Combining these two results yields
Z
.3x C 2/ dx

x2 C 4
D 3

2
ln.x2 C 4/C tan�1.x=2/C C:

44.
Z

tan.4x C 1/ dx

SOLUTION First we rewrite
R

tan.4x C 1/ dx as
R sin.4xC1/

cos.4xC1/ dx. Letu D cos.4x C 1/. Thendu D �4 sin.4x C 1/ dx, and

Z
sin.4x C 1/

cos.4x C 1/
dx D �1

4

Z
du

u
D �1

4
ln j cos.4x C 1/j C C:

45.
Z

dxp
1 � 16x2

SOLUTION Let u D 4x. Thendu D 4 dx and

Z
dxp

1 � 16x2
D 1

4

Z
dup
1� u2

D 1

4
sin�1 uC C D 1

4
sin�1.4x/C C:

46.
Z
et
p
et C 1 dt

SOLUTION Use the substitutionu D et C 1; du D et dt . Then

Z
et
p
et C 1dt D

Z p
udu D 2

3
u3=2 C C D 2

3
.et C 1/3=2 C C:

47.
Z
.e�x � 4x/ dx

SOLUTION First, observe that

Z
.e�x � 4x/ dx D

Z
e�x dx �

Z
4x dx D

Z
e�x dx � 2x2:



644 C H A P T E R 5 THE INTEGRAL

In the remaining integral, use the substitutionu D �x; du D �dx. Then
Z
e�x dx D �

Z
eu du D �eu C C D �e�x C C:

Finally,
Z
.e�x � 4x/ dx D �e�x � 2x2 C C:

48.
Z
.7 � e10x/ dx

SOLUTION First, observe that

Z
.7� e10x/ dx D

Z
7 dx �

Z
e10x dx D 7x �

Z
e10x dx:

In the remaining integral, use the substitutionu D 10x; du D 10 dx. Then
Z
e10x dx D 1

10

Z
eu du D 1

10
eu C C D 1

10
e10x C C:

Finally,
Z
.7 � e10x/ dx D 7x � 1

10
e10x C C:

49.
Z
e2x � e4x

ex
dx

SOLUTION

Z  
e2x � e4x

ex

!
dx D

Z
.ex � e3x/ dx D ex � e3x

3
C C:

50.
Z

dx

x
p
25x2 � 1

SOLUTION Let u D 5x. Thendu D 5dx and

Z
dx

x
p
25x2 � 1

D
Z

du

u
p
u2 � 1

D sec�1 uC C D sec�1.5x/C C:

51.
Z
.x C 5/ dxp
4 � x2

SOLUTION Write

Z
.x C 5/ dxp
4 � x2

D
Z

x dxp
4� x2

C
Z

5 dxp
4 � x2

:

In the first integral, letu D 4 � x2. Thendu D �2x dx and
Z

x dxp
4 � x2

D �1
2

Z
u�1=2 du D �u1=2 C C1 D �

p
4 � x2 C C1:

In the second integral, letx D 2u. Thendx D 2 du and
Z

5 dxp
4 � x2

D 5

Z
dup
1 � u2

D 5 sin�1 uC C2 D 5 sin�1.x=2/C C2:

Combining these two results yields
Z
.x C 5/ dxp
4 � x2

D �
p
4 � x2 C 5 sin�1.x=2/C C:

52.
Z
.t C 1/

p
t C 1 dt

SOLUTION Let u D t C 1. Thendu D dt and

Z
.t C 1/

p
t C 1dt D

Z
u3=2 du D 2

5
u5=2 C C D 2

5
.t C 1/5=2 C C:
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53.
Z
ex cos.ex/ dx

SOLUTION Use the substitutionu D ex ; du D ex dx. Then
Z
ex cos.ex/ dx D

Z
cosudu D sinuC C D sin.ex/C C:

54.
Z

exp
ex C 1

dx

SOLUTION Use the substitutionu D ex C 1; du D ex dx. Then

Z
exp
ex C 1

dx D
Z

dup
u

D 2
p
uC C D 2

p
ex C 1C C:

55.
Z

dxp
9 � 16x2

SOLUTION First rewrite

Z
dxp

9 � 16x2
D 1

3

Z
dxr

1 �
�
4
3x
�2 :

Now, letu D 4
3x. Thendu D 4

3 dx and

Z
dxp

9 � 16x2
D 1

4

Z
dup
1 � u2

D 1

4
sin�1 uC C D 1

4
sin�1

�
4x

3

�
C C:

56.
Z

dx

.4x � 1/ ln.8x � 2/

SOLUTION Let u D ln.8x � 2/. Thendu D 8

8x � 2dx D 4

4x � 1
dx, and

Z
dx

.4x � 1/ ln.8x � 2/
D 1

4

Z
du

u
D 1

4
ln juj C C D 1

4
ln j ln.8x � 2/j C C:

57.
Z
ex.e2x C 1/3 dx

SOLUTION Use the substitutionu D ex ; du D ex dx. Then

Z
ex.e2x C 1/3 dx D

Z �
u2 C 1

�3
du D

Z �
u6 C 3u4 C 3u2 C 1

�
du

D 1

7
u7 C 3

5
u5 C u3 C uC C D 1

7
.ex/7 C 3

5
.ex/5 C .ex/3 C ex C C

D e7x

7
C 3e5x

5
C e3x C ex C C:

58.
Z

dx

x.lnx/5

SOLUTION Let u D ln x. Thendu D dx=x and

Z
dx

x.lnx/5
D
Z
u�5 du D �1

4
u�4 C C D � 1

4.lnx/4
C C:

59.
Z

x2 dx

x3 C 2

SOLUTION Let u D x3 C 2. Thendu D 3x2 dx, and

Z
x2 dx

x3 C 2
D 1

3

Z
du

u
D 1

3
ln jx3 C 2j C C:

60.
Z

.3x � 1/ dx
9 � 2x C 3x2

SOLUTION Let u D 9 � 2x C 3x2. Thendu D .�2C 6x/ dx D 2.3x � 1/ dx, and

Z
.3x � 1/dx

9 � 2x C 3x2
D 1

2

Z
du

u
D 1

2
ln.9 � 2x C 3x2/C C:
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61.
Z

cotx dx

SOLUTION We rewrite
R

cotx dx as
R cosx

sinx dx. Letu D sinx. Thendu D cosx dx, and

Z
cosx

sinx
dx D

Z
du

u
D ln j sinxj C C:

62.
Z

cosx

2 sin x C 3
dx

SOLUTION Let u D 2 sinx C 3. Thendu D 2 cosx dx, and

Z
cosx

2 sinx C 3
dx D 1

2

Z
du

u
D 1

2
ln.2 sinx C 3/C C;

where we have used the fact that2 sinx C 3 � 1 to drop the absolute value.

63.
Z
4 lnx C 5

x
dx

SOLUTION Let u D 4 lnx C 5. Thendu D .4=x/dx, and

Z
4 ln x C 5

x
dx D 1

4

Z
u du D 1

8
u2 C C D 1

8
.4 ln x C 5/2 C C:

64.
Z
.sec� tan�/5sec� d�

SOLUTION Let u D sec� . Thendu D sec� tan� d� and

Z
.sec� tan�/5sec� d� D

Z
5u du D 5u

ln 5
C C D 5sec�

ln 5
C C:

65.
Z
x3x

2

dx

SOLUTION Let u D x2. Thendu D 2x dx, and

Z
x3x

2

dx D 1

2

Z
3udu D 1

2

3u

ln 3
C C D 3x

2

2 ln3
C C:

66.
Z

ln.ln x/

x lnx
dx

SOLUTION Let u D ln.ln x/. Thendu D 1

lnx
� 1
x
dx and

Z
ln.ln x/

x lnx
dx D

Z
udu D u2

2
C C D .ln.ln x//2

2
C C:

67.
Z

cotx ln.sinx/ dx

SOLUTION Let u D ln.sinx/. Then

du D 1

sinx
� cosx dx D cotx dx;

and
Z

cotx ln.sinx/ dx D
Z
udu D u2

2
C C D .ln.sinx//2

2
C C:

68.
Z

t dtp
1 � t4

SOLUTION Let u D t2. Thendu D 2t dt and

Z
t dtp
1� t4

D 1

2

Z
dup
1 � u2

D 1

2
sin�1 uC C D 1

2
sin�1 t2 C C:

69.
Z
t2

p
t � 3 dt
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SOLUTION Let u D t � 3. Thent D uC 3, du D dt and

Z
t2

p
t � 3 dt D

Z
.uC 3/2

p
udu

D
Z
.u2 C 6uC 9/

p
udu D

Z
.u5=2 C 6u3=2 C 9u1=2/ du

D 2

7
u7=2 C 12

5
u5=2 C 6u3=2 C C

D 2

7
.t � 3/7=2 C 12

5
.t � 3/5=2 C 6.t � 3/3=2 C C:

70.
Z

cosx5�2 sinx dx

SOLUTION Let u D �2 sinx. Thendu D �2 cosx dx and

Z
cosx5�2 sinx dx D �1

2

Z
5u du D � 5u

2ln5
C C D �5

�2 sinx

2 ln5
C C:

71. Use Figure 1 to prove
Z x

0

p
1 � t2 dt D 1

2
x
p
1 � x2 C 1

2
sin�1 x

x
x

y

1

FIGURE 1

SOLUTION The definite integral
Z x

0

p
1 � t2 dt represents the area of the region under the upper half of the unit circle from 0

to x. The region consists of a sector of the circle and a right triangle. The sector has a central angle of�
2 � � , where cos� D x.

Hence, the sector has an area of

1

2
.1/2

��
2

� cos�1 x
�

D 1

2
sin�1 x:

The right triangle has a base of lengthx, a height of
p
1 � x2, and hence an area of12x

p
1 � x2. Thus,

Z x

0

p
1� t2 dt D 1

2
x
p
1 � x2 C 1

2
sin�1 x:

72. Use the substitutionu D tanx to evaluate
Z

dx

1C sin2 x
:

Hint: Show that

dx

1C sin2 x
D du

1C 2u2

SOLUTION If u D tanx, thendu D sec2 x dx and

du

1C 2u2
D sec2 x dx

1C 2 tan2 x
D dx

cos2 x C 2 sin2 x
D dx

cos2 x C sin2 x C sin2 x
D dx

1C sin2 x
:

Thus
Z

dx

1C sin2 x
D
Z

du

1C 2u2
D
Z

du

1C .
p
2u/2

D 1p
2

tan�1.
p
2u/C C D 1p

2
tan�1..tanx/

p
2/C C:



648 C H A P T E R 5 THE INTEGRAL

73. Prove:
Z

sin�1 t dt D
p
1� t2 C t sin�1 t :

SOLUTION LetG.t/ D
p
1 � t2 C t sin�1 t . Then

G0.t/ D d

dt

p
1 � t2 C d

dt

�
t sin�1 t

�
D �tp

1 � t2
C
�
t � d
dt

sin�1 t C sin�1 t
�

D �tp
1 � t2

C
�

tp
1 � t2

C sin�1 t
�

D sin�1 t:

This proves the formula
Z

sin�1 t dt D
p
1 � t2 C t sin�1 t .

74. (a)Verify for r ¤ 0:

Z T

0
tert dt D erT .rT � 1/C 1

r2
6

Hint: For fixedr , letF.T / be the value of the integral on the left. By FTC II,F 0.t/ D tert andF.0/ D 0. Show that the same is
true of the function on the right.
(b) Use L’Hôpital’s Rule to show that for fixedT , the limit asr ! 0 of the right-hand side of Eq. (6) is equal to the value of the
integral forr D 0.

SOLUTION

(a) Let

f .t/ D ert

r2
.rt � 1/C 1

r2
:

Then

f 0.t/ D 1

r2

�
ert r C .rt � 1/.rert /

�
D tert

and

f .0/ D � 1

r2
C 1

r2
D 0;

as required.

(b) Using L’Hôpital’s Rule,

lim
r!0

erT .rT � 1/C 1

r2
D lim
r!0

TerT C .rT � 1/.TerT /

2r
D lim
r!0

rT 2erT

2r
D lim
r!0

T 2erT

2
D T 2

2
:

If r D 0 then,
Z T

0
tert dt D

Z T

0
t dt D t2

2

ˇ̌
ˇ̌
T

0

D T 2

2
.

Further Insights and Challenges

75. Recall that iff .t/ � g.t/ for t � 0, then for allx � 0,
Z x

0
f .t/ dt �

Z x

0
g.t/ dt 7

The inequalityet � 1 holds for t � 0 becausee > 1. Use Eq. (7) to prove thatex � 1C x for x � 0. Then prove, by successive
integration, the following inequalities (forx � 0):

ex � 1C x C 1

2
x2; ex � 1C x C 1

2
x2 C 1

6
x3

SOLUTION Integrating both sides of the inequalityet � 1 yields

Z x

0
et dt D ex � 1 � x or ex � 1C x:
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Integrating both sides of this new inequality then gives
Z x

0
et dt D ex � 1 � x C x2=2 or ex � 1C x C x2=2:

Finally, integrating both sides again gives
Z x

0
et dt D ex � 1 � x C x2=2C x3=6 or ex � 1C x C x2=2C x3=6

as requested.

76. Generalize Exercise 75; that is, use induction (if you are familiar with this method of proof) to prove that for alln � 0,

ex � 1C x C 1

2
x2 C 1

6
x3 C � � � C 1

nŠ
xn .x � 0/

SOLUTION For n D 1, ex � 1 C x by Exercise 75. Assume the statement is true forn D k. We need to prove the statement is
true forn D k C 1. By the Induction Hypothesis,

ex � 1C x C x2=2C � � � C xk=kŠ:

Integrating both sides of this inequality yields
Z x

0
et dt D ex � 1 � x C x2=2C � � � C xkC1=.k C 1/Š

or

ex � 1C x C x2=2C � � � C xkC1=.k C 1/Š

as required.

77. Use Exercise 75 to show thatex=x2 � x=6 and conclude that lim
x!1

ex=x2 D 1. Then use Exercise 76 to prove more generally

that lim
x!1

ex=xn D 1 for all n.

SOLUTION By Exercise 75,ex � 1C x C x2

2 C x3

6 . Thus

ex

x2
� 1

x2
C 1

x
C 1

2
C x

6
� x

6
:

Since lim
x!1

x=6 D 1, lim
x!1

ex=x2 D 1. More generally, by Exercise 76,

ex � 1C x2

2
C � � � C xnC1

.nC 1/Š
:

Thus

ex

xn
� 1

xn
C � � � C x

.nC 1/Š
� x

.nC 1/Š
:

Since lim
x!1

x
.nC1/Š D 1, lim

x!1
ex

xn D 1.

Exercises 78–80 develop an elegant approach to the exponential and logarithm functions. Define a functionG.x/ for x > 0:

G.x/ D
Z x

1

1

t
dt

78. Defining lnx as an Integral This exercise proceeds as if we didn’t know thatG.x/ D ln x and shows directly thatG.x/ has
all the basic properties of the logarithm. Prove the following statements.

(a)
R ab
a

1
t dt D

R b
1
1
t dt for all a; b > 0. Hint: Use the substitutionu D t=a.

(b) G.ab/ D G.a/CG.b/. Hint: Break up the integral from1 to ab into two integrals and use (a).
(c) G.1/ D 0 andG.a�1/ D �G.a/ for a > 0.
(d) G.an/ D nG.a/ for all a > 0 and integersn.

(e) G.a1=n/ D 1

n
G.a/ for all a > 0 and integersn ¤ 0.

(f) G.ar / D rG.a/ for all a > 0 and rational numbersr .
(g) G.x/ is increasing.Hint: Use FTC II.
(h) There exists a numbera such thatG.a/ > 1. Hint: Show thatG.2/ > 0 and takea D 2m for m > 1=G.2/.
(i) lim

x!1
G.x/ D 1 and lim

x!0C
G.x/ D �1

(j) There exists a unique numberE such thatG.E/ D 1.
(k) G.Er / D r for every rational numberr .



650 C H A P T E R 5 THE INTEGRAL

SOLUTION

(a) Let u D t=a. Thendu D dt=a, u.a/ D 1, u.ab/ D b and

Z ab

a

1

t
dt D

Z ab

a

a

at
dt D

Z b

1

1

u
du D

Z b

1

1

t
dt:

(b) Using part (a),

G.ab/ D
Z ab

1

1

t
dt D

Z a

1

1

t
dt C

Z ab

a

1

t
dt D

Z a

1

1

t
dt C

Z b

1

1

t
dt D G.a/CG.b/:

(c) First,

G.1/ D
Z 1

1

1

t
dt D 0:

Next,

G.a�1/ D G

�
1

a

�
D
Z 1=a

1

1

t
dt D

Z 1

a

1

t
dt by part (a) withb D 1

a

D �
Z a

1

1

t
dt D �G.a/:

(d) Using part (a),

G.an/ D
Z an

1

1

t
dt D

Z a

1

1

t
dt C

Z a2

a

1

t
dt C � � � C

Z an

an�1

1

t
dt

D
Z a

1

1

t
dt C

Z a

1

1

t
dt C � � � C

Z a

1

1

t
dt D nG.a/:

(e) G.a/ D G..a1=n/n D nG.a1=n/. Thus,G.a1=n/ D 1

n
G.a/.

(f) Let r D m=n wherem andn are integers. Then

G.ar / D G.am=n/ D G..am/1=n/

D 1

n
G.am/ by part (e)

D m

n
G.a/ by part d

D rG.a/:

(g) By the Fundamental Theorem of Calculus,G.x/ is continuous on.0;1/ andG0.x/ D 1
x > 0 for x > 0. Thus,G.x/ is

increasing and one-to-one forx > 0.
(h) First note that

G.2/ D
Z 2

1

1

t
dt >

1

2
> 0

because
1

t
>
1

2
for t 2 .1; 2/. Now, leta D 2m for m an integer greater than1=G.2/. Then

G.a/ D G.2m/ D mG.2/ >
1

G.2/
�G.2/ D 1:

(i) First, leta be the value from part (h) for whichG.a/ > 1 (note thata itself is greater than 1). Now,

lim
x!1G.x/ D lim

m!1G.am/ D G.a/ lim
m!1m D 1:

For the other limit, lett D 1=x and note

lim
x!0C

G.x/ D lim
t!1

G

�
1

t

�
D � lim

t!1
G.t/ D �1:

(j) By part (c),G.1/ D 0 and by part (h) there exists ana such thatG.a/ > 1. the Intermediate Value Theorem then guarantees
there exists a numberE such that1 < E < a andG.E/ D 1. We know thatE is unique becauseG is one-to-one.
(k) Using part (f) and then part (j),

G.Er / D rG.E/ D r � 1 D r:
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79. Definingex Use Exercise 78 to prove the following statements.

(a) G.x/ has an inverse with domainR and rangefx W x > 0g. Denote the inverse byF.x/.
(b) F.x C y/ D F.x/F.y/ for all x; y. Hint: It suffices to show thatG.F.x/F.y// D G.F.x C y//.
(c) F.r/ D Er for all numbers. In particular,F.0/ D 1.
(d) F 0.x/ D F.x/. Hint: Use the formula for the derivative of an inverse function.

This shows thatE D e andF.x/ is the functionex as defined in the text.

SOLUTION

(a) The domain ofG.x/ is x > 0 and, by part (i) of the previous exercise, the range ofG.x/ is R. Now,

G0.x/ D 1

x
> 0

for all x > 0. Thus,G.x/ is increasing on its domain, which implies thatG.x/ has an inverse. The domain of the inverse isR and
the range isfx W x > 0g. LetF.x/ denote the inverse ofG.x/.
(b) Let x andy be real numbers and suppose thatx D G.w/ andy D G.z/ for some positive real numbersw andz. Then, using
part (b) of the previous exercise

F.x C y/ D F.G.w/CG.z// D F.G.wz// D wz D F.x/C F.y/:

(c) Let r be any real number. By part (k) of the previous exercise,G.Er / D r . By definition of an inverse function, it then follows
thatF.r/ D Er .
(d) By the formula for the derivative of an inverse function

F 0.x/ D 1

G0.F .x//
D 1

1=F.x/
D F.x/:

80. Definingbx Let b > 0 and letf .x/ D F.xG.b// with F as in Exercise 79. Use Exercise 78 (f) to prove thatf .r/ D br

for every rational numberr . This gives us a way of definingbx for irrationalx, namelybx D f .x/. With this definition,bx is a
differentiable function ofx (becauseF is differentiable).

SOLUTION By Exercise 78 (f),

f .r/ D F.rG.b// D F.G.br // D br ;

for every rational numberr .

81. The formula
Z
xn dx D xnC1

nC 1
C C is valid forn ¤ �1. Show that the exceptional casen D �1 is a limit of the general case

by applying L’Hôpital’s Rule to the limit on the left.

lim
n!�1

Z x

1
tn dt D

Z x

1
t�1 dt .for fixedx > 0/

Note that the integral on the left is equal to
xnC1 � 1

nC 1
.

SOLUTION

lim
n!�1

Z x

1
tn dt D lim

n!�1
tnC1

nC 1

ˇ̌
ˇ̌
ˇ

x

1

D lim
n!�1

 
xnC1

nC 1
� 1nC1

nC 1

!

D lim
n!�1

xnC1 � 1

nC 1
D lim
n!�1

.xnC1/ ln x D ln x D
Z x

1
t�1 dt

Note that when using L’Hôpital’s Rule in the second line, we need to differentiate with respect ton.

82. The integral on the left in Exercise 81 is equal tofn.x/ D xnC1 � 1

nC 1
. Investigate the limit graphically by plotting

fn.x/ for n D 0, �0:3, �0:6, and�0:9 together with lnx on a single plot.

SOLUTION

−1

1

2

y

x

y = ln x

n = 0
n = −0.3

n = −0.6
n = −0.9

54321
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83. (a) Explain why the shaded region in Figure 2 has area
R lna
0 ey dy.

(a) Prove the formula
R a
1 lnx dx D a lna �

R lna
0 ey dy.

(b) Conclude that
R a
1 lnx dx D a lna � aC 1.

(c) Use the result of (a) to find an antiderivative of lnx.

x

y

a

ln a

y = ln x

1

FIGURE 2

SOLUTION

(a) Interpreting the graph withy as the independent variable, we see that the function isx D ey . Integrating iny then gives the
area of the shaded region as

R lna
0 ey dy

(b) We can obtain the area under the graph ofy D lnx from x D 1 to x D a by computing the area of the rectangle extending
from x D 0 to x D a horizontally and fromy D 0 to y D lna vertically and then subtracting the area of the shaded region. This
yields

Z a

1
lnx dx D a ln a �

Z lna

0
ey dy:

(c) By direct calculation
Z lna

0
ey dy D ey

ˇ̌
ˇ̌
lna

0

D a � 1:

Thus,
Z a

1
ln x dx D a ln a � .a � 1/ D a lna � aC 1:

(d) Based on these results it appears that
Z

ln x dx D x ln x � x C C:

5.8 Exponential Growth and Decay

Preliminary Questions
1. Two quantities increase exponentially with growth constantsk D 1:2 andk D 3:4, respectively. Which quantity doubles more

rapidly?

SOLUTION Doubling time is inversely proportional to the growth constant. Consequently, the quantity withk D 3:4 doubles
more rapidly.

2. A cell population grows exponentially beginning with one cell. Which takes longer: increasing from one to two cells or in-
creasing from 15 million to 20 million cells?

SOLUTION It takes longer for the population to increase from one cell to two cells, because this requires doubling the population.
Increasing from 15 million to 20 million is less than doubling the population.

3. Referring to his popular bookA Brief History of Time, the renowned physicist Stephen Hawking said, “Someone told me that
each equation I included in the book would halve its sales.” Find a differential equation satisfied by the functionS.n/, the number
of copies sold if the book hasn equations.

SOLUTION Let S.0/ denote the sales with no equations in the book. Translating Hawking’s observation into an equation yields

S.n/ D S.0/

2n
:

Differentiating with respect ton then yields

dS

dn
D S.0/

d

dn
2�n D � ln 2S.0/2�n D � ln 2S.n/:
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4. The PV ofN dollars received at timeT is (choose the correct answer):

(a) The value at timeT of N dollars invested today

(b) The amount you would have to invest today in order to receiveN dollars at timeT

SOLUTION The correct response is(b): the PV ofN dollars received at timeT is the amount you would have to invest today in
order to receiveN dollars at timeT .

5. In one year, you will be paid $1. Will the PV increase or decrease if the interest rate goes up?

SOLUTION If the interest rate goes up, the present value of $1 a year from now will decrease.

Exercises
1. A certain populationP of bacteria obeys the exponential growth lawP.t/ D 2000e1:3t (t in hours).

(a) How many bacteria are present initially?

(b) At what time will there be 10,000 bacteria?

SOLUTION

(a) P.0/ D 2000e0 D 2000 bacteria initially.

(b) We solve2000e1:3t D 10; 000 for t . Thus,e1:3t D 5 or

t D 1

1:3
ln5 � 1:24 hours:

2. A quantityP obeys the exponential growth lawP.t/ D e5t (t in years).

(a) At what timet isP D 10?

(b) What is the doubling time forP?

SOLUTION

(a) e5t D 10 whent D 1
5 ln10 � 0:46 years.

(b) The doubling time is15 ln2 � 0:14 years.

3. Write f .t/ D 5.7/t in the formf .t/ D P0e
kt for someP0 andk.

SOLUTION Because7 D eln7, it follows that

f .t/ D 5.7/t D 5.eln7/t D 5et ln7:

Thus,P0 D 5 andk D ln 7.

4. Write f .t/ D 9e1:4t in the formf .t/ D P0b
t for someP0 andb.

SOLUTION Observe that

f .t/ D 9e1:4t D 9
�
e1:4

�t
;

soP0 D 9 andb D e1:4 � 4:0552.

5. A certain RNA molecule replicates every 3 minutes. Find the differential equation for the numberN.t/ of molecules present at
time t (in minutes). How many molecules will be present after one hour if there is one molecule att D 0?

SOLUTION The doubling time is
ln 2

k
so k D ln 2

doubling time
. Thus, the differential equation isN 0.t/ D kN.t/ D ln 2

3
N.t/.

With one molecule initially,

N.t/ D e.ln2=3/t D 2t=3:

Thus, after one hour, there are

N.60/ D 260=3 D 1;048;576

molecules present.

6. A quantityP obeys the exponential growth lawP.t/ D Cekt (t in years). Find the formula forP.t/, assuming that the
doubling time is 7 years andP.0/ D 100.

SOLUTION The doubling time is 7 years, so7 D ln 2=k, or k D ln 2=7 D 0:099 years�1. With P.0/ D 100, it follows that
P.t/ D 100e0:099t .
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7. Find all solutions to the differential equationy0 D �5y. Which solution satisfies the initial conditiony.0/ D 3:4?

SOLUTION y0 D �5y, soy.t/ D Ce�5t for some constantC . The initial conditiony.0/ D 3:4 determinesC D 3:4. Therefore,
y.t/ D 3:4e�5t .

8. Find the solution toy0 D
p
2y satisfyingy.0/ D 20.

SOLUTION y0 D
p
2y, soy.t/ D Ce

p
2t for some constantC . The initial conditiony.0/ D 20 determinesC D 20. Therefore,

y.t/ D 20e
p
2t .

9. Find the solution toy0 D 3y satisfyingy.2/ D 1000.

SOLUTION y0 D 3y, soy.t/ D Ce3t for some constantC . The initial conditiony.2/ D 1000 determinesC D 1000

e6
. Therefore,

y.t/ D 1000

e6
e3t D 1000e3.t�2/.

10. Find the functiony D f .t/ that satisfies the differential equationy0 D �0:7y and the initial conditiony.0/ D 10.

SOLUTION Given thaty0 D �0:7y andy.0/ D 10, thenf .t/ D 10e�0:7t .

11. The decay constant of cobalt-60 is0:13 year�1. Find its half-life.

SOLUTION Half-life D ln 2

0:13
� 5:33 years.

12. The half-life radium-226 is 1622 years. Find its decay constant.

SOLUTION Half-life D ln 2

k
so k D ln 2

half-life
D ln2

1622
D 4:27 � 10�4 years�1.

13. One of the world’s smallest flowering plants,Wolffia globosa(Figure 1), has a doubling time of approximately 30 hours. Find
the growth constantk and determine the initial population if the population grew to 1000 after 48 hours.

FIGURE 1 The tiny plants areWolffia, with plant bodies smaller than the head of a pin.

SOLUTION By the formula for the doubling time,30 D ln 2

k
. Therefore,

k D ln 2

30
� 0:023 hours�1:

The plant population aftert hours isP.t/ D P0e
0:023t . If P.48/ D 1000, then

P0e
.0:023/48 D 1000 ) P0 D 1000e�.0:023/48 � 332

14. A 10-kg quantity of a radioactive isotope decays to 3 kg after 17 years. Find the decay constant of the isotope.

SOLUTION P.t/ D 10e�kt . ThusP.17/ D 3 D 10e�17k , sok D ln.3=10/

�17 � 0:071 years�1.

15. The population of a city isP.t/ D 2 � e0:06t (in millions), wheret is measured in years. Calculate the time it takes for the
population to double, to triple, and to increase seven-fold.

SOLUTION Sincek D 0:06, the doubling time is

ln 2

k
� 11:55 years:

The tripling time is calculated in the same way as the doubling time. Solve for� in the equation

P.t C�/ D 3P.t/

2 � e0:06.tC�/ D 3.2e0:06t /

2 � e0:06t e0:06� D 3.2e0:06t /

e0:06� D 3
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0:06� D ln 3;

or � D ln 3=0:06 � 18:31 years. Working in a similar fashion, we find that the time required for the population to increase
seven-fold is

ln 7

k
D ln7

0:06
� 32:43 years:

16. What is the differential equation satisfied byP.t/, the number of infected computer hosts in Example 4? Over which time
interval wouldP.t/ increase one hundred-fold?

SOLUTION Because the rate constant isk D 0:0815 s�1, the differential equation forP.t/ is

dP

dt
D 0:0815P:

The time for the number of infected computers to increase one hundred-fold is

ln 100

k
D ln100

0:0815
� 56:51 s:

17. The decay constant for a certain drug isk D 0:35 day�1. Calculate the time it takes for the quantity present in the bloodstream
to decrease by half, by one-third, and by one-tenth.

SOLUTION The time required for the quantity present in the bloodstream to decrease by half is

ln 2

k
D ln2

0:35
� 1:98 days:

To decay by one-third, the time is

ln 3

k
D ln3

0:35
� 3:14 days:

Finally, to decay by one-tenth, the time is

ln 10

k
D ln10

0:35
� 6:58 days:

18. Light Intensity The intensity of light passing through an absorbing medium decreases exponentially with the distance trav-
eled. Suppose the decay constant for a certain plastic block isk D 4 m�1. How thick must the block be to reduce the intensity by
a factor of one-third?

SOLUTION Since intensity decreases exponentially, it can be modeled by an exponential decay equationI.d/ D I0e
�kd . As-

sumingI.0/ D 1; I.d/ D e�kd . Since the decay constant isk D 4, we haveI.d/ D e�4d . Intensity will be reduced by a factor

of one-third whene�4d D 1
3 or whend D ln.1=3/

�4 � 0:275m.

19. Assuming that population growth is approximately exponential, which of the following two sets of data is most likely to
represent the population (in millions) of a city over a 5-year period?

Year 2000 2001 2002 2003 2004

Set I 3.14 3.36 3.60 3.85 4.11
Set II 3.14 3.24 3.54 4.04 4.74

SOLUTION If the population growth is approximately exponential, then the ratio between successive years’ data needs to be
approximately the same.

Year 2000 2001 2002 2003 2004

Data I 3.14 3.36 3.60 3.85 4.11
Ratios 1.07006 1.07143 1.06944 1.06753

Data II 3.14 3.24 3.54 4.04 4.74
Ratios 1.03185 1.09259 1.14124 1.17327

As you can see, the ratio of successive years in the data from “Data I” is very close to1:07. Therefore, we would expect exponential
growth of aboutP.t/ � .3:14/.1:07t /.

20. Theatmospheric pressureP.h/ (in kilopascals) at a heighthmeters above sea level satisfies a differential equationP 0 D �kP
for some positive constantk.

(a) Barometric measurements show thatP.0/ D 101:3 andP.30; 900/ D 1:013. What is the decay constantk?
(b) Determine the atmospheric pressure ath D 500.
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SOLUTION

(a) BecauseP 0 D �kP for some positive constantk,P.h/ D Ce�kh whereC D P.0/ D 101:3. Therefore,P.h/ D 101:3e�kh .
We know thatP.30;900/ D 101:3e�30;900k D 1:013. Solving fork yields

k D � 1

30;900
ln

�
1:013

101:3

�
� 0:000149 meters�1:

(b) P.500/ D 101:3e�0:000149.500/ � 94:03 kilopascals.

21. Degrees in Physics One study suggests that from 1955 to 1970, the number of bachelor’s degrees in physics awarded per
year by U.S. universities grew exponentially, with growth constantk D 0:1.

(a) If exponential growth continues, how long will it take for the number of degrees awarded per year to increase 14-fold?

(b) If 2500 degrees were awarded in 1955, in which year were10;000 degrees awarded?

SOLUTION

(a) The time required for the number of degrees to increase 14-fold is

ln 14

k
D ln14

0:1
� 26:39 years:

(b) The doubling time is.ln 2/=0:1 � 0:693=0:1 D 6:93 years. Since degrees are usually awarded once a year, we round off the
doubling time to 7 years. The number quadruples after14 years, so10; 000 degrees would be awarded in1969.

22. TheBeer–Lambert Law is used in spectroscopy to determine the molar absorptivity˛ or the concentrationc of a compound
dissolved in a solution at low concentrations (Figure 2). The law states that the intensityI of light as it passes through the solution
satisfies ln.I=I0/ D ˛cx, whereI0 is the initial intensity andx is the distance traveled by the light. Show thatI satisfies a
differential equationdI=dx D �kI for some constantk.

Distance

Solution

Intensity I

0 x

I0

x

FIGURE 2 Light of intensityI0 passing through a solution.

SOLUTION ln
�
I

I0

�
D ˛cI so

I

I0
D e˛cI or I D I0e

˛cI . Therefore,

dI

dx
D I0e

˛cI .˛c/ D I.˛c/ D �kI;

wherek D �˛c is a constant.

23. A sample of sheepskin parchment discovered by archaeologists had a C14-to-C12 ratio equal to 40% of that found in the
atmosphere. Approximately how old is the parchment?

SOLUTION The ratio ofC 14 toC 12 isRe�0:000121t D 0:4R so�0:000121t D ln.0:4/ or t D 7572:65 � 7600 years.

24. Chauvet Caves In 1994, three French speleologists (geologists specializing in caves) discovered a cave in southern France
containing prehistoric cave paintings. A C14 analysis carried out by archeologist Helene Valladas showed the paintings to be
between 29,700 and 32,400 years old, much older than any previously known human art. Given that the C14-to-C12 ratio of the
atmosphere isR D 10�12, what range of C14-to-C12 ratios did Valladas find in the charcoal specimens?

SOLUTION The C14-C12 ratio found in the specimens ranged from

10�12e�0:000121.32;400/ � 1:98 � 10�14

to

10�12e�0:000121.29;700/ � 2:75 � 10�14:

25. A paleontologist discovers remains of animals that appear to have died at the onset of the Holocene ice age, between 10,000
and 12,000 years ago. What range of C14-to-C12 ratio would the scientist expect to find in the animal remains?
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SOLUTION The scientist would expect to find C14-C12 ratios ranging from

10�12e�0:000121.12;000/ � 2:34 � 10�13

to

10�12e�0:000121.10;000/ � 2:98 � 10�13:

26. Inversion of Sugar When cane sugar is dissolved in water, it converts to invert sugar over a period of several hours. The
percentagef .t/ of unconverted cane sugar at timet (in hours) satisfiesf 0 D �0:2f . What percentage of cane sugar remains after
5 hours? After 10 hours?

SOLUTION f 0 D �0:2f , sof .t/ D Ce�0:2t . Sincef is a percentage, att D 0,C D 100 percent. Therefore.f .t/ D 100e�0:2t .
Thusf .5/ D 100e�0:2.5/ � 36:79 percent andf .10/ D 100e�0:2.10/ � 13:53 percent.

27. Continuing with Exercise 26, suppose that50 grams of sugar are dissolved in a container of water. After how many hours will
20 grams of invert sugar be present?

SOLUTION If there are 20 grams of invert sugar present, then there are 30 grams of unconverted sugar. This means thatf D 60.
Solving

100e�0:2t D 60

for t yields

t D � 1

0:2
ln0:6 � 2:55 hours:

28. Two bacteria colonies are cultivated in a laboratory. The first colony has a doubling time of 2 hours and the second a doubling
time of 3 hours. Initially, the first colony contains 1000 bacteria and the second colony 3000 bacteria. At what timet will the sizes
of the colonies be equal?

SOLUTION P1.t/ D 1000ek1 t andP2.t/ D 3000ek2 t . Knowing thatk1 D ln 2

2
hours�1 andk2 D ln 2

3
hours�1, we need to

solveek1t D 3ek2t for t . Thus

k1t D ln.3ek2t / D ln 3C ln.ek2t / D ln 3C k2t;

so

t D ln 3

k1 � k2
D 6 ln3

ln 2
� 9:51 hours:

29. Moore’s Law In 1965, Gordon Moore predicted that the numberN of transistors on a microchip would increase exponen-
tially.

(a) Does the table of data below confirm Moore’s prediction for the period from 1971 to 2000? If so, estimate the growth constantk.

(b) Plot the data in the table.

(c) LetN.t/ be the number of transistorst years after 1971. Find an approximate formulaN.t/ � Cekt , wheret is the number of
years after 1971.

(d) Estimate the doubling time in Moore’s Law for the period from 1971 to 2000.

(e) How many transistors will a chip contain in 2015 if Moore’s Law continues to hold?

(f) Can Moore have expected his prediction to hold indefinitely?

Processor Year No. Transistors

4004 1971 2250
8008 1972 2500
8080 1974 5000
8086 1978 29,000
286 1982 120,000
386 processor 1985 275,000
486 DX processor 1989 1,180,000
Pentium processor 1993 3,100,000
Pentium II processor 1997 7,500,000
Pentium III processor 1999 24,000,000
Pentium 4 processor 2000 42,000,000

Xeon processor 2008 1,900,000,000



658 C H A P T E R 5 THE INTEGRAL

SOLUTION

(a) Yes, the graph looks like an exponential graph especially towards the latter years. We estimate the growth constant by setting
1971 as our starting point, soP0 D 2250. Therefore,P.t/ D 2250ekt . In 2008, t D 37. Therefore,P.37/ D 2250e37k D
1;900;000;000, sok D ln844;444:444

37 � 0:369. Note: A better estimate can be found by calculatingk for each time period and
then averaging thek values.

(b)

y

x

1×107

2×107

3×107

4×107

20001995199019851980

(c) N.t/ D 2250e0:369t

(d) The doubling time is ln2=0:369 � 1:88 years.

(e) In 2015,t D 44 years. Therefore,N.44/ D 2250e0:369.44/ � 2:53 � 1010.

(f) No, you can’t make a microchip smaller than an atom.

30. Assume that in a certain country, the rate at which jobs are created is proportional to the number of people who already have
jobs. If there are 15 million jobs att D 0 and 15.1 million jobs 3 months later, how many jobs will there be after 2 years?

SOLUTION Let J.t/ denote the number of people, in millions, who have jobs at timet , in months. Because the rate at which
jobs are created is proportional to the number of people who already have jobs,J 0.t/ D kJ.t/, for some constantk. Given that
J.0/ D 15, it then follows thatJ.t/ D 15ekt . To determinek, we useJ.3/ D 15:1; therefore,

k D 1

3
ln

�
15:1

15

�
� 2:215 � 10�3 months�1:

Finally, after two years, there are

J.24/ D 15e0:002215.24/ � 15:8 million

jobs.

31. The only functions with aconstantdoubling time are the exponential functionsP0ekt with k > 0. Show that the doubling time
of linear functionf .t/ D at C b at timet0 is t0 C b=a (which increases witht0). Compute the doubling times off .t/ D 3t C 12

at t0 D 10 andt0 D 20.

SOLUTION Let f .t/ D at C b and supposef .t0/ D P0. The time it takes for the value off to double is the solution of the
equation

2P0 D 2.at0 C b/ D at C b or t D 2t0 C b=a:

For the functionf .t/ D 3t C 12, a D 3, b D 12 andb=a D 4. With t0 D 10, the doubling time is then 24; witht0 D 20, the
doubling time is 44.

32. Verify that the half-life of a quantity that decays exponentially with decay constantk is equal to.ln 2/=k.

SOLUTION Let y D Ce�kt be an exponential decay function. Lett be the half-life of the quantityy, that is, the timet when

y D C

2
. Solving

C

2
D Ce�kt for t we get� ln 2 D �kt , sot D ln 2=k.

33. Compute the balance after 10 years if $2000 is deposited in an account paying 9% interest and interest is compounded (a) quar-
terly, (b) monthly, and (c) continuously.

SOLUTION

(a) P.10/ D 2000.1C 0:09=4/4.10/ D $4870:38

(b) P.10/ D 2000.1C 0:09=12/12.10/ D $4902:71

(c) P.10/ D 2000e0:09.10/ D $4919:21

34. Suppose $500 is deposited into an account paying interest at a rate of 7%, continuously compounded. Find a formula for the
value of the account at timet . What is the value of the account after 3 years?

SOLUTION Let P.t/ denote the value of the account at timet . Because the initial deposit is $500 and the account pays interest
at a rate of 7%, compounded continuously, it follows thatP.t/ D 500e0:07t . After three years, the value of the account isP.3/ D
500e0:07.3/ D $616:84.
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35. A bank pays interest at a rate of 5%. What is the yearly multiplier if interest is compounded

(a) three times a year? (b) continuously?

SOLUTION

(a) P.t/ D P0

�
1C 0:05

3

�3t
, so the yearly multiplier is

�
1C 0:05

3

�3
� 1:0508.

(b) P.t/ D P0e
0:05t , so the yearly multiplier ise0:05 � 1:0513.

36. How long will it take for $4000 to double in value if it is deposited in an account bearing 7% interest, continuously com-
pounded?

SOLUTION The doubling time is
ln 2

0:7
� 9:9 years.

37. How much must one invest today in order to receive $20,000 after 5 years if interest is compounded continuously at the rate
r D 9%?

SOLUTION Solving20;000 D P0e
0:09.5/ for P0 yields

P0 D 20;000

e0:45
� $12;752:56:

38. An investment increases in value at a continuously compounded rate of9%. How large must the initial investment be in order
to build up a value of $50,000 over a 7-year period?

SOLUTION Solving50;000 D P0e
0:09.7/ for P0 yields

P0 D 50;000

e0:63
� $26;629:59:

39. Compute the PV of $5000 received in 3 years if the interest rate is (a) 6% and (b) 11%. What is the PV in these two cases if
the sum is instead received in 5 years?

SOLUTION In 3 years:

(a) PV D 5000e�0:06.3/ D $4176:35
(b) PV D 5000e�0:11.3/ D $3594:62

In 5 years:

(a) PV D 5000e�0:06.5/ D $3704:09
(b) PV D 5000e�0:11.5/ D $2884:75

40. Is it better to receive $1000 today or $1300 in 4 years? Considerr D 0:08 andr D 0:03.

SOLUTION Assuming continuous compounding, ifr D 0:08, then the present value of $1300 four years from now is

1300e�0:08.4/ D $943:99. It is better to get $1000 now. On the other hand, ifr D 0:03, the present value of $1300 four
years from now is1300e�0:03.4/ D $1153:00, so it is better to get the $1,300 in four years.

41. Find the interest rater if the PV of $8000 to be received in 1 year is $7300.

SOLUTION Solving7300 D 8000e�r.1/ for r yields

r D � ln

�
7300

8000

�
D 0:0916;

or 9.16%.

42. A company can earn additional profits of $500;000/year for 5 years by investing $2 million to upgrade its factory. Is the
investment worthwhile if the interest rate is6%? (Assume the savings are received as a lump sum at the end of each year.)

SOLUTION The present value of the stream of additional profits is

500;000.e�0:06 C e�0:12 C e�0:18 C e�0:24 C e�0:3/ D $2;095;700:63:

This is more than the $2 million cost of the upgrade, so the upgrade should be made.

43. A new computer system costing $25,000 will reduce labor costs by $7000/year for 5 years.

(a) Is it a good investment ifr D 8%?
(b) How much money will the company actually save?

SOLUTION

(a) The present value of the reduced labor costs is

7000.e�0:08 C e�0:16 C e�0:24 C e�0:32 C e�0:4/ D $27;708:50:

This is more than the $25,000 cost of the computer system, so the computer system should be purchased.
(b) The present value of the savings is

$27;708:50 � $25;000 D $2708:50:
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44. After winning $25 million in the state lottery, Jessica learns that she will receive five yearly payments of $5 million beginning
immediately.

(a) What is the PV of Jessica’s prize ifr D 6%?

(b) How much more would the prize be worth if the entire amount were paid today?

SOLUTION

(a) The present value of the prize is

5;000;000.e�0:24 C e�0:18 C e�0:12 C e�0:06 C e�0:06.0// D $22;252;915:21:

(b) If the entire amount were paid today, the present value would be $25 million, or $2;747;084:79 more than the stream of
payments made over five years.

45. Use Eq. (3) to compute the PV of an income stream paying outR.t/ D $5000/year continuously for 10 years, assuming
r D 0:05.

SOLUTION PV D
Z 10

0
5000e�0:05t dt D �100;000e�0:05t

ˇ̌
ˇ̌
10

0

D $39;346:93.

46. Find the PV of an investment that pays out continuously at a rate of $800/year for 5 years, assumingr D 0:08.

SOLUTION PV D
Z 5

0
800e�0:08t dt D �10;000e�0:08t

ˇ̌
ˇ̌
5

0

D $3296:80.

47. Find the PV of an income stream that pays out continuously at a rateR.t/ D $5000e0:1t /year for 7 years, assumingr D 0:05.

SOLUTION PV D
Z 7

0
5000e0:1t e�0:05t dt D

Z 7

0
5000e0:05t dt D 100;000e0:05t

ˇ̌
ˇ̌
7

0

D $41;906:75.

48. A commercial property generates income at the rateR.t/. Suppose thatR.0/ D $70;000/year and thatR.t/ increases at a
continuously compounded rate of 5%. Find the PV of the income generated in the first 4 years ifr D 6%.

SOLUTION PV D
Z 4

0
70;000e0:05t e�0:06t dt D �70;000

0:01
e�0:01t

ˇ̌
ˇ̌
4

0

D $274;473:93:

49. Show that an investment that pays outR dollars per year continuously forT years has a PV ofR.1 � e�rT /=r .

SOLUTION The present value of an investment that pays outR dollars=year continuously forT years is

PV D
Z T

0
Re�rt dt:

Let u D �rt; du D �r dt . Then

PV D �1
r

Z �rT

0
Reu du D �R

r
eu
ˇ̌
ˇ̌
�rT

0

D �R
r
.e�rT � 1/ D R

r
.1 � e�rT /:

50. Explain this statement: IfT is very large, then the PV of the income stream described in Exercise 49 is approximately
R=r .

SOLUTION Because

lim
T!1

e�rT D lim
T!1

1

ert
D 0;

it follows that

lim
T!1

R

r
.1 � e�rT / D R

r
:

51. Suppose thatr D 0:06. Use the result of Exercise 50 to estimate the payout rateR needed to produce an income stream whose
PV is $20,000, assuming that the stream continues for a large number of years.

SOLUTION From Exercise 50,PV D R

r
so 20;000 D R

0:06
or R D $1200.

52. Verify by differentiation:

Z
te�rt dt D �e

�rt .1C rt/

r2
C C 5

Use Eq. (5) to compute the PV of an investment that pays out income continuously at a rateR.t/ D .5000 C 1000t/ dollars per
year for 5 years, assumingr D 0:05.
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SOLUTION

d

dt

�
�e

�rt .1C rt/

r2

�
D �1
r2

�
e�rt .r/C .1C rt/.�re�rt /

�
D �1

r

�
e�rt � e�rt � rte�rt � D te�rt

Therefore

PV D
Z 5

0
.5000C 1000t/e�0:05t dt D

Z 5

0
5000e�0:05t dt C

Z 5

0
1000te�0:05t dt

D 5000

�0:05 .e
�0:05.5/ � 1/ � 1000

 
e�0:05.5/.1C 0:05.5//

.0:05/2

!
C 1000

1

.0:05/2

D 22;119:92 � 389;400:39C 400;000 � $32;719:53:

53. Use Eq. (5) to compute the PV of an investment that pays out income continuously at a rateR.t/ D .5000 C 1000t/e0:02t

dollars per year for 10 years, assumingr D 0:08.

SOLUTION

PV D
Z 10

0
.5000C 1000t/.e0:02t /e�0:08t dt D

Z 10

0
5000e�0:06t dt C

Z 10

0
1000te�0:06t dt

D 5000

�0:06 .e
�0:06.10/ � 1/ � 1000

 
e�0:06.10/.1C 0:06.10//

.0:06/2

!
C 1000

1

.0:06/2

D 37;599:03 � 243;916:28 C 277;777:78 � $71;460:53:

54. Banker’s Rule of 70 If you earn an interest rate ofR percent, continuously compounded, your money doubles after
approximately70=R years. For example, atR D 5%, your money doubles after70=5 or 14 years. Use the concept of doubling time
to justify the Banker’s Rule. (Note:Sometimes, the rule72=R is used. It is less accurate but easier to apply because 72 is divisible
by more numbers than 70.)

SOLUTION The doubling time is

t D ln 2

r
D ln2 � 100

r%
D 69:93

r%
� 70

r%
:

55. Drug Dosing Interval Let y.t/ be the drug concentration (in mg/kg) in a patient’s body at timet . The initial con-
centration isy.0/ D L. Additional doses that increase the concentration by an amountd are administered at regular time intervals
of lengthT . In between doses,y.t/ decays exponentially—that is,y0 D �ky. Find the value ofT (in terms ofk andd ) for which
the the concentration varies betweenL andL � d as in Figure 3.

L

L − d

t

y (mcg/ml)

T 2T 3T

Exponential decay

Dose administered

FIGURE 3 Drug concentration with periodic doses.

SOLUTION Becausey0 D �ky andy.0/ D L, it follows thaty.t/ D Le�kt . We wanty.T / D L � d , thus

Le�kT D L � d or T D � 1
k

ln

�
1 � d

L

�
:

Exercises 56 and 57: TheGompertz differential equation

dy

dt
D ky ln

� y
M

�
6

(whereM and k are constants) was introduced in 1825 by the English mathematician Benjamin Gompertz and is still used today
to model aging and mortality.

56. Show thaty D Meae
kt

satisfies Eq. (6) for any constanta.
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SOLUTION Let y D Meae
kt

. Then

dy

dt
D M.kaekt /eae

kt

and, since

ln.y=M/ D aekt ;

we have

ky ln.y=M/ D Mkaekt eae
kt D dy

dt
:

57. To model mortality in a population of 200 laboratory rats, a scientist assumes that the numberP.t/ of rats alive at timet (in
months) satisfies Eq. (6) withM D 204 andk D 0:15 month�1 (Figure 4). FindP.t/ [note thatP.0/ D 200] and determine the
population after 20 months.

40302010

Rat population P(t)

t (mo)

100

200

FIGURE 4

SOLUTION The solution to the Gompertz equation withM D 204 andk D 0:15 is of the form:

P.t/ D 204eae
0:15t

Applying the initial condition allows us to solve fora:

200 D 204ea

200

204
D ea

ln
�
200

204

�
D a

so thata � �0:02: After t D 20 months,

P.20/ D 204e�0:02e0:15.20/ D 136:51;

so there are 136 rats.

58. Isotopes for Dating Which of the following would be most suitable for dating extremely old rocks: carbon-14 (half-
life 5570 years), lead-210 (half-life 22.26 years), or potassium-49 (half-life 1.3 billion years)? Explain why.

SOLUTION For extremely old rocks, you need to have an isotope that decays very slowly. In other words, you want a very large
half-life such as Potassium-49; otherwise, the amount of undecayed isotope in the rock sample would be too small to accurately
measure.

59. LetP D P.t/ be a quantity that obeys an exponential growth law with growth constantk. Show thatP increasesm-fold after
an interval of.lnm/=k years.

SOLUTION Form-fold growth,P.t/ D mP0 for somet . SolvingmP0 D P0e
kt for t , we findt D lnm

k

Further Insights and Challenges

60. Average Time of Decay Physicists use the radioactive decay lawR D R0e
�kt to compute the average ormean time

M until an atom decays. LetF.t/ D R=R0 D e�kt be the fraction of atoms that have survived to timet without decaying.

(a) Find the inverse functiont.F /.
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(b) By definition of t.F /, a fraction1=N of atoms decays in the time interval
�
t

�
j

N

�
; t

�
j � 1

N

��

Use this to justify the approximationM � 1

N

NX

jD1
t

�
j

N

�
. Then argue, by passing to the limit asN ! 1, thatM D

R 1
0 t.F / dF .

Strictly speaking, this is animproper integralbecauset.0/ is infinite (it takes an infinite amount of time for all atoms to decay).
Therefore, we defineM as a limit

M D lim
c!0

Z 1

c
t.F / dF

(c) Verify the formula
R

lnx dx D x lnx � x by differentiation and use it to show that forc > 0,

M D lim
c!0

�
1

k
C 1

k
.c ln c � c/

�

(d) Show thatM D 1=k by evaluating the limit (use L’Hôpital’s Rule to compute lim
c!0

c ln c).

(e) What is the mean time to decay for radon (with a half-life of 3.825 days)?

SOLUTION

(a) F D e�kt so lnF D �kt andt.F / D lnF

�k
(b) M � 1

N

PN
jD1 t.j=N/. For the intervalŒ0; 1�, from the approximation given, the subinterval length is1=N and thus the

right-hand endpoints havex-coordinate.j=N/. Thus we have a Riemann sum and by definition,

lim
N!1

1

N

NX

jD1
t.j=N/ D

Z 1

0
t.F /dF:

(c)
d

dx
.x lnx � x/ D x

�
1

x

�
C lnx � 1 D lnx. Thus

M D lim
c!0

Z 1

c
t.F /df D lim

c!0

 
� 1
k
.F lnF � F /

ˇ̌
ˇ̌
1

c

!
D lim
c!0

 
1

k
.F � F lnF /

ˇ̌
ˇ̌
1

c

!

D lim
c!0

�
1

k
.1 � 1 ln 1 � .c � c ln c//

�

D lim
c!0

�
1

k
C 1

k
.c ln c � c/

�

(d) By L’Hôpital’s Rule,

lim
c!0C

c ln c D lim
c!0C

ln c

c�1 D lim
c!0C

c�1

�c�2 D � lim
c!0C

c D 0:

Thus,M D lim
c!0

Z 1

c
t.F /dF D lim

c!0

�
1

k
C 1

k
.c ln c � c/

�
D 1

k
.

(e) Since the half-life is3:825 days,k D ln 2

3:825
and

1

k
D 5:52. Thus,M D 5:52 days.

61. Modify the proof of the relatione D lim
n!1

�
1 C 1

n

�n given in the text to proveex D lim
n!1

�
1 C x

n

�n. Hint: Express

ln.1C xn�1/ as an integral and estimate above and below by rectangles.

SOLUTION Start by expressing

ln
�
1C x

n

�
D
Z 1Cx=n

1

dt

t
:

Following the proof in the text, we note that

x

nC x
� ln

�
1C x

n

�
� x

n

providedx > 0, while

x

n
� ln

�
1C x

n

�
� x

nC x
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whenx < 0. Multiplying both sets of inequalities byn and passing to the limit asn ! 1, the squeeze theorem guarantees that

lim
n!1

�
ln
�
1C x

n

��n
D x:

Finally,

lim
n!1

�
1C x

n

�n
D ex :

62. Prove that, forn > 0,

�
1C 1

n

�n
� e �

�
1C 1

n

�nC1

Hint: Take logarithms and use Eq. (4).

SOLUTION Taking logarithms throughout the desired inequality, we find the equivalent inequality

n ln
�
1C 1

n

�
� 1 � .nC 1/ ln

�
1C 1

n

�
:

Multiplying Eq. (4) byn yields

n

nC 1
� n ln

�
1C 1

n

�
� 1;

which establishes the left-hand side of the desired inequality. On the other hand, multiplying Eq. (4) bynC 1 yields

1 � .nC 1/ ln
�
1C 1

n

�
� 1C 1

n
;

which establishes the right-hand side of the desired inequality.

63. A bank pays interest at the rater , compoundedM times yearly. Theeffective interest ratere is the rate at which interest, if
compounded annually, would have to be paid to produce the same yearly return.

(a) Find re if r D 9% compounded monthly.

(b) Show thatre D .1C r=M/M � 1 and thatre D er � 1 if interest is compounded continuously.

(c) Find re if r D 11% compounded continuously.

(d) Find the rater that, compounded weekly, would yield an effective rate of 20%.

SOLUTION

(a) Compounded monthly,P.t/ D P0.1C r=12/12t . By the definition ofre ,

P0.1C 0:09=12/12t D P0.1C re/
t

so

.1C 0:09=12/12t D .1C re/
t or re D .1C 0:09=12/12 � 1 D 0:0938;

or 9:38%

(b) In general,

P0.1C r=M/Mt D P0.1C re/
t ;

so.1C r=M/Mt D .1C re/
t or re D .1C r=M/M � 1. If interest is compounded continuously, thenP0ert D P0.1C re/

t so
ert D .1C re/

t or re D er � 1.
(c) Using part (b),re D e0:11 � 1 � 0:1163 or 11.63%.

(d) Solving

0:20 D
�
1C r

52

�52
� 1

for r yieldsr D 52.1:21=52 � 1/ D 0:1826 or 18.26%.
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CHAPTER REVIEW EXERCISES

In Exercises 1–4, refer to the functionf .x/ whose graph is shown in Figure 1.

1

2

3

1 2 3 4

y

x

FIGURE 1

1. EstimateL4 andM4 on Œ0; 4�.

SOLUTION With n D 4 and an interval ofŒ0; 4�,�x D 4�0
4 D 1. Then,

L4 D �x.f .0/C f .1/C f .2/C f .3// D 1

�
1

4
C 1C 5

2
C 2

�
D 23

4

and

M4 D �x

�
f

�
1

2

�
C f

�
3

2

�
C f

�
5

2

�
C f

�
7

2

��
D 1

�
1

2
C 2C 9

4
C 9

4

�
D 7:

2. EstimateR4,L4, andM4 on Œ1; 3�.

SOLUTION With n D 4 and an interval ofŒ1; 3�,�x D 3�1
4 D 1

2 . Then,

R4 D �x

�
f

�
3

2

�
C f .2/C f

�
5

2

�
C f .3/

�
D 1

2

�
2C 5

2
C 9

4
C 2

�
D 35

8
I

L4 D �x

�
f .1/C f

�
3

2

�
C f .2/C f

�
5

2

��
D 1

2

�
1C 2C 5

2
C 9

4

�
D 31

8
I and

M4 D �x

�
f

�
5

4

�
C f

�
7

4

�
C f

�
9

4

�
C f

�
11

4

��
D 1

2

�
3

2
C 9

4
C 5

2
C 17

8

�
D 67

16
:

3. Find an intervalŒa; b� on whichR4 is larger than
Z b

a
f .x/ dx. Do the same forL4.

SOLUTION In general,RN is larger than
R b
a f .x/ dx on any intervalŒa; b� over whichf .x/ is increasing. Given the graph of

f .x/, we may takeŒa; b� D Œ0; 2�. In order forL4 to be larger than
R b
a f .x/ dx, f .x/ must be decreasing over the intervalŒa; b�.

We may therefore takeŒa; b� D Œ2; 3�.

4. Justify
3

2
�
Z 2

1
f .x/ dx � 9

4
.

SOLUTION Becausef .x/ is increasing onŒ1; 2�, we know that

LN �
Z 2

1
f .x/ dx � RN

for anyN . Now,

L2 D 1

2
.1C 2/ D 3

2
and R2 D 1

2

�
2C 5

2

�
D 9

4
;

so

3

2
�
Z 2

1
f .x/ dx � 9

4
:
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In Exercises 5–8, letf .x/ D x2 C 3x.

5. CalculateR6,M6, andL6 for f .x/ on the intervalŒ2; 5�. Sketch the graph off .x/ and the corresponding rectangles for each
approximation.

SOLUTION Let f .x/ D x2 C 3x. A uniform partition ofŒ2; 5� with N D 6 subintervals has

�x D 5 � 2
6

D 1

2
; xj D aC j�x D 2C j

2
;

and

x�
j D aC

�
j � 1

2

�
�x D 7

4
C j

2
:

Now,

R6 D �x

6X

jD1
f .xj / D 1

2

�
f

�
5

2

�
C f .3/C f

�
7

2

�
C f .4/C f

�
9

2

�
C f .5/

�

D 1

2

�
55

4
C 18C 91

4
C 28C 135

4
C 40

�
D 625

8
:

The rectangles corresponding to this approximation are shown below.

10

2.0 2.5 3.0 3.5 4.0 4.5

15

20

25

30

35

y

x

Next,

M6 D �x

6X

jD1
f .x�

j / D 1

2

�
f

�
9

4

�
C f

�
11

4

�
C f

�
13

4

�
C f

�
15

4

�
C f

�
17

4

�
C f

�
19

4

��

D 1

2

�
189

16
C 253

16
C 325

16
C 405

16
C 493

16
C 589

16

�
D 2254

32
D 1127

16
:

The rectangles corresponding to this approximation are shown below.

10

2.0 2.5 3.0 3.5 4.0 4.5

15

20

25

30

35

y

x

Finally,

L6 D �x

5X

jD0
f .xj / D 1

2

�
f .2/C f

�
5

2

�
C f .3/C f

�
7

2

�
C f .4/C f

�
9

2

��

D 1

2

�
10C 55

4
C 18C 91

4
C 28C 135

4

�
D 505

8
:

The rectangles corresponding to this approximation are shown below.

10

2.0 2.5 3.0 3.5 4.0 4.5

15

20

25

30

35

y

x
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6. Use FTC I to evaluateA.x/ D
Z x

�2
f .t/ dt .

SOLUTION Let f .x/ D x2 C 3x. Then

A.x/ D
Z x

�2
.t2 C 3t/ dt D

�
1

3
t3 C 3

2
t2
�ˇ̌
ˇ̌
x

�2
D 1

3
x3 C 3

2
x2 �

�
�8
3

C 6

�
D 1

3
x3 C 3

2
x2 � 10

3
:

7. Find a formula forRN for f .x/ on Œ2; 5� and compute
Z 5

2
f .x/ dx by taking the limit.

SOLUTION Let f .x/ D x2 C 3x on the intervalŒ2; 5�. Then�x D 5 � 2

N
D 3

N
anda D 2. Hence,

RN D �x

NX

jD1
f .2C j�x/ D 3

N

NX

jD1

 �
2C 3j

N

�2
C 3

�
2C 3j

N

�!
D 3

N

NX

jD1

 
10C 21j

N
C 9j 2

N 2

!

D 30C 63

N 2

NX

jD1
j C 27

N 3

NX

jD1
j 2

D 30C 63

N 2

 
N 2

2
C N

2

!
C 27

N 3

 
N 3

3
C N 2

2
C N

6

!

D 141

2
C 45

N
C 9

2N 2

and

lim
N!1

RN D lim
N!1

�
141

2
C 45

N
C 9

2N 2

�
D 141

2
:

8. Find a formula forLN for f .x/ on Œ0; 2� and compute
Z 2

0
f .x/ dx by taking the limit.

SOLUTION Let f .x/ D x2 C 3x andN be a positive integer. Then

�x D 2 � 0

N
D 2

N

and

xj D a C j�x D 0C 2j

N
D 2j

N

for 0 � j � N . Thus,

LN D �x

N�1X

jD0
f .xj / D 2

N

N�1X

jD0

 
4j 2

N 2
C 6j

N

!
D 8

N 3

N�1X

jD0
j 2 C 12

N 2

N�1X

jD0
j

D 4.N � 1/.2N � 1/

3N 2
C 6.N � 1/

N
D 26

3
� 10

N
C 4

3N 2
:

Finally,

Z 2

0
f .x/ dx D lim

N!1

�
26

3
� 10

N
C 4

3N 2

�
D 26

3
:

9. CalculateR5,M5, andL5 for f .x/ D .x2 C 1/�1 on the intervalŒ0; 1�.

SOLUTION Let f .x/ D .x2 C 1/�1. A uniform partition ofŒ0; 1� with N D 5 subintervals has

�x D 1 � 0

5
D 1

5
; xj D aC j�x D j

5
;

and

x�
j D aC

�
j � 1

2

�
�x D 2j � 1

10
:

Now,

R5 D �x

5X

jD1
f .xj / D 1

5

�
f

�
1

5

�
C f

�
2

5

�
C f

�
3

5

�
C f

�
4

5

�
C f .1/

�



668 C H A P T E R 5 THE INTEGRAL

D 1

5

�
25

26
C 25

29
C 25

34
C 25

41
C 1

2

�
� 0:733732:

Next,

M5 D �x

5X

jD1
f .x�

j / D 1

5

�
f

�
1

10

�
C f

�
3

10

�
C f

�
1

2

�
C f

�
7

10

�
C f

�
9

10

��

D 1

5

�
100

101
C 100

109
C 4

5
C 100

149
C 100

181

�
� 0:786231:

Finally,

L5 D �x

4X

jD0
f .xj / D 1

5

�
f .0/C f

�
1

5

�
C f

�
2

5

�
C f

�
3

5

�
C f

�
4

5

��

D 1

5

�
1C 25

26
C 25

29
C 25

34
C 25

41

�
� 0:833732:

10. LetRN be theN th right-endpoint approximation forf .x/ D x3 on Œ0; 4� (Figure 2).

(a) Prove thatRN D 64.N C 1/2

N 2
.

(b) Prove that the area of the region within the right-endpoint rectangles above the graph is equal to

64.2N C 1/

N 2

y

32

64

x
1 2 3 4

FIGURE 2 ApproximationRN for f .x/ D x3 on Œ0; 4�.

SOLUTION

(a) Let f .x/ D x3 andN be a positive integer. Then

�x D 4 � 0

N
D 4

N
and xj D aC j�x D 0C 4j

N
D 4j

N

for 0 � j � N . Thus,

RN D �x

NX

jD1
f .xj / D 4

N

NX

jD1

64j 3

N 3
D 256

N 4

NX

jD1
j 3 D 256

N 4
N 2.N C 1/2

4
D 64.N C 1/2

N 2
:

(b) The area between the graph ofy D x3 and thex-axis overŒ0; 4� is

Z 4

0
x3 dx D 1

4
x4
ˇ̌
ˇ̌
4

0

D 64:

The area of the region below the right-endpoint rectangles and above the graph is therefore

64.N C 1/2

N 2
� 64 D 64.2N C 1/

N 2
:

11. Which approximation to the area is represented by the shaded rectangles in Figure 3? ComputeR5 andL5.

x

y

30

18

6

1 2 3 4 5

FIGURE 3
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SOLUTION There are five rectangles and the height of each is given by the function value at the right endpoint of the subinterval.
Thus, the area represented by the shaded rectangles isR5.

From the figure, we see that�x D 1. Then

R5 D 1.30C 18C 6C 6C 30/ D 90 and L5 D 1.30C 30C 18C 6C 6/ D 90:

12. Calculate any two Riemann sums forf .x/ D x2 on the intervalŒ2; 5�, but choose partitions with at least five subintervals of
unequal widths and intermediate points that are neither endpoints nor midpoints.

SOLUTION Let f .x/ D x2. Riemann sums will, of course, vary. Here are two possibilities. TakeN D 5,

P D fx0 D 2; x1 D 2:7; x2 D 3:1; x3 D 3:6; x4 D 4:2; x5 D 5g

and

C D fc1 D 2:5; c2 D 3; c3 D 3:5; c4 D 4; c5 D 4:5g:

Then,

R.f;P;C / D
5X

jD1
�xj f .cj / D 0:7.6:25/ C 0:4.9/C 0:5.12:25/ C 0:6.16/C 0:8.20:25/ D 39:9:

Alternately, takeN D 6,

P D fx0 D 2; x1 D 2:5; x2 D 3:5; x3 D 4; x4 D 4:25; x5 D 4:75; x6 D 5g

and

C D fc1 D 2:1; c2 D 3; c3 D 3:7; c4 D 4:2; c5 D 4:5; c6 D 4:8g:

Then,

R.f;P; C / D
6X

jD1
�xj f .cj /

D 0:5.4:41/ C 1.9/C 0:5.13:69/ C 0:25.17:64/ C 0:5.20:25/ C 0:25.23:04/ D 38:345:

In Exercises 13–16, express the limit as an integral (or multiple of an integral) and evaluate.

13. lim
N!1

�

6N

NX

jD1
sin
�
�

3
C �j

6N

�

SOLUTION Let f .x/ D sinx andN be a positive integer. A uniform partition of the intervalŒ�=3; �=2� with N subintervals has

�x D �

6N
and xj D �

3
C �j

6N

for 0 � j � N . Then

�

6N

NX

jD1
sin
�
�

3
C �j

6N

�
D �x

NX

jD1
f .xj / D RN I

consequently,

lim
N!1

�

6N

NX

jD1
sin

�
�

3
C �j

6N

�
D
Z �=2

�=3
sinx dx D � cosx

ˇ̌
ˇ̌
�=2

�=3

D 0C 1

2
D 1

2
:

14. lim
N!1

3

N

N�1X

kD0

�
10C 3k

N

�

SOLUTION Let f .x/ D x andN be a positive integer. A uniform partition of the intervalŒ10; 13� with N subintervals has

�x D 3

N
and xj D 10C 3j

N

for 0 � j � N . Then

3

N

N�1X

kD0

�
10C 3k

N

�
D �x

N�1X

jD0
f .xj / D LN I
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consequently,

lim
N!1

3

N

N�1X

kD0

�
10C 3k

N

�
D
Z 13

10
x dx D 1

2
x2
ˇ̌
ˇ̌
13

10

D 169

2
� 100

2
D 69

2
:

15. lim
N!1

5

N

NX

jD1

p
4C 5j=N

SOLUTION Let f .x/ D
p
x andN be a positive integer. A uniform partition of the intervalŒ4; 9� with N subintervals has

�x D 5

N
and xj D 4C 5j

N

for 0 � j � N . Then

5

N

NX

jD1

p
4C 5j=N D �x

NX

jD1
f .xj / D RN I

consequently,

lim
N!1

5

N

NX

jD1

p
4C 5j=N D

Z 9

4

p
x dx D 2

3
x3=2

ˇ̌
ˇ̌
9

4

D 54

3
� 16

3
D 38

3
:

16. lim
N!1

1k C 2k C � � � CN k

N kC1 (k > 0)

SOLUTION Observe that

1k C 2k C 3k C � � � CN k

N kC1 D 1

N

"�
1

N

�k
C
�
2

N

�k
C
�
3

N

�k
C � � �

�
N

N

�k#
D 1

N

NX

jD1

�
j

N

�k
:

Now, letf .x/ D xk andN be a positive integer. A uniform partition of the intervalŒ0; 1� with N subintervals has

�x D 1

N
and xj D j

N

for 0 � j � N . Then

1

N

NX

jD1

�
j

N

�k
D �x

NX

jD1
f .xj / D RN I

consequently,

lim
N!1

1

N

NX

jD1

�
j

N

�k
D
Z 1

0
xk dx D 1

k C 1
xkC1

ˇ̌
ˇ̌
1

0

D 1

k C 1
:

In Exercises 17–20, use the given substitution to evaluate the integral.

17.
Z 2

0

dt

4t C 12
, u D 4t C 12

SOLUTION Let u D 4t C 12. Thendu D 4dt , and the new limits of integration areu D 12 andu D 20. Thus,

Z 2

0

dt

4t C 12
D 1

4

Z 20

12

du

u
D 1

4
lnu

ˇ̌
ˇ̌
20

12

D 1

4
.ln20 � ln 12/ D 1

4
ln
20

12
D 1

4
ln
5

3
:

18.
Z
.x2 C 1/ dx

.x3 C 3x/4
, u D x3 C 3x

SOLUTION Let u D x3 C 3x. Thendu D .3x2 C 3/ dx D 3.x2 C 1/ dx and

Z
.x2 C 1/ dx

.x3 C 3x/4
D 1

3

Z
u�4 du D �1

9
u�3 C C D �1

9
.x3 C 3x/�3 C C:
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19.
Z �=6

0
sinx cos4 x dx, u D cosx

SOLUTION Let u D cosx. Thendu D � sinx dx and the new limits of integration areu D 1 andu D
p
3=2. Thus,

Z �=6

0
sinx cos4 x dx D �

Z p
3=2

1
u4 du

D �1
5
u5
ˇ̌
ˇ̌
p
3=2

1

D 1

5

 
1 � 9

p
3

32

!
:

20.
Z

sec2.2�/ tan.2�/ d� , u D tan.2�/

SOLUTION Let u D tan.2�/. Thendu D 2 sec2.2�/ d� and
Z

sec2.2�/ tan.2�/ d� D 1

2

Z
udu D 1

4
u2 C C D 1

4
tan2.2�/C C:

In Exercises 21–70, evaluate the integral.

21.
Z
.20x4 � 9x3 � 2x/ dx

SOLUTION

Z
.20x4 � 9x3 � 2x/ dx D 4x5 � 9

4
x4 � x2 C C .

22.
Z 2

0
.12x3 � 3x2/ dx

SOLUTION

Z 2

0
.12x3 � 3x2/ dx D .3x4 � x3/

ˇ̌
ˇ̌
2

0

D .48 � 8/ � 0 D 40.

23.
Z
.2x2 � 3x/2 dx

SOLUTION

Z
.2x2 � 3x/2 dx D

Z
.4x4 � 12x3 C 9x2/ dx D 4

5
x5 � 3x4 C 3x3 C C .

24.
Z 1

0
.x7=3 � 2x1=4/ dx

SOLUTION

Z 1

0
.x7=3 � 2x1=4/ dx D

�
3

10
x10=3 � 8

5
x5=4

�ˇ̌
ˇ̌
1

0

D 3

10
� 8

5
D �13

10
.

25.
Z
x5 C 3x4

x2
dx

SOLUTION

Z
x5 C 3x4

x2
dx D

Z
.x3 C 3x2/ dx D 1

4
x4 C x3 C C .

26.
Z 3

1
r�4 dr

SOLUTION

Z 3

1
r�4 dr D �1

3
r�3

ˇ̌
ˇ̌
3

1

D �1
3

�
1

27
� 1

�
D 26

81
.

27.
Z 3

�3
jx2 � 4j dx

SOLUTION

Z 3

�3
jx2 � 4j dx D

Z 2

�3
.x2 � 4/ dx C

Z 2

�2
.4 � x2/ dx C

Z 3

2
.x2 � 4/ dx

D
�
1

3
x3 � 4x

�ˇ̌
ˇ̌
�2

�3
C
�
4x � 1

3
x3
�ˇ̌
ˇ̌
2

�2
C
�
1

3
x3 � 4x

�ˇ̌
ˇ̌
3

2

D
�
16

3
� 3

�
C
�
16

3
C 16

3

�
C
�

�3C 16

3

�

D 46

3
:



672 C H A P T E R 5 THE INTEGRAL

28.
Z 4

�2
j.x � 1/.x � 3/j dx

SOLUTION

Z 4

�2
j.x � 1/.x � 3/j dx D

Z 1

�2
.x2 � 4x C 3/ dx C

Z 3

1
.�x2 C 4x � 3/ dx C

Z 4

3
.x2 � 4x C 3/ dx

D
�
1

3
x3 � 2x2 C 3x

�ˇ̌
ˇ̌
1

�2
C
�

�1
3
x3 C 2x2 � 3x

�ˇ̌
ˇ̌
3

1

C
�
1

3
x3 � 2x2 C 3x

�ˇ̌
ˇ̌
4

3

D 4

3
�
�

�50
3

�
C 0 �

�
�4
3

�
C 4

3
� 0

D 62

3
:

29.
Z 3

1
Œt � dt

SOLUTION

Z 3

1
Œt � dt D

Z 2

1
Œt � dt C

Z 3

2
Œt � dt D

Z 2

1
dt C

Z 3

2
2 dt D t

ˇ̌
ˇ̌
2

1

C 2t

ˇ̌
ˇ̌
3

2

D .2 � 1/C .6 � 4/ D 3:

30.
Z 2

0
.t � Œt �/2 dt

SOLUTION

Z 2

0
.t � Œt �/2 dt D

Z 1

0
t2 dt C

Z 2

1
.t � 1/2 dt

D 1

3
t3
ˇ̌
ˇ̌
1

0

C 1

3
.t � 1/3

ˇ̌
ˇ̌
2

1

D 1

3
C 1

3
D 2

3
:

31.
Z
.10t � 7/14 dt

SOLUTION Let u D 10t � 7. Thendu D 10dt and

Z
.10t � 7/14 dt D 1

10

Z
u14 du D 1

150
u15 C C D 1

150
.10t � 7/15 C C:

32.
Z 3

2

p
7y � 5 dy

SOLUTION Let u D 7y � 5. Thendu D 7dy and wheny D 2, u D 9 and wheny D 3, u D 16. Finally,

Z 3

2

p
7y � 5dy D 1

7

Z 16

9
u1=2 du D 1

7
� 2
3
u3=2

ˇ̌
ˇ̌
16

9

D 2

21
.64 � 27/ D 74

21
:

33.
Z
.2x3 C 3x/ dx

.3x4 C 9x2/5

SOLUTION Let u D 3x4 C 9x2. Thendu D .12x3 C 18x/ dx D 6.2x3 C 3x/ dx and

Z
.2x3 C 3x/ dx

.3x4 C 9x2/5
D 1

6

Z
u�5 du D � 1

24
u�4 C C D � 1

24
.3x4 C 9x2/�4 C C:

34.
Z �1

�3

x dx

.x2 C 5/2

SOLUTION Let u D x2 C 5. Thendu D 2x dx and

Z �1

�3

x dx

.x2 C 5/2
D 1

2

Z 6

14
u�2 du D �1

2
u�1

ˇ̌
ˇ̌
6

14

D �1
2

�
1

6
� 1

14

�
D � 1

21
:
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35.
Z 5

0
15x

p
x C 4 dx

SOLUTION Let u D x C 4. Thenx D u � 4, du D dx and the new limits of integration areu D 4 andu D 9. Thus,

Z 5

0
15x

p
x C 4 dx D

Z 9

4
15.u � 4/

p
udu

D 15

Z 9

4
.u3=2 � 4u1=2/ du

D 15

�
2

5
u5=2 � 8

3
u3=2

�ˇ̌
ˇ̌
9

4

D 15

��
486

5
� 72

�
�
�
64

5
� 64

3

��

D 506:

36.
Z
t2

p
t C 8dt

SOLUTION Let u D t C 8. Thendu D dt , t D u � 8, and

Z
t2

p
t C 8 dt D

Z
.u � 8/2

p
udu D

Z
.u5=2 � 16u3=2 C 64u1=2/ du

D 2

7
u7=2 � 32

5
u5=2 C 128

3
u3=2 C C

D 2

7
.t C 8/7=2 � 32

5
.t C 8/5=2 C 128

3
.t C 8/3=2 C C:

37.
Z 1

0
cos

��
3
.t C 2/

�
dt

SOLUTION

Z 1

0
cos

��
3
.t C 2/

�
dt D 3

�
sin
��
3
.t C 2/

�ˇ̌
ˇ̌
1

0

D �3
p
3

2�
.

38.
Z �

�=2
sin

�
5� � �

6

�
d�

SOLUTION Let

u D 5� � �

6
so that du D 5

6
d�:

Then
Z �

�=2
sin
�
5� � �
6

�
d� D 6

5

Z 2�=3

�=4
sinudu

D �6
5

cosu

ˇ̌
ˇ̌
2�

�=4

3

D �6
5

 
�1
2

�
p
2

2

!
D 3

5
.1C

p
2/:

39.
Z
t2 sec2.9t3 C 1/ dt

SOLUTION Let u D 9t3 C 1. Thendu D 27t2 dt and

Z
t2 sec2.9t3 C 1/ dt D 1

27

Z
sec2 udu D 1

27
tanuC C D 1

27
tan.9t3 C 1/C C:

40.
Z

sin2.3�/ cos.3�/ d�

SOLUTION Let u D sin.3�/. Thendu D 3 cos.3�/d� and

Z
sin2.3�/ cos.3�/ d� D 1

3

Z
u2 du D 1

9
u3 C C D 1

9
sin3.3�/C C:
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41.
Z

csc2.9 � 2�/ d�

SOLUTION Let u D 9 � 2� . Thendu D �2 d� and
Z

csc2.9 � 2�/ d� D �1
2

Z
csc2 udu D 1

2
cotuC C D 1

2
cot.9 � 2�/C C:

42.
Z

sin�
p
4 � cos� d�

SOLUTION Let u D 4 � cos� . Thendu D sin� d� and
Z

sin�
p
4 � cos� d� D

Z
u1=2 du D 2

3
u3=2 C C D 2

3
.4� cos�/3=2 C C:

43.
Z �=3

0

sin�

cos2=3 �
d�

SOLUTION Let u D cos� . Thendu D � sin� d� and when� D 0, u D 1 and when� D �
3 , u D 1

2 . Finally,

Z �=3

0

sin�

cos2=3 �
d� D �

Z 1=2

1
u�2=3 du D �3u1=3

ˇ̌
ˇ̌
1=2

1

D �3.2�1=3 � 1/ D 3 � 3
3
p
4

2
:

44.
Z

sec2 t dt

.tant � 1/2

SOLUTION Let u D tant � 1. Thendu D sec2 t dt and

Z
sec2 t dt

.tant � 1/2
D
Z
u�2 du D �u�1 C C D � 1

tant � 1
C C:

45.
Z
e9�2x dx

SOLUTION Let u D 9 � 2x. Thendu D �2 dx, and
Z
e9�2x dx D �1

2

Z
eu du D �1

2
eu C C D �1

2
e9�2x C C:

46.
Z 3

1
e4x�3 dx

SOLUTION

Z 3

1
e4x�3 dx D 1

4
e4x�3

ˇ̌
ˇ̌
3

1

D 1

4
.e9 � e/.

47.
Z
x2ex

3

dx

SOLUTION Let u D x3. Thendu D 3x2 dx, and
Z
x2ex

3

dx D 1

3

Z
eudu D 1

3
eu C C D 1

3
ex

3 C C:

48.
Z ln3

0
ex�ex

dx

SOLUTION Noteex�ex D exe�ex
. Now, letu D ex . Thendu D exdx, and the new limits of integration areu D e0 D 1 and

u D eln3 D 3. Thus,

Z ln3

0
ex�ex

dx D
Z ln3

0
exe�ex

dx D
Z 3

1
e�u du D �e�t

ˇ̌
ˇ̌
3

1

D �.e�3 � e�1/ D e�1 � e�3:

49.
Z
ex10x dx

SOLUTION

Z
ex10x dx D

Z
.10e/x dx D .10e/x

ln.10e/
C C D .10e/x

ln 10C ln e
C C D 10xex

ln 10C 1
C C .

50.
Z
e�2x sin.e�2x/ dx

SOLUTION Let u D e�2x . Thendu D �2e�2xdx, and
Z
e�2x sin

�
e�2x

�
dx D �1

2

Z
sinudu D cosu

2
C C D 1

2
cos

�
e�2x

�
C C:
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51.
Z

e�x dx
.e�x C 2/3

SOLUTION Let u D e�x C 2. Thendu D �e�x dx and

Z
e�x dx

.e�x C 2/3
D �

Z
u�3 du D 1

2u2
C C D 1

2.e�x C 2/2
C C:

52.
Z

sin� cos�ecos2 �C1 d�

SOLUTION Let u D cos2 � C 1. Thendu D �2 sin� cos� d� and

Z
sin� cos�ecos2 �C1 d� D �1

2

Z
eu du D �1

2
eu C C D �1

2
ecos2 �C1 C C:

53.
Z �=6

0
tan2� d�

SOLUTION

Z �=6

0
tan2� d� D 1

2
ln j sec2� j

ˇ̌
ˇ̌
�=6

0

D 1

2
ln2.

54.
Z 2�=3

�=3
cot

�
1

2
�

�
d�

SOLUTION

Z 2�=3

�=3
cot

�
1

2
�

�
d� D 2 ln

ˇ̌
ˇ̌sin

�

2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

2�

�=3

3

D 2
�
ln sin

�

3
� ln sin

�

6

�

D 2

 
ln

p
3

2
� ln

1

2

!
D ln3:

55.
Z

dt

t.1C .ln t/2/

SOLUTION Let u D ln t . Then,du D 1
t dt and

Z
dt

t.1C .ln t/2/
D
Z

du

1C u2
D tan�1uC C D tan�1.ln t/C C:

56.
Z

cos.ln x/dx

x

SOLUTION Let u D ln x. Thendu D dx
x , and

Z
cos.lnx/

x
dx D

Z
cosudu D sinuC C D sin.ln x/C C:

57.
Z e

1

lnx dx

x

SOLUTION Let u D ln x. Thendu D dx
x and the new limits of integration areu D ln 1 D 0 andu D ln e D 1. Thus,

Z e

1

ln x dx

x
D
Z 1

0
udu D 1

2
u2
ˇ̌
ˇ̌
1

0

D 1

2
:

58.
Z

dx

x
p

lnx

SOLUTION Let u D ln x. Thendu D 1
x dx, and

Z
dx

x
p

lnx
D
Z
u�1=2 du D 2

p
uC C D 2

p
lnx C C:

59.
Z

dx

4x2 C 9
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SOLUTION Let u D 2x
3 . Thenx D 3

2u, dx D 3
2 du, and

Z
dx

4x2 C 9
D
Z 3

2 du

4 � 94u2 C 9
D 1

6

Z
du

u2 C 1
D 1

6
tan�1uC C D 1

6
tan�1

�
2x

3

�
C C:

60.
Z 0:8

0

dxp
1 � x2

SOLUTION

Z 0:8

0

dxp
1 � x2

D sin�1 x
ˇ̌
ˇ̌
0:8

0

D sin�1 0:8 � sin�1 0 D sin�1 0:8.

61.
Z 12

4

dx

x
p
x2 � 1

SOLUTION

Z 12

4

dx

x
p
x2 � 1

D sec�1 x
ˇ̌
ˇ̌
12

4

D sec�112 � sec�14:

62.
Z 3

0

x dx

x2 C 9

SOLUTION Let u D x2 C 9. Thendu D 2x dx, and the new limits of integration areu D 9 andu D 18. Thus,

Z 3

0

x dx

x2 C 9
D 1

2

Z 18

9

du

u
D 1

2
lnu

ˇ̌
ˇ̌
18

9

D 1

2
.ln18 � ln 9/ D 1

2
ln
18

9
D 1

2
ln2:

63.
Z 3

0

dx

x2 C 9

SOLUTION Let u D x
3 . Thendu D dx

3 , and the new limits of integration areu D 0 andu D 1. Thus,

Z 3

0

dx

x2 C 9
D 1

3

Z 1

0

dt

t2 C 1
D 1

3
tan�1t

ˇ̌
ˇ̌
1

0

D 1

3
.tan�11 � tan�10/ D 1

3

��
4

� 0
�

D �

12
:

64.
Z

dxp
e2x � 1

SOLUTION Let u D ex . Then

du D ex dx ) du D udx ) u�1du D dx

By substitution, we obtain
Z

dxp
e2x � 1

D
Z

du

u
p
u2 � 1

D sec�1 uC C D sec�1.ex/C C

65.
Z

x dxp
1 � x4

SOLUTION Let u D x2. Thendu D 2x dx, and
p
1 � x4 D

p
1 � u2. Thus,

Z
x dxp
1 � x4

D 1

2

Z
dup
1 � u2

D 1

2
sin�1uC C D 1

2
sin�1.x2/C C:

66.
Z 1

0

dx

25 � x2

SOLUTION Let x D 5u. Thendx D 5du, and the new limits of integration areu D 0 andu D 1
5 . Thus,

Z 1

0

dx

25 � x2
D 1

25

Z 1=5

0

5 du

1 � u2
D 5

25

Z 1=5

0

du

1 � u2

D 1

5
tanh�1u

ˇ̌
ˇ̌
1=5

0

D 1

5

�
tanh�1

1

5
� tanh�10

�
D 1

5
tanh�1

1

5
:

67.
Z 4

0

dx

2x2 C 1
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SOLUTION Let u D
p
2x. Thendu D

p
2 dx, and the new limits of integration areu D 0 andu D 4

p
2. Thus,

Z 4

0

dx

2x2 C 1
D
Z 4

p
2

0

1p
2
du

u2 C 1
D 1p

2

Z 4
p
2

0

du

u2 C 1

D 1p
2

tan�1u
ˇ̌
ˇ̌
4

p
2

0

D 1p
2

�
tan�1.4

p
2/ � tan�10

�
D 1p

2
tan�1.4

p
2/:

68.
Z 8

5

dx

x
p
x2 � 16

SOLUTION Let x D 4u. Thendx D 4 du, and the new limits of integration areu D 5
4 andu D 2. Thus,

Z 8

5

dx

x
p
x2 � 16

D 1

4

Z 2

5=4

du

u
p
u2 � 1

D 1

4

�
sec�1 u

� ˇ̌
ˇ̌
2

5=4

D 1

4

�
sec�1 2 � sec�1

5

4

�
D 1

4

�
�

3
� sec�1

5

4

�
:

69.
Z 1

0

.tan�1 x/3 dx
1C x2

SOLUTION Let u D tan�1 x. Then

du D 1

1C x2
dx

and

Z 1

0

.tan�1 x/3 dx
1C x2

D
Z �=4

0
u3 du D 1

4
u4
ˇ̌
ˇ̌
�=4

0

D 1

4

��
4

�4
D �4

1024
:

70.
Z

cos�1 t dtp
1 � t2

SOLUTION Let u D cos�1t . Thendu D � 1p
1�t2

dt , and

Z
cos�1tp
1 � t2

dt D �
Z
udu D �1

2
u2 C C D �1

2
.cos�1t/

2 C C:

71. Combine to write as a single integral:

Z 8

0
f .x/ dx C

Z 0

�2
f .x/ dx C

Z 6

8
f .x/ dx

SOLUTION First, rewrite

Z 8

0
f .x/ dx D

Z 6

0
f .x/ dx C

Z 8

6
f .x/ dx

and observe that
Z 6

8
f .x/ dx D �

Z 8

6
f .x/ dx:

Thus,

Z 8

0
f .x/ dx C

Z 6

8
f .x/ dx D

Z 6

0
f .x/ dx:

Finally,

Z 8

0
f .x/ dx C

Z 0

�2
f .x/ dx C

Z 6

8
f .x/ dx D

Z 6

0
f .x/ dx C

Z 0

�2
f .x/ dx D

Z 6

�2
f .x/ dx:

72. Let A.x/ D
R x
0 f .x/ dx, wheref .x/ is the function shown in Figure 4. Identify the location of the local minima, the local

maxima, and points of inflection ofA.x/ on the intervalŒ0; E�, as well as the intervals whereA.x/ is increasing, decreasing,
concave up, or concave down. Where does the absolute max ofA.x/ occur?
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x

y

A B C D E

FIGURE 4

SOLUTION Let f .x/ be the function shown in Figure 4 and define

A.x/ D
Z x

0
f .x/ dx:

ThenA0.x/ D f .x/ andA00.x/ D f 0.x/. Hence,A.x/ is increasing whenf .x/ is positive, is decreasing whenf .x/ is negative,
is concave up whenf .x/ is increasing and is concave down whenf .x/ is decreasing. Thus,A.x/ is increasing for0 < x < B, is
decreasing forB < x < D and forD < x < E, has a local maximum atx D B and no local minima. Moreover,A.x/ is concave
up for 0 < x < A and forC < x < D, is concave down forA < x < C and forD < x < E, and has a point of inflection at
x D A, x D C andx D D. The absolute maximum value forA.x/ occurs atx D B.

73. Find the local minima, the local maxima, and the inflection points ofA.x/ D
Z x

3

t dt

t2 C 1
.

SOLUTION Let

A.x/ D
Z x

3

t dt

t2 C 1
:

Then

A0.x/ D x

x2 C 1

and

A00.x/ D .x2 C 1/.1/ � x.2x/

.x2 C 1/2
D 1 � x2
.x2 C 1/2

:

Now, x D 0 is the only critical point ofA; becauseA00.0/ > 0, it follows thatA has a local minimum atx D 0. There are no local
maxima. Moreover,A.x/ is concave down forjxj > 1 and concave up forjxj < 1. A.x/ therefore has inflection points atx D ˙1.
74. A particle starts at the origin at timet D 0 and moves with velocityv.t/ as shown in Figure 5.

(a) How many times does the particle return to the origin in the first 12 seconds?
(b) What is the particle’s maximum distance from the origin?

(c) What is particle’s maximum distance to the left of the origin?

2

4

−4

−2

5

10

v(t) m/s

t (s)

FIGURE 5

SOLUTION Because the particle starts at the origin, the position of the particle is given by

s.t/ D
Z t

0
v.�/ d� I

that is by the signed area between the graph of the velocity and thet-axis over the intervalŒ0; t �. Using the geometry in Figure 5,
we see thats.t/ is increasing for0 < t < 4 and for8 < t < 10 and is decreasing for4 < t < 8 and for10 < t < 12. Furthermore,

s.0/ D 0 m; s.4/ D 4 m; s.8/ D �4 m; s.10/ D �2 m; and s.12/ D �6 m:

(a) In the first 12 seconds, the particle returns to the origin once, sometime betweent D 4 andt D 8 seconds.

(b) The particle’s maximum distance from the origin is 6 meters (to the left att D 12 seconds).
(c) The particle’s distance to the left of the origin is 6 meters.
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75. On a typical day, a city consumes water at the rate ofr.t/ D 100 C 72t � 3t2 (in thousands of gallons per hour), where
t is the number of hours past midnight. What is the daily water consumption? How much water is consumed between 6PM and
midnight?

SOLUTION With a consumption rate ofr.t/ D 100C 72t � 3t2 thousand gallons per hour, the daily consumption of water is

Z 24

0
.100C 72t � 3t2/ dt D

�
100t C 36t2 � t3

�ˇ̌ˇ̌
24

0

D 100.24/C 36.24/2 � .24/3 D 9312;

or 9.312 million gallons. From 6 PM to midnight, the water consumption is

Z 24

18
.100C 72t � 3t2/ dt D

�
100t C 36t2 � t3

�ˇ̌
ˇ
24

18

D 100.24/C 36.24/2 � .24/3 �
�
100.18/C 36.18/2 � .18/3

�

D 9312 � 7632 D 1680;

or 1.68 million gallons.

76. The learning curve in a certain bicycle factory isL.x/ D 12x�1=5 (in hours per bicycle), which means that it takes a bike
mechanicL.n/ hours to assemble thenth bicycle. If a mechanic has produced 24 bicycles, how long does it take her or him to
produce the second batch of 12?

SOLUTION The second batch of 12 bicycles consists of bicycles 13 through 24. The time it takes to produce these bicycles is

Z 24

13
12x�1=5 dx D 15x4=5

ˇ̌
ˇ̌
24

13

D 15
�
244=5 � 134=5

�
� 73:91 hours:

77. Cost engineers at NASA have the task of projecting the costP of major space projects. It has been found that the costC of
developing a projection increases withP at the ratedC=dP � 21P�0:65, whereC is in thousands of dollars andP in millions of
dollars. What is the cost of developing a projection for a project whose cost turns out to beP D $35 million?

SOLUTION Assuming it costs nothing to develop a projection for a project with a cost of $0, the cost of developing a projection
for a project whose cost turns out to be $35 million is

Z 35

0
21P�0:65 dP D 60P 0:35

ˇ̌
ˇ̌
35

0

D 60.35/0:35 � 208:245;

or $208,245.

78. An astronomer estimates that in a certain constellation, the number of stars per magnitudem, per degree-squared of sky, is
equal toA.m/ D 2:4� 10�6m7:4 (fainter stars have higher magnitudes). Determine the total number of stars of magnitude between
6 and15 in a one-degree-squared region of sky.

SOLUTION The total number of stars of magnitude between6 and15 in a one-degree-squared region of sky is

Z 15

6
A.m/ dm D

Z 15

6
2:4 � 10�6m7:4 dm

D 2

7
� 10�6m8:4

ˇ̌
ˇ̌
15

6

� 2162

79. Evaluate
Z 8

�8

x15 dx

3C cos2 x
, using the properties of odd functions.

SOLUTION Let f .x/ D x15

3Ccos2 x
and note that

f .�x/ D .�x/15
3C cos2.�x/

D � x15

cos2 x
D �f .x/:

Becausef .x/ is an odd function and the interval�8 � x � 8 is symmetric aboutx D 0, it follows that

Z 8

�8

x15 dx

3C cos2 x
D 0:

80. Evaluate
R 1
0 f .x/ dx, assuming thatf .x/ is an even continuous function such that

Z 2

1
f .x/ dx D 5;

Z 1

�2
f .x/ dx D 8
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SOLUTION Using the given information

Z 2

�2
f .x/ dx D

Z 1

�2
f .x/ dx C

Z 2

1
f .x/ dx D 13:

Becausef .x/ is an even function, it follows that

Z 0

�2
f .x/ dx D

Z 2

0
f .x/ dx;

so
Z 2

0
f .x/ dx D 13

2
:

Finally,

Z 1

0
f .x/ dx D

Z 2

0
f .x/ dx �

Z 2

1
f .x/ dx D 13

2
� 5 D 3

2
:

81. Plot the graph off .x/ D sinmx sinnx on Œ0; �� for the pairs.m; n/ D .2; 4/, .3; 5/ and in each case guess the value
of I D

R �
0 f .x/ dx. Experiment with a few more values (including two cases withm D n) and formulate a conjecture for whenI

is zero.

SOLUTION The graphs off .x/ D sinmx sinnx with .m; n/ D .2; 4/ and.m; n/ D .3; 5/ are shown below. It appears as if the
positive areas balance the negative areas, so we expect that

I D
Z �

0
f .x/ dx D 0

in these cases.

−0.5

32.521.510.5

0.5

(2, 4)

x

y

−0.5

32.521.510.5

0.5

(3, 5)

x

y

We arrive at the same conclusion for the cases.m; n/ D .4; 1/ and.m; n/ D .5; 2/.

−0.5

32.521.510.5

0.5

(4, 1)

x

y

−0.5

32.521.510.5

0.5

(5, 2)

x

y

However, when.m; n/ D .3; 3/ and when.m; n/ D .5; 5/, the value of

I D
Z �

0
f .x/ dx

is clearly not zero as there is no negative area.

−0.5

32.521.510.5

0.5

(3, 3)

x

y

−0.5

32.521.510.5

0.5

(5, 5)

x

y

We therefore conjecture thatI is zero wheneverm ¤ n.
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82. Show that
Z
x f .x/ dx D xF.x/�G.x/

whereF 0.x/ D f .x/ andG0.x/ D F.x/. Use this to evaluate
Z
x cosx dx.

SOLUTION SupposeF 0.x/ D f .x/ andG0.x/ D F.x/. Then

d

dx
.xF.x/�G.x// D xF 0.x/C F.x/�G0.x/ D xf .x/C F.x/� F.x/ D xf .x/:

Therefore,xF.x/�G.x/ is an antiderivative ofxf .x/ and
Z
xf .x/ dx D xF.x/�G.x/C C:

To evaluate
R
x cosx dx, note thatf .x/ D cosx. Thus, we may takeF.x/ D sinx andG.x/ D � cosx. Finally,

Z
x cosx dx D x sinx C cosx C C:

83. Prove

2 �
Z 2

1
2x dx � 4 and

1

9
�
Z 2

1
3�x dx � 1

3

SOLUTION The functionf .x/ D 2x is increasing, so1 � x � 2 implies that2 D 21 � 2x � 22 D 4. Consequently,

2 D
Z 2

1
2 dx �

Z 2

1
2x dx �

Z 2

1
4 dx D 4:

On the other hand, the functionf .x/ D 3�x is decreasing, so1 � x � 2 implies that

1

9
D 3�2 � 3�x � 3�1 D 1

3
:

It then follows that

1

9
D
Z 2

1

1

9
dx �

Z 2

1
3�x dx �

Z 2

1

1

3
dx D 1

3
:

84. Plot the graph off .x/ D x�2 sinx, and show that0:2 �
Z 2

1
f .x/ dx � 0:9.

SOLUTION Let f .x/ D x�2 sinx. From the figure below, we see that

0:2 � f .x/ � 0:9

for 1 � x � 2. Therefore,

0:2 D
Z 2

1
0:2 dx �

Z 2

1
f .x/ dx �

Z 2

1
0:9 dx D 0:9:

21.510.5

0.2

0.4

0.6

0.8

1

x

x−2sin x

y

85. Find upper and lower bounds for
Z 1

0
f .x/ dx, for f .x/ in Figure 6.
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1

1

2

y

x

f (x)y = x2 + 1

y = x1/2 + 1

FIGURE 6

SOLUTION From the figure, we see that the inequalitiesx2 C 1 � f .x/ �
p
x C 1 hold for 0 � x � 1. Because

Z 1

0
.x2 C 1/ dx D

�
1

3
x3 C x

�ˇ̌
ˇ̌
1

0

D 4

3

and
Z 1

0
.
p
x C 1/ dx D

�
2

3
x3=2 C x

�ˇ̌
ˇ̌
1

0

D 5

3
;

it follows that

4

3
�
Z 1

0
f .x/ dx � 5

3
:

In Exercises 86–91, find the derivative.

86. A0.x/, whereA.x/ D
Z x

3
sin.t3/ dt

SOLUTION LetA.x/ D
Z x

3
sin.t3/ dt . ThenA0.x/ D sin.x3/.

87. A0.�/, whereA.x/ D
Z x

2

cost

1C t
dt

SOLUTION LetA.x/ D
Z x

2

cost

1C t
dt . ThenA0.x/ D cosx

1C x
and

A0.�/ D cos�

1C �
D � 1

1C �
:

88.
d

dy

Z y

�2
3x dx

SOLUTION
d

dy

Z y

�2
3x dx D 3y :

89. G0.x/, whereG.x/ D
Z sinx

�2
t3 dt

SOLUTION LetG.x/ D
Z sinx

�2
t3 dt . Then

G0.x/ D sin3 x
d

dx
sin x D sin3 x cosx:

90. G0.2/, whereG.x/ D
Z x3

0

p
t C 1 dt

SOLUTION LetG.x/ D
Z x3

0

p
t C 1 dt . Then

G0.x/ D
p
x3 C 1

d

dx
x3 D 3x2

p
x3 C 1

andG0.2/ D 3.2/2
p
8C 1 D 36.
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91. H 0.1/, whereH.x/ D
Z 9

4x2

1

t
dt

SOLUTION LetH.x/ D
Z 9

4x2

1

t
dt D �

Z 4x2

9

1

t
dt . Then

H 0.x/ D � 1

4x2
d

dx
4x2 D � 8x

4x2
D � 2

x

andH 0.1/ D �2.

92. Explain with a graph: Iff .x/ is increasing and concave up onŒa; b�, thenLN is more accurate thanRN . Which is
more accurate iff .x/ is increasing and concave down?

SOLUTION Consider the figure below, which displays a portion of the graph of an increasing, concave up function.

x

y

The shaded rectangles represent the differences between theright-endpoint approximationRN and the left-endpoint approximation
LN . In particular, the portion of each rectangle that lies below the graph ofy D f .x/ is the amount by whichLN underestimates
the area under the graph, whereas the portion of each rectangle that lies above the graph ofy D f .x/ is the amount by whichRN
overestimates the area. Because the graph ofy D f .x/ is increasing and concave up, the lower portion of each shaded rectangle is
smaller than the upper portion. Therefore,LN is more accurate (introduces less error) thanRN . By similar reasoning, iff .x/ is
increasing and concave down, thenRN is more accurate thanLN .

93. Explain with a graph: Iff .x/ is linear onŒa; b�, then the
Z b

a
f .x/ dx D 1

2
.RN C LN / for all N .

SOLUTION Consider the figure below, which displays a portion of the graph of a linear function.

x

y

The shaded rectangles represent the differences between theright-endpoint approximationRN and the left-endpoint approximation
LN . In particular, the portion of each rectangle that lies below the graph ofy D f .x/ is the amount by whichLN underestimates
the area under the graph, whereas the portion of each rectangle that lies above the graph ofy D f .x/ is the amount by whichRN
overestimates the area. Because the graph ofy D f .x/ is a line, the lower portion of each shaded rectangle is exactly the same size
as the upper portion. Therefore, if we averageLN andRN , the error in the two approximations will exactly cancel, leaving

1

2
.RN C LN / D

Z b

a
f .x/ dx:

94. In this exercise, we prove

x � x2

2
� ln.1C x/ � x .for x > 0/ 1

(a) Show that ln.1C x/ D
Z x

0

dt

1C t
for x > 0.

(b) Verify that1 � t � 1

1C t
� 1 for all t > 0.

(c) Use (b) to prove Eq. (1).
(d) Verify Eq. (1) forx D 0:5, 0.1, and 0.01.

SOLUTION

(a) Let x > 0. Then
Z x

0

dt

1C t
D ln.1C t/

ˇ̌
ˇ̌
x

0

D ln.1C x/ � ln 1 D ln.1C x/:
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(b) For t > 0, 1C t > 1, so 1
1Ct < 1. Moreover,.1 � t/.1C t/ D 1 � t2 < 1. Because1C t > 0, it follows that1 � t < 1

1Ct .
Hence,

1 � t � 1

1C t
� 1:

(c) Integrating each expression in the result from part (b) fromt D 0 to t D x yields

x � x2

2
� ln.1C x/ � x:

(d) Forx D 0:5, x D 0:1 andx D 0:01, we obtain the string of inequalities

0:375 � 0:405465 � 0:5

0:095 � 0:095310 � 0:1

0:00995 � 0:00995033 � 0:01;

respectively.

95. Let

F.x/ D x
p
x2 � 1 � 2

Z x

1

p
t2 � 1 dt

Prove thatF.x/ and cosh�1 x differ by a constant by showing that they have the same derivative. Then prove they are equal by
evaluating both atx D 1.

SOLUTION Let

F.x/ D x
p
x2 � 1 � 2

Z x

1

p
t2 � 1 dt:

Then

dF

dx
D
p
x2 � 1C x2p

x2 � 1
� 2

p
x2 � 1 D x2p

x2 � 1
�
p
x2 � 1 D 1p

x2 � 1
:

Also, d
dx
.cosh�1x/ D 1p

x2�1
; therefore,F.x/ and cosh�1x have the same derivative. We conclude thatF.x/ and cosh�1x differ

by a constant:

F.x/ D cosh�1x C C:

Now, letx D 1. BecauseF.1/ D 0 and cosh�1 1 D 0, it follows thatC D 0. Therefore,

F.x/ D cosh�1x:

96. Letf .x/ be a positive increasing continuous function onŒa; b�, where0 � a < b as in Figure 7. Show that the shaded
region has area

I D bf .b/� af .a/�
Z b

a
f .x/ dx 2

y

x
ba

y = f(x)

f (b)

f (a)

FIGURE 7

SOLUTION We can construct the shaded region in Figure 7 by taking a rectangle of lengthb and heightf .b/ and removing a
rectangle of lengtha and heightf .a/ as well as the region between the graph ofy D f .x/ and thex-axis over the intervalŒa; b�.
The area of the resulting region is then the area of the large rectangle minus the area of the small rectangle and minus the area under
the curvey D f .x/; that is,

I D bf .b/� af .a/�
Z b

a
f .x/ dx:
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97. How can we interpret the quantityI in Eq. (2) ifa < b � 0? Explain with a graph.

SOLUTION We will consider each term on the right-hand side of (2) separately. For convenience, letI , II , III andIV denote the
area of the similarly labeled region in the diagram below.

y

x
ba

I

III

II

IV

f (b)

f (a)

Becauseb < 0, the expressionbf .b/ is the opposite of the area of the rectangle along the right; that is,

bf .b/ D �II � IV :

Similarly,

�af .a/ D III C IV and �
Z b

a
f .x/ dx D �I � III :

Therefore,

bf .b/� af .a/�
Z b

a
f .x/ dx D �I � II I

that is, the opposite of the area of the shaded region shown below.

y

x
ba

f (b)

f (a)

98. The isotope thorium-234 has a half-life of24:5 days.

(a) What is the differential equation satisfied byy.t/, the amount of thorium-234 in a sample at timet?
(b) At t D 0, a sample contains2 kg of thorium-234. How much remains after 40 days?

SOLUTION

(a) By the equation for half-life,

24:5 D ln 2

k
; so k D ln 2

24:5
� 0:028 days�1:

Therefore, the differential equation fory.t/ is

y0 D �0:028y:

(b) If there are 2 kg of thorium-234 att D 0, theny.t/ D 2e�0:028t . After 40 days, the amount of thorium-234 is

y.40/ D 2e�0:028.40/ D 0:653 kg:

99. The Oldest Snack Food? In Bat Cave, New Mexico, archaeologists found ancient human remains, including cobs of pop-
ping corn whose C14-to-C12 ratio was approximately48% of that found in living matter. Estimate the age of the corn cobs.

SOLUTION Let t be the age of the corn cobs. TheC 14 toC 12 ratio decreased by a factor ofe�0:000121t which is equal to0:48.
That is:

e�0:000121t D 0:48;

so

�0:000121t D ln 0:48;

and

t D � 1

0:000121
ln0:48 � 6065:9:

We conclude that the age of the corn cobs is approximately6065:9 years.
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100. The C14-to-C12 ratio of a sample is proportional to the disintegration rate (number of beta particles emitted per minute) that
is measured directly with a Geiger counter. The disintegration rate of carbon in a living organism is15:3 beta particles per minute
per gram. Find the age of a sample that emits 9.5 beta particles per minute per gram.

SOLUTION Let t be the age of the sample in years. Because the disintegration rate for the sample has dropped from15:3 beta
particles=min per gram to 9.5 beta particles=min per gram and theC 14 to C 12 ratio is proportional to the disintegration rate, it
follows that

e�0:000121t D 9:5

15:3
;

so

t D � 1

0:000121
ln
9:5

15:3
� 3938:5:

We conclude that the sample is approximately 3938.5 years old.

101. What is the interest rate if the PV of $50,000 to be delivered in 3 years is $43,000?

SOLUTION Let r denote the interest rate. The present value of $50,000 received in 3 years with an interest rate ofr is50;000e�3r .
Thus, we need to solve

43;000 D 50;000e�3r

for r . This yields

r D �1
3

ln
43

50
D 0:0503:

Thus, the interest rate is 5.03%.

102. An equipment upgrade costing $1 million will save a company $320,000 per year for 4 years. Is this a good investment if the
interest rate isr D 5%? What is the largest interest rate that would make the investment worthwhile? Assume that the savings are
received as a lump sum at the end of each year.

SOLUTION With an interest rate ofr D 5%, the present value of the four payments is

$320;000
�
e�0:05 C e�0:1 C e�0:15 C e�0:2� D $1;131;361:78:

As this is greater than the $1 million cost of the upgrade, this is a good investment. To determine the largest interest rate that would
make the investment worthwhile, we must solve the equation

320;000
�
e�r C e�2r C e�3r C e�4r � D 1;000;000

for r . Using a computer algebra system, we findr D 10:13%.

103. Find the PV of an income stream paying out continuously at a rate of5000e�0:1t dollars per year for5 years, assuming an
interest rate ofr D 4%.

SOLUTION PV D
Z 5

0
5000e�0:1t e�0:04t dt D

Z 5

0
5000e�0:14t dt D 5000

�0:14 e
�0:14t

ˇ̌
ˇ̌
5

0

D $17; 979:10.

104. Calculate the limit:

(a) lim
n!1

�
1C 4

n

�n
(b) lim

n!1

�
1C 1

n

�4n
(c) lim

n!1

�
1C 4

n

�3n

SOLUTION

(a) lim
n!1

�
1C 4

n

�n
D lim
n!1

"�
1C 1

n=4

�n=4#4
D e4.

(b) lim
n!1

�
1C 1

n

�4n
D lim
n!1

��
1C 1

n

�n�4
D e4.

(c) lim
n!1

�
1C 4

n

�3n
D lim
n!1

"�
1C 1

n=4

�n=4#12
D e12.
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Chapter 5: The Integral 

Preparing for the AP Exam Solutions 
 

Multiple Choice Quesitons 

 

1)   B  2)   D  3)   E  4)   D  5)   C 

6)   B  7)   A  8)   C  9)   C  10)   A 

11)   C  12)   B  13)   C  14)   C  15)   E 

16)   E  17)   C  18)   D  19)   E  20)   C 

 

 

Free Response Questions 

 

1.    a) If 0)( tv , then x(t) will be increasing, so set 0sin
2

1
 t . Solution is 

6
0


 t  and 




2
6

5
 t  

b) 3 + dtt)sin
2

1
(

2

0




= 3 +    

c)  dtt)sin
2

1
(6

0



dtt)sin
2

1
(6

5

6





 +  dtt)sin

2

1
(

2

6

5 


  = 
3

32


  

d) When 
4


t , 0

2

2

2

1
)( tv and 0

2

2
cos)( 


 tta . )(tv is negative and decreasing, so 

)(tv , or the speed, is increasing. 

 

POINTS: 

(a) (3 pts) 1)  0sin
2

1
 t ; 1) 

6
0


 t ; 1) 


2

6

5
 t  

(b) (1 pt) 

(c) (3 pts) 1) integrates )(tv over answer to part (a) ; 1) integrates )(tv over complement; 1) answer 

(d) (2 pts) 1) 0)
4

( 


v and 0)
4

( 


a ;  1) Answer 

 

 

2.  a)   We need 643 t  defined on the interval whose endpoints are 0 and 
2x  .  Since 02 x  for all x, the 

domain is the entire number line. 

b)  )2(64)()( 32 xxxg   = 642 6 xx  > 0 for x > 0. Thus, since g is continuous at 0, g(x) is 

increasing on ),0[  . 

c)   5

6

6 6
642

1
2642)( x

x
xxxg


 . Thus 16)0( g  

  

POINTS: 

(a) (2 pts)  1) 02 x ; 1) Answer 

(b) (4 pts) 2) )2(64)()( 32 xxxg   Note: 1 pt for 64)( 32 x , 1 pt for chain rule; 1) Sets 

0)(  xg ; 1) Answer 

(c) (3 pts) 2) )(xg  ; 1) )0(g   
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3. a)  g has a local maximum when )()( xfxg  changes from positive to negative;  this happens when  

x = 4. 

b) The maximum occurs either at a local maximum, or at an end point. 
1

(4) 2 4 4
2

g     , the area of the 

triangle; g decreases from 4 to 5, so we only need to check  

g (–3) = 
3

2
)( dxxf  = ()(

2

3
  dxxf 

0

3
)( dxxf + 

2

0
)( dxxf ) = 5)49(  . The maximum value 

of g(x) is 5. 

c) The graph of g is concave up when g   (= f ) is increasing, that is on (–3, 2). 

 

POINTS: 

(a) (3 pts)  1) Identifies )()( xfxg  ; 1) x = 4; 1) justification 

(b) (4 pts) 1) Evaluates (4)g ;1) deals with left end point 1) deals with right end point; 1) answer 

(c) (2 pts) 1) answer; 2) justification 

 

 

4. a) 
0 1 21

4 41 0
(0) ( ) ( ) (1)g f t dt f t dt           

b) ( )g x  exists for all x because f is continuous. 

c) ( )g x  fails to exist at x = 2 and 6 because ( ) ( )g x f x   and f is not differentiable at 2 and 6. 

d) 
4

(0) ;g    g increases from 0 to 2. 

4
(2) ;g   g decreases from 2 to 6. 

2 71
4 2 4

(6) (2) ;g       g increases from 6 to 10.  

7 71
4 2 4

(10) ( )(4)(4) 8 0g         

( ) 0g x   has three solutions, one each in (0, 2), (2, 6), and (6, 10). 

 

POINTS: 

(a) (1 pt) Answer 

(b) (2 pts)  1) Answer; 1) f is continuous 

(c) (3 pts)  1) fg  ; 1) x = 2 and 6; 1) f not differentiable 

(d) (3 pts) 1) Finds g(2) and g(6); 1) Finds g(0) and g(10); 2) Uses sign changes of g 



6 APPLICATIONS OF THE
INTEGRAL

6.1 Area Between Two Curves

Preliminary Questions

1. What is the area interpretation of
Z b

a

�
f .x/� g.x/

�
dx if f .x/ � g.x/?

SOLUTION Becausef .x/ � g.x/,
R b
a .f .x/ � g.x// dx represents the area of the region bounded between the graphs of

y D f .x/ andy D g.x/, bounded on the left by the vertical linex D a and on the right by the vertical linex D b.

2. Is
Z b

a

�
f .x/� g.x/

�
dx still equal to the area between the graphs off andg if f .x/ � 0 butg.x/ � 0?

SOLUTION Yes. Sincef .x/ � 0 andg.x/ � 0, it follows thatf .x/� g.x/ � 0.

3. Suppose thatf .x/ � g.x/ on Œ0; 3� andg.x/ � f .x/ on Œ3; 5�. Express the area between the graphs overŒ0; 5� as a sum of
integrals.

SOLUTION Remember that to calculate an area between two curves, one must subtract the equation for the lower curve from
the equation for the upper curve. Over the intervalŒ0; 3�, y D f .x/ is the upper curve. On the other hand, over the intervalŒ3; 5�,
y D g.x/ is the upper curve. The area between the graphs over the intervalŒ0; 5� is therefore given by

Z 3

0
.f .x/� g.x// dx C

Z 5

3
.g.x/� f .x// dx:

4. Suppose that the graph ofx D f .y/ lies to the left of they-axis. Is
R b
a f .y/ dy positive or negative?

SOLUTION If the graph ofx D f .y/ lies to the left of they-axis, then for each value ofy, the corresponding value ofx is less

than zero. Hence, the value of
R b
a f .y/ dy is negative.

Exercises
1. Find the area of the region betweeny D 3x2 C 12 andy D 4x C 4 over Œ�3; 3� (Figure 1).

50

25

y

x

y = 3x2 + 12

y = 4x + 4

3−1−3 1 2

FIGURE 1

SOLUTION As the graph ofy D 3x2 C 12 lies above the graph ofy D 4x C 4 over the intervalŒ�3; 3�, the area between the
graphs is

Z 3

�3

�
.3x2 C 12/ � .4x C 4/

�
dx D

Z 3

�3
.3x2 � 4x C 8/ dx D

�
x3 � 2x2 C 8x

�ˇ̌
ˇ
3

�3
D 102:

2. Find the area of the region between the graphs off .x/ D 3x C 8 andg.x/ D x2 C 2x C 2 over Œ0; 2�.

SOLUTION From the diagram below, we see that the graph off .x/ D 3x C 8 lies above the graph ofg.x/ D x2 C 2x C 2 over
the intervalŒ0; 2�. Thus, the area between the graphs is

Z 2

0

h
.3x C 8/ �

�
x2 C 2x C 2

�i
dx D

Z 2

0

�
�x2 C x C 6

�
dx D

�
�1
3
x3 C 1

2
x2 C 6x

�ˇ̌
ˇ̌
2

0

D 34

3
:

y

x

2

0.5 1.0 1.5 2.0

4

6
8

10

12
14 y = 3x + 8

y = x2 + 2x + 2
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3. Find the area of the region enclosed by the graphs off .x/ D x2 C 2 andg.x/ D 2x C 5 (Figure 2).

g(x) = 2x + 5

f (x) = x2 + 2

−1 1 2 3

10

y

x

FIGURE 2

SOLUTION From the figure, we see that the graph ofg.x/ D 2x C 5 lies above the graph off .x/ D x2 C 2 over the interval
Œ�1; 3�. Thus, the area between the graphs is

Z 3

�1

h
.2x C 5/ �

�
x2 C 2

�i
dx D

Z 3

�1

�
�x2 C 2x C 3

�
dx

D
�

�1
3
x3 C x2 C 3x

�ˇ̌
ˇ̌
3

�1

D 9 �
�

�5
3

�
D 32

3
:

4. Find the area of the region enclosed by the graphs off .x/ D x3 � 10x andg.x/ D 6x (Figure 3).

−4 42−2

−20

20

x

y f (x) = x3 − 10x

g(x) = 6x

FIGURE 3

SOLUTION From the figure, we see that the graph off .x/ D x3 � 10x lies above the graph ofg.x/ D 6x over the interval
Œ�4; 0�, while the graph ofg.x/ D 6x lies above the graph off .x/ D x3 � 10x over the intervalŒ0; 4�. Thus, the area enclosed by
the two graphs is

A D
Z 0

�4

�
x3 � 10x � 6x

�
dx C

Z 4

0

�
6x � .x3 � 10x/

�
dx

D
Z 0

�4
.x3 � 16x/ dx C

Z 4

0
.16x � x3/ dx

D
�
1

4
x4 � 8x2

�ˇ̌
ˇ̌
0

�4
C
�
8x2 � 1

4
x4
�ˇ̌
ˇ̌
4

0

D 64C 64 D 128:

In Exercises 5 and 6, sketch the region betweeny D sinx andy D cosx over the interval and find its area.

5.
h�
4
;
�

2

i

SOLUTION Over the intervalŒ�4 ;
�
2 �, the graph ofy D cosx lies below that ofy D sinx (see the sketch below). Hence, the area

between the two curves is

Z �=2

�=4
.sinx � cosx/ dx D .� cosx � sinx/

ˇ̌
ˇ
�=2

�=4
D .0 � 1/ �

 
�

p
2

2
�

p
2

2

!
D

p
2 � 1:
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y

x

0.2

0.5 1.0 1.5

0.4

0.6

0.8

1.0
y = sin x

y = cos x

6. Œ0; ��

SOLUTION Over the intervalŒ0; �4 �, the graph ofy D sinx lies below that ofy D cosx, while over the intervalŒ�4 ; ��, the
orientation of the graphs is reversed (see the sketch below). The area between the graphs overŒ0; �� is then

Z �=4

0
.cosx � sinx/ dx C

Z �

�=4
.sinx � cosx/ dx

D .sinx C cosx/
ˇ̌
ˇ
�=4

0
C .� cosx � sinx/

ˇ̌
ˇ
�

�=4

D
p
2

2
C

p
2

2
� .0C 1/C .1 � 0/ �

 
�

p
2

2
�

p
2

2

!
D 2

p
2:

y

x
1 2 3

1.0

0.5

−0.5

−1.0

In Exercises 7 and 8, letf .x/ D 20C x � x2 andg.x/ D x2 � 5x.

7. Sketch the region enclosed by the graphs off .x/ andg.x/ and compute its area.

SOLUTION Settingf .x/ D g.x/ gives20C x � x2 D x2 � 5x, which simplifies to

0 D 2x2 � 6x � 20 D 2.x � 5/.x C 2/:

Thus, the curves intersect atx D �2 andx D 5. With y D 20 C x � x2 being the upper curve (see the sketch below), the area
between the two curves is

Z 5

�2

�
.20C x � x2/� .x2 � 5x/

�
dx D

Z 5

�2

�
20C 6x � 2x2

�
dx D

�
20x C 3x2 � 2

3
x3
�ˇ̌
ˇ̌
5

�2
D 343

3
:

y

x

−5

5

10

15

−2 2 4

y = 20 + x − x2

y = x2 − 5x

8. Sketch the region between the graphs off .x/ andg.x/ over Œ4; 8� and compute its area as a sum of two integrals.

SOLUTION Settingf .x/ D g.x/ gives20C x � x2 D x2 � 5x, which simplifies to

0 D 2x2 � 6x � 20 D 2.x � 5/.x C 2/:

Thus, the curves intersect atx D �2 andx D 5. Over the intervalŒ4; 5�, y D 20C x � x2 is the upper curve but over the interval
Œ5; 8�, y D x2 � 5x is the upper curve (see the sketch below). The area between the two curves over the intervalŒ4; 8� is then

Z 5

4

�
.20C x � x2/� .x2 � 5x/

�
dx C

Z 8

5

�
.x2 � 5x/� .20C x � x2/

�
dx

D
Z 5

4

�
�2x2 C 6x C 20

�
dx C

Z 8

5

�
2x2 � 6x � 20

�
dx

D
�

�2
3
x2 C 3x2 C 20x

�ˇ̌
ˇ̌
5

4

C
�
2

3
x3 � 3x2 � 20x

�ˇ̌
ˇ̌
8

5

D 19

3
C 81 D 262

3
:
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y

x

−10

10

20

−20

−30

2 6 8

y = x2 − 5x

y = 20 + x − x2

9. Find the area betweeny D ex andy D e2x over Œ0; 1�.

SOLUTION As the graph ofy D e2x lies above the graph ofy D ex over the intervalŒ0; 1�, the area between the graphs is

Z 1

0
.e2x � ex/ dx D

�
1

2
e2x � ex

� ˇ̌
ˇ̌
1

0

D 1

2
e2 � e �

�
1

2
� 1

�
D 1

2
e2 � e C 1

2
:

10. Find the area of the region bounded byy D ex andy D 12 � ex and they-axis.

SOLUTION The two graphs intersect whenex D 12 � ex , or whenx D ln 6. As the graph ofy D 12 � ex lies above the graph
of y D ex over the intervalŒ0; ln 6�, the area between the graphs is

Z ln6

0

�
12 � ex � ex

�
dx D .12x � 2ex/

ˇ̌
ˇ̌
ln6

0

D 12 ln 6 � 12 � .0 � 2/ D 12 ln 6 � 10:

11. Sketch the region bounded by the liney D 2 and the graph ofy D sec2 x for ��
2 < x <

�
2 and find its area.

SOLUTION A sketch of the region bounded byy D sec2 x andy D 2 is shown below. Note the region extends fromx D ��
4 on

the left tox D �
4 on the right. As the graph ofy D 2 lies above the graph ofy D sec2 x, the area between the graphs is

Z �=4

��=4
.2 � sec2 x/ dx D .2x � tanx/

ˇ̌
ˇ̌
�=4

��=4
D
��
2

� 1
�

�
�
��
2

C 1
�

D � � 2:

–0.5 0.5

0.5

1

1.5

2

y = sec2 x

12. Sketch the region bounded by

y D 1p
1 � x2

and y D � 1p
1 � x2

for �1
2 � x � 1

2 and find its area.

SOLUTION A sketch of the region bounded byy D 1p
1 � x2

and y D � 1p
1 � x2

for �1
2 � x � 1

2 is shown below. As the

graph ofy D 1p
1 � x2

lies above the graph ofy D � 1p
1 � x2

, the area between the graphs is

Z 1=2

�1=2

�
1p
1 � x2

�
�

� 1p
1 � x2

��
dx D 2 sin�1 x

ˇ̌
ˇ̌
1=2

�1=2
D 2

h�
6

�
�
��
6

�i
D 2�

3
:

−0.5 0.5

−1

−0.5

0.5

1

y = −(1 − x2)−1/2

y = (1 − x2)−1/2
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In Exercises 13–16, find the area of the shaded region in Figures 4–7.

13.
y

x
2

y = 3x2 + 4x − 10

y = x3 − 2x2 + 10

−2

FIGURE 4

SOLUTION As the graph ofy D x3 � 2x2 C 10 lies above the graph ofy D 3x2 C 4x � 10, the area of the shaded region is

Z 2

�2

�
.x3 � 2x2 C 10/ � .3x2 C 4x � 10/

�
dx D

Z 2

�2

�
x3 � 5x2 � 4x C 20

�
dx

D
�
1

4
x4 � 5

3
x3 � 2x2 C 20x

�ˇ̌
ˇ̌
2

�2
D 160

3
:

14.

1

−1
x

y

y = x�1 − x2

1
2

y = x

FIGURE 5

SOLUTION Setting12x D x
p
1 � x2 yieldsx D 0 or 12 D

p
1 � x2, so thatx D ˙

p
3
2 . Over the intervalŒ�

p
3
2 ; 0�, y D 1

2x is

the upper curve but over the intervalŒ0;
p
3
2 �, y D x

p
1 � x2 is the upper curve. The area of the shaded region is then

Z 0

�
p
3=2

�
1

2
x � x

p
1 � x2

�
dx C

Z p
3=2

0

�
x
p
1 � x2 � 1

2
x

�
dx

D
�
1

4
x2 C 1

3
.1 � x2/3=2

�ˇ̌
ˇ̌
0

�
p
3=2

C
�

�1
3
.1 � x2/3=2 � 1

4
x2
�ˇ̌
ˇ̌
p
3=2

0

D 5

48
C 5

48
D 5

24
:

15. π

6

�3

2
π

3
1
2

x

y

y = cos x

( )  ,

( )  ,

π

6

π

3

π

2

FIGURE 6

SOLUTION The line on the top-left has equationy D 3
p
3

� x, and the line on the bottom-right has equationy D 3
2� x. Thus, the

area to the left ofx D �
6 is

Z �=6

0

 
3
p
3

�
x � 3

2�
x

!
dx D

 
3
p
3

2�
x2 � 3

4�
x2

!ˇ̌
ˇ̌
ˇ

�=6

0

D 3
p
3

2�

�2

36
� 3

4�

�2

36
D .2

p
3 � 1/�

48
:

The area to the right ofx D �
6 is

Z �=3

�=6

�
cosx � 3

2�
x

�
dx D

�
sinx � 3

4�
x2
�ˇ̌
ˇ̌
�=3

�=6

D 8
p
3 � 8 � �

16
:

The entire area is then

.2
p
3 � 1/�

48
C 8

p
3 � 8 � �

16
D 12

p
3 � 12C .

p
3 � 2/�

24
:
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16.

y = sin x

y = cos 2x

π

6
5π
6

3π
2

2π

y

x

FIGURE 7

SOLUTION Over the intervalŒ0; �=6�, the graph ofy D cos2x lies above the graph ofy D sinx. The orientation of the two
graphs reverses overŒ�=6; 5�=6� and reverses again overŒ5�=6; 2��. Thus, the area between the two graphs is given by

A D
Z �=6

0
.cos2x � sinx/ dx C

Z 5�=6

�=6
.sinx � cos2x/ dx C

Z 2�

5�=6
.cos2x � sinx/ dx:

Carrying out the integration and evaluation, we find

A D
�
1

2
sin 2x C cosx

�ˇ̌
ˇ̌
�=6

0

C
�

� cosx � 1

2
sin 2x

�ˇ̌
ˇ̌
5�=6

�=6

C
�
1

2
sin 2x C cosx

�ˇ̌
ˇ̌
2�

5�=6

D
p
3

4
C

p
3

2
� 1C

p
3

2
C

p
3

4
�
 

�
p
3

2
�

p
3

4

!
C 1 �

 
�

p
3

4
�

p
3

2

!

D 3
p
3:

In Exercises 17 and 18, find the area between the graphs ofx D siny andx D 1 � cosy over the given interval (Figure 8).

x = 1 − cos y

x = sin y

x

y

−

π

2

π

2

2

2

FIGURE 8

17. 0 � y � �

2

SOLUTION As shown in the figure, the graph on the right isx D siny and the graph on the left isx D 1 � cosy. Therefore, the
area between the two curves is given by

Z �=2

0
.siny � .1 � cosy// dy D .� cosy � y C siny/

ˇ̌
ˇ
�=2

0
D
�
��
2

C 1
�

� .�1/ D 2 � �

2
:

18. ��
2

� y � �

2

SOLUTION The shaded region in the figure shows the area between the graphs fromy D 0 to y D �
2 . It is bounded on the right

by x D siny and on the left byx D 1 � cosy. Therefore, the area between the graphs fromy D 0 to y D �
2 is

Z �=2

0
.siny � .1 � cosy// dy D .� cosy � y C siny/

ˇ̌
ˇ
�=2

0
D
�
��
2

C 1
�

� .�1/ D 2 � �

2
:

The graphs cross aty D 0. Sincex D 1 � cosy lies to the right ofx D siny on the intervalŒ��
2 ; 0� along they-axis, the area

between the graphs fromy D ��
2 to y D 0 is

Z 0

��=2
..1 � cosy/ � siny/ dy D .y � siny C cosy/

ˇ̌
ˇ
0

��=2
D 1 �

�
��
2

C 1
�

D �

2
:

The total area between the graphs fromy D ��
2 to y D �

2 is the sum

Z �=2

0
.siny � .1 � cosy// dy C

Z 0

��=2
..1 � cosy/� siny/ dy D 2 � �

2
C �

2
D 2:
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19. Find the area of the region lying to the right ofx D y2 C 4y � 22 and to the left ofx D 3y C 8.

SOLUTION Settingy2 C 4y � 22 D 3y C 8 yields

0 D y2 C y � 30 D .y C 6/.y � 5/;

so the two curves intersect aty D �6 andy D 5. The area in question is then given by

Z 5

�6

�
.3y C 8/ � .y2 C 4y � 22/

�
dy D

Z 5

�6

�
�y2 � y C 30

�
dy D

 
�y

3

3
� y2

2
C 30y

!ˇ̌
ˇ̌
ˇ

5

�6
D 1331

6
:

20. Find the area of the region lying to the right ofx D y2 � 5 and to the left ofx D 3 � y2.

SOLUTION Settingy2 C 5 D 3 � y2 yields2y2 D 8 or y D ˙2. The area of the region enclosed by the two graphs is then

Z 2

�2

�
.3 � y2/ � .y2 C 5/

�
dy D

Z 2

�2

�
8 � 2y2

�
dy D

�
8y � 2

3
y3
�ˇ̌
ˇ̌
2

�2
D 64

3
:

21. Figure 9 shows the region enclosed byx D y3 � 26y C 10 andx D 40 � 6y2 � y3. Match the equations with the curves and
compute the area of the region.

x

y

3

−1

−5

FIGURE 9

SOLUTION Substitutingy D 0 into the equations for both curves indicates that the graph ofx D y3 � 26y C 10 passes through
the point.10; 0/ while the graph ofx D 40 � 6y2 � y3 passes through the point.40; 0/. Therefore, over they-interval Œ�1; 3�, the
graph ofx D 40 � 6y2 � y3 lies to the right of the graph ofx D y3 � 26y C 10. The orientation of the two graphs is reversed
over they-interval Œ�5;�1�. Hence, the area of the shaded region is

Z �1

�5

�
.y3 � 26y C 10/ � .40 � 6y2 � y3/

�
dy C

Z 3

�1

�
.40 � 6y2 � y3/� .y3 � 26y C 10/

�
dy

D
Z �1

�5

�
2y3 C 6y2 � 26y � 30

�
dy C

Z 3

�1

�
�2y3 � 6y2 C 26y C 30

�
dy

D
�
1

2
y4 C 2y3 � 13y2 � 30y

�ˇ̌
ˇ̌
�1

�5
C
�

�1
2
y4 � 2y3 C 13y2 C 30y

�ˇ̌
ˇ̌
3

�1
D 256:

22. Figure 10 shows the region enclosed byy D x3 � 6x andy D 8 � 3x2. Match the equations with the curves and compute the
area of the region.

−4

−3

−1

2

−50

x

y

FIGURE 10 Region betweeny D x3 � 6x andy D 8 � 3x2.

SOLUTION Settingx3 � 6x D 8 � 3x2 yields .x C 1/.x C 4/.x � 2/ D 0, so the two curves intersect atx D �4, x D �1 and
x D 2. Over the intervalŒ�4;�1�, y D x3 � 6x is the upper curve, whiley D 8 � 3x2 is the upper curve over the intervalŒ�1; 2�.
The area of the region enclosed by the two curves is then

Z �1

�4

�
.x3 � 6x/� .8 � 3x2/

�
dx C

Z 2

�1

�
.8� 3x2/ � .x3 � 6x/

�
dx

D
�
1

4
x4 � 3x2 � 8x C x3

�ˇ̌
ˇ̌
�1

�4
C
�
8x � x3 � 1

4
x4 C 3x2

�ˇ̌
ˇ̌
2

�1
D 81

4
C 81

4
D 81

2
:
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In Exercises 23 and 24, find the area enclosed by the graphs in two ways: by integrating along thex-axis and by integrating along
they-axis.

23. x D 9 � y2, x D 5

SOLUTION Along they-axis, we have points of intersection aty D ˙2. Therefore, the area enclosed by the two curves is

Z 2

�2

�
9 � y2 � 5

�
dy D

Z 2

�2

�
4 � y2

�
dy D

�
4y � 1

3
y3
�ˇ̌
ˇ̌
2

�2
D 32

3
:

Along thex-axis, we have integration limits ofx D 5 andx D 9. Therefore, the area enclosed by the two curves is

Z 9

5
2
p
9 � x dx D �4

3
.9 � x/3=2

ˇ̌
ˇ̌
9

5

D 0 �
�

�32
3

�
D 32

3
:

24. Thesemicubical parabolay2 D x3 and the linex D 1.

SOLUTION Sincey2 D x3, it follows thatx � 0 sincey2 � 0. Therefore,y D ˙x3=2, and the area of the region enclosed by
the semicubical parabola andx D 1 is

Z 1

0

�
x3=2 � .�x3=2/

�
dx D

Z 1

0
2x3=2 dx D 4

5
x5=2

ˇ̌
ˇ̌
1

0

D 4

5
:

Along they-axis, we have integration limits ofy D ˙1. Therefore, the area enclosed by the two curves is

Z 1

�1

�
1 � y2=3

�
dy D

�
y � 3

5
y5=3

�ˇ̌
ˇ̌
1

�1
D
�
1 � 3

5

�
�
�

�1C 3

5

�
D 4

5
:

In Exercises 25 and 26, find the area of the region using the method (integration along either thex- or they-axis) that requires you
to evaluate just one integral.

25. Region betweeny2 D x C 5 andy2 D 3 � x
SOLUTION From the figure below, we see that integration along thex-axis would require two integrals, but integration along the
y-axis requires only one integral. Settingy2 � 5 D 3 � y2 yields points of intersection aty D ˙2. Thus, the area is given by

Z 2

�2

�
.3 � y2/ � .y2 C 5/

�
dy D

Z 2

�2

�
8 � 2y2

�
dy D

�
8y � 2

3
y3
�ˇ̌
ˇ̌
2

�2
D 64

3
:

2

1

−1

−2

y

x
2−4 −2

x = y2 − 5

x = 3 − y2

26. Region betweeny D x andx C y D 8 over Œ2; 3�

SOLUTION From the figure below, we see that integration along they-axis would require three integrals, but integration along
thex-axis requires only one integral. The area of the region is then

Z 3

2

�
.8 � x/� x

�
dx D .8x � x2/

ˇ̌
ˇ̌
3

2

D .24 � 9/ � .16 � 4/ D 3:

As a check, the area of a trapezoid is given by

h

2
.b1 C b2/ D 1

2
.4C 2/ D 3:

1 30.5 2.521.5
x

1

2

3

4

5

6

y

x + y = 8

y = x
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In Exercises 27–44, sketch the region enclosed by the curves and compute its area as an integral along thex- or y-axis.

27. y D 4 � x2, y D x2 � 4

SOLUTION Setting4 � x2 D x2 � 4 yields 2x2 D 8 or x2 D 4. Thus, the curvesy D 4 � x2 andy D x2 � 4 intersect at
x D ˙2. From the figure below, we see thaty D 4 � x2 lies abovey D x2 � 4 over the intervalŒ�2; 2�; hence, the area of the
region enclosed by the curves is

Z 2

�2

�
.4 � x2/� .x2 � 4/

�
dx D

Z 2

�2
.8 � 2x2/ dx D

�
8x � 2

3
x3
�ˇ̌
ˇ̌
2

�2
D 64

3
:

2

4

−2

−4

y

x
21−2 −1

y = x2 − 4

y = 4 − x2

28. y D x2 � 6, y D 6 � x3, y-axis

SOLUTION Settingx2 � 6 D 6 � x3 yields

0 D x3 C x2 � 12 D .x � 2/.x2 C 3x C 6/;

so the curvesy D x2 � 6 andy D 6 � x3 intersect atx D 2. Using the graph shown below, we see thaty D 6 � x3 lies above
y D x2 � 6 over the intervalŒ0; 2�; hence, the area of the region enclosed by these curves and they-axis is

Z 2

0

�
.6 � x3/� .x2 � 6/

�
dx D

Z 2

0
.�x3 � x2 C 12/ dx D

�
�1
4
x4 � 1

3
x3 C 12x

�ˇ̌
ˇ̌
2

0

D 52

3
:

210.5 1.5
x

2

4

6

y

−2

−4

−6

y = 6 − x3

y = x2 − 6

29. x C y D 4, x � y D 0, y C 3x D 4

SOLUTION From the graph below, we see that the top of the region enclosed by the three lines is always bounded byx C y D 4.
On the other hand, the bottom of the region is bounded byy C 3x D 4 for 0 � x � 1 and byx � y D 0 for 1 � x � 2. The total
area of the region is then

Z 1

0
..4 � x/� .4 � 3x// dx C

Z 2

1
..4� x/� x/ dx D

Z 1

0
2x dx C

Z 2

1
.4� 2x/ dx

D x2
ˇ̌
ˇ
1

0
C .4x � x2/

ˇ̌
ˇ
2

1
D 1C .8� 4/ � .4� 1/ D 2:

210.5 1.5
x

y = x
y + 3x = 4

x + y = 4

1

4

3

2

y

30. y D 8 � 3x, y D 6 � x, y D 2

SOLUTION From the figure below, we see that the graph ofy D 6� x lies to the right of the graph ofy D 8� 3x, so integration
in y is most appropriate for this problem. Setting8 � 3x D 6 � x yieldsx D 1, so they-coordinate of the point of intersection
betweeny D 8 � 3x andy D 6 � x is 5. The area bounded by the three given curves is thus

A D
Z 5

2

�
.6� y/ � 1

3
.8 � y/

�
dy

D
Z 5

2

�
10

3
� 2

3
y

�
dy
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D
�
10

3
y � 1

3
y2
�ˇ̌
ˇ̌
5

2

D
�
50

3
� 25

3

�
�
�
20

3
� 4

3

�

D 3:

y

x0
1 2 3 4

1

2

3

4

5

y = 6 − x

y = 8 − 3x

y = 2

31. y D 8 �
p
x, y D

p
x, x D 0

SOLUTION Setting8 �
p
x D

p
x yields

p
x D 4 or x D 16. Using the graph shown below, we see thaty D 8 �

p
x lies above

y D
p
x over the intervalŒ0; 16�. The area of the region enclosed by these two curves and they-axis is then

Z 16

0

�
8 �

p
x �

p
x
�
dx D

Z 16

0

�
8 � 2

p
x
�
dx D

�
8x � 4

3
x3=2

�ˇ̌
ˇ̌
16

0

D 128

3
:

y

x

2

2 4 6 8 10 12 14 16

4

6

8

y = 8 − x1/2

y = x1/2

32. y D x

x2 C 1
, y D x

5

SOLUTION Setting

x

x2 C 1
D x

5
yields x D �2; 0; 2:

From the figure below, we see that the graph ofy D x=5 lies above the graph ofy D x=.x2 C 1/ over Œ�2; 0� and that the
orientation is reversed overŒ0; 2�. Thus,

A D
Z 0

�2

�
x

5
� x

x2 C 1

�
dx C

Z 2

0

�
x

x2 C 1
� x

5

�
dx

D
 
x2

10
� 1

2
ln.x2 C 1/

!ˇ̌
ˇ̌
ˇ

0

�2
C
 
1

2
ln.x2 C 1/ � x2

10

!ˇ̌
ˇ̌
ˇ

2

0

D
�
0 � 2

5
C 1

2
ln5

�
C
�
1

2
ln5 � 2

5
� 0

�

D ln5 � 4

5
:

y

x

0.2

0.4

−1 1

y =

y =

x
5

x

x2 + 1

33. x D jyj, x D 1 � jyj
SOLUTION From the graph below, we see that the region enclosed by the curvesx D jyj andx D 1 � jyj is symmetric with
respect to thex-axis. We can therefore determine the total area by doubling the area in the first quadrant. Fory > 0, setting
y D 1 � y yieldsy D 1

2 as the point of intersection. Moreover,x D 1 � jyj D 1 � y lies to the right ofx D jyj D y, so the total
area of the region is

2

Z 1=2

0

�
.1 � y/ � y

�
dy D 2

�
y � y2

�ˇ̌ˇ̌
1=2

0

D 2

�
1

2
� 1

4

�
D 1

2
:
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10.2 0.6 0.80.4
x

0.4

0.2

y

−0.2

−0.4 x =  y
x = 1 − y

34. y D jxj, y D x2 � 6

SOLUTION From the graph below, we see that the region enclosed by the curvesy D jxj andy D x2 � 6 is symmetric with
respect to they-axis. We can therefore determine the total area of the region by doubling the area of the portion of the region to the
right of they-axis. Forx > 0, settingx D x2 � 6 yields

0 D x2 � x � 6 D .x � 3/.x C 2/;

so the curves intersect atx D 3. Moreover, on the intervalŒ0; 3�, y D jxj D x lies abovey D x2 � 6. Therefore, the area of the
region enclosed by the two curves is

2

Z 3

0

�
x � .x2 � 6/

�
dx D 2

�
1

2
x2 � 1

3
x3 C 6x

�ˇ̌
ˇ̌
3

0

D 2

�
9

2
� 9C 18

�
D 27:

31 2
x

2

y

−3 −2
−2

−4

−1

y = x2 − 6

y =  x

35. x D y3 � 18y, y C 2x D 0

SOLUTION Settingy3 � 18y D �y
2 yields

0 D y3 � 35

2
y D y

�
y2 � 35

2

�
;

so the points of intersection occur aty D 0 andy D ˙
p
70
2 . From the graph below, we see that both curves are symmetric with

respect to the origin. It follows that the portion of the region enclosed by the curves in the second quadrant is identical to the region
enclosed in the fourth quadrant. We can therefore determine the total area enclosed by the two curves by doubling the area enclosed
in the second quadrant. In the second quadrant,y C 2x D 0 lies to the right ofx D y3 � 18y, so the total area enclosed by the two
curves is

2

Z p
70=2

0

�
�y
2

� .y3 � 18y/
�
dy D 2

�
35

4
y2 � 1

4
y4
�ˇ̌
ˇ̌
p
70=2

0

D 2

�
1225

8
� 1225

16

�
D 1225

8
:

2010
x

2

y

−2
−10−20

y + 2x = 0

x = y3 − 18y

36. y D x
p
x � 2, y D �x

p
x � 2, x D 4

SOLUTION Note thaty D x
p
x � 2 and y D �x

p
x � 2 are the upper and lower branches, respectively, of the curvey2 D

x2.x � 2/. The area enclosed by this curve and the vertical linex D 4 is

Z 4

2

�
x

p
x � 2 � .�x

p
x � 2/

�
dx D

Z 4

2
2x

p
x � 2 dx:

Substituteu D x � 2. Thendu D dx, x D uC 2 and

Z 4

2
2x

p
x � 2 dx D

Z 2

0
2.uC 2/

p
udu D

Z 2

0

�
2u3=2 C 4u1=2

�
du D

�
4

5
u5=2 C 8

3
u3=2

�ˇ̌
ˇ̌
2

0

D 128
p
2

15
:
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x
1 2 3 4

y2 = x2(x − 2)

2

4

−4

−2

y

37. x D 2y, x C 1 D .y � 1/2

SOLUTION Setting2y D .y � 1/2 � 1 yields

0 D y2 � 4y D y.y � 4/;

so the two curves intersect aty D 0 and aty D 4. From the graph below, we see thatx D 2y lies to the right ofx C 1 D .y � 1/2

over the intervalŒ0; 4� along they-axis. Thus, the area of the region enclosed by the two curves is

Z 4

0

�
2y � ..y � 1/2 � 1/

�
dy D

Z 4

0

�
4y � y2

�
dy D

�
2y2 � 1

3
y3
�ˇ̌
ˇ̌
4

0

D 32

3
:

x
2 4 6 8

x + 1 = (y − 1)2

x = 2y

1

2

3

4

y

38. x C y D 1, x1=2 C y1=2 D 1

SOLUTION From the graph below, we see that the two curves intersect atx D 0 and atx D 1 and thatx C y D 1 lies above

x1=2 C y1=2 D 1. The area of the region enclosed by the two curves is then

Z 1

0

�
.1 � x/� .1 �

p
x/2

�
dx D

Z 1

0

�
�2x C 2

p
x
�
dx D

�
�x2 C 4

3
x3=2

�ˇ̌
ˇ̌
1

0

D 1

3
:

x + y = 1

x1/2 + y1/2 = 1
10.2 0.6 0.80.4

x

0.2

0.4

0.8

0.6

1

y

39. y D cosx, y D cos2x, x D 0, x D 2�

3

SOLUTION From the graph below, we see thaty D cosx lies abovey D cos2x over the intervalŒ0; 2�3 �. The area of the region
enclosed by the two curves is therefore

Z 2�=3

0
.cosx � cos2x/ dx D

�
sinx � 1

2
sin 2x

�ˇ̌
ˇ̌
2�=3

0

D 3
p
3

4
:

0.5 1 1.5 2
x

1

0.5

y

−0.5

−1

y = cos x

y = cos 2x

40. y D tanx, y D � tanx, x D �

4
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SOLUTION Because the graph ofy D tanx lies above the graph ofy D � tanx over the intervalŒ0; �=4�, the area bounded by
the two curves is

A D
Z �=4

0
.tanx � .� tanx// dx D 2

Z �=4

0
tanx dx

D 2 ln j secxj
ˇ̌
ˇ̌
�=4

0

D 2 ln 2 � 2 ln 1 D 2 ln 2:

y

x

−0.5
0.4 0.6 0.8

0.5

1.0
y = tan x

y = −tan x

41. y D sin x, y D csc2 x, x D �

4

SOLUTION Over the intervalŒ�4 ;
�
2 �, y D csc2 x lies abovey D sinx. The area of the region enclosed by the two curves is then

Z �=2

�=4

�
csc2 x � sinx

�
dx D

�
� cotx C cosx

�ˇ̌ˇ̌
�=2

�=4

D .0 � 0/ �
 

�1C
p
2

2

!
D 1 �

p
2

2
:

y

x
0.2

0.5

1.0

1.5

2.0

0.4 0.6 0.8 1.0 1.2 1.4

y = csc2 x

y = sin x

42. x D siny, x D 2

�
y

SOLUTION Here, integration along they-axis will require less work than integration along thex-axis. The curves intersect when
2y
� D sin y or wheny D 0;˙�

2 . From the graph below, we see that both curves are symmetric with respect to the origin. It follows
that the portion of the region enclosed by the curves in the first quadrant is identical to the region enclosed in the third quadrant.
We can therefore determine the total area enclosed by the two curves by doubling the area enclosed in the first quadrant. In the first
quadrant,x D siny lies to the right ofx D 2y

� , so the total area enclosed by the two curves is

2

Z �=2

0

�
siny � 2

�
y

�
dy D 2

�
� cosy � 1

�
y2
�ˇ̌
ˇ̌
�=2

0

D 2
h�
0 � �

4

�
� .�1 � 0/

i
D 2 � �

2
:

x = sin y

x = y
2

1

−1

y

x
1−1

43. y D ex , y D e�x , y D 2

SOLUTION From the figure below, we see that integration iny would be most appropriate - unfortunately, we have not yet learned
how to integrate lny. Consequently, we will calculate the area using two integrals inx:

A D
Z 0

� ln2
.2 � e�x/ dx C

Z ln2

0
.2 � ex/ dx

D
�
2x C e�x�

ˇ̌
ˇ̌
0

� ln2
C
�
2x � ex

� ˇ̌ˇ̌
ln2

0

D 1 � .�2 ln 2C 2/C .2 ln 2 � 2/� .�1/ D 4 ln 2 � 2:



700 C H A P T E R 6 APPLICATIONS OF THE INTEGRAL

y

x
−0.6 −0.2 0.2 0.4 0.6

0.5

1.0

2.0

1.5

y = 2

y = exy = e−x

44. y D lnx

x
, y D .lnx/2

x

SOLUTION Setting

ln x

x
D .lnx/2

2
yields x D 1; e:

From the figure below, we see that the graph ofy D lnx=x lies above the graph ofy D .ln x/2=x over the intervalŒ1; e�. Thus, the
area between the two curves is

A D
Z e

1

 
lnx

x
� .lnx/2

x

!
dx

D
�
1

2
.lnx/2 � 1

3
.lnx/3

�ˇ̌
ˇ̌
e

1

D 1

2
� 1

3
D 1

6
:

y

x

0.1

0.5 1.0 1.5 2.0 2.5

0.2

0.3

y = ln

y =

x
x

ln x2

x

45. Plot

y D xp
x2 C 1

and y D .x � 1/2

on the same set of axes. Use a computer algebra system to find the points of intersection numerically and compute the area between
the curves.

SOLUTION Using a computer algebra system, we find that the curves

y D xp
x2 C 1

and y D .x � 1/2

intersect atx D 0:3943285581 and atx D 1:942944418. From the graph below, we see thaty D xp
x2C1

lies abovey D .x � 1/2,

so the area of the region enclosed by the two curves is
Z 1:942944418

0:3943285581

�
xp
x2 C 1

� .x � 1/2
�
dx D 0:7567130951

The value of the definite integral was also obtained using a computer algebra system.

y = (x − 1)2

21.510.5
x

1

0.8

0.6

0.4

0.2

y

y =
x2 + 1

x

46. Sketch a region whose area is represented by

Z p
2=2

�
p
2=2

�p
1 � x2 � jxj

�
dx

and evaluate using geometry.
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SOLUTION Matching the integrand
p
1 � x2 � jxj with theyTOP � yBOT template for calculating area, we see that the region in

question is bounded along the top by the curvey D
p
1 � x2 (the upper half of the unit circle) and is bounded along the bottom by

the curvey D jxj. Hence, the region is14 of the unit circle (see the figure below). The area of the region must then be

1

4
�.1/2 D �

4
:

0.8

0.4

y

−0.4
x

0.4

47. Athletes 1 and 2 run along a straight track with velocitiesv1.t/ andv2.t/ (in m/s) as shown in Figure 11.

(a) Which of the following is represented by the area of the shaded region overŒ0; 10�?

i. The distance between athletes 1 and 2 at timet D 10 s.

ii. The difference in the distance traveled by the athletes over the time intervalŒ0; 10�.

(b) Does Figure 11 give us enough information to determine who is ahead at timet D 10 s?

(c) If the athletes begin at the same time and place, who is ahead att D 10 s? Att D 25 s?

v1

v2

5 10 15 20 25 30

1

2

3

4

5

6

7

(m/s)

t (s)

FIGURE 11

SOLUTION

(a) The area of the shaded region overŒ0; 10� represents(ii) : the difference in the distance traveled by the athletes over the time
interval Œ0; 10�.

(b) No, Figure 11 does not give us enough information to determine who is ahead at timet D 10 s. We would additionally need to
know the relative position of the runners att D 0 s.

(c) If the athletes begin at the same time and place, then athlete 1 is ahead att D 10 s because the velocity graph for athlete 1 lies
above the velocity graph for athlete 2 over the intervalŒ0; 10�. Over the intervalŒ10; 25�, the velocity graph for athlete 2 lies above
the velocity graph for athlete 1 and appears to have a larger area than the area between the graphs overŒ0; 10�. Thus, it appears that
athlete 2 is ahead att D 25 s.

48. Express the area (not signed) of the shaded region in Figure 12 as a sum of three integrals involvingf .x/ andg.x/.

x

y

g(x)

f (x)

3 5 9

FIGURE 12

SOLUTION Because either the curve bounding the top of the region or the curve bounding the bottom of the region or both change
atx D 3 and atx D 5, the area is calculated using three integrals. Specifically, the area is

Z 3

0
.f .x/� g.x// dx C

Z 5

3
.f .x/� 0/ dx C

Z 9

5
.0 � f .x// dx

D
Z 3

0
.f .x/� g.x// dx C

Z 5

3
f .x/ dx �

Z 9

5
f .x/ dx:
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49. Find the area enclosed by the curvesy D c � x2 andy D x2 � c as a function ofc. Find the value ofc for which this area is
equal to 1.

SOLUTION The curves intersect atx D ˙
p
c, with y D c � x2 abovey D x2 � c over the intervalŒ�

p
c;

p
c�. The area of the

region enclosed by the two curves is then

Z p
c

�
p
c

�
c � x2/� .x2 � c/

�
dx D

Z p
c

�
p
c

�
2c � 2x2

�
dx D

�
2cx � 2

3
x3
�ˇ̌
ˇ̌
p
c

�
p
c

D 8

3
c3=2:

In order for the area to equal 1, we must have83c
3=2 D 1, which gives

c D 91=3

4
� 0:520021:

50. Set up (but do not evaluate) an integral that expresses the area between the circlesx2 C y2 D 2 andx2 C .y � 1/2 D 1.

SOLUTION Setting2 � y2 D 1 � .y � 1/2 yieldsy D 1. The two circles therefore intersect at the points.1; 1/ and.�1; 1/.
From the graph below, we see that over the intervalŒ�1; 1�, the upper half of the circlex2 C y2 D 2 lies above the lower half of
the circlex2 C .y � 1/2 D 1. The area enclosed by the two circles is therefore given by the integral

Z 1

�1

�p
2 � x2 � .1�

p
1 � x2/

�
dx:

1

y

−1
x

1

x2 + (y − 1)2 = 1

x2 + y2 = 2

51. Set up (but do not evaluate) an integral that expresses the area between the graphs ofy D .1C x2/�1 andy D x2.

SOLUTION Setting.1C x2/�1 D x2 yieldsx4 C x2 � 1 D 0. This is a quadratic equation in the variablex2. By the quadratic
formula,

x2 D �1˙
p
1 � 4.�1/
2

D �1˙
p
5

2
:

As x2 must be nonnegative, we discard�1�
p
5

2 . Finally, we find the two curves intersect atx D ˙
q

�1C
p
5

2 . From the graph

below, we see thaty D .1C x2/�1 lies abovey D x2. The area enclosed by the two curves is then

Z q
�1C

p
5

2

�
q

�1C
p

5
2

�
.1C x2/�1 � x2

�
dx:

y = x2

y = (1 + x2)−1

0.5 1

1

0.5

−0.5−1
x

y

52. Find a numerical approximation to the area abovey D 1� .x=�/ and belowy D sinx (find the points of intersection
numerically).

SOLUTION The region in question is shown in the figure below. Using a computer algebra system, we find thaty D 1� x=� and
y D sinx intersect on the left atx D 0:8278585215. Analytically, we determine the two curves intersect on the right atx D �.
The area abovey D 1 � x=� and belowy D sinx is then

Z �

0:8278585215

�
sinx �

�
1 � x

�

��
dx D 0:8244398727;

where the definite integral was evaluated using a computer algebra system.
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y = 1 − x

y = sin x

y

x

1

0 1 2 3

53. Find a numerical approximation to the area abovey D jxj and belowy D cosx.

SOLUTION The region in question is shown in the figure below. We see that the region is symmetric with respect to they-axis,
so we can determine the total area of the region by doubling the area of the portion in the first quadrant. Using a computer algebra
system, we find thaty D cosx andy D jxj intersect atx D 0:7390851332. The area of the region between the two curves is then

2

Z 0:7390851332

0
.cosx � x/ dx D 0:8009772242;

where the definite integral was evaluated using a computer algebra system.

y = cos x

y = |x|

0.5 1

1

0.5

−0.5−1
x

y

54. Use a computer algebra system to find a numerical approximation to the numberc (besides zero) in
�
0; �2

�
, where the

curvesy D sinx andy D tan2 x intersect. Then find the area enclosed by the graphs overŒ0; c�.

SOLUTION The region in question is shown in the figure below. Using a computer algebra system, we find thaty D sinx and
y D tan2 x intersect atx D 0:6662394325. The area of the region enclosed by the two curves is then

Z 0:6662394325

0

�
sinx � tan2 x

�
dx D 0:09393667698;

where the definite integral was evaluated using a computer algebra system.

y = tan2 x

y = sin x

y

x

0.2

0.4

0.6

0.8

0 0.40.2 0.6

55. The back of Jon’s guitar (Figure 13) is 19 inches long. Jon measured the width at 1-in. intervals, beginning and ending1
2 in.

from the ends, obtaining the results

6; 9; 10:25; 10:75; 10:75; 10:25; 9:75; 9:5; 10; 11:25;

12:75; 13:75; 14:25; 14:5; 14:5; 14; 13:25; 11:25; 9

Use the midpoint rule to estimate the area of the back.

10
.7

5

11
.2

5
9

10
.2

5
96

FIGURE 13 Back of guitar.
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SOLUTION Note that the measurements were taken at the midpoint of each one-inch section of the guitar. For example, in the 0

to 1 inch section, the midpoint would be at12 inch, and thus the approximate area of the first rectangle would be1 � 6 inches2. An
approximation for the entire area is then

A D 1.6C 9C 10:25C 10:75C 10:75C 10:25C 9:75C 9:5C 10C 11:25

C 12:75C 13:75C 14:25C 14:5C 14:5C 14C 13:25C 11:25C 9/

D 214:75 in2:

56. Referring to Figure 1 at the beginning of this section, estimate the projected number of additional joules produced in the years
2009–2030 as a result of government stimulus spending in 2009–2010.Note:One watt is equal to one joule per second, and one
gigawatt is109 watts.

SOLUTION We make some rough estimates of the areas depicted in Figure 1. From 2009 through 2012, the area between the
curves is roughly a right triangle with a base of 3 and a height of 40; from 2012 through 2020, the area is roughly an 8 by 40
rectangle. Finally, from 2020 through 2030, the area is roughly a trapezoid with height 10 and bases 40 and 27. Thus, additional
energy produced is approximately

1

2
.3/.40/C 8.40/C 1

2
.10/.40C 27/ D 715 gigawatt-years:

Because 1 gigawatt is equal to109 joules per second and 1 year (assuming 365 days) is equal to 31536000 seconds, the additional
joules produced in the years 2009–2030 as a result of government stimulus spending in 2009–2010 is approximately2:25 � 1019.

Exercises 57 and 58 use the notation and results of Exercises 49–51 of Section 3.4. For a given country,F.r/ is the fraction of total
income that goes to the bottomr th fraction of households. The graph ofy D F.r/ is called the Lorenz curve.

57. Let A be the area betweeny D r andy D F.r/ over the intervalŒ0; 1� (Figure 14). TheGini index is the ratio
G D A=B, whereB is the area undery D r over Œ0; 1�.

(a) Show thatG D 2

Z 1

0
.r � F.r// dr:

(b) CalculateG if

F.r/ D
(
1
3 r for 0 � r � 1

2

5
3 r � 2

3 for 12 � r � 1

(c) The Gini index is a measure of income distribution, with a lower value indicating a more equal distribution. CalculateG if
F.r/ D r (in this case, all households have the same income by Exercise 51(b) of Section 3.4).

(d) What isG if all of the income goes to one household?Hint: In this extreme case,F.r/ D 0 for 0 � r < 1.

0.8

1.0

0.4 0.6 1.00.2

0.8

0.4

0.6

0.2

y

x

y = F(r)y = r

FIGURE 14 Lorenz Curve for U.S. in 2001.

SOLUTION

(a) Because the graph ofy D r lies above the graph ofy D F in Figure 14,

A D
Z 1

0
.r � F.r// dr:

Moreover,

B D
Z 1

0
r dr D 1

2
r2
ˇ̌
ˇ̌
1

0

D 1

2
:

Thus,

G D A

B
D 2

Z 1

0
.r � F.r// dr:
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(b) With the givenF.r/,

G D 2

Z 1=2

0

�
r � 1

3
r

�
dr C 2

Z 1

1=2

�
r �

�
5

3
r � 2

3

��
dr

D 4

3

Z 1=2

0
r dr � 4

3

Z 1

1=2
.r � 1/ dr

D 2

3
r2
ˇ̌
ˇ̌
1=2

0

� 4

3

�
1

2
r2 � r

�ˇ̌
ˇ̌
1

1=2

D 1

6
� 4

3

�
�1
2

�
C 4

3

�
�3
8

�
D 1

3
:

(c) If F.r/ D r , then

G D 2

Z 1

0
.r � r/ dr D 0:

(d) If F.r/ D 0 for 0 � r < 1, then

G D 2

Z 1

0
.r � 0/ dr D 2

�
1

2
r2
�ˇ̌
ˇ̌
1

0

D 2

�
1

2

�
D 1:

58. Calculate the Gini index of the United States in the year 2001 from the Lorenz curve in Figure 14, which consists of segments
joining the data points in the following table.

r 0 0.2 0.4 0.6 0.8 1
F.r/ 0 0.035 0.123 0.269 0.499 1

SOLUTION From part (a) of the previous exercise,

G D 2

Z 1

0
.r � F.r// dr D 1 � 2

Z 1

0
F.r/ dr:

BecauseF.r/ consists of segments joining the data points in the given table, the area under the graph ofy D F.r/ consists of a
triangle and four trapezoids. The area is

1

2
.0:2/.0:035/ C 1

2
.0:2/.0:035 C 0:123/C 1

2
.0:2/.0:123C 0:269/C 1

2
.0:2/.0:269 C 0:499/C 1

2
.0:2/.0:499C 1/

or 0.2852. Finally,

G D 1 � 2.0:2852/ D 0:4296:

Further Insights and Challenges

59. Find the liney D mx that divides the area under the curvey D x.1 � x/ over Œ0; 1� into two regions of equal area.

SOLUTION First note that

Z 1

0
x.1 � x/ dx D

Z 1

0

�
x � x2

�
dx D

�
1

2
x2 � 1

3
x3
�ˇ̌
ˇ̌
1

0

D 1

6
:

Now, the liney D mx and the curvey D x.1 � x/ intersect whenmx D x.1 � x/, or atx D 0 and atx D 1 �m. The area of the
region enclosed by the two curves is then

Z 1�m

0
.x.1 � x/�mx/ dx D

Z 1�m

0

�
.1 �m/x � x2

�
dx D

 
.1 �m/

x2

2
� 1

3
x3

!ˇ̌
ˇ̌
ˇ

1�m

0

D 1

6
.1 �m/3:

To have16 .1 �m/3 D 1
2 � 16 requires

m D 1 �
�
1

2

�1=3
� 0:206299:
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60. Let c be the number such that the area undery D sinx over Œ0; �� is divided in half by the liney D cx (Figure 15).
Find an equation forc and solve this equationnumericallyusing a computer algebra system.

y = sin x
y = cx1

y

π

2
π

x

FIGURE 15

SOLUTION First note that

Z �

0
sinx dx D � cosx

ˇ̌
ˇ
�

0
D 2:

Now, lety D cx andy D sinx intersect atx D a. Thenca D sina, which givesc D sina
a andy D cx D sina

a x. Then

Z a

0

�
sinx � sina

a
x

�
dx D

�
� cosx � sina

2a
x2
�ˇ̌
ˇ̌
a

0

D 1 � cosa � a sina

2
:

We need

1 � cosa � a sina

2
D 1

2
.2/ D 1;

which givesa D 2:458714176 and finally

c D sina

a
D 0:2566498570:

61. Explain geometrically (without calculation):

Z 1

0
xn dx C

Z 1

0
x1=n dx D 1 .for n > 0/

SOLUTION LetA1 denote the area of region 1 in the figure below. DefineA2 andA3 similarly. It is clear from the figure that

A1 C A2 C A3 D 1:

Now, note thatxn andx1=n are inverses of each other. Therefore, the graphs ofy D xn andy D x1=n are symmetric about the
line y D x, so regions 1 and 3 are also symmetric abouty D x. This guarantees thatA1 D A3. Finally,

Z 1

0
xn dx C

Z 1

0
x1=n dx D A3 C .A2 C A3/ D A1 C A2 C A3 D 1:

y

x

1

1

3

2

0 1

62. Let f .x/ be an increasing function with inverseg.x/. Explain geometrically:

Z a

0
f .x/ dx C

Z f.a/

f .0/
g.x/ dx D af .a/

SOLUTION The region whose area is represented by
Z a

0
f .x/ dx is shown as the shaded portion of the graph below on the left,

and the region whose area is represented by
Z f.a/

f .0/
g.x/ dx is shown as the shaded portion of the graph below on the right. Because

f andg are inverse functions, the graph ofy D f .x/ is obtained by reflecting the graph ofy D g.x/ through the liney D x. It
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then follows that if we were to reflect the shaded region in the graph below on the right through the liney D x, the reflected region
would coincide exactly with the regionR in the graph below on the left. Thus

Z a

0
f .x/ dx C

Z f.a/

f .0/
g.x/ dx D area of a rectangle with widtha and heightf .a/ D af .a/:

y = f(x)

a

f (0)

f (a)

R

y = g(x)

f (0) f (a)

6.2 Setting Up Integrals: Volume, Density, Average Value

Preliminary Questions
1. What is the average value off .x/ on Œ0; 4� if the area between the graph off .x/ and thex-axis is equal to12?

SOLUTION Assuming thatf .x/ � 0 over the intervalŒ0; 4�, the fact that the area between the graph off and thex-axis is equal to

12 indicates that
R 4
0 f .x/ dx D 12. The average value off over the intervalŒ0; 4� is then

R 4
0 f .x/ dx

4 � 0
D 12

4
D 3:

2. Find the volume of a solid extending fromy D 2 to y D 5 if every cross section has areaA.y/ D 5.

SOLUTION Because the cross-sectional area of the solid is constant, the volume is simply the cross-sectional area times the
length, or5 � 3 D 15.

3. What is the definition of flow rate?

SOLUTION The flow rate of a fluid is the volume of fluid that passes through a cross-sectional area at a given point per unit time.

4. Which assumption about fluid velocity did we use to compute the flow rate as an integral?

SOLUTION To express flow rate as an integral, we assumed that the fluid velocity depended only on the radial distance from the
center of the tube.

5. The average value off .x/ on Œ1; 4� is 5. Find
Z 4

1
f .x/ dx.

SOLUTION

Z 4

1
f .x/ dx D average value onŒ1; 4� � length ofŒ1; 4�

D 5 � 3 D 15:

Exercises
1. Let V be the volume of a pyramid of height20 whose base is a square of side8.

(a) Use similar triangles as in Example 1 to find the area of the horizontal cross section at a heighty.

(b) CalculateV by integrating the cross-sectional area.

SOLUTION

(a) We can use similar triangles to determine the side length,s, of the square cross section at heighty. Using the diagram below,
we find

8

20
D s

20 � y
or s D 2

5
.20 � y/:

The area of the cross section at heighty is then given by425 .20 � y/2.
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s
20

8

20 − y

(b) The volume of the pyramid is

Z 20

0

4

25
.20 � y/2 dy D � 4

75
.20 � y/3

ˇ̌
ˇ̌
20

0

D 1280

3
:

2. Let V be the volume of a right circular cone of height10 whose base is a circle of radius 4 [Figure 1(A)].

(a) Use similar triangles to find the area of a horizontal cross section at a heighty.

(b) CalculateV by integrating the cross-sectional area.

10

(A) (B)

0

y

4
0

y

h

R

FIGURE 1 Right circular cones.

SOLUTION

(a) If r is the radius at heighty (see Figure 1), then

10

4
D 10 � y

r

from similar triangles, which implies thatr D 4 � 2
5y. The area of the cross-section at heighty is then

A D �

�
4 � 2

5
y

�2
:

(b) The volume of the cone is

V D
Z 10

0
�

�
4 � 2

5
y

�2
dy D �5�

6

�
4 � 2

5
y

�3 ˇ̌ˇ̌
ˇ

10

0

D 160�

3
:

3. Use the method of Exercise 2 to find the formula for the volume of a right circular cone of heighth whose base is a circle of
radiusR [Figure 1(B)].

SOLUTION

(a) From similar triangles (see Figure 1),

h

h � y
D R

r0
;

wherer0 is the radius of the cone at a height ofy. Thus,r0 D R � Ry
h

.

(b) The volume of the cone is

�

Z h

0

�
R � Ry

h

�2
dy D �h�

R

�
R � Ry

h

�3

3

ˇ̌
ˇ̌
ˇ̌
ˇ

h

0

D h�

R

R3

3
D �R2h

3
:
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4. Calculate the volume of the ramp in Figure 2 in three ways by integrating the area of the cross sections:

(a) Perpendicular to thex-axis (rectangles).
(b) Perpendicular to they-axis (triangles).
(c) Perpendicular to thez-axis (rectangles).

2

6

y

x

z

4

FIGURE 2 Ramp of length6, width 4, and height2.

SOLUTION

(a) Cross sections perpendicular to thex-axis are rectangles of width 4 and height2 � 1
3x. The volume of the ramp is then

Z 6

0
4

�
�1
3
x C 2

�
dx D

�
�2
3
x2 C 8x

� ˇ̌
ˇ̌
6

0

D 24:

(b) Cross sections perpendicular to they-axis are right triangles with legs of length 2 and 6. The volume of the ramp is then

Z 4

0

�
1

2
� 2 � 6

�
dy D .6y/

ˇ̌
ˇ̌
4

0

D 24:

(c) Cross sections perpendicular to thez-axis are rectangles of length6 � 3z and width 4. The volume of the ramp is then

Z 2

0
4 .�3.z � 2// dz D .�6z2 C 24z/

ˇ̌
ˇ̌
2

0

D 24:

5. Find the volume of liquid needed to fill a sphere of radiusR to heighth (Figure 3).

R

y

h

FIGURE 3 Sphere filled with liquid to heighth.

SOLUTION The radiusr at any heighty is given byr D
q
R2 � .R � y/2. Thus, the volume of the filled portion of the sphere is

�

Z h

0
r2 dy D �

Z h

0

�
R2 � .R � y/2

�
dy D �

Z h

0
.2Ry � y2/ dy D �

 
Ry2 � y3

3

!ˇ̌
ˇ̌
ˇ

h

0

D �

 
Rh2 � h3

3

!
:

6. Find the volume of the wedge in Figure 4(A) by integrating the area of vertical cross sections.

68

(A) (B)

4

ba

c

xx

FIGURE 4

SOLUTION Cross sections of the wedge taken perpendicular to thex-axis are right triangles. Using similar triangles, we find the

base and the height of the cross sections to be3
4 .8 � x/ and 12 .8� x/, respectively. The volume of the wedge is then

3

16

Z 8

0
.8 � x/2 dx D 3

16

Z 8

0

�
64 � 16x C x2

�
dx D 3

16

�
64x � 8x2 C 1

3
x3
�ˇ̌
ˇ̌
8

0

D 32:
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7. Derive a formula for the volume of the wedge in Figure 4(B) in terms of the constantsa, b, andc.

SOLUTION The line fromc toa is given by the equation.z=c/C .x=a/ D 1 and the line fromb toa is given by.y=b/C .x=a/ D
1. The cross sections perpendicular to thex-axis are right triangles with heightc.1 � x=a/ and baseb.1� x=a/. Thus we have

Z a

0

1

2
bc .1 � x=a/2 dx D �1

6
abc

�
1 � x

a

�3 ˇ̌ˇ̌
a

0

D 1

6
abc:

8. LetB be the solid whose base is the unit circlex2 C y2 D 1 and whose vertical cross sections perpendicular to thex-axis are
equilateral triangles. Show that the vertical cross sections have areaA.x/ D

p
3.1 � x2/ and compute the volume ofB.

SOLUTION At the arbitrary locationx, the side of the equilateral triangle cross section that lies in the base of the solid extends

from the top half of the unit circle (withy D
p
1 � x2) to the bottom half (withy D �

p
1 � x2). The equilateral triangle therefore

has sides of lengths D 2
p
1 � x2 and an area of

A.x/ D s2
p
3

4
D

p
3.1� x2/:

Finally, the volume of the solid is

p
3

Z 1

�1

�
1 � x2

�
dx D

p
3

�
x � 1

3
x3
�ˇ̌
ˇ̌
1

�1
D 4

p
3

3
:

In Exercises 9–14, find the volume of the solid with the given base and cross sections.

9. The base is the unit circlex2 C y2 D 1, and the cross sections perpendicular to thex-axis are triangles whose height and base
are equal.

SOLUTION At each locationx, the side of the triangular cross section that lies in the base of the solid extends from the top half

of the unit circle (withy D
p
1 � x2) to the bottom half (withy D �

p
1 � x2). The triangle therefore has base and height equal

to 2
p
1 � x2 and area2.1 � x2/. The volume of the solid is then

Z 1

�1
2.1 � x2/ dx D 2

�
x � 1

3
x3
�ˇ̌
ˇ̌
1

�1
D 8

3
:

10. The base is the triangle enclosed byx C y D 1, thex-axis, and they-axis. The cross sections perpendicular to they-axis are
semicircles.

SOLUTION The diameter of the semicircle lies in the base of the solid and thus has length1 � y for eachy. The area of the
semicircle is then

1

2
�

�
1 � y
2

�2
D 1

8
�.1 � y/2:

Finally, the volume of the solid is

�

8

Z 1

0
.1 � y/2 dy D �

8

Z 1

0
.1 � 2y C y2/ dy D �

8

�
y � y2 C 1

3
y3
�ˇ̌
ˇ̌
1

0

D �

24
:

11. The base is the semicircley D
p
9 � x2, where�3 � x � 3. The cross sections perpendicular to thex-axis are squares.

SOLUTION For eachx, the base of the square cross section extends from the semicircley D
p
9 � x2 to thex-axis. The square

therefore has a base with length
p
9 � x2 and an area of

�p
9 � x2

�2
D 9 � x2. The volume of the solid is then

Z 3

�3

�
9 � x2

�
dx D

�
9x � 1

3
x3
�ˇ̌
ˇ̌
3

�3
D 36:

12. The base is a square, one of whose sides is the intervalŒ0; `� along thex-axis. The cross sections perpendicular to thex-axis
are rectangles of heightf .x/ D x2.

SOLUTION For eachx, the rectangular cross section has base` and heightx2. The cross-sectional area is then`x2, and the
volume of the solid is

Z `

0

�
`x2

�
dx D

�
1

3
`x3

�ˇ̌
ˇ̌
`

0

D 1

3
`4:

13. The base is the region enclosed byy D x2 andy D 3. The cross sections perpendicular to they-axis are squares.

SOLUTION At any locationy, the distance to the parabola from they-axis is
p
y. Thus the base of the square will have length

2
p
y. Therefore the volume is

Z 3

0

�
2
p
y
� �
2
p
y
�
dy D

Z 3

0
4y dy D 2y2

ˇ̌
ˇ
3

0
D 18:
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14. The base is the region enclosed byy D x2 andy D 3. The cross sections perpendicular to they-axis are rectangles of height
y3.

SOLUTION As in previous exercise, for eachy, the width of the rectangle will be2
p
y. Because the height isy3, the volume of

the solid is given by

2

Z 3

0
y7=2 dy D 4

9
y9=2

ˇ̌
ˇ̌
3

0

D 36
p
3:

15. Find the volume of the solid whose base is the regionjxj C jyj � 1 and whose vertical cross sections perpendicular to the
y-axis are semicircles (with diameter along the base).

SOLUTION The regionR in question is a diamond shape connecting the points.1; 0/, .0;�1/, .�1; 0/, and.0; 1/. Thus, in the
lower half of thexy-plane, the radius of the circles isy C 1 and in the upper half, the radius is1� y. Therefore, the volume is

�

2

Z 0

�1
.y C 1/2 dy C �

2

Z 1

0
.1 � y/2 dy D �

2

�
1

3
C 1

3

�
D �

3
:

16. Show that a pyramid of heighth whose base is an equilateral triangle of sides has volume
p
3
12 hs

2.

SOLUTION Using similar triangles, the side length of the equilateral triangle at heightx above the base is

s.h � x/

h
I

the area of the cross section is therefore given by
p
3

4

�
s.h� x/

h

�2
:

Thus, the volume of the pyramid is

s2
p
3

4h2

Z h

0
.h � x/2 dx D

 
� s

2
p
3

12h2
.h � x/3

!ˇ̌
ˇ̌
ˇ

h

0

D
p
3

12
s2h:

17. The area of an ellipse is�ab, wherea andb are the lengths of the semimajor and semiminor axes (Figure 5). Compute the
volume of a cone of height 12 whose base is an ellipse with semimajor axisa D 6 and semiminor axisb D 4.

Ellipse

12

64

FIGURE 5

SOLUTION At each heighty, the elliptical cross section has major axis12 .12� y/ and minor axis13 .12� y/. The cross-sectional
area is then�6 .12 � y/2, and the volume is

Z 12

0

�

6
.12 � y/2 dy D � �

18
.12 � y/3

ˇ̌
ˇ̌
12

0

D 96�:

18. Find the volumeV of a regular tetrahedron (Figure 6) whose face is an equilateral triangle of sides. The tetrahedron has height
h D

p
2=3s.

s

s

FIGURE 6
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SOLUTION Our first task is to determine the relationship between the height of the tetrahedron,h, and the side length of the
equilateral triangles,s. LetB be the orthocenter of the tetrahedron (the point directly below the apex), and letb denote the distance
fromB to each corner of the base triangle. By the Law of Cosines, we have

s2 D b2 C b2 � 2b2 cos120ı D 3b2;

sob2 D 1
3 s
2. Thus

h2 D s2 � b2 D 2

3
s2 or h D s

r
2

3
:

Therefore, using similar triangles, the side length of the equilateral triangle at heightz above the base is

s

�
h � z

h

�
D s � zp

2=3
:

The volume of the tetrahedron is then given by

Z s
p
2=3

0

p
3

4

 
s � zp

2=3

!2
dz D �

p
2

12

 
s � zp

2=3

!3 ˇ̌ˇ̌
ˇ̌

s
p
2=3

0

D s3
p
2

12
:

19. A frustum of a pyramid is a pyramid with its top cut off [Figure 7(A)]. LetV be the volume of a frustum of heighth whose
base is a square of sidea and whose top is a square of sideb with a > b � 0.

(a) Show that if the frustum were continued to a full pyramid, it would have heightha=.a � b/ [Figure 7(B)].
(b) Show that the cross section at heightx is a square of side.1=h/.a.h � x/C bx/.
(c) Show thatV D 1

3h.a
2 C ab C b2/. A papyrus dating to the year 1850BCE indicates that Egyptian mathematicians had

discovered this formula almost 4000 years ago.

(B)(A)

h

a

b

FIGURE 7

SOLUTION

(a) LetH be the height of the full pyramid. Using similar triangles, we have the proportion

H

a
D H � h

b

which gives

H D ha

a � b
:

(b) Letw denote the side length of the square cross section at heightx. By similar triangles, we have

a

H
D w

H � x :

Substituting the value forH from part (a) gives

w D a.h � x/C bx

h
:

(c) The volume of the frustrum is

Z h

0

�
1

h
.a.h � x/C bx/

�2
dx D 1

h2

Z h

0

�
a2.h � x/2 C 2ab.h � x/x C b2x2

�
dx

D 1

h2

 
�a

2

3
.h � x/3 C abhx2 � 2

3
abx3 C 1

3
b2x3

!ˇ̌
ˇ̌
ˇ

h

0

D h

3

�
a2 C ab C b2

�
:
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20. A plane inclined at an angle of45ı passes through a diameter of the base of a cylinder of radiusr . Find the volume of the
region within the cylinder and below the plane (Figure 8).

FIGURE 8

SOLUTION Place the center of the base at the origin. Then, for eachx, the vertical cross section taken perpendicular to thex-axis

is a rectangle of base2
p
r2 � x2 and heightx. The volume of the solid enclosed by the plane and the cylinder is therefore

Z r

0
2x
p
r2 � x2 dx D

Z r2

0

p
udu D

�
2

3
u3=2

�ˇ̌
ˇ̌
r2

0

D 2

3
r3:

21. The solidS in Figure 9 is the intersection of two cylinders of radiusr whose axes are perpendicular.

(a) The horizontal cross section of each cylinder at distancey from the central axis is a rectangular strip. Find the strip’s width.
(b) Find the area of the horizontal cross section ofS at distancey.
(c) Find the volume ofS as a function ofr .

S

y

FIGURE 9 Two cylinders intersecting at right angles.

SOLUTION

(a) The horizontal cross section at distancey from the central axis (for�r � y � r) is a square of widthw D 2
p
r2 � y2.

(b) The area of the horizontal cross section ofS at distancey from the central axis isw2 D 4.r2 � y2/.
(c) The volume of the solidS is then

4

Z r

�r

�
r2 � y2

�
dy D 4

�
r2y � 1

3
y3
�ˇ̌
ˇ̌
r

�r
D 16

3
r3:

22. Let S be the intersection of two cylinders of radiusr whose axes intersect at an angle� . Find the volume ofS as a function of
r and� .

SOLUTION Each cross section at distancey from the central axis (for�r � y � r) is a rhombus with side length
2
p
r2 � y2
sin�

.

The area of each rhombus is
4.r2 � y2/

sin�
, and thus the volume of the solid will be

4

sin�

Z r

�r

�
r2 � y2

�
dy D 16r3

3 sin �
:

23. Calculate the volume of a cylinder inclined at an angle� D 30ı with height 10 and base of radius 4 (Figure 10).

30°

4

10

FIGURE 10 Cylinder inclined at an angle� D 30ı.
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SOLUTION The area of each circular cross section is�.4/2 D 16�, hence the volume of the cylinder is

Z 10

0
16� dx D .16�x/

ˇ̌
ˇ̌
10

0

D 160�

24. The areas of cross sections of Lake Nogebow at5-meter intervals are given in the table below. Figure 11 shows a contour map
of the lake. Estimate the volumeV of the lake by taking the average of the right- and left-endpoint approximations to the integral
of cross-sectional area.

Depth (m) 0 5 10 15 20

Area (million m2) 2.1 1.5 1.1 0.835 0.217

0

5

10

20
15

FIGURE 11 Depth contour map of Lake Nogebow.

SOLUTION The volume of the lake is

Z 20

0
A.z/ dz;

whereA.z/ denotes the cross-sectional area of the lake at depthz. The right- and left-endpoint approximations to this integral, with
�z D 5, are

R D 5 .1:5C 1:1C 0:835C 0:217/ D 18:26

L D 5 .2:1C 1:5C 1:1C 0:835/ D 27:675

Thus

V � 1

2
.18:26C 27:675/ D 22:97 million m3:

25. Find the total mass of a 1-m rod whose linear density function is�.x/ D 10.x C 1/�2 kg/m for0 � x � 1.

SOLUTION The total mass of the rod is

Z 1

0
�.x/ dx D

Z 1

0

�
10.x C 1/�2

�
dx D

�
�10.x C 1/�1

� ˇ̌
ˇ̌
1

0

D 5 kg:

26. Find the total mass of a 2-m rod whose linear density function is�.x/ D 1C 0:5 sin.�x/ kg/m for0 � x � 2.

SOLUTION The total mass of the rod is

Z 2

0
�.x/ dx D

Z 2

0
.1C 0:5 sin�x/ dx D

�
x � 0:5

cos�x

�

� ˇ̌
ˇ̌
2

0

D 2 kg;

27. A mineral deposit along a strip of length 6 cm has densitys.x/ D 0:01x.6 � x/ g/cm for0 � x � 6. Calculate the total mass
of the deposit.

SOLUTION The total mass of the deposit is

Z 6

0
s.x/ dx D

Z 6

0
0:01x.6 � x/ dx D

�
0:03x2 � 0:01

3
x3
�ˇ̌
ˇ̌
6

0

D 0:36 g:

28. Charge is distributed along a glass tube of length 10 cm with linear charge density�.x/ D x.x2 C 1/�2 � 10�4 coulombs per
centimeter for0 � x � 10. Calculate the total charge.

SOLUTION The total charge along the tube is

Z 10

0
�.x/ dx D 10�4

Z 10

0

x

.x2 C 1/2
dx D 10�4

�
�1
2
.x2 C 1/�1

�ˇ̌
ˇ̌
10

0

D 5 � 10�5
�
1 � 1

101

�
D 4:95 � 10�5

coulombs.
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29. Calculate the population within a 10-mile radius of the city center if the radial population density is�.r/ D 4.1 C r2/1=3 (in
thousands per square mile).

SOLUTION The total population is

2�

Z 10

0
r � �.r/ dr D 2�

Z 10

0
4r.1C r2/1=3 dr D 3�.1C r2/4=3

ˇ̌
ˇ̌
10

0

� 4423:59 thousand� 4:4 million:

30. Odzala National Park in the Republic of the Congo has a high density of gorillas. Suppose that the radial population density is
�.r/ D 52.1C r2/�2 gorillas per square kilometer, wherer is the distance from a grassy clearing with a source of water. Calculate
the number of gorillas within a 5-km radius of the clearing.

SOLUTION The number of gorillas within a 5-km radius of the clearing is

2�

Z 5

0
r � �.r/ dr D

Z 5

0

104�r

.1C r2/2
D � 52�

1C r2

ˇ̌
ˇ̌
5

0

D 50� � 157:

31. Table 1 lists the population density (in people per square kilometer) as a function of distancer (in kilometers) from the center of
a rural town. Estimate the total population within a 1.2-km radius of the center by taking the average of the left- and right-endpoint
approximations.

TABLE 1 Population Density

r �.r/ r �.r/

0.0 125.0 0.8 56.2
0.2 102.3 1.0 46.0
0.4 83.8 1.2 37.6
0.6 68.6

SOLUTION The total population is given by

2�

Z 1:2

0
r � �.r/ dr:

With�r D 0:2, the left- and right-endpoint approximations to the required definite integral are

L6 D 0:2.2�/Œ0.125/ C .0:2/.102:3/C .0:4/.83:8/ C .0:6/.68:6/C .0:8/.56:2/ C .1/.46/�

D 233:86I

R10 D 0:2.2�/Œ.0:2/.102:3/ C .0:4/.83:8/C .0:6/.68:6/C .0:8/.56:2/C .1/.46/C .1:2/.37:6/�

D 290:56:

This gives an average of262:21. Thus, there are roughly 262 people within a 1.2-km radius of the town center.

32. Find the total mass of a circular plate of radius20 cm whose mass density is the radial function�.r/ D 0:03C 0:01 cos.�r2/ g/cm2.

SOLUTION The total mass of the plate is

2�

Z 20

0
r � �.r/ dr D 2�

Z 20

0

�
0:03r C 0:01r cos.�r2/

�
dr D 2�

�
0:015r2 C 0:01

2�
sin.�r2/

�ˇ̌
ˇ̌
20

0

D 12� grams:

33. The density of deer in a forest is the radial function�.r/ D 150.r2 C 2/�2 deer per square kilometer, wherer is the distance
(in kilometers) to a small meadow. Calculate the number of deer in the region2 � r � 5 km.

SOLUTION The number of deer in the region2 � r � 5 km is

2�

Z 5

2
r .150/

�
r2 C 2

��2
dr D �150�

�
1

r2 C 2

�ˇ̌
ˇ̌
5

2

D �150�
�
1

27
� 1

6

�
� 61 deer:

34. Show that a circular plate of radius 2 cm with radial mass density�.r/ D 4
r g/cm2 has finite total mass, even though the density

becomes infinite at the origin.

SOLUTION The total mass of the plate is

2�

Z 2

0
r

�
4

r

�
dr D 2�

Z 2

0
4dr D 16� g:
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35. Find the flow rate through a tube of radius 4 cm, assuming that the velocity of fluid particles at a distancer cm from the center
is v.r/ D .16 � r2/ cm/s.

SOLUTION The flow rate is

2�

Z R

0
rv.r/ dr D 2�

Z 4

0
r
�
16 � r2

�
dr D 2�

�
8r2 � 1

4
r4
�ˇ̌
ˇ̌
4

0

D 128�
cm3

s
:

36. The velocity of fluid particles flowing through a tube of radius5 cm isv.r/ D .10 � 0:3r � 0:34r2/ cm/s, wherer cm is the
distance from the center. What quantity per second of fluid flows through the portion of the tube where0 � r � 2?

SOLUTION The flow rate through the portion of the tube where0 � r � 2 is

2�

Z 2

0
rv.r/ dr D 2�

Z 2

0
r
�
10 � 0:3r � 0:34r2

�
dr D 2�

Z 2

0

�
10r � 0:3r2 � 0:34r3

�
dr

D 2�
�
5r2 � 0:1r3 � 0:085r4

�ˇ̌
ˇ
2

0

D 112:09
cm3

s
37. A solid rod of radius 1 cm is placed in a pipe of radius 3 cm so that their axes are aligned. Water flows through the pipe and
around the rod. Find the flow rate if the velocity of the water is given by the radial functionv.r/ D 0:5.r � 1/.3 � r/ cm/s.

SOLUTION The flow rate is

2�

Z 3

1
r.0:5/.r � 1/.3 � r/ dr D �

Z 3

1

�
�r3 C 4r2 � 3r

�
dr D �

�
�1
4
r4 C 4

3
r3 � 3

2
r2
�ˇ̌
ˇ̌
3

1

D 8�

3

cm3

s
:

38. Let v.r/ be the velocity of blood in an arterial capillary of radiusR D 4 � 10�5 m. Use Poiseuille’s Law (Example 6) with
k D 106 (m-s)�1 to determine the velocity at the center of the capillary and the flow rate (use correct units).

SOLUTION According to Poiseuille’s Law,v.r/ D k.R2 � r2/. WithR D 4 � 10�5 m andk D 106 (m-s)�1,

v.0/ D 0:0016 m=s:

The flow rate through the capillary is

2�

Z R

0
kr.R2 � r2/ dr D 2�k

 
R2r2

2
� r4

4

!ˇ̌
ˇ̌
ˇ

R

0

D 2�k
R4

4
� 4:02 � 10�12m3

s
:

In Exercises 39–48, calculate the average over the given interval.

39. f .x/ D x3, Œ0; 4�

SOLUTION The average is

1

4 � 0

Z 4

0
x3 dx D 1

4

Z 4

0
x3 dx D 1

16
x4
ˇ̌
ˇ̌
4

0

D 16:

40. f .x/ D x3, Œ�1; 1�
SOLUTION The average is

1

1 � .�1/

Z 1

�1
x3 dx D 1

2

Z 1

�1
x3 dx D 1

8
x4
ˇ̌
ˇ̌
1

�1
D 0:

41. f .x/ D cosx,
�
0; �6

�

SOLUTION The average is

1

�=6 � 0

Z �=6

0
cosx dx D 6

�

Z �=6

0
cosx dx D 6

�
sinx

ˇ̌
ˇ̌
�=6

0

D 3

�
:

42. f .x/ D sec2 x,
�
�
6 ;

�
3

�

SOLUTION The average is

1

�=3 � �=6

Z �=3

�=6
sec2 x dx D 6

�

Z �=3

�=6
sec2 x dx D 6

�
tanx

ˇ̌
ˇ̌
�=3

�=6

D 6

�

 
p
3 �

p
3

3

!
D 4

p
3

�
:
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43. f .s/ D s�2, Œ2; 5�

SOLUTION The average is

1

5 � 2

Z 5

2
s�2 ds D �1

3
s�1

ˇ̌
ˇ̌
5

2

D 1

10
:

44. f .x/ D sin.�=x/

x2
, Œ1; 2�

SOLUTION The average is

1

2� 1

Z 2

1

sin.�=x/

x2
dx D 1

�

Z �

�=2
sinudu D � 1

�
cosu

ˇ̌
ˇ̌
�

�=2

D 1

�
:

45. f .x/ D 2x3 � 6x2, Œ�1; 3�
SOLUTION The average is

1

3 � .�1/

Z 3

�1
.2x3 � 6x2/ dx D 1

4

Z 3

�1
.2x3 � 6x2/ dx D 1

4

�
1

2
x4 � 2x3

�ˇ̌
ˇ̌
3

�1
D 1

4

�
�27
2

� 5

2

�
D �4:

46. f .x/ D 1

x2 C 1
, Œ�1; 1�

SOLUTION The average is

1

1 � .�1/

Z 1

�1

1

x2 C 1
dx D 1

2
tan�1 x

ˇ̌
ˇ̌
1

�1
D 1

2

h�
4

�
�
��
4

�i
D �

4
:

47. f .x/ D xn for n � 0, Œ0; 1�

SOLUTION Forn > �1, the average is

1

1 � 0

Z 1

0
xn dx D

Z 1

0
xn dx D 1

nC 1
xnC1

ˇ̌
ˇ̌
1

0

D 1

nC 1
:

48. f .x/ D e�nx , Œ�1; 1�
SOLUTION The average is

1

1 � .�1/

Z 1

�1
e�nx dx D 1

2

�
� 1
n
e�nx

� ˇ̌
ˇ̌
1

�1
D 1

2

�
� 1
n
e�n C 1

n
en
�

D 1

n
sinhn:

49. The temperature (inıC) at timet (in hours) in an art museum varies according toT .t/ D 20C 5 cos
�
�
12 t

�
. Find the average

over the time periodsŒ0; 24� andŒ2; 6�.

SOLUTION

� The average temperature over the 24-hour period is

1

24 � 0

Z 24

0

�
20C 5 cos

� �
12
t
��

dt D 1

24

�
20t C 60

�
sin
� �
12
t
��ˇ̌
ˇ̌
24

0

D 20ıC:

� The average temperature over the 4-hour period is

1

6 � 2

Z 6

2

�
20C 5 cos

� �
12
t
��

dt D 1

4

�
20t C 60

�
sin
� �
12
t
��ˇ̌
ˇ̌
6

2

D 22:4ıC:

50. A ball thrown in the air vertically from ground level with initial velocity18 m/s has heighth.t/ D 18t � 9:8t2 at timet (in
seconds). Find the average height and the average speed over the time interval extending from the ball’s release to its return to
ground level.

SOLUTION Let h.t/ D 18t � 9:8t2. The ball is at ground level whent D 0 s and when

t D 18

9:8
D 9

4:9
s:

The average height of the ball is then

1
9
4:9 � 0

Z 9=4:9

0
.18t � 9:8t2/ dt D 4:9

9

�
9t2 � 9:8

3
t3
�ˇ̌
ˇ̌
9=4:9

0

D 4:9

9

"
9

�
9

4:9

�2
� 9:8

3

�
9

4:9

�3#
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D 5:51 m:

The average speed is given by

1
9
4:9 � 0

Z 9=4:9

0
jv.t/j dt:

Now, v.t/ D h0.t/ D 18 � 19:6t . From the figure below, which shows the graph ofjv.t/j over the intervalŒ0; 9=4:9�, we see that

Z 9=4:9

0
jv.t/j dt D

�
9

9:8

�
18:

Thus, the average speed is

4:9

9

�
9

9:8

�
18 D 9 m=s:

y

x
2

0.5 1.0 1.5

6

10

14

18

51. Find the average speed over the time intervalŒ1; 5� of a particle whose position at timet is s.t/ D t3 � 6t2 m/s.

SOLUTION The average speed over the time intervalŒ1; 5� is

1

5 � 1

Z 5

1
js0.t/j dt:

Becauses0.t/ D 3t2 � 12t D 3t.t � 4/, it follows that

Z 5

1
js0.t/j dt D

Z 4

1
.12t � 3t2/ dt C

Z 5

4
.3t2 � 12t/ dt

D .6t2 � t3/

ˇ̌
ˇ̌
4

1

C .t3 � 6t2/

ˇ̌
ˇ̌
5

4

D .96 � 64/ � .6 � 1/C .125 � 150/ � .64 � 96/

D 34:

Thus, the average speed is

34

4
D 17

2
m=s:

52. An object with zero initial velocity accelerates at a constant rate of10m/s2. Find its average velocity during the first 15 seconds.

SOLUTION An accelerationa.t/ D 10 givesv.t/ D 10t C c for some constantc and zero initial velocity impliesc D 0. Thus
the average velocity is given by

1

15 � 0

Z 15

0
10t dt D 1

3
t2
ˇ̌
ˇ̌
15

0

D 75 m=s:

53. The acceleration of a particle isa.t/ D 60t � 4t3 m/s2. Compute the average acceleration and the average speed over the time
interval Œ2; 6�, assuming that the particle’s initial velocity is zero.

SOLUTION The average acceleration over the time intervalŒ2; 6� is

1

6 � 2

Z 6

2
.60t � 4t3/ dt D 1

4
.30t2 � t4/

ˇ̌
ˇ̌
6

2

D 1

4
Œ.1080 � 1296/ � .120 � 16/�

D �320
4

D �80 m=s2:
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Givena.t/ D 60t � 4t3 andv.0/ D 0, it follows thatv.t/ D 30t2 � t4. Now, average speed is given by

1

6 � 2

Z 6

2
jv.t/j dt:

Based on the formula forv.t/,

Z 6

2
jv.t/j dt D

Z p
30

2
.30t2 � t4/ dt C

Z 6

p
30
.t4 � 30t2/ dt

D
�
10t3 � 1

5
t5
�ˇ̌
ˇ̌
p
30

2

C
�
1

5
t5 � 10t3

�ˇ̌
ˇ̌
6

p
30

D 120
p
30 � 368

5
� 3024

5
C 120

p
30

D 240
p
30 � 3392

5
:

Finally, the average speed is

1

4

�
240

p
30 � 3392

5

�
D 60

p
30 � 848

5
� 159:03 m=s:

54. What is the average area of the circles whose radii vary from 0 toR?

SOLUTION The average area is

1

R � 0

Z R

0
�r2 dr D �

3R
r3
ˇ̌
ˇ̌
R

0

D 1

3
�R2:

55. LetM be the average value off .x/ D x4 on Œ0; 3�. Find a value ofc in Œ0; 3� such thatf .c/ D M .

SOLUTION We have

M D 1

3 � 0

Z 3

0
x4 dx D 1

3

Z 3

0
x4 dx D 1

15
x5
ˇ̌
ˇ̌
3

0

D 81

5
:

ThenM D f .c/ D c4 D 81
5 impliesc D 3

51=4
D 2:006221.

56. Let f .x/ D
p
x. Find a value ofc in Œ4; 9� such thatf .c/ is equal to the average off on Œ4; 9�.

SOLUTION The average value is

1

9 � 4

Z 9

4

p
x dx D 1

5

Z 9

4

p
x dx D 2

15
x3=2

ˇ̌
ˇ̌
9

4

D 38

15
:

Thenf .c/ D
p
c D 38

15 implies

c D
�
38

15

�2
D 1444

225
� 6:417778:

57. LetM be the average value off .x/ D x3 on Œ0; A�, whereA > 0. Which theorem guarantees thatf .c/ D M has a solutionc
in Œ0; A�? Findc.

SOLUTION The Mean Value Theorem for Integrals guarantees thatf .c/ D M has a solutionc in Œ0; A�. With f .x/ D x3 on
Œ0; A�,

M D 1

A � 0

Z A

0
x3 dx D 1

A

1

4
x4
ˇ̌
ˇ̌
A

0

D A3

4
:

Solving f .c/ D c3 D A3

4 for c yields

c D A
3
p
4
:

58. Let f .x/ D 2 sinx � x. Use a computer algebra system to plotf .x/ and estimate:

(a) The positive root̨ of f .x/.

(b) The average valueM of f .x/ on Œ0; ˛�.

(c) A valuec 2 Œ0; ˛� such thatf .c/ D M .
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SOLUTION Let f .x/ D 2 sinx � x. A graph ofy D f .x/ is shown below. From this graph, the positive root off .x/ appears to
be roughlyx D 1:9.

1.51.0 2.00.5
x

0.8
0.6
0.4
0.2

y

(a) Using a computer algebra system, solving the equation

2 sin˛ � ˛ D 0

yields˛ D 1:895494267.

(b) The average value off .x/ on Œ0; ˛� is

M D 1

˛ � 0

Z ˛

0
f .x/ dx D 0:4439980667:

(c) Solving

f .c/ D 2 sinc � c D 0:4439980667

yields eitherc D 0:4805683082 or c D 1:555776337.

59. Which off .x/ D x sin2 x andg.x/ D x2 sin2 x has a larger average value overŒ0; 1�? OverŒ1; 2�?

SOLUTION The functionsf andg differ only in the power ofx multiplying sin2 x. It is also important to note that sin2 x � 0

for all x. Now, for eachx 2 .0; 1/, x > x2 so

f .x/ D x sin2 x > x2 sin2 x D g.x/:

Thus, overŒ0; 1�, f .x/ will have a larger average value thang.x/. On the other hand, for eachx 2 .1; 2/, x2 > x, so

g.x/ D x2 sin2 x > x sin2 x D f .x/:

Thus, overŒ1; 2�, g.x/ will have the larger average value.

60. Find the average off .x/ D ax C b over the intervalŒ�M;M�, wherea, b, andM are arbitrary constants.

SOLUTION The average is

1

M � .�M/

Z M

�M
.ax C b/ dx D 1

2M

Z M

�M
.ax C b/ dx D 1

2M

�a
2
x2 C bx

�ˇ̌
ˇ̌
M

�M
D b:

61. Sketch the graph of a functionf .x/ such thatf .x/ � 0 on Œ0; 1� andf .x/ � 0 on Œ1; 2�, whose average onŒ0; 2� is
negative.

SOLUTION Many solutions will exist. One could be

−1

−2

1

y

x
1 2

62. Give an example of a function (necessarily discontinuous) that does not satisfy the conclusion of the MVT for Integrals.

SOLUTION There are an infinite number of discontinuous functions that do not satisfy the conclusion of the Mean Value Theorem
for Integrals. Consider the function onŒ�1; 1� such that forx < 0, f .x/ D �1 and forx � 0, f .x/ D 1. Clearly the average value
is 0 butf .c/ ¤ 0 for all c in Œ�1; 1�.



S E C T I O N 6.3 Volumes of Revolution 721

Further Insights and Challenges

63. An object is tossed into the air vertically from ground level with initial velocityv0 ft/s at timet D 0. Find the average speed of
the object over the time intervalŒ0; T �, whereT is the time the object returns to earth.

SOLUTION The height is given byh.t/ D v0t � 16t2. The ball is at ground level at timet D 0 andT D v0=16. The velocity is
given byv.t/ D v0 � 32t and thus the speed is given bys.t/ D jv0 � 32t j. The average speed is

1

v0=16 � 0

Z v0=16

0
jv0 � 32t j dt D 16

v0

Z v0=32

0
.v0 � 32t/ dt C 16

v0

Z v0=16

v0=32
.32t � v0/ dt

D 16

v0

�
v0t � 16t2

�ˇ̌
ˇ
v0=32

0
C 16

v0

�
16t2 � v0t

�ˇ̌
ˇ
v0=16

v0=32
D v0=2:

64. Review the MVT stated in Section 4.3 (Theorem 1, p. 226) and show how it can be used, together with the Fundamental
Theorem of Calculus, to prove the MVT for Integrals.

SOLUTION The Mean Value Theorem essentially states that

f 0.c/ D f .b/� f .a/

b � a

for somec 2 .a; b/. LetF be any antiderivative off . Then

f .c/ D F 0.c/ D F.b/� F.a/

b � a
D 1

b � a
.F.b/� F.a// D 1

b � a

Z b

a
f .x/ dx:

6.3 Volumes of Revolution

Preliminary Questions
1. Which of the following is a solid of revolution?

(a) Sphere (b) Pyramid (c) Cylinder (d) Cube

SOLUTION The sphere and the cylinder have circular cross sections; hence, these are solids of revolution. The pyramid and cube
do not have circular cross sections, so these are not solids of revolution.

2. True or false? When the region under a single graph is rotated about thex-axis, the cross sections of the solid perpendicular to
thex-axis are circular disks.

SOLUTION True. The cross sections will be disks with radius equal to the value of the function.

3. True or false? When the region between two graphs is rotated about thex-axis, the cross sections to the solid perpendicular to
thex-axis are circular disks.

SOLUTION False. The cross sections may be washers.

4. Which of the following integrals expresses the volume obtained by rotating the area betweeny D f .x/ andy D g.x/ over
Œa; b� around thex-axis? [Assumef .x/ � g.x/ � 0.]

(a) �
Z b

a

�
f .x/� g.x/

�2
dx

(b) �
Z b

a

�
f .x/2 � g.x/2

�
dx

SOLUTION The correct answer is(b). Cross sections of the solid will be washers with outer radiusf .x/ and inner radiusg.x/.
The area of the washer is then�f .x/2 � �g.x/2 D �.f .x/2 � g.x/2/.

Exercises
In Exercises 1–4, (a) sketch the solid obtained by revolving the region under the graph off .x/ about thex-axis over the given
interval, (b) describe the cross section perpendicular to thex-axis located atx, and (c) calculate the volume of the solid.

1. f .x/ D x C 1, Œ0; 3�

SOLUTION

(a) A sketch of the solid of revolution is shown below:
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−2

2

y

x
1 2 3

(b) Each cross section is a disk with radiusx C 1.
(c) The volume of the solid of revolution is

�

Z 3

0
.x C 1/2 dx D �

Z 3

0
.x2 C 2x C 1/ dx D �

�
1

3
x3 C x2 C x

�ˇ̌
ˇ̌
3

0

D 21�:

2. f .x/ D x2, Œ1; 3�

SOLUTION

(a) A sketch of the solid of revolution is shown below:

32.520.5
x

5

y

−5

(b) Each cross section is a disk of radiusx2.
(c) The volume of the solid of revolution is

�

Z 3

1

�
x2
�2
dx D �

 
x5

5

!ˇ̌
ˇ̌
ˇ

3

1

D 242�

5
:

3. f .x/ D
p
x C 1, Œ1; 4�

SOLUTION

(a) A sketch of the solid of revolution is shown below:

−2

−1

2

1

y

x
1 2 3 4

(b) Each cross section is a disk with radius
p
x C 1.

(c) The volume of the solid of revolution is

�

Z 4

1
.
p
x C 1/2 dx D �

Z 4

1
.x C 1/ dx D �

�
1

2
x2 C x

�ˇ̌
ˇ̌
4

1

D 21�

2
:

4. f .x/ D x�1, Œ1; 4�

SOLUTION

(a) A sketch of the solid of revolution is shown below:

−1

1 2 3
x

y

−0.5

0.5

1

(b) Each cross section is a disk with radiusx�1.
(c) The volume of the solid of revolution is

�

Z 4

1
.x�1/2 dx D �

Z 4

1
x�2 dx D � .�x/�1

ˇ̌
ˇ
4

1
D 3�

4
:
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In Exercises 5–12, find the volume of revolution about thex-axis for the given function and interval.

5. f .x/ D x2 � 3x, Œ0; 3�

SOLUTION The volume of the solid of revolution is

�

Z 3

0
.x2 � 3x/2 dx D �

Z 3

0
.x4 � 6x3 C 9x2/ dx D �

�
1

5
x5 � 3

2
x4 C 3x3

�ˇ̌
ˇ̌
3

0

D 81�

10
:

6. f .x/ D 1

x2
, Œ1; 4�

SOLUTION The volume of the solid of revolution is

�

Z 4

1
.x�2/2 dx D �

Z 4

1
x�4 dx D �

�
�1
3
x�3

�ˇ̌
ˇ̌
4

1

D 21�

64
:

7. f .x/ D x5=3, Œ1; 8�

SOLUTION The volume of the solid of revolution is

�

Z 8

1
.x5=3/2 dx D �

Z 8

1
x10=3 dx D 3�

13
x13=3

ˇ̌
ˇ̌
8

1

D 3�

13
.213 � 1/ D 24573�

13
:

8. f .x/ D 4 � x2, Œ0; 2�

SOLUTION The volume of the solid of revolution is

�

Z 2

0
.4 � x2/2 dx D �

Z 2

0
.16 � 8x2 C x4/ dx D �

�
16x � 8

3
x3 C 1

5
x5
�ˇ̌
ˇ̌
2

0

D 256�

15
:

9. f .x/ D 2

x C 1
, Œ1; 3�

SOLUTION The volume of the solid of revolution is

�

Z 3

1

�
2

x C 1

�2
dx D 4�

Z 3

1
.x C 1/�2 dx D �4� .x C 1/�1

ˇ̌
ˇ̌
3

1

D �:

10. f .x/ D
p
x4 C 1, Œ1; 3�

SOLUTION The volume of the solid of revolution is

�

Z 3

1
.
p
x4 C 1/2 dx D �

Z 3

1
.x4 C 1/ dx D �

�
1

5
x5 C x

�ˇ̌
ˇ̌
3

1

D 252�

5
:

11. f .x/ D ex , Œ0; 1�

SOLUTION The volume of the solid of revolution is

�

Z 1

0
.ex/2 dx D 1

2
�e2x

ˇ̌
ˇ̌
1

0

D 1

2
�.e2 � 1/:

12. f .x/ D
p

cosx sinx,
�
0; �2

�

SOLUTION The volume of the solid of revolution is

�

Z �=2

0
.
p

cosx sin x/2 dx D �

Z �=2

0
.cosx sinx/ dx D �

2

Z �=2

0
sin2x dx D �

4
.� cos2x/

ˇ̌
ˇ̌
�=2

0

D �

2
:

In Exercises 13 and 14,R is the shaded region in Figure 1.

x

y

a b

y = f (x)

9

−2

y = g(x)

R

FIGURE 1



724 C H A P T E R 6 APPLICATIONS OF THE INTEGRAL

13. Which of the integrands (i)–(iv) is used to compute the volume obtained by rotating regionR abouty D �2?
(i) .f .x/2 C 22/� .g.x/2 C 22/

(ii) .f .x/C 2/2 � .g.x/C 2/2

(iii) .f .x/2 � 22/ � .g.x/2 � 22/

(iv) .f .x/� 2/2 � .g.x/� 2/2

SOLUTION when the regionR is rotated abouty D �2, the outer radius isf .x/ � .�2/ D f .x/ C 2 and the inner radius is
g.x/� .�2/ D g.x/C 2. Thus, the appropriate integrand is(ii) : .f .x/C 2/2 � .g.x/C 2/2.

14. Which of the integrands (i)–(iv) is used to compute the volume obtained by rotatingR abouty D 9?
(i) .9C f .x//2 � .9C g.x//2

(ii) .9C g.x//2 � .9C f .x//2

(iii) .9 � f .x//2 � .9 � g.x//2

(iv) .9 � g.x//2 � .9 � f .x//2

SOLUTION when the regionR is rotated abouty D 9, the outer radius is9 � g.x/ and the inner radius is9 � f .x/. Thus, the
appropriate integrand is(iv): .9 � g.x//2 � .9 � f .x//2.

In Exercises 15–20, (a) sketch the region enclosed by the curves, (b) describe the cross section perpendicular to thex-axis located
at x, and (c) find the volume of the solid obtained by rotating the region about thex-axis.

15. y D x2 C 2, y D 10 � x2

SOLUTION

(a) Settingx2 C 2 D 10 � x2 yields2x2 D 8, or x2 D 4. The two curves therefore intersect atx D ˙2. The region enclosed by
the two curves is shown in the figure below.

4

8

y

−2 −1
x

1 2

y = 10 − x2

y = x2 + 2

(b) When the region is rotated about thex-axis, each cross section is a washer with outer radiusR D 10 � x2 and inner radius
r D x2 C 2.

(c) The volume of the solid of revolution is

�

Z 2

�2

�
.10 � x2/2 � .x2 C 2/2

�
dx D �

Z 2

�2
.96 � 24x2/ dx D �

�
96x � 8x3

� ˇ̌
ˇ̌
2

�2
D 256�:

16. y D x2, y D 2x C 3

SOLUTION

(a) Settingx2 D 2x C 3 yields

0 D x2 � 2x � 3 D .x � 3/.x C 1/:

The two curves therefore intersect atx D �1 andx D 3. The region enclosed by the two curves is shown in the figure below.

1 2

2

4

6

8

x

y

y = 2x + 3

y = x2

(b) When the region is rotated about thex-axis, each cross section is a washer with outer radiusR D 2x C 3 and inner radius
r D x2.

(c) The volume of the solid of revolution is

�

Z 3

�1

�
.2x C 3/2 � .x2/2

�
dx D �

Z 3

�1
.4x2 C 12x C 9 � x4/ dx D �

�
4

3
x3 C 6x2 C 9x � 1

5
x5
�ˇ̌
ˇ̌
3

�1
D 1088�

15
:
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17. y D 16 � x, y D 3x C 12, x D �1
SOLUTION

(a) Setting16� x D 3x C 12, we find that the two lines intersect atx D 1. The region enclosed by the two curves is shown in the
figure below.

10

y

−1 −0.5
x

0.5 1

y = 16 − x

y = 3x + 12

(b) When the region is rotated about thex-axis, each cross section is a washer with outer radiusR D 16 � x and inner radius
r D 3x C 12.

(c) The volume of the solid of revolution is

�

Z 1

�1

�
.16 � x/2 � .3x C 12/2

�
dx D �

Z 1

�1
.112 � 104x � 8x2/ dx D �

�
112x � 52x2 � 8

3
x3
�ˇ̌
ˇ̌
1

�1
D 656�

3
:

18. y D 1

x
, y D 5

2
� x

SOLUTION

(a) Setting1x D 5
2 � x yields

0 D x2 � 5

2
x C 1 D .x � 2/

�
x � 1

2

�
:

The two curves therefore intersect atx D 2 andx D 1
2 . The region enclosed by the two curves is shown in the figure below.

x

0.5

1

1.5

2

y

20 1.510.5

y = 2.5 − x

y = 1
x

(b) When the region is rotated about thex-axis, each cross section is a washer with outer radiusR D 5
2 � x and inner radius

r D x�1.
(c) The volume of the solid of revolution is

�

Z 2

1=2

 �
5

2
� x

�2
�
�
1

x

�2!
dx D �

Z 2

1=2

�
25

4
� 5x C x2 � x�2

�
dx

D �

�
25

4
x � 5

2
x2 C 1

3
x3 C x�1

�ˇ̌
ˇ̌
2

1=2

D 9�

8
:

19. y D secx, y D 0, x D ��
4

, x D �

4

SOLUTION

(a) The region in question is shown in the figure below.

0.8

1.2

0.4

y
y = sec x

−0.4
x

0.4

(b) When the region is rotated about thex-axis, each cross section is a circular disk with radiusR D secx.
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(c) The volume of the solid of revolution is

�

Z �=4

��=4
.secx/2 dx D � .tanx/

ˇ̌
ˇ̌
�=4

��=4
D 2�:

20. y D secx, y D 0, x D 0, x D �

4

SOLUTION

(a) The region in question is shown in the figure below.
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y = sec x

(b) When the region is rotated about thex-axis, each cross section is a circular disk with radiusR D secx.

(c) The volume of the solid of revolution is

�

Z �=4

0
.secx/2 dx D � .tanx/

ˇ̌
ˇ̌
�=4

0

D �:

In Exercises 21–24, find the volume of the solid obtained by rotating the region enclosed by the graphs about they-axis over the
given interval.

21. x D p
y, x D 0; 1 � y � 4

SOLUTION When the region in question (shown in the figure below) is rotated about they-axis, each cross section is a disk with
radius

p
y. The volume of the solid of revolution is

�

Z 4

1

�p
y
�2
dy D �y2

2

ˇ̌
ˇ̌
4

1

D 15�

2
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y

x

2

1

0

4

3

21 1.50.5

x = y

22. x D
p

siny, x D 0; 0 � y � �

SOLUTION When the region in question (shown in the figure below) is rotated about they-axis, each cross section is a disk with
radius

p
siny. The volume of the solid of revolution is

�

Z �

0

�p
siny

�2
dy D � .� cosy/

ˇ̌
ˇ̌
�

0

D 2�:

sin yx =

x

y

0 0.2 0.4 0.6 0.8

2

1

3

23. x D y2, x D p
y

SOLUTION Settingy2 D p
y and then squaring both sides yields

y4 D y or y4 � y D y.y3 � 1/ D 0;
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so the two curves intersect aty D 0 andy D 1. When the region in question (shown in the figure below) is rotated about they-axis,
each cross section is a washer with outer radiusR D p

y and inner radiusr D y2. The volume of the solid of revolution is

�

Z 1

0

�
.
p
y/2 � .y2/2

�
dy D �

 
y2

2
� y5

5

!ˇ̌
ˇ̌
ˇ

1

0

D 3�

10
:

x = y2

x = y

y

x

1

0 1

24. x D 4 � y, x D 16 � y2

SOLUTION Setting4� y D 16 � y2 yields

0 D y2 � y � 12 D .y � 4/.y C 3/;

so the two curves intersect aty D �3 andy D 4. When the region enclosed by the two curves (shown in the figure below) is
rotated about they-axis, each cross section is a washer with outer radiusR D 16 � y2 and inner radiusr D 4 � y. The volume of
the solid of revolution is

�

Z 4

�3

�
.16 � y2/2 � .4 � y/2

�
dy D �

Z 4

�3

�
y4 � 33y2 C 8y C 240

�
dy

D �

�
1

5
y5 � 11y3 C 4y2 C 240y

�ˇ̌
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4

�3
D 4802�

5
:
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−4

x = 16 − y2

x = 4 − y

25. Rotation of the region in Figure 2 about they-axis produces a solid with two types of different cross sections. Compute the
volume as a sum of two integrals, one for�12 � y � 4 and one for4 � y � 12.

y

2

−12

12

4

x
y

y = 12 − 4x

y = 8x − 12

FIGURE 2

SOLUTION For �12 � y � 4, the cross section is a disk with radius18 .y C 12/; for 4 � y � 12, the cross section is a disk with

radius14 .12 � y/. Therefore, the volume of the solid of revolution is

V D �

8

Z 4

�12
.y C 12/2 dy C �

4

Z 12

4
.12 � y/2 dy

D �

24
.y C 12/3

ˇ̌
ˇ
4

�12
� �

12
.12 � y/3

ˇ̌
ˇ
12

4

D 512�

3
C 128�

3
D 640�

3
:
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26. LetR be the region enclosed byy D x2 C 2, y D .x � 2/2 and the axesx D 0 andy D 0. Compute the volumeV obtained
by rotatingR about thex-axis.Hint: ExpressV as a sum of two integrals.

SOLUTION Settingx2 C 2 D .x � 2/2 yields4x D 2 orx D 1=2. When the region enclosed by the two curves and the coordinate
axes (shown in the figure below) is rotated about thex-axis, there are two different cross sections. For0 � x � 1=2, the cross
section is a disk of radiusx2 C 2; for 1=2 � x � 2, the cross section is a disk of radius.x � 2/2. The volume of the solid of
revolution is therefore

V D �

Z 1=2

0
.x2 C 2/ dx C �

Z 2

1=2
.x � 2/2 dx

D �

�
1

3
x3 C 2x

�ˇ̌
ˇ̌
1=2

0

C �

3
.x � 2/3
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ˇ
2

1=2
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y = x2 + 2

y = (x − 2)2

In Exercises 27–32, find the volume of the solid obtained by rotating regionA in Figure 3 about the given axis.

x

y

1 2

6

2

y = x2 + 2

A

B

FIGURE 3

27. x-axis

SOLUTION Rotating regionA about thex-axis produces a solid whose cross sections are washers with outer radiusR D 6 and
inner radiusr D x2 C 2. The volume of the solid of revolution is

�

Z 2

0

�
.6/2 � .x2 C 2/2

�
dx D �

Z 2

0
.32 � 4x2 � x4/ dx D �

�
32x � 4

3
x3 � 1

5
x5
�ˇ̌
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2

0

D 704�

15
:

28. y D �2
SOLUTION Rotating regionA abouty D �2 produces a solid whose cross sections are washers with outer radiusR D 6� .�2/ D
8 and inner radiusr D x2 C 2 � .�2/ D x2 C 4. The volume of the solid of revolution is

�

Z 2

0

�
.8/2 � .x2 C 4/2

�
dx D �

Z 2

0
.48 � 8x2 � x4/ dx D �

�
48x � 8

3
x3 � 1

5
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�ˇ̌
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2
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D 1024�

15
:

29. y D 2

SOLUTION Rotating the regionA abouty D 2 produces a solid whose cross sections are washers with outer radiusR D 6� 2 D 4

and inner radiusr D x2 C 2 � 2 D x2. The volume of the solid of revolution is

�

Z 2

0

�
42 � .x2/2

�
dx D �

�
16x � 1

5
x5
�ˇ̌
ˇ̌
2

0

D 128�

5
:

30. y-axis

SOLUTION Rotating regionA about they-axis produces a solid whose cross sections are disks with radiusR D
p
y � 2. Note

that here we need to integrate along they-axis. The volume of the solid of revolution is

�

Z 6

2
.
p
y � 2/2 dy D �

Z 6

2
.y � 2/ dy D �

�
1

2
y2 � 2y

�ˇ̌
ˇ̌
6

2

D 8�:
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31. x D �3
SOLUTION Rotating regionA aboutx D �3 produces a solid whose cross sections are washers with outer radiusR D

p
y � 2�

.�3/ D
p
y � 2C 3 and inner radiusr D 0 � .�3/ D 3. The volume of the solid of revolution is

�

Z 6

2

�
.3C

p
y � 2/2 � .3/2

�
dy D �

Z 6

2
.6
p
y � 2C y � 2/ dy D �

�
4.y � 2/3=2 C 1

2
y2 � 2y

�ˇ̌
ˇ̌
6

2

D 40�:

32. x D 2

SOLUTION Rotating regionA aboutx D 2 produces a solid whose cross sections are washers with outer radiusR D 2 � 0 D 2

and inner radiusr D 2 �
p
y � 2. The volume of the solid of revolution is

�

Z 6

2

�
22 � .2 �

p
y � 2/2

�
dy D �

Z 6

2

�
4
p
y � 2 � y C 2

�
dy D �

�
8

3
.y � 2/3=2 � 1

2
y2 C 2y

�ˇ̌
ˇ̌
6

2
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3
:

In Exercises 33–38, find the volume of the solid obtained by rotating region B in Figure 3 about the given axis.

33. x-axis

SOLUTION Rotating regionB about thex-axis produces a solid whose cross sections are disks with radiusR D x2 C 2. The
volume of the solid of revolution is

�

Z 2

0
.x2 C 2/2 dx D �

Z 2

0
.x4 C 4x2 C 4/ dx D �

�
1

5
x5 C 4

3
x3 C 4x

�ˇ̌
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2

0

D 376�

15
:

34. y D �2
SOLUTION Rotating regionB abouty D �2 produces a solid whose cross sections are washers with outer radiusR D x2 C 2�
.�2/ D x2 C 4 and inner radiusr D 0 � .�2/ D 2. The volume of the solid of revolution is

�

Z 2

0

�
.x2 C 4/2 � .2/2

�
dx D �

Z 2

0
.x4 C 8x2 C 12/ dx D �

�
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3
x3 C 12x
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2

0

D 776�

15
:

35. y D 6

SOLUTION Rotating regionB abouty D 6 produces a solid whose cross sections are washers with outer radiusR D 6 � 0 D 6

and inner radiusr D 6 � .x2 C 2/ D 4� x2. The volume of the solid of revolution is

�

Z 2

0

�
62 � .4 � x2/2

�
dy D �

Z 2

0

�
20C 8x2 � x4

�
dy D �

�
20x C 8

3
x3 � 1

5
x5
�ˇ̌
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2

0

D 824�

15
:

36. y-axis

Hint for Exercise 36:Express the volume as a sum of two integrals along they-axis or use Exercise 30.

SOLUTION Rotating regionB about they-axis produces a solid with two different cross sections. For eachy 2 Œ0; 2�, the cross
section is a disk with radiusR D 2; for eachy 2 Œ2; 6�, the cross section is a washer with outer radiusR D 2 and inner radius
r D

p
y � 2. The volume of the solid of revolution is

�

Z 2

0
.2/2 dy C �

Z 6

2

�
.2/2 � .

p
y � 2/2

�
dy D �

Z 2

0
4 dy C �
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2
.6 � y/ dy

D � .4y/

ˇ̌
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2

0
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�
6y � 1

2
y2
�ˇ̌
ˇ̌
6

2

D 16�:

Alternately, we recognize that rotating both regionA and regionB about they-axis produces a cylinder of radiusR D 2 and
heighth D 6. The volume of this cylinder is�.2/2 � 6 D 24�. In Exercise 30, we found that the volume of the solid generated by
rotating regionA about they-axis to be8�. Therefore, the volume of the solid generated by rotating regionB about they-axis is
24� � 8� D 16�.
37. x D 2

SOLUTION Rotating regionB aboutx D 2 produces a solid with two different cross sections. For eachy 2 Œ0; 2�, the cross
section is a disk with radiusR D 2; for eachy 2 Œ2; 6�, the cross section is a disk with radiusR D 2�

p
y � 2. The volume of the

solid of revolution is

�

Z 2

0
.2/2 dy C �

Z 6

2
.2 �

p
y � 2/2 dy D �
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0
4dy C �

Z 6

2
.2C y � 4

p
y � 2/ dy
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2

0

C �

�
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3
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2

D 32�

3
:
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38. x D �3
SOLUTION Rotating regionB aboutx D �3 produces a solid with two different cross sections. For eachy 2 Œ0; 2�, the cross
section is a washer with outer radiusR D 2 � .�3/ D 5 and inner radiusr D 0 � .�3/ D 3; for eachy 2 Œ2; 6�, the cross section
is a washer with outer radiusR D 2 � .�3/ D 5 and inner radiusr D

p
y � 2 � .�3/ D

p
y � 2C 3. The volume of the solid of

revolution is

�

Z 2

0

�
.5/2 � .3/2

�
dy C �

Z 6

2

�
.5/2 � .

p
y � 2C 3/2

�
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Z 2

0
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2
.18 � y � 6

p
y � 2/ dy

D � .16y/

ˇ̌
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2

0

C �

�
18y � 1

2
y2 � 4.y � 2/3=2

�ˇ̌
ˇ̌
6

2

D 56�:

In Exercises 39–52, find the volume of the solid obtained by rotating the region enclosed by the graphs about the given axis.

39. y D x2, y D 12 � x, x D 0, abouty D �2
SOLUTION Rotating the region enclosed byy D x2, y D 12 � x and they-axis (shown in the figure below) abouty D �2
produces a solid whose cross sections are washers with outer radiusR D 12 � x � .�2/ D 14 � x and inner radiusr D
x2 � .�2/ D x2 C 2. The volume of the solid of revolution is

�

Z 3

0

�
.14 � x/2 � .x2 C 2/2

�
dx D �

Z 3

0
.192 � 28x � 3x2 � x4/ dx
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�
192x � 14x2 � x3 � 1
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3

0

D 1872�

5
:

y = x2

y = 12 − x
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40. y D x2, y D 12 � x, x D 0, abouty D 15

SOLUTION Rotating the region enclosed byy D x2, y D 12 � x and they-axis (see the figure in the previous exercise) about
y D 15 produces a solid whose cross sections are washers with outer radiusR D 15 � x2 and inner radiusr D 15 � .12 � x/ D
3C x. The volume of the solid of revolution is

�

Z 3

0

�
.15 � x2/2 � .3C x/2

�
dx D �

Z 3

0
.216 � 6x � 31x2 C x4/ dx
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3

0
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5
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41. y D 16 � 2x, y D 6, x D 0, aboutx-axis

SOLUTION Rotating the region enclosed byy D 16 � 2x, y D 6 and they-axis (shown in the figure below) about thex-axis
produces a solid whose cross sections are washers with outer radiusR D 16 � 2x and inner radiusr D 6. The volume of the solid
of revolution is

�

Z 5

0

�
.16 � 2x/2 � 62

�
dx D �
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0
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42. y D 32 � 2x, y D 2C 4x, x D 0, abouty-axis

SOLUTION Rotating the region enclosed byy D 32 � 2x, y D 2 C 4x and they-axis (shown in the figure below) about the

y-axis produces a solid with two different cross sections. For2 � y � 22, the cross section is a disk of radius14 .y � 2/; for
22 � y � 32, the cross section is a disk of radius12 .32 � y/. The volume of the solid of revolution is

V D �

4

Z 22

2
.y � 2/2 dy C �

2

Z 32

22
.32 � y/2 dy

D �

12
.y � 2/3
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y = 32 − 2x

y = 2 + 4x

43. y D secx, y D 1C 3

�
x, aboutx-axis

SOLUTION We first note thaty D secx andy D 1C .3=�/x intersect atx D 0 andx D �=3. Rotating the region enclosed by
y D secx andy D 1 C .3=�/x (shown in the figure below) about thex-axis produces a cross section that is a washer with outer
radiusR D 1C .3=�/x and inner radiusr D secx. The volume of the solid of revolution is

V D �

Z �=3

0

 �
1C 3

�
x

�2
� sec2 x
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Z �=3
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44. x D 2, x D 3, y D 16 � x4, y D 0, abouty-axis

SOLUTION Rotating the region enclosed byx D 2, x D 3, y D 16 � x4 and thex-axis (shown in the figure below) about the
y-axis produces a solid whose cross sections are washers with outer radiusR D 3 and inner radiusr D 4

p
16 � y. The volume of

the solid of revolution is
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45. y D 2
p
x, y D x, aboutx D �2

SOLUTION Setting2
p
x D x and squaring both sides yields

4x D x2 or x.x � 4/ D 0;

so the two curves intersect atx D 0 andx D 4. Rotating the region enclosed byy D 2
p
x and y D x (see the figure below)

aboutx D �2 produces a solid whose cross sections are washers with outer radiusR D y � .�2/ D y C 2 and inner radius
r D 1

4y
2 � .�2/ D 1

4y
2 C 2. The volume of the solid of revolution is
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y = 2x1/2
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46. y D 2
p
x, y D x, abouty D 4

SOLUTION Setting2
p
x D x and squaring both sides yields

4x D x2 or x.x � 4/ D 0;

so the two curves intersect atx D 0 andx D 4. Rotating the region enclosed byy D 2
p
x and y D x (see the figure from the

previous exercise) abouty D 4 produces a solid whose cross sections are washers with outer radiusR D 4 � x and inner radius
r D 4 � 2

p
x. The volume of the solid of revolution is
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47. y D x3, y D x1=3, for x � 0, abouty-axis

SOLUTION Rotating the region enclosed byy D x3 andy D x1=3 (shown in the figure below) about they-axis produces a solid

whose cross sections are washers with outer radiusR D y1=3 and inner radiusr D y3. The volume of the solid of revolution is
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48. y D x2, y D x1=2, aboutx D �2
SOLUTION Rotating the region enclosed byy D x2 andy D x1=2 (shown in the figure below) aboutx D �2 produces a solid
whose cross sections are washers with outer radiusR D p

y � .�2/ D p
y C 2 and inner radiusr D y2 � .�2/ D y2 C 2. The

volume of the solid of revolution is
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49. y D 9

x2
, y D 10 � x2, x � 0, abouty D 12

SOLUTION The region enclosed by the two curves is shown in the figure below. Rotating this region abouty D 12 produces a
solid whose cross sections are washers with outer radiusR D 12 � 9x�2 and inner radiusr D 12 � .10 � x2/ D 2 C x2. The
volume of the solid of revolution is
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50. y D 9

x2
, y D 10 � x2, x � 0, aboutx D �1

SOLUTION The region enclosed by the two curves is shown in the figure from the previous exercise. Rotating this region about
x D �1 produces a solid whose cross sections are washers with outer radiusR D

p
10 � y � .�1/ D

p
10 � y C 1 and inner

radiusr D 3y�1=2 � .�1/ D 3y�1=2 C 1. The volume of the solid of revolution is

V D �

Z 9

1

�
.
p
10 � y C 1/2 � .3y�1=2 C 1/2

�
dy

D �

Z 9

1

�
10 � y C 2

p
10 � y � 9y�1 � 6y�1=2

�
dy

D �

�
10y � 1

2
y2 � 4

3
.10 � y/3=2 � 9 lny � 12

p
y

�ˇ̌
ˇ̌
9

1

D �

��
90 � 81

2
� 4

3
� 9 ln9 � 36

�
�
�
10 � 1

2
� 36 � 12

��

D �

�
73

6
� 9 ln9C 77

2

�
D
�
152

3
� 9 ln9

�
�:

51. y D e�x , y D 1 � e�x , x D 0, abouty D 4

SOLUTION Rotating the region enclosed byy D 1 � e�x , y D e�x and they-axis (shown in the figure below) about the line
y D 4 produces a solid whose cross sections are washers with outer radiusR D 4 � .1 � e�x/ D 3 C e�x and inner radius
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r D 4 � e�x . The volume of the solid of revolution is

�

Z ln2

0

�
.3C e�x/2 � .4 � e�x/2

�
dx D �

Z ln2

0
.14e�x � 7/ dx D �.�14e�x � 7x/

ˇ̌
ˇ̌
ln2

0

D �.�7 � 7 ln 2C 14/ D 7�.1 � ln 2/:

0.2 0.4 0.6

0.2

0.4

0.6

0.8

1

y = e–x

y = 1 – e–x

52. y D coshx, x D ˙2, aboutx-axis

SOLUTION Rotating the region enclosed byy D coshx, x D ˙2 and thex-axis (shown in the figure below) about thex-axis
produces a solid whose cross sections are disks with radiusR D coshx. The volume of the solid of revolution is

�

Z 2

�2
cosh2 x dx D 1

2
�

Z 2

�2
.1C cosh2x/ dx D 1

2
�

�
x C 1

2
sinh2x

� ˇ̌
ˇ̌
2

�2

D 1

2
�

��
2C 1

2
sinh4

�
�
�

�2C 1

2
sinh.�4/

��
D 1

2
�.4C sinh4/:

–2 –1 1 2

1

2

3
y = cosh x

53. The bowl in Figure 4(A) is21 cm high, obtained by rotating the curve in Figure 4(B) as indicated. Estimate the volume capacity
of the bowl shown by taking the average of right- and left-endpoint approximations to the integral withN D 7. The inner radii (in
cm) starting from the top are0; 4; 7; 8; 10; 13; 14; 20.

20

(A) (B)

21 cm

y

x

19

25

16

21

12

9

30

FIGURE 4

SOLUTION Using the given values for the inner radii and the values in Figure 4(B), which indicate the difference between the
inner and outer radii, we find

R7 D 3�
�
.232 � 142/C .252 � 132/C .262 � 102/C .272 � 82/C .282 � 72/C .292 � 42/C .302 � 02/

�

D 3�.4490/ D 13470�

and

L7 D 3�
�
.202 � 202/C .232 � 142/C .252 � 132/C .262 � 102/C .272 � 82/C .282 � 72/C .292 � 42/

�

D 3�.3590/ D 10770�

Averaging these two values, we estimate that the volume capacity of the bowl is

V D 12120� � 38076:1 cm3:
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54. The region between the graphs off .x/ andg.x/ overŒ0; 1� is revolved about the liney D �3. Use the midpoint approximation
with values from the following table to estimate the volumeV of the resulting solid.

x 0:1 0:3 0:5 0:7 0:9

f .x/ 8 7 6 7 8
g.x/ 2 3.5 4 3.5 2

SOLUTION The volume of the resulting solid is

V D �

Z 1

0

�
.f .x/C 3/2 � .g.x/C 3/2

�
dx

� 0:2�
�
.112 � 52/C .102 � 6:52/C .92 � 72/C .102 � 6:52/C .112 � 52/

�

D 0:2�.96 C 57:75C 32C 57:75C 96/ D 67:9�:

55. Find the volume of the cone obtained by rotating the region under the segment joining.0; h/ and.r; 0/ about they-axis.

SOLUTION The segment joining.0; h/ and.r; 0/ has the equation

y D �h
r
x C h or x D r

h
.h � y/:

Rotating the region under this segment about they-axis produces a cone with volume

�r2

h2

Z h

0
.h � y/2 dx D ��r

2

3h2
.h � y/3

ˇ̌
ˇ̌
ˇ

h

0

D 1

3
�r2h:

56. Thetorus (doughnut-shaped solid) in Figure 5 is obtained by rotating the circle.x � a/2 C y2 D b2 around they-axis (assume
thata > b). Show that it has volume2�2ab2. Hint: Evaluate the integral by interpreting it as the area of a circle.

y

x

a  + b
a

FIGURE 5 Torus obtained by rotating a circle about they-axis.

SOLUTION Rotating the region enclosed by the circle.x � a/2 C y2 D b2 about they-axis produces a torus whose cross sections

are washers with outer radiusR D aC
p
b2 � y2 and inner radiusr D a �

p
b2 � y2. The volume of the torus is then

�

Z b

�b

 �
aC

q
b2 � y2

�2
�
�
a �

q
b2 � y2

�2!
dy D 4a�

Z b

�b

q
b2 � y2 dy:

Now, the remaining definite integral is one-half the area of a circle of radiusb; therefore, the volume of the torus is

4a� � 1
2
�b2 D 2�2ab2:

57. Sketch the hypocycloidx2=3 C y2=3 D 1 and find the volume of the solid obtained by revolving it about thex-axis.

SOLUTION A sketch of the hypocycloid is shown below.

1

−1

y

x
1−1
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For the hypocycloid,y D ˙
�
1 � x2=3

�3=2
. Rotating this region about thex-axis will produce a solid whose cross sections are

disks with radiusR D
�
1 � x2=3

�3=2
. Thus the volume of the solid of revolution will be

�

Z 1

�1

�
.1 � x2=3/3=2

�2
dx D �

 
�x3
3

C 9

7
x7=3 � 9

5
x5=3 C x

!ˇ̌
ˇ̌
ˇ

1

�1
D 32�

105
:

58. The solid generated by rotating the region between the branches of the hyperbolay2 � x2 D 1 about thex-axis is called a
hyperboloid (Figure 6). Find the volume of the hyperboloid for�a � x � a.

x

y

−a a

1

−1

FIGURE 6 The hyperbola with equationy2 � x2 D 1.

SOLUTION Each cross section is a disk of radiusR D
p
1C x2, so the volume of the hyperboloid is

�

Z a

�a

�p
1C x2

�2
dx D �

Z a

�a
.1C x2/ dx D �

�
x C 1

3
x3
�ˇ̌
ˇ̌
a

�a
D �

 
2a3 C 6a

3

!

59. A “bead” is formed by removing a cylinder of radiusr from the center of a sphere of radiusR (Figure 7). Find the volume of
the bead withr D 1 andR D 2.

y

x

h

r

y

x
R

FIGURE 7 A bead is a sphere with a cylinder removed.

SOLUTION The equation of the outer circle isx2 C y2 D 22, and the inner cylinder intersects the sphere wheny D ˙
p
3. Each

cross section of the bead is a washer with outer radius
p
4 � y2 and inner radius 1, so the volume is given by

�

Z p
3

�
p
3

 �q
4 � y2

�2
� 12

!
dy D �

Z p
3

�
p
3

�
3 � y2

�
dy D 4�

p
3:

Further Insights and Challenges

60. Find the volumeV of the bead (Figure 7) in terms ofr andR. Then show thatV D �
6 h
3, whereh is the height of

the bead. This formula has a surprising consequence: SinceV can be expressed in terms ofh alone, it follows that two beads of
height 1 cm, one formed from a sphere the size of an orange and the other from a sphere the size of the earth, would have the same
volume! Can you explain intuitively how this is possible?

SOLUTION The equation for the outer circle of the bead isx2 C y2 D R2, and the inner cylinder intersects the sphere when

y D ˙
p
R2 � r2. Each cross section of the bead is a washer with outer radius

p
R2 � y2 and inner radiusr , so the volume is

�

Z p
R2�r2

�
p
R2�r2

 �q
R2 � y2

�2
� r2

!
dy D �

Z p
R2�r2

�
p
R2�r2

.R2 � r2 � y2/ dy

D �

�
.R2 � r2/y � 1

3
y3
�ˇ̌
ˇ̌
p
R2�r2

�
p
R2�r2

D 4

3
.R2 � r2/3=2�:
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Now, h D 2
p
R2 � r2 D 2.R2 � r2/1=2, which givesh3 D 8.R2 � r2/3=2 and finally.R2 � r2/3=2 D 1

8h
3. Substituting into

the expression for the volume givesV D �
6 h
3. The beads may have the same volume but clearly the wall of the earth-sized bead

must be extremely thin while the orange-sized bead would be thicker.

61. The solid generated by rotating the region inside the ellipse with equation
�
x
a

�2 C
�y
b

�2 D 1 around thex-axis is called an

ellipsoid. Show that the ellipsoid has volume43�ab
2. What is the volume if the ellipse is rotated around they-axis?

SOLUTION

� Rotating the ellipse about thex-axis produces an ellipsoid whose cross sections are disks with radiusR D b
p
1 � .x=a/2.

The volume of the ellipsoid is then

�

Z a

�a

�
b

q
1 � .x=a/2

�2
dx D b2�

Z a

�a

�
1 � 1

a2
x2
�
dx D b2�

�
x � 1

3a2
x3
�ˇ̌
ˇ̌
a

�a
D 4

3
�ab2:

� Rotating the ellipse about they-axis produces an ellipsoid whose cross sections are disks with radiusR D a
p
1 � .y=b/2.

The volume of the ellipsoid is then

Z b

�b

�
a

q
1 � .y=b/2

�2
dy D a2�

Z b

�b

�
1 � 1

b2
y2
�
dy D a2�

�
y � 1

3b2
y3
�ˇ̌
ˇ̌
b

�b
D 4

3
�a2b:

62. The curvey D f .x/ in Figure 8, called atractrix , has the following property: the tangent line at each point.x; y/ on the curve
has slope

dy

dx
D �yp

1 � y2

LetR be the shaded region under the graph of0 � x � a in Figure 8. Compute the volumeV of the solid obtained by revolvingR
around thex-axis in terms of the constantc D f .a/. Hint: Use the substitutionu D f .x/ to show that

V D �

Z 1

c
u
p
1 � u2 du

1

2

y

x

y = f (x)Rc

a

FIGURE 8 The tractrix.

SOLUTION Let y D f .x/ be the tractrix depicted in Figure 8. Rotating the regionR about thex-axis produces a solid whose
cross sections are disks with radiusf .x/. The volume of the resulting solid is then

V D �

Z a

0
Œf .x/�2 dx:

Now, letu D f .x/. Then

du D f 0.x/ dx D �f .x/p
1 � Œf .x/�2

dx D �up
1 � u2

dxI

hence,

dx D �
p
1 � u2

u
du;

and

V D �

Z c

1
u2

 
�

p
1 � u2
u

du

!
D �

Z 1

c
u
p
1 � u2 du:

Carrying out the integration, we find

V D ��
3
.1� u2/3=2

ˇ̌
ˇ
1

c
D �

3
.1 � c2/3=2:
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63. Verify the formula Z x2

x1

.x � x1/.x � x2/ dx D 1

6
.x1 � x2/

3 3

Then prove that the solid obtained by rotating the shaded region in Figure 9 about thex-axis has volumeV D �
6BH

2, withB and
H as in the figure.Hint: Let x1 andx2 be the roots off .x/ D ax C b � .mx C c/2, wherex1 < x2. Show that

V D �

Z x2

x1

f .x/ dx

and use Eq. (3).

x

y

B

y = mx + c

y2 = ax + b

H

FIGURE 9 The liney D mx C c intersects the parabolay2 D ax C b at two points above thex-axis.

SOLUTION First, we calculate

Z x2

x1

.x � x1/.x � x2/ dx D
�
1

3
x3 � 1

2
.x1 C x2/x

2 C x1x2x

�ˇ̌
ˇ̌
x2

x1

D 1

6
x31 � 1

2
x21x2 C 1

2
x1x

2
2 � 1

6
x32

D 1

6

�
x31 � 3x21x2 C 3x1x

2
2 � x32

�
D 1

6
.x1 � x2/

3:

Now, consider the region enclosed by the parabolay2 D ax C b and the liney D mx C c, and letx1 andx2 denote thex-
coordinates of the points of intersection between the two curves withx1 < x2. Rotating the region about they-axis produces a
solid whose cross sections are washers with outer radiusR D

p
ax C b and inner radiusr D mx C c. The volume of the solid of

revolution is then

V D �

Z x2

x1

�
ax C b � .mx C c/2

�
dx

Becausex1 andx2 are roots of the equationax C b � .mx C c/2 D 0 andax C b � .mx C c/2 is a quadratic polynomial inx
with leading coefficient�m2, it follows thatax C b � .mx C c/2 D �m2.x � x1/.x � x2/. Therefore,

V D ��m2
Z x2

x1

.x � x1/.x � x2/ dx D �

6
m2.x2 � x1/

3;

where we have used Eq. (3). From the diagram, we see that

B D x2 � x1 and H D mB;

so

V D �

6
m2B3 D �

6
B .mB/2 D �

6
BH2:

64. LetR be the region in the unit circle lying above the cut with the liney D mx C b (Figure 10). Assume the points where the
line intersects the circle lie above thex-axis. Use the method of Exercise 63 to show that the solid obtained by rotatingR about the
x-axis has volumeV D �

6 hd
2, with h andd as in the figure.

x2 + y2 = 1

y = mx + b

R d

h

y

x

FIGURE 10
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SOLUTION Let x1 andx2 denote thex-coordinates of the points of intersection between the circlex2 C y2 D 1 and the line
y D mx C b with x1 < x2. Rotating the region enclosed by the two curves about thex-axis produces a solid whose cross sections
are washers with outer radiusR D

p
1 � x2 and inner radiusr D mx C b. The volume of the resulting solid is then

V D �

Z x2

x1

�
.1 � x2/ � .mx C b/2

�
dx

Becausex1 andx2 are roots of the equation.1 � x2/� .mx C b/2 D 0 and.1 � x2/� .mx C b/2 is a quadratic polynomial inx
with leading coefficient�.1Cm2/, it follows that.1 � x2/ � .mx C b/2 D �.1Cm2/.x � x1/.x � x2/. Therefore,

V D ��.1Cm2/

Z x2

x1

.x � x1/.x � x2/ dx D �

6
.1Cm2/.x2 � x1/

3:

From the diagram, we see thath D x2 � x1. Moreover, by the Pythagorean theorem,d2 D h2 C .mh/2 D .1Cm2/h2. Thus,

V D �

6
.1Cm2/h3 D �

6
h
h
.1Cm2/h2

i
D �

6
hd2:

6.4 The Method of Cylindrical Shells

Preliminary Questions
1. Consider the regionR under the graph of the constant functionf .x/ D h over the intervalŒ0; r�. Give the height and the radius

of the cylinder generated whenR is rotated about:

(a) thex-axis (b) they-axis

SOLUTION

(a) When the region is rotated about thex-axis, each shell will have radiush and heightr.

(b) When the region is rotated about they-axis, each shell will have radiusr and heighth.

2. Let V be the volume of a solid of revolution about they-axis.

(a) Does the Shell Method for computingV lead to an integral with respect tox or y?

(b) Does the Disk or Washer Method for computingV lead to an integral with respect tox or y?

SOLUTION

(a) The Shell method requires slicing the solid parallel to the axis of rotation. In this case, that will mean slicing the solid in the
vertical direction, so integration will be with respect tox.

(b) The Disk or Washer method requires slicing the solid perpendicular to the axis of rotation. In this case, that means slicing the
solid in the horizontal direction, so integration will be with respect toy.

Exercises
In Exercises 1–6, sketch the solid obtained by rotating the region underneath the graph of the function over the given interval about
they-axis, and find its volume.

1. f .x/ D x3, Œ0; 1�

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and heightx3, so the volume of the solid is

2�

Z 1

0
x � x3 dx D 2�

Z 1

0
x4 dx D 2�

�
1

5
x5
�ˇ̌
ˇ̌
1

0

D 2

5
�:

1

y

x
−1 1

2. f .x/ D
p
x, Œ0; 4�

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and height
p
x, so the volume of the solid is

2�

Z 4

0
x

p
x dx D 2�

Z 4

0
x3=2 dx D 2�

�
2

5
x5=2

�ˇ̌
ˇ̌
4

0

D 128

5
�:
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4

2

1

−4
x

y

3. f .x/ D x�1, Œ1; 3�

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and heightx�1, so the volume of the solid is

2�

Z 3

1
x.x�1/ dx D 2�

Z 3

1
1 dx D 2� .x/

ˇ̌
ˇ̌
3

1

D 4�:

321

0.2

0.6

0.8

−3 −2 −1
x

y

4. f .x/ D 4 � x2, Œ0; 2�

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and height4 � x2, so the volume of the solid is

2�

Z 2

0
x.4 � x2/ dx D 2�

Z 2

0
.4x � x3/ dx D 2�

�
2x2 � 1

4
x4
�ˇ̌
ˇ̌
2

0

D 8�:

2

y

x
−2 2

5. f .x/ D
p
x2 C 9, Œ0; 3�

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and height
p
x2 C 9, so the volume of the solid is

2�

Z 3

0
x
p
x2 C 9 dx:

Let u D x2 C 9. Thendu D 2x dx and

2�

Z 3

0
x
p
x2 C 9 dx D �

Z 18

9

p
udu D �

�
2

3
u3=2

�ˇ̌
ˇ̌
18

9

D 18�.2
p
2 � 1/:

321

1

2

4

−3 −2 −1
x

y

6. f .x/ D xp
1C x3

, Œ1; 4�

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and height
xp
1C x3

, so the volume of the solid is

2�

Z 4

1
x

�
xp
1C x3

�
dx D 2�

Z 4

1

x2p
1C x3

dx:
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Letu D 1C x3. Thendu D 3x2 dx and

2�

Z 4

1

x2p
1C x3

dx D 2

3
�

Z 65

2
u�1=2 du D 2

3
�
�
2u1=2

�ˇ̌
ˇ̌
65

2

D 4�

3

�p
65 �

p
2
�
:

42

0.8

−4 −2
x

y

In Exercises 7–12, use the Shell Method to compute the volume obtained by rotating the region enclosed by the graphs as indicated,
about they-axis.

7. y D 3x � 2, y D 6 � x, x D 0

SOLUTION The region enclosed byy D 3x � 2, y D 6 � x andx D 0 is shown below. When rotating this region about the
y-axis, each shell has radiusx and height6 � x � .3x � 2/ D 8 � 4x. The volume of the resulting solid is

2�

Z 2

0
x.8 � 4x/ dx D 2�

Z 2

0
.8x � 4x2/ dx D 2�

�
4x2 � 4

3
x3
�ˇ̌
ˇ̌
2

0

D 32

3
�:

y

x

2

−2

4

6

0.5 1.0 1.5 2.0

y = 6 − x

y = 3x − 2

8. y D
p
x, y D x2

SOLUTION The region enclosed byy D
p
x andy D x2 is shown below. When rotating this region about they-axis, each shell

has radiusx and height
p
x � x2. The volume of the resulting solid is

2�

Z 1

0
x.

p
x � x2/ dx D 2�

Z 1

0
.x3=2 � x3/ dx D 2�

�
2

5
x5=2 � 1

4
x4
�ˇ̌
ˇ̌
1

0

D 3

10
�:

y = x2

y = x

y

x

1

0 1

9. y D x2, y D 8 � x2, x D 0, for x � 0

SOLUTION The region enclosed byy D x2, y D 8 � x2 and they-axis is shown below. When rotating this region about the
y-axis, each shell has radiusx and height8 � x2 � x2 D 8 � 2x2. The volume of the resulting solid is

2�

Z 2

0
x.8 � 2x2/ dx D 2�

Z 2

0
.8x � 2x3/ dx D 2�

�
4x2 � 1

2
x4
�ˇ̌
ˇ̌
2

0

D 16�:

y = 8 − x2

y = x2

y

x

4

2

0

8

6

21 1.50.5
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10. y D 8 � x3, y D 8 � 4x, for x � 0

SOLUTION The region enclosed byy D 8 � x3 andy D 8 � 4x is shown below. When rotating this region about they-axis,
each shell has radiusx and height.8� x3/� .8 � 4x/ D 4x � x3. The volume of the resulting solid is

2�

Z 2

0
x.4x � x3/ dx D 2�

Z 2

0
.4x2 � x4/ dx D 2�

�
4

3
x3 � 1

5
x5
�ˇ̌
ˇ̌
2

0

D 128�

15
:

x

2

4

6

8

y

20 1.510.5

y = 8 − x3

y = 8 − 4x

11. y D .x2 C 1/�2, y D 2 � .x2 C 1/�2, x D 2

SOLUTION The region enclosed byy D .x2 C 1/�2, y D 2� .x2 C 1/�2 andx D 2 is shown below. When rotating this region
about they-axis, each shell has radiusx and height2� .x2 C 1/�2 � .x2 C 1/�2 D 2� 2.x2 C 1/�2. The volume of the resulting
solid is

2�

Z 2

0
x.2 � 2.x2 C 1/�2/ dx D 2�

Z 2

0

�
2x � 2x

.x2 C 1/�2

�
dx D 2�

�
x2 C 1

x2 C 1

�ˇ̌
ˇ̌
2

0

D 32

5
�:

y

x

0.5

1.0

1.5

2.0

0.5 1.0 1.5 2.0

y = 2 − (x2 + 1)−2

y = (x2 + 1)−2

12. y D 1 � jx � 1j, y D 0

SOLUTION The region enclosed byy D 1 � jx � 1j and thex-axis is shown below. When rotating this region about they-axis,
two different shells are generated. For eachx 2 Œ0; 1�, the shell has radiusx and heightx; for eachx 2 Œ1; 2�, the shell has radiusx
and height2 � x. The volume of the resulting solid is

2�

Z 1

0
x.x/ dx C 2�

Z 2

1
x.2 � x/ dx D 2�

Z 1

0
.x2/ dx C 2�

Z 2

1
.2x � x2/ dx

D 2�

�
1

3
x3
�ˇ̌
ˇ̌
1

0

C 2�

�
x2 � 1

3
x3
�ˇ̌
ˇ̌
2

1

D 2�:

x

0.5

1

y

20 1.510.5

y = 2 − xy = x

In Exercises 13 and 14, use a graphing utility to find the pointsof intersection of the curves numerically and then compute the
volume of rotation of the enclosed region about they-axis.

13. y D 1
2x
2, y D sin.x2/, x � 0

SOLUTION The region enclosed byy D 1
2x
2 and y D sinx2 is shown below. When rotating this region about they-axis,

each shell has radiusx and height sinx2 � 1
2x
2. Using a computer algebra system, we find that thex-coordinate of the point of

intersection on the right isx D 1:376769504. Thus, the volume of the resulting solid of revolution is

2�

Z 1:376769504

0
x

�
sinx2 � 1

2
x2
�
dx D 1:321975576:
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y = sin x2

y

x
0

1

1

x2

2
y =

14. y D e�x2=2, y D x, x D 0

SOLUTION The region enclosed byy D e�x2=2, y D x and they-axis is shown below. When rotating this region about the

y-axis, each shell has radiusx and heighte�x2=2 � x. Using a computer algebra system, we find that thex-coordinate of the point
of intersection on the right isx D 0:7530891650. Thus, volume of the resulting solid of revolution is

2�

Z 0:7530891650

0
x.e�x2=2 � x/ dx D 0:6568505551

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

1

y = x

y = e–x2/2

In Exercises 15–20, sketch the solid obtained by rotating theregion underneath the graph off .x/ over the interval about the given
axis, and calculate its volume using the Shell Method.

15. f .x/ D x3, Œ0; 1�, aboutx D 2

SOLUTION A sketch of the solid is shown below. Each shell has radius2 � x and heightx3, so the volume of the solid is

2�

Z 1

0
.2 � x/

�
x3
�
dx D 2�

Z 1

0
.2x3 � x4/ dx D 2�

 
x4

2
� x5

5

!ˇ̌
ˇ̌
ˇ

1

0

D 3�

5
:

y

x
0

1

4

16. f .x/ D x3, Œ0; 1�, aboutx D �2
SOLUTION A sketch of the solid is shown below. Each shell has radiusx � .�2/ D x C 2 and heightx3, so the volume of the
solid is

2�

Z 1

0
.2C x/

�
x3
�
dx D 2�

Z 1

0
.2x3 C x4/ dx D 2�

 
x4

2
C x5

5

!ˇ̌
ˇ̌
ˇ

1

0

D 7�

5
:

1
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0.4
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0.8

−3 −2−5 −4 −1
x

y

17. f .x/ D x�4, Œ�3;�1�, aboutx D 4
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SOLUTION A sketch of the solid is shown below. Each shell has radius4 � x and heightx�4, so the volume of the solid is

2�

Z �1

�3
.4 � x/

�
x�4

�
dx D 2�

Z �1

�3
.4x�4 � x�3/ dx D 2�

�
1

2
x�2 � 4

3
x�3

�ˇ̌
ˇ̌
�1

�3
D 280�

81
:

0.8

0.4

y

−2
x

10

18. f .x/ D 1p
x2 C 1

, Œ0; 2�, aboutx D 0

SOLUTION A sketch of the solid is shown below. Each shell has radiusx and height
1p

x2 C 1
, so the volume of the solid is

2�

Z 2

0
x

�
1p

x2 C 1

�
dx D 2�

�p
x2 C 1

� ˇ̌
ˇ̌
2

0

D 2�.
p
5 � 1/:

21
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0.2

1

−2 −1
x

y

19. f .x/ D a � x with a > 0, Œ0; a�, aboutx D �1
SOLUTION A sketch of the solid is shown below. Each shell has radiusx � .�1/ D x C 1 and heighta � x, so the volume of the
solid is

2�

Z a

0
.x C 1/ .a � x/ dx D 2�

Z a

0

�
aC .a � 1/x � x2

�
dx

D 2�

�
ax C a � 1

2
x2 � 1

3
x3
�ˇ̌
ˇ̌
a

0

D 2�

 
a2 C a2.a � 1/

2
� a3

3

!
D a2.aC 3/

3
�:

−2 − a
−1−2

a

a

20. f .x/ D 1 � x2, Œ�1; 1�, x D c with c > 1

SOLUTION A sketch of the solid is shown below. Each shell has radiusc � x and height1 � x2, so the volume of the solid is

2�

Z 1

�1
.c � x/

�
1 � x2

�
dx D 2�

Z 1

�1

�
x3 � cx2 � x C c

�
dx D 2�

�
1

4
x4 � c

3
x3 � 1

2
x2 C cx

�ˇ̌
ˇ̌
1

�1
D 8c�

3
:

2c + 1c 2c − 11

1

−1
x

y
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In Exercises 21–26, sketch the enclosed region and use the Shell Method to calculate the volume of rotation about thex-axis.

21. x D y, y D 0, x D 1

SOLUTION When the region shown below is rotated about thex-axis, each shell has radiusy and height1 � y. The volume of
the resulting solid is

2�

Z 1

0
y.1 � y/ dy D 2�

Z 1

0
.y � y2/ dy D 2�

�
1

2
y2 � 1

3
y3
�ˇ̌
ˇ̌
1

0

D �

3
:

y = x

y
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1
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22. x D 1
4y C 1, x D 3 � 1

4y, y D 0

SOLUTION When the region shown below is rotated about thex-axis, each shell has radiusy and height2 � 1
2y. The volume of

the resulting solid is

2�

Z 4

0
y

�
2 � 1

2
y

�
dy D 2�

Z 4

0

�
2y � 1

2
y2
�
dy D 2�

�
y2 � 1

6
y3
�ˇ̌
ˇ̌
4

0

D 32�

3
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y

4
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4

23. x D y.4 � y/, y D 0

SOLUTION When the region shown below is rotated about thex-axis, each shell has radiusy and heighty.4 � y/. The volume
of the resulting solid is

2�

Z 4

0
y2.4 � y/ dy D 2�

Z 4

0
.4y2 � y3/ dy D 2�

�
4

3
y3 � 1

4
y4
�ˇ̌
ˇ̌
4

0

D 128�

3
:

y

x

1
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3

4

1 2 3 4

x = y(4 − y)

24. x D y.4 � y/, x D .y � 2/2

SOLUTION Settingy.4� y/ D .y � 2/2 yields

y2 � 4y C 2 D 0 or y D 2˙
p
2:

When the region shown below is rotated about thex-axis, each shell has radiusy and height�2y2 C 8y � 4. The volume of the
resulting solid is

2�

Z 2C
p
2

2�
p
2
y.�2y2 C 8y � 4/ dy D 2�

Z 2C
p
2

2�
p
2
.�2y3 C 8y2 � 4y/ dy D 2�

�
�1
2
y4 C 8

3
y3 � 2y2

�ˇ̌
ˇ̌
2C

p
2

2�
p
2

D 64�
p
2

3
:

y

x

1

2

3

4

1 2 3 4

x = (y − 2)2
x = y(4 − y)



746 C H A P T E R 6 APPLICATIONS OF THE INTEGRAL

25. y D 4 � x2, x D 0, y D 0

SOLUTION When the region shown below is rotated about thex-axis, each shell has radiusy and height
p
4 � y. The volume of

the resulting solid is

2�

Z 4

0
y
p
4 � y dy:

Let u D 4 � y. Thendu D �dy, y D 4 � u, and

2�

Z 4

0
y
p
4 � y dy D �2�

Z 0

4
.4 � u/

p
udu D 2�

Z 4

0

�
4
p
u � u3=2

�
du

D 2�

�
8

3
u3=2 � 2

5
u5=2

�ˇ̌
ˇ̌
4

0

D 256�

15
:

x

1

2
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4

y

20 1.510.5

y = 4 − x2

26. y D x1=3 � 2, y D 0, x D 27

SOLUTION When the region shown below is rotated about thex-axis, each shell has radiusy and height27 � .y C 2/3. The
volume of the resulting solid is

2�

Z 1

0
y �
�
27 � .y C 2/3

�
dy D 2�

Z 1

0

�
19y � 12y2 � 6y3 � y4

�
dy

D 2�

�
19

2
y2 � 4y3 � 3

2
y4 � 1

5
y5
�ˇ̌
ˇ̌
1

0

D 38�

5
:
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y = x − 2

27. Use both the Shell and Disk Methods to calculate the volume obtained by rotating the region under the graph off .x/ D 8� x3
for 0 � x � 2 about:

(a) thex-axis (b) they-axis

SOLUTION

(a) x-axis: Using the disk method, the cross sections are disks with radiusR D 8 � x3; hence the volume of the solid is

�

Z 2

0
.8� x3/2 dx D �

�
64x � 4x4 C 1

7
x7
�ˇ̌
ˇ̌
2

0

D 576�

7
:

With the shell method, each shell has radiusy and height.8 � y/1=3. The volume of the solid is

2�

Z 8

0
y .8 � y/1=3 dy

Let u D 8 � y. Thendy D �du, y D 8 � u and

2�

Z 8

0
y .8 � y/1=3 dy D 2�

Z 8

0
.8� u/ � u1=3 du D 2�

Z 8

0
.8u1=3 � u4=3/ du

D 2�

�
6u4=3 � 3

7
u7=3

�ˇ̌
ˇ̌
8

0

D 576�

7
:
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(b) y-axis: With the shell method, each shell has radiusx and height8 � x3. The volume of the solid is

2�

Z 2

0
x.8 � x3/ dx D 2�

�
4x2 � 1

5
x5
�ˇ̌
ˇ̌
2

0

D 96�

5
:

Using the disk method, the cross sections are disks with radiusR D .8 � y/1=3. The volume is then given by

�

Z 8

0
.8 � y/2=3 dy D �3�

5
.8� y/5=3

ˇ̌
ˇ̌
8

0

D 96�

5
:

28. Sketch the solid of rotation about they-axis for the region under the graph of the constant functionf .x/ D c (wherec > 0)
for 0 � x � r .

(a) Find the volume without using integration.

(b) Use the Shell Method to compute the volume.

SOLUTION

r

c

x

y

(a) The solid is simply a cylinder with heightc and radiusr . The volume is given by�r2c.

(b) Each shell has radiusx and heightc, so the volume is

2�

Z r

0
cx dx D 2�

�
c
1

2
x2
�ˇ̌
ˇ̌
r

0

D �r2c:

29. The graph in Figure 1(A) can be described by bothy D f .x/ andx D h.y/, whereh is the inverse off . LetV be the volume
obtained by rotating the region under the graph about they-axis.

(a) Describe the figures generated by rotating segmentsAB andCB about they-axis.

(b) Set up integrals that computeV by the Shell and Disk Methods.

x

y

x

y

1.3

A
´

B ´A
B

C ´C

(B)(A)

y = g(x)y = f (x)

x = h(y)

22

FIGURE 1

SOLUTION

(a) When rotated about they-axis, the segmentAB generates a disk with radiusR D h.y/ and the segmentCB generates a shell
with radiusx and heightf .x/.

(b) Based on Figure 1(A) and the information from part (a), when using the Shell Method,

V D 2�

Z 2

0
xf .x/ dxI

when using the Disk Method,

V D �

Z 1:3

0
.h.y//2 dy:

30. LetW be the volume of the solid obtained by rotating the region under the graph in Figure 1(B) about they-axis.

(a) Describe the figures generated by rotating segmentsA0B 0 andA0C 0 about they-axis.

(b) Set up an integral that computesW by the Shell Method.

(c) Explain the difficulty in computingW by the Washer Method.
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SOLUTION

(a) When rotated about they-axis, the segmentA0B 0 generates a washer and the segmentC 0A0 generates a shell with radiusx and
heightg.x/.

(b) Using Figure 1(B) and the information from part (a),

W D 2�

Z 2

0
xg.x/ dx:

(c) The functiong.x/ is not one-to-one, which makes it difficult to determine the inner and outer radius of each washer.

31. LetR be the region under the graph ofy D 9 � x2 for 0 � x � 2. Use the Shell Method to compute the volume of rotation of
R about thex-axis as a sum of two integrals along they-axis.Hint: The shells generated depend on whethery 2 Œ0; 5� or y 2 Œ5; 9�.
SOLUTION The regionR is sketched below. When rotating this region about thex-axis, we produce a solid with two different
shell structures. For0 � y � 5, the shell has radiusy and height 2; for5 � y � 9, the shell has radius y and height

p
9 � y. The

volume of the solid is therefore

V D 2�

Z 5

0
2y dy C 2�

Z 9

5
y
p
9 � y dy

For the first integral, we calculate

2�

Z 5

0
2y dy D 2�y2

ˇ̌
ˇ̌
5

0

D 50�:

For the second integral, we make the substitutionu D 9 � y, du D �dy and find

2�

Z 9

5
y
p
9 � y dy D �2�

Z 0

4
.9 � u/

p
udu

D 2�

Z 4

0
.9u1=2 � u3=2/ du

D 2�

�
6u3=2 � 2

5
u5=2

�ˇ̌
ˇ̌
4

0

D 2�

�
48 � 64

5

�
D 352�

5
:

Thus, the total volume is

V D 50� C 352�

5
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5
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32. LetR be the region under the graph ofy D 4x�1 for 1 � y � 4. Use the Shell Method to compute the volume of rotation of
R about they-axis as a sum of two integrals along thex-axis.

SOLUTION The regionR is sketched below. When rotating this region about they-axis, we produce a solid with two different
shell structures. For0 � x � 1, the shell has radiusx and height 3; for1 � x � 4, the shell has radius x and height4x�1 � 1. The
volume of the solid is therefore

V D 2�

Z 1

0
3x dx C 2�

Z 4

1
x.4x�1 � 1/ dx

D 2�

Z 1

0
3x dx C 2�

Z 4

1
.4 � x/ dx

D 2�
3

2
x2
ˇ̌
ˇ̌
1

0

C 2�

�
4x � 1

2
x2
�ˇ̌
ˇ̌
4

1

D 3� C 2�

�
8 � 7

2

�
D 12�:
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y

x

1

1 2 3 4

2

3

4

y = 4x−1

In Exercises 33–38, use the Shell Method to find the volume obtained by rotating regionA in Figure 2 about the given axis.

x

y

6

2

y = x2 + 2

A

B

1 2

FIGURE 2

33. y-axis

SOLUTION When rotating regionA about they-axis, each shell has radiusx and height6 � .x2 C 2/ D 4 � x2. The volume of
the resulting solid is

2�

Z 2

0
x.4 � x2/ dx D 2�

Z 2

0
.4x � x3/ dx D 2�

�
2x2 � 1

4
x4
�ˇ̌
ˇ̌
2

0

D 8�:

34. x D �3
SOLUTION When rotating regionA aboutx D �3, each shell has radiusx � .�3/ D x C 3 and height6 � .x2 C 2/ D 4 � x2.
The volume of the resulting solid is

2�

Z 2

0
.x C 3/.4 � x2/ dx D 2�

Z 2

0
.4x � x3 C 12 � 3x2/ dx D 2�

�
2x2 � 1

4
x4 C 12x � x3

�ˇ̌
ˇ̌
2

0

D 40�:

35. x D 2

SOLUTION When rotating regionA aboutx D 2, each shell has radius2 � x and height6 � .x2 C 2/ D 4 � x2. The volume of
the resulting solid is

2�

Z 2

0
.2 � x/

�
4 � x2

�
dx D 2�

Z 2

0

�
8 � 2x2 � 4x C x3

�
dx D 2�

�
8x � 2

3
x3 � 2x2 C 1

4
x4
�ˇ̌
ˇ̌
2

0

D 40�

3
:

36. x-axis

SOLUTION When rotating regionA about thex-axis, each shell has radiusy and height
p
y � 2. The volume of the resulting

solid is

2�

Z 6

2
y
p
y � 2dy

Let u D y � 2. Thendu D dy, y D uC 2 and

2�

Z 6

2
y
p
y � 2dy D 2�

Z 4

0
.uC 2/

p
udu D 2�

�
2

5
u5=2 C 4

3
u3=2

�ˇ̌
ˇ̌
4

0

D 704�

15
:

37. y D �2
SOLUTION When rotating regionA abouty D �2, each shell has radiusy � .�2/ D y C 2 and height

p
y � 2. The volume of

the resulting solid is

2�

Z 6

2
.y C 2/

p
y � 2 dy

Let u D y � 2. Thendu D dy, y C 2 D uC 4 and

2�

Z 6

2
.y C 2/

p
y � 2 dy D 2�

Z 4

0
.uC 4/

p
udu D 2�

�
2

5
u5=2 C 8

3
u3=2

�ˇ̌
ˇ̌
4

0

D 1024�

15
:
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38. y D 6

SOLUTION When rotating regionA abouty D 6, each shell has radius6 � y and height
p
y � 2. The volume of the resulting

solid is

2�

Z 6

2
.6 � y/

p
y � 2dy

Let u D y � 2. Thendu D dy, 6 � y D 4 � u and

2�

Z 6

2
.6� y/

p
y � 2 dy D 2�

Z 4

0
.4 � u/

p
udu D 2�

�
8

3
u3=2 � 2

5
u5=2

�ˇ̌
ˇ̌
4

0

D 256�

15
:

In Exercises 39–44, use the most convenient method (Disk or Shell Method) to find the volume obtained by rotating regionB in
Figure 2 about the given axis.

39. y-axis

SOLUTION Because a vertical slice of regionB will produce a solid with a single cross section while a horizontal slice will
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel to the axis of
rotation, we will use the Shell Method. Each shell has radiusx and heightx2 C 2. The volume of the resulting solid is

2�

Z 2

0
x.x2 C 2/ dx D 2�

Z 2

0
.x3 C 2x/ dx D 2�

�
1

4
x4 C x2

�ˇ̌
ˇ̌
2

0

D 16�:

40. x D �3
SOLUTION Because a vertical slice of regionB will produce a solid with a single cross section while a horizontal slice will
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel to the axis of
rotation, we will use the Shell Method. Each shell has radiusx � .�3/ D x C 3 and heightx2 C 2. The volume of the resulting
solid is

2�

Z 2

0
.x C 3/.x2 C 2/ dx D 2�

Z 2

0
.x3 C 3x2 C 2x C 6/ dx D 2�

�
1

4
x4 C x3 C x2 C 6x

�ˇ̌
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2

0

D 56�:

41. x D 2

SOLUTION Because a vertical slice of regionB will produce a solid with a single cross section while a horizontal slice will
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel to the axis of
rotation, we will use the Shell Method. Each shell has radius2 � x and heightx2 C 2. The volume of the resulting solid is

2�

Z 2

0
.2 � x/

�
x2 C 2

�
dx D 2�

Z 2

0

�
2x2 � x3 C 4 � 2x

�
dx D 2�

�
2

3
x3 � 1

4
x4 C 4x � x2

�ˇ̌
ˇ̌
2

0

D 32�

3
:

42. x-axis

SOLUTION Because a vertical slice of regionB will produce a solid with a single cross section while a horizontal slice will
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is perpendicular to the
axis of rotation, we will use the Disk Method. Each disk has outer radiusR D x2 C 2 and inner radiusr D 0. The volume of the
solid is then

�

Z 2

0
.x2 C 2/2 dx D �

Z 2

0
.x4 C 4x2 C 4/ dx

D �

�
1

5
x5 C 4

3
x3 C 4x

�ˇ̌
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2
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D �

�
32

5
C 32

3
C 8

�
D 376�

15
:

43. y D �2
SOLUTION Because a vertical slice of regionB will produce a solid with a single cross section while a horizontal slice will
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is perpendicular to
the axis of rotation, we will use the Disk Method. Each disk has outer radiusR D x2 C 2 � .�2/ D x2 C 4 and inner radius
r D 0 � .�2/ D 2. The volume of the solid is then

�

Z 2

0

�
.x2 C 4/2 � 22

�
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Z 2

0
.x4 C 8x2 C 12/ dx
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�
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2
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�
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5
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3
C 24

�
D 776�

15
:
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44. y D 8

SOLUTION Because a vertical slice of regionB will produce a solid with a single cross section while a horizontal slice will
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is perpendicular to the axis
of rotation, we will use the Disk Method. Each disk has outer radiusR D 8 � 0 D 8 and inner radiusr D 8� .x2 C 2/ D 6 � x2.
The volume of the solid is then

�

Z 2

0

�
82 � .6� x2/2

�
dx D �

Z 2

0
.28C 12x2 � x4/ dx

D �

�
28x C 4x3 � 1

5
x5
�ˇ̌
ˇ̌
2

0

D �

�
56C 32 � 32

5

�
D 408�

5
:

In Exercises 45–50, use the most convenient method (Disk or Shell Method) to find the given volume of rotation.

45. Region betweenx D y.5 � y/ andx D 0, rotated about they-axis

SOLUTION Examine the figure below, which shows the region bounded byx D y.5 � y/ andx D 0. If the indicated region is
sliced vertically, then the top of the slice lies along one branch of the parabolax D y.5 � y/ and the bottom lies along the other
branch. On the other hand, if the region is sliced horizontally, then the right endpoint of the slice always lies along the parabola and
left endpoint always lies along they-axis. Clearly, it will be easier to slice the region horizontally.

Now, suppose the region is rotated about they-axis. Because a horizontal slice is perpendicular to they-axis, we will calculate
the volume of the resulting solid using the disk method. Each cross section is a disk of radiusR D y.5 � y/, so the volume is

�

Z 5

0
y2.5 � y/2 dy D �

Z 5

0
.25y2 � 10y3 C y4/ dy D �

�
25

3
y3 � 5

2
y4 C 1

5
y5
�ˇ̌
ˇ̌
5

0

D 625�

6
:

y

x

1

1 2 3 4 5 6

2

3

4

5 x = y(5 − y)

46. Region betweenx D y.5 � y/ andx D 0, rotated about thex-axis

SOLUTION Examine the figure from the previous exercise, which shows the region bounded byx D y.5 � y/ andx D 0. If the
indicated region is sliced vertically, then the top of the slice lies along one branch of the parabolax D y.5� y/ and the bottom lies
along the other branch. On the other hand, if the region is sliced horizontally, then the right endpoint of the slice always lies along
the parabola and left endpoint always lies along they-axis. Clearly, it will be easier to slice the region horizontally.

Now, suppose the region is rotated about thex-axis. Because a horizontal slice is parallel to thex-axis, we will calculate the
volume of the resulting solid using the shell method. Each shell has a radius ofy and a height ofy.5 � y/, so the volume is

2�

Z 5

0
y2.5 � y/ dy D 2�

Z 5

0
.5y2 � y3/ dy D 2�

�
5

3
y3 � 1

4
y4
�ˇ̌
ˇ̌
5

0

D 625�

6
:

47. Region in Figure 3, rotated about thex-axis

x

y

y = x − x12

1

FIGURE 3

SOLUTION Examine Figure 3. If the indicated region is sliced vertically, then the top of the slice lies along the curvey D x � x12
and the bottom lies along the curvey D 0 (the x-axis). On the other hand, if the region is sliced horizontally, the equation
y D x � x12 must be solved forx in order to determine the endpoint locations. Clearly, it will be easier to slice the region
vertically.

Now, suppose the region in Figure 3 is rotated about thex-axis. Because a vertical slice is perpendicular to thex-axis, we will
calculate the volume of the resulting solid using the disk method. Each cross section is a disk of radiusR D x � x12, so the volume
is

�

Z 1

0

�
x � x12

�2
dx D �

�
1

3
x3 � 1

7
x14 C 1

25
x25

�ˇ̌
ˇ̌
1

0

D 121�

525
:
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48. Region in Figure 3, rotated about they-axis

SOLUTION Examine Figure 3. If the indicated region is sliced vertically, then the top of the slice lies along the curvey D x � x12
and the bottom lies along the curvey D 0 (the x-axis). On the other hand, if the region is sliced horizontally, the equation
y D x � x12 must be solved forx in order to determine the endpoint locations. Clearly, it will be easier to slice the region
vertically.

Now suppose the region is rotated about they-axis. Because a vertical slice is parallel to they-axis, we will calculate the volume
of the resulting solid using the shell method. Each shell has radiusx and heightx � x12, so the volume is

2�

Z 1

0
x.x � x12/ dx D 2�

�
1

3
x3 � 1

14
x14

�ˇ̌
ˇ̌
1

0

D 11�

21
:

49. Region in Figure 4, rotated aboutx D 4

x

y

y = x3 + 2

y = 4 − x2

1 2

FIGURE 4

SOLUTION Examine Figure 4. If the indicated region is sliced vertically, then the top of the slice lies along the curvey D x3 C 2

and the bottom lies along the curvey D 4 � x2. On the other hand, the left end of a horizontal slice switches fromy D 4 � x2 to
y D x3 C 2 aty D 3. Here, vertical slices will be more convenient.

Now, suppose the region in Figure 4 is rotated aboutx D 4. Because a vertical slice is parallel tox D 4, we will calculate the
volume of the resulting solid using the shell method. Each shell has radius4� x and heightx3 C 2 � .4� x2/ D x3 C x2 � 2, so
the volume is

2�

Z 2

1
.4 � x/.x3 C x2 � 2/ dx D 2�

�
�1
5
x5 C 3

4
x4 C 4

3
x3 C x2 � 8x

�ˇ̌
ˇ̌
2

1

D 563�

30
:

50. Region in Figure 4, rotated abouty D �2
SOLUTION Examine Figure 4. If the indicated region is sliced vertically, then the top of the slice lies along the curvey D x3 C 2

and the bottom lies along the curvey D 4 � x2. On the other hand, the left end of a horizontal slice switches fromy D 4 � x2 to
y D x3 C 2 aty D 3. Here, vertical slices will be more convenient.

Now suppose the region is rotated abouty D �2. Because a vertical slice is perpendicular toy D �2, we will calculate the
volume of the resulting solid using the disk method. Each cross section is a washer with outer radiusR D x3 C 2� .�2/ D x3 C 4

and inner radiusr D 4 � x2 � .�2/ D 6 � x2, so the volume is

�

Z 2

1

�
.x3 C 4/2 � .6� x2/2

�
dx D �

�
1

7
x7 � 1

5
x5 C 2x4 C 4x3 � 20x

�ˇ̌
ˇ̌
2

1

D 1748�

35
:

In Exercises 51–54, use the Shell Method to find the given volume of rotation.

51. A sphere of radiusr

SOLUTION A sphere of radiusr can be generated by rotating the region under the semicircley D
p
r2 � x2 about thex-axis.

Each shell has radiusy and height

q
r2 � y2 �

�
�
q
r2 � y2

�
D 2

q
r2 � y2:

Thus, the volume of the sphere is

2�

Z r

0
2y

q
r2 � y2 dy:

Let u D r2 � y2. Thendu D �2y dy and

2�

Z r

0
2y

q
r2 � y2 dy D 2�

Z r2

0

p
udu D 2�

�
2

3
u3=2

�ˇ̌
ˇ̌
r2

0

D 4

3
�r3:

52. The “bead” formed by removing a cylinder of radiusr from the center of a sphere of radiusR (compare with Exercise 59 in
Section 6.3)
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SOLUTION Each shell has radiusx and height2
p
R2 � x2. The volume of the bead is then

2�

Z R

r
2x
p
R2 � x2 dx:

Let u D R2 � x2. Thendu D �2x dx and

2�

Z R

r
2x
p
R2 � x2 dx D 2�

Z R2�r2

0

p
udu D 2�

�
2

3
u3=2

�ˇ̌
ˇ̌
R2�r2

0

D 4

3
�.R2 � r2/3=2:

53. The torus obtained by rotating the circle.x � a/2 C y2 D b2 about they-axis, wherea > b (compare with Exercise 56 in
Section 6.3).Hint: Evaluate the integral by interpreting part of it as the area of a circle.

SOLUTION When rotating the region enclosed by the circle.x � a/2 C y2 D b2 about they-axis each shell has radiusx and
height

q
b2 � .x � a/2 �

�
�
q
b2 � .x � a/2

�
D 2

q
b2 � .x � a/2:

The volume of the resulting torus is then

2�

Z aCb

a�b
2x

q
b2 � .x � a/2 dx:

Let u D x � a. Thendu D dx, x D uC a and

2�

Z aCb

a�b
2x

q
b2 � .x � a/2 dx D 2�

Z b

�b
2.uC a/

p
b2 � u2 du

D 4�

Z b

�b
u
p
b2 � u2 duC 4a�

Z b

�b

p
b2 � u2 du:

Now,

Z b

�b
u
p
b2 � u2 du D 0

because the integrand is an odd function and the integration interval is symmetric with respect to zero. Moreover, the other integral
is one-half the area of a circle of radiusb; thus,

Z b

�b

p
b2 � u2 du D 1

2
�b2:

Finally, the volume of the torus is

4�.0/C 4a�

�
1

2
�b2

�
D 2�2ab2:

54. The “paraboloid” obtained by rotating the region betweeny D x2 andy D c (c > 0) about they-axis

SOLUTION When we rotate the region in the first quadrant bounded byy D x2 andy D c about they-axis, each shell has a
radius ofx and a height ofc � x2. The volume of the paraboloid is then

2�

Z p
c

0
x.c � x2/ dx D 2�

Z p
c

0
.cx � x3/ dx D 2�

�
1

2
cx2 � 1

4
x4
�ˇ̌
ˇ̌
p
c

0

D 1

2
�c2:

Further Insights and Challenges

55. The surface area of a sphere of radiusr is4�r2. Use this to derive the formula for the volumeV of a sphere of radius
R in a new way.

(a) Show that the volume of a thin spherical shell of inner radiusr and thickness�r is approximately4�r2�r .

(b) ApproximateV by decomposing the sphere of radiusR intoN thin spherical shells of thickness�r D R=N .

(c) Show that the approximation is a Riemann sum that converges to an integral. Evaluate the integral.

SOLUTION

(a) The volume of a thin spherical shell of inner radiusr and thickness�r is given by the product of the surface area of the shell,
4�r2 and the thickness. Thus, we have4�r2�r .
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(b) The volume of the sphere is approximated by

RN D 4�

�
R

N

� NX

kD1
.xk/

2

wherexk D k R
N

.

(c) V D 4� lim
N!1

�
R

N

� NX

kD1
.xk/

2 D 4�

Z R

0
x2 dx D 4�

�
1

3
x3
�ˇ̌
ˇ̌
R

0

D 4

3
�R3.

56. Show that the solid (anellipsoid) obtained by rotating the regionR in Figure 5 about they-axis has volume43�a
2b.

x

y

R

b

a

FIGURE 5 The ellipse
�x
a

�2
C
�y
b

�2
D 1.

SOLUTION Let’s slice the portion of the ellipse in the first and fourth quadrants horizontally and rotate the slices about they-axis.
The resulting ellipsoid has cross sections that are disks with radius

R D

s

a2 � a2y2

b2
:

Thus, the volume of the ellipsoid is

�

Z b

�b

 
a2 � a2y2

b2

!
dy D �

 
a2y � a2y3

3b2

!ˇ̌
ˇ̌
ˇ

b

�b
D �

" 
a2b � a2b

3

!
�
 

�a2b C a2b

3

!#
D 4

3
�a2b:

57. The bell-shaped curvey D f .x/ in Figure 6 satisfiesdy=dx D �xy. Use the Shell Method and the substitutionu D f .x/ to
show that the solid obtained by rotating the regionR about they-axis has volumeV D 2�.1 � c/, wherec D f .a/. Observe that
asc ! 0, the regionR becomes infinite but the volumeV approaches2�.

1

y = f (x)

R
c

y

x
a

FIGURE 6 The bell-shaped curve.

SOLUTION Let y D f .x/ be the exponential function depicted in Figure 6. When rotating the regionR about they-axis, each
shell in the resulting solid has radiusx and heightf .x/. The volume of the solid is then

V D 2�

Z a

0
xf .x/ dx:

Now, letu D f .x/. Thendu D f 0.x/ dx D �xf .x/ dx; hence,xf .x/dx D �du, and

V D 2�

Z c

1
.�du/ D 2�

Z 1

c
du D 2�.1 � c/:
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6.5 Work and Energy

Preliminary Questions
1. Why is integration needed to compute the work performed in stretching a spring?

SOLUTION Recall that the force needed to extend or compress a spring depends on the amount by which the spring has already
been extended or compressed from its equilibrium position. In other words, the force needed to move a spring is variable. Whenever
the force is variable, work needs to be computed with an integral.

2. Why is integration needed to compute the work performed in pumping water out of a tank but not to compute the work
performed in lifting up the tank?

SOLUTION To lift a tank through a vertical distanced, the force needed to move the tank remains constant; hence, no integral is
needed to calculate the work done in lifting the tank. On the other hand, pumping water from a tank requires that different layers of
the water be lifted through different distances, and, depending on the shape of the tank, may require different forces. Thus, pumping
water from a tank requires that an integral be evaluated.

3. Which of the following represents the work required to stretch a spring (with spring constantk) a distancex beyond its
equilibrium position:kx, �kx, 12mk

2, 12kx
2, or 12mx

2?

SOLUTION The work required to stretch a spring with spring constantk a distancex beyond its equilibrium position is

Z x

0
ky dy D 1

2
ky2

ˇ̌
ˇ̌
x

0

D 1

2
kx2:

Exercises
1. How much work is done raising a 4-kg mass to a height of 16 m above ground?

SOLUTION The force needed to lift a 4-kg object is a constant

.4 kg/.9:8 m=s2/ D 39:2 N:

The work done in lifting the object to a height of 16 m is then

.39:2 N/.16 m/ D 627:2 J:

2. How much work is done raising a 4-lb mass to a height of 16 ft above ground?

SOLUTION The force needed to lift a 4-lb object is a constant 4 lb. The work done in lifting the object to a height of 16 ft is then

.4 lb/.16 ft/ D 64 ft-lb:

In Exercises 3–6, compute the work (in joules) required to stretch or compress a spring as indicated, assuming a spring constant of
k D 800 N/m.

3. Stretching from equilibrium to 12 cm past equilibrium

SOLUTION The work required to stretch the spring 12 cm past equilibrium is

Z 0:12

0
800x dx D 400x2

ˇ̌
ˇ
0:12

0
D 5:76 J:

4. Compressing from equilibrium to 4 cm past equilibrium

SOLUTION The work required to compress the spring 4 cm past equilibrium is

Z �0:04

0
800x dx D 400x2

ˇ̌
ˇ
�0:04

0
D 0:64 J:

5. Stretching from 5 cm to 15 cm past equilibrium

SOLUTION The work required to stretch the spring from 5 cm to 15 cm past equilibrium is

Z 0:15

0:05
800x dx D 400x2

ˇ̌
ˇ
0:15

0:05
D 8 J:

6. Compressing 4 cm more when it is already compressed 5 cm

SOLUTION The work required to compress the spring from 5 cm to 9 cm past equilibrium is

Z �0:09

�0:05
800x dx D 400x2

ˇ̌
ˇ̌
�0:09

�0:05
D 2:24 J:
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7. If 5 J of work are needed to stretch a spring 10 cm beyond equilibrium, how much work is required to stretch it 15 cm beyond
equilibrium?

SOLUTION First, we determine the value of the spring constant as follows:

Z 0:1

0
kx dx D 1

2
kx2

ˇ̌
ˇ̌
0:1

0

D 0:005k D 5 J:

Thus,k D 1000 N/m. Next, we calculate the work required to stretch the spring 15 cm beyond equilibrium:

Z 0:15

0
1000x dx D 500x2

ˇ̌
ˇ̌
0:15

0

D 11:25 J:

8. To create images of samples at the molecular level, atomic force microscopes use silicon micro-cantilevers that obey Hooke’s
LawF.x/ D �kx, wherex is the distance through which the tip is deflected (Figure 1). Suppose that10�17 J of work are required
to deflect the tip a distance10�8 m. Find the deflection if a force of10�9 N is applied to the tip.

Surface

Tip

Cantilever

Laser beam

10000 nm

FIGURE 1

SOLUTION First, we determine the value of the constantk. Knowing it takes10�17 J of work to deflect the tip a distance10�8

m, it follows that

1

2
k.10�8/2 D 10�17 or k D 1

5
N=m:

Now, the deflection produced by a force of10�9 N can be determined as

x D F

k
D 10�9

1=5
D 5 � 10�9 m:

9. A spring obeys a force lawF.x/ D �kx1:1 with k D 100 N/m1:1. Find the work required to stretch the spring0:3 m past
equilibrium.

SOLUTION The work required to stretch this spring0:3 m past equilibrium is

Z 0:3

0
100x1:1 dx D 100

1:1
x2:1

ˇ̌
ˇ̌
0:3

0

� 7:25 J:

10. Show that the work required to stretch a spring from positiona to positionb is 1
2k.b

2 � a2/, wherek is the spring
constant. How do you interpret the negative work obtained whenjbj < jaj?
SOLUTION The work required to stretch a spring from positiona to positionb is

Z b

a
kx dx D 1

2
kx2

ˇ̌
ˇ̌
b

a

D 1

2
k.b2 � a2/:

Whenjbj < jaj, the “negative work” is the work done by the spring to return to its equilibrium position.

In Exercises 11–14, use the method of Examples 2 and 3 to calculate the work against gravity required to build the structure out of
a lightweight material of density600 kg/m3.

11. Box of height 3 m and square base of side 2 m

SOLUTION The volume of one layer is4�y m3 and so the weight of one layer is23520�y N. Thus, the work done against
gravity to build the tower is

W D
Z 3

0
23520y dy D 11760y2

ˇ̌
ˇ̌
3

0

D 105840 J:
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12. Cylindrical column of height4 m and radius0:8 m

SOLUTION The area of the base is0:64� m2, so the volume of each small layer is0:64��y m3. The weight of one layer is then
3763:2��y N. Finally, the total work done against gravity to build the tower is

Z 4

0
3763:2�y dy D 30105:6� J � 94579:5 J:

13. Right circular cone of height4 m and base of radius1:2 m

SOLUTION By similar triangles, the layer of the cone at a heighty above the base has radiusr D 0:3.4 � y/ meters. Thus, the
volume of the small layer at this height is0:09�.4 � y/2�y m3, and the weight is529:2�.4 � y/2�y N. Finally, the total work
done against gravity to build the tower is

Z 4

0
529:2�.4 � y/2y dy D 11289:6� J � 35467:3 J:

14. Hemisphere of radius 0.8 m

SOLUTION The area of one layer is�.0:64 � y2/ m2, so the volume of each small layer is�.0:64 � y2/�y m3. The weight of
one layer is then5880�.0:64 � y2/�y N. Finally, the total work done against gravity to build the tower is

Z 0:8

0
5880�.0:64 � y2/y dy D 602:112� J � 1891:6 J:

15. Built around 2600BCE, the Great Pyramid of Giza in Egypt (Figure 2) is 146 m high and has a square base of side 230 m. Find
the work (against gravity) required to build the pyramid if the density of the stone is estimated at 2000 kg/m3.

FIGURE 2 The Great Pyramid in Giza, Egypt.

SOLUTION From similar triangles, the area of one layer is

�
230 � 230

146
y

�2
m2;

so the volume of each small layer is

�
230 � 230

146
y

�2
�y m3:

The weight of one layer is then

19600

�
230 � 230

146
y

�2
�y N:

Finally, the total work needed to build the pyramid was

Z 146

0
19600

�
230 � 230

146
y

�2
y dy � 1:84 � 1012 J:

16. Calculate the work (against gravity) required to build a box of height 3 m and square base of side 2 m out of material of variable
density, assuming that the density at heighty is f .y/ D 1000 � 100y kg/m3.

SOLUTION The volume of one layer is4�y m3 and so the weight of one layer is.4000 � 400y/�y N. Thus, the work done
against gravity to build the tower is

W D
Z 3

0
.4000 � 400y/y dy D

�
2000y2 � 400

3
y3
�ˇ̌
ˇ̌
3

0

D 14400 J:
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In Exercises 17–22, calculate the work (in joules) required to pump all of the water out of a full tank. Distances are in meters, and
the density of water is1000 kg/m3.

17. Rectangular tank in Figure 3; water exits from a small hole at the top.

8

4

5

Water exits here.
1

FIGURE 3

SOLUTION Place the origin on the top of the box, and let the positivey-axis point downward. The volume of one layer of water
is 32�y m3, so the force needed to lift each layer is

.9:8/.1000/32�y D 313600�y N:

Each layer must be liftedy meters, so the total work needed to empty the tank is

Z 5

0
313600y dy D 156800y2

ˇ̌
ˇ̌
5

0

D 3:92 � 106 J:

18. Rectangular tank in Figure 3; water exits through the spout.

SOLUTION Place the origin on the top of the box, and let the positivey-axis point downward. The volume of one layer of water
is 32�y m3, so the force needed to lift each layer is

.9:8/.1000/32�y D 313600�y N:

Each layer must be liftedy C 1 meters, so the total work needed to empty the tank is

Z 5

0
313600.y C 1/ dy D 156800.y C 1/2

ˇ̌
ˇ̌
5

0

D 5:488 � 106 J:

19. Hemisphere in Figure 4; water exits through the spout.

10
2

FIGURE 4

SOLUTION Place the origin at the center of the hemisphere, and let the positivey-axis point downward. The radius of a layer

of water at depthy is
p
100 � y2 m, so the volume of the layer is�.100 � y2/�y m3, and the force needed to lift the layer is

9800�.100 � y2/�y N. The layer must be liftedy C 2 meters, so the total work needed to empty the tank is

Z 10

0
9800�.100 � y2/.y C 2/ dy D 112700000�

3
J � 1:18 � 108 J:

20. Conical tank in Figure 5; water exits through the spout.

10

5
2

FIGURE 5



S E C T I O N 6.5 Work and Energy 759

SOLUTION Place the origin at the vertex of the inverted cone, and let the positivey-axis point upward. Consider a layer of water
at a height ofy meters. From similar triangles, the area of the layer is

�
�y
2

�2
m2;

so the volume is

�
�y
2

�2
�y m3:

Thus the weight of one layer is

9800�
�y
2

�2
�y N:

The layer must be lifted12 � y meters, so the total work needed to empty the tank is

Z 10

0
9800�

�y
2

�2
.12 � y/ dy D �.3:675 � 106/ J � 1:155 � 107 J:

21. Horizontal cylinder in Figure 6; water exits from a small hole at the top.Hint: Evaluate the integral by interpreting part of it as
the area of a circle.

r

Water exits here.

FIGURE 6

SOLUTION Place the origin along the axis of the cylinder. At locationy, the layer of water is a rectangular slab of length`,

width 2
p
r2 � y2 and thickness�y. Thus, the volume of the layer is2`

p
r2 � y2�y, and the force needed to lift the layer is

19;600`
p
r2 � y2�y. The layer must be lifted a distancer � y, so the total work needed to empty the tank is given by

Z r

�r
19;600`

q
r2 � y2.r � y/ dy D 19;600`r

Z r

�r

q
r2 � y2 dy � 19;600`

Z r

�r
y

q
r2 � y2 dy:

Now,
Z r

�r
y

q
r2 � y2 du D 0

because the integrand is an odd function and the integration interval is symmetric with respect to zero. Moreover, the other integral
is one-half the area of a circle of radiusr ; thus,

Z r

�r

q
r2 � y2 dy D 1

2
�r2:

Finally, the total work needed to empty the tank is

19;600`r

�
1

2
�r2

�
� 19;600`.0/ D 9800`�r3 J:

22. Trough in Figure 7; water exits by pouring over the sides.

a

b
c

h

FIGURE 7
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SOLUTION Place the origin along the bottom edge of the trough, and let the positivey-axis point upward. From similar triangles,
the width of a layer of water at a height ofy meters is

w D aC y .b � a/
h

m2;

so the volume of each layer is

c

�
aC y .b � a/

h

�
�y m3:

Thus, the force needed to lift the layer is

9800c

�
aC y .b � a/

h

�
�y N:

Each layer must be liftedh � y meters, so the total work needed to empty the tank is

Z h

0
9800.h � y/c

�
a C y .b � a/

h

�
dy D 9800 c

 
ah2

3
C bh2

6

!
J:

23. Find the workW required to empty the tank in Figure 3 through the hole at the top if the tank is half full of water.

SOLUTION Place the origin on the top of the box, and let the positivey-axis point downward. Note that with this coordinate
system, the bottom half of the box corresponds toy values from2:5 to 5. The volume of one layer of water is32�y m3, so the
force needed to lift each layer is

.9:8/.1000/32�y D 313;600�y N:

Each layer must be liftedy meters, so the total work needed to empty the tank is

Z 5

2:5
313;600y dy D 156;800y2

ˇ̌
ˇ̌
5

2:5

D 2:94 � 106 J:

24. Assume the tank in Figure 3 is full of water and letW be the work required to pump out half of the water through the
hole at the top. Do you expectW to equal the work computed in Exercise 23? Explain and then computeW .

SOLUTION Recall that the origin was placed at the top of the box with the positivey-axis pointing downward. Pumping out half
the water from a full tank would involvey values ranging fromy D 0 to y D 2:5, whereas pumping out a half-full tank would
involvey values ranging fromy D 2:5 to y D 5. Because pumping out half the water from a full tank requires moving the layers
of water a shorter distance than pumping out a half-full tank, we do not expect thatW would be equal to the work computed in
Exercise 23.

To computeW , we proceed as in Exercise 17 and Exercise 23, to find

W D
Z 2:5

0
313;600y dy D 980;000 J:

It is reassuring to note that

Work(Exercise 23)C Work(Exercise 24)D Work(Exercise 17):

25. Assume the tank in Figure 5 is full. Find the work required to pump out half of the water.Hint: First, determine the levelH at
which the water remaining in the tank is equal to one-half the total capacity of the tank.

SOLUTION Our first step is to determine the levelH at which the water remaining in the tank is equal to one-half the total
capacity of the tank. From Figure 5 and similar triangles, we see that the radius of the cone at levelH is H=2 so the volume of
water is

V D 1

3
�r2H D 1

3
�

�
H

2

�2
H D 1

12
�H3:

The total capacity of the tank is250�=3 m3, so the water level when the water remaining in the tank is equal to one-half the total
capacity of the tank satisfies

1

12
�H3 D 125

3
� or H D 10

21=3
m:

Place the origin at the vertex of the inverted cone, and let the positivey-axis point upward. Now, consider a layer of water at a
height ofy meters. From similar triangles, the area of the layer is

�
�y
2

�2
m2;
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so the volume is

�
�y
2

�2
�y m3:

Thus the weight of one layer is

9800�
�y
2

�2
�y N:

The layer must be lifted12 � y meters, so the total work needed to empty the half-full tank is

Z 10

10=21=3
9800�

�y
2

�2
.12 � y/ dy � 3:79 � 106 J:

26. Assume that the tank in Figure 5 is full.

(a) Calculate the workF.y/ required to pump out water until the water level has reached levely.

(b) PlotF.y/.

(c) What is the significance ofF 0.y/ as a rate of change?

(d) If your goal is to pump out all of the water, at which water levely0 will half of the work be done?

SOLUTION

(a) Place the origin at the vertex of the inverted cone, and let the positivey-axis point upward. Consider a layer of water at a height
of y meters. From similar triangles, the area of the layer is

�
�y
2

�2
m2;

so the volume is

�
�y
2

�2
�y m3:

Thus the weight of one layer is

9800�
�y
2

�2
�y N:

The layer must be lifted12 � y meters, so the total work needed to pump out water until the water level has reached levely is

Z 10

y
9800�

�y
2

�2
.12 � y/ dy D 3;675;000� � 9800�y3 C 1225�

2
y4 J:

(b) A plot of F.y/ is shown below.

y

x
2

2 × 10
6

4 × 10
6

6 × 10
6

8 × 10
6

1 × 10
7

1.2 × 10
7

4 6 8 10

(c) First, note thatF 0.y/ < 0; asy increases, less water is being pumped from the tank, soF.y/ decreases. Therefore, when the
water level in the tank has reached levely, we can interpret�F 0.y/ as the amount of work per meter needed to remove the next
layer of water from the tank. In other words,�F 0.y/ is a “marginal work” function.

(d) The amount of work needed to empty the tank is3;675;000� J. Half of this work will be done when the water level reaches
heighty0 satisfying

3;675;000� � 9800�y30 C 1225�

2
y40 D 1;837;500�:

Using a computer algebra system, we findy0 D 6:91 m.

27. Calculate the work required to lift a 10-m chain over the side of a building (Figure 8) Assume that the chain has a density of
8 kg/m.Hint: Break up the chain intoN segments, estimate the work performed on a segment, and compute the limit asN ! 1
as an integral.
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Segment of

length 1y

y

FIGURE 8 The small segment of the chain of length�y locatedy meters from the top is lifted through a vertical distancey.

SOLUTION In this example, each part of the chain is lifted a different distance. Therefore, we divide the chain intoN small
segments of length�y D 10=N . Suppose that thei th segment is located a distanceyi from the top of the building. This segment
weighs8.9:8/�y kilograms and it must be lifted approximatelyyi meters (not exactlyyi meters, because each point along the
segment is a slightly different distance from the top). The workWi done on this segment is approximatelyWi � 78:4yi�y N. The
total workW is the sum of theWi and we have

W D
NX

jD1
Wi �

NX

jD1
78:4yj �y:

Passing to the limit asN ! 1, we obtain

W D
Z 10

0
78:4 y dy D 39:2y2

ˇ̌
ˇ̌
10

0

D 3920 J:

28. How much work is done lifting a 3-m chain over the side of a building if the chain has mass density4 kg/m?

SOLUTION Consider a segment of the chain of length�y located a distanceyj meters from the top of the building. The work
needed to lift this segment of the chain to the top of the building is approximately

Wj � .4�y/.9:8/yj J:

Summing over all segments of the chain and passing to the limit as�y ! 0, it follows that the total work is

Z 3

0
4 � 9:8y dy D 19:6y2

ˇ̌
ˇ̌
3

0

D 176:4 J:

29. A 6-m chain has mass 18 kg. Find the work required to lift the chain over the side of a building.

SOLUTION First, note that the chain has a mass density of 3 kg/m. Now, consider a segment of the chain of length�y located
a distanceyj feet from the top of the building. The work needed to lift this segment of the chain to the top of the building is
approximately

Wj � .3�y/9:8yj ft-lb:

Summing over all segments of the chain and passing to the limit as�y ! 0, it follows that the total work is

Z 6

0
29:4y dy D 14:7y2

ˇ̌
ˇ̌
6

0

D 529:2 J:

30. A 10-m chain with mass density4 kg/m is initially coiled on the ground. How much work is performed in lifting the chain so
that it is fully extended (and one end touches the ground)?

SOLUTION Consider a segment of the chain of length�y that must be liftedyj feet off the ground. The work needed to lift this
segment of the chain is approximately

Wj � .4�y/9:8yj J:

Summing over all segments of the chain and passing to the limit as�y ! 0, it follows that the total work is

Z 10

0
39:2y dy D 19:6y2

ˇ̌
ˇ̌
10

0

D 1960 J:

31. How much work is done lifting a 12-m chain that has mass density3 kg/m (initially coiled on the ground) so that its top end is
10 m above the ground?

SOLUTION Consider a segment of the chain of length�y that must be liftedyj feet off the ground. The work needed to lift this
segment of the chain is approximately

Wj � .3�y/9:8yj J:

Summing over all segments of the chain and passing to the limit as�y ! 0, it follows that the total work is

Z 10

0
29:4y dy D 14:7y2

ˇ̌
ˇ̌
10

0

D 1470 J:
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32. A 500-kg wrecking ball hangs from a 12-m cable of density15 kg/m attached to a crane. Calculate the work done if the crane
lifts the ball from ground level to 12 m in the air by drawing in the cable.

SOLUTION We will treat the cable and the wrecking ball separately. Consider a segment of the cable of length�y that must be
lifted yj feet. The work needed to lift the cable segment is approximately

Wj � .15�y/9:8yj J:

Summing over all of the segments of the cable and passing to the limit as�y ! 0, it follows that lifting the cable requires

Z 12

0
147y dy D 73:5y2

ˇ̌
ˇ̌
12

0

D 10;584 J:

Lifting the 500 kg wrecking ball 12 meters requires an additional 58,800 J. Thus, the total work is 69,384 J.

33. Calculate the work required to lift a 3-m chain over the side of a building if the chain has variable density of�.x/ D x2 �
3x C 10 kg/m for0 � x � 3.

SOLUTION Consider a segment of the chain of length�x that must be liftedxj feet. The work needed to lift this segment is
approximately

Wj �
�
�.xj /�x

�
9:8xj J:

Summing over all segments of the chain and passing to the limit as�x ! 0, it follows that the total work is

Z 3

0
9:8�.x/x dx D 9:8

Z 3

0

�
x3 � 3x2 C 10x

�
dx

D 9:8

�
1

4
x4 � x3 C 5x2

�ˇ̌
ˇ̌
3

0

D 374:85 J:

34. A 3-m chain with linear mass density�.x/ D 2x.4 � x/ kg/m lies on the ground. Calculate the work required to lift the chain
so that its bottom is2 m above ground.

SOLUTION Consider a segment of the chain of length�x that must be liftedxj feet. The work needed to lift this segment is
approximately

Wj �
�
�.xj /�x

�
9:8xj J:

Summing over all segments of the chain and passing to the limit as�x ! 0, it follows that the total work needed to fully extend
the chain is

Z 3

0
9:8�.x/x dx D 9:8

Z 3

0

�
8x2 � 2x3

�
dx

D 9:8

�
8

3
x3 � 1

2
x4
�ˇ̌
ˇ̌
3

0

D 308:7 J:

Lifting the entire chain, which weighs

Z 3

0
9:8�.x/ dx D 9:8

Z 3

0

�
8x � 2x2

�
dx D 9:8

�
4x2 � 2

3
x3
�ˇ̌
ˇ̌
3

0

D 176:4 N

another two meters requires an additional352:8 J of work. The total work is therefore661:5 J.

Exercises 35–37: The gravitational force between two objects of massm andM , separated by a distancer , has magnitude
GMm=r2, whereG D 6:67 � 10�11 m3kg�1s�1.

35. Show that if two objects of massM andm are separated by a distancer1, then the work required to increase the separation to
a distancer2 is equal toW D GMm.r�1

1 � r�1
2 /.

SOLUTION The work required to increase the separation from a distancer1 to a distancer2 is

Z r2

r1

GMm

r2
dr D �GMm

r

ˇ̌
ˇ̌
r2

r1

D GMm.r�1
1 � r�1

2 /:

36. Use the result of Exercise 35 to calculate the work required to place a 2000-kg satellite in an orbit 1200 km above the surface
of the earth. Assume that the earth is a sphere of radiusRe D 6:37 � 106 m and massMe D 5:98 � 1024 kg. Treat the satellite as
a point mass.

SOLUTION The satellite will move from a distancer1 D Re to a distancer2 D Re C 1;200;000. Thus, from Exercise 35,

W D .6:67 � 10�11/.5:98 � 1024/.2000/
�

1

6:37 � 106
� 1

6:37 � 106 C 1;200;000

�
� 1:99 � 1010 J:
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37. Use the result of Exercise 35 to compute the work required to move a 1500-kg satellite from an orbit 1000 to an orbit 1500 km
above the surface of the earth.

SOLUTION The satellite will move from a distancer1 D Re C 1;000;000 to a distancer2 D Re C 1;500;000. Thus, from
Exercise 35,

W D .6:67 � 10�11/.5:98 � 1024/.1500/ �
�

1

6:37 � 106 C 1;000;000
� 1

6:37 � 106 C 1;500;000

�

� 5:16 � 109 J:

38. The pressureP and volumeV of the gas in a cylinder of length0:8 meters and radius0:2 meters, with a movable piston, are
related byPV 1:4 D k, wherek is a constant (Figure 9). When the piston is fully extended, the gas pressure is 2000 kilopascals
(one kilopascal is103 newtons per square meter).

(a) Calculatek.

(b) The force on the piston isPA, whereA is the piston’s area. Calculate the force as a function of the lengthx of the column of
gas.

(c) Calculate the work required to compress the gas column from 0.8 m to 0.5 m.

x

0.2

FIGURE 9 Gas in a cylinder with a piston.

SOLUTION

(a) We haveP D 2 � 106 andV D 0:032�. Thus

k D 2 � 106.0:032�/1:4 D 80;213:9:

(b) The area of the piston isA D 0:04� and the volume of the cylinder as a function ofx is V D 0:04�x, which givesP D
k=V 1:4 D k=.0:04�x/1:4. Thus

F D PA D k

.0:04�x/1:4
0:04� D k.0:04�/�0:4x�1:4:

(c) Since the force is pushing against the piston, in order to calculate work, we must calculate the integral of the opposite force,
i.e., we have

W D �k.0:04�/�0:4
Z 0:5

0:8
x�1:4 dx D �k.0:04�/�0:4 1

�0:4x
�0:4

ˇ̌
ˇ̌
0:5

0:8

D 103;966:7 J:

Further Insights and Challenges

39. Work-Energy Theorem An object of massmmoves fromx1 tox2 during the time intervalŒt1; t2� due to a forceF.x/ acting
in the direction of motion. Letx.t/, v.t/, anda.t/ be the position, velocity, and acceleration at timet . The object’s kinetic energy
is KE D 1

2mv
2.

(a) Use the change-of-variables formula to show that the work performed is equal to

W D
Z x2

x1

F.x/ dx D
Z t2

t1

F.x.t//v.t/ dt

(b) Use Newton’s Second Law,F.x.t// D ma.t/, to show that

d

dt

�
1

2
mv.t/2

�
D F.x.t//v.t/

(c) Use the FTC to prove the Work-Energy Theorem: The change in kinetic energy during the time intervalŒt1; t2� is equal to the
work performed.

SOLUTION

(a) Let x1 D x.t1/ andx2 D x.t2/, thenx D x.t/ givesdx D v.t/ dt . By substitution we have

W D
Z x2

x1

F.x/ dx D
Z t2

t1

F.x.t//v.t/ dt:
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(b) KnowingF.x.t// D m � a.t/, we have

d

dt

�
1

2
m � v.t/2

�
D m � v.t/ v0.t/ (Chain Rule)

D m � v.t/ a.t/

D v.t/ � F.x.t// (Newton’s 2nd law)

(c) From the FTC,

1

2
m � v.t/2 D

Z
F.x.t// v.t/ dt:

SinceKE D 1
2 mv

2,

�KE D KE.t2/�KE.t1/ D 1

2
m v.t2/

2 � 1

2
mv.t1/

2 D
Z t2

t1

F.x.t// v.t/ dt:

W D
Z x2

x1

F.x/ dx D
Z t2

t1

F.x.t// v.t/ dt (Part (a))

D KE.t2/ �KE.t1/

D �KE (as required)

40. A model train of mass 0.5 kg is placed at one end of a straight 3-m electric track. Assume that a forceF.x/ D .3x � x2/ N
acts on the train at distancex along the track. Use the Work-Energy Theorem (Exercise 39) to determine the velocity of the train
when it reaches the end of the track.

SOLUTION We have

W D
Z 3

0
F.x/dx D

Z 3

0
.3x � x2/ dx D

�
3

2
x2 � 1

3
x3
�ˇ̌
ˇ̌
3

0

D 4:5 J:

Then the change in KE must be equal toW , which gives

4:5 D 1

2
m.v.t2/

2 � v.t1/2/

Note thatv.t1/ D 0 as the train was placed on the track with no initial velocity andm D 0:5. Thus

v.t2/ D
p
18 D 4:242641 m=sec:

41. With what initial velocityv0 must we fire a rocket so it attains a maximum heightr above the earth?Hint: Use the results of
Exercises 35 and 39. As the rocket reaches its maximum height, its KE decreases from1

2mv
2
0 to zero.

SOLUTION The work required to move the rocket a distancer from the surface of the earth is

W.r/ D GMem

�
1

Re
� 1

r CRe

�
:

As the rocket climbs to a heightr , its kinetic energy is reduced by the amountW.r/. The rocket reaches its maximum height when
its kinetic energy is reduced to zero, that is, when

1

2
mv20 D GMem

�
1

Re
� 1

r C Re

�
:

Therefore, its initial velocity must be

v0 D

s
2GMe

�
1

Re
� 1

r CRe

�
:

42. With what initial velocity must we fire a rocket so it attains a maximum height ofr D 20 km above the surface of the earth?

SOLUTION Using the result of the previous exercise withG D 6:67 � 10�11 m3kg�1s�2, Me D 5:98 � 1024 kg, Re D
6:37 � 106 m andr D 20;000 m,

v0 D

s
2GMe

�
1

Re
� 1

r CRe

�
D 626 m/sec:
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43. Calculateescape velocity,the minimum initial velocity of an object to ensure that it will continue traveling into space and
never fall back to earth (assuming that no force is applied after takeoff).Hint: Take the limit asr ! 1 in Exercise 41.

SOLUTION The result of Exercise 41 leads to an interesting conclusion. The initial velocityv0 required to reach a heightr does
not increase beyond all bounds asr tends to infinity; rather, it approaches a finite limit, called the escape velocity:

vescD lim
r!1

s
2GMe

�
1

Re
� 1

r CRe

�
D

s
2GMe

Re

In other words,vesc is large enough to insure that the rocket reaches a heightr for every value ofr ! Therefore, a rocket fired with
initial velocity vescnever returns to earth. It continues traveling indefinitely into outer space.

Now, let’s see how large escape velocity actually is:

vescD
 
2 � 6:67 � 10�11 � 5:989 � 1024

6:37 � 106

!1=2
� 11;190 m/sec:

Since one meter per second is equal to 2.236 miles per hour, escape velocity is approximately11;190.2:236/ D 25;020 miles per
hour.

CHAPTER REVIEW EXERCISES

1. Compute the area of the region in Figure 1(A) enclosed byy D 2 � x2 andy D �2.

y

x
2−2 −2

−2
−2

y

x
1

y = 2 − x2 y = 2 − x2

y = x

(A) (B)

y = −2

FIGURE 1

SOLUTION The graphs ofy D 2 � x2 andy D �2 intersect where2 � x2 D �2, or x D ˙2. Therefore, the enclosed area lies
over the intervalŒ�2; 2�. The region enclosed by the graphs lies belowy D 2 � x2 and abovey D �2, so the area is

Z 2

�2

�
.2 � x2/� .�2/

�
dx D

Z 2

�2
.4 � x2/ dx D

�
4x � 1

3
x3
�ˇ̌
ˇ̌
2

�2
D 32

3
:

2. Compute the area of the region in Figure 1(B) enclosed byy D 2 � x2 andy D x.

SOLUTION The graphs ofy D 2 � x2 andy D x intersect where2 � x2 D x, which simplifies to

0 D x2 C x � 2 D .x C 2/.x � 1/:

Thus, the graphs intersect atx D �2 andx D 1. As the graph ofy D x lies below the graph ofy D 2 � x2 over the interval
Œ�2; 1�, the area between the graphs is

Z 1

�2

�
.2 � x2/ � x

�
dx D

�
2x � 1

3
x3 � 1

2
x2
�ˇ̌
ˇ̌
1

�2
D 9

2
:

In Exercises 3–12, find the area of the region enclosed by the graphs of the functions.

3. y D x3 � 2x2 C x, y D x2 � x
SOLUTION The region bounded by the graphs ofy D x3 � 2x2 C x andy D x2 � x over the intervalŒ0; 2� is shown below. For
x 2 Œ0; 1�, the graph ofy D x3 � 2x2 C x lies above the graph ofy D x2 � x, whereas, forx 2 Œ1; 2�, the graph ofy D x2 � x

lies above the graph ofy D x3 � 2x2 C x. The area of the region is therefore given by

Z 1

0

�
.x3 � 2x2 C x/� .x2 � x/

�
dx C

Z 2

1

�
.x2 � x/� .x3 � 2x2 C x/

�
dx

D
�
1

4
x4 � x3 C x2

�ˇ̌
ˇ̌
1

0

C
�
x3 � x2 � 1

4
x4
�ˇ̌
ˇ̌
2

1

D 1

4
� 1C 1C .8 � 4 � 4/�

�
1 � 1 � 1

4

�
D 1

2
:
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x

y

y = x3 − 2x2 + x

y = x2 − x

0.5

1

1.5

2

0.5 1 1.5 2

4. y D x2 C 2x, y D x2 � 1, h.x/ D x2 C x � 2

SOLUTION The region bounded by the graphs ofy D x2 C 2x, y D x2 � 1 andy D x2 C x � 2 is shown below. For each

x 2 Œ�2;�1
2 �, the graph ofy D x2 C 2x lies above the graph ofy D x2 C x � 2, whereas, for eachx 2 Œ�1

2 ; 1�, the graph of
y D x2 � 1 lies above the graph ofy D x2 C x � 2. The area of the region is therefore given by

Z �1=2

�2

�
.x2 C 2x/� .x2 C x � 2/

�
dx C

Z 1

�1=2

�
.x2 � 1/ � .x2 C x � 2/

�
dx

D
�
1

2
x2 C 2x

�ˇ̌
ˇ̌
�1=2

�2
C
�

�1
2
x2 C x

�ˇ̌
ˇ̌
1

�1=2

D
�
1

8
� 1

�
� .2 � 4/C

�
�1
2

C 1

�
�
�

�1
8

� 1

2

�
D 9

4
:

y = x2 + x − 2

y = x2 − 1y = x2 + 2x

x

y

−2

1−1−2

5. x D 4y, x D 24 � 8y, y D 0

SOLUTION The region bounded by the graphsx D 4y, x D 24 � 8y andy D 0 is shown below. For each0 � y � 2, the graph
of x D 24 � 8y lies to the right ofx D 4y. The area of the region is therefore

A D
Z 2

0
.24 � 8y � 4y/ dy D

Z 2

0
.24 � 12y/ dy

D .24y � 6y2/
ˇ̌
ˇ̌
2

0

D 24:

2.0

y

x

1.5

1.0

0.5

5 10 15 20 25

x = 4y

x = 24 − 8y

6. x D y2 � 9, x D 15 � 2y

SOLUTION Settingy2 � 9 D 15 � 2y yields

y2 C 2y � 24 D .y C 6/.y � 4/ D 0;

so the two curves intersect aty D �6 andy D 4. The region bounded by the graphsx D y2 � 9 andx D 15 � 2y is shown below.
For each�6 � y � 4, the graph ofx D 15 � 2y lies to the right ofx D y2 � 9. The area of the region is therefore

A D
Z 4

�6

�
15 � 2y � .y2 � 9/

�
dy D

Z 4

�6
.24 � 2y � y2/ dy

D
�
24y � y2 � 1

3
y3
�ˇ̌
ˇ̌
4

�6

D
�
176

3
� .�108/

�
D 500

3
:
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y

x
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x = 15 − 2y

x = y2 − 9

7. y D 4 � x2, y D 3x, y D 4

SOLUTION The region bounded by the graphs ofy D 4 � x2, y D 3x andy D 4 is shown below. Forx 2 Œ0; 1�, the graph of

y D 4 lies above the graph ofy D 4 � x2, whereas, forx 2 Œ1; 43 �, the graph ofy D 4 lies above the graph ofy D 3x. The area of
the region is therefore given by

Z 1

0
.4 � .4 � x2// dx C

Z 4=3

1
.4 � 3x/ dx D 1

3
x3
ˇ̌
ˇ̌
1

0

C
�
4x � 3

2
x2
�ˇ̌
ˇ̌
4=3

1

D 1

3
C
�
16

3
� 8

3

�
�
�
4 � 3

2

�
D 1

2
:

y = 4

y = 4 − x2 y = 3x

y

x

4

2

3

1

0 0.8 1.20.4 0.6 10.2

8. x D 1

2
y, x D y

p
1 � y2, 0 � y � 1

SOLUTION The region bounded by the graphs ofx D y=2 andx D y
p
1� y2 over the intervalŒ0; 1� is shown below. For

y 2 Œ0;
p
3
2 �, the graph ofx D y

p
1 � y2 lies to the right of the graph ofx D y=2, whereas, fory 2 Œ

p
3
2 ; 1�, the graph ofx D y=2

lies to the right of the graph ofx D y
p
1 � y2. The area of the region is therefore given by

Z p
3=2

0

�
y

q
1 � y2 � y

2

�
dy C

Z 1

p
3=2

�
y

2
� y

q
1 � y2

�
dy

D
 

�1
3
.1� y2/3=2 � y2

4

!ˇ̌
ˇ̌
ˇ

p
3=2

0

C
 
y2

4
C 1

3
.1� y2/3=2

!ˇ̌
ˇ̌
ˇ

1

p
3=2

D � 1

24
� 3

16
C 1

3
C 1

4
� 3

16
� 1

24
D 1

8
:
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9. y D sin x, y D cosx, 0 � x � 5�

4

SOLUTION The region bounded by the graphs ofy D sinx and y D cosx over the intervalŒ0; 5�4 � is shown below. For

x 2 Œ0; �4 �, the graph ofy D cosx lies above the graph ofy D sinx, whereas, forx 2 Œ�4 ;
5�
4 �, the graph ofy D sinx lies above

the graph ofy D cosx. The area of the region is therefore given by

Z �=4

0
.cosx � sinx/ dx C

Z 5�=4

�=4
.sinx � cosx/ dx

D .sinx C cosx/
ˇ̌
ˇ
�=4

0
C .� cosx � sinx/

ˇ̌
ˇ
5�=4

�=4

D
p
2

2
C

p
2

2
� .0C 1/C

 p
2

2
C

p
2

2

!
�
 

�
p
2

2
�

p
2

2

!
D 3

p
2 � 1:
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x

y = sin x

y = cos x
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10. f .x/ D sinx, g.x/ D sin2x,
�

3
� x � �

SOLUTION The region bounded by the graphs ofy D sinx andy D sin2x over the intervalŒ�3 ; �� is shown below. As the graph
of y D sinx lies above the graph ofy D sin2x, the area of the region is given by

Z �

�=3
.sinx � sin2x/ dx D

�
� cosx C 1

2
cos2x

�ˇ̌
ˇ̌
�

�=3

D
�
1C 1

2

�
�
�

�1
2

� 1

4

�
D 9

4
:
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11. y D ex , y D 1 � x, x D 1

SOLUTION The region bounded by the graphs ofy D ex , y D 1 � x andx D 1 is shown below. As the graph ofy D ex lies
above the graph ofy D 1 � x, the area of the region is given by

Z 1

0

�
ex � .1 � x/

�
dx D

�
ex � x C 1

2
x2
� ˇ̌
ˇ̌
1

0

D
�
e � 1C 1

2

�
� 1 D e � 3

2
:
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12. y D cosh1 � coshx, y D coshx � cosh1

SOLUTION The region bounded by the graphs ofy D cosh1 � coshx, y D coshx � cosh1 is shown below. As the graph of
y D cosh1 � coshx lies above the graph ofy D coshx � cosh1, the area of the region is given by

Z 1

�1
..cosh1 � coshx/� .coshx � cosh1// dx D .2x cosh1 � 2 sinhx/

ˇ̌
ˇ̌
1

�1
D .2 cosh1 � 2 sinh1/� .�2 cosh1C 2 sinh1/

D 4 cosh1 � 4 sinh1 D 4e�1:
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y = cosh x – cosh 1

y = cosh 1 – cosh x

13. Use a graphing utility to locate the points of intersection ofy D e�x and y D 1 � x2 and find the area between the
two curves (approximately).
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SOLUTION The region bounded by the graphs ofy D e�x andy D 1 � x2 is shown below. One point of intersection clearly
occurs atx D 0. Using a computer algebra system, we find that the other point of intersection occurs atx D 0:7145563847. As the
graph ofy D 1 � x2 lies above the graph ofy D e�x , the area of the region is given by

Z 0:7145563847

0

�
1 � x2 � e�x

�
dx D 0:08235024596

y = 1 − x2

y = e−x

y

x

0.4
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0
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1

0.80.4 0.60.2

14. Figure 2 shows a solid whose horizontal cross section at heighty is a circle of radius.1 C y/�2 for 0 � y � H . Find the
volume of the solid.

y

H

FIGURE 2

SOLUTION The area of each horizontal cross section isA.y/ D �.1C y/�4. Therefore, the volume of the solid is

Z H

0
�.1C y/�4 dy D �

.1C y/�3

�3

ˇ̌
ˇ̌
ˇ

H

0

D �

 
.1CH/�3

�3 C 1

3

!
D �

3

�
1 � 1

.1CH/3

�
:

15. The base of a solid is the unit circlex2 C y2 D 1, and its cross sections perpendicular to thex-axis are rectangles of height4.
Find its volume.

SOLUTION Because the cross sections are rectangles of constant height 4, the figure is a cylinder of radius 1 and height 4. The
volume is therefore�r2h D 4�.

16. The base of a solid is the triangle bounded by the axes and the line2x C 3y D 12, and its cross sections perpendicular to the
y-axis have areaA.y/ D .y C 2/. Find its volume.

SOLUTION The volume of this solid is

V D
Z 4

0
A.y/ dy D

Z 4

0
.y C 2/ dy D

�
1

2
y2 C 2y

�ˇ̌
ˇ̌
4

0

D 16:

17. Find the total mass of a rod of length1:2 m with linear density�.x/ D .1C 2x C 2
9x
3/ kg/m.

SOLUTION The total weight of the rod is

Z 1:2

0
�.x/ dx D

�
x C x2 C 1

18
x4
�ˇ̌
ˇ̌
1:2

0

D 2:7552 kg:

18. Find the flow rate (in the correct units) through a pipe of diameter 6 cm if the velocity of fluid particles at a distancer from the
center of the pipe isv.r/ D .3 � r/ cm/s.

SOLUTION The flow rate through the pipe is

2�

Z 3

0
rv.r/ dr D 2�

Z 3

0
.3r � r2/ dr D 2�

�
3

2
r2 � 1

3
r3
�ˇ̌
ˇ̌
3

0

D 2�

�
27

2
� 9

�
D 9�

cm3

s
:
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In Exercises 19–24, find the average value of the function over the interval.

19. f .x/ D x3 � 2x C 2, Œ�1; 2�
SOLUTION The average value is

1

2 � .�1/

Z 2

�1

�
x3 � 2x C 2

�
dx D 1

3

�
1

4
x4 � x2 C 2x

�ˇ̌
ˇ̌
2

�1
D 1

3

�
.4 � 4C 4/ �

�
1

4
� 1 � 2

��
D 9

4
:

20. f .x/ D jxj, Œ�4; 4�
SOLUTION The average value is

1

4 � .�4/

Z 4

�4
jxjdx D 1

8

 Z 0

�4
.�x/ dx C

Z 4

0
x dx

!
D 1

8

 
�1
2
x2
ˇ̌
ˇ̌
0

�4
C 1

2
x2
ˇ̌
ˇ̌
4

0

!
D 1

8
Œ.0C 8/C .8 � 0/� D 2:

21. f .x/ D x cosh.x2/, Œ0; 1�

SOLUTION The average value is

1

1 � 0

Z 1

0
x cosh.x2/ dx:

To evaluate the integral, letu D x2. Thendu D 2x dx and

1

1 � 0

Z 1

0
x cosh.x2/ dx D 1

2

Z 1

0
coshudu D 1

2
sinhu

ˇ̌
ˇ̌
1

0

D 1

2
sinh1:

22. f .x/ D ex

1C e2x
,

�
0;
1

2

�

SOLUTION The average value is

1
1
2 � 0

Z 1=2

0

ex

1C e2x
dx:

To evaluate the integral, letu D ex . Thendu D ex dx and

1
1
2 � 0

Z 1=2

0

ex

1C e2x
dx D 2

Z p
e

1

du

1C u2
D 2 tan�1 u

ˇ̌
ˇ̌
p
e

1

D 2
�
tan�1 p

e � �

4

�
:

23. f .x/ D
p
9 � x2, Œ0; 3� Hint: Use geometry to evaluate the integral.

SOLUTION The region below the graph ofy D
p
9 � x2 but above thex-axis over the intervalŒ0; 3� is one-quarter of a circle of

radius 3; consequently,
Z 3

0

p
9 � x2 dx D 1

4
�.3/2 D 9�

4
:

The average value is then

1

3 � 0

Z 3

0

p
9 � x2 dx D 1

3

�
9�

4

�
D 3�

4
:

24. f .x/ D xŒx�, Œ0; 3�, whereŒx� is the greatest integer function.

SOLUTION The average value is

1

3� 0

Z 3

0
xŒx� dx D 1

3

 Z 1

0
x � 0 dx C

Z 2

1
x � 1dx C

Z 3

2
x � 2 dx

!

D 1

3

�
1

2
x2
ˇ̌
ˇ
2

1
C x2

ˇ̌
ˇ
3

2

�
D 1

3

�
2 � 1

2
C 9 � 4

�
D 13

6
:

25. Find
Z 5

2
g.t/ dt if the average value ofg.t/ on Œ2; 5� is 9.

SOLUTION The average value of the functiong.t/ on Œ2; 5� is given by

1

5 � 2

Z 5

2
g.t/ dt D 1

3

Z 5

2
g.t/ dt:

Therefore,
Z 5

2
g.t/ dt D 3.average value/ D 3.9/ D 27:
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26. The average value ofR.x/ over Œ0; x� is equal tox for all x. Use the FTC to determineR.x/.

SOLUTION The average value of the functionR.x/ over Œ0; x� is

1

x � 0

Z x

0
R.t/ dt D 1

x

Z x

0
R.t/ dt:

Given that the average value is equal tox, it follows that
Z x

0
R.t/ dt D x2:

Differentiating both sides of this equation and using the Fundamental Theorem of Calculus on the left-hand side yields

R.x/ D 2x:

27. Use the Washer Method to find the volume obtained by rotating the region in Figure 3 about thex-axis.

y = x2

y = mx

y

x

FIGURE 3

SOLUTION Settingx2 D mx yieldsx.x �m/ D 0, so the two curves intersect at.0; 0/ and.m;m2/. To use the washer method,
we must slice the solid perpendicular to the axis of rotation; as we are revolving about they-axis, this implies a horizontal slice
and integration iny. For eachy 2 Œ0;m2�, the cross section is a washer with outer radiusR D p

y and inner radiusr D y
m . The

volume of the solid is therefore given by

�

Z m2

0

�
.
p
y/2 �

� y
m

�2�
dy D �

 
1

2
y2 � y3

3m2

!ˇ̌
ˇ̌
ˇ

m2

0

D �

 
m4

2
� m4

3

!
D �

6
m4:

28. Use the Shell Method to find the volume obtained by rotating the region in Figure 3 about thex-axis.

SOLUTION Settingx2 D mx yieldsx.x � m/ D 0, so the two curves intersect at.0; 0/ and.m;m2/. To use the shell method,
we must slice the solid parallel to the axis of rotation; as we are revolving about thex-axis, this implies a horizontal slice and
integration iny. For eachy 2 Œ0; m2�, the shell has radiusy and height

p
y � y

m . The volume of the solid is therefore given by

2�

Z m2

0
y
�p

y � y

m

�
dy D 2�

 
2

5
y5=2 � y3

3m

!ˇ̌
ˇ̌
ˇ

m2

0

D 2�

 
2m5

5
� m5

3

!
D 2�

15
m5:

In Exercises 29–40, use any method to find the volume of the solid obtained by rotating the region enclosed by the curves about the
given axis.

29. y D x2 C 2, y D x C 4, x-axis

SOLUTION Let’s choose to slice the region bounded by the graphs ofy D x2 C 2 andy D xC 4 (see the figure below) vertically.
Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method to calculate the volume of the solid
of revolution. For eachx 2 Œ�1; 2�, the washer has outer radiusx C 4 and inner radiusx2 C 2. The volume of the solid is therefore
given by

�

Z 2

�1
..x C 4/2 � .x2 C 2/2/ dx D �

Z 2

�1
.�x4 � 3x2 C 8x C 12/ dx

D �

�
�1
5
x5 � x3 C 4x2 C 12x

�ˇ̌
ˇ̌
2

�1

D �

�
128

5
C 34

5

�
D 162�

5
:
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30. y D x2 C 6, y D 8x � 1, y-axis

SOLUTION Let’s choose to slice the region bounded by the graphs ofy D x2 C 6 andy D 8x � 1 (see the figure below)
vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the volume of the solid
of revolution. For eachx 2 Œ1; 7�, the shell has radiusx and height8x � 1 � .x2 C 6/ D �x2 C 8x � 7. The volume of the solid
is therefore given by

2�

Z 7

1
x.�x2 C 8x � 7/ dx D 2�

Z 7

1
.�x3 C 8x2 � 7x/ dx

D 2�

�
�1
4
x4 C 8

3
x3 � 7

2
x2
�ˇ̌
ˇ̌
7

1

D 2�

�
1715

12
C 13

12

�
D 288�:
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31. x D y2 � 3, x D 2y, axisy D 4

SOLUTION Let’s choose to slice the region bounded by the graphs ofx D y2 � 3 andx D 2y (see the figure below) horizontally.
Because a horizontal slice is parallel to the axis of rotation, we will use the shell method to calculate the volume of the solid of
revolution. For eachy 2 Œ�1; 3�, the shell has radius4 � y and height2y � .y2 � 3/ D 3C 2y � y2. The volume of the solid is
therefore given by

2�

Z 3

�1
.4 � y/.3C 2y � y2/ dy D 2�

Z 3

�1
.12C 5y � 6y2 C y3/ dy

D 2�

�
12y C 5

2
y2 � 2y3 C 1

4
y4
�ˇ̌
ˇ̌
3

�1

D 2�

�
99

4
C 29

4

�
D 64�:
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1

2

3 x = y2 − 3

x = 2y

32. y D 2x, y D 0, x D 8, axisx D �3
SOLUTION Let’s choose to slice the region bounded by the graphs ofy D 2x, y D 0 andx D 8 (see the figure below) vertically.
Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the volume of the solid of
revolution. For eachx 2 Œ0; 8�, the shell has radiusx � .�3/ D x C 3 and height2x. The volume of the solid is therefore given by

2�

Z 8

0
.x C 3/.2x/ dx D 4�

�
1

3
x3 C 3

2
x2
�ˇ̌
ˇ̌
8

0

D 4�

�
512

3
C 96

�
D 3200�

3
:
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33. y D x2 � 1, y D 2x � 1, axisx D �2
SOLUTION The region bounded by the graphs ofy D x2 � 1 andy D 2x � 1 is shown below. Let’s choose to slice the region
vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the volume of the solid
of revolution. For eachx 2 Œ0; 2�, the shell has radiusx � .�2/ D x C 2 and height.2x � 1/ � .x2 � 1/ D 2x � x2. The volume
of the solid is therefore given by

2�

Z 2

0
.x C 2/.2x � x2/ dx D 2�

�
2x2 � 1

4
x4
�ˇ̌
ˇ̌
2

0

D 2�.8 � 4/ D 8�:

y = x2 − 1

x

y = 2x − 1

y

2

1

3

−1

21

34. y D x2 � 1, y D 2x � 1, axisy D 4

SOLUTION Let’s choose to slice the region bounded by the graphs ofy D x2 � 1 andy D 2x � 1 (see the figure in the previous
exercise) vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method to calculate the
volume of the solid of revolution. For eachx 2 Œ0; 2�, the cross section is a washer with outer radiusR D 4 � .x2 � 1/ D 5 � x2

and inner radiusr D 4 � .2x � 1/ D 5 � 2x. The volume of the solid is therefore given by

�

Z 2

0

�
.5 � x2/2 � .5 � 2x/2

�
dx D �

�
10x2 � 14

3
x3 C 1

5
x5
�ˇ̌
ˇ̌
2

0

D �

�
40 � 112

3
C 32

5

�
D 136�

15
:

35. y D �x2 C 4x � 3, y D 0, axisy D �1
SOLUTION The region bounded by the graph ofy D �x2 C 4x � 3 and thex-axis is shown below. Let’s choose to slice the
region vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method to calculate the
volume of the solid of revolution. For eachx 2 Œ1; 3�, the cross section is a washer with outer radiusR D �x2 C 4x � 3� .�1/ D
�x2 C 4x � 2 and inner radiusr D 0 � .�1/ D 1. The volume of the solid is therefore given by

�

Z 3

1

�
.�x2 C 4x � 2/2 � 1

�
dx D �

�
1

5
x5 � 2x4 C 20

3
x3 � 8x2 C 3x

�ˇ̌
ˇ̌
3

1

D �

��
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5
� 162C 180 � 72C 9

�
�
�
1

5
� 2C 20

3
� 8C 3
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15
:
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36. y D �x2 C 4x � 3, y D 0, axisx D 4

SOLUTION The region bounded by the graph ofy D �x2 C 4x � 3 and thex-axis is shown in the previous exercise. Let’s choose
to slice the region vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the
volume of the solid of revolution. For eachx 2 Œ1; 3�, the shell has radius4� x and height�x2 C 4x � 3. The volume of the solid
is therefore given by

2�

Z 3

1
.4 � x/.�x2 C 4x � 3/ dx D 2�

Z 3

1
.x3 � 8x2 C 19x � 12/ dx
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37. x D 4y � y3, x D 0, y � 0, x-axis

SOLUTION The region bounded by the graphs ofx D 4y � y3 andx D 0 for y � 0 is shown below. Let’s choose to slice this
region horizontally. Because a horizontal slice is parallel to the axis of rotation, we will use the shell method to calculate the volume
of the solid of revolution. For eachy 2 Œ0; 2�, the shell has radiusy and height4y � y3. The volume of the solid is therefore given
by

2�

Z 2

0
y.4y � y3/ dy D 2�
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0
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�
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x

0.5

1

1.5

2

y

38. y2 D x�1, x D 1, x D 3, axisy D �3
SOLUTION The region bounded by the graphs ofy2 D x�1, x D 1 andx D 3 is shown below. Let’s choose to slice the region
vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method to calculate the volume of
the solid of revolution. For eachx 2 Œ1; 3�, the cross section is a washer with outer radiusR D 1p

x
� .�3/ D 3C 1p

x
and inner

radiusr D � 1p
x

� .�3/ D 3 � 1p
x

. The volume of the solid is therefore given by

�

Z 3

1

 �
3C 1p

x

�2
�
�
3 � 1p

x

�2!
dx D 12�

Z 3

1
x�1=2 dx D 24�

p
x

ˇ̌
ˇ̌
3

1

D 24�.
p
3 � 1/:

x

y

0.5

−0.5

−1

1

0.5 1 1.5 2 32.5

y2 = x−1

39. y D e�x2=2, y D �e�x2=2, x D 0, x D 1, y-axis

SOLUTION Let’s choose to slice the region bounded by the graphs ofy D e�x2=2 andy D �e�x2=2 (see the figure below)
vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the volume of the solid

of revolution. For eachx 2 Œ0; 1�, the shell has radiusx and heighte�x2=2 � .�e�x2=2/ D 2e�x2=2. The volume of the solid is
therefore given by

2�

Z 1

0
2xe�x2=2 dx D �4�e�x2=2

ˇ̌
ˇ̌
1

0

D �4�.e�1=2 � 1/ D 4�.1 � e�1=2/:
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y

x
0.2 0.4 0.6 0.8 1.0−0.5

0.5

1.0

1.5

−1.0

−1.5

40. y D secx, y D cscx, y D 0, x D 0, x D �

2
, x-axis

SOLUTION The region in question is shown in the figure below.

y = sec x y = csc x

x

0.5

1

1.5

y

0 1.510.5

When the region is rotated about thex-axis, cross sections forx 2 Œ0; �=4� are circular disks with radiusR D secx, whereas cross
sections forx 2 Œ�=4; �=2� are circular disks with radiusR D cscx. The volume of the solid of revolution is

�

Z �=4

0
sec2 x dx C �

Z �=2

�=4
csc2 x dx D � .tanx/

ˇ̌
ˇ̌
�=4

0

C � .� cotx/

ˇ̌
ˇ̌
�=2

�=4

D � .1/C � .1/ D 2�:

In Exercises 41–44, find the volume obtained by rotating the region about the given axis. The regions refer to the graph of the
hyperbolay2 � x2 D 1 in Figure 4.

x

y

−c c

3

2

1

−1

−2

−3

y = x

y2 − x2 = 1

FIGURE 4

41. The shaded region between the upper branch of the hyperbola and thex-axis for�c � x � c, about thex-axis.

SOLUTION Let’s choose to slice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use
the washer method to calculate the volume of the solid of revolution. For eachx 2 Œ�c; c�, cross sections are circular disks with
radiusR D

p
1C x2. The volume of the solid is therefore given by

�

Z c

�c
.1C x2/ dx D �

�
x C 1

3
x3
�ˇ̌
ˇ̌
c

�c
D �

" 
c C c3

3

!
�
 

�c � c3

3

!#
D 2�

 
c C c3

3

!
:

42. The region between the upper branch of the hyperbola and thex-axis for0 � x � c, about they-axis.

SOLUTION Let’s choose to slice the region vertically. Because a vertical slice is parallel to the axis of rotation, we will use the

shell method to calculate the volume of the solid of revolution. For eachx 2 Œ0; c�, the shell has radiusx and height
p
1C x2. The

volume of the solid is therefore given by

2�

Z c

0
x
p
1C x2 dx D 2�

3
.1C x2/3=2

ˇ̌
ˇ̌
c

0

D 2�

3

�
.1C c2/3=2 � 1

�
:

43. The region between the upper branch of the hyperbola and the liney D x for 0 � x � c, about thex-axis.

SOLUTION Let’s choose to slice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use
the washer method to calculate the volume of the solid of revolution. For eachx 2 Œ0; c�, cross sections are washers with outer
radiusR D

p
1C x2 and inner radiusr D x. The volume of the solid is therefore given by

�

Z c

0

�
.1C x2/ � x2

�
dx D �x

ˇ̌
ˇ̌
c

0

D c�:
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44. The region between the upper branch of the hyperbola andy D 2, about they-axis.

SOLUTION The upper branch of the hyperbola and the horizontal liney D 2 intersect whenx D ˙
p
3. Using the shell method,

each shell has radiusx and height2 �
p
1C x2. The volume of the solid is therefore given by

2�

Z p
3

0
x
�
2 �

p
1C x2

�
dx D 2�

�
x2 � 1

3
.1C x2/3=2

�ˇ̌
ˇ̌
p
3

0

D 2�

�
3 � 8

3
C 1

3

�
D 4�

3
:

45. Let R be the intersection of the circles of radius1 centered at.1; 0/ and.0; 1/. Express as an integral (but do not evaluate):
(a) the area ofR and(b) the volume of revolution ofR about thex-axis.

SOLUTION The regionR is shown below.

x2 + (y − 1)2 = 1

(x − 1)2 + y2 = 1

y

x
0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1

(a) A vertical slice ofR has its top along the upper left arc of the circle.x � 1/2 C y2 D 1 and its bottom along the lower right
arc of the circlex2 C .y � 1/2 D 1. The area ofR is therefore given by

Z 1

0

�q
1 � .x � 1/2 � .1 �

p
1 � x2/

�
dx:

(b) If we revolveR about thex-axis and use the washer method, each cross section is a washer with outer radius
p
1 � .x � 1/2

and inner radius1 �
p
1 � x2. The volume of the solid is therefore given by

�

Z 1

0

h
.1 � .x � 1/2/ � .1 �

p
1 � x2/2

i
dx:

46. Let a > 0. Show that the volume obtained when the region betweeny D a
p
x � ax2 and thex-axis is rotated about thex-axis

is independent of the constanta.

SOLUTION Settinga
p
x � ax2 D 0 yieldsx D 0 andx D 1=a. Using the washer method, cross sections are circular disks with

radiusR D a
p
x � ax2. The volume of the solid is therefore given by

�

Z 1=a

0
a2.x � ax2/ dx D �

�
1

2
a2x2 � 1

3
a3x3

�ˇ̌
ˇ̌
1=a

0

D �

�
1

2
� 1

3

�
D �

6
;

which is independent of the constanta.

47. If 12 J of work are needed to stretch a spring 20 cm beyond equilibrium, how much work is required to compress it 6 cm
beyond equilibrium?

SOLUTION First, we determine the value of the spring constantk as follows:

1

2
k.0:2/2 D 12 so k D 600 N=m:

Now, the work needed to compress the spring 6 cm beyond equilibrium is

W D
Z 0:06

0
600x dx D 300x2

ˇ̌
ˇ̌
0:06

0

D 1:08 J:

48. A spring whose equilibrium length is 15 cm exerts a force of 50 N when it is stretched to 20 cm. Find the work required to
stretch the spring from 22 to 24 cm.

SOLUTION A force of 50 N is exerted when the spring is stretched5 cm D 0:05 m from its equilibrium length; therefore, the
value of the spring constant isk D 1000 N/m. The work required to stretch the spring from a length of 22 cm to a length of 24 cm
is then

Z 0:09

0:07
1000x dx D 500x2

ˇ̌
ˇ̌
0:09

0:07

D 500.0:092 � 0:072/ D 1:6 J:



778 C H A P T E R 6 APPLICATIONS OF THE INTEGRAL

49. If 18 ft-lb of work are needed to stretch a spring 1.5 ft beyond equilibrium, how far will the spring stretch if a 12-lb weight is
attached to its end?

SOLUTION First, we determine the value of the spring constant as follows:

1

2
k.1:5/2 D 18 so k D 16 lb=ft:

Now, if a 12-lb weight is attached to the end of the spring, balancing the forces acting on the weight, we have12 D 16d , which
impliesd D 0:75 ft. A 12-lb weight will therefore stretch the spring 9 inches.

50. LetW be the work (against the sun’s gravitational force) required to transport an 80-kg person from Earth to Mars when the
two planets are aligned with the sun at their minimal distance of55:7 � 106 km. Use Newton’s Universal Law of Gravity (see
Exercises 35–37 in Section 6.5) to expressW as an integral and evaluate it. The sun has massMs D 1:99 � 1030 kg, and the
distance from the sun to the earth is149:6 � 106 km.

SOLUTION According to Newton’s Universal Law of Gravity, the gravitational force between the person and the sun is

GMsm

r2
;

whereG D 6:67 � 10�11 m3kg�1s�1 is a constant,Ms D 1:99 � 1030 kg is the mass of the sun,m D 80 kg is the mass of the
person, andr is the distance between the sun and the person. The work against the sun’s gravitational force required to transport
the person from Earth to Mars when the two planets are aligned with the sun is therefore given by

W D
Z rseCrem

rse

GMsm

r2
dr D GMsm

�
1

rse
� 1

rse C rem

�
;

whererse D 149:6 � 106 km is the distance from the sun to Earth andrem D 55:7 � 106 km is the distance from Earth to Mars.
Converting the distances to meters and substituting the known values into the formula forW yields

W D .6:67 � 10�11/.1:99 � 1030/.80/
�

1

149:6 � 109
� 1

205:3 � 109

�
� 1:93 � 1010 J:

In Exercises 51 and 52, water is pumped into a spherical tank of radius2 m from a source located1 m below a hole at the bottom
(Figure 5). The density of water is1000 kg/m3.

2

1

Water source

FIGURE 5

51. Calculate the work required to fill the tank.

SOLUTION Place the origin at the base of the sphere with the positivey-axis pointing upward. The equation for the great circle of

the sphere is thenx2 C .y � 2/2 D 4. At locationy, the horizontal cross section is a circle of radius
p
4 � .y � 2/2 D

p
4y � y2;

the volume of the layer is then�.4y � y2/�y m3, and the force needed to lift the layer is1000.9:8/�.4y � y2/�y N. The layer
of water must be liftedy C 1 meters, so the work required to fill the tank is given by

9800�

Z 4

0
.y C 1/.4y � y2/ dy D 9800�

Z 4

0
.3y2 C 4y � y3/ dy

D 9800�

�
y3 C 2y2 � 1

4
y4
�ˇ̌
ˇ̌
4

0

D 313;600� � 985;203:5 J:

52. Calculate the workF.h/ required to fill the tank to levelh meters in the sphere.
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SOLUTION Place the origin at the base of the sphere with the positivey-axis pointing upward. The equation for the great circle of

the sphere is thenx2 C .y � 2/2 D 4. At locationy, the horizontal cross section is a circle of radius
p
4 � .y � 2/2 D

p
4y � y2;

the volume of the layer is then�.4y � y2/�y m3, and the force needed to lift the layer is1000.9:8/�.4y � y2/�y N. The layer
of water must be liftedy C 1 meters, so the work required to fill the tank is given by

9800�

Z h

0
.y C 1/.4y � y2/ dy D 9800�

Z h

0
.3y2 C 4y � y3/ dy

D 9800�

�
y3 C 2y2 � 1

4
y4
�ˇ̌
ˇ̌
h

0

D 9800�

�
h3 C 2h2 � 1

4
h4
�

J:

53. A tank of mass20 kg containing 100 kg of water (density1000 kg/m3) is raised vertically at a constant speed of100 m/min
for one minute, during which time it leaks water at a rate of40 kg/min. Calculate the total work performed in raising the container.

SOLUTION Let t denote the elapsed time in minutes and lety denote the height of the container. Given that the speed of ascent is
100 m/min,y D 100t ; moreover, the mass of water in the container is

100 � 40t D 100 � 0:4ykg:

The force needed to lift the container and its contents is then

9:8 .20C .100 � 0:4y// D 1176 � 3:92y N;

and the work required to lift the container and its contents is

Z 100

0
.1176 � 3:92y/ dy D .1176y � 1:96y2/

ˇ̌
ˇ̌
100

0

D 98;000J:
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Chapter 6: Applications of the Integral 

Preparing for the AP Exam Solutions 
 

Multiple Choice Questions 

 

1)  E  2)  D  3)  C  4)  C  5)  B 

6)  C  7)  E  8) D  9)  C  10)  C 

11)  D  12)  C  13)  C  14)  E  15)  A 

16)  C  17) D  18)  A  19)  E  20)  B 

 

 

Free Response Questions 

1. (a)  average acceleration = dtt 
10

0
)26(

10

1
 = 

10

0

2 )6(
10

1
tt   = –4 (ft/sec) / sec 

b) average velocity = dttt 
10

0

2 )76(
10

1
= 

10

0

3
2 )7

3
3(

10

1
t

t
t  = 

3

11
 ft/sec 

c) Note that 0)( tv for 70  t , 0)( tv for 107  t .  

average speed  = dttt 
10

0

2 76
10

1
=   ])76()76([

10

1 10

7

2
7

0

2 dttttdtttt  

10

7

3
2

7

0

3
2 )7

3
3()7

3
3[(

10

1
t

t
tt

t
t  = 

3

38
 ft/sec 

 

  

POINTS: 

(a) (2 pts)  1) dtt 
10

0
)26(

10

1
; 1) Answer 

(b) (3 pts)  1) Finds v(t); 1) dttt 
10

0

2 )76(
10

1
; 1) Answer 

(c) (3 pts)  1) dttt 
10

0

2 76
10

1
; 1) ])76()76([

10

1 10

7

2
7

0

2 dttttdtttt   ;  1) Answer;  

(1 pt) Correct units in all 3 parts. 

 

 

2. a)  The points of intersection are (0, 0) and (2, 8); Area = dxxx )4(
2

0

3

   

b)  dy
y

y 22
8

0

3 )
4

()(    or   dxxxx )4(2
2

0

3

   

c)    dxxx 22
2

0

3 )420()20(   

 

POINTS:  

(a) (3 pts)  1) Finds points of intersection 1) bounds on definite integral; 1) integrand 

(b) (3 pts)  1) constant and bounds ; 2) integrand 

(c) (3 pts)  1) constant and bounds; 2) integrand 

 

3. a)  Let h be the depth of water in the bowl. Then the amount of water is given by 

dyyhV
h

)36()( 2
6

6
 




  . Thus 

dt

dh

dh

dV

dt

dV
  = 

dt

dh
h ))6(36( 2  
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When h = 2, we have 4 = 
dt

dh
20 , so 

4
ft/min.

20

dh

dt 
  

b) The volume of  water is dyy )36(
1

6

2





  =  

3

325
 cubic feet. Water came in at 4 cubic feet per minute, 

so the time is 
12

325
 minutes. 

 

POINTS:  

(a) (6 pts) 2) Formula for V(h); 2) Finds 
dt

dV
in terms of depth of water; 1) uses depth = 2, and 

dt

dV
= 4;  

1) Answer with units. 

(b) (3 pts)  1) dyy )36(
1

6

2





 ; 1) finds volume of water; 1) answer with correct units. 

 

4. a)  C(y) is the circumference. Letting R(y) be the radius of the cross-section, we get R(y) = 
2

)(yC
, so A(y), 

the area of the cross-section, is 2)
2

)(
(




yC
. We get the following table (by truncating) 

                             

                                          

Y 0 2 4 6 

A(y) 103.7 96.3 82.5 118.5 

 

Thus the Left-hand Riemann Sum is  (103.7)(2) + (96.3)(2) + (82.5)(2) =565.0 cubic inches. 

   

b)  
6 2

0
(6 0.4sin(5 ))y dy   

        

POINTS: 

(a) (6 pts) 1) R(y) = 
2

)(yC
; 1) A(y) = 2)

2

)(
(




yC
;  1) computes A(0), A(2), and A(4). 1) Sum using A(0), A(2), 

and A(4) and not A(6); 1) 2y in sum; 1) answer with units 

(b) (3 pts)  1) bounds and  ; 2) integrand 



7 TECHNIQUES OF INTEGRATION

7.1 Integration by Parts

Preliminary Questions
1. Which derivative rule is used to derive the Integration by Parts formula?

SOLUTION The Integration by Parts formula is derived from the Product Rule.

2. For each of the following integrals, state whether substitution or Integration by Parts should be used:
Z
x cos.x2/ dx;

Z
x cosx dx;

Z
x2ex dx;

Z
xex

2

dx

SOLUTION

(a)
Z
x cos.x2/ dx: use the substitutionu D x2.

(b)
Z
x cosx dx: use Integration by Parts.

(c)
Z
x2ex dx; use Integration by Parts.

(d)
Z
xex

2

dx; use the substitutionu D x2.

3. Why isu D cosx, v0 D x a poor choice for evaluating
Z
x cosx dx?

SOLUTION Transformingv0 D x into v D 1
2x
2 increases the power ofx and makes the new integral harder than the original.

Exercises
In Exercises 1–6, evaluate the integral using the Integration by Parts formula with the given choice ofu andv0.

1.
Z
x sinx dx; u D x, v0 D sinx

SOLUTION Using the given choice ofu andv0 results in

u D x v D � cosx

u0 D 1 v0 D sinx

Using Integration by Parts,
Z
x sinx dx D x.� cosx/�

Z
.1/.� cosx/ dx D �x cosx C

Z
cosx dx D �x cosx C sinx C C:

2.
Z
xe2x dx; u D x, v0 D e2x

SOLUTION Usingu D x andv0 D e2x gives us

u D x v D 1
2e
2x

u0 D 1 v0 D e2x

Integration by Parts gives us
Z
xe2x dx D x

�
1

2
e2x

�
�
Z
.1/
1

2
e2x dx D 1

2
xe2x � 1

2

�
1

2

�
e2x C C D 1

4
e2x .2x � 1/C C:

3.
Z
.2x C 9/ex dx; u D 2x C 9, v0 D ex

SOLUTION Usingu D 2x C 9 andv0 D ex gives us

u D 2x C 9 v D ex

u0 D 2 v0 D ex

Integration by Parts gives us
Z
.2x C 9/ex dx D .2x C 9/ex �

Z
2exdx D .2x C 9/ex � 2ex C C D ex.2x C 7/C C:
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4.
Z
x cos4x dx; u D x, v0 D cos4x

SOLUTION Usingu D x andv0 D cos4x gives us

u D x v D 1
4 sin 4x

u0 D 1 v0 D cos4x

Integration by Parts gives us
Z
x cos4x dx D 1

4
x sin 4x �

Z
.1/
1

4
sin 4x dx D 1

4
x sin 4x � 1

4

�
�1
4

cos4x
�

C C

D 1

4
x sin 4x C 1

16
cos4x C C:

5.
Z
x3 ln x dx; u D lnx, v0 D x3

SOLUTION Usingu D lnx andv0 D x3 gives us

u D ln x v D 1
4x
4

u0 D 1
x v0 D x3

Integration by Parts gives us
Z
x3 ln x dx D .ln x/

�
1

4
x4
�

�
Z �

1

x

��
1

4
x4
�
dx

D 1

4
x4 lnx � 1

4

Z
x3 dx D 1

4
x4 lnx � 1

16
x4 C C D x4

16
.4 ln x � 1/C C:

6.
Z

tan�1 x dx; u D tan�1 x, v0 D 1

SOLUTION Usingu D tan�1 x andv0 D 1 gives us

u D tan�1 x v D x

u0 D 1

x2 C 1
v0 D 1

Integration by Parts gives us
Z

tan�1 x dx D x tan�1 x �
Z �

1

x2 C 1

�
x dx:

For the integral on the right we’ll use the substitutionw D x2 C 1, dw D 2x dx. Then we have
Z

tan�1 x dx D x tan�1 x � 1

2

Z �
1

x2 C 1

�
2x dx D x tan�1 x � 1

2

Z
dw

w

D x tan�1 x � 1

2
ln jwj C C D x tan�1 x � 1

2
ln jx2 C 1j C C:

In Exercises 7–36, evaluate using Integration by Parts.

7.
Z
.4x � 3/e�x dx

SOLUTION Let u D 4x � 3 andv0 D e�x . Then we have

u D 4x � 3 v D �e�x

u0 D 4 v0 D e�x

Using Integration by Parts, we get
Z
.4x � 3/e�x dx D .4x � 3/.�e�x/ �

Z
.4/.�e�x/ dx

D �e�x.4x � 3/C 4

Z
e�x dx D �e�x.4x � 3/ � 4e�x C C D �e�x.4x C 1/C C:
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8.
Z
.2x C 1/ex dx

SOLUTION Let u D 2x C 1 andv0 D ex . Then we have

u D 2x C 1 v D ex

u0 D 2 v0 D ex

Using Integration by Parts, we get
Z
.2x C 1/ ex dx D .2x C 1/.ex/�

Z
.2/.ex/ dx

D .2x C 1/ex C 2

Z
ex dx D .2x C 1/ex � 2ex C C D ex.2x � 1/C C:

9.
Z
x e5xC2 dx

SOLUTION Let u D x andv0 D e5xC2. Then we have

u D x v D 1

5
e5xC2

u0 D 1 v0 D e5xC2

Using Integration by Parts, we get
Z
xe5xC2 dx D x

�
1

5
e5xC2

�
�
Z
.1/

�
1

5
e5xC2

�
dx D 1

5
xe5xC2 � 1

5

Z
e5xC2 dx

D 1

5
xe5xC2 � 1

25
e5xC2 C C D

�
x

5
� 1

25

�
e5xC2 C C

10.
Z
x2ex dx

SOLUTION Let u D x2 andv0 D ex . Then we have

u D x2 v D ex

u0 D 2x v0 D ex

Using Integration by Parts, we get
Z
x2 ex dx D x2ex � 2

Z
xex dx:

We must apply Integration by Parts again to evaluate
Z
xex dx. Takingu D x andv0 D ex , we get

Z
xex dx D xex �

Z
.1/ex dx D xex � ex C C:

Plugging this into the original equation gives us
Z
x2 ex dx D x2ex � 2

�
xex � ex

�
C C D ex.x2 � 2x C 2/C C:

11.
Z
x cos2x dx

SOLUTION Let u D x andv0 D cos2x. Then we have

u D x v D 1
2 sin 2x

u0 D 1 v0 D cos2x

Using Integration by Parts, we get
Z
x cos2x dx D x

�
1

2
sin 2x

�
�
Z
.1/

�
1

2
sin 2x

�
dx

D 1

2
x sin 2x � 1

2

Z
sin 2x dx D 1

2
x sin 2x C 1

4
cos2x C C:
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12.
Z
x sin.3 � x/ dx

SOLUTION Let u D x andv0 D sin.3 � x/. Then we have

u D x v D cos.3 � x/

u0 D 1 v0 D sin.3 � x/

Using Integration by Parts, we get
Z
x sin.3 � x/ dx D x cos.3 � x/�

Z
.1/ cos.3 � x/ dx D x cos.3 � x/C sin.3 � x/C C

13.
Z
x2 sinx dx

SOLUTION Let u D x2 andv0 D sinx. Then we have

u D x2 v D � cosx

u0 D 2x v0 D sinx

Using Integration by Parts, we get
Z
x2 sinx dx D x2.� cosx/�

Z
2x.� cosx/ dx D �x2 cosx C 2

Z
x cosx dx:

We must apply Integration by Parts again to evaluate
Z
x cosx dx. Takingu D x andv0 D cosx, we get

Z
x cosx dx D x sinx �

Z
sinx dx D x sinx C cosx C C:

Plugging this into the original equation gives us
Z
x2 sinx dx D �x2 cosx C 2.x sinx C cosx/C C D �x2 cosx C 2x sinx C 2 cosx C C:

14.
Z
x2 cos3x dx

SOLUTION Let u D x2 andv0 D cos3x. Then we have

u D x2 v D 1

3
sin 3x

u0 D 2x v0 D cos3x

Using Integration by Parts, we get
Z
x2 cos3x dx D 1

3
x2 sin 3x �

Z
.2x/

1

3
sin 3x dx D 1

3
x2 sin 3x � 2

3

Z
x sin 3x dx

Use Integration by Parts again on this integral, withu D x andv0 D sin3x to get
Z
x2 cos3x dx D 1

3
x2 sin 3x � 2

3

�
�1
3
x cos3x C 1

3

Z
cos3x dx

�

D 1

3
x2 sin 3x C 2

9
x cos3x � 2

27
sin 3x C C

15.
Z
e�x sinx dx

SOLUTION Let u D e�x andv0 D sinx. Then we have

u D e�x v D � cosx

u0 D �e�x v0 D sinx

Using Integration by Parts, we get
Z
e�x sinx dx D �e�x cosx �

Z
.�e�x/.� cosx/ dx D �e�x cosx �

Z
e�x cosx dx:
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We must apply Integration by Parts again to evaluate
Z
e�x cosx dx. Usingu D e�x andv0 D cosx, we get

Z
e�x cosx dx D e�x sinx �

Z
.�e�x/.sinx/dx D e�x sinx C

Z
e�x sinx dx:

Plugging this into the original equation, we get
Z
e�x sinx dx D �e�x cosx �

�
e�x sinx C

Z
e�x sinx dx

�
:

Solving this equation for
Z
e�x sinx dx gives us

Z
e�x sinx dx D �1

2
e�x.sinx C cosx/C C:

16.
Z
ex sin2x dx

SOLUTION Let u D sin2x andv0 D ex . Then we have

u D sin2x v D ex

u0 D 2 cos2x v0 D ex

Using Integration by Parts, we get
Z
ex sin2x dx D ex sin2x � 2

Z
ex cos2x dx:

We must apply Integration by Parts again to evaluate
Z
ex cos2x dx. Usingu D cos2x andv0 D ex , we get

Z
ex cos2x dx D ex cos2x �

Z
.�2 sin2x/ex dx D ex cos2x C 2

Z
ex sin2x dx:

Plugging this into the original equation, we get
Z
ex sin2x dx D ex sin2x � 2

�
ex cos2x C 2

Z
ex sin2x dx

�
D ex sin2x � 2ex cos2x � 4

Z
ex sin2x dx:

Solving this equation for
Z
ex sin2x dx gives us

Z
ex sin2x dx D 1

5
ex.sin 2x � 2 cos2x/C C:

17.
Z
e�5x sinx dx

SOLUTION Let u D sinx andv0 D e�5x . Then we have

u D sinx v D �1
5
e�5x

u0 D cosx v0 D e�5x

Using Integration by Parts, we get
Z
e�5x sinx dx D �1

5
e�5x sinx �

Z
cosx

�
�1
5
e�5x

�
dx D �1

5
e�5x sinx C 1

5

Z
e�5x cosx dx

Apply Integration by Parts again to this integral, withu D cosx andv0 D e�5x to get
Z
e�5x cosx dx D �1

5
e�5x cosx � 1

5

Z
e�5x sinx dx

Plugging this into the original equation, we get
Z
e�5x sinx dx D �1

5
e�5x sinx C 1

5

�
�1
5
e�5x cosx � 1

5

Z
e�5x sinx dx

�

D �1
5
e�5x sinx � 1

25
e�5x cosx � 1

25

Z
e�5x sinx dx
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Solving this equation for
Z
e�5x sinx dx gives us

Z
e�5x sinx dx D � 5

26
e�5x sinx � 1

26
e�5x cosx C C D � 1

26
e�5x.5 sinx C cosx/C C

18.
Z
e3x cos4x dx

SOLUTION Let u D cos4x andv0 D e3x . Then we have

u D cos4x v D 1

3
e3x

u0 D �4 sin4x v0 D e3x

Using Integration by Parts, we get
Z
e3x cos4x dx D 1

3
e3x cos4x �

Z
1

3
e3x.�4 sin4x/ dx D 1

3
e3x cos4x C 4

3

Z
e3x sin4x dx

Apply Integration by Parts again to this integral, withu D sin4x andv0 D e3x , to get
Z
e3x sin4x dx D 1

3
e3x sin4x �

Z
1

3
e3x � 4 cos4x dx D 1

3
e3x sin4x � 4

3

Z
e3x cos4x dx

Plugging this into the original equation, we get
Z
e3x cos4x dx D 1

3
e3x cos4x C 4

3

�
1

3
e3x sin4x � 4

3

Z
e3x cos4x dx

�

D 1

3
e3x cos4x C 4

9
e3x sin4x � 16

9

Z
e3x cos4x dx

Solving this equation for
Z
e3x cos4x dx gives us

Z
e3x cos4x dx D 3

25
e3x cos4x C 4

25
e3x sin4x D 1

25
e3x.3 cos4x C 4 sin4x/C C

19.
Z
x ln x dx

SOLUTION Let u D ln x andv0 D x. Then we have

u D ln x v D 1
2x
2

u0 D 1
x v0 D x

Using Integration by Parts, we get
Z
x ln x dx D 1

2
x2 lnx �

Z �
1

x

��
1

2
x2
�
dx

D 1

2
x2 lnx � 1

2

Z
x dx D 1

2
x2 lnx � 1

2

 
x2

2

!
C C D 1

4
x2.2 ln x � 1/C C:

20.
Z

ln x

x2
dx

SOLUTION Let u D ln x andv0 D x�2. Then we have

u D ln x v D �x�1

u0 D 1
x v0 D x�2

Using Integration by Parts, we get
Z

lnx

x2
dx D � 1

x
lnx �

Z
1

x

��1
x

�
dx D � 1

x
lnx C

Z
x�2 dx

D � 1
x

lnx � 1

x
C C D � 1

x
.lnx C 1/C C:
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21.
Z
x2 ln x dx

SOLUTION Let u D ln x andv0 D x2. Then we have

u D ln x v D 1
3x
3

u0 D 1
x v0 D x2

Using Integration by Parts, we get
Z
x2 lnx dx D 1

3
x3 lnx �

Z
1

x

�
1

3
x3
�
dx D 1

3
x3 lnx � 1

3

Z
x2 dx

D 1

3
x3 lnx � 1

3

 
x3

3

!
C C D x3

3

�
lnx � 1

3

�
C C:

22.
Z
x�5 lnx dx

SOLUTION Let u D ln x andv0 D x�5. Then we have

u D ln x v D �1
4
x�4

u0 D 1

x
v D x�5

Using Integration by Parts, we get
Z
x�5 lnx dx D �1

4
x�4 lnx C

Z
1

4
x�4 1

x
dx D �1

4
x�4 lnx C 1

4

Z
x�5 dx

D �1
4
x�4 lnx � 1

16
x�4 C C D � 1

4x4

�
lnx C 1

4

�
C C

23.
Z
.lnx/2 dx

SOLUTION Let u D .lnx/2 andv0 D 1. Then we have

u D .ln x/2 v D x

u0 D 2

x
lnx v0 D 1

Using Integration by Parts, we get
Z
.ln x/2 dx D .ln x/2.x/�

Z �
2

x
lnx

�
x dx D x.ln x/2 � 2

Z
lnx dx:

We must apply Integration by Parts again to evaluate
Z

ln x dx. Usingu D lnx andv0 D 1, we have

Z
lnx dx D x ln x �

Z
1

x
� x dx D x lnx �

Z
dx D x lnx � x C C:

Plugging this into the original equation, we get
Z
.ln x/2 dx D x.ln x/2 � 2 .x lnx � x/C C D x

h
.ln x/2 � 2 lnx C 2

i
C C:

24.
Z
x.ln x/2 dx

SOLUTION Let u D .lnx/2, v0 D x. Then we have

u D .lnx/2 v D 1

2
x2

u0 D 2 lnx

x
v0 D x

Using Integration by Parts, we get
Z
x.ln x/2 dx D 1

2
x2.lnx/2 �

Z
x2

lnx

x
dx D 1

2
x2.lnx/2 �

Z
x ln x dx
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Apply Integration by Parts again to this integral, withu D lnx, v0 D x, to get
Z
x lnx dx D 1

2
x2 lnx � 1

2

Z
x2
1

x
dx D 1

2
x2 lnx � 1

4
x2

Plug this back into the first formula to get
Z
x.ln x/2 dx D 1

2
x2.lnx/2 �

�
1

2
x2 lnx � 1

4
x2
�

C C D 1

2
x2
�
.lnx/2 � lnx C 1

2

�
C C

25.
Z
x sec2 x dx

SOLUTION Let u D x andv0 D sec2 x. Then we have

u D x v D tanx

u0 D 1 v0 D sec2 x

Using Integration by Parts, we get
Z
x sec2 x dx D x tanx �

Z
.1/ tanx dx D x tanx � ln j secxj C C:

26.
Z
x tanx secx dx

SOLUTION Let u D x andv0 D tanx secx. Then we have

u D x v D secx

u0 D 1 v0 D tanx secx

Using Integration by Parts, we get
Z
x tanx secx dx D x secx �

Z
secx dx D x secx � ln jsecx C tanxj C C

27.
Z

cos�1 x dx

SOLUTION Let u D cos�1 x andv0 D 1. Then we have

u D cos�1 x v D x

u0 D �1p
1 � x2

v0 D 1

Using Integration by Parts, we get
Z

cos�1 x dx D x cos�1 x �
Z �xp

1 � x2
dx:

We can evaluate
Z �xp

1 � x2
dx by making the substitutionw D 1 � x2. Thendw D �2x dx, and we have

Z
cos�1 x dx D x cos�1 x � 1

2

Z �2x dxp
1 � x2

D x cos�1 x � 1

2

Z
w�1=2 dw

D x cos�1 x � 1

2
.2w1=2/C C D x cos�1 x �

p
1 � x2 C C:

28.
Z

sin�1 x dx

SOLUTION Let u D sin�1 x andv0 D 1. Then we have

u D sin�1 x v D x

u0 D 1p
1 � x2

v0 D 1

Using Integration by Parts, we get
Z

sin�1 x dx D x sin�1 x �
Z

xp
1 � x2

dx:
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We can evaluate
Z

xp
1 � x2

dx by making the substitutionw D 1 � x2. Thendw D �2x dx, and we have

Z
sin�1 x dx D x sin�1 x C 1

2

Z �2x dxp
1 � x2

D x sin�1 x C 1

2

Z
w�1=2 dw

D x sin�1 x C 1

2
.2w1=2/C C D x sin�1 x C

p
1 � x2 C C:

29.
Z

sec�1 x dx

SOLUTION We are forced to chooseu D sec�1 x, v0 D 1, so thatu0 D 1

x
p
x2�1

andv D x. Using Integration by parts, we get:

Z
sec�1 x dx D x sec�1 x �

Z
x dx

x
p
x2 � 1

D x sec�1 x �
Z

dxp
x2 � 1

:

Via the substitution
p
x2 � 1 D tan� (so thatx D sec� anddx D sec� tan�d�), we get:

Z
sec�1 x dx D x sec�1 x �

Z
sec� tan�d�

tan�
D x sec�1 x �

Z
sec�d�

D x sec�1 x � ln j sec� C tan� j C C D x sec�1 x � ln jx C
p
x2 � 1j C C:

30.
Z
x5x dx

SOLUTION Let u D x andv0 D 5x . Then we have

u D x v D 5x

ln 5

u0 D 1 v0 D 5x

Using Integration by Parts, we get
Z
x 5x dx D x

�
5x

ln 5

�
�
Z
.1/

5x

ln 5
dx D x 5x

ln 5
� 1

ln 5

Z
5x dx

D x 5x

ln 5
� 1

ln 5

�
5x

ln 5

�
C C D 5x

ln 5

�
x � 1

ln 5

�
C C:

31.
Z
3x cosx dx

SOLUTION Let u D cosx andv0 D 3x . Then we have

u D cosx v D 3x

ln 3

u0 D � sinx v0 D 3x

Using Integration by Parts, we get
Z
3x cosx dx D 3x

ln 3
cosx C 1

ln 3

Z
3x sin x dx

Apply Integration by Parts to the remaining integral, withu D sinx andv0 D 3x ; then
Z
3x sinx dx D 3x

ln 3
sin x � 1

ln 3

Z
3x cosx dx

Plug this into the first equation to get
Z
3x cosx dx D 3x

ln 3
cosx C 1

ln 3

�
3x

ln 3
sin x � 1

ln 3

Z
3x cosx dx

�

D 3x

ln 3
cosx C 3x

.ln3/2
sinx � 1

.ln3/2

Z
3x cosx dx

Solving for
Z
3x cosx dx gives

Z
3x cosx dx D 3x ln 3 cosx

1C .ln3/2
C 3x sinx

1C .ln3/2
C C D 3x

1C .ln3/2
.ln 3 cosx C sinx/C C
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32.
Z
x sinhx dx

SOLUTION Let u D x, v0 D sinhx. Then

u D x v D coshx

u0 D 1 v0 D sinhx

Integration by Parts gives us
Z
x sinhx dx D x coshx �

Z
coshx dx D x coshx � sinhx C C

33.
Z
x2 coshx dx

SOLUTION Let u D x2, v0 D coshx. Then

u D x2 v D sinhx

u0 D 2x v0 D coshx

Integration by Parts gives us (along with Exercise 32)
Z
x2 coshx dx D x2 sinhx � 2

Z
x sinhx; dx D x2 sinhx � 2x coshx C 2 sinhx C C

34.
Z

cosx coshx dx

SOLUTION Let u D cosx andv0 D coshx. Then

u D cosx v D sinhx

u0 D � sinx v0 D coshx

Integration by Parts gives us
Z

cosx coshx dx D cosx sinhx �
Z
.� sinx/ sinhx dx D cosx sinhx C

Z
sinx sinhx dx:

We must apply Integration by Parts again to evaluate
Z

sinx sinhx dx. Usingu D sinx andv0 D sinhx, we find

Z
sinx sinhx dx D sinx coshx �

Z
cosx coshx dx:

Plugging this into the original equation, we have
Z

cosx coshx dx D cosx sinhx C sinx coshx �
Z

cosx coshx dx:

Solving this equation for
Z

cosx coshx dx yields

Z
cosx coshx dx D 1

2
.cosx sinhx C sinx coshx/C C:

35.
Z

tanh�1 4x dx

SOLUTION Usingu D tanh�1 4x andv0 D 1 gives us

u D tanh�1 4x v D x

u0 D 4

1 � 16x2
v0 D 1

Integration by Parts gives us
Z

tanh�1 4x dx D x tanh�1 4x �
Z �

4

1 � 16x2

�
x dx:

For the integral on the right we’ll use the substitutionw D 1 � 16x2, dw D �32x dx. Then we have
Z

tanh�1 4x dx D x tanh�1 4x C 1

8

Z
dw

w
D x tanh�1 4x C 1

8
ln jwj C C

D x tanh�1 4x C 1

8
ln j1 � 16x2j C C:
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36.
Z

sinh�1 x dx

SOLUTION Usingu D sinh�1 x andv0 D 1 gives us

u D sinh�1 x v D x

u0 D 1p
1C x2

v0 D 1

Integration by Parts gives us
Z

sinh�1 x dx D x sinh�1 x �
Z �

1p
1C x2

�
x dx:

For the integral on the right we’ll use the substitutionw D 1C x2, dw D 2x dx. Then we have
Z

sinh�1 x dx D x sinh�1 x � 1

2

Z
dwp
w

D x sinh�1 x �
p
w C C

D x sinh�1 x �
p
1C x2 C C:

In Exercises 37 and 38, evaluate using substitution and then Integration by Parts.

37.
Z
e

p
x dx Hint: Let u D x1=2

SOLUTION Letw D x1=2. Thendw D 1
2x

�1=2dx, or dx D 2 x1=2 dw D 2w dw. Now,
Z
e

p
x dx D 2

Z
wew dw:

Using Integration by Parts withu D w andv0 D ew , we get

2

Z
wew dw D 2.wew � ew/C C:

Substituting back, we find
Z
e

p
x dx D 2e

p
x.

p
x � 1/C C:

38.
Z
x3ex

2

dx

SOLUTION Letw D x2. Thendw D 2x dx, and
Z
x3ex

2

dx D 1

2

Z
wewdw:

Using Integration by Parts, we letu D w andv0 D ew . Then we have
Z
wew dw D wew �

Z
.1/ew dw D wew � ew C C:

Substituting back in terms ofx, we get
Z
x3 ex

2

dx D 1

2

�
x2ex

2 � ex2
�

C C:

In Exercises 39–48, evaluate using Integration by Parts, substitution, or both if necessary.

39.
Z
x cos4x dx

SOLUTION Let u D x andv0 D cos4x. Then we have

u D x v D 1
4 sin 4x

u0 D 1 v0 D cos4x

Using Integration by Parts, we get
Z
x cos4x dx D 1

4
x sin 4x �

Z
.1/
1

4
sin 4x dx D 1

4
x sin 4x � 1

4

�
�1
4

cos4x
�

C C

D 1

4
x sin 4x C 1

16
cos4x C C:
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40.
Z

ln.ln x/ dx

x

SOLUTION Letw D ln x. Thendw D dx=x, and we have

Z
ln.lnx/ dx

x
D
Z

lnw dw

Now we can use Integration by Parts, lettingu D lnw andv0 D 1. Thenu0 D 1=w, v D w, and
Z

lnw dw D w lnw �
Z

1

w
.w/ dw D w lnw �w C C:

Substituting back in terms ofx, we get
Z

ln.lnx/ dx

x
D .lnx/ ln.ln x/� lnx C C:

41.
Z

x dxp
x C 1

SOLUTION Let u D x C 1. Thendu D dx, x D u � 1, and

Z
x dxp
x C 1

D
Z
.u � 1/ dup

u
D
Z �

up
u

� 1p
u

�
du D

Z
.u1=2 � u�1=2/ du

D 2

3
u3=2 � 2u1=2 C C D 2

3
.x C 1/3=2 � 2.x C 1/1=2 C C:

42.
Z
x2.x3 C 9/15 dx

SOLUTION Note that.x3 C 0/0 D 3x2, so use substitution withu D x3 C 9, du D 3x2 dx. Then
Z
x2.x3 C 9/15 dx D 1

3

Z
u15 du D 1

48
u16 C C D 1

48
.x3 C 9/16 C C

43.
Z

cosx ln.sinx/ dx

SOLUTION Letw D sinx. Thendw D cosx dx, and
Z

cosx ln.sinx/ dx D
Z

lnw dw:

Now use Integration by Parts withu D lnw andv0 D 1. Thenu0 D 1=w andv D w, which gives us
Z

cosx ln.sinx/ dx D
Z

lnw dw D w lnw � w C C D sinx ln.sinx/ � sinx C C:

44.
Z

sin
p
x dx

SOLUTION First use substitution, withw D
p
x anddw D dx=.2

p
x/. This gives us

Z
sin

p
x dx D

Z
.2

p
x/ sin

p
x dx

.2
p
x/

D 2

Z
w sinw dw:

Now use Integration by Parts, withu D w andv0 D sinw. Then we have
Z

sin
p
x dx D 2

Z
w sinw dw D 2

�
�w cosw �

Z
� cosw dw

�

D 2.�w cosw C sinw/C C D 2 sin
p
x � 2

p
x cos

p
x C C:

45.
Z p

xe
p
x dx

SOLUTION Letw D
p
x. Thendw D 1

2
p
x
dx and

Z p
xe

p
x dx D 2

Z
w2ew dw:

Now, use Integration by Parts withu D w2 andv0 D ew . This gives
Z p

xe
p
x dx D 2

Z
w2ew dw D 2w2ew � 4

Z
wew dw:
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We need to use Integration by Parts again, this time withu D w andv0 D ew . We find
Z
wew dw D wew �

Z
ew dw D wew � ew C C I

finally,
Z p

xe
p
x dx D 2w2ew � 4wew C 4ew C C D 2xe

p
x � 4

p
xe

p
x C 4e

p
x C C:

46.
Z

tan
p
x dxp
x

SOLUTION Let u D
p
x anddu D 1

2x
�1=2. Then

Z
tan

p
x dxp
x

D 2

Z
tanudu D �2 ln j cosuj C C D �2 ln j cos

p
xj C C

47.
Z

ln.ln x/ lnx dx

x

SOLUTION Letw D ln x. Thendw D dx=x, and

Z
ln.lnx/ ln x dx

x
D
Z
w lnw dw:

Now use Integration by Parts, withu D lnw andv0 D w. Then,

u D lnw v D 1

2
w2

u0 D w�1 v0 D w

and

Z
ln.lnx/ ln x dx

x
D 1

2
w2 lnw � 1

2

Z
w dw D 1

2
w2 lnw � 1

2

 
w2

2

!
C C

D 1

2
.lnx/2 ln.ln x/� 1

4
.lnx/2 C C D 1

4
.lnx/2Œ2 ln.lnx/ � 1�C C:

48.
Z

sin.ln x/ dx

SOLUTION Let u D sin.ln x/ andv0 D 1. Then we have

u D sin.lnx/ v D x

u0 D cos.ln x/

x
v0 D 1

Using Integration by Parts, we get
Z

sin.ln x/ dx D x sin.ln x/�
Z
.x/

cos.ln x/

x
dx D x sin.ln x/�

Z
cos.ln x/ dx:

We must use Integration by Parts again to evaluate
R

cos.ln x/ dx. Letu D cos.ln x/ andv0 D 1. Then

Z
sin.lnx/ dx D x sin.lnx/�

�
x cos.lnx/�

Z
.� sin.ln x// dx

�

D x sin.lnx/� x cos.lnx/�
Z

sin.ln x/ dx:

Solving this equation for
R

sin.ln x/ dx, we get
Z

sin.lnx/ dx D x

2
Œsin.ln x/� cos.ln x/�C C:
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In Exercises 49–54, compute the definite integral.

49.
Z 3

0
xe4x dx

SOLUTION Let u D x, v0 D e4x . Thenu0 D 1 andv D 1

4
e4x . Using Integration by Parts,

Z 3

0
xe4x dx D

�
1

4
xe4x

� ˇ̌
ˇ̌
3

0

� 1

4

Z 3

0
e4x dx D 3

4
e12 � 1

16
e12 C 1

16
D 11

16
e12 C 1

16

50.
Z �=4

0
x sin2x dx

SOLUTION Let u D x andv0 D sin2x. Thenu0 D 1 andv D �1
2 cos2x. Using Integration by Parts,

Z �=4

0
x sin.2x/ dx D �1

2
x cos2x

ˇ̌
ˇ̌
�=4

0

�
Z �=4

0

�
�1
2

cos2x

�
dx D

�
�1
2
x cos2x C

�
1

2

�
sin 2x

2

� ˇ̌
ˇ̌
�=4

0

D
�

�1
2

��
4

�
cos

��
2

�
C 1

4
sin
��
2

��
� .0C 0/ D 1

4
:

51.
Z 2

1
x ln x dx

SOLUTION Let u D ln x andv0 D x. Thenu0 D 1
x andv D 1

2x
2. Using Integration by Parts gives

Z 2

1
x lnx dx D

�
1

2
x2 lnx

� ˇ̌
ˇ̌
2

1

� 1

2

Z 2

1
x dx D 2 ln 2 � 1

4
x2
ˇ̌
ˇ̌
2

1

D 2 ln2 � 3

4

52.
Z e

1

ln x dx

x2

SOLUTION Let u D ln x andv0 D x�2. Thenu0 D x�1 andv D �x�1. Using Integration by Parts gives

Z e

1

ln x dx

x2
D � ln x

x

ˇ̌
ˇ̌
e

1

C
Z e

1
x�2 dx D �e�1 � x�1

ˇ̌
ˇ̌
e

1

D 1 � 2

e

53.
Z �

0
ex sinx dx

SOLUTION Let u D sinx andv0 D ex ; thenu0 D cosx andv D ex . Integration by Parts gives

Z �

0
ex sinx dx D ex sinx

ˇ̌
ˇ̌
�

0

�
Z �

0
ex cosx dx D �

Z �

0
ex cosx dx

Apply integration by parts again to this integral, withu D cosx andv0 D ex ; thenu0 D � sinx andv D ex , so we get

Z �

0
ex sinx dx D �

��
ex cosx

� ˇ̌ˇ̌
�

0

C
Z �

0
ex sinx dx

�
D e� C 1 �

Z �

0
ex sinx dx

Solving for
Z �

0
ex sinx dx gives

Z �

0
ex sinx dx D e� C 1

2

54.
Z 1

0
tan�1 x dx

SOLUTION Let u D tan�1 x andv0 D 1. Then we have

u D tan�1 x v D x

u0 D 1

x2 C 1
v0 D 1

Integration by Parts gives us
Z

tan�1 x dx D x tan�1 x �
Z �

1

x2 C 1

�
x dx:
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For the integral on the right we’ll use the substitutionw D x2 C 1, dw D 2x dx. Then we have
Z

tan�1 x dx D x tan�1 x � 1

2

Z
dw

w
D x tan�1 x � 1

2
ln jwj C C D x tan�1 x � 1

2
ln jx2 C 1j C C:

Now we can compute the definite integral:

Z 1

0
tan�1 x dx D

�
x tan�1 x � 1

2
ln jx2 C 1j

�ˇ̌
ˇ̌
1

0

D
�
.1/ tan�1.1/� 1

2
ln2

�
� .0/ D �

4
� 1

2
ln2:

55. Use Eq. (5) to evaluate
Z
x4ex dx.

SOLUTION

Z
x4ex dx D x4ex � 4

Z
x3ex dx D x4ex � 4

�
x3ex � 3

Z
x2ex dx

�

D x4ex � 4x3ex C 12

Z
x2ex dx D x4ex � 4x3ex C 12

�
x2ex � 2

Z
xex dx

�

D x4ex � 4x3ex C 12x2ex � 24
Z
xex dx D x4ex � 4x3ex C 12x2ex � 24

�
xex �

Z
ex dx

�

D x4ex � 4x3ex C 12x2ex � 24
�
xex � ex

�
C C:

Thus,
Z
x4ex dx D ex.x4 � 4x3 C 12x2 � 24x C 24/C C:

56. Use substitution and then Eq. (5) to evaluate
Z
x4e7x dx.

SOLUTION Let u D 7x. Thendu D 7dx, and
Z
x4e7x dx D 1

75

Z
.7x/4e7x.7dx/ D 1

75

Z
u4eu du:

Now use the result from Exercise 55:
Z
x4e7x dx D 1

75
euŒu4 � 4u3 C 12u2 � 24uC 24�C C

D 1

75
e7x Œ.7x/4 � 4.7x/3 C 12.7x/2 � 24.7x/C 24�C C

D 1

75
e7x Œ2401x4 � 1372x3 C 588x2 � 168x C 24�C C:

57. Find a reduction formula for
Z
xne�x dx similar to Eq. (5).

SOLUTION Let u D xn andv0 D e�x . Then

u D xn v D �e�x

u0 D nxn�1 v0 D e�x

Using Integration by Parts, we get
Z
xne�x dx D �xne�x �

Z
nxn�1.�e�x/ dx D �xne�x C n

Z
xn�1e�x dx:

58. Evaluate
R
xn ln x dx for n ¤ �1. Which method should be used to evaluate

R
x�1 lnx dx?

SOLUTION Let u D ln x andv0 D xn. Then we have

u D ln x v D xnC1

nC 1

u0 D 1

x
v0 D xn

and
Z
xn lnx dx D xnC1

nC 1
lnx �

Z
1

x
� x
nC1

nC 1
dx D xnC1

nC 1
lnx � 1

nC 1

Z
xn dx
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D xnC1

nC 1
lnx � 1

nC 1
� x
nC1

nC 1
D xnC1

nC 1

�
lnx � 1

nC 1

�
C C:

Forn D �1,
R
x�1 ln x dx, use the substitutionu D lnx, du D dx=x. Then

Z
x�1 ln x dx D

Z
udu D u2

2
C C D 1

2
.lnx/2 C C:

In Exercises 59–66, indicate a good method for evaluating the integral (but do not evaluate). Your choices are algebraic manipula-
tion, substitution (specifyu anddu), and Integration by Parts (specifyu andv0). If it appears that the techniques you have learned
thus far are not sufficient, state this.

59.
Z p

x lnx dx

SOLUTION Use Integration by Parts, withu D lnx andv0 D
p
x.

60.
Z
x2 �

p
x

2x
dx

SOLUTION Use algebraic manipulation:

x2 �
p
x

2x
D x

2
� 1

2
p
x
:

61.
Z

x3 dxp
4 � x2

SOLUTION Use substitution, followed by algebraic manipulation: Letu D 4 � x2. Thendu D �2x dx, x2 D 4 � u, and

Z
x3p
4 � x2

dx D �1
2

Z
.x2/.�2x dx/p

u
D �1

2

Z
.4 � u/.du/p

u
D �1

2

Z �
4p
u

� up
u

�
du:

62.
Z

dxp
4 � x2

SOLUTION The techniques learned so far are insufficient. This problem requires the technique of trigonometric substitution.

63.
Z

x C 2

x2 C 4x C 3
dx

SOLUTION Use substitution. Letu D x2 C 4x C 3; thendu D 2x C 4 dx D 2.x C 2/ dx, and
Z

x C 2

x2 C 4x C 3
dx D 1

2

Z
1

u
du

64.
Z

dx

.x C 2/.x2 C 4x C 3/

SOLUTION The techniques learned so far are insufficient. This problem requires the technique of trigonometric substitution.

65.
Z
x sin.3x C 4/ dx

SOLUTION Use Integration by Parts, withu D x andv0 D sin.3x C 4/.

66.
Z
x cos.9x2/ dx

SOLUTION Use substitution, withu D 9x2 anddu D 18x dx.

67. Evaluate
Z
.sin�1 x/2 dx. Hint: Use Integration by Parts first and then substitution.

SOLUTION First use integration by parts withv0 D 1 to get

Z
.sin�1 x/2 dx D x.sin�1 x/2 � 2

Z
x sin�1 x dxp

1 � x2
:

Now use substitution on the integral on the right, withu D sin�1 x. Thendu D dx=
p
1 � x2 and x D sinu, and we get (using

Integration by Parts again)
Z
x sin�1 x dxp

1 � x2
D
Z
u sinudu D �u cosuC sinuC C D �

p
1 � x2 sin�1 x C x C C:

where cosu D
p
1 � sin2 u D

p
1 � x2. So the final answer is
Z
.sin�1 x/2 dx D x.sin�1 x/2 C 2

p
1 � x2 sin�1 x � 2x C C:
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68. Evaluate
Z
.ln x/2 dx

x2
. Hint: Use substitution first and then Integration by Parts.

SOLUTION Letw D ln x. Thendw D dx=x, ew D x, and

Z
.ln x/2 dx

x2
D
Z
w2dw

ew
:

Now use Integration by Parts, withu D w2 andv0 D e�w :

Z
w2dw

ew
D �w2e�w �

Z
2w.�e�w / dw D �w2e�w C 2.�we�w � e�w /C C

D �e�w .w2 C 2w C 2/C C D �e� lnx..lnx/2 C 2 lnx C 2/C C:

The final answer is
Z
.lnx/2 dx

x2
D �Œ.lnx/2 C 2 lnx C 2�

x
C C:

69. Evaluate
Z
x7 cos.x4/ dx.

SOLUTION First, letw D x4. Thendw D 4x3 dx and
Z
x7 cos.x4/ dx D 1

4

Z
w cosx dw:

Now, use Integration by Parts withu D w andv0 D cosw. Then
Z
x7 cos.x4/ dx D 1

4

�
w sinw �

Z
sinw dw

�
D 1

4
w sinw C 1

4
cosw C C D 1

4
x4 sin.x4/C 1

4
cos.x4/C C:

70. Findf .x/, assuming that
Z
f .x/ex dx D f .x/ex �

Z
x�1ex dx

SOLUTION We see that Integration by Parts was applied to
Z
f .x/ ex dx with u D f .x/ andv0 D ex , and that therefore

f 0.x/ D u0 D x�1. Thusf .x/ D lnx C C for any constantC .

71. Find the volume of the solid obtained by revolving the region undery D ex for 0 � x � 2 about they-axis.

SOLUTION By the Method of Cylindrical Shells, the volumeV of the solid is

V D
Z b

a
.2�r/h dx D 2�

Z 2

0
xex dx:

Using Integration by Parts withu D x andv0 D ex, we find

V D 2� .xex � ex/
ˇ̌
ˇ
2

0
D 2�

�
.2e2 � e2/� .0 � 1/

�
D 2�.e2 C 1/:

72. Find the area enclosed byy D ln x andy D .lnx/2.

SOLUTION The two graphs intersect atx D 1 and atx D e, and lnx is above.lnx/2, so the area is

Z e

1
lnx � .ln x/2 dx D

Z e

1
lnx dx �

Z e

1
.ln x/2 dx

Using integration by parts for the second integral, letu D .lnx/2, v0 D 1; thenu0 D 2 lnx
x andv D x, so that

Z e

1
.lnx/2 dx D

�
x.ln x/2

� ˇ̌
ˇ̌
e

1

� 2

Z e

1
ln x D e � 2

Z e

1
lnx

Substituting this back into the original equation gives
Z e

1
lnx � .ln x/2 dx D 3

Z e

1
lnx dx � e

We use integration by parts to evaluate the remaining integral, withu D lnx andv0 D 1; thenu0 D 1
x andv D x, so that

Z e

1
lnx dx D x lnx

ˇ̌
ˇ̌
e

1

�
Z e

1
1 dx D e � .e � 1/ D 1
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and thus, substituting back in, the value of the original integral is
Z e

1
ln x � .lnx/2 dx D 3

Z e

1
ln x dx � e D 3 � e

73. Recall that thepresent value(PV) of an investment that pays out income continuously at a rateR.t/ for T years isZ T

0
R.t/e�rt dt , wherer is the interest rate. Find the PV ifR.t/ D 5000C 100t $/year,r D 0:05 andT D 10 years.

SOLUTION The present value is given by

PV D
Z T

0
R.t/e�rt dt D

Z 10

0
.5000C 100t/e�rt dt D 5000

Z 10

0
e�rt dt C 100

Z 10

0
te�rt dt:

Using Integration by Parts for the integral on the right, withu D t andv0 D e�rt , we find

PV D 5000

�
�1
r
e�rt

�ˇ̌
ˇ̌
10

0

C 100

"�
� t
r
e�rt

�ˇ̌
ˇ̌
10

0

�
Z 10

0

�1
r
e�rt dt

#

D �5000
r
e�rt

ˇ̌
ˇ̌
10

0

� 100

r

�
te�rt C 1

r
e�rt

�ˇ̌
ˇ̌
10

0

D �5000
r
.e�10r � 1/ � 100

r

��
10e�10r C 1

r
e�10r

�
�
�
0C 1

r

��

D e�10r
�
�5000

r
� 1000

r
� 100

r2

�
C 5000

r
C 100

r2

D 5000r C 100 � e�10r .6000r C 100/

r2
:

74. Derive the reduction formula
Z
.lnx/k dx D x.lnx/k � k

Z
.ln x/k�1 dx 6

SOLUTION Use Integration by Parts withu D .lnx/k andv0 D 1. Thenu0 D k.lnx/k�1=x, v D x, and we get

Z
.lnx/k dx D x.ln x/k � k

Z
.lnx/k�1x dx

x
D x.ln x/k � k

Z
.ln x/k�1 dx:

75. Use Eq. (6) to calculate
Z
.lnx/k dx for k D 2; 3.

SOLUTION

Z
.ln x/2 dx D x.ln x/2 � 2

Z
lnx dx D x.ln x/2 � 2.x ln x � x/C C D x.lnx/2 � 2x lnx C 2x C C I

Z
.ln x/3 dx D x.ln x/3 � 3

Z
.ln x/2 dx D x.ln x/3 � 3

h
x.lnx/2 � 2x lnx C 2x

i
C C

D x.ln x/3 � 3x.ln x/2 C 6x lnx � 6x C C:

76. Derive the reduction formulas
Z
xn cosx dx D xn sinx � n

Z
xn�1 sinx dx

Z
xn sinx dx D �xn cosx C n

Z
xn�1 cosx dx

SOLUTION For
R
xn cosx dx, letu D xn andv0 D cosx. Then we have

u D xn v D sinx

u0 D nxn�1 v0 D cosx

Using Integration by Parts, we get
Z
xn cosx dx D xn sinx � n

Z
xn�1 sinx dx:
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For
Z
xn sinx dx, letu D xn andv0 D sinx. Then we have

u D xn v D � cosx

u0 D nxn�1 v0 D sinx

Using Integration by Parts, we get
Z
xn sinx dx D �xn cosx C n

Z
xn�1 cosx dx:

77. Prove that
Z
xbx dx D bx

�
x

ln b
� 1

ln2 b

�
C C .

SOLUTION Let u D x andv0 D bx . Thenu0 D 1 andv D bx= ln b. Using Integration by Parts, we get

Z
x bx dx D xbx

ln b
� 1

ln b

Z
bx dx D xbx

ln b
� 1

ln b
� b

x

ln b
C C D bx

�
x

ln b
� 1

.lnb/2

�
C C:

78. DefinePn.x/ by
Z
xnex dx D Pn.x/ e

x C C

Use Eq. (5) to prove thatPn.x/ D xn �nPn�1.x/. Use this recursion relation to findPn.x/ for n D 1; 2; 3; 4. Note thatP0.x/ D 1.

SOLUTION Use induction onn. Clearly forn D 0, we have

Z
x0ex dx D

Z
ex dx D ex C C D .1/ex C C

so we may takeP0.x/ D 1 D x0 � 0. Now assume that
Z
xnex dx D Pn.x/e

x C C

wherePn.x/ D xn � nPn�1.x/. Then using Eq. (5) withnC 1 in place ofn gives
Z
xnC1ex dx D xnC1ex � .nC 1/

Z
xnex dx D xnC1ex � .nC 1/.Pn.x/e

x C C1/

D .xnC1 � .nC 1/Pn.x//e
x C C

Thus we may definePnC1.x/ D xnC1 � .nC 1/Pn.x/ and we get
Z
xnC1ex dx D PnC1.x/ex C C

as required.

Further Insights and Challenges

79. The Integration by Parts formula can be written
Z
u.x/v.x/ dx D u.x/V .x/�

Z
u0.x/V .x/ dx 7

whereV.x/ satisfiesV 0.x/ D v.x/.

(a) Show directly that the right-hand side of Eq. (7) does not change ifV.x/ is replaced byV.x/C C , whereC is a constant.

(b) Useu D tan�1 x andv D x in Eq. (7) to calculate
Z
x tan�1 x dx, but carry out the calculation twice: first withV.x/ D 1

2x
2

and then withV.x/ D 1
2x
2 C 1

2 . Which choice ofV.x/ results in a simpler calculation?

SOLUTION

(a) ReplacingV.x/ with V.x/C C in the expressionu.x/V .x/�
R
V.x/u0.x/ dx, we get

u.x/.V .x/C C/ �
Z
.V .x/C C/u0.x/ dx D u.x/V .x/C u.x/C �

Z
V.x/u0.x/ dx � C

Z
u0.x/ dx

D u.x/V .x/�
Z
V.x/u0.x/ dx C C

�
u.x/�

Z
u0.x/ dx

�
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D u.x/V .x/�
Z
V.x/u0.x/ dx C C Œu.x/� u.x/�

D u.x/V .x/�
Z
V.x/u0.x/ dx:

(b) If we evaluate
Z
x tan�1 x dx with u D tan�1 x andv0 D x, and if we don’t add a constant tov, Integration by Parts gives us

Z
x tan�1 x dx D x2

2
tan�1 x � 1

2

Z
x2dx

x2 C 1
:

The integral on the right requires algebraic manipulation in order to evaluate. But if we takeV.x/ D 1
2x
2 C 1

2 instead ofV.x/ D
1
2x
2, then

Z
x tan�1 x dx D

�
1

2
x2 C 1

2

�
tan�1 x � 1

2

Z
x2 C 1

x2 C 1
dx D 1

2
.x2 C 1/ tan�1 x � 1

2
x C C

D 1

2
.x2 tan�1 x � x C tan�1 x/C C:

80. Prove in two ways that
Z a

0
f .x/ dx D af .a/�

Z a

0
xf 0.x/ dx 8

First use Integration by Parts. Then assumef .x/ is increasing. Use the substitutionu D f .x/ to prove that
Z a

0
xf 0.x/ dx is equal

to the area of the shaded region in Figure 1 and derive Eq. (8) a second time.

0 a
x

y y = f(x)
f (a)

f (0)

FIGURE 1

SOLUTION Let u D f .x/ andv0 D 1. Then Integration by Parts gives

Z a

0
f .x/ dx D xf .x/

ˇ̌
ˇ̌
a

0

�
Z a

0
xf 0.x/ dx D af .a/�

Z a

0
xf 0.x/ dx:

Alternately, letu D f .x/. Thendu D f 0.x/ dx, and if f .x/ is either increasing or decreasing, it has an inverse function, and
x D f �1.u/. Thus,

Z xDa

xD0
xf 0.x/ dx D

Z f.a/

f .0/
f �1.u/ du

which is precisely the area of the shaded region in Figure 1 (integrating along the vertical axis). Since the area of the entire rectangle
is af .a/, the difference between the areas of the two regions is

R a
0 f .x/ dx.

81. Assume thatf .0/ D f .1/ D 0 and thatf 00 exists. Prove
Z 1

0
f 00.x/f .x/ dx D �

Z 1

0
f 0.x/2 dx 9

Use this to prove that iff .0/ D f .1/ D 0 andf 00.x/ D �f .x/ for some constant�, then� < 0. Can you think of a function
satisfying these conditions for some�?

SOLUTION Let u D f .x/ andv0 D f 00.x/. Using Integration by Parts, we get

Z 1

0
f 00.x/f .x/ dx D f .x/f 0.x/

ˇ̌
ˇ
1

0
�
Z 1

0
f 0.x/2 dx D f .1/f 0.1/ � f .0/f 0.0/ �

Z 1

0
f 0.x/2 dx D �

Z 1

0
f 0.x/2 dx:

Now assume thatf 00.x/ D �f .x/ for some constant�. Then
Z 1

0
f 00.x/f .x/ dx D �

Z 1

0
Œf .x/�2 dx D �

Z 1

0
f 0.x/2 dx < 0:

Since
Z 1

0
Œf .x/�2 dx > 0, we must have� < 0. An example of a function satisfying these properties for some� is f .x/ D sin�x.



S E C T I O N 7.1 Integration by Parts 801

82. SetI.a; b/ D
Z 1

0
xa.1 � x/b dx, wherea; b are whole numbers.

(a) Use substitution to show thatI.a; b/ D I.b; a/.

(b) Show thatI.a; 0/ D I.0; a/ D 1

aC 1
.

(c) Prove that fora � 1 andb � 0,

I.a; b/ D a

b C 1
I.a � 1; b C 1/

(d) Use (b) and (c) to calculateI.1; 1/ andI.3; 2/.

(e) Show thatI.a; b/ D aŠ bŠ

.aC b C 1/Š
.

SOLUTION

(a) Let u D 1 � x. Thendu D �dx and

I.a; b/ D
Z uD0

uD1
.1� u/aub.�du/ D

Z 1

0
ub.1 � u/a du D I.b; a/:

(b) I.a; 0/ D I.0; a/ by part (a). Further,

I.a; 0/ D
Z 1

0
xa.1 � x/0 dx D

Z 1

0
xa dx D 1

aC 1
:

(c) Using Integration by Parts withu D xa andv0 D .1 � x/b gives

I.a; b/ D �xa
 
.1 � x/bC1

b C 1

!ˇ̌
ˇ̌
ˇ

1

0

C a

b C 1

Z 1

0
xa�1.1 � x/bC1 D a

b C 1
I.a � 1; b C 1/

.
(d)

I.1; 1/ D 1

1C 1
I.1 � 1; 1C 1/ D 1

2
I.0; 2/ D 1

2
� 1
3

D 1

6

I.3; 2/ D 1

2
I.4; 2/ D 1

2
� 1
5
I.5; 0/ D 1

10
� 1
6

D 1

60
:

(e) We proceed as follows:

I.a; b/ D a

b C 1
I.a � 1; b C 1/ D a

b C 1
� a � 1

b C 2
I.a � 2; b C 2/

:::

D a

b C 1
� a � 1

b C 2
� � � 1

b C a
I.0; b C a/

D a.a � 1/ � � � .1/
.b C 1/.b C 2/ � � � .b C a/

� 1

b C aC 1

D bŠ aŠ

bŠ .b C 1/.b C 2/ � � � .b C a/.b C aC 1/
D aŠ bŠ

.aC b C 1/Š
:

83. Let In D
Z
xn cos.x2/ dx andJn D

Z
xn sin.x2/ dx.

(a) Find a reduction formula that expressesIn in terms ofJn�2. Hint: Write xn cos.x2/ asxn�1.x cos.x2//.

(b) Use the result of (a) to show thatIn can be evaluated explicitly ifn is odd.
(c) EvaluateI3.

SOLUTION

(a) Integration by Parts withu D xn�1 andv0 D x cos.x2/ dx yields

In D 1

2
xn�1 sin.x2/� n� 1

2

Z
xn�2 sin.x2/ dx D 1

2
xn�1 sin.x2/ � n� 1

2
Jn�2:

(b) If n is odd, the reduction process will eventually lead to either
Z
x cos.x2/ dx or

Z
x sin.x2/ dx;

both of which can be evaluated using the substitutionu D x2.
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(c) Starting with the reduction formula from part (a), we find

I3 D 1

2
x2 sin.x2/� 2

2

Z
x sin.x2/ dx D 1

2
x2 sin.x2/C 1

2
cos.x2/C C:

7.2 Trigonometric Integrals

Preliminary Questions
1. Describe the technique used to evaluate

Z
sin5 x dx.

SOLUTION Because the sine function is raised to an odd power, rewrite sin5 x D sinx sin4 x D sinx.1 � cos2 x/2 and then
substituteu D cosx.

2. Describe a way of evaluating
Z

sin6 x dx.

SOLUTION Repeatedly use the reduction formula for powers of sinx.

3. Are reduction formulas needed to evaluate
Z

sin7 x cos2 x dx? Why or why not?

SOLUTION No, a reduction formula is not needed because the sine function is raised to an odd power.

4. Describe a way of evaluating
Z

sin6 x cos2 x dx.

SOLUTION Because both trigonometric functions are raised to even powers, write cos2 x D 1 � sin2 x and then apply the
reduction formula for powers of the sine function.

5. Which integral requires more work to evaluate?
Z

sin798 x cosx dx or
Z

sin4 x cos4 x dx

Explain your answer.

SOLUTION The first integral can be evaluated using the substitutionu D sinx, whereas the second integral requires the use of
reduction formulas. The second integral therefore requires more work to evaluate.

Exercises
In Exercises 1–6, use the method for odd powers to evaluate the integral.

1.
Z

cos3 x dx

SOLUTION Use the identity cos2 x D 1 � sin2 x to rewrite the integrand:

Z
cos3 x dx D

Z �
1 � sin2 x

�
cosx dx:

Now use the substitutionu D sinx, du D cosx dx:
Z

cos3 x dx D
Z �

1 � u2
�
du D u � 1

3
u3 C C D sinx � 1

3
sin3 x C C:

2.
Z

sin5 x dx

SOLUTION Use the identity sin2 x D 1 � cos2 x to rewrite the integrand:

Z
sin5 x dx D

Z �
sin2 x

�2
sinx dx D

Z �
1 � cos2 x

�2
sinx dx:

Now use the substitutionu D cosx, du D � sinx dx:
Z

sin5 x dx D �
Z �

1 � u2
�2
du D �

Z �
1 � 2u2 C u4

�
du D �uC 2

3
u3 � 1

5
u5 C C

D � cosx C 2

3
cos3 x � 1

5
cos5 x C C:
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3.
Z

sin3 � cos2 � d�

SOLUTION Write sin3 � D sin2 � sin� D .1 � cos2 �/ sin� . Then

Z
sin3 � cos2 � d� D

Z �
1 � cos2 �

�
cos2 � sin� d�:

Now use the substitutionu D cos� , du D � sin� d� :
Z

sin3 � cos2 � d� D �
Z �

1 � u2
�
u2 du D �

Z �
u2 � u4

�
du

D �1
3
u3 C 1

5
u5 C C D �1

3
cos3 � C 1

5
cos5 � C C:

4.
Z

sin5 x cosx dx

SOLUTION Write sin5 x D sin4 x sinx D .1 � cos2 x/2 sinx. Then

Z
cosx sin5 x dx D

Z
cosx

�
1 � cos2 x

�2
sinx dx:

Now use the substitutionu D cosx, du D � sinx dx:
Z

cosx sin5 x dx D �
Z
u
�
1 � u2

�2
du D �

Z
u
�
1 � 2u2 C u4

�
du D

Z �
�uC 2u3 � u5

�
du

D �1
2
u2 C 1

2
u4 � 1

6
u6 C C D �1

2
cos2 x C 1

2
cos4 x � 1

6
cos6 x C C:

5.
Z

sin3 t cos3 t dt

SOLUTION Write sin3 t D .1 � cos2 t/ sint dt . Then

Z
sin3 t cos3 t dt D

Z
.1 � cos2 t/ cos3 t sint dt D

Z �
cos3 t � cos5 t

�
sint dt:

Now use the substitutionu D cost , du D � sint dt :
Z

sin3 t cos3 t dt D �
Z �

u3 � u5
�
du D �1

4
u4 C 1

6
u6 C C D �1

4
cos4 t C 1

6
cos6 t C C:

6.
Z

sin2 x cos5 x dx

SOLUTION Write cos5 x D cos4 x cosx D .1 � sin2 x/2 cosx. Then

Z
sin2 x cos5 x dx D

Z
sin2 x

�
1 � sin2 x

�2
cosx dx:

Now use the substitutionu D sinx, du D cosx dx:
Z

sin2 x cos5 x dx D
Z
u2
�
1 � u2

�2
du D

Z �
u2 � 2u4 C u6

�
du

D 1

3
u3 � 2

5
u5 C 1

7
u7 C C D 1

3
sin3 x � 2

5
sin5 x C 1

7
sin7 x C C:

7. Find the area of the shaded region in Figure 1.

x

y

y = cos3 x
1

−1

p 3p

2
p

2

FIGURE 1 Graph ofy D cos3 x.
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SOLUTION First evaluate the indefinite integral by writing cos3 x D .1 � sin2 x/ cosx, and using the substitutionu D sinx,
du D cosx dx:

Z
cos3 x dx D

Z �
1 � sin2 x

�
cosx dx D

Z �
1 � u2

�
du D u � 1

3
u3 C C D sin x � 1

3
sin3 x C C:

The area is given by

A D
Z �=2

0
cos3 x dx �

Z 3�=2

�=2
cos3 x dx D

�
sinx � 1

3
sin3 x

�ˇ̌
ˇ̌
�=2

0

�
�

sinx � 1

3
sin3 x

�ˇ̌
ˇ̌
3�=2

�=2

D
��

sin
�

2
� 1

3
sin3

�

2

�
� 0

�
�
��

sin
3�

2
� 1

3
sin3

3�

2

�
�
�

sin
�

2
� 1

3
sin3

�

2

��

D 1 � 1

3
.1/3 � .�1/C 1

3
.�1/3 C 1 � 1

3
.1/3 D 2:

8. Use the identity sin2 x D 1� cos2 x to write
R

sin2 x cos2 x dx as a sum of two integrals, and then evaluate using the reduction
formula.

SOLUTION Using the identity sin2 x D 1 � cos2 x, we get

Z
sin2 x cos2 x d D

Z �
1 � cos2 x

�
cos2 x dx D

Z
cos2 x dx �

Z
cos4 x dx:

Using the reduction formula for cosm x, we get

Z
cos4 x dx D cos3 x sinx

4
C 3

4

Z
cos2 x dx:

Thus,
Z

sin2 x cos2 x dx D
Z

cos2 x � 1

4
cos3 x sinx � 3

4

Z
cos2 x dx D �1

4
cos3 x sinx C 1

4

Z
cos2 x dx:

Using the reduction formula again, we have
Z

sin2 x cos2 x dx D �1
4

cos3 x sinx C 1

4

�
cosx sinx

2
C 1

2

Z
dx

�
D �1

4
cos3 x sinx C 1

8
cosx sinx C 1

8
x C C:

In Exercises 9–12, evaluate the integral using methods employed in Examples 3 and 4.

9.
Z

cos4 y dy

SOLUTION Using the reduction formula for cosm y, we get

Z
cos4 y dy D 1

4
cos3 y siny C 3

4

Z
cos2 y dy D 1

4
cos3 y siny C 3

4

�
1

2
cosy siny C 1

2

Z
dy

�

D 1

4
cos3 y siny C 3

8
cosy siny C 3

8
y C C:

10.
Z

cos2 � sin2 � d�

SOLUTION First use the identity cos2 � D 1 � sin2 � to write:

Z
cos2 � sin2 � d� D

Z �
1 � sin2 �

�
sin2 � d� D

Z
sin2 � d� �

Z
sin4 � d�:

Using the reduction formula for sinm � , we get
Z

cos2 � sin2 � d� D
Z

sin2 � d� �
�
�1
4

sin3 � cos� C 3

4

Z
sin2 � d�

�
D 1

4
sin3 � cos� C 1

4

Z
sin2 � d�

D 1

4
sin3 � cos� C 1

4

�
�1
2

sin � cos� C 1

2

Z
d�

�
D 1

4
sin3 � cos� � 1

8
sin � cos� C 1

8
� C C:

11.
Z

sin4 x cos2 x dx
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SOLUTION Use the identity cos2 x D 1 � sin2 x to write:

Z
sin4 x cos2 x dx D

Z
sin4 x

�
1 � sin2 x

�
dx D

Z
sin4 x dx �

Z
sin6 x dx:

Using the reduction formula for sinm x:
Z

sin4 x cos2 x dx D
Z

sin4 x dx �
�
�1
6

sin5 x cosx C 5

6

Z
sin4 x dx

�

D 1

6
sin5 x cosx C 1

6

Z
sin4 x dx D 1

6
sin5 x cosx C 1

6

�
�1
4

sin3 x cosx C 3

4

Z
sin2 x dx

�

D 1

6
sin5 x cosx � 1

24
sin3 x cosx C 1

8

Z
sin2 x dx

D 1

6
sin5 x cosx � 1

24
sin3 x cosx C 1

8

�
�1
2

sinx cosx C 1

2

Z
dx

�

D 1

6
sin5 x cosx � 1

24
sin3 x cosx � 1

16
sinx cosx C 1

16
x C C:

12.
Z

sin2 x cos6 x dx

SOLUTION Use the identity sin2 x D 1 � cos2 x to write

Z
sin2 x cos6 x dx D

Z
.1 � cos2 x/ cos6 x dx D

Z
cos6 x dx �

Z
cos8 x dx

Now use the reduction formula for cosn x:
Z

cos6 x dx D cos5 x sinx

6
C 5

6

Z
cos4 x dx

D cos5 x sinx

6
C 5

6

 
cos3 x sinx

4
C 3

4

Z
cos2 x dx

!

D 1

6
cos5 x sinx C 5

24
cos3 x sinx C 15

24

�
x

2
C sin 2x

4

�
C C

D 1

6
cos5 x sinx C 5

24
cos3 x sinx C 15

48
x C 15

96
sin 2x C C

and
Z

cos8 x dx D 1

8
cos7 x sinx C 7

8

Z
cos6 x dx

D 1

8
cos7 x sinx C 7

8

�
1

6
cos5 x sinx C 5

24
cos3 x sinx C 15

48
x C 15

96
sin 2x

�
C C

D 1

8
cos7 x sinx C 7

48
cos5 x sinx C 35

192
cos3 x sinx C 105

384
x C 105

768
sin 2x C C

so that
Z

sin2 x cos6 x dx D �1
8

cos7 x sinx C 1

48
cos5 x sinx C 5

192
cos3 x sinx C 5

128
x C 5

256
sin 2x C C

In Exercises 13 and 14, evaluate using Eq. (13).

13.
Z

sin3 x cos2 x dx

SOLUTION First rewrite sin3 x D sinx � sin2 x D sinx.1 � cos2 x/, so that

Z
sin3 x cos2 x dx D

Z
sinx.1 � cos2 x/ cos2 x dx D

Z
sinx.cos2 x � cos4 x/ dx

Now make the substitutionu D cosx, du D � sinx dx:
Z

sinx.cos2 x � cos4 x/dx D �
Z
u2 � u4 du D 1

5
u5 � 1

3
u3 C C D 1

5
cos5 x � 1

3
cos3 x C C
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14.
Z

sin2 x cos4 x dx

SOLUTION Using the formula for
R

sinm x cosn x dx, we get

I D
Z

sin2 x cos4 x dx D 1

6
sin3 x cos3 x C 3

6

Z
sin2 x cos2 x dx D 1

6
sin3 x cos3 x C 1

2

Z
sin2 x cos2 x dx:

Applying the formula again on the remaining integral, we get
Z

sin2 x cos2 x dx D 1

4
sin3 x cosx C 1

4

Z
sin2 x cos0 x dx D 1

4
sin3 x cosx C 1

4

Z
sin2 x dx:

The final result is

I D 1

6
sin3 x cos3 x C 1

2

�
1

4
sin3 x cosx C 1

4

Z
sin2 x dx

�

D 1

6
sin3 x cos3 x C 1

8
sin3 x cosx C 1

8

�
1

2
x � 1

2
sinx cosx

�
C C

D 1

6
sin3 x cos3 x C 1

8
sin3 x cosx C 1

16
x � 1

16
sin x cosx C C:

In Exercises 15–18, evaluate the integral using the method described on page 409 and the reduction formulas on page 410 as
necessary.

15.
Z

tan3 x secx dx

SOLUTION Use the identity tan2 x D sec2 x � 1 to rewrite tan3 x secx D .sec2 x � 1/ secx tanx. Then use the substitution
u D secx, du D secx tanx dx:

Z
tan3 x secx dx D

Z
.sec2 x � 1/ secx tanx dx D

Z
u2 � 1 du D 1

3
u3 � uC C D 1

3
sec3 x � secx C C

16.
Z

tan2 x secx dx

SOLUTION First use the identity tan2 x D sec2 x � 1:
Z

tan2 x secx dx D
Z
.sec2 x � 1/ secx dx D

Z
sec3 x � secx dx D

Z
sec3 x dx � ln j secx C tanxj

To evaluate the remaining integral, we use the reduction formula:
Z

sec3 x dx D 1

2
secx tanx C 1

2

Z
secx dx D 1

2
secx tanx C 1

2
ln j secx C tanxj

so that finally, putting these together,
Z

tan2 x secx dx D
Z

sec3 x dx � ln j secx C tanxj D 1

2
.secx tanx � ln j secx C tanxj/C C

17.
Z

tan2 x sec4 x dx

SOLUTION First use the identity tan2 x D sec2 x � 1:
Z

tan2 x sec4 x dx D
Z
.sec2 x � 1/ sec4 x dx D

Z
sec6 x � sec4 x dx D

Z
sec6 x dx �

Z
sec4 x; dx

We evaluate the second integral using the reduction formula:
Z

sec4 x dx D 1

3
tanx sec2 x C 2

3

Z
sec2 x dx

D 1

3
tanx sec2 x C 2

3
tanx

Then
Z

sec6 x dx D 1

5
tanx sec4 x C 4

5

Z
sec4 x dx

D 1

5
tanx sec4 x C 4

5

�
1

3
tanx sec2 x C 2

3
tanx

�
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D 1

5
tanx sec4 x C 4

15
tanx sec2 x C 8

15
tanx

so that
Z

tan2 x sec4 x dx D
Z

sec6 x dx �
Z

sec4 x dx

D 1

5
tanx sec4 x � 1

15
tanx sec2 x � 2

15
tanx C C

18.
Z

tan8 x sec2 x dx

SOLUTION Use the substitutionu D tanx, du D sec2 x dx; then
Z

tan8 x sec2 x dx D
Z
u8 du D 1

9
u9 D 1

9
tan9 x C C

In Exercises 19–22, evaluate using methods similar to those that apply to integraltanm x secn.

19.
Z

cot3 x dx

SOLUTION Using the reduction formula for cotm x, we get
Z

cot3 x dx D �1
2

cot2 x �
Z

cotx dx D �1
2

cot2 x C ln j cscxj C C:

20.
Z

sec3 x dx

SOLUTION Using the reduction formula for secm x, we get
Z

sec3 x dx D 1

2
tanx secx C 1

2

Z
secx dx D 1

2
tanx secx C 1

2
ln j secx C tanxj C C:

21.
Z

cot5 x csc2 x dx

SOLUTION Make the substitutionu D cotx, du D � csc2 x dx; then
Z

cot5 x csc2 x dx D �
Z
u5 du D �1

6
u6 D �1

6
cot6 x C C

22.
Z

cot4 x cscx dx

SOLUTION Use the identity cot2 x D csc2 x � 1 to write
Z

cot4 x cscx dx D
Z
.csc2 x � 1/2 cscx dx D

Z
csc5 x � 2 csc3 x C cscx dx

Now apply the reduction formula:
Z

csc3 x dx D �1
2

cotx cscx C 1

2

Z
cscx dx D �1

2
cotx cscx � 1

2
ln j cscx C cotxj C C

so that
Z

csc5 x dx D �1
4

cotx csc3 x C 3

4

Z
csc3 x dx

D �1
4

cotx csc3 x � 3

4

�
1

2
cotx cscx C 1

2
ln j cscx C cotxj

�
C C

D �1
4

cotx csc3 x � 3

8
cotx cscx � 3

8
ln j cscx C cotxj C C

Putting all this together, we get
Z

cot4 x cscx dx D
Z

csc5 x dx � 2

Z
csc3 x dx C

Z
cscx dx

D �1
4

cotx csc3 x � 3

8
cotx cscx � 3

8
ln j cscx C cotxj C cotx cscx

C ln j cscx C cotxj � ln j cscx C cotxj C C

D �1
4

cotx csc3 x C 5

8
cotx cscx � 3

8
ln j cscx C cotxj C C
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In Exercises 23–46, evaluate the integral.

23.
Z

cos5 x sinx dx

SOLUTION Use the substitutionu D cosx, du D � sinx dx. Then
Z

cos5 x sinx dx D �
Z
u5 du D �1

6
u6 C C D �1

6
cos6 x C C:

24.
Z

cos3.2 � x/ sin.2� x/ dx

SOLUTION Use the substitutionu D cos.2� x/, du D sin.2 � x/ dx. Then
Z

cos3.2 � x/ sin.2� x/ dx D
Z
u3 du D 1

4
u4 C C D 1

4
cos4.2 � x/C C

25.
Z

cos4.3x C 2/ dx

SOLUTION First use the substitutionu D 3x C 2, du D 3dx and then apply the reduction formula for cosn x:
Z

cos4.3x C 2/ dx D 1

3
cos4 udu D 1

3

�
1

4
cos3 u sinuC 3

4

Z
cos2 udu

�

D 1

12
cos3 u sinuC 1

4

�
u

2
C sin 2u

4

�
C C

D 1

12
cos3.3x C 2/ sin.3x C 2/C 1

8
.3x C 2/C 1

16
sin.6x C 4/C C

26.
Z

cos7 3x dx

SOLUTION Use the substitutionu D 3x, du D 3 dx, and the reduction formula for cosm x:
Z

cos7 3x dx D 1

3

Z
cos7 udu D 1

21
cos6 u sinuC 6

21

Z
cos5 udu

D 1

21
cos6 u sinuC 2

7

�
1

5
cos4 u sinuC 4

5

Z
cos3 udu

�

D 1

21
cos6 u sinuC 2

35
cos4 u sinuC 8

35

�
1

3
cos2 u sinuC 2

3

Z
cosudu

�

D 1

21
cos6 u sinuC 2

35
cos4 u sinuC 8

105
cos2 u sinuC 16

105
sinuC C

D 1

21
cos6 3x sin3x C 2

35
cos4 3x sin3x C 8

105
cos2 3x sin3x C 16

105
sin 3x C C:

27.
Z

cos3.��/ sin4.��/ d�

SOLUTION Use the substitutionu D �� , du D � d� , and the identity cos2 u D 1 � sin2 u to write
Z

cos3.��/ sin4.��/ d� D 1

�

Z
cos3 u sin4 udu D 1

�

Z �
1 � sin2 u

�
sin4 u cosudu:

Now use the substitutionw D sinu, dw D cosu du:
Z

cos3.��/ sin4.��/ d� D 1

�

Z �
1 � w2

�
w4 dw D 1

�

Z �
w4 � w6

�
dw D 1

5�
w5 � 1

7�
w7 C C

D 1

5�
sin5.��/ � 1

7�
sin7.��/C C:

28.
Z

cos498 y sin3 y dy

SOLUTION Use the identity sin2 y D 1 � cos2 y to write
Z

cos498 y sin3 y dy D
Z

cos498 y
�
1 � cos2 y

�
siny dy:

Now use the substitutionu D cosy, du D � siny dy:
Z

cos498 y sin3 y dy D �
Z
u498

�
1 � u2

�
du D �

Z �
u498 � u500

�
du

D � 1

499
u499 C 1

501
u501 C C D � 1

499
cos499 y C 1

501
cos501 y C C:
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29.
Z

sin4.3x/ dx

SOLUTION Use the substitutionu D 3x, du D 3 dx and the reduction formula for sinm x:

Z
sin4.3x/ dx D 1

3

Z
sin4 udu D � 1

12
sin3 u cosuC 1

4

Z
sin2 udu

D � 1

12
sin3 u cosuC 1

4

�
�1
2

sinu cosuC 1

2

Z
du

�

D � 1

12
sin3 u cosu � 1

8
sinu cosuC 1

8
uC C

D � 1

12
sin3.3x/ cos.3x/� 1

8
sin.3x/ cos.3x/C 3

8
x C C:

30.
Z

sin2 x cos6 x dx

SOLUTION Use the identity sin2 x D 1 � cos2 x and the reduction formula for cosm x:

Z
sin2 x cos6 x dx D

Z
cos6 x

�
1 � cos2 x

�
dx D

Z
cos6 x dx �

Z
cos8 x dx

D
Z

cos6 x dx �
�
1

8
cos7 x sinx C 7

8

Z
cos6 x dx

�

D �1
8

cos7 x sinx C 1

8

Z
cos6 x dx

D �1
8

cos7 x sinx C 1

8

�
1

6
cos5 x sinx C 5

6

Z
cos4 x dx

�

D �1
8

cos7 x sinx C 1

48
cos5 x sinx C 5

48

Z
cos4 x dx

D �1
8

cos7 x sinx C 1

48
cos5 x sinx C 5

48

�
1

4
cos3 x sinx C 3

4

Z
cos2 x dx

�

D �1
8

cos7 x sinx C 1

48
cos5 x sinx C 5

192
cos3 x sinx C 15

192

Z
cos2 x dx

D �1
8

cos7 x sinx C 1

48
cos5 x sinx C 5

192
cos3 x sinx C 15

192

�
1

2
cosx sinx C 1

2
x

�

D �1
8

cos7 x sinx C 1

48
cos5 x sinx C 5

192
cos3 x sinx C 5

128
cosx sinx C 5

128
x C C:

31.
Z

csc2.3 � 2x/ dx

SOLUTION First make the substitutionu D 3 � 2x, du D �2 dx, so that

Z
csc2.3 � 2x/ dx D 1

2

Z
.� csc2 u/du D 1

2
cotuC C D 1

2
cot.3 � 2x/C C

32.
Z

csc3 x dx

SOLUTION Use the reduction formula for cscm x:

Z
csc3 x dx D �1

2
cotx cscx C 1

2

Z
cscx dx D �1

2
cotx cscx C 1

2
ln j cscx � cotxj C C:

33.
Z

tanx sec2 x dx

SOLUTION Use the substitutionu D tanx, du D sec2 x dx. Then

Z
tanx sec2 x dx D

Z
udu D 1

2
u2 C C D 1

2
tan2 x C C:

34.
Z

tan3 � sec3 � d�
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SOLUTION Use the identity tan2 � D sec2 � � 1 to write

Z
tan3 � sec3 � d� D

Z �
sec2 � � 1

�
sec2 �.sec� tan� d�/:

Now use the substitutionu D sec� , du D sec� tan� d� :
Z

tan3 � sec3 � d� D
Z �

u2 � 1
�
u2 du D

Z �
u4 � u2

�
du D 1

5
u5 � 1

3
u3 C C D 1

5
sec5 � � 1

3
sec3 � C C:

35.
Z

tan5 x sec4 x dx

SOLUTION Use the identity tan2 x D sec2 x � 1 to write

Z
tan5 x sec4 x dx D

Z �
sec2 x � 1

�2
sec3 x.secx tanx dx/:

Now use the substitutionu D secx, du D secx tanx dx:
Z

tan5 x sec4 x dx D
Z �

u2 � 1
�2
u3 du D

Z �
u7 � 2u5 C u3

�
du

D 1

8
u8 � 1

3
u6 C 1

4
u4 C C D 1

8
sec8 x � 1

3
sec6 x C 1

4
sec4 x C C:

36.
Z

tan4 x secx dx

SOLUTION Use the identity tan2 x D sec2 x � 1 to write

Z
tan4 x secx dx D

Z �
sec2 x � 1

�2
secx dx D

Z
sec5 x dx � 2

Z
sec3 x dx C

Z
secx dx:

Now use the reduction formula for secm x:
Z

tan4 x secx dx D
�
1

4
tanx sec3 x C 3

4

Z
sec3 x dx

�
� 2

Z
sec3 x dx C

Z
secx dx

D 1

4
tanx sec3 x � 5

4

Z
sec3 x dx C

Z
secx dx

D 1

4
tanx sec3 x � 5

4

�
1

2
tanx secx C 1

2

Z
secx dx

�
C
Z

secx dx

D 1

4
tanx sec3 x � 5

8
tanx secx C 3

8

Z
secx dx

D 1

4
tanx sec3 x � 5

8
tanx secx C 3

8
ln j secx C tanxj C C:

37.
Z

tan6 x sec4 x dx

SOLUTION Use the identity sec2 x D tan2 x C 1 to write

Z
tan6 x sec4 x dx D

Z
tan6 x

�
tan2 x C 1

�
sec2 x dx:

Now use the substitutionu D tanx, du D sec2 x dx:
Z

tan6 x sec4 x dx D
Z
u6
�
u2 C 1

�
du D

Z �
u8 C u6

�
du D 1

9
u9 C 1

7
u7 C C D 1

9
tan9 x C 1

7
tan7 x C C:

38.
Z

tan2 x sec3 x dx

SOLUTION Use the identity tan2 x D sec2 x � 1 to write

Z
tan2 x sec3 x dx D

Z �
sec2 x � 1

�
sec3 x dx D

Z
sec5 x dx �

Z
sec3 x dx:

Now use the reduction formula for secm x:
Z

tan2 x sec3 x dx D 1

4
tanx sec3 x C 3

4

Z
sec3 x dx �

Z
sec3 x dx
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D 1

4
tanx sec3 x � 1

4

Z
sec3 x dx

D 1

4
tanx sec3 x � 1

4

�
1

2
tanx secx C 1

2

Z
secx dx

�

D 1

4
tanx sec3 x � 1

8
tanx secx � 1

8
ln j secx C tanxj C C:

39.
Z

cot5 x csc5 x dx

SOLUTION First use the identity cot2 x D csc2 x � 1 to rewrite the integral:

Z
cot5 x csc5 x dx D

Z
.csc2 x � 1/2 csc4 x.cotx cscx/ dx D

Z
.csc8 x � 2 csc6 x C csc4 x/.cotx cscx/ dx

Now use the substitutionu D cscx anddu D � cotx cscx dx to get
Z

cot5 x csc5 x dx D �
Z
u8 � 2u6 C u4 du D �1

9
u9 C 2

7
u7 � 1

5
u5 C C

D �1
9

csc9 x C 2

7
csc7 x � 1

5
csc5 x C C

40.
Z

cot2 x csc4 x dx

SOLUTION First rewrite using cot2 x D csc2 x � 1 and then use the reduction formula:

Z
cot2 x csc4 x dx D

Z
.csc2 x � 1/ csc4 x dx D

Z
csc6 x dx �

Z
csc4 x dx

D �1
5

cotx csc4 x C 4

5

Z
csc4 x dx �

Z
csc4 x dx

D �1
5

cotx csc4 x � 1

5

Z
csc4 x dx

D �1
5

cotx csc4 x � 1

5

�
�1
3

cotx csc2 x C 2

3

Z
csc2 x dx

�

D �1
5

cotx csc4 x C 1

15
cotx csc2 x C 2

15
cotx C C

41.
Z

sin2x cos2x dx

SOLUTION Use the substitutionu D sin2x, du D 2 cos2x dx:

Z
sin2x cos2x dx D 1

2

Z
sin 2x.2 cos2x dx/ D 1

2

Z
udu D 1

4
u2 C C D 1

4
sin2 2x C C:

42.
Z

cos4x cos6x dx

SOLUTION Use the formula for
Z

cosmx cosnx dx:

Z
cos4x cos6x dx D sin.4 � 6/x

2.4 � 6/
C sin.4C 6/x

2.4C 6/
C C D sin.�2x/

�4 C sin.10x/

20
C C

D 1

4
sin 2x C 1

20
sin 10x C C:

Here we’ve used the fact that sinx is an odd function: sin.�x/ D � sinx.

43.
Z
t cos3.t2/ dt

SOLUTION Use the substitutionu D t2, du D 2t dt , followed by the reduction formula for cosm x:

Z
t cos3.t2/ dt D 1

2

Z
cos3 udu D 1

6
cos2 u sinuC 1

3

Z
cosudu

D 1

6
cos2 u sinuC 1

3
sinuC C D 1

6
cos2.t2/ sin.t2/C 1

3
sin.t2/C C:
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44.
Z

tan3.ln t/

t
dt

SOLUTION Use the substitutionu D ln t , du D 1
t dt , followed by the reduction formula for tann x:

Z
tan3.ln t/

t
dt D

Z
tan3 udu D 1

2
tan2 u �

Z
tanudu

D 1

2
tan2 u � ln j secuj C C D 1

2
tan2.ln t/� ln j sec.ln t/j C C:

45.
Z

cos2.sint/ cost dt

SOLUTION Use the substitutionu D sint , du D cost dt , followed by the reduction formula for cosm x:

Z
cos2.sint/ cost dt D

Z
cos2 udu D 1

2
cosu sinuC 1

2

Z
du

D 1

2
cosu sinuC 1

2
uC C D 1

2
cos.sint/ sin.sint/C 1

2
sin t C C:

46.
Z
ex tan2.ex/ dx

SOLUTION Use the substitutionu D ex , du D ex dx followed by the reduction formula for tanm x:

Z
ex tan2.ex/ dx D

Z
tan2 udu D tanu �

Z
1 du D tanu � uC C D tan.ex/� ex C C

In Exercises 47–60, evaluate the definite integral.

47.
Z 2�

0
sin2 x dx

SOLUTION Use the formula for
R

sin2 x dx:

Z 2�

0
sin2 x dx D

�
x

2
� sin 2x

4

�ˇ̌
ˇ̌
2�

0

D
�
2�

2
� sin 4�

4

�
�
�
0

2
� sin 0

4

�
D �:

48.
Z �=2

0
cos3 x dx

SOLUTION Use the reduction formula for cosm x:

Z �=2

0
cos3 x dx D 1

3
cos2 x sinx

ˇ̌
ˇ̌
�=2

0

C 2

3

Z �=2

0
cosx dx D

�
1

3
.0/.1/� 1

3
.1/.0/

�
C 2

3
sinx

ˇ̌
ˇ̌
�=2

0

D 0C 2

3
.1 � 0/ D 2

3
:

49.
Z �=2

0
sin5 x dx

SOLUTION Use the identity sin2 x D 1 � cos2 x followed by the substitutionu D cosx, du D � sinx dx to get

Z �=2

0
sin5 x dx D

Z �=2

0
.1 � cos2 x/2 sinx dx D

Z �=2

0
.1 � 2 cos2 x C cos4 x/ sinx dx

D �
Z 0

1
.1 � 2u2 C u4/ du D �

�
u � 2

3
u3 C 1

5
u5
� ˇ̌
ˇ̌
0

1

D 1 � 2

3
C 1

5
D 8

15

50.
Z �=2

0
sin2 x cos3 x dx

SOLUTION Use the identity sin2 x D 1 � cos2 x followed by the substitutionu D sinx, du D cosx dx to get

Z �=2

0
sin2 x cos3 x dx D

Z �=2

0
sin2 x.1 � sin2 x/ cosx dx D

Z �=2

0
.sin2 x � sin4 x/ cosx dx

D
Z 1

0
u2 � u4 du D

�
1

3
u3 � 1

5
u5
� ˇ̌
ˇ̌
1

0

D 2

15



S E C T I O N 7.2 Trigonometric Integrals 813

51.
Z �=4

0

dx

cosx

SOLUTION Use the definition of secx to simplify the integral:

Z �=4

0

dx

cosx
D
Z �=4

0
secx dx D ln j secx C tanxj

ˇ̌
ˇ
�=4

0
D ln

ˇ̌
ˇ
p
2C 1

ˇ̌
ˇ � ln j1C 0j D ln

�p
2C 1

�
:

52.
Z �=2

�=4

dx

sinx

SOLUTION Use the definition of cscx to simplify the integral:

Z �=2

�=4

dx

sinx
D
Z �=2

�=4
cscx dx D ln j cscx � cotxj

ˇ̌
ˇ
�=2

�=4
D ln j1 � 0j � ln

ˇ̌
ˇ
p
2 � 1

ˇ̌
ˇ D � ln

ˇ̌
ˇ
p
2 � 1

ˇ̌
ˇ

D ln

�
1p
2 � 1

�
D ln

 
.
p
2C 1/

.
p
2 � 1/.

p
2C 1/

!
D ln.

p
2C 1/:

53.
Z �=3

0
tanx dx

SOLUTION Use the formula for
R

tanx dx:

Z �=3

0
tanx dx D ln j secxj

ˇ̌
ˇ
�=3

0
D ln 2 � ln 1 D ln 2:

54.
Z �=4

0
tan5 x dx

SOLUTION First use the reduction formula for tanm x to evaluate the indefinite integral:

Z
tan5 x dx D 1

4
tan4 x �

Z
tan3 x dx D 1

4
tan4 x �

�
1

2
tan2 x �

Z
tanx dx

�

D 1

4
tan4 x � 1

2
tan2 x C ln j secxj C C:

Now compute the definite integral:

Z �=4

0
tan5 x dx D

�
1

4
tan4 x � 1

2
tan2 x C ln j secxj

�ˇ̌
ˇ̌
�=4

0

D
�
1

4

�
14
�

� 1

2

�
12
�

C ln
p
2

�
� .0� 0C ln 1/

D 1

4
� 1

2
C ln

p
2 � 0 D 1

2
ln2 � 1

4
:

55.
Z �=4

��=4
sec4 x dx

SOLUTION First use the reduction formula for secm x to evaluate the indefinite integral:
Z

sec4 x dx D 1

3
tanx sec2 x C 2

3

Z
sec2 x dx D 1

3
tanx sec2 x C 2

3
tanx C C:

Now compute the definite integral:

Z �=4

��=4
sec4 x dx D

�
1

3
tanx sec2 x C 2

3
tanx

�ˇ̌
ˇ̌
�=4

��=4

D
�
1

3
.1/

�p
2
�2

C 2

3
.1/

�
�
�
1

3
.�1/

�p
2
�2

C 2

3
.�1/

�
D 4

3
�
�

�4
3

�
D 8

3
:

56.
Z 3�=4

�=4
cot4 x csc2 x dx

SOLUTION Use the substitutionu D cotx, du D � csc2 x dx. x D �=4 corresponds tou D 1, andx D 3�=4 corresponds to
u D �1. We get

Z 3�=4

�=4
cot4 x csc2 x dx D �

Z �1

1
u4 du D �1

5
u5
ˇ̌
ˇ̌
�1

1

D 2

5
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57.
Z �

0
sin3x cos4x dx

SOLUTION Use the formula for
R

sinmx cosnx dx:

Z �

0
sin3x cos4x dx D

�
�cos.3 � 4/x

2.3 � 4/
� cos.3C 4/x

2.3C 4/

�ˇ̌
ˇ̌
�

0

D
�

�cos.�x/
�2 � cos7x

14

�ˇ̌
ˇ̌
�

0

D
�
1

2
cosx � 1

14
cos7x

�ˇ̌
ˇ̌
�

0

D
�
1

2
.�1/� 1

14
.�1/

�
�
�
1

2
.1/ � 1

14
.1/

�
D �6

7
:

58.
Z �

0
sinx sin3x dx

SOLUTION Use the formula for
R

sinmx sinnx dx:

Z �

0
sinx sin3x dx D

�
sin.1 � 3/x

2.1 � 3/
� sin.1C 3/x

2.1C 3/

�ˇ̌
ˇ̌
�

0

D
�

sin.�2x/
�4 � sin 4x

8

�ˇ̌
ˇ̌
�

0

D
�
1

4
sin 2x � 1

8
sin 4x

�ˇ̌
ˇ̌
�

0

D 0 � 0 D 0:

59.
Z �=6

0
sin2x cos4x dx

SOLUTION Using the formula for
Z

sinmx cosnx dx, we have

Z �=6

0
sin2x cos4x dx D

�
� 1

�4 cos.�2x/ � 1

2 � 6 cos.6x/
� ˇ̌
ˇ̌
�=6

0

D
�
1

4
cos2x � 1

12
cos6x

� ˇ̌
ˇ̌
�=6

0

D
�
1

4
� 1
2

� 1

12
� .�1/

�
�
�
1

4
� 1

12

�
D 1

24

Here we’ve used the fact that cosx is an even function: cos.�x/ D cosx.

60.
Z �=4

0
sin7x cos2x dx

SOLUTION Using the formula for
Z

sinmx cosnx dx, we have

Z �=4

0
sin7x cos2x dx D

�
� 1

10
cos5x � 1

18
cos9x

� ˇ̌
ˇ̌
�=4

0

D
 

� 1

10
�
 

�
p
2

2

!
� 1

18
�

p
2

2

!
�
�

� 1

10
� 1

18

�
D 1

45
.7C

p
2/

61. Use the identities for sin2x and cos2x on page 407 to verify that the following formulas are equivalent.
Z

sin4 x dx D 1

32
.12x � 8 sin2x C sin4x/C C

Z
sin4 x dx D �1

4
sin3 x cosx � 3

8
sinx cosx C 3

8
x C C

SOLUTION First, observe

sin4x D 2 sin2x cos2x D 2 sin2x.1 � 2 sin2 x/

D 2 sin2x � 4 sin2x sin2 x D 2 sin2x � 8 sin3 x cosx:

Then

1

32
.12x � 8 sin2x C sin4x/C C D 3

8
x � 3

16
sin 2x � 1

4
sin3 x cosx C C

D 3

8
x � 3

8
sinx cosx � 1

4
sin3 x cosx C C:

62. Evaluate
R

sin2 x cos3 x dx using the method described in the text and verify that your result is equivalent to the following
result produced by a computer algebra system.

Z
sin2 x cos3 x dx D 1

30
.7C 3 cos2x/ sin3 x C C
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SOLUTION Use the identity cos2 x D 1 � sin2 x to write

Z
sin2 x cos3 x dx D

Z
sin2 x.1 � sin2 x/cosx dx:

Now use the substitutionu D sinx, du D cosx dx:
Z

sin2 x cos3 x dx D
Z
u2.1 � u2/ du D 1

3
u3 � 1

5
u5 C C D 1

3
sin3 x � 1

5
sin5 x C C:

To show that this result matches that produced by the computer algebra system, we will make use of the identity sin2 x D 1
2 �

1
2 cos2x. We find

1

3
sin3 x � 1

5
sin5 x C C D sin3 x

�
1

3
� 1

5
sin2 x

�
C C D sin3 x

�
7

30
C 1

10
cos2x

�
C C

D 1

30
sin3 x.7C 3 cos2x/C C:

63. Find the volume of the solid obtained by revolvingy D sinx for 0 � x � � about thex-axis.

SOLUTION Using the disk method, the volume is given by

V D
Z �

0
�.sinx/2 dx D �

Z �

0
sin2 x dx D �

�
x

2
� sin 2x

4

�ˇ̌
ˇ̌
�

0

D �
h��
2

� 0
�

� .0/
i

D �2

2
:

64. Use Integration by Parts to prove Eqs. (1) and (2).

SOLUTION To prove the reduction formula for sinn x, use Integration by Parts withu D sinn�1 x andv0 D sinx. Thenu0 D
.n � 1/ sinn�2 x cosx, v D � cosx, and

Z
sinn x dx D � sinn�1 x cosx C .n � 1/

Z
sinn�2 x cos2 x dx

D � sinn�1 x cosx C .n � 1/
Z

sinn�2 x
�
1 � sin2 x

�
dx

D � sinn�1 x cosx C .n � 1/
Z

sinn�2 x dx � .n� 1/

Z
sinn x dx:

Solving this equation for
R

sinn x dx, we get

n

Z
sinn x dx D � sinn�1 x cosx C .n � 1/

Z
sinn�2 x dx

Z
sinn x dx D � 1

n
sinn�1 x cosx C n � 1

n

Z
sinn�2 x dx

To prove the reduction formula for cosn x, use Integration by Parts withu D cosn�1 x and v0 D cosx. Thenu0 D �.n �
1/ cosn�2 x sinx, v D sinx, and

Z
cosn x dx D cosn�1 x sinx C .n� 1/

Z
cosn�2 x sin2 x dx

D cosn�1 x sinx C .n� 1/

Z
cosn�2 x

�
1 � cos2 x

�
dx

D cosn�1 x sinx C .n� 1/

Z
cosn�2 x dx � .n� 1/

Z
cosn x dx:

Solving this equation for
R

cosn x dx, we get

n

Z
cosn x dx D cosn�1 x sinx C .n� 1/

Z
cosn�2 x dx

Z
cosn x dx D 1

n
cosn�1 x sinx C n� 1

n

Z
cosn�2 x dx
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In Exercises 65–68, use the following alternative method for evaluating the integralJ D
R

sinm x cosn x dx whenm andn are
both even. Use the identities

sin2 x D 1

2
.1 � cos2x/; cos2 x D 1

2
.1C cos2x/

to write J D 1
4

R
.1 � cos2x/m=2.1C cos2x/n=2 dx, and expand the right-hand side as a sum of integrals involving smaller

powers of sine and cosine in the variable2x.

65.
Z

sin2 x cos2 x dx

SOLUTION Using the identities sin2 x D 1
2 .1 � cos2x/ and cos2 x D 1

2 .1C cos2x/, we have

J D
Z

sin2 x cos2 x dx D 1

4

Z
.1 � cos2x/.1C cos2x/ dx

D 1

4

Z �
1 � cos2 2x

�
dx D 1

4

Z
dx � 1

4

Z
cos2 2x dx:

Now use the substitutionu D 2x, du D 2 dx, and the formula for
Z

cos2 udu:

J D 1

4
x � 1

8

Z
cos2 udu D 1

4
x � 1

8

�
u

2
C 1

2
sinu cosu

�
C C

D 1

4
x � 1

16
.2x/ � 1

16
sin 2x cos2x C C D 1

8
x � 1

16
sin 2x cos2x C C:

66.
Z

cos4 x dx

SOLUTION Using the identity cos2 x D 1
2 .1C cos2x/, we have

J D
Z

cos4 x dx D 1

4

Z
.1C cos2x/2 dx D 1

4

Z �
1C 2 cos2x C cos2 2x

�
dx

D 1

4

Z
dx C 1

4

Z
cos2x.2 dx/C 1

8

Z
cos2 2x.2 dx/

Using the substitutionu D 2x, du D 2 dx, we get

J D 1

4
x C 1

4
sin 2x C 1

8

Z
cos2 udu D 1

4
x C 1

4
sin 2x C 1

8

�
u

2
C 1

2
sinu cosu

�
C C

D 1

4
x C 1

4
sin 2x C 1

16
.2x/C 1

16
sin 2x cos2x C C D 3

8
x C 1

4
sin 2x C 1

16
sin 2x cos2x C C:

67.
Z

sin4 x cos2 x dx

SOLUTION Using the identities sin2 x D 1
2 .1 � cos2x/ and cos2 x D 1

2 .1C cos2x/, we have

J D
Z

sin4 x cos2 x dx D 1

8

Z
.1 � cos2x/2.1C cos2x/ dx

D 1

8

Z �
1 � 2 cos2x C cos2 2x

�
.1C cos2x/ dx

D 1

8

Z �
1 � cos2x � cos2 2x C cos3 2x

�
dx:

Now use the substitutionu D 2x, du D 2 dx, together with the reduction formula for cosm x:

J D 1

8
x � 1

16

Z
cosudu � 1

16

Z
cos2 uduC 1

16

Z
cos3 udu

D 1

8
x � 1

16
sinu � 1

16

�
u

2
C 1

2
sinu cosu

�
C 1

16

�
1

3
cos2 u sinuC 2

3

Z
cosudu

�

D 1

8
x � 1

16
sin 2x � 1

32
.2x/ � 1

32
sin 2x cos2x C 1

48
cos2 2x sin2x C 1

24
sin 2x C C

D 1

16
x � 1

48
sin 2x � 1

32
sin 2x cos2x C 1

48
cos2 2x sin2x C C:
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68.
Z

sin6 x dx

SOLUTION Using the identity sin2 x D 1
2 .1 � cos2x/, we have

J D
Z

sin6 x dx D
Z �

1

2
.1 � cos2x/

�3
dx D 1

8

Z
.1 � cos2x/3 dx

D 1

8

Z
1 � 3 cos2x C 3 cos2 2x � cos3 2x dx

Now use the substitutionu D 2x, du D 2 dx together with the reduction formula for cosm x:

J D 1

8
x � 3

16

Z
cosuduC 3

16

Z
cos2 udu � 1

16

Z
cos3 udu

D 1

8
x � 3

16
sinuC 3

16

�
u

2
C 1

2
sinu cosu

�
� 1

16

�
1

3
cos2 u sinuC 2

3

Z
cosudu

�

D 1

8
x � 3

16
sinuC 3

32
uC 3

32
sinu cosu � 1

48
cos2 u sinu � 1

24
sinuC C

D 1

8
x � 11

48
sinuC 3

32
uC 3

32
sinu cosu � 1

48
cos2 u sinuC C

D 1

8
x � 11

48
sin 2x C 3

32
� 2x C 3

32
sin 2x cos2x � 1

48
cos2 2x sin2x C C

D 5

16
x � 11

48
sin 2x C 3

32
sin 2x cos2x � 1

48
cos2 2x sin2x C C

69. Prove the reduction formula
Z

tank x dx D tank�1 x
k � 1

�
Z

tank�2 x dx

Hint: tank x D .sec2 x � 1/ tank�2 x.

SOLUTION Use the identity tan2 x D sec2 x � 1 to write
Z

tank x dx D
Z

tank�2 x
�
sec2 x � 1

�
dx D

Z
tank�2 x sec2 x dx �

Z
tank�2 x dx:

Now use the substitutionu D tanx, du D sec2 x dx:
Z

tank x dx D
Z
uk�2 du �

Z
tank�2 x dx D 1

k � 1
uk�1 �

Z
tank�2 x dx D tank�1 x

k � 1
�
Z

tank�2 x dx:

70. Use the substitutionu D cscx � cotx to evaluate
Z

cscx dx (see Example 5).

SOLUTION Using the substitutionu D cscx � cotx,

du D
�
� cscx cotx C csc2 x

�
dx D cscx.cscx � cotx/ dx;

we have
Z

cscx dx D
Z

cscx.cscx � cotx/ dx

cscx � cotx
D
Z
du

u
D ln juj C C D ln j cscx � cotxj C C:

71. Let Im D
Z �=2

0
sinm x dx.

(a) Show thatI0 D �
2 and I1 D 1.

(b) Prove that, form � 2,

Im D m� 1

m
Im�2

(c) Use (a) and (b) to computeIm for m D 2; 3; 4; 5.

SOLUTION

(a) We have

I0 D
Z �=2

0
sin0 x dx D

Z �=2

0
1 dx D �

2

I1 D
Z �=2

0
sinx dx D � cosx

ˇ̌
ˇ̌
�=2

0

D 1
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(b) Using the reduction formula for sinm x, we get form � 2

Im D
Z �=2

0
sinm x dx D � 1

m
sinm�1 x cosx

ˇ̌
ˇ̌
�=2

0

C m � 1
m

Z �=2

0
sinm�2 x dx

D � 1

m
sinm�1

��
2

�
cos

��
2

�
C 1

m
sinm�1.0/ cos.0/C m� 1

m
Im�2

D 1

m
.�1 � 0C 0 � 1/C m� 1

m
Im�2

D m� 1

m
Im�2

(c)

I2 D 1

2
I0 D 1

2
� �
2

D �

4

I3 D 2

3
I1 D 2

3

I4 D 3

4
I2 D 3

4
� �
4

D 3

16
�

I5 D 4

5
I3 D 8

15

72. Evaluate
Z �

0
sin2mx dx for m an arbitrary integer.

SOLUTION Use the substitutionu D mx, du D mdx. Then

Z �

0
sin2mx dx D 1

m

Z xD�

xD0
sin2 u du D 1

m

�
u

2
� sin 2u

4

�ˇ̌
ˇ̌
xD�

xD0
D 1

m

�
mx

2
� sin 2mx

4

�ˇ̌
ˇ̌
�

0

D
�
x

2
� sin 2mx

4m

�ˇ̌
ˇ̌
�

0

D
�
�

2
� sin 2�m

4

�
� .0/:

If m is an arbitrary integer, then sin2m� D 0. Thus
Z �

0
sin2mx dx D �

2
:

73. Evaluate
Z

sinx ln.sinx/ dx. Hint: Use Integration by Parts as a first step.

SOLUTION Start by using integration by parts withu D ln.sinx/ andv0 D sinx, so thatu0 D cotx andv D � cosx. Then

I D
Z

sinx ln.sinx/ dx D � cosx ln.sinx/C
Z

cotx cosx dx D � cosx ln.sinx/C
Z

cos2 x

sinx
dx

D � cosx ln.sinx/C
Z
1 � sin2 x

sinx
dx D � cosx ln.sinx/�

Z
sinx dx C

Z
cscx dx

D � cosx ln.sinx/C cosx C
Z

cscx dx

Using the table,
R

cscx dx D ln j cscx � cotxj C C , so finally

I D � cosx ln.sinx/C cosx C ln j cscx � cotxj C C

74. Total Energy A 100-W light bulb has resistanceR D 144 � (ohms) when attached to household current, where the voltage
varies asV D V0 sin.2�f t/ (V0 D 110 V, f D 60 Hz). The energy (in joules) expended by the bulb over a period ofT seconds is

U D
Z T

0
P.t/ dt

whereP D V 2=R (J/s) is the power. ComputeU if the bulb remains on for 5 hours.

SOLUTION After converting to seconds (5 hoursD 18,000 seconds), the total energy expended is given by

U D
Z 18;000

0
P.t/ dt D

Z 18;000

0

V 2

R
dt D

V 20
R

Z 18;000

0
sin2.2�f t/ dt D 1102

144

Z 18;000

0
sin2.120�t/ dt:
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Now use the substitutionu D 120�t , du D 120� dt :

U D 1102

144

�
1

120�

�Z tD18;000

tD0
sin2 udu D 1102

144 � 120�

�
u

2
� 1

2
sinu cosu

�tD18;000

tD0

D 1102

144 � 120�

�
60�t � 1

2
sin.120�t/ cos.120�t/

�18;000

0

D 1102

144 � 120�
��
60�.18;000/ � 0

�
� 0

�

D .1102/.60�/.18;000/

.144/.120�/
D 756;260 joules:

75. Letm; n be integers withm ¤ ˙n. Use Eqs. (23)–(25) to prove the so-calledorthogonality relations that play a basic role in
the theory of Fourier Series (Figure 2):

Z �

0
sinmx sinnx dx D 0

Z �

0
cosmx cosnx dx D 0

Z 2�

0
sinmx cosnx dx D 0

y = sin 2x sin 4x

y

x
p

y = sin 3x cos 4x

y

p
x

2p

FIGURE 2 The integrals are zero by the orthogonality relations.

SOLUTION If m; n are integers, thenm � n andm C n are integers, and therefore sin.m � n/� D sin.m C n/� D 0, since
sink� D 0 if k is an integer. Thus we have

Z �

0
sinmx sinnx dx D

�
sin.m � n/x
2.m � n/

� sin.mC n/x

2.mC n/

�ˇ̌
ˇ̌
�

0

D
�

sin.m � n/�
2.m � n/ � sin.mC n/�

2.mC n/

�
� 0 D 0I

Z �

0
cosmx cosnx dx D

�
sin.m � n/x
2.m � n/

C sin.mC n/x

2.mC n/

�ˇ̌
ˇ̌
�

0

D
�

sin.m� n/�

2.m � n/
C sin.mC n/�

2.mC n/

�
� 0 D 0:

If k is an integer, then cos2k� D 1. Using this fact, we have

Z 2�

0
sinmx cosnx dx D

�
�cos.m� n/x

2.m � n/
� cos.mC n/x

2.mC n/

�ˇ̌
ˇ̌
2�

0

D
�

�cos.m� n/2�

2.m � n/
� cos.mC n/2�

2.mC n/

�
�
�

� 1

2.m � n/
� 1

2.mC n/

�

D
�

� 1

2.m � n/ � 1

2.mC n/

�
�
�

� 1

2.m � n/ � 1

2.mC n/

�
D 0:

Further Insights and Challenges

76. Use the trigonometric identity

sinmx cosnx D 1

2

�
sin.m� n/x C sin.mC n/x

�

to prove Eq. (24) in the table of integrals on page 410.

SOLUTION Using the identity sinmx cosnx D 1
2 .sin.m � n/x C sin.mC n/x/, we get

Z
sinmx cosnx dx D 1

2

Z
sin.m � n/x dx C 1

2

Z
sin.mC n/x dx D �cos.m� n/x

2.m � n/
� cos.mC n/x

2.mC n/
C C:
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77. Use Integration by Parts to prove that (form ¤ 1)
Z

secm x dx D tanx secm�2 x
m� 1

C m � 2

m � 1

Z
secm�2 x dx

SOLUTION Using Integration by Parts withu D secm�2 x andv0 D sec2 x, we havev D tanx and

u0 D .m� 2/ secm�3 x.secx tanx/ D .m � 2/ tanx secm�2 x:

Then,
Z

secm x dx D tanx secm�2 x � .m� 2/

Z
tan2 x secm�2 x dx

D tanx secm�2 x � .m� 2/

Z �
sec2 x � 1

�
secm�2 x dx

D tanx secm�2 x � .m� 2/

Z
secm x dx C .m� 2/

Z
secm�2 x dx:

Solving this equation for
R

secm x dx, we get

.m � 1/
Z

secm x dx D tanx secm�2 x C .m� 2/

Z
secm�2 x dx

Z
secm x dx D tanx secm�2 x

m� 1
C m� 2

m� 1

Z
secm�2 x dx:

78. SetIm D
Z �=2

0
sinm x dx. Use Exercise 71 to prove that

I2m D 2m � 1

2m

2m � 3
2m � 2 � � � 1

2
� �
2

I2mC1 D 2m

2mC 1

2m � 2

2m � 1
� � � 2
3

Conclude that

�

2
D 2 � 2
1 � 3 � 4 � 4

3 � 5 � � � 2m � 2m
.2m � 1/.2mC 1/

I2m

I2mC1

SOLUTION We’ll use induction to show these results. Recall from Exercise 71 that

Im D m� 1

m
Im�2

whenm � 2. Now, for I2m, the result is true form D 1 andm D 2 (again see Exercise 71). Now assume the result is true for
m D k � 1:

I2.k�1/ D I2k�2 D 2k � 3

2k � 2
� 2k � 5
2k � 4 � � � 1

2
� �
2

Using the relationIm D ..m� 1/=m/Im�2, we have

I2k D 2k � 1

2k
I2k�2 D 2k � 1

2k
�
�
2k � 3

2k � 2
� 2k � 5
2k � 4 � � � 1

2
� �
2

�
:

For I2mC1, the result is true form D 1. Now assume the result is true form D k � 1:

I2.k�1/C1 D I2k�1 D 2k � 2
2k � 1 � 2k � 4

2k � 3 � � � 2
3

Again using the relationIm D ..m� 1/=m/Im�2, we have

I2kC1 D
�
2k C 1 � 1

2k C 1

�
I2k�1 D 2k

2k C 1

�
2k � 2
2k � 1 � 2k � 4

2k � 3
� � � 2
3

�
:

This establishes the explicit formulas forI2m andI2mC1. Now, divide these two results to obtain

I2m

I2mC1
D .2m � 1/.2mC 1/

2m � 2m � .2m � 3/.2m � 1/
.2m � 2/.2m � 2/ � � � 1 � 3

2 � 2 � �
2
:

Solving for �=2, we get the desired result:

�

2
D 2 � 2
1 � 3 � 4 � 4

3 � 5 � � � 2m � 2m
.2m � 1/.2mC 1/

� I2m

I2mC1
:
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79. This is a continuation of Exercise 78.

(a) Prove thatI2mC1 � I2m � I2m�1. Hint: sin2mC1 x � sin2m x � sin2m�1 x for 0 � x � �
2 .

(b) Show that
I2m�1
I2mC1

D 1C 1

2m
.

(c) Show that1 � I2m

I2mC1
� 1C 1

2m
.

(d) Prove that lim
m!1

I2m

I2mC1
D 1.

(e) Finally, deduce the infinite product for�2 discovered by English mathematician John Wallis (1616–1703):

�

2
D lim
m!1

2

1
� 2
3

� 4
3

� 4
5

� � � 2m � 2m
.2m � 1/.2mC 1/

SOLUTION

(a) For0 � x � �
2 , 0 � sin x � 1. Multiplying this last inequality by sinx, we obtain

0 � sin2 x � sinx:

Continuing to multiply this inequality by sinx, we obtain, more generally,

sin2mC1 x � sin2m x � sin2m�1 x:

Integrating these functions overŒ0; �2 �, we get

Z �=2

0
sin2mC1 x dx �

Z �=2

0
sin2m x dx �

Z �=2

0
sin2m�1 x dx;

which is the same as

I2mC1 � I2m � I2m�1:

(b) Using the relationIm D ..m � 1/=m/Im�2, we have

I2m�1
I2mC1

D I2m�1�
2m
2mC1

�
I2m�1

D 2mC 1

2m
D 2m

2m
C 1

2m
D 1C 1

2m
:

(c) First start with the inequality of part (a):

I2mC1 � I2m � I2m�1:

Divide through byI2mC1:

1 � I2m

I2mC1
� I2m�1
I2mC1

:

Use the result from part (b):

1 � I2m

I2mC1
� 1C 1

2m
:

(d) Taking the limit of this inequality, and applying the Squeeze Theorem, we have

lim
m!1

1 � lim
m!1

I2m

I2mC1
� lim
m!1

�
1C 1

2m

�
:

Because

lim
m!1

1 D 1 and lim
m!1

�
1C 1

2m

�
D 1;

we obtain

1 � lim
m!1

I2m

I2mC1
� 1:

Therefore

lim
m!1

I2m

I2mC1
D 1:
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(e) Take the limit of both sides of the equation obtained at the conclusion of Exercise 78:

lim
m!1

�

2
D lim
m!1

2 � 2
1 � 3 � 4 � 4

3 � 5 � � � 2m � 2m
.2m � 1/.2mC 1/

I2m

I2mC1

�

2
D
�

lim
m!1

2 � 2
1 � 3 � 4 � 4

3 � 5 � � � 2m � 2m
.2m� 1/.2mC 1/

��
lim
m!1

I2m

I2mC1

�
:

Finally, using the result from (d), we have

�

2
D lim
m!1

2 � 2
1 � 3 � 4 � 4

3 � 5 � � � 2m � 2m
.2m � 1/.2mC 1/

:

7.3 Trigonometric Substitution

Preliminary Questions
1. State the trigonometric substitution appropriate to the given integral:

(a)
Z p

9 � x2 dx (b)
Z
x2.x2 � 16/3=2 dx

(c)
Z
x2.x2 C 16/3=2 dx (d)

Z
.x2 � 5/�2 dx

SOLUTION

(a) x D 3 sin� (b) x D 4 sec� (c) x D 4 tan� (d) x D
p
5 sec�

2. Is trigonometric substitution needed to evaluate
Z
x
p
9 � x2 dx?

SOLUTION No. There is a factor ofx in the integrand outside the radical and the derivative of9 � x2 is �2x, so we may use the
substitutionu D 9 � x2, du D �2x dx to evaluate this integral.

3. Express sin2� in terms ofx D sin� .

SOLUTION First note that if sin� D x, then cos� D
p
1 � sin2 � D

p
1 � x2. Thus,

sin2� D 2 sin� cos� D 2x
p
1� x2:

4. Draw a triangle that would be used together with the substitutionx D 3 sec� .

SOLUTION

�x2 − 9

3

x

Exercises
In Exercises 1–4, evaluate the integral by following the steps given.

1. I D
Z

dxp
9 � x2

(a) Show that the substitutionx D 3 sin� transformsI into
Z
d� , and evaluateI in terms of� .

(b) EvaluateI in terms ofx.

SOLUTION

(a) Let x D 3 sin� . Thendx D 3 cos� d� , and
p
9 � x2 D

p
9 � 9 sin2 � D 3

p
1 � sin2 � D 3

p
cos2 � D 3 cos�:

Thus,

I D
Z

dxp
9 � x2

D
Z
3 cos� d�

3 cos�
D
Z
d� D � C C:

(b) If x D 3 sin� , then� D sin�1.x3 /. Thus,

I D � C C D sin�1
�x
3

�
C C:
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2. I D
Z

dx

x2
p
x2 � 2

(a) Show that the substitutionx D
p
2 sec� transforms the integralI into

1

2

Z
cos�d� , and evaluateI in terms of� .

(b) Use a right triangle to show that with the above substitution, sin� D
p
x2 � 2=x.

(c) EvaluateI in terms ofx.

SOLUTION

(a) Let x D
p
2 sec� . Thendx D

p
2 sec� tan� d� , and

p
x2 � 2 D

p
2 sec2 � � 2 D

q
2.sec2 � � 1/ D

p
2 tan2 � D

p
2 tan�:

Thus,

I D
Z

dx

x2
p
x2 � 2

D
Z p

2 sec� tan� d�

.2 sec2 �/.
p
2 tan�/

D 1

2

Z
d�

sec�
D 1

2

Z
cos� d� D 1

2
sin � C C:

(b) Sincex D
p
2 sec� , sec� D xp

2
, and we construct the following right triangle:

q

x
x2 − 2

2

From this triangle we see that sin� D
p
x2 � 2=x.

(c) Combining the results from parts (a) and (b),

I D 1

2
sin � C C D

p
x2 � 2

2x
C C:

3. I D
Z

dxp
4x2 C 9

(a) Show that the substitutionx D 3
2 tan� transformsI into

1

2

Z
sec� d� .

(b) EvaluateI in terms of� (refer to the table of integrals on page 410 in Section 7.2 if necessary).
(c) ExpressI in terms ofx.

SOLUTION

(a) If x D 3
2 tan� , thendx D 3

2 sec2 � d� , and

p
4x2 C 9 D

s

4 �
�
3

2
tan�

�2
C 9 D

p
9 tan2 � C 9 D 3

p
sec2 � D 3 sec�

Thus,

I D
Z

dxp
4x2 C 9

D
Z 3

2 sec2 � d�

3 sec�
D 1

2

Z
sec� d�

(b)

I D 1

2

Z
sec� d� D 1

2
ln j sec� C tan� j C C

(c) Sincex D 3
2 tan� , we construct a right triangle with tan� D 2x

3 :

�4x2 + 9
2x

3

From this triangle, we see that sec� D 1
3

p
4x2 C 9, and therefore

I D 1

2
ln j sec� C tan� j C C D 1

2
ln

ˇ̌
ˇ̌1
3

p
4x2 C 9C 2x

3

ˇ̌
ˇ̌C C

D 1

2
ln

ˇ̌
ˇ̌
ˇ

p
4x2 C 9C 2x

3

ˇ̌
ˇ̌
ˇC C D 1

2
ln j
p
4x2 C 9C 2xj � 1

2
ln3C C D 1

2
ln j
p
4x2 C 9C 2xj C C
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4. I D
Z

dx

.x2 C 4/2

(a) Show that the substitutionx D 2 tan� transforms the integralI into
1

8

Z
cos2 � d� .

(b) Use the formula
Z

cos2 � d� D 1

2
� C 1

2
sin � cos� to evaluateI in terms of� .

(c) Show that sin� D xp
x2 C 4

and cos� D 2p
x2 C 4

.

(d) ExpressI in terms ofx.

SOLUTION

(a) If x D 2 tan� , thendx D 2 sec2 � d� , and

I D
Z

dx

.x2 C 4/2
D
Z

2 sec2 � d�

.4 tan2 � C 4/2
D 2

16

Z
sec2 � d�

.tan2 � C 1/2

D 1

8

Z
sec2 � d�

.sec2 �/2
D 1

8

Z
d�

sec2 �
D 1

8

Z
cos2 � d�:

(b) Using the formula
R

cos2 d� D 1
2� C 1

2 sin � cos� , we get

I D 1

8

Z
cos2 � d� D 1

16
� C 1

16
sin � cos� C C:

(c) Sincex D 2 tan� , we construct a right triangle with tan� D x
2 :

q

x2 + 4
x

2

From this triangle we see that

sin � D xp
x2 C 4

and cos� D 2p
x2 C 4

:

(d) Sincex D 2 tan� , then� D tan�1.x2 /, and

I D 1

16
tan�1

�x
2

�
C 1

16

�
xp
x2 C 4

��
2p

x2 C 4

�
C C D 1

16
tan�1

�x
2

�
C x

8.x2 C 4/
C C:

In Exercises 5–10, use the indicated substitution to evaluate the integral.

5.
Z p

16 � 5x2 dx, x D 4p
5

sin �

SOLUTION Let x D 4p
5

sin � . Thendx D 4p
5

cos� d� , and

I D
Z p

16 � 5x2 dx D
Z s

16 � 5
�
4p
5

sin �
�2

� 4p
5

cos� d� D 4p
5

Z p
16 � 16 sin2 � � cos� d�

D 4p
5

� 4
Z

cos� � cos� d� D 16p
5

Z
cos2 � d�

D 16p
5

�
1

2
� C 1

2
sin � cos�

�
C C D 8p

5
.� C sin� cos�/C C

Sincex D 4p
5

sin � , we construct a right triangle with sin� D x
p
5

4 :

�16 − 5x2

x�5
4
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From this triangle we see that cos� D 1
4

p
16 � 5x2, so we have

I D 8p
5
.� C sin� cos�/C C

D 8p
5

 
sin�1

 
x

p
5

4

!
C x

p
5

4
� 1
4

p
16 � 5x2

!
C C

D 8p
5

sin�1
 
x

p
5

4

!
C 1

2
x
p
16 � 5x2 C C

6.
Z 1=2

0

x2p
1 � x2

dx, x D sin�

SOLUTION Let x D sin� . Thendx D cos� d� , and

p
1 � x2 D

p
1 � sin2 � D

p
cos2 � D cos�:

Converting the limits of integration to� , we find

x D 1

2
) � D sin�1

�
1

2

�
D �

6

x D 0 ) � D sin�1.0/ D 0

Therefore

I D
Z 1=2

0

x2p
1 � x2

dx D
Z �=6

0

sin2 �

cos�
.cos� d�/ D

Z �=6

0
sin2 � d� D

�
1

2
� � 1

2
sin � cos�

�ˇ̌
ˇ̌
�=6

0

D
"
�

12
� 1

2

�
1

2

� p
3

2

!#
� Œ0 � 0� D �

12
�

p
3

8
D 2� � 3

p
3

24
:

7.
Z

dx

x
p
x2 � 9

, x D 3 sec�

SOLUTION Let x D 3 sec� . Thendx D 3 sec� tan� d� , and

p
x2 � 9 D

p
9 sec2 � � 9 D 3

p
sec2 � � 1 D 3

p
tan2 � D 3 tan�:

Thus,
Z

dx

x
p
x2 � 9

D
Z
.3 sec� tan� d�/

.3 sec�/.3 tan�/
D 1

3

Z
d� D 1

3
� C C:

Sincex D 3 sec� , � D sec�1.x3 /, and

Z
dx

x
p
x2 � 9

D 1

3
sec�1

�x
3

�
C C:

8.
Z 1

1=2

dx

x2
p
x2 C 4

, x D 2 tan�

SOLUTION Let x D 2 tan� . Thendx D 2 sec2 � d� , and

p
x2 C 4 D

p
4 tan2 � C 4 D 2

p
tan2 � C 1 D 2

p
sec2 � D 2 sec�:

This gives us

Z
dx

x2
p
x2 C 4

D
Z

2 sec2 � d�

4 tan2 �.2 sec�/
D 1

4

Z
sec� d�

tan2 �
D 1

4

Z
cos�

sin2 �
d�:

Now use substitution, withu D sin� anddu D cos� d� . Then

1

4

Z
cos�

sin2 �
d� D 1

4

Z
u�2 du D 1

4

�
�u�1

�
C C D � 1

4 sin �
C C:

Sincex D 2 tan� , we construct a right triangle with tan� D x
2 :
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q

x2 + 4
x

2

From this triangle we see that sin� D xp
x2C4

. Thus

Z 1

1=2

dx

x2
p
x2 C 4

D �
p
x2 C 4

4x

ˇ̌
ˇ̌
ˇ

1

1=2

D �1
4

2
64

p
5 �

q
1
4 C 4

1
2

3
75 D 1

4

hp
17 �

p
5
i
:

9.
Z

dx

.x2 � 4/3=2
, x D 2 sec�

SOLUTION Let x D 2 sec� . Thendx D 2 sec� tan� d� , and

x2 � 4 D 4 sec2 � � 4 D 4.sec2 � � 1/ D 4 tan2 �:

This gives

I D
Z

dx

.x2 � 4/3=2
D
Z
2 sec� tan� d�

.4 tan2 �/3=2
D
Z
2 sec� tan� d�

8 tan3 �
D 1

4

Z
sec� d�

tan2 �
D 1

4

Z
cos�

sin2 �
d�:

Now use substitution withu D sin� anddu D cos� d� . Then

I D 1

4

Z
u�2 du D �1

4
u�1 C C D �1

4 sin �
C C:

Sincex D 2 sec� , we construct a right triangle with sec� D x
2 :

q

2

x
x2 − 4

From this triangle we see that sin� D
p
x2 � 4=x, so therefore

I D �1
4.

p
x2 � 4=x/

C C D �x
4
p
x2 � 4

C C:

10.
Z 1

0

dx

.4C 9x2/2
, x D 2

3 tan�

SOLUTION Let x D 2
3 tan� . Thendx D 2

3 sec2 � d� , and

4C 9x2 D 4C 9

�
2

3
tan�

�2
D 4C 4 tan2 � D 4.1C tan2 �/ D 4 sec2 �

This gives

Z
dx

.4C 9x2/2
D
Z 2

3 sec2 � d�

16 sec4 �
D 1

24

Z
d�

sec2 �

D 1

24

Z
cos2 � d� D 1

24

�
1

2
� C 1

2
sin � cos�

�
C C

D 1

48
.� C sin� cos�/C C

The limits of integration are fromx D 0 to x D 1. x D 0 corresponds to� D 0, while x D 1 corresponds to the angle� with
tan� D 3

2 . So we construct a right triangle with tan� D 3
2 :

�13
3

2
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From this triangle we see that sin� D 3p
13

and cos� D 2p
13

, so that

Z 1

0

dx

.4C 9x2/2
D 1

48
.� C sin� cos�/

ˇ̌
ˇ̌
tan�1.3=2/

0

D 1

48

�
tan�1

�
3

2

�
C 3p

13
� 2p

13
� 0 � 0

�
D 1

48
tan�1

�
3

2

�
C 1

104

11. Evaluate
Z

x dxp
x2 � 4

in two ways: using the direct substitutionu D x2 � 4 and by trigonometric substitution.

SOLUTION Let u D x2 � 4. Thendu D 2x dx, and

I1 D
Z

x dxp
x2 � 4

D 1

2

Z
dup
u

D 1

2

�
2u1=2

�
C C D

p
uC C D

p
x2 � 4C C:

To use trigonometric substitution, letx D 2 sec� . Thendx D 2 sec� tan� d� , x2 � 4 D 4 sec2 � � 4 D 4 tan2 � , and

I1 D
Z

x dxp
x2 � 4

D
Z
2 sec�.2 sec� tan� d�/

2 tan�
D 2

Z
sec2 � d� D 2 tan� C C:

Sincex D 2 sec� , we construct a right triangle with sec� D x
2 :

q

2

x
x2 − 4

From this triangle we see that

I1 D 2

 p
x2 � 4

2

!
C C D

p
x2 � 4C C:

12. Is the substitutionu D x2 � 4 effective for evaluating the integral
Z

x2 dxp
x2 � 4

? If not, evaluate using trigonometric substitu-

tion.

SOLUTION If u D x2 � 4, thendu D 2x dx, x2 D uC 4, dx D du=2x D du=2
p
uC 4, and

I D
Z

x2 dxp
x2 � 4

D
Z
.uC 4/p

u

�
du

2
p
uC 4

�
D 1

2

Z
uC 4p
u2 C 4u

du

This substitution is clearly not effective for evaluating this integral.
Instead, use the trigonometric substitutionx D 2 sec� . Thendx D 2 sec� tan� ,

p
x2 � 4 D

p
4 sec2 � � 4 D 2 tan�;

and we have

I D
Z

x2 dxp
x2 � 4

D
Z
4 sec2 �.2 sec� tan� d�/

2 tan�
D 4

Z
sec3 � d�:

Now use the reduction formula for
R

secm x dx from Section 8.7.2:

4

Z
sec3 � d� D 4

�
tan� sec�

2
C 1

2

Z
sec� d�

�
D 2 tan� sec� C 2

�
ln j sec� C tan� j

�
C C:

Sincex D 2 sec� , we construct a right triangle with sec� D x
2 :

q

2

x
x2 − 4

From this triangle we see that tan� D 1
2

p
x2 � 4. Therefore

I D 2

�
1

2

p
x2 � 4

��x
2

�
C 2 ln

ˇ̌
ˇ̌x
2

C 1

2

p
x2 � 4

ˇ̌
ˇ̌C C D 1

2
x
p
x2 � 4C 2 ln

ˇ̌
ˇ̌1
2

�
x C

p
x2 � 4

�ˇ̌
ˇ̌C C:
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Finally, since

ln

ˇ̌
ˇ̌1
2
.x C

p
x2 � 4/

ˇ̌
ˇ̌ D ln

�
1

2

�
C ln jx C

p
x2 � 4j;

and ln.12 / is a constant, we can “absorb” this constant into the constant of integration, so that

I D 1

2
x
p
x2 � 4C 2 ln jx C

p
x2 � 4j C C:

13. Evaluate using the substitutionu D 1 � x2 or trigonometric substitution.

(a)
Z

xp
1 � x2

dx (b)
Z
x2
p
1 � x2 dx

(c)
Z
x3
p
1 � x2 dx (d)

Z
x4p
1� x2

dx

SOLUTION

(a) Let u D 1 � x2. Thendu D �2x dx, and we have
Z

xp
1 � x2

dx D �1
2

Z �2x dxp
1 � x2

D �1
2

Z
du

u1=2
:

(b) Let x D sin� . Thendx D cos� d� , 1 � x2 D cos2 � , and so
Z
x2
p
1 � x2 dx D

Z
sin2 �.cos�/ cos� d� D

Z
sin2 � cos2 � d�:

(c) Use the substitutionu D 1 � x2. Thendu D �2x dx, x2 D 1 � u, and so
Z
x3
p
1 � x2 dx D �1

2

Z
x2
p
1 � x2.�2x dx/ D �1

2

Z
.1 � u/u1=2 du:

(d) Let x D sin� . Thendx D cos� d� , 1 � x2 D cos2 � , and so

Z
x4p
1 � x2

dx D
Z

sin4 �

cos�
cos� d� D

Z
sin4 � d�:

14. Evaluate:

(a)
Z

dt

.t2 C 1/3=2
(b)

Z
t dt

.t2 C 1/3=2

SOLUTION

(a) Use the substitutiont D tan� , so thatdt D sec2 � d� . Then

Z
dt

.t2 C 1/3=2
D
Z

sec2 �

.tan2 � C 1/3=2
d� D

Z
sec2 �

.sec2 �/3=2
d� D

Z
cos� d� D sin� C C

Sincet D tan� , we construct a right triangle with tan� D t :

�t2 + 1
t

1

From this we see that sin� D tp
t2C1

, so that the integral is

Z
dt

.t2 C 1/3=2
D sin� C C D tp

t2 C 1
C C

(b) Use the substitutionu D t2 C 1, du D 2t dt ; then
Z

t dt

.t2 C 1/3=2
D 1

2

Z
u�3=2 du D �u�1=2 C C D � 1p

t2 C 1
C C
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In Exercises 15–32, evaluate using trigonometric substitution. Refer to the table of trigonometric integrals as necessary.

15.
Z

x2 dxp
9 � x2

SOLUTION Let x D 3 sin� . Thendx D 3 cos� d� ,

9 � x2 D 9 � 9 sin2 � D 9.1 � sin2 �/ D 9 cos2 �;

and

I D
Z

x2 dxp
9 � x2

D
Z
9 sin2 �.3 cos� d�/

3 cos�
D 9

Z
sin2 � d� D 9

�
1

2
� � 1

2
sin � cos�

�
C C:

Sincex D 3 sin� , we construct a right triangle with sin� D x
3 :

q

x
3

9 − x2

From this we see that cos� D
p
9 � x2=3, and so

I D 9

2
sin�1

�x
3

�
� 9

2

�x
3

� p
9 � x2

3

!
C C D 9

2
sin�1

�x
3

�
� 1

2
x
p
9 � x2 C C:

16.
Z

dt

.16 � t2/3=2

SOLUTION Let t D 4 sin� . Thendt D 4 cos� d� , and

.16 � t2/3=2 D .16 � 16 sin2 �/3=2 D .16 cos2 �/3=2 D .4 cos�/3 D 64 cos3 �

so that

I D
Z

dt

.16 � t2/3=2
D
Z

4 cos�

64 cos3 �
d� D 1

16

Z
sec2 � d� C C D 1

16
tan� C C

Sincet D 4 sin� , we construct a right triangle with sin� D t
4 :

�16 − t2

4
t

From this, we see that tan� D tp
16�t2

, so that

I D 1

16
tan� C C D t

16
p
16 � t2

C C

17.
Z

dx

x
p
x2 C 16

SOLUTION Use the substitutionx D 4 tan� , so thatdx D 4 sec2 � d� . Then

x
p
x2 C 16 D 4 tan�

q
.4 tan�/2 C 16 D 4 tan�

q
16.tan2 � C 1/ D 16 tan� sec�

so that

I D
Z

dx

x
p
x2 C 16

D
Z

4 sec2 �

16 tan� sec�
d� D 1

4

Z
sec�

tan�
d� D 1

4

Z
csc� d� D �1

4
ln j cscx C cotxj C C

Sincex D 4 tan� , we construct a right triangle with tan� D x
4 :

�16 + x2

4

x
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From this, we see that cscx D
p
x2C16
x and cotx D 4

x , so that

I D �1
4

ln j cscx C cotxj C C D �1
4

ln

ˇ̌
ˇ̌
ˇ

p
x2 C 16

x
C 4

x

ˇ̌
ˇ̌
ˇC C D �1

4
ln

ˇ̌
ˇ̌
ˇ
4C

p
x2 C 16

x

ˇ̌
ˇ̌
ˇC C

18.
Z p

12C 4t2 dt

SOLUTION First simplify the integral:

I D
Z p

12C 4t2 dt D 2

Z p
3C t2 dt

Now let t D
p
3 tan� . Thendt D

p
3 sec2 � d� ,

3C t2 D 3C 3 tan2 � D 3.1C tan2 �/ D 3 sec2 �;

and

I D 2

Z p
3 sec2 �

�p
3 sec2 � d�

�
D 6

Z
sec3 � d� D 6

�
tan� sec�

2
C 1

2

Z
sec� d�

�

D 3 tan� sec� C 3 ln j sec� C tan� j C C:

Sincet D
p
3 tan� , we construct a right triangle with tan� D tp

3
:

�t2 + 3

�3

t

From this we see that sec� D
p
t2 C 3=

p
3. Therefore,

I D 3

�
tp
3

� p
t2 C 3p
3

!
C 3 ln

ˇ̌
ˇ̌
ˇ

p
t2 C 3p
3

C tp
3

ˇ̌
ˇ̌
ˇC C1 D t

p
t2 C 3C 3 ln

ˇ̌
ˇ
p
t2 C 3C t

ˇ̌
ˇC 3 ln

�
1p
3

�
C C1

D t
p
t2 C 3C 3 ln

ˇ̌
ˇ
p
t2 C 3C t

ˇ̌
ˇC C;

whereC D 3 ln. 1p
3
/C C1.

19.
Z

dxp
x2 � 9

SOLUTION Let x D 3 sec� . Thendx D 3 sec� tan� d� ,

x2 � 9 D 9 sec2 � � 9 D 9.sec2 � � 1/ D 9 tan2 �;

and

I D
Z

dxp
x2 � 9

D
Z
3 sec� tan� d�

3 tan�
D
Z

sec� d� D ln j sec� C tan� j C C:

Sincex D 3 sec� , we construct a right triangle with sec� D x
3 :

q

3

x
x2 − 9

From this we see that tan� D
p
x2 � 9=3, and so

I D ln

ˇ̌
ˇ̌
ˇ
x

3
C

p
x2 � 9
3

ˇ̌
ˇ̌
ˇC C1 D ln

ˇ̌
ˇx C

p
x2 � 9

ˇ̌
ˇC ln

�
1

3

�
C C1 D ln

ˇ̌
ˇx C

p
x2 � 9

ˇ̌
ˇC C;

whereC D ln
�
1
3

�
C C1.
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20.
Z

dt

t2
p
t2 � 25

SOLUTION Let t D 5 sec� . Thendt D 5 sec� tan� d� ,

t2 � 25 D 25 sec2 � � 25 D 25.sec2 � � 1/ D 25 tan2 �;

and

I D
Z

dt

t2
p
t2 � 25

D
Z

5 sec� tan� d�

.25 sec2 �/.5 tan�/
D 1

25

Z
d�

sec�
D 1

25

Z
cos� d� D 1

25
sin � C C:

Sincet D 5 sec� , we construct a right triangle with sec� D t
5 :

�t2 − 25
t

5

From this we see that sin� D
p
t2 � 25=t , and so

I D 1

25

 p
t2 � 25
t

!
C C D

p
t2 � 25

25t
C C:

21.
Z

dy

y2
p
5 � y2

SOLUTION Let y D
p
5 sin � . Thendy D

p
5 cos� d� ,

5 � y2 D 5 � 5 sin2 � D 5.1 � sin2 �/ D 5 cos2 �;

and

I D
Z

dy

y2
p
5 � y2

D
Z p

5 cos� d�

.5 sin2 �/.
p
5 cos�/

D 1

5

Z
d�

sin2 �
D 1

5

Z
csc2 � d� D 1

5
.� cot�/C C:

Sincey D
p
5 sin � , we construct a right triangle with sin� D yp

5
:

q

y

5 − y2

5

From this we see that cot� D
p
5 � y2=y, which gives us

I D 1

5

 
�
p
5� y2

y

!
C C D �

p
5 � y2

5y
C C:

22.
Z
x3
p
9 � x2 dx

SOLUTION Let x D 3 sin� . Thendx D 3 cos� d� ,

9 � x2 D 9 � 9 sin2 � D 9.1 � sin2 �/ D 9 cos2 �;

and

I D
Z
x3
p
9 � x2 dx D

Z
.27 sin3 �/.3 cos�/.3 cos� d�/

D 243

Z
sin3 � cos2 � d� D 243

Z
.1 � cos2 �/ cos2 � sin� d�

D 243

�Z
cos2 � sin� d� �

Z
cos4 � sin� d�

�
:

Now use substitution, withu D cos� anddu D � sin� d� for both integrals:

I D 243

�
�1
3

cos3 � C 1

5
cos5 �

�
C C:

Sincex D 3 sin� , we construct a right triangle with sin� D x
3 :
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θ

x
3

9 − x2

From this we see that cos� D
p
9 � x2=3. Thus

I D 243

2
4�1

3

 p
9 � x2

3

!3
C 1

5

 p
9 � x2

3

!53
5C C D �3.9 � x2/3=2 C 1

5
.9 � x2/5=2 C C:

Alternately, letu D 9 � x2. Then

I D
Z
x3
p
9 � x2 dx D �1

2

Z
.9 � u/

p
udu D �1

2

�
6u3=2 � 2

5
u5=2

�
C C

D 1

5
u5=2 � 3u3=2 C C D 1

5
.9 � x2/5=2 � 3.9 � x2/3=2 C C:

23.
Z

dxp
25x2 C 2

SOLUTION Let x D
p
2
5 tan� . Thendx D

p
2
5 sec2 � d� , 25x2 C 2 D 2 tan2 � C 2 D 2 sec2 � , and

I D
Z

dxp
25x2 C 2

D
Z p

2
5 sec2 � d�
p
2 sec�

D 1

5

Z
sec� d� D 1

5
ln j sec� C tan� j C C:

Sincex D
p
2
5 tan� , we construct a right triangle with tan� D 5xp

2
:

�25x2 + 2
5x

�2

From this we see that sec� D 1p
2

p
25x2 C 2, so that

I D 1

5
ln j sec� C tan� j C C D 1

5
ln

ˇ̌
ˇ̌
ˇ

p
25x2 C 2p

2
C 5xp

2

ˇ̌
ˇ̌
ˇC C

D 1

5
ln

ˇ̌
ˇ̌
ˇ
5x C

p
25x2 C 2p
2

ˇ̌
ˇ̌
ˇC C D 1

5
ln
ˇ̌
ˇ5x C

p
25x2 C 2

ˇ̌
ˇ � 1

5
ln

p
2C C

D 1

5
ln
ˇ̌
ˇ5x C

p
25x2 C 2

ˇ̌
ˇC C

24.
Z

dt

.9t2 C 4/2

SOLUTION First factor out thet2-coefficient:

I D
Z

dt

.9t2 C 4/2
D
Z

dt
�
9
�
t2 C 4

9

��2 D 1

81

Z
dt

�
t2 C 4

9

�2 :

Now let t D 2
3 tan� . Thendt D 2

3 sec2 � d� ,

t2 C 4

9
D 4

9
tan2 � C 4

9
D 4

9
.tan2 � C 1/ D 4

9
sec2 �;

and

I D 1

81

Z 2
3 sec2 d�
16
81 sec4 � d�

D 1

24

Z
cos2 � d� D 1

24

�
1

2
� C 1

2
sin � cos�

�
C C:

Sincet D 2
3 tan� , we construct a right triangle with tan� D 3t

2 :
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�9t2 + 4

2

3t

From this we see that sin� D 3t=
p
9t2 C 4 and cos� D 2=

p
9t2 C 4. Thus

I D 1

48
tan�1

�
3t

2

�
C 1

48

�
3tp

9t2 C 4

��
2p

9t2 C 4

�
C C D 1

48
tan�1

�
3t

2

�
C t

8.9t2 C 4/
C C:

25.
Z

dz

z3
p
z2 � 4

SOLUTION Let z D 2 sec� . Thendz D 2 sec� tan� d� ,

z2 � 4 D 4 sec2 � � 4 D 4.sec2 � � 1/ D 4 tan2 �;

and

I D
Z

dz

z3
p
z2 � 4

D
Z

2 sec� tan� d�

.8 sec3 �/.2 tan�/
D 1

8

Z
d�

sec2 �
D 1

8

Z
cos2 � d�

D 1

8

�
1

2
� C 1

2
sin � cos�

�
C C D 1

16
� C 1

16
sin � cos� C C:

As explained in the text, this computation is valid if we choose� in Œ0; �=2/ if z � 2 and inŒ�; 3�=2/ if z � �2. If z � 2, we may
construct a right triangle with sec� D z

2 :

q

2

z
z2 − 4

From this we see that sin� D
p
z2 � 4=z and cos� D 2=z. Then

I D 1

16
sec�1

�z
2

�
C 1

16

 p
z2 � 4

z

!�
2

z

�
C C D 1

16
sec�1

�z
2

�
C

p
z2 � 4
8z2

C C:

However, ifz � �2 then sec�1
�
z
2

�
lies in

�
�
2 ; �

�
according to the definition of sec�1 x used in the text. But since� is the angle

in
h
�; 3�2

�
satisfying sec� D z=2, we find that� D 2� � sec�1

�
z
2

�
. Similarly, sin� D �

p
z2 � 4=z and cos� D �2=z: So, for

z � �2, I D � 1
16 sec�1

�
z
2

�
C

p
z2�4
8z2 C C . Note that although� D 2� � sec�1

�
z
2

�
; the2� is not needed in the expression for

I because it may be absorbed in the constantC .

26.
Z

dyp
y2 � 9

SOLUTION Let y D 3 sec� , so thatdy D 3 sec� tan� d� and

y2 � 9 D .3 sec�/2 � 9 D 9.sec2 � � 1/ D 9 tan2 �

so that

I D
Z

dyp
y2 � 9

D
Z
3 sec� tan�

3 tan�
d� D

Z
sec� d� D ln j sec� C tan� j C C

Sincey D 3 sec� , we construct a right triangle with sec� D y
3 :

�y2 − 9
y

3

From this, we see that tan� D 1
3

p
y2 � 9, so that

I D ln j sec� C tan� j C C D ln

ˇ̌
ˇ̌
ˇ
y

3
C
p
y2 � 9

3

ˇ̌
ˇ̌
ˇC C

D ln

ˇ̌
ˇ̌
ˇ
y C

p
y2 � 9

3

ˇ̌
ˇ̌
ˇC C D ln

ˇ̌
ˇ̌y C

q
y2 � 9

ˇ̌
ˇ̌ � ln3C C D ln

ˇ̌
ˇ̌y C

q
y2 � 9

ˇ̌
ˇ̌C C



834 C H A P T E R 7 TECHNIQUES OF INTEGRATION

27.
Z

x2 dx

.6x2 � 49/1=2

SOLUTION Let x D 7p
6

sec� ; thendx D 7p
6

sec� tan� d� , and

6x2 � 49 D 6

�
7p
6

sec�

�2
� 49 D 49.sec2 � � 1/ D 49 tan2 �

so that

I D
Z

x2 dx

.6x2 � 49/1=2
D
Z 49

6 sec2 �. 7p
6

sec� tan�/

7 tan�
d�

D 49

6
p
6

Z
sec3 � d� D 49

6
p
6

�
1

2
tan� sec� C 1

2

Z
sec� d�

�

D 49

12
p
6
.tan� sec� C ln j sec� C tan� j/C C

Sincex D 7p
6

sec� , we construct a right triangle with sec� D x
p
6

7 :

�6x2 − 49
x�6

7

From this we see that tan� D 1
7

p
6x2 � 49, so that

I D 49

12
p
6

 
x

p
6
p
6x2 � 49

49
C ln

ˇ̌
ˇ̌
ˇ
x

p
6C

p
6x2 � 49

7

ˇ̌
ˇ̌
ˇ

!
C C

D 49

12
p
6

 
x

p
6
p
6x2 � 49

49
C ln

ˇ̌
ˇx

p
6C

p
6x2 � 49

ˇ̌
ˇ � ln 7

!
C C

D 1

12
p
6

�
x

p
6
p
6x2 � 49C 49 ln

ˇ̌
ˇx

p
6C

p
6x2 � 49

ˇ̌
ˇ
�

C C

28.
Z

dx

.x2 � 4/2

SOLUTION Let x D 2 sec� . Thendx D 2 sec� tan� d� ,

x2 � 4 D 4 sec2 � � 4 D 4.sec2 � � 1/ D 4 tan2 �;

and

I D
Z

dx

.x2 � 4/2
D
Z
2 sec� tan� d�

16 tan4 �
D 1

8

Z
sec� d�

tan3 �

D 1

8

Z
cos2 �

sin3 �
d� D 1

8

Z
1 � sin2 �

sin3 �
d� D 1

8

Z
csc3 � d� � 1

8

Z
csc� d�:

Now use the reduction formula for
Z

csc3 � d� :

I D 1

8

�
�cot� csc�

2
C 1

2

Z
csc� d�

�
� 1

8

Z
csc� d� D � 1

16
cot� csc� � 1

16

Z
csc� d�

D � 1

16
cot� csc� � 1

16
ln j csc� � cot� j C C:

Sincex D 2 sec� , we construct a right triangle with sec� D x
2 :

q

2

x
x2 − 4
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From this we see that cot� D 2=
p
x2 � 4 and csc� D x=

p
x2 � 4. Thus

I D � 1

16

�
2p
x2 � 4

��
xp
x2 � 4

�
� 1

16
ln

ˇ̌
ˇ̌ xp
x2 � 4

� 2p
x2 � 4

ˇ̌
ˇ̌C C

D �x
8.x2 � 4/

� 1

16
ln

ˇ̌
ˇ̌ x � 2p
x2 � 4

ˇ̌
ˇ̌C C:

29.
Z

dt

.t2 C 9/2

SOLUTION Let t D 3 tan� . Thendt D 3 sec2 � d� ,

t2 C 9 D 9 tan2 � C 9 D 9.tan2 � C 1/ D 9 sec2 �;

and

I D
Z

dt

.t2 C 9/2
D
Z
3 sec2 � d�

81 sec4 �
D 1

27

Z
cos2 � d� D 1

27

�
1

2
� C 1

2
sin � cos�

�
C C:

Sincet D 3 tan� , we construct a right triangle with tan� D t
3 :

�t2 + 9
t

3

From this we see that sin� D t=
p
t2 C 9 and cos� D 3=

p
t2 C 9. Thus

I D 1

54
tan�1

�
t

3

�
C 1

54

�
tp
t2 C 9

��
3p
t2 C 9

�
C C D 1

54
tan�1

�
t

3

�
C t

18.t2 C 9/
C C:

30.
Z

dx

.x2 C 1/3

SOLUTION Let x D tan� . Thendx D sec2 � d� , x2 C 1 D tan2 � C 1 D sec2 � , and

I D
Z

dx

.x2 C 1/3
D
Z

sec2 � d�

sec6 �
D
Z

cos4 � d�:

Using the reduction formula for
Z

cos4 � d� , we get

I D cos3 � sin�

4
C 3

4

Z
cos2 � d� D 1

4
cos3 � sin� C 3

4

�
1

2
� C 1

2
sin � cos�

�
C C:

Sincex D tan� , we construct the following right triangle:

q

x2 + 1
x

1

From this we see that sin� D x=
p
x2 C 1 and cos� D 1=

p
x2 C 1. Thus

I D 1

4

�
1p

x2 C 1

�3 � xp
x2 C 1

�
C 3

8
tan�1 x C 3

8

�
xp
x2 C 1

��
1p

x2 C 1

�
C C

D x

4.x2 C 1/2
C 3x

8.x2 C 1/
C 3

8
tan�1 x C C:

31.
Z

x2 dx

.x2 � 1/3=2

SOLUTION Let x D sec� . Thendx D sec� tan� d� , andx2 � 1 D sec2 � � 1 D tan2 � . Thus

I D
Z

x2

.x2 � 1/3=2
dx D

Z
sec2 �

.tan2 �/3=2
sec� tan� d�



836 C H A P T E R 7 TECHNIQUES OF INTEGRATION

D
Z

sec2 � sec� tan�

tan3 �
d� D

Z
sec3 �

tan2 �
d�

D
Z

sec2 �

tan2 �
sec� d� D

Z
csc2 � sec� d� D

Z
.1C cot2 �/ sec� d�

D
Z

sec� C cot� csc� d� D ln j sec� C tan� j � csc� C C

Sincex D sec� , we construct the following right triangle:

�x2 − 1
x

1

From this we see that tan� D
p
x2 � 1 and that csc� D xp

x2�1
, so that

I D ln
ˇ̌
ˇx C

p
x2 � 1

ˇ̌
ˇ � xp

x2 � 1
C C

32.
Z

x2 dx

.x2 C 1/3=2

SOLUTION Let x D tan� . Thendx D sec2 � d� , x2 C 1 D tan2 � C 1 D sec2 � , and

I D
Z

x2 dx

.x2 C 1/3=2
D
Z

tan2 �.sec2 � d�/

.sec2 �/3=2
D
Z

tan2 �

sec�
d� D

Z
sin2 �

cos�
d� D

Z
1 � cos2 �

cos�
d�

D
Z

1

cos�
d� �

Z
cos2 �

cos�
d� D

Z
sec� d� �

Z
cos� d� D ln j sec� C tan� j � sin� C C:

Sincex D tan� , we construct the following right triangle:

q

x2 + 1
x

1

From this we see that sec� D
p
x2 C 1 and sin� D x=

p
x2 C 1. Thus

I D ln
ˇ̌
ˇ
p
x2 C 1C x

ˇ̌
ˇ� xp

x2 C 1
C C:

33. Prove fora > 0:
Z

dx

x2 C a
D 1p

a
tan�1 xp

a
C C

SOLUTION Let x D
p
a u. Then,x2 D au2, dx D

p
a du, and

Z
dx

x2 C a
D 1p

a

Z
du

u2 C 1
D 1p

a
tan�1 uC C D 1p

a
tan�1

�
xp
a

�
C C:

34. Prove fora > 0:
Z

dx

.x2 C a/2
D 1

2a

�
x

x2 C a
C 1p

a
tan�1 xp

a

�
C C

SOLUTION Let x D
p
a u. Then,x2 D au2, dx D

p
a du, and

Z
dx

.x2 C a/2
D 1

a3=2

Z
du

.u2 C 1/2
:

Now, letu D tan� . Thendu D sec2 � d� , and
Z

dx

.x2 C a/2
D 1

a3=2

Z
sec2 �

.sec2 �/2
d� D 1

a3=2

Z
cos2 � d� D 1

a3=2

�
1

2
sin � cos� C 1

2
�

�
C C

D 1

2a3=2

�
u

1C u2
C tan�1 u

�
C C D 1

2a3=2

�
x=

p
a

1C .x=
p
a/2

C tan�1
�
xp
a

��
C C

D 1

2a

�
x

x2 C a
C 1p

a
tan�1

�
xp
a

��
C C:
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35. Let I D
Z

dxp
x2 � 4x C 8

.

(a) Complete the square to show thatx2 � 4x C 8 D .x � 2/2 C 4.

(b) Use the substitutionu D x � 2 to show thatI D
Z

dup
u2 C 22

. Evaluate theu-integral.

(c) Show thatI D ln
ˇ̌
ˇ
q
.x � 2/2 C 4C x � 2

ˇ̌
ˇC C .

SOLUTION

(a) Completing the square, we get

x2 � 4x C 8 D x2 � 4x C 4C 4 D .x � 2/2 C 4:

(b) Let u D x � 2. Thendu D dx, and

I D
Z

dxp
x2 � 4x C 8

D
Z

dxp
.x � 2/2 C 4

D
Z

dup
u2 C 4

:

Now letu D 2 tan� . Thendu D 2 sec2 � d� ,

u2 C 4 D 4 tan2 � C 4 D 4.tan2 � C 1/ D 4 sec2 �;

and

I D
Z
2 sec2 � d�

2 sec�
D
Z

sec� d� D ln j sec� C tan� j C C:

Sinceu D 2 tan� , we construct a right triangle with tan� D u
2 :

q

u2 + 4
u

2

From this we see that sec� D
p
u2 C 4=2. Thus

I D ln

ˇ̌
ˇ̌
ˇ

p
u2 C 4

2
C u

2

ˇ̌
ˇ̌
ˇC C1 D ln

ˇ̌
ˇ
p
u2 C 4C u

ˇ̌
ˇC

�
ln
1

2
C C1

�
D ln

ˇ̌
ˇ
p
u2 C 4C u

ˇ̌
ˇC C:

(c) Substitute back forx in the result of part (b):

I D ln

ˇ̌
ˇ̌
q
.x � 2/2 C 4C x � 2

ˇ̌
ˇ̌C C:

36. Evaluate
Z

dxp
12x � x2

. First complete the square to write12x � x2 D 36 � .x � 6/2.

SOLUTION First complete the square:

12x � x2 D �
�
x2 � 12x C 36 � 36

�
D �

�
x2 � 12x C 36

�
C 36 D 36 � .x � 6/2:

Now letu D x � 6, anddu D dx. This gives us

I D
Z

dxp
12x � x2

D
Z

dxp
36 � .x � 6/2

D
Z

dup
36 � u2

:

Next, letu D 6 sin� . Thendu D 6 cos� d� ,

36 � u2 D 36 � 36 sin2 � D 36.1 � sin2 �/ D 36 cos2 �;

and

I D
Z
6 cos� d�

6 cos�
D
Z
d� D � C C:

Substituting back, we find

I D sin�1
�u
6

�
C C D sin�1

�
x � 6

6

�
C C:
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In Exercises 37–42, evaluate the integral by completing the square and using trigonometric substitution.

37.
Z

dxp
x2 C 4x C 13

SOLUTION First complete the square:

x2 C 4x C 13 D x2 C 4x C 4C 9 D .x C 2/2 C 9:

Let u D x C 2. Thendu D dx, and

I D
Z

dxp
x2 C 4x C 13

D
Z

dxp
.x C 2/2 C 9

D
Z

dup
u2 C 9

:

Now letu D 3 tan� . Thendu D 3 sec2 � d� ,

u2 C 9 D 9 tan2 � C 9 D 9.tan2 � C 1/ D 9 sec2 �;

and

I D
Z
3 sec2 � d�

3 sec�
D
Z

sec� d� D ln j sec� C tan� j C C:

Sinceu D 3 tan� , we construct the following right triangle:

q

u2 + 9
u

3

From this we see that sec� D
p
u2 C 9=3. Thus

I D ln

ˇ̌
ˇ̌
ˇ

p
u2 C 9

3
C u

3

ˇ̌
ˇ̌
ˇC C1 D ln

ˇ̌
ˇ
p
u2 C 9C u

ˇ̌
ˇC

�
ln
1

3
C C1

�

D ln

ˇ̌
ˇ̌
q
.x C 2/2 C 9C x C 2

ˇ̌
ˇ̌C C D ln

ˇ̌
ˇ
p
x2 C 4x C 13C x C 2

ˇ̌
ˇC C:

38.
Z

dxp
2C x � x2

SOLUTION First complete the square:

2C x � x2 D �
�
x2 � x

�
C 2 D �

�
x2 � x C 1

4

�
C 2C 1

4
D 9

4
�
�
x � 1

2

�2
:

Letu D x � 1
2 anddu D dx. This gives us

I D
Z

dxp
2C x � x2

D
Z

dxq
9
4 � .x � 1

2 /
2

D
Z

duq
9
4 � u2

:

Now letu D 3
2 sin � . Thendu D 3

2 cos� d� ,

9

4
� u2 D 9

4
� 9

4
sin2 � D 9

4
.1 � sin2 �/ D 9

4
cos2 �;

and

I D
Z 3

2 cos� d�
3
2 cos�

D
Z
d� D � C C D sin�1

�
2u

3

�
C C D sin�1

 
2.x � 1

2 /

3

!
C C D sin�1

�
2x � 1

3

�
C C:

39.
Z

dxp
x C 6x2

SOLUTION First complete the square:

6x2 C x D
�
6x2 C x C 1

24

�
� 1

24
D
�p

6x C 1

2
p
6

�2
� 1

24
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Letu D
p
6x C 1

2
p
6

so thatdu D
p
6dx. Then

I D
Z

1p
x C 6x2

dx D
Z

1r�p
6x C 1

2
p
6

�2
� 1
24

dx D 1p
6

Z
1q

u2 � 1
24

du

Now letu D 1

2
p
6

sec� . Thendu D 1

2
p
6

sec� tan� , and

u2 � 1

24
D 1

24
.sec2 � � 1/ D 1

24
tan2 �

so that

I D 1p
6

Z
1

1

2
p
6

tan�

1

2
p
6

sec� tan� d� D 1p
6

Z
sec� d� D 1p

6
ln j sec� C tan� j C C

Sinceu D 1

2
p
6

sec� , we construct the following right triangle:

�24u2 − 1
2u�6

1

from which we see that tan� D
p
24u2 � 1 and sec� D 2u

p
6. Thus

I D 1p
6

ln
ˇ̌
ˇ2u

p
6C

p
24u2 � 1

ˇ̌
ˇC C D 1p

6
ln

ˇ̌
ˇ̌
ˇ2

p
6

�p
6x C 1

2
p
6

�
C

s
24

�
6x2 C x C 1

24

�
� 1

ˇ̌
ˇ̌
ˇC C

D 1p
6

ln
ˇ̌
ˇ12x C 1C

p
144x2 C 24x

ˇ̌
ˇC C

40.
Z p

x2 � 4x C 7 dx

SOLUTION First complete the square:

x2 � 4x C 7 D x2 � 4x C 4C 3 D .x � 2/2 C 3:

Let u D x � 2. Thendu D dx, and

I D
Z p

x2 � 4x C 7 dx D
Z q

.x � 2/2 C 3 dx D
Z p

u2 C 3 du:

Now letu D
p
3 tan� . Thendu D

p
3 sec2 � d� ,

u2 C 3 D 3 tan2 � C 3 D 3.tan2 � C 1/ D 3 sec2 �;

and

I D
Z p

3 sec2 �
p
3 sec2 � d� D 3

Z
sec3 � d� D 3

�
tan� sec�

2
C 1

2

Z
sec� d�

�

D 3

2
tan� sec� C 3

2
ln j sec� C tan� j C C:

Sinceu D
p
3 tan� , we construct a right triangle with tan� D up

3
:

q

u2 + 3
u

3

From this we see that sec� D
p
u2 C 3=3. Thus

I D 3

2

�
up
3

� p
u2 C 3p
3

!
C 3

2
ln

ˇ̌
ˇ̌
ˇ

p
u2 C 3p
3

C up
3

ˇ̌
ˇ̌
ˇC C1
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D 1

2
u
p
u2 C 3C 3

2
ln
ˇ̌
ˇ
p
u2 C 3C u

ˇ̌
ˇC

�
3

2
ln

1p
3

C C1

�

D 1

2
.x � 2/

q
.x � 2/2 C 3C 3

2
ln

ˇ̌
ˇ̌
q
.x � 2/2 C 3C x � 2

ˇ̌
ˇ̌C C

D 1

2
.x � 2/

p
x2 � 4x C 7C 3

2
ln
ˇ̌
ˇ
p
x2 � 4x C 7C x � 2

ˇ̌
ˇC C:

41.
Z p

x2 � 4x C 3 dx

SOLUTION First complete the square:

x2 � 4x C 3 D x2 � 4x C 4 � 1 D .x � 2/2 � 1:

Let u D x � 2. Thendu D dx, and

I D
Z p

x2 � 4x C 3 dx D
Z q

.x � 2/2 � 1 dx D
Z p

u2 � 1 du:

Now letu D sec� . Thendu D sec� tan� d� , u2 � 1 D sec2 � � 1 D tan2 � , and

I D
Z p

tan2 �.sec� tan� d�/ D
Z

tan2 � sec� d� D
Z �

sec2 � � 1
�

sec� d�

D
Z

sec3 � d� �
Z

sec� d� D
�

tan� sec�

2
C 1

2

Z
sec� d�

�
�
Z

sec� d�

D 1

2
tan� sec� � 1

2

Z
sec� d� D 1

2
tan� sec� � 1

2
ln j sec� C tan� j C C:

Sinceu D sec� , we construct the following right triangle:

q

1

u
u2 − 1

From this we see that tan� D
p
u2 � 1. Thus

I D 1

2
u
p
u2 � 1 � 1

2
ln
ˇ̌
ˇuC

p
u2 � 1

ˇ̌
ˇC C D 1

2
.x � 2/

q
.x � 2/2 � 1 � 1

2
ln

ˇ̌
ˇ̌x � 2C

q
.x � 2/2 � 1

ˇ̌
ˇ̌C C

D 1

2
.x � 2/

p
x2 � 4x C 3 � 1

2
ln
ˇ̌
ˇx � 2C

p
x2 � 4x C 3

ˇ̌
ˇC C:

42.
Z

dx

.x2 C 6x C 6/2

SOLUTION First complete the square:

x2 C 6x C 6 D x2 C 6x C 9 � 3 D .x C 3/2 � 3:

Let u D x C 3. Thendu D dx, and

I D
Z

dx

.x2 C 6x C 6/2
D
Z

dx

..x C 3/2 � 3/2
D
Z

du

.u2 � 3/2
:

Now letu D
p
3 sec� . Thendu D

p
3 sec� tan� ,

u2 � 3 D 3 sec2 � � 3 D 3.sec2 � � 1/ D 3 tan2 �;

and

I D
Z p

3 sec� tan� d�

9 tan4 �
D

p
3

9

Z
sec� d�

tan3 �
D

p
3

9

Z
cos2 �

sin3 �
d� D

p
3

9

Z
.1 � sin2 �/ d�

sin3 �

D
p
3

9

�Z
csc3 � d� �

Z
csc� d�

�
D

p
3

9

��
�cot� csc�

2
C 1

2

Z
csc� d�

�
�
Z

csc� d�

�

D
p
3

9

�
�1
2

cot� csc� � 1

2

Z
csc� d�

�
D �

p
3

18
cot� csc� �

p
3

18
ln j csc� � cot� j C C:

Sinceu D
p
3 sec� , we construct a right triangle with sec� D up

3
:
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q

u
u2 − 3

3

From this we see that cot� D
p
3=

p
u2 � 3 and csc� D u=

p
u2 � 3. Thus

I D �
p
3

18

 p
3p

u2 � 3

!�
up
u2 � 3

�
�

p
3

18
ln

ˇ̌
ˇ̌
ˇ

up
u2 � 3

�
p
3p

u2 � 3

ˇ̌
ˇ̌
ˇC C

D �u
6.u2 � 3/

�
p
3

18
ln

ˇ̌
ˇ̌
ˇ
u �

p
3p

u2 � 3

ˇ̌
ˇ̌
ˇC C D �.x C 3/

6..x C 3/2 � 3/
�

p
3

18
ln

ˇ̌
ˇ̌
ˇ
x C 3 �

p
3p

.x C 3/2 � 3

ˇ̌
ˇ̌
ˇC C

D �.x C 3/

6.x2 C 6x C 6/
�

p
3

18
ln

ˇ̌
ˇ̌
ˇ
x C 3 �

p
3p

x2 C 6x C 6

ˇ̌
ˇ̌
ˇC C:

In Exercises 43–52, indicate a good method for evaluating the integral (but do not evaluate). Your choices are: substitution (specify
u anddu), Integration by Parts (specifyu and v0), a trigonometric method, or trigonometric substitution (specify). If it appears
that these techniques are not sufficient, state this.

43.
Z

x dxp
12 � 6x � x2

SOLUTION Complete the square so the the denominator is
p
15 � .x C 3/2 and then use trigonometric substitution withxC 3 D

sin� .

44.
Z p

4x2 � 1 dx

SOLUTION Use trigonometric substitution, withx D 1
2 sec� .

45.
Z

sin3 x cos3 x dx

SOLUTION Use one of the following trigonometric methods: rewrite sin3 x D .1 � cos2 x/sinx and letu D cosx, or rewrite
cos3 x D .1 � sin2 x/ cosx and letu D sinx.

46.
Z
x sec2 x dx

SOLUTION Use Integration by Parts, withu D x andv0 D sec2 x.

47.
Z

dxp
9 � x2

SOLUTION Either use the substitutionx D 3u and then recognize the formula for the inverse sine:

Z
dup
1 � u2

D sin�1 uC C;

or use trigonometric substitution, withx D 3 sin� .

48.
Z p

1 � x3 dx

SOLUTION Not solvable by any method yet considered. (In fact, this has no antiderivative using elementary functions).

49.
Z

sin3=2 x dx

SOLUTION Not solvable by any method yet considered.

50.
Z
x2

p
x C 1 dx

SOLUTION Use integration by parts twice, first withu D x2 and then withu D x.

51.
Z

dx

.x C 1/.x C 2/3

SOLUTION The techniques we have covered thus far are not sufficient to treat this integral. This integral requires a technique
known as partial fractions.
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52.
Z

dx

.x C 12/4

SOLUTION Use the substitutionu D x C 12, and then recognize the formula

Z
u�4 du D � 1

3u3
C C:

In Exercises 53–56, evaluate using Integration by Parts as a first step.

53.
Z

sec�1 x dx

SOLUTION Let u D sec�1 x andv0 D 1. Thenv D x, u0 D 1=x
p
x2 � 1, and

I D
Z

sec�1 x dx D x sec�1 x �
Z

x

x
p
x2 � 1

dx D x sec�1 x �
Z

dxp
x2 � 1

:

To evaluate the integral on the right, letx D sec� . Thendx D sec� tan� d� , x2 � 1 D sec2 � � 1 D tan2 � , and
Z

dxp
x2 � 1

D
Z

sec� tan� d�

tan�
D
Z

sec� d� D ln j sec� C tan� j C C D ln
ˇ̌
ˇx C

p
x2 � 1

ˇ̌
ˇC C:

Thus, the final answer is

I D x sec�1 x � ln
ˇ̌
ˇx C

p
x2 � 1

ˇ̌
ˇC C:

54.
Z

sin�1 x
x2

dx

SOLUTION Let u D sin�1 x andv0 D x�2. Thenu0 D 1=
p
1 � x2, v D �x�1, and

I D
Z

sin�1 x
x2

dx D �sin�1 x
x

C
Z

dx

x
p
1 � x2

:

To evaluate the integral on the right, letx D sin� . Thendx D cos� d� , 1 � x2 D 1� sin2 � D cos2 � , and
Z

dx

x
p
1 � x2

D
Z

cos� d�

.sin �/.cos�/
D
Z

csc� d� D ln j csc� � cot� j C C:

Sincex D sin� , we construct the following right triangle:

q

1

1 − x2

x

From this we see that csc� D 1=x and cot� D
p
1 � x2=x. Thus

Z
dx

x
p
1 � x2

D ln

ˇ̌
ˇ̌
ˇ
1

x
�

p
1 � x2

x

ˇ̌
ˇ̌
ˇC C D ln

ˇ̌
ˇ̌
ˇ
1 �

p
1 � x2
x

ˇ̌
ˇ̌
ˇC C:

The final answer is

I D �sin�1 x
x

C ln

ˇ̌
ˇ̌
ˇ
1 �

p
1� x2

x

ˇ̌
ˇ̌
ˇC C:

55.
Z

ln.x2 C 1/ dx

SOLUTION Start by using integration by parts, withu D ln.x2 C 1/ andv0 D 1; thenu0 D 2x
x2C1 andv D x, so that

I D
Z

ln.x2 C 1/ dx D x ln.x2 C 1/ � 2

Z
x2

x2 C 1
dx D x ln.x2 C 1/ � 2

Z �
1 � 1

x2 C 1

�
dx

D x ln.x2 C 1/ � 2x C 2

Z
1

x2 C 1
dx
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To deal with the remaining integral, use the substitutionx D tan� , so thatdx D sec2 � d� and

Z
1

x2 C 1
dx D

Z
sec2 �

tan2 � C 1
d� D

Z
sec2 �

sec2 �
d� D

Z
1 d� D � D tan�1 x C C

so that finally

I D x ln.x2 C 1/ � 2x C 2 tan�1 x C C

56.
Z
x2 ln.x2 C 1/ dx

SOLUTION Start by using integration by parts withu D ln.x2 C 1/, v0 D x2; thenu0 D 2x
x2C1 andv D 1

3x
3, so that

I D
Z
x2 ln.x2 C 1/ dx D 1

3
x3 ln.x2 C 1/ � 2

3

Z
x4

x2 C 1
dx

To deal with the remaining integral, use the substitutionx D tan� ; thendx D sec2 � d� and

Z
x4

x2 C 1
dx D

Z
tan4 �

tan2 � C 1
sec2 � d� D

Z
tan4 �

sec2 �
sec2 � d� D

Z
tan4 � d�

Using the reduction formula for tann gives
Z

tan4 � d� D 1

3
tan3 � �

Z
tan2 � d� D 1

3
tan3 � � tan� C � C C

so that, substituting back forx D tan� , we get

I D 1

3
x3 ln.x2 C 1/ � 2

3

�
1

3
x3 � x C tan�1 x

�
C C D 1

3
x3 ln.x2 C 1/� 2

9
x3 C 2

3
x � 2

3
tan�1 x C C

57. Find the average height of a point on the semicircley D
p
1 � x2 for �1 � x � 1.

SOLUTION The average height is given by the formula

yave D 1

1 � .�1/

Z 1

�1

p
1 � x2 dx D 1

2

Z 1

�1

p
1 � x2 dx

Let x D sin� . Thendx D cos� d� , 1 � x2 D cos2 � , and
Z p

1 � x2 dx D
Z
.cos�/.cos� d�/ D

Z
cos2 � d� D 1

2
� C 1

2
sin � cos� C C:

Sincex D sin� , we construct the following right triangle:

q

1

1 − x2

x

From this we see that cos� D
p
1 � x2. Therefore,

yave D 1

2

�
1

2
sin�1 x C 1

2
x
p
1 � x2

�ˇ̌
ˇ̌
1

�1
D 1

2

��
1

2
� C 0

�
�
�

�1
2
� C 0

��
D �

4
:

58. Find the volume of the solid obtained by revolving the graph ofy D x
p
1 � x2 over Œ0; 1� about they-axis.

SOLUTION Using the method of cylindrical shells, the volume is given by

V D 2�

Z 1

0
x
�
x
p
1 � x2

�
dx D 2�

Z 1

0
x2
p
1 � x2 dx:

To evaluate this integral, letx D sin� . Thendx D cos� d� ,

1 � x2 D 1 � sin2 � D cos2 �;

and

I D
Z
x2
p
1 � x2 dx D

Z
sin2 � cos2 � d� D

Z �
1� cos2 �

�
cos2 � d� D

Z
cos2 � d� �

Z
cos4 � d�:
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Now use the reduction formula for
R

cos4 � d� :

I D
Z

cos2 � d� �
"

cos3 � sin�

4
C 3

4

Z
cos2 � d�

#
D �1

4
cos3 � sin� C 1

4

Z
cos2 � d�

D �1
4

cos3 � sin� C 1

4

�
1

2
� C 1

2
sin � cos�

�
C C D �1

4
cos3 � sin� C 1

8
� C 1

8
sin � cos� C C:

Since sin� D x, we know that cos� D
p
1 � x2. Then we have

I D �1
4

�
1 � x2

�3=2
x C 1

8
sin�1 x C 1

8
x
p
1� x2 C C:

Now we can complete the volume:

V D 2�

�
�1
4
x
�
1 � x2

�3=2 C 1

8
sin�1 x C 1

8
x
p
1 � x2

�ˇ̌
ˇ̌
1

0

D 2�
h�
0C �

16
C 0

�
� .0/

i
D �2

8
:

59. Find the volume of the solid obtained by revolving the region between the graph ofy2 � x2 D 1 and the liney D 2 about the
line y D 2.

SOLUTION First solve the equationy2 � x2 D 1 for y:

y D ˙
p
x2 C 1:

The region in question is bounded in part by the top half of this hyperbola, which is the equation

y D
p
x2 C 1:

The limits of integration are obtained by finding the points of intersection of this equation withy D 2:

2 D
p
x2 C 1 ) x D ˙

p
3:

The radius of each disk is given by2 �
p
x2 C 1; the volume is therefore given by

V D
Z p

3

�
p
3
�r2 dx D 2�

Z p
3

0

�
2 �

p
x2 C 1

�2
dx D 2�

Z p
3

0

h
4 � 4

p
x2 C 1C .x2 C 1/

i
dx

D 8�

Z p
3

0
dx � 8�

Z p
3

0

p
x2 C 1dx C 2�

Z p
3

0
.x2 C 1/ dx:

To evaluate the integral
Z p

x2 C 1dx, let x D tan� . Thendx D sec2 � d� , x2 C 1 D sec2 � , and

Z p
x2 C 1 dx D

Z
sec3 � d� D 1

2
tan� sec� C 1

2

Z
sec� d�

D 1

2
tan� sec� C 1

2
ln j sec� C tan� j C C D 1

2
x
p
x2 C 1C 1

2
ln
ˇ̌
ˇ
p
x2 C 1C x

ˇ̌
ˇC C:

Now we can compute the volume:

V D
�
8�x � 8�

�
1

2
x
p
x2 C 1C 1

2
ln
ˇ̌
ˇ
p
x2 C 1C x

ˇ̌
ˇ
�

C 2

3
�x3 C 2�x

�ˇ̌
ˇ̌
p
3

0

D
�
10�x C 2

3
�x3 � 4�x

p
x2 C 1 � 4� ln

ˇ̌
ˇ
p
x2 C 1C x

ˇ̌
ˇ
�ˇ̌
ˇ̌
p
3

0

D
�
10�

p
3C 2�

p
3 � 8�

p
3 � 4� ln

ˇ̌
ˇ2C

p
3
ˇ̌
ˇ
�

� .0/ D 4�
hp
3 � ln

ˇ̌
ˇ2C

p
3
ˇ̌
ˇ
i
:

60. Find the volume of revolution for the region in Exercise 59, but revolve aroundy D 3.

SOLUTION Using the washer method, the volume is given by

V D
Z p

3

�
p
3
�
�
R2 � r2

�
dx D 2�

Z p
3

0

��
3 �

p
x2 C 1

�2
� 12

�
dx

D 2�

Z p
3

0

�
9 � 6

p
x2 C 1C

�
x2 C 1

�
� 1

�
dx D 2�

Z p
3

0

�
9 � 6

p
x2 C 1C x2

�
dx
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D 2�

�
9x � 6

�
1

2
x
p
x2 C 1C 1

2
ln
ˇ̌
ˇ
p
x2 C 1C x

ˇ̌
ˇ
�

C 1

3
x3
�ˇ̌
ˇ̌
p
3

0

D 2�
h�
9
p
3 � 3

p
3.2/ � 3 ln

ˇ̌
ˇ2C

p
3
ˇ̌
ˇC

p
3
�

� .0/
i

D 8�
p
3 � 6� ln

ˇ̌
ˇ2C

p
3
ˇ̌
ˇ :

61. Compute
Z

dx

x2 � 1
in two ways and verify that the answers agree: first via trigonometric substitution and then using the

identity

1

x2 � 1
D 1

2

�
1

x � 1
� 1

x C 1

�

SOLUTION Using trigonometric substitution, letx D sec� . Thendx D sec� tan�d� , x2 � 1 D sec2 � � 1 D tan2 � , and

I D
Z

dx

x2 � 1
D
Z

sec� tan� d�

tan2 �
D
Z

sec�

tan�
d� D

Z
d�

sin�
D
Z

csc� d� D ln j csc� � cot� j C C:

Sincex D sec� , we construct the following right triangle:

q

1

x
x2 − 1

From this we see that csc� D x=
p
x2 � 1 and cot� D 1=

p
x2 � 1. This gives us

I D ln

ˇ̌
ˇ̌ xp
x2 � 1

� 1p
x2 � 1

ˇ̌
ˇ̌C C D ln

ˇ̌
ˇ̌ x � 1p
x2 � 1

ˇ̌
ˇ̌C C:

Using the given identity, we get

I D
Z

dx

x2 � 1
D 1

2

Z �
1

x � 1
� 1

x C 1

�
dx D 1

2

Z
dx

x � 1
� 1

2

Z
dx

x C 1
D 1

2
ln jx � 1j � 1

2
ln jx C 1j C C:

To confirm that these answers agree, note that

1

2
ln jx � 1j � 1

2
ln jx C 1j D 1

2
ln

ˇ̌
ˇ̌ x � 1
x C 1

ˇ̌
ˇ̌ D ln

sˇ̌
ˇ̌ x � 1
x C 1

ˇ̌
ˇ̌ D ln

ˇ̌
ˇ̌
ˇ

p
x � 1p
x C 1

�
p
x � 1p
x � 1

ˇ̌
ˇ̌
ˇ D ln

ˇ̌
ˇ̌ x � 1p
x2 � 1

ˇ̌
ˇ̌ :

62. You want to divide an 18-inch pizza equally among three friends using vertical slices aṫ x as in Figure 1. Find an
equation satisfied byx and find the approximate value ofx using a computer algebra system.

x

y

9−9 −−−−−−−−−−−−−xxxxxxxxxxxxxx−− xxxxxxxxxxxxx

FIGURE 1 Dividing a pizza into three equal parts.

SOLUTION First find the value ofx which divides evenly a pizza with a 1-inch radius. By proportionality, we can then take this
answer and multiply by 9 to get the answer for the 18-inch pizza. The total area of a 1-inch radius pizza is� � 12 D � (in square
inches). The three equal pieces will have an area of�=3. The center piece is further divided into 4 equal pieces, each of area�=12.
From Example 1, we know that

Z x

0

p
1 � x2 dx D 1

2
sin�1 x C 1

2
x
p
1 � x2:

Setting this expression equal to�=12 and solving forx using a computer algebra system, we findx D 0:265. For the 18-inch pizza,
the value ofx should be

x D 9.0:265/ D 2:385 inches:
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63. A charged wire creates an electric field at a pointP located at a distanceD from the wire (Figure 2). The componentE? of
the field perpendicular to the wire (in N/C) is

E? D
Z x2

x1

k�D

.x2 CD2/3=2
dx

where� is the charge density (coulombs per meter),k D 8:99 � 109 N�m2/C2 (Coulomb constant), andx1, x2 are as in the figure.
Suppose that� D 6 � 10�4 C/m, andD D 3 m. FindE? if (a) x1 D 0 andx2 D 30 m, and (b)x1 D �15 m andx2 D 15 m.

x1 x2

P

D

y

x

FIGURE 2

SOLUTION Let x D D tan� . Thendx D D sec2 � d� ,

x2 CD2 D D2 tan2 � CD2 D D2.tan2 � C 1/ D D2 sec2 �;

and

E? D
Z x2

x1

k�D

.x2 CD2/3=2
dx D k�D

Z x2

x1

D sec2 � d�

.D2 sec2 �/3=2

D k�D2

D3

Z x2

x1

sec2 � d�

sec3 �
D k�

D

Z x2

x1

cos� d� D k�

D
sin �

ˇ̌
ˇ̌
x2

x1

Sincex D D tan� , we construct a right triangle with tan� D x=D:

q

x2 + D2
x

D

From this we see that sin� D x=
p
x2 CD2. Then

E? D k�

D

�
xp

x2 CD2

�ˇ̌
ˇ̌
x2

x1

(a) Plugging in the values for the constantsk, �,D, and evaluating the antiderivative forx1 D 0 andx2 D 30, we get

E? D .8:99 � 109/.6 � 10�4/
3

�
30p

302 C 32
� 0

�
� 1:789 � 106 V

m

(b) If x1 D �15 m andx2 D 15 m, we get

E? D .8:99 � 109/.6 � 10�4/
3

"
15p

152 C 32
� �15p

.�15/2 C 32

#
� 3:526 � 106 V

m

Further Insights and Challenges

64. Let Jn D
Z

dx

.x2 C 1/n
. Use Integration by Parts to prove

JnC1 D
�
1 � 1

2n

�
Jn C

�
1

2n

�
x

.x2 C 1/n

Then use this recursion relation to calculateJ2 andJ3.
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SOLUTION Let x D tan� . Thendx D sec2 � d� , x2 C 1 D tan2 � C 1 D sec2 � , and

JnC1 D
Z

dx

.x2 C 1/nC1 D
Z

sec2 � d�

sec2nC2 �
D
Z

sec�2n � d� D
Z

cos2n � d�:

Using the reduction formula for
R

cosm � d� , we get

JnC1 D cos2n�1 � sin�

2n
C 2n � 1

2n

Z
cos2n�2 � d�:

Sincex D tan� , we construct the following right triangle:

q

x2 + 1
x

1

From this we see that cos� D 1=
p
x2 C 1, and sin� D x=

p
x2 C 1. This gives us

JnC1 D 1

2n

�
1p

x2 C 1

�2n�1 � xp
x2 C 1

�
C 2n � 1

2n

Z �
1p

x2 C 1

�2n�2 � 1p
x2 C 1

�2
dx:

Here we’ve used the fact that

d� D dx

sec2 �
D cos2 � dx D

�
1p

x2 C 1

�2
dx:

Simplifying, we get

JnC1 D
�
1

2n

�
x

.
p
x2 C 1/2n

C 2n � 1
2n

Z
dx

.
p
x2 C 1/2n

D 1

2n

x

.x2 C 1/n
C 2n � 1

2n

Z
dx

.x2 C 1/n

D 1

2n

x

.x2 C 1/n
C
�
1 � 1

2n

�
Jn:

To use this formula, we first computeJ1:

J1 D
Z

dx

x2 C 1
D tan�1 x C C:

Now use the formula to computeJ2 andJ3:

J2 D 1

2

x

x2 C 1
C
�
1 � 1

2

�
J1 D x

2.x2 C 1/
C 1

2
tan�1 x C C I

J3 D 1

4

x

.x2 C 1/2
C
�
1 � 1

4

�
J2 D 1

4

�
x

.x2 C 1/2
C 3x

8.x2 C 1/
C 3

8
tan�1 x

�
C C:

65. Prove the formula
Z p

1 � x2 dx D 1

2
sin�1 x C 1

2
x
p
1 � x2 C C

using geometry by interpreting the integral as the area of part of the unit circle.

SOLUTION The integral
Z a

0

p
1 � x2 dx is the area bounded by the unit circle, thex-axis, they-axis, and the linex D a. This

area can be divided into two regions as follows:

1

I

II

a0
x

y

1

q
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Region I is a triangle with basea and height
p
1 � a2. Region II is a sector of the unit circle with central angle� D �

2 � cos�1 a D
sin�1 a. Thus,

Z a

0

p
1 � x2 dx D 1

2
a
p
1 � a2 C 1

2
sin�1 a D

�
1

2
x
p
1 � x2 C 1

2
sin�1 x

�ˇ̌
ˇ̌
a

0

:

7.4 Integrals Involving Hyperbolic and Inverse Hyperbolic F unctions

Preliminary Questions
1. Which hyperbolic substitution can be used to evaluate the following integrals?

(a)
Z

dxp
x2 C 1

(b)
Z

dxp
x2 C 9

(c)
Z

dxp
9x2 C 1

SOLUTION The appropriate hyperbolic substitutions are

(a) x D sinht

(b) x D 3 sinht

(c) 3x D sinht

2. Which two of the hyperbolic integration formulas differ from their trigonometric counterparts by a minus sign?

SOLUTION The integration formulas for sinhx and tanhx differ from their trigonometric counterparts by a minus sign.

3. Which antiderivative ofy D .1 � x2/�1 should we use to evaluate the integral
Z 5

3
.1� x2/�1 dx?

SOLUTION Because the integration interval lies outside�1 < x < 1, the appropriate antiderivative ofy D .1 � x2/�1 is
1
2 ln

ˇ̌
ˇ 1Cx
1�x

ˇ̌
ˇ.

Exercises
In Exercises 1–16, calculate the integral.

1.
Z

cosh.3x/ dx

SOLUTION

Z
cosh.3x/ dx D 1

3
sinh3x C C .

2.
Z

sinh.x C 1/ dx

SOLUTION

Z
sinh.x C 1/ dx D cosh.x C 1/C C .

3.
Z
x sinh.x2 C 1/ dx

SOLUTION

Z
x sinh.x2 C 1/ dx D 1

2
cosh.x2 C 1/C C .

4.
Z

sinh2 x coshx dx

SOLUTION Let u D sinhx. Thendu D coshx dx and

Z
sinh2 x coshx dx D

Z
u2 du D 1

3
u3 C C D 1

3
.sinhx/3 C C:

5.
Z

sech2.1 � 2x/ dx

SOLUTION

Z
sech2.1 � 2x/ dx D �1

2
tanh.1 � 2x/C C .

6.
Z

tanh.3x/ sech.3x/ dx

SOLUTION

Z
tanh.3x/ sech.3x/ dx D �1

3
sech3x C C .
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7.
Z

tanhx sech2 x dx

SOLUTION Let u D tanhx. Thendu D sech2 x dx nd

Z
tanhx sech2 x dx D

Z
udu D 1

2
u2 C C D tanh2 x

2
C C:

8.
Z

coshx

3 sinhx C 4
dx

SOLUTION Let u D 3 sinhx C 4. Thendu D 3 coshx dx and
Z

coshx

3 sinhx C 4
dx D

Z
du

3u
D 1

3
ln juj C C D 1

3
ln j3 sinhx C 4j C C:

9.
Z

tanhx dx

SOLUTION

Z
tanhx dx D ln coshx C C .

10.
Z
x csch.x2/ coth.x2/ dx

SOLUTION Let u D x2. Thendu D 2x dx and
Z
x csch.x2/ coth.x2/ dx D 1

2

Z
cschu cothudu D �1

2
cschuC C D �1

2
csch.x2/C C:

11.
Z

coshx

sinhx
dx

SOLUTION

Z
coshx

sinhx
dx D ln j sinhxj C C .

12.
Z

coshx

sinh2 x
dx

SOLUTION

Z
coshx

sinh2 x
dx D

Z
cschx cothx dx D � cschx C C .

13.
Z

sinh2.4x � 9/ dx

SOLUTION

Z
sinh2.4x � 9/ dx D 1

2

Z
.cosh.8x � 18/ � 1/ dx D 1

16
sinh.8x � 18/ � 1

2
x C C .

14.
Z

sinh3 x cosh6 x dx

SOLUTION Let u D coshx. Thendu D sinhx dx and
Z

sinh3 x cosh6 x dx D
Z
.cosh2 x � 1/ cosh6 x sinhx dx D

Z
.u2 � 1/u6 du D

Z
.u8 � u6/ du

D 1

9
u9 � 1

7
u7 C C D 1

9
cosh9 x � 1

7
cosh7 x C C:

15.
Z

sinh2 x cosh2 x dx

SOLUTION

Z
sinh2 x cosh2 x dx D 1

4

Z
sinh2 2x dx D 1

8

Z
.cosh4x � 1/ dx D 1

32
sinh4x � 1

8
x C C:

16.
Z

tanh3 x dx

SOLUTION

Z
tanh3 x dx D

Z
.1� sech2 x/ tanhx dx D ln coshx �

Z
tanhx sech2 x dx:

To evaluate the remaining integral, letu D tanhx. Thendu D sech2 x dx and
Z

tanhx sech2 x dx D
Z
udu D 1

2
u2 C C D 1

2
tanh2 x C C:

Therefore,
Z

tanh3 x dx D ln coshx � 1

2
tanh2 x C C:
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In Exercises 17–30, calculate the integral in terms of the inverse hyperbolic functions.

17.
Z

dxp
x2 � 1

SOLUTION

Z
dxp
x2 � 1

D cosh�1 x C C .

18.
Z

dxp
9x2 � 4

SOLUTION

Z
dxp
9x2 � 4

D 1

3
cosh�1

�
3x

2

�
C C .

19.
Z

dxp
16C 25x2

SOLUTION

Z
dxp

16C 25x2
D 1

5
sinh�1

�
5x

4

�
C C .

20.
Z

dxp
1C 3x2

SOLUTION

Z
dxp
1C 3x2

D 1p
3

sinh�1.
p
3x/C C .

21.
Z p

x2 � 1dx

SOLUTION Let x D cosht . Thendx D sinht dt and

Z p
x2 � 1dx D

Z
sinh2 t dt D 1

2

Z
.cosh2t � 1/ dt D 1

4
sinh2t � 1

2
t C C

D 1

2
sinh t cosht � 1

2
t C C D 1

2
x
p
x2 � 1 � 1

2
cosh�1 x C C:

22.
Z

x2 dxp
x2 C 1

SOLUTION Let x D sinht . Thendx D cosht dt and

Z
x2p
x2 C 1

dx D
Z

sinh2 t dt D 1

2

Z
.cosh2t � 1/ dt D 1

4
sinh2t � 1

2
t C C D 1

2
sinh t cosht � 1

2
t C C

D 1

2
x
p
x2 C 1 � 1

2
sinh�1 x C C:

23.
Z 1=2

�1=2

dx

1 � x2

SOLUTION

Z 1=2

�1=2

dx

1 � x2
D tanh�1 x

ˇ̌
ˇ̌
1=2

�1=2
D tanh�1

�
1

2

�
� tanh�1

�
�1
2

�
D 2 tanh�1

�
1

2

�
:

24.
Z 5

4

dx

1 � x2

SOLUTION

Z 5

4

dx

1 � x2
D 1

2
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌
ˇ̌
ˇ̌
5

4

D 1

2

�
ln
3

2
� ln

5

3

�
D 1

2
ln
9

10
:

25.
Z 1

0

dxp
1C x2

SOLUTION

Z 1

0

dxp
1C x2

D sinh�1
ˇ̌
ˇ̌
1

0

D sinh�1.1/� sinh�1.0/ D sinh�1 1.

26.
Z 10

2

dx

4x2 � 1
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SOLUTION

Z 10

2

dx

4x2 � 1
D �1

2
coth�1.2x/

ˇ̌
ˇ̌
10

2

D 1

2
.coth�1 4 � coth�1 20/.

27.
Z �1

�3

dx

x
p
x2 C 16

SOLUTION

Z �1

�3

dx

x
p
x2 C 16

D 1

4
csch�1

�x
4

� ˇ̌
ˇ̌
�1

�3
D 1

4

�
csch�1

�
�1
4

�
� csch�1

�
�3
4

��
.

28.
Z 0:8

0:2

dx

x
p
1 � x2

SOLUTION

Z 0:8

0:2

dx

x
p
1 � x2

D � sech�1 x
ˇ̌
ˇ̌
0:8

0:2

D sech�1.0:2/ � sech�1.0:8/

29.
Z p

x2 � 1 dx

x2

SOLUTION Let x D cosht . Thendx D sinht dt and

Z p
x2 � 1 dx

x2
D
Z

sinh2 t

cosh2 t
dt D

Z
tanh2 t dt D

Z
.1 � sech2 t/ dt

D t � tanht C C D cosh�1 x �
p
x2 � 1

x
C C:

30.
Z 9

1

dx

x
p
x4 C 1

SOLUTION Let u D x2. Thendu D 2x dx or dxx D 1
2
du
x2 D 1

2
du
u . Hence,

Z 9

1

dx

x
p
x4 C 1

D 1

2

Z 81

1

du

u
p
u2 C 1

D � csch�1 u
ˇ̌
ˇ̌
81

1

D csch�1 1 � csch�1 81:

31. Verify the formulas

sinh�1 x D ln jx C
p
x2 C 1j

cosh�1 x D ln jx C
p
x2 � 1j (for x � 1)

SOLUTION Let x D sinht . Then

cosht D
p
1C sinh2 t D

p
1C x2:

Moreover, because

sinht C cosht D et � e�t

2
C et C e�t

2
D et ;

it follows that

sinh�1 x D t D ln.sinht C cosht/ D ln.x C
p
x2 C 1/:

Now, Letx D cosht . Then

sinht D
p

cosh2 t � 1 D
p
x2 � 1:

and

cosh�1 x D t D ln.sinht C cosht/ D ln.x C
p
x2 � 1/:

Because cosht � 1 for all t , this last expression is only valid forx D cosht � 1.

32. Verify that tanh�1 x D 1

2
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌ for jxj < 1.

SOLUTION LetA D tanh�1 x. Then

x D tanhA D sinhA

coshA
D eA � e�A

eA C e�A :
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Solving forA yields

A D 1

2
ln
x C 1

1 � x
I

hence,

tanh�1 x D 1

2
ln
x C 1

1 � x
D 1

2
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌ :

for jxj < 1 (so that both1C x and1 � x are positive).

33. Evaluate
Z p

x2 C 16 dx using trigonometric substitution. Then use Exercise 31 to verify that your answer agrees with the

answer in Example 3.

SOLUTION Let x D 4 tan� . Thendx D 4 sec2 � d� and
Z p

x2 C 16 dx D 16

Z
sec3 � d� D 8 tan� sec� C 8

Z
sec� d� D 8 tan� sec� C 8 ln jsec� C tan� j C C

D 8 � x
4

�
p
x2 C 16

4
C 8 ln

ˇ̌
ˇ̌
ˇ

p
x2 C 16

4
C x

4

ˇ̌
ˇ̌
ˇC C

D 1

2
x
p
x2 C 16C 8 ln

ˇ̌
ˇ̌
ˇ
x

4
C
r�x

4

�2
C 1

ˇ̌
ˇ̌
ˇC C:

Using Exercise 31,

ln

ˇ̌
ˇ̌
ˇ
x

4
C
r�x

4

�2
C 1

ˇ̌
ˇ̌
ˇ D sinh�1

�x
4

�
;

so we can write the antiderivative as

1

2
x
p
x2 C 16C 8 sinh�1

�x
4

�
C C;

which agrees with the answer in Example 3.

34. Evaluate
Z p

x2 � 9 dx in two ways: using trigonometric substitution and using hyperbolic substitution. Then use Exercise

31 to verify that the two answers agree.

SOLUTION First, letx D 3 sec� . Thendx D 3 sec� tan� d� and
Z p

x2 � 9 dx D 9

Z
tan2 � sec� d� D 9

Z
sec3 � d� � 9

Z
sec� d�

D 9

2
sec� tan� C 9

2

Z
sec� d� � 9

Z
sec� d�

D 9

2
sec� tan� � 9

2
ln jsec� C tan� j C C

D 9

2
� x
3

�
p
x2 � 9
3

� 9

2
ln

ˇ̌
ˇ̌
ˇ
x

3
C

p
x2 � 9

3

ˇ̌
ˇ̌
ˇC C

D 1

2
x
p
x2 � 9 � 9

2
ln

ˇ̌
ˇ̌
ˇ
x

3
C
r�x

3

�2
� 1

ˇ̌
ˇ̌
ˇC C:

Alternately, letx D 3 cosht . Thendx D 3 sinht dt and
Z p

x2 � 9 dx D 9

Z
sinh2 t dt D 9

2

Z
.cosh2t � 1/ dt D 9

2
sinh t cosht � 9

2
t C C

D 1

2
x
p
x2 � 9� 9

2
cosh�1

�x
3

�
C C:

Using Exercise 31,

cosh�1
�x
3

�
D ln

ˇ̌
ˇ̌
ˇ
x

3
C
r�x

3

�2
� 1

ˇ̌
ˇ̌
ˇ ;

so our two answers agree.
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35. Prove the reduction formula forn � 2:
Z

coshn x dx D 1

n
coshn�1 x sinhx C n � 1

n

Z
coshn�2 x dx 5

SOLUTION Using Integration by Parts withu D coshn�1 x andv0 D coshx, we have

Z
coshn x dx D coshn�1 x sinhx � .n � 1/

Z
coshn�2 x sinh2 x dx

D coshn�1 x sinhx � .n � 1/
Z

coshn x dx C .n� 1/

Z
coshn�2 x dx:

Adding .n� 1/
R

coshn x dx to both sides then yields

n

Z
coshn x dx D coshn�1 x sinhx C .n � 1/

Z
coshn�2 x dx:

Finally,
Z

coshn x dx D 1

n
coshn�1 x sinhx C n � 1

n

Z
coshn�2 x dx:

36. Use Eq. (5) to evaluate
Z

cosh4 x dx.

SOLUTION Using Eq. (5) twice,

Z
cosh4 x dx D 1

4
cosh3 x sinhx C 3

4

Z
cosh2 x dx

D 1

4
cosh3 x sinhx C 3

4

�
1

2
coshx sinhx C 1

2

Z
dx

�

D 1

4
cosh3 x sinhx C 3

8
coshx sinhx C 3

8
x C C:

In Exercises 37–40, evaluate the integral.

37.
Z

tanh�1 x dx
x2 � 1

SOLUTION Let u D tanh�1 x. Thendu D 1

1 � x2
dx D � 1

x2 � 1
dx and

Z
tanh�1 x
x2 � 1

dx D �
Z
udu D �1

2
u2 C C D �1

2

�
tanh�1 x

�2
C C:

38.
Z

sinh�1 x dx

SOLUTION Using Integration by Parts withu D sinh�1 x andv0 D 1,

Z
sinh�1 x dx D x sinh�1 x �

Z
xp
x2 C 1

dx D x sinh�1 x �
p
x2 C 1C C:

39.
Z

tanh�1 x dx

SOLUTION Using Integration by Parts withu D tanh�1 x andv0 D 1,

Z
tanh�1 x dx D x tanh�1 x �

Z
x

1 � x2
dx D x tanh�1 x C 1

2
ln j1 � x2j C C:

40.
Z
x tanh�1 x dx

SOLUTION Using Integration by Parts withu D tanh�1 x andv0 D x,

Z
x tanh�1 x dx D 1

2
x2 tanh�1 x � 1

2

Z
x2

1� x2
dx D 1

2
x2 tanh�1 x � 1

2

Z �
1

1 � x2
� 1

�
dx

D 1

2
x2 tanh�1 x � 1

2
tanh�1 x C 1

2
x C C:
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Further Insights and Challenges

41. Show that ifu D tanh.x=2/, then

coshx D 1C u2

1 � u2
; sinhx D 2u

1 � u2
; dx D 2du

1 � u2

Hint: For the first relation, use the identities

sinh2
�x
2

�
D 1

2
.coshx � 1/; cosh2

�x
2

�
D 1

2
.coshx C 1/

SOLUTION Let u D tanh.x=2/. Then

u D sinh.x=2/

cosh.x=2/
D
r

coshx � 1

coshx C 1
:

Solving for coshx yields

coshx D 1C u2

1 � u2
:

Next,

sinhx D
p

cosh2 x � 1 D

s
.1C u2/2 � .1 � u2/2

.1 � u2/2
D 2u

1 � u2
:

Finally, if u D tanh.x=2/, thenx D 2 tanh�1 u and

dx D 2 du

1 � u2
:

Exercises 42 and 43: evaluate using the substitution of Exercise 41.

42.
Z

sechx dx

SOLUTION Let u D tanh.x=2/. Then, by Exercise 41,

sechx D 1

coshx
D 1 � u2

1C u2
and dx D 2du

1 � u2
;

so
Z

sechx dx D 2

Z
du

1C u2
D 2 tan�1 uC C D 2 tan�1

�
tanh

x

2

�
C C:

43.
Z

dx

1C coshx

SOLUTION Let u D tanh.x=2/. Then, by Exercise 41,

1C coshx D 1C 1C u2

1 � u2
D 2

1 � u2
and dx D 2 du

1 � u2
;

so
Z

dx

1C coshx
D
Z
du D uC C D tanh

x

2
C C:

44. Suppose thaty D f .x/ satisfiesy00 D y. Prove:

(a) f .x/2 � .f 0.x//2 is constant.

(b) If f .0/ D f 0.0/ D 0, thenf .x/ is the zero function.

(c) f .x/ D f .0/ coshx C f 0.0/ sinhx.

SOLUTION

(a)

d

dx

h
f .x/2 � .f 0.x//2

i
D 2f .x/f 0.x/� 2f 0.x/f 00.x/ D 2f .x/f 0.x/� 2f 0.x/f .x/ D 0

so thatf .x/2 � .f 0.x//2 must be constant, since it has zero derivative everywhere.
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(b) If f .0/ D f 0.0/ D 0, then part (a) implies thatf .x/2 � .f 0.x//2 is the zero function, since it is constant and vanishes at0.
Thusf .x/ D ˙f 0.x/. But Theorem 1 in Section 5.8 states that the only functiony D f .x/ with y0 D ky is y D Cekx ; thus
eitherf .x/ D Cex or f .x/ D Ce�x . But in either case,f .0/ D C D 0, so we must haveC D 0 andf .x/ is the zero function.

(c) Let g.x/ D f .x/� f .0/ coshx � f 0.0/ sinhx. Then

g0.x/ D f 0.x/� f .0/.coshx/0 � f 0.0/.sinhx/0 D f 0.x/� f .0/ sinhx � f 0.0/ coshx

g00.x/ D f 00.x/� f .0/.sinhx/0 � f 0.0/.coshx/0 D f 00.x/� f .0/ coshx � f 0.0/ sinhx

D f .x/� f .0/ coshx � f 0.0/ sinhx D g.x/

sincef 00.x/ D f .x/. But also

g.0/ D f .0/� f .0/ cosh0 � f 0.0/ sinh0 D f .0/� f .0/ D 0

g0.0/ D f 0.0/� f .0/ sinh0 � f 0.0/ cosh0 D f 0.0/ � f 0.0/ D 0

Thusg.x/ satisfies the conditions the problem, and in particular of part (b) [replacef byg], so thatg.x/must be the zero function.
But this means thatf .x/� f .0/ coshx � f 0.0/ sinhx D 0 so that

f .x/ D f .0/ coshx C f 0.0/ sinhx

Exercises 45–48 refer to the functiongd.y/ D tan�1.sinhy/, called thegudermannian. In a map of the earth constructed by
Mercator projection, points locatedy radial units from the equator correspond to points on the globe of latitudegd.y/.

45. Prove that
d

dy
gd.y/ D sechy.

SOLUTION Let gd.y/ D tan�1.sinhy/. Then

d

dy
gd.y/ D 1

1C sinh2 y
coshy D 1

coshy
D sechy;

where we have used the identity1C sinh2 y D cosh2 y.

46. Let f .y/ D 2 tan�1.ey/ � �=2. Prove thatgd.y/ D f .y/. Hint: Show thatgd 0.y/ D f 0.y/ andf .0/ D g.0/.

SOLUTION Let f .y/ D 2tan�1 .ey/ � �
2 . Then

f 0.y/ D 2ey

1C e2y
D 2

e�y C ey
D 1

eyCe�y

2

D 1

coshy
D sechy:

In the previous exercise we found thatd
dy
gd.y/ D sechy; therefore,gd 0.y/ D f 0.y/. Now, since the two functions have equal

derivatives, they differ by a constant; that is,

gd.y/ D f .y/C C:

To findC we substitutey D 0:

tan�1.sinh0/ D 2tan�1.e0/� �

2
C C

tan�10 D 2tan�1.1/� �

2
C C

0 D 2 � �
4

� �

2
C C

C D 0:

Therefore,

gd.y/ D f .y/:

47. Let t.y/ D sinh�1.tany/. Show thatt.y/ is the inverse ofgd.y/ for 0 � y < �=2.

SOLUTION Let x D gd.y/ D tan�1.sinhy/. Solving fory yieldsy D sinh�1.tanx/. Therefore,

gd�1.y/ D sinh�1.tany/:

48. Verify that t.y/ in Exercise 47 satisfiest 0.y/ D secy, and find a value ofa such that

t.y/ D
Z y

a

dt

cost
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SOLUTION Let t.y/ D sinh�1.tany/. Then

t 0.y/ D 1

cos2y
p

tan2y C 1
D 1

cos2y
q

1
cos2y

D 1

cos2y � 1
j cosyj

D 1

j cosyj D j secyj:

For0 � y < �
2 , secy > 0; thereforet 0.y/ D secy. Integrating this last relation yields

t.y/� t.a/ D
Z y

a

1

cost
dt:

For this to be of the desired form, we must havet.a/ D sinh�1.tana/ D 0. The only value fora that satisfies this equation is
a D 0.

49. The relations cosh.it/ D cost and sinh.it/ D i sint were discussed in the Excursion. Use these relations to show that the
identity cos2 t C sin2 t D 1 results from settingx D i t in the identity cosh2 x � sinh2 x D 1.

SOLUTION Let x D i t . Then

cosh2 x D .cosh.it//2 D cos2 t

and

sinh2 x D .sinh.it//2 D i2 sin2 t D � sin2 t:

Thus,

1 D cosh2.it/ � sinh2.it/ D cos2 t � .� sin2 t/ D cos2 t C sin2 t;

as desired.

7.5 The Method of Partial Fractions

Preliminary Questions
1. Suppose that

R
f .x/ dx D lnx C

p
x C 1C C . Canf .x/ be a rational function? Explain.

SOLUTION No, f .x/ cannot be a rational function because the integral of a rational function cannot contain a term with a non-
integer exponent such as

p
x C 1.

2. Which of the following areproper rational functions?

(a)
x

x � 3
(b)

4

9 � x

(c)
x2 C 12

.x C 2/.x C 1/.x � 3/ (d)
4x3 � 7x

.x � 3/.2x C 5/.9 � x/

SOLUTION

(a) No, this is not a proper rational function because the degree of the numerator is not less than the degree of the denominator.
(b) Yes, this is a proper rational function.
(c) Yes, this is a proper rational function.
(d) No, this is not a proper rational function because the degree of the numerator is not less than the degree of the denominator.

3. Which of the following quadratic polynomials are irreducible? To check, complete the square if necessary.

(a) x2 C 5 (b) x2 � 5

(c) x2 C 4x C 6 (d) x2 C 4x C 2

SOLUTION

(a) Square is already completed; irreducible.
(b) Square is already completed; factors as.x �

p
5/.x C

p
5/.

(c) x2 C 4x C 6 D .x C 2/2 C 2; irreducible.
(d) x2 C 4x C 2 D .x C 2/2 � 2; factors as.x C 2 �

p
2/.x C 2C

p
2/.

4. LetP.x/=Q.x/ be a proper rational function whereQ.x/ factors as a product of distinct linear factors.x � ai /. Then
Z
P.x/ dx

Q.x/

(choose the correct answer):

(a) is a sum of logarithmic termsAi ln.x � ai / for some constantsAi .
(b) may contain a term involving the arctangent.
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SOLUTION The correct answer is(a): the integral is a sum of logarithmic termsAi ln.x � ai / for some constantsAi .

Exercises
1. Match the rational functions (a)–(d) with the corresponding partial fraction decompositions (i)–(iv).

(a)
x2 C 4x C 12

.x C 2/.x2 C 4/
(b)

2x2 C 8x C 24

.x C 2/2.x2 C 4/

(c)
x2 � 4x C 8

.x � 1/2.x � 2/2
(d)

x4 � 4x C 8

.x C 2/.x2 C 4/

(i) x � 2C 4

x C 2
� 4x � 4

x2 C 4

(ii)
�8
x � 2

C 4

.x � 2/2
C 8

x � 1 C 5

.x � 1/2

(iii)
1

x C 2
C 2

.x C 2/2
C �x C 2

x2 C 4
(iv)

1

x C 2
C 4

x2 C 4

SOLUTION

(a)
x2 C 4x C 12

.x C 2/.x2 C 4/
D 1

x C 2
C 4

x2 C 4
.

(b)
2x2 C 8x C 24

.x C 2/2.x2 C 4/
D 1

x C 2
C 2

.x C 2/2
C �x C 2

x2 C 4
.

(c)
x2 � 4x C 8

.x � 1/2.x � 2/2
D �8
x � 2

C 4

.x � 2/2
C 8

x � 1
C 5

.x � 1/2
.

(d)
x4 � 4x C 8

.x C 2/.x2 C 4/
D x � 2C 4

x C 2
� 4x � 4

x2 C 4
.

2. Determine the constantsA;B:

2x � 3

.x � 3/.x � 4/
D A

x � 3
C B

x � 4

SOLUTION Clearing denominators gives

2x � 3 D A.x � 4/C B.x � 3/:

Settingx D 4 then yields

8 � 3 D A.0/C B.1/ or B D 5;

while settingx D 3 yields

6 � 3 D A.�1/C 0 or A D �3:
3. Clear denominators in the following partial fraction decomposition and determine the constantB (substitute a value ofx or use

the method of undetermined coefficients).

3x2 C 11x C 12

.x C 1/.x C 3/2
D 1

x C 1
� B

x C 3
� 3

.x C 3/2

SOLUTION Clearing denominators gives

3x2 C 11x C 12 D .x C 3/2 � B.x C 1/.x C 3/ � 3.x C 1/:

Settingx D 0 then yields

12 D 9 � B.1/.3/ � 3.1/ or B D �2:

To use the method of undetermined coefficients, expand the right-hand side and gather like terms:

3x2 C 11x C 12 D .1 � B/x2 C .3� 4B/x C .6 � 3B/:

Equatingx2-coefficients on both sides, we find

3 D 1 � B or B D �2:
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4. Find the constants in the partial fraction decomposition

2x C 4

.x � 2/.x2 C 4/
D A

x � 2 C Bx C C

x2 C 4

SOLUTION Clearing denominators gives

2x C 4 D A.x2 C 4/C .Bx C C/.x � 2/:

Settingx D 2 then yields

4C 4 D A.4C 4/C 0 or A D 1:

To findB andC , expand the right side, gather like terms, and use the method of undetermined coefficients:

2x C 4 D .B C 1/x2 C .�2B C C/x C .4 � 2C /:

Equatingx2-coefficients, we find

0 D B C 1 or B D �1;

while equating constants yields

4 D 4 � 2C or C D 0:

Thus,A D 1, B D �1, C D 0.

In Exercises 5–8, evaluate using long division first to writef .x/ as the sum of a polynomial and a proper rational function.

5.
Z

x dx

3x � 4
SOLUTION Long division gives us

x

3x � 4 D 1

3
C 4=3

3x � 4

Therefore the integral is
Z

x

3x � 4
dx D

Z
1

3
� 4

9x � 12 dx D 1

3
x � 4

9
ln j9x � 12j C C

6.
Z
.x2 C 2/ dx

x C 3

SOLUTION Long division gives us

x2 C 2

x C 3
D x � 3C 11

x C 3
:

Therefore the integral is

Z
x2 C 2

x C 3
dx D

Z
.x � 3/ dx C 11

Z
dx

x C 3
D x2

2
� 3x C 11 ln jx C 3j C C:

7.
Z
.x3 C 2x2 C 1/ dx

x C 2

SOLUTION Long division gives us

x3 C 2x2 C 1

x C 2
D x2 C 1

x C 2

Therefore the integral is

Z
x3 C 2x2 C 1

x C 2
dx D

Z
x2 C 1

x C 2
dx D 1

3
x3 C ln jx C 2j C C

8.
Z
.x3 C 1/ dx

x2 C 1
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SOLUTION Long division gives

x3 C 1

x2 C 1
D x � x � 1

x2 C 1

Therefore the integral is

Z
x3 C 1

x2 C 1
dx D

Z
x � x � 1

x2 C 1
dx D 1

2
x2 �

Z
x

x2 C 1
dx C 1

x2 C 1
dx

D 1

2
x2 � 1

2

Z
2x dx

x2 C 1
C 1

x2 C 1
dx D 1

2
x2 � 1

2
ln.x2 C 1/C tan�1 x C C

In Exercises 9–44, evaluate the integral.

9.
Z

dx

.x � 2/.x � 4/

SOLUTION The partial fraction decomposition has the form:

1

.x � 2/.x � 4/
D A

x � 2
C B

x � 4
:

Clearing denominators gives us

1 D A.x � 4/C B.x � 2/:

Settingx D 2 then yields

1 D A.2 � 4/C 0 or A D �1
2
;

while settingx D 4 yields

1 D 0C B.4 � 2/ or B D 1

2
:

The result is:

1

.x � 2/.x � 4/
D

�1
2

x � 2
C

1
2

x � 4
:

Thus,
Z

dx

.x � 2/.x � 4/ D �1
2

Z
dx

x � 2 C 1

2

Z
dx

x � 4
D �1

2
ln jx � 2j C 1

2
ln jx � 4j C C:

10.
Z
.x C 3/ dx

x C 4

SOLUTION Start with long division:

x C 3

x C 4
D 1 � 1

x C 4

so that
Z
x C 3

x C 4
dx D

Z
1 � 1

x C 4
dx D x � ln jx C 4j C C

11.
Z

dx

x.2x C 1/

SOLUTION The partial fraction decomposition has the form:

1

x.2x C 1/
D A

x
C B

2x C 1
:

Clearing denominators gives us

1 D A.2x C 1/C Bx:

Settingx D 0 then yields

1 D A.1/C 0 or A D 1;



860 C H A P T E R 7 TECHNIQUES OF INTEGRATION

while settingx D �1
2 yields

1 D 0C B

�
�1
2

�
or B D �2:

The result is:

1

x.2x C 1/
D 1

x
C �2
2x C 1

:

Thus,
Z

dx

x.2x C 1/
D
Z
dx

x
�
Z

2 dx

2x C 1
D ln jxj � ln j2x C 1j C C:

For the integral on the right, we have used the substitutionu D 2x C 1, du D 2 dx.

12.
Z

.2x � 1/ dx

x2 � 5x C 6

SOLUTION The partial fraction decomposition has the form:

2x � 1

x2 � 5x C 6
D 2x � 1

.x � 2/.x � 3/ D A

x � 2 C B

x � 3 :

Clearing denominators gives us

2x � 1 D A.x � 3/C B.x � 2/:

Settingx D 2 then yields

3 D A.�1/C 0 or A D �3;

while settingx D 3 yields

5 D 0C B.1/ or B D 5:

The result is:

2x � 1

x2 � 5x C 6
D �3
x � 2 C 5

x � 3 :

Thus,
Z

.2x � 1/ dx
x2 � 5x C 6

D �3
Z

dx

x � 2
C 5

Z
dx

x � 3
D �3 ln jx � 2j C 5 ln jx � 3j C C:

13.
Z

x2 dx

x2 C 9

SOLUTION

Z
x2

x2 C 9
dx D

Z
1 � 9

x2 C 9
dx D x � 3 tan�1

�x
3

�
C C

14.
Z

dx

.x � 2/.x � 3/.x C 2/

SOLUTION The partial fraction decomposition has the form:

1

.x � 2/.x � 3/.x C 2/
D A

x � 2
C B

x � 3
C C

x C 2
:

Clearing denominators gives us

1 D A.x � 3/.x C 2/C B.x � 2/.x C 2/C C.x � 2/.x � 3/:

Settingx D 2 then yields

1 D A.�1/.4/C 0C 0 or A D �1
4
;

while settingx D 3 yields

1 D 0C B.1/.5/C 0 or B D 1

5
;
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and settingx D �2 yields

1 D 0C 0C C.�4/.�5/ or C D 1

20
:

The result is:

1

.x � 2/.x � 3/.x C 2/
D

�1
4

x � 2
C

1
5

x � 3
C

1
20

x C 2
:

Thus,
Z

dx

.x � 2/.x � 3/.x C 2/
D �1

4

Z
dx

x � 2 C 1

5

Z
dx

x � 3
C 1

20

Z
dx

x C 2

D �1
4

ln jx � 2j C 1

5
ln jx � 3j C 1

20
ln jx C 2j C C:

15.
Z

.x2 C 3x � 44/ dx

.x C 3/.x C 5/.3x � 2/

SOLUTION The partial fraction decomposition has the form:

x2 C 3x � 44

.x C 3/.x C 5/.3x � 2/
D A

x C 3
C B

x C 5
C C

3x � 2
:

Clearing denominators gives us

x2 C 3x � 44 D A.x C 5/.3x � 2/C B.x C 3/.3x � 2/C C.x C 3/.x C 5/:

Settingx D �3 then yields

9 � 9 � 44 D A.2/.�11/C 0C 0 or A D 2;

while settingx D �5 yields

25 � 15 � 44 D 0C B.�2/.�17/C 0 or B D �1;

and settingx D 2
3 yields

4

9
C 2 � 44 D 0C 0C C

�
11

3

��
17

3

�
or C D �2:

The result is:

x2 C 3x � 44

.x C 3/.x C 5/.3x � 2/
D 2

x C 3
C �1
x C 5

C �2
3x � 2

:

Thus,

Z
.x2 C 3x � 44/ dx

.x C 3/.x C 5/.3x � 2/
D 2

Z
dx

x C 3
�
Z

dx

x C 5
� 2

Z
dx

3x � 2

D 2 ln jx C 3j � ln jx C 5j � 2

3
ln j3x � 2j C C:

To evaluate the last integral, we have made the substitutionu D 3x � 2, du D 3 dx.

16.
Z

3dx

.x C 1/.x2 C x/

SOLUTION The partial fraction decomposition has the form:

3

.x C 1/.x2 C x/
D 3

.x C 1/.x/.x C 1/
D 3

x.x C 1/2
D A

x
C B

x C 1
C C

.x C 1/2
:

Clearing denominators gives us

3 D A.x C 1/2 C Bx.x C 1/C Cx:

Settingx D 0 then yields

3 D A.1/C 0C 0 or A D 3;
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while settingx D �1 yields

3 D 0C 0C C.�1/ or C D �3:

Now plug inA D 3 andC D �3:

3 D 3.x C 1/2 C Bx.x C 1/� 3x:

The constantB can be determined by plugging in forx any value other than 0 or�1. Plugging inx D 1 gives us

3 D 3.4/C B.1/.2/ � 3 or B D �3:

The result is

3

.x C 1/.x2 C x/
D 3

x
C �3
x C 1

C �3
.x C 1/2

:

Thus,
Z

3 dx

.x C 1/.x2 C x/
D 3

Z
dx

x
� 3

Z
dx

x C 1
� 3

Z
dx

.x C 1/2
D 3 ln jxj � 3 ln jx C 1j C 3

x C 1
C C:

17.
Z

.x2 C 11x/ dx

.x � 1/.x C 1/2

SOLUTION The partial fraction decomposition has the form:

x2 C 11x

.x � 1/.x C 1/2
D A

x � 1 C B

x C 1
C C

.x C 1/2
:

Clearing denominators gives us

x2 C 11x D A.x C 1/2 C B.x � 1/.x C 1/C C.x � 1/:

Settingx D 1 then yields

12 D A.4/C 0C 0 or A D 3;

while settingx D �1 yields

�10 D 0C 0C C.�2/ or C D 5:

Plugging in these values results in

x2 C 11x D 3.x C 1/2 C B.x � 1/.x C 1/C 5.x � 1/:

The constantB can be determined by plugging in forx any value other than 1 or�1. If we plug inx D 0, we get

0 D 3C B.�1/.1/C 5.�1/ or B D �2:

The result is

x2 C 11x

.x � 1/.x C 1/2
D 3

x � 1 C �2
x C 1

C 5

.x C 1/2
:

Thus,
Z

.x2 C 11x/ dx

.x � 1/.x C 1/2
D 3

Z
dx

x � 1
� 2

Z
dx

x C 1
C 5

Z
dx

.x C 1/2
D 3 ln jx � 1j � 2 ln jx C 1j � 5

x C 1
C C:

18.
Z

.4x2 � 21x/ dx

.x � 3/2.2x C 3/

SOLUTION The partial fraction decomposition has the form:

4x2 � 21x

.x � 3/2.2x C 3/
D A

x � 3
C B

.x � 3/2
C C

2x C 3
:

Clearing denominators gives us

4x2 � 21x D A.x � 3/.2x C 3/C B.2x C 3/C C.x � 3/2:

Settingx D 3 then yields

�27 D 0C B.9/C 0 or B D �3;
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while settingx D �3
2 yields

9C 63

2
D 0C 0C C

�
81

4

�
or C D 2:

Plugging in these values results in

4x2 � 21x D A.x � 3/.2x C 3/ � 3.2x C 3/C 2.x � 3/2:

Settingx D 0 gives us

0 D A.�3/.3/ � 9C 18 or A D 1:

The result is

4x2 � 21x

.x � 3/2.2x C 3/
D 1

x � 3
C �3
.x � 3/2

C 2

2x C 3
:

Thus,

Z
.4x2 � 21x/ dx

.x � 3/2.2x C 3/
D
Z

dx

x � 3
� 3

Z
dx

.x � 3/2
C
Z

2 dx

2x C 3
D ln jx � 3j C 3

x � 3 C ln j2x C 3j C C:

19.
Z

dx

.x � 1/2.x � 2/2

SOLUTION The partial fraction decomposition has the form:

1

.x � 1/2.x � 2/2
D A

x � 1 C B

.x � 1/2
C C

x � 2
C D

.x � 2/2
:

Clearing denominators gives us

1 D A.x � 1/.x � 2/2 C B.x � 2/2 C C.x � 2/.x � 1/2 CD.x � 1/2:

Settingx D 1 then yields

1 D B.1/ or B D 1;

while settingx D 2 yields

1 D D.1/ or D D 1:

Plugging in these values gives us

1 D A.x � 1/.x � 2/2 C .x � 2/2 C C.x � 2/.x � 1/2 C .x � 1/2:

Settingx D 0 now yields

1 D A.�1/.4/C 4C C.�2/.1/C 1 or � 4 D �4A � 2C;

while settingx D 3 yields

1 D A.2/.1/C 1C C.1/.4/C 4 or � 4 D 2AC 4C:

Solving this system of two equations in two unknowns givesA D 2 andC D �2. The result is

1

.x � 1/2.x � 2/2
D 2

x � 1 C 1

.x � 1/2
C �2
x � 2

C 1

.x � 2/2
:

Thus,
Z

dx

.x � 1/2.x � 2/2
D 2

Z
dx

x � 1
C
Z

dx

.x � 1/2
� 2

Z
dx

x � 2
C
Z

dx

.x � 2/2

D 2 ln jx � 1j � 1

x � 1 � 2 ln jx � 2j � 1

x � 2
C C:

20.
Z

.x2 � 8x/ dx

.x C 1/.x C 4/3
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SOLUTION The partial fraction decomposition is

x2 � 8x

.x C 1/.x C 4/3
D A

x C 1
C B

x C 4
C C

.x C 4/2
C D

.x C 4/3

Clearing fractions gives

x2 � 8x D A.x C 4/3 C B.x C 4/2.x C 1/C C.x C 4/.x C 1/CD.x C 1/

Settingx D �4 gives48 D �3D so thatD D �16. Settingx D �1 gives9 D 27A so thatA D 1
3 . Thus

x2 � 8x D 1

3
.x C 4/3 C B.x C 4/2.x C 1/C C.x C 4/.x C 1/ � 16.x C 1/

The coefficient ofx3 on the right hand side must be zero; it is13 CB, so thatB D �1
3 . Finally, the constant term on the right must

be zero as well; substituting the known values ofA, B, andD gives for the constant term

1

3
� 64 � 1

3
� 16C 4C � 16 D 4C

so thatC D 0, and the partial fraction decomposition is

x2 � 8x

.x C 1/.x C 4/3
D 1

3.x C 1/
� 1

3.x C 4/
� 16

.x C 4/3

Thus
Z

x2 � 8x
.x C 1/.x C 4/3

dx D 1

3

Z
1

x C 1
dx � 1

3

Z
1

x C 4
dx � 16

Z
1

.x C 4/3
dx

D 1

3
ln jx C 1j � 1

3
ln jx C 4j C 8.x C 4/�2 C C D 1

3
ln

ˇ̌
ˇ̌x C 1

x C 4

ˇ̌
ˇ̌C 8.x C 4/�2 C C

21.
Z

8 dx

x.x C 2/3

SOLUTION The partial fraction decomposition is

8

x.x C 2/3
D A

x
C B

x C 2
C C

.x C 2/2
C D

.x C 2/3

Clearing fractions gives

8 D A.x C 2/3 C Bx.x C 2/2 C Cx.x C 2/CDx

Settingx D 0 gives8 D 8A soA D 1; settingx D �2 gives8 D �2D so thatD D �4; the result is

8 D .x C 2/3 C Bx.x C 2/2 C Cx.x C 2/ � 4x

The coefficient ofx3 on the right-hand side must be zero, since it is zero on the left. We compute it to be1C B, so thatB D �1.
Finally, we look at the coefficient ofx2 on the right-hand side; it must be zero as well. We compute it to be

3 � 2 � 4C C D C C 2

so thatC D �2 and the partial fraction decomposition is

8

x.x C 2/3
D 1

x
� 1

x C 2
� 2

.x C 2/2
� 4

.x C 2/3

and
Z

8

x.x C 2/3
dx D

Z
1

x
dx � 1

x C 2
dx � 2

Z
.x C 2/�2 dx � 4

Z
.x C 2/�3 dx

D ln jxj � ln jx C 2j C 2.x C 2/�1 C 2.x C 2/�2 C C D ln

ˇ̌
ˇ̌ x

x C 2

ˇ̌
ˇ̌C 2

x C 2
C 2

.x C 2/2
C C

22.
Z

x2 dx

x2 C 3

SOLUTION

Z
x2

x2 C 3
dx D

Z
1 � 3

x2 C 3
dx D

Z
1 dx � 3

Z
1

x2 C 3
dx D x �

p
3 tan�1

�
xp
3

�
C C
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23.
Z

dx

2x2 � 3

SOLUTION The partial fraction decomposition has the form

1

2x2 � 3
D 1

.
p
2x �

p
3/.

p
2x C

p
3/

D Ap
2x �

p
3

C Bp
2x C

p
3
:

Clearing denominators, we get

1 D A
�p

2x C
p
3
�

C B
�p

2x �
p
3
�
:

Settingx D
p
3=

p
2 then yields

1 D A
�p

3C
p
3
�

C 0 or A D 1

2
p
3
;

while settingx D �
p
3=

p
2 yields

1 D 0C B
�
�

p
3 �

p
3
�

or B D �1
2
p
3
:

The result is

1

2x2 � 3
D 1=2

p
3p

2x �
p
3

� 1=2
p
3p

2x C
p
3
:

Thus,
Z

dx

2x2 � 3
D 1

2
p
3

Z
dxp

2x �
p
3

� 1

2
p
3

Z
dxp

2x C
p
3
:

For the first integral, letu D
p
2x �

p
3, du D

p
2 dx, and for the second, letw D

p
2x C

p
3, dw D

p
2 dx. Then we have

Z
dx

2x2 � 3
D 1

2
p
3.

p
2/

Z
du

u
� 1

2
p
3.

p
2/

Z
dw

w
D 1

2
p
6

ln
ˇ̌
ˇ
p
2x �

p
3
ˇ̌
ˇ � 1

2
p
6

ln
ˇ̌
ˇ
p
2x C

p
3
ˇ̌
ˇC C:

24.
Z

dx

.x � 4/2.x � 1/

SOLUTION The partial fraction decomposition has the form:

1

.x � 4/2.x � 1/
D A

x � 4
C B

.x � 4/2
C C

.x � 1/ :

Clearing denominators, we get

1 D A.x � 4/.x � 1/C B.x � 1/C C.x � 4/2:

Settingx D 1 then yields

1 D 0C 0C C.9/ or C D 1

9
;

while settingx D 4 yields

1 D 0C B.3/C 0 or B D 1

3
:

Plugging inB D 1
3 andC D 1

9 , and settingx D 5, we find

1 D A.1/.4/C 1

3
.4/C 1

9
.1/ or A D �1

9
:

The result is

1

.x � 4/2.x � 1/
D

�1
9

x � 4
C

1
3

.x � 4/2
C

1
9

x � 1 :

Thus,
Z

dx

.x � 4/2.x � 1/
D �1

9

Z
dx

x � 4
C 1

3

Z
dx

.x � 4/2
C 1

9

Z
dx

x � 1

D �1
9

ln jx � 4j � 1

3.x � 4/
C 1

9
ln jx � 1j C C:
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25.
Z

4x2 � 20

.2x C 5/3
dx

SOLUTION The partial fraction decomposition is

4x2 � 20
.2x C 5/3

D A

2x C 5
C B

.2x C 5/2
C C

.2x C 5/3

Clearing fractions gives

4x2 � 20 D A.2x C 5/2 C B.2x C 5/C C

Settingx D �5=2 gives5 D C so thatC D 5. The coefficient ofx2 on the left-hand side is4, and on the right-hand side is4A, so
thatA D 1 and we have

4x2 � 20 D .2x C 5/2 C B.2x C 5/C 5

Considering the constant terms now gives�20 D 25C 5B C 5 so thatB D �10. Thus

Z
4x2 � 20

.2x C 5/3
D
Z

1

2x C 5
dx � 10

Z
1

.2x C 5/2
dx C 5

Z
1

.2x C 5/3
dx

D 1

2
ln j2x C 5j C 5

2x C 5
� 5

4.2x C 5/2
C C

26.
Z

3x C 6

x2.x � 1/.x � 3/
dx

SOLUTION The partial fraction decomposition has the form:

3x C 6

x2.x � 1/.x � 3/
D A

x
C B

x2
C C

x � 1 C D

x � 3 :

Clearing denominators gives us

3x C 6 D Ax.x � 1/.x � 3/C B.x � 1/.x � 3/C Cx2.x � 3/CDx2.x � 1/:

Settingx D 0, then yields

6 D 0C B.�1/.�3/C 0C 0 or B D 2;

while settingx D 1 yields

9 D 0C 0C C.1/.�2/C 0 or C D �9
2
;

and settingx D 3 yields

15 D 0C 0C 0CD.9/.2/ or D D 5

6
:

In order to findA, let’s look at thex3-coefficient on the right-hand side (which must equal 0, since there’s nox3 term on the left):

0 D AC C CD D A � 9

2
C 5

6
; so A D 11

3
:

The result is

3x C 6

x2.x � 1/.x � 3/
D

11
3

x
C 2

x2
C

�9
2

x � 1 C
5
6

x � 3 :

Thus,
Z

.3x C 6/ dx

x2.x � 1/.x � 3/
D 11

3

Z
dx

x
C 2

Z
dx

x2
� 9

2

Z
dx

x � 1
C 5

6

Z
dx

x � 3

D 11

3
ln jxj � 2

x
� 9

2
ln jx � 1j C 5

6
ln jx � 3j C C:

27.
Z

dx

x.x � 1/3
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SOLUTION The partial fraction decomposition has the form:

1

x.x � 1/3
D A

x
C B

x � 1
C C

.x � 1/2
C D

.x � 1/3
:

Clearing denominators, we get

1 D A.x � 1/3 C Bx.x � 1/2 C Cx.x � 1/CDx:

Settingx D 0 then yields

1 D A.�1/C 0C 0C 0 or A D �1;

while settingx D 1 yields

1 D 0C 0C 0CD.1/ or D D 1:

Plugging inA D �1 andD D 1 gives us

1 D �.x � 1/3 C Bx.x � 1/2 C Cx.x � 1/C x:

Now, settingx D 2 yields

1 D �1C 2B C 2C C 2 or 2B C 2C D 0;

and settingx D 3 yields

1 D �8C 12B C 6C C 3 or 2B C C D 1:

Solving these two equations in two unknowns, we findB D 1 andC D �1. The result is

1

x.x � 1/3
D �1

x
C 1

x � 1
C �1
.x � 1/2

C 1

.x � 1/3
:

Thus,
Z

dx

x.x � 1/3
D �

Z
dx

x
C
Z

dx

x � 1 �
Z

dx

.x � 1/2
C
Z

dx

.x � 1/3

D � ln jxj C ln jx � 1j C 1

x � 1
� 1

2.x � 1/2
C C:

28.
Z
.3x2 � 2/ dx

x � 4

SOLUTION First we use long division to write

3x2 � 2

x � 4
D 3x C 12C 46

x � 4
:

Then the integral becomes

Z
.3x2 � 2/ dx

x � 4
D
Z
.3x C 12/ dx C 46

Z
dx

x � 4 D 3

2
x2 C 12x C 46 ln jx � 4j C C:

29.
Z
.x2 � x C 1/ dx

x2 C x

SOLUTION First use long division to write

x2 � x C 1

x2 C x
D 1C �2x C 1

x2 C x
D 1C �2x C 1

x.x C 1/
:

The partial fraction decomposition of the term on the right has the form:

�2x C 1

x.x C 1/
D A

x
C B

x C 1
:

Clearing denominators gives us

�2x C 1 D A.x C 1/C Bx:

Settingx D 0 then yields

1 D A.1/C 0 or A D 1;
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while settingx D �1 yields

3 D 0C B.�1/ or B D �3:

The result is

�2x C 1

x.x C 1/
D 1

x
C �3
x C 1

:

Thus,

Z
.x2 � x C 1/ dx

x2 C x
D
Z
dx C

Z
dx

x
� 3

Z
dx

x C 1
D x C ln jxj � 3 ln jx C 1j C C:

30.
Z

dx

x.x2 C 1/

SOLUTION The partial fraction decomposition has the form:

1

x.x2 C 1/
D A

x
C Bx C C

x2 C 1
:

Clearing denominators, we get

1 D A.x2 C 1/C .Bx C C/x:

Settingx D 0 then yields

1 D A.1/C 0 or A D 1:

This gives us

1 D x2 C 1C Bx2 C Cx D .B C 1/x2 C Cx C 1:

Equatingx2-coefficients, we find

B C 1 D 0 or B D �1I

while equatingx-coefficients yieldsC D 0. The result is

1

x.x2 C 1/
D 1

x
C �x
x2 C 1

:

Thus,
Z

dx

x.x2 C 1/
D
Z
dx

x
�
Z

x dx

x2 C 1
:

For the integral on the right, use the substitutionu D x2 C 1, du D 2x dx. Then we have
Z

dx

x.x2 C 1/
D
Z
dx

x
� 1

2

Z
du

u
D ln jxj � 1

2
ln jx2 C 1j C C:

31.
Z
.3x2 � 4x C 5/ dx

.x � 1/.x2 C 1/

SOLUTION The partial fraction decomposition has the form:

3x2 � 4x C 5

.x � 1/.x2 C 1/
D A

x � 1
C Bx C C

x2 C 1
:

Clearing denominators, we get

3x2 � 4x C 5 D A.x2 C 1/C .Bx C C/.x � 1/:

Settingx D 1 then yields

3 � 4C 5 D A.2/C 0 or A D 2:

This gives us

3x2 � 4x C 5 D 2.x2 C 1/C .Bx C C/.x � 1/ D .B C 2/x2 C .C � B/x C .2� C/:
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Equatingx2-coefficients, we find

3 D B C 2 or B D 1I

while equating constant coefficients yields

5 D 2 � C or C D �3:

The result is

3x2 � 4x C 5

.x � 1/.x2 C 1/
D 2

x � 1
C x � 3

x2 C 1
:

Thus,

Z
.3x2 � 4x C 5/ dx

.x � 1/.x2 C 1/
D 2

Z
dx

x � 1
C
Z
.x � 3/ dx

x2 C 1
D 2

Z
dx

x � 1
C
Z

x dx

x2 C 1
� 3

Z
dx

x2 C 1
:

For the second integral, use the substitutionu D x2 C 1, du D 2x dx. The final answer is

Z
.3x2 � 4x C 5/ dx

.x � 1/.x2 C 1/
D 2 ln jx � 1j C 1

2
ln jx2 C 1j � 3 tan�1 x C C:

32.
Z

x2

.x C 1/.x2 C 1/
dx

SOLUTION The partial fraction decomposition has the form

x2

.x C 1/.x2 C 1/
D A

x C 1
C Bx C C

x2 C 1
:

Clearing denominators, we get

x2 D A.x2 C 1/C .Bx C C/.x C 1/:

Settingx D �1 then yields

1 D A.2/C 0 or A D 1

2
:

This gives us

x2 D 1

2
x2 C 1

2
C Bx2 C Bx C Cx C C D

�
B C 1

2

�
x2 C .B C C/x C

�
C C 1

2

�
:

Equatingx2-coefficients, we find

1 D B C 1

2
or B D 1

2
;

while equating constant coefficients yields

0 D C C 1

2
or C D �1

2
:

The result is

x2

.x C 1/.x2 C 1/
D

1
2

x C 1
C

1
2x � 1

2

x2 C 1
:

Thus,

Z
x2 dx

.x C 1/.x2 C 1/
D 1

2

Z
dx

x C 1
C 1

2

Z
.x � 1/ dx

x2 C 1
D 1

2

Z
dx

x C 1
C 1

2

Z
x dx

x2 C 1
� 1

2

Z
dx

x2 C 1

D 1

2
ln jx C 1j C 1

4
ln jx2 C 1j � 1

2
tan�1 x C C:

Here we usedu D x2 C 1, du D 2x dx for the second integral.

33.
Z

dx

x.x2 C 25/
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SOLUTION The partial fraction decomposition has the form:

1

x.x2 C 25/
D A

x
C Bx C C

x2 C 25
:

Clearing denominators, we get

1 D A.x2 C 25/C .Bx C C/x:

Settingx D 0 then yields

1 D A.25/C 0 or A D 1

25
:

This gives us

1 D 1

25
x2 C 1C Bx2 C Cx D

�
B C 1

25

�
x2 C Cx C 1:

Equatingx2-coefficients, we find

0 D B C 1

25
or B D � 1

25
;

while equatingx-coefficients yieldsC D 0. The result is

1

x.x2 C 25/
D

1
25

x
C

� 1
25x

x2 C 25
:

Thus,
Z

dx

x.x2 C 25/
D 1

25

Z
dx

x
� 1

25

Z
x dx

x2 C 25
:

For the integral on the right, useu D x2 C 25, du D 2x dx. Then we have
Z

dx

x.x2 C 25/
D 1

25
ln jxj � 1

50
ln jx2 C 25j C C:

34.
Z

dx

x2.x2 C 25/

SOLUTION The partial fraction decomposition has the form:

1

x2.x2 C 25/
D A

x
C B

x2
C Cx CD

x2 C 25
:

Clearing denominators, we get

1 D Ax.x2 C 25/C B.x2 C 25/C .Cx CD/x2:

Settingx D 0 then yields

1 D 0C B.25/C 0 or B D 1

25
:

This gives us

1 D Ax3 C 25Ax C 1

25
x2 C 1C Cx3 CDx2 D .AC C/x3 C

�
D C 1

25

�
x2 C 25Ax C 1:

Equatingx-coefficients yields

0 D 25A or A D 0;

while equatingx3-coefficients yields

0 D AC C D 0C C or C D 0;

and equatingx2-coefficients yields

0 D D C 1

25
or D D �1

25
:
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The result is

1

x2.x2 C 25/
D

1
25

x2
C

�1
25

x2 C 25
:

Thus,
Z

dx

x2.x2 C 25/
D 1

25

Z
dx

x2
� 1

25

Z
dx

x2 C 25
D � 1

25x
� 1

125
tan�1

�x
5

�
C C:

35.
Z
.6x2 C 2/ dx

x2 C 2x � 3

SOLUTION Long division gives

6x2 C 2

x2 C 2x � 3
D 6 � 12x � 20

x2 C 2x � 3
D 6 � 12x � 20

.x C 3/.x � 1/

The partial fraction decomposition of the second term is

12x � 20

.x C 3/.x � 1/
D A

x C 3
C B

x � 1

Clear fractions to get

12x � 20 D A.x � 1/C B.x C 3/

Setx D 1 to get�8 D 4B so thatB D �2. Setx D �3 to get�56 D �4A so thatA D 14, and we have

Z
6x2 C 2

x2 C 2x � 3
D
Z
6 � 14

x C 3
C 2

x � 1
dx D

Z
6 dx � 14

Z
1

x C 3
dx C 2

Z
1

x � 1 dx

D 6x � 14 ln jx C 3j C 2 ln jx � 1j C C

36.
Z

6x2 C 7x � 6
.x2 � 4/.x C 2/

dx

SOLUTION The partial fraction decomposition has the form:

6x2 C 7x � 6
.x2 � 4/.x C 2/

D 6x2 C 7x � 6
.x � 2/.x C 2/.x C 2/

D A

x � 2 C B

x C 2
C C

.x C 2/2
:

Clearing denominators, we get

6x2 C 7x � 6 D A.x C 2/2 C B.x � 2/.x C 2/C C.x � 2/:

Settingx D 2 then yields

24C 14 � 6 D A.16/C 0C 0 or A D 2;

while settingx D �2 yields

24 � 14 � 6 D 0C 0C C.�4/ or C D �1:

This gives us

6x2 C 7x � 6 D 2.x C 2/2 C B.x � 2/.x C 2/ � .x � 2/:

Now, settingx D 1 yields

6C 7 � 6 D 2.9/C B.�1/.3/ � .�1/ or B D 4:

The result is

6x2 C 7x � 6

.x2 � 4/.x C 2/
D 2

x � 2 C 4

x C 2
C �1
.x C 2/2

:

Thus,

Z
.6x2 C 7x � 6/ dx

.x2 � 4/.x C 2/
D 2

Z
dx

x � 2
C 4

Z
dx

x C 2
�
Z

dx

.x C 2/2
D 2 ln jx � 2j C 4 ln jx C 2j C 1

x C 2
C C:



872 C H A P T E R 7 TECHNIQUES OF INTEGRATION

37.
Z

10 dx

.x � 1/2.x2 C 9/

SOLUTION The partial fraction decomposition has the form:

10

.x � 1/2.x2 C 9/
D A

x � 1
C B

.x � 1/2
C Cx CD

x2 C 9
:

Clearing denominators, we get

10 D A.x � 1/.x2 C 9/C B.x2 C 9/C .Cx CD/.x � 1/2:

Settingx D 1 then yields

10 D 0C B.10/C 0 or B D 1:

Expanding the right-hand side, we have

10 D .AC C/x3 C .1 �A � 2C CD/x2 C .9AC C � 2D/x C .9 � 9ACD/:

Equating coefficients of like powers ofx then yields

AC C D 0

1 � A� 2C CD D 0

9AC C � 2D D 0

9 � 9ACD D 10

From the first equation, we haveC D �A, and from the fourth equation we haveD D 1C 9A. Substituting these into the second
equation, we get

1 �A � 2.�A/C .1C 9A/ D 0 or A D �1
5
:

Finally, C D 1
5 andD D �4

5 . The result is

10

.x � 1/2.x2 C 9/
D

�1
5

x � 1
C 1

.x � 1/2
C

1
5x � 4

5

x2 C 9
:

Thus,
Z

10 dx

.x � 1/2.x2 C 9/
D �1

5

Z
dx

x � 1 C
Z

dx

.x � 1/2
C 1

5

Z
x dx

x2 C 9
� 4

5

Z
dx

x2 C 9

D �1
5

ln jx � 1j � 1

x � 1
C 1

10
ln jx2 C 9j � 4

15
tan�1

�x
3

�
C C:

38.
Z

10 dx

.x C 1/.x2 C 9/2

SOLUTION The partial fraction decomposition has the form:

10

.x C 1/.x2 C 9/2
D A

x C 1
C Bx C C

x2 C 9
C Dx CE

.x2 C 9/2
:

Clearing denominators gives us

10 D A.x2 C 9/2 C .Bx C C/.x C 1/.x2 C 9/C .Dx C E/.x C 1/:

Settingx D �1 then yields

10 D A.100/C 0C 0 or A D 1

10
:

Expanding the right-hand side, we find

10 D
�
B C 1

10

�
x4 C .B C C/x3 C

�
9B C C CD C 18

10

�
x2.9B C 9C CD CE/x C

�
9C CE C 81

10

�
:

Equatingx4-coefficients yields

B C 1

10
D 0 or B D � 1

10
;
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while equatingx3-coefficients yields

� 1

10
C C D 0 or C D 1

10
;

and equatingx2-coefficients yields

� 9

10
C 1

10
CD C 18

10
D 0 or D D �1:

Finally, equating constant coefficients, we find

10 D 9

10
CE C 81

10
or E D 1:

The result is

10

.x C 1/.x2 C 9/2
D

1
10

x C 1
C

� 1
10x C 1

10

x2 C 9
C �x C 1

.x2 C 9/2
:

Thus,
Z

10 dx

.x C 1/.x2 C 9/2
D 1

10

Z
dx

x C 1
� 1

10

Z
x dx

x2 C 9
C 1

10

Z
dx

x2 C 9
�
Z

x dx

.x2 C 9/2
C
Z

dx

.x2 C 9/2
:

For the second and fourth integrals, use the substitutionu D x2 C 9, du D 2x dx. Then we have
Z

10 dx

.x C 1/.x2 C 9/2
D 1

10
ln jx C 1j � 1

20
ln jx2 C 9j C 1

30
tan�1

�x
3

�
C 1

2.x2 C 9/
C
Z

dx

.x2 C 9/2
:

For the last integral, use the trigonometric substitution

x D 3 tan�; dx D 3 sec2 � d�; x2 C 9 D 9 tan2 � C 9 D 9 sec2 �:

Then,
Z

dx

.x2 C 9/2
D
Z
3 sec2 � d�

.9 sec2 �/2
D 1

27

Z
d�

sec2 �
D 1

27

Z
cos2 � d� D 1

27

�
1

2
� C 1

2
sin � cos�

�
C C:

Now we construct a right triangle with tan� D x
3 :

q

x2 + 9
x

3

From this we see that sin� D x=
p
x2 C 9 and cos� D 3=

p
x2 C 9. Thus

Z
dx

.x2 C 9/2
D 1

54
tan�1

�x
3

�
C 1

54

�
xp
x2 C 9

��
3p

x2 C 9

�
C C D 1

54
tan�1

�x
3

�
C x

18.x2 C 9/
C C:

Collecting all the terms, we obtain
Z

10 dx

.x C 1/.x2 C 9/2
D 1

10
ln jx C 1j � 1

20
ln jx2 C 9j C 1

30
tan�1

�x
3

�
C 1

2.x2 C 9/

C 1

54
tan�1

�x
3

�
C x

18.x2 C 9/
C C

D 1

10
ln jx C 1j � 1

20
ln jx2 C 9j C 7

135
tan�1

�x
3

�
C x C 9

18.x2 C 9/
C C:

39.
Z

dx

x.x2 C 8/2

SOLUTION The partial fraction decomposition has the form:

1

x.x2 C 8/2
D A

x
C Bx C C

x2 C 8
C Dx CE

.x2 C 8/2
:

Clearing denominators, we get

1 D A.x2 C 8/2 C .Bx C C/x.x2 C 8/C .Dx CE/x:
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Expanding the right-hand side gives us

1 D .AC B/x4 C Cx3 C .16AC 8B CD/x2 C .8C CE/x C 64A:

Equating coefficients of like powers ofx yields

AC B D 0

C D 0

16AC 8B CD D 0

8C C E D 0

64A D 1

The solution to this system of equations is

A D 1

64
; B D � 1

64
; C D 0; D D �1

8
; E D 0:

Therefore

1

x.x2 C 8/2
D

1
64

x
C

� 1
64x

x2 C 8
C

�1
8x

.x2 C 8/2
;

and
Z

dx

x.x2 C 8/2
D 1

64

Z
dx

x
� 1

64

Z
x dx

x2 C 8
� 1

8

Z
x dx

.x2 C 8/2
:

For the second and third integrals, use the substitutionu D x2 C 8, du D 2x dx. Then we have
Z

dx

x.x2 C 8/2
D 1

64
ln jxj � 1

128
ln jx2 C 8j C 1

16.x2 C 8/
C C:

40.
Z

100x dx

.x � 3/.x2 C 1/2

SOLUTION The partial fraction decomposition has the form:

100x

.x � 3/.x2 C 1/2
D A

x � 3
C Bx C C

x2 C 1
C Dx C E

.x2 C 1/2
:

Clearing denominators, we get

100x D A.x2 C 1/2 C .Bx C C/.x � 3/.x2 C 1/C .Dx CE/.x � 3/:

Settingx D 3 then yields

300 D A.100/C 0C 0 or A D 3:

Expanding the right-hand side, we find

100x D .B C 3/x4 C .C � 3B/x3 C .B � 3C CD C 6/x2 C .C � 3B � 3D CE/x C .3 � 3C � 3E/:

Equating coefficients of like powers ofx then yields

B C 3 D 0

C � 3B D 0

B � 3C CD C 6 D 0

C � 3B � 3D CE D 100

3 � 3C � 3E D 0

The solution to this system of equations is

B D �3; C D �9; D D �30; E D 10:

Therefore

100x

.x � 3/.x2 C 1/2
D 3

x � 3
C �3x � 9

x2 C 1
C �30x C 10

.x2 C 1/2
;
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and
Z

100x dx

.x � 3/.x2 C 1/2
D 3

Z
dx

x � 3
C
Z
.�3x � 9/ dx

x2 C 1
C
Z
.�30x C 10/ dx

.x2 C 1/2

D 3

Z
dx

x � 3 � 3

Z
x dx

x2 C 1
� 9

Z
dx

x2 C 1
� 30

Z
x dx

.x2 C 1/2
C 10

Z
dx

.x2 C 1/2
:

For the second and fourth integrals, use the substitutionu D x2 C 1, du D 2x dx. Then we have
Z

100x dx

.x � 3/.x2 C 1/2
D 3 ln jx � 3j � 3

2
ln jx2 C 1j � 9 tan�1 x C 15

x2 C 1
C 10

Z
dx

.x2 C 1/2
:

For the last integral, use the trigonometric substitutionx D tan� , dx D sec2 � d� . Thenx2 C 1 D tan2 � C 1 D sec2 � , and

Z
dx

.x2 C 1/2
D
Z

sec2 � d�

sec4 �
D
Z

cos2 � D 1

2
� C 1

2
sin � cos� C C:

We construct the following right triangle with tan� D x:

1 + x2

x

1

From this we see that sin� D x=
p
1C x2 and cos� D 1=

p
1C x2. Thus

Z
dx

.x2 C 1/2
D 1

2
tan�1 x C 1

2

�
xp
1C x2

��
1p

1C x2

�
C C D 1

2
tan�1 x C x

2.x2 C 1/
C C:

Collecting all the terms, we obtain
Z

100x dx

.x � 3/.x2 C 1/2
D 3 ln jx � 3j � 3

2
ln jx2 C 1j � 9 tan�1 x C 15

x2 C 1
C 10

�
1

2
tan�1 x C x

2.x2 C 1/

�
C C

D 3 ln jx � 3j � 3

2
ln jx2 C 1j � 4 tan�1 x C 5x C 15

x2 C 1
C C:

41.
Z

dx

.x C 2/.x2 C 4x C 10/

SOLUTION The partial fraction decomposition has the form:

1

.x C 2/.x2 C 4x C 10/
D A

x C 2
C Bx C C

x2 C 4x C 10
:

Clearing denominators, we get

1 D A.x2 C 4x C 10/C .Bx C C/.x C 2/:

Settingx D �2 then yields

1 D A.6/C 0 or A D 1

6
:

Expanding the right-hand side gives us

1 D
�
1

6
C B

�
x2 C

�
2

3
C 2B C C

�
x C

�
5

3
C 2C

�
:

Equatingx2-coefficients yields

0 D 1

6
C B or B D �1

6
;

while equating constant coefficients yields

1 D 5

3
C 2C or C D �1

3
:

The result is

1

.x C 2/.x2 C 4x C 10/
D

1
6

x C 2
C

�1
6x � 1

3

x2 C 4x C 10
:
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Thus,
Z

dx

.x C 2/.x2 C 4x C 10/
D 1

6

Z
dx

x C 2
� 1

6

Z
.x C 2/ dx

x2 C 4x C 10
:

For the second integral, letu D x2 C 4x C 10. Thendu D .2x C 4/ dx, and
Z

dx

.x C 2/.x2 C 4x C 10/
D 1

6
ln jx C 2j � 1

12

Z
.2x C 4/ dx

x2 C 4x C 10

D 1

6
ln jx C 2j � 1

12
ln jx2 C 4x C 10j C C:

42.
Z

9dx

.x C 1/.x2 � 2x C 6/

SOLUTION The partial fraction decomposition has the form:

9

.x C 1/.x2 � 2x C 6/
D A

x C 1
C Bx C C

x2 � 2x C 6
:

Clearing denominators gives us

9 D A.x2 � 2x C 6/C .Bx C C/.x C 1/:

Settingx D �1 then yields

9 D A.9/C 0 or A D 1:

Expanding the right-hand side gives us

9 D .1C B/x2 C .�2C B C C/x C .6C C/:

Equatingx2-coefficients yields

0 D 1C B or B D �1;

while equating constant coefficients yields

9 D 6C C or C D 3:

The result is

9

.x C 1/.x2 � 2x C 6/
D 1

x C 1
C �x C 3

x2 � 2x C 6
:

Thus,
Z

9 dx

.x C 1/.x2 � 2x C 6/
D
Z

dx

x C 1
C
Z
.�x C 3/ dx

x2 � 2x C 6
:

To evaluate the integral on the right, we first write
Z
.�x C 3/ dx

x2 � 2x C 6
D �

Z
.x � 1 � 2/ dx

x2 � 2x C 6
D �

Z
.x � 1/ dx
x2 � 2x C 6

C 2

Z
dx

x2 � 2x C 6
:

For the first integral, use the substitutionu D x2 � 2x C 6, du D .2x � 2/ dx. Then

�
Z

.x � 1/ dx

x2 � 2x C 6
D �1

2

Z
.2x � 2/ dx
x2 � 2x C 6

D �1
2

ln jx2 � 2x C 6j C C:

For the second integral, we first complete the square:

2

Z
dx

x2 � 2x C 6
D 2

Z
dx

.x2 � 2x C 1/C 5
D 2

Z
dx

.x � 1/2 C 5
:

Now letu D x � 1, du D dx. Then

2

Z
dx

.x � 1/2 C 5
D 2

Z
du

u2 C 5
D 2

�
1p
5

�
tan�1

�
up
5

�
C C D 2p

5
tan�1

�
x � 1p
5

�
C C:

Collecting all the terms, we have
Z

9 dx

.x C 1/.x2 � 2x C 6/
D ln jx C 1j � 1

2
ln jx2 � 2x C 6j C 2p

5
tan�1

�
x � 1p
5

�
C C:
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43.
Z

25 dx

x.x2 C 2x C 5/2

SOLUTION The partial fraction decomposition has the form

25

x.x2 C 2x C 5/2
D A

x
C Bx C C

x2 C 2x C 5
C Dx CE

.x2 C 2x C 5/2
:

Clearing denominators yields:

25 D A.x2 C 2x C 5/2 C x.Bx C C/.x2 C 2x C 5/C x.Dx CE/

D .Ax4 C 4Ax3 C 14Ax2 C 20Ax C 25A/C .Bx4 C Cx3 C 2Bx3 C 2Cx2 C 5Bx2 C 5Cx/CDx2 CEx:

Equating constant terms yields

25A D 25 or A D 1;

while equatingx4-coefficients yields

AC B D 0 or B D �A D �1:

Equatingx3-coefficients yields

4AC C C 2B D 0 or C D �2;

and equatingx2-coefficients yields

14AC 2C C 5B CD D 0 or D D �5:

Finally, equatingx-coefficients yields

20AC 5C CE D 0 or E D �10:

Thus,
Z

25 dx

x.x2 C 2x C 5/2
D
Z �

1

x
� x C 2

x2 C 2x C 5
� 5 x C 2

.x2 C 2x C 5/2

�
dx

D ln jxj �
Z

x C 2

x2 C 2x C 5
dx � 5

Z
x C 2

.x2 C 2x C 5/2
dx:

The two integrals on the right both require the substitutionu D x C 1, so thatx2 C 2x C 5 D .x C 1/2 C 4 D u2 C 4 and
du D dx. This means:

Z
25 dx

x.x2 C 2x C 5/2
D ln jxj �

Z
uC 1

u2 C 4
du � 5

Z
uC 1

.u2 C 4/2
du

D ln jxj �
Z

u

u2 C 4
du �

Z
1

u2 C 4
du � 5

Z
u

.u2 C 4/2
du � 5

Z
1

.u2 C 4/2
du:

For the first and third integrals, we make the substitutionw D u2 C 4, dw D 2u du. Then we have
Z

25 dx

x.x2 C 2x C 5/2
D ln jxj � 1

2
ln ju2 C 4j � 1

2
tan�1

�u
2

�
C 5

2.u2 C 4/
� 5

Z
du

.u2 C 4/2

D ln jxj � 1

2
ln jx2 C 2x C 5j � 1

2
tan�1

�
x C 1

2

�
C 5

2.x2 C 2x C 5/
� 5

Z
du

.u2 C 4/2
:

For the remaining integral, we use the trigonometric substitution2 tanw D u, so thatu2 C 4 D 4 tan2 w C 4 D 4 sec2 w and
du D 2 sec2 w dw. This means

Z
1

.u2 C 4/2
du D 1

8

Z
1

sec4w
sec2 w dw D 1

8

Z
cos2 w dw

D 1

8

�
1

4
sin 2w C w

2

�
C C D

�
1

16
sinw cosw C w

16

�
C C

D 1

16

up
u2 C 4

2p
u2 C 4

C 1

16
tan�1

�u
2

�
C C D 1

8

u

u2 C 4
C 1

16
tan�1

�u
2

�
C C

D 1

8

x C 1

x2 C 2x C 5
C 1

16
tan�1

�
x C 1

2

�
:
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Hence, the integral is
Z

25 dx

x.x2 C 2x C 5/2
D ln jxj � 1

2
ln jx2 C 2x C 5j � 1

2
tan�1

�
x C 1

2

�

C 5

2.x2 C 2x C 5/
� 5

8

x C 1

x2 C 2x C 5
� 5

16
tan�1

�
x C 1

2

�

D ln jxj C 15 � 5x

8.x2 C 2x C 5/
� 13

16
tan�1

�
x C 1

2

�
� 1

2
ln jx2 C 2x C 5j C C:

44.
Z

.x2 C 3/ dx

.x2 C 2x C 3/2

SOLUTION The partial fraction decomposition has the form:

x2 C 3

.x2 C 2x C 3/2
D Ax C B

x2 C 2x C 3
C Cx CD

.x2 C 2x C 3/2
:

Clearing denominators gives us

x2 C 3 D .Ax C B/.x2 C 2x C 3/C Cx CD:

Expanding the right-hand side, we get

x2 C 3 D Ax3 C .2AC B/x2 C .3AC 2B C C/x C .3B CD/:

Equating coefficients of like powers ofx then yields

A D 0

2AC B D 1

3AC 2B C C D 0

3B CD D 3

The solution to this system of equations is

A D 0; B D 1; C D �2; D D 0:

Therefore

x2 C 3

.x2 C 2x C 3/2
D 1

x2 C 2x C 3
C �2x
.x2 C 2x C 3/2

;

and
Z

.x2 C 3/ dx

.x2 C 2x C 3/2
D
Z

dx

x2 C 2x C 3
�
Z

2x dx

.x2 C 2x C 3/2
:

The first integral can be evaluated by completing the square:
Z

dx

x2 C 2x C 3
D
Z

dx

x2 C 2x C 1C 2
D
Z

dx

.x C 1/2 C 2
:

Now use the substitutionu D x C 1, du D dx. Then
Z

dx

x2 C 2x C 3
D
Z

du

u2 C 2
D 1p

2
tan�1

�
x C 1p
2

�
C C:

For the second integral, letu D x2 C 2x C 3. We wantdu D .2x C 2/ dx to appear in the numerator, so we write
Z

2x dx

.x2 C 2x C 3/2
D
Z
.2x C 2 � 2/ dx
.x2 C 2x C 3/2

D
Z

.2x C 2/ dx

.x2 C 2x C 3/2
� 2

Z
dx

.x2 C 2x C 3/2

D
Z
du

u2
� 2

Z
dx

.x2 C 2x C 3/2
D � 1

u
� 2

Z
dx

.x2 C 2x C 3/2

D �1
x2 C 2x C 3

� 2

Z
dx

.x2 C 3x C 3/2
:

Finally, for this last integral, complete the square, then substituteu D x C 1, du D dx:
Z

dx

.x2 C 2x C 3/2
D
Z

dx

..x C 1/2 C 2/2
D
Z

du

.u2 C 2/2
:
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Now use the trigonometric substitutionu D
p
2 tan� . Thendu D

p
2 sec2 � d� , andu2 C 2 D 2 tan2 � C 2 D 2 sec2 � . Thus

Z
du

.u2 C 2/2
D
Z p

2 sec2 � d�

4 sec4 �
D

p
2

4

Z
cos2 � d� D

p
2

4

�
1

2
� C 1

2
sin � cos�

�
D

p
2

8
� C

p
2

8
sin � cos� C C:

We construct a right triangle with tan� D u=
p
2:

q

u
u2 + 2

2

From this we see that sin� D u=
p
u2 C 2 and cos� D

p
2=

p
u2 C 2. Therefore

Z
du

.u2 C 2/2
D

p
2

8
tan�1

�
up
2

�
C

p
2

8

�
up
u2 C 2

� p
2p

u2 C 2

!
C C

D
p
2

8
tan�1

�
up
2

�
C u

4.u2 C 2/
C C D

p
2

8
tan�1

�
x C 1p
2

�
C x C 1

4.x2 C 2x C 3/
C C:

Collecting all the terms, we have

Z
.x2 C 3/ dx

.x2 C 2x C 3/2
D 1p

2
tan�1

�
x C 1p
2

�
�
"

�1
x2 C 2x C 3

� 2

 p
2

8
tan�1

�
x C 1p
2

�
C x C 1

4.x2 C 2x C 3/

!#
C C

D
 
1p
2

C
p
2

4

!
tan�1

�
x C 1p
2

�
C 2C .x C 1/

2.x2 C 2x C 3/
C C

D 3
p
2

4
tan�1

�
x C 1p
2

�
C x C 3

2.x2 C 2x C 3/
C C:

In Exercises 45–48, evaluate by using first substitution and then partial fractions if necessary.

45.
Z

x dx

x4 C 1

SOLUTION Use the substitutionu D x2 so thatdu D 2x dx, and

Z
x

x4 C 1
dx D 1

2

Z
1

u2 C 1
du D 1

2
tan�1 u D 1

2
tan�1.x2/

46.
Z

x dx

.x C 2/4

SOLUTION Use the substitutionu D x C 2 anddu D dx; then

Z
x

.x C 2/4
dx D

Z
u � 2

u4
du D

Z
1

u3
du � 2

Z
1

u4
du

D � 1

2u2
C 2

3u3
C C D 2

3.x C 2/3
� 1

2.x C 2/2
C C

47.
Z

ex dx

e2x � ex

SOLUTION Use the substitutionu D ex . Thendu D ex dx D u dx so thatdx D 1
u du. Then

Z
ex dx

e2x � ex
D
Z
u � 1u du
u2 � u

D
Z

1

u.u � 1/
du

Using partial fractions, we have

1

u.u� 1/
D A

u
C B

u � 1
D .AC B/u � A

u.u � 1/

Upon equating coefficients in the numerators, we haveAC B D 0, A D �1 so thatB D 1. Then
Z

ex dx

e2x � ex
D �

Z
1

u
duC

Z
1

u � 1 du D ln ju � 1j � ln juj C C D ln jex � 1j � ln ex C C
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48.
Z

sec2 � d�

tan2 � � 1

SOLUTION Let u D tan� ; thendu D sec2 � d� and

Z
sec2 � d�

tan2 � � 1
D
Z

1

u2 � 1
du D �

Z
1

1 � u2
du D � tanh�1.u/C C D � tanh�1.tan�/C C

49. Evaluate
Z p

x dx

x � 1 . Hint: Use the substitutionu D
p
x (sometimes called arationalizing substitution ).

SOLUTION Let u D
p
x. Thendu D .1=2

p
x/ dx D .1=2u/ dx. Thus

Z p
x dx

x � 1
D
Z
u.2u du/

u2 � 1
D 2

Z
u2 du

u2 � 1
D 2

Z
.u2 � 1C 1/ du

u2 � 1

D 2

Z  
u2 � 1

u2 � 1
C 1

u2 � 1

!
du D 2

Z
duC

Z
2 du

u2 � 1
D 2uC

Z
2du

u2 � 1
:

The partial fraction decomposition of the remaining integral has the form:

2

u2 � 1
D 2

.u � 1/.uC 1/
D A

u � 1
C B

uC 1
:

Clearing denominators gives us

2 D A.uC 1/C B.u � 1/:

Settingu D 1 yields2 D A.2/C 0 orA D 1, while settingu D �1 yields2 D 0C B.�2/ orB D �1. The result is

2

u2 � 1
D 1

u � 1
C �1
uC 1

:

Thus,
Z

2 du

u2 � 1
D
Z

du

u � 1 �
Z

du

uC 1
D ln ju � 1j � ln juC 1j C C:

The final answer is
Z p

x dx

x � 1 D 2uC ln ju � 1j � ln juC 1j C C D 2
p
x C ln j

p
x � 1j � ln j

p
x C 1j C C:

50. Evaluate
Z

dx

x1=2 � x1=3
.

SOLUTION First use the substitutionu D x1=6. Then

du D 1

6
x�5=6 dx ) 6x5=6 du D dx ) 6u5 du D dx

and we have (using long division)

Z
dx

x1=2 � x1=3
D
Z

6u5

u3 � u2
du D 6

Z
u3

u � 1
du D 6

Z
u2 C uC 1C 1

u � 1 du

D 6

�
1

3
u3 C 1

2
u2 C uC ln ju � 1j

�
C C D 2u3 C 3u2 C 6uC 6 ln ju � 1j C C

D 2x1=2 C 3x1=3 C 6x1=6 C 6 ln
ˇ̌
ˇx1=6 � 1

ˇ̌
ˇC C

51. Evaluate
Z

dx

x2 � 1
in two ways: using partial fractions and using trigonometric substitution. Verify that the two answers agree.

SOLUTION The partial fraction decomposition has the form:

1

x2 � 1
D 1

.x � 1/.x C 1/
D A

x � 1
C B

x C 1
:

Clearing denominators gives us

1 D A.x C 1/C B.x � 1/:
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Settingx D 1, we get1 D A.2/ orA D 1
2 ; while settingx D �1, we get1 D B.�2/ orB D �1

2 . The result is

1

x2 � 1
D

1
2

x � 1 C
�1
2

x C 1
:

Thus,
Z

dx

x2 � 1
D 1

2

Z
dx

x � 1
� 1

2

Z
dx

x C 1
D 1

2
ln jx � 1j � 1

2
ln jx C 1j C C:

Using trigonometric substitution, letx D sec� . Thendx D tan� sec� d� , andx2 � 1 D sec2 � � 1 D tan2 � . Thus
Z

dx

x2 � 1
D
Z

tan� sec� d�

tan2 �
D
Z

sec� d�

tan�
D
Z

cos� d�

sin� cos�

D
Z

csc� d� D ln j csc� � cot� j C C:

Now we construct a right triangle with sec� D x:

q

1

x
x2 − 1

From this we see that csc� D x=
p
x2 � 1 and cot� D 1=

p
x2 � 1. Thus

Z
dx

x2 � 1
D ln

ˇ̌
ˇ̌ xp
x2 � 1

� 1p
x2 � 1

ˇ̌
ˇ̌C C D ln

ˇ̌
ˇ̌ x � 1p
x2 � 1

ˇ̌
ˇ̌C C:

To check that these two answers agree, we write

1

2
ln jx � 1j � 1

2
ln jx C 1j D 1

2

ˇ̌
ˇ̌ x � 1

x C 1

ˇ̌
ˇ̌ D ln

ˇ̌
ˇ̌
ˇ

r
x � 1
x C 1

ˇ̌
ˇ̌
ˇ D ln

ˇ̌
ˇ̌
ˇ

p
x � 1p
x C 1

�
p
x � 1p
x � 1

ˇ̌
ˇ̌
ˇ D ln

ˇ̌
ˇ̌ x � 1p
x2 � 1

ˇ̌
ˇ̌ :

52. Graph the equation.x � 40/y2 D 10x.x � 30/ and find the volume of the solid obtained by revolving the region
between the graph and thex-axis for0 � x � 30 around thex-axis.

SOLUTION The graph of.x � 40/y2 D 10x.x � 30/ is shown below

x
40302010

−20

20

y

Using the disk method, the volume is given by

V D
Z 30

0
�r2 dx D �

Z 30

0

 r
10x.x � 30/

x � 40

!2
dx D �

Z 30

0

10x.x � 30/ dx
x � 40

:

To find the anti-derivative, expand the numerator and then use long division:

10x.x � 30/

x � 40 D 10x2 � 300x

x � 40
D 10x C 100C 4000

x � 40 :

Thus,

�

Z 30

0

10x.x � 30/ dx
x � 40

D �

"
10

Z 30

0
x dx C 100

Z 30

0
dx C 4000

Z 30

0

dx

x � 40

#

D �
�
5x2 C 100x C 4000 ln jx � 40j

�ˇ̌
ˇ
30

0

D �
��
4500C 3000C 4000 ln.10/

�
�
�
0C 4000 ln.40/

��

D .7500 � 4000 ln 4/�:
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In Exercises 53–66, evaluate the integral using the appropriate method or combination of methods covered thus far in the text.

53.
Z

dx

x2
p
4 � x2

SOLUTION Use the trigonometric substitutionx D 2 sin� . Thendx D 2 cos� d� ,

4 � x2 D 4 � 4 sin2 � D 4.1 � sin2 �/ D 4 cos2 �;

and
Z

dx

x2
p
4 � x2

D
Z

2 cos� d�

.4 sin2 �/.2 cos�/
D 1

4

Z
csc2 � d� D �1

4
cot� C C:

Now construct a right triangle with sin� D x=2:

q

x
2

4 − x2

From this we see that cot� D
p
4 � x2=x. Thus

Z
dx

x2
p
4 � x2

D �1
4

 p
4 � x2

x

!
C C D �

p
4 � x2

4x
C C:

54.
Z

dx

x.x � 1/2

SOLUTION Using partial fractions, we first write

1

x.x � 1/2
D A

x
C B

x � 1 C C

.x � 1/2
:

Clearing denominators gives us

1 D A.x � 1/2 C Bx.x � 1/C Cx:

Settingx D 0 yields

1 D A.1/C 0C 0 or A D 1;

while settingx D 1 yields

1 D 0C 0C C or C D 1;

and settingx D 2 yields

1 D 1C 2B C 2 or B D �1:

The result is

1

x.x � 1/2
D 1

x
C �1
x � 1

C 1

.x � 1/2
:

Thus,
Z

dx

x.x � 1/2
D
Z
dx

x
�
Z

dx

x � 1
C
Z

dx

.x � 1/2
D ln jxj � ln jx � 1j � 1

x � 1
C C:

55.
Z

cos2 4x dx

SOLUTION Use the substitutionu D 4x, du D 4 dx. Then we have

Z
cos2.4x/ dx D 1

4

Z
cos2.4x/4 dx D 1

4

Z
cos2 udu D 1

4

�
1

2
uC 1

2
sinu cosu

�
C C

D 1

8
uC 1

8
sinu cosuC C D 1

2
x C 1

8
sin 4x cos4x C C:
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56.
Z
x sec2 x dx

SOLUTION Use integration by parts, withu D x andv0 D sec2 x. Thenu0 D 1, v D tanx, and
Z
x sec2 x dx D x tanx �

Z
tanx dx D x tanx �

�
� ln j cosxj

�
C C D x tanx C ln j cosxj C C:

57.
Z

dx

.x2 C 9/2

SOLUTION Use the trigonometric substitutionx D 3 tan� . Thendx D 3 sec2 � d� ,

x2 C 9 D 9 tan2 � C 9 D 9.tan2 � C 1/ D 9 sec2 �;

and
Z

dx

.x2 C 9/2
D
Z
3 sec2 � d�

.9 sec2 �/2
D 3

81

Z
sec2 � d�

sec4 �
D 1

27

Z
cos2 � d� D 1

27

�
1

2
� C 1

2
sin � cos�

�
C C:

Now construct a right triangle with tan� D x=3:

q

x2 + 9
x

3

From this we see that sin� D x=
p
x2 C 9 and cos� D 3=

p
x2 C 9. Thus

Z
dx

p
x2 C 9

2
D 1

54
tan�1

�x
3

�
C 1

54

�
xp

x2 C 9

��
3p

x2 C 9

�
C C D 1

54
tan�1

�x
3

�
C x

18.x2 C 9/
C C:

58.
Z
� sec�1 � d�

SOLUTION Use Integration by Parts, withu D sec�1 � andv0 D � . Thenu0 D 1=�
p
�2 � 1, v D �2=2, and

Z
� sec�1 � d� D �2

2
sec�1 � �

Z
�2 d�

2�
p
�2 � 1

D �2

2
sec�1 � � 1

2

Z
� d�p
�2 � 1

:

To evaluate the remaining integral, use the substitutionw D �2 � 1, dw D 2� d� . Then
Z

� d�p
�2 � 1

D 1

2

Z
2� d�p
�2 � 1

D 1

2

Z
dwp
w

D 1

2

�
2
p
w
�

C C D
p
�2 � 1C C:

The final answer is
Z
� sec�1 � d� D �2

2
sec�1 � � 1

2

p
�2 � 1C C:

59.
Z

tan5 x secx dx

SOLUTION Use the trigonometric identity tan2 x D sec2 x � 1 to write

Z
tan5 x secx dx D

Z �
sec2 x � 1

�2
tanx secx dx:

Now use the substitutionu D secx, du D secx tanx dx:
Z

tan5 x secx dx D
Z
.u2 � 1/2 du D

Z �
u4 � 2u2 C 1

�
du

D 1

5
u5 � 2

3
u3 C uC C D 1

5
sec5 x � 2

3
sec3 x C secx C C:

60.
Z
.3x2 � 1/ dx
x.x2 � 1/

SOLUTION The denominator expands tox3 � x, so if we letu D x3 � x, thendu D .3x2 � 1/ dx, which is the numerator. Thus

Z
.3x2 � 1/ dx

x.x2 � 1/
D
Z
du

u
D ln juj C C D ln.x.x2 � 1//C C
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61.
Z

ln.x4 � 1/ dx

SOLUTION Apply integration by parts withu D ln.x4 � 1/, v0 D 1; thenu0 D 4x3

x4�1 andv D x, so after simplification,

Z
ln.x4 � 1/ dx D x ln.x4 � 1/� 4

Z
x4

x4 � 1
dx D x ln.x4 � 1/� 4

Z
1C 1

x4 � 1
dx

D x ln.x4 � 1/� 4

Z
1 dx � 4

Z
1

x4 � 1
dx

D x ln.x4 � 1/� 4x � 4

Z
1

2

�
1

x2 � 1
� 1

x2 C 1

�
dx

D x ln.x4 � 1/� 4x � 2

Z
1

x2 � 1
dx C 2

Z
1

x2 C 1
dx

D x ln.x4 � 1/� 4x C 2 tanh�1 x C 2 tan�1 x C C

62.
Z

x dx

.x2 � 1/3=2

SOLUTION Use the substitutionu D x2 � 1, du D 2x dx. Then we have
Z

x dx

.x2 � 1/3=2
D 1

2

Z
2x dx

.x2 � 1/3=2
D 1

2

Z
du

u3=2
D 1

2
.�2/u�1=2 C C D �1p

u
C C D �1p

x2 � 1
C C:

63.
Z

x2 dx

.x2 � 1/3=2

SOLUTION Use the trigonometric substitutionx D sec� . Thendx D sec� tan� d� ,

x2 � 1 D sec2 � � 1 D tan2 �;

and
Z

x2 dx

.x2 � 1/3=2
D
Z
.sec2 �/ sec� tan� d�

.tan2 �/3=2
D
Z

sec3 � d�

tan2 �
D
Z
.tan2 � C 1/ sec� d�

tan2 �

D
Z

tan2 � sec� d�

tan2 �
C
Z

sec� d�

tan2 �
D
Z

sec� d� C
Z

csc� cot� d�

D ln j sec� C tan� j � csc� C C:

Now construct a right triangle with sec� D x:

q

1

x
x2 − 1

From this we see that tan� D
p
x2 � 1 and csc� D x=

p
x2 � 1. So the final answer is

Z
x2 dx

.x2 � 1/3=2
D ln

ˇ̌
ˇx C

p
x2 � 1

ˇ̌
ˇ � xp

x2 � 1
C C:

64.
Z

.x C 1/ dx

.x2 C 4x C 8/2

SOLUTION At first it might appear that one would use partial fractions to simplify this problem, but in fact it’s already in simplified
form. Instead, use the substitutionu D x2 C 4x C 8, du D .2x C 4/ dx. Then we have

Z
.x C 1/ dx

.x2 C 4x C 8/2
D 1

2

Z
.2x C 2/ dx

.x2 C 4x C 8/2
D 1

2

Z
.2x C 2C 2 � 2/ dx
.x2 C 4x C 8/2

D 1

2

Z
.2x C 4/ dx

.x2 C 4x C 8/2
�
Z

dx

.x2 C 4x C 8/2

D 1

2

Z
du

u2
�
Z

dx

.x2 C 4x C 8/2
D �1
2u

�
Z

dx

.x2 C 4x C 8/2
:

To evaluate the remaining integral, complete the square, then letw D x C 2, dw D dx:
Z

dx

.x2 C 4x C 8/2
D
Z

dx

.x2 C 4x C 4C 4/2
D
Z

dx

..x C 2/2 C 4/2
D
Z

dw

.w2 C 4/2
:
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Next, letw D 2 tan� , dw D 2 sec2 � d� . Then

w2 C 4 D 4 tan2 � C 4 D 4.tan2 � C 1/ D 4 sec2 �;

and we have
Z

dw

.w2 C 4/2
D
Z
2 sec2 � d�

16 sec4 �
D 1

8
cos2 � d� D 1

8

�
1

2
� C 1

2
sin � cos�

�
C C D 1

16
� C 1

16
sin � cos� C C:

Now construct a right triangle with tan� D w=2:

q

w2 + 4
w

2

From this we see that sin� D w=
p
w2 C 4 and cos� D 2=

p
w2 C 4. Thus

Z
dw

.w2 C 4/2
D 1

16
tan�1

�w
2

�
C 1

16

�
wp

w2 C 4

��
2p

w2 C 4

�
C C D 1

16
tan�1

�w
2

�
C w

8.w2 C 4/
C C:

In terms ofx, we have
Z

dx

.x2 C 4x C 8/2
D
Z

dw

.w2 C 4/2
D 1

16
tan�1

�
x C 2

2

�
C x C 2

8..x C 2/2 C 4/
C C:

Collecting all the terms, we have
Z

.x C 1/ dx

.x2 C 4x C 8/2
D �1
2.x2 C 4x C 8/

� 1

16
tan�1

�
x C 2

2

�
� x C 2

8.x2 C 4x C 8/
C C

D � 1

16
tan�1

�
x C 2

2

�
� x C 6

8.x2 C 4x C 8/
C C:

65.
Z p

x dx

x3 C 1

SOLUTION Use the substitutionu D x3=2, du D 3
2x
1=2 dx. Thenx3 D .x3=2/2 D u2, so we have

Z p
x dx

x3 C 1
D 2

3

Z
du

u2 C 1
D 2

3
tan�1 uC C D 2

3
tan�1.x3=2/C C:

66.
Z

x1=2 dx

x1=3 C 1

SOLUTION Use the substitutionu D x1=6, du D 1
6x

�5=6 dx. Thendx D 6x5=6 du D 6u5 du, and we get

Z
x1=2 dx

x1=3 C 1
D
Z
u3.6u5 du/

u2 C 1
D 6

Z
u8 du

u2 C 1
:

By long division

u8

u2 C 1
D u6 � u4 C u2 � 1C 1

u2 C 1
;

thus
Z

u8

u2 C 1
du D

Z �
u6 � u4 C u2 � 1C 1

u2 C 1

�
du D 1

7
u7 � 1

5
u5 C 1

3
u3 � uC tan�1 uC C:

The final answer is
Z

x1=2

x1=3 C 1
D 6

7
x7=6 � 6

5
x5=6 C 2x1=2 � 6x1=6 C 6 tan�1.x1=6/C C:

67. Show that the substitution� D 2 tan�1 t (Figure 1) yields the formulas

cos� D 1 � t2

1C t2
; sin � D 2t

1C t2
; d� D 2dt

1C t2
10

This substitution transforms the integral of any rational function of cos� and sin� into an integral of a rational function oft (which

can then be evaluated using partial fractions). Use it to evaluate
Z

d�

cos� C 3
4 sin �

.
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1

q /2

t1 + t2

FIGURE 1

SOLUTION If � D 2 tan�1 t , thend� D 2 dt=.1 C t2/. We also have that cos. �2 / D 1=
p
1C t2 and sin. �2 / D t=

p
1C t2. To

find cos� , we use the double angle identity cos� D 1 � 2 sin2. �2 /. This gives us

cos� D 1 � 2

�
tp
1C t2

�2
D 1 � 2t2

1C t2
D 1C t2 � 2t2

1C t2
D 1 � t2

1C t2
:

To find sin� , we use the double angle identity sin� D 2 sin. �2 / cos. �2 /. This gives us

sin� D 2

�
tp

1C t2

��
1p
1C t2

�
D 2t

1C t2
:

With these formulas, we have

Z
d�

cos� C .3=4/ sin�
D
Z 2dt

1Ct2�
1�t2
1Ct2

�
C 3
4

�
2t
1Ct2

� D
Z

8 dt

4.1 � t2/C 3.2t/
D
Z

8 dt

4C 6t � 4t2
D
Z

4 dt

2C 3t � 2t2
:

The partial fraction decomposition has the form

4

2C 3t � 2t2
D A

2 � t
C B

1C 2t
:

Clearing denominators gives us

4 D A.1C 2t/C B.2 � t/:

Settingt D 2 then yields

4 D A.5/C 0 or A D 4

5
;

while settingt D �1
2 yields

4 D 0C B

�
5

2

�
or B D 8

5
:

The result is

4

2C 3t � 2t2
D

4
5

2 � t
C

8
5

1C 2t
:

Thus,
Z

4

2C 3t � 2t2
dt D 4

5

Z
dt

2 � t
C 8

5

Z
dt

1C 2t
D �4

5
ln j2 � t j C 4

5
ln j1C 2t j C C:

The original substitution was� D 2 tan�1 t , which means thatt D tan. �2 /. The final answer is then

Z
d�

cos� C 3
4 sin �

D �4
5

ln

ˇ̌
ˇ̌2 � tan

�
�

2

�ˇ̌
ˇ̌C 4

5
ln

ˇ̌
ˇ̌1C 2 tan

�
�

2

�ˇ̌
ˇ̌C C:

68. Use the substitution of Exercise 67 to evaluate
Z

d�

cos� C sin �
.

SOLUTION Using the substitution� D 2 tan�1 t , we get

Z
d�

cos� C sin �
D
Z

2 dt=.1C t2/

.1 � t2/=.1C t2/C 2t=.1C t2/
D
Z

2 dt

1 � t2 C 2t
D �2

Z
dt

t2 � 2t � 1
:

The partial fraction decomposition has the form

�2
t2 � 2t � 1

D A

t � 1 �
p
2

C B

t � 1C
p
2
:
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Clearing denominators gives us

�2 D A.t � 1C
p
2/C B.t � 1 �

p
2/:

Settingt D 1C
p
2 then yieldsA D � 1p

2
, while settingt D 1 �

p
2 yieldsB D 1p

2
. Thus,

Z
d�

cos� C sin �
D 1p

2

Z
dt

t � 1C
p
2

� 1p
2

Z
dt

t � 1 �
p
2

D 1p
2

ln jt � 1C
p
2j � 1p

2
ln jt � 1 �

p
2j C C

D 1p
2

ln

ˇ̌
ˇ̌
ˇ̌
tan

�
�
2

�
� 1C

p
2

tan
�
�
2

�
� 1 �

p
2

ˇ̌
ˇ̌
ˇ̌C C:

Further Insights and Challenges

69. Prove the general formula
Z

dx

.x � a/.x � b/
D 1

a � b
ln
x � a

x � b C C

wherea; b are constants such thata ¤ b.

SOLUTION The partial fraction decomposition has the form:

1

.x � a/.x � b/ D A

x � a
C B

x � b
:

Clearing denominators, we get

1 D A.x � b/C B.x � a/:

Settingx D a then yields

1 D A.a � b/C 0 or A D 1

a � b ;

while settingx D b yields

1 D 0C B.b � a/ or B D 1

b � a :

The result is

1

.x � a/.x � b/ D
1
a�b
x � a

C
1
b�a
x � b

:

Thus,
Z

dx

.x � a/.x � b/
D 1

a � b

Z
dx

x � a
C 1

b � a

Z
dx

x � b D 1

a � b
ln jx � aj C 1

b � a
ln jx � bj C C

D 1

a � b
ln jx � aj � 1

a � b
ln jx � bj C C D 1

a � b
ln
ˇ̌
ˇx � a

x � b

ˇ̌
ˇC C:

70. The method of partial fractions shows that
Z

dx

x2 � 1
D 1

2
ln
ˇ̌
x � 1

ˇ̌
� 1

2
ln
ˇ̌
x C 1

ˇ̌
C C

The computer algebra system Mathematica evaluates this integral as� tanh�1 x, where tanh�1 x is the inverse hyperbolic tangent
function. Can you reconcile the two answers?

SOLUTION Let

y D tanhx D ex � e�x

ex C e�x :

Solving for x in terms ofy, we find

.ex C e�x/y D ex � e�x

e�x.1C y/ D ex.1 � y/
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e2x D 1C y

1 � y

x D 1

2
ln

ˇ̌
ˇ̌1C y

1 � y

ˇ̌
ˇ̌

Thus,

tanh�1 x D 1

2
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌ ;

so

� tanh�1 x D 1

2
ln

ˇ̌
ˇ̌ 1� x

1C x

ˇ̌
ˇ̌ D 1

2
ln j1 � xj � 1

2
ln j1C xj;

as desired.

71. Suppose thatQ.x/ D .x � a/.x � b/, wherea ¤ b, and letP.x/=Q.x/ be a proper rational function so that

P.x/

Q.x/
D A

.x � a/
C B

.x � b/

(a) Show thatA D P.a/

Q0.a/
andB D P.b/

Q0.b/
.

(b) Use this result to find the partial fraction decomposition forP.x/ D 3x � 2 andQ.x/ D x2 � 4x � 12.

SOLUTION

(a) Clearing denominators gives us

P.x/ D A.x � b/C B.x � a/:

Settingx D a then yields

P.a/ D A.a � b/C 0 or A D P.a/

a � b
;

while settingx D b yields

P.b/ D 0C B.b � a/ or B D P.b/

b � a
:

Now use the product rule to differentiateQ.x/:

Q0.x/ D .x � a/.1/C .1/.x � b/ D x � aC x � b D 2x � a � bI

therefore,

Q0.a/ D 2a � a � b D a � b

Q0.b/ D 2b � a � b D b � a

Substituting these into the above results, we find

A D P.a/

Q0.a/
and B D P.b/

Q0.b/
:

(b) The partial fraction decomposition has the form:

P.x/

Q.x/
D 3x � 2

x2 � 4x � 12
D 3x � 2

.x � 6/.x C 2/
D A

x � 6
C B

x C 2
I

A D P.6/

Q0.6/
D 3.6/ � 2

2.6/ � 4
D 16

8
D 2I

B D P.�2/
Q0.�2/ D 3.�2/ � 2

2.�2/ � 4
D �8

�8 D 1:

The result is

3x � 2

x2 � 4x � 12
D 2

x � 6
C 1

x C 2
:
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72. Suppose thatQ.x/ D .x � a1/.x � a2/ � � � .x � an/, where the rootsaj are all distinct. LetP.x/=Q.x/ be a proper rational
function so that

P.x/

Q.x/
D A1

.x � a1/
C A2

.x � a2/
C � � � C An

.x � an/

(a) Show thatAj D
P.aj /

Q0.aj /
for j D 1; : : : ; n.

(b) Use this result to find the partial fraction decomposition forP.x/ D 2x2 � 1, Q.x/ D x3 � 4x2 C x C 6 D .x C 1/.x �
2/.x � 3/.

SOLUTION

(a) To differentiateQ.x/, first take the logarithm of both sides, and then differentiate:

ln
�
Q.x/

�
D ln

�
.x � a1/.x � a2/ � � � .x � an/

�
D ln.x � a1/C ln.x � a2/C � � � C ln.x � an/

d

dx
ln
�
Q.x/

�
D Q0.x/
Q.x/

D 1

x � a1
C 1

x � a2
C � � � C 1

x � an

Multiplying both sides byQ.x/ gives us

Q0.x/ D Q.x/

�
1

x � a1
C � � � C 1

x � an

�

D .x � a2/.x � a3/ � � � .x � an/C .x � a1/.x � a3/ � � � .x � an/C � � � C .x � a1/.x � a2/ � � � .x � an�1/:

In other words, thei th product in the formula forQ0.x/ has the.x � ai / factor removed. This means that

Q0.aj / D .aj � a1/ � � � .aj � aj�1/.aj � ajC1/ � � � .aj � an/:

Now clear denominators in the expression forP.x/=Q.x/:

P.x/ D A1Q.x/

x � a1
C A2Q.x/

x � a2
C � � � C AnQ.x/

x � an
D A1.x � a2/ � � � .x � an/C .x � a1/A2.x � a3/ � � � .x � an/C � � � C .x � a1/.x � a2/ � � � .x � an�1/An:

Settingx D aj , we get

P.aj / D .aj � a1/.aj � a2/ � � � .aj � aj�1/Aj .aj � ajC1/ � � � .aj � an/;

so that

Aj D
P.aj /

.aj � a1/ � � � .aj � aj�1/.aj � ajC1/ � � � .aj � an/
D

P.aj /

Q0.aj /
:

(b) Let P.x/ D 2x2 � 1 andQ.x/ D .x C 1/.x � 2/.x � 3/, so thatQ0.x/ D 3x2 � 8x C 1. Thena1 D �1, a2 D 2, and
a3 D 3, so that

A1 D P.�1/=Q0.�1/ D 1

12
I

A2 D P.2/=Q0.2/ D �7
3

I

A3 D P.3/=Q0.3/ D 17

4
:

Thus

P.x/

Q.x/
D 1

12.x C 1/
� 7

1 D 3.x � 2/
C 17

4.x � 3/
:
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7.6 Improper Integrals

Preliminary Questions
1. State whether the integral converges or diverges:

(a)
Z 1

1
x�3 dx (b)

Z 1

0
x�3 dx

(c)
Z 1

1
x�2=3 dx (d)

Z 1

0
x�2=3 dx

SOLUTION

(a) The integral is improper because one of the limits of integration is infinite. Because the power ofx in the integrand is less than
�1, this integral converges.

(b) The integral is improper because the integrand is undefined atx D 0. Because the power ofx in the integrand is less than�1,
this integral diverges.

(c) The integral is improper because one of the limits of integration is infinite. Because the power ofx in the integrand is greater
than�1, this integral diverges.

(d) The integral is improper because the integrand is undefined atx D 0. Because the power ofx in the integrand is greater than
�1, this integral converges.

2. Is
Z �=2

0
cotx dx an improper integral? Explain.

SOLUTION Because the integrand cotx is undefined atx D 0, this is an improper integral.

3. Find a value ofb > 0 that makes
Z b

0

1

x2 � 4
dx an improper integral.

SOLUTION Any value ofb satisfyingjbj � 2 will make this an improper integral.

4. Which comparison would show that
Z 1

0

dx

x C ex
converges?

SOLUTION Note that, forx > 0,

1

x C ex
<

1

ex
D e�x :

Moreover
Z 1

0
e�x dx

converges. Therefore,
Z 1

0

1

x C ex
dx

converges by the comparison test.

5. Explain why it is not possible to draw any conclusions about the convergence of
Z 1

1

e�x

x
dx by comparing with the integral

Z 1

1

dx

x
.

SOLUTION For1 � x < 1,

e�x

x
<
1

x
;

but
Z 1

1

dx

x

diverges. Knowing that an integral is smaller than a divergent integral does not allow us to draw any conclusions using the compar-
ison test.
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Exercises
1. Which of the following integrals is improper? Explain your answer, but do not evaluate the integral.

(a)
Z 2

0

dx

x1=3
(b)

Z 1

1

dx

x0:2
(c)

Z 1

�1
e�x dx

(d)
Z 1

0
e�x dx (e)

Z �=2

0
secx dx (f)

Z 1

0
sinx dx

(g)
Z 1

0
sinx dx (h)

Z 1

0

dxp
3 � x2

(i)
Z 1

1
lnx dx

(j)
Z 3

0
ln x dx

SOLUTION

(a) Improper. The functionx�1=3 is infinite at 0.

(b) Improper. Infinite interval of integration.

(c) Improper. Infinite interval of integration.

(d) Proper. The functione�x is continuous on the finite intervalŒ0; 1�.

(e) Improper. The function secx is infinite at�2 .

(f) Improper. Infinite interval of integration.

(g) Proper. The function sinx is continuous on the finite intervalŒ0; 1�.

(h) Proper. The function1=
p
3 � x2 is continuous on the finite intervalŒ0; 1�.

(i) Improper. Infinite interval of integration.

(j) Improper. The function lnx is infinite at 0.

2. Let f .x/ D x�4=3.

(a) Evaluate
Z R

1
f .x/ dx.

(b) Evaluate
Z 1

1
f .x/ dx by computing the limit

lim
R!1

Z R

1
f .x/ dx

SOLUTION

(a)
Z R

1
x�4=3 dx D �3x�1=3

ˇ̌
ˇ̌
R

1

D �3R�1=3 �
�

� 3.1/
�

D 3

�
1 � 1

R1=3

�
:

(b)
Z 1

1
x�4=3 dx D lim

R!1

Z R

1
x�4=3 dx D lim

R!1
3

�
1 � 1

R1=3

�
D 3.1 � 0/ D 3:

3. Prove that
Z 1

1
x�2=3 dx diverges by showing that

lim
R!1

Z R

1
x�2=3 dx D 1

SOLUTION First compute the proper integral:

Z R

1
x�2=3 dx D 3x1=3

ˇ̌
ˇ̌
R

1

D 3R1=3 � 3 D 3
�
R1=3 � 1

�
:

Then show divergence:

Z 1

1
x�2=3 dx D lim

R!1

Z R

1
x�2=3 dx D lim

R!1
3
�
R1=3 � 1

�
D 1:

4. Determine whether
Z 3

0

dx

.3 � x/3=2
converges by computing

lim
R!3�

Z R

0

dx

.3� x/3=2
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SOLUTION First evaluate the integral on the intervalŒ0; R� for 0 < R < 3:

Z R

0

dx

.3 � x/3=2
D 2.3 � x/�1=2

ˇ̌
ˇ̌
R

0

D 2p
3 �R

� 2p
3
:

Now compute the limit asR ! 3�:

Z 3

0

dx

.3 � x/3=2
D lim
R!3�

Z R

0

dx

.3 � x/3=2
D lim
R!3�

�
2p
3 � R

� 2p
3

�
D 1I

thus, the integral diverges.

In Exercises 5–40, determine whether the improper integral converges and, if so, evaluate it.

5.
Z 1

1

dx

x19=20

SOLUTION First evaluate the integral over the finite intervalŒ1; R� for R > 1:

Z R

1

dx

x19=20
D 20x1=20

ˇ̌
ˇ̌
R

1

D 20R1=20 � 20:

Now compute the limit asR ! 1:

Z 1

1

dx

x19=20
D lim
R!1

Z R

1

dx

x19=20
D lim
R!1

�
20R1=20 � 20

�
D 1:

The integral does not converge.

6.
Z 1

1

dx

x20=19

SOLUTION First evaluate the integral over the finite intervalŒ1; R� for R > 1:

Z R

1

dx

x20=19
D �19x�1=19

ˇ̌
ˇ̌
R

1

D �19
R1=19

� .�19/ D 19 � 19

R1=19
:

Now compute the limit asR ! 1:

Z 1

1

dx

x20=19
D lim
R!1

Z R

1

dx

x20=19
D lim
R!1

�
19 � 19

R1=19

�
D 19 � 0 D 19:

7.
Z 4

�1
e0:0001t dt

SOLUTION First evaluate the integral over the finite intervalŒR; 4� for R < 4:

Z 4

R
e.0:0001/t dt D e.0:0001/t

0:0001

ˇ̌
ˇ̌
ˇ

4

R

D 10;000
�
e0:0004 � e.0:0001/R

�
:

Now compute the limit asR ! �1:

Z 4

�1
e.0:0001/t dt D lim

R!�1

Z 4

R
e.0:0001/t dt D lim

R!�1
10;000

�
e0:0004 � e.0:0001/R

�

D 10;000
�
e0:0004 � 0

�
D 10;000e0:0004:

8.
Z 1

20

dt

t

SOLUTION First evaluate the integral over the finite intervalŒ20; R� for 20 < R:

Z R

20

dt

t
D ln jt j

ˇ̌R
20

D lnR � ln 20:

Now compute the limit asR ! 1:

Z 1

20

dt

t
D lim
R!1

Z R

20

dt

t
D lim
R!1

.lnR � ln 20/ D 1I

thus, the integral does not converge.
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9.
Z 5

0

dx

x20=19

SOLUTION The functionx�20=19 is infinite at the endpoint 0, so we’ll first evaluate the integral on the finite intervalŒR; 5� for
0 < R < 5:

Z 5

R

dx

x20=19
D �19x�1=19

ˇ̌
ˇ̌
5

R

D �19
�
5�1=19 � R�1=19

�
D 19

�
1

R1=19
� 1

51=19

�
:

Now compute the limit asR ! 0C:

Z 5

0

dx

x20=19
D lim
R!0C

Z 5

R

dx

x20=19
D lim
R!0C

19

�
1

R1=19
� 1

51=19

�
D 1I

thus, the integral does not converge.

10.
Z 5

0

dx

x19=20

SOLUTION The functionx�19=20 is infinite at the endpoint 0, so we’ll first evaluate the integral on the finite intervalŒR; 5� for
0 < R < 5:

Z 5

R

dx

x19=20
D 20x1=20

ˇ̌
ˇ̌
5

R

D 20
�
51=20 � R1=20

�
:

Now compute the limit asR ! 0C:

Z 5

0

dx

x19=20
D lim
R!0C

Z 5

R

dx

x19=20
D lim
R!0C

20
�
51=20 � R1=20

�
D 20

�
51=20 � 0

�
D 20 � 51=20:

11.
Z 4

0

dxp
4 � x

SOLUTION The function1=
p
4 � x is infinite atx D 4, so we’ll first evaluate the integral on the intervalŒ0; R� for 0 < R < 4:

Z R

0

dxp
4 � x

D �2
p
4 � x

ˇ̌
ˇ
R

0
D �2

p
4 � R � .�2/

p
4 D 4 � 2

p
4 �R:

Now compute the limit asR ! 4�:

Z 4

0

dxp
4 � x

D lim
R!4�

Z R

0

dxp
4 � x

D lim
R!4�

�
4 � 2

p
4 � R

�
D 4� 0 D 4:

12.
Z 6

5

dx

.x � 5/3=2

SOLUTION The function.x � 5/�3=2 is infinite atx D 5, so we’ll first evaluate the integral on the intervalŒR; 6� for 5 < R < 6:

Z 6

R

dx

.x � 5/3=2
D 2.x � 5/�1=2

ˇ̌
ˇ̌
6

R

D �2p
1

� �2p
R � 5

D 2p
R � 5

� 2:

Now compute the limit asR ! 5C:

Z 6

5

dx

.x � 5/�3=2
D lim
R!5C

Z 6

R

dx

.x � 5/3=2
D lim
R!5C

�
2p
R � 5

� 2

�
D 1I

thus, the integral does not converge.

13.
Z 1

2
x�3 dx

SOLUTION First evaluate the integral on the finite intervalŒ2; R� for 2 < R:

Z R

2
x�3 dx D x�2

�2

ˇ̌
ˇ̌
ˇ

R

2

D �1
2R2

� �1
2.22/

D 1

8
� 1

2R2
:

Now compute the limit asR ! 1:

Z 1

2
x�3 dx D lim

R!1

Z R

2
x�3 dx D lim

R!1

�
1

8
� 1

2R2

�
D 1

8
:
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14.
Z 1

0

dx

.x C 1/3

SOLUTION First evaluate the integral on the finite intervalŒ0; R� for R > 0:

Z R

0

dx

.x C 1/3
D .x C 1/�2

�2

ˇ̌
ˇ̌
ˇ

R

0

D �1
2.RC 1/2

� �1
2.1/2

D 1

2
� 1

2.RC 1/2
:

Now compute the limit asR ! 1:

Z 1

0

dx

.x C 1/3
D lim
R!1

Z R

0

dx

.x C 1/3
D lim
R!1

�
1

2
� 1

2.R C 1/2

�
D 1

2
:

15.
Z 1

�3

dx

.x C 4/3=2

SOLUTION First evaluate the integral on the finite intervalŒ�3; R� for R > �3:
Z R

�3

dx

.x C 4/3=2
D �2.x C 4/�1=2

ˇ̌
ˇ̌
R

�3
D �2p

RC 4
� �2p

1
D 2 � 2p

RC 4
:

Now compute the limit asR ! 1:

Z 1

�3

dx

.x C 4/3=2
D lim
R!1

Z R

�3

dx

.x C 4/3=2
D lim
R!1

�
2 � 2p

RC 4

�
D 2 � 0 D 2:

16.
Z 1

2
e�2x dx

SOLUTION First evaluate the integral on the finite intervalŒ2; R� for R > 2:

Z R

2
e�2x dx D e�2x

�2

ˇ̌
ˇ̌
ˇ

R

2

D �1
2

�
e�2R � e�4

�
D 1

2

�
e�4 � e�2R

�
:

Now compute the limit asR ! 1:

Z 1

2
e�2x dx D lim

R!1

Z R

2
e�2x dx D lim

R!1

�
e�4 � e�2R

�
D 1

2

�
e�4 � 0

�
D 1

2e4
:

17.
Z 1

0

dx

x0:2

SOLUTION The functionx�0:2 is infinite atx D 0, so we’ll first evaluate the integral on the intervalŒR; 1� for 0 < R < 1:

Z 1

R

dx

x0:2
D x0:8

0:8

ˇ̌
ˇ̌
ˇ

1

R

D 1:25
�
1 � R0:8

�
:

Now compute the limit asR ! 0C:

Z 1

0

dx

x0:2
D lim
R!0C

Z 1

R

dx

x0:2
D lim
R!0C

1:25
�
1 � R0:8

�
D 1:25.1 � 0/ D 1:25:

18.
Z 1

2
x�1=3 dx

SOLUTION First evaluate the integral on the finite intervalŒ2; R� for R > 2:

Z R

2
x�1=3 dx D 3

2
x2=3

ˇ̌
ˇ̌
R

2

D 3

2

�
R2=3 � 22=3

�
:

Now compute the limit asR ! 1:

Z 1

2
x�1=3 dx D lim

R!1

Z R

2
x�1=3 dx D lim

R!1
3

2

�
R2=3 � 22=3

�
D 1I

thus, the integral does not converge.

19.
Z 1

4
e�3x dx
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SOLUTION First evaluate the integral on the finite intervalŒ4; R� for R > 4:

Z R

4
e�3x dx D e�3x

�3

ˇ̌
ˇ̌
ˇ

R

4

D �1
3

�
e�3R � e�12

�
D 1

3

�
e�12 � e�3R

�
:

Now compute the limit asR ! 1:

Z 1

4
e�3x dx D lim

R!1

Z R

4
e�3x dx D lim

R!1
1

3

�
e�12 � e�3R

�
D 1

3

�
e�12 � 0

�
D 1

3e12
:

20.
Z 1

4
e3x dx

SOLUTION First evaluate the integral on the finite intervalŒ4; R� for R > 4:

Z R

4
e3x dx D e3x

3

ˇ̌
ˇ̌
ˇ

R

4

D 1

3

�
e3R � e12

�
:

Now compute the limit asR ! 1:

Z 1

4
e3x dx D lim

R!1

Z R

4
e3x dx D lim

R!1
1

3

�
e3R � e12

�
D 1I

thus, the integral does not converge.

21.
Z 0

�1
e3x dx

SOLUTION First evaluate the integral on the finite intervalŒR; 0� for R < 0:

Z 0

R
e3x dx D e3x

3

ˇ̌
ˇ̌
ˇ

0

R

D 1

3
� e3R

3
:

Now compute the limit asR ! �1:

Z 0

�1
e3x dx D lim

R!�1

Z 0

R
e3x dx D lim

R!�1

 
1

3
� e3R

3

!
D 1

3
� 0 D 1

3
:

22.
Z 2

1

dx

.x � 1/2

SOLUTION The function.x � 1/�2 is infinite atx D 1, so we first evaluate the integral on the intervalŒR; 2� for 1 < R < 2:

Z 2

R

dx

.x � 1/2
D .x � 1/�1

�1

ˇ̌
ˇ̌
ˇ

2

R

D �1
1

� �1
R � 1 D 1

R � 1
� 1:

Now compute the limit asR ! 1C:

Z 2

1

dx

.x � 1/2
D lim
R!1C

Z 2

R

dx

.x � 1/2
D lim
R!1C

�
1

R � 1
� 1

�
D 1I

thus, the integral does not converge.

23.
Z 3

1

dxp
3 � x

SOLUTION The functionf .x/ D 1=
p
3 � x is infinite atx D 3, so we first evaluate the integral on the intervalŒ1; R� for

1 < R < 3:

Z R

1

dxp
3 � x

D �2
p
3 � x

ˇ̌
ˇ̌
R

1

D �2
p
3 � RC 2

p
2:

Now compute the limit asR ! 3�:

Z 3

1

dxp
3 � x

D lim
R!3�

Z R

1

dxp
3� x

D 0C 2
p
2 D 2

p
2:
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24.
Z 4

�2

dx

.x C 2/1=3

SOLUTION The function.x C 2/�1=3 is infinite atx D �2, so we’ll first evaluate the integral on the intervalŒR; 4� for �2 <
R < 4:

Z 4

R

dx

.x C 2/1=3
D 3

2
.x C 2/2=3

ˇ̌
ˇ̌
4

R

D 3

2

�
62=3 � .RC 2/2=3

�
:

Now compute the limit asR ! �2C:

Z 4

�2

dx

.x C 2/1=3
D lim
R!�2C

Z 4

R

dx

.x C 2/1=3
D lim
R!2C

3

2

�
62=3 � .RC 2/2=3

�
D 3

2

�
62=3 � 0

�
D 3 � 62=3

2
:

25.
Z 1

0

dx

1C x

SOLUTION First evaluate the integral on the finite intervalŒ0; R� for R > 0:

Z R

0

dx

1C x
D ln j1C xj

ˇ̌R
0

D ln j1CRj � ln 1 D ln j1CRj:

Now compute the limit asR ! 1:

Z 1

0

dx

1C x
D lim
R!1

Z R

0

dx

1C x
D lim
R!1

ln j1CRj D 1I

thus, the integral does not converge.

26.
Z 0

�1
xe�x2

dx

SOLUTION First evaluate the indefinite integral using substitution, withu D �x2, du D �2x dx. This gives us

Z
xe�x2

dx D �1
2

Z
e�x2

.�2x dx/ D �1
2

Z
eu du D �1

2
eu C C D �1

2
e�x2 C C:

Next, evaluate the integral on the finite intervalŒR; 0� for R < 0:

Z 0

R
xe�x2

dx D �1
2
e�x2

ˇ̌
ˇ̌
0

R

D �1
2

�
1 � e�R2

�
:

Finally, compute the limit asR ! �1:

Z 0

�1
xe�x2

dx D lim
R!�1

Z 0

R
xe�x2

dx D lim
R!�1

1

2

�
e�R2 � 1

�
D 1

2
.0� 1/ D �1

2
:

27.
Z 1

0

x dx

.1C x2/2

SOLUTION First evaluate the indefinite integral, using the substitutionu D x2, du D 2x dx; then

Z
x dx

.1C x2/2
D 1

2

Z
1

.1C u/2
du D � 1

2.uC 1/
C C D � 1

2.x2 C 1/
C C

Thus, forR > 0,

Z R

0

x dx

.x2 C 1/2
D
�

� 1

2.x2 C 1/

� ˇ̌
ˇ̌
R

0

D � 1

2.R2 C 1/
C 1

2

and thus in the limit
Z 1

0

x dx

.x2 C 1/2
D lim
R!1

Z R

0

x dx

.x2 C 1/2
D 1

2
� lim
R!1

1

2.R2 C 1/
D 1

2

28.
Z 6

3

x dxp
x � 3

SOLUTION First, evaluate the indefinite integral using the substitutionu D x � 3, du D dx:

Z
xp
x � 3

dx D
Z
uC 3p
u
du D 2

3
u3=2 C 6u1=2 C C D 2

3
.x � 3/3=2 C 6.x � 3/1=2 C C:
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Next, evaluate the definite integral over the intervalŒR; 6� for R > 3:

Z 6

R

xp
x � 3

dx D
�
2

3
.x � 3/3=2 C 6.x � 3/1=2

�ˇ̌
ˇ̌
6

R

D 2

3
33=2 C 6

p
3 � 2

3
.R � 3/3=2 � 6.R � 3/1=2

D 8
p
3 � 2

3
.R � 3/3=2 � 6.R � 3/1=2:

Finally, we compute the limit asR ! 3C:
Z 6

3

xp
x � 3

dx D lim
R!3C

Z 6

R

xp
x � 3

dx D lim
R!3C

�
8
p
3� 2

3
.R � 3/3=2 � 6.R � 3/1=2

�
D 8

p
3:

29.
Z 1

0
e�x cosx dx

SOLUTION First evaluate the indefinite integral using Integration by Parts, withu D e�x , v0 D cosx. Thenu0 D �e�x ,
v D sinx, and

Z
e�x cosx dx D e�x sinx �

Z
sinx.�e�x/ dx D e�x sinx C

Z
e�x sinx dx:

Now use Integration by Parts again, withu D e�x , v0 D sinx. Thenu0 D �e�x , v D � cosx, and
Z
e�x cosx dx D e�x sinx C

�
�e�x cosx �

Z
e�x cosx dx

�
:

Solving this equation for
R
e�x cosx dx, we find

Z
e�x cosx dx D 1

2
e�x.sin x � cosx/C C:

Thus,
Z R

0
e�x cosx dx D 1

2
e�x.sinx � cosx/

ˇ̌
ˇ̌
R

0

D sinR � cosR

2eR
� sin 0 � cos0

2
D sinR � cosR

2eR
C 1

2
;

and
Z 1

0
e�x cosx dx D lim

R!1

�
sinR � cosR

2eR
C 1

2

�
D 0C 1

2
D 1

2
:

30.
Z 1

1
xe�2x dx

SOLUTION First evaluate the indefinite integral using Integration by Parts, withu D x andv0 D e�2x . Thenu0 D 1, v D
�1
2e

�2x , and
Z
xe�2x dx D �1

2
xe�2x �

Z �
�1
2

�
e�2x dx D �1

2
e�2x C 1

2

Z
e�2x dx

D �1
2
xe�2x � 1

4
e�2x C C D �1

4
e�2x.2x C 1/C C D �.2x C 1/

4e2x
C C:

Therefore,

Z 1

1
xe�2x dx D lim

R!�1

Z R

1
xe�2x dx D lim

R!1

 
�.2x C 1/

4e2x

ˇ̌
ˇ̌
R

1

!
D lim
R!1

��.2RC 1/

4e2R
C 3

4e2

�
:

Use L’Hôpital’s Rule to evaluate the limit:
Z 1

1
xe�2x dx D 3

4e2
� lim
R!1

2

8e2R
D 3

4e2
� 0 D 3

4e2
:

31.
Z 3

0

dxp
9 � x2

SOLUTION The function.9� x2/�1=2 is infinite atx D 3, so we’ll first evaluate the integral on the intervalŒ0; R� for 0 < R < 3:

Z R

0

dxp
9 � x2

D sin�1 x
3

ˇ̌
ˇ
R

0
D sin�1 R

3
� sin�1 0 D sin�1 R

3
:

Thus,
Z 3

0

dxp
9 � x2

D lim
R!3�

sin�1 R
3

D sin�1 1 D �

2
:
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32.
Z 1

0

e
p
x dxp
x

SOLUTION Let u D
p
x, du D 1

2x
�1=2 dx. Then

Z
e

p
x dxp
x

D 2

Z
e

p
x

�
dx

2
p
x

�
D 2

Z
eu du D 2eu C C D 2e

p
x C C:

The functione
p
x=

p
x is infinite, so we first evaluate the integral onŒR; 1� for 0 < R < 1:

Z 1

R

e
p
x dxp
x

D 2e
p
x
ˇ̌
ˇ
1

R
D 2e � 2e

p
R:

Now we compute the limit asR ! 0C:

Z 1

0

e
p
x dxp
x

D lim
R!0C

�
2e � 2e

p
x
�

D 2e � 2.1/ D 2.e � 1/:

33.
Z 1

1

e
p
x dxp
x

SOLUTION Let u D
p
x, du D 1

2x
�1=2 dx. Then

Z
e

p
x dxp
x

D 2

Z
e

p
x

�
dx

2
p
x

�
D 2

Z
eu du D 2eu C C D 2e

p
x C C;

and

Z 1

1

e
p
x dxp
x

D lim
R!1

Z R

1

e
p
x dxp
x

D lim
R!1

2e
p
x
ˇ̌
ˇ
R

1
D lim
R!1

�
2e

p
R � 2e

�
D 1:

The integral does not converge.

34.
Z �=2

0
sec� d�

SOLUTION First, evaluate the integral on the intervalŒ0; R� for 0 < R < �
2 :

Z R

0
sec� d� D ln j sec� C tan� j

ˇ̌
ˇ̌
R

0

D ln j secRC tanRj:

Now we compute the limit asR ! �
2

�:

Z �=2

0
sec� d� D lim

R!�=2�

Z R

0
sec� d� D lim

R!�=2�
ln j secRC tanRj D 1:

The integral does not converge.

35.
Z 1

0
sinx dx

SOLUTION First evaluate the integral on the finite intervalŒ0; R� for R > 0:

Z R

0
sinx dx D � cosx

ˇ̌
ˇ̌
R

0

D � cosRC cos0 D 1 � cosR:

Thus,

Z R

0
sinx dx D lim

R!1
.1 � cosR/ D 1 � lim

R!1
cosR:

This limit does not exist, since the value of cosR oscillates between 1 and�1 asR approaches infinity. Hence the integral does not
converge.

36.
Z �=2

0
tanx dx
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SOLUTION The function tanx is infinite atx D �
2 , so we’ll first evaluate the integral onŒ0; R� for 0 < R < �

2 :

Z R

0
tanx dx D ln j secxj

ˇ̌
ˇ̌
R

0

D ln j secRj:

Thus,

Z �=2

0
tanx dx D lim

R! �
2

�

Z R

0
tanx dx D lim

R! �
2

�

�
ln j secRj

�
D 1:

The integral does not converge.

37.
Z 1

0
lnx dx

SOLUTION The function lnx is infinite atx D 0, so we’ll first evaluate the integral onŒR; 1� for 0 < R < 1. Use Integration by
Parts withu D ln x andv0 D 1. Thenu0 D 1=x, v D x, and we have

Z 1

R
lnx dx D x lnx

ˇ̌
ˇ̌
1

R

�
Z 1

R
dx D .x lnx � x/

ˇ̌
ˇ̌
1

R

D .ln 1 � 1/ � .R lnR �R/ D R � 1 � R lnR:

Thus,

Z 1

0
lnx dx D lim

R!0C
.R � 1 �R lnR/ D �1 � lim

R!0C
R lnR:

To compute the limit, rewrite the function as a quotient and apply L’Hôpital’s Rule:

Z 1

0
lnx dx D �1 � lim

R!0C

lnR
1
R

D �1 � lim
R!0C

1
R
�1
R2

D �1 � lim
R!0C

.�R/ D �1 � 0 D �1:

38.
Z 2

1

dx

x lnx

SOLUTION Evaluate the indefinite integral using substitution, withu D ln x, du D .1=x/ dx. Then

Z
dx

x lnx
D
Z
du

u
D ln juj C C D ln j ln xj C C:

Thus,

Z 2

R

dx

x lnx
D ln j ln xj

ˇ̌2
R

D ln.ln 2/ � ln.lnR/;

and
Z 2

1

dx

x lnx
D lim
R!1C

�
ln.ln 2/ � ln.lnR/

�
D ln.ln 2/ � lim

R!1C
ln.lnR/ D 1:

The integral does not converge.

39.
Z 1

0

lnx

x2
dx

SOLUTION Use Integration by Parts, withu D lnx andv0 D x�2. Thenu0 D 1=x, v D �x�1, and

Z
ln x

x2
dx D � 1

x
lnx C

Z
dx

x2
D � 1

x
lnx � 1

x
C C:

The function is infinite atx D 0, so we’ll first evaluate the integral onŒR; 1� for 0 < R < 1:

Z 1

a

lnx

x2
dx D

�
� 1
x

lnx � 1

x

�ˇ̌
ˇ̌
1

R

D
�

�1
1

ln1 � 1

1

�
�
�

� 1

R
lnR � 1

R

�
D 1

R
lnRC 1

R
� 1:

Thus,

Z 1

0

lnx

x2
dx D lim

R!0C

1

R
lnRC 1

R
� 1 D �1C lim

R!0C

lnRC 1

R
D �1:

The integral does not converge.
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40.
Z 1

1

lnx

x2
dx

SOLUTION Use Integration by Parts, withu D lnx andv0 D x�2. Thenu0 D x�1, v D �x�1, and
Z

lnx

x2
dx D � 1

x
lnx C

Z
x�2 dx D � 1

x
lnx � 1

x
C C:

Thus,

Z R

1

lnx

x2
dx D

�
� 1
x

lnx � 1

x

�ˇ̌
ˇ̌
R

1

D
�

� 1

R
lnR � 1

R

�
�
�

�1
1

ln1 � 1

1

�
D 1 � 1

R
lnR � 1

R
:

Use L’Hôpital’s Rule to compute the limit:

Z 1

1

lnx

x2
dx D lim

R!1

�
1 � 1

R
lnR � 1

R

�
D 1� lim

R!1

�
lnR

R

�
� 0 D 1 � lim

R!1

1
R

1
D 1 � 0

1
D 1:

41. Let I D
Z 1

4

dx

.x � 2/.x � 3/
.

(a) Show that forR > 4,

Z R

4

dx

.x � 2/.x � 3/
D ln

ˇ̌
ˇ̌R � 3

R � 2

ˇ̌
ˇ̌ � ln

1

2

(b) Then show thatI D ln 2.

SOLUTION

(a) The partial fraction decomposition takes the form

1

.x � 2/.x � 3/
D A

x � 2
C B

x � 3
:

Clearing denominators gives us

1 D A.x � 3/C B.x � 2/:

Settingx D 2 then yieldsA D �1, while settingx D 3 yieldsB D 1. Thus,
Z

dx

.x � 2/.x � 3/
D
Z

dx

x � 3 �
Z

dx

x � 2
D ln jx � 3j � ln jx � 2j C C D ln

ˇ̌
ˇ̌x � 3

x � 2

ˇ̌
ˇ̌C C;

and, forR > 4,

Z R

4

dx

.x � 2/.x � 3/
D ln

ˇ̌
ˇ̌x � 3
x � 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
R

4

D ln

ˇ̌
ˇ̌R � 3

R � 2

ˇ̌
ˇ̌ � ln

1

2
:

(b) Using the result from part (a),

I D lim
R!1

�
ln

ˇ̌
ˇ̌R � 3

R � 2

ˇ̌
ˇ̌ � ln

1

2

�
D ln1 � ln

1

2
D ln2:

42. Evaluate the integralI D
Z 1

1

dx

x.2x C 5/
.

SOLUTION The partial fraction decomposition takes the form

1

x.2x C 5/
D A

x
C B

2x C 5
:

Clearing denominators gives us

1 D A.2x C 5/C Bx:

Settingx D 0 then yieldsA D 1
5 , while settingx D �5

2 yieldsB D �2
5 . Thus,

Z
dx

x.2x C 5/
D 1

5

Z
dx

x
� 2

5

Z
dx

2x C 5
D 1

5
ln jxj � 1

5
ln j2x C 5j C C D 1

5
ln

ˇ̌
ˇ̌ x

2x C 5

ˇ̌
ˇ̌C C;

and, forR > 1,

Z R

1

dx

x.2x C 5/
D 1

5
ln

ˇ̌
ˇ̌ x

2x C 5

ˇ̌
ˇ̌
ˇ̌
ˇ̌
R

1

D 1

5
ln

ˇ̌
ˇ̌ R

2R C 5

ˇ̌
ˇ̌ � 1

5
ln
1

7
:
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Thus,

I D lim
R!1

�
1

5
ln

ˇ̌
ˇ̌ R

2R C 5

ˇ̌
ˇ̌ � 1

5
ln
1

7

�
D 1

5
ln
1

2
� 1

5
ln
1

7
D 1

5
ln
7

2
:

43. EvaluateI D
Z 1

0

dx

x.2x C 5/
or state that it diverges.

SOLUTION The partial fraction decomposition takes the form

1

x.2x C 5/
D A

x
C B

2x C 5
:

Clearing denominators gives us

1 D A.2x C 5/C Bx:

Settingx D 0 then yieldsA D 1
5 , while settingx D �5

2 yieldsB D �2
5 . Thus,

Z
dx

x.2x C 5/
D 1

5

Z
dx

x
� 2

5

Z
dx

2x C 5
D 1

5
ln jxj � 1

5
ln j2x C 5j C C D 1

5
ln

ˇ̌
ˇ̌ x

2x C 5

ˇ̌
ˇ̌C C;

and, for0 < R < 1,

Z 1

R

dx

x.2x C 5/
D 1

5
ln

ˇ̌
ˇ̌ x

2x C 5

ˇ̌
ˇ̌
ˇ̌
ˇ̌
1

R

D 1

5
ln
1

7
� 1

5
ln

ˇ̌
ˇ̌ R

2RC 5

ˇ̌
ˇ̌ :

Thus,

I D lim
R!0C

�
1

5
ln
1

7
� 1

5
ln

ˇ̌
ˇ̌ R

2RC 5

ˇ̌
ˇ̌
�

D 1:

The integral does not converge.

44. EvaluateI D
Z 1

2

dx

.x C 3/.x C 1/2
or state that it diverges.

SOLUTION The partial fraction decomposition takes the form

1

.x C 3/.x C 1/2
D A

x C 3
C B

x C 1
C C

.x C 1/2
:

Clearing denominators gives us

1 D A.x C 1/2 C B.x C 1/.x C 3/C C.x C 3/:

Settingx D �3 then yieldsA D 1
4 , while settingx D �1 yieldsC D 1

2 . Settingx D 0 gives1 D 1
4 C 3B C 3

2 or B D �1
4 . Thus,

Z
dx

.x C 3/.x C 1/2
D 1

4

Z
dx

x C 3
� 1

4

Z
dx

x C 1
C 1

2

Z
dx

.x C 1/2

D 1

4
ln jx C 3j � 1

4
ln jx C 1j � 1

2.x C 1/
C C D 1

4
ln

ˇ̌
ˇ̌x C 3

x C 1

ˇ̌
ˇ̌ � 1

2.x C 1/
C C;

and, forR > 2,

Z R

2

dx

.x C 3/.x C 1/2
D
�
1

4
ln

ˇ̌
ˇ̌x C 3

x C 1

ˇ̌
ˇ̌ � 1

2.x C 1/

�ˇ̌
ˇ̌
R

2

D 1

4
ln

ˇ̌
ˇ̌RC 3

RC 1

ˇ̌
ˇ̌ � 1

2.RC 1/
� 1

4
ln
5

3
C 1

6
:

Thus

I D lim
R!1

�
1

4
ln

ˇ̌
ˇ̌RC 3

RC 1

ˇ̌
ˇ̌ � 1

2.R C 1/
� 1

4
ln
5

3
C 1

6

�
D 1

6
� 1

4
ln
5

3
:

In Exercises 45–48, determine whether the doubly infinite improper integral converges and, if so, evaluate it. Use definition (2).

45.
Z 1

�1

x dx

1C x2
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SOLUTION Using the substitutionu D x2 C 1, du D 2x dx, we obtain
Z

x dx

1C x2
D 1

2
ln.x2 C 1/C C:

Thus,
Z 1

0

x dx

1C x2
D lim
R!1

Z R

0

x dx

1C x2
D lim
R!1

1

2
ln.R2 C 1/ D 1I

Z 0

�1

x dx

1C x2
D lim
R!�1

Z 0

R

x dx

1C x2
D lim
R!�1

1

2
ln.R2 C 1/ D 1I

It follows that
Z 1

�1

x dx

1C x2

diverges.

46.
Z 1

�1
e�jxj dx

SOLUTION First, we find

Z 1

0
e�jxj dx D

Z 1

0
e�x dx D lim

R!1

Z R

0
e�x dx D lim

R!1

�
1 � e�R

�
D 1I

Z 0

�1
e�jxj dx D

Z 0

1
ex dx D lim

R!�1

Z 0

R
ex dx D lim

R!�1

�
1 � eR

�
D 1I

and
Z 1

1
e�jxj dx D 1C 1 D 2:

47.
Z 1

�1
xe�x2

dx

SOLUTION First note that
Z
xe�x2

dx D �1
2
e�x2 C C:

Thus,
Z 1

0
xe�x2

dx D lim
R!1

Z R

0
xe�x2

dx D lim
R!1

�
1

2
� 1

2
e�R2

�
D 1

2
I

Z 0

�1
xe�x2

dx D lim
R!�1

Z 0

R
xe�x2

dx D lim
R!�1

�
�1
2

C 1

2
e�R2

�
D �1

2
I

and
Z 1

�1
xe�x2

dx D 1

2
� 1

2
D 0:

48.
Z 1

�1

dx

.x2 C 1/3=2

SOLUTION First, we evaluate the indefinite integral using the trigonometric substitutionx D tan� , dx D sec2 � d� . Then

Z
dx

.1C x2/3=2
D
Z

sec2 �

sec3 �
d� D

Z
cos� d� D sin� C C D xp

1C x2
C C:

Thus,
Z 1

0

dx

.1C x2/3=2
D lim
R!1

Z R

0

dx

.1C x2/3=2
D lim
R!1

Rp
1CR2

D 1I

Z 0

�1

dx

.1C x2/3=2
D lim
R!�1

Z 0

R

dx

.1C x2/3=2
D lim
R!�1

� Rp
1CR2

D 1I

and
Z 1

1

dx

.1C x2/.3=2/
D 1C 1 D 2:
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49. DefineJ D
Z 1

�1

dx

x1=3
as the sum of the two improper integrals

Z 0

�1

dx

x1=3
C
Z 1

0

dx

x1=3
. Show thatJ converges and that

J D 0.

SOLUTION Note that sincex�1=3 is an odd function, one might expect this integral over a symmetric interval to be zero. To prove
this, we start by evaluating the indefinite integral:

Z
dx

x1=3
D 3

2
x2=3 C C

Then
Z 0

�1

dx

x1=3
D lim
R!0�

Z R

�1

dx

x1=3
D lim
R!0�

3

2
x2=3

ˇ̌
ˇ̌
R

�1
D lim
R!0�

3

2
R2=3 � 3

2
D �3

2

Z 1

0

dx

x1=3
D lim
R!0C

Z 1

R

dx

x1=3
D lim
R!0C

3

2
x2=3

ˇ̌
ˇ̌
1

R

D 3

2
� lim
R!0C

3

2
R2=3 D 3

2

so that

J D
Z 1

�1

dx

x1=3
D
Z 0

�1

dx

x1=3
C
Z 1

0

dx

x1=3
D �3

2
C 3

2
D 0

50. Determine whetherJ D
Z 1

�1

dx

x2
(defined as in Exercise 49) converges.

SOLUTION We have

Z
dx

x2
D � 1

x
C C

so that

Z 0

�1

dx

x2
D lim
R!0�

Z R

�1

dx

x2
D lim
R!0�

 
� 1
x

ˇ̌
ˇ̌
R

�1

!
D lim
R!0�

�
� 1

R
C 1

�
D 1 � lim

R!0�

1

R
D 1

Z 1

0

dx

x2
D lim
R!0C

Z 1

R

dx

x2
D lim
R!0C

 
� 1
x

ˇ̌
ˇ̌
1

R

!
D lim
R!0C

�
�1C 1

R

�
D �1C lim

R!0C

1

R
D 1

so that the integral diverges.

51. For which values ofa does
Z 1

0
eax dx converge?

SOLUTION First evaluate the integral on the finite intervalŒ0; R� for R > 0:

Z R

0
eax dx D 1

a
eax

ˇ̌
ˇ̌
R

0

D 1

a

�
eaR � 1

�
:

Thus,
Z 1

0
eax dx D lim

R!1
1

a

�
eaR � 1

�
:

If a > 0, theneaR ! 1 asR ! 1. If a < 0, theneaR ! 0 asR ! 1, and
Z 1

0
eax dx D lim

R!1
1

a

�
eaR � 1

�
D � 1

a
:

The integral converges fora < 0.

52. Show that
Z 1

0

dx

xp
converges ifp < 1 and diverges ifp � 1.

SOLUTION The functionx�p is infinite atx D 0, so we’ll first evaluate the integral onŒR; 1� for 0 < R < 1:

Z 1

R

dx

xp
D x�pC1

�p C 1

ˇ̌
ˇ̌
ˇ

1

R

D 1

�p C 1

�
1 �R�pC1

�
:

If p < 1, then�p C 1 D 1 � p > 0, and

Z 1

0

dx

xp
D lim
R!0C

1

1 � p

�
1 �R1�p

�
D 1

1 � p
.1 � 0/ D 1

1 � p
:
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If p > 1, then�p C 1 < 0, and
Z 1

0

dx

xp
D lim
R!0C

1

1 � p

�
1 � R1�p

�
D lim
R!0C

1

1 � p

�
1 � 1

ap�1

�
D 1:

If p D 1, then

Z 1

R

dx

xp
D
Z 1

R

dx

x
D lnx

ˇ̌
ˇ̌
1

R

D ln 1 � lnR D � lnRI and

Z 1

0

dx

x
D lim
R!0C

.� lnR/ D 1:

Thus, the integral converges forp < 1 and diverges forp � 1.

53. Sketch the region under the graph off .x/ D 1

1C x2
for �1 < x < 1, and show that its area is�.

SOLUTION The graph is shown below.

1

0.4

0.2

0.8

0.6

y

x
−2−4 2 4

Since.1C x2/�1 is an even function, we can first compute the area under the graph forx > 0:
Z R

0

dx

1C x2
D tan�1 x

ˇ̌
ˇ
R

0
D tan�1 R � tan�1 0 D tan�1 R:

Thus,
Z 1

0

dx

1C x2
D lim
R!1

tan�1 R D �

2
:

By symmetry, we have
Z 1

�1

dx

1C x2
D
Z 0

�1

dx

1C x2
C
Z 1

0

dx

1C x2
D �

2
C �

2
D �:

54. Show that
1p

x4 C 1
� 1

x2
for all x, and use this to prove that

Z 1

1

dxp
x4 C 1

converges.

SOLUTION Since
p
x4 C 1 �

p
x4 D x2, it follows that

1p
x4 C 1

� 1

x2
:

The integral
Z 1

1

dx

x2

converges by Theorem 2, since2 > 1. Therefore, by the comparison test,
Z 1

1

dxp
x4 C 1

converges:

55. Show that
Z 1

1

dx

x3 C 4
converges by comparing with

Z 1

1
x�3 dx.

SOLUTION The integral
Z 1

1
x�3 dx converges because3 > 1. Sincex3 C 4 � x3, it follows that

1

x3 C 4
� 1

x3
:

Therefore, by the comparison test,
Z 1

1

dx

x3 C 4
converges:
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56. Show that
Z 1

2

dx

x3 � 4
converges by comparing withZ 1

2
2x�3 dx.

SOLUTION The integral
Z 1

1
x�3 dx converges because3 > 1. If

Z 1

1
x�3 dx D M < 1, then

Z 1

1
2x�3 dx D 2

Z 1

1
x�3 dx D 2M

also converges. Ifx � 2, thenx3 � 8 so2x3 � 8 � x3 andx3 � 4 � 1
2x
3. Then we have, forx � 2,

1

x3 � 4
� 2

x3
:

Therefore, by the comparison test:
Z 1

2

dx

x3 � 4
converges:

57. Show that0 � e�x2 � e�x for x � 1 (Figure 1). Use the Comparison Test to show that
R1
0 e�x2

dx converges.
Hint: It suffices (why?) to make the comparison forx � 1 because

Z 1

0
e�x2

dx D
Z 1

0
e�x2

dx C
Z 1

1
e�x2

dx

y

y = e− |x|

y = e−x2

x
1

1

2 4−2−3−4 −1 3

FIGURE 1 Comparison ofy D e�jxj andy D e�x2

.

SOLUTION Forx � 1, x2 � x, so�x2 � �x ande�x2 � e�x . Now

Z 1

1
e�x dx converges; so

Z 1

1
e�x2

dx converges

by the comparison test. Finally, becausee�x2
is continuous onŒ0; 1�,

Z 1

0
e�x2

dx converges:

We conclude that our integral converges by writing it as a sum:

Z 1

0
e�x2

dx D
Z 1

0
e�x2

dx C
Z 1

1
e�x2

dx

58. Prove that
Z 1

�1
e�x2

dx converges by comparing with
Z 1

�1
e�jxj dx (Figure 1).

SOLUTION From Figure 1, we see that forjxj � 1, e�x2 � e�jxj. Now

Z �1

�1
e�jxj dx and

Z 1

1
e�jxj dx

both converge, so

Z �1

�1
e�x2

dx and
Z 1

1
e�x2

dx

must also converge by the comparison test. Becausee�x2
is continuous onŒ�1; 1�, it follows that

Z 1

�1
e�x2

dx D
Z �1

�1
e�x2

dx C
Z 1

�1
e�x2

dx C
Z 1

1
e�x2

dx

converges.
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59. Show that
Z 1

1

1 � sinx

x2
dx converges.

SOLUTION Let f .x/ D 1 � sinx

x2
. Sincef .x/ � 2

x2
and

Z 1

1
2x�2 dx D 2, it follows that

Z 1

1

1 � sinx

x2
dx converges

by the comparison test.

60. Let a > 0. Recall that lim
x!1

xa

ln x
D 1 (by Exercise 64 in Section 4.5).

(a) Show thatxa > 2 lnx for all x sufficiently large.
(b) Show thate�xa

< x�2 for all x sufficiently large.

(c) Show that
Z 1

1
e�xa

dx converges.

SOLUTION

(a) Since lim
x!1

xa= lnx D 1, there must be some numberM > 0 such that, for allx > M ,

xa

ln x
> 2:

But this means that, for allx > M ,

xa > 2 ln x:

(b) For allx > M , we havexa > 2 ln x. Then

�xa < �2 ln x D lnx�2

so that

e�xa

< elnx�2 D x�2:

(c) By the above calculations, we can use the comparison test on the intervalŒM;1/:
Z 1

M

dx

x2
converges)

Z 1

M
e�xa

dx also converges:

Sincee�xa
is continuous onŒ1;M�, we have that

Z 1

M
e�xa

dx converges)
Z 1

1
e�xa

dx also converges:

In Exercises 61–74, use the Comparison Test to determine whether or not the integral converges.

61.
Z 1

1

1p
x5 C 2

dx

SOLUTION Since
p
x5 C 2 �

p
x5 D x5=2, it follows that

1p
x5 C 2

� 1

x5=2
:

The integral
Z 1

1
dx=x5=2 converges because52 > 1. Therefore, by the comparison test:

Z 1

1

dxp
x5 C 2

also converges:

62.
Z 1

1

dx

.x3 C 2x C 4/1=2

SOLUTION For allx � 1,
p
x3 C 2x C 4 �

p
x3 D x3=2. Thus

1p
x3 C 2x C 4

� 1

x3=2
:

The integral
Z 1

1
dx=x3=2 converges because32 > 1. Therefore, by the comparison test,

Z 1

1

dxp
x3 C 2x C 4

also converges:
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63.
Z 1

3

dxp
x � 1

SOLUTION Since
p
x �

p
x � 1, we have (forx > 1)

1p
x

� 1p
x � 1

:

The integral
Z 1

1
dx=

p
x D

Z 1

1
dx=x1=2 diverges because12 < 1. Since the functionx�1=2 is continuous (and therefore finite)

on Œ1; 3�, we also know that
Z 1

3
dx=x1=2 diverges. Therefore, by the comparison test,

Z 1

3

dxp
x � 1

also diverges:

64.
Z 5

0

dx

x1=3 C x3

SOLUTION For0 � x � 5, x1=3 C x3 � x1=3, so that

1

x1=3 C x3
� 1

x1=3
:

The integral
Z 5

0
x�1=3 dx converges; therefore, by the comparison test

Z 5

0

dx

x1=3 C x3
also converges.

65.
Z 1

1
e�.xCx�1/ dx

SOLUTION For allx � 1, 1x > 0 sox C 1
x � x. Then

�
�
x C x�1� � �x and e�.xCx�1/ � e�x :

The integral
Z 1

1
e�x dx converges by direct computation:

Z 1

1
e�x dx D lim

R!1

Z R

1
e�x dx D lim

R!1
�e�x

ˇ̌
ˇ̌
R

1

D lim
R!1

�e�R C e�1 D 0C e�1 D e�1:

Therefore, by the comparison test,
Z 1

1
e�.xCx�1/ also converges:

66.
Z 1

0

j sinxjp
x

dx

SOLUTION For allx, j sinxj � 1. Therefore, forx ¤ 0,

j sinxjp
x

� 1p
x
:

The integral

Z 1

0

dxp
x

D
Z 1

0

dx

x1=2

converges, since12 < 1. Therefore, by the comparison test,

Z 1

0

j sinxjp
x

dx also converges:

67.
Z 1

0

ex

x2
dx
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SOLUTION For0 < x < 1, ex > 1, and therefore

1

x2
<
ex

x2
:

The integral
Z 1

0
dx=x2 diverges since2 > 1. Therefore, by the comparison test,

Z 1

0

ex

x2
also diverges:

68.
Z 1

1

1

x4 C ex
dx

SOLUTION Forx > 1, x4 C ex � x4, and

1

x4 C ex
� 1

x4
:

The integral
Z 1

0
dx=x4 converges, since4 > 1. Therefore, by the comparison test,

Z 1

1

dx

x4 C ex
also converges:

69.
Z 1

0

1

x4 C
p
x
dx

SOLUTION For0 < x < 1, x4 C
p
x �

p
x, and

1

x4 C
p
x

� 1p
x
:

The integral
Z 1

0
.1=

p
x/ dx converges, sincep D 1

2 < 1. Therefore, by the comparison test,

Z 1

0

dx

x4 C
p
x

also converges:

70.
Z 1

1

ln x

sinhx
dx

SOLUTION Forx > 1, e�x < 1
2e
x , so

sinhx D ex � e�x

2
� 1

4
ex :

Similarly, ln x < x for all x > 1, so

ln x

sinhx
� 4x

ex
for all x � 1:

Because
Z 1

1
4xe�x dx D �4xe�x

ˇ̌
ˇ̌
1

1

C
Z 1

1
4e�x dx D 8

e
;

it follows by the comparison test that
Z 1

1

ln x

sinhx
dx converges:

71.
Z 1

0

dxp
x1=3 C x3

SOLUTION Note that

Z 1

0

dxp
x1=3 C x3

D
Z 1

0

dxp
x1=3 C x3

C
Z 1

1

dxp
x1=3 C x3

For the first integral, forx � 0;
p
x1=3 C x3 �

p
x1=3 D x1=6; so that

1p
x1=3 C x3

� 1

x1=6
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The integral

Z 1

0
x�1=6dx

converges sincep D 1=6 � 1. Therefore, by the comparison test,

Z 1

0

dxp
x1=3 C x3

also converges.

For the second integral, forx � 0,
p
x1=3 C x3 �

p
x3 D x3=2, so that

1p
x1=3 C x3

� 1

x3=2

The integral
Z 1

1
x�3=2 dx converges sincep D 3=2 > 1. Therefore, by the comparison test,

Z
1p

x1=3 C x3
dx also converges.

Since both parts of the original integral converge, so does the entire integral.

72.
Z 1

0

dx

.8x2 C x4/1=3

SOLUTION Note that

Z 1

0

dx

.8x2 C x4/1=3
D
Z 1

0

dx

.8x2 C x4/1=3
C
Z 1

1

dx

.8x2 C x4/1=3

For the first integral, clearly8x2 C x4 � 8x2; so that

1

.8x2 C x4/1=3
� 1

.8x2/1=3

Thus
Z 1

0

1

.8x2 C x4/
dx �

Z 1

0

1

.8x2/1=3
dx D 1

2

Z 1

0

1

x2=3
dx

But
Z 1

0
x�2=3 dx converges sincep D 2=3 < 1. Therefore, by the comparison test,

Z 1

0

1

.8x2 C x4/1=3
dx also converges.

For the second integral,8x2 C x4 � x4, so that 1
.8x2Cx4/1=3

� 1
.x4/1=3

. Thus

Z 1

1

1

.8x2 C x4/1=3
dx �

Z 1

1

1

.x4/1=3
dx D

Z 1

1

1

x4=3
dx

R1
1

1
x4=3

dx converges sincep D 4=3 > 1. Therefore, by the comparison test,

Z 1

1

1

.8x2 C x4/1=3
dx also converges.

Since both parts of the original integral converge, so does the entire integral.

73.
Z 1

0

dx

.x C x2/1=3

SOLUTION Note that

Z 1

0

dx

.x C x2/1=3
D
Z 1

0

dx

.x C x2/1=3
C
Z 1

1

dx

.x C x2/1=3

Examining the second integral, forx � 1; x � x2 so thatx C x2 � 2x2; then
Z 1

1

1

.x C x2/1=3
dx �

Z 1

1

1

.2x2/1=3
dx D 1

21=3

Z 1

1

1

x2=3
dx
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But
Z 1

1

1

x2=3
dx diverges sincep D 2=3 < 1. Therefore, by the comparison test,

Z 1

1

1

.x C x2/1=3
dx diverges as well.

Therefore, the original integral must diverge.

74.
Z 1

0

dx

xex C x2

SOLUTION Note that

Z 1

0

dx

xex C x2
D
Z 1

0

dx

xex C x2
C
Z 1

1

dx

xex C x2

xex C x2 D x.ex C x/I examining the first integral, for0 � x � 1; ex � e1 D e andx � 1, so thatx.ex C x/ � x.e C 1/: It
follows that

Z 1

0

1

xex C x2
dx �

Z 1

0

1

x.e C 1/
dx D 1

e C 1

Z 1

0

1

x
dx

But
Z 1

0

1

x
dx diverges sincep D 1. Therefore, by the comparison test,

Z 1

0

1

xex C x2
dx diverges as well.

Thefore the original integral must diverge.

Hint for Exercise 73: Show that forx � 1,

1

.x C x2/1=3
� 1

21=3x2=3

Hint for Exercise 74: Show that for0 � x � 1,

1

xex C x2
� 1

.e C 1/x

75. DefineJ D
Z 1

0

dx

x1=2.x C 1/
as the sum of the two improper integrals

Z 1

0

dx

x1=2.x C 1/
C
Z 1

1

dx

x1=2.x C 1/

Use the Comparison Test to show thatJ converges.

SOLUTION For the first integral, note that for0 � x � 1, we have1 � 1C x, so thatx1=2.x C 1/ � x1=2. It follows that

Z 1

0

1

x1=2.x C 1/
dx �

Z 1

0

1

x1=2
dx

which converges sincep D 1=2 < 1. Thus the first integral converges by the comparison test. For the second integral, for1 � x,
we havex1=2.x C 1/ D x3=2 C x1=2 � x3=2, so that

Z 1

1

1

x1=2.x C 1/
dx D

Z 1

1

1

x3=2 C x1=2
dx �

Z 1

1

1

x3=2
dx

which converges sincep D 3=2 > 1. Thus the second integral converges as well by the comparison test, and thereforeJ , which is
the sum of the two, converges.

76. Determine whetherJ D
Z 1

0

dx

x3=2.x C 1/
(defined as in Exercise 75) converges.

SOLUTION We havex3=2.x C 1/ D x5=2 C x3=2. For0 � x � 1, x5=2 � x3=2, so thatx5=2 C x3=2 � 2x3=2. Then

Z 1

0

1

x3=2.x C 1/
dx D

Z 1

0

1

x5=2 C x3=2
dx �

Z 1

0

1

2x3=2
dx D 1

2

Z 1

0

1

x3=2
dx

But this integral diverges sincep D 3=2 > 1. By the comparison test,
Z 1

0

1

x3=2.x C 1/
dx diverges as well, so thatJ diverges.
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77. An investment pays a dividend of $250/year continuously forever. If the interest rate is 7%, what is the present value of the
entire income stream generated by the investment?

SOLUTION The present value of the income stream afterT years is

Z T

0
250e�0:07t dt D 250e�0:07t

�0:07

ˇ̌
ˇ̌
ˇ

T

0

D �250
0:07

�
e�0:07T � 1

�
D 250

0:07

�
1 � e�0:07T

�
:

Therefore the present value of the entire income stream is

Z 1

0
250e�0:07t D lim

T!1

Z T

0
250e�0:07t D lim

T!1
250

0:07

�
1 � e�0:07T

�
D 250

0:07
.1 � 0/ D 250

0:07
D $3571:43:

78. An investment is expected to earn profits at a rate of10;000e0:01t dollars per year forever. Find the present value of the income
stream if the interest rate is 4%.

SOLUTION The present value of the income stream afterT years is

Z T

0

�
10;000e0:01t

�
e�0:04t dt D 10;000

Z T

0
e�0:03t dt D 10;000

�0:03 e
�0:03t

ˇ̌
ˇ̌
T

0

D �333;333:33
�
e�0:03t � 1

�
:

Therefore the present value of the entire income stream is
Z 1

0
10;000e�0:03t D lim

T!1
333;333:33

�
1 � e�0:03t

�
D $333;333:33:

79. Compute the present value of an investment that generates income at a rate of5000te0:01t dollars per year forever, assuming
an interest rate of 6%.

SOLUTION The present value of the income stream afterT years is

Z T

0

�
5000te0:01t

�
e�0:06t dt D 5000

Z T

0
te�0:05t dt

Compute the indefinite integral using Integration by Parts, withu D t andv0 D e�0:05t . Thenu0 D 1, v D .�1=0:05/e�0:05t , and
Z
te�0:05t dt D �t

0:05
e�0:05t C 1

0:05

Z
e�0:05t dt D �20te�0:05t C 20

�0:05 e
�0:05t C C

D e�0:05t .�20t � 400/C C:

Thus,

5000

Z T

0
te�0:05t dt D 5000e�0:05t .�20t � 400/

ˇ̌T
0

D 5000e�0:05T .�20T � 400/ � 5000.�400/

D 2;000;000 � 5000e�0:05T .20T C 400/:

Use L’Hôpital’s Rule to compute the limit:

lim
T!1

�
2;000;000 � 5000.20T C 400/

e0:05T

�
D 2;000;000 � lim

T!1
5000.20/

0:05e0:05T
D 2;000;000 � 0 D $2;000;000:

80. Find the volume of the solid obtained by rotating the region below the graph ofy D e�x about thex-axis for0 � x < 1.

SOLUTION Using the disk method, the volume is given by

V D
Z 1

0
�
�
e�x�2 dx D �

Z 1

0
e�2x dx:

First compute the volume over a finite interval:

�

Z R

0
e�2x dx D ��

2
e�2x

ˇ̌
ˇ
R

0
D ��

2

�
e�2R � 1

�
D �

2

�
1 � e�2R

�
:

Thus,

V D lim
R!1

�

Z R

0
e�2x dx D lim

R!1
�

2

�
1 � e�2R

�
D �

2
.1 � 0/ D �

2
:
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81. The solidS obtained by rotating the region below the graph ofy D x�1 about thex-axis for1 � x < 1 is calledGabriel’s
Horn (Figure 2).

(a) Use the Disk Method (Section 6.3) to compute the volume ofS . Note that the volume is finite even thoughS is an infinite
region.

(b) It can be shown that the surface area ofS is

A D 2�

Z 1

1
x�1

p
1C x�4 dx

Show thatA is infinite. If S were a container, you could fill its interior with a finite amount of paint, but you could not paint its
surface with a finite amount of paint.

y = x−1

y

x

FIGURE 2

SOLUTION

(a) The volume is given by

V D
Z 1

1
�

�
1

x

�2
dx:

First compute the volume over a finite interval:

Z R

1
�

�
1

x

�2
dx D �

Z R

1
x�2 dx D �

x�1

�1

ˇ̌
ˇ̌
ˇ

R

1

D �

��1
R

� �1
1

�
D �

�
1 � 1

R

�
:

Thus,

V D lim
R!1

Z 1

1
�x�2 dx D lim

R!1
�

�
1 � 1

R

�
D �:

(b) Forx > 1, we have

1

x

r
1C 1

x4
D 1

x

s
x4 C 1

x4
D

p
x4 C 1

x3
�

p
x4

x3
D x2

x3
D 1

x
:

The integral
Z 1

1

1

x
dx diverges, sincep D 1 � 1. Therefore, by the comparison test,

Z 1

1

1

x

r
1C 1

x4
dx also diverges:

Finally,

A D 2�

Z 1

1

1

x

r
1C 1

x4
dx

diverges.

82. Compute the volume of the solid obtained by rotating the region below the graph ofy D e�jxj=2 about thex-axis for�1 <

x < 1.
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SOLUTION The graph ofy is symmetric around they-axis, so it suffices to compute the volume for0 � x � 1, where we have

y D e�x=2. Using the disk method,

V D 2

Z 1

0
�
�
e�x=2

�2
dx D 2�

Z 1

0
e�x dx D 2� lim

R!1

Z R

0
e�x dx

D � lim
R!1

2�e�x
ˇ̌
ˇ̌
R

0

D �2� lim
R!1

.e�R � 1/ D 2�

ThereforeV D 2�.

83. When a capacitor of capacitanceC is charged by a source of voltageV , the power expended at timet is

P.t/ D V 2

R
.e�t=RC � e�2t=RC /

whereR is the resistance in the circuit. The total energy stored in the capacitor is

W D
Z 1

0
P.t/ dt

Show thatW D 1
2CV

2.

SOLUTION The total energy contained after the capacitor is fully charged is

W D V 2

R

Z 1

0

�
e�t=RC � e�2t=RC

�
dt:

The energy after a finite amount of time.t D T / is

V 2

R

Z T

0

�
e�t=RC � e�2t=RC

�
dt D V 2

R

�
�RCe�t=RC C RC

2
e�2t=RC

�ˇ̌
ˇ̌
ˇ

T

0

D V 2C

��
�e�T=RC C 1

2
e�2T=RC

�
�
�

�1C 1

2

��

D CV 2
�
1

2
� e�T=RC C 1

2
e�2T=RC

�
:

Thus,

W D lim
T!1

CV 2
�
1

2
� e�T=RC C 1

2
e�2T=RC

�
D CV 2

�
1

2
� 0C 0

�
D 1

2
CV 2:

84. For which integersp does
Z 1=2

0

dx

x.lnx/p
converge?

SOLUTION If p D 1, the integral diverges. By substitutingu D lnx anddu D dx=x, we get
Z

dx

x.lnx/
D
Z
du

u
D ln juj C C D ln j ln xj C C;

so
Z 1=2

0

dx

x.lnx/
D lim
R!0C

.ln j lnxj/
ˇ̌
ˇ̌
1=2

R

D lim
R!0C

.ln j ln.1=2/j � ln j lnRj/ ;

which is infinite.
Now, supposep ¤ 1. Using the substitutionu D lnx, so thatdu D 1

x dx, the integral becomes

Z 1=2

R

dx

x.lnx/p
D
Z xD1=2

xDR

du

up
D
Z xD1=2

xDR
u�p du D 1

p � 1
u�pC1

ˇ̌
ˇ̌
xD1=2

xDR

D 1

p � 1
.lnx/�pC1

ˇ̌
ˇ̌
1=2

R

D 1

p � 1
.ln.1=2//�pC1 � 1

p � 1 .ln.R//
�pC1:

By definition,

Z 1=2

0

dx

x.lnx/p
D lim
R!0C

Z 1=2

R

dx

x.lnx/p
D lim
R!0C

�
1

p � 1 .ln.1=2//
�pC1 � 1

p � 1 .lnR/
�pC1

�
:

If p > 1, lim
R!0C

.lnR/�pC1 D lim
R!0

1
.lnR/p�1 D 0. If p < 1, lim

R!0C
.lnR/1�p D 1. Therefore, the integral diverges ifp < 1 or

p D 1, and converges ifp > 1.
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85. Conservation of Energy can be used to show that when a massm oscillates at the end of a spring with spring constantk, the
period of oscillation is

T D 4
p
m

Z p
2E=k

0

dxp
2E � kx2

whereE is the total energy of the mass. Show that this is an improper integral with valueT D 2�
p
m=k.

SOLUTION The integrand is infinite at the upper limit of integration,x D
p
2E=k, so the integral is improper. Now, let

T .R/ D 4
p
m

Z R

0

dxp
2E � kx2

D 4
p
m

1p
2E

Z R

0

dxq
1 � . k

2E
/x2

D 4

r
m

2E

r
2E

k
sin�1

 r
k

2E
R

!
D 4

p
m=k sin�1

 r
k

2E
R

!
:

Therefore

T D lim
R!

p
2E=k

T .R/ D 4

r
m

k
sin�1.1/ D 2�

r
m

k
:

In Exercises 86–89, theLaplace transformof a functionf .x/ is the functionLf .s/ of the variables defined by the improper
integral (if it converges):

Lf .s/ D
Z 1

0
f .x/e�sx dx

Laplace transforms are widely used in physics and engineering.

86. Show that iff .x/ D C , whereC is a constant, thenLf .s/ D C=s for s > 0.

SOLUTION If f .x/ D C , a constant, then the Laplace transform off .x/ is

Lf .s/ D
Z 1

0
Ce�sx dx D lim

R!1
�C
s
e�sx

ˇ̌
ˇ̌
R

0

D lim
R!1

�C
s

�
e�sR � 1

�
D �C

s
.0 � 1/ D C

s
:

87. Show that iff .x/ D sin˛x, thenLf .s/ D ˛

s2 C ˛2
.

SOLUTION If f .x/ D sin˛x, then the Laplace transform off .x/ is

Lf .s/ D
Z 1

0
e�sx sin˛x dx

First evaluate the indefinite integral using Integration by Parts, withu D sin˛x andv0 D e�sx . Thenu0 D ˛ cos˛x, v D �1
s e

�sx ,
and

Z
e�sx sin˛x dx D �1

s
e�sx sin˛x C ˛

s

Z
e�sx cos˛x dx:

Use Integration by Parts again, withu D cos˛x, v0 D e�sx . Thenu0 D �˛ sin˛x, v D �1
s e

�sx, and
Z
e�sx cos˛x dx D �1

s
e�sx cos˛x � ˛

s

Z
e�sx sin˛x dx:

Substituting this into the first equation and solving for
R
e�sx sin˛x dx, we get

Z
e�sx sin˛x dx D �1

s
e�sx sin˛x � ˛

s2
e�sx cos˛x � ˛2

s2

Z
e�sx sin˛x dx

Z
e�sx sin˛x dx D

�e�sx
�
1
s sin˛x C ˛

s2 cos˛x
�

�
1C ˛2

s2

� D �e�sx.s sin˛x C ˛ cos˛x/

s2 C ˛2

Thus,
Z R

0
e�sx sin˛x dx D 1

s2 C ˛2

�
s sin˛RC ˛ cos˛R

�esR
� 0C ˛

�1

�
D 1

s2 C ˛2

�
˛ � s sin˛RC ˛ cos˛R

esR

�
:

Finally we take the limit, noting the fact that, for all values ofR, js sin˛RC ˛ cos˛Rj � s C j˛j

Lf .s/ D lim
R!1

1

s2 C ˛2

�
˛ � s sin˛RC ˛ cos˛R

esR

�
D 1

s2 C ˛2
.˛ � 0/ D ˛

s2 C ˛2
:
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88. ComputeLf .s/, wheref .x/ D e˛x ands > ˛.

SOLUTION If f .x/ D e˛x , wheres > ˛, then the Laplace transform off .x/ is

Lf .s/ D
Z 1

0
e˛xe�sx dx D

Z 1

0
e�.s�˛/x dx D lim

R!1
�1
s � ˛

e�.s�˛/x
ˇ̌
ˇ̌
R

0

D lim
R!1

�1
s � ˛

�
e�.s�˛/R � 1

�
:

Becauses > ˛, �.s � ˛/ < 0, which gives us

lim
R!1

1

s � ˛

�
1 � e�.s�˛/R

�
D 1

s � ˛
.1 � 0/ D 1

s � ˛
:

The final answer is

Lf .s/ D 1

s � ˛
:

89. ComputeLf .s/, wheref .x/ D cos˛x ands > 0.

SOLUTION If f .x/ D cos˛x, then the Laplace transform off .x/ is

Lf .x/ D
Z 1

0
e�sx cos˛x dx

First evaluate the indefinite integral using Integration by Parts, withu D cos˛x andv0 � e�sx. Thenu0 D �˛ sin˛x, v D
�1
s e

�sx , and

Z
e�sx cos˛x dx D �1

s
e�sx cos˛x � ˛

s

Z
e�sx sin˛x dx:

Use Integration by Parts again, withu D sin˛x dx andv0 D �e�sx . Thenu0 D ˛ cos˛x, v D �1
s e

�sx , and

Z
e�sx sin˛x dx D �1

s
e�sx sin˛x C ˛

s

Z
e�sx cos˛x dx:

Substituting this into the first equation and solving for
R
e�sx cos˛x dx, we get

Z
e�sx cos˛x dx D �1

s
e�sx cos˛x � ˛

s

�
�1
s
e�sx sin˛x C ˛

s

Z
e�sx cos˛ dx

�

D �1
s
e�sx cos˛x C ˛

s2
e�sx sin˛x � ˛2

s2

Z
e�sx cos˛x dx

Z
e�sx cos˛x dx D

e�sx
�
˛
s2 sin˛x � 1

s cos˛x
�

1C ˛2

s2

D e�sx.˛ sin˛x � s cos˛x/

s2 C ˛2

Thus,

Z R

0
e�sx cos˛x dx D 1

s2 C ˛2

�
˛ sin˛R � s cos˛R

esR
� 0 � s

1

�
:

Finally we take the limit, noting the fact that, for all values ofR, j˛ sin˛R � s cos˛Rj � j˛j C s

Lf .s/ D lim
R!1

1

s2 C ˛2

�
s C ˛ sin˛R � s cos˛R

esR

�
D 1

s2 C ˛2
.s C 0/ D s

s2 C ˛2
:

90. When a radioactive substance decays, the fraction of atoms present at timet is f .t/ D e�kt , wherek > 0 is the
decay constant. It can be shown that theaveragelife of an atom (until it decays) isA D �

R1
0 tf 0.t/ dt . Use Integration by Parts

to show thatA D
R1
0 f .t/ dt and computeA. What is the average decay time of radon-222, whose half-life is 3.825 days?

SOLUTION Let u D t , v0 D f 0.t/. Thenu0 D 1, v D f .t/, and

A D �
Z 1

0
tf 0.t/ dt D �tf .t/

ˇ̌
ˇ̌
1

0

C
Z 1

0
f .t/ dt:

Sincef .t/ D e�kt , we have

�tf .t/
ˇ̌1
0

D lim
R!1

�te�kt
ˇ̌
ˇ̌
R

0

D lim
R!1

�Re�Rt C 0 D lim
R!1

�R
eRt

D lim
R!1

�1
ReRt

D 0:
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Here we used L’Hôpital’s Rule to compute the limit. Thus

A D
Z 1

0
f .t/ dt D

Z 1

0
e�kt dt:

Now,

Z R

0
e�kt dt D � 1

k
e�kt

ˇ̌
ˇ̌
R

0

D � 1
k

�
e�kR � 1

�
D 1

k

�
1 � e�kR

�
;

so

A D lim
R!1

1

k

�
1 � e�kR

�
D 1

k
.1 � 0/ D 1

k
:

Becausek has units of (time)�1, A does in fact have the appropriate units of time. To find the average decay time of Radon-222,
we need to determine the decay constantk, given the half-life of 3.825 days. Recall that

k D ln 2

tn

wheretn is the half-life. Thus,

A D 1

k
D tn

ln 2
D 3:825

ln 2
� 5:518 days:

91. Let Jn D
Z 1

0
xn e�˛x dx, wheren � 1 is an integer and̨ > 0. Prove that

Jn D n

˛
Jn�1

andJ0 D 1=˛. Use this to computeJ4. Show thatJn D nŠ=˛nC1.

SOLUTION Using Integration by Parts, withu D xn andv0 D e�˛x , we getu0 D nxn�1, v D � 1
˛ e

�˛x , and
Z
xne�˛x dx D � 1

˛
xne�˛x C n

˛

Z
xn�1e�˛x dx:

Thus,

Jn D
Z 1

0
xne�˛x dx D lim

R!1

�
� 1
˛
xne�˛x

�ˇ̌
ˇ̌
R

0

C n

˛

Z 1

0
xn�1e�˛x dx D lim

R!1
�Rn

˛e˛R
C 0C n

˛
Jn�1:

Use L’Hôpital’s Rule repeatedly to compute the limit:

lim
R!1

�Rn
˛e˛R

D lim
R!1

�nRn�1

˛2e˛R
D lim
R!1

�n.n� 1/Rn�2

˛3e˛R
D � � � D lim

R!1
�n.n� 1/.n� 2/ � � � .3/.2/.1/

˛nC1e˛R
D 0:

Finally,

Jn D 0C n

˛
Jn�1 D n

˛
Jn�1:

J0 can be computed directly:

J0 D
Z 1

0
e�˛x dx D lim

R!1

Z R

0
e�˛x dx D lim

R!1
� 1
˛
e�˛x

ˇ̌
ˇ̌
R

0

D lim
R!1

� 1
˛

�
e�˛R � 1

�
D � 1

˛
.0 � 1/ D 1

˛
:

With this starting point, we can work up toJ4:

J1 D 1

˛
J0 D 1

˛

�
1

˛

�
D 1

˛2
I

J2 D 2

˛
J1 D 2

˛

�
1

˛2

�
D 2

˛3
D 2Š

˛2C1 I

J3 D 3

˛
J2 D 3

˛

�
2

˛3

�
D 6

˛4
D 3Š

˛3C1 I

J4 D 4

˛
J3 D 4

˛

�
6

˛4

�
D 24

˛5
D 4Š

˛4C1 :

We can use induction to prove the formula forJn. If

Jn�1 D .n� 1/Š

˛n
;
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then we have

Jn D n

˛
Jn�1 D n

˛
� .n� 1/Š

˛n
D nŠ

˛nC1 :

92. Let a > 0 andn > 1. Definef .x/ D xn

eax � 1 for x ¤ 0 andf .0/ D 0.

(a) Use L’Hôpital’s Rule to show thatf .x/ is continuous atx D 0.
(b) Show that

R1
0 f .x/ dx converges.Hint: Show thatf .x/ � 2xne�ax if x is large enough. Then use the Comparison Test and

Exercise 91.

SOLUTION

(a) Using L’Hôpital’s Rule, we find

lim
x!0

xn

e˛x � 1
D lim
x!0

nxn�1

˛e˛x
D 0

˛
D 0I

thus,

lim
x!0

f .x/ D f .0/;

andf .x/ is continuous atx D 0.
(b) Sincea > 0, lim

x!1
eax D 1. Therefore there will be some value ofx, sayx D M , such that, for allx � M , we’ll have

eax � 2. With this, we have

1

eax
� 1

2
so

1

eax
C 1

2
� 1 and 1 � 1

e˛x
� 1

2
:

Multiply this last inequality through bye˛x to obtain

e˛x � 1 � e˛x

2
so

1

e˛x � 1
� 2

e˛x
and

xn

e˛x � 1 � 2xn

e˛x
:

From Exercise 91, we know that
Z 1

0
xne�˛x dx converges, so

Z 1

M
2xne�˛x dx also converges:

Therefore, by the comparison test,
Z 1

M

xn

e˛x � 1
dx also converges:

Now, from part (a), we know thatf .x/ is continuous onŒ0;M�, so
Z M

0

xn

e˛x � 1
dx

exists and is finite. Thus we have shown
Z 1

0

xn

e˛x � 1
dx D

Z M

0

xn

e˛x � 1
dx C

Z 1

M

xn

e˛x � 1
dx converges:

93. According toPlanck’s Radiation Law, the amount of electromagnetic energy with frequency between� and�C��

that is radiated by a so-called black body at temperatureT is proportional toF.�/��, where

F.�/ D
�
8�h

c3

�
�3

eh�=kT � 1

wherec; h; k are physical constants. Use Exercise 92 to show that the total radiated energy

E D
Z 1

0
F.�/ d�

is finite. To derive his law, Planck introduced the quantum hypothesis in 1900, which marked the birth of quantum mechanics.

SOLUTION The total radiated energyE is given by

E D
Z 1

0
F.�/ d� D 8�h

c3

Z 1

0

�3

eh�=kT � 1
d�:

Let ˛ D h=kT . Then

E D 8�h

c3

Z 1

0

�3

e˛� � 1
d�:

Becausę > 0 and8�h=c3 is a constant, we knowE is finite by Exercise 92.
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Further Insights and Challenges

94. Let I D
Z 1

0
xp lnx dx.

(a) Show thatI diverges forp D �1.
(b) Show that ifp ¤ �1, then

Z
xp lnx dx D xpC1

p C 1

�
lnx � 1

p C 1

�
C C

(c) Use L’Hôpital’s Rule to show thatI converges ifp > �1 and diverges ifp < �1.

SOLUTION

(a) If p D �1, then

I D
Z 1

0
x�1 ln x dx D

Z 1

0

lnx

x
dx:

Let u D ln x, du D .1=x/ dx. Then

Z
ln x

x
dx D

Z
udu D u2

2
C C D 1

2
.lnx/2 C C:

Thus,

Z 1

R

ln x

x
dx D 1

2
.ln1/2 � 1

2
.lnR/2 D �1

2
.lnR/2;

and

I D lim
R!0C

�1
2
.lnR/2 D 1:

The integral diverges forp D �1.
(b) If p ¤ 1, then use Integration by Parts, withu D ln x andv0 D xp. Thenu0 D 1=x, v D xpC1=p C 1, and

Z
xp ln x dx D xpC1

p C 1
lnx � 1

p C 1

Z �
xpC1

�� 1
x

�
dx D xpC1

p C 1
lnx � 1

p C 1

Z
xp dx

D xpC1

p C 1
lnx � 1

p C 1

 
xpC1

p C 1

!
C C D xpC1

p C 1

�
lnx � 1

p C 1

�
C C:

(c) Letp < �1. Then

I D lim
R!0C

Z 1

R
xp ln x D lim

R!0C

"
1

p C 1

�
ln1 � 1

p C 1

�
� RpC1

p C 1

�
lnR � 1

p C 1

�#

D lim
R!0C

 
�1

.p C 1/2
� RpC1

p C 1
lnRC RpC1

.p C 1/2

!
:

Sincep < �1, p C 1 < 0, and we have

I D lim
R!0C

� �1
.p C 1/2

� lnR

.p C 1/R�p�1 C 1

.p C 1/2R�p�1

�
D 1:

The integral diverges forp < �1. On the other hand, ifp > �1, thenp C 1 > 0, and

I D �1
.p C 1/2

C 1

p C 1
lim

R!0C
RpC1 lnRC 1

.p C 1/2
lim

R!0C
RpC1 D �1

.p C 1/2
C 0 D �1

.p C 1/2
:

95. Let

F.x/ D
Z x

2

dt

ln t
and G.x/ D x

ln x

Verify that L’Hôpital’s Rule applies to the limitL D lim
x!1

F.x/

G.x/
and evaluateL.
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SOLUTION Because lnt < t for t > 2, we have 1ln t >
1
t for t > 2, and so

F.x/ D
Z x

2

dt

ln t
>

Z x

2

dt

t
D lnx � ln 2

Thus,F.x/ ! 1 asx ! 1. Moreover, by L’Hôpital’s Rule

lim
x!1

G.x/ D lim
x!1

1

1=x
D lim
x!1

x D 1:

Thus, lim
x!1

F.x/

G.x/
is of the form1=1, and L’Hôpital’s Rule applies. Finally,

L D lim
x!1

F.x/

G.x/
D lim
x!1

1
lnx

lnx�1
.lnx/2

D lim
x!1

ln x

lnx � 1
D lim
x!1

1

1 � .1= ln x/
D 1:

In Exercises 96–98, an improper integralI D
R1
a f .x/ dx is calledabsolutely convergentif

R1
a jf .x/jdx converges. It can be

shown that ifI is absolutely convergent, then it is convergent.

96. Show that
Z 1

1

sinx

x2
dx is absolutely convergent.

SOLUTION For allx, j sinxj � 1. This implies

ˇ̌
ˇ̌sinx

x2

ˇ̌
ˇ̌ D j sin xj

x2
� 1

x2
:

The integral
Z 1

1
x�2 dx converges becausep D 2 > 1. Therefore, by the comparison test,

Z 1

1

ˇ̌
ˇ̌sinx

x2

ˇ̌
ˇ̌ dx also converges:

Because the integral
Z 1

1

sinx

x2
dx

is absolutely convergent, it is also convergent.

97. Show that
Z 1

1
e�x2

cosx dx is absolutely convergent.

SOLUTION By the result of Exercise 57, we know that
Z 1

0
e�x2

dx is convergent. Then
Z 1

1
e�x2

dx is also convergent.

Becausej cosxj � 1 for all x, we have
ˇ̌
ˇe�x2

cosx
ˇ̌
ˇ D j cosxj

ˇ̌
ˇe�x2

ˇ̌
ˇ �

ˇ̌
ˇe�x2

ˇ̌
ˇ D e�x2

:

Therefore, by the comparison test, we have
Z 1

1

ˇ̌
ˇe�x2

cosx
ˇ̌
ˇdx also converges:

Since
Z 1

1
e�x2

cosx dx converges absolutely, it itself converges.

98. Let f .x/ D sinx=x andI D
R1
0 f .x/ dx. We definef .0/ D 1. Thenf .x/ is continuous andI is not improper atx D 0.

(a) Show that

Z R

1

sinx

x
dx D �cosx

x

ˇ̌
ˇ̌
R

1

�
Z R

1

cosx

x2
dx

(b) Show that
R1
1 .cosx=x2/ dx converges. Conclude that the limit asR ! 1 of the integral in (a) exists and is finite.

(c) Show thatI converges.
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It is known thatI D �
2 . However,I is not absolutely convergent. The convergence depends on cancellation, as shown in Figure 3.

x
1 2 3 7

1

−1

y = sin x
x

y = − 1
x

y = 1
x

y

FIGURE 3 Convergence of
R1
1 .sinx=x/ dx is due to the cancellation arising from the periodic change of sign.

SOLUTION

(a) Use Integration by Parts, withu D 1
x andv0 D sinx. Thenu0 D �1=x2, v D � cosx, and we have

Z R

1

sinx

x
dx D � cosx

x

ˇ̌
ˇ
R

1
�
Z R

1

cosx

x2
dx:

(b) For allx, j cosxj � 1, and therefore

ˇ̌
ˇcosx

x2

ˇ̌
ˇ D j cosxj

x2
� 1

x2
:

The integral
Z 1

1
x�2 dx converges, becausep D 2 > 1. Therefore, by the comparison test,

Z 1

1

ˇ̌
ˇcosx

x2

ˇ̌
ˇ dx also converges:

Because
Z 1

1
.cosx=x2/ dx converges absolutely, it also converges. By this result,

lim
R!1

Z R

1

sinx

x
dx D lim

R!1

"
� cosR

R
C cos1

1
�
Z R

1

cosx

x2
dx

#
D 0C cos1

1
�
Z 1

0

cosx

x2
dx D cos1 �M;

whereM D
Z 1

1
.cosx=x2/ dx, the existence of which was shown in the argument above. Therefore the integral

Z 1

1
.sinx=x/ dx

converges to a finite value.

(c) The integral can be split up as follows:

Z 1

0

sinx

x
dx D

Z 1

0

sinx

x
dx C

Z 1

1

sinx

x
dx:

The second integral converges by part (b). For the first integral, if we definef .0/ D 1, then the integrand is continuous onŒ0; 1�,
and therefore

Z 1

0

sinx

x
dx D N

whereN is some finite value. Thus, we have shown thatI converges.

99. Thegamma function, which plays an important role in advanced applications, is defined forn � 1 by

�.n/ D
Z 1

0
tn�1e�t dt

(a) Show that the integral defining�.n/ converges forn � 1 (it actually converges for alln > 0). Hint: Show thattn�1e�t < t�2

for t sufficiently large.

(b) Show that�.nC 1/ D n�.n/ using Integration by Parts.

(c) Show that�.nC 1/ D nŠ if n � 1 is an integer.Hint: Use (a) repeatedly. Thus,�.n/ provides a way of definingn-factorial
whenn is not an integer.
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SOLUTION

(a) By repeated use of L’Hôpital’s Rule, we can compute the following limit:

lim
t!1

et

tnC1 D lim
t!1

et

.nC 1/tn
D � � � D lim

t!1
et

.nC 1/Š
D 1:

This implies that, fort sufficiently large, we have

et � tnC1I

therefore

et

tn�1 � tnC1

tn�1 D t2 or tn�1e�t � t�2:

The integral
Z 1

1
t�2 dt converges becausep D 2 > 1. Therefore, by the comparison test,

Z 1

M
tn�1e�t dt also converges;

whereM is the value above which the above comparisons hold. Finally, because the functiontn�1e�t is continuous for allt , we
know that

�.n/ D
Z 1

0
tn�1e�t dt converges for alln � 1:

(b) Using Integration by Parts, withu D tn andv0 � e�t , we haveu0 D ntn�1, v D �e�t , and

�.nC 1/ D
Z 1

0
tne�t dt D �tne�t ˇ̌1

0
C n

Z 1

0
tn�1e�t dt

D lim
R!1

��Rn

eR
� 0

�
C n�.n/ D 0C n�.n/ D n�.n/:

Here, we’ve computed the limit as in part (a) with repeated use of L’Hôpital’s Rule.

(c) By the result of part (b), we have

�.nC 1/ D n�.n/ D n.n � 1/�.n � 1/ D n.n� 1/.n� 2/�.n� 2/ D � � � D nŠ �.1/:

If n D 1, then

�.1/ D
Z 1

0
e�t dt D lim

R!1
�e�t

ˇ̌
ˇ̌
R

0

D lim
R!1

�
1 � e�R

�
D 1:

Thus

�.nC 1/ D nŠ .1/ D nŠ

100. Use the results of Exercise 99 to show that the Laplace transform (see Exercises 86–89 above) ofxn is
nŠ

snC1 .

SOLUTION If f .x/ D xn, then the Laplace transform off .x/ is

Lf .s/ D
Z 1

0
xne�sx dx

Let t D sx. Thendt D s dx, andxn D tn=sn. This gives us

Lf .s/ D
Z 1

0

tn

sn
e�t dt

s
D 1

snC1

Z 1

0
tne�t dt D 1

snC1�.nC 1/ D nŠ

snC1 :
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7.7 Probability and Integration

Preliminary Questions

1. The functionp.x/ D cosx satisfies
Z �

��=2
p.x/ dx D 1. Isp.x/ a probability density function onŒ��=2; ��?

SOLUTION Sincep.x/ D cosx < 0 for some points in.��=2; �/, p.x/ is not a probability density function.

2. EstimateP.2 � X � 2:1/ assuming that the probability density function ofX satisfiesp.2/ D 0:2.

SOLUTION P.2 � X � 2:1/ � p.2/ � .2:1 � 2/ D 0:02.

3. Which exponential probability density has mean� D 1
4?

SOLUTION
1

1=4
e�x=.1=4/ D 4e�4x .

Exercises
In Exercises 1–6, find a constantC such thatp.x/ is a probability density function on the given interval, and compute the probability
indicated.

1. p.x/ D C

.x C 1/3
on Œ0;1/; P.0 � X � 1/

SOLUTION Compute the indefinite integral using the substitutionu D x C 1, du D dx:

Z
p.x/ dx D

Z
C

.x C 1/3
dx D �1

2
C.x C 1/�2 CK

Forp.x/ to be a probability density function, we must have

1 D
Z 1

0
p.x/dx D �1

2
C lim
R!1

.x C 1/�2
ˇ̌
ˇ̌
R

0

D 1

2
C � 1

2
C lim
R!1

.RC 1/�2 D 1

2
C

so thatC D 2, andp.x/ D 2
.xC1/3 . Then using the indefinite integral above,

P.0 � X � 1/ D
Z 1

0

2

.x C 1/3
D �1

2
� 2 � .x C 1/�2

ˇ̌
ˇ̌
1

0

D �1
4

C 1 D 3

4

2. p.x/ D Cx.4 � x/ on Œ0; 4�; P.3 � X � 4/

SOLUTION Compute the indefinite integral:

Z
p.x/dx D C

Z
x.4 � x/ dx D C

Z
4x � x2 dx D C

�
2x2 � 1

3
x3
�

CK

For p.x/ to be a probability density function, we must have

1 D
Z 4

0
p.x/ dx D C

�
2x2 � 1

3
x3
� ˇ̌
ˇ̌
4

0

D C

�
32 � 64

3

�
D 32

3
C

so thatC D 3
32 andp.x/ D 3

32x.4 � x/. Then using the indefinite integral above,

P.3 � X � 4/ D
Z 4

3
p.x/dx D 3

32

�
2x2 � 1

3
x3
� ˇ̌
ˇ̌
4

3

D 3

32

�
32 � 64

3
� 18C 9

�
D 5

32

3. p.x/ D Cp
1 � x2

on .�1; 1/; P
�

� 1
2 � X � 1

2

�

SOLUTION Compute the indefinite integral:
Z
p.x/ dx D C

Z
1p
1 � x2

dx D C sin�1 x CK

valid for �1 < x < 1. Forp.x/ to be a probability density function, we must have

1 D
Z 1

�1
p.x/ dx D

Z 0

�1
p.x/ dx C

Z 1

0
p.x/ dx D C

 
lim

R!�1C
sin�1 x

ˇ̌
ˇ̌
0

R

C lim
R!1�

sin�1 x
ˇ̌
ˇ̌
R

0

!

D C

�
sin�1.0/ � lim

R!�1C
sin�1.R/C lim

R!1�
sin�1 R � sin�1.0/

�
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D C
�
� sin�1.�1/C sin�1.1/

�
D �C

so thatC D 1
� andp.x/ D 1

�
p
1�x2

. Then using the indefinite integral above,

P

�
�1
2

� X � 1

2

�
D
Z 1=2

�1=2
p.x/ dx D 1

�
sin�1 x

ˇ̌
ˇ̌
1=2

�1=2
D 1

�

��
6

� ��
6

�
D 1

3

4. p.x/ D Ce�x

1C e�2x on .�1;1/; P.X � �4/

SOLUTION Compute the indefinite integral using the substitutionu D e�x ; thendu D �e�x dx D �udx so thatdx D � 1
u du:

Z
p.x/ dx D

Z
Ce�x

1C e�2x dx D C

Z u �
�
� 1
u

�

1C u2
du D �C

Z
1

1C u2
du

D �C tan�1 uCK D �C tan�1.e�x/CK D C tan�1.ex/CK

Forp.x/ to be a probability density function, we must have

1 D
Z 1

�1
p.x/ dx D C lim

R!1
tan�1.ex/

ˇ̌
ˇ̌
R

�R
D C lim

R!1

�
tan�1.eR/ � tan�1.e�R/

�
D C

��
2

� 0
�

D �

2
C

so thatC D 2
� andp.x/ D 2e�x

�.1Ce�2x/
. Then using the indefinite integral above,

P.X � �4/ D
Z �4

�1
p.x/dx D lim

R!�1
2

�
tan�1.ex/

ˇ̌
ˇ̌
�4

R

D 2

�
tan�1.e�4/ � 2

�
lim

R!�1
tan�1.eR/

D 2

�
tan�1.e�4/ � 0:0117

5. p.x/ D C
p
1� x2 on .�1; 1/; P

�
� 1
2 � X � 1

�

SOLUTION Compute the indefinite integral using the substitutionx D sinu, so thatdx D cosudu:
Z
p.x/ dx D C

Z p
1 � x2 dx D C

Z p
1 � sin2 u cosudu D C

Z
cos2 udu

D C

�
1

2
uC 1

2
cosu sinu

�
CK

Sincex D sinu, we construct the following right triangle:

�1 − x2

x
1

and we see that cosu D
p
1 � x2, so that

Z
p.x/dx D 1

2
C
�
sin�1 x C x

p
1 � x2

�
CK

For p.x/ to be a probability density function, we must have

1 D
Z 1

�1
p.x/ dx D 1

2
C
�
sin�1 x C x

p
1 � x2

� ˇ̌
ˇ̌
1

�1
D 1

2
C.sin�1 1 � sin�1.�1// D �

2
C

so thatC D 2
� andp.x/ D 2

�

p
1 � x2. Then using the indefinite integral above,

P

�
�1
2

� X � 1

�
D
Z 1

�1=2

2

�

p
1 � x2 dx D 1

�

�
sin�1 x C x

p
1 � x2

� ˇ̌
ˇ̌
1

�1=2

D 1

�

 
sin�1 1C 0 � sin�1

�
�1
2

�
� �1

2

r
1 � 1

4

!

D 1

�

 
�

2
� ��

6
C

p
3

4

!
D 2

3
C

p
3

4�
� 0:804
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6. p.x/ D Ce�xe�e�x

on.�1;1/; P.�4 � X � 4/ This function, called theGumbel density, is used to model extreme
events such as floods and earthquakes.

SOLUTION Find the indefinite integral via the substitutionu D �e�x so thatdu D e�x dx; then
Z
p.x/dx D C

Z
e�xe�e�x

dx D C

Z
eu du D Ceu D Ce�e�x CK

Forp.x/ to be a probability density function, we must have

1 D
Z 1

�1
p.x/dx D C lim

R!1
e�e�x

ˇ̌
ˇ̌
R

�R
D C lim

R!1

�
e�e�R � e�eR

�
D C

sincee�R ! 0 so that the first term approachese0 D 1, andeR ! 1 so that the second term approachese�1 D 0. ThusC D 1

andp.x/ D e�xe�e�x
. Then using the indefinite integral above,

P.�4 � X � 4/ D e�e�4 � e�e4 � 0:982

7. Verify thatp.x/ D 3x�4 is a probability density function onŒ1;1/ and calculate its mean value.

SOLUTION We have

Z 1

1
3x�4 dx D lim

R!1

�
�x�3

� ˇ̌
ˇ̌
R

1

D lim
R!1

�
� 1

R3

�
C 1 D 1

so thatp.x/ is a probability density function onŒ1;1/. Its mean value is

Z 1

1
x � 3x�4 dx D

Z 1

1
3x�3 dx D �3

2
x�2

ˇ̌
ˇ̌
R

1

D lim
R!1

�
� 3

2R2

�
C 3

2
D 3

2

8. Show that the density functionp.x/ D 2

�.x2 C 1/
on Œ0;1/ has infinite mean.

SOLUTION To verify thatp.x/ is a probability density function, note that

Z 1

0

2

�

1

x2 C 1
dx D 2

�
lim
R!1

tan�1 x
ˇ̌
ˇ̌
R

0

D 2

�

��
2

� 0
�

D 1

Its average value is (using the substitutionu D x2 C 1, du D 2x dx):

2

�

Z 1

0

x

x2 C 1
dx D 1

�

Z 1

0

1

u
du

The indefinite integral is lnu, so the definite integral approaches1 � .�1/ D 1, so this integral diverges and the mean is infinite.

9. Verify thatp.t/ D 1
50e

�t=50 satisfies the conditionR1
0 p.t/ dt D 1.

SOLUTION Use the substitutionu D t
50 , so thatdu D 1

50 dt . Then

Z 1

0
p.t/ dt D

Z 1

0

1

50
e�t=50 dt D

Z 1

0
e�u du D lim

R!1
.�e�u/

ˇ̌
ˇ̌
R

0

D lim
R!1

1 � e�R D 1

10. Verify that for all r > 0, the exponential density functionp.t/ D 1
r e

�t=r satisfies the condition
R1
0 p.t/ dt D 1.

SOLUTION This is similar to the preceding problem. Use the substitutionu D t
r , so thatdu D 1

r dt . Then

Z 1

0
p.t/ dt D

Z 1

0

1

r
e�t=r dt D

Z 1

0
e�u du D lim

R!1
.e�u/

ˇ̌
ˇ̌
R

0

D lim
R!1

1 � e�R D 1

11. The lifeX (in hours) of a battery in constant use is a random variable with exponential density. What is the probability that
the battery will last more than12 hours if the average life is8 hours?

SOLUTION If the average life is8 hours, then the mean of the exponential distribution is8, so that the distribution is

p.x/ D 1

8
e�x=8

The probability that the battery will last more than12 hours is given by (using the substitutionu D x=8, so thatdu D 1=8 dx and
x D 12 corresponds tou D 3=2)

P.X � 12/ D
Z 1

12
p.x/dx D

Z 1

12

1

8
e�x=8 dx D

Z 1

3=2
e�u du D lim

R!1
.�e�u/

ˇ̌
ˇ̌
R

3=2

D e�3=2 � lim
R!1

e�R D e�3=2 � 0:223
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12. The time between incoming phone calls at a call center is a random variable with exponential density. There is a50% proba-
bility of waiting 20 seconds or more between calls. What is the average time between calls?

SOLUTION The distribution is exponential, sop.x/ D 1
r e

�x=r . Since there is a50% probability of waiting20 seconds or more
between calls, this means that

Z 1

20

1

r
e�x=r dx D 1

2

But
Z 1

20

1

r
e�x=r dx D e�x=r

ˇ̌
ˇ̌
1

20

D e�20=r

Thus 12 D e�20=r , so that�20
r D ln 12 D � ln 2; it follows thatr D 20

ln2 , which is the mean value.

13. The distancer between the electron and the nucleus in a hydrogen atom (in its lowest energy state) is a random variable with
probability densityp.r/ D 4a�3

0 r2e�2r=a0 for r � 0, wherea0 is the Bohr radius (Figure 1). Calculate the probabilityP that the
electron is within one Bohr radius of the nucleus. The value ofa0 is approximately5:29 � 10�11 m, but this value is not needed to
computeP .

a0 2a0 3a0 4a0

p(r)

r

0.4

FIGURE 1 Probability density functionp.r/ D 4a�3
0 r2e�2r=a0 .

SOLUTION The probabilityP is the area of the shaded region in Figure 1. To calculatep, use the substitutionu D 2r=a0:

P D
Z a0

0
p.r/ dr D 4

a30

Z a0

0
r2e�2r=a0 dr D

 
4

a30

! 
a30
8

!Z 2

0
u2e�u du

The constant in front simplifies to12 and the formula in the margin gives us

P D 1

2

Z 2

0
u2e�u du D 1

2

�
�.u2 C 2uC 2/e�u

� ˇ̌
ˇ
2

0
D 1

2

�
2 � 10e�2

�
� 0:32

Thus, the electron within a distancea0 of the nucleus with probability0:32.

14. Show that the distancer between the electron and the nucleus in Exercise 13 has mean� D 3a0=2.

SOLUTION The mean of the distribution is

� D
Z 1

0
rp.r/ dr D

Z 1

0
r � 4a�3

0 r2e�2r=a0 dr D 4

a30

Z 1

0
r3e�2r=a0 dr

To calculate this integral, use as before the substitutionx D 2r=a0 to get

� D 4

a30
�
a30
8

� a0
2

Z 1

0
x3e�x dx D a0

4

Z 1

0
x3e�x dx

To calculate this integral, we use integration by parts, withu D x3, v0 D e�x , so thatu0 D 3x2 andv D �e�x ; then

� D a0

4

�
�x3e�x

ˇ̌
ˇ̌
1

0

C 3

Z 1

0
x2e�x dx

�

The first term is evaluated as follows, using L’Hôpital’s Rule multiple times:

�x3e�x
ˇ̌
ˇ̌
1

0

D lim
R!1

�
�x3e�x

� ˇ̌
ˇ̌
R

0

D lim
R!1

 
�R

3

eR

!
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D lim
R!1

 
�3R

2

eR

!
D lim
R!1

�
�6R
eR

�
D lim
R!1

�
� 6

eR

�
D 0

The second term, by the marginal note in the previous problem, is

Z 1

0
x2e�x dx D lim

R!1

�
.�u2 C 2uC 2/e�u

� ˇ̌
ˇ̌
R

0

D lim
R!1

 
2 � �R2 C 2RC 2

eR

!
D 2

using L’Hôpital’s Rule as in the previous formulas. Thus, finally,

� D a0

4
.0C 3 � 2/ D 3

2
a0

In Exercises 15–21,F.z/ denotes the cumulative normal distribution function. Refer to a calculator, computer algebra system, or
online resource to obtain values ofF.z/.

15. Express the area of regionA in Figure 2 in terms ofF.z/ and compute its value.

55 100 120 165
x

y

A

B

FIGURE 2 Normal density function with� D 120 and� D 30.

SOLUTION The area of regionA isP.55 � X � 100/. By Theorem 1, we have

P.55 � X � 100/ D F

�
100 � 120

30

�
� F

�
55 � 120
30

�
D F

�
�2
3

�
� F

�
�13
6

�
� 0:237

16. Show that the area of regionB in Figure 2 is equal to1 � F.1:5/ and compute its value. Verify numerically that this area is
also equal toF.�1:5/ and explain why graphically.

SOLUTION The area of regionB isP.X � 165/, andP.X � 165/C P.X � 165/ D 1. But by Theorem 1,

P.X � 165/ D F

�
165 � 120

30

�
D F.1:5/

so that

P.X � 165/ D 1 � P.X � 165/ D 1 � F.1:5/ � 0:0668

Using a computer algebra system, we also getF.�1:5/ � 0:0668. Graphically, since the density functionp.x/ is symmetric around
x D 120, we see that the area to the right ofx D 165 is equal to the area to the left ofx D 120 � .165 � 120/ D 75; this area is

F

�
75 � 120

30

�
D F

��45
30

�
D F.�1:5/

17. AssumeX has a standard normal distribution (� D 0, � D 1). Find:

(a) P.X � 1:2/ (b) P.X � �0:4/

SOLUTION

(a) P.X � 1:2/ D F.1:2/ � 0:8849

(b) P.X � �0:4/ D 1 � P.X � �0:4/ D 1 � F.�0:4/ � 1 � 0:3446 � 0:6554

18. Evaluate numerically:
1

3
p
2�

Z 1

14:5
e�.z�10/2=18 dz.

SOLUTION This is the area to the right of14:5 under the cumulative distribution function for a normal distribution with� D 10

and� D 3. In terms of the standard normal cumulative distribution functionF.z/, this is

P.X � 14:5/ D 1 � P.X � 14:5/ D 1 � F

�
14:5 � 10

3

�
D 1 � F.1:5/ � 0:0668
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19. Use a graph to show thatF.�z/ D 1 � F.z/ for all z. Then show that ifp.x/ is a normal density function with mean
� and standard deviation� , then for allr � 0,

P.�� r� � X � �C r�/ D 2F.r/� 1

SOLUTION Consider the graph of the standard normal density function in Figure 5. This graph is symmetric around they-axis,
so that the area under the curve fromz to 1, which is1 � F.z/, is equal to the area under the curve from�1 to �z, which is
F.�z/. Thus1 � F.z/ D F.�z/. Now, if p.x/ is a normal density function with mean� and standard deviation� , then forr � 0

(so that the range� � r� � X � �C r� is nonempty),

P.�� r� � X � �C r�/ D F

�
�C r� � �

�

�
� F

�� � r� � �
�

�

D F.r/� F.�r/ D F.r/� .1 � F.r// D 2F.r/� 1
20. The average September rainfall in Erie, Pennsylvania, is a random variableX with mean� D 102mm. Assume that the amount
of rainfall is normally distributed with standard deviation� D 48.

(a) ExpressP.128 � X � 150/ in terms ofF.z/ and compute its value numerically.

(b) Let P be the probability that September rainfall will be at least120 mm. ExpressP as an integral of an appropriate density
function and compute its value numerically.

SOLUTION

(a)

P.128 � X � 150/ D F

�
150 � 102

48

�
� F

�
128 � 102

48

�
D F.1/� F

�
13

24

�
� 0:135

(b) The cumulative density function associated withX is

f .z/ D 1

48
p
2�

Z z

�1
e�.x�102/2=.2�482/ dx

To compute the value numerically, we use the standard normal cumulative distributionF.z/. Recall thatP.X � 120/ D 1�P.X �
120/, and that

P.X � 120/ D F

�
120 � 102

48

�
D F

�
3

8

�
D 1p

2�

Z 3=8

�1
e�x2=2 dx � 0:646

so thatP.X � 120/ � 1 � 0:646 � 0:354.

21. A bottling company produces bottles of fruit juice that are filled, on average, with32 ounces of juice. Due to random fluctuations
in the machinery, the actual volume of juice is normally distributed with a standard deviation of0:4 ounce. LetP be the probability
of a bottle having less than31 ounces. ExpressP as an integral of an appropriate density function and compute its value numerically.

SOLUTION The associated cumulative distribution function is

f .z/ D 1

0:4
p
2�

Z z

�1
e�.x�32/2=.2�0:42/ dx

To compute the value numerically, we use the standard normal cumulative distribution functionF.z/:

P.X � 31/ D F

�
31 � 32
0:4

�
D F

�
�5
2

�
D 1p

2�

Z �5=2

�1
e�x2=2 dx � 0:0062

22. According toMaxwell’s Distribution Law , in a gas of molecular massm, the speedv of a molecule in a gas at temperature
T (kelvins) is a random variable with density

p.v/ D 4�
� m

2�kT

�3=2
v2e�mv2=.2kT / .v � 0/

wherek is Boltzmann’s constant. Show that the average molecular speed is equal to.8kT =�m/1=2. The average speed of oxygen
molecules at room temperature is around450 m/s.

SOLUTION The average speedNv is given by

Nv D
Z 1

0
vp.v/ dv D 4�

� m

2�kT

�3=2 Z 1

0
v3e�mv2=2kT dv:

Let ˛ D �m=2kT . We’ll first compute the indefinite integral
Z
v3e˛v

2

dv:
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Using Integration by Parts, letu D v2, v0 D ve˛v
2
. Thenu0 D 2v andv D 1

2˛ e
˛v2

. This gives us

Z
v3e˛v

2

dv D 1

2˛
v2e˛v

2 � 1

˛

Z
ve˛v

2

dv:

To compute the remaining integral, letw D ˛v2, dw D 2˛v dv. The result is
Z
v3e˛v

2

dv D 1

2˛
v2e˛v

2 � 1

2˛2
e˛v

2 C C:

Thus,

Z R

0
vp.v/ dv D 4�

� m

2�kT

�3=2
"
e˛v

2

2˛

�
v2 � 1

˛

�#R

0

D 4�
� m

2�kT

�3=2 1

2˛

�
e˛R

2

�
R2 � 1

˛

�
C 1

˛

�
;

and

Nv D lim
R!1

4�
� m

2�kT

�3=2 1

2˛

�
e˛R

2

�
R2 � 1

˛

�
C 1

˛

�
D 4�

� m

2�kT

�3=2 1

2˛

�
lim
R!1

e˛R
2

�
R2 � 1

˛

�
C 1

˛

�
:

Use L’Hôpital’s Rule to compute the limit, recalling that˛ D �m=2kT < 0:

lim
R!1

e˛R
2

�
R2 � 1

˛

�
D lim
R!1

R2 � 1
˛

e�˛R2
D lim
R!1

2R

�2˛Re�˛R2
D lim
R!1

�1
˛e�˛R2

D 0:

Thus

Nv D 4�
� m

2�kT

�3=2 1

2˛

�
0C 1

˛

�
D 2�

˛2

� m

2�kT

�3=2
D 2�

�
�2kT
m

�2 � m

2�kT

�r m

2�kT

D 4kT

m

r
m

2�kT
D
r
8kT

�m
:

In Exercises 23–26, calculate� and� , where� is thestandard deviation, defined by

�2 D
Z 1

�1
.x � �/2 p.x/dx

The smaller the value of� , the more tightly clustered are the values of the random variableX about the mean�.

23. p.x/ D 5

2x7=2
on Œ1;1/

SOLUTION The mean is

Z 1

1
xp.x/dx D

Z 1

1

5

2
x�5=2 dx D �5

3
x�3=2

ˇ̌
ˇ̌
1

1

D 5

3

and

�2 D
Z 1

1
.x � �/2p.x/ dx D

Z 1

1
.x2 � 2�x C �2/

5

2
x�7=2 dx

D 5

2

Z 1

1
x�3=2 � 2�x�5=2 C �2x�7=2 dx D 5

2

�
�2x�1=2 C 4

3
�x�3=2 � 2

5
�2x�5=2

� ˇ̌
ˇ̌
1

1

D 5

2

�
2 � 4

3
�C 2

5
�2
�

D 5

2

�
2 � 4

3
� 5
3

C 2

5
� 25
9

�
D 20

9

24. p.x/ D 1

�
p
1 � x2

on .�1; 1/

SOLUTION Use the substituionu D 1 � x2 so thatdu D �2x dx. The mean is

� D
Z 1

�1

x

�
p
1 � x2

dx D � 1

2�

Z 1

xD�1

�2x dxp
1 � x2

D � 1

2�

Z 1

xD�1

1p
u
du

D � 1

�

p
u

ˇ̌
ˇ̌
xD1

xD�1
D � 1

�

p
1 � x2

ˇ̌
ˇ̌
1

�1
D 0



S E C T I O N 7.7 Probability and Integration 929

To compute the standard deviation, use the substitutionx D sinu, dx D cosudu; thenx D �1 corresponds tou D ��=2 and
x D 1 to u D �=2:

�2 D
Z 1

�1
.x � �/2p.x/ D 1

�

Z 1

�1

x2p
1 � x2

dx D 1

�

Z �=2

��=2

sin2 up
1 � sin2 u

cosudu

D 1

�

Z �=2

��=2

sin2 u

cosu
cosudu D 1

�

Z �=2

��=2
sin2 udu D 1

2�
.u � cosu sinu/

ˇ̌
ˇ̌
�=2

��=2

D 1

2�

��
2

� ��
2

�
D 1

2

25. p.x/ D 1

3
e�x=3 on Œ0;1/

SOLUTION This is an exponential density function with mean� D 3. The standard deviation is

�2 D 1

3

Z 1

0
.x � 3/2e�x=3 dx D 1

3

Z 1

0

�
x2e�x=3 � 6xe�x=3 C 9e�x=3

�
dx

D 1

3

Z 1

0
x2e�x=3 dx � 2

Z 1

0
xe�x=3 dx C 3

Z 1

0
e�x=3 dx

We tackle the third integral first:

Z 1

0
e�x=3 dx D �3e�x=3

ˇ̌
ˇ̌
1

0

D 3

For the second integral, use integration by parts withu D x, v0 D e�x=3 so thatu0 D 1 andv D �3e�x=3. Then

Z 1

0
xe�x=3 dx D �3xe�x=3

ˇ̌
ˇ̌
1

0

C 3

Z 1

0
e�x=3 dx D 0C 3 � 3 D 9

Finally, the first integral is solved using integration by parts withu D x2, v0 D e�x=3 so thatu0 D 2x andv D �3e�x=3; then

Z 1

0
x2e�x=3 dx D �3x2e�x=3

ˇ̌
ˇ̌
1

0

C 6

Z 1

0
xe�x=3 dx D 0C 6 � 9 D 54

and, finally,

�2 D 1

3

Z 1

0
x2e�x=3 dx � 2

Z 1

0
xe�x=3 dx C 3

Z 1

0
e�x=3 dx

D 1

3
� 54 � 2 � 9C 3 � 3 D 9

26. p.x/ D 1

r
e�x=r on Œ0;1/, wherer > 0

SOLUTION This is similar to the previous problem. We have an exponential density function with mean� D r . The standard
deviation is

�2 D 1

r

Z 1

0
.x � r/2e�x=r dx D 1

r

Z 1

0

�
x2e�x=r � 2rxe�x=r C r2e�x=r

�
dx

D 1

r

Z 1

0
x2e�x=r dx � 2

Z 1

0
xe�x=r dx C r

Z 1

0
e�x=r dx

We tackle the third integral first:

Z 1

0
e�x=r dx D �re�x=r

ˇ̌
ˇ̌
1

0

D r

For the second integral, use integration by parts withu D x, v0 D e�x=r so thatu0 D 1 andv D �re�x=r . Then

Z 1

0
xe�x=r dx D �rxe�x=r

ˇ̌
ˇ̌
1

0

C r

Z 1

0
e�x=r dx D 0C r � r D r2

Finally, the first integral is solved using integration by parts withu D x2, v0 D e�x=r so thatu0 D 2x andv D �re�x=r ; then

Z 1

0
x2e�x=r dx D �rx2e�x=r

ˇ̌
ˇ̌
1

0

C 2r

Z 1

0
xe�x=r dx D 0C 2r � r2 D 2r3
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and, finally,

�2 D 1

r

Z 1

0
x2e�x=r dx � 2

Z 1

0
xe�x=3 dx C r

Z 1

0
e�x=3 dx

D 1

r
� 2r3 � 2 � r2 C r � r D r2

Further Insights and Challenges

27. The time to decay of an atom in a radioactive substance is a random variableX . The law of radioactive decay states

that if N atoms are present at timet D 0, thenNf .t/ atoms will be present at timet , wheref .t/ D e�kt (k > 0 is the decay
constant). Explain the following statements:

(a) The fraction of atoms that decay in a small time intervalŒt; t C�t� is approximately�f 0.t/�t .
(b) The probability density function ofX is �f 0.t/.
(c) The average time to decay is1=k.

SOLUTION

(a) The number of atoms that decay in the intervalŒt; t C �t� is justf .t/ � f .t C �t/; the statement simply says thatf .t/ �
f .t C�t/ � �f 0.t/�t , which is the same as saying that

f 0.t/ � f .t/� f .t C�t/

�t
D f .t C�t/ � f .t/

�t

which is true by the definition of the derivative. Intuitively, sincef 0.t/ is the instantaneous rate of decay, we would expect that over
a short interval, the number of atoms decaying is proportional to bothf 0.t/ and the size of the interval.

(b) The probability density function is defined by the property in (a): the probability thatX lies in a small intervalŒt; t C �t� is
approximatelyp.t/�t , so thatp.t/ D �f 0.t/.
(c) The average time to decay is the mean of the distribution, which is

� D
Z 1

0
t � .�f 0.t// dt D �

Z 1

0
tf 0.t/ dt

We compute this integral using integration by parts, withu D t , v0 D f 0.t/. Thenu0 D 1, v D f .t/, and

� D �
Z 1

0
tf 0.t/ dt D �tf .t/

ˇ̌
ˇ̌
1

0

C
Z 1

0
f .t/ dt:

Sincef .t/ D e�kt , we have

�tf .t/
ˇ̌1
0

D lim
R!1

�te�kt
ˇ̌
ˇ̌
R

0

D lim
R!1

�Re�Rt C 0 D lim
R!1

�R
eRt

D lim
R!1

�1
ReRt

D 0:

Here we used L’Hôpital’s Rule to compute the limit. Thus

� D
Z 1

0
f .t/ dt D

Z 1

0
e�kt dt:

Now,

Z R

0
e�kt dt D � 1

k
e�kt

ˇ̌
ˇ̌
R

0

D � 1
k

�
e�kR � 1

�
D 1

k

�
1 � e�kR

�
;

so

� D lim
R!1

1

k

�
1 � e�kR

�
D 1

k
.1 � 0/ D 1

k
:

Becausek has units of (time)�1, � does in fact have the appropriate units of time.

28. The half-life of radon-222, is 3.825 days. Use Exercise 27 to compute:

(a) The average time to decay of a radon-222 atom.

(b) The probability that a given atom will decay in the next24 hours.
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SOLUTION

(a) The average decay time is just the mean,�; to determine it, we must determine the decay constantk, given the half-life of
3.825 days. Recall that

k D ln 2

tn

wheretn is the half-life. Thus,

� D 1

k
D tn

ln 2
D 3:825

ln 2
� 5:518 days:

(b) The probability that a particular atom will decay in the next24 hours is the area under the probability density function between
t D 0 andt D 1 (note thatt is measured in days). Sincef .t/ D e�kt , the probability density function is�ke�kt ; from part (a),
k � 0:1812, so the required probability is

Z 1

0
.�f 0.t// dt D f .0/� f .1/ D 1 � e�0:1812 � 0:1657

7.8 Numerical Integration

Preliminary Questions
1. What areT1 andT2 for a function onŒ0; 2� such thatf .0/ D 3, f .1/ D 4, andf .2/ D 3?

SOLUTION Using the given function values

T1 D 1

2
.2/.3C 3/ D 6 and T2 D 1

2
.1/.3C 8C 3/ D 7:

2. For which graph in Figure 1 willTN overestimatethe integral? What aboutMN ?

x

y
y = f(x)

x

y
y = g(x)

FIGURE 1

SOLUTION TN overestimates the value of the integral when the integrand is concave up; thus,TN will overestimate the integral
of y D g.x/. On the other hand,MN overestimates the value of the integral when the integrand is concave down; thus,MN will
overestimate the integral ofy D f .x/.

3. How large is the error when the Trapezoidal Rule is applied to a linear function? Explain graphically.

SOLUTION The Trapezoidal Rule integrates linear functions exactly, so the error will be zero.

4. What is the maximum possible error ifT4 is used to approximate

Z 3

0
f .x/ dx

wherejf 00.x/j � 2 for all x.

SOLUTION The maximum possible error inT4 is

maxjf 00.x/j .b � a/3

12n2
� 2.3 � 0/3

12.4/2
D 9

32
:

5. What are the two graphical interpretations of the Midpoint Rule?

SOLUTION The two graphical interpretations of the Midpoint Rule are the sum of the areas of the midpoint rectangles and the
sum of the areas of the tangential trapezoids.
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Exercises
In Exercises 1–12, calculateTN andMN for the value ofN indicated.

1.
Z 2

0
x2 dx, N D 4

SOLUTION Let f .x/ D x2. We divideŒ0; 2� into 4 subintervals of width

�x D 2 � 0
4

D 1

2

with endpoints0; 0:5; 1; 1:5; 2, and midpoints0:25; 0:75; 1:25; 1:75. With this data, we get

T4 D 1

2
� 1
2

�
02 C 2.0:5/2 C 2.1/2 C 2.1:5/2 C 22

�
D 2:75I and

M4 D 1

2

�
0:252 C 0:752 C 1:252 C 1:752

�
D 2:625:

2.
Z 4

0

p
x dx, N D 4

SOLUTION Let f .x/ D
p
x. We divideŒ0; 4� into 4 subintervals of width

�x D 4 � 0
4

D 1

with endpoints0; 1; 2; 3; 4, and midpoints0:5; 1:5; 2:5; 3:5. With this data, we get

T4 D 1

2
� 1 �

�p
0C 2

p
1C 2

p
2C 2

p
3C

p
4
�

� 5:14626I and

M4 D 1 �
�p

0:5C
p
1:5C

p
2:5C

p
3:5
�

� 5:38382:

3.
Z 4

1
x3 dx, N D 6

SOLUTION Let f .x/ D x3. We divideŒ1; 4� into 6 subintervals of width

�x D 4 � 1
6

D 1

2

with endpoints1; 1:5; 2; 2:5; 3; 3:5; 4, and midpoints1:25; 1:75; 2:25; 2:75; 3:25; 3:75. With this data, we get

T6 D 1

2

�
1

2

��
13 C 2.1:5/3 C 2.2/3 C 2.2:5/3 C 2.3/3 C 2.3:5/3 C 43

�
D 64:6875I and

M6 D 1

2

�
1:253 C 1:753 C 2:253 C 2:753 C 3:253 C 3:753

�
D 63:28125:

4.
Z 2

1

p
x4 C 1 dx, N D 5

SOLUTION We divideŒ1; 2� into 5 subintervals of width

�x D 2 � 1

5
D 1

5
D 0:2

with endpoints1, 1:2, 1:4, 1:6, 1:8, 2, and midpoints1:1, 1:3, 1:5, 1:7, 1:9. With this data, we have

T5 D 1

2
� 1
5

�p
14 C 1C 2

p
1:24 C 1C 2

p
1:44 C 1C 2

p
1:64 C 1C 2

p
1:84 C 1C

p
22 C 1

�
� 2:57228

M5 D 1

5

�p
1:14 C 1C

p
1:34 C 1C

p
1:54 C 1C

p
1:74 C 1C

p
1:94 C 1

�
� 2:55994

5.
Z 4

1

dx

x
, N D 6

SOLUTION Let f .x/ D 1=x. We divideŒ1; 4� into 6 subintervals of width

�x D 4 � 1
6

D 1

2
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with endpoints1; 1:5; 2; 2:5; 3; 3:5; 4, and midpoints1:25; 1:75; 2:25; 2:75; 3:25; 3:75. With this data, we get

T6 D 1

2

�
1

2

��
1

1
C 2

1:5
C 2

2
C 2

2:5
C 2

3
C 2

3:5
C 1

4

�
� 1:40536I and

M6 D 1

2

�
1

1:25
C 1

1:75
C 1

2:25
C 1

2:75
C 1

3:25
C 1

3:75

�
� 1:37693:

6.
Z �1

�2

dx

x
, N D 5

SOLUTION Let f .x/ D 1=x. We divideŒ�2;�1� into 5 subintervals of width

�x D �1 � .�2/
5

D 1

5
D 0:2

with endpoints�2;�1:8;�1:6;�1:4;�1:2;�1; and midpoints�1:9;�1:7;�1:5;�1:3;�1:1. With this data, we get

T5 D 1

2

�
1

5

��
1

�2 C 2

�1:8 C 2

�1:6 C 2

�1:4 C 2

�1:2 C 1

�1

�
� �0:695635I and

M5 D 1

5

�
1

�1:9 C 1

�1:7 C 1

�1:5 C 1

�1:3 C 1

�1:1

�
� �0:691908:

7.
Z �=2

0

p
sinx dx, N D 6

SOLUTION Let f .x/ D
p

sinx. We divideŒ0; �=2� into 6 subintervals of width

�x D
�
2 � 0
6

D �

12

with endpoints

0;
�

12
;
2�

12
; : : : ;

6�

12
D �

2
;

and midpoints

�

24
;
3�

24
; : : : ;

11�

24
:

With this data, we get

T6 D 1

2

� �
12

� �p
sin.0/C 2

p
sin.�=12/C � � � C

p
sin.6�=12/

�
� 1:17029I and

M6 D �

12

�p
sin.�=24/C

p
sin.3�=24/C � � � C

p
sin.11�=24/

�
� 1:20630:

8.
Z �=4

0
secx dx, N D 6

SOLUTION Let f .x/ D secx. We divideŒ0; �=4� into 6 subintervals of width

�x D
�
4 � 0
6

D �

24

with endpoints

0;
�

24
;
2�

24
; : : : ;

6�

24
D �

4
;

and midpoints

�

48
;
3�

48
; : : : ;

11�

48
:

With this data, we get

T6 D 1

2

� �
24

� �
sec.0/C 2 sec.�=24/C 2 sec.2�=24/C � � � C sec.6�=24/

�
� 0:883387I and

M6 D �

24

�
sec.�=48/C sec.3�=48/C sec.5�=48/C � � � C sec.11�=48/

�
� 0:880369:
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9.
Z 2

1
ln x dx, N D 5

SOLUTION Let f .x/ D ln x. We divideŒ1; 2� into 5 subintervals of width

�x D 2 � 1

5
D 1

5
D 0:2

with endpoints1; 1:2; 1:4; 1:6; 1:8; 2; and midpoints1:1; 1:3; 1:5; 1:7; 1:9: With this data, we get

T5 D 1

2

�
1

5

� �
ln1C 2 ln 1:2C 2 ln 1:4C 2 ln 1:6C 2 ln 1:8C ln 2

�
� 0:384632I and

M5 D 1

5

�
ln1:1C ln 1:3C ln 1:5C ln 1:7C ln 1:9

�
� 0:387124:

10.
Z 3

2

dx

ln x
, N D 5

SOLUTION Let f .x/ D 1= ln x. We divideŒ2; 3� into 5 subintervals of width

�x D 3 � 2

5
D 1

5
D 0:2

with endpoints2; 2:2; 2:4; 2:6; 2:8; 3; and midpoints2:1; 2:3; 2:5; 2:7; 2:9: With this data, we get

T5 D 1

2

�
1

5

��
1

ln 2
C 2

ln 2:2
C 2

ln 2:4
C 2

ln 2:6
C 2

ln 2:8
C 1

ln 3

�
� 1:12096I and

M5 D 1

5

�
1

ln 2:1
C 1

ln 2:3
C 1

ln 2:5
C 1

ln 2:7
C 1

ln 2:9

�
� 1:11716:

11.
Z 1

0
e�x2

dx, N D 5

SOLUTION Let f .x/ D e�x2
. We divideŒ0; 1� into 5 subintervals of width

�x D 1 � 0

5
D 1

5
D 0:2

with endpoints

0;
1

5
;
2

5
;
3

5
;
4

5
; 1

and midpoints

1

10
;
3

10
;
5

10
;
7

10
;
9

10
:

With this data, we get

T5 D 1

2

�
1

5

��
e�02 C 2e�.1=5/2 C 2e�.2=5/2 C 2e�.3=5/2 C 2e�.4=5/2 C e�12

�
� 0:74437I and

M5 D 1

5

�
e�.1=10/2 C e�.3=10/2 C e�.5=10/2 C e�.7=10/2 C e�.9=10/2

�
� 0:74805:

12.
Z 1

�2
ex

2

dx, N D 6

SOLUTION Let f .x/ D ex
2
. We divideŒ�2; 1� into 6 subintervals of width

�x D 1 � .�2/
6

D 3

6
D 1

2
D 0:5

with endpoints�2;�1:5;�1;�0:5; 0; 0:5; 1; and midpoints�1:75;�1:25;�0:75;�0:25; 0:25; 0:75: With this data, we get

T6 D 1

2

�
1

2

� �
e.�2/

2 C 2e.�1:5/
2 C 2e.�1/

2 C 2e.�0:5/
2 C 2e0

2 C 2e.0:5/
2 C e1

2� � 22:2161I and

M6 D 1

2

�
e.�1:75/

2 C e.�1:25/
2 C e.�0:75/

2 C e.�0:25/
2 C e.0:25/

2 C e.0:75/
2� � 15:8954:
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In Exercises 13–22, calculateSN given by Simpson’s Rule for the value ofN indicated.

13.
Z 4

0

p
x dx, N D 4

SOLUTION Let f .x/ D
p
x. We divideŒ0; 4� into 4 subintervals of width

�x D 4 � 0
4

D 1

with endpoints0; 1; 2; 3; 4: With this data, we get

S4 D 1

3
.1/
�p
0C 4

p
1C 2

p
2C 4

p
3C

p
4
�

� 5:25221:

14.
Z 5

3
.9 � x2/ dx, N D 4

SOLUTION Let f .x/ D 9 � x2. We divideŒ3; 5� into 4 subintervals of length

�x D 5 � 3
4

D 2

4
D 1

2
D 0:5

with endpoints3; 3:5; 4; 4:5; 5: With this data, we get

S4 D 1

3

�
1

2

�h
.9 � 32/C 4.9 � 3:52/C 2.9 � 42/C 4.9 � 4:52/C .9 � 52/

i
� �14:6667:

15.
Z 3

0

dx

x4 C 1
, N D 6

SOLUTION Let f .x/ D 1=.x4 C 1/. We divideŒ0; 3� into 6 subintervals of length

�x D 3 � 0

6
D 1

2
D 0:5

with endpoints0; 0:5; 1; 1:5; 2; 2:5; 3: With this data, we get

S6 D 1

3

�
1

2

��
1

04 C 1
C 4

0:54 C 1
C 2

14 C 1
C 4

1:54 C 1
C 2

24 C 1
C 4

2:54 C 1
C 1

34 C 1

�
� 1:10903:

16.
Z 1

0
cos.x2/ dx, N D 6

SOLUTION Let f .x/ D cos.x2/. We divideŒ0; 1� into 6 subintervals of length

�x D 1 � 0
6

D 1

6

with endpoints0; 16 ;
2
6 ; : : : ;

6
6 D 1: With this data, we get

S6 D 1

3

�
1

6

�"
cos

�
02
�

C 4 cos

 �
1

6

�2!
C 2 cos

 �
2

6

�2!
C � � � C 4 cos

 �
5

6

�2!
C cos

�
12
�#

� 0:904523:

17.
Z 1

0
e�x2

dx, N D 4

SOLUTION Let f .x/ D e�x2
. We divideŒ0; 1� into 4 subintervals of length

�x D 1 � 0
4

D 1

4

with endpoints0; 14 ;
2
4 ;
3
4 ;
4
4 D 1: With this data, we get

S4 D 1

3

�
1

4

�h
e�02 C 4e�.1=4/2 C 2e�.2=4/2 C 4e�.3=4/2 C e�.1/2

i
� 0:746855:

18.
Z 2

1
e�x dx, N D 6

SOLUTION Let f .x/ D e�x . We divideŒ1; 2� into 6 subintervals of width

�x D 2 � 1
6

D 1

6

with endpoints1; 76 ;
8
6 ;
9
6 ; : : : ;

12
6 D 2. With this data, we get

S6 D 1

3

�
1

6

�h
e�1 C 4e�7=6 C 2e�8=6 C 4e�9=6 C 2e�10=6 C 4e�11=6 C e�12=6

i
� 0:232545:
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19.
Z 4

1
ln x dx, N D 8

SOLUTION Let f .x/ D ln x. We divideŒ1; 4� into 8 subintervals of length

�x D 4 � 1

8
D 3

8
D 0:375

with endpoints1; 1:375; 1:75; 2:125; 2:5; 2:875; 3:25; 3:625; 4: With this data, we get

S8 D 1

3

�
3

8

� �
ln1C 4 ln .1:375/C 2 ln .1:75/C � � � C 4 ln .3:625/C ln 4

�
� 2:54499:

20.
Z 4

2

p
x4 C 1 dx, N D 8

SOLUTION Let f .x/ D
p
x4 C 1. We divideŒ2; 4� into 8 subintervals of width

�x D 4 � 2

8
D 2

8
D 1

4
D 0:25

with endpoints2; 2:25; 2:5; 2:75; 3; 3:25; 3:5; 3:75; 4: With this data, we get

S8 D 1

3

�
1

4

��p
24 C 1C 4

q
.2:25/4 C 1C 2

q
.2:5/4 C 1C � � � C 4

q
.3:75/4 C 1C

p
44 C 1

�
� 18:7909:

21.
Z �=4

0
tan� d� , N D 10

SOLUTION Let f .�/ D tan� . We divideŒ0; �4 � into 10 subintervals of width

�� D
�
4 � 0

10
D �

40

with endpoints0; �40 ;
2�
40 ;

3�
40 ; : : : ;

10�
40 D �

4 . With this data, we get

S10 D 1

3

� �
40

� �
tan.0/C 4 tan

� �
40

�
C 2 tan

�
2�

40

�
C � � � C 4 tan

�
9�

40

�
C tan

�
10�

40

��
� 0:346576:

22.
Z 2

0
.x2 C 1/�1=3 dx, N D 10

SOLUTION Let f .x/ D .x2 C 1/�1=3. We divideŒ0; 2� into 10 subintervals of width

�x D 2 � 0

10
D 1

5
D 0:2

with endpoints0, 0:2, 0:4, 0:6, 0:8, 1, 1:2, 1:4, 1:6, 1:8, 2. With this data, we get

S10 D 1

3
� 1
5

h
.02 C 1/�1=3 C 4.0:22 C 1/�1=3 C 2.0:42 C 1/�1=3

C � � � C 4.1:82 C 1/�1=3 C .22 C 1/�1=3
i

� 1:598005

In Exercises 23–26, calculate the approximation to the volume of the solid obtained by rotating the graph around the given axis.

23. y D cosx;
�
0; �2

�
; x-axis; M8

SOLUTION Using the disk method, the volume is given by

V D
Z �=2

0
�r2 dx D �

Z �=2

0
.cosx/2 dx

which can be estimated as

�

Z �=2

0
.cosx/2 dx � �ŒM8�:

Let f .x/ D cos2 x. We divideŒ0; �=2� into 8 subintervals of length

�x D
�
2 � 0
8

D �

16
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with midpoints

�

32
;
3�

32
;
5�

32
; : : : ;

15�

32
:

With this data, we get

V � �ŒM8� D �
�
�x.y1 C y2 C � � � C y8/

�
D �2

16

�
cos2

� �
32

�
C cos2

�
3�

32

�
C � � � C cos2

�
15�

32

��
� 2:46740:

24. y D cosx;
�
0; �2

�
; y-axis; S8

SOLUTION Using the cylindrical shell method, the volume is given by

V D
Z �=2

0
2�rh dx D 2�

Z �=2

0
x cosx dx

where the radius of the cylinder isr D x and the height ish D cosx: This can be approximated as

V D 2�

Z �=2

0
x cosx dx � 2�

h
S8

i
;

wheref .x/ D x cosx: We divideŒ0; �=2� into 8 subintervals of length

�x D
�
2 � 0
8

D �

16

with endpoints

0;
�

16
;
2�

16
; : : : ;

8�

16
:

With this data, we get

V � 2�ŒS8� D 2�

�
1

3
� �
16
.y0 C 4y1 C 2y2 C � � � C 4y7 C y8/

�

D �2

24

�
0.cos0/C 4

�

16

�
cos

�

16

�
C � � � C 8�

16

�
cos

8�

16

��
� 3:58666:

25. y D e�x2
; Œ0; 1�; x-axis; T8

SOLUTION Using the disk method, the volume is given by

V D
Z 1

0
�r2 dx D �

Z 1

0

�
e�x2 �2

dx D �

Z 1

0
e�2x2

dx:

We can use the approximation

V D �

Z 1

0
e�2x2

dx � �ŒT8�;

wheref .x/ D e�2x2
. Divide Œ0; 1� into 8 subintervals of length

�x D 1 � 0

8
D 1

8
;

with endpoints

0;
1

8
;
2

8
; : : : ; 1:

With this data, we get

V � �ŒT8� D �

�
1

2
� 1
8

�
e�2.02/ C 2e�2.1=8/2 C � � � C 2e�2.7=8/2 C e�2.1/2

��
� 1:87691:

26. y D e�x2
; Œ0; 1�; y-axis; S8
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SOLUTION Using the cylindrical shell method, the volume is given by

V D
Z 1

0
2�rh dx D 2�

Z 1

0
xe�x2

dx

wherer D x andh D e�x2
: We can use the approximation

V D 2�

Z 1

0
xe�x2

dx � 2�ŒS8�;

wheref .x/ D xe�x2
. Divide Œ0; 1� into 8 subintervals of length

�x D 1 � 0

8
D 1

8
;

with endpoints

0;
1

8
;
2

8
; : : : ; 1:

With this data, we get

V � 2�ŒS8� D 2�

�
1

3

��
1

8

��
.0/e�.02/ C 4

�
1

8

�
e�.1=8/2 C � � � C 4

�
7

8

�
e�.7=8/2 C e�12

�
� 1:98595:

27. An airplane’s velocity is recorded at 5-min intervals during a 1-hour period with the following results, in miles per hour:

550; 575; 600; 580; 610; 640; 625;

595; 590; 620; 640; 640; 630

Use Simpson’s Rule to estimate the distance traveled during the hour.

SOLUTION The distance traveled is equal to the integral
R 1
0 v.t/ dt , wheret is in hours. Since5 minutes is1=12 of an hour, we

have�t D 1=12. Simpson’s Rule gives us

S12 D 1

3
� 1
12

h
550C 4 � 575C 2 � 600C 4 � 580C 2 � 610C � � � C 4 � 640C 630

i
� 608:611:

The distance traveled during the hour is approximately 608.6 miles.

28. Use Simpson’s Rule to determine the average temperature in a museum over a 3-hour period, if the temperatures (in degrees
Celsius), recorded at 15-min intervals, are

21; 21:3; 21:5; 21:8; 21:6; 21:2; 20:8;

20:6; 20:9; 21:2; 21:1; 21:3; 21:2

SOLUTION If T .t/ represents the temperature at timet , then the average temperatureTave from t D 0 to t D 3 hours is given by

Tave D 1

3� 0

Z 3

0
T .t/ dt:

To use Simpson’s Rule to approximate this, let�t D 1=4 (15 minute intervals). Then we have

Tave D 1

3
ŒS12� D 1

3
� 1
3

� 1
4

h
21C 4 � 21:3C 2 � 21:5C � � � C 4 � 21:3C 21:2

i
� 21:2111:

The average temperature is approximately21:2ı C.

29. Tsunami Arrival Times Scientists estimate the arrival times of tsunamis (seismic ocean waves) based on the point

of origin P and ocean depths. The speeds of a tsunami in miles per hour is approximatelys D
p
15d , whered is the ocean depth

in feet.

(a) Letf .x/ be the ocean depthx miles fromP (in the direction of the coast). Argue using Riemann sums that the timeT required
for the tsunami to travelM miles toward the coast is

T D
Z M

0

dxp
15f .x/

(b) Use Simpson’s Rule to estimateT if M D 1000 and the ocean depths (in feet), measured at 100-mile intervals starting from
P , are

13;000; 11;500; 10;500; 9000; 8500;

7000; 6000; 4400; 3800; 3200; 2000
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SOLUTION

(a) At a given distance from shore, say,xi , the speed of the tsunami in mph iss D
p
15f .xi /. If we assume the speeds is constant

over a small interval�x, then the time to cover that interval at that speed is

ti D distance

speed
D �xp

15f .xi /
:

Now divide the intervalŒ0;M� intoN subintervals of length�x. The total timeT is given by

T D
NX

iD1
ti D

NX

iD1

�xp
15f .xi /

:

Taking the limit asN ! 1, we get

T D
Z M

0

dxp
15f .x/

:

(b) We have�x D 100. Simpson’s Rule gives us

S10 D 1

3
� 100

"
1p

15.13;000/
C 4p

15.11;500/
C � � � C 1p

15.2000/

#
� 3:347:

It will take the tsunami about 3 hours and 21 minutes to reach shore.

30. UseS8 to estimate
Z �=2

0

sinx

x
dx, taking the value of

sinx

x
at x D 0 to be1.

SOLUTION Divide Œ0; �=2� into 8 subintervals of length

�x D
�
2 � 0
8

D �

16

with endpoints

0;
�

16
;
2�

16
; : : : ;

8�

16
:

Taking the value of.sinx/=x atx D 0 to be1, we get

S8 D 1

3

� �
16

� �
1C 4

sin.�=16/

�=16
C 2

sin.2�=16/

2�=16
C � � � C sin.�=2/

�=2

�
� 1:37076:

31. CalculateT6 for the integralI D
Z 2

0
x3 dx.

(a) Is T6 too large or too small? Explain graphically.
(b) Show thatK2 D jf 00.2/j may be used in the error bound and find a bound for the error.
(c) EvaluateI and check that the actual error is less than the bound computed in (b).

SOLUTION Let f .x/ D x3: Divide Œ0; 2� into 6 subintervals of length�x D 2�0
6 D 1

3 with endpoints0; 13 ;
2
3 ; : : : ; 2: With this

data, we get

T6 D 1

2
� 1
3

"
03 C 2

�
1

3

�3
C 2

�
2

3

�3
C 2

�
3

3

�3
C 2

�
4

3

�3
C 2

�
5

3

�3
C .1/23

#
� 4:11111:

(a) Sincex3 is concave up onŒ0; 2�; T6 is too large.
(b) We havef 0.x/ D 3x2 andf 00.x/ D 6x. Sincejf 00.x/j D j6xj is increasingon Œ0; 2�; its maximum value occurs atx D 2 and
we may takeK2 D jf 00.2/j D 12. Then

Error.T6/ � K2.b � a/3

12N 2
D 12.2 � 0/3

12.6/2
D 2

9
� 0:22222:

(c) The exact value is

Z 2

0
x3 dx D 1

4
x4
ˇ̌
ˇ̌
2

0

D 1

4
.16 � 0/ D 4:

We can use this to compute the actual error:

Error.T6/ D jT6 � 4j � j4:11111 � 4j � 0:11111:

Since0:11111 < 0:22222, the actual error is indeed less than the maximum possible error.
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32. CalculateM4 for the integralI D
Z 1

0
x sin.x2/ dx.

(a) Use a plot off 00.x/ to show thatK2 D 3:2 may be used in the error bound and find a bound for the error.

(b) EvaluateI numerically and check that the actual error is less than the bound computed in (a).

SOLUTION Let f .x/ D x sin.x2/. Divide Œ0; 1� into 4 subintervals of length�x D 1�0
4 D 1

4 D 0:25, with endpoint0, 14 , 12 , 34 ,

and 1 and midpoints18 , 38 , 58 , and 78 . With this data, we get

M4 D 1

4

�
1

8
sin..1=8/2/C 3

8
sin..3=8/2/C 5

8
sin..5=8/2/C 7

8
sin..7=8/2/

�
� 0:224714

(a) Consider the following plot off 00.x/ D 6x cos.x2/� 4x3 sin.x2/:

1

2

3
3.2

4

y

x0
0.2 0.4 0.6 0.8 1.0

From this figure, it is clear thatf 00.x/ is bounded above (in absolute value) by3:2, so we can chooseK2 D 3:2 in the error bound
formula. With this choice, the bound for the error in theM4 approximation is

Error.M4/ � K2 � .b � a/3

24N 2
D 3:2 � .1 � 0/3

24 � 42
D 3:2

384
� 0:008333 � 8:333 � 10�3

(b) Using a computer algebra system,I � 0:2298488, so the actual error is

� 0:2298488 � 0:224714 D 0:005135 < 0:008333

In Exercises 33–36, state whetherTN or MN underestimates or overestimates the integral and find a bound for the error (but do
not calculateTN or MN ).

33.
Z 4

1

1

x
dx, T10

SOLUTION Let f .x/ D 1
x . Thenf 0.x/ D �1

x2 andf 00.x/ D 2
x3 > 0 on Œ1; 4�, sof .x/ is concave up, andT10 overestimates the

integral. Sincejf 00.x/j D j 2
x3 j has its maximum value onŒ1; 4� atx D 1, we can takeK2 D 2

13 D 2, and

Error.T10/ � K2.4 � 1/3

12N 2
D 2.3/3

12.10/2
D 0:045:

34.
Z 2

0
e�x=4 dx, T20

SOLUTION Let f .x/ D e�x=4. Thenf 0.x/ D �.1=4/e�x=4 and

f 00.x/ D 1

16
e�x=4 > 0

on Œ0; 2�, sof .x/ is concave up, andT20 overestimates the integral. Sincejf 00.x/j D j.1=16/e�x=4j has its maximum value on
Œ0; 2� atx D 0, we can takeK2 D j.1=16/e0j D 1=16, and

Error.T20/ � K2.2 � 0/3

12N 2
D

1
16 .2/

3

12.20/2
D 1:04167 � 10�4:

35.
Z 4

1
ln x dx, M10

SOLUTION Let f .x/ D ln x. Thenf 0.x/ D 1=x and

f 00.x/ D � 1

x2
< 0

on Œ1; 4�, sof .x/ is concave down, andM10 overestimates the integral. Sincejf 00.x/j D j � 1=x2j has its maximum value on
Œ1; 4� atx D 1, we can takeK2 D j � 1=12j D 1, and

Error.M10/ � K2.4 � 1/3

24N 2
D .1/.3/3

24.10/2
D 0:01125:
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36.
Z �=4

0
cosx, M20

SOLUTION Let f .x/ D cosx. Thenf 0.x/ D � sinx and f 00.x/ D � cosx < 0 on Œ0; �=4�, so f .x/ is concave down,
andM20 overestimates the integral. Sincejf 00.x/j D j � cosxj has its maximum value onŒ0; �=4� at x D 0, we can take
K2 D j � cos.0/j D 1, and

Error.M20/ � K2.�=4 � 0/3

24N 2
D .1/.�=4/3

24.20/2
D 5:04659 � 10�5:

In Exercises 37–40, use the error bound to find a value ofN for which Error.TN / � 10�6. If you have a computer algebra
system, calculate the corresponding approximation and confirm that the error satisfies the required bound.

37.
Z 1

0
x4 dx

SOLUTION Let f .x/ D x4. Thenf 0.x/ D 4x3 andjf 00.x/j D j12x2j; which has its maximum value onŒ0; 1� atx D 1, so we
can takeK2 D j12.1/2j D 12. Then we have

Error.TN / � K2.1 � 0/3

12N 2
D 12

12N 2
D 1

N 2
:

To ensure that the error is at most10�6, we must chooseN such that

1

N 2
� 1

106
:

This givesN 2 � 106 orN � 103. Thus letN D 1000: The exact value of the integral is

Z 1

0
x4 dx D x5

5

ˇ̌
ˇ̌
1

0

D 1

5
D 0:2:

Using a CAS, we find that

T1000 � 0:2000003333:

The actual error is approximatelyj0:2000003333 � 0:2j � 3:333 � 10�7; and is indeed less than10�6.

38.
Z 3

0
.5x4 � x5/ dx

SOLUTION Let f .x/ D 5x4 � x5. Thenf 0.x/ D 20x3 � 5x4 andf 00.x/ D 60x2 � 20x3. A plot reveals thatf 00.x/ � 0

on Œ0; 3�; it achieves its maximum value where its derivative is zero, which is where120x � 60x2 D 0, sox D 2. jf 00.2/j D
j60 � 22 � 20 � 23j D 80, so we may takeK2 D 80 in the error bound approximation. Then we have

Error.TN / � K2.3 � 0/3

12N 2
D 180

N 2

To ensure that the error is at most10�6, we must chooseN such that

180

N 2
� 10�6; or N 2 � 180 � 106 D 1:8 � 108

ThusN �
p
1:8 � 104 � 1:34164 � 104, so letN D 13;417. Using a computer algebra system, we get

T13417 � 121:5000006000

The true value of the integral is

I D
Z 3

0

�
5x4 � x5

�
dx D

�
x5 � 1

6
x6
� ˇ̌
ˇ̌
3

0

D 121:5

so thatT13417 � I � 0:0000006 D 6 � 10�7 < 10�6.

39.
Z 5

2

1

x
dx
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SOLUTION Let f .x/ D 1=x. Thenf 0.x/ D �1=x2 andjf 00.x/j D j2=x3j, which has its maximum value onŒ2; 5� atx D 2, so
we can takeK2 D j2=23j D 1=4. Then we have

Error.TN / � K2.5� 2/3

12N 2
D .1=4/33

12N 2
D 9

16N 2
:

To ensure that the error is at most10�6, we must chooseN such that

9

16N 2
� 1

106
:

This gives us

N 2 � 9 � 106
16

) N �

s
9 � 106
16

D 750:

Thus letN D 750: The exact value of the integral is

Z 5

2

1

x
dx D ln 5 � ln 2 � 0:9162907314:

Using a CAS, we find that

T750 � 0:9162910119:

The error is approximately

j0:9162907314 � 0:9162910119j � 2:805 � 10�7

and is indeed less than10�6.

40.
Z 3

0
e�x dx

SOLUTION Let f .x/ D e�x . Thenf 0.x/ D �e�x and jf 00.x/j D je�x j D e�x , which has its maximum value onŒ0; 3� at
x D 0, so we can takeK2 D e0 D 1. Then we have

Error.TN / � K2.3 � 0/3

12N 2
D .1/33

12N 2
D 9

4N 2
:

To ensure that the error is at most10�6, we must chooseN such that

9

4N 2
� 1

106
:

This gives us

N 2 � 9 � 106
4

) N �

s
9 � 106
4

D 1500:

Thus letN D 1500: The exact value of the integral is

Z 3

0
e�x dx D

�
�e�3� �

�
�e�0� D 1 � e�3 � 0:9502129316:

Using a CAS, we find that

T1500 � 0:9502132468:

The error is approximately

j0:9502129316 � 0:9502132468j � 3:152 � 10�7

and is indeed less than10�6.

41. Compute the error bound for the approximationsT10 andM10 to
R 3
0 .x

3 C 1/�1=2 dx, using Figure 2 to determine a value of
K2. Then find a value ofN such that the error inMN is at most10�6.
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1 2 3

−1

1

x

y

FIGURE 2 Graph off 00.x/, wheref .x/ D .x3 C 1/�1=2.

SOLUTION Clearly, in the range0 � x � 3, we havejf 00.x/j � 1, so we may chooseK2 D 1. Then

Error.T10/ � K2.3 � 0/3

12N 2
D 27

12 � 102
D 27

1200
D 0:0225

Error.M10/ � K2.3 � 0/3

24N 2
D 27

24 � 102
D 27

2400
D 0:01125

In order for the error inMN to be at most10�6, we must have

Error.MN / � K2.3 � 0/3

24N 2
D 9

8N 2
� 10�6

so that8N 2 � 9 � 106 andN 2 � 1;125;000. Thus we must chooseN �
p
1;125;000 � 1060:7, so thatN D 1061.

42. (a) ComputeS6 for the integralI D
Z 1

0
e�2x dx.

(b) Show thatK4 D 16 may be used in the error bound and compute the error bound.

(c) EvaluateI and check that the actual error is less than the bound for the error computed in (b).

SOLUTION

(a) Let f .x/ D e�2x . We divideŒ0; 1� into six subintervals of length�x D .1 � 0/=6 D 1=6, with endpoints0; 1=6; : : : ; 5=6; 1:
With this data, we get

S6 D 1

3
� 1
6

h
e�2.0/ C 4e�2.1=6/ C 2e�2.2=6/ C � � � C e�2.1/

i
� 0:432361:

(b) Taking derivatives, we get

f 0.x/ D �2e�2x ; f 00.x/ D 4e�2x ; f .3/.x/ D �8e�2x ; f .4/.x/ D 16e�2x :

Sincejf .4/.x/j D j16e�2x j assumes its maximum value onŒ0; 1� atx D 0, we can setK4 D j16e0j D 16. Then we have

Error.S6/ � K4.1 � 0/5

180N 4
D 16

180 � 64
� 6:86 � 10�5:

(c) The exact value of the integral is

Z 1

0
e�2x dx D e�2x

�2

ˇ̌
ˇ̌
1

0

D 1 � e�2

2
� 0:432332:

The actual error is

Error.S6/ � j0:432361 � 0:432332j � 2:9 � 10�5:

The error is indeed less than the maximum possible error.

43. CalculateS8 for
R 5
1 lnx dx and calculate the error bound. Then find a value ofN such thatSN has an error of at most10�6.

SOLUTION Let f .x/ D ln x. We divide Œ1; 5� into eight subintervals of length�x D .5 � 1/=8 D 0:5, with endpoints
1; 1:5; 2; : : : ; 5: With this data, we get

S8 D 1

3
� 1
2

h
ln1C 4 ln 1:5C 2 ln 2C � � � C 4 ln 4:5C ln 5

i
� 4:046655:

To find the maximum possible error, we first take derivatives:

f 0.x/ D 1

x
; f 00.x/ D � 1

x2
; f .3/.x/ D 2

x3
; f .4/.x/ D � 6

x4
:
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Since jf .4/.x/j D j � 6x�4j D 6x�4, assumes its maximum value onŒ1; 5� at x D 1, we can setK4 D 6.1/�4 D 6. Then we
have

Error.S8/ � K4.5� 1/5

180N 4
D 6 � 45

180 � 84
� 0:0083333:

To ensure thatSN has error at most10�6, we must findN such that

6 � 45
180N 4

� 1

106
:

This gives us

N 4 � 6 � 45 � 106
180

) N �
 
6 � 45 � 106

180

!1=4
� 76:435:

Thus letN D 78 (remember thatN must be even when using Simpson’s Rule).

44. Find a bound for the error in the approximationS10 to
R 3
0 e

�x2
dx (use Figure 3 to determine a value ofK4). Then find a

value ofN such thatSN has an error of at most10�6.

1 2 3

−8

12

x

y

FIGURE 3 Graph off .4/.x/, wheref .x/ D e�x2
.

SOLUTION From the graph, we see thatjf .4/.x/j � 12, so we setK4 D 12. This gives us

Error.S10/ � K4.3 � 0/5
180N 4

D 12 � 35
180 � 104

D 0:00162:

To ensure thatSN has error at most10�6, we must findN such that

12 � 35

180 �N 4
� 1

106
:

This gives us

N 4 � 12 � 35 � 106
180

) N �
 
12 � 35 � 106

180

!1=4
� 63:44:

Thus letN D 64:

45. Use a computer algebra system to compute and graphf .4/.x/ for f .x/ D
p
1C x4 and find a bound for the error in

the approximationS40 to
Z 5

0
f .x/ dx.

SOLUTION From the graph off .4/.x/ shown below, we see thatjf .4/.x/j � 15 on Œ0; 5�. Therefore we setK4 D 15: Now we
have

Error.S40/ � 15.5 � 0/5

180.40/4
D 5

49152
� 1:017 � 10�4:

54321

−15

−10

−5

15

10

5

x

y

46. Use a computer algebra system to compute and graphf .4/.x/ for f .x/ D tanx � secx and find a bound for the error

in the approximationS40 to
Z �=4

0
f .x/ dx.
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SOLUTION From the graph off .4/.x/ shown below, we see thatjf .x/.x/j � 5 on Œ0; �=4�. Therefore we setK4 D 5: Now we
have

Error.S40/ � 5.�=4 � 0/5

180.40/4
� 3:243 � 10�9:

0.80.60.40.2

−4

−3

−2

−5

−1

x
y

In Exercises 47–50, use the error bound to find a value ofN for which Error.SN / � 10�9.

47.
Z 6

1
x4=3 dx

SOLUTION Let f .x/ D x4=3. We start by taking derivatives:

f 0.x/ D 4

3
x1=3

f 00.x/ D 4

9
x�2=3

f 000.x/ D � 8

27
x�5=3

f .4/.x/ D 40

81
x�8=3

For x � 1, f .4/.x/ is a decreasing function ofx, so it takes its maximum value onŒ1; 6� at x D 1. That maximum value is4081 ,
which is quite close to (but smaller than)12 . For simplicity, we takeK4 D 1

2 . Then

Error.SN / � K4.b � a/5

180N 4
D .6 � 1/5

2 � 180 �N 4
D 55

360N 4
D 625

72N 4
� 10�9

Thus72N 4 � 625 � 109, so that

N �
 
625 � 109

72

!1=4
� 305:24

so we can takeN D 306.

48.
Z 4

0
xex dx

SOLUTION Let f .x/ D xex : To findK4, we first take derivatives:

f 0.x/ D xex C ex

f 00.x/ D xex C 2ex

f .3/.x/ D xex C 3ex

f .4/.x/ D xex C 4ex :

On the intervalŒ0; 4�,

jf .4/.x/j D jxex C 4ex j � j4e4 C 4e4j D 8e4:

Therefore we setK4 D 8e4, and we have

Error.SN / � K4.4 � 0/5

180N 4
D 8e4 � 45

180N 4
:

To ensure thatSN has error at most10�9, we must findN such that

8e4 � 45
180N 4

� 1

109
:
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This gives us

N 4 � 8e4 � 45 � 109
180

) N �
 
8e4 � 45 � 109

180

!1=4
� 1255:52:

Thus letN D 1256:

49.
Z 1

0
ex

2

dx

SOLUTION Let f .x/ D ex
2
: To findK4, we first take derivatives:

f 0.x/ D 2xex
2

f 00.x/ D 4x2ex
2 C 2ex

2

f .3/.x/ D 8x3ex
2 C 12xex

2

f .4/.x/ D 16x4ex
2 C 48x2ex

2 C 12ex
2

:

On the intervalŒ0; 1�, jf .4/.x/j assumes its maximum value atx D 1. Therefore we set

K4 D jf .4/.1/j D 16e C 48e C 12e D 76e:

Now we have

Error.SN / � K4.1 � 0/5

180N 4
D 76e

180N 4
:

To ensure thatSN has error at most10�9, we must findN such that

76e

180N 4
� 1

109
:

This gives us

N 4 � 76e � 109
180

) N �
 
76e � 109
180

!1=4
� 184:06:

Thus we letN D 186 (remember thatN must be even when using Simpson’s Rule).

50.
Z 4

1
sin.lnx/ dx

SOLUTION Let f .x/ D sin.ln x/: To findK4, we first take derivatives:

f 0.x/ D cos.ln x/

x

f 00.x/ D � sin.lnx/� cos.ln x/

x2

f .3/.x/ D cos.ln x/C 3 sin.ln x/

x3

f .4/.x/ D �10 sin.ln x/

x4

1 32

−1

−0.6

x
y

−0.4

−0.8

−0.2

From the graph ofy D f .4/.x/ shown above, we can see that on the intervalŒ1; 4�, jf .4/.x/j � 1. Therefore we setK4 D 1. Now
we have

Error.SN / � .1/.4 � 1/5
180N 4

D 35

180N 4
:
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To ensure thatSN has error at most10�9, we must findN such that

35

180N 4
� 1

109
:

This gives us

N 4 � 35 � 109
180

) N �
 
35 � 109
180

!1=4
� 191:7:

Thus we letN D 192:

51. Show that
Z 1

0

dx

1C x2
D �

4
[use Eq. (3) in Section 5.7].

(a) Use a computer algebra system to graphf .4/.x/ for f .x/ D .1C x2/�1 and find its maximum onŒ0; 1�.

(b) Find a value ofN such thatSN approximates the integral with an error of at most10�6. Calculate the corresponding approxi-
mation and confirm that you have computed�4 to at least four places.

SOLUTION Recall from Section 3.9 that

d

dx
tan�1.x/ D 1

1C x2
:

So then
Z 1

0

dx

1C x2
D tan�1 x

ˇ̌
ˇ̌
1

0

D tan�1.1/� tan�1.0/ D �

4
:

(a) From the graph off .4/.x/ shown below, we can see that the maximum value ofjf .4/.x/j on the intervalŒ0; 1� is 24.

10.80.60.40.2
−10

30

10

20

x

y

(b) From part (a), we setK4 D 24. Then we have

Error.SN / � 24.1 � 0/5

180N 4
D 2

15N 4
:

To ensure thatSN has error at most10�6, we must findN such that

2

15N 4
� 1

106
:

This gives us

N 4 � 2 � 106
15

) N �
 
2 � 106
15

!1=4
� 19:1:

Thus letN D 20: To computeS20, let�x D .1 � 0/=20 D 0:05. The endpoints ofŒ0; 1� are0; 0:05; : : : ; 1: With this data, we
get

S20 D 1

3

�
1

20

��
1

1C 02
C 4

1C .0:05/2
C 2

1C .0:1/2
C � � � C 1

1C 12

�
� 0:785398163242:

The actual error is

j0:785398163242 � �=4j D j0:785398163242 � 0:785398163397j D 1:55 � 10�10:

52. LetJ D
Z 1

0
e�x2

dx andJN D
Z N

0
e�x2

dx. Althoughe�x2
has no elementary antiderivative, it is known thatJ D

p
�=2.

LetTN be theN th trapezoidal approximation toJN . CalculateT4 and show thatT4 approximatesJ to three decimal places.
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SOLUTION T4 is the4th trapezoidal approximation toJ4 D
R 4
0 e

�x2
dx. We divide the intervalŒ0; 4� into four subintervals, with

endpoints0, 1, 2, 3, and4. Then

T4 D 1

2
� 1
h
e�02 C 2e�12 C 2e�22 C 2e�32 C e�42

i
� 0:8863185

We have

T4 � J � 0:8863185 �
p
�

2
� 0:8863185 � 0:8862269 � 0:0000916

53. Let f .x/ D sin.x2/ andI D
Z 1

0
f .x/ dx.

(a) Check thatf 00.x/ D 2 cos.x2/� 4x2 sin.x2/. Then show thatjf 00.x/j � 6 for x 2 Œ0; 1�. Hint: Note thatj2 cos.x2/j � 2 and
j4x2 sin.x2/j � 4 for x 2 Œ0; 1�.

(b) Show that Error(MN / is at most
1

4N 2
.

(c) Find anN such thatjI �MN j � 10�3.

SOLUTION

(a) Taking derivatives, we get

f 0.x/ D 2x cos.x2/

f 00.x/ D 2x.� sin.x2/ � 2x/C 2 cos.x2/ D 2 cos.x2/� 4x2 sin.x2/:

On the intervalŒ0; 1�;

jf 00.x/j D j2 cos.x2/ � 4x2 sin.x2/j � j2 cos.x2/j C j4x2 sin.x2/j � 2C 4 D 6:

(b) UsingK2 D 6, we get

Error.MN / � K2.1 � 0/3

24N 2
D 6

24N 2
D 1

4N 2
:

(c) To ensure thatMN has error at most10�3, we must findN such that

1

4N 2
� 1

103
:

This gives us

N 2 � 103

4
D 250 ) N �

p
250 � 15:81:

Thus letN D 16:

54. The error bound forMN is proportional to1=N 2, so the error bound decreases by14 if N is increased to2N .

Compute the actual error inMN for
R �
0 sinx dx for N D 4, 8, 16, 32, and 64. Does the actual error seem to decrease by1

4 asN is
doubled?

SOLUTION The exact value of the integral is

Z �

0
sinx dx D � cosx

ˇ̌
ˇ̌
�

0

D �.�1/ � .1/ D 2:

To computeM4, we have�x D .� � 0/=4 D �=4, and midpoints�=8; 3�=8; 5�=8; 7�=8: With this data, we get

M4 D �

4

�
sin
��
8

�
C sin

�
3�

8

�
C sin

�
5�

8

�
C sin

�
7�

8

��
� 2:052344:

The values forM8;M16;M32; andM64 are computed similarly:

M8 D �

8

�
sin
� �
16

�
C sin

�
3�

16

�
C � � � C sin

�
15�

16

��
� 2:012909I

M16 D �

16

�
sin
� �
32

�
C sin

�
3�

32

�
C � � � C sin

�
31�

32

��
� 2:0032164I

M32 D �

32

�
sin
� �
64

�
C sin

�
3�

64

�
C � � � C sin

�
63�

64

��
� 2:00080342I
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M64 D �

64

�
sin
� �

128

�
C sin

�
3�

128

�
C � � � C sin

�
127�

128

��
� 2:00020081:

Now we can compute the actual errors for eachN :

Error.M4/ D j2 � 2:052344j D 0:052344

Error.M8/ D j2 � 2:012909j D 0:012909

Error.M16/ D j2 � 2:0032164j D 0:0032164

Error.M32/ D j2 � 2:00080342j D 0:00080342

Error.M64/ D j2 � 2:00020081j D 0:00020081

The actual error does in fact decrease by about1=4 each timeN is doubled.

55. Observe that the error bound forTN (which has12 in the denominator) is twice as large as the error bound for
MN (which has24 in the denominator). Compute the actual error inTN for

R �
0 sinx dx for N D 4, 8, 16, 32, and 64 and compare

with the calculations of Exercise 54. Does the actual error inTN seem to be roughly twice as large as the error inMN in this case?

SOLUTION The exact value of the integral is

Z �

0
sinx dx D � cosx

ˇ̌
ˇ̌
�

0

D �.�1/ � .1/ D 2:

To computeT4, we have�x D .� � 0/=4 D �=4, and endpoints0; �=4; 2�=4; 3�=4; �: With this data, we get

T4 D 1

2
� �
4

�
sin.0/C 2 sin

��
4

�
C 2 sin

�
2�

4

�
C 2 sin

�
3�

4

�
C sin.�/

�
� 1:896119:

The values forT8; T16; T32; andT64 are computed similarly:

T8 D 1

2
� �
8

�
sin.0/C 2 sin

��
8

�
C 2 sin

�
2�

8

�
C � � � C 2 sin

�
7�

8

�
C sin.�/

�
� 1:974232I

T16 D 1

2
� �
16

�
sin.0/C 2 sin

� �
16

�
C 2 sin

�
2�

16

�
C � � � C 2 sin

�
15�

16

�
C sin.�/

�
� 1:993570I

T32 D 1

2
� �
32

�
sin.0/C 2 sin

� �
32

�
C 2 sin

�
2�

32

�
C � � � C 2 sin

�
31�

32

�
C sin.�/

�
� 1:998393I

T64 D 1

2
� �
64

�
sin.0/C 2 sin

� �
64

�
C 2 sin

�
2�

64

�
C � � � C 2 sin

�
63�

64

�
C sin.�/

�
� 1:999598:

Now we can compute the actual errors for eachN :

Error.T4/ D j2 � 1:896119j D 0:103881

Error.T8/ D j2 � 1:974232j D 0:025768

Error.T16/ D j2 � 1:993570j D 0:006430

Error.T32/ D j2 � 1:998393j D 0:001607

Error.T64/ D j2 � 1:999598j D 0:000402

Comparing these results with the calculations of Exercise 54, we see that the actual error inTN is in fact about twice as large as the
error inMN .

56. Explain why the error bound forSN decreases by116 if N is increased to2N . Compute the actual error in

SN for
R �
0 sinx dx for N D 4, 8, 16, 32, and 64. Does the actual error seem to decrease by1

16 asN is doubled?

SOLUTION If we plug in2N for N in the formula for the error bound forSN , we get

K4.b � a/5

180.2N/4
D K4.b � a/5

180 � 24 �N 4
D 1

16

 
K4.b � a/5

180N 4

!
:

Thus we see that, sinceN is raised to the fourth power in the denominator, the Error Bound forSN decreases by1=16 if N is
increased to2N . The exact value of the integral is

Z �

0
sinx dx D � cosx

ˇ̌
ˇ̌
�

0

D �.�1/ � .1/ D 2:
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To computeS4, we have�x D .� � 0/=4 D �=4, and endpoints0; �=4; 2�=4; 3�=4; �: With this data, we get

S4 D 1

3
� �
4

�
sin.0/C 4 sin

��
4

�
C 2 sin

�
2�

4

�
C 4 sin

�
3�

4

�
C sin.�/

�
� 2:004560:

The values forS8; S16; S32; andS64 are computed similarly:

S8 D 1

3
� �
8

�
sin.0/C 4 sin

��
8

�
C 2 sin

�
2�

8

�
C � � � C 4 sin

�
7�

8

�
C sin.�/

�
� 2:0002692I

S16 D 1

3
� �
16

�
sin.0/C 4 sin

� �
16

�
C 2 sin

�
2�

16

�
C � � � C 4 sin

�
15�

16

�
C sin.�/

�
� 2:00001659I

S32 D 1

3
� �
32

�
sin.0/C 4 sin

� �
32

�
C 2 sin

�
2�

32

�
C � � � C 4 sin

�
31�

32

�
C sin.�/

�
� 2:000001033I

S64 D 1

3
� �
64

�
sin.0/C 4 sin

� �
64

�
C 2 sin

�
2�

64

�
C � � � C 4 sin

�
63�

64

�
C sin.�/

�
� 2:00000006453:

Now we can compute the actual errors for eachN :

Error.S4/ D j2 � 2:004560j D 0:004560

Error.S8/ D j2 � 2:0002692j D 2:692 � 10�4

Error.S16/ D j2 � 2:00001659j D 1:659 � 10�5

Error.S32/ D j2 � 2:000001033j D 1:033 � 10�6

Error.S64/ D j2 � 2:00000006453j D 6:453 � 10�8

The actual error does in fact decrease by about1=16 each timeN is doubled. For example,0:004560=16 D 2:85 � 10�4, which is
roughly the same as2:692 � 10�4.

57. Verify thatS2 yields the exact value of
Z 1

0
.x � x3/ dx.

SOLUTION Let f .x/ D x � x3. Clearlyf .4/.x/ D 0, so we may takeK4 D 0 in the error bound estimate forS2. Then

Error.S2/ � K4.1 � 0/5

180 � 24
D 0 � 1

2880
D 0

so thatS2 yields the exact value of the integral.

58. Verify thatS2 yields the exact value of
Z b

a
.x � x3/ dx for all a < b.

SOLUTION Let f .x/ D x � x3. Clearlyf .4/.x/ D 0, so we may takeK4 D 0 in the error bound estimate forS2. Then

Error.S2/ � K4.b � a/5

180 � 24
D 0 � .b � a/5

2880
D 0

so thatS2 yields the exact value of the integral.

Further Insights and Challenges

59. Show that iff .x/ D rx C s is a linear function (r; s constants), thenTN D
Z b

a
f .x/ dx for all N and all endpointsa; b.

SOLUTION First, note that

Z b

a
.rx C s/ dx D r.b2 � a2/

2
C s.b � a/:

Now,

TN .rx C s/ D b � a

2N

2
4f .a/C 2

N�1X

iD1
f .xi /C f .b/

3
5 D r.b � a/

2N

2
4aC 2

N�1X

iD1
aC 2

b � a

N

N�1X

iD1
i C b

3
5C s

b � a
2N

.2N/

D r.b � a/

2N

�
.2N � 1/a C 2

b � a
N

.N � 1/N
2

C b

�
C s.b � a/ D r.b2 � a2/

2
C s.b � a/:
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60. Show that iff .x/ D px2 C qx C r is a quadratic polynomial, thenS2 D
Z b

a
f .x/ dx. In other words, show that

Z b

a
f .x/ dx D b � a

6

�
y0 C 4y1 C y2

�

wherey0 D f .a/, y1 D f

�
aC b

2

�
, andy2 D f .b/. Hint: Show this first forf .x/ D 1, x, x2 and use linearity.

SOLUTION ForS2,�x D .b � a/=2; and the endpoints area; .aC b/=2; b: Following the hint, letf .x/ D 1. In this case,

S2.1/ D 1

3

�
b � a

2

��
f .a/C 4f

�
aC b

2

�
C f .b/

�
D b � a

6
.1C 4.1/C 1/ D b � a

6
.6/

D b � a D
Z b

a
1dx:

If f .x/ D x, then

S2.x/ D 1

3

�
b � a

2

��
f .a/C 4f

�
aC b

2

�
C f .b/

�
D b � a

6

�
aC 4

�
aC b

2

�
C b

�
D b � a

6

�
6aC 6b

2

�

D b2 � a2

2
D
Z b

a
x dxI

and iff .x/ D x2, then

S2.x
2/ D 1

3

�
b � a

2

��
f .a/C 4f

�
aC b

2

�
C f .b/

�
D b � a

6

 
a2 C 4

�
aC b

2

�2
C b2

!

D b � a

6

�
a2 C .a2 C 2ab C b2/C b2

�
D b � a

6
.2/.a2 C ab C b2/ D b3 � a3

3
D
Z b

a
x2 dx:

Now we use linearity:

Z b

a
.px2 C qx C r/ dx D p

Z b

a
x2 dx C q

Z b

a
x dx C r

Z b

a
dx

D pS2.x
2/C qS2.x/C rS2.1/ D S2.pa

2 C qaC r/:

61. ForN even, divideŒa; b� intoN subintervals of width�x D b � a
N

. Setxj D a C j �x, yj D f .xj /, and

S
2j
2 D b � a

3N

�
y2j C 4y2jC1 C y2jC2

�

(a) Show thatSN is the sum of the approximations on the intervalsŒx2j ; x2jC2�—that is,SN D S02 C S22 C � � � C SN�2
2 .

(b) By Exercise 60,S2j2 D
Z x2j C2

x2j

f .x/ dx if f .x/ is a quadratic polynomial. Use (a) to show thatSN is exactfor all N if f .x/

is a quadratic polynomial.

SOLUTION

(a) This result follows because the even-numbered interior endpoints overlap:

.N�2/=2X

iD0
S
2j
2 D b � a

6
Œ.y0 C 4y1 C y2/C .y2 C 4y3 C y4/C � � � �

D b � a
6

Œy0 C 4y1 C 2y2 C 4y3 C 2y4 C � � � C 4yN�1 C yN � D SN :

(b) If f .x/ is a quadratic polynomial, then by part (a) we have

SN D S02 C S22 C � � � C SN�2
2 D

Z x2

x0

f .x/ dx C
Z x4

x2

f .x/ dx C � � � C
Z xN

xN �2

f .x/ dx D
Z b

a
f .x/ dx:

62. Show thatS2 also gives the exact value for
Z b

a
x3 dx and conclude, as in Exercise 61, thatSN is exact for all cubic polyno-

mials. Show by counterexample thatS2 is not exact for integrals ofx4.
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SOLUTION Let f .x/ D x3. Then�x D .b � a/=2 and the endpoints area; .aC b/=2; b. With this data, we get

S2.x
3/ D 1

3

�
b � a

2

�"
a3 C 4

�
aC b

2

�3
C b3

#
D b � a

6

�
a3 C 1

2
.a3 C 3a2b C 3ab2 C b3/C b3

�

D b � a
6

�
3

2

�
Œa3 C a2b C ab2 C b3� D 1

4
.b � a/.a3 C a2b C ab2 C b3/ D b4 � a4

4
D
Z b

a
x3 dx:

By linearity, and using the result from Exercise 60, we have that

Z b

a
.sx3 C px2 C qx C r/ dx D s

Z b

a
x3 dx C

Z b

a
.px2 C qx C r/ dx

D s
�
S2.x

3/
�

C S2.px
2 C qx C r/

D S2.sx
3 C px2 C qx C r/:

ForN even, we can now follow the procedure of Exercise 61; that is, divideŒa; b� into N subintervals and on each subinterval
computeS2. Then, for any cubic polynomialf .x/, we have

Z b

a
f .x/ dx D

Z x2

a
f .x/ dx C

Z x4

x2

f .x/ dx C � � � C
Z b

xN �2

f .x/ dx D S02 C S22 C � � � C SN�2
2 D SN :

However,S2 is not exact for polynomials of degree4. For example,

Z 1

0
x4 dx D 1

5

but

S2 D 1

3

�
1

2

�h
05 C 4.0:5/5 C 15

i
D 1

6

�
33

32

�
D 11

64
¤ 1

5
:

63. Use the error bound forSN to obtain another proof that Simpson’s Rule is exact for all cubic polynomials.

SOLUTION Let f .x/ D ax3 C bx2 C cx C d , with a ¤ 0, be any cubic polynomial. Then,f .4/.x/ D 0, so we can take
K4 D 0. This yields

Error.SN / � 0

180N 4
D 0:

In other words,SN is exact for all cubic polynomials for allN .

64. Sometimes, Simpson’s Rule Performs Poorly CalculateM10 andS10 for the integral
R 1
0

p
1 � x2 dx, whose value

we know to be�4 (one-quarter of the area of the unit circle).

(a) We usually expectSN to be more accurate thanMN . Which ofM10 andS10 is more accurate in this case?

(b) How do you explain the result of part (a)?Hint: The error bounds are not valid becausejf 00.x/j andjf .4/.x/j tend to1 as
x ! 1, but jf .4/.x/j goes to infinity faster.

SOLUTION Let f .x/ D
p
1 � x2. Divide Œ0; 1� into 10 subintervals of length�x D .1 � 0/=10 D 0:1 Then we have

M10 D 1

10

hq
1 � .0:05/2 C

q
1 � .0:15/2 C � � � C

q
1 � .0:95/2

i
� 0:788103I

S10 D 1

3

�
1

10

�hp
1 � 02 C 4

q
1 � .0:1/2 C 2

q
1 � .0:2/2 C � � � C

p
1 � 12

i
� 0:781752:

(a) Since�=4 D 0:785389, we have

Error.M10/ D 0:0027I

Error.S10/ D 0:00365:

Thus,M10 is more accurate.

(b) These results can be explained by looking at the derivatives:

f 0.x/ D �xp
1 � x2

f 00.x/ D �1
.1 � x2/3=2
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f .3/.x/ D �3x
.1 � x2/5=2

f .4/.x/ D �3.x2 C 1/

.1 � x2/7=2

Both jf 00.x/j andjf .4/.x/j tend to1 asx ! 1, but jf .4/.x/j tends to1 faster due to the7=2 exponent in the denominator.

CHAPTER REVIEW EXERCISES

1. Match the integrals (a)–(e) with their antiderivatives (i)–(v) on the basis of the general form (do not evaluate the integrals).

(a)
Z

x dx

x2 � 4
(b)

Z
.2x C 9/ dx

x2 C 4

(c)
Z

sin3 x cos2 x dx (d)
Z

dx

x
p
16x2 � 1

(e)
Z

16 dx

x.x � 4/2

(i) sec�1 4x C C

(ii) log jxj � log jx � 4j � 4

x � 4
C C

(iii)
1

30
.3 cos5 x � 3 cos3 x sin2 x � 7 cos3 x/C C

(iv)
9

2
tan�1 x

2
C ln.x2 C 4/C C (v)

p
x2 � 4C C

SOLUTION

(a)
Z

x dxp
x2 � 4

Sincex is a constant multiple of the derivative ofx2 � 4, the substitution method implies that the integral is a constant multiple ofZ
dup
u

whereu D x2 � 4, that is a constant multiple of
p
u D

p
x2 � 4. It corresponds to the function in(v).

(b)
Z
.2x C 9/ dx

x2 C 4

The part
Z

2x
x2C4 dx corresponds to ln.x2 C 4/ in (iv) and the part

Z
9

x2C4 dx corresponds to92 tan�1 x
2 . Hence the integral

corresponds to the function in(iv).

(c)
Z

sin3xcos2x dx

The reduction formula for
Z

sinm x cosn x dx shows that this integral is equal to a sum of constant multiples of products in the

form cosi x sinj x as in(iii) .

(d)
Z

dx

x
p
16x2 � 1

Since
Z

dx

jxj
p
x2�1

D sec�1 x C C , we expect the integral
Z

dx

x
p
16x2�1

to be equal to the function in(i).

(e)
Z

16 dx

x.x � 4/2

The partial fraction decomposition of the integrand has the form:

A

x
C B

x � 4
C C

.x � 4/2

The termA
x contributes the functionA ln jxj to the integral, the termB

x�4 contributesB ln jx � 4j and the term C

.x�4/2
contributes

� C
x�4 . Therefore, we expect the integral to be equal to the function in(ii) .

2. Evaluate
Z

x dx

x C 2
in two ways: using substitution and using the Method of Partial Fractions.
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SOLUTION Using substitution, writeu D x C 2; thendu D dx and
Z

x

x C 2
dx D

Z
u � 2

u
du D

Z
1 du � 2

Z
1

u
du D u � 2 ln juj C C1

D x C 2 � 2 ln jx C 2j C C1 D x � 2 ln jx C 2j C C

Using partial fractions, first do long division to get

x

x C 2
D 1 � 2

x C 2

Then
Z

x

x C 2
dx D

Z �
1 � 2

x C 2

�
dx D

Z
1 dx � 2

Z
1

x C 2
dx D x � 2 ln jx C 2j C C

In Exercises 3–12, evaluate using the suggested method.

3.
Z

cos3 � sin8 � d� [write cos3 � as cos�.1� sin2 �/]

SOLUTION We use the identity cos2� D 1 � sin2� to rewrite the integral:
Z

cos3�sin8� d� D
Z

cos2�sin8� cos� d� D
Z �

1 � sin2�
�

sin8� cos� d�:

Now, we use the substitutionu D sin� , du D cos� d� :
Z

cos3�sin8� d� D
Z �

1 � u2
�
u8 du D

Z �
u8 � u10

�
du D u9

9
� u11

11
C C D sin9�

9
� sin11�

11
C C:

4.
Z
xe�12x dx (Integration by Parts)

SOLUTION We use Integration by Parts withu D x andv0 D e�12x . Thenu0 D 1, v D � 1
12e

�12x , and we obtain:

Z
xe�12x dx D �xe

�12x

12
C
Z

1

12
e�12x dx D �xe

�12x

12
� 1

144
e�12x C C D �e

�12x

144
.12x C 1/C C:

5.
Z

sec3 � tan4 � d� (trigonometric identity, reduction formula)

SOLUTION We use the identity1C tan2� D sec2� to write tan4� D
�
sec2� � 1

�2
and to rewrite the integral as

Z
sec3� tan4� d�

Z
sec3�

�
1 � sec2�

�2
d� D

Z
sec3�

�
1 � 2sec2� C sec4�

�
d�

D
Z

sec7� d� � 2
Z

sec5� d� C
Z

sec3� d�:

Now we use the reduction formula
Z

secm� d� D tan�secm�2�
m� 1

C m� 2

m� 1

Z
secm�2� d�:

We have
Z

sec5� d� D tan�sec3�

4
C 3

4

Z
sec3� d� C C;

and
Z

sec7� d� D tan�sec5�

6
C 5

6

Z
sec5� d� D tan�sec5�

6
C 5

6

 
tan�sec3�

4
C 3

4

Z
sec3� d�

!
C C

D tan�sec5�

6
C 5

24
tan�sec3� C 5

8

Z
sec3� d� C C:

Therefore,

Z
sec3� tan4� d� D

 
tan�sec5�

6
C 5

24
tan�sec3� C 5

8

Z
sec3� d�

!

� 2

 
tan�sec3�

4
C 3

4

Z
sec3� d�

!
C
Z

sec3� d�
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D tan�sec5�

6
� 7 tan�sec3�

24
C 1

8

Z
sec3� d�:

We again use the reduction formula to compute
Z

sec3� d� D tan� sec�

2
C 1

2

Z
sec� d� D tan� sec�

2
C 1

2
ln j sec� C tan� j C C:

Finally,

Z
sec3� tan4� d� D tan�sec5�

6
� 7 tan�sec3�

24
C tan� sec�

16
C 1

16
ln j sec� C tan� j C C:

6.
Z

4x C 4

.x � 5/.x C 3/
dx (partial fractions)

SOLUTION The following partial fraction decomposition takes the form

4x C 4

.x � 5/.x C 3/
D A

x � 5
C B

x C 3
:

Clearing denominators gives us

4x C 4 D A.x C 3/C B.x � 5/:

Settingx D 5 then yieldsA D 3, while settingx D �3 yieldsB D 1. Hence,
Z

4x C 4

.x � 5/.x C 3/
dx D

Z
3

x � 5
dx C

Z
1

x C 3
dx D 3 ln jx � 5j C ln jx C 3j C C:

7.
Z

dx

x.x2 � 1/3=2
dx (trigonometric substitution)

SOLUTION Substitutex D sec� , dx D sec� tan� d� . Then,

�
x2 � 1

�3=2
D
�
sec2� � 1

�3=2
D
�
tan2�

�3=2
D tan3�;

and
Z

dx

x
�
x2 � 1

�3=2 D
Z

sec� tan� d�

sec� tan3�
D
Z

d�

tan2�
D
Z

cot2� d�:

Using a reduction formula we find that:
Z

cot2� d� D � cot� � � C C

so
Z

dx

x
�
x2 � 1

�3=2 D � cot� � � C C:

We now must return to the original variablex. We use the relationx D sec� and the figure to obtain:
Z

dx

x
�
x2 � 1

�3=2 D � 1p
x2 � 1

� sec�1x C C:

q

1

x
x2 − 1

8.
Z
.1C x2/�3=2dx (trigonometric substitution)

SOLUTION Use the substitutionx D tan� , dx D sec2 � d� . Then
Z
.1C x2/�3=2 dx D

Z
.1C tan2 �/�3=2 sec2 � d� D

Z
.sec2 �/�3=2 sec2 � d� D

Z
1

sec�
d�

D
Z

cos� d� D sin� C C

Sincex D tan� , draw the following right triangle:
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�x2 + 1

1

x

From the figure, we see that sin� D xp
x2C1

, so that

Z
.1C x2/�3=2 dx D x.1C x2/�1=2 C C

9.
Z

dx

x3=2 C x1=2
(substitution)

SOLUTION Let t D x1=2. Thendt D 1
2x

�1=2 dx or dx D 2x1=2 dt D 2t dt . Therefore,

Z
dx

x3=2 C x1=2
D
Z

2t dt

t3 C t
D
Z

2 dt

t2 C 1
D 2tan�1t C C D 2tan�1p

x C C:

10.
Z

dx

x C x�1 (rewrite integrand)

SOLUTION We rewrite the integrand as follows:

Z
dx

x C x�1 D
Z

x dx

x2 C 1
:

Now, we substituteu D x2 C 1. Thendu D 2x dx and

Z
dx

x C x�1 D
Z 1

2 du

u
D 1

2

Z
du

u
D 1

2
ln juj C C D 1

2
ln
�
1C x2

�
C C:

11.
Z
x�2 tan�1 x dx (Integration by Parts)

SOLUTION We use Integration by Parts withu D tan�1x andv0 D x�2. Thenu0 D 1
1Cx2 , v D �x�1 and

Z
x�2tan�1x dx D � tan�1x

x
C
Z

dx

x
�
1C x2

� :

For the remaining integral, the partial fraction decomposition takes the form

1

x.1C x2/
D A

x
C Bx C C

1C x2
:

Clearing denominators gives us

1 D A.1C x2/C .Bx C C/x:

Settingx D 0 then yieldsA D 1. Next, equating thex2-coefficients gives

0 D AC B so B D �1;

while equatingx-coefficients givesC D 0. Hence,

1

x
�
1C x2

� D 1

x
� x

1C x2
;

and
Z

dx

x.1C x2/
D
Z
1

x
dx �

Z
x dx

1C x2
D ln jxj � 1

2
ln
�
1C x2

�
C C:

Therefore,

Z
x�2tan�1x dx D � tan�1x

x
C ln jxj � 1

2
ln
�
1C x2

�
C C:

12.
Z

dx

x2 C 4x � 5
(complete the square, substitution, partial fractions)
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SOLUTION The partial fraction decomposition takes the form

1

x2 C 4x � 5
D A

x � 1
C B

x C 5
:

Clearing denominators gives us

1 D A.x C 5/C B.x � 1/:

Settingx D 1 then yieldsA D 1
6 , while settingx D �5 yieldsB D �1

6 . Therefore,

Z
dx

x2 C 4x � 5
D 1

6

Z
dx

x � 1
� 1

6

Z
dx

x C 5
D 1

6
ln jx � 1j � 1

6
ln jx C 5j C C D 1

6
ln

ˇ̌
ˇ̌ x � 1
x C 5

ˇ̌
ˇ̌C C:

In Exercises 13–64, evaluate using the appropriate method or combination of methods.

13.
Z 1

0
x2e4x dx

SOLUTION We evaluate the indefinite integral using Integration by Parts withu D x2 andv0 D e4x . Thenu0 D 2x, v D 1
4e
4x

and
Z
x2e4x dx D x2

4
e4x � 1

2

Z
xe4x dx:

We compute the resulting integral using Integration by Parts again, this time withu D x andv0 D e4x . Thenu0 D 1, v D 1
4e
4x

and
Z
xe4x dx D x � 1

4
e4x �

Z
1

4
e4x dx D x

4
e4x � 1

16
e4x C C:

Therefore,

Z
x2e4x dx D x2

4
e4x � 1

2

�
x

4
e4x � 1

16
e4x

�
C C D e4x

32

�
8x2 � 4x C 1

�
C C:

Finally,

Z 1

0
x2e4x dx D

 
e4x

32

�
8x2 � 4x C 1

�! ˇ̌
ˇ̌
1

0

D e4

32
.8 � 4C 1/ � 1

32
.1/ D 5e4 � 1

32

14.
Z

x2p
9 � x2

dx

SOLUTION Substitutex D 3 sin� , dx D 3 cos� d� . Then

p
9 � x2 D

p
9 � 9 sin2 � D

q
9
�
1 � sin2 �

�
D
p
9 cos2 � D 3 cos�;

and
Z

x2p
9 � x2

dx D
Z
9 sin2 � � 3 cos� d�

3 cos�
D 9

Z
sin2� d�

D 9

�
�

2
� sin 2�

4

�
C C D 9�

2
� 9 sin � cos�

2
C C:

We now must return to the original variablex. Sincex D 3 sin� , we havet D sin�1 x
3 . Using the figure we obtain

Z
x2p
9 � x2

dx D 9

2
sin�1

�x
3

�
� 9

2
� x
3

�
p
9 � x2

3
C C D 9

2
sin�1

�x
3

�
� x

p
9 � x2

2
C C:

x
3

9 − x2
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15.
Z

cos9 6� sin3 6� d�

SOLUTION We use the identity sin26� D 1 � cos26� to rewrite the integral:

Z
cos96�sin36� d� D

Z
cos96�sin26� sin6� d� D

Z
cos96�

�
1 � cos26�

�
sin6� d�:

Now, we use the substitutionu D cos6� , du D �6 sin6� d� :
Z

cos96�sin36� d� D
Z
u9
�
1 � u2

��
�du
6

�
D �1

6

Z �
u9 � u11

�
du

D �1
6

 
u10

10
� u12

12

!
C C D cos126�

72
� cos106�

60
C C:

16.
Z

sec2 � tan4 � d�

SOLUTION We substituteu D tan� , du D sec2� d� to obtain

Z
sec2� tan4� d� D

Z
u4 du D u5

5
C C D tan5�

5
C C:

17.
Z
.6x C 4/ dx

x2 � 1

SOLUTION The partial fraction decomposition takes the form

6x C 4

.x � 1/.x C 1/
D A

x � 1
C B

x C 1
:

Clearing the denominators gives us

6x C 4 D A.x C 1/C B.x � 1/:

Settingx D 1 then yieldsA D 5, while settingx D �1 yieldsB D 1. Hence,
Z
.6x C 4/dx

x2 � 1
D
Z

5

x � 1
dx C

Z
1

x C 1
dx D 5 ln jx � 1j C ln jx C 1j C C:

18.
Z 9

4

dt

.t2 � 1/2

SOLUTION First evaluate the indefinite integral. Substitutet D sin� , dt D cos� d� . Then

�
t2 � 1

�2
D
�
1� t2

�2
D
�
1 � sin2�

�2
D
�
cos2�

�2
D cos4�;

and
Z

dt
�
t2 � 1

�2 D
Z

cos� d�

cos4�
D
Z

d�

cos3�
D
Z

sec3� d�:

We use a reduction formula to compute the resulting integral:
Z

dt
�
t2 � 1

�2 D
Z

sec3� d� D tan� sec�

2
C 1

2

Z
sec� d� D tan� sec�

2
C 1

2
ln j sec� C tan� j C C:

t
1

1 − t2
q

We now must return to the original variablet . Using the relationt D sin� and the accompanying figure,
Z

dt
�
t2 � 1

�2 D 1

2
� tp

1 � t2
� 1p

1 � t2
C 1

2
ln

ˇ̌
ˇ̌ 1p
1 � t2

C tp
1 � t2

ˇ̌
ˇ̌C C

D 1

2

�
t

1� t2
C ln

ˇ̌
ˇ̌ 1C tp
1 � t2

ˇ̌
ˇ̌
�

C C D 1

2

 
t

1� t2
C ln

ˇ̌
ˇ̌
ˇ

r
1C t

1 � t

ˇ̌
ˇ̌
ˇ

!
C C
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D 1

2

t

1 � t2
C 1

4
ln

ˇ̌
ˇ̌1C t

1 � t

ˇ̌
ˇ̌C C

Finally,

Z 9

4

dt

.t2 � 1/2
D
�
1

2

t

1 � t2
C 1

4
ln

ˇ̌
ˇ̌1C t

1 � t

ˇ̌
ˇ̌
� ˇ̌
ˇ̌
9

4

D 1

2
� 9

�80 C 1

4
ln
10

8
� 1

2
� 4

�15 � 1

4
ln
5

3
D � 9

160
C 2

15
C 1

4

�
ln
5

4
� ln

5

3

�

D 37

480
C 1

4
ln
3

4
D 37

480
C 1

4
ln3 � 1

2
ln2

19.
Z

d�

cos4 �

SOLUTION We use the identity1C tan2� D sec2 � to rewrite the integral:

Z
d�

cos4�
D
Z

sec4 � d� D
Z �

1C tan2�
�

sec2 � d�:

Now, we substituteu D tan� . Then,du D sec2 � d� and

Z
d�

cos4�
D
Z �

1C u2
�
du D uC u3

3
C C D tan3�

3
C tan� C C:

20.
Z

sin2� sin2 � d�

SOLUTION We use the trigonometric identity sin2� D 2 sin� cos� to rewrite the integral:

Z
sin2�sin2� d� D

Z
2 sin� cos�sin2� d� D

Z
2sin3� cos� d�:

Now, we substituteu D sin� . Thendu D cos� d� and

Z
sin2�sin2� d� D 2

Z
u3 du D u4

2
C C D sin4�

2
C C:

21.
Z 1

0
ln.4 � 2x/ dx

SOLUTION Note that ln.4 � 2x/ D ln.2.2 � x// D ln 2 C ln.2 � x/. Use integration by parts to integrate ln.2 � x/, with

u D ln.2 � x/, v0 D 1, so thatu0 D � 1
2�x andv D x. Then

I D
Z 1

0
ln.4 � 2x/ dx D

Z 1

0
ln 2dx C

Z 1

0
ln.2 � x/ dx D ln 2C .x ln.2 � x//

ˇ̌
ˇ̌
1

0

C
Z 1

0

x

2 � x
dx

Now use long division on the remaining integral, and the substitutionu D 2 � x:

I D ln 2C .x ln.2 � x//
ˇ̌
ˇ̌
1

0

C
Z 1

0

�
�1C 2

2 � x

�
dx

D ln 2C 1 ln 1 �
Z 1

0
1 dx C 2

Z 1

0

1

2 � x
dx D ln 2 � 1 � 2

Z 1

2

1

u
du

D ln 2 � 1 � 2 lnu

ˇ̌
ˇ̌
1

2

D ln 2 � 1C 2 ln 2 D 3 ln 2 � 1

22.
Z
.ln.x C 1//2 dx

SOLUTION First, substitutew D x C 1, dw D dx. Then

Z
.ln.x C 1//2 dx D

Z
.lnw/2 dw:

Now, we use Integration by Parts withu D .lnw/2 andv0 D 1. We findu0 D 2 lnw
w , v D w, and

Z
.lnw/2 dw D w.lnw/2 � 2

Z
lnw dw:
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We use Integration by Parts again, this time withu D lnw andv0 D 1. We findu0 D 1
w , v D w, and

Z
lnw dx D w lnw �

Z
dw D w lnw � w C C:

Thus,
Z
.lnw/2 dw D w.lnw/2 � 2w lnw C 2w C C;

and
Z
.ln.x C 1//2 dx D .x C 1/ Œln.x C 1/�2 � 2.x C 1/ ln.x C 1/C 2.x C 1/C C:

23.
Z

sin5 � d�

SOLUTION We use the trigonometric identity sin2� D 1 � cos2� to rewrite the integral:

Z
sin5� d� D

Z
sin4� sin� d� D

Z �
1 � cos2�

�2
sin� d�:

Now, we substituteu D cos� . Thendu D � sin� d� and
Z

sin5� d� D
Z �

1 � u2
�2
.�du/ D �

Z �
1 � 2u2 C u4

�
du

D �
 
u � 2

3
u3 C u5

5

!
C C D �cos5�

5
C 2cos3�

3
� cos� C C:

24.
Z

cos4.9x � 2/ dx

SOLUTION We substituteu D 9x � 2, du D 9 dx and then use a reduction formula to evaluate the resulting integral. We obtain:

Z
cos4.9x � 2/ dx D 1

9

Z
cos4udu D 1

9

 
cos3u sinu

4
C 3

4

Z
cos2udu

!

D cos3u sinu

36
C 1

12

Z
cos2u du D cos3u sinu

36
C 1

12

�
u

2
C sin 2u

4

�
C C

D cos3.9x � 2/ sin.9x � 2/

36
C 9x � 2

24
C sin.18x � 4/

48
C C:

25.
Z �=4

0
sin3x cos5x dx

SOLUTION First compute the indefinite integral, using the trigonometric identity:

sin˛ cosˇ D 1

2
.sin.˛ C ˇ/C sin.˛ � ˇ// :

For˛ D 3x andˇ D 5x we get:

sin3x cos5x D 1

2
.sin 8x C sin.�2x// D 1

2
.sin 8x � sin2x/:

Hence,
Z

sin3x cos5x dx D 1

2

Z
sin 8x dx � 1

2

Z
sin 2x dx D � 1

16
cos8x C 1

4
cos2x C C:

Then

Z �=4

0
sin3x cos5x dx D

�
1

4
cos2x � 1

16
cos8x

� ˇ̌
ˇ̌
�=4

0

D 1

4
cos

�

2
� 1

16
cos2� � 1

4
cos0C 1

16
cos0 D �1

4

26.
Z

sin2x sec2 x dx



Chapter Review Exercises 961

SOLUTION We use the trigonometric identity sin2x D 2 cosx sinx to rewrite the integrand:

sin2x sec2 x D 2 sinx cosx sec2 x D 2 sinx cosx

cos2x
D 2 sin x

cosx
D 2 tanx:

Hence,
Z

sin2x sec2 x dx D
Z
2 tanx dx D 2 ln j secxj C C:

27.
Z p

tanx sec2 x dx

SOLUTION We substituteu D tanx. Thendu D sec2x dx and we obtain:
Z p

tanx sec2 x dx D
Z p

udu D 2

3
u3=2 C C D 2

3
.tanx/3=2 C C:

28.
Z
.secx C tanx/2 dx

SOLUTION We rewrite the integrand as

.secx C tanx/2 D sec2x C 2 secx tanx C tan2x D 2 secx tanx C 2 sec2 x � 1:

Therefore,
Z
.secx C tanx/2 dx D 2

Z
secx tanx dx C 2

Z
sec2 x dx �

Z
dx D 2 secx C 2 tanx � x C C:

29.
Z

sin5 � cos3 � d�

SOLUTION We use the identity cos2 � D 1 � sin2 � to rewrite the integral:
Z

sin5� cos3 � d� D
Z

sin5� cos2 � cos� d� D
Z

sin5�
�
1 � sin2�

�
cos� d�:

Now, we use the substitutionu D sin� , du D cos� d� :
Z

sin5� cos3 � d� D
Z
u5
�
1 � u2

�
du D

Z �
u5 � u7

�
du D u6

6
� u8

8
C C D sin6�

6
� sin8�

8
C C:

30.
Z

cot3 x cscx dx

SOLUTION Use the identity cot2 x D csc2 x � 1 to write
Z

cot3 x cscx dx D
Z �

csc2 x � 1
�

cscx cotx dx:

Now use the substitutionu D cscx, du D � cscx cotx dx:
Z

cot3 x cscx dx D �
Z �

u2 � 1
�
du D

Z �
1 � u2

�
du D u � 1

3
u3 C C D cscx � 1

3
csc3 x C C:

31.
Z

cot2 x csc2 x dx

SOLUTION Use the substitutionu D cotx, du D � csc2 x dx:
Z

cot2 x csc2 x dx D �
Z

cot2 x
�
� csc2 x dx

�
D �

Z
u2 du D �1

3
u3 C C D �1

3
cot3 x C C:

32.
Z �

�=2
cot2

�

2
d�

SOLUTION To compute the indefinite integral, substituteu D �
2 . Thendu D 1

2 d� and
Z

cot2
�

2
d� D 2

Z
cot2udu:

Now, we use a reduction formula to compute
Z

cot2
�

2
d� D 2

Z
cot2udu D 2.� cotu � u/C C D �2 cot

�

2
� � C C:

Then
Z �

�=2
cot2

�

2
d� D

�
�2 cot

�

2
� �

� ˇ̌
ˇ̌
�

�=2

D �2 cot
�

2
� � C 2 cot

�

4
C �

2
D 0 � � C 2C �

2
D 2 � �

2
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33.
Z �=2

�=4
cot2 x csc3 x dx

SOLUTION To compute the indefinite integral, use the identity cot2 x D csc2 x � 1 to write

Z
cot2 x csc3 x dx D

Z �
csc2 x � 1

�
csc3 x dx D

Z
csc5 x dx �

Z
csc3 x dx:

Now use the reduction formula for cscm x:
Z

cot2 x csc3 x dx D
�

�1
4

cotx csc3 x C 3

4

Z
csc3 x dx

�
�
Z

csc3 x dx

D �1
4

cotx csc3 x � 1

4

Z
csc3 x dx

D �1
4

cotx csc3 x � 1

4

�
�1
2

cotx cscx C 1

2

Z
cscx dx

�

D �1
4

cotx csc3 x C 1

8
cotx cscx � 1

8
ln j cscx � cotxj C C:

Then

Z �=2

�=4
cos2 x csc3 x dx D

�
�1
4

cotx csc3 x C 1

8
cotx cscx � 1

8
ln j cscx � cotxj

� ˇ̌
ˇ̌
�=2

�=4

D �1
4

cot
�

2
csc3

�

2
C 1

8
cot

�

2
csc

�

2
� 1

8
ln
ˇ̌
ˇcsc

�

2
� cot

�

2

ˇ̌
ˇ

C 1

4
cot

�

4
csc3

�

4
� 1

8
cot

�

4
csc

�

4
C 1

8
ln
ˇ̌
ˇcsc

�

4
� cot

�

4

ˇ̌
ˇ

D 0C 0 � 1

8
ln j1 � 0j C 1

4
� 1 � .

p
2/3 � 1

8
� 1 �

p
2C 1

8
ln
ˇ̌
ˇ
p
2 � 1

ˇ̌
ˇ

D
p
2

2
�

p
2

8
C 1

8
ln.

p
2� 1/ D 3

8

p
2C 1

8
ln.

p
2 � 1/

34.
Z 6

4

dt

.t � 3/.t C 4/

SOLUTION The partial fraction decomposition takes the form

1

.t � 3/.t C 4/
D A

t � 3
C B

t C 4
:

Clearing denominators gives us

1 D A.t C 4/C B.t � 3/ D .AC B/t C 4A � 3B:

Settingt D 3 then yieldsA D 1
7 , while settingt D �4 yieldsB D �1

7 . Hence,

Z 6

4

dt

.t � 3/.t C 4/
D 1

7

Z 6

4

dt

t � 3
� 1

7

Z 6

4

dt

t C 4
D
�
1

7
ln jt � 3j � 1

7
ln jt C 4j

� ˇ̌
ˇ̌
6

4

D
�
1

7
ln

ˇ̌
ˇ̌ t � 3
t C 4

ˇ̌
ˇ̌
� ˇ̌
ˇ̌
6

4

D 1

7

�
ln
3

10
� ln

1

8

�
D 1

7
ln
12

5

35.
Z

dt

.t � 3/2.t C 4/

SOLUTION The partial fraction decomposition has the form

1

.t � 3/2.t C 4/
D A

t C 4
C B

t � 3
C C

.t � 3/2
:

Clearing denominators gives us

1 D A.t � 3/2 C B.t � 3/.t C 4/C C.t C 4/:

Settingt D 3 then yieldsC D 1
7 , while settingt D �4 yieldsA D 1

49 . Lastly, settingt D 0 yields

1 D 9A � 12B C 4C or B D � 1

49
:
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Hence,
Z

dt

.t � 3/2.t C 4/
D 1

49

Z
dt

t C 4
� 1

49

Z
dt

t � 3
C 1

7

Z
dt

.t � 3/2

D 1

49
ln jt C 4j � 1

49
ln jt � 3j C 1

7
� �1
t � 3

C C D 1

49
ln

ˇ̌
ˇ̌ t C 4

t � 3

ˇ̌
ˇ̌ � 1

7
� 1

t � 3
C C:

36.
Z p

x2 C 9 dx

SOLUTION Substitutex D 3 tan� , dx D 3 sec2 � d� . Then

p
x2 C 9 D

p
9 tan2 � C 9 D

q
9
�
tan2 � C 1

�
D 3

p
sec2 � D 3 sec�;

and
Z p

x2 C 9 dx D
Z
3 sec� � 3 sec2 � d� D 9

Z
sec3 � d�:

We use a reduction formula to compute the resulting integral:
Z p

x2 C 9 dx D 9

Z
sec3� d� D 9

�
tan� sec�

2
C 1

2

Z
sec� d�

�
D 9 tan� sec�

2
C 9

2
ln j sec� C tan� j C C:

We now return to the original variablex. Sincex D 3 tan� , we have� D tan�1 x
3 . We also use the figure to obtain:

Z p
x2 C 9dx D 9

2
� x
3

�
p
x2 C 9

3
C 9

2
ln

ˇ̌
ˇ̌
ˇ

p
x2 C 9

3
C x

3

ˇ̌
ˇ̌
ˇC C D x

p
x2 C 9

2
C 9

2
ln

ˇ̌
ˇ̌
ˇ
x C

p
x2 C 9

3

ˇ̌
ˇ̌
ˇC C:

q

x2 + 9
x

3

37.
Z

dx

x
p
x2 � 4

SOLUTION Substitutex D 2 sec� , dx D 2 sec� tan� d� . Then

p
x2 � 4 D

p
4 sec2 � � 4 D

q
4
�
sec2 � � 1

�
D
p
4 tan2 � D 2 tan�;

and
Z

dx

x
p
x2 � 4

D
Z
2 sec� tan� d�

2 sec� � 2 tan�
D 1

2

Z
d� D 1

2
� C C:

Now, return to the original variablex. Sincex D 2 sec� , we have sec� D x
2 or � D sec�1 x2 . Thus,

Z
dx

x
p
x2 � 4

D 1

2
sec�1

x

2
C C:

38.
Z 27

8

dx

x C x2=3

SOLUTION We rewrite the integrand:

Z 27

8

dx

x C x2=3
D
Z 27

8

dx

x2=3
�
x1=3 C 1

� D
Z 27

8
t
x�2=3 dx
1C x1=3

:

Now, use the substitutionu D 1C x1=3, du D 1
3x

�2=3 dx. x D 8 corresponds tou D 3, andx D 27 corresponds tou D 4. Then

Z 27

8

dx

x C x2=3
D
Z 27

8

x�2=3 dx

1C x1=3
D 3

Z 4

3

du

u
D 3 .ln juj/

ˇ̌
ˇ̌
4

3

D 3.ln 4 � ln 3/

39.
Z

dx

x3=2 C ax1=2
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SOLUTION Let u D x1=2 or x D u2. Thendx D 2u du and
Z

dx

x3=2 C ax1=2
D
Z

2u du

u3 C au
D 2

Z
du

u2 C a
:

If a > 0, then
Z

dx

x3=2 C ax1=2
D 2

Z
du

u2 C a
D 2p

a
tan�1

�
up
a

�
C C D 2p

a
tan�1

r
x

a
C C:

If a D 0, then
Z

dx

x3=2
D � 2p

x
C C:

Finally, if a < 0, then
Z

du

u2 C a
D
Z

du

u2 �
�p

�a
�2 ;

and the partial fraction decomposition takes the form

1

u2 �
�p

�a
�2 D A

u �
p

�a
C B

uC
p

�a
:

Clearing denominators gives us

1 D A.uC
p

�a/C B.u �
p

�a/:

Settingu D
p

�a then yieldsA D 1
2

p
�a , while settingu D �

p
�a yieldsB D � 1

2
p

�a . Hence,

Z
dx

x3=2 C ax1=2
D 2

Z
du

u2 C a
D 1p

�a

Z
du

u �
p

�a
� 1p

�a

Z
du

uC
p

�a

D 1p
�a

ln ju �
p

�aj � 1p
�a

ln
ˇ̌
uC

p
�a
ˇ̌
C C

D 1p
�a

ln

ˇ̌
ˇ̌ u �

p
�a

uC
p

�a

ˇ̌
ˇ̌C C D 1p

�a
ln

ˇ̌
ˇ̌
p
x �

p
�ap

x C
p

�a

ˇ̌
ˇ̌C C:

In summary,

Z
dx

x3=2 C ax1=2
D

8
ˆ̂̂
<̂
ˆ̂̂
:̂

2p
a

tan�1
q
x
a C C a > 0

1p
�a ln

ˇ̌
ˇ

p
x�

p
�ap

xC
p

�a

ˇ̌
ˇC C a < 0

� 2p
x

C C a D 0

40.
Z

dx

.x � b/2 C 4

SOLUTION Substituteu D x � b, du D dx. Then

Z
dx

.x � b/2 C 4
D
Z

du

u2 C 4
D 1

2
tan�1 u

2
C C D 1

2
tan�1

�
x � b

2

�
C C:

41.
Z
.x2 � x/ dx
.x C 2/3

SOLUTION The partial fraction decomposition has the form

x2 � x

.x C 2/3
D A

x C 2
C B

.x C 2/2
C C

.x C 2/3
:

Clearing denominators gives us

x2 � x D A.x C 2/2 C B.x C 2/C C:

Settingx D �2 then yieldsC D 6. Equatingx2-coefficients gives usA D 1, and equatingx-coefficients yields4AC B D �1, or
B D �5. Thus,

Z
x2 � x

.x C 2/3
dx D

Z
dx

x C 2
C
Z �5 dx
.x C 2/2

C
Z

6 dx

.x C 2/3
D ln jx C 2j C 5

x C 2
� 3

.x C 2/2
C C:
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42.
Z

.7x2 C x/ dx

.x � 2/.2x C 1/.x C 1/

SOLUTION The partial fraction decomposition has the form

7x2 C x

.x � 2/.2x C 1/.x C 1/
D A

x � 2
C B

2x C 1
C C

x C 1
:

Clearing denominators gives us

7x2 C x D A.2x C 1/.x C 1/C B.x � 2/.x C 1/C C.x � 2/.2x C 1/:

Settingx D 2 then yieldsA D 2, while settingx D �1
2 yieldsB D �1, and settingx D �1 yieldsC D 2. Hence,

Z
7x2 C x

.x � 2/.2x C 1/.x C 1/
dx D 2

Z
dx

x � 2
�
Z

dx

2x C 1
C 2

Z
dx

x C 1

D 2 ln jx � 2j � 1

2
ln j2x C 1j C 2 ln jx C 1j C C:

43.
Z

16 dx

.x � 2/2.x2 C 4/

SOLUTION The partial fraction decomposition has the form

16

.x � 2/2
�
x2 C 4

� D A

x � 2
C B

.x � 2/2
C Cx CD

x2 C 4
:

Clearing denominators gives us

16 D A.x � 2/
�
x2 C 4

�
C B

�
x2 C 4

�
C .Cx CD/.x � 2/2:

Settingx D 2 then yieldsB D 2. WithB D 2,

16 D A
�
x3 � 2x2 C 4x � 8

�
C 2

�
x2 C 4

�
C Cx3 C .D � 4C /x2 C .4C � 4D/x C 4D

16 D .AC C/x3 C .�2AC 2CD � 4C / x2 C .4AC 4C � 4D/x C .�8AC 8C 4D/

Equating coefficients of like powers ofx now gives us the system of equations

AC C D 0

�2A � 4C CD C 2 D 0

4AC 4C � 4D D 0

�8AC 4D C 8 D 1

whose solution is

A D �1; C D 1; D D 0:

Thus,
Z

dx

.x � 2/2
�
x2 C 4

� D �
Z

dx

x � 2
C 2

Z
dx

.x � 2/2
C
Z

x

x2 C 4
dx

D � ln jx � 2j � 2 1

x � 2
C 1

2
ln
�
x2 C 4

�
C C:

44.
Z

dx

.x2 C 25/2

SOLUTION Use the trigonometric substitutionx D 5 tan� , dx D 5 sec2 � d� ,

x2 C 25 D .5 tan�/2 C 25 D 25
�
tan2 � C 1

�
D 25 sec2 �:

Then,
Z

dx
�
x2 C 25

�2 D
Z

5 sec2 � d�
�
25 sec2 �

�2 D
Z

d�

125 sec2 �
D 1

125

Z
cos2� d�

D 1

125

�
cos� sin�

2
C 1

2
�

�
C C D 1

250
.cos� sin� C �/C C:

To return to the original variablex we use the relationx D 5 tan� and the accompanying figure.
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x2 + 25
x

5

q

Thus,
Z

dx
�
x2 C 25

�2 D 1

250

�
5p

x2 C 25
� xp

x2 C 25
C tan�1

�x
5

��
C C D 1

50

x

x2 C 25
C 1

250
tan�1

�x
5

�
C C:

45.
Z

dx

x2 C 8x C 25

SOLUTION Complete the square to rewrite the denominator as

x2 C 8x C 25 D .x C 4/2 C 9:

Now, letu D x C 4, du D dx. Then,
Z

dx

x2 C 8x C 25
D
Z

du

u2 C 9
D 1

3
tan�1 u

3
C C D 1

3
tan�1

�
x C 4

3

�
C C:

46.
Z

dx

x2 C 8x C 4

SOLUTION Use the method of partial fractions. To facilitate the computations we first complete the square in the denominator:

1

x2 C 8x C 4
D 1

.x C 4/2 � 12
:

Now we substitutet D x C 4. Thendt D dx and
Z

dx

x2 C 8x C 4
D
Z

dt

t2 � 12
D
Z

dt�
t � 2

p
3
� �
t C 2

p
3
� :

We use the following partial fraction decomposition of the integrand:

1�
t � 2

p
3
� �
t C 2

p
3
� D A

t � 2
p
3

C B

t C 2
p
3
:

Clearing denominators gives us

1 D A
�
t C 2

p
3
�

C B
�
t � 2

p
3
�
:

Settingt D 2
p
3 then yieldsA D 1

4
p
3

, while settingt D �2
p
3 yieldsB D � 1

4
p
3

. Hence,

Z
dx

x2 C 8x C 4
D 1

4
p
3

Z
dt

t � 2
p
3

� 1

4
p
3

Z
dt

t C 2
p
3

D 1

4
p
3

ln jt � 2
p
3j � 1

4
p
3

ln jt C 2
p
3j C C

D 1

4
p
3

ln

ˇ̌
ˇ̌
ˇ
t � 2

p
3

t C 2
p
3

ˇ̌
ˇ̌
ˇC C D 1

4
p
3

ln

ˇ̌
ˇ̌
ˇ
x C 42

p
3

x C 4C 2
p
3

ˇ̌
ˇ̌
ˇC C:

47.
Z
.x2 � x/ dx
.x C 2/3

SOLUTION The partial fraction decomposition has the form

x2 � x

.x C 2/3
D A

x C 2
C B

.x C 2/2
C C

.x C 2/3
:

Clearing denominators gives us

x2 � x D A.x C 2/2 C B.x C 2/C C:

Settingx D �2 then yieldsC D 6. Equatingx2-coefficients gives usA D 1, and equatingx-coefficients yields4AC B D �1, or
B D �5. Thus,

Z
x2 � x

.x C 2/3
dx D

Z
dx

x C 2
C
Z �5 dx
.x C 2/2

C
Z

6 dx

.x C 2/3
D ln jx C 2j C 5

x C 2
� 3

.x C 2/2
C C:
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48.
Z 1

0
t2
p
1 � t2 dt

SOLUTION First compute the indefinite integral by using the substitutiont D sin� , dt D cos� d� . We have

p
1 � t2 D

p
1 � sin2� D

p
cos2� D cos�;

and
Z
t2
p
1 � t2 dt D

Z
sin2� cos� cos� d� D

Z
sin2�cos2� d�

D
Z
.1� cos2 �/ cos2 � d� D

Z
cos2 � d� �

Z
cos4 � d�

D
Z

cos2 � d� �
�
1

4
cos3 � sin� C 3

4

Z
cos2 � d�

�

D �1
4

cos3 � sin� C 1

4

Z
cos2 � d�

D �1
4

cos3 � sin� C 1

4

�
1

2
cos� sin� C 1

2
�

�
C C

D �1
4

cos3 � sin� C 1

8
cos� sin� C 1

8
� C C:

Now, return to the original variablet . Sincet D sin� , cos� D
p
1 � t2 and

Z
t2
p
1 � t2 dt D � t.1 � t2/3=2

4
C t

p
1 � t2

8
C sin�1 t

8
C C D t3

p
1 � t2

4
C sin�1t

8
� t

p
1 � t2
8

C C:

Then
Z 1

0
t2
p
1 � t2 dt D

 
t3

p
1 � t2

4
C sin�1 t

8
� t

p
1 � t2
8

! ˇ̌
ˇ̌
1

0

D 0C 1

8
sin�1 1 � 0 � 0C 1

8
sin�1 0C 0 D sin�1 1

8
D �

16

49.
Z

dx

x4
p
x2 C 4

SOLUTION Substitutex D 2 tan� , dx D 2sec2� d� . Then

p
x2 C 4 D

p
4tan2� C 4 D

q
4
�
tan2� C 1

�
D 2

p
sec2� D 2 sec�;

and
Z

dx

x4
p
x2 C 4

D
Z

2sec2� d�

16tan4� � 2 sec�
D
Z

sec� d�

16tan4�
:

We have

sec�

tan4�
D cos3�

sin4�
:

Hence,

Z
dx

x4
p
x2 C 4

D 1

16

Z
cos3� d�

sin4�
D 1

16

Z
cos2� cos� d�

sin4�
D 1

16

Z �
1 � sin2�

�
cos� d�

sin4�
:

Now substituteu D sin� anddu D cos� d� to obtain
Z

dx

x4
p
x2 C 4

D 1

16

Z
1 � u2
u4

du D 1

16

Z �
u�4 � u�2

�
du D � 1

48u3
C 1

16

1

u
C C

D � 1

48
� 1

sin3�
C 1

16

1

sin�
C C D � 1

48
csc3� C 1

16
csc� C C:

Finally, return to the original to the original variablex using the relationx D 2 tan� and the figure below.

Z
dx

x4
p
x2 C 4

D � 1

48

 p
x2 C 4

x

!3
C 1

16

p
x2 C 4

x
C C D �

�
x2 C 4

�3=2

48x3
C

p
x2 C 4

16x
C C:
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q

x2 + 4
x

2

50.
Z

dx

.x2 C 5/3=2

SOLUTION Substitutex D
p
5 tan� . Thendx D

p
5 sec2 � d� ,

x2 C 5 D 5 tan2 � C 5 D 5.tan2 � C 1/ D 5 sec2 �;

and
Z

dx
�
x2 C 5

�3=2 D 1

5

Z
sec2 �

sec3 �
d� D 1

5

Z
cos� d� D 1

5
sin � C C:

We now return to the original variablex using the relationx D
p
5 tan� and the figure below. Thus,

Z
dx

�
x2 C 5

�3=2 D 1

5
� xp

x2 C 5
C C:

x2 + 5
x

t

5

51.
Z
.x C 1/e4�3x dx

SOLUTION We compute the integral using Integration by Parts withu D x C 1 andv0 D e4�3x . Thenu0 D 1, v D �1
3e
4�3x

and
Z
.x C 1/e4�3x dx D �1

3
.x C 1/e4�3x C 1

3

Z
e4�3x dx D �1

3
.x C 1/e4�3x C 1

3
�
�

�1
3

�
e4�3x C C

D �1
9
e4�3x.3x C 4/C C:

52.
Z
x�2 tan�1 x dx

SOLUTION We use Integration by Parts withu D tan�1x andv0 D x�2. Thenu0 D 1
1Cx2 , v D �x�1 and

Z
x�2tan�1x dx D � tan�1x

x
C
Z

dx

x
�
1C x2

� :

For the remaining integral, the partial fraction decomposition takes the form

1

x.1C x2/
D A

x
C Bx C C

1C x2
:

Clearing denominators gives us

1 D A.1C x2/C .Bx C C/x:

Settingx D 0 then yieldsA D 1. Next, equating thex2-coefficients gives

0 D AC B so B D �1;

while equatingx-coefficients givesC D 0. Hence,

1

x
�
1C x2

� D 1

x
� x

1C x2
;

and
Z

dx

x
�
1C x2

� D
Z
1

x
dx �

Z
x dx

1C x2
D ln jxj � 1

2
ln
�
1C x2

�
C C:

Therefore,
Z
x�2tan�1x dx D � tan�1x

x
C ln jxj � 1

2
ln
�
1C x2

�
C C:
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53.
Z
x3 cos.x2/ dx

SOLUTION Substitutet D x2, dt D 2x dx. Then

Z
x3 cos

�
x2
�
dx D 1

2

Z
t cost dt:

We compute the resulting integral using Integration by Parts withu D t andv0 D cost . Thenu0 D 1, v D sint and
Z
t cost dt D t sint �

Z
sint dt D t sint C cost C C:

Thus,
Z
x3 cos

�
x2
�
dx D 1

2
x2 sinx2 C 1

2
cosx2 C C:

54.
Z
x2.ln x/2 dx

SOLUTION We use Integration by Parts withu D .lnx/2 andv0 D x2. Thenu0 D 2 lnx
x , v D x3

3 and

Z
x2.lnx/2dx D x3

3
.lnx/2 � 2

3

Z
x2 lnx dx:

To calculate the resulting integral, we again use Integration by Parts, this time withu D lnx andv0 D x2. Then,u0 D 1
x , v D x3

3 ,
and

Z
x2 lnx dx D x3

3
lnx � 1

3

Z
x2 dx D x3

3
lnx � x3

9
C C:

Finally,

Z
x2.lnx/2dx D x3

3
.lnx/2 � 2

3

 
x3

3
lnx � x3

9

!
C C D x3

3

�
.lnx/2 � 2

3
lnx C 2

9

�
C C:

55.
Z
x tanh�1 x dx

SOLUTION We use Integration by Parts withu D tanh�1x andv0 D x. Thenu0 D 1
1�x2 , v D x2

2 and

Z
x tanh�1 x dx D x2

2
tanh�1 x � 1

2

Z
x2

1 � x2
dx:

Now

x2

1 � x2
D x2 � 1C 1

1 � x2
D �1C 1

1� x2
;

and the partial fraction decomposition for the remaining fraction takes the form

1

1 � x2
D A

1 � x C B

1C x
:

Clearing denominators gives us

1 D A.1C x/C B.1 � x/:

Settingx D 1 then yieldsA D 1
2 , while settingx D �1 yieldsB D 1

2 . Thus,

Z
x2

1 � x2
D �

Z
dx C 1

2

Z
1

1 � x dx C 1

2

Z
1

1C x
dx

D �x � 1

2
ln j1 � xj C 1

2
ln j1C xj C C D �x C 1

2
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌C C:

Therefore,

Z
x tanh�1 x dx D x2

2
tanh�1 x � 1

2

�
�x C 1

2
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌
�

C C D x2

2
tanh�1 x C x

2
� 1

4
ln

ˇ̌
ˇ̌1C x

1 � x

ˇ̌
ˇ̌C C:
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56.
Z

tan�1 t dt
1C t2

SOLUTION Substituteu D tan�1t . Then,du D dt
1Ct2 and

Z
tan�1t dt
1C t2

D
Z
u du D 1

2
u2 C C D 1

2

�
tan�1t

�2
C C:

57.
Z

ln.x2 C 9/ dx

SOLUTION We compute the integral using Integration by Parts withu D ln
�
x2 C 9

�
andv0 D 1. Thenu0 D 2x

x2C9 , v D x, and

Z
ln
�
x2 C 9

�
dx D x ln

�
x2 C 9

�
�
Z

2x2

x2 C 9
dx:

To compute this integral we write:

x2

x2 C 9
D
�
x2 C 9

�
� 9

x2 C 9
D 1 � 9

x2 C 9
I

hence,

Z
x2

x2 C 9
dx D

Z
1 dx � 9

Z
dx

x2 C 9
D x � 3tan�1 x

3
C C:

Therefore,
Z

ln
�
x2 C 9

�
dx D x ln

�
x2 C 9

�
� 2x C 6tan�1

�x
3

�
C C:

58.
Z
.sinx/.coshx/ dx

SOLUTION We compute the integral using Integration by Parts withu D sinx andv0 D coshx. Thenu0 D cosx, v D sinhx
and

Z
sinx coshx dx D sinx sinhx �

Z
cosx sinhx dx:

We compute the resulting integral using Integration by Parts, this time withu D cosx andv0 D sinhx. Thenu0 D � sinx,
v D coshx and

Z
cosx sinhx dx D cosx coshx C

Z
sinx coshx dx:

Therefore,
Z

sinx coshx dx D sinx sinhx � cosx coshx �
Z

sinx coshx dx:

Solving for
Z
.sinx/.coshx/ dx, we find

2

Z
sinx coshx dx D sinx sinhx � cosx coshx C C

Z
sinx coshx dx D 1

2
sin x sinhx � 1

2
cosx coshx C C

59.
Z 1

0
cosh2t dt

SOLUTION

Z 1

0
cosh2t dt D 1

2
sinh2t

ˇ̌
ˇ̌
1

0

D 1

2
sinh2.

60.
Z

sinh3 x coshx dx

SOLUTION Let u D sinhx. Thendu D coshx dx and

Z
sinh3 x coshx dx D

Z
u3 du D 1

4
u4 C C D 1

4
sinh4 x C C:
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61.
Z

coth2.1 � 4t/ dt

SOLUTION

Z
coth2.1 � 4t/ dt D

Z �
1C csch2.1 � 4t/

�
dt D t C 1

4
coth.1 � 4t/C C .

62.
Z 0:3

�0:3

dx

1 � x2

SOLUTION

Z 0:3

�0:3

dx

1 � x2
D tanh�1 x

ˇ̌
ˇ̌
0:3

�0:3
D 2 tanh�1.0:3/.

63.
Z 3

p
3=2

0

dxp
9 � x2

SOLUTION

Z 3
p
3=2

0

dxp
9 � x2

D sin�1 x
3

ˇ̌
ˇ̌
3

p
3=2

0

D sin�1
p
3

2
D �

3
.

64.
Z p

x2 C 1dx

x2

SOLUTION Let x D sinht . Thendx D cosht dt and

Z p
x2 C 1dx

x2
D
Z

cosh2 t

sinh2 t
dt D

Z
coth2 t dt D

Z
.1C csch2 t/ dt D t � cotht C C

D sinh�1 x �
p
x2 C 1

x
C C:

65. Use the substitutionu D tanht to evaluate
Z

dt

cosh2 t C sinh2 t
.

SOLUTION Let u D tanht . Thendu D sech2 t dt and

Z
dt

cosh2 t C sinh2 t
D
Z

sech2 t

1C tanh2 t
dt D

Z
du

1C u2
D tan�1 uC C D tan�1.tanhx/C C:

66. Find the volume obtained by rotating the region enclosed byy D ln x andy D .lnx/2 about they-axis.

SOLUTION The curves meet at.1; 0/ and at.e; 1/. We compute the volume of the solid using the method of cylindrical shells:

V D
Z e

1
2�x � .ln x � .lnx/2/ dx D 2�

Z e

1
x lnx dx � 2�

Z 1

0
x.ln x/2 dx

For the second integral, use integration by parts, withu D .lnx/2 andv0 D x, so thatu0 D 2 lnx
x andv D 1

2x
2. Then

V D 2�

Z e

1
x ln x dx � 2�

�
1

2
x2.lnx/2

ˇ̌
ˇ̌
e

1

�
Z e

1
x ln x dx

�
D ��e2 C 4�

Z e

1
x ln x dx

Again apply integration by parts, withu D ln x andv0 D x, so thatu0 D 1
x andv D 1

2x
2. Then

V D ��e2 C 4�

Z e

1
x lnx dx D ��e2 C 4�

�
1

2
x2 lnx

ˇ̌
ˇ̌
e

1

� 1

2

Z e

1
x dx

�
D ��e2 C 4�

�
1

2
e2 � 1

4
e2 C 1

4

�
D �

67. Let In D
Z

xn dx

x2 C 1
.

(a) Prove thatIn D xn�1

n � 1
� In�2.

(b) Use (a) to calculateIn for 0 � n � 5.

(c) Show that, in general,

I2nC1 D x2n

2n
� x2n�2

2n� 2
C � � � C .�1/n�1 x

2

2
C .�1/n 1

2
ln.x2 C 1/C C

I2n D x2n�1

2n � 1
� x2n�3

2n � 3
C � � � C .�1/n�1x C .�1/n tan�1 x C C

SOLUTION

(a) In D
Z

xn

x2 C 1
dx D

Z
xn�2.x2 C 1 � 1/

x2 C 1
dx D

Z
xn�2 dx �

Z
xn�2

x2 C 1
dx D xn�1

n � 1 � In�2.
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(b) First computeI0 andI1 directly:

I0 D
Z

x0 dx

x2 C 1
D
Z

dx

x2 C 1
D tan�1x C C and I1 D

Z
x dx

x2 C 1
D 1

2
ln
�
x2 C 1

�
C C:

We now use the equality obtained in part (a) to computeI2, I3, I4 andI5:

I2 D x2�1

2 � 1
� I2�2 D x � I0 D x � tan�1x C C I

I3 D x3�1

3 � 1
� I3�2 D x2

2
� I1 D x2

2
� 1

2
ln
�
x2 C 1

�
C C I

I4 D x4�1

4 � 1
� I4�2 D x3

3
� I2 D x3

3
�
�
x � tan�1x

�
C C D x3

3
� x C tan�1x C C I

I5 D x5�1

5 � 1
� I5�2 D x4

4
� I3 D x4

4
�
 
x2

2
� 1

2
ln
�
x2 C 1

�!
C C D x4

4
� x2

2
C 1

2
ln
�
x2 C 1

�
C C:

(c) We prove the two identities using mathematical induction. We first prove that forn � 1:

I2nC1 D x2n

2n
� x2n�2

2n � 2 C � � � C .�1/n � 1
2

ln
�
x2 C 1

�
C C:

We verify the equality forn D 1. Settingn D 1, we find

I3 D x2

2
C .�1/1 � 1

2
ln
�
x2 C 1

�
C C D x2

2
� 1

2
ln
�
x2 C 1

�
C C;

which agrees with the value obtained in part (b). We now assume that forn D k:

I2kC1 D x2k

2k
� x2k�2

2k � 2
C � � � C .�1/k � 1

2
ln
�
x2 C 1

�
C C:

We use this assumption to prove the equality forn D k C 1. By part (a) and the induction hypothesis

I2kC3 D x2kC2

2k C 2
� I2kC1 D x2kC2

2k C 2
� x2k

2k
C x2k�2

2k � 2 � � � � � .�1/k � 1
2

ln
�
x2 C 1

�
C C

D x2kC2

2k C 2
� x2k

2k
C � � � C .�1/kC1 � 1

2
ln
�
x2 C 1

�
C C

as required. We now prove the second identity forn � 1:

I2n D x2n�1

2n � 1 � x2n�3

2n � 3 C � � � C .�1/ntan�1x C C:

We verify this equality forn D 1:

I2 D x � tan�1x C C;

which agrees with the value obtained in part (b). We now assume that forn D k

I2k D x2k�1

2k � 1
� x2k�3

2k � 3
C � � � C .�1/k tan�1x C C:

We use this assumption to prove the equality forn D k C 1. By part (a) and the induction hypothesis

I2kC2 D x2kC1

2k C 1
� I2k D x2kC1

2k C 1
� x2k�1

2k � 1
C x2k�3

2k � 3
� � � � � .�1/k � tan�1x C C

D x2kC1

2k C 1
� x2k�1

2k � 1 C � � � C .�1/kC1 � tan�1x C C

as required.

68. Let Jn D
Z
xne�x2=2 dx.

(a) Show thatJ1 D �e�x2=2.

(b) Prove thatJn D �xn�1e�x2=2 C .n� 1/Jn�2.

(c) Use (a) and (b) to computeJ3 andJ5.
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SOLUTION

(a) Let u D �x2

2 . Thendu D �x dx and

J1 D
Z
xe�x2=2 dx D �

Z
eu du D �eu C C D �e�x2=2 C C:

(b) Using Integration by Parts withu D xn�1 andv0 D xe�x2=2, we find

Jn D �xn�1e�x2=2 C .n� 1/

Z
xn�2e�x2=2 dx D �xn�1e�x2=2 C .n� 1/Jn�2:

(c) Using the results from parts (a) and (b),

J3 D �x3�1e�x2=2 C .3 � 1/J3�2 D �x2e�x2=2 C 2J1

D �x2e�x2=2 � 2e�x2=2 C C D �e�x2=2.x2 C 2/C C

and then

J5 D �x5�1e�x2=2 C .5 � 1/J5�2 D �x4e�x2=2 C 4J3

D �x4e�x2=2 � 4e�x2=2.x2 C 2/C C D �e�x2=2.x4 C 4x2 C 8/C C:

69. Computep.X � 1/, whereX is a continuous random variable with probability densityp.x/ D 1

�.x2 C 1/
.

SOLUTION

P.X � 1/ D
Z 1

�1
p.x/dx D 1

�

Z 1

�1

1

x2 C 1
dx D 1

�
tan�1 x

ˇ̌
ˇ̌
1

�1
D 1

�
�
��
4

� ��
2

�
D 3

4

70. Show thatp.t/ D 1
4e

�t=2 C 1
6e

�t=3 is a probability density onŒ0;1/ and find its mean.

SOLUTION To show thatp.t/ is a probability density, we must show that its integral overŒ0;1/ is 1:

Z 1

0
p.t/ dt D

Z 1

0

�
1

4
e�t=2 C 1

6
e�t=3

�
dt D

�
�1
2
e�t=2 � 1

2
e�t=3

� ˇ̌
ˇ̌
1

0

D 0C 0C 1

2
C 1

2
D 1

The mean ofp.t/ is

� D
Z 1

0
tp.t/ dt D

Z 1

0

�
1

4
te�t=2 C 1

6
te�t=3

�
dt

Now, for a positive constanta, using integration by parts withu D t , v0 D e�t=a, we haveu0 D 1, v D �ae�t=a, and

Z 1

0
te�t=a dt D �ate�t=a

ˇ̌
ˇ̌
1

0

C a

Z 1

0
e�t=a dt D �a2

�
e�t=a

� ˇ̌
ˇ̌
1

0

D a2

so that

� D 1

4

Z 1

0
te�t=2 dt C 1

6

Z 1

0
te�t=3 dt D 1

4
� 4C 1

6
� 9 D 5

2

71. Find a constantC such thatp.x/ D Cx3e�x2
is a probability density and computep.0 � X � 1/.

SOLUTION We first find the indefinite integral ofp.x/ using integration by parts, withu D x2, v0 D xe�x2
, so thatu0 D 2x

andv D �1
2e

�x2
:

Z
Cx3e�x2

dx D C

�
�1
2
x2e�x2 C

Z
xe�x2

dx

�
D C

�
�1
2
x2e�x2 � 1

2
e�x2

�
D �C

2
e�x2

.x2 C 1/

To determine the constantC , the value of the integral on the intervalŒ0;1/ must be1:

1 D
Z 1

0
Cx3e�x2

dx D �C
2
e�x=2.x2 C 1/

ˇ̌
ˇ̌
1

0

D �C
2

 
lim
R!1

x2 C 1

ex=2
� 1

!
D C

2

so thatC D 2. Then

P.0 � X � 1/ D
Z 1

0
2x3e�x2

dx D �e�x2

.x2 C 1/

ˇ̌
ˇ̌
1

0

D 1 � 2e�1 � 0:13212
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72. The interval between patient arrivals in an emergency room is a random variable with exponential density functionp.t/ D
0:125e�0:125t (t in minutes). What is the average time between patient arrivals? What is the probability of two patients arriving
within 3 minutes of each other?

SOLUTION The mean of the distribution is (using integration by parts withu D t , v0 D 0:125e�0:125t ):
Z 1

0
tp.t/ dt D

Z 1

0
0:125te�0:125t dt D te�0:125t

ˇ̌
ˇ̌
1

0

C
Z 1

0
e�0:125t dt D �8e�0:125t

ˇ̌
ˇ̌
1

0

D 8

Since the distribution gives the waiting time between arrivals, it follows that the probability of two patients arriving within3minutes
of each other is

Z 3

0
p.t/ dt D

Z 3

0
0:125e�0:125t dt D �e�0:125t

ˇ̌
ˇ̌
3

0

D 1 � e�0:375 � 1 � 0:68729 � 0:31271

73. Calculate the following probabilities, assuming thatX is normally distributed with mean� D 40 and� D 5.

(a) p.X � 45/ (b) p.0 � X � 40/

SOLUTION LetF be the standard normal cumulative distribution function. Then by Theorem 1 in Section 7.7,
(a)

p.X � 45/ D 1 � p.X � 45/ D 1 � F
�
45 � 40

5

�
D 1 � F.1/ � 1 � 0:8413 � 0:1587

(b)

p.0 � X � 40/ D p.X � 40/ � p.X � 0/ D F

�
40 � 40
5

�
� F

�
0 � 40

5

�

D F.0/� F.�8/ D 1

2
� F.�8/ � 1

2
� 0 D 1

2

Note thatp.X � 40/ is exactly12 since40 is the mean. Also, since�8 is so far to the left in the standard normal distribution, the
probability of its occurrence is quite small (approximately8 � 10�11).

74. According to kinetic theory, the molecules of ordinary matter are in constant random motion. The energyE of a molecule
is a random variable with density functionp.E/ D 1

kT
e�E=.kT /, whereT is the temperature (in kelvins) andk is Boltzmann’s

constant. Compute themeankinetic energyE in terms ofk andT .

SOLUTION By definition,

Z 1

0
Ee�E=kT dE D lim

R!1

Z R

0
Ee�E=kT dE:

We compute the definite integral using Integration by Parts withu D E, v0 D e�E=kT . Thenu0 D 1, v D �kTe�E=kT and
Z R

0
Ee�E=kT dE D �kTe�E=kTE

ˇ̌
ˇ
R

ED0
C
Z R

0
kTe�E=kT dE D �kTe�R=kTR � .kT /2e�E=kT

ˇ̌
ˇ
R

ED0

D �kTRe�R=kT �
�
k2T 2e�R=kT � k2T 2e0

�
D k2T 2 � kTRe�R=kT � k2T 2e�R=kT :

We now letR ! 1, obtaining:
Z 1

0
Ee�E=RT dE D lim

R!1

Z R

0
Ee�E=RT dE D lim

R!1

�
k2T 2 � kTRe�R=kT � k2T 2e�R=kT

�

D k2T 2 � kT lim
R!1

Re�R=kT � 0 D k2T 2 � kT lim
R!1

Re�R=kT :

We compute the remaining limit using L’Hôpital’s Rule:

lim
R!1

Re�R=kT D lim
R!1

R

eR=kT
D lim
R!1

dR
dR

d
dR

�
eR=kT

� D lim
R!1

1
1
kT
eR=kT

D 0:

Thus,
Z 1

0
Ee�E=RT dE D k2T 2;

and

E D 1

kT

Z 1

0
Ee�E=kT dE D 1

kT
� k2T 2 D kT:
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In Exercises 75–84, determine whether the improper integral converges and, if so, evaluate it.

75.
Z 1

0

dx

.x C 2/2

SOLUTION

Z 1

0

dx

.x C 2/2
D lim
R!1

Z R

0

dx

.x C 2/2
D lim

R!1
� 1

x C 2

ˇ̌
ˇ̌
R

0

D lim
R!1

�
� 1

RC 2
C 1

0C 2

�
D lim
R!1

�
� 1

RC 2
C 1

2

�
D 0C 1

2
D 1

2
:

76.
Z 1

4

dx

x2=3

SOLUTION The integral
Z 1

a

dx

xp
.a > 0/ converges ifp > 1 and diverges ifp � 1. Here,p D 2

3 < 1, hence the integral

diverges.

77.
Z 4

0

dx

x2=3

SOLUTION

Z 4

0

dx

x2=3
D lim
R!0C

Z 4

R

dx

x2=3
D lim

R!0C
3x1=3

ˇ̌
ˇ̌
4

R

D lim
R!0C

�
3 � 41=3 � 3 �R1=3

�
D 3

3
p
4:

78.
Z 1

9

dx

x12=5

SOLUTION

Z 1

9

dx

x12=5
D lim
R!1

Z R

9

dx

x12=5
D lim

R!1
�5
7
x�7=5

ˇ̌
ˇ̌
R

9

D lim
R!1

�
�5
7
R�7=5 C 5

7
� 9�7=5

�

D 0C 5

7
� 9�7=5 D 5

7 � 9 � 92=5
D 5

63 � 92=5
:

79.
Z 0

�1

dx

x2 C 1

SOLUTION

Z 0

�1

dx

x2 C 1
D lim
R!�1

Z 0

R

dx

x2 C 1
D lim

R!�1
tan�1x

ˇ̌
ˇ̌
0

R

D lim
R!�1

�
tan�10 � tan�1R

�

D lim
R!�1

�
�tan�1R

�
D �

�
��
2

�
D �

2
:

80.
Z 9

�1
e4x dx

SOLUTION

Z 9

�1
e4x dx D lim

R!�1

Z 9

R
e4x dx D lim

R!�1
1

4
e4x

ˇ̌
ˇ̌
9

R

D lim
R!�1

1

4
e36 � 1

4
e4R D e36

4
:

81.
Z �=2

0
cot� d�

SOLUTION

Z �=2

0
cot� d� D lim

R!0C

Z �=2

R
cot� d� D lim

R!0C
ln j sin� j

ˇ̌
ˇ̌
�=2

R

D lim
R!0C

�
ln
�
sin

�

2

�
� ln.sinR/

�

D lim
R!0C

.ln 1 � ln.sinR// D lim
R!0C

ln

�
1

sinR

�
D 1:

We conclude that the improper integral diverges.
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82.
Z 1

1

dx

.x C 2/.2x C 3/

SOLUTION First, evaluate the indefinite integral. The following partial fraction decomposition has the form

1

.x C 2/.2x C 3/
D � 1

x C 2
C 2

2x C 3
:

Clearing denominators gives us

1 D A.2x C 3/C B.x C 2/:

Settingx D �2 then yieldsA D �1, while settingx D �3
2 yieldsB D 2. Hence,

Z
dx

.x C 2/.2x C 3/
D �

Z
dx

x C 2
C 2

Z
dx

2x C 3
D � ln jx C 2j C ln j2x C 3j C C D ln

ˇ̌
ˇ̌2x C 3

x C 2

ˇ̌
ˇ̌C C:

Now, forR > 1,

Z R

1

dx

.x C 2/.2x C 3/
D ln

ˇ̌
ˇ̌2x C 3

x C 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
R

1

D ln
2RC 3

RC 2
� ln

5

3
;

and
Z 1

1

dx

.x C 2/.2x C 3/
D lim
R!1

�
ln
2RC 3

RC 2

�
� ln

5

3
D ln2C ln

3

5
D ln

6

5
:

83.
Z 1

0
.5C x/�1=3 dx

SOLUTION

Z 1

0
.5C x/�1=3 dx D lim

R!1

Z R

0
.5C x/�1=3 dx D lim

R!1
3

2
.5C x/2=3

ˇ̌
ˇ̌
R

0

D lim
R!1

�
3

2
.5CR/2=3 � 3

2
52=3

�
D 1:

We conclude that the improper integral diverges.

84.
Z 5

2
.5 � x/�1=3 dx

SOLUTION

Z 5

2
.5� x/�1=3 dx D lim

R!5�

Z R

2
.5 � x/�1=3 dx D lim

R!5�
�3
2
.5 � x/2=3

ˇ̌
ˇ̌
R

2

D lim
R!5�

�3
2

�
.5 � R/2=3 � 32=3

�
D �3

2

�
0 � 32=3

�
D 35=3

2
:

In Exercises 85–90, use the Comparison Test to determine whether the improper integral converges or diverges.

85.
Z 1

8

dx

x2 � 4

SOLUTION Forx � 8, 12x
2 � 4, so that

�1
2
x2 � �4

1

2
x2 � x2 � 4

and

1

x2 � 4
� 2

x2
:

Now,
Z 1

1

dx
x2 converges, so

Z 1

8

2
x2 dx also converges. Therefore, by the comparison test,

Z 1

8

dx

x2 � 4
converges:
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86.
Z 1

8
.sin2 x/e�x dx

SOLUTION The following inequality holds for allx,

0 �
�
sin2x

�
e�x � e�x :

We use direct computation to show that the improper integral ofe�x over the intervalŒ8;1/ converges:

Z 1

8
e�x dx D lim

R!1

Z R

8
e�x dx D lim

R!1
�e�x

ˇ̌
ˇ̌
R

8

D lim
R!1

�
�e�R C e�8

�
D 0C e�8 D e�8:

Therefore, by the Comparison Test, the improper integral
Z 1

8
.sin2x/e�x dx also converges.

87.
Z 1

3

dx

x4 C cos2 x

SOLUTION Forx � 1, we have

1

x4 C cos2x
� 1

x4
:

Since
Z 1

1

dx

x4
converges, the Comparison Test guarantees that

Z 1

1

dx

x4 C cos2x
also converges. The integral

Z 3

1

dx

x4 C cos2x
has a finite value (notice thatx4 C cos2x ¤ 0) hence we conclude that the integral

Z 1

3

dx

x4 C cos2x
also

converges.

88.
Z 1

1

dx

x1=3 C x2=3

SOLUTION If x � 1, thenx1=3 � 1; therefore,

x1=3 C x2=3 D x1=3
�
1C x1=3

�
� x1=3

�
x1=3 C x1=3

�
D x1=3 � 2x1=3 D 2x2=3:

Hence,

1

x1=3 C x2=3
� 1

2x2=3
:

The integral
Z 1

1

dx

x2=3
diverges; hence

Z 1

1

dx

2x2=3
also diverges. Therefore, by the Comparison Test, the improper integral

Z 1

1

dx

x1=3 C x2=3
also diverges.

89.
Z 1

0

dx

x1=3 C x2=3

SOLUTION For0 � x � 1,

x1=3 C x2=3 � x1=3 so
1

x1=3 C x2=3
� 1

x1=3
:

Now,
Z 1

0
x�1=3 dx converges. Therefore, by the Comparison Test, the improper integral

Z 1

0

dx

x1=3 C x2=3
also converges.

90.
Z 1

0
e�x3

dx

SOLUTION For x > 1, ex � x; henceex
3 � x3, therefore0 � e�x3 � x�3. Since

Z 1

1

dx

x3
converges, the integral

Z 1

1
e�x3

dx also converges by the Comparison Test. We write

Z 1

0
e�x3

dx D
Z 1

0
e�x3

dx C
Z 1

1
e�x3

dx:

The first integral on the right hand side has a finite value and the second integral converges. We conclude that the integralZ 1

0
e�x3

dx converges.
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91. Calculate the volume of the infinite solid obtained by rotating the region undery D .x2 C 1/�2 for 0 � x < 1 about the
y-axis.

SOLUTION Using the Shell Method, the volume of the infinite solid obtained by rotating the region under the graph ofy D
�
x2 C 1

��2
over the intervalŒ0;1/ about they-axis is

V D 2�

Z 1

0

x
�
x2 C 1

�2 dx:

Now,

Z 1

0

x
�
x2 C 1

�2 dx D lim
R!1

Z R

0

x dx
�
x2 C 1

�2

We substitutet D x2 C 1, dt D 2x dx. The new limits of integration aret D 1 andt D R2 C 1. Thus,

Z R

0

x dx
�
x2 C 1

�2 D
Z R2C1

1

1
2 dt

t2
D � 1

2t

ˇ̌
ˇ̌
R2C1

1

D 1

2

�
1 � 1

R2 C 1

�
:

Taking the limit asR ! 1 yields:
Z 1

0

x dx
�
x2 C 1

�2 D lim
R!1

1

2

�
1 � 1

R2 C 1

�
D 1

2
.1 � 0/ D 1

2
:

Therefore,

V D 2� � 1
2

D �:

92. LetR be the region under the graph ofy D .x C 1/�1 for 0 � x < 1. Which of the following quantities is finite?

(a) The area ofR

(b) The volume of the solid obtained by rotatingR about thex-axis

(c) The volume of the solid obtained by rotatingR about they-axis

SOLUTION

(a) The area ofR is

Z 1

0

dx

x C 1
D lim
R!1

Z R

0

dx

x C 1
D lim
R!1

ln jx C 1j
ˇ̌
ˇ̌
R

0

D lim
R!1

�
ln.RC 1/ � ln 1

�
D 1:

Hence, the area ofR is not finite.

(b) Using the Disk Method, the volume of the solid obtained by rotatingR about thex-axis is

�

Z 1

0

dx

.x C 1/2
D � lim

R!1

Z R

0

dx

.x C 1/2
D � lim

R!1
� 1

x C 1

ˇ̌
ˇ̌
R

0

D � lim
R!1

�
� 1

RC 1
C 1

�
D �:

Hence, the volume of the solid obtained by rotatingR about thex-axis is finite.

(c) Using the Shell Method, the volume of the solid obtained by rotatingR about they-axis is

2�

Z 1

0

x

x C 1
dx D 2� lim

R!1

Z R

0

x dx

x C 1
:

Now,

Z R

0

x dx

x C 1
D
Z R

0

.x C 1/� 1

x C 1
dx D

Z R

0

�
1 � 1

x C 1

�
dx D .x � ln.x C 1//

ˇ̌
ˇ̌
R

0

D R � .ln.RC 1/ � ln 1/ D R � ln.RC 1/:

Thus,

2� lim
R!1

Z R

0

x dx

x C 1
D 2� lim

R!1
.R � ln.RC 1// D 2� lim

R!1
R

�
1 � ln.RC 1/

R

�
D 1:

Hence, the volume of the solid obtained by rotatingR about they-axis is not finite.
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93. Show that
R1
0 xne�x2

dx converges for alln > 0. Hint: First observe thatxne�x2
< xne�x for x > 1. Then show that

xne�x < x�2 for x sufficiently large.

SOLUTION Forx > 1, x2 > x; henceex
2
> ex , and0 < e�x2

< e�x . Therefore, forx > 1 the following inequality holds:

xnC2e�x2

< xnC2e�x :

Now, using L’Hôpital’s RulenC 2 times, we find

lim
x!1

xnC2e�x D lim
x!1

xnC2

ex
D lim
x!1

.nC 2/xnC1

ex
D lim
x!1

.nC 2/.nC 1/xn

ex

D � � � D lim
x!1

.nC 2/Š

ex
D 0:

Therefore,

lim
x!1

xnC2e�x2 D 0

by the Squeeze Theorem, and there exists a numberR > 1 such that, for allx > R:

xnC2e�x2

< 1 or xne�x2

< x�2:

Finally, write

Z 1

0
xne�x2

dx D
Z R

0
xne�x2

dx C
Z 1

R
xne�x2

dx:

The first integral on the right-hand side has finite value since the integrand is a continuous function. The second integral converges

since on the interval of integration,xne�x2
< x�2 and we know that

Z 1

R
x�2 dx D

Z 1

R

dx

x2
converges. We conclude that the

integral
Z 1

0
xne�x2

dx converges.

94. Compute the Laplace transformLf .s/ of the functionf .x/ D x for s > 0. See Exercises 86–89 in Section 7.6 for the
definition ofLf .s/.

SOLUTION The Laplace transform off .x/ D x is the following integral:

L.x/.s/ D
Z 1

0
xe�sx dx D lim

R!1

Z R

0
xe�sx dx:

We compute the definite integral using Integration by Parts withu D x andv0 D e�sx . Thenu0 D 1, v D �1
s e

�sx and

Z R

0
xe�sx dx D �1

s
xe�sx

ˇ̌
ˇ̌
R

0

C
Z R

0

1

s
e�sx dx D

�
�1
s
Re�sR � 1

s2
e�sx

�ˇ̌
ˇ̌
R

0

D �1
s
Re�sR � 1

s2

�
e�sR � e0

�
D 1

s2
� 1

s2
e�sR � 1

s
Re�sR:

Therefore,

L.x/.s/ D lim
R!1

�
1

s2
� 1

s2
e�sR � 1

s
Re�sR

�
D 1

s2
� 1

s2
lim
R!1

e�sR � 1

s
lim
R!1

Re�sR:

Sinces > 0, we have lim
R!1

e�sR D 0. Also by L’Hôpital’s Rule:

lim
R!1

Re�sR D lim
R!1

R

esR
D lim
R!1

1

sesR
D 0:

Finally,

L.x/.s/ D 1

s2
� 0 � 0 D 1

s2
:

95. Compute the Laplace transformLf .s/ of the functionf .x/ D x2e˛x for s > ˛.

SOLUTION The Laplace transform is the following integral:

L
�
x2e˛x

�
.s/ D

Z 1

0
x2e˛xe�sx dx D

Z 1

0
x2e.˛�s/x dx D lim

R!1

Z R

0
x2e.˛�s/x dx:
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We compute the definite integral using Integration by Parts withu D x2, v0 D e.˛�s/x . Thenu0 D 2x, v D 1
˛�s e

.˛�s/x and

Z R

0
x2e.˛�s/x dx D 1

˛ � s x
2e.˛�s/x

ˇ̌
ˇ̌
R

xD0
�
Z R

0
2x � 1

˛ � s e
.˛�s/x dx

D 1

˛ � s R
2e.˛�s/R � 2

˛ � s

Z R

0
xe.˛�s/x dx:

We compute the resulting integral using Integration by Parts again, this time withu D x and v0 D e.˛�s/x . Thenu0 D 1,
v D 1

˛�s e
.˛�s/x and

Z R

0
xe.˛�s/x dx D x � 1

˛ � s
e.˛�s/x

ˇ̌
ˇ̌
R

xD0
� 1

˛ � s

Z R

0
e.˛�s/x dx D

�
x

˛ � s e
.˛�s/x � 1

.˛ � s/2
e.˛�s/x

�ˇ̌
ˇ̌
R

xD0

D R

˛ � s
e.˛�s/R � 1

.˛ � s/2

�
e.˛�s/R � e0

�
D 1

.˛ � s/2
� 1

.˛ � s/2
e.˛�s/R C R

˛ � s
e.˛�s/R:

Thus,

Z R

0
x2e.˛�s/x dx D 1

˛ � s
R2e.˛�s/R � 2

˛ � s

�
1

.˛ � s/2
� 1

.˛ � s/2
e.˛�s/R C R

˛ � s
e.˛�s/R

�

D 1

˛ � s
R2e.˛�s/R � 2

.˛ � s/3
C 2

.˛ � s/3
e.˛�s/R � 2R

.˛ � s/2
e.˛�s/R;

and

L
�
x2e˛x

�
.s/ D 2

.s � ˛/3
� 1

s � ˛ lim
R!1

R2e�.s�˛/R � 2

.s � ˛/3
lim
R!1

e�.s�˛/R � 2

.s � ˛/2
lim
R!1

Re�.s�˛/R:

Now, sinces > ˛, lim
R!1

e�.s�˛/R D 0. We use L’Hôpital’s Rule to compute the other two limits:

lim
R!1

Re�.s�˛/R D lim
R!1

R

e.s�˛/R
D lim
R!1

1

.s � ˛/e.s�˛/R
D 0I

lim
R!1

R2e�.s�˛/R D lim
R!1

R2

e.s�˛/R
D lim
R!1

2R

.s � ˛/e.s�˛/R
D lim
R!1

2

.s � ˛/2e.s�˛/R
D 0:

Finally,

L
�
x2e˛x

�
.s/ D 2

.s � ˛/3
� 0 � 0 � 0 D 2

.s � ˛/3
:

96. Estimate
Z 5

2
f .x/ dx by computingT2,M3, T6, andS6 for a functionf .x/ taking on the values in the following table:

x 2 2:5 3 3:5 4 4:5 5

f .x/ 1
2 2 1 0 �3

2 �4 �2

SOLUTION To calculateT2, divide Œ2; 5� into two subintervals of lengthx D 3
2 with endpointsx0 D 2, x1 D 3:5, x2 D 5. Then

T2 D 1

2
� 3
2
.f .2/C 2f .3:5/C f .5// D 0:75

�
1

2
C 2 � 0C .�2/

�
D �9

8
:

To calculateM3, divide Œ2; 5� into three subintervals of lengthx D 1 with midpointsc1 D 2:5, c2 D 3:5, c3 D 4:5. Then

M3 D 1 � .f .2:5/C f .3:5/C f .4:5// D 2C 0 � 4 D �2:

To calculateT6, divide Œ2; 5� into 6 subintervals of length5�2
6 D 1

2 with endpointsx0 D 2, x1 D 2:5, x2 D 3, x3 D 3:5, x4 D 4 ,
x5 D 4:5, x6 D 5. Then

T6 D 1

2
� 1
2
.f .2/C 2f .2:5/C 2f .3/C 2f .3:5/C 2f .4/C 2f .4:5/C f .5//

D 1

4

�
1

2
C 2 � 2C 2 � 1C 2 � 0C 2 �

�
�3
2

�
C 2.�4/C .�2/

�
D �13

8
:
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Finally, to calculateS6, divide Œ2; 5� into 6 subintervals of lengthx D 5�2
6 D 1

2 with endpointsx0 D 2, x1 D 2:5, x2 D 3,
x3 D 3:5, x4 D 4 , x5 D 4:5, x6 D 5. Then

S6 D 1

3
� 1
2
.f .2/C 4f .2:5/C 2f .3/C 4f .3:5/C 2f .4/C 4f .4:5/C f .5//

D 1

6

�
1

2
C 4 � 2C 2 � 1C 4 � 0C 2 �

�
�3
2

�
C 4.�4/C .�2/

�
D �7

4
:

97. State whether the approximationMN or TN is larger or smaller than the integral.

(a)
Z �

0
sinx dx (b)

Z 2�

�
sinx dx

(c)
Z 8

1

dx

x2
(d)

Z 5

2
ln x dx

SOLUTION

(a) Becausef .x/ D sinx is concave down on the intervalŒ0; ��,

TN �
Z �

0
sinx dx � MN I

that is,TN is smaller andMN is larger than the integral.

(b) On the intervalŒ�; 2��, the functionf .x/ D sinx is concave up, therefore

MN �
Z 2�

�
sinx dx � TN I

that is,MN is smaller andTN is larger than the integral.

(c) The functionf .x/ D 1
x2 is concave up on the intervalŒ1; 8�; therefore,

MN �
Z 8

1

dx

x2
� TN I

that is,MN is smaller andTN is larger than the integral.

(d) The integrandy D lnx is concave down on the intervalŒ2; 5�; hence,

TN �
Z 5

2
lnx dx � MN I

that is,TN is smaller andMN is larger than the integral.

98. The rainfall rate (in inches per hour) was measured hourly during a 10-hour thunderstorm with the following results:

0; 0:41; 0:49; 0:32; 0:3; 0:23;

0:09; 0:08; 0:05; 0:11; 0:12

Use Simpson’s Rule to estimate the total rainfall during the 10-hour period.

SOLUTION We have10 subintervals of lengthx D 1. Thus, the total rainfall during the 10-hour period is approximately

S10 D 1

3
� 1Œ0C 4 � 0:41C 2 � 0:49C 4 � 0:32C 2 � 0:3C 4 � 0:23C 2 � 0:09C 4 � 0:08C 2 � 0:05

C 4 � 0:11C 0:12�

D 2:19 inches:

In Exercises 99–104, compute the given approximation to the integral.

99.
Z 1

0
e�x2

dx, M5

SOLUTION Divide the intervalŒ0; 1� into 5 subintervals of lengthx D 1�0
5 D 1

5 , with midpointsc1 D 1
10 , c2 D 3

10 , c3 D 1
2 ,

c4 D 7
10 , andc5 D 9

10 . Then

M5 D �x

�
f

�
1

10

�
C f

�
3

10

�
C f

�
1

2

�
C f

�
7

10

�
C f

�
9

10

��

D 1

5

h
e�.1=10/2 C e�.3=10/2 C e�.1=2/2 C e�.7=10/2 C e�.9=10/2

i
D 0:748053:
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100.
Z 4

2

p
6t3 C 1 dt , T3

SOLUTION Divide the intervalŒ2; 4� into 3 subintervals of lengthx D 4�2
3 D 2

3 , with endpoints2, 83 , 103 , 4. Then,

T3 D 1

2
x

�
f .2/C 2f

�
8

3

�
C 2f

�
10

3

�
C f .4/

�

D 1

2
� 2
3

0
@
p
6 � 23 C 1C 2

s

6 �
�
8

3

�3
C 1C 2

s

6 �
�
10

3

�3
C 1C

p
6 � 43 C 1

1
A D 25:976514:

101.
Z �=2

�=4

p
sin� d� , M4

SOLUTION Divide the interval
�
�
4 ;

�
2

�
into 4 subintervals of lengthx D

�
2

� �
4

4 D �
16 with midpoints 9�32 , 11�32 , 13�32 , and 15�32 .

Then

M4 D x

�
f

�
9�

32

�
C f

�
11�

32

�
C f

�
13�

32

�
C f

�
15�

32

��

D �

16

 r
sin

9�

32
C
r

sin
11�

32
C
r

sin
13�

32
C
r

sin
15�

32

!
D 0:744978:

102.
Z 4

1

dx

x3 C 1
, T6

SOLUTION Divide the intervalŒ1; 4� into 6 subintervals of lengthx D 4�1
6 D 1

2 with endpoints1, 32 , 2, 52 , 3, 72 , 4. Then

T6 D 1

2
x

�
f .1/C 2f

�
3

2

�
C 2f .2/C 2f

�
5

2

�
C 2f .3/C 2f

�
7

2

�
C f .4/

�

D 1

2
� 1
2

0
B@

1

13 C 1
C 2

1
�
3
2

�3
C 1

C 2
1

23 C 1
C 2

1
�
5
2

�3
C 1

C 2
1

33 C 1
C 2

1

.72 /
2 C 1

C 1

43 C 1

1
CA D 0:358016:

103.
Z 1

0
e�x2

dx, S4

SOLUTION Divide the intervalŒ0; 1� into 4 subintervals of lengthx D 1
4 with endpoints0, 14 , 12 , 34 , 1. Then

S6 D 1

3
x

�
f .0/C 4f

�
1

4

�
C 2f

�
1

2

�
C 4f

�
3

4

�
C f .1/

�

D 1

3
� 1
4

�
e�02 C 4e�.1=4/2 C 2e�.1=2/2 C 4e�.3=4/2 C e�12

�
D 0:746855:

104.
Z 9

5
cos.x2/ dx, S8

SOLUTION Divide the intervalŒ5; 9� into 8 subintervals of lengthx D 9�5
8 D 1

2 with endpoints5, 112 , 6, 132 , 7, 152 , 8, 172 , 9.
Then

S8 D 1

3
x

�
f .5/C 4f

�
11

2

�
C 2f .6/C 4f

�
13

2

�
C 2f .7/C 4f

�
15

2

�
C 2f .8/C 4f

�
17

2

�
C f .9/

�

D 1

3
� 1
2

�
cos.52/C 4 cos.5:52/C 2 cos.62/C 4 cos.6:52/

C 2 cos.72/C 4 cos.7:52/C 2 cos.82/C 4 cos.8:52/C cos.92/
�

D 0:608711:

105. The following table gives the areaA.h/ of a horizontal cross section of a pond at depthh. Use the Trapezoidal Rule to estimate
the volumeV of the pond (Figure 1).

h (ft) A.h/ (acres) h (ft) A.h/ (acres)

0 2:8 10 0:8

2 2:4 12 0:6

4 1:8 14 0:2

6 1:5 16 0:1

8 1:2 18 0
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Area of horizontal
cross section is A(h)

h

FIGURE 1

SOLUTION The volume of the pond is the following integral:

V D
Z 18

0
A.h/dh

We approximate the integral using the trapezoidal approximationT9. The interval of depthŒ0; 18� is divided to 9 subintervals of
lengthx D 2 with endpoints0, 2, 4, 6, 8, 10, 12, 14, 16, 18. Thus,

V � T9 D 1

2
� 2.2:8 C 2 � 2:4C 2 � 1:8C 2 � 1:5C 2 � 1:2C 2 � 0:8C 2 � 0:6C 2 � 0:2C 2 � 0:1C 0/

D 20 acre� ft D 871;200 ft3;

where we have used the fact that 1 acreD 43,560 ft2.

106. Suppose that the second derivative of the functionA.h/ in Exercise 105 satisfiesjA00.h/j � 1:5. Use the error bound to find
the maximum possible error in your estimate of the volumeV of the pond.

SOLUTION The Error Bound for the Trapezoidal Rule states that

Error.TN / � K2.b � a/3

12N 2
;

whereK2 is a number such that
ˇ̌
f 00.x/

ˇ̌
� K2 for all x 2 Œa; b�. We estimated the volume of the pond byT9; henceN D 9. The

interval of depth isŒ0; 18� henceb � a D 18� 0 D 18. Since
ˇ̌
A00.h/

ˇ̌
� 1:5 acres=ft2 we may takeK2 D 1:5, to find that the error

cannot exceed

K2.b � a/3

12N 2
D 1:5 � 183

12 � 92
D 9 acre� ft D 392;040 ft3;

where we have used the fact that 1 acreD 43,560 ft2.

107. Find a bound for the error

ˇ̌
ˇ̌
ˇM16 �

Z 3

1
x3 dx

ˇ̌
ˇ̌
ˇ.

SOLUTION The Error Bound for the Midpoint Rule states that

ˇ̌
ˇ̌
ˇMN �

Z b

a
f .x/ dx

ˇ̌
ˇ̌
ˇ � K2.b � a/3

24N 2
;

whereK2 is a number such that
ˇ̌
f 00.x/

ˇ̌
� K2 for all x 2 Œ1; 3�. Hereb � a D 3 � 1 D 2 andN D 16. Therefore,

ˇ̌
ˇ̌
ˇM16 �

Z 3

1
x3 dx

ˇ̌
ˇ̌
ˇ � K2 � 23

24 � 162
D K2

768
:

To findK2, we differentiatef .x/ D x3 twice:

f 0.x/ D 3x2 and f 00.x/ D 6x:

On the intervalŒ1; 3� we have
ˇ̌
f 00.x/

ˇ̌
D 6x � 6 � 3 D 18; hence, we may takeK2 D 18. Thus,

ˇ̌
ˇ̌
ˇM16 �

Z 3

1
x3 dx

ˇ̌
ˇ̌
ˇ � 18

768
D 3

128
D 0:0234375:
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108. Let f .x/ D sin.x3/. Find a bound for the error

ˇ̌
ˇ̌
ˇT24 �

Z �=2

0
f .x/ dx

ˇ̌
ˇ̌
ˇ

Hint: Find a boundK2 for jf 00.x/j by plottingf 00.x/ with a graphing utility.

SOLUTION Using the error bound forT24 we obtain:

ˇ̌
ˇ̌
ˇT24 �

Z �=2

0
f .x/ dx

ˇ̌
ˇ̌
ˇ �

K2
�
�
2 � 0

�3

12 � 242
D K2�

3

55; 296
;

whereK2 is a number such that
ˇ̌
f 00.x/

ˇ̌
< k2 for all x 2

�
0; �2

�
. We compute the first and second derivative off .x/ D sin.x3/:

f 0.x/ D 3x2 cos.x3/

f 00.x/ D 6x cos.x3/C 3x2 � 3x2
�
� sin.x3/

�
D 6x cos.x3/� 9x4 sin.x3/

The graph off 00.x/ D 6x cos.x3/� 9x4 sin.x3/ on the interval
�
0; �2

�
shows that

ˇ̌
f 00.x/

ˇ̌
� 30 on this interval. We may choose

K2 D 30 and find
ˇ̌
ˇ̌
ˇT24 �

Z �=2

0
f .x/ dx

ˇ̌
ˇ̌
ˇ � 30�3

55;296
D 5�3

9216
D 0:0168220:

5432

−30

−20

−10

30

20

10

x

y

109. Find a value ofN such that
ˇ̌
ˇ̌
ˇMN �

Z �=4

0
tanx dx

ˇ̌
ˇ̌
ˇ � 10�4

SOLUTION To use the Error Bound we must find the second derivative off .x/ D tanx. We differentiatef twice to obtain:

f 0.x/ D sec2x

f 00.x/ D 2 secx tanx D 2 sinx

cos2x

For 0 � x � �
4 , we have sinx � sin �4 D 1p

2
and cosx � 1p

2
or cos2x � 1

2 . Therefore, for0 � x � �
4 we have:

f 00.x/ D 2 sinx

cos2x
�
2 � 1p

2

1
2

D 2
p
2:

Using the Error Bound withb D �
4 , a D 0 andK2 D 2

p
2 we have:

ˇ̌
ˇ̌
ˇMN �

Z �=4

0
tanx dx

ˇ̌
ˇ̌
ˇ �

2
p
2 �
�
�
4 � 0

�3

24N 2
D �3

p
2

768N 2
:

We must choose a value ofN such that:

�3
p
2

768N 2
� 10�4

N 2 � 104 �
p
2�3

768

N � 23:9

The smallest integer that is needed to obtain the required precision isN D 24.



Chapter Review Exercises 985

110. Find a value ofN such thatSN approximates
Z 5

2
x�1=4 dx with an error of at most10�2 (but do not calculateSN ).

SOLUTION To use the error bound we must find the fourth derivativef .4/.x/. We differentiatef .x/ D x�1=4 four times to
obtain:

f 0.x/ D �1
4
x�5=4; f 00.x/ D 5

16
x�9=4; f 000.x/ D �45

64
x�13=4; f .4/.x/ D 585

256
x�17=4:

For2 � x � 5 we have:

ˇ̌
ˇf .4/.x/

ˇ̌
ˇ D 585

256x17=4
� 585

256 � 217=4
D 0:120099:

Using the error bound withb D 5, a D 2 andK4 D 0:120099 we have:

Error.SN / � 0:120099.5 � 2/5

180N 4
D 0:162134

N 4
:

We must choose a value ofN such that:

0:162134

N 4
� 10�2

N 4 � 16:2134

N � 2:00664

The smallest even value ofN that is needed to obtain the required precision isN D 4.





AP-7 

Chapter 7: Techniques of Integration 

Preparing for the AP Exam Solutions 
 

 

Multiple Choice Questions 

 

1)  B  2)   D  3)  C  4)  C  5)  C 

6)    B  7)  B  8)  D  9)  C  10)  D 

11) A  12) D       13)  B  14)  D  15)  D 

16)  E  17)  D  18)  D  19)  B  20)  D 

 

 

Free Response Questions 

1. a) dx
x

duxu
2

1

1

1
sin


 

    and xvdxdv  so dx
x

x
xxdxx 


 

2

11

1
sinsin  

= Cxxx  21 1sin  

b) 1
2

)1sin(
1

0

21  
xxx  

c)  The area under the curve xy 1sin  in the first quadrant plus the area to the left of this curve in the first 

quadrant forms a rectangle of height 
2


 and base 1, so total area is 

2


. The area to the left of the curve, when 

viewed from the y- axis, is under the graph yx sin , and so this area is  2

0
sin



dyy  Thus total area is 
2


 = 

area to left + area under =   2

0

1

0

1 sinsin


dyydxx . 

POINTS: 

(a) (5 pts)  1) dx
x

du
21

1


 ; 2) dx

x

x
xxdxx 


 

2

11

1
sinsin ; 2) Answer with C 

(b) (1 pt) 

(c) (3 pts) 1) area to left of curve as definite integral; 1) area under curve as definite integral; 1) area of 

rectangle 

 

2. a)  
2

1
)( dxxf 6.3)6)(.7.1()4)(.2.1(  ff  

 

b) 

 
2

1
)( dxxf

)))3)(.2()3)(.7.1()2)(.4.1()2)(.2.1(())3)(.7.1()3)(.4.1()2)(.2.1()2)(.1(((5. ffffffff  = 

5.2 

c)  4)7.1()2.1()(
2.1

7.1  ffdxxf  

d)  To compute  
2

1
)( dxxfx use parts with xu  and )(xfdv  .  

 
2

1
)( dxxfx = 

22

1 1
( ( )) ( )x f x f x dx   = )128()7152(  = 21 
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POINTS: 

(a) (2 pts) 1) Uses f(1.2) and f(1.7); 1) uses 6. and 4.x  

(b) (2 pts) 1) Left- and Right-Riemann sums;  1) average 

(c) (2 pts) 1) uses FTC; 1) Answer 

(d) (3 pts) 2) uses parts  
2

1
)( dxxfx = 

22

1 1
( ( )) ( )x f x f x dx   ; 1) Answer 

 

3. a) Let 
x

xg
1

)(  . Then for 2x , 
1

111

22 


xxx
and    




2

1
dx

x


  ))2ln()(ln(lim
1

lim
2

wdx
x w

w

w
. Since 0)()(  xgxf , and 



2
)( dxxg  diverges, so 

does 


2
)( dxxf  

b) 


2

2)( dxxf =  

w

w
dx

x2 2 1

1
lim  . Let 2

3

)( xxg  . Then 0
1

lim
2

2

3


 x

x

x
, so for large values of x,  

)1( 22

3

 xx , or 0
1

11
2

2

3





x
x

. The integral 


2
2

3

1
dx

x

converges by the p-test, hence so does 




2 2 1

1
dx

x
 and then so does 



2 2 1
dx

x


. 

 

POINTS: 

(a) (4 pts) 1) Finds a function g(x) with 


2
)( dxxg divergent. 1) rewrites 



2
)( dxxg  as a limit of a definite 

integral ; 1) shows 


2
)( dxxg  diverges; 1) Conclusion using 0)()(  xgxf . 

(b) (5 pts) 1) writes volume = 


2

2)( dxxf ; 1) finds an appropriate g; 1) rewrites 


2
)( dxxg  as a limit of a 

definite integral; 1) shows 


2
)( dxxg  converges; 1) conclusion 

 

4. a)  Since A > 0 and B > 0, 0 <
2

1

))((

1

xBxAx



for 2x .  



2 2

1
dx

x
= 

w

w
dx

x2 2

1
lim = 

 
2

1
)

2

11
(lim

1
lim

2







 wx w

w

w
. Thus by direct comparison, 



2
)( dxxf converges. 

 b)  To compute  
dx

xx )5)(3(

1
, we use partial fractions. Set 

53)5)(3(

1







 x

D

x

C

xx
= 

)5)(3(

35





xx

DDxCCx
. So 135)(  DCxDC . Thus 0 DC and 135  DC . Thus 

2

1
,

2

1 
 DC . 

 
dx

xx )5)(3(

1
=  




dx
xx )5(2

1

)3(2

1
= Cxx  5ln

2

1
3ln

2

1
, so  



AP-7 




2 )5)(3(

1
dx

xx
= 

2

1 1
lim (( ln 3 ln 5 ) )

2 2

w

w
x x


    = 

))7ln5(ln5ln3(lnlim
2

1



ww

w
= )

7

5
ln

5

3
(lnlim

2

1






 w

w

w
=

7

5
ln

2

1
)

7

5
ln1(ln

2

1 
  

 

 

POINTS: 

(a) (3 pts) 1) Uses comparison correctly; 1) writes improper integral as limit of definite integral; 1)        

evaluates 


2 2

1
dx

x
 

(b) (6 pts) 1) writes 
53)5)(3(

1







 x

D

x

C

xx
; 1) finds C and D; 1) antidifferentiation; 1) uses FTC on 

a bounded interval; 1) uses property of ln function; 1) answer 



 



8
FURTHER APPLICATIONS
OF THE INTEGRAL AND
TAYLOR POLYNOMIALS

8.1 Arc Length and Surface Area

Preliminary Questions
1. Which integral represents the length of the curvey D cosx between0 and�?

Z �

0

p
1C cos2 x dx;

Z �

0

p
1C sin2 x dx

SOLUTION Let y D cosx. Theny0 D � sinx, and1C .y0/2 D 1C sin2 x. Thus, the length of the curvey D cosx between0
and� is

Z �

0

p
1C sin2 x dx:

2. Use the formula for arc length to show that for any constantC , the graphsy D f .x/ andy D f .x/C C have the same length
over every intervalŒa; b�. Explain geometrically.

SOLUTION The graph ofy D f .x/C C is a vertical translation of the graph ofy D f .x/; hence, the two graphs should have
the same arc length. We can explicitly establish this as follows:

length ofy D f .x/C C D
Z b

a

s

1C
�
d

dx
.f .x/C C/

�2
dx D

Z b

a

q
1C Œf 0.x/�2 dx D length ofy D f .x/:

3. Use the formula for arc length to show that the length of a graph overŒ1; 4� cannot be less than3.

SOLUTION Note thatf 0.x/2 � 0, so that
p
1C Œf 0.x/�2 �

p
1 D 1. Then the arc length of the graph off .x/ on

Œ1; 4� is

Z 4

1

q
1C Œf 0.x/�2 dx �

Z 4

1
1dx D 3

Exercises
1. Express the arc length of the curvey D x4 betweenx D 2 andx D 6 as an integral (but do not evaluate).

SOLUTION Let y D x4. Theny0 D 4x3 and

s D
Z 6

2

q
1C .4x3/2 dx D

Z 6

2

p
1C 16x6 dx:

2. Express the arc length of the curvey D tanx for 0 � x � �
4 as an integral (but do not evaluate).

SOLUTION Let y D tanx. Theny0 D sec2 x, and

s D
Z �=4

0

q
1C .sec2 x/2 dx D

Z �=4

0

p
1C sec4 x dx:

3. Find the arc length ofy D 1
12x

3 C x�1 for 1 � x � 2. Hint: Show that1C .y0/2 D
�
1
4x
2 C x�2

�2
.

SOLUTION Let y D 1

12
x3 C x�1. Theny0 D x2

4
x�2, and

.y0/2 C 1 D
 
x2

4
� x�2

!2
C 1 D x4

16
� 1

2
C x�4 C 1 D x4

16
C 1

2
C x�4 D

 
x2

4
C x�2

!2
:
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Thus,

s D
Z 2

1

q
1C .y0/2 dx D

Z 2

1

vuut
 
x2

4
C 1

x2

!2
dx D

Z 2

1

ˇ̌
ˇ̌
ˇ
x2

4
C 1

x2

ˇ̌
ˇ̌
ˇ dx

D
Z 2

1

 
x2

4
C 1

x2

!
dx since

x2

4
C 1

x2
> 0

D
 
x3

12
� 1

x

! ˇ̌
ˇ̌
2

1

D 13

12
:

4. Find the arc length ofy D
�x
2

�4
C 1

2x2
over Œ1; 4�. Hint: Show that1C .y0/2 is a perfect square.

SOLUTION Let y D
�x
2

�4
C 1

2x2
. Then

y0 D 4
�x
2

�3 �1
2

�
� 1

x3
D x3

4
� 1

x3

and

.y0/2 C 1 D
 
x3

4
� 1

x3

!2
C 1 D x6

16
� 1

2
C 1

x6
C 1 D x6

16
C 1

2
C 1

x6
D
 
x3

4
C 1

x3

!2
:

Hence,

s D
Z 4

1

q
1C y02 dx D

Z 4

1

vuut
 
x3

4
C 1

x3

!2
dx D

Z 4

1

ˇ̌
ˇ̌
ˇ
x3

4
C 1

x3

ˇ̌
ˇ̌
ˇ dx

D
Z 4

1

 
x3

4
C 1

x3

!
dx since

x3

4
C 1

x3
> 0 on Œ1; 4�

D
 
x4

16
C x�2

�2

! ˇ̌
ˇ̌
4

1

D 525

32
:

In Exercises 5–10, calculate the arc length over the given interval.

5. y D 3x C 1, Œ0; 3�

SOLUTION Let y D 3x C 1. Theny0 D 3, ands D
Z 3

0

p
1C 9 dx D 3

p
10.

6. y D 9 � 3x, Œ1; 3�

SOLUTION Let y D 9 � 3x. Theny0 D �3, ands D
Z 3

1

p
1C 9 dx D 3

p
10 �

p
10 D 2

p
10.

7. y D x3=2, Œ1; 2�

SOLUTION Let y D x3=2. Theny0 D 3
2x
1=2, and

s D
Z 2

1

r
1C 9

4
x dx D 8

27

�
1C 9

4
x

�3=2 ˇ̌
ˇ̌
2

1

D 8

27

 �
11

2

�3=2
�
�
13

4

�3=2!
D 1

27

�
22

p
22 � 13

p
13
�
:

8. y D 1
3x
3=2 � x1=2, Œ2; 8�

SOLUTION Let y D 1
3x
3=2 � x1=2. Then

y0 D 1

2
x1=2 � 1

2
x�1=2;

and

1C .y0/2 D 1C
�
1

2
x1=2 � 1

2
x�1=2

�2
D 1

4
x C 1

2
C 1

4
x�1 D

�
1

2
x1=2 C 1

2
x�1=2

�2
:

Hence,

s D
Z 8

2

q
1C .y0/2 dx D

Z 8

2

s�
1

2
x1=2 C 1

2
x�1=2

�2
dx D

Z 8

2

ˇ̌
ˇ̌1
2
x1=2 C 1

2
x�1=2

ˇ̌
ˇ̌ dx
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D
Z 8

2

�
1

2
x1=2 C 1

2
x�1=2

�
dx since

1

2
x1=2 C 1

2
x�1=2 > 0

D
�
1

3
x3=2 C x1=2

� ˇ̌
ˇ̌
8

2

D 17
p
2

3
:

9. y D 1
4x
2 � 1

2 lnx, Œ1; 2e�

SOLUTION Let y D 1
4x
2 � 1

2 lnx. Then

y0 D x

2
� 1

2x
;

and

1C .y0/2 D 1C
�
x

2
� 1

2x

�2
D x2

4
C 1

2
C 1

4x2
D
�
x

2
C 1

2x

�2
:

Hence,

s D
Z 2e

1

q
1C .y0/2 dx D

Z 2e

1

s�
x

2
C 1

2x

�2
dx D

Z 2e

1

ˇ̌
ˇ̌x
2

C 1

2x

ˇ̌
ˇ̌ dx

D
Z 2e

1

�
x

2
C 1

2x

�
dx since

x

2
C 1

2x
> 0 on Œ1; 2e�

D
 
x2

4
C 1

2
lnx

! ˇ̌
ˇ̌
2e

1

D e2 C ln 2

2
C 1

4
:

10. y D ln.cosx/,
�
0; �4

�

SOLUTION Let y D ln.cosx/. Theny0 D � tanx and1C .y0/2 D 1C tan2 x D sec2 x. Hence,

s D
Z �=4

0

q
1C .y0/2 dx D

Z �=4

0

p
sec2 x dx D

Z �=4

0
j secxj dx

D
Z �=4

0
secx dx since secx > 0 on

h
0;
�

4

i

D ln jsecx C tanxj
ˇ̌
ˇ̌
�=4

0

D ln.
p
2C 1/:

In Exercises 11–14, approximate the arc length of the curve over the interval using the Trapezoidal RuleTN , the Midpoint Rule
MN , or Simpson’s RuleSN as indicated.

11. y D 1
4x
4, Œ1; 2�, T5

SOLUTION Let y D 1
4x
4. Then

1C .y0/2 D 1C .x3/2 D 1C x6:

Therefore, the arc length overŒ1; 2� is

Z 2

1

p
1C x6 dx:

Now, letf .x/ D
p
1C x6. With n D 5,

�x D 2 � 1
5

D 1

5
and fxi g5iD0 D

�
1;
6

5
;
7

5
;
8

5
;
9

5
; 2

�
:

Using the Trapezoidal Rule,

Z 2

1

p
1C x6 dx � �x

2

"
f .x0/C 2

4X

iD1
f .xi /C f .x5/

#
D 3:957736:

The arc length is approximately 3.957736 units.
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12. y D sinx,
�
0; �2

�
, M8

SOLUTION Let y D sinx. Then

1C y02 D 1C cos2 x:

Therefore, the arc length overŒ0; �=2� is

Z �=2

0

p
1C cos2 x dx:

Now, letf .x/ D
p
1C cos2 x. With n D 8, we have:

�x D �=2

8
D �

16
and

˚
x�
i

	8
iD1 D

�
�

32
;
3�

32
;
5�

32
;
7�

32
;
9�

32
;
11�

32
;
13�

32
;
15�

32

�
:

Using the Midpoint Rule,

Z �=2

0

p
1C cos2 x dx � �x

8X

iD1
f .x�

i / D 1:910099:

The arc length is approximately 1.910099 units.

13. y D x�1, Œ1; 2�, S8

SOLUTION Let y D x�1. Theny0 D �x�2 and

1C .y0/2 D 1C 1

x4
:

Therefore, the arc length overŒ1; 2� is

Z 2

1

r
1C 1

x4
dx:

Now, letf .x/ D
q
1C 1

x4 . With n D 8,

�x D 2� 1

8
D 1

8
and fxi g8iD0 D

�
1;
9

8
;
5

4
;
11

8
;
3

2
;
13

8
;
7

4
;
15

8
; 2

�
:

Using Simpson’s Rule,

Z 2

1

r
1C 1

x4
dx � �x

3

"
f .x0/C 4

4X

iD1
f .x2i�1/C 2

3X

iD1
f .x2i /C f .x8/

#
D 1:132123:

The arc length is approximately 1.132123 units.

14. y D e�x2
, Œ0; 2�, S8

SOLUTION Let y D e�x2
. Then

1C .y0/2 D 1C 4x2e�2x2

:

Therefore, the arc length overŒ0; 2� is

Z 2

0

q
1C 4x2e�2x2

dx:

Now, letf .x/ D
p
1C 4x2e�2x2 . With n D 8,

�x D 2� 0

8
D 1

4
and fxi g8iD0 D

�
0;
1

4
;
1

2
;
3

4
; 1;

5

4
;
3

2
;
7

4
; 2

�
:

Using Simpson’s Rule,

Z 2

0

q
1C 4x2e�2x2

dx � �x

3

"
f .x0/C 4

4X

iD1
f .x2i�1/C 2

3X

iD1
f .x2i /C f .x8/

#
D 2:280718:

The arc length is approximately 2.280718 units.
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15. Calculate the length of the astroidx2=3 C y2=3 D 1 (Figure 1).

y

1

1

−1

−1
x

FIGURE 1 Graph ofx2=3 C y2=3 D 1.

SOLUTION We will calculate the arc length of the portion of the asteroid in the first quadrant and then multiply by 4. By implicit
differentiation

2

3
x�1=3 C 2

3
y�1=3y0 D 0;

so

y0 D �x
�1=3

y�1=3 D �y
1=3

x1=3
:

Thus

1C .y0/2 D 1C y2=3

x2=3
D x2=3 C y2=3

x2=3
D 1

x2=3
;

and

s D
Z 1

0

1

x1=3
dx D 3

2
:

The total arc length is therefore4 � 32 D 6.

16. Show that the arc length of the asteroidx2=3 C y2=3 D a2=3 (for a > 0) is proportional toa.

SOLUTION We will calculate the arc length of the portion of the asteroid in the first quadrant and then multiply by 4. By implicit
differentiation

2

3
x�1=3 C 2

3
y�1=3y0 D 0;

so

y0 D �x
�1=3

y�1=3 D �y
1=3

x1=3
:

Thus

1C .y0/2 D 1C y2=3

x2=3
D x2=3 C y2=3

x2=3
D a2=3

x2=3
;

and

s D
Z a

0

a1=3

x1=3
dx D a1=3

�
3

2
a2=3

�
D 3

2
a:

The total arc length is therefore4 � 32a D 6a, which is proportional toa.

17. Let a; r > 0. Show that the arc length of the curvexr C yr D ar for 0 � x � a is proportional toa.

SOLUTION Using implicit differentiation, we findy0 D �.x=y/r�1 and

1C .y0/2 D 1C .x=y/2r�2 D x2r�1 C y2r�2

y2r�2 D x2r�2 C .ar � xr /2�2=r

.ar � xr /2�2=r :

The arc length is then

s D
Z a

0

s
x2r�2 C .ar � xr /2�2=r

.ar � xr /2�2=r dx:

Using the substitutionx D au, we obtain

s D a

Z 1

0

s
u2r�2 C .1 � ur /2�2=r

.1 � ur /2�2=r du;

where the integral is independent ofa.
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18. Find the arc length of the curve shown in Figure 2.

x

0.5

y

321

FIGURE 2 Graph of9y2 D x.x � 3/2.

SOLUTION Using implicit differentiation,

18yy0 D x.2/.x � 3/C .x � 3/2 D 3.x � 3/.x � 1/

Hence,

.y0/2 D .x � 3/2.x � 1/2

36y2
D .x � 3/2.x � 1/2

4.9y2/
D .x � 3/2.x � 1/2

4x.x � 3/2
D .x � 1/2

4x

and

1C .y0/2 D .x � 1/2 C 4x

4x
D .x C 1/2

4x
:

Finally,

s D
Z 3

0

s
.x C 1/2

4x
dx D

Z 3

0

jx C 1j
2
p
x
dx

D
Z 3

0

x C 1

2
p
x
dx since x C 1 > 0 on Œ0; 3�

D
Z 3

0

�
1

2
x1=2 C 1

2
x�1=2

�
dx D

�
1

3
x3=2 C x1=2

� ˇ̌
ˇ̌
3

0

D 2
p
3:

19. Find the value ofa such that the arc length of thecatenaryy D coshx for �a � x � a equals 10.

SOLUTION Let y D coshx. Theny0 D sinhx and

1C .y0/2 D 1C sinh2 x D cosh2 x:

Thus,

s D
Z a

�a
coshx dx D sinh.a/ � sinh.�a/ D 2 sinha:

Setting this expression equal to 10 and solving fora yieldsa D sinh�1.5/ D ln.5C
p
26/.

20. Calculate the arc length of the graph off .x/ D mxC r overŒa; b� in two ways: using the Pythagorean theorem (Figure 3) and
using the arc length integral.

x
a b

r

y

b − a

m(b − a)

FIGURE 3

SOLUTION Let h denote the length of the hypotenuse. Then, by Pythagoras’ Theorem,

h2 D .b � a/2 Cm2.b � a/2 D .b � a/2.1Cm2/;

or

h D .b � a/
p
1Cm2

sinceb > a. Moreover,.f 0.x//2 D m2, so

s D
Z b

a

p
1Cm2 dx D .b � a/

p
1Cm2 D h:
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21. Show that the circumference of the unit circle is equal to

2

Z 1

�1

dxp
1 � x2

(an improper integral)

Evaluate, thus verifying that the circumference is2�.

SOLUTION Note the circumference of the unit circle is twice the arc length of the upper half of the curve defined byx2 C y2 D 1.

Thus, lety D
p
1 � x2. Then

y0 D � xp
1 � x2

and 1C .y0/2 D 1C x2

1 � x2
D 1

1 � x2
:

Finally, the circumference of the unit circle is

2

Z 1

�1

dxp
1 � x2

D 2 sin�1 x
ˇ̌
ˇ̌
1

�1
D � � .��/ D 2�:

22. Generalize the result of Exercise 21 to show that the circumference of the circle of radiusr is 2�r .

SOLUTION Let y D
p
r2 � x2 denote the upper half of a circle of radiusr centered at the origin. Then

1C .y0/2 D 1C x2

r2 � x2
D r2

r2 � x2
D 1

1 � x2

r2

;

and the circumference of the circle is given by

C D 2

Z r

�r

dxp
1 � x2=r2

:

Using the substitutionu D x=r , du D dx=r , we find

C D 2r

Z 1

�1

dup
1 � u2

D 2r sin�1 u
ˇ̌
ˇ̌
1

�1

D 2r
��
2

�
�
��
2

��
D 2�r

23. Calculate the arc length ofy D x2 over Œ0; a�. Hint: Use trigonometric substitution. Evaluate fora D 1.

SOLUTION Let y D x2. Theny0 D 2x and

s D
Z a

0

p
1C 4x2 dx:

Using the substitution2x D tan� , 2 dx D sec2 � d� , we find

s D 1

2

Z xDa

xD0
sec3 � d�:

Next, using a reduction formula for the integral of sec3 � , we see that

s D
�
1

4
sec� tan� C 1

4
ln j sec� C tan� j

�ˇ̌
ˇ̌
xDa

xD0
D
�
1

2
x
p
1C 4x2 C 1

4
ln j
p
1C 4x2 C 2xj

� ˇ̌
ˇ̌
a

0

D a

2

p
1C 4a2 C 1

4
ln j
p
1C 4a2 C 2aj

Thus, whena D 1,

s D 1

2

p
5C 1

4
ln.

p
5C 2/ � 1:478943:

24. Express the arc length ofg.x/ D
p
x over Œ0; 1� as a definite integral. Then use the substitutionu D

p
x to show that

this arc length is equal to the arc length ofx2 over Œ0; 1� (but do not evaluate the integrals). Explain this result graphically.

SOLUTION Let g.x/ D
p
x. Then

1C g0.x/2 D 1C 4x

4x
and s D

Z 1

0

r
1C 4x

4x
dx D

Z 1

0

p
1C 4x

2
p
x

dx:
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With the substitutionu D
p
x, du D 1

2
p
x
dx, this becomes

s D
Z 1

0

p
1C 4u2 du:

Now, letf .x/ D x2. Then1C f 0.x/2 D 1C 4x2, and

s D
Z 1

0

p
1C 4x2 dx:

Thus, the two arc lengths are equal. This is explained graphically by the fact that forx � 0, x2 and
p
x are inverses of each other.

This means that the two graphs are symmetric with respect to the liney D x. Moreover, the graphs ofx2 and
p
x intersect atx D 0

and atx D 1. Thus, it is clear that the arc length of the two graphs onŒ0; 1� are equal.

25. Find the arc length ofy D ex over Œ0; a�. Hint: Try the substitutionu D
p
1C e2x followed by partial fractions.

SOLUTION Let y D ex . Then1C .y0/2 D 1C e2x , and the arc length overŒ0; a� is

Z a

0

p
1C e2x dx:

Now, letu D
p
1C e2x . Then

du D 1

2
� 2e2xp

1C e2x
dx D u2 � 1

u
dx

and the arc length is

Z a

0

p
1C e2x dx D

Z xDa

xD0
u � u

u2 � 1
du D

Z xDa

xD0

u2

u2 � 1
du D

Z xDa

xD0

�
1C 1

u2 � 1

�
du

D
Z xDa

xD0

�
1C 1

2

1

u � 1
� 1

2

1

uC 1

�
du D

�
uC 1

2
ln.u � 1/ � 1

2
ln.uC 1/

� ˇ̌
ˇ̌
xDa

xD0

D
"p

1C e2x C 1

2
ln

 p
1C e2x � 1p
1C e2x C 1

!# ˇ̌
ˇ̌
a

0

D
p
1C e2a C 1

2
ln

p
1C e2a � 1p
1C e2a C 1

�
p
2C 1

2
ln
1C

p
2p

2 � 1

D
p
1C e2a C 1

2
ln

p
1C e2a � 1p
1C e2a C 1

�
p
2C ln.1C

p
2/:

26. Show that the arc length ofy D ln.f .x// for a � x � b is

Z b

a

p
f .x/2 C f 0.x/2

f .x/
dx 4

SOLUTION Lety D ln.f .x//. Then

y0 D f 0.x/
f .x/

and 1C .y0/2 D f .x/2 C f 0.x/2

f .x/2
:

Therefore,

s D
Z b

a

p
f .x/2 C f 0.x/2

f .x/
dx

sincef .x/ > 0 in order fory D ln.f .x// to be defined onŒa; b�.

27. Use Eq. (4) to compute the arc length ofy D ln.sinx/ for �4 � x � �
2 .

SOLUTION With f .x/ D sinx, Eq. (4) yields

s D
Z �=2

�=4

p
sin2 x C cos2 x

sinx
dx D

Z �=2

�=4
cscx dx D ln .cscx � cotx/

ˇ̌
ˇ̌
�=2

�=4

D ln 1 � ln.
p
2 � 1/ D ln

1p
2 � 1

D ln.
p
2C 1/:
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28. Use Eq. (4) to compute the arc length ofy D ln

�
ex C 1

ex � 1

�
over Œ1; 3�.

SOLUTION With f .x/ D ex C 1

ex � 1 ,

f 0.x/ D .ex � 1/ex � .ex C 1/ex

.ex � 1/2
D � 2ex

.ex � 1/2

and

f .x/2 C f 0.x/2 D
�
ex C 1

ex � 1

�2
C 4e2x

.ex � 1/4
D .e2x � 1/2 C 4e2x

.ex � 1/4
D .e2x C 1/2

.ex � 1/4
:

Thus, by Eq. (4),

s D
Z 3

1

e2x C 1

.ex � 1/2
� e
x � 1

ex C 1
dx D

Z 3

1

e2x C 1

e2x � 1
dx:

Observe that

e2x C 1

e2x � 1
D ex C e�x

ex � e�x D .ex C e�x/=2
.ex � e�x/=2

D coshx

sinhx
:

Therefore,

s D
Z 3

1

coshx

sinhx
dx D ln.sinhx/

ˇ̌
ˇ̌
3

1

D ln.sinh3/ � ln.sinh1/:

29. Show that if0 � f 0.x/ � 1 for all x, then the arc length ofy D f .x/ over Œa; b� is at most
p
2.b � a/. Show that for

f .x/ D x, the arc length equals
p
2.b � a/.

SOLUTION If 0 � f 0.x/ � 1 for all x, then

s D
Z b

a

q
1C f 0.x/2 dx �

Z b

a

p
1C 1dx D

p
2.b � a/:

If f .x/ D x, thenf 0.x/ D 1 and

s D
Z b

a

p
1C 1 dx D

p
2.b � a/:

30. Use the Comparison Theorem (Section 5.2) to prove that the arc length ofy D x4=3 over Œ1; 2� is not less than53 .

SOLUTION Note thatf 0.x/ D 4
3x
1=3; for x 2 Œ1; 2�, we havex1=3 � 1 so thatf 0.x/ � 4

3 . Then

q
1C f 0.x/2 �

s

1C
�
4

3

�2
D
r
25

9
D 5

3

and then the arc length is

Z 2

1

q
1C f 0.x/2 dx �

Z 2

1

5

3
dx D 5

3

31. Approximate the arc length of one-quarter of the unit circle (which we know is�
2 ) by computing the length of the polygonal

approximation withN D 4 segments (Figure 4).

y

10.750.50.25
x

FIGURE 4 One-quarter of the unit circle
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SOLUTION With y D
p
1 � x2, the five points along the curve are

P0.0; 1/; P1.1=4;
p
15=4/; P2.1=2;

p
3=2/; P3.3=4;

p
7=4/; P4.1; 0/

Then

P0P1 D

vuut 1

16
C
 
4 �

p
15

4

!2
� 0:252009

P1P2 D

vuut 1

16
C
 
2
p
3 �

p
15

4

!2
� 0:270091

P2P3 D

vuut 1

16
C
 
2
p
3 �

p
7

4

!2
� 0:323042

P3P4 D
r
1

16
C 7

16
� 0:707108

and the total approximate distance is 1.552250 whereas�=2 � 1:570796.

32. A merchant intends to produce specialty carpets in the shape of the region in Figure 5, bounded by the axes and graph
of y D 1 � xn (units in yards). Assume that material costs $50/yd2 and that it costs50L dollars to cut the carpet, whereL is
the length of the curved side of the carpet. The carpet can be sold for150A dollars, whereA is the carpet’s area. Using numerical
integration with a computer algebra system, find the whole numbern for which the merchant’s profits are maximal.

1

0.5

y

y = 1 − xn

10.5
x

A

FIGURE 5

SOLUTION The area of the carpet is

A D
Z 1

0
.1 � xn/dx D

 
x � xnC1

nC 1

! ˇ̌
ˇ̌
1

0

D 1 � 1

nC 1
D n

nC 1
;

while the length of the curved side of the carpet is

L D
Z 1

0

q
1C .nxn�1/2 dx D

Z 1

0

p
1C n2x2n�2 dx:

Using these formulas, we find that the merchant’s profit is given by

150A � .50AC 50L/ D 100A � 50L D 100n

nC 1
� 50

Z 1

0

p
1C n2x2n�2 dx:

Using a CAS, we find that the merchant’s profit is maximized (approximately $3.31 per carpet) whenn D 13. The table below lists
the profit for1 � n � 15.

n Profit n Profit

1 �20.71067810 9 3.06855532
2 �7.28047621 10 3.18862208
3 �2.39328273 11 3.25953632
4 �0.01147138 12 3.29668137
5 1.30534545 13 3.31024566
6 2.08684099 14 3.30715476
7 2.57017349 15 3.29222024
8 2.87535925
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In Exercises 33–40, compute the surface area of revolution about thex-axis over the interval.

33. y D x, Œ0; 4�

SOLUTION 1C .y0/2 D 2 so that

SA D 2�

Z 4

0
x

p
2 dx D 2�

p
2
1

2
x2
ˇ̌
ˇ̌
4

0

D 16�
p
2

34. y D 4x C 3, Œ0; 1�

SOLUTION Let y D 4x C 3. Then1C .y0/2 D 17 and

SA D 2�

Z 1

0
.4x C 3/

p
17 dx D 2�

p
17
�
2x2 C 3x

� ˇ̌
ˇ̌
1

0

D 10�
p
17:

35. y D x3, Œ0; 2�

SOLUTION 1C .y0/2 D 1C 9x4, so that

SA D 2�

Z 2

0
x3
p
1C 9x4 dx D 2�

36

Z 2

0
36x3

p
1C 9x4 dx D �

18
.1C 9x4/3=2

ˇ̌
ˇ̌
2

0

D �

18

�
1453=2 � 1

�

36. y D x2, Œ0; 4�

SOLUTION Let y D x2. Theny0 D 2x and

SA D 2�

Z 4

0
x2
p
1C 4x2 dx:

Using the substitution2x D tan� , 2 dx D sec2 � d� , we find that
Z
x2
p
1C 4x2 dx D 1

8

Z
sec3 � tan2 � d� D 1

8

Z �
sec5 � � sec3 �

�
d�

D 1

8

�
1

4
sec3 � tan� C 3

8
sec� tan� C 3

8
ln jsec� C tan� j � 1

2
sec� tan� � 1

2
ln jsec� C tan� j

�
C C

D x

16
.1C 4x2/3=2 � x

32

p
1C 4x2 � 1

64
ln j
p
1C 4x2 C 2xj C C:

Finally,

SA D 2�

�
x

16
.1C 4x2/3=2 � x

32

p
1C 4x2 � 1

64
ln j
p
1C 4x2 C 2xj

� ˇ̌
ˇ̌
4

0

D 2�

 
1

4
653=2 �

p
65

8
� 1

64
ln.8C

p
65/

!
D 129

p
65

4
� � �

32
ln.8C

p
65/:

37. y D .4 � x2=3/3=2, Œ0; 8�

SOLUTION Let y D .4 � x2=3/3=2. Then

y0 D �x�1=3.4 � x2=3/1=2;

and

1C .y0/2 D 1C 4 � x2=3

x2=3
D 4

x2=3
:

Therefore,

SA D 2�

Z 8

0
.4 � x2=3/3=2

�
2

x1=3

�
dx:

Using the substitutionu D 4 � x2=3, du D �2
3x

�1=3 dx, we find

SA D 2�

Z 0

4
u3=2.�3/ du D 6�

Z 4

0
u3=2 du D 12

5
�u5=2

ˇ̌
ˇ̌
4

0

D 384�

5
:

38. y D e�x , Œ0; 1�
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SOLUTION Let y D e�x . Theny0 D �e�x and

SA D 2�

Z 1

0
e�x

p
1C e�2x dx:

Using the substitutione�x D tan� , �e�x dx D sec2 � d� , we find that
Z
e�x

p
1C e�2x dx D �

Z
sec3 � d� D �1

2
sec� tan� � 1

2
ln j sec� C tan� j C C

D �1
2
e�x

p
1C e�2x � 1

2
ln j
p
1C e�2x C e�x j C C:

Finally,

SA D
�
��e�x

p
1C e�2x � � ln j

p
1C e�2x C e�x j

� ˇ̌
ˇ̌
1

0

D ��e�1
p
1C e�2 � � ln.

p
1C e�2 C e�1/C �

p
2C � ln.

p
2C 1/

D �
p
2 � �e�1

p
1C e�2 C � ln

 p
2C 1p

1C e�2 C e�1

!
:

39. y D 1
4x
2 � 1

2 lnx, Œ1; e�

SOLUTION We havey0 D x
2 � 1

2x , and

1C .y0/2 D 1C
�
x

2
� 1

2x

�2
D 1C x2

4
� 1

2
C 1

4x2
D x2

4
C 1

2
C 1

4x2
D
�
x

2
C 1

2x

�2
:

Thus,

SA D 2�

Z e

1

 
x2

4
� lnx

2

!�
x

2
C 1

2x

�
dx D 2�

Z e

1

x3

8
C x

8
� x lnx

4
� lnx

4x
dx

D 2�

 
x4

32
C x2

16
� x2 lnx

8
C x2

16
� .lnx/2

8

! ˇ̌
ˇ̌
e

1

D 2�

 
e4

32
C e2

16
� e2

8
C e2

16
� 1

8
�
�
1

32
C 1

16
C 0C 1

16
� 0

�!

D 2�

 
e4

32
� 1

8
� 1

32
� 1

16
� 1

16

!

D �

16
.e4 � 9/

40. y D sinx, Œ0; ��

SOLUTION Let y D sinx. Theny0 D cosx, and

SA D 2�

Z �

0
sinx

p
1C cos2 x dx:

Using the substitution cosx D tan� , � sinx dx D sec2 � d� , we find that
Z

sinx
p
1C cos2 x dx D �

Z
sec3 � d� D �1

2
sec� tan� � 1

2
ln j sec� C tan� j C C

D �1
2

cosx
p
1C cos2 x � 1

2
ln j
p
1C cos2 x C cosxj C C:

Finally,

SA D 2�

�
�1
2

cosx
p
1C cos2 x � 1

2
ln j
p
1C cos2 x C cosxj

� ˇ̌
ˇ̌
�

0

D 2�

�
1

2

p
2 � 1

2
ln.

p
2 � 1/C 1

2

p
2C 1

2
ln.

p
2C 1/

�
D 2�

�p
2C ln.

p
2C 1/

�
:
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In Exercises 41–44, use a computer algebra system to find the approximate surface area of the solid generated by rotating
the curve about thex-axis.

41. y D x�1, Œ1; 3�

SOLUTION

SA D 2�

Z 3

1

1

x

s
1C

�
� 1

x2

�2
dx D 2�

Z 3

1

1

x

r
1C 1

x4
dx � 7:603062807

using Maple.

42. y D x4, Œ0; 1�

SOLUTION

SA D 2�

Z 1

0
x4
q
1C .4x3/2 dx D 2�

Z 1

0
x4
p
1C 16x6 dx � 3:436526697

using Maple.

43. y D e�x2=2, Œ0; 2�

SOLUTION

SA D 2�

Z 2

0
e�x2=2

q
1C .�xe�x2=2/2 dx D 2�

Z 2

0
e�x2=2

q
1C x2e�x2

dx � 8:222695606

using Maple.

44. y D tanx,
�
0; �4

�

SOLUTION Let y D tanx. Theny0 D sec2 x, 1C .y0/2 D 1C sec4 x, and

SA D 2�

Z �=4

0
tanx

p
1C sec4 x dx:

Using a computer algebra system to approximate the value of the definite integral, we find

SA � 3:83908:

45. Find the area of the surface obtained by rotatingy D coshx over Œ� ln 2; ln 2� around thex-axis.

SOLUTION Let y D coshx. Theny0 D sinhx, and

q
1C .y0/2 D

p
1C sinh2 x D

p
cosh2 x D coshx:

Therefore,

SA D 2�

Z ln2

� ln2
cosh2 x dx D �

Z ln2

� ln2
.1C cosh2x/ dx D �

�
x C 1

2
sinh2x

� ˇ̌
ˇ̌
ln2

� ln2

D �

�
ln 2C 1

2
sinh.2 ln 2/C ln 2� 1

2
sinh.�2 ln 2/

�
D 2� ln 2C � sinh.2 ln 2/:

We can simplify this answer by recognizing that

sinh.2 ln 2/ D e2 ln2 � e�2 ln2

2
D
4 � 1

4

2
D 15

8
:

Thus,

SA D 2� ln 2C 15�

8
:

46. Show that the surface area of a spherical cap of heighth and radiusR (Figure 6) has surface area2�Rh.

h

R

FIGURE 6
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SOLUTION To determine the surface area of the cap, we will rotate a portion of a circle of radiusR, centered at the origin, about

they-axis. Since the equation of the right half of the circle isx D
p
R2 � y2,

1C .x0/2 D 1C y2

R2 � y2
D R2

R2 � y2
;

and

SA D 2�

Z R

R�h

q
R2 � y2

 
Rp

R2 � y2

!
dy D 2�R .R � .R � h// D 2�Rh:

47. Find the surface area of the torus obtained by rotating the circlex2 C .y � b/2 D a2 about thex-axis (Figure 7).

y

x

(0, b + a)

(0, b)

FIGURE 7 Torus obtained by rotating a circle about thex-axis.

SOLUTION y D b C
p
a2 � x2 gives the top half of the circle andy D b �

p
a2 � x2 gives the bottom half. Note that in each

case,

1C .y0/2 D 1C x2

a2 � x2
D a2

a2 � x2
:

Rotating the two halves of the circle around thex-axis then yields

SA D 2�

Z a

�a
.b C

p
a2 � x2/

ap
a2 � x2

dx C 2�

Z a

�a
.b �

p
a2 � x2/

ap
a2 � x2

dx

D 2�

Z a

�a
2b

ap
a2 � x2

dx D 4�ba

Z a

�a

1p
a2 � x2

dx

D 4�ba � sin�1
�x
a

� ˇ̌
ˇ̌
a

�a
D 4�ba

��
2

�
�
��
2

��
D 4�2ba:

48. Show that the surface area of a right circular cone of radiusr and heighth is �r
p
r2 C h2. Hint: Rotate a liney D mx about

thex-axis for0 � x � h, wherem is determined suitably by the radiusr .

SOLUTION

y

y = mx

x
h

r

From the figure, we see thatm D r

h
, soy D rx

h
. Thus

SA D 2�

Z h

0

rx

h

s

1C r2

h2
dx D 2�r

h

s

1C r2

h2

Z h

0
x dx D �r

p
h2 C r2:
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Further Insights and Challenges

49. Find the surface area of the ellipsoid obtained by rotating the ellipse
�x
a

�2
C
�y
b

�2
D 1 about thex-axis.

SOLUTION Taking advantage of symmetry, we can find the surface area of the ellipsoid by doubling the surface area obtained
by rotating the portion of the ellipse in the first quadrant about thex-axis. The equation for the portion of the ellipse in the first
quadrant is

y D b

a

p
a2 � x2:

Thus,

1C .y0/2 D 1C b2x2

a2.a2 � x2/
D a4 C .b2 � a2/x2

a2.a2 � x2/
;

and

SA D 4�

Z a

0

b

a

p
a2 � x2

p
a4 C .b2 � a2/x2

a
p
a2 � x2

dx D 4�b

Z a

0

s
1C

�
b2 � a2

a4

�
x2 dx:

We now consider two cases. Ifb2 > a2, then we make the substitution
p
b2 � a2

a2
x D tan�; dx D a2p

b2 � a2
sec2 � d�;

and find that

SA D 4�b
a2p
b2 � a2

Z xDa

xD0
sec3 � d� D 2�b

a2p
b2 � a2

.sec� tan� C ln j sec� C tan� j/
ˇ̌
ˇ̌
xDa

xD0

D

0
@2�bx

s
1C

�
b2 � a2
a4

�
x2 C 2�b

a2p
b2 � a2

ln

ˇ̌
ˇ̌
ˇ̌

s
1C

�
b2 � a2

a4

�
x2 C

p
b2 � a2

a2
x

ˇ̌
ˇ̌
ˇ̌

1
A
ˇ̌
ˇ̌
a

0

D 2�b2 C 2�b
a2p
b2 � a2

ln

 
b

a
C

p
b2 � a2

a

!
:

On the other hand, ifa2 > b2, then we make the substitution
p
a2 � b2

a2
x D sin �; dx D a2p

a2 � b2
cos� d�;

and find that

SA D 4�b
a2p
a2 � b2

Z xDa

xD0
cos2 � d� D 2�b

a2p
a2 � b2

.� C sin� cos�/

ˇ̌
ˇ̌
xDa

xD0

D

2
42�bx

s
1 �

�
a2 � b2

a4

�
x2 C 2�b

a2p
a2 � b2

sin�1
 p

a2 � b2

a2
x

!3
5
ˇ̌
ˇ̌
a

0

D 2�b2 C 2�b
a2p
a2 � b2

sin�1
 p

a2 � b2
a

!
:

Observe that in both cases, asa approachesb, the value of the surface area of the ellipsoid approaches4�b2, the surface area of a
sphere of radiusb.

50. Show that if the arc length off .x/ over Œ0; a� is proportional toa, thenf .x/must be a linear function.

SOLUTION

s D
Z a

0

q
1C f 0.x/2 dx

For s to be proportional toa,
p
1C f 0.x/2 must be a constant, which impliesf 0.x/ is a constant. This, in turn, requiresf .x/ be

linear.
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51. LetL be the arc length of the upper half of the ellipse with equation

y D b

a

p
a2 � x2

(Figure 8) and let� D
p
1 � .b2=a2/. Use substitution to show that

L D a

Z �=2

��=2

q
1 � �2 sin2 � d�

Use a computer algebra system to approximateL for a D 2, b D 1.

x

y

2−2

1

FIGURE 8 Graph of the ellipsey D 1
2

p
4 � x2.

SOLUTION Let y D b

a

p
a2 � x2. Then

1C .y0/2 D b2x2 C a2.a2 � x2/
a2.a2 � x2/

and

s D
Z a

�a

s
b2x2 C a2.a2 � x2/

a2.a2 � x2/
dx:

With the substitutionx D a sint , dx D a cost dt , a2 � x2 D a2 cos2 t and

s D a

Z �=2

��=2
cost

s
a2b2 sin2 t C a2a2 cos2 t

a2.a2 cos2 t/
dt D a

Z �=2

�=2

s
b2 sin2 t

a2
C cos2 t dt

Because

� D

s

1 � b2

a2
; �2 D 1 � b2

a2

we then have

1 � �2 sin2 t D 1 �
 
1 � b2

a2

!
sin2 t D 1 � sin2 t C b2

a2
sin2 t D cos2 t C b2

a2
sin2 t

which is the same as the expression under the square root above. Substituting, we get

s D a

Z �=2

��=2

q
1 � �2 sin2 t dt

Whena D 2 andb D 1, �2 D 3
4 . Using a computer algebra system to approximate the value of the definite integral, we find

s � 4:84422.

52. Prove that the portion of a sphere of radiusR seen by an observer located at a distanced above the North Pole has area
A D 2�dR2=.d CR/. Hint: According to Exercise 46, the cap has surface area is2�Rh. Show thath D dR=.d CR/ by
applying the Pythagorean Theorem to the three right triangles in Figure 9.

R

d

h

Observer

FIGURE 9 Spherical cap observed from a distanced above the North Pole.
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SOLUTION Label distances as shown in the figure below.

R

k

x

d

h

R − h

By repeated application of the Pythagorean Theorem, we find

.d CR/2 D R2 C k2 D R2 C .d C h/2 C x2 D R2 C .d C h/2 CR2 � .R � h/2:

Solving forh yields

d2 C 2dRCR2 D R2 C d2 C 2dhC h2 C R2 �R2 C 2Rh � h2

2dR D 2dhC 2Rh

dR D .d C R/h

h D dR

d CR

and thus

SA D 2�R

�
dR

d CR

�
:

53. Suppose that the observer in Exercise 52 moves off to infinity—that is,d ! 1. What do you expect the limiting value
of the observed area to be? Check your guess by calculating the limit using the formula for the area in the previous exercise.

SOLUTION We would assume the observed surface area would approach2�R2 which is the surface area of a hemisphere of
radiusR. To verify this, observe:

lim
d!1

SA D lim
d!1

2�R2d

RC d
D lim
d!1

2�R2

1
D 2�R2:

54. LetM be the total mass of a metal rod in the shape of the curvey D f .x/ over Œa; b� whose mass density�.x/ varies
as a function ofx. Use Riemann sums to justify the formula

M D
Z b

a
�.x/

q
1C f 0.x/2 dx

SOLUTION Divide the intervalŒa; b� into n subintervals, which we shall denote byŒxj�1; xj � for j D 1; 2; 3; : : : ; n. On each
subinterval, we will assume that the mass density of the rod is constant; hence, the mass of the corresponding segment of the rod
will be approximately equal to the product of the mass density of the segment and the length of the segment. Specifically, letcj be
any point in thej th subinterval and approximate the mass of the segment by

�.cj /

q
1C f 0.cj /2�x;

where
q
1C f 0.cj /2�x is the approximate length of the segment. Thus,

M �
nX

jD1
�.cj /

q
1C f 0.cj /2�x:

As n ! 1, this Riemann sum approaches a definite integral, and we have

M D
Z b

a
�.x/

q
1C f 0.x/2 dx:

55. Let f .x/ be an increasing function onŒa; b� and letg.x/ be its inverse. Argue on the basis of arc length that the
following equality holds:

Z b

a

q
1C f 0.x/2 dx D

Z f.b/

f .a/

q
1C g0.y/2 dy 5

Then use the substitutionu D f .x/ to prove Eq. (5).
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SOLUTION Since the graphs off .x/ andg.x/ are symmetric with respect to the liney D x, the arc length of the curves will be
equal on the respective domains. Since the domain ofg is the range off , onf .a/ to f .b/, g.x/ will have the same arc length as
f .x/ ona to b. If g.x/ D f �1.x/ andu D f .x/, thenx D g.u/ anddu D f 0.x/ dx. But

g0.u/ D 1

f 0.g.u//
D 1

f 0.x/
) f 0.x/ D 1

g0.u/

Now substitutingu D f .x/,

s D
Z b

a

q
1C f 0.x/2 dx D

Z f.b/

f .a/

s

1C
�

1

g0.u/

�2
g0.u/ du D

Z f.b/

f .a/

q
g0.u/2 C 1 du

8.2 Fluid Pressure and Force

Preliminary Questions
1. How is pressure defined?

SOLUTION Pressure is defined as force per unit area.

2. Fluid pressure is proportional to depth. What is the factor of proportionality?

SOLUTION The factor of proportionality is the weight density of the fluid,w D �g, where� is the mass density of the fluid.

3. When fluid force acts on the side of a submerged object, in which direction does it act?

SOLUTION Fluid force acts in the direction perpendicular to the side of the submerged object.

4. Why is fluid pressure on a surface calculated using thin horizontal strips rather than thin vertical strips?

SOLUTION Pressure depends only on depth and does not change horizontally at a given depth.

5. If a thin plate is submerged horizontally, then the fluid force on one side of the plate is equal to pressure times area. Is this true
if the plate is submerged vertically?

SOLUTION When a plate is submerged vertically, the pressure is not constant along the plate, so the fluid force is not equal to the
pressure times the area.

Exercises
1. A box of height 6 m and square base of side 3 m is submerged in a pool of water. The top of the box is 2 m below the surface

of the water.

(a) Calculate the fluid force on the top and bottom of the box.

(b) Write a Riemann sum that approximates the fluid force on a side of the box by dividing the side intoN horizontal strips of
thickness�y D 6=N .

(c) To which integral does the Riemann sum converge?

(d) Compute the fluid force on a side of the box.

SOLUTION

(a) At a depth of2 m, the pressure on the top of the box is�gh D 103 � 9:8 � 2 D 19;600 Pa. The top has area9 m2, and the
pressure is constant, so the force on the top of the box is19;600 � 9 D 176;400N . At a depth of8 m, the pressure on the bottom of
the box is�gh D 103 � 9:8 � 8 D 78;400 Pa, so the force on the bottom of the box is78;400 � 9 D 705;600N .

(b) Let yj denote the depth of thej th strip, for j D 1; 2; 3; : : : ; N ; the pressure at this depth is103 � 9:8 � yj D 9800yj Pa. The
strip has thickness�y m and length3m, so has area3�y m2. Thus the force on the strip is29;400yj�y N. Sum over all the strips
to conclude that the force on one side of the box is approximately

F �
NX

jD1
29;400yj�y:

(c) AsN ! 1, the Riemann sum in part (b) converges to the definite integral29;400
R 8
2 y dy.

(d) Using the result from part (c), the fluid force on one side of the box is

29;400

Z 8

2
y dy D 14;700y2

ˇ̌
ˇ̌
8

2

D 882;000 N
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2. A plate in the shape of an isosceles triangle with base 1 m and height 2 m is submerged vertically in a tank of water so that its
vertex touches the surface of the water (Figure 1).

(a) Show that the width of the triangle at depthy is f .y/ D 1
2y.

(b) Consider a thin strip of thickness�y at depthy. Explain why the fluid force on a side of this strip is approximately equal to
�g 12y

2�y.

(c) Write an approximation for the total fluid forceF on a side of the plate as a Riemann sum and indicate the integral to which it
converges.

(d) CalculateF .

1

2

f (y)

y

∆y

FIGURE 1

SOLUTION

(a) By similar triangles,
y

2
D f .y/

1
so f .y/ D y

2
.

(b) The pressure at a depth ofy feet is�gy Pa, and the area of the strip is approximatelyf .y/�y D 1
2y�y m2. Therefore, the

fluid force on this strip is approximately

�gy

�
1

2
y�y

�
D 1

2
�gy2�y:

(c) F �
NX

jD1
�g
y2
j

2
�y. AsN ! 1, the Riemann sum converges to the definite integral

�g

2

Z 2

0
y2 dy:

(d) Using the result of part (c),

F D �g

2

Z 2

0
y2 dy D �g

2

 
y3

3

!ˇ̌
ˇ̌
ˇ

2

0

D 9800

2
� 8
3

D 39200

3
N:

3. Repeat Exercise 2, but assume that the top of the triangle is located 3 m below the surface of the water.

SOLUTION

(a) Examine the figure below. By similar triangles,
y � 3

2
D f .y/

1
so f .y/ D y � 3

2
.

f (y)

y

3

(b) The pressure at a depth ofy feet is�gy lb= Pa, and the area of the strip is approximatelyf .y/�y D 1
2 .y � 3/�y m2.

Therefore, the fluid force on this strip is approximately

�gy

�
1

2
.y � 3/�y

�
D 1

2
�gy.y � 3/�y N:
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(c) F �
NX

jD1
�g
y2j � 3yj

2
�y. AsN ! 1, the Riemann sum converges to the definite integral

�g

2

Z 5

3
.y2 � 3y/ dy:

(d) Using the result of part (c),

F D �g

2

Z 5

3
.y2 � 3y/ dy D �g

2

 
y3

3
� 3y2

2

!ˇ̌
ˇ̌
ˇ

5

3

D 9800

2

��
125

3
� 75

2

�
�
�
9 � 27

2

��
D 127;400

3
N:

4. The plateR in Figure 2, bounded by the parabolay D x2 andy D 1, is submerged vertically in water (distance in meters).

(a) Show that the width ofR at heighty is f .y/ D 2
p
y and the fluid force on a side of a horizontal strip of thickness�y at

heighty is approximately.�g/2y1=2.1 � y/�y.

(b) Write a Riemann sum that approximates the fluid forceF on a side ofR and use it to explain why

F D �g

Z 1

0
2y1=2.1 � y/ dy

(c) CalculateF .

Water surface

f (y)1 − y

x

R

1

(     , y)

−1

y

1

y

y

y = x2

FIGURE 2

SOLUTION

(a) At heighty, the thin plateR extends from the point.�p
y; y/ on the left to the point.

p
y; y/ on the right; thus, the width of the

plate isf .y/ D p
y � .�p

y/ D 2
p
y. Moreover, the area of a horizontal strip of thickness�y at heighty isf .y/�y D 2

p
y �y.

Because the water surface is at heighty D 1, the horizontal strip at heighty is at a depth of1 � y. Consequently, the fluid force on
the strip is approximately

�g.1� y/ � 2py�y D 2�gy1=2.1 � y/�y:

(b) If the plate is divided intoN strips withyj being the representative height of thej th strip (forj D 1; 2; 3; : : : ; N ), then the
total fluid force exerted on the plate is

F � 2�g

NX

jD1
.1 � yj /

p
yj�y:

AsN ! 1, the Riemann sum converges to the definite integral

2�g

Z 1

0
.1 � y/

p
y dy:

(c) Using the result from part (b),

F D 2�g

Z 1

0
.1 � y/py dy D 2�g

�
2

3
y3=2 � 2

5
y5=2

� ˇ̌
ˇ̌
1

0

D 8

15
�g:

Now, �g D 9800 N=m3 so thatF D 15680
3 N.

5. Let F be the fluid force on a side of a semicircular plate of radiusr meters, submerged vertically in water so that its diameter
is level with the water’s surface (Figure 3).

(a) Show that the width of the plate at depthy is 2
p
r2 � y2.

(b) CalculateF as a function ofr using Eq. (2).
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y

r

r

2 r 2 − y2

x

FIGURE 3

SOLUTION

(a) Place the origin at the center of the semicircle and point the positivey-axis downward. The equation for the edge of the
semicircular plate is thenx2 C y2 D r2. At a depth ofy, the plate extends from the point.�

p
r2 � y2; y/ on the left to the point

.
p
r2 � y2; y/ on the right. The width of the plate at depthy is then

q
r2 � y2 �

�
�
q
r2 � y2

�
D 2

q
r2 � y2:

(b) With w D 9800 N=m3,

F D 2w

Z r

0
y

q
r2 � y2 dy D �19;600

3
.r2 � y2/3=2

ˇ̌
ˇ̌
r

0

D 19;600r3

3
N:

6. Calculate the force on one side of a circular plate with radius 2 m, submerged vertically in a tank of water so that the top of the
circle is tangent to the water surface.

SOLUTION Place the origin at the point where the top of the circle is tangent to the water surface and orient the positivey-axis

pointing downward. The equation of the circle is thenx2 C .y � 2/2 D 4, and the width at any depthy is 2
p
4 � .y � 2/2. Thus,

F D 2�g

Z 4

0
y

q
4 � .y � 2/2 dy;

Using the substitutiony � 2 D 2 sin� , dy D 2 cos� d� , the limits of integration become��
2 � � � �

2 , so we find

F D 2�g

Z 4

0
y

q
4 � .y � 2/2 dy

D 2�g

Z �=2

��=2
.2C 2 sin�/.2 cos�/.2 cos� d�/ D 16�g

Z �=2

��=2
cos2 � C sin� cos2 � d�

D 16�g

�
1

2
� C 1

2
sin � cos� � 1

3
cos3 �

�ˇ̌
ˇ̌
�=2

��=2

D 16�g
��
4

C 0 � 0 � .��
4

C 0 � 0/
�

D 8�g� D 78;400� N:

7. A semicircular plate of radiusr meters, oriented as in Figure 3, is submerged in water so that its diameter is located at a depth
of m meters. Calculate the fluid force on one side of the plate in terms ofm andr .

SOLUTION Place the origin at the center of the semicircular plate with the positivey-axis pointing downward. The water surface

is then aty D �m. Moreover, at locationy, the width of the plate is2
p
r2 � y2 and the depth isy Cm. Thus,

F D 2�g

Z r

0
.y Cm/

q
r2 � y2 dy:

Now,
Z r

0
y

q
r2 � y2 dy D �1

3
.r2 � y2/3=2

ˇ̌
ˇ̌
r

0

D 1

3
r3:

Geometrically,
Z r

0

q
r2 � y2 dy

represents the area of one quarter of a circle of radiusr , and thus has the value�r
2

4 . Bringing these results together, we find that

F D 2�g

�
1

3
r3 C �

4
r2
�

D 19;600

3
r3 C 4900mr2 N:
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8. A plate extending from depthy D 2 m to y D 5 m is submerged in a fluid of density� D 850 kg/m3. The horizontal
width of the plate at depthy is f .y/ D 2.1C y2/�1. Calculate the fluid force on one side of the plate.

SOLUTION The fluid force on one side of the plate is given by

F D �g

Z 5

2
yf .y/ dy D �g

Z 5

2
2y.1C y2/�1 dy D �g ln.1C y2/

ˇ̌
ˇ̌
5

2

D �g.ln 26 � ln 5/

D 8330 ln
26

5
� 13733:32 N:

9. Figure 4 shows the wall of a dam on a water reservoir. Use the Trapezoidal Rule and the width and depth measurements in the
figure to estimate the fluid force on the wall.

Depth (ft)

20 

0

600

900

1,100

1,400

1,650

1,800 (ft)

40

60

80

100

FIGURE 4

SOLUTION Let f .y/ denote the width of the dam wall at depthy feet. Then the force on the dam wall is

F D w

Z 100

0
yf .y/ dy:

Using the Trapezoidal Rule and the width and depth measurements in the figure,

F � w
20

2
Œ0 � f .0/C 2 � 20 � f .20/C 2 � 40 � f .40/C 2 � 60 � f .60/C 2 � 80 � f .80/C 100 � f .100/�

D 10w.0C 66;000C 112;000C 132;000C 144;000C 60;000/ D 321;250;000 lb:

10. Calculate the fluid force on a side of the plate in Figure 5(A), submerged in water.

3 m
4 m

7 m
2 m

(A) (B)

2 m

2 m

4 m

FIGURE 5

SOLUTION The width of the plate varies linearly from 4 meters at a depth of 3 meters to 7 meters at a depth of 5 meters. Thus, at
depthy, the width of the plate is

4C 3

2
.y � 3/ D 3

2
y � 1

2
:

Finally, the force on a side of the plate is

F D w

Z 5

3
y

�
3

2
y � 1

2

�
dy D w

�
1

2
y3 � 1

4
y2
�ˇ̌
ˇ̌
5

3

D 45w D 441;000 N:

11. Calculate the fluid force on a side of the plate in Figure 5(B), submerged in a fluid of mass density� D 800 kg/m3.

SOLUTION Because the fluid has a mass density of� D 800 kg=m3,

w D .800/.9:8/ D 7840 N=m3:

For depths up to 2 meters, the width of the plate at depthy is y; for depths from 2 meters to 6 meters, the width of the plate is a
constant 2 meters. Thus,

F D w

Z 2

0
y.y/ dy C w

Z 6

2
2y dy D w

y3

3

ˇ̌
ˇ̌
ˇ

2

0

C wy2
ˇ̌
ˇ
6

2
D 8w

3
C 32w D 104w

3
D 815;360

3
N:
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12. Find the fluid force on the side of the plate in Figure 6, submerged in a fluid of density� D 1200 kg/m3. The top of the place
is level with the fluid surface. The edges of the plate are the curvesy D x1=3 andy D �x1=3.

x
8

2 Fluid level

−8

y

y = x1/3y = −x1/3

FIGURE 6

SOLUTION At heighty, the plate extends from the point.�y3; y/ on the left to the point.y3; y/ on the right; thus, the width of
the plate isf .y/ D y3 � .�y3/ D 2y3. Because the water surface is at heighty D 2, the horizontal strip at heighty is at a depth
of 2 � y. Consequently,

F D �g

Z 2

0
.2 � y/.2y3/ dy D 2�g

�
1

2
y4 � 1

5
y5
�ˇ̌
ˇ̌
2

0

D 16�g

5
D 16 � 1200 � 9:8

5
D 37;632 N:

13. LetR be the plate in the shape of the region undery D sinx for 0 � x � �
2 in Figure 7(A). Find the fluid force on a side ofR

if it is rotated counterclockwise by90ı and submerged in a fluid of density1100 kg/m3 with its top edge level with the surface of
the fluid as in (B).

1

(A) (B)

Fluid level
y

y = sin x

x

R

Fluid level

R

p

2

FIGURE 7

SOLUTION Place the origin at the bottom corner of the plate with the positivey-axis pointing upward. The fluid surface is then
at heighty D �

2 , and the horizontal strip of the plate at heighty is at a depth of�2 � y and has a width of siny. Now, using
integration by parts we find

F D �g

Z �=2

0

��
2

� y
�

siny dy D �g
h
�
��
2

� y
�

cosy � siny
iˇ̌
ˇ
�=2

0
D �g

��
2

� 1
�

D 1100 � 9:8
��
2

� 1
�

� 6153:184 N:

14. In the notation of Exercise 13, calculate the fluid force on a side of the plateR if it is oriented as in Figure 7(A). You may need
to use Integration by Parts and trigonometric substitution.

SOLUTION Place the origin at the lower left corner of the plate. Because the fluid surface is at heighty D 1, the horizontal strip
at heighty is at a depth of1 � y. Moreover, this strip has a width of

�

2
� sin�1 y D cos�1 y:

Thus,

F D �g

Z 1

0
.1 � y/ cos�1 y dy:

Starting with integration by parts, we find

Z 1

0
.1 � y/ cos�1 y dy D

�
y � 1

2
y2
�

cos�1 y
ˇ̌
ˇ̌
1

0

C
Z 1

0

y � 1
2y
2

p
1 � y2

dy

D 1

2
cos�1 1C

Z 1

0

y � 1
2y
2

p
1 � y2

dy D
Z 1

0

yp
1 � y2

dy � 1

2

Z 1

0

y2p
1 � y2

dy:

Now,

Z 1

0

yp
1 � y2

dy D �
q
1 � y2

ˇ̌
ˇ̌
1

0

D 1:
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For the remaining integral, we use the trigonometric substitutiony D sin� , dy D cos� d� and find

1

2

Z 1

0

y2p
1 � y2

dy D 1

2

Z yD1

yD0
sin2 � d� D 1

4
.� � sin� cos�/

ˇ̌
ˇ̌
yD1

yD0

D 1

4

�
sin�1 y � y

q
1 � y2

� ˇ̌
ˇ̌
1

0

D �

8
:

Finally,

F D �g
�
1 � �

8

�
D 1100 � 9:8

�
1 � �

8

�
� 6546:70 N:

15. Calculate the fluid force on one side of a plate in the shape of regionA shown Figure 8. The water surface is aty D 1, and the
fluid has density� D 900 kg/m3.

y = ln x
1

y

1 e
x

A

B

FIGURE 8

SOLUTION Because the fluid surface is at heighty D 1, the horizontal strip at heighty is at a depth of1� y. Moreover, this strip
has a width ofe � ey . Thus,

F D �g

Z 1

0
.1 � y/.e � ey/ dy D e�g

Z 1

0
.1� y/ dy � �g

Z 1

0
.1 � y/ey dy:

Now,
Z 1

0
.1 � y/ dy D

�
y � 1

2
y2
�ˇ̌
ˇ̌
1

0

D 1

2
;

and using integration by parts
Z 1

0
.1 � y/ey dy D

�
.1 � y/ey C ey

� ˇ̌ˇ̌
1

0

D e � 2:

Combining these results, we find that

F D �g

�
1

2
e � .e � 2/

�
D �g

�
2 � 1

2
e

�
D 900 � 9:8

�
2 � 1

2
e

�
� 5652:37 N:

16. Calculate the fluid force on one side of the “infinite” plateB in Figure 8, assuming the fluid has density� D 900 kg/m3.

SOLUTION Because the fluid surface is at heighty D 1, the horizontal strip at heighty is at a depth of1� y. Moreover, this strip
has a width ofey . Thus,

F D �g

Z 0

�1
.1 � y/ey dy:

Using integration by parts, we find
Z 0

�1
.1� y/ey dy D

�
.1 � y/ey C ey

�ˇ̌0
�1 D 2:

Thus,F D 2�g D 2 � 900 � 9:8 D 17;640 N.

17. Figure 9(A) shows a ramp inclined at30ı leading into a swimming pool. Calculate the fluid force on the ramp.

SOLUTION A horizontal strip at depthy has length 6 and width

�y

sin30ı D 2�y:

Thus,

F D 2�g

Z 4

0
6y dy D 96�g:

If distances are in feet, then�g D w D 62:5 lb=ft3 andF D 6000 lb; if distances are in meters, then�g D 9800 N=m3 and
F D 940;800 N.
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18. Calculate the fluid force on one side of the plate (an isosceles triangle) shown in Figure 9(B).

4

6

Water surface

(A)

30˚

3

10

y
f (y)

Vertical
change ∆y

(B)

Water surface

60˚

FIGURE 9

SOLUTION A horizontal strip at depthy has lengthf .y/ D 3
10y and width

�y

sin60ı D 2p
3
�y:

Thus,

F D
p
3

5
w

Z 10

0
y2 dy D 200

p
3

3
w:

If distances are in feet, thenw D 62:5 lb=ft3 andF � 7216:88 lb; if distances are in meters, thenw D 9800 N=m3 and
F � 1;131;606:5 N.

19. The massive Three Gorges Dam on China’s Yangtze River has height185 m (Figure 10). Calculate the force on the dam,
assuming that the dam is a trapezoid of base2000 m and upper edge3000 m, inclined at an angle of55ı to the horizontal (Figure
11).

FIGURE 10 Three Gorges Dam on
the Yangtze River

2000 m

3000 m

185 m55°

FIGURE 11

SOLUTION Let y D 0 be at the bottom of the dam, so that the top of the dam is aty D 185. Then the width of the dam at height

y is 2000C 1000y
185 . The dam is inclined at an angle of55ı to the horizontal, so the height of a horizontal strip is

�y

sin55ı � 1:221�y

so that the area of such a strip is

1:221

�
2000C 1000y

185

�
�y

Then

F D �g

Z 185

0
1:221y

�
2000C 1000y

185

�
dy D �g

Z 185

0
2442y C 6:6y2 dy D �g.1221y2 C 2:2y3/

ˇ̌
ˇ̌
185

0

D 55;718;300�g D 55;718;300 � 9800 D 5:460393400 � 1011 N:

20. A square plate of side 3 m is submerged in water at an incline of30ı with the horizontal. Calculate the fluid force on one side
of the plate if the top edge of the plate lies at a depth of 6 m.
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SOLUTION Because the plate is 3 meters on a side, is submerged at a horizontal angle of 30ı, and has its top edge located at a

depth of 6 meters, the bottom edge of the plate is located at a depth of6 C 3 sin30ı D 15
2 meters. Lety denote the depth at any

point of the plate. The width of each horizontal strip of the plate is then

�y

sin30ı D 2�y;

and

F D �g

Z 15=2

6
.2/3y dy D .�g/

243

4
D 595;350 N:

21. The trough in Figure 12 is filled with corn syrup, whose weight density is90 lb/ft3. Calculate the force on the front side of the
trough.

a

dh

b

FIGURE 12

SOLUTION Place the origin along the top edge of the trough with the positivey-axis pointing downward. The width of the front
side of the trough varies linearly fromb wheny D 0 to a wheny D h; thus, the width of the front side of the trough at depthy
feet is given by

b C a � b

h
y:

Now,

F D w

Z h

0
y

�
b C a � b

h
y

�
dy D w

�
1

2
by2 C a � b

3h
y3
� ˇ̌
ˇ̌
h

0

D w

�
b

6
C a

3

�
h2 D .15b C 30a/h2 lb:

22. Calculate the fluid pressure on one of the slanted sides of the trough in Figure 12 when it is filled with corn syrup as in
Exercise 21.

SOLUTION

a

h

θ

b

b − a
2

The diagram above displays a side view of the trough. From thisdiagram, we see that

sin� D hr�
b�a
2

�2
C h2

:

Thus,

F D w

sin�

Z h

0
d � y dy D

90

r�
b�a
2

�2
C h2

h

dh2

2
D 45dh

s�
b � a

2

�2
C h2:
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Further Insights and Challenges

23. The end of the trough in Figure 13 is an equilateral triangle of side 3. Assume that the trough is filled with water to heightH .
Calculate the fluid force on each side of the trough as a function ofH and the lengthl of the trough.

H

l

3

FIGURE 13

SOLUTION Place the origin at the lower vertex of the trough and orient the positivey-axis pointing upward. First, consider the

faces at the front and back ends of the trough. A horizontal strip at heighty has a length of
2yp
3

and is at a depth ofH � y. Thus,

F D w

Z H

0
.H � y/

2yp
3
dy D w

�
Hp
3
y2 � 2

3
p
3
y3
�ˇ̌
ˇ̌
H

0

D
p
3

9
wH3:

For the slanted sides, we note that each side makes an angle of 60ı with the horizontal. If we let̀ denote the length of the trough,
then

F D 2w`p
3

Z H

0
.H � y/ dy D

p
3

3
`wH2:

24. A rectangular plate of sidèis submerged vertically in a fluid of densityw, with its top edge at depthh. Show that if the depth
is increased by an amount�h, then the force on a side of the plate increases bywA�h, whereA is the area of the plate.

SOLUTION Let F1 be the force on a side of the plate when its top edge is at depthh andF2 be the force on a side of the plate
when its top edge is at depthhC�h. Further, letb denote the width of the rectangular plate. Then

F1 D w

Z hC`

h
yb dy D bw

 
y2

2

! ˇ̌
ˇ
hC`

h
D bw

 
`2 C 2`h

2

!

F2 D w

Z hC`C�h

hC�h
yb dy D bw

 
y2

2

! ˇ̌
ˇ
hC`C�h

hC�h
D bw

`2 C 2`hC 2`�h

2

andF2 � F1 D bw`�h D wA�h.

25. Prove that the force on the side of a rectangular plate of areaA submerged vertically in a fluid is equal top0A, wherep0 is the
fluid pressure at the center point of the rectangle.

SOLUTION Let ` denote the length of the vertical side of the rectangle,x denote the length of the horizontal side of the rectangle,
and suppose the top edge of the rectangle is at depthy D m. The pressure at the center of the rectangle is then

p0 D w

�
mC `

2

�
;

and the force on the side of the rectangular plate is

F D
Z `Cm

m
wxy dy D wx

2

h
.`Cm/2 �m2

i
D wx`

2
.`C 2m/ D Aw

�
`

2
Cm

�
D Ap0:

26. If the density of a fluid varies with depth, then the pressure atdepthy is a functionp.y/ (which need not equalwy as
in the case of constant density). Use Riemann sums to argue that the total forceF on the flat side of a submerged object submerged

vertically isF D
R b
a f .y/p.y/ dy, wheref .y/ is the width of the side at depthy.

SOLUTION Suppose the object extends from a depth ofy D a to a depth ofy D b. Divide the object intoN horizontal strips,
each of width�y. Let p.y/ denote the pressure within the fluid at depthy andf .y/ denote the width of the flat side of the
submerged object at depthy. The approximate force on thej th strip (j D 1; 2; 3; : : : ; N ) is

p.yj /f .yj /�y;

whereyj is a depth associated with thej th strip. Summing over all of the strips,

F �
NX

jD1
p.yj /f .yj /�y:
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AsN ! 1, this Riemann sum converges to a definite integral, and

F D
Z b

a
p.y/f .y/ dy:

8.3 Center of Mass

Preliminary Questions
1. What are thex- andy-moments of a lamina whose center of mass is located at the origin?

SOLUTION Because the center of mass is located at the origin, it follows thatMx D My D 0.

2. A thin plate has mass 3. What is thex-moment of the plate if its center of mass has coordinates.2; 7/?

SOLUTION Thex-moment of the plate is the product of the mass of the plate and they-coordinate of the center of mass. Thus,
Mx D 3.7/ D 21.

3. The center of mass of a lamina of total mass 5 has coordinates.2; 1/. What are the lamina’sx- andy-moments?

SOLUTION Thex-moment of the plate is the product of the mass of the plate and they-coordinate of the center of mass, whereas
the y-moment is the product of the mass of the plate and thex-coordinate of the center of mass. Thus,Mx D 5.1/ D 5, and
My D 5.2/ D 10.

4. Explain how the Symmetry Principle is used to conclude that the centroid of a rectangle is the center of the rectangle.

SOLUTION Because a rectangle is symmetric with respect to both the vertical line and the horizontal line through the center of the
rectangle, the Symmetry Principle guarantees that the centroid of the rectangle must lie along both of these lines. The only point in
common to both lines of symmetry is the center of the rectangle, so the centroid of the rectangle must be the center of the rectangle.

Exercises
1. Four particles are located at points.1; 1/; .1; 2/; .4; 0/; .3; 1/.

(a) Find the momentsMx andMy and the center of mass of the system, assuming that the particles have equal massm.

(b) Find the center of mass of the system, assuming the particles have masses 3, 2, 5, and 7, respectively.

SOLUTION

(a) Because each particle has massm,

Mx D m.1/Cm.2/Cm.0/Cm.1/ D 4mI

My D m.1/Cm.1/Cm.4/Cm.3/ D 9mI

and the total mass of the system is4m. Thus, the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
9m

4m
;
4m

4m

�
D
�
9

4
; 1

�
:

(b) With the indicated masses of the particles,

Mx D 3.1/C 2.2/C 5.0/C 7.1/ D 14I

My D 3.1/C 2.1/C 5.4/C 7.3/ D 46I

and the total mass of the system is 17. Thus, the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
46

17
;
14

17

�
:

2. Find the center of mass for the system of particles of masses 4, 2, 5, 1 located at.1; 2/, .�3; 2/, .2;�1/, .4; 0/.
SOLUTION With the indicated masses and locations of the particles

Mx D 4.2/C 2.2/C 5.�1/C 1.0/ D 7I

My D 4.1/C 2.�3/C 5.2/C 1.4/ D 12I

and the total mass of the system is 12. Thus, the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
1;
7

12

�
:
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3. Point masses of equal size are placed at the vertices of the triangle with coordinates.a; 0/, .b; 0/, and.0; c/. Show that the
center of mass of the system of masses has coordinates

�
1
3 .aC b/; 13c

�
.

SOLUTION Let each particle have massm. The total mass of the system is then3m. and the moments are

Mx D 0.m/C 0.m/C c.m/ D cmI and

My D a.m/C b.m/C 0.m/ D .aC b/m:

Thus, the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
.aC b/m

3m
;
cm

3m

�
D
�
aC b

3
;
c

3

�
:

4. Point masses of massm1,m2, andm3 are placed at the points.�1; 0/, .3; 0/, and.0; 4/.

(a) Suppose thatm1 D 6. Findm2 such that the center of mass lies on they-axis.
(b) Suppose thatm1 D 6 andm2 D 4. Find the value ofm3 such thatyCM D 2.

SOLUTION With the given masses and locations, we find

Mx D m1.0/Cm2.0/Cm3.4/ D 4m3I

My D m1.�1/Cm2.3/Cm3.0/ D 3m2 �m1I

and the total mass of the system ism1 Cm2 Cm3. Thus, the coordinates of the center of mass are
�

3m2 �m1

m1 Cm2 Cm3
;

4m3

m1 Cm2 Cm3

�
:

(a) For the center of mass to lie on they-axis, we must have3m2 � m1 D 0, or m2 D 1
3m1. Givenm1 D 6, it follows that

m2 D 2.

(b) To haveyCM D 2 requires

4m3

m1 Cm2 Cm3
D 2 or m3 D m1 Cm2:

Givenm1 D 6 andm2 D 4, it follows thatm3 D 10.

5. Sketch the laminaS of constant density� D 3 g/cm2 occupying the region beneath the graph ofy D x2 for 0 � x � 3.

(a) Use Eqs. (1) and (2) to computeMx andMy .
(b) Find the area and the center of mass ofS .

SOLUTION A sketch of the lamina is shown below

y

x

8

4

6

2

0 2 31 1.5 2.50.5

(a) Using Eq. (2),

Mx D 3

Z 9

0
y.3 � p

y/ dy D
 
9y2

2
� 6

5
y5=2

! ˇ̌
ˇ̌
9

0

D 729

10
:

Using Eq. (1),

My D 3

Z 3

0
x.x2/ dx D 3x4

4

ˇ̌
ˇ̌
3

0

D 243

4
:

(b) The area of the lamina is

A D
Z 3

0
x2 dx D x3

3

ˇ̌
ˇ̌
3

0

D 9 cm2:

With a constant density of� D 3 g=cm2, the mass of the lamina isM D 27 grams, and the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
243=4

27
;
729=10

27

�
D
�
9

4
;
27

10

�
:
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6. Use Eqs. (1) and (3) to find the moments and center of mass of the laminaS of constant density� D 2 g/cm2 occupying the
region betweeny D x2 andy D 9x over Œ0; 3�. SketchS , indicating the location of the center of mass.

SOLUTION With � D 2 g=cm2,

Mx D 1

2
.2/

Z 3

0

�
.9x/2 � .x2/2

�
dx D 3402

5
;

and

My D 2

Z 3

0
x.9x � x2/ dx D 243

2
:

The mass of the lamina is

M D 2

Z 3

0
.9x � x2/ dx D 63 g;

so the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
243

126
;
3402

315

�
:

A sketch of the lamina, with the location of the center of mass indicated, is shown below.

x

y

0.5 1 1.5 2 2.5 30

5

10

15

20

25

7. Find the moments and center of mass of the lamina of uniform density� occupying the region underneathy D x3 for
0 � x � 2.

SOLUTION With uniform density�,

Mx D 1

2
�

Z 2

0
.x3/2 dx D 64�

7
and My D �

Z 2

0
x.x3/ dx D 32�

5
:

The mass of the lamina is

M D �

Z 2

0
x3 dx D 4�;

so the coordinates of the center of mass are
�
My

M
;
Mx

M

�
D
�
8

5
;
16

7

�
:

8. CalculateMx (assuming� D 1) for the region underneath the graph ofy D 1 � x2 for 0 � x � 1 in two ways, first using
Eq. (2) and then using Eq. (3).

SOLUTION By Eq. (2),

Mx D
Z 1

0
y
p
1� y dy:

Using the substitutionu D 1 � y, du D �dy, we find

Mx D
Z 1

0
.1 � u/

p
udu D

�
2

3
u3=2 � 2

5
u5=2

�ˇ̌
ˇ̌
1

0

D 4

15
:

By Eq. (3),

Mx D 1

2

Z 1

0
.1 � x2/2 dx D 1

2

�
x � 2

3
x3 C 1

5
x5
�ˇ̌
ˇ̌
1

0

D 4

15
:
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9. Let T be the triangular lamina in Figure 1.

(a) Show that the horizontal cut at heighty has length4 � 2
3y and use Eq. (2) to computeMx (with � D 1).

(b) Use the Symmetry Principle to show thatMy D 0 and find the center of mass.

y

−2 2

6

x

FIGURE 1 Isosceles triangle.

SOLUTION

(a) The equation of the line from.2; 0/ to .0; 6/ is y D �3x C 6, so

x D 2 � 1

3
y:

The length of the horizontal cut at heighty is then

2

�
2 � 1

3
y

�
D 4 � 2

3
y;

and

Mx D
Z 6

0
y

�
4 � 2

3
y

�
dy D 24:

(b) Because the triangular lamina is symmetric with respect to they-axis,xcm D 0, which implies thatMy D 0. The total mass
of the lamina is

M D 2

Z 2

0
.�3x C 6/ dx D 12;

soycm D 24=12. Finally, the coordinates of the center of mass are.0; 2/.

In Exercises 10–17, find the centroid of the region lying underneath the graph of the function over the given interval.

10. f .x/ D 6 � 2x, Œ0; 3�

SOLUTION The moments of the region are

Mx D 1

2

Z 3

0
.6 � 2x/2 dx D 18 and My D

Z 3

0
x.6 � 2x/ dx D 9:

The area of the region is

A D
Z 3

0
.6 � 2x/ dx D 9;

so the coordinates of the centroid are
�
My

A
;
Mx

A

�
D .1; 2/:

11. f .x/ D
p
x, Œ1; 4�

SOLUTION The moments of the region are

Mx D 1

2

Z 4

1
x dx D 15

4
and My D

Z 4

1
x

p
x dx D 62

5
:

The area of the region is

A D
Z 4

1

p
x dx D 14

3
;

so the coordinates of the centroid are
�
My

A
;
Mx

A

�
D
�
93

35
;
45

56

�
:
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12. f .x/ D x3, Œ0; 1�

SOLUTION The moments of the region are

Mx D 1

2

Z 1

0
x6 dx D 1

14
and My D

Z 1

0
x4 dx D 1

5
:

The area of the region is

A D
Z 1

0
x3 dx D 1

4
;

so the coordinates of the centroid are
�
My

A
;
Mx

A

�
D
�
4

5
;
2

7

�
:

13. f .x/ D 9 � x2, Œ0; 3�

SOLUTION The moments of the region are

Mx D 1

2

Z 3

0
.9 � x2/2 dx D 324

5
and My D

Z 3

0
x.9 � x2/ dx D 81

4
:

The area of the region is

A D
Z 3

0
.9 � x2/ dx D 18;

so the coordinates of the centroid are
�
My

A
;
Mx

A

�
D
�
9

8
;
18

5

�
:

14. f .x/ D .1C x2/�1=2, Œ0; 3�

SOLUTION The moments of the region are

Mx D 1

2

Z 3

0

1

1C x2
dx D tan�1 x

2

ˇ̌
ˇ̌
3

0

D 1

2
tan�1 3 and My D

Z 3

0

xp
1C x2

dx D
p
10 � 1:

The area of the region is

A D
Z 3

0

1p
1C x2

dx D ln jx C
p
1C x2j

ˇ̌
ˇ̌
3

0

D ln.3C
p
10/;

so the coordinates of the centroid are

�
My

A
;
Mx

A

�
D
 p

10 � 1

ln.3C
p
10/

;
tan�1 3

2 ln.3C
p
10/

!
:

15. f .x/ D e�x , Œ0; 4�

SOLUTION The moments of the region are

Mx D 1

2

Z 4

0
e�2x dx D 1

4

�
1 � e�8

�
and My D

Z 4

0
xe�x dx D �e�x.x C 1/

ˇ̌
ˇ̌
4

0

D 1 � 5e�4:

The area of the region is

A D
Z 4

0
e�x dx D 1 � e�4;

so the coordinates of the centroid are

�
My

A
;
Mx

A

�
D
 
1 � 5e�4

1 � e�4 ;
1 � e�8

4.1 � e�4/

!
:

16. f .x/ D lnx, Œ1; 2�
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SOLUTION The moments of the region are

Mx D 1

2

Z 2

1
.lnx/2 dx D 1

2
.x.lnx/2 � 2x ln x C 2x/

ˇ̌
ˇ̌
2

1

D .ln 2/2 � 2 ln 2C 1I and

My D
Z 2

1
x ln x dx D

�
1

2
x2 lnx � 1

4
x2
�ˇ̌
ˇ̌
2

1

D 2 ln2 � 3

4
:

The area of the region is

A D
Z 2

1
ln x dx D .x ln x � x/

ˇ̌
ˇ̌
2

1

D 2 ln 2 � 1;

so the coordinates of the centroid are

�
My

A
;
Mx

A

�
D
 
2 ln2 � 3

4

2 ln2 � 1 ;
.ln 2/2 � 2 ln 2C 1

2 ln2 � 1

!
:

17. f .x/ D sinx, Œ0; ��

SOLUTION The moments of the region are

Mx D 1

2

Z �

0
sin2 x dx D 1

4
.x � sinx cosx/

ˇ̌
ˇ̌
�

0

D �

4
I and

My D
Z �

0
x sinx dx D .�x cosx C sinx/

ˇ̌
ˇ̌
�

0

D �:

The area of the region is

A D
Z �

0
sinx dx D 2;

so the coordinates of the centroid are
�
My

A
;
Mx

A

�
D
��
2
;
�

8

�
:

18. Calculate the moments and center of mass of the lamina occupying the region between the curvesy D x andy D x2 for
0 � x � 1.

SOLUTION The moments of the lamina are

Mx D 1

2

Z 1

0
.x2 � x4/ dx D 1

15
and My D

Z 1

0
x.x � x2/ dx D 1

12
:

The area of the lamina is

A D
Z 1

0
.x � x2/ dx D 1

6
;

so the coordinates of the centroid are
�
My

A
;
Mx

A

�
D
�
1

2
;
2

5

�
:

19. Sketch the region betweeny D x C 4 andy D 2 � x for 0 � x � 2. Using symmetry, explain why the centroid of the region
lies on the liney D 3. Verify this by computing the moments and the centroid.

SOLUTION A sketch of the region is shown below.

0.5

1

2

3

4

5

y

x
1.0 1.5 2.0
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The region is clearly symmetric about the liney D 3, so we expect the centroid of the region to lie along this line. We find

Mx D 1

2

Z 2

0

�
.x C 4/2 � .2 � x/2

�
dx D 24I

My D
Z 2

0
x ..x C 4/ � .2 � x// dx D 28

3
I and

A D
Z 2

0
..x C 4/ � .2� x// dx D 8:

Thus, the coordinates of the centroid are
�
7
6 ; 3

�
.

In Exercises 20–25, find the centroid of the region lying between the graphs of the functions over the given interval.

20. y D x, y D
p
x, Œ0; 1�

SOLUTION The moments of the region are

Mx D 1

2

Z 1

0
.x � x2/ dx D 1

12
and My D

Z 1

0
x.

p
x � x/ dx D 1

15
:

The area of the region is

A D
Z 1

0
.
p
x � x/ dx D 1

6
;

so the coordinates of the centroid are
�
6

15
;
1

2

�
:

21. y D x2, y D
p
x, Œ0; 1�

SOLUTION The moments of the region are

Mx D 1

2

Z 1

0
.x � x4/ dx D 3

20
and My D

Z 1

0
x.

p
x � x2/ dx D 3

20
:

The area of the region is

A D
Z 1

0
.
p
x � x2/ dx D 1

3
;

so the coordinates of the centroid are
�
9

20
;
9

20

�
:

Note: This makes sense, since the functions are inverses of each other. This makes the region symmetric with respect to the line
y D x. Thus, by the symmetry principle, the center of mass must lie on that line.

22. y D x�1, y D 2 � x, Œ1; 2�

SOLUTION The moments of the region are

Mx D 1

2

Z 2

1

"�
1

x

�2
� .2 � x/2

#
dx D 1

12
and My D

Z 2

1
x

�
1

x
� .2 � x/

�
dx D 1

3
:

The area of the region is

A D
Z 2

1

�
1

x
� .2 � x/

�
dx D ln 2 � 1

2
;

so the coordinates of the centroid are
�

2

6 ln2� 3
;

1

12 ln2 � 6

�
:

23. y D ex , y D 1, Œ0; 1�
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SOLUTION The moments of the region are

Mx D 1

2

Z 1

0
.e2x � 1/ dx D e2 � 3

4
and My D

Z 1

0
x.ex � 1/ dx D

�
xex � ex � 1

2
x2
�ˇ̌
ˇ̌
1

0

D 1

2
:

The area of the region is

A D
Z 1

0
.ex � 1/ dx D e � 2;

so the coordinates of the centroid are
 

1

2.e � 2/
;
e2 � 3

4.e � 2/

!
:

24. y D ln x, y D x � 1, Œ1; 3�

SOLUTION The moments of the region are

Mx D 1

2

Z 3

1

h
.x � 1/2 � .lnx/2

i
dx D

�
1

3
x3 � x2 � x � x.ln x/2 C 2x lnx

� ˇ̌
ˇ̌
3

1

D 3 ln 3 � 3

2
.ln3/2 � 2

3
I and

My D
Z 3

1
x..x � 1/ � lnx/ dx D

�
1

3
x3 � 1

2
x2 lnx � 1

4
x2
� ˇ̌
ˇ̌
3

1

D 20

3
� 9

2
ln3:

The area of the region is

A D
Z 3

1
.x � 1 � lnx/ dx D

�
1

2
x2 � x lnx

�ˇ̌
ˇ̌
3

1

D 4 � 3 ln 3;

so the coordinates of the centroid are
 
40 � 27 ln 3

24 � 18 ln 3
;
18 ln 3 � 9.ln 3/2 � 4

24 � 18 ln 3

!
:

25. y D sinx, y D cosx, Œ0; �=4�

SOLUTION The moments of the region are

Mx D 1

2

Z �=4

0
.cos2 x � sin2 x/ dx D 1

2

Z �=4

0
cos2x dx D 1

4
I and

My D
Z �=4

0
x.cosx � sinx/ dx D Œ.x � 1/ sinx C .x C 1/ cosx�

ˇ̌
ˇ̌
�=4

0

D �
p
2

4
� 1:

The area of the region is

A D
Z �=4

0
.cosx � sinx/ dx D

p
2 � 1;

so the coordinates of the centroid are
 
�

p
2 � 4

4.
p
2 � 1/

;
1

4.
p
2 � 1/

!
:

26. Sketch the region enclosed byy D x C 1, andy D .x � 1/2, and find its centroid.

SOLUTION A sketch of the region is shown below.

−1

1

2

3

4

5

1 2 3

y

x
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The moments of the region are

Mx D 1

2

Z 3

0
.x C 1/2 � .x � 1/4 dx D 1

2

�
1

3
.x C 1/3 � 1

5
.x � 1/5

� ˇ̌
ˇ̌
3

0

D 1

2

�
64

3
� 32

5
� 1

3
� 1

5

�
D 36

5

My D
Z 3

0
x..x C 1/� .x � 1/2/ dx D

Z 3

0
3x2 � x3 dx D

�
x3 � 1

4
x4
� ˇ̌
ˇ̌
3

0

D 27

4

The area of the region is

A D
Z 3

0
.x C 1/ � .x � 1/2 dx D

Z 3

0
�x2 C 3x dx D

�
�1
3
x3 C 3

2
x2
� ˇ̌
ˇ̌
3

0

D 9

2

so that the coordinates of the centroid are
�
27

4
� 2
9
;
36

5
� 2
9

�
D
�
3

2
;
8

5

�

27. Sketch the region enclosed byy D 0, y D .x C 1/3, andy D .1 � x/3, and find its centroid.

SOLUTION A sketch of the region is shown below.

1

1

−1

y

x

The moments of the region are

Mx D 1

2

 Z 0

�1
.x C 1/6 dx C

Z 1

0
.1 � x/6 dx

!
D 1

7
I and

My D 0 by the Symmetry Principle.

The area of the region is

A D
Z 0

�1
.x C 1/3 dx C

Z 1

0
.1 � x/3 dx D 1

2
;

so the coordinates of the centroid are
�
0; 27

�
.

In Exercises 28–32, find the centroid of the region.

28. Top half of the ellipse
�x
2

�2
C
�y
4

�2
D 1

SOLUTION The equation of the top half of the ellipse isy D
p
16 � 4x2. Thus,

Mx D 1

2

Z 2

�2

�p
16 � 4x2

�2
dx D 64

3
:

By the Symmetry Principle,My D 0. The area of the region is one-half the area of an ellipse with major axis 4 and minor axis 2;
i.e., 12�.4/.2/ D 4�. Finally, the coordinates of the centroid are

�
0;
16

3�

�
:

29. Top half of the ellipse
�x
a

�2
C
�y
b

�2
D 1 for arbitrarya; b > 0

SOLUTION The equation of the top half of the ellipse is

y D

s

b2 � b2x2

a2

Thus,

Mx D 1

2

Z a

�a

0
@
s

b2 � b2x2

a2

1
A
2

dx D 2ab2

3
:
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By the Symmetry Principle,My D 0. The area of the region is one-half the area of an ellipse with axes of lengtha andb; i.e.,
1
2�ab. Finally, the coordinates of the centroid are

�
0;
4b

3�

�
:

30. Semicircle of radiusr with center at the origin

SOLUTION The equation of the top half of the circle isy D
p
r2 � x2. Thus,

Mx D 1

2

Z r

�r

�p
r2 � x2

�2
dx D 2r3

3
:

By the Symmetry Principle,My D 0. The area of the region is one-half the area of a circle of radiusr ; i.e., 12�r
2. Finally, the

coordinates of the centroid are
�
0;
4r

3�

�
:

31. Quarter of the unit circle lying in the first quadrant

SOLUTION By the Symmetry Principle, the center of mass must lie on the liney D x in the first quadrant. Therefore, we need

only calculate one of the moments of the region. Withy D
p
1 � x2, we find

My D
Z 1

0
x
p
1 � x2 dx D 1

3
:

The area of the region is one-quarter of the area of a unit circle; i.e.,1
4�. Thus, the coordinates of the centroid are

�
4

3�
;
4

3�

�
:

32. Triangular plate with vertices.�c; 0/, .0; c/, .a; b/, wherea; b; c > 0, andb < c

SOLUTION By symmetry, the center of mass must lie on the line connecting.�c; 0/ and the midpoint.a=2; .b C c/=2/ of the
opposite side:

`1 W y D b C c

aC 2c
.x C c/

Also by symmetry, the center of mass must lie on the line connecting.0; c/ and the midpoint..a � c/=2; b=2/ of the opposite side:

`2 W y D b � 2c
a � c

x C c

These lines intersect at one point.xcm; ycm/. Equating the formulas for the two lines and solving forx yields

x D a � c

3
:

Substituting this value forx into the equation for̀2 gives

y D b � 2c

a � c
a � c
3

C c D b C c

3
:

Hence, the coordinates of the centroid are
�
a � c

3
;
b C c

3

�
:

33. Find the centroid of the shaded region of the semicircle of radiusr in Figure 2. What is the centroid whenr D 1 andh D 1
2?

Hint: Use geometry rather than integration to show that theareaof the region isr2 sin�1.
p
1 � h2=r2/ � h

p
r2 � h2).

y

x
hr

FIGURE 2
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SOLUTION From the symmetry of the region, it is obvious that the centroid lies along they-axis. To determine they-coordinate
of the centroid, we must calculate the moment about thex-axis and the area of the region. Now, the length of the horizontal cut of
the semicircle at heighty is

q
r2 � y2 �

�
�
q
r2 � y2

�
D 2

q
r2 � y2:

Therefore, taking� D 1, we find

Mx D 2

Z r

h
y

q
r2 � y2 dy D 2

3
.r2 � h2/3=2:

Observe that the region is comprised of a sector of the circle with the triangle between the two radii removed. The angle of the
sector is2� , where� D sin�1p1 � h2=r2, so the area of the sector is12 r

2.2�/ D r2 sin�1p1 � h2=r2. The triangle has base

2
p
r2 � h2 and heighth, so the area ish

p
r2 � h2. Therefore,

YCM D Mx

A
D

2
3 .r

2 � h2/3=2

r2 sin�1p1 � h2=r2 � h
p
r2 � h2

:

Whenr D 1 andh D 1=2, we find

YCM D
2
3 .3=4/

3=2

sin�1
p
3
2 �

p
3
4

D 3
p
3

4� � 3
p
3
:

34. Sketch the region betweeny D xn andy D xm for 0 � x � 1, wherem > n � 0 and find the COM of the region. Find a pair
.n;m/ such that the COM lies outside the region.

SOLUTION A sketch of the region forx3 andx4 is below.

0.2

0.2

0.4

0.6

0.8

1.0

0.4 0.6 0.8 1.0

y

x

Sincem > n � 0, the graph ofxn lies above that ofxm for x between0 and1. Thus the moments are

Mx D 1

2

Z 1

0
x2n � x2m dx D 1

2

�
1

2nC 1
x2nC1 � 1

2mC 1
x2mC1

� ˇ̌
ˇ̌
1

0

D 1

2

�
1

2nC 1
� 1

2mC 1

�
D m� n

.2nC 1/.2mC 1/

My D
Z 1

0
x.xn � xm/ dx D

Z 1

0
xnC1 � xmC1 dx D

�
1

nC 2
xnC2 � 1

mC 2
xmC2

� ˇ̌
ˇ̌
1

0

D 1

nC 2
� 1

mC 2
D m � n
.nC 2/.mC 2/

The area of the region is

A D
Z 1

0
xn � xm dx D 1

nC 1
� 1

mC 1
D m � n
.nC 1/.mC 1/

Thus the center of mass has coordinates
�
.nC 1/.mC 1/

.nC 2/.mC 2/
;
.nC 1/.mC 1/

.2nC 1/.2mC 1/

�

In the case graphed above, forn D 3,m D 4, the center of mass is
�
20

30
;
20

63

�
D
�
2

3
;
20

63

�
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and
�
2

3

�3
D 8

27
<
20

63

Thus the point
�
2
3 ;

8
27

�
lies ony D x3 and then the curvey D x3 lies below the center of mass of the region.

In Exercises 35–37, use the additivity of moments to find the COM of the region.

35. Isosceles triangle of height 2 on top of a rectangle of base 4 and height 3 (Figure 3)

y

−2 2

2

3

x

FIGURE 3

SOLUTION The region is symmetric with respect to they-axis, soMy D 0 by the Symmetry Principle. The moment about the
x-axis for the rectangle is

M rect
x D 1

2

Z 2

�2
32 dx D 18;

whereas the moment about thex-axis for the triangle is

M
triangle
x D

Z 5

3
y.10 � 2y/ dy D 44

3
:

The total moment about thex-axis is then

Mx D M rect
x CM

triangle
x D 18C 44

3
D 98

3
:

Because the area of the region is12C 4 D 16, the coordinates of the center of mass are
�
0;
49

24

�
:

36. An ice cream cone consisting of a semicircle on top of an equilateral triangle of side 6 (Figure 4)

y

−3 3

6

x

FIGURE 4

SOLUTION The region is symmetric with respect to they-axis, soMy D 0 by the Symmetry Principle. The moment about the
x-axis for the triangle is

M
triangle
x D 2p

3

Z 3
p
3

0
y2 dy D 54:

For the semicircle, first note that the center is.0; 3
p
3/, so the equation isx2 C .y � 3

p
3/2 D 9, and

M semi
x D 2

Z 3C3
p
3

3
p
3

y

q
9 � .y � 3

p
3/2 dy:

Using the substitutionw D y � 3
p
3, dw D dy, we find

M semi
x D 2

Z 3

0
.w C 3

p
3/
p
9 � w2 dw

D 2

Z 3

0
w
p
9 � w2 dw C 6

p
3

Z 3

0

p
9 �w2 dw D 18C 27�

p
3

2
;
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where we have used the fact that
R 3
0

p
9 � w2 dw represents the area of one-quarter of a circle of radius 3. The total moment about

thex-axis is then

Mx D M
triangle
x CM semi

x D 72C 27�
p
3

2
:

Because the area of the region is9
p
3C 9�

2 , the coordinates of the center of mass are
 
0;
16C 3�

p
3

� C 2
p
3

!
:

37. Three-quarters of the unit circle (remove the part in the fourth quadrant)

SOLUTION By the Symmetry Principle, the center of mass must lie on the liney D �x. Let region 1 be the semicircle above the
x-axis and region 2 be the quarter circle in the third quadrant. Because region 1 is symmetric with respect to they-axis,M 1

y D 0

by the Symmetry Principle. Furthermore

M 2
y D

Z 0

�1
x
p
1 � x2 dx D �1

3
:

Thus,My D M 1
y CM 2

y D 0C .�1
3 / D �1

3 . The area of the region is3�=4, so the coordinates of the centroid are
�

� 4

9�
;
4

9�

�
:

38. Let S be the lamina of mass density� D 1 obtained by removing a circle of radiusr from the circle of radius2r shown in
Figure 5. LetMS

x andMS
y denote the moments ofS . Similarly, letM big

y andM small
y be they-moments of the larger and smaller

circles.

y

x
r

2r

FIGURE 5

(a) Use the Symmetry Principle to show thatMS
x D 0.

(b) Show thatMS
y D M

big
y �M small

y using the additivity of moments.

(c) FindM big
y andM small

y using the fact that the COM of a circle is its center. Then computeMS
y using (b).

(d) Determine the COM ofS .

SOLUTION

(a) BecauseS is symmetric with respect to thex-axis,MS
x D 0.

(b) Because the small circle together with the regionS comprise the big circle, by the additivity of moments,

MS
y CM small

y D M
big
y :

ThusMS
y D M

big
y �M small

y .

(c) The center of the big circle is the origin, soxbig
cm D 0; consequently,M big

y D 0. On the other hand, the center of the small circle
is .�r; 0/, soxsmall

cm D �r ; consequently

M small
y D xsmall

cm � Asmall D �r � �r2 D ��r3:

By the result of part (b), it follows thatMS
y D 0 � .��r3/ D �r3.

(d) The area of the regionS is 4�r2 � �r2 D 3�r2. The coordinates of the center of mass of the regionS are then
 
�r3

3�r2
; 0

!
D
� r
3
; 0
�
:

39. Find the COM of the laminas in Figure 6 obtained by removing squares of side 2 from a square of side 8.

8

22

8

FIGURE 6
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SOLUTION Start with the square on the left. Place the square so that the bottom left corner is at.0; 0/. By the Symmetry Principle,
the center of mass must lie on the linesy D x andy D 8 � x. The only point in common to these two lines is.4; 4/, so the center
of mass is.4; 4/.

Now consider the square on the right. Place the square as above. By the symmetry principle,xcm D 4. Now, lets1 denote the
square in the upper left,s2 denote the square in the upper right, andB denote the entire square. Then

M s1
x D 1

2

Z 2

0
.82 � 62/ dx D 28I

M s2
x D 1

2

Z 8

6
.82 � 62/ dx D 28I and

MB
x D 1

2

Z 8

0
82 dx D 256:

By the additivity of moments,Mx D 256 � 28 � 28 D 200. Finally, the area of the region isA D 64 � 4 � 4 D 56, so the
coordinates of the center of mass are

�
4;
200

56

�
D
�
4;
25

7

�
:

Further Insights and Challenges

40. A median of a triangle is a segment joining a vertex to the midpoint of the opposite side. Show that the centroid of a triangle
lies on each of its medians, at a distance two-thirds down from the vertex. Then use this fact to prove that the three medians intersect
at a single point.Hint: Simplify the calculation by assuming that one vertex lies at the origin and another on thex-axis.

SOLUTION Orient the triangle by placing one vertex at.0; 0/ and the long side of the triangle along thex-axis. Label the vertices
.0; 0/, .a; 0/, .b; c/. Thus, the equations of the short sides arey D cx

b
andy D cx

b�a � ac
b�a . Now,

Mx D 1

2

Z b

0
.cx=b/2 dx C 1

2

Z a

b

� cx � ac
b � a

�2
dx D ac2

6
I

My D
Z b

0
x.cx=b/ dx C

Z a

b
x
� cx � ac

b � a

�
dx D ac.a C b/

6
I and

M D ac

2
:

so the center of mass is

�
aC b

3
;
c

3

�
. To show that the centroid lies on each median, lety1 be the median from.b; c/, y2 the median

from .0; 0/ andy3 the median from.a; 0/. We find

y1.x/ D 2c

2b � a
.x � a=2/; so y1

�
aC b

3

�
D c

3
I

y2.x/ D c

a C b
x; so y2

�
aC b

3

�
D c

3
I

y3.x/ D c

b � 2a
.x � a/; so y3

�
aC b

3

�
D c

3
:

This shows that the center of mass lies on each median. We now show that the center of mass is2
3 of the way from each vertex. For

y1, note thatx D b gives the vertex andx D a
2 gives the midpoint of the opposite side, so two-thirds of this distance is

x D b C 2

3

�a
2

� b
�

D aC b

3
;

thex-coordinate of the center of mass. Likewise, fory2, two-thirds of the distance fromx D 0 to x D aCb
2 is aCb

3 , and fory3,
the two-thirds point is

x D aC 2

3

�
b

2
� a

�
D aC b

3
:

A similar method shows that they-coordinate is also two-thirds of the way along the median. Thus, since the centroid lies on all
three medians, we can conclude that all three medians meet at a single point, namely the centroid.

41. LetP be the COM of a system of two weights with massesm1 andm2 separated by a distanced . Prove Archimedes’ Law of
the (weightless) Lever:P is the point on a line between the two weights such thatm1L1 D m2L2, whereLj is the distance from
massj toP .
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SOLUTION Place the lever along thex-axis with massm1 at the origin. ThenMy D m2d and thex-coordinate of the center of
mass,P , is

m2d

m1 Cm2
:

Thus,

L1 D m2d

m1 Cm2
; L2 D d � m2d

m1 Cm2
D m1d

m1 Cm2
;

and

L1m1 D m1
m2d

m1 Cm2
D m2

m1d

m1 Cm2
D L2m2:

42. Find the COM of a system of two weights of massesm1 andm2 connected by a lever of lengthd whose mass density� is
uniform.Hint: The moment of the system is the sum of the moments of the weights and the lever.

SOLUTION LetA be the cross-sectional area of the rod. Place the rod withm1 at the origin and rod lying on the positivex-axis.

They-moment of the rod isMy D 1
2�Ad

2, they-moment of the massm2 is My D m2d , and the total mass of the system is
M D m1 Cm2 C �Ad . Therefore, thex-coordinate of the center of mass is

m2d C 1
2�Ad

2

m1 Cm2 C �Ad
:

43. Symmetry Principle Let R be the region under the graph off .x/ over the intervalŒ�a; a�, wheref .x/ � 0.
Assume thatR is symmetric with respect to they-axis.

(a) Explain whyf .x/ is even—that is, whyf .x/ D f .�x/.
(b) Show thatxf .x/ is anodd function.

(c) Use (b) to prove thatMy D 0.

(d) Prove that the COM ofR lies on they-axis (a similar argument applies to symmetry with respect to thex-axis).

SOLUTION

(a) By the definition of symmetry with respect to they-axis,f .x/ D f .�x/, sof is even.

(b) Let g.x/ D xf .x/ wheref is even. Then

g.�x/ D �xf .�x/ D �xf .x/ D �g.x/;

and thusg is odd.

(c) My D �

Z a

�a
xf .x/ dx D 0 sincexf .x/ is an odd function.

(d) By part (c),xcm D My

M
D 0

M
D 0 so the center of mass lies along they-axis.

44. Prove directly that Eqs. (2) and (3) are equivalent in the following situation. Letf .x/ be a positive decreasing function onŒ0; b�
such thatf .b/ D 0. Setd D f .0/ andg.y/ D f �1.y/. Show that

1

2

Z b

0
f .x/2 dx D

Z d

0
yg.y/ dy

Hint: First apply the substitutiony D f .x/ to the integral on the left and observe thatdx D g0.y/ dy. Then apply Integration by
Parts.

SOLUTION f .x/ � 0 andf 0.x/ < 0 shows thatf has an inverseg onŒa; b�. Becausef .b/ D 0, f .0/ D d , andf �1.x/ D g.x/,
it follows thatg.d/ D 0 andg.0/ D b. If we let x D g.y/, thendx D g0.y/ dy. Thus, withy D f .x/,

1

2

Z b

0
f .x/2 dx D 1

2

Z b

0
y2 dx D 1

2

Z 0

d
y2g0.y/ dy:

Using Integration by Parts withu D y2 andv0 D g0.y/ dy, we find

1

2

Z 0

d
y2g0.y/ dy D 1

2

"
y2g.y/

ˇ̌
ˇ̌
0

d

� 2

Z 0

d
yg.y/ dy

#
D 1

2

h
0 � d2g.d/

i
�
Z 0

d
yg.y/ dy D

Z d

0
yg.y/ dy:
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45. LetR be a lamina of uniform density submerged in a fluid of densityw (Figure 7). Prove the following law: The fluid force on
one side ofR is equal to the area ofR times the fluid pressure on the centroid.Hint: Let g.y/ be the horizontal width ofR at depth
y. Express both the fluid pressure [Eq. (2) in Section 8.2] andy-coordinate of the centroid in terms ofg.y/.

y

yCM

y (depth)

Fluid level

Centroid

g(y)

FIGURE 7

SOLUTION Let � denote the uniform density of the submerged lamina. Then

Mx D �

Z b

a
yg.y/ dy;

and the mass of the lamina is

M D �

Z b

a
g.y/dy D �A;

whereA is the area of the lamina. Thus, they-coordinate of the centroid is

ycm D
�
R b
a yg.y/ dy

�A
D
R b
a yg.y/ dy

A
:

Now, the fluid force on the lamina is

F D w

Z b

a
yg.y/ dy D w

R b
a yg.y/ dy

A
A D wycmA:

In other words, the fluid force on the lamina is equal to the fluid pressure at the centroid of the lamina times the area of the lamina.

8.4 Taylor Polynomials

Preliminary Questions
1. What isT3.x/ centered ata D 3 for a functionf .x/ such thatf .3/ D 9, f 0.3/ D 8, f 00.3/ D 4, andf 000.3/ D 12?

SOLUTION In general, witha D 3,

T3.x/ D f .3/C f 0.3/.x � 3/C f 00.3/
2

.x � 3/2 C f 000.3/
6

.x � 3/3:

Using the information provided, we find

T3.x/ D 9C 8.x � 3/C 2.x � 3/2 C 2.x � 3/3:

2. The dashed graphs in Figure 1 are Taylor polynomials for a functionf .x/. Which of the two is a Maclaurin polynomial?

x x
2 31

2

31

- 1 - 1

y = f(x)y = f(x)

y y

(A) (B)

FIGURE 1

SOLUTION A Maclaurin polynomial always gives the value off .0/ exactly. This is true for the Taylor polynomial sketched in
(B); thus, this is the Maclaurin polynomial.
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3. For which value ofx does the Maclaurin polynomialTn.x/ satisfyTn.x/ D f .x/, no matter whatf .x/ is?

SOLUTION A Maclaurin polynomial always gives the value off .0/ exactly.

4. LetTn.x/ be the Maclaurin polynomial of a functionf .x/ satisfyingjf .4/.x/j � 1 for all x. Which of the following statements
follow from the error bound?

(a) jT4.2/ � f .2/j � 2
3

(b) jT3.2/ � f .2/j � 2
3

(c) jT3.2/ � f .2/j � 1
3

SOLUTION For a functionf .x/ satisfyingjf .4/.x/j � 1 for all x,

jT3.2/ � f .2/j � 1

24
jf .4/.x/j24 � 16

24
<
2

3
:

Thus,(b) is the correct answer.

Exercises
In Exercises 1–14, calculate the Taylor polynomialsT2.x/ andT3.x/ centered atx D a for the given function and value ofa.

1. f .x/ D sinx, a D 0

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D sinx f .a/ D 0

f 0.x/ D cosx f 0.a/ D 1

f 00.x/ D � sinx f 00.a/ D 0

f 000.x/ D � cosx f 000.a/ D �1

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 D 0C 1.x � 0/C 0

2
.x � 0/2 D xI and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 0C 1.x � 0/C 0

2
.x � 0/2 C �1

6
.x � 0/3 D x � 1

6
x3:

2. f .x/ D sinx, a D �

2

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D sinx f .a/ D 1

f 0.x/ D cosx f 0.a/ D 0

f 00.x/ D � sinx f 00.a/ D �1

f 000.x/ D � cosx f 000.a/ D 0

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2

D 1C 0
�
x � �

2

�
C �1

2

�
x � �

2

�2
D 1 � 1

2

�
x � �

2

�2
I and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 1C 0
�
x � �

2

�
C �1

2

�
x � �

2

�2
C 0

6

�
x � �

2

�3
D 1 � 1

2

�
x � �

2

�2
:

3. f .x/ D 1

1C x
, a D 2
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SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D 1

1C x
f .a/ D 1

3

f 0.x/ D �1
.1C x/2

f 0.a/ D �1
9

f 00.x/ D 2

.1C x/3
f 00.a/ D 2

27

f 000.x/ D �6
.1C x/4

f 000.a/ D � 2

27

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 D 1

3
� 1

9
.x � 2/C 2=27

2Š
.x � 2/2

D 1

3
� 1

9
.x � 2/C 1

27
.x � 2/2

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 C f 000.a/
3Š

.x � a/3

D 1

3
� 1

9
.x � 2/C 2=27

2Š
.x � 2/2 � 2=27

3Š
.x � 2/3 D 1

3
� 1

9
.x � 2/C 1

27
.x � 2/2 � 1

81
.x � 2/3

4. f .x/ D 1

1C x2
, a D �1

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D 1

1C x2
f .a/ D 1=2

f 0.x/ D �2x
.x2 C 1/2

f 0.a/ D 1=2

f 00.x/ D 2.3x2 � 1/

.x2 C 1/3
f 00.a/ D 1=2

f 000.x/ D �24x.x2 � 1/

.x2 C 1/4
f 000.a/ D 0

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2

D 1

2
C 1

2
.x C 1/C 1=2

2
.x C 1/2 D 1

2
C 1

2
.x C 1/C 1

4
.x C 1/2I and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 1

2
C 1

2
.x C 1/C 1=2

2
.x C 1/2 C 0

6
.x C 1/3 D 1

2
C 1

2
.x C 1/C 1

4
.x C 1/2:

5. f .x/ D x4 � 2x, a D 3

SOLUTION First calculate and evaluate the needed derivatives:

f .x/ D x4 � 2x f .a/ D 75

f 0.x/ D 4x3 � 2 f 0.a/ D 106

f 00.x/ D 12x2 f 00.a/ D 108

f 000.x/ D 24x f 000.a/ D 72

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 D 75C 106.x � 3/C 108

2
.x � 3/2

D 75C 106.x � 3/C 54.x � 3/2
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T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
3Š

.x � a/3

D 75C 106.x � 3/C 108

2
.x � 3/2 C 72

3Š
.x � 3/3

D 75C 106.x � 3/C 54.x � 3/2 C 12.x � 3/3

6. f .x/ D x2 C 1

x C 1
, a D �2

SOLUTION First calculate and evaluate the needed derivatives:

f .x/ D x2 C 1

x C 1
f .a/ D �5

f 0.x/ D x2 C 2x � 1
.x C 1/2

f 0.a/ D �1

f 00.x/ D 4

.x C 1/3
f 00.a/ D �4

f 000.x/ D �12
.x C 1/4

f 000.a/ D �12

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 D �5 � .x C 2/C �4
2
.x C 2/2

D �5 � .x C 2/ � 2.x C 2/2

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 C f 000.a/
3Š

.x � a/3

D �5 � .x C 2/C �4
2
.x C 2/2 C �12

3Š
.x C 2/3

D �5 � .x C 2/ � 2.x C 2/2 � 2.x C 2/3

7. f .x/ D tanx, a D 0

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D tanx f .a/ D 0

f 0.x/ D sec2 x f 0.a/ D 1

f 00.x/ D 2 sec2 x tanx f 00.a/ D 0

f 000.x/ D 2 sec4 x C 4 sec2 x tan2 x f 000.a/ D 2

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 D 0C 1.x � 0/C 0

2
.x � 0/2 D xI and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 0C 1.x � 0/C 0

2
.x � 0/2 C 2

6
.x � 0/3 D x C 1

3
x3:

8. f .x/ D tanx, a D �

4

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D tanx f .a/ D 1

f 0.x/ D sec2 x f 0.a/ D 2

f 00.x/ D 2 sec2 x tanx f 00.a/ D 4

f 000.x/ D 2 sec4 x C 4 sec2 x tan2 x f 000.a/ D 16

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 D 1C 2
�
x � �

4

�
C 4

2

�
x � �

4

�2
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D 1C 2
�
x � �

4

�
C 2

�
x � �

4

�2
I and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 1C 2
�
x � �

4

�
C 4

2

�
x � �

4

�2
C 16

6

�
x � �

4

�3
D 1C 2

�
x � �

4

�
C 2

�
x � �

4

�2
C 8

3

�
x � �

4

�3
:

9. f .x/ D e�x C e�2x , a D 0

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D e�x C e�2x f .a/ D 2

f 0.x/ D �e�x � 2e�2x f 0.a/ D �3

f 00.x/ D e�x C 4e�2x f 00.a/ D 5

f 000.x/ D �e�x � 8e�2x f 000.a/ D �9

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2

D 2C .�3/.x � 0/C 5

2
.x � 0/2 D 2� 3x C 5

2
x2I and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 2C .�3/.x � 0/C 5

2
.x � 0/2 C �9

6
.x � 0/3 D 2 � 3x C 5

2
x2 � 3

2
x3:

10. f .x/ D e2x , a D ln 2

SOLUTION First calculate and evaluate the needed derivatives:

f .x/ D e2x f .a/ D 4

f 0.x/ D 2e2x f 0.a/ D 8

f 00.x/ D 4e2x f 00.a/ D 16

f 000.x/ D 8e2x f 000.a/ D 32

Now

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 D 4C 8.x � ln 2/C 16

2Š
.x � ln 2/2

D 4C 8.x � ln 2/C 8.x � ln 2/2

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 C f 000.a/
3Š

.x � a/3

D 4C 8.x � ln 2/C 16

2Š
.x � ln 2/2 C 32

6
.x � ln 2/3

D 4C 8.x � ln 2/C 8.x � ln 2/2 C 16

3
.x � ln 2/3

11. f .x/ D x2e�x , a D 1

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D x2e�x f .a/ D 1=e

f 0.x/ D .2x � x2/e�x f 0.a/ D 1=e

f 00.x/ D .x2 � 4x C 2/e�x f 00.a/ D �1=e

f 000.x/ D .�x2 C 6x � 6/e�x f 000.a/ D �1=e

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2

D 1

e
C 1

e
.x � 1/C �1=e

2
.x � 1/2 D 1

e
C 1

e
.x � 1/ � 1

2e
.x � 1/2I and



1034 C H A P T E R 8 FURTHER APPLICATIONS OF THE INTEGRAL AND TAYLOR POLYNOMIALS

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 1

e
C 1

e
.x � 1/C �1=e

2
.x � 1/2 C

��1=e
6

�
.x � 1/3

D 1

e
C 1

e
.x � 1/ � 1

2e
.x � 1/2 � 1

6e
.x � 1/3:

12. f .x/ D cosh2x, a D 0

SOLUTION First calculate and evaluate the needed derivatives:

f .x/ D cosh2x f .a/ D 1

f 0.x/ D 2 sinh2x f 0.a/ D 0

f 00.x/ D 4 cosh2x f 00.a/ D 4

f 000.x/ D 8 sinh2x f 000.a/ D 0

so that

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 D 1C 0.x � 0/C 4

2Š
.x � 0/2

D 1C 2x2

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 C f 000.a/
3Š

.x � a/3

D 1C 0.x � 0/C 2.x � 0/2 C 0

3Š
.x � 0/3

D 1C 2x2

13. f .x/ D lnx

x
, a D 1

SOLUTION First calculate and evaluate the needed derivatives:

f .x/ D lnx

x
f .a/ D 0

f 0.x/ D 1 � ln x

x2
f .a/ D 1

f 00.x/ D �3C 2 lnx

x3
f .a/ D �3

f 000.x/ D 11 � 6 ln x

x4
f .a/ D 11

so that

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 D 0C 1.x � 1/C �3
2Š
.x � 1/2

D .x � 1/ � 3

2
.x � 1/2

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2Š

.x � a/2 C f 000.a/
3Š

.x � a/3

D 0C 1.x � 1/C �3
2Š
.x � 1/2 C 11

3Š
.x � 1/3

D .x � 1/ � 3

2
.x � 1/2 C 11

6
.x � 1/3

14. f .x/ D ln.x C 1/, a D 0

SOLUTION First, we calculate and evaluate the needed derivatives:

f .x/ D ln.x C 1/ f .a/ D 0

f 0.x/ D 1

x C 1
f 0.a/ D 1
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f 00.x/ D �1
.x C 1/2

f 00.a/ D �1

f 000.x/ D 2

.x C 1/3
f 000.a/ D 2

Now,

T2.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 D 0C 1.x � 0/C �1
2
.x � 0/2 D x � 1

2
x2I and

T3.x/ D f .a/C f 0.a/.x � a/C f 00.a/
2

.x � a/2 C f 000.a/
6

.x � a/3

D 0C 1.x � 0/C �1
2
.x � 0/2 C 2

6
.x � 0/3 D x � 1

2
x2 C 1

3
x3:

15. Show that thenth Maclaurin polynomial forex is

Tn.x/ D 1C x

1Š
C x2

2Š
C � � � C xn

nŠ

SOLUTION With f .x/ D ex , it follows thatf .n/.x/ D ex andf .n/.0/ D 1 for all n. Thus,

Tn.x/ D 1C 1.x � 0/C 1

2
.x � 0/2 C � � � C 1

nŠ
.x � 0/n D 1C x C x2

2
C � � � C xn

nŠ
:

16. Show that thenth Taylor polynomial for
1

x C 1
at a D 1 is

Tn.x/ D 1

2
� .x � 1/

4
C .x � 1/2

8
C � � � C .�1/n .x � 1/n

2nC1

SOLUTION Let f .x/ D 1
xC1 . Then

f .x/ D 1

x C 1
f .1/ D 1

2
D .�1/00Š

20C1

f 0.x/ D �1
.x C 1/2

f 0.1/ D �1
4

D .�1/11Š
21C1

f 00.x/ D 2

.x C 1/3
f 00.1/ D 1

4
D .�1/22Š

22C1

:::
:::

f .n/.x/ D .�1/nnŠ
.x C 1/nC1 f .n/.1/ D .�1/nnŠ

2nC1

Therefore,

Tn.x/ D 1

2
C
�

�1
4

�
.x � 1/C 1

4

.x � 1/2

2Š
C � � � C .�1/nnŠ

2nC1
.x � 1/n
nŠ

D 1

2
� 1

4
.x � 1/C .x � 1/2

8
C � � � C .�1/n .x � 1/n

2nC1 :

17. Show that the Maclaurin polynomials for sinx are

T2nC1.x/ D T2nC2.x/ D x � x3

3Š
C x5

5Š
� � � � C .�1/n x2nC1

.2nC 1/Š

SOLUTION Let f .x/ D sinx. Then

f .x/ D sinx f .0/ D 0

f 0.x/ D cosx f 0.0/ D 1

f 00.x/ D � sinx f 00.0/ D 0

f 000.x/ D � cosx f 000.0/ D �1

f .4/.x/ D sinx f .4/.0/ D 0
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f .5/.x/ D cosx f .5/.0/ D 1

:::
:::

Consequently,

T2nC1.x/ D x � x3

3Š
C x5

5Š
C � � � C .�1/n x2nC1

.2nC 1/Š

and

T2nC2.x/ D x � x3

3Š
C x5

5Š
C � � � C .�1/n x2nC1

.2nC 1/Š
C 0 D T2nC1.x/:

18. Show that the Maclaurin polynomials for ln.1C x/ are

Tn.x/ D x � x2

2
C x3

3
C � � � C .�1/n�1 x

n

n

SOLUTION Let f .x/ D ln.1C x/. Then

f .x/ D ln.1C x/ f .0/ D 0

f 0.x/ D .1C x/�1 f 0.0/ D 1

f 00.x/ D �.1C x/�2 f 00.0/ D �1

f 000.x/ D 2.1C x/�3 f 000.0/ D 2

f .4/.x/ D �3Š.1C x/�4 f .4/.0/ D �6

f .5/.x/ D 4Š.1C x/�5 f .5/.0/ D 24

so that in general

f .n/.x/ D .�1/n�1.n� 1/Š.1C x/�n f .n/.0/ D .�1/n�1.n� 1/Š

Thus

Tn.x/ D x � 1

2Š
x2 C 2

3Š
x3 � � � � C .�1/n�1.n� 1/Š

nŠ
xn D x � x2

2
C x3

3
C � � � C .�1/n�1 x

n

n

In Exercises 19–24, findTn.x/ at x D a for all n.

19. f .x/ D 1

1C x
, a D 0

SOLUTION We have

1

1C x
D .ln.1C x//0

so that from Exercise 18, lettingg.x/ D ln.1C x/,

f .n/.x/ D g.nC1/.x/ D .�1/nnŠ.x C 1/�1�n and f .n/.0/ D .�1/nnŠ

Then

Tn.x/ D f .0/C f 0.0/x C f 00.0/
2Š

x2 C � � � C f .n/.0/

nŠ
xn

D 1 � x C 2Š

2Š
x2 � 3Š

3Š
x3 C � � � C .�1/n nŠ

nŠ
xn

D 1 � x C x2 � x3 C � � � C .�1/nxn

20. f .x/ D 1

x � 1
, a D 4

SOLUTION Let f .x/ D 1
x�1 . Then

f .x/ D 1

x � 1 f .4/ D 1

3
D .�1/00Š

30C1
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f 0.x/ D �1
.x � 1/2

f 0.4/ D �1
9

D .�1/11Š
31C1

f 00.x/ D 2

.x � 1/3
f 00.4/ D 2

27
D .�1/22Š

32C1

:::
:::

f .n/.x/ D .�1/nnŠ
.x � 1/nC1 f .n/.4/ D .�1/nnŠ

3nC1

Therefore,

Tn.x/ D 1

3
C
�

�1
9

�
.x � 4/C 2=27

2
.x � 4/2 C � � � C .�1/nnŠ

3nC1
.x � 4/n

nŠ

D 1

3
� 1

9
.x � 4/C 1

27
.x � 4/2 C � � � C .�1/n

3nC1 .x � 4/n:

21. f .x/ D ex , a D 1

SOLUTION Let f .x/ D ex . Thenf .n/.x/ D ex andf .n/.1/ D e for all n. Therefore,

Tn.x/ D e C e.x � 1/C e

2Š
.x � 1/2 C � � � C e

nŠ
.x � 1/n:

22. f .x/ D x�2, a D 2

SOLUTION We have

f .x/ D x�2 f .2/ D 1

4

f 0.x/ D �2x�3 f 0.2/ D �1
4

f 00.x/ D 6x�4 f 00.2/ D 3

8

f 000.x/ D �24x�5 f 000.2/ D �3
4

:::
:::

f .n/.x/ D .�1/n.nC 1/Šx�n�2 f .n/.2/ D .�1/n .nC 1/Š

2nC2

so that

Tn.x/ D f .2/C f 0.2/.x � 2/C f 00.2/
2Š

.x � 2/2 C � � � C f .n/.2/

nŠ
.x � 2/n

D 1

4
� 1

4
.x � 2/C 3

16
.x � 2/2 C � � � C .�1/n nC 1

2nC2 .x � 2/n

23. f .x/ D cosx, a D �

4

SOLUTION Let f .x/ D cosx. Then

f .x/ D cosx f .�=4/ D 1p
2

f 0.x/ D � sinx f 0.�=4/ D � 1p
2

f 00.x/ D � cosx f 00.�=4/ D � 1p
2

f 000.x/ D sinx f 000.�=4/ D 1p
2

This pattern of four values repeats indefinitely. Thus,

f .n/.�=4/ D

8
ˆ̂<
ˆ̂:

.�1/.nC1/=2 1p
2
; n odd

.�1/n=2 1p
2
; n even
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and

Tn.x/ D 1p
2

� 1p
2

�
x � �

4

�
� 1

2
p
2

�
x � �

4

�2
C 1

6
p
2

�
x � �

4

�3
� � �:

In general, the coefficient of.x � �=4/n is

˙ 1

.
p
2/nŠ

with the pattern of signsC;�;�;C;C;�;�; : : : :
24. f .�/ D sin3� , a D 0

SOLUTION We have

f .�/ D sin3� f .0/ D 0

f 0.�/ D 3 cos3� f 0.0/ D 3

f 00.�/ D �9 sin3� f 00.0/ D 0

f 000.�/ D �27 cos3� f 000.0/ D �27

f .4/.�/ D 81 sin3� f .4/.0/ D 0

and in general

f .2n/.�/ D .�1/n32n sin3� f .2n/.0/ D 0

f .2nC1/.�/ D .�1/n32nC1 cos3� f .2nC1/.0/ D .�1/n32nC1

Thus

Tn.x/ D 3� � 27

3Š
�3 C 243

5Š
�5 � : : :

where the coefficient of�2nC1 is .�1/n 32nC1

.2nC1/Š .

In Exercises 25–28, findT2.x/ and use a calculator to compute the errorjf .x/� T2.x/j for the given values ofa andx.

25. y D ex , a D 0, x D �0:5
SOLUTION Let f .x/ D ex . Thenf 0.x/ D ex , f 00.x/ D ex , f .a/ D 1, f 0.a/ D 1 andf 00.a/ D 1. Therefore

T2.x/ D 1C 1.x � 0/C 1

2
.x � 0/2 D 1C x C 1

2
x2;

and

T2.�0:5/ D 1C .�0:5/C 1

2
.�0:5/2 D 0:625:

Using a calculator, we find

f .�0:5/ D 1p
e

D 0:606531;

so

jT2.�0:5/ � f .�0:5/j D 0:0185:

26. y D cosx, a D 0, x D �

12

SOLUTION Let f .x/ D cosx. Thenf 0.x/ D � sinx, f 00.x/ D � cosx, f .a/ D 1, f 0.a/ D 0, andf 00.a/ D �1. Therefore

T2.x/ D 1C 0.x � 0/C �1
2
.x � 0/2 D 1 � 1

2
x2;

and

T2

� �
12

�
D 1 � 1

2

� �
12

�2
� 0:965731:
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Using a calculator, we find

f
� �
12

�
D 0:965926;

so
ˇ̌
ˇT2

� �
12

�
� f

� �
12

�ˇ̌
ˇ D 0:000195:

27. y D x�2=3, a D 1, x D 1:2

SOLUTION Let f .x/ D x�2=3. Thenf 0.x/ D �2
3x

�5=3, f 00.x/ D 10
9 x

�8=3, f .1/ D 1, f 0.1/ D �2
3 , andf 00.1/ D 10

9 . Thus

T2.x/ D 1 � 2

3
.x � 1/C 10

2 � 9.x � 1/2 D 1 � 2

3
.x � 1/C 5

9
.x � 1/2

and

T2.1:2/ D 1 � 2

3
.0:2/C 5

9
.0:2/2 D 8

9
� 0:88889

Using a calculator,f .1:2/ D .1:2/�2=3 � 0:88555 so that

jT2.1:2/ � f .1:2/j � 0:00334

28. y D esinx , a D �

2
, x D 1:5

SOLUTION Let f .x/ D esinx . Thenf 0.x/ D cosxesinx , f 00.x/ D cos2 xesinx � sinxesinx , f .a/ D e, f 0.a/ D 0 and
f 00.a/ D �e. Therefore

T2.x/ D e C 0
�
x � �

2

�
C �e

2

�
x � �

2

�2
D e � e

2

�
x � �

2

�2
;

and

T2.1:5/ D e � e

2

�
1:5 � �

2

�2
� 2:711469651:

Using a calculator, we findf .1:5/ D 2:711481018, so

jT2.1:5/ � f .1:5/j D 1:14 � 10�5:

29. ComputeT3.x/ for f .x/ D
p
x centered ata D 1. Then use a plot of the errorjf .x/ � T3.x/j to find a valuec > 1

such that the error on the intervalŒ1; c� is at most0:25.

SOLUTION We have

f .x/ D x1=2 f .1/ D 1

f 0.x/ D 1

2
x�1=2 f 0.1/ D 1

2

f 00.x/ D �1
4
x�3=2 f 00.1/ D �1

4

f 000.x/ D 3

8
x�5=2 f 000.1/ D 3

8

Therefore

T3.x/ D 1C 1

2
.x � 1/ � 1

4 � 2Š .x � 1/2 C 3

8 � 3Š .x � 1/3 D 1C 1

2
.x � 1/ � 1

8
.x � 1/2 C 1

16
.x � 1/3

A plot of jf .x/� T3.x/j is below.

1.0 1.5 2.0 2.5 3.0

0.05

0.10

0.15

0.20

0.25

y

x

It appears that forx 2 Œ1; 2:9� that the error does not exceed0:25. The error atx D 3 appears to just exceed0:25.
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30. Plot f .x/ D 1=.1C x/ together with the Taylor polynomialsTn.x/ at a D 1 for 1 � n � 4 on the intervalŒ�2; 8�
(be sure to limit the upper plot range).

(a) Over which interval doesT4.x/ appear to approximatef .x/ closely?

(b) What happens forx < �1?
(c) Use your computer algebra system to produce and plotT30 together withf .x/ on Œ�2; 8�. Over which interval doesT30 appear
to give a close approximation?

SOLUTION Let f .x/ D 1
1Cx . Then

f .x/ D 1

1C x
f .1/ D 1

2

f 0.x/ D � 1

.1C x/2
f 0.1/ D �1

4

f 00.x/ D 2

.1C x/3
f 00.1/ D 1

4

f 000.x/ D � 6

.1C x/4
f 000.1/ D �3

8

f .4/.x/ D 24

.1C x/5
f .4/.1/ D 3

4

and

T1.x/ D 1

2
� 1

4
.x � 1/I

T2.x/ D 1

2
� 1

4
.x � 1/C 1

8
.x � 1/2I

T3.x/ D 1

2
� 1

4
.x � 1/C 1

8
.x � 1/2 � 1

16
.x � 1/3I and

T4.x/ D 1

2
� 1

4
.x � 1/C 1

8
.x � 1/2 � 1

16
.x � 1/3 C 1

32
.x � 1/4:

A plot of f .x/, T1.x/, T2.x/, T3.x/ andT4.x/ is shown below.

y

2

1.5

1

0.5

−2 2 4 6 8
x

T1

T2

T3

T4

(a) The graph below displaysf .x/ andT4.x/ over the intervalŒ�0:5; 2:5�. It appears thatT4.x/ gives a close approximation to
f .x/ over the interval.0:1; 2/.

y

0.5 1 1.5 2
x

1.2

1

0.8

0.6

0.4

0.2

(b) For x < �1, f .x/ is negative, but the Taylor polynomials are positive; thus, the Taylor polynomials are poor approximations
for x < �1.
(c) The graph below displaysf .x/ andT30.x/ over the intervalŒ�2; 8�. It appears thatT30.x/ gives a close approximation to
f .x/ over the interval.�1; 3/.
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y

10

8

6

4

2

−2 2 4 6 8
x

31. LetT3.x/ be the Maclaurin polynomial off .x/ D ex . Use the error bound to find the maximum possible value ofjf .1:1/ �
T3.1:1/j. Show that we can takeK D e1:1.

SOLUTION Sincef .x/ D ex , we havef .n/.x/ D ex for all n; sinceex is increasing, the maximum value ofex on the interval
Œ0; 1:1� isK D e1:1. Then by the error bound,

ˇ̌
ˇe1:1 � T3.1:1/

ˇ̌
ˇ � K

.1:1 � 0/4

4Š
D e1:11:14

24
� 0:183

32. Let T2.x/ be the Taylor polynomial off .x/ D
p
x at a D 4. Apply the error bound to find the maximum possible value of the

error jf .3:9/ � T2.3:9/j.
SOLUTION We havef .x/ D x1=2, f 0.x/ D 1

2x
�1=2, f 00.x/ D �1

4x
�3=2, andf 000.x/ D 3

8x
�5=2. This is a decreasing function

of x, so its maximum value onŒ3:9; 4� is achieved atx D 3:9; that value is 3
8�3:95=2

� 0:0125, so we can takeK D 0:0125. Then

jf .x/� T2.x/j � K
j3:9 � 4j3

3Š
D 0:0125

0:001

6
� 2:08 � 10�6

In Exercises 33–36, compute the Taylor polynomial indicated and use the error bound to find the maximum possible size of the
error. Verify your result with a calculator.

33. f .x/ D cosx, a D 0; jcos0:25 � T5.0:25/j
SOLUTION The Maclaurin series for cosx is

1 � x2

2Š
C x4

4Š
� x6

6Š
C : : :

so that

T5.x/ D 1 � x2

2
C x4

24

T5.0:25/ � 0:9689127604

In addition,f .6/.x/ D � cosx so thatjf .6/.x/j � 1 and we may takeK D 1 in the error bound formula. Then

jcos0:25 � T5.0:25/j � K
0:256

6Š
D 1

212 � 6Š
� 3:390842014 � 10�7

(The true value is cos0:25 � 0:9689124217 and the difference is in fact� 3:387 � 10�7.)

34. f .x/ D x11=2, a D 1; jf .1:2/ � T4.1:2/j
SOLUTION Let f .x/ D x11=2. Then

f .x/ D x11=2 f .1/ D 1

f 0.x/ D 11

2
x9=2 f 0.1/ D 11

2

f 00.x/ D 99

4
x7=2 f 00.1/ D 99

4

f 000.x/ D 693

8
x5=2 f 000.1/ D 693

8

f .4/.x/ D 3465

16
x3=2 f .4/.1/ D 3465

16

and

T4.x/ D 1C 11

2
.x � 1/C 99

8
.x � 1/2 C 231

16
.x � 1/3 C 1155

128
.x � 1/4:
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Using the Error Bound,

jf .1:2/ � T4.1:2/j � Kj1:2 � 1j5
5Š

D K

375;000
;

whereK is a number such thatjf .5/.x/j � K for x between 1 and 1.2. Now,

f .5/.x/ D 10;395

32
x1=2;

which is increasing forx > 1. Consequently, on the intervalŒ1; 1:2�, f .5/.x/ is maximized atx D 1:2. We can therefore take
K D 10;395

32

p
1:2, and then

jf .1:2/ � T4.1:2/j � 10;395

.32/.375;000/

p
1:2 � 9:489 � 10�4:

35. f .x/ D x�1=2, a D 4; jf .4:3/ � T3.4:3/j
SOLUTION We have

f .x/ D x�1=2 f .4/ D 1

2

f 0.x/ D �1
2
x�3=2 f 0.4/ D � 1

16

f 00.x/ D 3

4
x�5=2 f 00.4/ D 3

128

f 000.x/ D �15
8
x�7=2 f 000.4/ D � 15

1024

f .4/.x/ D 105

16
x�9=2

so that

T3.x/ D 1

2
� 1

16
.x � 4/C 3

256
.x � 4/2 � 5

2048
.x � 4/3

Using the error bound formula,

jf .4:3/ � T3.4:3/j � K
j4:3 � 4j4

4Š
D 27K

80;000

whereK is a number such thatjf .4/.x/j � K for x between4 and4:3. Now, f .4/.x/ is a decreasing function forx > 1, so it
takes its maximum value onŒ4; 4:3� atx D 4; there, its value is

K D 105

16
4�9=2 D 105

8192

so that

jf .4:3/ � T3.4:3/j �
27 1058192

80;000
D 27 � 105
8192 � 80;000 � 4:3258667 � 10�6

36. f .x/ D
p
1C x, a D 8; j

p
9:02 � T3.8:02/j

SOLUTION Let f .x/ D
p
1C x. Then

f .x/ D
p
1C x f .8/ D 3

f 0.x/ D 1

2
.x C 1/�1=2 f 0.8/ D 1

6

f 00.x/ D �1
4
.x C 1/�3=2 f 00.8/ D �1

108

f 000.x/ D 3

8
.x C 1/�5=2 f 000.8/ D 1

648

and

T3.x/ D 3C 1

6
.x � 8/ � 1

108 � 2Š .x � 8/2 C 1

648 � 3Š .x � 8/3 D 3C 1

6
.x � 8/ � 1

216
.x � 8/2 C 1

3888
.x � 8/3:
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Therefore

T3.8:02/ D 3C 1

6
.0:02/ � 1

216
.0:02/2 C 1

3888
.0:02/3 D 3:003331484:

Using the Error Bound, we have

j
p
9:02 � T3.8:02/j � K

j8:02 � 8j4
4Š

D K

150;000;000
;

whereK is a number such thatjf .4/.x/j � K for x between 8 and 8.02. Now

f .4/.x/ D �15
16
.1C x/�7=2;

which is a decreasing function for8 � x � 8:02, so we may take

K D 15

16
9�7=2 D 15

34992
:

Thus,

j
p
9:02 � T3.8:02/j � 15=34992

150;000;000
� 2:858 � 10�12:

37. Calculate the Maclaurin polynomialT3.x/ for f .x/ D tan�1 x. ComputeT3
�
1
2

�
and use the error bound to find a bound for

the error
ˇ̌
tan�1 1

2 � T3
�
1
2

�ˇ̌
. Refer to the graph in Figure 2 to find an acceptable value ofK. Verify your result by computingˇ̌

tan�1 1
2 � T3

�
1
2

�ˇ̌
using a calculator.

y

x
21 3

−1

1

2

3

4

5

FIGURE 2 Graph off .4/.x/ D �24x.x2 � 1/

.x2 C 1/4
, wheref .x/ D tan�1 x.

SOLUTION Let f .x/ D tan�1 x. Then

f .x/ D tan�1 x f .0/ D 0

f 0.x/ D 1

1C x2
f 0.0/ D 1

f 00.x/ D �2x
.1C x2/2

f 00.0/ D 0

f 000.x/ D .1C x2/2.�2/ � .�2x/.2/.1C x2/.2x/

.1C x2/4
f 000.0/ D �2

and

T3.x/ D 0C 1.x � 0/C 0

2
.x � 0/2 C �2

6
.x � 0/3 D x � x3

3
:

Sincef .4/.x/ � 5 for x � 0, we may takeK D 5 in the error bound; then,

ˇ̌
ˇ̌tan�1

�
1

2

�
� T3

�
1

2

�ˇ̌
ˇ̌ � 5.1=2/4

4Š
D 5

384
:

Using a calculator, we find

tan�1 .0:5/ � T3 .0:5/ � 0:00531;

which is, as expected, less than the error bound of5=384 � 0:130:
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38. Let f .x/ D ln.x3 � x C 1/. The third Taylor polynomial ata D 1 is

T3.x/ D 2.x � 1/C .x � 1/2 � 7

3
.x � 1/3

Find the maximum possible value ofjf .1:1/ � T3.1:1/j, using the graph in Figure 3 to find an acceptable value ofK. Verify your
result by computingjf .1:1/ � T3.1:1/j using a calculator.

20

40
41

x

y

1.21.11.00.9

FIGURE 3 Graph off .4/.x/, wheref .x/ D ln.x3 � x C 1/.

SOLUTION The maximum value off .4/.x/ on Œ1:0; 1:1� is less than41, so we may takeK D 41. Then

jf .1:1/ � T3.1:1/j � K
j1:1 � 1j4

4Š
D 41

24 � 10;000 � 0:00017083

In fact, we have

f .1:1/ D ln.1:13 � 1:1C 1/ D ln.1:231/ � 0:2078268472

T3.1:1/ D 2.1:1 � 1/C .1:1 � 1/2 � 7

3
.1:1 � 1/3 � 0:2076666667

jf .1:1/ � T3.1:1/j � 0:2078268472 � 0:2076666667 D 0:0001601805

which is in accordance with the error bound above.

39. Let T2.x/ be the Taylor polynomial ata D 0:5 for f .x/ D cos.x2/. Use the error bound to find the maximum possible

value ofjf .0:6/ � T2.0:6/j. Plotf .3/.x/ to find an acceptable value ofK.

SOLUTION We have

f .x/ D cos.x2/ f .0:5/ D cos.0:25/ � 0:9689

f 0.x/ D �2x sin.x2/ f 0.0:5/ D � sin.0:25/ � �0:2474039593

f 00.x/ D �4x2 cos.x2/� 2 sin.x2/ f 00.0:5/ D � cos.0:25/ � 2 sin.0:25/ � �1:463720340

f 000.x/ D 8x3 sin.x2/� 12x cos.x2/

so that

T2.x/ D 0:9689 � 0:2472039593.x � 0:5/ � 0:73186017.x � 0:5/2

andT2.0:6/ � 0:9368610024. A graph off .3/.x/ for x near0:5 is below.

−3
0.4 0.5 0.6 0.7

−4

−5

−6

−7

y

x

Clearly the maximum value ofjf .3/.x/j on Œ0:5; 0:6� is bounded by7 (nearx D 0:5), so we may takeK D 7; then

jf .0:6/ � T2.0:6/j � K
j0:6 � 0:5j3

3Š
D 7

6000
� 0:00116667
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40. Calculate the Maclaurin polynomialT2.x/ for f .x/ D sechx and use the error bound to find the maximum possible

value of
ˇ̌
f
�
1
2

�
� T2

�
1
2

�ˇ̌
. Plotf 000.x/ to find an acceptable value ofK.

SOLUTION To computeT2.x/ for f .x/ D sechx, we take the first two derivatives:

f .x/ D sechx f .0/ D 1

f 0.x/ D � sechx tanhx f 0.0/ D 0

f 00.x/ D sechx tanh2 x � sech3 x f 00.0/ D �1

From this,

T2.x/ D 1 � 1

2
x2;

and

T2

�
1

2

�
D 1 � 1

2

�
1

2

�2
D 1 � 1

8
D 7

8
:

Using the Error Bound, we have
ˇ̌
ˇ̌f
�
1

2

�
� T2

�
1

2

�ˇ̌
ˇ̌ � K

j1=2j3
6

D K

48
;

whereK is a number such thatjf 000.x/j � Kj for x between 0 and12 . Here,

f 000.x/ D � sechx tanh3 x C 2 sech3 x tanhx C 3 sech2 x.sechx tanhx/

D 5 sech2 x tanhx � sechx tanh3 x:

A plot of f 000.x/ is given below. From the plot, we see thatjf 000.x/j � 2 for all x between 0 and1=2. Thus,
ˇ̌
ˇ̌f
�
1

2

�
� T2

�
1

2

�ˇ̌
ˇ̌ � 2

48
D 1

24
:

x

y

0.1 0.2 0.3 0.4 0.50

2

1.5

1

0.5

In Exercises 41–44, use the error bound to find a value ofn for which the given inequality is satisfied. Then verify your result using
a calculator.

41. j cos0:1 � Tn.0:1/j � 10�7, a D 0

SOLUTION Using the error bound withK D 1 (every derivative off .x/ D cosx is ˙ sinx or ˙ cosx, sojf .n/.x/j � 1 for all
n), we have

jTn.0:1/ � cos0:1j � .0:1/nC1

.nC 1/Š
:

With n D 3,

.0:1/4

4Š
� 4:17 � 10�6 > 10�7;

but withn D 4,

.0:1/5

5Š
� 8:33 � 10�8 < 10�7;

so we choosen D 4. Now,

T4.x/ D 1 � 1

2
x2 C 1

24
x4;

so

T4.0:1/ D 1 � 1

2
.0:1/2 C 1

24
.0:1/4 D 0:995004166:
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Using a calculator, cos0:1 D 0:995004165, so

jT4.0:1/ � cos0:1j D 1:387 � 10�8 < 10�7:

42. j ln 1:3 � Tn.1:3/j � 10�4, a D 1

SOLUTION Let f .x/ D ln x. Thenf 0.x/ D x�1, f 00.x/ D �x�2, f 000.x/ D 2x�3, f .4/.x/ D �6x�4, etc. In general,

f .n/.x/ D .�1/nC1.n� 1/Šx�n:

Now, jf .nC1/.x/j is decreasing on the intervalŒ1; 1:3�, sojf .nC1/.x/j � jf .nC1/.1/j D nŠ for all x 2 Œ1; 1:3�. We can therefore
takeK D nŠ in the error bound, and

j ln 1:3 � Tn.1:3/j � nŠ
j1:3 � 1jnC1

.nC 1/Š
D .0:3/nC1

nC 1
:

With n D 5,

.0:3/6

6
D 1:215 � 10�4 > 10�4;

but withn D 6,

.0:3/7

7
D 3:124 � 10�5 < 10�4:

Therefore, the error is guaranteed to be below10�4 for n D 6. Now,

T6.x/ D .x � 1/ � 1

2
.x � 1/2 C 1

3
.x � 1/3 � 1

4
.x � 1/4 C 1

5
.x � 1/5 � 1

6
.x � 1/6

andT6.1:3/ � 0:2623395000. Using a calculator, ln.1:3/ � 0:2623642645; the difference is

ln.1:3/ � T6.1:3/ � 0:0000247645 < 10�4

43. j
p
1:3 � Tn.1:3/j � 10�6, a D 1

SOLUTION Using the Error Bound, we have

j
p
1:3 � Tn.1:3/j � K

j1:3 � 1jnC1

.nC 1/Š
D K

j0:3jnC1

.nC 1/Š
;

whereK is a number such thatjf .nC1/.x/j � K for x between 1 and 1.3. Forf .x/ D
p
x, jf .n/.x/j is decreasing forx > 1,

hence the maximum value ofjf .nC1/.x/j occurs atx D 1. We may therefore take

K D jf .nC1/.1/j D 1 � 3 � 5 � � � .2nC 1/

2nC1

D 1 � 3 � 5 � � � .2nC 1/

2nC1 � 2 � 4 � 6 � � � .2nC 2/

2 � 4 � 6 � � � .2nC 2/
D .2nC 2/Š

.nC 1/Š22nC2 :

Then

j
p
1:3 � Tn.1:3/j � .2nC 2/Š

.nC 1/Š22nC2 � j0:3jnC1

.nC 1/Š
D .2nC 2/Š

Œ.nC 1/Š�2
.0:075/nC1:

With n D 9

.20/Š

Œ.10/Š�2
.0:075/10 D 1:040 � 10�6 > 10�6;

but withn D 10

.22/Š

Œ.11/Š�2
.0:075/11 D 2:979 � 10�7 < 10�6:

Hence,n D 10 will guarantee the desired accuracy. Using technology to compute and evaluateT10.1:3/ gives

T10.1:3/ � 1:140175414;
p
1:3 � 1:140175425

and

j
p
1:3 � T10.1:3/j � 1:1 � 10�8 < 10�6
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44. je�0:1 � Tn.�0:1/j � 10�6, a D 0

SOLUTION Using the Error Bound, we have

je�0:1 � Tn.�0:1/j � K
j�0:1 � 0jnC1

.nC 1/Š
D K

1

10nC1.nC 1/Š

whereK is a number such thatjf .nC1/.x/j � K for x between�0:1 and0. Sincef .x/ D ex , f .n/.x/ D ex for all n; this is an
increasing function, so it takes its maximum value atx D 0; this value is1. So we may takeK D 1 and then

je�0:1 � Tn.�0:1/j � 1

10nC1.nC 1/Š

With n D 3

1

104 � 24
D 1

240;000
� 4:166666667 � 10�6 > 10�6

but withn D 4

1

105 � 120
D 1

12;000;000
� 8:333333333 � 10�8 < 10�6

Thusn D 4 will guarantee the desired accuracy. Using technology to computeT4.x/ and evalute,

T4.�0:1/ � 0:9048375000; e�0:1 � 0:9048374180

and

je�0:1 � T4.�0:1/j � 8:2 � 10�8 < 10�6

45. Let f .x/ D e�x andT3.x/ D 1 � x C x2

2
� x3

6
. Use the error bound to show that for allx � 0,

jf .x/� T3.x/j � x4

24

If you have a GU, illustrate this inequality by plottingf .x/� T3.x/ andx4=24 together overŒ0; 1�.

SOLUTION Note thatf .n/.x/ D ˙e�x , so thatjf .n/.x/j D f .x/. Now,f .x/ is a decreasing function forx � 0, so that for any

c > 0, jf .n/.x/j takes its maximum value atx D 0; this value ise0 D 1. Thus we may takeK D 1 in the error bound equation.
Thus for anyx,

jf .x/� T3.x/j � K
jx � 0j4
4Š

D x4

24

A plot of f .x/� T3.x/ and x
4

24 is shown below.

2

1 2 3 4 5 6 7

4

6

8

10

1

24

y

x4

x

e−x − T3(x)

46. Use the error bound withn D 4 to show that
ˇ̌
ˇ̌
ˇsinx �

 
x � x3

6

!ˇ̌
ˇ̌
ˇ � jxj5

120
.for all x/

SOLUTION Note that all derivatives of sinx are eitheṙ cosx or ˙ sinx so are bounded in absolute value by1. Thus we may
takeK D 1 in the Error Bound. Now,

T4.x/ D x � x3

3Š

so that

jsinx � T4.x/j D
ˇ̌
ˇ̌
ˇsinx �

 
x � x3

6

!ˇ̌
ˇ̌
ˇ � K

jx � 0j5
5Š

D jxj5
120
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47. Let Tn.x/ be the Taylor polynomial forf .x/ D ln x ata D 1, and letc > 1. Show that

j ln c � Tn.c/j � jc � 1jnC1

nC 1

Then find a value ofn such thatj ln 1:5 � Tn.1:5/j � 10�2.

SOLUTION With f .x/ D ln x, we have

f 0.x/ D x�1; f 00.x/ D �x�2; f 000.x/ D 2x�3; f .4/.x/ D �6x�4;

and, in general,

f .kC1/.x/ D .�1/kkŠ x�k�1:

Notice thatjf .kC1/.x/j D kŠjxj�k�1 is a decreasing function forx > 0. Therefore, the maximum value ofjf .kC1/.x/j on Œ1; c�
is jf .kC1/.1/j. Using the Error Bound, we have

jln c � Tn.c/j � K
jc � 1jnC1

.nC 1/Š
;

whereK is a number such thatjf .nC1/.x/j � K for x between 1 andc. From part (a), we know that we may takeK D
jf .nC1/.1/j D nŠ. Then

jln c � Tn.c/j � nŠ
jc � 1jnC1

.nC 1/Š
D jc � 1jnC1

nC 1
:

Evaluating atc D 1:5 gives

jln 1:5 � Tn.1:5/j � j1:5 � 1jnC1

nC 1
D .0:5/nC1

nC 1
:

With n D 3,

.0:5/4

4
D 0:015625 > 10�2:

but withn D 4,

.0:5/5

5
D 0:00625 < 10�2:

Hence,n D 4 will guarantee the desired accuracy.

48. Let n � 1. Show that ifjxj is small, then

.x C 1/1=n � 1C x

n
C 1 � n

2n2
x2

Use this approximation withn D 6 to estimate1:51=6.

SOLUTION Let f .x/ D .x C 1/1=n. Then

f .x/ D .x C 1/1=n f .0/ D 1

f 0.x/ D 1

n
.x C 1/1=n�1 f 0.0/ D 1

n

f 00.x/ D 1

n

�
1

n
� 1

�
.x C 1/1=n�2 f 00.0/ D 1

n

�
1

n
� 1

�

and

T2.x/ D 1C 1

n
.x/C

�
1

n2
� 1

n

�
x2

2
D 1C x

n
C
�
1 � n
2n2

�
x2:

With n D 6 andx D 0:5,

1:51=6 � T2.0:5/ D 307

288
� 1:065972:
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49. Verify that the third Maclaurin polynomial forf .x/ D ex sinx is equal to the product of the third Maclaurin polynomials of
ex and sinx (after discarding terms of degree greater than 3 in the product).

SOLUTION Let f .x/ D ex sinx. Then

f .x/ D ex sinx f .0/ D 0

f 0.x/ D ex.cosx C sinx/ f 0.0/ D 1

f 00.x/ D 2ex cosx f 00.0/ D 2

f 000.x/ D 2ex.cosx � sinx/ f 000.0/ D 2

and

T3.x/ D 0C .1/x C 2

2Š
x2 C 2

3Š
x3 D x C x2 C x3

3
:

Now, the third Maclaurin polynomial forex is 1 C x C x2

2 C x3

6 , and the third Maclaurin polynomial for sinx is x � x3

6 .
Multiplying these two polynomials, and then discarding terms of degree greater than 3, yields

ex sinx � x C x2 C x3

3
;

which agrees with the Maclaurin polynomial obtained from the definition.

50. Find the fourth Maclaurin polynomial forf .x/ D sinx cosx by multiplying the fourth Maclaurin polynomials forf .x/ D
sinx andf .x/ D cosx.

SOLUTION The fourth Maclaurin polynomial for sinx is x � x3

6 , and the fourth Maclaurin polynomial for cosx is 1� x2

2 C x4

24 .
Multiplying these two polynomials, and then discarding terms of degree greater than 4, we find that the fourth Maclaurin polynomial
for f .x/ D sinx cosx is

T4.x/ D x � 2x3

3
:

51. Find the Maclaurin polynomialsTn.x/ for f .x/ D cos.x2/. You may use the fact thatTn.x/ is equal to the sum of the terms
up to degreen obtained by substitutingx2 for x in thenth Maclaurin polynomial of cosx.

SOLUTION The Maclaurin polynomials for cosx are of the form

T2n.x/ D 1 � x2

2
C x4

4Š
C � � � C .�1/n x

2n

.2n/Š
:

Accordingly, the Maclaurin polynomials for cos.x2/ are of the form

T4n.x/ D 1 � x4

2
C x8

4Š
C � � � C .�1/n x

4n

.2n/Š
:

52. Find the Maclaurin polynomials of1=.1C x2/ by substituting�x2 for x in the Maclaurin polynomials of1=.1 � x/.

SOLUTION The Maclaurin polynomials for 11�x are of the form

Tn.x/ D 1C x C x2 C � � � C xn:

Accordingly, the Maclaurin polynomials for 1
1Cx2 are of the form

T2n.x/ D 1 � x2 C x4 � x6 C � � � C .�x2/n:
53. Let f .x/ D 3x3 C 2x2 � x � 4. CalculateTj .x/ for j D 1, 2, 3, 4, 5 at botha D 0 anda D 1. Show thatT3.x/ D f .x/ in
both cases.

SOLUTION Let f .x/ D 3x3 C 2x2 � x � 4. Then

f .x/ D 3x3 C 2x2 � x � 4 f .0/ D �4 f .1/ D 0

f 0.x/ D 9x2 C 4x � 1 f 0.0/ D �1 f 0.1/ D 12

f 00.x/ D 18x C 4 f 00.0/ D 4 f 00.1/ D 22

f 000.x/ D 18 f 000.0/ D 18 f 000.1/ D 18

f .4/.x/ D 0 f .4/.0/ D 0 f .4/.1/ D 0

f .5/.x/ D 0 f .5/.0/ D 0 f .5/.1/ D 0
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At a D 0,

T1.x/ D �4 � xI

T2.x/ D �4 � x C 2x2I

T3.x/ D �4 � x C 2x2 C 3x3 D f .x/I

T4.x/ D T3.x/I and

T5.x/ D T3.x/:

At a D 1,

T1.x/ D 12.x � 1/I

T2.x/ D 12.x � 1/C 11.x � 1/2I

T3.x/ D 12.x � 1/C 11.x � 1/2 C 3.x � 1/3 D �4 � x C 2x2 C 3x3 D f .x/I

T4.x/ D T3.x/I and

T5.x/ D T3.x/:

54. Let Tn.x/ be thenth Taylor polynomial atx D a for a polynomialf .x/ of degreen. Based on the result of Exercise 53, guess
the value ofjf .x/� Tn.x/j. Prove that your guess is correct using the error bound.

SOLUTION Based on Exercise 53, we expectjf .x/� Tn.x/j D 0. From the Error Bound,

jf .x/� Tn.x/j � K
jx � ajnC1

.nC 1/Š
;

whereK is a number such thatjf .nC1/.u/j � K for u betweena andx. Sincef .nC1/.x/ D 0 for annth degree polynomial, we
may takeK D 0; the Error Bound then becomesjf .x/� Tn.x/j D 0.

55. Let s.t/ be the distance of a truck to an intersection. At timet D 0, the truck is60 meters from the intersection, travels away
from it with a velocity of24 m/s, and begins to slow down with an acceleration ofa D �3 m/s2. Determine the second Maclaurin
polynomial ofs.t/, and use it to estimate the truck’s distance from the intersection after4 s.

SOLUTION Place the origin at the intersection, so thats.0/ D 60 (the truck is traveling away from the intersection). The second
Maclaurin polynomial ofs.t/ is

T2.t/ D s.0/C s0.0/t C s00.0/
2

t2

The conditions of the problem tell us thats.0/ D 60, s0.0/ D 24, ands00.0/ D �3. Thus

T2.t/ D 60C 24t � 3

2
t2

so that after4 seconds,

T2.4/ D 60C 24 � 4 � 3

2
� 42 D 132 m

The truck is132 m past the intersection.

56. A bank owns a portfolio of bonds whose valueP.r/ depends on the interest rater (measured in percent; for example,r D 5

means a5% interest rate). The bank’s quantitative analyst determines that

P.5/ D 100;000;
dP

dr

ˇ̌
ˇ̌
ˇ
rD5

D �40;000; d2P

dr2

ˇ̌
ˇ̌
ˇ
rD5

D 50;000

In finance, this second derivative is calledbond convexity. Find the second Taylor polynomial ofP.r/ centered atr D 5 and use
it to estimate the value of the portfolio if the interest rate moves tor D 5:5%.

SOLUTION The second Taylor polynomial ofP.r/ at r D 5 is

T2.r/ D P.5/C P 0.5/.r � 5/C P 00.5/
2

.r � 5/2

From the conditions of the problem,P.5/ D 100;000, P 0.5/ D �40;000, andP 00.5/ D 50;000, so that

T2.r/ D 100;000 � 40;000.r � 5/C 25;000.r � 5/2

If the interest rate moves to5:5%, then the value of the portfolio can be estimated by

T2.5:5/ D 100;000 � 40;000.0:5/C 25;000.0:5/2 D 86;250
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57. A narrow, negatively charged ring of radiusR exerts a force on a positively charged particleP located at distancex above the
center of the ring of magnitude

F.x/ D � kx

.x2 CR2/3=2

wherek > 0 is a constant (Figure 4).

(a) Compute the third-degree Maclaurin polynomial forF.x/.

(b) Show thatF � �.k=R3/x to second order. This shows that whenx is small,F.x/ behaves like a restoring force similar to the
force exerted by a spring.

(c) Show thatF.x/ � �k=x2 whenx is large by showing that

lim
x!1

F.x/

�k=x2
D 1

Thus,F.x/ behaves like an inverse square law, and the charged ring looks like a point charge from far away.

x

x

R

F(x)

Nearly linear

here

Nearly inverse square

here

P

FIGURE 4

SOLUTION

(a) Start by computing and evaluating the necessary derivatives:

F.x/ D � kx

.x2 CR2/3=2
F.0/ D 0

F 0.x/ D k.2x2 � R2/

.x2 CR2/5=2
F 0.0/ D � k

R3

F 00.x/ D 3kx.3R2 � 2x2/
.x2 CR2/7=2

F 00.0/ D 0

F 000.x/ D 3k.8x4 � 24x2R2 C 3R4/

.x2 CR2/9=2
F 000.0/ D 9k

R5

so that

T3.x/ D F.0/C F 0.0/x C F 00.0/
2Š

x2 C F 000.0/
3Š

x3 D � k

R3
x C 3k

2R5
x3

(b) To degree2, F.x/ � T3.x/ � � k
R3 x as we may ignore thex3 term ofT3.x/.

(c) We have

lim
x!1

F.x/

�k=x2
D lim
x!1

 
�x

2

k
� �kx
.x2 CR2/3=2

!
D lim
x!1

x3

.x2 CR2/3=2

D lim
x!1

1

x�3.x2 CR2/3=2
D lim
x!1

1

.1CR2=x2/3=2

D 1

Thus asx grows large,F.x/ looks like an inverse square function.

58. A light wave of wavelength� travels fromA to B by passing through an aperture (circular region) located in a plane that is
perpendicular toAB (see Figure 5 for the notation). Letf .r/ D d 0 C h0; that is,f .r/ is the distanceAC C CB as a function ofr .

(a) Show thatf .r/ D
p
d2 C r2 C

p
h2 C r2, and use the Maclaurin polynomial of order 2 to show that

f .r/ � d C hC 1

2

�
1

d
C 1

h

�
r2
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(b) TheFresnel zones, used to determine the optical disturbance atB, are the concentric bands bounded by the circles of radius
Rn such thatf .Rn/ D d C hC n�=2. Show thatRn �

p
n�L, whereL D .d�1 C h�1/�1.

(c) Estimate the radiiR1 andR100 for blue light (� D 475 � 10�7 cm) if d D h D 100 cm.

O

d'

d

R1
R2

R3

C

B

A

h

r
h'

FIGURE 5 The Fresnel zones are the regions between the circles of radiusRn.

SOLUTION

(a) From the diagram, we see thatAC D
p
d2 C r2 and CB D

p
h2 C r2. Therefore,f .r/ D

p
d2 C r2 C

p
h2 C r2.

Moreover,

f 0.r/ D rp
d2 C r2

C rp
h2 C r2

; f 00.r/ D d2

.d2 C r2/3=2
C h2

.h2 C r2/3=2
;

f .0/ D d C h, f 0.0/ D 0 andf 00.0/ D d�1 C h�1. Thus,

f .r/ � T2.r/ D d C hC 1

2

�
1

d
C 1

h

�
r2:

(b) Solving

f .Rn/ � d C hC 1

2

�
1

d
C 1

h

�
R2n D d C hC n�

2

yields

Rn D
q
n�.d�1 C h�1/�1 D

p
n�L;

whereL D .d�1 C h�1/�1.

(c) With d D h D 100 cm,L D 50 cm. Taking� D 475 � 10�7 cm, it follows that

R1 �
p
�L D 0:04873 cmI and

R100 �
p
100�L D 0:4873 cm:

59. Referring to Figure 6, leta be the length of the chordAC of angle� of the unit circle. Derive the following approximation for
the excess of the arc over the chord.

� � a � �3

24

Hint: Show that� � a D � � 2 sin.�=2/ and use the third Maclaurin polynomial as an approximation.

C

1

B

A

b

a
θ

θ
2

FIGURE 6 Unit circle.



S E C T I O N 8.4 Taylor Polynomials 1053

SOLUTION Draw a line from the centerO of the circle toB, and label the point of intersection of this line withAC asD. Then

CD D a
2 , and the angleCOB is �2 . SinceCO D 1, we have

sin
�

2
D a

2

so thata D 2 sin.�=2/. Thus� � a D � � 2 sin.�=2/. Now, the third Maclaurin polynomial forf .�/ D sin.�=2/ can be computed
as follows:f .0/ D 0, f 0.x/ D 1

2 cos.�=2/ so thatf 0.0/ D 1
2 . f 00.x/ D �1

4 sin.�=2/ andf 00.0/ D 0. Finally, f 000.x/ D
�1
8 cos.�=2/ andf 000.0/ D �1

8 . Thus

T3.�/ D f .0/C f 0.0/� C f 00.0/
2Š

�2 C f 000.0/
3Š

�3 D 1

2
� � 1

48
�3

Finally,

� � a D � � 2 sin
�

2
� � � 2T3.�/ D � �

�
� � 1

24
�3
�

D �3

24

60. To estimate the length� of a circular arc of the unit circle, the seventeenth-century Dutch scientist Christian Huygens used the
approximation� � .8b � a/=3, wherea is the length of the chordAC of angle� andb is length of the chordAB of angle�=2
(Figure 6).

(a) Prove thata D 2 sin.�=2/ andb D 2 sin.�=4/, and show that the Huygens approximation amounts to the approximation

� � 16

3
sin

�

4
� 2

3
sin

�

2

(b) Compute the fifth Maclaurin polynomial of the function on the right.

(c) Use the error bound to show that the error in the Huygens approximation is less than0:00022j� j5 .

SOLUTION

(a) By the Law of Cosines and the identity sin2.�=2/ D .1 � cos�/=2:

a2 D 12 C 12 � 2 cos� D 2.1 � cos�/ D 4 sin2
�

2

and soa D 2 sin.�=2/. Similarly,b D 2 sin.�=4/. Substituting these expressions fora andb into the Huygens approximation yields

� � 8

3
� 2 sin

�

4
� 1

3
� 2 sin

�

2
D 16

3
sin

�

4
� 2

3
sin

�

2
:

(b) The fifth Maclaurin polynomial for sinx is x � x3

6 C x5

120 ; therefore, the fifth Maclaurin polynomial for sin.�=2/ is

�

2
� .�=2/3

6
C .�=2/5

120
D �

2
� �3

48
C �5

3840
;

and the fifth Maclaurin polynomial for sin.�=4/ is

�

4
� .�=4/3

6
C .�=4/5

120
D �

4
� �3

384
C �5

122;880
:

Thus, the fifth Maclaurin polynomial forf .�/ D 16
3 sin �

4 � 2
3 sin �

2 is

� � 1

7680
�5:

(c) Based on the result from part (b), the Huygens approximation for� is equal to the fourth Maclaurin polynomialT4.�/ for f .�/,
and the error is at mostKj� j5=5Š, whereK is the maximum value of the absolute value of the fifth derivativef .5/.�/. Because

f .5/.�/ D 1

192
cos

�

4
� 1

48
cos

�

2
;

we may takeK D 1=48C 1=192 D 0:0260417, so the error is at mostj� j5 times the constant

0:0261

5Š
D 0:00022:
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Further Insights and Challenges

61. Show that thenth Maclaurin polynomial off .x/ D arcsinx for n odd is

Tn.x/ D x C 1

2

x3

3
C 1 � 3
2 � 4

x5

5
C � � � C 1 � 3 � 5 � � � .n� 2/

2 � 4 � 6 � � � .n� 1/

xn

n

SOLUTION Let f .x/ D sin�1 x. Then

f .x/ D sin�1 x f .0/ D 0

f 0.x/ D 1p
1 � x2

f 0.0/ D 1

f 00.x/ D �1
2
.1� x2/�3=2.�2x/ f 00.0/ D 0

f 000.x/ D 2x2 C 1

.1 � x2/5=2
f 000.0/ D 1

f .4/.x/ D �3x.2x2 C 3/

.1 � x2/7=2
f .4/.0/ D 0

f .5/.x/ D 24x4 C 72x2 C 9

.1� x2/9=2
f .5/.0/ D 9

:::
:::

f .7/.0/ D 225

and

T7.x/ D x C x3

3Š
C 9x5

5Š
C 225x7

7Š
D x C 1

2

x3

3
C 1

2

3

4

x5

5
C 1

2

3

4

5

6

x7

7
:

Thus, we can infer that

Tn.x/ D x C 1

2
� x
3

3
C 1

2

3

4

x5

5
C 1

2

3

4

5

6

x7

7
C � � � C 1

2

3

4
� � � n � 2
n � 1

xn

n
:

62. Let x � 0 and assume thatf .nC1/.t/ � 0 for 0 � t � x. Use Taylor’s Theorem to show that thenth Maclaurin polynomial
Tn.x/ satisfies

Tn.x/ � f .x/ for all x � 0

SOLUTION From Taylor’s Theorem,

Rn.x/ D f .x/� Tn.x/ D 1

nŠ

Z x

0
.x � u/nf .nC1/.u/ du:

If f .nC1/.t/ � 0 for all t then

1

nŠ

Z x

0
.x � u/nf .nC1/.u/ du � 0

since.x � u/n � 0 for 0 � u � x. Thus,f .x/� Tn.x/ � 0, or f .x/ � Tn.x/.

63. Use Exercise 62 to show that forx � 0 and alln,

ex � 1C x C x2

2Š
C � � � C xn

nŠ

Sketch the graphs ofex , T1.x/, andT2.x/ on the same coordinate axes. Does this inequality remain true forx < 0?

SOLUTION Let f .x/ D ex . Thenf .n/.x/ D ex for all n. Becauseex > 0 for all x, it follows from Exercise 62 thatf .x/ �
Tn.x/ for all x � 0 and for alln. Forf .x/ D ex ,

Tn.x/ D 1C x C x2

2Š
C � � � C xn

nŠ
;

thus,

ex � 1C x C x2

2Š
C � � � C xn

nŠ
:

From the figure below, we see that the inequality does not remain true forx < 0, asT2.x/ � ex for x < 0.
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x

y

21−1−2

2

4

6

ex

T1

T2

64. This exercise is intended to reinforce the proof of Taylor’s Theorem.

(a) Show thatf .x/ D T0.x/C
Z x

a
f 0.u/ du.

(b) Use Integration by Parts to prove the formula
Z x

a
.x � u/f .2/.u/ du D �f 0.a/.x � a/C

Z x

a
f 0.u/ du

(c) Prove the casen D 2 of Taylor’s Theorem:

f .x/ D T1.x/C
Z x

a
.x � u/f .2/.u/ du:

SOLUTION

(a)

T0.x/C
Z x

a
f 0.u/ du D T0.x/C f .x/� f .a/ (from FTC2)

D f .a/C f .x/� f .a/ D f .x/:

(b) Using Integration by Parts withw D x � u andv0 D f 00.u/ du,
Z x

a
.x � u/f 00.u/ du D f 0.u/.x � u/

ˇ̌
ˇ̌
x

a

C
Z x

a
f 0.u/ du

D f 0.x/.x � x/� f 0.a/.x � a/C
Z x

a
f 0.u/ du

D �f 0.a/.x � a/C
Z x

a
f 0.u/ du:

(c)

T1.x/C
Z x

a
.x � u/f 00.u/ du D f .a/C f 0.a/.x � a/C

�
�f 0.a/.x � a/

�
C
Z x

a
f 0.u/ du

D f .a/C f .x/� f .a/ D f .x/:

In Exercises 65–69, we estimate integrals using Taylor polynomials. Exercise 66 is used to estimate the error.

65. Find the fourth Maclaurin polynomialT4.x/ for f .x/ D e�x2
, and calculateI D

R 1=2
0 T4.x/ dx as an estimate

R 1=2
0 e�x2

dx.
A CAS yields the valueI � 0:461281. How large is the error in your approximation?Hint: T4.x/ is obtained by substituting�x2
in the second Maclaurin polynomial forex .

SOLUTION Following the hint, since the second Maclaurin polynomial forex is

1C x C x2

2

we substitute�x2 for x to get the fourth Maclaurin polynomial forex
2
:

T4.x/ D 1 � x2 C x4

2

Then

Z 1=2

0
e�x2

dx �
Z 1=2

0
T4.x/ dx D

�
x � 1

3
x3 C 1

10
x5
� ˇ̌
ˇ̌
1=2

0

D 443

960
� 0:4614583333

Using a CAS, we have
R 1=2
0 e�x2

dx � 0:4612810064, so the error is about1:77 � 10�4.
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66. Approximating Integrals LetL > 0. Show that if two functionsf .x/ andg.x/ satisfyjf .x/� g.x/j < L for all x 2 Œa; b�,
then

ˇ̌
ˇ̌
ˇ

Z b

a
f .x/ dx �

Z b

a
g.x/ dx

ˇ̌
ˇ̌
ˇ < L.b � a/

SOLUTION Becausef .x/� g.x/ � jf .x/� g.x/j, it follows that

ˇ̌
ˇ
Z b

a
f .x/ dx �

Z b

a
g.x/ dx

ˇ̌
ˇ D

ˇ̌
ˇ
Z b

a
.f .x/� g.x// dx

ˇ̌
ˇ �

Z b

a
jf .x/� g.x/j dx

<

Z b

a
Ldx D L.b � a/:

67. Let T4.x/ be the fourth Maclaurin polynomial for cosx.

(a) Show thatj cosx � T4.x/j �
�
1
2

�6
=6Š for all x 2

�
0; 12

�
. Hint: T4.x/ D T5.x/.

(b) Evaluate
R 1=2
0 T4.x/ dx as an approximation to

R 1=2
0 cosx dx. Use Exercise 66 to find a bound for the size of the error.

SOLUTION

(a) Let f .x/ D cosx. Then

T4.x/ D 1 � x2

2
C x4

24
:

Moreover, witha D 0, T4.x/ D T5.x/ and

jcosx � T4.x/j � K
jxj6
6Š
;

whereK is a number such thatjf .6/.u/j � K for u between 0 andx. Now jf .6/.u/j D j cosuj � 1, so we may takeK D 1.
Finally, with the restrictionx 2 Œ0; 12 �,

jcosx � T4.x/j � .1=2/6

6Š
� 0:000022:

(b)

Z 1=2

0

 
1 � x2

2
C x4

24

!
dx D 1841

3840
� 0:479427:

By (a) and Exercise 66, the error associated with this approximation is less than or equal to

.1=2/6

6Š

�
1

2
� 0

�
D 1

92;160
� 1:1 � 10�5:

Note that
Z 1=2

0
cosx dx � 0:4794255, so the actual error is roughly1:5 � 10�6.

68. LetQ.x/ D 1 � x2=6. Use the error bound for sinx to show that
ˇ̌
ˇ̌sinx

x
�Q.x/

ˇ̌
ˇ̌ � jxj4

5Š

Then calculate
R 1
0 Q.x/ dx as an approximation to

R 1
0 .sinx=x/ dx and find a bound for the error.

SOLUTION The third Maclaurin polynomial for sinx is

T3.x/ D x � 1

3Š
x3 D x � 1

6
x3 D xQ.x/

Additionally, this is alsoT4.x/ since.sinx/.4/.0/ D 0. All derivatives of sinx are eitheṙ sinx or ˙ cosx, which are bounded in
absolute value by1. Thus we may takeK D 1 in the Error Bound, so

jsinx � xQ.x/j D jsinx � T3.x/j D jsinx � T4.x/j � K
jxj5
5Š

D jxj5
5Š

Divide both sides of this inequality byjxj to get
ˇ̌
ˇ̌sinx

x
�Q.x/

ˇ̌
ˇ̌ � jxj4

5Š
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We can thus estimate
R 1
0 .sinx=x/ dx by

Z 1

0
Q.x/ dx D

Z 1

0
1 � x2

6
dx D

 
x � x3

18

! ˇ̌
ˇ̌
1

0

D 17

18
� 0:9444444444

The error in this approximation is at most

j1j4
5Š

D 1

120
� 0:008333333333

The true value of the integral is approximately0:9460830704, which is consistent with the error bound.

69. (a) Compute the sixth Maclaurin polynomialT6.x/ for sin.x2/ by substitutingx2 in P.x/ D x � x3=6, the third Maclaurin
polynomial for sinx.

(b) Show thatj sin.x2/ � T6.x/j � jxj10
5Š

.

Hint: Substitutex2 for x in the error bound forj sinx � P.x/j, noting thatP.x/ is also the fourth Maclaurin polynomial for sinx.

(c) UseT6.x/ to approximate
Z 1=2

0
sin.x2/ dx and find a bound for the error.

SOLUTION Let s.x/ D sinx andf .x/ D sin.x2/. Then

(a) The third Maclaurin polynomial for sinx is

S3.x/ D x � x3

6

so, substitutingx2 for x, we see that the sixth Maclaurin polynomial for sin.x2/ is

T6.x/ D x2 � x6

6

(b) Since all derivatives ofs.x/ are eitheṙ cosx or ˙ sinx, they are bounded in magnitude by1, so we may takeK D 1 in the
Error Bound for sinx. Since the third Maclaurin polynomialS3.x/ for sinx is also the fourth Maclaurin polynomialS4.x/, we
have

jsinx � S3.x/j D jsinx � S4.x/j � K
jxj5
5Š

D jxj5
5Š

Now substitutex2 for x in the above inequality and note from part (a) thatS3.x
2/ D T6.x/ to get

jsin.x2/� S3.x
2/j D jsin.x2/� T6.x/j � jx2j5

5Š
D jxj10

5Š

(c)

Z 1=2

0
sin.x2/ dx �

Z 1=2

0
T6.x/ dx D

�
1

3
x3 � 1

42
x7
� ˇ̌
ˇ̌
1=2

0

� 0:04148065476

From part (b), the error is bounded by

x10

5Š
D .1=2/10

120
D 1

1024 � 120 � 8:138020833 � 10�6

The true value of the integral is approximately0:04148102420, which is consistent with the computed error bound.

70. Prove by induction that for allk,

d j

dxj

 
.x � a/k
kŠ

!
D k.k � 1/ � � � .k � j C 1/.x � a/k�j

kŠ

d j

dxj

 
.x � a/k

kŠ

!ˇ̌
ˇ̌
ˇ
xDa

D
(
1 for k D j

0 for k ¤ j

Use this to prove thatTn.x/ agrees withf .x/ atx D a to ordern.

SOLUTION The first formula is clearly true forj D 0. Suppose the formula is true for an arbitraryj . Then

d jC1

dxjC1

 
.x � a/k
kŠ

!
D d

dx

d j

dxj

 
.x � a/k

kŠ

!
D d

dx

 
k.k � 1/ � � � .k � j C 1/.x � a/k�j

kŠ

!
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D k.k � 1/ � � � .k � j C 1/.k � .j C 1/C 1/.x � a/k�.jC1/

kŠ

as desired. Note that ifk D j , then the numerator iskŠ, the denominator iskŠ and the value of the derivative is 1; otherwise, the
value of the derivative is 0 atx D a. In other words,

d j

dxj

 
.x � a/k
kŠ

! ˇ̌
ˇ̌
xDa

D
(
1 for k D j

0 for k ¤ j

Applying this latter formula, it follows that

d j

dxj
Tn.a/

ˇ̌
ˇ̌
xDa

D
nX

kD0

d j

dxj

 
f .k/.a/

kŠ
.x � a/k

! ˇ̌
ˇ̌
xDa

D f .j /.a/

as required.

71. Let a be any number and let

P.x/ D anx
n C an�1xn�1 C � � � C a1x C a0

be a polynomial of degreen or less.

(a) Show that ifP .j /.a/ D 0 for j D 0; 1; : : : ; n, thenP.x/ D 0, that is,aj D 0 for all j . Hint: Use induction, noting that if the
statement is true for degreen � 1, thenP 0.x/ D 0.

(b) Prove thatTn.x/ is the only polynomial of degreen or less that agrees withf .x/ atx D a to ordern. Hint: If Q.x/ is another
such polynomial, apply (a) toP.x/ D Tn.x/�Q.x/.

SOLUTION

(a) Note first that ifn D 0, i.e. if P.x/ D a0 is a constant, then the statement holds: ifP .0/.a/ D P.a/ D 0, thena0 D 0 so that
P.x/ D 0. Next, assume the statement holds for all polynomials of degreen� 1 or less, and letP.x/ be a polynomial of degree at
mostn with P .j /.a/ D 0 for j D 0; 1; : : : ; n. If P.x/ has degree less thann, then we knowP.x/ D 0 by induction, so assume the
degree ofP.x/ is exactlyn. Then

P.x/ D anx
n C an�1xn�1 C � � � C a1x C a0

wherean ¤ 0; also,

P 0.x/ D nanx
n�1 C .n� 1/an�1xn�2 C � � � C a1

Note thatP .jC1/.a/ D .P 0/.j /.a/ for j D 0; 1; : : : ; n� 1. But then

0 D P .jC1/.a/ D .P 0/.j /.a/ for all j D 0; 1; : : : ; n � 1

SinceP 0.x/ has degree at mostn � 1, it follows by induction thatP 0.x/ D 0. Thusan D an�1 D � � � D a1 D 0 so that
P.x/ D a0. ButP.a/ D 0 so thata0 D 0 as well and thusP.x/ D 0.

(b) SupposeQ.x/ is a polynomial of degree at mostn that agrees withf .x/ atx D a up to ordern. LetP.x/ D Tn.x/�Q.x/.
Note thatP.x/ is a polynomial of degree at mostn since bothTn.x/ andQ.x/ are. Since bothTn.x/ andQ.x/ agree withf .x/ at
x D a to ordern, we have

T
.j /
n .a/ D f .j /.a/ D Q.j /.a/; j D 0; 1; 2; : : : ; n

Thus

P .j /.a/ D T
.j /
n .a/ �Q.j /.a/ D 0 for j D 0; 1; 2; : : : ; n

But then by part (a),P.x/ D 0 so thatTn.x/ D Q.x/.

CHAPTER REVIEW EXERCISES

In Exercises 1–4, calculate the arc length over the given interval.

1. y D x5

10
C x�3

6
, Œ1; 2�
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SOLUTION Let y D x5

10
C x�3

6
. Then

1C .y0/2 D 1C
 
x4

2
� x�4

2

!2
D 1C x8

4
� 1

2
C x�8

4

D x8

4
C 1

2
C x�8

4
D
 
x4

2
C x�4

2

!2
:

Because12 .x
4 C x�4/ > 0 on Œ1; 2�, the arc length is

s D
Z 2

1

q
1C .y0/2 dx D

Z 2

1

 
x4

2
C x�4

2

!
dx D

 
x5

10
� x�3

6

!ˇ̌
ˇ̌
ˇ

2

1

D 779

240
:

2. y D ex=2 C e�x=2, Œ0; 2�

SOLUTION Let y D ex=2 C e�x=2 D 2 coshx2 . Then,y0 D sinhx2 and

q
1C .y0/2 D

r
1C sinh2

x

2
D
r

cosh2
�x
2

�
D cosh

x

2
:

Thus,

s D
Z 2

0
cosh

�x
2

�
dx D 2 sinh

�x
2

� ˇ̌
ˇ̌
2

0

D 2

�
sinh

�
2

2

�
� sinh.0/

�
D 2 sinh.1/:

Alternately,y0 D 1
2 .e

x=2 � e�x=2/, so

1C .y0/2 D 1

4
.ex � 2C e�x/C 1 D 1

4
.ex C 2C e�x/ D

�
1

2
.ex=2 C e�x=2/

�2
:

Because12 .e
x=2 C e�x=2/ > 0 on Œ0; 2�,

s D
Z 2

0

1

2
.ex=2 C e�x=2/ dx D .ex=2 � e�x=2/

ˇ̌
ˇ̌
2

0

D e � e�1 D 2 sinh.1/:

3. y D 4x � 2, Œ�2; 2�
SOLUTION Let y D 4x � 2. Then

q
1C .y0/2 D

p
1C 42 D

p
17:

Hence,

s D
Z 2

�2

p
17 dx D 4

p
17:

4. y D x2=3, Œ1; 8�

SOLUTION Let y D x2=3. Theny0 D 2
3x

�1=3, and

q
1C .y0/2 D

r
1C 4

9
x�2=3 D

s
4

9
x�2=3

�
9

4
x2=3 C 1

�
D 2

3
x�1=3

r
1C 9

4
x2=3:

The arc length is

s D
Z 2

1

q
1C .y0/2 dx D

Z 2

1

2

3
x�1=3

r
1C 9

4
x2=3 dx:

Now, we make the substitutionu D 1C 9
4x
2=3, du D 3

2x
�1=3 dx. Then

s D
Z 10

13=4

p
u � 4
9
du D 8

27
u3=2

ˇ̌
ˇ̌
10

13=4

D 8

27

2
4103=2 �

 p
13

2

!33
5

D 8

27

 
10

p
10 � 13

p
13

8

!
� 7:633705415:
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5. Show that the arc length ofy D 2
p
x over Œ0; a� is equal to

p
a.a C 1/ C ln.

p
a C

p
aC 1/. Hint: Apply the substitution

x D tan2 � to the arc length integral.

SOLUTION Let y D 2
p
x. Theny0 D 1p

x
, and

q
1C .y0/2 D

r
1C 1

x
D
r
x C 1

x
D 1p

x

p
x C 1:

Thus,

s D
Z a

0

1p
x

p
1C x dx:

We make the substitutionx D tan2� , dx D 2 tan� sec2� d� . Then

s D
Z xDa

xD0

1

tan�
sec� � 2 tan� sec2� d� D 2

Z xDa

xD0
sec3� d�:

We use a reduction formula to obtain

s D 2

�
tan� sec�

2
C 1

2
ln j sec� C tan� j

� ˇ̌
ˇ̌
xDa

xD0
D .

p
x

p
1C x C ln j

p
1C x C

p
xj/
ˇ̌
ˇ̌
a

0

D
p
a
p
1C aC ln j

p
1C aC

p
aj D

p
a.aC 1/C ln

�p
a C

p
a C 1

�
:

6. Compute the trapezoidal approximationT5 to the arc lengths of y D tanx over
�
0; �4

�
.

SOLUTION Let y D tanx. WithN D 5, the subintervals are
�
.i � 1/ �20 ; i

�
20

�
, i D 1; 2; 3; 4; 5. Now,

1C .y0/2 D 1C .sec2 x/2 D 1C sec4 x

so the arc length is approximately

s D
Z �=4

1

p
1C sec4 x dx

� �

40

 p
1C sec4 0C 2

r
1C sec4

�

20
C 2

r
1C sec4

�

10
C 2

r
1C sec4

3�

20
C 2

r
1C sec4

�

5

C
r
1C sec4

�

4

�

� �

40
.1:41421356 C 2 � 1:43206164 C 2 � 1:49073513 C 2 � 1:60830125 C 2 � 1:82602534 C 2:23606797/

� 1:285267058

In Exercises 7–10, calculate the surface area of the solid obtained by rotating the curve over the given interval about thex-axis.

7. y D x C 1, Œ0; 4�

SOLUTION Let y D x C 1. Theny0 D 1, and

y

q
1C y02 D .x C 1/

p
1C 1 D

p
2.x C 1/:

Thus,

SA D 2�

Z 4

0

p
2.x C 1/ dx D 2

p
2�

 
x2

2
C x

!ˇ̌
ˇ̌
ˇ

4

0

D 24
p
2�:

8. y D 2

3
x3=4 � 2

5
x5=4, Œ0; 1�

SOLUTION Let y D 2

3
x3=4 � 2

5
x5=4. Then

y0 D x�1=4

2
� x1=4

2
;

and

1C .y0/2 D 1C
 
x�1=4

2
� x1=4

2

!2
D x�1=2

4
C 1

2
C x1=2

4
D
 
x�1=4

2
C x1=4

2

!2
:
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Because12 .x
�1=4 C x1=4/ � 0, the surface area is

2�

Z 1

0
y

q
1C .y0/2 dy D 2�

Z 1

0

 
2x3=4

3
� 2x5=4

5

! 
x1=4

2
C x�1=4

2

!
dx

D 2�

Z 1

0

 
�x

3=2

5
� x

5
C x

3
C

p
x

3

!
dx

D 2�

 
�2x

5=2

25
C x2

15
C 2x3=2

9

!ˇ̌
ˇ̌
ˇ

1

0

D 94

225
�:

9. y D 2

3
x3=2 � 1

2
x1=2, Œ1; 2�

SOLUTION Let y D 2

3
x3=2 � 1

2
x1=2. Then

y0 D
p
x � 1

4
p
x
;

and

1C
�
y0�2 D 1C

�p
x � 1

4
p
x

�2
D 1C

�
x � 1

2
C 1

16x

�
D x C 1

2
C 1

16x
D
�p

x C 1

4
p
x

�2
:

Because
p
x C 1p

x
� 0, the surface area is

2�

Z b

a
y

q
1C .y0/2 dx D 2�

Z 2

1

�
2

3
x3=2 �

p
x

2

��p
x C 1

4
p
x

�
dx

D 2�

Z 2

1

�
2

3
x2 C 1

6
x � 1

2
x � 1

8

�
dx D 2�

 
2x3

9
� x2

6
� 1

8
x

! ˇ̌
ˇ̌
2

1

D 67

36
�:

10. y D 1

2
x2, Œ0; 2�

SOLUTION Let y D 1
2x
2. Theny0 D x and

SA D 2�

Z 2

0

1

2
x2
p
1C x2 dx D �

Z 2

0
x2
p
1C x2 dx:

Using the substitutionx D tan� , dx D sec2 � d� , we find that
Z
x2
p
1C x2 dx D

Z
sec3 � tan2 � d� D

Z �
sec5 � � sec3 �

�
d�

D
�
1

4
sec3 � tan� C 3

8
sec� tan� C 3

8
ln j sec� C tan� j � 1

2
sec� tan� � 1

2
ln j sec� C tan� j

�
C C

D x

4
.1C x2/3=2 � x

8

p
1C x2 � 1

8
ln j
p
1C x2 C xj C C:

Finally,

SA D �

�
x

4
.1C x2/3=2 � x

8

p
1C x2 � 1

8
ln j
p
1C x2 C xj

�ˇ̌
ˇ̌
2

0

D �

 
5
p
5

2
�

p
5

4
� 1

8
ln.2C

p
5/

!
D 9

p
5

4
� � �

8
ln.2C

p
5/:

11. Compute the total surface area of the coin obtained by rotating the region in Figure 1 about thex-axis. The top and bottom
parts of the region are semicircles with a radius of 1 mm.

1 mm

4 mm
x

y

FIGURE 1
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SOLUTION The generating half circle of the edge isy D 2C
p
1� x2. Then,

y0 D �2x
2
p
1 � x2

D �xp
1 � x2

;

and

1C .y0/2 D 1C x2

1 � x2
D 1

1 � x2
:

The surface area of the edge of the coin is

2�

Z 1

�1
y

q
1C .y0/2dx D 2�

Z 1

�1

�
2C

p
1 � x2

� 1p
1 � x2

dx

D 2�

 
2

Z 1

�1

dxp
1 � x2

C
Z 1

�1

p
1 � x2p
1 � x2

dx

!

D 2�

 
2 arcsinxj1�1 C

Z 1

�1
dx

!

D 2�.2� C 2/ D 4�2 C 4�:

We now add the surface area of the two sides of the disk, which are circles of radius2. Hence the surface area of the coin is:
�
4�2 C 4�

�
C 2� � 22 D 4�2 C 12�:

12. Calculate the fluid force on the side of a right triangle of height 3 m and base 2 m submerged in water vertically, with its upper
vertex at the surface of the water.

SOLUTION To find the fluid force, we must find an expression for the horizontal widthf .y/ of the triangle at depthy.

3

2

y

f (y)

By similar triangles we have:

y

f .y/
D 3

2
so f .y/ D 2y

3
:

Therefore, the fluid force on the side of the triangle is

F D �g

Z 3

0
yf .y/ dy D �g

Z 3

0

2y2

3
dy D �g � 2y

3

9

ˇ̌
ˇ̌
3

0

D 6�g:

For water,� D 103; g D 9:8, soF D 6 � 9800 D 58;800 N.

13. Calculate the fluid force on the side of a right triangle of height 3 m and base 2 m submerged in water vertically, with its upper
vertex located at a depth of 4 m.

SOLUTION We need to find an expression for the horizontal widthf .y/ at depthy.

3

2

y

f (y)

y – 4

4
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By similar triangles we have:

f .y/

y � 4
D 2

3
so f .y/ D 2.y � 4/

3
:

Hence, the force on the side of the triangle is

F D �g

Z 7

4
yf .y/ dy D 2�g

3

Z 7

4

�
y2 � 4y

�
dy D 2�g

3

 
y3

3
� 2y2

!ˇ̌
ˇ̌
ˇ

7

4

D 18�g:

For water,� D 103; g D 9:8, soF D 18 � 9800 D 176;400 N.

14. A plate in the shape of the shaded region in Figure 2 is submerged in water. Calculate the fluid force on a side of the plate if
the water surface isy D 1.

x

y

1−1

y =

y = 1
2

1 − x2

1 − x2

FIGURE 2

SOLUTION Here, we can proceed as follows: Calculate the force that would be exerted on the entire semicircle and then subtract
the force that would be exerted on the “missing” portion of the ellipse. The force on the semicircle is

2w

Z 1

0
.1 � y/

q
1 � y2 dy D 2w

Z 1

0

q
1 � y2 dy � 2w

Z 1

0
y

q
1 � y2 dy:

The first integral can be interpreted as the area of one-quarter of a circle of radius 1. Hence,

Z 1

0

q
1 � y2 dy D �

4
:

On the other hand,

Z 1

0
y

q
1 � y2 dy D �1

3
.1 � y2/3=2

ˇ̌
ˇ̌
1

0

D 1

3
:

Thus, the force on the semicircle is

2w

�
�

4
� 1

3

�
:

Now for the ellipse. The force that would be exerted on the upper half of the ellipse is

2w

Z 1=2

0
.1 � y/

q
1 � 4y2 dy D 2w

Z 1=2

0

q
1 � 4y2 dy � 2w

Z 1=2

0
y

q
1 � 4y2 dy:

Using the substitutionw D 2y, dw D 2 dy, it follows that

Z 1=2

0

q
1 � 4y2 dy D 1

2

Z 1

0

p
1 � w2 dw D �

8
;

and
Z 1=2

0
y

q
1 � 4y2 dy D 1

4

Z 1

0
w
p
1 �w2 dw D 1

12
:

Thus, the force on the “missing” ellipse is

2w

�
�

8
� 1

12

�
:

Finally, the force exerted on the plate shown in Figure 2 is

F D 2w

�
�

4
� 1

3

�
� 2w

�
�

8
� 1

12

�
D � � 2

4
w:
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15. Figure 3 shows an object whose face is an equilateral triangle with 5-m sides. The object is 2 m thick and is submerged in water
with its vertex 3 m below the water surface. Calculate the fluid force on both a triangular face and a slanted rectangular edge of the
object.

5 2

3
Water level

FIGURE 3

SOLUTION Start with each triangular face of the object. Place the origin at the upper vertex of the triangle, with the positive

y-axis pointing downward. Note that because the equilateral triangle has sides of length 5 feet, the height of the triangle is
5
p
3

2

feet. Moreover, the width of the triangle at locationy is
2yp
3

. Thus,

F D 2�gp
3

Z 5
p
3=2

0
.y C 3/y dy D 2�gp

3

�
1

3
y3 C 3

2
y2
�ˇ̌
ˇ̌
5

p
3=2

0

D �g

4
.125C 75

p
3/ � 624;514 N:

Now, consider the slanted rectangular edges of the object. Each edge is a constant 2 feet wide and makes an angle of 60ı with the
horizontal. Therefore,

F D �g

sin60ı

Z 5
p
3=2

0
2.y C 3/ dy D 2�gp

3

�
y2 C 6y

�ˇ̌
ˇ̌
5

p
3=2

0

D �g

 
25

p
3

2
C 30

!
� 506;176 N:

The force on the bottom face can be computed without calculus:

F D
 
3C 5

p
3

2

!
.2/.5/�g � 718;352 N:

16. The end of a horizontal oil tank is an ellipse (Figure 4) with equation.x=4/2 C .y=3/2 D 1 (length in meters). Assume that
the tank is filled with oil of density900 kg/m3.

(a) Calculate the total forceF on the end of the tank when the tank is full.

(b) Would you expect the total force on the lower half of the tank tobe greater than, less than, or equal to12F ? Explain.
Then compute the force on the lower half exactly and confirm (or refute) your expectation.

3

−3

y

x
4−4

FIGURE 4

SOLUTION

(a) Solving the equation of the ellipse forx yields

x D 4

3

q
9 � y2:

Therefore, a horizontal strip of the ellipse at heighty has width83
p
9 � y2. This strip is at a depth of3 � y, so the total force on

the end of the tank is

F D �g

Z 3

�3
.3 � y/ � 8

3

q
9 � y2 dy D 8�g

Z 3

�3

q
9 � y2 dy � 8

3
�g

Z 3

�3
y

q
9 � y2 dy:

The first integral can be interpreted as the area of one-half of a circle of radius 3, so the value of this integral is9�
2 . The second

integral is zero, since the integrand is an odd function and the interval of integration is symmetric about zero. Hence,

F D 8�g
9�

2
� 8

3
�g.0/ D 8 � 900 � 9:8 � 9�

2
� 997;518 N:
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(b) The oil in the lower half of the tank is at a greater depth than the oil in the upper half, therefore we expect the total force
Fl on the lower half of the tank to be greater than the total forceFu on the upper half. We compute the two forces to verify our
expectation. Now,

Fl D �g

Z 0

�3
.3� y/ � 8

3

q
9 � y2 dy D 8�g

Z 0

�3

q
9 � y2 dy � 8

3
�g

Z 0

�3
y

q
9 � y2 dy:

Similarly,

Fu D 8�g

Z 3

0

q
9 � y2 dy � 8

3
�g

Z 3

0
y

q
9 � y2 dy:

The first integral in each expression,

Z 0

�3

q
9 � y2 dy and

Z 3

0

q
9 � y2 dy;

can be interpreted as the area of one-quarter of a circle of radius 3, so both integrals have the value9�
4 . Using the substitution

u D 9 � y2, du D �2y dy we find

Z 0

�3
y

q
9 � y2 dy D

Z 9

0

p
u

�
�1
2

�
du D �1

3
u3=2

ˇ̌
ˇ̌
9

0

D �9:

Moreover, since the integrand is an odd function, we have

Z 3

0
y

q
9 � y2 dy D �

Z 0

�3
y

q
9 � y2 dy D 9:

Thus,

Fl D 8�g
9�

4
� 8

3
�g.�9/ D .18� C 24/�gI and

Fu D 8�g
9�

4
� 8

3
�g.9/ D .18� � 24/�g:

We see thatFl > Fu. That is, the total force on the lower half of the tank is greater than the total force on the upper half, as
expected.

17. Calculate the moments and COM of the lamina occupying the region undery D x.4 � x/ for 0 � x � 4, assuming a density
of � D 1200 kg/m3.

SOLUTION Because the lamina is symmetric with respect to the vertical linex D 2, by the symmetry principle, we know that
xcm D 2. Now,

Mx D �

2

Z 4

0
f .x/2 dx D 1200

2

Z 4

0
x2.4� x/2 dx D 1200

2

�
16

3
x3 � 2x4 C 1

5
x5
�ˇ̌
ˇ̌
4

0

D 20;480:

Moreover, the mass of the lamina is

M D �

Z 4

0
f .x/ dx D 1200

Z 4

0
x.4 � x/ dx D 1200

�
2x2 � 1

3
x3
�ˇ̌
ˇ̌
4

0

D 12;800:

Thus, the coordinates of the center of mass are
�
2;
20;480

12;800

�
D
�
2;
8

5

�
:

18. Sketch the region betweeny D 4.x C 1/�1 andy D 1 for 0 � x � 3, and find its centroid.

SOLUTION

x

y

1 2 3 40

1

2

3

4

y = 1

y = 4(x + 1)−1
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First, we calculate the moments:

Mx D 1

2

Z 3

0

�
16

.x C 1/2
� 1

�
dx D 1

2

�
� 16

x C 1
� x

� ˇ̌
ˇ̌
3

0

D 9

2
;

and

My D
Z 3

0
x
�
4.x C 1/�1 � 1

�
dx D

Z 3

0

�
4x

x C 1
� x

�
dx

D
Z 3

0

�
4.x C 1/ � 4

x C 1
� x

�
dx D

Z 3

0

�
4 � 4

x C 1
� x

�
dx

D
 
4x � x2

2
� 4 ln.x C 1/

!ˇ̌
ˇ̌
ˇ

3

0

D 15

2
� 4 ln4:

The area of the region is

A D
Z 3

0

�
4

x C 1
� 1

�
dx D .4 ln.x C 1/ � x/j30 D 4 ln 4 � 3;

so the coordinates of the centroid are:
�
15 � 8 ln 4

8 ln4 � 6
;

9

8 ln4 � 6

�
:

19. Find the centroid of the region between the semicircley D
p
1 � x2 and the top half of the ellipsey D 1

2

p
1 � x2 (Figure 2).

SOLUTION Since the region is symmetric with respect to they-axis, the centroid lies on they-axis. To findycm we calculate

Mx D 1

2

Z 1

�1

2
4
�p

1 � x2
�2

�
 p

1 � x2

2

!23
5 dx

D 1

2

Z 1

�1

3

4

�
1 � x2

�
dx D 3

8

�
x � 1

3
x3
�ˇ̌
ˇ̌
1

�1
D 1

2
:

The area of the lamina is�2 � �
4 D �

4 , so the coordinates of the centroid are

�
0;
1=2

�=4

�
D
�
0;
2

�

�
:

20. Find the centroid of the shaded region in Figure 5 bounded on the left byx D 2y2 � 2 and on the right by a semicircle of
radius 1.Hint: Use symmetry and additivity of moments.

x

y

semicircle
of radius 1

x = ± 1 − y/2

1

FIGURE 5

SOLUTION The region is symmetric with respect to thex-axis, hence the centroid lies on thex-axis; that is,ycm D 0. To compute
the area and the moment with respect to they-axis, we treat the left side and the right side of the region separately. Starting with
the left side, we find

M left
y D 2

Z 0

�2
x

r
x

2
C 1 dx and Aleft D 2

Z 0

�2

r
x

2
C 1 dx:

In each integral we make the substitutionu D x
2 C 1, du D 1

2 dx, and find

M left
y D 8

Z 1

0
.u � 1/u1=2 du D 8

Z 1

0

�
u3=2 � u1=2

�
du D 8

�
2

5
u5=2 � 2

3
u3=2

�ˇ̌
ˇ̌
1

0

D �32
15

and

Aleft D 4

Z 1

0
u1=2 du D 8

3
u3=2

ˇ̌
ˇ̌
1

0

D 8

3
:
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On the right side of the region

M
right
y D 2

Z 1

0
x
p
1 � x2 dx D �2

3
.1� x2/3=2

ˇ̌
ˇ̌
1

0

D 2

3
;

andAright D �
2 (because the right side of the region is one-half of a circle of radius 1). Thus,

My D M left
y CM

right
y D �32

15
C 2

3
D �22

15
I

A D Aleft C Aright D 8

3
C �

2
D 16C 3�

6
I

and the coordinates of the centroid are
� �22=15
.16C 3�/=6

; 0

�
D
�

� 44

80C 15�
; 0

�
:

In Exercises 21–26, find the Taylor polynomial atx D a for the given function.

21. f .x/ D x3, T3.x/, a D 1

SOLUTION We start by computing the first three derivatives off .x/ D x3:

f 0.x/ D 3x2

f 00.x/ D 6x

f 000.x/ D 6

Evaluating the function and its derivatives atx D 1, we find

f .1/ D 1; f 0.1/ D 3; f 00.1/ D 6; f 000.1/ D 6:

Therefore,

T3.x/ D f .1/C f 0.1/.x � 1/C f 00.1/
2Š

.x � 2/2 C f 000.1/
3Š

.x � 1/3

D 1C 3.x � 1/C 6

2Š
.x � 2/2 C 6

3Š
.x � 1/3

D 1C 3.x � 1/C 3.x � 2/2 C .x � 1/3:

22. f .x/ D 3.x C 2/3 � 5.x C 2/, T3.x/, a D �2
SOLUTION T3.x/ is the Taylor polynomial off consisting of powers of.x C 2/ up to three. Sincef .x/ is already in this form
we conclude thatT3.x/ D f .x/.

23. f .x/ D x ln.x/, T4.x/, a D 1

SOLUTION We start by computing the first four derivatives off .x/ D x ln x:

f 0.x/ D lnx C x � 1
x

D lnx C 1

f 00.x/ D 1

x

f 000.x/ D � 1

x2

f .4/.x/ D 2

x3

Evaluating the function and its derivatives atx D 1, we find

f .1/ D 0; f 0.1/ D 1; f 00.1/ D 1; f 000.1/ D �1; f .4/.1/ D 2:

Therefore,

T4.x/ D f .1/C f 0.1/.x � 1/C f 00.1/
2Š

.x � 1/2 C f 000.1/
3Š

.x � 1/3 C f .4/.1/

4Š
.x � 1/4

D 0C 1.x � 1/C 1

2Š
.x � 1/2 � 1

3Š
.x � 1/3 C 2

4Š
.x � 1/4

D .x � 1/C 1

2
.x � 1/2 � 1

6
.x � 1/3 C 1

12
.x � 1/4:
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24. f .x/ D .3x C 2/1=3, T3.x/, a D 2

SOLUTION We start by computing the first three derivatives off .x/ D .3x C 2/1=3:

f 0.x/ D 1

3
.3x C 2/�2=3 � 3 D .3x C 2/�2=3

f 00.x/ D �2
3
.3x C 2/�5=3 � 3 D �2.3x C 2/�5=3

f 000.x/ D 10

3
.3x C 2/�8=3 � 3 D 10.3x C 2/�8=3

Evaluating the function and its derivatives atx D 2, we find

f .2/ D 2; f 0.2/ D 1

4
; f 00.2/ D � 1

16
; f 000.2/ D 5

128
:

Therefore,

T3.x/ D f .2/C f 0.2/.x � 2/C f 00.2/
2Š

.x � 2/2 C f 000.2/
3Š

.x � 2/3

D 2C 1

4
.x � 2/C �1=16

2Š
.x � 2/2 C 5=128

3Š
.x � 2/3

D 2C 1

4
.x � 2/ � 1

32
.x � 2/2 � 5

768
.x � 2/3:

25. f .x/ D xe�x2

, T4.x/, a D 0

SOLUTION We start by computing the first four derivatives off .x/ D xe�x2
:

f 0.x/ D e�x2 C x � .�2x/e�x2 D .1� 2x2/e�x2

f 00.x/ D �4xe�x2 C .1 � 2x2/ � .�2x/e�x2 D .4x3 � 6x/e�x2

f 000.x/ D .12x2 � 6/e�x2 C .4x3 � 6x/ � .�2x/e�x2 D .�8x4 C 24x2 � 6/e�x2

f .4/.x/ D .�32x3 C 48x/e�x2 C .�8x4 C 24x2 � 6/ � .�2x/e�x2 D .16x5 � 80x3 C 60x/e�x2

Evaluating the function and its derivatives atx D 0, we find

f .0/ D 0; f 0.0/ D 1; f 00.0/ D 0; f 000.0/ D �6; f .4/.0/ D 0:

Therefore,

T4.x/ D f .0/C f 0.0/x C f 00.0/
2Š

x2 C f 000.0/
3Š

x3 C f .4/.0/

4Š
x4

D 0C x C 0 � x2 � 6

3Š
x3 C 0 � x4 D x � x3:

26. f .x/ D ln.cosx/, T3.x/, a D 0

SOLUTION We start by computing the first three derivatives off .x/ D ln.cosx/:

f 0.x/ D � sinx

cosx
D � tanx

f 00.x/ D �sec2x

f 000.x/ D �2 sec2x tanx

Evaluating the function and its derivatives atx D 0, we find

f .0/ D 0; f 0.0/ D 0; f 00.0/ D �1; f 000.0/ D 0:

Therefore,

T3.x/ D f .0/C f 0.0/x C f 00.0/
2Š

x2 C f 000.0/
3Š

x3 D 0C 0

1Š
x � 1

2Š
x2 C 0

3Š
x3 D �x

2

2
:

27. Find thenth Maclaurin polynomial forf .x/ D e3x .
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SOLUTION We differentiate the functionf .x/ D e3x repeatedly, looking for a pattern:

f 0.x/ D 3e3x D 31e3x

f 00.x/ D 3 � 3e3x D 32e3x

f 000.x/ D 3 � 32e3x D 33e3x

Thus, for generaln, f .n/.x/ D 3ne3x andf .n/.0/ D 3n. Substituting into the formula for thenth Taylor polynomial, we obtain:

Tn.x/ D 1C 3x

1Š
C 32x2

2Š
C 33x3

3Š
C 34x4

4Š
C � � � C 3nxn

nŠ

D 1C 3x C 1

2Š
.3x/2 C 1

3Š
.3x/3 C � � � C 1

nŠ
.3x/n:

28. Use the fifth Maclaurin polynomial off .x/ D ex to approximate
p
e. Use a calculator to determine the error.

SOLUTION Let f .x/ D ex . Thenf .n/.x/ D ex andf .n/.0/ D 1 for all n. Hence,

T5.x/ D f .0/C f 0.0/x C f 00.0/
2Š

x2 C f 000.0/
3Š

x3 C f .4/.0/

4Š
x4 C f .5/.0/

5Š
x5

D 1C x C x2

2Š
C x3

3Š
C x4

4Š
C x5

5Š
:

For x D 1
2 we have

T5

�
1

2

�
D 1C 1

2
C

�
1
2

�2

2Š
C

�
1
2

�3

3Š
C

�
1
2

�4

4Š
C

�
1
2

�5

5Š

D 1C 1

2
C 1

8
C 1

48
C 1

384
C 1

3840
D 1:648697917

Using a calculator, we find that
p
e D 1:648721271. The error in the Taylor polynomial approximation is

j1:648697917 � 1:648721271j D 2:335 � 10�5:

29. Use the third Taylor polynomial off .x/ D tan�1 x ata D 1 to approximatef .1:1/. Use a calculator to determine the error.

SOLUTION We start by computing the first three derivatives off .x/ D tan�1x:

f 0.x/ D 1

1C x2

f 00.x/ D � 2x
�
1C x2

�2

f 000.x/ D
�2
�
1C x2

�2 C 2x � 2
�
1C x2

�
� 2x

�
1C x2

�4 D
2
�
3x2 � 1

�
�
1C x2

�3

Evaluating the function and its derivatives atx D 1, we find

f .1/ D �

4
; f 0.1/ D 1

2
; f 00.1/ D �1

2
; f 000.1/ D 1

2
:

Therefore,

T3.x/ D f .1/C f 0.1/.x � 1/C f 00.1/
2Š

.x � 1/2 C f 000.1/
3Š

.x � 1/3

D �

4
C 1

2
.x � 1/ � 1

4
.x � 1/2 C 1

12
.x � 1/3:

Settingx D 1:1 yields:

T3.1:1/ D �

4
C 1

2
.0:1/ � 1

4
.0:1/2 C 1

12
.0:1/3 D 0:832981496:

Using a calculator, we find tan�11:1 D 0:832981266. The error in the Taylor polynomial approximation is
ˇ̌
ˇT3.1:1/ � tan�11:1

ˇ̌
ˇ D j0:832981496 � 0:832981266j D 2:301 � 10�7:
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30. Let T4.x/ be the Taylor polynomial forf .x/ D
p
x at a D 16. Use the error bound to find the maximum possible size of

jf .17/ � T4.17/j.
SOLUTION Using the Error Bound, we have

jf .17/ � T4.17/j � K
.17 � 16/5

5Š
D K

5Š
;

whereK is a number such that
ˇ̌
ˇf .5/.x/

ˇ̌
ˇ � K for all 16 � x � 17. Starting fromf .x/ D

p
x we find

f 0.x/ D 1

2
x�1=2; f 00.x/ D �1

4
x�3=2; f 000.x/ D 3

8
x�5=2; f .4/.x/ D �15

16
x�7=2;

and

f .5/.x/ D 105

32
x�9=2:

For16 � x � 17,

ˇ̌
ˇf .5/.x/

ˇ̌
ˇ D 105

32x9=2
� 105

32 � 169=2
D 105

8;388;608
:

Therefore, we may take

K D 105

8;388;608
:

Finally,

jf .17/ � T4.17/j � 105

8;388;608
� 1
5Š

� 1:044 � 10�7:

31. Findn such thatje � Tn.1/j < 10�8, whereTn.x/ is thenth Maclaurin polynomial forf .x/ D ex .

SOLUTION Using the Error Bound, we have

je � Tn.1/j � K
j1 � 0jnC1

.nC 1/Š
D K

.nC 1/Š

whereK is a number such that
ˇ̌
ˇf .nC1/.x/

ˇ̌
ˇ D ex � K for all 0 � x � 1. Sinceex is increasing, the maximum value on the

interval0 � x � 1 is attained at the endpointx D 1. Thus, for0 � u � 1, eu � e1 < 2:8. Hence we may takeK D 2:8 to obtain:

je � Tn.1/j � 2:8

.nC 1/Š

We now choosen such that

2:8

.nC 1/Š
< 10�8

.nC 1/Š

2:8
> 108

.nC 1/Š > 2:8 � 108

Forn D 10, .nC 1/Š D 3:99 � 107 < 2:8 � 108 and forn D 11, .nC 1/Š D 4:79 � 108 > 2:8 � 108. Hence, to make the error
less than10�8, n D 11 is sufficient; that is,

je � T11.1/j < 10�8:

32. Let T4.x/ be the Taylor polynomial forf .x/ D x ln x ata D 1 computed in Exercise 23. Use the error bound to find a bound
for jf .1:2/ � T4.1:2/j.
SOLUTION Using the Error Bound, we have

jf .1:2/ � T4.1:2/j � K
.1:2 � 1/5

5Š
D .0:2/5

120
K;

whereK is a number such that
ˇ̌
ˇf .5/x

ˇ̌
ˇ � K for all 1 � x � 1:2. Starting fromf .x/ D x ln x, we find

f 0.x/ D ln x C x
1

x
D lnx C 1; f 00.x/ D 1

x
; f 000.x/ D � 1

x2
; f .4/.x/ D 2

x3
;
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and

f .5/.x/ D �6
x4
:

For 1 � x � 1:2,

ˇ̌
ˇf .5/.x/

ˇ̌
ˇ D 6

x4
� 6

14
D 6:

Hence we may takeK D 6 to obtain:

jf .1:2/ � T4.1:2/j � .0:2/5

120
6 D 1:6 � 10�5:

33. Verify thatTn.x/ D 1 C x C x2 C � � � C xn is thenth Maclaurin polynomial off .x/ D 1=.1 � x/. Show using substitution
that thenth Maclaurin polynomial forf .x/ D 1=.1 � x=4/ is

Tn.x/ D 1C 1

4
x C 1

42
x2 C � � � C 1

4n
xn

What is thenth Maclaurin polynomial forg.x/ D 1

1C x
?

SOLUTION Let f .x/ D .1 � x/�1. Then,f 0.x/ D .1 � x/�2, f 00.x/ D 2.1 � x/�3, f 000.x/ D 3Š.1 � x/�4, and, in general,

f .n/.x/ D nŠ.1� x/�.nC1/. Therefore,f .n/.0/ D nŠ and

Tn.x/ D 1C 1Š

1Š
x C 2Š

2Š
x2 C � � � C nŠ

nŠ
xn D 1C x C x2 C � � � C xn:

Upon substitutingx=4 for x, we find that thenth Maclaurin polynomial forf .x/ D 1

1 � x=4 is

Tn.x/ D 1C 1

4
x C 1

42
x2 C � � � C 1

4n
xn:

Substituting�x for x, thenth Maclaurin polynomial forg.x/ D 1

1C x
is

Tn.x/ D 1 � x C x2 � x3 C � � � � C .�x/n:

34. Let f .x/ D 5

4C 3x � x2
and letak be the coefficient ofxk in the Maclaurin polynomialTn.x/ of for k � n.

(a) Show thatf .x/ D
�

1=4

1 � x=4
C 1

1C x

�
.

(b) Use Exercise 33 to show thatak D 1

4kC1 C .�1/k .

(c) ComputeT3.x/.

SOLUTION

(a) Start by factoring the denominator and writing the form of the partial fraction decomposition:

f .x/ D 5

4C 3x � x2
D 5

.x C 1/.4 � x/
D A

x C 1
C B

4 � x
:

Multiplying through by.x C 1/.4 � x/, we obtain:

5 D A.4 � x/C B.x C 1/:

Substitutingx D 4 yields5 D A.0/C B.5/, soB D 1; substitutingx D �1 yields5 D A.5/C B.0/, soA D 1. Thus,

f .x/ D 1

x C 1
C 1

4 � x D 1

x C 1
C

1
4

1 � x
4

:

(b) The nth Maclaurin polynomial forf .x/ D
1
4

1� x
4

C 1
xC1 is the sum of thenth Maclaurin polynomials for the functions

g.x/ D 1
4 � 1

1� x
4

andh.x/ D 1
1Cx . In Exercise 33, we found that thenth Maclaurin polynomialsPn.x/ andQn.x/ for g andh are

Pn.x/ D 1

4

�
1C 1

4
x C 1

42
x2 C � � � C 1

4n
xn
�

D 1

4
C 1

42
x C 1

43
x2 C � � � C 1

4nC1 x
n D

nX

kD0

xk

4kC1
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Qn.x/ D 1 � x C x2 � x3 C � � � C .�1/nxn D
nX

kD0
.�1/kxk

Therefore,

Tn.x/ D Pn.x/CQn.x/ D
nX

kD0

xk

4kC1 C
nX

kD0
.�1/kxk D

nX

kD0

�
1

4kC1 C .�1/k
�
xk I

that is, the coefficient ofxk in Tn for k � n is

ak D 1

4kC1 C .�1/k :

(c) From part (b),

a0 D 1

4
C 1; a1 D 1

42
� 1; a2 D 1

43
C 1; a3 D 1

44
� 1

so that

T3.x/ D 5

4
� 15

16
x C 65

64
x2 � 255

256
x3

35. Let Tn.x/ be thenth Maclaurin polynomial for the functionf .x/ D sinx C sinhx.

(a) Show thatT5.x/ D T6.x/ D T7.x/ D T8.x/.

(b) Show thatjf n.x/j � 1C coshx for all n. Hint: Note thatj sinhxj � j coshxj for all x.

(c) Show thatjT8.x/� f .x/j � 2:6

9Š
jxj9 for �1 � x � 1.

SOLUTION

(a) Let f .x/ D sinx C sinhx. Then

f 0.x/ D cosx C coshx

f 00.x/ D � sinx C sinhx

f 000.x/ D � cosx C coshx

f .4/.x/ D sinx C sinhx:

From this point onward, the pattern of derivatives repeats indefinitely. Thus

f .0/ D f .4/.0/ D f .8/.0/ D sin0C sinh0 D 0

f 0.0/ D f .5/.0/ D cos0C cosh0 D 2

f 00.0/ D f .6/.0/ D � sin0C sinh0 D 0

f 000.0/ D f .7/.0/ D � cos0C cosh0 D 0:

Consequently,

T5.x/ D f 0.0/x C f .5/.0/

5Š
x5 D 2x C 1

60
x5;

and, becausef .6/.0/ D f .7/.0/ D f .8/.0/ D 0, it follows that

T6.x/ D T7.x/ D T8.x/ D T5.x/ D 2x C 1

60
x5:

(b) First note thatj sinxj � 1 andj cosxj � 1 for all x. Moreover,

j sinhxj D
ˇ̌
ˇ̌e
x � e�x

2

ˇ̌
ˇ̌ � ex C e�x

2
D coshx:

Now, recall from part (a), that all derivatives off .x/ contain two terms: the first iṡ sinx or ˙ cosx, while the second is either
sinhx or coshx. In absolute value, the trigonometric term is always less than or equal to 1, while the hyperbolic term is always less
than or equal to coshx. Thus, for alln,

f .n/.x/ � 1C coshx:
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(c) Using the Error Bound, we have

jT8.x/� f .x/j � Kjx � 0j9
9Š

D Kjxj9
9Š

;

whereK is a number such that
ˇ̌
ˇf .9/.u/

ˇ̌
ˇ � K for all u between 0 andx. By part (b), we know that

f .9/.u/ � 1C coshu:

Now, coshu is an even function that is increasing on.0;1/. The maximum value foru between 0 andx is therefore coshx.
Moreover, for�1 � x � 1, coshx � cosh1 � 1:543 < 1:6. Hence, we may takeK D 1C 1:6 D 2:6, and

jT8.x/� f .x/j � 2:6

9Š
jxj9:
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Chapter 8: Further Applications of the Integral and Taylor Polynomials 

Preparing for the AP Exam Solutions 
 

 

Multiple Choice Questions 

 

1) D  2)  A  3)  E  4) D  5)  D 

6)  D  7)  E  8)  B  9)  E  10)  E 

11)  E  12)  E  13)  C  14)  D  15)  A 

16)  C  17)  D  18)  B  19)  E  20)  C 

 

Free Response Questions 

 

1. a) 32 2263)( xxxxP   

b)  First, 3)0()0(  fg . Next, 3)3()(  xfxg , so 183)0()0(  fg . Next,2   

   9)3()(  xfxg , so 369)0()0(  fg . Finally, 27)3()(  xfxg , so 

    (0) (0) 27 324.g f     The Taylor polynomial for g is 32

!3

324

!2

36
183 xxx  = 

       
32 5418183 xxx  = 32 )3(2)3(2)3(63 xxx   = )3( xP . 

c)  First, 0)0( h . Next, )()()( xfxxfxh  , so (0) (0) 3.h f    Next,  

     )()()()( xfxxfxfxh  , so 12)0(2)0(  fh . Finally,    

)()()(2)( xfxxfxfxh  , so .12)0(3)0(  fh  Thus the third Maclaurin polynomial for h is 
32 263 xxx  = )263( 2xxx  , which is x times the Maclaurin polynomial for f of degree two. 

 

POINTS: 

(a) (2 pts) 1) 
2263 xx  ; 1) 

32x  

(b) (3 pts) 1)  derivatives of g; 1) the polynomial; 1) shows equals )3( xP  

(c) (4 pts) 1) )0(),0(),0( hhh  ;  1) )0(h  ;   1) 
32 263 xxx  ;  1) Finds relationship 

 

2. a) 32 )1(4)1(3)1(5)(  xxxcxP  

b)  5)1()1(  fg ; xxfxg 2)()( 2  , so cfg 2)1(2)1(  . 

cxfxxfxg 246)(2)2()()( 222  , so the polynomial is 
2)1)(12()1(25)(  xcxcxQ . 

c) If c = 0, then 0)1()1(  fg  and 024)1( g and  06)1( f . So, by the second derivative test, 

both  g and  f   have a local  minimum at  x = 1. 

 

POINTS: 

(a) (3 pts) 1) )1(5  xc ; 1) 
2)1(3 x ;  1) 

3)1(4 x  

(b) (3 pts)  1) )( and )( xgxg  ; 1) )1(),1(),1( ggg  ; 1) answer 

(c) (3 pts) 1) 0)1()1(  fg ; 1) )1(g  ; 1) conclusion 

 

3. a)  
20

0
10000010)20(50 dyy pounds. 
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b)  The force on the plate below L is  
D

dyy
0

10)20(50 which is half the force, so set 

5000010)20(50
0


D

dyy , or 100)20(
0


D

dyy .  Thus 100
2

20
2

20
2

0

2


D

D
y

y

D

, or 

0200402  DD . 
2

800160040 
D . Must select the root between 0 and 20. 21020D  

 c)    
20

10)(50)(
D

dyyxxA = 

20
2

)
2

(500

D

y
xy  = )]

2
()20020[(500

2D
Dxx  . 

     Thus )20(500)( DxA  . 

        
D

dyyxxB
0

10)(50)(  = )
2

(500)
2

(500
2

0

2 D
Dx

y
xy

D

 . 

  Thus DxB 500)(  .  Since ,12   D < 10, so 20 – D > 10 > D. Thus )()( xBxA  . 

 

POINTS:  

(a) (1 pt) 

(b) (2 pts) 1) 5000010)20(50
0


D

dyy ;  1) finds D 

(c) (6 pts)  1)  
20

10)(50)(
D

dyyxxA ; 1) )]
2

()20020[(500)(
2D

DxxxA  ; 1) )(xA ;  

1)  
D

dyyxxB
0

10)(50)( ;  1) )(xB ;  1) conclusion 

 

4. a) .2)
2

1
(21)0

2

1
)(0()0()

2

1
( 








fff  

b)  
!2

)0
2

1
( 2


 KE
8

K
 , where )(xfK   for 0

2

1



x . Thus 11K , and the error E  satisfies 

8

11
E   

c) 32 2221)( xxxxP  , so 
4

11
)

2

1
()

2

1
(








Pf . 

d) 
384

19

!4

)
2

1
(

)316(

4





E  

 

POINTS: 

(a) (1 pt) 

(b) (3 pts)  1) 
!2

)0
2

1
( 2


 KE ;  1) )(xfK  ; 1) 11K  

(c) (2 pts)  1) 32 2221)( xxxxP  ; 1) answer 

(d) (3 pts) 1) 
!4

)
2

1
( 4

 KE ;  1) Uses )()4( xf   1) answer 



9 INTRODUCTION TO
DIFFERENTIAL EQUATIONS

9.1 Solving Differential Equations

Preliminary Questions
1. Determine the order of the following differential equations:

(a) x5y0 D 1 (b) .y0/3 C x D 1

(c) y000 C x4y0 D 2 (d) sin.y00/C x D y

SOLUTION

(a) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation.

(b) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation.

(c) The highest order derivative that appears in this equation is a third derivative, so this is a third order equation.

(d) The highest order derivative that appears in this equation is a second derivative, so this is a second order equation.

2. Is y00 D sinx a linear differential equation?

SOLUTION Yes.

3. Give an example of a nonlinear differential equation of the formy0 D f .y/.

SOLUTION One possibility isy0 D y2.

4. Can a nonlinear differential equation be separable? If so, give an example.

SOLUTION Yes. An example isy0 D y2.

5. Give an example of a linear, nonseparable differential equation.

SOLUTION One example isy0 C y D x.

Exercises
1. Which of the following differential equations are first-order?

(a) y0 D x2 (b) y00 D y2

(c) .y0/3 C yy0 D sinx (d) x2y0 � exy D siny

(e) y00 C 3y0 D y

x
(f) yy0 C x C y D 0

SOLUTION

(a) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation.

(b) The highest order derivative that appears in this equation is a second derivative, so this is not a first order equation.

(c) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation.

(d) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation.

(e) The highest order derivative that appears in this equation is a second derivative, so this is not a first order equation.

(f) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation.

2. Which of the equations in Exercise 1 are linear?

SOLUTION

(a) Linear;.1/y0 � x2 D 0.

(b) Not linear;y2 is not a linear function ofy.

(c) Not linear;.y0/3 is not a linear function ofy0.
(d) Not linear; siny is not a linear function ofy.

(e) Linear;.1/y00 C .3/y0 � 1
x y D 0.

(f) Not linear.yy0 cannot be expressed asa.x/y.n/.
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In Exercises 3–8, verify that the given function is a solution of the differential equation.

3. y0 � 8x D 0, y D 4x2

SOLUTION Let y D 4x2. Theny0 D 8x and

y0 � 8x D 8x � 8x D 0:

4. yy0 C 4x D 0, y D
p
12 � 4x2

SOLUTION Let y D
p
12 � 4x2. Then

y0 D �4xp
12 � 4x2

;

and

yy0 C 4x D
p
12 � 4x2

�4xp
12 � 4x2

C 4x D �4x C 4x D 0:

5. y0 C 4xy D 0, y D 25e�2x2

SOLUTION Let y D 25e�2x2
. Theny0 D �100xe�2x2

, and

y0 C 4xy D �100xe�2x2 C 4x.25e�2x2

/ D 0:

6. .x2 � 1/y0 C xy D 0, y D 4.x2 � 1/�1=2

SOLUTION Let y D 4.x2 � 1/�1=2. Theny0 D �4x.x2 � 1/�3=2, and

.x2 � 1/y0 C xy D .x2 � 1/.�4x/.x2 � 1/�3=2 C 4x.x2 � 1/�1=2

D �4x.x2 � 1/�1=2 C 4x.x2 � 1/�1=2 D 0:

7. y00 � 2xy0 C 8y D 0, y D 4x4 � 12x2 C 3

SOLUTION Let y D 4x4 � 12x2 C 3. Theny0 D 16x3 � 24x, y00 D 48x2 � 24, and

y00 � 2xy0 C 8y D .48x2 � 24/ � 2x.16x3 � 24x/C 8.4x4 � 12x2 C 3/

D 48x2 � 24 � 32x4 C 48x2 C 32x4 � 96x2 C 24 D 0:

8. y00 � 2y0 C 5y D 0, y D ex sin2x

SOLUTION Let y D ex sin2x. Then

y0 D 2ex cos2x C ex sin2x;

y00 D �4ex sin2x C 2ex cos2x C 2ex cos2x C ex sin2x D �3ex sin2x C 4ex cos2x;

and

y00 � 2y0 C 5y D �3ex sin2x C 4ex cos2x � 4ex cos2x � 2ex sin2x C 5ex sin2x

D .�3ex � 2ex C 5ex/ sin2x C .4ex � 4ex/ cos2x D 0:

9. Which of the following equations are separable? Write those that are separable in the formy0 D f .x/g.y/ (but do not solve).

(a) xy0 � 9y2 D 0 (b)
p
4 � x2y0 D e3y sinx

(c) y0 D x2 C y2 (d) y0 D 9 � y2

SOLUTION

(a) xy0 � 9y2 D 0 is separable:

xy0 � 9y2 D 0

xy0 D 9y2

y0 D 9

x
y2

(b)
p
4 � x2y0 D e3y sinx is separable:

p
4 � x2y0 D e3y sinx

y0 D e3y
sinxp
4 � x2

:

(c) y0 D x2 C y2 is not separable;y0 is already isolated, but is not equal to a productf .x/g.y/.
(d) y0 D 9 � y2 is separable:y0 D .1/.9 � y2/.
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10. The following differential equations appear similar but have very different solutions.

dy

dx
D x;

dy

dx
D y

Solve both subject to the initial conditiony.1/ D 2.

SOLUTION For the first differential equation, we havey0 D x so that, integrating,

y D x2

2
C C

Sincey.1/ D 2, C D 3
2 , so that

y D x2 C 3

2

The second equation is separable:y�1 dy D 1 dx, so that lnjyj D x C C andy D Cex . Sincey.1/ D 2, we have2 D Ce or
C D 2e�1. Thusy D 2ex�1.

11. Consider the differential equationy3y0 � 9x2 D 0.

(a) Write it asy3 dy D 9x2 dx.
(b) Integrate both sides to obtain14y

4 D 3x3 C C .

(c) Verify thaty D .12x3 C C/1=4 is the general solution.
(d) Find the particular solution satisfyingy.1/ D 2.

SOLUTION Solvingy3y0 � 9x2 D 0 for y0 givesy0 D 9x2y�3.

(a) Separating variables in the equation above yields

y3 dy D 9x2 dx

(b) Integrating both sides gives

y4

4
D 3x3 C C

(c) Simplify the equation above to gety4 D 12x3 C C , or y D .12x3 C C/1=4.
(d) Solve2 D .12 � 13 C C/1=4 to get16 D 12C C , orC D 4. Thus the particular solution isy D .12x3 C 4/1=4.

12. Verify thatx2y0 C e�y D 0 is separable.

(a) Write it asey dy D �x�2 dx.
(b) Integrate both sides to obtainey D x�1 C C .
(c) Verify thaty D ln.x�1 C C/ is the general solution.
(d) Find the particular solution satisfyingy.2/ D 4.

SOLUTION Solvingx2y0 C e�y D 0 for y0 yields

y0 D �x�2e�y :

(a) Separating variables in the last equation yields

eydy D �x�2dx:

(b) Integrating both sides of the result of part (a), we find
Z
eydy D �

Z
x�2dx

ey C C1 D x�1 C C2

ey D x�1 C C

(c) Solving the last expression from part (b) fory, we find

y D ln
ˇ̌
x�1 C C

ˇ̌

(d) y.2/ D 4 yields4 D ln
ˇ̌
1
2 C C

ˇ̌
, or e4 D C C 1

2 . Thus the particular solution is

y D ln

ˇ̌
ˇ̌ 1
x

� 1

2
C e4

ˇ̌
ˇ̌
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In Exercises 13–28, use separation of variables to find the general solution.

13. y0 C 4xy2 D 0

SOLUTION Rewrite

y0 C 4xy2 D 0 as
dy

dx
D �4xy2 and then as y�2 dy D �4x dx

Integrating both sides of this equation gives
Z
y�2 dy D �4

Z
x dx

�y�1 D �2x2 C C

y�1 D 2x2 C C

Solving fory gives

y D 1

2x2 C C

whereC is an arbitrary constant.

14. y0 C x2y D 0

SOLUTION Rewrite

y0 C x2y D 0 as
dy

dx
D �x2y and then as y�1 dy D �x2 dx

Integrating both sides of this equation gives
Z
y�1 dy D �

Z
x2 dx

ln jyj D �x
3

3
C C1

Solve fory to get

y D ˙e�x3=3CC1 D Ce�x3=3

whereC D ˙eC1 is an arbitrary constant.

15.
dy

dt
� 20t4e�y D 0

SOLUTION Rewrite

dy

dt
� 20t4e�y D 0 as

dy

dt
D 20t4e�y and then as ey dy D 20t4 dt

Integrating both sides of this equation gives
Z
ey dy D

Z
20t4 dt

ey D 4t5 C C

Solve fory to gety D ln.4t5 C C/, whereC is an arbitrary constant.

16. t3y0 C 4y2 D 0

SOLUTION Rewrite

t3y0 C 4y2 D 0 as
dy

dt
D �4y2t�3 and then as y�2 dy D �4t�3 dt

Integrating both sides of this equation gives
Z
y�2 dy D �4

Z
t�3 dt

�y�1 D 2t�2 C C

Solve fory to get

y D �1
2t�2 C C

D �t2
2C C t2

whereC is an arbitrary constant.
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17. 2y0 C 5y D 4

SOLUTION Rewrite

2y0 C 5y D 4 as y0 D 2 � 5

2
y and then as .4 � 5y/�1 dy D 1

2
dx

Integrating both sides and solving fory gives
Z

dy

4� 5y
D 1

2

Z
1 dx

�1
5

ln j4 � 5yj D 1

2
x C C1

ln j4 � 5yj D C2 � 5

2
x

4 � 5y D C3e
�5x=2

5y D 4 � C3e
�5x=2

y D Ce�5x=2 C 4

5

whereC is an arbitrary constant.

18.
dy

dt
D 8

p
y

SOLUTION Rewrite

dy

dt
D 8

p
y as

dy
p
y

D 8dt:

Integrating both sides of this equation yields
Z

dy
p
y

D 8

Z
dt

2
p
y D 8t C C:

Solving fory, we find

p
y D 4t C C

y D .4t C C/2;

whereC is an arbitrary constant.

19.
p
1 � x2 y0 D xy

SOLUTION Rewrite

p
1 � x2

dy

dx
D xy as

dy

y
D xp

1 � x2
dx:

Integrating both sides of this equation yields
Z
dy

y
D
Z

xp
1 � x2

dx

ln jyj D �
p
1 � x2 C C:

Solving fory, we find

jyj D e�
p
1�x2CC D eC e�

p
1�x2

y D ˙eC e�
p
1�x2 D Ae�

p
1�x2

;

whereA is an arbitrary constant.

20. y0 D y2.1 � x2/
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SOLUTION Rewrite

dy

dx
D y2.1 � x2/ as

dy

y2
D .1 � x2/ dx:

Integrating both sides of this equation yields
Z
dy

y2
D
Z
.1 � x2/ dx

�y�1 D x � 1

3
x3 C C:

Solving fory, we find

y�1 D 1

3
x3 � x C C

y D 1
1
3x
3 � x C C

;

whereC is an arbitrary constant.

21. yy0 D x

SOLUTION Rewrite

y
dy

dx
D x as y dy D x dx:

Integrating both sides of this equation yields
Z
y dy D

Z
x dx

1

2
y2 D 1

2
x2 C C:

Solving fory, we find

y2 D x2 C 2C

y D ˙
p
x2 C A;

whereA D 2C is an arbitrary constant.

22. .lny/y0 � ty D 0

SOLUTION Rewrite

.ln y/y0 � ty D 0 as .lny/
dy

dt
D ty and then as

ln y

y
dy D t dt

Integrating both sides of this equation gives
Z

lny

y
dy D

Z
t dt

1

2
ln2 y D 1

2
t2 C C1

ln2 y D t2 C C

ln y D ˙
p
t2 C C

y D e˙
p
t2CC

23.
dx

dt
D .t C 1/.x2 C 1/

SOLUTION Rewrite

dx

dt
D .t C 1/.x2 C 1/ as

1

x2 C 1
dx D .t C 1/ dt:



S E C T I O N 9.1 Solving Differential Equations 1081

Integrating both sides of this equation yields
Z

1

x2 C 1
dx D

Z
.t C 1/ dt

tan�1 x D 1

2
t2 C t C C:

Solving forx, we find

x D tan
�
1

2
t2 C t C C

�
:

whereA D tanC is an arbitrary constant.

24. .1C x2/y0 D x3y

SOLUTION Rewrite

.1C x2/
dy

dx
D x3y as

1

y
dy D x3

1C x2
dx:

Integrating both sides of this equation yields

Z
1

y
dy D

Z
x3

1C x2
dx:

To integrate x3

1Cx2 , note

x3

1C x2
D .x3 C x/� x

1C x2
D x � x

1C x2
:

Thus,

ln jyj D 1

2
x2 � 1

2
ln jx2 C 1j C C

jyj D eC
ex

2=2

p
x2 C 1

y D ˙eC ex
2=2

p
x2 C 1

D A
ex

2=2

p
x2 C 1

;

whereA D ˙eC is an arbitrary constant.

25. y0 D x secy

SOLUTION Rewrite

dy

dx
D x secy as cosy dy D x dx:

Integrating both sides of this equation yields
Z

cosy dy D
Z
x dx

siny D 1

2
x2 C C:

Solving fory, we find

y D sin�1
�
1

2
x2 C C

�
;

whereC is an arbitrary constant.

26.
dy

d�
D tany

SOLUTION Rewrite

dy

d�
D tany as coty dy D d�:
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Integrating both sides of this equation yields
Z

cosy

siny
dy D

Z
d�

ln jsinyj D � C C:

Solving fory, we have

jsinyj D e�CC D eC e�

siny D ˙eC e�

y D sin�1
�
Ae�

�
;

whereA D ˙eC is an arbitrary constant.

27.
dy

dt
D y tant

SOLUTION Rewrite

dy

dt
D y tant as

1

y
dy D tant dt:

Integrating both sides of this equation yields
Z
1

y
dy D

Z
tant dt

ln jyj D ln jsect j C C:

Solving fory, we find

jyj D eln jsect jCC D eC jsect j

y D ˙eC sect D A sect;

whereA D ˙eC is an arbitrary constant.

28.
dx

dt
D t tanx

SOLUTION Rewrite

dx

dt
D t tanx as cotx dx D t dt:

Integrating both sides of this equation yields
Z

cotx dx D
Z
t dt

ln jsinxj D 1

2
t2 C C:

Solving fory, we find

j sinxj D e
1
2
t2CC D eC e

1
2
t2

sin x D ˙eC e
1
2
t2

x D sin�1
�
Ae

1
2
t2
�
;

whereA D ˙eC is an arbitrary constant.

In Exercises 29–42, solve the initial value problem.

29. y0 C 2y D 0, y.ln 5/ D 3

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
C 2y D 0 as

1

y
dy D �2 dx;
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and then integrate to obtain

ln jyj D �2x C C:

Thus,

y D Ae�2x ;

whereA D ˙eC is an arbitrary constant. The initial conditiony.ln 5/ D 3 allows us to determine the value ofA.

3 D Ae�2.ln 5/I 3 D A
1

25
I so 75 D A:

Finally,

y D 75e�2x :

30. y0 � 3y C 12 D 0, y.2/ D 1

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
� 3y C 12 D 0 as

1

3y � 12 dy D 1dx;

and then integrate to obtain

1

3
ln j3y � 12j D x C C:

Thus,

y D Ae3x C 4;

whereA D ˙1
3e
3C is an arbitrary constant. The initial conditiony.2/ D 1 allows us to determine the value ofA.

1 D Ae6 C 4I �3 D Ae6I so � 3e�6 D A:

Finally,

y D �3e�6e3x C 4 D �3e3x�6 C 4

31. yy0 D xe�y2
, y.0/ D �2

SOLUTION First, we find the general solution of the differential equation. Rewrite

y
dy

dx
D xe�y2

as yey
2

dy D x dx;

and then integrate to obtain

1

2
ey

2 D 1

2
x2 C C:

Thus,

y D ˙
q

ln.x2 C A/;

whereA D 2C is an arbitrary constant. The initial conditiony.0/ D �2 allows us to determine the value ofA. Sincey.0/ < 0, we
havey D �

p
ln.x2 C A/, and

�2 D �
p

ln.A/I 4 D ln.A/I so e4 D A:

Finally,

y D �
q

ln.x2 C e4/:

32. y2
dy

dx
D x�3, y.1/ D 0
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SOLUTION First, we find the general solution of the differential equation. Rewrite

y2
dy

dx
D x�3 as y2 dy D x�3 dx;

and then integrate to obtain

1

3
y3 D �1

2
x�2 C C:

Thus,

y D
�
A� 3

2
x�2

�1=3
;

whereA D 3C is an arbitrary constant. The initial conditiony.1/ D 0 allows us to determine the value ofA.

0 D
�
A � 3

2
1�2

�1=3
I 0 D

�
A� 3

2

�1=3
I so A D 3

2
:

Finally,

y D
�
3

2
� 3

2
x�2

�1=3
:

33. y0 D .x � 1/.y � 2/, y.2/ D 4

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
D .x � 1/.y � 2/ as

1

y � 2
dy D .x � 1/ dx;

and then integrate to obtain

ln jy � 2j D 1

2
x2 � x C C:

Thus,

y D Ae.1=2/x
2�x C 2;

whereA D ˙eC is an arbitrary constant. The initial conditiony.2/ D 4 allows us to determine the value ofA.

4 D Ae0 C 2 so A D 2:

Finally,

y D 2e.1=2/x
2�x C 2:

34. y0 D .x � 1/.y � 2/, y.2/ D 2

SOLUTION First (as in the previous problem), we find the general solution of the differential equation. Rewrite

dy

dx
D .x � 1/.y � 2/ as

1

y � 2
dy D .x � 1/ dx;

and then integrate to obtain

ln jy � 2j D 1

2
x2 � x C C:

Thus,

y D Ae.1=2/x
2�x C 2;

whereA D ˙eC is an arbitrary constant. The initial conditiony.2/ D 2 allows us to determine the value ofA.

2 D Ae0 C 2 so A D 0:

Finally,

y D 2:
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35. y0 D x.y2 C 1/, y.0/ D 0

SOLUTION First, find the general solution of the differential equation. Rewrite

dy

dx
D x.y2 C 1/ as

1

y2 C 1
dy D x dx

and integrate to obtain

tan�1 y D 1

2
x2 C C

so that

y D tan

�
1

2
x2 C C

�

whereC is an arbitrary constant. The initial conditiony.0/ D 0 allows us to determine the value ofC : 0 D tan.C /, soC D 0.
Finally,

y D tan

�
1

2
x2
�

36. .1 � t/
dy

dt
� y D 0, y.2/ D �4

SOLUTION First, we find the general solution of the differential equation. Rewrite

.1 � t/ dy
dt

D y as
1

y
dy D �1

t � 1
dt;

and then integrate to obtain

ln jyj D � ln jt � 1j C C:

Thus,

y D A

t � 1 ;

whereA D ˙eC is an arbitrary constant. The initial conditiony.2/ D �4 allows us to determine the value ofA.

�4 D A

2 � 1
D A:

Finally,

y D �4
t � 1

:

37.
dy

dt
D ye�t , y.0/ D 1

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dt
D ye�t as

1

y
dy D e�t dt;

and then integrate to obtain

ln jyj D �e�t C C:

Thus,

y D Ae�e�t

;

whereA D ˙eC is an arbitrary constant. The initial conditiony.0/ D 1 allows us to determine the value ofA.

1 D Ae�1 so A D e:

Finally,

y D .e/e�e�t D e1�e�t

:
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38.
dy

dt
D te�y , y.1/ D 0

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dt
D te�y as ey dy D t dt;

and then integrate to obtain

ey D 1

2
t2 C C:

Thus,

y D ln

�
1

2
t2 C C

�
;

whereC is an arbitrary constant. The initial conditiony.1/ D 0 allows us to determine the value ofC .

0 D ln
�
1

2
C C

�
I 1 D 1

2
C C I so C D 1

2
:

Finally,

y D ln
�
1

2
t2 C 1

2

�
:

39. t2
dy

dt
� t D 1C y C ty, y.1/ D 0

SOLUTION First, we find the general solution of the differential equation. Rewrite

t2
dy

dt
D 1C t C y C ty D .1C t/.1C y/

as

1

1C y
dy D 1C t

t2
dt;

and then integrate to obtain

ln j1C yj D �t�1 C ln jt j C C:

Thus,

y D A
t

e1=t
� 1;

whereA D ˙eC is an arbitrary constant. The initial conditiony.1/ D 0 allows us to determine the value ofA.

0 D A

�
1

e

�
� 1 so A D e:

Finally,

y D et

e1=t
� 1:

40.
p
1 � x2 y0 D y2 C 1, y.0/ D 0

SOLUTION First, we find the general solution of the differential equation. Rewrite

p
1 � x2

dy

dx
D y2 C 1 as

1

y2 C 1
dy D 1p

1 � x2
dx;

and then integrate to obtain

tan�1 y D sin�1 x C C:

Thus,

y D tan.sin�1 x C C/;

whereC is an arbitrary constant. The initial conditiony.0/ D 0 allows us to determine the value ofC .

0 D tan
�
sin�1 0C C

�
D tanC so 0 D C:

Finally,

y D tan
�
sin�1 x

�
:
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41. y0 D tany, y.ln 2/ D �

2

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
D tany as

dy

tany
D dx;

and then integrate to obtain

ln jsinyj D x C C:

Thus,

y D sin�1.Aex/;

whereA D ˙eC is an arbitrary constant. The initial conditiony.ln 2/ D �
2 allows us to determine the value ofA.

�

2
D sin�1.2A/I 1 D 2A so A D 1

2
:

Finally,

y D sin�1
�
1

2
ex
�
:

42. y0 D y2 sinx, y.�/ D 2

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
D y2 sin x as y�2 dy D sinx dx;

and then integrate to obtain

�y�1 D � cosx C C:

Thus,

y D 1

AC cosx
;

whereA D �C is an arbitrary constant. The initial conditiony.�/ D 2 allows us to determine the value ofA.

2 D 1

A� 1
I A � 1 D 1

2
so A D 1

2
C 1 D 3

2
:

Finally,

y D 1

cosx C .3=2/
D 2

3C 2 cosx
:

43. Find all values ofa such thaty D xa is a solution of

y00 � 12x�2y D 0

SOLUTION Let y D xa. Then

y0 D axa�1 and y00 D a.a � 1/xa�2:

Substituting into the differential equation, we find

y00 � 12x�2y D a.a � 1/xa�2 � 12xa�2 D xa�2.a2 � a � 12/:

Thus,y00 � 12x�2y D 0 if and only if

a2 � a � 12 D .a � 4/.a C 3/ D 0:

Hence,y D xa is a solution of the differential equationy00 � 12x�2y D 0 provideda D 4 or a D �3.
44. Find all values ofa such thaty D eax is a solution of

y00 C 4y0 � 12y D 0
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SOLUTION Let y D eax . Then

y0 D aeax and y00 D a2eax :

Substituting into the differential equation, we find

y00 C 4y0 � 12y D eax.a2 C 4a � 12/:

Becauseeax is never zero,y00 C 4y0 � 12y D 0 if only if a2 C 4a � 12 D .aC 6/.a � 2/ D 0. Hence,y D eax is a solution of
the differential equationy00 C 4y0 � 12y D 0 provideda D �6 or a D 2.

In Exercises 45 and 46, lety.t/ be a solution of.cosy C 1/
dy

dt
D 2t such thaty.2/ D 0.

45. Show that siny C y D t2 C C . We cannot solve fory as a function oft , but, assuming thaty.2/ D 0, find the values oft at
whichy.t/ D �.

SOLUTION Rewrite

.cosy C 1/
dy

dt
D 2t as .cosy C 1/ dy D 2t dt

and integrate to obtain

siny C y D t2 C C

whereC is an arbitrary constant. Sincey.2/ D 0, we have sin0C 0 D 4CC so thatC D �4 and the particular solution we seek is
siny C y D t2 � 4. To find values oft at whichy.t/ D �, we must solve sin� C � D t2 � 4, or t2 � 4 D �; thust D ˙

p
� C 4.

46. Assuming thaty.6/ D �=3, find an equation of the tangent line to the graph ofy.t/ at .6; �=3/.

SOLUTION At .6; �=3/, we have

�
cos

�

3
C 1

� dy
dt

D 2.6/ D 12 ) 3

2
y0 D 12

and hencey0 D 8. The tangent line has equation

.y � �=3/ D 8.x � 6/

In Exercises 47–52, use Eq. (4) and Torricelli’s Law [Eq. (5)].

47. Water leaks through a hole of area0:002 m2 at the bottom of a cylindrical tank that is filled with water and has height 3 m and
a base of area10 m2. How long does it take (a) for half of the water to leak out and (b) for the tank to empty?

SOLUTION Because the tank has a constant cross-sectional area of 10 m2 and the hole has an area of0:002 m2, the differential
equation for the height of the water in the tank is

dy

dt
D 0:002v

10
D 0:0002v:

By Torricelli’s Law,

v D �
p
2gy D �

p
19:6y;

usingg D 9:8 m=s2. Thus,

dy

dt
D �0:0002

p
19:6y D �0:0002

p
19:6 � p

y:

Separating variables and then integrating yields

y�1=2 dy D �0:0002
p
19:6 dt

2y1=2 D �0:0002
p
19:6t C C

Solving for y, we find

y.t/ D
�
C � 0:0001

p
19:6t

�2
:

Since the tank is originally full, we have the initial conditiony.0/ D 10, whence
p
10 D C . Therefore,

y.t/ D
�p

10 � 0:0001
p
19:6t

�2
:
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When half of the water is out of the tank,y D 1:5, so we solve:

1:5 D
�p

10 � 0:0001
p
19:6t

�2

for t , finding

t D 1

0:0002
p
19:6

.2
p
10 �

p
6/ � 4376:44 sec:

When all of the water is out of the tank,y D 0, so

p
10 � 0:0001

p
19:6t D 0 and t D

p
10

0:0001
p
19:6

� 7142:86 sec:

48. At t D 0, a conical tank of height 300 cm and top radius100 cm [Figure 1(A)] is filled with water. Water leaks through a hole
in the bottom of area3 cm2. Let y.t/ be the water level at timet .

(a) Show that the tank’s cross-sectional area at heighty isA.y/ D �
9 y

2.
(b) Find and solve the differential equation satisfied byy.t/

(c) How long does it take for the tank to empty?

(A)  Conical tank (B)  Horizontal tank

100 cm

300 cm

Hole Hole

15 m

Radius 4 m

y

y

FIGURE 1

SOLUTION

(a) By similar triangles, the radiusr at heighty satisfies

r

y
D 100

300
D 1

3
;

so r D y=3 and

A.y/ D �r2 D �

9
y2:

(b) The area of the hole isB D 3 cm2, so the differential equation for the height of the water in the tank becomes:

dy

dt
D �

3
p
19:6

p
y

A.y/
D �27

p
19:6

�
y�3=2:

Separating variables and integrating then yields

y3=2 dy D �27
p
19:6

�
dt

2

5
y5=2 D C � 27

p
19:6

�
t

Whent D 0, y D 300, so we findC D 2
5 .300/

5=2. Therefore,

y.t/ D
 
3005=2 � 135

p
19:6

2�
t

!2=5
:

(c) The tank is empty wheny D 0. Using the result from part (b),y D 0 when

t D 4000�
p
300

3
p
19:6

� 16;387:82 seconds:

Thus, it takes roughly 4 hours, 33 minutes for the tank to empty.



1090 C H A P T E R 9 INTRODUCTION TO DIFFERENTIAL EQUATIONS

49. The tank in Figure 1(B) is a cylinder of radius 4 m and height 15 m. Assume that the tank is half-filled with water and that
water leaks through a hole in the bottom of areaB D 0:001 m2. Determine the water levely.t/ and the timete when the tank is
empty.

SOLUTION When the water is at heighty over the bottom, the top cross section is a rectangle with length 15 m, and with width
x satisfying the equation:

.x=2/2 C .y � 4/2 D 16:

Thus,x D 2
p
8y � y2, and

A.y/ D 15x D 30

q
8y � y2:

With B D 0:001 m2 andv D �
p
2gy D �

p
19:6

p
y, it follows that

dy

dt
D �

0:001
p
19:6

p
y

30
p
8y � y2

D �0:001
p
19:6

30
p
8 � y

:

Separating variables and integrating then yields:

p
8 � y dy D �0:001

p
19:6

30
dt D �0:0001

p
19:6

3
dt

�2
3
.8 � y/3=2 D �0:0001

p
19:6

3
t C C

Whent D 0, y D 4, soC D �2
34
3=2 D �16

3 , and

�2
3
.8 � y/3=2 D �0:0001

p
19:6

3
t � 16

3

y.t/ D 8 �
 
0:0001

p
19:6

2
t C 8

!2=3
:

The tank is empty wheny D 0. Thus,te satisfies the equation

8 �
 
0:0001

p
19:6

2
t C 8

!2=3
D 0:

It follows that

te D 2.83=2 � 8/

0:0001
p
19:6

� 66;079:9 seconds:

50. A tank has the shape of the parabolay D x2, revolved around they-axis. Water leaks from a hole of areaB D 0:0005 m2 at
the bottom of the tank. Lety.t/ be the water level at timet . How long does it take for the tank to empty if it is initially filled to
heighty0 D 1 m.

SOLUTION When the water is at heighty, the surface of the water is a circle with radius
p
y, so the cross-sectional area is

A.y/ D �y. WithB D 0:0005 m andv D �
p
2gy D �

p
19:6

p
y, it follows that

dy

dt
D �

0:0005
p
19:6

p
y

A.y/
D �

0:0005
p
19:6

p
y

�y
D �0:0005

p
19:6

�
p
y

Separating variables and integrating yields

�y1=2 dy D �0:0005
p
19:6 dt

2

3
�y3=2 D �0:0005

p
19:6t C C

y3=2 D �0:00075
p
19:6

�
t C C

Sincey.0/ D 1, we haveC D 1, so that

y D
 
1 � 0:00075

p
19:6

�
t

!2=3

The tank is empty wheny D 0, so when1 � 0:00075
p
19:6

� t D 0 and thus

t D �

0:00075
p
19:6

� 946:15 s
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51. A tank has the shape of the parabolay D ax2 (wherea is a constant) revolved around they-axis. Water drains from a hole of
areaB m2 at the bottom of the tank.

(a) Show that the water level at timet is

y.t/ D
�
y
3=2
0 � 3aB

p
2g

2�
t

�2=3

wherey0 is the water level at timet D 0.

(b) Show that if the total volume of water in the tank has volumeV at timet D 0, theny0 D
p
2aV=� . Hint: Compute the volume

of the tank as a volume of rotation.

(c) Show that the tank is empty at time

te D
�

2

3B
p
g

� 
2�V 3

a

!1=4

We see that for fixed initial water volumeV , the timete is proportional toa�1=4. A large value ofa corresponds to a tall thin tank.
Such a tank drains more quickly than a short wide tank of the same initial volume.

SOLUTION

(a) When the water is at heighty, the surface of the water is a circle of radius
p
y=a, so that the cross-sectional area isA.y/ D

�y=a. With v D �
p
2gy D �

p
2g

p
y, we have

dy

dt
D �

B
p
2g

p
y

A
D �

aB
p
2g

p
y

�y
D �aB

p
2g

�
y�1=2

Separating variables and integrating gives

p
y dy D �aB

p
2g

�
dt

2

3
y3=2 D �aB

p
2g

�
t C C1

y3=2 D �3aB
p
2g

2�
t C C

Sincey.0/ D y0, we haveC D y
3=2
0 ; solving fory gives

y D
�
y
3=2
0 � 3aB

p
2g

2�
t

�2=3

(b) The volume of the tank can be computed as a volume of rotation. Using the disk method and applying it to the function
x D

p
y=a, we have

V D
Z y0

0
�

r
y

a

2

dy D �

a

Z y0

0
y dy D �

2a
y2
ˇ̌
ˇ̌
y0

0

D �

2a
y20

Solving for y0 gives

y0 D
p
2aV=�

(c) The tank is empty wheny D 0; this occurs when

y
3=2
0 � 3aB

p
2g

2�
t D 0

From part (b), we have

y
3=2
0 D

p
2aV=�

3=2 D ..2aV=�/1=2/3=2 D .2aV=�/3=4

so that

te D
2�y

3=2
0

3aB
p
2g

D 2�
4
p
8a3V 3

3�3=4B
4
p
a4

4
p
4
p
g

D 2�1=4
4
p
2V 3a�1

3B
p
g

D
�

2

3B
p
g

� 
2�V 3

a

!1=4
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52. A cylindrical tank filled with water has heighth and a base of areaA. Water leaks through a hole in the bottom of area
B.

(a) Show that the time required for the tank to empty is proportional toA
p
h=B.

(b) Show that the emptying time is proportional toV h�1=2, whereV is the volume of the tank.
(c) Two tanks have the same volume and a hole of the same size, but they have different heights and bases. Which tank empties
first: the taller or the shorter tank?

SOLUTION Torricelli’s law gives the differential equation for the height of the water in the tank as

dy

dt
D �

p
2g
B

p
y

A

Separating variables and integrating then yields:

y�1=2 dy D �
p
2g
B

A
dt

2y1=2 D �
p
2g
Bt

A
C C

y1=2 D �
p
g=2

Bt

A
C C

Whent D 0, y D h, soC D h1=2 and

y1=2 D
p
h �

p
g=2

Bt

A
:

(a) When the tank is empty,y D 0. Thus, the time required for the tank to empty,te, satisfies the equation

0 D
p
h �

p
g=2

Bte

A
:

It follows that

te D A

B

p
2h=g D

p
2=g

 
A

p
h

B

!
I

that is, the time required for the tank to empty is proportional toA
p
h=B.

(b) The volume of the tank isV D Ah; therefore

A
p
h

B
D 1

B

Vp
h
;

and

te D
p
2=g

 
A

p
h

B

!
D
p
2=g

B

�
Vp
h

�
I

that is, the time required for the tank to empty is proportional toV h�1=2.
(c) By part (b), withV andB held constant, the emptying time decreases with height. The taller tank therefore empties first.

53. Figure 2 shows a circuit consisting of a resistor ofR ohms, a capacitor ofC farads, and a battery of voltageV . When the circuit
is completed, the amount of chargeq.t/ (in coulombs) on the plates of the capacitor varies according to the differential equation (t

in seconds)

R
dq

dt
C 1

C
q D V

whereR, C , andV are constants.

(a) Solve forq.t/, assuming thatq.0/ D 0.
(b) Show that lim

t!1
q.t/ D CV .

(c) Show that the capacitor charges to approximately 63% of its final valueCV after a time period of length� D RC (� is called
the time constant of the capacitor).

V C

R

FIGURE 2 AnRC circuit.
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SOLUTION

(a) Upon rearranging the terms of the differential equation, we have

dq

dt
D �q � CV

RC
:

Separating the variables and integrating both sides, we obtain

dq

q � CV
D � dt

RC

Z
dq

q � CV
D �

Z
dt

RC

and

ln jq � CV j D � t

RC
C k;

wherek is an arbitrary constant. Solving forq.t/ yields

q.t/ D CV CKe� 1
RC

t ;

whereK D ˙ek . We use the initial conditionq.0/ D 0 to solve forK:

0 D CV CK ) K D �CV

so that the particular solution is

q.t/ D CV.1 � e� 1
RC

t /

(b) Using the result from part (a), we calculate

lim
t!1

q.t/ D lim
t!1

CV.1� e� 1
RC

t / D CV.1 � lim
t!1

1 � e� 1
RC

t / D CV:

(c) We have

q.�/ D q.RC/ D CV.1 � e� 1
RC

RC / D CV.1� e�1/ � 0:632CV:

54. Assume in the circuit of Figure 2 thatR D 200 �, C D 0:02 F, andV D 12 V. How many seconds does it take for the charge
on the capacitor plates to reach half of its limiting value?

SOLUTION From Exercise 53, we know that

q.t/ D CV
�
1 � e�t=.RC/

�
D 0:24.1 � e�t=4/;

and the limiting value ofq.t/ isCV D 0:24. If the charge on the capacitor plates has reached half its limiting value, then

0:24

2
D 0:24.1 � e�t=4/

1 � e�t=4 D 1=2

e�t=4 D 1=2

t D 4 ln 2

Therefore, the charge on the capacitor plates reaches half of its limiting value after4 ln 2 � 2:773 seconds.

55. According to one hypothesis, the growth ratedV=dt of a cell’s volumeV is proportional to its surface areaA.

SinceV has cubic units such as cm3 andA has square units such as cm2, we may assume roughly thatA / V 2=3, and hence
dV=dt D kV 2=3 for some constantk. If this hypothesis is correct, which dependence of volume on time would we expect to see
(again, roughly speaking) in the laboratory?
(a) Linear (b) Quadratic (c) Cubic

SOLUTION Rewrite

dV

dt
D kV 2=3 as V �2=3 dv D k dt;

and then integrate both sides to obtain

3V 1=3 D kt C C

V D .kt=3C C/3:

Thus, we expect to seeV increasing roughly like the cube of time.
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56. We might also guess that the volumeV of a melting snowball decreases at a rate proportional to its surface area. Argue as in
Exercise 55 to find a differential equation satisfied byV . Suppose the snowball has volume 1000 cm3 and that it loses half of its
volume after 5 min. According to this model, when will the snowball disappear?

SOLUTION Since the volume is decreasing, we write (as in Exercise 55)V 0 D �kV 2=3 wherek is positive, soV.t/ D .C �
kt=3/3. V.0/ D 1000 implies thatC D 10 soV.t/ D .10 � kt=3/3. Since it loses half of its volume after5 minutes, we have
V.5/ D 1

2V.0/, so that

.10 � 5k=3/3 D 500 so that k D 6 � 3 � 22=3 � 1:2378

and finally the equation is

V.t/ D
�
10 � 1:2378t

3

�3

The snowball is melted when its volume is zero, so when

10 � 1:2378t

3
D 0 ) t D 30

1:2378
� 24:24 minutes

57. In general,.fg/0 is not equal tof 0g0, but letf .x/ D e3x and find a functiong.x/ such that.fg/0 D f 0g0. Do the same for
f .x/ D x.

SOLUTION If .fg/0 D f 0g0, we have

f 0.x/g.x/C g0.x/f .x/ D f 0.x/g0.x/

g0.x/.f .x/� f 0.x// D �g.x/f 0.x/

g0.x/
g.x/

D f 0.x/
f 0.x/� f .x/

Now, letf .x/ D e3x . Thenf 0.x/ D 3e3x and

g0.x/
g.x/

D 3e3x

3e3x � e3x
D 3

2
:

Integrating and solving forg.x/, we find

dg

g
D 3

2
dx

ln jgj D 3

2
x C C

g.x/ D Ae.3=2/x ;

whereA D ˙eC is an arbitrary constant.
If f .x/ D x, thenf 0.x/ D 1, and

g0.x/
g.x/

D 1

1 � x :

Thus,

dg

g
D 1

1 � x dx

ln jgj D � ln j1 � xj C C

g.x/ D A

1 � x ;

whereA D ˙eC is an arbitrary constant.

58. A boy standing at pointB on a dock holds a rope of length̀attached to a boat at pointA [Figure 3(A)]. As the boy walks
along the dock, holding the rope taut, the boat moves along a curve called atractrix (from the Latintractus, meaning “to pull”).
The segment from a pointP on the curve to thex-axis along the tangent line has constant length`. Let y D f .x/ be the equation
of the tractrix.

(a) Show thaty2 C .y=y0/2 D `2 and concludey0 D � yp
`2 � y2

. Why must we choose the negative square root?

(b) Prove that the tractrix is the graph of

x D ` ln

 
`C

p
`2 � y2

y

!
�
q
`2 � y2
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x

A

B
Dock

,

,

x

A

f (x)

P = (x, f(x))

f (x)

f ' (x)

x

−

FIGURE 3

SOLUTION

(a) From the diagram on the right in Figure 3, we see that

f .x/2 C
�

� f .x/

f 0.x/

�2
D `2:

If we let y D f .x/, this last equation reduces toy2 C .y=y0/2 D `2. Solving fory0, we find

y0 D � yp
`2 � y2

;

where we must choose the negative sign becausey is a decreasing function ofx.
(b) Rewrite

dy

dx
D � yp

`2 � y2
as

p
`2 � y2
y

dy D �dx;

and then integrate both sides to obtain

�x C C D
Z p

`2 � y2

y
dy:

For the remaining integral, we use the trigonometric substitutiony D ` sin� , dy D ` cos� d� . Then

Z p
`2 � y2

y
dy D `

Z
cos2 �

sin�
d� D `

Z
1 � sin2 �

sin�
d� D `

Z
.csc� � sin�/ d�

D ` Œln j csc� � cot� j C cos��C C D ` ln

 
`

y
�
p
`2 � y2
y

!
C
q
`2 � y2 C C

Therefore,

x D �` ln

 
`�

p
`2 � y2

y

!
�
q
`2 � y2 C C D ` ln

 
y

` �
p
`2 � y2

!
�
q
`2 � y2 C C

D ` ln

 
`C

p
`2 � y2

y

!
�
q
`2 � y2 C C

Now, whenx D 0, y D `, so we findC D 0. Finally, the equation for the tractrix is

x D ` ln

 
`C

p
`2 � y2
y

!
�
q
`2 � y2:

59. Show that the differential equationsy0 D 3y=x andy0 D �x=3y defineorthogonal families of curves; that is, the graphs
of solutions to the first equation intersect the graphs of the solutions to the second equation in right angles (Figure 4). Find these
curves explicitly.

x

y

FIGURE 4 Two orthogonal families of curves.
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SOLUTION Let y1 be a solution toy0 D 3y
x and lety2 be a solution toy0 D � x

3y . Suppose these two curves intersect at a point

.x0; y0/. The line tangent to the curvey1.x/ at .x0; y0/ has a slope of3y0
x0

and the line tangent to the curvey2.x/ has a slope of

� x0
3y0

. The slopes are negative reciprocals of one another; hence the tangent lines are perpendicular.

Separation of variables and integration applied toy0 D 3y
x gives

dy

y
D 3

dx

x

ln jyj D 3 ln jxj C C

y D Ax3

On the other hand, separation of variables and integration applied toy0 D � x
3y gives

3y dy D �x dx

3y2=2 D �x2=2C C

y D ˙
q
C � x2=3

60. Find the family of curves satisfyingy0 D x=y and sketch several members of the family. Then find the differential equation
for the orthogonal family (see Exercise 59), find its general solution, and add some members of this orthogonal family to your plot.

SOLUTION Separation of variables and integration applied toy0 D x=y gives

y dy D x dx

1

2
y2 D 1

2
x2 C C

y D ˙
p
x2 C C

If y.x/ is a curve of the family orthogonal to these, it must have tangent lines of slope�y=x at every point.x; y/. This gives

y0 D �y=x

Separation of variables and integration give

dy

y
D �dx

x

ln jyj D � ln jxj C C

y D A

x

Several solution curves of both differential equations appear below:

–1 1

–1

"

61. A 50-kg model rocket lifts off by expelling fuel downward at a rate ofk D 4:75 kg/s for 10 s. The fuel leaves the end of the
rocket with an exhaust velocity ofb D �100 m/s. Letm.t/ be the mass of the rocket at timet . From the law of conservation of
momentum, we find the following differential equation for the rocket’s velocityv.t/ (in meters per second):

m.t/v0.t/ D �9:8m.t/C b
dm

dt

(a) Show thatm.t/ D 50 � 4:75t kg.

(b) Solve forv.t/ and compute the rocket’s velocity at rocket burnout (after 10 s).

SOLUTION

(a) For0 � t � 10, the rocket is expelling fuel at a constant rate of4:75 kg=s, givingm0.t/ D �4:75. Hence,m.t/ D �4:75t CC .
Initially, the rocket has a mass of 50 kg, soC D 50. Therefore,m.t/ D 50 � 4:75t .
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(b) Withm.t/ D 50 � 4:75t and
dm

dt
D �4:75, the equation forv becomes

dv

dt
D �9:8C

b dm
dt

50 � 4:75t D �9:8C .�100/.�4:75/
50 � 4:75t

and therefore

v.t/ D �9:8t C 100

Z
4:75 dt

50 � 4:75t
D �9:8t � 100 ln.50 � 4:75t/C C

Becausev.0/ D 0, we findC D 100 ln 50 and

v.t/ D �9:8t � 100 ln.50 � 4:75t/C 100 ln.50/:

After 10 seconds the velocity is:

v.10/ D �98 � 100 ln.2:5/C 100 ln.50/ � 201:573 m=s:

62. Letv.t/ be the velocity of an object of massm in free fall near the earth’s surface. If we assume that air resistance is proportional
to v2, thenv satisfies the differential equationmdv

dt
D �g C kv2 for some constantk > 0.

(a) Set˛ D .g=k/1=2 and rewrite the differential equation as

dv

dt
D � k

m
.˛2 � v2/

Then solve using separation of variables with initial conditionv.0/ D 0.

(b) Show that the terminal velocity lim
t!1

v.t/ is equal to�˛.

SOLUTION

(a) Let ˛ D .g=k/1=2. Then

dv

dt
D � g

m
C k

m
v2 D � k

m

�g
k

� v2
�

D � k

m

�
˛2 � v2

�

Separating variables and integrating yields
Z

dv

˛2 � v2
D � k

m

Z
dt D � k

m
t C C

We now use partial fraction decomposition for the remaining integral to obtain
Z

dv

˛2 � v2
D 1

2˛

Z � 1

˛ C v
C 1

˛ � v

�
dv D 1

2˛
ln
ˇ̌
ˇ˛ C v

˛ � v

ˇ̌
ˇ

Therefore,

1

2˛
ln

ˇ̌
ˇ̌˛ C v

˛ � v

ˇ̌
ˇ̌ D � k

m
t C C:

The initial conditionv.0/ D 0 allows us to determine the value ofC :

1

2˛
ln

ˇ̌
ˇ̌˛ C 0

˛ � 0

ˇ̌
ˇ̌ D � k

m
.0/C C

C D 1

2˛
ln1 D 0:

Finally, solving forv, we find

v.t/ D �˛
 
1 � e�2.

p
gk=m/t

1C e�2.
p
gk=m/t

!
:

(b) As t ! 1, e�2.
p
gk=m/t ! 0, so

v.t/ ! �˛
�
1 � 0
1C 0

�
D �˛:
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63. If a bucket of water spins about a vertical axis with constant angular velocity! (in radians per second), the water climbs up
the side of the bucket until it reaches an equilibrium position (Figure 5). Two forces act on a particle located at a distancex from
the vertical axis: the gravitational force�mg acting downward and the force of the bucket on the particle (transmitted indirectly
through the liquid) in the direction perpendicular to the surface of the water. These two forces must combine to supply a centripetal
forcem!2x, and this occurs if the diagonal of the rectangle in Figure 5 is normal to the water’s surface (that is, perpendicular to
the tangent line). Prove that ify D f .x/ is the equation of the curve obtained by taking a vertical cross section through the axis,
then�1=y0 D �g=.!2x/. Show thaty D f .x/ is a parabola.

mg

m  2x

x
x

y

y = f(x)

FIGURE 5

SOLUTION At any point along the surface of the water, the slope of the tangent line is given by the value ofy0 at that point;
hence, the slope of the line perpendicular to the surface of the water is given by�1=y0. The slope of the resultant force generated
by the gravitational force and the centrifugal force is

�mg
m!2x

D � g

!2x
:

Therefore, the curve obtained by taking a vertical cross-section of the water surface is determined by the equation

� 1

y0 D � g

!2x
or y0 D !2

g
x:

Performing one integration yields

y D f .x/ D !2

2g
x2 C C;

whereC is a constant of integration. Thus,y D f .x/ is a parabola.

Further Insights and Challenges

64. In Section 6.2, we computed the volumeV of a solid as the integral of cross-sectional area. Explain this formula in
terms of differential equations. LetV.y/ be the volume of the solid up to heighty, and letA.y/ be the cross-sectional area at height
y as in Figure 6.

(a) Explain the following approximation for small�y:

V.y C�y/ � V.y/ � A.y/�y 8

(b) Use Eq. (8) to justify the differential equationdV =dy D A.y/. Then derive the formula

V D
Z b

a
A.y/ dy

x

y

Volume of slice is
V(y + ∆y) − V(y) ≈ A(y)∆y

Area of cross section
is A(y)y + ∆y

y0 = a

y

b

FIGURE 6
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SOLUTION

(a) If �y is very small, then the slice betweeny andy C�y is very similar to theprismformed by thickening the cross-sectional
areaA.y/ by a thickness of�y. A prism with cross-sectional areaA and height�y has volumeA�y. This gives

V.y C�y/ � V.y/ � A.y/�y:

(b) Dividing Eq. (8) by�y, we obtain

V.y C�y/ � V.y/
�y

� A.y/:

In the limit as�y ! 0, this becomes

dV

dy
D A.y/:

Integrating this last equation yields

V D
Z b

a
A.y/ dy:

65. A basic theorem states that alinear differential equation of ordern has a general solution that depends onn arbitrary constants.
There are, however, nonlinear exceptions.

(a) Show that.y0/2 C y2 D 0 is a first-order equation with only one solutiony D 0.
(b) Show that.y0/2 C y2 C 1 D 0 is a first-order equation with no solutions.

SOLUTION

(a) .y0/2 C y2 � 0 and equals zero if and only ify0 D 0 andy D 0

(b) .y0/2 C y2 C 1 � 1 > 0 for all y0 andy, so.y0/2 C y2 C 1 D 0 has no solution

66. Show thaty D Cerx is a solution ofy00 C ay0 C by D 0 if and only if r is a root ofP.r/ D r2 C ar C b. Then verify directly
thaty D C1e

3x C C2e
�x is a solution ofy00 � 2y0 � 3y D 0 for any constantsC1; C2.

SOLUTION Let y.x/ D Cerx . Theny0 D rCerx , andy00 D r2Cerx . Thus

y00 C ay0 C by D r2Cerx C arCerx C bCerx D Cerx
�
r2 C ar C b

�
D CerxP.r/:

Hence,Cerx is a solution of the differential equationy00 C ay0 C by D 0 if and only if P.r/ D 0. Now, lety.x/ D C1e
3x C

C2e
�x . Then

y0.x/ D 3C1e
3x � C2e

�x

y00.x/ D 9C1e
3x C C2e

�x

and

y00 � 2y0 � 3y D 9C1e
3x C C2e

�x � 6C1e
3x C 2C2e

�x � 3C1e
3x � 3C2e�x

D .9 � 6 � 3/C1e
3x C .1C 2 � 3/ C2e

�x D 0:

67. A spherical tank of radiusR is half-filled with water. Suppose that water leaks through a hole in the bottom of areaB. Lety.t/
be the water level at timet (seconds).

(a) Show that
dy

dt
D

�
p
2gB

p
y

�.2Ry � y2/
.

(b) Show that for some constantC ,

2�

15B
p
2g

�
10Ry3=2 � 3y5=2

�
D C � t

(c) Use the initial conditiony.0/ D R to computeC , and show thatC D te, the time at which the tank is empty.
(d) Show thatte is proportional toR5=2 and inversely proportional toB.

SOLUTION

(a) At heighty above the bottom of the tank, the cross section is a circle of radius

r D
q
R2 � .R � y/2 D

q
2Ry � y2:

The cross-sectional area function is thenA.y/ D �.2Ry � y2/. The differential equation for the height of the water in the tank is
then

dy

dt
D �

p
2gB

p
y

�.2Ry � y2/

by Torricelli’s law.
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(b) Rewrite the differential equation as

�p
2gB

�
2Ry1=2 � y3=2

�
dy D �dt;

and then integrate both sides to obtain

2�p
2gB

�
2

3
Ry3=2 � 1

5
y5=2

�
D C � t;

whereC is an arbitrary constant. Simplifying gives

2�

15B
p
2g
.10Ry3=2 � 3y5=2/ D C � t (*)

(c) From Equation (*) we see thaty D 0 whent D C . It follows thatC D te, the time at which the tank is empty. Moreover, the
initial conditiony.0/ D R allows us to determine the value ofC :

2�

15B
p
2g
.10R5=2 � 3R5=2/ D 14�

15B
p
2g
R5=2 D C

(d) From part (c),

te D 14�

15
p
2g

� R
5=2

B
;

from which it is clear thatte is proportional toR5=2 and inversely proportional toB.

9.2 Models Involving y 0
D k. y � b/

Preliminary Questions
1. Write down a solution toy0 D 4.y � 5/ that tends to�1 ast ! 1.

SOLUTION The general solution isy.t/ D 5 C Ce4t for any constantC ; thus the solution tends to�1 ast ! 1 whenever
C < 0. One specific example isy.t/ D 5 � e4t .

2. Doesy0 D �4.y � 5/ have a solution that tends to1 ast ! 1?

SOLUTION The general solution isy.t/ D 5 C Ce�4t for any constantC . As t ! 1, y.t/ ! 5. Thus, there is no solution of
y0 D �4.y � 5/ that tends to1 ast ! 1.

3. True or false? Ifk > 0, then all solutions ofy0 D �k.y � b/ approach the same limit ast ! 1.

SOLUTION True. The general solution ofy0 D �k.y � b/ is y.t/ D b C Ce�kt for any constantC . If k > 0, theny.t/ ! b as
t ! 1.

4. As an object cools, its rate of cooling slows. Explain how this follows from Newton’s Law of Cooling.

SOLUTION Newton’s Law of Cooling states thaty0 D �k.y � T0/ wherey.t/ is the temperature andT0 is the ambient temper-
ature. Thus asy.t/ gets closer toT0, y0.t/, the rate of cooling, gets smaller and the rate of cooling slows.

Exercises
1. Find the general solution ofy0 D 2.y � 10/. Then find the two solutions satisfyingy.0/ D 25 andy.0/ D 5, and sketch their

graphs.

SOLUTION The general solution ofy0 D 2.y � 10/ isy.t/ D 10CCe2t for any constantC . If y.0/ D 25, then10CC D 25, or
C D 15; therefore,y.t/ D 10C 15e2t . On the other hand, ify.0/ D 5, then10CC D 5, orC D �5; therefore,y.t/ D 10� 5e2t .
Graphs of these two functions are given below.

y

x

200

400

600

800

1.5

y(0) = 25

10.5

x

y

−50

−100

−150

−200

−250

y(0) = 5

1.510.5
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2. Verify directly thaty D 12 C Ce�3t satisfiesy0 D �3.y � 12/ for all C . Then find the two solutions satisfyingy.0/ D 20

andy.0/ D 0, and sketch their graphs.

SOLUTION The general solution ofy0 D �3.y � 12/ is y.t/ D 12C Ce�3t for any constantC . If y.0/ D 20, then12C C D
20, or C D 8; therefore,y.t/ D 12 C 8e�3t . On the other hand, ify.0/ D 0, then12 C C D 0, or C D �12; therefore,
y.t/ D 12 � 12e�3t . Graphs of these two functions are given below.

0.5

5

10

15

20

y

x
1.0 1.5 2.0 2.5 3.0

y(t) = 12 + 8e−3t

y(t) = 12 − 12e−3t

3. Solvey0 D 4y C 24 subject toy.0/ D 5.

SOLUTION Rewrite

y0 D 4y C 24 as
1

4y C 24
dy D 1 dt

Integrating gives

1

4
ln j4y C 24j D t C C

ln j4y C 24j D 4t C C

4y C 24 D ˙e4tCC

y D Ae4t � 6

whereA D ˙eC =4 is any constant. Sincey.0/ D 5 we have5 D A � 6 so thatA D 11, and the solution isy D 11e4t � 6.

4. Solvey0 C 6y D 12 subject toy.2/ D 10.

SOLUTION Rewrite

y0 C 6y D 12 as
dy

dt
D 12 � 6y and then as

1

12 � 6y dy D 1 dt

Integrate both sides:

�1
6

ln j12 � 6yj D t C C

ln j12 � 6yj D �6t C C

12 � 6y D ˙e�6tCC

y D Ae�6t C 2

whereA D ˙eC =6 is any constant. Sincey.2/ D 10 we have10 D Ae�12 C 2 so thatA D 8e12, and the solution isy D
8e12�6t C 2.

In Exercises 5–12, use Newton’s Law of Cooling.

5. A hot anvil with cooling constantk D 0:02 s�1 is submerged in a large pool of water whose temperature is10ıC. Lety.t/ be
the anvil’s temperaturet seconds later.

(a) What is the differential equation satisfied byy.t/?

(b) Find a formula fory.t/, assuming the object’s initial temperature is100ıC.

(c) How long does it take the object to cool down to20ı?

SOLUTION

(a) By Newton’s Law of Cooling, the differential equation is

y0 D �0:02.y � 10/
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(b) Separating variables gives

1

y � 10 dy D �0:02 dt

Integrate to get

ln jy � 10j D �0:02t C C

y � 10 D ˙e�0:02tCC

y D 10C Ae�0:02t

whereA D ˙eC is a constant. Since the initial temperature is100ıC, we havey.0/ D 100 D 10 C A so thatA D 90, and
y D 10C 90e�0:02t .
(c) We must find the value oft such thaty.t/ D 20, so we need to solve20 D 10C 90e�0:02t . Thus

10 D 90e�0:02t ) 1

9
D e�0:02t ) � ln 9 D �0:02t ) t D 50 ln 9 � 109:86 s

6. Frank’s automobile engine runs at100ıC. On a day when the outside temperature is21ıC, he turns off the ignition and notes
that five minutes later, the engine has cooled to70ıC.

(a) Determine the engine’s cooling constantk.

(b) What is the formula fory.t/?

(c) When will the engine cool to40ıC?

SOLUTION

(a) The differential equation is

y0 D �k.y � 21/

Rewriting gives
1

y � 21
dy D �k dt . Integrate to get

ln jy � 21j D �kt C C

y � 21 D ˙eC�kt

y D 21C Ae�kt

whereA D ˙eC is a constant. The initial temperature is100ıC, soy.0/ D 100. Thus100 D 21 C A andA D 79, so that
y D 21C 79e�kt . The second piece of information tells us thaty.5/ D 70 D 21C 79e�5k . Solving fork gives

k D �1
5

ln
49

79
� 0:0955

(b) From part (b), the equation isy D 21C 79e�0:0955t .
(c) The engine has cooled to40ıC wheny.t/ D 40; solving gives

40 D 21C 79e�0:0955t ) e�0:0955t D 19

79
) t D � 1

0:0955
ln
19

79
� 14:92 m

7. At 10:30 AM , detectives discover a dead body in a room and measure its temperature at26ıC. One hour later, the body’s
temperature had dropped to24:8ıC. Determine the time of death (when the body temperature was a normal37ıC), assuming that
the temperature in the room was held constant at20ıC.

SOLUTION Let t D 0 be the time when the person died, and lett0 denote 10:30AM . The differential equation satisfied by the
body temperature,y.t/, is

y0 D �k.y � 20/

by Newton’s Law of Cooling. Separating variables gives
1

y � 20
dy D �k dt . Integrate to get

ln jy � 20j D �kt C C

y � 20 D ˙e�ktCC

y D 20C Ae�kt
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whereA D ˙eC is a constant. Since normal body temperature is37ıC, we havey.0/ D 37 D 20 C A so thatA D 17. To
determinek, note that

26 D 20C 17e�kt0 and 24:8 D 20C 17e�k.t0C1/

kt0 D � ln
6

17
kt0 C k D � ln

4:8

17

Subtracting these equations gives

k D ln
6

17
� ln

4:8

17
D ln

6

4:8
� 0:223

We thus have

y D 20C 17e�0:223t

as the equation for the body temperature at timet . Sincey.t0/ D 26, we have

26 D 20C 17e�0:223t ) e�0:223t D 6

17
) t D � 1

0:223
ln
6

17
� 4:667 h

so that the time of death was approximately4 hours and40 minutes ago.

8. A cup of coffee with cooling constantk D 0:09 min�1 is placed in a room at temperature20ıC.

(a) How fast is the coffee cooling (in degrees per minute) when its temperature isT D 80ıC?
(b) Use the Linear Approximation to estimate the change in temperature over the next 6 s whenT D 80ıC.
(c) If the coffee is served at90ıC, how long will it take to reach an optimal drinking temperature of65ıC?

SOLUTION

(a) According to Newton’s Law of Cooling, the coffee will cool at the ratek.T � T0/, wherek is the cooling constant of the
coffee,T is the current temperature of the coffee andT0 is the temperature of the surroundings. Withk D 0:09 min�1, T D 80ıC
andT0 D 20ıC, the coffee is cooling at the rate

0:09.80 � 20/ D 5:4ıC/min:

(b) Using the result from part (a) and the Linear Approximation, we estimate that the coffee will cool

.5:4ıC/min/.0:1 min/ D 0:54ıC

over the next 6 seconds.
(c) With T0 D 20ıC and an initial temperature of90ıC, the temperature of the coffee at any timet is T .t/ D 20 C 70e�0:09t .
Solving20C 70e�0:09t D 65 for t yields

t D � 1

0:09
ln
�
45

70

�
� 4:91 minutes:

9. A cold metal bar at�30ıC is submerged in a pool maintained at a temperature of40ıC. Half a minute later, the temperature of
the bar is20ıC. How long will it take for the bar to attain a temperature of30ıC?

SOLUTION With T0 D 40ıC, the temperature of the bar is given byF.t/ D 40C Ce�kt for some constantsC andk. From the

initial condition,F.0/ D 40C C D �30, soC D �70. After 30 seconds,F.30/ D 40 � 70e�30k D 20, so

k D � 1

30
ln
�
20

70

�
� 0:0418 seconds�1:

To attain a temperature of30ıC we must solve40 � 70e�0:0418t D 30 for t . This yields

t D
ln
�
10
70

�

�0:0418 � 46:55 seconds:

10. When a hot object is placed in a water bath whose temperature is25ıC, it cools from100ıC to50ıC in 150 s. In another bath,
the same cooling occurs in 120 s. Find the temperature of the second bath.

SOLUTION With T0 D 25ıC, the temperature of the object is given byF.t/ D 25C Ce�kt for some constantsC andk. From

the initial condition,F.0/ D 25C C D 100, soC D 75. After 150 seconds,F.150/ D 25C 75e�150k D 50, so

k D � 1

150
ln

�
25

75

�
� 0:0073 seconds�1:

If we place the same object with a temperature of 100ıC into a second bath whose temperature isT0, then the temperature of the
object is given by

F.t/ D T0 C .100 � T0/e
�0:0073t :
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To cool from100ıC to50ıC in 120 seconds,T0 must satisfy

T0 C .100 � T0/e
�0:0073.120/ D 50:

Thus,T0 D 14:32ıC.

11. ObjectsA andB are placed in a warm bath at temperatureT0 D 40ıC. ObjectA has initial temperature�20ıC and
cooling constantk D 0:004 s�1. ObjectB has initial temperature0ıC and cooling constantk D 0:002 s�1. Plot the temperatures
of A andB for 0 � t � 1000. After how many seconds will the objects have the same temperature?

SOLUTION With T0 D 40ıC, the temperature ofA andB are given by

A.t/ D 40C CAe
�0:004t B.t/ D 40C CBe

�0:002t

SinceA.0/ D �20 andB.0/ D 0, we have

A.t/ D 40 � 60e�0:004t B.t/ D 40 � 40e�0:002t

The two objects will have the same temperature wheneverA.t/ D B.t/, so we must solve

40 � 60e�0:004t D 40 � 40e�0:002t ) 3e�0:004t D 2e�0:002t

Take logs to get

�0:004t C ln 3 D �0:002t C ln 2 ) t D ln 3� ln 2

0:002
� 202:7 s

or about3 minutes22 seconds.

−20

−10

0
100 200 300

40 − 40e
−0.002t

40 − 60e
−0.004t

400

10

20

y

t

12. In Newton’s Law of Cooling, the constant� D 1=k is called the “characteristic time.” Show that� is the time required for the
temperature difference.y � T0/ to decrease by the factore�1 � 0:37. For example, ify.0/ D 100ıC andT0 D 0ıC, then the
object cools to100=e � 37ıC in time� , to 100=e2 � 13:5ıC in time2� , and so on.

SOLUTION If y0 D �k.y � T0/, theny.t/ D T0 C Ce�kt . But then

y.t C �/ � T0

y.t/� T0
D Ce�k.tC�/

Ce�kt D e�k� D e�k�1=k D e�1

Thus after time� starting from any timet , the temperature difference will have decreased by a factor ofe�1.

In Exercises 13–16, use Eq. (3) as a model for free-fall with air resistance.

13. A 60-kg skydiver jumps out of an airplane. What is her terminal velocity, in meters per second, assuming thatk D 10 kg/s for
free-fall (no parachute)?

SOLUTION The free-fall terminal velocity is

�gm
k

D �9:8.60/
10

D �58:8 m=s:

14. Find the terminal velocity of a skydiver of weightw D 192 lb if k D 1:2 lb-s/ft. How long does it take him to reach half
of his terminal velocity if his initial velocity is zero? Mass and weight are related byw D mg, and Eq. (3) becomesv0 D
�.kg=w/.v C w=k/ with g D 32 ft/s2.

SOLUTION The skydiver’s velocityv.t/ satisfies the differential equation

v0 D �kg
w

�
v C w

k

�
;

where

kg

w
D .1:2/.32/

192
D 0:2 sec�1 and

w

k
D 192

1:2
D 160 ft=sec:
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The general solution to this equation isv.t/ D �160 C Ce�0:2t , for some constantC . From the initial conditionv.0/ D 0, we
find 0 D �160C C , orC D 160. Therefore,

v.t/ D �160C 160e�0:2t D �160.1 � e�0:2t /:

Now, the terminal velocity of the skydiver is

lim
t!1

v.t/ D lim
t!1

�160.1 � e�0:2t / D �160 ft=sec:

To determine how long it takes for the skydiver to reach half this terminal velocity, we must solve the equationv.t/ D �80 for t :

�160.1 � e�0:2t / D �80

1 � e�0:2t D 1

2

e�0:2t D 1

2

t D � 1

0:2
ln
1

2
� 3:47 sec:

15. A 80-kg skydiver jumps out of an airplane (with zero initial velocity). Assume thatk D 12 kg/s with a closed parachute and
k D 70 kg/s with an open parachute. What is the skydiver’s velocity att D 25 s if the parachute opens after 20 s of free fall?

SOLUTION We first compute the skydiver’s velocity after20 s of free fall, then use that as the initial velocity to calculate her
velocity after an additional5 s of restrained fall. We havem D 80 andg D 9:8; for free fall,k D 12, so

k

m
D 12

80
D 0:15;

�mg
k

D �80 � 9:8
12

� �65:33

The general solution is thusv.t/ D �65:33C Ce�0:15t . Sincev.0/ D 0, we haveC D 65:33, so that

v.t/ D �65:33.1 � e�0:15t /

After 20 s of free fall, the diver’s velocity is thus

v.20/ D �65:33.1 � e�0:15�20/ � �62:08 m/s

Once the parachute opens,k D 70, so

k

m
D 70

80
D 0:875;

mg

k
D 80 � 9:8

70
D 11:2

so that the general solution for the restrained fall model isvr .t/ D �11:2 C Ce�0:875t . Herevr .0/ D �62:08, so thatC D
11:2 � 62:08 D �50:88 andvr .t/ D �11:20 � 50:88e�0:875t . After 5 additional seconds, the diver’s velocity is therefore

vr .5/ D �11:20 � 50:88e�0:875�5 � �11:84 m/s

16. Does a heavier or a lighter skydiver reach terminal velocity faster?

SOLUTION The velocity of a skydiver is

v.t/ D �gm
k

C Ce�kt=m:

Asm decreases, the fraction�k=m becomes more negative ande�.k=m/t approaches zero more rapidly. Thus, a lighter skydiver
approaches terminal velocity faster.

17. A continuous annuity with withdrawal rateN D $5000/year and interest rater D 5% is funded by an initial deposit of
P0 D $50;000.

(a) What is the balance in the annuity after 10 years?

(b) When will the annuity run out of funds?

SOLUTION

(a) From Equation 7, the value of the annuity is given by

P.t/ D 5000

0:05
C Ce0:05t D 100;000C Ce0:05t

for some constantC . SinceP.0/ D 50;000, we haveC D �50;000 andP.t/ D 100;000� 50;000e0:05t . After ten years, then, the
balance in the annuity is

P.10/ D 100;000 � 50;000e0:05�10 D 100;000 � 50;000e0:5 � $17;563:94
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(b) The annuity will run out of funds whenP.t/ D 0:

0 D 100;000 � 50;000e0:05t ) e0:05t D 2 ) t D ln 2

0:05
� 13:86

The annuity will run out of funds after approximately13 years10 months.

18. Show that a continuous annuity with withdrawal rateN D $5000/year and interest rater D 8%, funded by an initial deposit
of P0 D $75;000, never runs out of money.

SOLUTION LetP.t/ denote the balance of the annuity at timet measured in years. Then

P.t/ D N

r
C Cert D 5000

0:08
C Ce0:08t D 62500C Ce0:08t

for some constantC . If P0 D 75;000, then75;000 D 62;500 C C andC D 12;500. Thus,P.t/ D 62;500 C 12;500e0:08t . As
t ! 1, P.t/ ! 1, so the annuity lives forever. Note the annuity will live forever for anyP0 � $62;500.

19. Find the minimum initial depositP0 that will allow an annuity to pay out $6000/year indefinitely if it earns interest at a rate of
5%.

SOLUTION LetP.t/ denote the balance of the annuity at timet measured in years. Then

P.t/ D N

r
C Cert D 6000

0:05
C Ce0:05t D 120;000C Ce0:05t

for some constantC . To fund the annuity indefinitely, we must haveC � 0. If the initial deposit isP0, thenP0 D 120;000 C C

andC D P0 � 120;000. Thus, to fund the annuity indefinitely, we must haveP0 � $120;000.

20. Find the minimum initial depositP0 necessary to fund an annuity for 20 years if withdrawals are made at a rate of $10;000/year
and interest is earned at a rate of7%.

SOLUTION LetP.t/ denote the balance of the annuity at timet measured in years. Then

P.t/ D N

r
C Cert D 10;000

0:07
C Ce0:07t D 142;857:14C Ce0:07t

for some constantC . If the initial deposit isP0, thenP0 D 142;857:14 C C andC D 142;857:14 � P0. To fund the annuity for
20 years, we need

P.20/ D 142;857:14 C .P0 � 142;857:14/e0:07.20/ � 0:

Hence,

P0 � 142;857:14.1 � e�1:4/ D $107;629:00:

21. An initial deposit of100;000 euros are placed in an annuity with a French bank. What is the minimum interest rate the annuity
must earn to allow withdrawals at a rate of8000 euros/year to continue indefinitely?

SOLUTION LetP.t/ denote the balance of the annuity at timet measured in years. Then

P.t/ D N

r
C Cert D 8000

r
C Cert

for some constantC . To fund the annuity indefinitely, we needC � 0. If the initial deposit is 100,000 euros, then100;000 D
8000
r C C andC D 100;000 � 8000

r . Thus, to fund the annuity indefinitely, we need100;000 � 8000
r � 0, or r � 0:08. The bank

must pay at least 8%.

22. Show that a continuous annuity never runs out of money if the initial balance is greater than or equal toN=r , whereN is the
withdrawal rate andr the interest rate.

SOLUTION With a withdrawal rate ofN and an interest rate ofr , the balance in the annuity isP.t/ D N
r C Cert for some

constantC . LetP0 denote the initial balance. ThenP0 D P.0/ D N
r C C andC D P0 � N

r . If P0 � N
r , thenC � 0 and the

annuity lives forever.

23. Sam borrows $10,000 from a bank at an interest rate of 9% and pays back the loan continuously at a rate ofN dollars
per year. LetP.t/ denote the amount still owed at timet .

(a) Explain whyP.t/ satisfies the differential equation

y0 D 0:09y �N

(b) How long will it take Sam to pay back the loan ifN D $1200?

(c) Will the loan ever be paid back ifN D $800?
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SOLUTION

(a)

Rate of Change of LoanD (Amount still owed)(Interest rate)� (Payback rate)

D P.t/ � r �N D r

�
P � N

r

�
:

Therefore, ify D P.t/,

y0 D r

�
y � N

r

�
D ry �N

(b) From the differential equation derived in part (a), we know thatP.t/ D N
r C Cert D 13;333:33 C Ce0:09t . Since $10,000

was initially borrowed,P.0/ D 13;333:33 C C D 10;000, andC D �3333:33. The loan is paid off whenP.t/ D 13;333:33 �
3333:33e0:09t D 0. This yields

t D 1

0:09
ln
�
13;333:33

3333:33

�
� 15:4 years:

(c) If the annual rate of payment is $800, thenP.t/ D 800=0:09C Ce0:09t D 8888:89C Ce0:09t . WithP.0/ D 8888:89C C D
10;000, it follows thatC D 1111:11. SinceC > 0 ande0:09t ! 1 ast ! 1; P.t/ ! 1, and the loan will never be paid back.

24. April borrows $18,000 at an interest rate of 5% to purchase a new automobile. At what rate (in dollars per year) must she pay
back the loan, if the loan must be paid off in 5 years?Hint: Set up the differential equation as in Exercise 23).

SOLUTION As in Exercise 23, the differential equation is

P.t/0 D rP.t/�N D r

�
P.t/� N

r

�

wherer is the interest rate andN is the payment amount, so that here

P.t/0 D 0:05

�
P.t/� N

0:05

�
) P.t/ D N

0:05
C Ce0:05t

SinceP.0/ D 18;000, we haveC D 18;000 � N
0:05 , so that

P.t/ D N

0:05
C
�
18;000 � N

0:05

�
e0:05t

If the loan is to be paid back in5 years, we must have

P.5/ D 0 D N

0:05
C
�
18;000 � N

0:05

�
e0:05�5

Solving forN gives

N D 900

1 � e�0:25 � 4068:73

so the payments must be at least $4068:73 per year.

25. LetN.t/ be the fraction of the population who have heard a given piece of newst hours after its initial release. According to
one model, the rateN 0.t/ at which the news spreads is equal tok times the fraction of the population that has not yet heard the
news, for some constantk > 0.

(a) Determine the differential equation satisfied byN.t/.
(b) Find the solution of this differential equation with the initial conditionN.0/ D 0 in terms ofk.
(c) Suppose that half of the population is aware of an earthquake 8 hours after it occurs. Use the model to calculatek and estimate
the percentage that will know about the earthquake 12 hours after it occurs.

SOLUTION

(a) N 0.t/ D k.1�N.t// D �k.N.t/ � 1/.
(b) The general solution of the differential equation from part (a) isN.t/ D 1C Ce�kt . The initial condition determines the value
of C : N.0/ D 1C C D 0 soC D �1. Thus,N.t/ D 1� e�kt .
(c) Knowing thatN.8/ D 1 � e�8k D 1

2 , we find that

k D �1
8

ln

�
1

2

�
� 0:0866 hours�1:

With the value ofk determined, we estimate that

N.12/ D 1 � e�0:0866.12/ � 0:6463 D 64:63%

of the population will know about the earthquake after 12 hours.
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26. Current in a Circuit When the circuit in Figure 1 (which consists of a battery ofV volts, a resistor ofR ohms, and an
inductor ofL henries) is connected, the currentI.t/ flowing in the circuit satisfies

L
dI

dt
CRI D V

with the initial conditionI.0/ D 0.

(a) Find a formula forI.t/ in terms ofL, V , andR.
(b) Show that lim

t!1
I.t/ D V=R.

(c) Show thatI.t/ reaches approximately 63% of its maximum value at the “characteristic time”� D L=R.

Inductor

ResistorBattery RV

L

FIGURE 1 Current flow approaches the levelImax D V=R.

SOLUTION

(a) Solve the differential equation fordI
dt

:

dI

dt
D � 1

L
.RI � V / D �R

L

�
I � V

R

�

so that the general solution is

I.t/ D V

R
C Ce�.R=L/t

The initial conditionI.0/ D 0 givesC D �V
R

, so that

I.t/ D V

R
.1� e�.R=L/t /

(b) As t ! 1, e�.R=L/t ! 0, so thatI.t/ ! V
R

.
(c) Whent D � D L=R,

I.�/ D V

R
.1� e�.R=L/� / D V

R
.1� e�.R=L/.L=R// D V

R
.1� e�1/ � 0:63

V

R

which is63% of the maximum value ofV=R.

Further Insights and Challenges

27. Show that the cooling constant of an object can be determined from two temperature readingsy.t1/ andy.t2/ at timest1 ¤ t2
by the formula

k D 1

t1 � t2
ln
�
y.t2/� T0

y.t1/� T0

�

SOLUTION We know thaty.t1/ D T0 C Ce�kt1 andy.t2/ D T0 C Ce�kt2 . Thus,y.t1/ � T0 D Ce�kt1 andy.t2/ � T0 D
Ce�kt2 . Dividing the latter equation by the former yields

e�kt2Ckt1 D y.t2/ � T0

y.t1/ � T0
;

so that

k.t1 � t2/ D ln

�
y.t2/ � T0
y.t1/ � T0

�
and k D 1

t1 � t2
ln

�
y.t2/� T0

y.t1/� T0

�
:

28. Show that by Newton’s Law of Cooling, the time required to cool an object from temperatureA to temperatureB is

t D 1

k
ln

�
A� T0

B � T0

�

whereT0 is the ambient temperature.
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SOLUTION At any time t , the temperature of the object isy.t/ D T0 C Ce�kt for some constantC . Suppose the object is
initially at temperatureA and reaches temperatureB at timet . ThenA D T0 C C , soC D A � T0. Moreover,

B D T0 C Ce�kt D T0 C .A� T0/e
�kt :

Solving this last equation fort yields

t D 1

k
ln
�
A � T0

B � T0

�
:

29. Air Resistance A projectile of massm D 1 travels straight up from ground level with initial velocityv0. Suppose that the
velocityv satisfiesv0 D �g � kv.

(a) Find a formula forv.t/.

(b) Show that the projectile’s heighth.t/ is given by

h.t/ D C.1� e�kt /� g

k
t

whereC D k�2.g C kv0/.

(c) Show that the projectile reaches its maximum height at timetmax D k�1 ln.1C kv0=g/.

(d) In the absence of air resistance, the maximum height is reached at timet D v0=g. In view of this, explain why we should
expect that

lim
k!0

ln.1C kv0
g /

k
D v0

g
8

(e) Verify Eq. (8).Hint: Use Theorem 2 in Section 5.8 to show that lim
k!0

�
1C kv0

g

�1=k
D ev0=g or use L’Hôpital’s Rule.

SOLUTION

(a) Sincev0 D �g � kv D �k
�
v � �g

k

�
it follows that v.t/ D �g

k
C Be�kt for some constantB. The initial condition

v.0/ D v0 determinesB: v0 D �g
k

C B, soB D v0 C g
k

. Thus,

v.t/ D �g
k

C
�
v0 C g

k

�
e�kt :

(b) v.t/ D h0.t/ so

h.t/ D
Z �

�g
k

C
�
v0 C g

k

�
e�kt

�
dt D �g

k
t � 1

k

�
v0 C g

k

�
e�kt CD:

The initial conditionh.0/ D 0 determines

D D 1

k

�
v0 C g

k

�
D 1

k2
.v0k C g/:

LetC D 1
k2 .v0k C g/. Then

h.t/ D C.1� e�kt /� g

k
t:

(c) The projectile reaches its maximum height whenv.t/ D 0. This occurs when

�g
k

C
�
v0 C g

k

�
e�kt D 0;

or

t D 1

�k ln

�
g

kv0 C g

�
D 1

k
ln

�
1C kv0

g

�
:

(d) Recall thatk is the proportionality constant for the force due to air resistance. Thus, ask ! 0, the effect of air resistance
disappears. We should therefore expect that, ask ! 0, the time at which the maximum height is achieved from part (c) should
approachv0=g. In other words, we should expect

lim
k!0

1

k
ln
�
1C kv0

g

�
D v0

g
:
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(e) Recall that

ex D lim
n!1

�
1C x

n

�n
:

If we substitutex D v0=g andk D 1=n, we find

ev0=g D lim
k!0

�
1C v0k

g

�1=k
:

Then

lim
k!0

1

k
ln
�
1C kv0

g

�
D lim
k!0

ln
�
1C v0k

g

�1=k
D ln

 
lim
k!0

�
1C v0k

g

�1=k!
D ln.ev0=g / D v0

g
:

9.3 Graphical and Numerical Methods

Preliminary Questions
1. What is the slope of the segment in the slope field for�

y D ty C 1 at the point.2; 3/?

SOLUTION The slope of the segment in the slope field for�y D ty C 1 at the point.2; 3/ is .2/.3/C 1 D 7.

2. What is the equation of the isocline of slopec D 1 for �y D y2 � t?
SOLUTION The isocline of slopec D 1 has equationy2 � t D 1, or y D ˙

p
1C t .

3. For which of the following differential equations are the slopes at points on a vertical linet D C all equal?

(a) �y D ln y (b) �y D ln t
SOLUTION Only for the equation in part (b). The slope at a point is simply the value ofPy at that point, so for part (a), the slope
depends ony, while for part (b), the slope depends only ont .

4. Let y.t/ be the solution to�y D F.t; y/ with y.1/ D 3. How many iterations of Euler’s Method are required to approximate
y.3/ if the time step ish D 0:1?

SOLUTION The initial condition is specified att D 1 and we want to obtain an approximation to the value of the solution at
t D 3. With a time step ofh D 0:1,

3 � 1

0:1
D 20

iterations of Euler’s method are required.

Exercises
1. Figure 1 shows the slope field for�y D siny sint . Sketch the graphs of the solutions with initial conditionsy.0/ D 1 and
y.0/ D �1. Show thaty.t/ D 0 is a solution and add its graph to the plot.

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

FIGURE 1 Slope field for �
y D siny sint .

SOLUTION The sketches of the solutions appear below.

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

If y.t/ D 0, theny0 D 0; moreover, sin0 sint D 0. Thus,y.t/ D 0 is a solution of�y D siny sint .
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2. Figure 2 shows the slope field for�y D y2 � t2 . Sketch the integral curve passing through the point.0;�1/, the curve through
.0; 0/, and the curve through.0; 2/. Isy.t/ D 0 a solution?

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

FIGURE 2 Slope field for �y D y2 � t2.

SOLUTION The sketches of the solutions appear below.

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

Let y.t/ D 0. Because�y D 0 buty2 � t2 D �t2 ¤ 0, it follows thaty.t/ D 0 is not a solution of�y D y2 � t2.

3. Show thatf .t/ D 1
2

�
t � 1

2

�
is a solution to�y D t � 2y. Sketch the four solutions withy.0/ D ˙0:5, ˙1 on the slope field in

Figure 3. The slope field suggests that every solution approachesf .t/ ast ! 1. Confirm this by showing thaty D f .t/CCe�2t

is the general solution.

t

−1 −0.5 210.5 1.50
−1

−0.5

0

0.5

1
y

y = (t − )1
2

1
2

FIGURE 3 Slope field for �y D t � 2y.

SOLUTION Let y D f .t/ D 1
2 .t � 1

2 /. Then �y D 1
2 and

�
y C 2y D 1

2
C t � 1

2
D t;

sof .t/ D 1
2 .t � 1

2 / is a solution to�y D t � 2y. The slope field with the four required solutions is shown below.

0 1−1 2

0

1

−1

y

t

Now, lety D f .t/C Ce�2t D 1
2 .t � 1

2 /C Ce�2t . Then

�y D 1

2
� 2Ce�2t ;

and

�y C 2y D 1

2
� 2Ce�2t C

�
t � 1

2

�
C 2Ce�2t D t:

Thus,y D f .t/C Ce�2t is the general solution to the equation�y D t � 2y.



1112 C H A P T E R 9 INTRODUCTION TO DIFFERENTIAL EQUATIONS

4. One of the slope fields in Figures 4(a) and (b) is the slope field for�
y D t2. The other is for�y D y2. Identify which is which.

In each case, sketch the solutions with initial conditionsy.0/ D 1, y.0/ D 0, andy.0/ D �1.

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

(a)

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

(b)
FIGURE 4

SOLUTION Fory0 D t2, y0 only depends ont . The isoclines of any slopec will be the two vertical linest D ˙
p
c. This indicates

that the slope field will be the one given in Figure 4(a). The solutions are sketched below:

0 21
−2

−1

−2 −1

t0

1

2
y

Fory0 D y2, y0 only depends ony. The isoclines of any slopec will be the twohorizontallinesy D ˙
p
c. This indicates that the

slope field will be the one given in Figure 4(b). The solutions are sketched below:

0 21
−2

−1

−2 −1

t0

1

2
y

5. Consider the differential equation�y D t � y.

(a) Sketch the slope field of the differential equation�y D t � y in the range�1 � t � 3, �1 � y � 3. As an aid, observe that the
isocline of slopec is the linet � y D c, so the segments have slopec at points on the liney D t � c.
(b) Show thaty D t � 1 C Ce�t is a solution for allC . Since lim

t!1
e�t D 0, these solutions approach the particular solution

y D t � 1 ast ! 1. Explain how this behavior is reflected in your slope field.

SOLUTION

(a) Here is a sketch of the slope field:

0 3
−1

−1 1 2

t0

1

2

3
y

(b) Lety D t � 1C Ce�t . Then �y D 1 � C�t , and

t � y D t � .t � 1C Ce�t / D 1 � Ce�t :

Thus,y D t � 1 C Ce�t is a solution of �y D t � y. On the slope field, we can see that the isoclines of 1 all lie along the line
y D t � 1. Whenevery > t � 1, �y D t � y < 1, so the solution curve will converge downward towards the liney D t � 1. On the
other hand, ify < t � 1, �y D t � y > 1, so the solution curve will converge upward towardsy D t � 1. In either case, the solution
is approachingt � 1.
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6. Show that the isoclines of�y D 1=y are horizontal lines. Sketch the slope field for�2 � t � 2, �2 � y � 2 and plot the
solutions with initial conditionsy.0/ D 0 andy.0/ D 1.

SOLUTION The isocline of slopec is defined by1y D c. This is equivalent toy D 1
c , which is a horizontal line. The slope field

and the solutions are shown below.

−1 0 1 2 3
−3

−1

−2

0

1

2

3
y

t

7. Show that the isoclines of�y D t are vertical lines. Sketch the slope field for�2 � t � 2, �2 � y � 2 and plot the integral
curves passing through.0;�1/ and.0; 1/.

SOLUTION The isocline of slopec for the differential equation�y D t has equationt D c, which is the equation of a vertical line.
The slope field and the required solution curves are shown below.

2
−2

−1

−2 −1 0 1

t

2

1

0

y

8. Sketch the slope field of�y D ty for �2 � t � 2, �2 � y � 2. Based on the sketch, determine lim
t!1

y.t/, wherey.t/ is a

solution withy.0/ > 0. What is lim
t!1

y.t/ if y.0/ < 0?

SOLUTION The slope field for�y D ty is shown below.

0 21
−2

−1

−2 −1

t0

1

2
y

With y.0/ > 0, the slope field indicates thaty is an always increasing, always concave up function; consequently, limt!1 y D 1.
On the other hand, wheny.0/ < 0, the slope field indicates thaty is an always decreasing, always concave down function;
consequently, limt!1 y D �1.

9. Match each differential equation with its slope field in Figures 5(a)–(f).

(i) �y D �1
(ii) �y D y

t

(iii) �y D t2y

(iv) �y D ty2

(v) �
y D t2 C y2

(vi) �
y D t
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(a)
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(b)
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(c)
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(d)
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−3 1−2 2−1
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y

(e)
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−3 1−2 2−1

t0
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1
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3
y

(f)
FIGURE 5

SOLUTION

(i) Every segment in the slope field for�y D �1 will have slope�1; this matches Figure 5(c).

(ii) The segments in the slope field for�y D y

t
will have positive slope in the first and third quadrants and negative slopes in the

second and fourth quadrant; this matches Figure 5(b).
(iii) The segments in the slope field for�y D t2y will have positive slope in the upper half of the plane and negative slopes in the
lower half of the plane; this matches Figure 5(f).
(iv) The segments in the slope field for�y D ty2 will have positive slope on the right side of the plane and negative slopes on the
left side of the plane; this matches Figure 5(d).
(v) Every segment in the slope field for�y D t2 C y2, except at the origin, will have positive slope; this matches Figure 5(a).

(vi) The isoclines for�y D t are vertical lines; this matches Figure 5(e).

10. Sketch the solution of�y D ty2 satisfyingy.0/ D 1 in the appropriate slope field of Figure 5(a)–(f). Then show, using separation
of variables, that ify.t/ is a solution such thaty.0/ > 0, theny.t/ tends to infinity ast !

p
2=y.0/.

SOLUTION Rewrite

�y D ty2 as
1

y2
dy D t dt

Integrate both sides:
Z

1

y2
dy D

Z
t dt

�y�1 D 1

2
t2 C C1

�y D 2

t2 C C

y D 2

C � t2

whereC D �C1 is an arbitrary constant. Theny.0/ D 2=C so thatC D 2=y.0/, and then the denominator ofy approaches0 as
t !

p
2=y.0/, so thaty tends to infinity.
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11. (a) Sketch the slope field of�y D t=y in the region�2 � t � 2, �2 � y � 2.

(b) Check thaty D ˙
p
t2 C C is the general solution.

(c) Sketch the solutions on the slope field with initial conditionsy.0/ D 1 andy.0/ D �1.
SOLUTION

(a) The slope field is shown below:

2
−2

−1

−2 −1 0 1

t

2

1

0

y

(b) Rewrite

dy

dt
D t

y
as y dy D t dt;

and then integrate both sides to obtain

1

2
y2 D 1

2
t2 C C:

Solving fory, we find that the general solution is

y D ˙
p
t2 C C :

(c) The sketches of the two solutions are shown below:

2
−2

−1

−2 −1 0 1

t

2

1

0

y

12. Sketch the slope field of�y D t2 � y in the region�3 � t � 3, �3 � y � 3 and sketch the solutions satisfyingy.1/ D 0,
y.1/ D 1, andy.1/ D �1.
SOLUTION The slope field for�y D t2 � y, together with the required solution curves, is shown below.

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

13. LetF.t; y/ D t2 � y and lety.t/ be the solution of�y D F.t; y/ satisfyingy.2/ D 3. Let h D 0:1 be the time step in Euler’s
Method, and sety0 D y.2/ D 3.

(a) Calculatey1 D y0 C hF.2; 3/.

(b) Calculatey2 D y1 C hF.2:1; y1/.

(c) Calculatey3 D y2 C hF.2:2; y2/ and continue computingy4, y5, andy6.

(d) Find approximations toy.2:2/ andy.2:5/.

SOLUTION

(a) With y0 D 3, t0 D 2, h D 0:1, andF.t; y/ D t2 � y, we find

y1 D y0 C hF.t0; y0/ D 3C 0:1.1/ D 3:1:
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(b) With y1 D 3:1, t1 D 2:1, h D 0:1, andF.t; y/ D t2 � y, we find

y2 D y1 C hF.t1; y1/ D 3:1C 0:1.4:41 � 3:1/ D 3:231:

(c) Continuing as in the previous two parts, we find

y3 D y2 C hF.t2; y2/ D 3:3919I

y4 D y3 C hF.t3; y3/ D 3:58171I

y5 D y4 C hF.t4; y4/ D 3:799539I

y6 D y5 C hF.t5; y5/ D 4:0445851:

(d) y.2:2/ � y2 D 3:231, andy.2:5/ � y5 D 3:799539.

14. Let y.t/ be the solution to�y D te�y satisfyingy.0/ D 0.

(a) Use Euler’s Method with time steph D 0:1 to approximatey.0:1/; y.0:2/; : : : ; y.0:5/.

(b) Use separation of variables to findy.t/ exactly.

(c) Compute the errors in the approximations toy.0:1/ andy.0:5/.

SOLUTION

(a) With y0 D 0, t0 D 0, h D 0:1, andF.t; y/ D te�y , we compute

n tn yn

0 0 0

1 0.1 y0 C hF.t0; y0/ D 0

2 0.2 y1 C hF.t1; y1/ D 0:01

3 0.3 y2 C hF.t2; y2/ D 0:029801

4 0.4 y3 C hF.t3; y3/ D 0:058920

5 0.5 y4 C hF.t4; y4/ D 0:096631

(b) Rewrite

dy

dt
D te�y as ey dy D t dt;

and then integrate both sides to obtain

ey D 1

2
t2 C C:

Thus,

y D ln

ˇ̌
ˇ̌1
2
t2 C C

ˇ̌
ˇ̌ :

Applying the initial conditiony.0/ D 0 yields 0 D ln jC j, soC D 1. The exact solution to the initial value problem is then

y D ln
�
1
2 t
2 C 1

�
.

(c) The two errors requested are computed here:

jy.0:1/ � y1j D j0:00498754 � 0j D 0:00498754I

jy.0:5/ � y5j D j0:117783 � 0:0966314j D 0:021152

In Exercises 15–20, use Euler’s Method to approximate the given value ofy.t/ with the time steph indicated.

15. y.0:5/; �y D y C t , y.0/ D 1, h D 0:1
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SOLUTION With y0 D 1, t0 D 0, h D 0:1, andF.t; y/ D y C t , we compute

n tn yn

0 0 1

1 0.1 y0 C hF.t0; y0/ D 1:1

2 0.2 y1 C hF.t1; y1/ D 1:22

3 0.3 y2 C hF.t2; y2/ D 1:362

4 0.4 y3 C hF.t3; y3/ D 1:5282

5 0.5 y4 C hF.t4; y4/ D 1:72102

16. y.0:7/; �y D 2y, y.0/ D 3, h D 0:1

SOLUTION With y0 D 3, t0 D 0, h D 0:1, andF.t; y/ D 2y, we compute

n tn yn

0 0 3

1 0.1 y0 C hF.t0; y0/ D 3:6

2 0.2 y1 C hF.t1; y1/ D 4:32

3 0.3 y2 C hF.t2; y2/ D 5:184

4 0.4 y3 C hF.t3; y3/ D 6:2208

5 0.5 y4 C hF.t4; y4/ D 7:464960

6 0.6 y5 C hF.t5; y5/ D 8:957952

7 0.7 y6 C hF.t6; y6/ D 10:749542

17. y.3:3/; �y D t2 � y, y.3/ D 1, h D 0:05

SOLUTION With y0 D 1, t0 D 3, h D 0:05, andF.t; y/ D t2 � y, we compute

n tn yn

0 3 1

1 3.05 y0 C hF.t0; y0/ D 1:4

2 3.1 y1 C hF.t1; y1/ D 1:795125

3 3.15 y2 C hF.t2; y2/ D 2:185869

4 3.2 y3 C hF.t3; y3/ D 2:572700

5 3.25 y4 C hF.t4; y4/ D 2:956065

6 3.3 y5 C hF.t5; y5/ D 3:336387

18. y.3/; �y D p
t C y, y.2:7/ D 5, h D 0:05

SOLUTION With y0 D 5, t0 D 2:7, h D 0:05, andF.t; y/ D p
t C y, we compute

n tn yn

0 2.7 5

1 2.75 y0 C hF.t0; y0/ D 5:138744

2 2.8 y1 C hF.t1; y1/ D 5:279179

3 2.85 y2 C hF.t2; y2/ D 5:421298

4 2.9 y3 C hF.t3; y3/ D 5:565098

5 2.95 y4 C hF.t4; y4/ D 5:710572

6 3.0 y5 C hF.t5; y5/ D 5:857716
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19. y.2/; �
y D t siny, y.1/ D 2, h D 0:2

SOLUTION LetF.t; y/ D t siny. With t0 D 1, y0 D 2 andh D 0:2, we compute

n tn yn

0 1 2

1 1.2 y0 C hF.t0; y0/ D 2:181859

2 1.4 y1 C hF.t1; y1/ D 2:378429

3 1.6 y2 C hF.t2; y2/ D 2:571968

4 1.8 y3 C hF.t3; y3/ D 2:744549

5 2.0 y4 C hF.t4; y4/ D 2:883759

20. y.5:2/; �
y D t � secy, y.4/ D �2, h D 0:2

SOLUTION With t0 D 4; y0 D �2; F .t; y/ D t � secy, andh D 0:2, we compute

n tn yn

0 4 -2

1 4.2 y0 C hF.t0; y0/ D �0:7194

2 4.4 y1 C hF.t1; y1/ D �0:142587

3 4.6 y2 C hF.t2; y2/ D 0:532584

4 4.8 y3 C hF.t3; y3/ D 1:220430

5 5.0 y4 C hF.t4; y4/ D 1:597751

6 5.2 y5 C hF.t5; y5/ D 10:018619

Note that secy has a discontinuity aty D �=2 � 1:57 and aty D 3�=2 � 4:71, so this numerical solution should be regarded
with some skepticism.

Further Insights and Challenges

21. If f .t/ is continuous onŒa; b�, then the solution to�y D f .t/ with initial conditiony.a/ D 0 is y.t/ D
R t
a f .u/du. Show that

Euler’s Method with time steph D .b � a/=N for N steps yields theN th left-endpoint approximation toy.b/ D
R b
a f .u/ du.

SOLUTION For a differential equation of the form�y D f .t/, the equation for Euler’s method reduces to

yk D yk�1 C hf .tk�1/:

With a step size ofh D .b � a/=N , y.b/ D� yN . Starting fromy0 D 0, we compute

y1 D y0 C hf .t0/ D hf .t0/

y2 D y1 C hf .t1/ D h Œf .t0/C f .t1/�

y3 D y2 C hf .t2/ D h Œf .t0/C f .t1/C f .t2/�

:::

yN D yN1
C hf .tN�1/ D h Œf .t0/C f .t1/C f .t2/C : : :C f .tN�1/� D h

N�1X

kD0
f .tk/

Observe this last expression is exactly theN th left-endpoint approximation toy.b/ D
Z b

a
f .u/du.

Exercises 22–27:Euler’s Midpoint Method is a variation on Euler’s Method that is significantly more accurate in general. For
time steph and initial valuey0 D y.t0/, the valuesyk are defined successively by

yk D yk�1 C hmk�1

wheremk�1 D F

�
tk�1 C h

2
; yk�1 C h

2
F.tk�1; yk�1/

�
.
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22. Apply both Euler’s Method and the Euler Midpoint Method withh D 0:1 to estimatey.1:5/, wherey.t/ satisfies�
y D y with

y.0/ D 1. Findy.t/ exactly and compute the errors in these two approximations.

SOLUTION LetF.t; y/ D y. With t0 D 0, y0 D 1, andh D 0:1, fifteen iterations of Euler’s method yield

y.1:5/ � y15 D 4:177248:

The Euler midpoint approximation withF.t; y/ D y is

mk�1 D F

�
tk�1 C h

2
; yk�1 C h

2
F.tk�1; yk�1/

�
D yk�1 C h

2
yk�1

yk D yk�1 C h

�
yk�1 C h

2
yk�1

�
D yk�1 C hyk�1 C h2

2
yk�1

Fifteen iterations of Euler’s midpoint method yield:

y.1:5/ � y15 D 4:471304:

The exact solution toy0 D y; y.0/ D 1 is y.t/ D et ; thereforey.1:5/ D 4:481689. The error from Euler’s method isj4:177248 �
4:481689j D 0:304441, while the error from Euler’s midpoint method isj4:471304 � 4:481689j D 0:010385.

In Exercises 23–26, use Euler’s Midpoint Method with the time step indicated to approximate the given value ofy.t/.

23. y.0:5/; �y D y C t , y.0/ D 1, h D 0:1

SOLUTION With t0 D 0, y0 D 1, F.t; y/ D y C t , andh D 0:1 we compute

n tn yn

0 0 1

1 0.1 y0 C hF.t0 C h=2; y0 C .h=2/F.t0; y0// D 1:11

2 0.2 y1 C hF.t1 C h=2; y1 C .h=2/F.t1; y1// D 1:242050

3 0.3 y2 C hF.t2 C h=2; y2 C .h=2/F.t2; y2// D 1:398465

4 0.4 y3 C hF.t3 C h=2; y3 C .h=2/F.t3; y3// D 1:581804

5 0.5 y4 C hF.t4 C h=2; y4 C .h=2/F.t4; y4// D 1:794894

24. y.2/; �y D t2 � y, y.1/ D 3, h D 0:2

SOLUTION With t0 D 1, y0 D 3, F.t; y/ D t2 � y, andh D 0:2 we compute

n tn yn

0 1 3

1 1.2 y0 C hF.t0 C h=2; y0 C .h=2/F.t0; y0// D 2:682

2 1.4 y1 C hF.t1 C h=2; y1 C .h=2/F.t1; y1// D 2:50844

3 1.6 y2 C hF.t2 C h=2; y2 C .h=2/F.t2; y2// D 2:467721

4 1.8 y3 C hF.t3 C h=2; y3 C .h=2/F.t3; y3// D 2:550331

5 2.0 y4 C hF.t4 C h=2; y4 C .h=2/F.t4; y4// D 2:748471

25. y.0:25/; �y D cos.y C t/, y.0/ D 1, h D 0:05

SOLUTION With t0 D 0, y0 D 1, F.t; y/ D cos.y C t/, andh D 0:05 we compute

n tn yn

0 0 1

1 0.05 y0 C hF.t0 C h=2; y0 C .h=2/F.t0; y0// D 1:025375

2 0.10 y1 C hF.t1 C h=2; y1 C .h=2/F.t1; y1// D 1:047507

3 0.15 y2 C hF.t2 C h=2; y2 C .h=2/F.t2; y2// D 1:066425

4 0.20 y3 C hF.t3 C h=2; y3 C .h=2/F.t3; y3// D 1:082186

5 0.25 y4 C hF.t4 C h=2; y4 C .h=2/F.t4; y4// D 1:094871
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26. y.2:3/; �
y D y C t2, y.2/ D 1, h D 0:05

SOLUTION With t0 D 2, y0 D 1, F.t; y/ D y C t2, andh D 0:05 we compute

n tn yn

0 2.00 1

1 2.05 y0 C hF.t0 C h=2; y0 C .h=2/F.t0; y0// D 1:261281

2 2.10 y1 C hF.t1 C h=2; y1 C .h=2/F.t1; y1// D 1:546456

3 2.15 y2 C hF.t2 C h=2; y2 C .h=2/F.t2; y2// D 1:857006

4 2.20 y3 C hF.t3 C h=2; y3 C .h=2/F.t3; y3// D 2:194487

5 2.25 y4 C hF.t4 C h=2; y4 C .h=2/F.t4; y4// D 2:560536

6 2.30 y5 C hF.t5 C h=2; y5 C .h=2/F.t5; y5// D 2:956872

27. Assume thatf .t/ is continuous onŒa; b�. Show that Euler’s Midpoint Method applied to�y D f .t/ with initial condition
y.a/ D 0 and time steph D .b � a/=N for N steps yields theN th midpoint approximation to

y.b/ D
Z b

a
f .u/du

SOLUTION For a differential equation of the form�y D f .t/, the equations for Euler’s midpoint method reduce to

mk�1 D f

�
tk�1 C h

2

�
and yk D yk�1 C hf

�
tk�1 C h

2

�
:

With a step size ofh D .b � a/=N , y.b/ D� yN . Starting fromy0 D 0, we compute

y1 D y0 C hf

�
t0 C h

2

�
D hf

�
t0 C h

2

�

y2 D y1 C hf

�
t1 C h

2

�
D h

�
f

�
t0 C h

2

�
C f

�
t1 C h

2

��

y3 D y2 C hf

�
t2 C h

2

�
D h

�
f

�
t0 C h

2

�
C f

�
t1 C h

2

�
C f

�
t2 C h

2

��

:::

yN D yN1
C hf

�
tN�1 C h

2

�
D h

�
f

�
t0 C h

2

�
C f

�
t1 C h

2

�
C f

�
t2 C h

2

�
C : : :C f

�
tN�1 C h

2

��

D h

N�1X

kD0
f

�
tk C h

2

�

Observe this last expression is exactly theN th midpoint approximation toy.b/ D
Z b

a
f .u/du.

9.4 The Logistic Equation

Preliminary Questions
1. Which of the following differential equations is a logistic differential equation?

(a) �y D 2y.1 � y2/ (b) �y D 2y
�
1 � y

3

�

(c) �y D 2y

�
1 � t

4

�
(d) �y D 2y.1 � 3y/

SOLUTION The differential equations in(b) and(d) are logistic equations. The equation in(a) is not a logistic equation because
of they2 term inside the parentheses on the right-hand side; the equation in(c) is not a logistic equation because of the presence of
the independent variable on the right-hand side.
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2. Is the logistic equation a linear differential equation?

SOLUTION No, the logistic equation is not linear.

�y D ky
�
1 � y

A

�
can be rewritten �y D ky � k

A
y2

and we see that a term involvingy2 occurs.

3. Is the logistic equation separable?

SOLUTION Yes, the logistic equation is a separable differential equation.

Exercises
1. Find the general solution of the logistic equation

�y D 3y
�
1 � y

5

�

Then find the particular solution satisfyingy.0/ D 2.

SOLUTION �y D 3y.1 � y=5/ is a logistic equation withk D 3 andA D 5; therefore, the general solution is

y D 5

1 � e�3t=C
:

The initial conditiony.0/ D 2 allows us to determine the value ofC :

2 D 5

1 � 1=C I 1 � 1

C
D 5

2
I so C D �2

3
:

The particular solution is then

y D 5

1C 3
2e

�3t D 10

2C 3e�3t :

2. Find the solution of�y D 2y.3 � y/, y.0/ D 10.

SOLUTION By rewriting

2y.3 � y/ as 6y
�
1 � y

3

�
;

we identify the given differential equation as a logistic equation withk D 6 andA D 3. The general solution is therefore

y D 3

1 � e�6t=C
:

The initial conditiony.0/ D 10 allows us to determine the value ofC :

10 D 3

1 � 1=C
I 1 � 1

C
D 3

10
I so C D 10

7
:

The particular solution is then

y D 3

1 � 7
10e

�6t D 30

10 � 7e�6t :

3. Let y.t/ be a solution of�y D 0:5y.1 � 0:5y/ such thaty.0/ D 4. Determine lim
t!1

y.t/ without findingy.t/ explicitly.

SOLUTION This is a logistic equation withk D 1

2
andA D 2, so the carrying capacity is2. Thus the required limit is2.

4. Let y.t/ be a solution of�y D 5y.1� y=5/. State whethery.t/ is increasing, decreasing, or constant in the following cases:

(a) y.0/ D 2 (b) y.0/ D 5 (c) y.0/ D 8

SOLUTION This is a logistic equation withk D A D 5.

(a) 0 < y.0/ < A, soy.t/ is increasing and approachesA asymptotically.
(b) y.0/ D A; this represents a stable equilibrium andy.t/ is constant.
(c) y.0/ > A, soy.t/ is decreasing and approachesA asymptotically.

5. A population of squirrels lives in a forest with a carrying capacity of 2000. Assume logistic growth with growth constant
k D 0:6 yr�1.

(a) Find a formula for the squirrel populationP.t/, assuming an initial population of 500 squirrels.
(b) How long will it take for the squirrel population to double?
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SOLUTION

(a) Sincek D 0:6 and the carrying capacity isA D 2000, the populationP.t/ of the squirrels satisfies the differential equation

P 0.t/ D 0:6P.t/.1 � P.t/=2000/;

with general solution

P.t/ D 2000

1 � e�0:6t=C
:

The initial conditionP.0/ D 500 allows us to determine the value ofC :

500 D 2000

1 � 1=C
I 1 � 1

C
D 4I so C D �1

3
:

The formula for the population is then

P.t/ D 2000

1C 3e�0:6t :

(b) The squirrel population will have doubled at the timet whereP.t/ D 1000. This gives

1000 D 2000

1C 3e�0:6t I 1C 3e�0:6t D 2I so t D 5

3
ln3 � 1:83:

It therefore takes approximately 1.83 years for the squirrel population to double.

6. The populationP.t/ of mosquito larvae growing in a tree hole increases according to the logistic equation with growth constant
k D 0:3 day�1 and carrying capacityA D 500.

(a) Find a formula for the larvae populationP.t/, assuming an initial population ofP0 D 50 larvae.

(b) After how many days will the larvae population reach 200?

SOLUTION

(a) Sincek D 0:3 andA D 500, the population of the larvae satisfies the differential equation

P 0.t/ D 0:3P.t/.1 � P.t/=500/;

with general solution

P.t/ D 500

1 � e�0:3t=C
:

The initial conditionP.0/ D 50 allows us to determine the value ofC :

50 D 500

1 � 1=C I 1 � 1

C
D 10I so C D �1

9
:

The particular solution is then

P.t/ D 500

1C 9e�0:3t :

(b) The population will reach200 aftert days, whereP.t/ D 200. This gives

200 D 500

1C 9e�0:3t I 1C 9e�0:3t D 2:5I so t D 10

3
ln6 � 5:97:

It therefore takes approximately 5.97 days for the larvae to reach 200 in number.

7. Sunset Lake is stocked with 2000 rainbow trout, and after 1 year the population has grown to 4500. Assuming logistic growth
with a carrying capacity of 20,000, find the growth constantk (specify the units) and determine when the population will increase
to 10,000.

SOLUTION SinceA D 20;000, the trout populationP.t/ satisfies the logistic equation

P 0.t/ D kP.t/.1� P.t/=20;000/;

with general solution

P.t/ D 20;000

1 � e�kt=C
:
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The initial conditionP.0/ D 2000 allows us to determine the value ofC :

2000 D 20;000

1 � 1=C
I 1 � 1

C
D 10I so C D �1

9
:

After one year, we know the population has grown to 4500. Let’s measure time in years. Then

4500 D 20;000

1C 9e�k

1C 9e�k D 40

9

e�k D 31

81

k D ln
81

31
� 0:9605 years�1:

The population will increase to 10,000 at timet whereP.t/ D 10;000. This gives

10;000 D 20;000

1C 9e�0:9605t

1C 9e�0:9605t D 2

e�0:9605t D 1

9

t D 1

0:9605
ln9 � 2:29 years.

8. Spread of a Rumor A rumor spreads through a small town. Lety.t/ be the fraction of the population that has heard the
rumor at timet and assume that the rate at which the rumor spreads is proportional to the product of the fractiony of the population
that has heard the rumor and the fraction1 � y that has not yet heard the rumor.

(a) Write down the differential equation satisfied byy in terms of a proportionality factork.

(b) Findk (in units of day�1), assuming that 10% of the population knows the rumor att D 0 and 40% knows it att D 2 days.

(c) Using the assumptions of part (b), determine when 75% of the population will know the rumor.

SOLUTION

(a) y0.t/ is the rate at which the rumor is spreading, in percentage of the population per day. By the description given, the rate
satisfies:

y0.t/ D ky.1 � y/;

wherek is a constant of proportionality.

(b) The equation in part (a) is a logistic equation with constantk and capacity1 (no more than100% of the population can hear
the rumor). Thus,y takes the form

y.t/ D 1

1 � e�kt=C
:

The initial conditiony.0/ D 1
10 allows us to determine the value ofC :

1

10
D 1

1 � 1=C I 1 � 1

C
D 10I so C D �1

9
:

The conditiony.2/ D 2
5 now allows us to determine the value ofk:

2

5
D 1

1C 9e�2k I 1C 9e�2k D 5

2
I so k D 1

2
ln6 � 0:896 days�1:

The particular solution of the differential equation fory is then

y.t/ D 1

1C 9e�0:896t :

(c) If 75% of the population knows the rumor at timet , we have

3

4
D 1

1C 9e�0:896t

1C 9e�0:896t D 4

3
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t D ln27

0:896
� 3:67839

Thus, 75% of the population knows the rumor after approximately 3.67 days.

9. A rumor spreads through a school with 1000 students. At 8AM , 80 students have heard the rumor, and by noon, half the school
has heard it. Using the logistic model of Exercise 8, determine when 90% of the students will have heard the rumor.

SOLUTION Let y.t/ be the proportion of students that have heard the rumor at a timet hours after8 AM . In the logistic model of
Exercise 8, we have a capacity ofA D 1 (100% of students) and an unknown growth factor ofk. Hence,

y.t/ D 1

1 � e�kt=C
:

The initial conditiony.0/ D 0:08 allows us to determine the value ofC :

2

25
D 1

1 � 1=C
I 1 � 1

C
D 25

2
I so C D � 2

23
:

so that

y.t/ D 2

2C 23e�kt :

The conditiony.4/ D 0:5 now allows us to determine the value ofk:

1

2
D 2

2C 23e�4k I 2C 23e�4k D 4I so k D 1

4
ln
23

2
� 0:6106 hours�1:

90% of the students have heard the rumor wheny.t/ D 0:9. Thus

9

10
D 2

2C 23e�0:6106t

2C 23e�0:6106t D 20

9

t D 1

0:6106
ln
207

2
� 7:6 hours:

Thus, 90% of the students have heard the rumor after 7.6 hours, or at 3:36PM.

10. A simpler model for the spread of a rumor assumes that the rate at which the rumor spreads is proportional (with factor
k) to the fraction of the population that has not yet heard the rumor.

(a) Compute the solutions to this model and the model of Exercise 8 with the valuesk D 0:9 andy0 D 0:1.

(b) Graph the two solutions on the same axis.

(c) Which model seems more realistic? Why?

SOLUTION

(a) Let y.t/ denote the fraction of a population that has heard a rumor, and suppose the rumor spreads at a rate proportional to the
fraction of the population that has not yet heard the rumor. Then

y0 D k.1 � y/;

for some constant of proportionalityk. Separating variables and integrating both sides yields

dy

1 � y
D k dt

� ln j1 � yj D kt C C:

Thus,

y.t/ D 1 � Ae�kt ;

whereA D ˙e�C is an arbitrary constant. The initial conditiony.0/ D 0:1 allows us to determine the value ofA:

0:1 D 1 � A so A D 0:9:

With k D 0:9, we havey.t/ D 1 � 0:9e�0:9t .
Using the model from Exercise 8 withk D 0:9 andy.0/ D 0:1, we find

y.t/ D 1

1C 9e�0:9t :
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(b) The figure below shows the solutions from part (a): the solid curve corresponds to the model presented in this exercise while
the dashed curve corresponds to the model from Exercise 8.

2 4 6 8

0.2

0.4

0.6

0.8

1

(c) The model from Exercise 8 seems more realistic because it predicts the rumor starts spreading slowly, picks up speed and then
levels off as we near the time when the entire population has heard the rumor.

11. Let k D 1 andA D 1 in the logistic equation.

(a) Find the solutions satisfyingy1.0/ D 10 andy2.0/ D �1.
(b) Find the timet wheny1.t/ D 5.
(c) When doesy2.t/ become infinite?

SOLUTION The general solution of the logistic equation withk D 1 andA D 1 is

y.t/ D 1

1 � e�t=C
:

(a) Giveny1.0/ D 10, we findC D 10
9 , and

y1.t/ D 1

1 � 10
9 e

�t D 10

10 � 9e�t :

On the other hand, giveny2.0/ D �1, we findC D 1
2 , and

y2.t/ D 1

1 � 2e�t :

(b) From part (a), we have

y1.t/ D 10

10 � 9e�t :

Thus,y1.t/ D 5 when

5 D 10

10 � 9e�t I 10 � 9e�t D 2I so t D ln
9

8
:

(c) From part (a), we have

y2.t/ D 1

1 � 2e�t :

Thus,y2.t/ becomes infinite when

1 � 2e�t D 0 or t D ln 2:

12. A tissue culture grows until it has a maximum area ofM cm2. The areaA.t/ of the culture at timet may be modeled by the
differential equation

�

A D k
p
A

�
1 � A

M

�
7

wherek is a growth constant.

(a) Show that if we setA D u2, then

�u D 1

2
k

 
1 � u2

M

!

Then find the general solution using separation of variables.
(b) Show that the general solution to Eq. (7) is

A.t/ D M

 
Ce.k=

p
M/t � 1

Ce.k=
p
M/t C 1

!2



1126 C H A P T E R 9 INTRODUCTION TO DIFFERENTIAL EQUATIONS

SOLUTION

(a) LetA D u2. This gives
�

A D 2u �u, so that Eq. (7) becomes:

2u �u D ku

 
1 � u2

M

!

�u D k

2

 
1 � u2

M

!

Now, rewrite

du

dt
D k

2

 
1 � u2

M

!
as

du

1 � u2=M
D 1

2k dt:

The partial fraction decomposition for the term on the left-hand side is

1

1 � u2=M
D

p
M

2

� 1p
M C u

C 1p
M � u

�
;

so after integrating both sides, we obtain

p
M

2
ln

ˇ̌
ˇ̌
ˇ

p
M C up
M � u

ˇ̌
ˇ̌
ˇ D 1

2kt C C:

Thus,
p
M C up
M � u

D Ce.k=
p
M/t

u.Ce.k=
p
M/t C 1/ D

p
M.Ce.k=

p
M/t � 1/

and

u D
p
M
Ce.k=

p
M/t � 1

Ce.k=
p
M/t C 1

:

(b) RecallA D u2. Therefore,

A.t/ D M

 
Ce.k=

p
M/t � 1

Ce.k=
p
M/t C 1

!2
:

13. In the model of Exercise 12, letA.t/ be the area at timet (hours) of a growing tissue culture with initial sizeA.0/ D
1 cm2, assuming that the maximum area isM D 16 cm2 and the growth constant isk D 0:1.

(a) Find a formula forA.t/. Note: The initial condition is satisfied for two values of the constantC . Choose the value ofC for
whichA.t/ is increasing.

(b) Determine the area of the culture att D 10 hours.

(c) Graph the solution using a graphing utility.

SOLUTION

(a) From the values forM andk we have

A.t/ D 16

 
Cet=40 � 1

Cet=40 C 1

!2

and the initial condition then gives us

A.0/ D 1 D 16

 
Ce0=40 � 1

Ce0=40 C 1

!2

so, simplifying,

1 D 16

�
C � 1

C C 1

�2
) C 2 C 2C C 1 D 16C 2 � 32C C 16 ) 15C 2 � 34C C 15 D 0
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and thusC D 5

3
or C D 3

5
. The derivative ofA.t/ is

A0.t/ D 16Cet=40

.Cet=40 C 1/3
� .Cet=40 � 1/

ForC D 3=5, A0.t/ can be negative, while forC D 5=3, it is always positive. So letC D 5=3.

(b) From part (a), we have

A.t/ D 16

 
5
3e
t=40 � 1

5
3e
t=40 C 1

!2

andA.10/ � 2:11.

(c)

500

5

10

15

y

t
100 150 200

14. Show that if a tissue culture grows according to Eq. (7), then the growth rate reaches a maximum whenA D M=3.

SOLUTION According to Eq. (7), the growth rate of the tissue culture isk
p
A.1 � A

M
/. Therefore

d

dA

�
k

p
A

�
1 � A

M

��
D 1

2
kA�1=2 � 3

2
kA1=2=M D 1

2
kA�1=2

�
1 � 3A

M

�
D 0

whenA D M=3. Because the growth rate is zero forA D 0 and forA D M and is positive for0 < A < M , it follows that the
maximum growth rate occurs whenA D M=3.

15. In 1751, Benjamin Franklin predicted that the U.S. populationP.t/ would increase with growth constantk D 0:028 year�1.
According to the census, the U.S. population was 5 million in 1800 and 76 million in 1900. Assuming logistic growth withk D
0:028, find the predicted carrying capacity for the U.S. population.Hint: Use Eqs. (3) and (4) to show that

P.t/

P.t/ �A D P0

P0 � A
ekt

SOLUTION Assuming the population grows according to the logistic equation,

P.t/

P.t/� A
D Cekt :

But

C D P0

P0 � A
;

so

P.t/

P.t/ �A
D P0

P0 �A
ekt :

Now, let t D 0 correspond to the year 1800. Then the year 1900 corresponds tot D 100, and withk D 0:028, we have

76

76 � A
D 5

5 � A
e.0:028/.100/:

Solving forA, we find

A D 5.e2:8 � 1/
5
76e

2:8 � 1
� 943:07:

Thus, the predicted carrying capacity for the U.S. population is approximately 943 million.
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16. Reverse Logistic Equation Consider the following logistic equation (withk;B > 0):

dP

dt
D �kP

�
1 � P

B

�
8

(a) Sketch the slope field of this equation.

(b) The general solution isP.t/ D B=.1 � ekt=C /, whereC is a nonzero constant. Show thatP.0/ > B if C > 1 and
0 < P.0/ < B if C < 0.

(c) Show that Eq. (8) models an “extinction–explosion” population. That is,P.t/ tends to zero if the initial population satisfies
0 < P.0/ < B, and it tends to1 after a finite amount of time ifP.0/ > B.

(d) Show thatP D 0 is a stable equilibrium andP D B an unstable equilibrium.

SOLUTION

(a) The slope field of this equation is shown below.

0 3
−3

−3 1−2 2−1

t0

−2

1

−1

2

3
y

(b) Suppose thatC > 0. Then1 � 1
C
< 1,

�
1 � 1

C

��1
> 1, and

P.0/ D B

1 � 1
C

> B:

On the other hand, ifC < 0, then1 � 1
C
> 1, 0 <

�
1 � 1

C

��1
< 1, and

0 < P.0/ D B

1 � 1
C

< B:

(c) From part (b),0 < P.0/ < B whenC < 0. In this case,1 � ekt=C is never zero, but

1 � ekt

C
! 1

ast ! 1. Thus,P.t/ ! 0 ast ! 1. On the other hand,P.0/ > B whenC > 0. In this case1 � ekt=C D 0 whent D 1
k

lnC .
Thus,

P.t/ ! 1 as t ! 1

k
lnC:

(d) Let

F.P / D �kP
�
1 � P

B

�
:

Then,F 0.P / D �k C 2kP
B

. Thus,F 0.0/ D �k < 0, andF 0.B/ D �k C 2k D k > 0, soP D 0 is a stable equilibrium and
P D B is an unstable equilibrium.

Further Insights and Challenges

In Exercises 17 and 18, lety.t/ be a solution of the logistic equation

dy

dt
D ky

�
1 � y

A

�
9

whereA > 0 andk > 0.
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17. (a) Differentiate Eq. (9) with respect tot and use the Chain Rule to show that

d2y

dt2
D k2y

�
1 � y

A

��
1 � 2y

A

�

(b) Show thaty.t/ is concave up if0 < y < A=2 and concave down ifA=2 < y < A.

(c) Show that if0 < y.0/ < A=2, theny.t/ has a point of inflection aty D A=2 (Figure 1).

(d) Assume that0 < y.0/ < A=2. Find the timet wheny.t/ reaches the inflection point.

A

A
2

y

y(0)
t

Inflection point

FIGURE 1 An inflection point occurs aty D A=2 in the logistic curve.

SOLUTION

(a) The derivative of Eq. (9) with respect tot is

y00 D ky0 � 2kyy0

A
D ky0

�
1 � 2y

A

�
D k

�
1 � y

A

�
ky

�
1 � 2y

A

�
D k2y

�
1 � y

A

��
1 � 2y

A

�
:

(b) If 0 < y < A=2, 1� y
A

and1� 2y
A

are both positive, soy00 > 0. Therefore,y is concave up. IfA=2 < y < A, 1� y
A
> 0, but

1 � 2y
A
< 0, soy00 < 0, soy is concave down.

(c) If y0 < A, y grows and lim
t!1

y.t/ D A. If 0 < y < A=2, y is concave up at first. Oncey passesA=2, y becomes concave

down, soy has an inflection point aty D A=2.

(d) The general solution to Eq. (9) is

y D A

1 � e�kt=C
I

thus,y D A=2 when

A

2
D A

1 � e�kt=C

1 � e�kt=C D 2

t D � 1
k

ln.�C/

Now,C D y0=.y0 � A/, so

t D � 1
k

ln
y0

A� y0
D 1

k
ln
A � y0
y0

:

18. Let y D A

1� e�kt=C
be the general nonequilibrium Eq. (9). Ify.t/ has a vertical asymptote att D tb , that is, if

lim
t!tb�

y.t/ D ˙1, we say that the solution “blows up” att D tb .

(a) Show that if0 < y.0/ < A, theny does not blow up at any timetb .

(b) Show that ify.0/ > A, theny blows up at a timetb , which is negative (and hence does not correspond to a real time).

(c) Show thaty blows up at some positive timetb if and only if y.0/ < 0 (and hence does not correspond to a real population).

SOLUTION

(a) Let y.0/ D y0. From the general solution, we find

y0 D A

1 � 1=C
I 1 � 1

C
D A

y0
I so C D y0

y0 �A
:

If y0 < A, thenC < 0, and the denominator in the general solution,1� e�kt=C , is always positive. Thus, when0 < y.0/ < A, y
does not blow up at any time.
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(b) 1 � e�kt=C D 0 whenC D e�kt . Solving fort we find

t D � 1
k

lnC:

BecauseC D y0

y0�A andy0 > A, it follows thatC > 1, and thus, lnC > 0. Therefore,y blows up at a time which is negative.

(c) Suppose thaty blows up at sometb > 0. From part (b), we know that

tb D � 1
k

lnC:

Thus, in order fortb to be positive, we must have lnC < 0, which requiresC < 1. Now,

C D y0

y0 �A;

so tb > 0 if and only if

y0

y0 � A
< 1 or equivalently

y0 � A

y0
D 1 � A

y0
> 1:

This last inequality holds if and only ify0 D y.0/ < 0.

9.5 First-Order Linear Equations

Preliminary Questions
1. Which of the following are first-order linear equations?

(a) y0 C x2y D 1 (b) y0 C xy2 D 1

(c) x5y0 C y D ex (d) x5y0 C y D ey

SOLUTION The equations in(a) and(c) are first-order linear differential equations. The equation in(b) is not linear because of
they2 factor in the second term on the left-hand side of the equation; the equation in(d) is not linear because of theey term on the
right-hand side of the equation.

2. If ˛.x/ is an integrating factor fory0 C A.x/y D B.x/, then˛0.x/ is equal to (choose the correct answer):

(a) B.x/ (b) ˛.x/A.x/

(c) ˛.x/A0.x/ (d) ˛.x/B.x/

SOLUTION The correct answer is(b): ˛.x/A.x/.

Exercises
1. Considery0 C x�1y D x3.

(a) Verify that˛.x/ D x is an integrating factor.

(b) Show that when multiplied by̨.x/, the differential equation can be written.xy/0 D x4.

(c) Conclude thatxy is an antiderivative ofx4 and use this information to find the general solution.

(d) Find the particular solution satisfyingy.1/ D 0.

SOLUTION

(a) The equation is of the form

y0 C A.x/y D B.x/

for A.x/ D x�1 andB.x/ D x3. By Theorem 1,̨ .x/ is defined by

˛.x/ D e
R
A.x/dx D elnx D x:

(b) When multiplied by̨ .x/, the equation becomes:

xy0 C y D x4:

Now, xy0 C y D xy0 C .x/0y D .xy/0, so

.xy/0 D x4:
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(c) Since.xy/0 D x4, .xy/ D x5

5 C C and

y D x4

5
C C

x

(d) If y.1/ D 0, we find

0 D 1

5
C C so � 1

5
D C:

The solution, therefore, is

y D x4

5
� 1

5x
:

2. Consider
dy

dt
C 2y D e�3t .

(a) Verify that˛.t/ D e2t is an integrating factor.
(b) Use Eq. (4) to find the general solution.
(c) Find the particular solution with initial conditiony.0/ D 1.

SOLUTION

(a) The equation is of the form

y0 C A.t/y D B.t/

for A.t/ D 2 andB.t/ D e�3t . Thus,

˛.t/ D e
R
A.t/dt D e2t :

(b) According to Eq. (4),

y.t/ D 1

˛.t/

�Z
˛.t/B.t/ dt C C

�
:

With ˛.t/ D e2t andB.t/ D e�3t , this yields

y.t/ D e�2t
�Z

e�t dt C C

�
D e�2t �C � e�t � D Ce�2t � e�3t :

(c) Using the initial conditiony.0/ D 1, we find

1 D �1C C so 2 D C:

The particular solution is therefore

y D �e�3t C 2e�2t :

3. Let ˛.x/ D ex
2
. Verify the identity

.˛.x/y/0 D ˛.x/.y0 C 2xy/

and explain how it is used to find the general solution of

y0 C 2xy D x

SOLUTION Let ˛.x/ D ex
2
. Then

.˛.x/y/0 D .ex
2

y/0 D 2xex
2

y C ex
2

y0 D ex
2 �
2xy C y0� D ˛.x/

�
y0 C 2xy

�
:

If we now multiply both sides of the differential equationy0 C 2xy D x by ˛.x/, we obtain

˛.x/.y0 C 2xy/ D x˛.x/ D xex
2

:

But ˛.x/.y0 C 2xy/ D .˛.x/y/0, so by integration we find

˛.x/y D
Z
xex

2

dx D 1

2
ex

2 C C:

Finally,

y.x/ D 1

2
C Ce�x2

:
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4. Find the solution ofy0 � y D e2x , y.0/ D 1.

SOLUTION We first find the general solution of the differential equationy0 � y D e2x . This is of the standard linear form

y0 C A.x/y D B.x/

with A.x/ D �1, B.x/ D e2x . By Theorem 1, the integrating factor is

˛.x/ D e
R
A.x/ dx D e�x :

When multiplied by the integrating factor, the original differential equation becomes

e�xy0 � e�xy D ex or .e�xy/0 D ex :

Integration of both sides now yields

e�xy D
Z
ex dx D ex C C:

Therefore,

y.x/ D e2x C Cex :

Using the initial conditiony.0/ D 1, we find

1 D 1C C so 0 D C:

Therefore,

y D e2x :

In Exercises 5–18, find the general solution of the first-order linear differential equation.

5. xy0 C y D x

SOLUTION Rewrite the equation as

y0 C 1

x
y D 1;

which is in standard linear form withA.x/ D 1
x andB.x/ D 1. By Theorem 1, the integrating factor is

˛.x/ D e
R
A.x/dx D elnx D x:

When multiplied by the integrating factor, the rewritten differential equation becomes

xy0 C y D x or .xy/0 D x:

Integration of both sides now yields

xy D 1

2
x2 C C:

Finally,

y.x/ D 1

2
x C C

x
:

6. xy0 � y D x2 � x

SOLUTION Rewrite the equation as

y0 � 1

x
y D x � 1;

which is in standard linear form withA.x/ D � 1
x andB.x/ D x � 1. By Theorem 1, the integrating factor is

˛.x/ D e
R
A.x/ dx D e� lnx D x�1:

When multiplied by the integrating factor, the rewritten differential equation becomes

1

x
y0 � 1

x2
y D 1 � 1

x
or

�y
x

�0
D 1 � 1

x
:
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Integration of both sides now yields

y

x
D x � lnx C C:

Finally,

y.x/ D x2 � x lnx C Cx:

7. 3xy0 � y D x�1

SOLUTION Rewrite the equation as

y0 � 1

3x
y D 1

3x2
;

which is in standard form withA.x/ D �1
3x

�1 andB.x/ D 1
3x

�2. By Theorem 1, the integrating factor is

˛.x/ D e
R
A.x/dx D e�.1=3/ lnx D x�1=3:

When multiplied by the integrating factor, the rewritten differential equation becomes

x�1=3y0 � 1

3
x�4=3 D 1

3
x�7=3 or .x�1=3y/0 D 1

3
x�7=3:

Integration of both sides now yields

x�1=3y D �1
4
x�4=3 C C:

Finally,

y.x/ D �1
4
x�1 C Cx1=3:

8. y0 C xy D x

SOLUTION This equation is in standard form withA.x/ D x andB.x/ D x. By Theorem 1, the integrating factor is

˛.x/ D e
R
x dx D e.1=2/x

2

:

When multiplied by the integrating factor, the original differential equation becomes

e.1=2/x
2

y0 C xe.1=2/x
2

y D xe.1=2/x
2

or .e.1=2/x
2

y/0 D xe.1=2/x
2

:

Integration of both sides now yields

e.1=2/x
2

y D e.1=2/x
2 C C:

Finally,

y.x/ D 1C Ce�.1=2/x2
:

9. y0 C 3x�1y D x C x�1

SOLUTION This equation is in standard form withA.x/ D 3x�1 andB.x/ D x C x�1. By Theorem 1, the integrating factor is

˛.x/ D e
R
3x�1 D e3 lnx D x3:

When multiplied by the integrating factor, the original differential equation becomes

x3y0 C 3x2y D x4 C x2 or .x3y/0 D x4 C x3:

Integration of both sides now yields

x3y D 1

5
x5 C 1

3
x3 C C:

Finally,

y.x/ D 1

5
x2 C 1

3
C Cx�3:
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10. y0 C x�1y D cos.x2/

SOLUTION This equation is in standard form withA.x/ D x�1 andB.x/ D cos.x2/. By Theorem 1, the integrating factor is

˛.x/ D e
R
x�1 dx D elnx D x:

When multiplied by the integrating factor, the original differential equation becomes

xy0 C y D x cos.x2/ or .xy/0 D x cos.x2/:

Integration of both sides now yields

xy D 1

2
sin.x2/C C:

Finally,

y.x/ D 1

2
x�1 sin.x2/C Cx�1:

11. xy0 D y � x

SOLUTION Rewrite the equation as

y0 � 1

x
y D �1;

which is in standard form withA.x/ D � 1
x andB.x/ D �1. By Theorem 1, the integrating factor is

˛.x/ D e
R

�.1=x/dx D e� lnx D x�1:

When multiplied by the integrating factor, the rewritten differential equation becomes

1

x
y0 � 1

x2
y D � 1

x
or

�
1

x
y

�0
D � 1

x
:

Integration on both sides now yields

1

x
y D � lnx C C:

Finally,

y.x/ D �x lnx C Cx:

12. xy0 D x�2 � 3y

x

SOLUTION Rewrite the equation is

y0 C 3

x2
y D 1

x3

which is in standard form withA.x/ D 3
x2 andB.x/ D 1

x3 . By Theorem 1, the integrating factor is

˛.x/ D e
R
.3=x2/ dx D e�3x�1

:

When multiplied by the integrating factor, the rewritten differential equation becomes

e�3=xy0 C 3

x2
e�3=xy D 1

x3
e�3=x

Integration on both sides now yields

e�3=xy D x C 3

9x
e�3=x C C or y D x C 3

9x
C Ce3=x

13. y0 C y D ex

SOLUTION This equation is in standard form withA.x/ D 1 andB.x/ D ex . By Theorem 1, the integrating factor is

˛.x/ D e
R
1dx D ex :

When multiplied by the integrating factor, the original differential equation becomes

exy0 C exy D e2x or .exy/0 D e2x :
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Integration on both sides now yields

exy D 1

2
e2x C C:

Finally,

y.x/ D 1

2
ex C Ce�x :

14. y0 C .secx/y D cosx

SOLUTION This equation is in standard form withA.x/ D secx andB.x/ D cosx. By Theorem 1, the integrating factor is

˛.x/ D e
R

secx dx D eln.secxCtanx/ D secx C tanx:

When multiplied by the integrating factor, the original differential equation becomes

.secx C tanx/y0 C .sec2 x C secx tanx/y D 1C sinx

or

..secx C tanx/y/0 D 1C sinx:

Integration on both sides now yields

.secx C tanx/y D x � cosx C C:

Finally,

y.x/ D x � cosx C C

secx C tanx
:

15. y0 C .tanx/y D cosx

SOLUTION This equation is in standard form withA.x/ D tanx andB.x/ D cosx. By Theorem 1, the integrating factor is

˛.x/ D e
R

tanx dx D eln secx D secx:

When multiplied by the integrating factor, the original differential equation becomes

secxy0 C secx tanxy D 1 or .y secx/0 D 1:

Integration on both sides now yields

y secx D x C C:

Finally,

y.x/ D x cosx C C cosx:

16. e2xy0 D 1 � exy

SOLUTION Rewrite the equation as

y0 C e�xy D e�2x ;

which is in standard form withA.x/ D e�x andB.x/ D e�2x . By Theorem 1, the integrating factor is

˛.x/ D e
R
e�x dx D e�e�x

:

When multiplied by the integrating factor, the rewritten differential equation becomes

e�e�x

y0 C e�x�e�x

y D e�2xe�e�x

or .e�e�x

y/0 D e�2xe�e�x

:

Integration on both sides now yields

.e�e�x

y/ D
Z
e�2xe�e�x

dx:

To handle the remaining integral, make the substitutionu D �e�x , du D e�x dx. Then
Z
e�2xe�e�x

dx D �
Z
ueu du D �ueu C eu C C D e�xe�e�x C e�e�x C C:

Finally,

y.x/ D 1C e�x C Cee
�x

:
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17. y0 � .lnx/y D xx

SOLUTION This equation is in standard form withA.x/ D � ln x andB.x/ D xx. By Theorem 1, the integrating factor is

˛.x/ D e
R

� lnx dx D ex�x lnx D ex

xx
:

When multiplied by the integrating factor, the original differential equation becomes

x�xexy0 � .lnx/x�xexy D ex or .x�xexy/0 D ex :

Integration on both sides now yields

x�xexy D ex C C:

Finally,

y.x/ D xx C Cxxe�x :

18. y0 C y D cosx

SOLUTION This equation is in standard form withA.x/ D 1 andB.x/ D cosx. By Theorem 1, the integrating factor is

˛.x/ D e
R
1dx D ex :

When multiplied by the integrating factor, the original differential equation becomes

exy0 C exy D ex cosx or .exy/0 D ex cosx:

Integration on both sides (integration by parts is needed on the right-hand side of the equation) now yields

exy D 1

2
ex .sin x C cosx/C C:

Finally,

y.x/ D 1

2
.sinx C cosx/C Ce�x :

In Exercises 19–26, solve the initial value problem.

19. y0 C 3y D e2x , y.0/ D �1
SOLUTION First, we find the general solution of the differential equation. This linear equation is in standard form withA.x/ D 3

andB.x/ D e2x . By Theorem 1, the integrating factor is

˛.x/ D e3x :

When multiplied by the integrating factor, the original differential equation becomes

.e3xy/0 D e5x :

Integration on both sides now yields

.e3xy/ D 1

5
e5x C C I

hence,

y.x/ D 1

5
e2x C Ce�3x :

The initial conditiony.0/ D �1 allows us to determine the value ofC :

�1 D 1

5
C C so C D �6

5
:

The solution to the initial value problem is therefore

y.x/ D 1

5
e2x � 6

5
e�3x :



S E C T I O N 9.5 First-Order Linear Equations 1137

20. xy0 C y D ex , y.1/ D 3

SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as

y0 C 1

x
y D 1

x
ex ;

which is in standard form withA.x/ D x�1 andB.x/ D x�1ex . By Theorem 1, the integrating factor is

˛.x/ D e
R
x�1 dx D elnx D x:

When multiplied by the integrating factor, the rewritten differential equation becomes

.xy/0 D ex :

Integration on both sides now yields

xy D ex C C I

hence,

y.x/ D 1

x
ex C C

x
:

The initial conditiony.1/ D 3 allows us to determine the value ofC :

3 D e C C

1
so C D 3 � e:

The solution to the initial value problem is therefore

y.x/ D 1

x
ex C 3 � e

x
:

21. y0 C 1

x C 1
y D x�2, y.1/ D 2

SOLUTION First, we find the general solution of the differential equation. This linear equation is in standard form withA.x/ D
1
xC1 andB.x/ D x�2. By Theorem 1, the integrating factor is

˛.x/ D e
R
1=.xC1/dx D eln.xC1/ D x C 1:

When multiplied by the integrating factor, the original differential equation becomes

..x C 1/y/0 D x�1 C x�2:

Integration on both sides now yields

.x C 1/y D ln x � x�1 C C I

hence,

y.x/ D 1

x C 1

�
C C lnx � 1

x

�
:

The initial conditiony.1/ D 2 allows us to determine the value ofC :

2 D 1

2
.C � 1/ so C D 5:

The solution to the initial value problem is therefore

y.x/ D 1

x C 1

�
5C lnx � 1

x

�
:

22. y0 C y D sinx, y.0/ D 1

SOLUTION First, we find the general solution of the differential equation. This equation is in standard form withA.x/ D 1 and
B.x/ D sinx. By Theorem 1, the integrating factor is

˛.x/ D e
R
1dx D ex :

When multiplied by the integrating factor, the original differential equation becomes

.exy/0 D ex sinx:
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Integration on both sides (integration by parts is needed on the right-hand side of the equation) now yields

.exy/ D 1

2
ex .sinx � cosx/C C I

hence,

y.x/ D 1

2
.sinx � cosx/C Ce�x :

The initial conditiony.0/ D 1 allows us to determine the value ofC :

1 D �1
2

C C so C D 3

2
:

The solution to the initial value problem is therefore

y.x/ D 1

2
.sinx � cosx/C 3

2
e�x :

23. .sinx/y0 D .cosx/y C 1, y
��
4

�
D 0

SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as

y0 � .cotx/y D cscx;

which is in standard form withA.x/ D � cotx andB.x/ D cscx. By Theorem 1, the integrating factor is

˛.x/ D e
R

� cotx dx D e� ln sinx D cscx:

When multiplied by the integrating factor, the rewritten differential equation becomes

.cscxy/0 D csc2 x:

Integration on both sides now yields

.cscx/y D � cotx C C I

hence,

y.x/ D � cosx C C sinx:

The initial conditiony.�=4/ D 0 allows us to determine the value ofC :

0 D �
p
2

2
C C

p
2

2
so C D 1:

The solution to the initial value problem is therefore

y.x/ D � cosx C sinx:

24. y0 C .sect/y D sect , y
��
4

�
D 1

SOLUTION First, we find the general solution of the differential equation. This equation is in standard form withA.t/ D sect
andB.t/ D sect . By Theorem 1, the integrating factor is

˛.t/ D e
R

sect dt D eln.sectCtant/ D sect C tant:

When multiplied by the integrating factor, the original differential equation becomes

..sect C tant/y/0 D sec2 t C sect tant:

Integration on both sides now yields

.sect C tant/y D tant C sect C C I

hence,

y.t/ D 1C C

sect C tant
:

The initial conditiony.�=4/ D 1 allows us to determine the value ofC :

1 D 1C Cp
2C 1

so C D 0:

The solution to the initial value problem is therefore

y.x/ D 1:
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25. y0 C .tanhx/y D 1, y.0/ D 3

SOLUTION First, we find the general solution of the differential equation. This equation is in standard form withA.x/ D tanhx
andB.x/ D 1. By Theorem 1, the integrating factor is

˛.x/ D e
R

tanhx dx D eln coshx D coshx:

When multiplied by the integrating factor, the original differential equation becomes

.coshxy/0 D coshx:

Integration on both sides now yields

.coshxy/ D sinhx C C I

hence,

y.x/ D tanhx C C sechx:

The initial conditiony.0/ D 3 allows us to determine the value ofC :

3 D C:

The solution to the initial value problem is therefore

y.x/ D tanhx C 3 sechx:

26. y0 C x

1C x2
y D 1

.1C x2/3=2
, y.1/ D 0

SOLUTION First, we find the general solution of the differential equation. This equation is in standard form withA.x/ D x
1Cx2

andB.x/ D 1
.1Cx2/3=2

. By Theorem 1, the integrating factor is

˛.x/ D e
R
.x=.1Cx2// dx D e.1=2/ ln.1Cx2/ D

p
1C x2:

When multiplied by the integrating factor, the original differential equation becomes

�p
1C x2y

�0
D 1

1C x2
:

Integration on both sides now yields
p
1C x2y D tan�1 x C C I

hence,

y.x/ D tan�1 xp
1C x2

C Cp
1C x2

:

The initial conditiony.1/ D 0 allows us to determine the value ofC :

0 D 1p
2

��
4

C C
�

so C D ��
4
:

The solution to the initial value problem is therefore

y.x/ D 1p
1C x2

�
tan�1 x � �

4

�
:

27. Find the general solution ofy0 C ny D emx for all m; n. Note:The casem D �n must be treated separately.

SOLUTION For anym; n, Theorem 1 gives us the formula for˛.x/:

˛.x/ D e
R
ndx D enx :

When multiplied by the integrating factor, the original differential equation becomes

.enxy/0 D e.mCn/x :

If m ¤ �n, integration on both sides yields

enxy D 1

mC n
e.mCn/x C C;
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so

y.x/ D 1

mC n
emx C Ce�nx :

However, ifm D �n, thenmC n D 0 and the equation reduces to

.enxy/0 D 1;

so integration yields

enxy D x C C or y.x/ D .x C C/e�nx :

28. Find the general solution ofy0 C ny D cosx for all n.

SOLUTION This equation is in standard form withA.x/ D n andB.x/ D cosx. By Theorem 1, the integrating factor is

˛.x/ D e
R
ndx D enx

When multiplied by the integrating factor, the differential equation becomes

enxy0 C nenxy D enx cosx

Integrating both sides gives

enxy D enx

n2 C 1
.sin x C n cosx/C C

(To integrate the right hand side, apply integration by parts twice withu D enx). Finally

y D Ce�nx C sinx C n cosx

n2 C 1

In Exercises 29–32, a1000 L tank contains500 L of water with a salt concentration of10 g/L. Water with a salt concentration of
50 g/L flows into the tank at a rate of80 L/min. The fluid mixes instantaneously and is pumped out at a specified rateRout. Lety.t/
denote the quantity of salt in the tank at timet .

29. Assume thatRout D 40 L/min.

(a) Set up and solve the differential equation fory.t/.
(b) What is the salt concentration when the tank overflows?

SOLUTION Because water flows into the tank at the rate of80 L=min but flows out at the rate ofRout D 40 L=min, there is a net
inflow of 40 L=min. Therefore, at any timet , there are500C 40t liters of water in the tank.

(a) The net flow of salt into the tank at timet is

dy

dt
D salt rate in� salt rate outD

�
80

L

min

��
50

g

L

�
�
�
40

L

min

��
y g

500C 40t L

�
D 4000 � 40 � y

500C 40t

Rewriting this linear equation in standard form, we have

dy

dt
C 4

50C 4t
y D 4000;

soA.t/ D 4
50C4t andB.t/ D 4000. By Theorem 1, the integrating factor is

˛.t/ D e
R
4.50C4t/�1 dt D eln.50C4t/ D 50C 4t:

When multiplied by the integrating factor, the rewritten differential equation becomes

..50C 4t/y/0 D 4000.50 C 4t/:

Integration on both sides now yields

.50C 4t/y D 200;000t C 16;000t2 C C I

hence,

y.t/ D 200;000t C 8000t2 C C

50C 4t
:

The initial conditiony.0/ D 10 allows us to determine the value ofC :

10 D C

50
so C D 500:
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The solution to the initial value problem is therefore

y.t/ D 200;000t C 8000t2 C 500

50C 4t
D 250C 4000t2 C 100;000t

25C 2t
:

(b) The tank overflows whent D 25=2 D 12:5. The amount of salt in the tank at that time is

y.12:5/ D 37;505 g;

so the concentration of salt is

37;505 g

1000 L
D 37:505 g=L:

30. Find the salt concentration when the tank overflows, assuming thatRout D 60 L/min.

SOLUTION We work as in Exercise 29, but withRout D 60. There is a net inflow of20 L=min, so at timet , there are500 C 20t

liters of water in the tank. The net flow of salt into the tank at timet is

dy

dt
D salt rate in� salt rate outD

�
80

L

min

��
50

g

L

�
�
�
60

L

min

��
y g

500C 20t L

�
D 4000 � 6 � y

50C 2t

Rewriting this linear equation in standard form, we have

dy

dt
C 6

50C 2t
y D 4000;

soA.t/ D 6
50C2t andB.t/ D 4000. By Theorem 1, the integrating factor is

˛.t/ D e
R
6.50C2t/�1 dt D e3 ln.50C2t/ D .50C 2t/3:

When multiplied by the integrating factor, the rewritten differential equation becomes

..50C 2t/3y/0 D 4000.50 C 2t/3:

Integration on both sides now yields

.50C 2t/3y D 500.50C 2t/4 C C I

hence,

y.t/ D 25;000C 1000t C C

.50C 2t/3
:

The initial conditiony.0/ D 10 allows us to determine the value ofC :

10 D 25;000C C

503
so C D �3123:75 � 106:

The solution to the initial value problem is therefore

y.t/ D 25;000C 1000t � 390;468;750

.25C t/2
:

The tank overflows whent D 25. The amount of salt in the tank at that time is

y.25/ D 46;876:25 g;

so the concentration of salt is

46;876:25 g

1000 L
� 46:876 g=L:

31. Find the limiting salt concentration ast ! 1 assuming thatRout D 80 L/min.

SOLUTION The total volume of water is now constant at500 liters, so the net flow of salt at timet is

dy

dt
D salt rate in� salt rate outD

�
80

L

min

��
50

g

L

�
�
�
80

L

min

�� y g

500 L

�
D 4000 � 8

50
y

Rewriting this equation in standard form gives

dy

dt
C 8

50
y D 4000
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so that the integrating factor is

e
R
.8=50/ dt D e0:16t

Multiplying both sides by the integrating factor gives

.e0:16ty/0 D 4000e0:16t

Integrate both sides to get

e0:16ty D 25;000e0:16t C C so that y D 25;000C Ce�0:16t

As t ! 1, the exponential term tends to zero, so that the amount of salt tends to25;000g, or50 g=L. (Note that this is precisely
what would be expected naı̈vely, since the salt concentration flowing in is also50 g=L).

32. Assuming thatRout D 120 L/min. Findy.t/. Then calculate the tank volume and the salt concentration att D 10 minutes.

SOLUTION We work as in Exercise 29, but withRout D 120. There is a net outflow of40 L=min, so at timet , there are500� 40t
liters of water in the tank. Note that after ten minutes, the volume of water in the tank is100 liters.

The net flow of salt into the tank at timet is

dy

dt
D salt rate in� salt rate outD

�
80

L

min

��
50

g

L

�
�
�
120

L

min

�� y g

500 � 40t L

�
D 4000 � 12 � y

50 � 4t

Rewriting this linear equation in standard form, we have

dy

dt
C 6

25 � 2t
y D 4000;

soA.t/ D 6
25�2t andB.t/ D 4000. By Theorem 1, the integrating factor is

˛.t/ D e
R
6.25�2t/�1 dt D e�3 ln.25�2t/ D .25 � 2t/�3:

When multiplied by the integrating factor, the rewritten differential equation becomes

..25 � 2t/�3y/0 D 4000.25 � 2t/�3:

Integration on both sides now yields

.25 � 2t/�3y D 1000.25 � 2t/�2 C C I

hence,

y.t/ D 25;000 � 2000t C C.25 � 2t/3:

The initial conditiony.0/ D 10 allows us to determine the value ofC :

10 D 25;000C C � 503 so C D �1:599:

The solution to the initial value problem is therefore

y.t/ D 25;000 � 2000t � 1:599.25 � 2t/3:

The amount of salt in the tank at timet D 10 is then

y.10/ D 4800:08 g;

so the concentration of salt is

4800:08 g

100 L
� 48 g=L:

33. Water flows into a tank at the variable rate ofRin D 20=.1C t/ gal/min and out at the constant rateRout D 5 gal/min. LetV.t/
be the volume of water in the tank at timet .

(a) Set up a differential equation forV.t/ and solve it with the initial conditionV.0/ D 100.

(b) Find the maximum value ofV .

(c) PlotV.t/ and estimate the timet when the tank is empty.
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SOLUTION

(a) The rate of change of the volume of water in the tank is given by

dV

dt
D Rin � Rout D 20

1C t
� 5:

Because the right-hand side depends only on the independent variablet , we integrate to obtain

V.t/ D 20 ln.1C t/ � 5t C C:

The initial conditionV.0/ D 100 allows us to determine the value ofC :

100 D 20 ln 1 � 0C C so C D 100:

Therefore

V.t/ D 20 ln.1C t/ � 5t C 100:

(b) Using the result from part (a),

dV

dt
D 20

1C t
� 5 D 0

whent D 3. BecausedV
dt

> 0 for t < 3 and dV
dt

< 0 for t > 3, it follows that

V.3/ D 20 ln 4 � 15C 100 � 112:726 gal

is the maximum volume.
(c) V.t/ is plotted in the figure below at the left. On the right, we zoom in near the location where the curve crosses thet-axis.
From this graph, we estimate that the tank is empty after roughly 34.25 minutes.

10 20 30 40

20

40

60

80

100

120

32 34 36 38

34. A stream feeds into a lake at a rate of1000m3/day. The stream is polluted with a toxin whose concentration is5 g/m3. Assume
that the lake has volume106 m3 and that water flows out of the lake at the same rate of1000 m3/day.

(a) Set up a differential equation for the concentrationc.t/ of toxin in the lake and solve forc.t/, assuming thatc.0/ D 0. Hint:
Find the differential equation for the quantity of toxiny.t/, and observe thatc.t/ D y.t/=106.
(b) What is the limiting concentration for larget?

SOLUTION

(a) LetM.t/ denote the amount of toxin, in grams, in the lake at timet . The rate at which toxin enters the lake is given by

5
g

m3
� 1000m3

day
D 5000

g

day
;

while the rate at which toxin exits the lake is given by

M.t/ g

106 m3
� 1000m3

day
D M.t/

1000

g

day
;

where we have assumed that any toxin in the lake is spread uniformly throughout the lake. The differential equation forM.t/ is
then

dM

dt
D 5000 � M

1000
:

The concentration of the toxin in the lake is given byc.t/ D M.t/

106
, soc0.t/ D 1

106M
0.t/, giving

dc

dt
D 1

200
� 1

1000
c:

Rewriting this linear equation in standard form, we have

dc

dt
C 1

1000
c D 1

200
;
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soA.t/ D 1
1000 andB.t/ D 1

200 . By Theorem 1, the integrating factor is

˛.t/ D et=1000:

When multiplied by the integrating factor, the rewritten differential equation becomes

.et=1000c/0 D 1

200
et=1000:

Integration on both sides now yields

et=1000c D 5et=1000 C AI

hence,

c.t/ D 5C Ae�t=1000:

The initial conditionc.0/ D 0 allows us to determine the value ofA:

0 D 5C A so A D �5:

Therefore

c.t/ D 5
�
1 � e�t=1000

�
grams=m3:

(b) As t ! 1, c.t/ ! 5, so the limiting concentration of pollution is5
grams

m3
.

In Exercises 35–38, consider a series circuit (Figure 1) consisting of a resistor ofR ohms, an inductor ofL henries, and a variable
voltage source ofV.t/ volts (timet in seconds). The current through the circuitI.t/ (in amperes) satisfies the differential equation

dI

dt
C R

L
I D 1

L
V.t/ 10

LV(t)

R

FIGURE 1 RL circuit.

35. Solve Eq. (10) with initial conditionI.0/ D 0, assuming thatR D 100 �,L D 5 H, andV.t/ is constant withV.t/ D 10 volts.

SOLUTION If R D 100, V.t/ D 10, andL D 5, the differential equation becomes

dI

dt
C 20I D 2;

which is a linear equation in standard form withA.t/ D 20 andB.t/ D 2. The integrating factor is̨ .t/ D e20t , and when
multiplied by the integrating factor, the differential equation becomes

.e20tI /0 D 2e20t :

Integration of both sides now yields

e20tI D 1

10
e20t C C I

hence,

I.t/ D 1

10
C Ce�20t :

The initial conditionI.0/ D 0 allows us to determine the value ofC :

0 D 1

10
C C so C D � 1

10
:

Finally,

I.t/ D 1

10

�
1 � e�20t

�
:
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36. Assume thatR D 110 �, L D 10 H, andV.t/ D e�t volts.

(a) Solve Eq. (10) with initial conditionI.0/ D 0.

(b) Calculatetm andI.tm/, wheretm is the time at whichI.t/ has a maximum value.

(c) Use a computer algebra system to sketch the graph of the solution for0 � t � 3.

SOLUTION

(a) If R D 110, V.t/ D e�t , andL D 10, the differential equation becomes

dI

dt
C 11I D 1

10
e�t ;

which is a linear equation in standard form withA.t/ D 11 andB.t/ D 1
10e

�t . The integrating factor is̨ .t/ D e11t , and when
multiplied by the integrating factor, the differential equation becomes

.e11tI /0 D 1

10
e10t :

Integration of both sides now yields

e11tI D 1

100
e10t C C I

hence,

I.t/ D 1

100
e�t C Ce�11t :

The initial conditionI.0/ D 0 allows us to determine the value ofC :

0 D 1

100
C C so C D � 1

100
:

Finally,

I.t/ D 1

100

�
e�t � e�11t

�
:

(b) Using the result from part (a),

dI

dt
D 1

100

�
�e�t C 11e�11t

�
D 0

when

t D tm D 1

10
ln11 seconds:

Now,

I.tm/ D 1

100

�
e�.1=10/ ln11 � e�.11=10/ ln11

�
D 1

100

�
11�1=10 � 11�11=10

�
� 0:00715 amperes:

(c) The graph ofI.t/ is shown below.

I

t

0.004

0.006

0.002

0 2 31 1.5 2.50.5

37. Assume thatV.t/ D V is constant andI.0/ D 0.

(a) Solve forI.t/.

(b) Show that lim
t!1

I.t/ D V=R and thatI.t/ reaches approximately 63% of its limiting value afterL=R seconds.

(c) How long does it take forI.t/ to reach 90% of its limiting value ifR D 500 �,L D 4 H, andV D 20 volts?

SOLUTION

(a) The equation

dI

dt
C R

L
I D 1

L
V
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is a linear equation in standard form withA.t/ D R
L

andB.t/ D 1
L
V.t/. By Theorem 1, the integrating factor is

˛.t/ D e
R
.R=L/dt D e.R=L/ t :

When multiplied by the integrating factor, the original differential equation becomes

.e.R=L/ tI /0 D e.R=L/ t
V

L
:

Integration on both sides now yields

.e.R=L/ tI / D V

R
e.R=L/ t C C I

hence,

I.t/ D V

R
C Ce�.R=L/ t :

The initial conditionI.0/ D 0 allows us to determine the value ofC :

0 D V

R
C C so C D �V

R
:

Therefore the current is given by

I.t/ D V

R

�
1� e�.R=L/ t

�
:

(b) As t ! 1, e�.R=L/ t ! 0, soI.t/ ! V
R

. Moreover, whent D .L=R/ seconds, we have

I

�
L

R

�
D V

R

�
1 � e�.R=L/ .L=R/

�
D V

R

�
1 � e�1

�
� 0:632

V

R
:

(c) Using the results from part (a) and part (b),I.t/ reaches 90% of its limiting value when

9

10
D 1 � e�.R=L/ t ;

or when

t D L

R
ln10:

With L D 4 andR D 500, this takes approximately 0.0184 seconds.

38. Solve forI.t/, assuming thatR D 500 �,L D 4 H, andV D 20 cos.80/ volts.

SOLUTION With R D 500, L D 4, andV D 20 cos.80/, Eq. (10) becomes

dI

dt
C 125I D 5 cos.80t/

which is a linear equation in standard form withA.t/ D 125 andB.t/ D 5 cos.80/. The integrating factor ise125t ; when multiplied
by the integrating factor, the differential equation becomes

.e125tI /0 D 5e125t cos.80/

To integrate the right side, apply integration by parts twice and solve the resulting formula for the desired integral, giving
Z
5e125t cos.80/dt D 1

25
e125t cos80C C

so that the solution is

e125tI D 1

25
e125t cos80C C

Multiply through bye�125t to get

I D 1

25
cos80C Ce�125t
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39. Tank 1 in Figure 2 is filled withV1 liters of water containing blue dye at an initial concentration ofc0 g/L. Water flows
into the tank at a rate ofR L/min, is mixed instantaneously with the dye solution, and flows out through the bottom at the same rate
R. Let c1.t/ be the dye concentration in the tank at timet .

(a) Explain whyc1 satisfies the differential equation
dc1

dt
D � R

V1
c1.

(b) Solve forc1.t/ with V1 D 300 L, R D 50, andc0 D 10 g/L.

R  (L/min)

Tank 2

R  (L/min)

R (L/min)

Tank 1

FIGURE 2

SOLUTION

(a) Let g1.t/ be the number of grams of dye in the tank at timet . Theng1.t/ D V1c1.t/ andg0
1.t/ D V1c

0
1.t/. Now,

g0
1.t/ D grams of dye in� grams of dye outD 0 � g.t/

V1
g=L �R L=min D � R

V1
g.t/

Substituting gives

V1c
0
1.t/ D � R

V1
c1.t/V1 and simplifying yields c0

1.t/ D � R

V1
c1.t/

(b) In standard form, the equation is

c0
1.t/C R

V1
c1.t/ D 0

so thatA.t/ D R

V1
andB.t/ D 0. The integrating factor ise.R=V1/t ; multiplying through gives

.e.R=V1/tc1.t//
0 D 0 so, integrating, e.R=V1/t c1.t/ D C

and thusc1.t/ D Ce�.R=V1/t . WithR D 50 andV1 D 300 we havec1.t/ D Ce�t=6; the initial conditionc1.0/ D c0 D 10 gives
C D 10. Finally,

c1.t/ D 10e�t=6

40. Continuing with the previous exercise, let Tank 2 be another tank filled withV2 gal of water. Assume that the dye
solution from Tank 1 empties into Tank2 as in Figure 2, mixes instantaneously, and leaves Tank 2 at the same rateR. Let c2.t/ be
the dye concentration in Tank2 at timet .

(a) Explain whyc2 satisfies the differential equation

dc2

dt
D R

V2
.c1 � c2/

(b) Use the solution to Exercise 39 to solve forc2.t/ if V1 D 300, V2 D 200, R D 50, andc0 D 10.

(c) Find the maximum concentration in Tank 2.

(d) Plot the solution.
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SOLUTION

(a) Let g2.t/ be the amount in grams of dye in Tank 2 at timet . At time t , the concentration of dye in Tank 1, and thus the
concentration of dye coming into Tank 2, isc1.t/. Thus

g0
2.t/ D grams of dye in� grams of dye out

D c1.t/ g/L �R L/min � c2.t/g/L �R L/min D R.c1.t/� c2.t//

Sinceg0
2.t/ D V2c

0
2.t/, we get

c0
2.t/ D R

V2
.c1.t/ � c2.t//

(b) With V1 D 300, R D 50, andc0 D 10, part (a) tells us that

c1.t/ D 10e�t=6

SinceV2 D 200, we have

c0
2.t/ D 1

4
.10e�t=6 � c2.t//

Putting this linear equation in standard form gives

c0
2.t/C 1

4
c2.t/ D 5

2
e�t=6

The integrating factor iset=4; multiplying through gives

.et=4c2.t//
0 D 5

2
et=12

Integrate to get

et=4c2.t/ D 30et=12 C C so that c2.t/ D 30e�t=6 C Ce�t=4

Since Tank 2 starts out filled entirely with water, we havec2.0/ D 0 so thatC D �30 and

c2.t/ D 30.e�t=6 � e�t=4/

(c) The maximum concentration in Tank 2 occurs whenc0
2.t/ D 0.

c0
2.t/ D 0 D �5e�t=6 C 15

2
e�t=4

Solve this equation fort as follows:

5e�t=6 D 15

2
e�t=4

2e�t=6 D 3e�t=4

� t
6

C ln2 D � t
4

C ln3

t

12
D ln3 � ln 2 D ln.3=2/

t D 12 ln.3=2/ � 4:866

Whent D 12 ln.3=2/,

c2.t/ D 30.e�2 ln.3=2/ � e�3 ln.3=2// D 30

�
4

9
� 8

27

�
D 40

9
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(d)

41. Leta; b; r be constants. Show that

y D Ce�kt C aC bk

�
k sinrt � r cosrt

k2 C r2

�

is a general solution of

dy

dt
D �k

�
y � a � b sinrt

�

SOLUTION This is a linear differential equation; in standard form, it is

dy

dt
C ky D k.aC b sinrt/

The integrating factor is thenekt ; multiplying through gives

.ekty/0 D kaekt C kbekt sinrt (*)

The first term on the right-hand side has integralaekt . To integrate the second term, use integration by parts twice; this result in an
equation of the form

Z
kbekt sinrt D F.t/C A

Z
kbekt sinrt

for some functionF.t/ and constantA. Solving for the integral gives
Z
kbekt sinrt D kbekt

k sinrt � r cosrt

k2 C r2

so that integrating equation (*) gives

ekty D aekt C kbekt
k sinrt � r cosrt

k2 C r2
C C

Divide through byekt to get

y D aC bk

�
k sinrt � r cosrt

k2 C r2

�
C Ce�kt

42. Assume that the outside temperature varies as

T .t/ D 15C 5 sin.�t=12/

wheret D 0 is 12 noon. A house is heated to25ıC at t D 0 and after that, its temperaturey.t/ varies according to Newton’s Law
of Cooling (Figure 3):

dy

dt
D �0:1

�
y.t/ � T .t/

�

Use Exercise 41 to solve fory.t/.
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y(t)

T(t)

t (hours)

y(°C)

12 24 36 48 60 8472

5

10

15

20

25

FIGURE 3 House temperaturey.t/

SOLUTION The differential equation is

dy

dt
D �0:1

�
y.t/ � 15 � 5 sin.

�t

12
/
�

This differential equation is of the form considered in Exercise 41, witha D 15, b D 5, r D �=12, andk D 0:1. Thus the general
solution is

y.t/ D Ce�0:1t C 15C 0:5

�
0:1 sin.�t=12/ � .�=12/ cos.�t=12/

0:01C �2=144

�

Sincey.0/ D 25, we have

25 D C C 15C 0:5

�
0 � �=12

0:01C �2=144

�
� C C 15 � 1:667

so thatC � 11:667 and

y.t/ D 11:667e�0:1t C 15C 0:5

�
0:1 sin.�t=12/ � .�=12/ cos.�t=12/

0:01C �2=144

�

Further Insights and Challenges

43. Let ˛.x/ be an integrating factor fory0 C A.x/y D B.x/. The differential equationy0 C A.x/y D 0 is called the associated
homogeneous equation.

(a) Show that1=˛.x/ is a solution of the associated homogeneous equation.

(b) Show that ify D f .x/ is a particular solution ofy0 CA.x/y D B.x/, thenf .x/C C=˛.x/ is also a solution for any constant
C .

SOLUTION

(a) Remember that̨ 0.x/ D A.x/˛.x/. Now, lety.x/ D .˛.x//�1. Then

y0 C A.x/y D � 1

.˛.x//2
˛0.x/C A.x/

˛.x/
D � 1

.˛.x//2
A.x/˛.x/C A.x/

˛.x/
D 0:

(b) Supposef .x/ satisfiesf 0.x/CA.x/f .x/ D B.x/. Now, lety.x/ D f .x/C C=˛.x/, whereC is an arbitrary constant. Then

y0 C A.x/y D f 0.x/� C

.˛.x//2
˛0.x/C A.x/f .x/C CA.x/

˛.x/

D
�
f 0.x/C A.x/f .x/

�
C C

˛.x/

�
A.x/� ˛0.x/

˛.x/

�
D B.x/C 0 D B.x/:

44. Use the Fundamental Theorem of Calculus and the Product Rule to verify directly that for anyx0, the function

f .x/ D ˛.x/�1
Z x

x0

˛.t/B.t/ dt

is a solution of the initial value problem

y0 C A.x/y D B.x/; y.x0/ D 0

where˛.x/ is an integrating factor [a solution to Eq. (3)].
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SOLUTION Remember that̨ 0.x/ D A.x/˛.x/. Now, let

y.x/ D 1

˛.x/

Z x

x0

˛.t/B.t/ dt:

Then,

y.x0/ D 1

˛.x/

Z x0

x0

˛.t/B.t/ dt D 0;

and

y0 C A.x/y D � ˛0.x/
.˛.x//2

Z x

x0

˛.t/B.t/ dt C B.x/C A.x/

˛.x/

Z x

x0

˛.t/B.t/ dt

D B.x/C
�

�A.x/
˛.x/

C A.x/

˛.x/

�Z x

x0

˛.t/B.t/ dt D B.x/:

45. Transient Currents Suppose the circuit described by Eq. (10) is driven by a sinusoidal voltage sourceV.t/ D V sin!t
(whereV and! are constant).

(a) Show that

I.t/ D V

R2 C L2!2
.R sin!t � L! cos!t/C Ce�.R=L/ t

(b) LetZ D
p
R2 C L2!2. Choose� so thatZ cos� D R andZ sin� D L!. Use the addition formula for the sine function to

show that

I.t/ D V

Z
sin.!t � �/C Ce�.R=L/ t

This shows that the current in the circuit varies sinusoidally apart from a DC term (called thetransient current in electronics) that
decreases exponentially.

SOLUTION

(a) With V.t/ D V sin!t , the equation

dI

dt
C R

L
I D 1

L
V.t/

becomes

dI

dt
C R

L
I D V

L
sin!t:

This is a linear equation in standard form withA.t/ D R
L

andB.t/ D V
L

sin!t . By Theorem 1, the integrating factor is

˛.t/ D
Z
e
R
A.t/dt D e.R=L/ t :

When multiplied by the integrating factor, the equation becomes

.e.R=L/ tI /0 D V

L
e.R=L/ t sin!t:

Integration on both sides (integration by parts is needed for the integral on the right-hand side) now yields

.e.R=L/ tI / D V

R2 C L2!2
e.R=L/ t .R sin!t �L! cos!t/C C I

hence,

I.t/ D V

R2 C L2!2
.R sin!t � L! cos!t/C Ce�.R=L/ t :

(b) LetZ D
p
R2 C L2!2, and choose� so thatZ cos� D R andZ sin� D L!. Then

V

R2 C L2!2
.R sin!t � L! cos!t/ D V

Z2
.Z cos� sin!t �Z sin� cos!t/

D V

Z
.cos� sin!t � sin� cos!t/ D V

Z
sin.!t � �/:

Thus,

I.t/ D V

Z
sin.!t � �/C Ce�.R=L/ t :
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CHAPTER REVIEW EXERCISES

1. Which of the following differential equations are linear? Determine the order of each equation.

(a) y0 D y5 � 3x4y (b) y0 D x5 � 3x4y
(c) y D y000 � 3xp

y (d) sinx � y00 D y � 1

SOLUTION

(a) y5 is a nonlinear term involving the dependent variable, so this is not a linear equation; the highest order derivative that appears
in the equation is a first derivative, so this is a first-order equation.
(b) This is linear equation; the highest order derivative that appears in the equation is a first derivative, so this is a first-order
equation.
(c)

p
y is a nonlinear term involving the dependent variable, so this is not a linear equation; the highest order derivative that appears

in the equation is a third derivative, so this is a third-order equation.
(d) This is linear equation; the highest order derivative that appears in the equation is a second derivative, so this is a second-order
equation.

2. Find a value ofc such thaty D x � 2C ecx is a solution of2y0 C y D x.

SOLUTION Let y D x � 2C ecx . Then

y0 D 1C cecx ;

and

2y0 C y D 2
�
1C cecx

�
C
�
x � 2C ecx

�
D 2C 2cecx C x � 2C ecx D .2c C 1/ecx C x:

For this to equalx, we must have2c C 1 D 0, or c D �1
2 (remember thatecx is never zero).

In Exercises 3–6, solve using separation of variables.

3.
dy

dt
D t2y�3

SOLUTION Rewrite the equation as

y3 dy D t2 dt:

Upon integrating both sides of this equation, we obtain:
Z
y3 dy D

Z
t2 dt

y4

4
D t3

3
C C:

Thus,

y D ˙
�
4

3
t3 C C

�1=4
;

whereC is an arbitrary constant.

4. xyy0 D 1 � x2

SOLUTION Rewrite the equation

xy
dy

dx
D 1 � x2 as y dy D

�
1

x
� x

�
dx:

Upon integrating both sides of this equation, we obtain
Z
y dy D

Z �
1

x
� x

�
dx

y2

2
D ln jxj � x2

2
C C:

Thus,

y D ˙
p

ln x2 C A � x2;

whereA D 2C is an arbitrary constant.
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5. x
dy

dx
� y D 1

SOLUTION Rewrite the equation as

dy

1C y
D dx

x
:

upon integrating both sides of this equation, we obtain
Z

dy

1C y
D
Z
dx

x

ln j1C yj D ln jxj C C:

Thus,

y D �1C Ax;

whereA D ˙eC is an arbitrary constant.

6. y0 D xy2

x2 C 1

SOLUTION Rewrite

dy

dx
D xy2

x2 C 1
as

dy

y2
D x

x2 C 1
dx:

Upon integrating both sides of this equation, we obtain
Z
dy

y2
D
Z

x

x2 C 1
dx

� 1
y

D 1

2
ln
�
x2 C 1

�
C C:

Thus,

y D � 1
1
2 ln

�
x2 C 1

�
C C

;

whereC is an arbitrary constant.

In Exercises 7–10, solve the initial value problem using separation of variables.

7. y0 D cos2x, y.0/ D �

4
SOLUTION First, we find the general solution of the differential equation. Because the variables are already separated, we integrate
both sides to obtain

y D
Z

cos2x dx D
Z �

1

2
C 1

2
cos2x

�
dx D x

2
C sin 2x

4
C C:

The initial conditiony.0/ D �
4 allows us to determineC D �

4 . Thus, the solution is:

y.x/ D x

2
C sin 2x

4
C �

4
:

8. y0 D cos2y, y.0/ D �

4
SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
D cos2 y as

dy

cos2 y
D dx:

Upon integrating both sides of this equation, we find

tany D x C C I

thus,

y D tan�1.x C C/:

The initial conditiony.0/ D �
4 allows us to determine the value ofC :

�

4
D tan�1 C so C D 1:

Hence, the solution isy D tan�1.x C 1/.
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9. y0 D xy2, y.1/ D 2

SOLUTION First, we find the general solution of the differential equation. Rewrite

dy

dx
D xy2 as

dy

y2
D x dx:

Upon integrating both sides of this equation, we find
Z
dy

y2
D
Z
x dx

� 1
y

D 1

2
x2 C C:

Thus,

y D � 1
1
2x
2 C C

:

The initial conditiony.1/ D 2 allows us to determine the value ofC :

2 D � 1
1
2 � 12 C C

D � 2

1C 2C

1C 2C D �1

C D �1

Hence, the solution to the initial value problem is

y D � 1
1
2x
2 � 1

D � 2

x2 � 2
:

10. xyy0 D 1, y.3/ D 2

SOLUTION First, we find the general solution of the differential equation. Rewrite

xy
dy

dx
D 1 as y dy D dx

x
:

Next we integrate both sides of the equation to obtain
Z
y dy D

Z
dx

x

1

2
y2 D ln jxj C C:

Thus,

y D ˙
p
2.ln jxj C C/:

To satisfy the initial conditiony.3/ D 2 we must choose the positive square root; moreover,

2 D
p
2.ln3C C/ so C D 2 � ln 3:

Hence, the solution to the initial value problem is

y D
p
2.ln jxj C 2 � ln 3/ D

s
ln
�
x2

9

�
C 4:

11. Figure 1 shows the slope field for�y D siny C ty. Sketch the graphs of the solutions with the initial conditionsy.0/ D 1 ,
y.0/ D 0, andy.0/ D �1.

0 1−2 2−1

−2

−1

0

1

2

t

y

FIGURE 1
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SOLUTION

−3
−3

−2

−1

0

1

2

3

−2 −1 0 1 2 3

y

t

12. Which of the equations (i)–(iii) corresponds to the slope field in Figure 2?

(i) �y D 1 � y2

(ii) �y D 1C y2

(iii) �y D y2

0 1−2 2−1

−2

−1

0

1

y

t

2

FIGURE 2

SOLUTION From the figure we see that the the slope is positive even fory > 1, thus, the slope field does not correspond to the
equation�y D 1 � y2. Moreover, the slope aty D 0 is positive, so the slope field also does not correspond to the equation�y D y2.
The slope field must therefore correspond to(ii) : �y D 1C y2.

13. Let y.t/ be the solution to the differential equation with slope field as shown in Figure 2, satisfyingy.0/ D 0. Sketch the graph
of y.t/. Then use your answer to Exercise 12 to solve fory.t/.

SOLUTION As explained in the previous exercise, the slope field in Figure 2 corresponds to the equation�y D 1C y2. The graph
of the solution satisfyingy.0/ D 0 is:

−3

−3

−2

−1

0

1

2

3

−2 −1 10 2 3

y

t

To solve the initial value problem�y D 1C y2, y.0/ D 0, we first find the general solution of the differential equation. Separating
variables yields:

dy

1C y2
D dt:

Upon integrating both sides of this equation, we find

tan�1 y D t C C or y D tan.t C C/:

The initial condition givesC D 0, so the solution isy D tanx.

14. Let y.t/ be the solution of4 �
y D y2 C t satisfyingy.2/ D 1. Carry out Euler’s Method with time steph D 0:05 for n D 6

steps.
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SOLUTION Rewrite the differential equation as�y D 1
4 .y

2 C t/ to identify F.t; y/ D 1
4

�
y2 C t

�
. With t0 D 2, y0 D 1, and

h D 0:05, we calculate

y1 D y0 C hF.t0; y0/ D 1:0375

y2 D y1 C hF.t1; y1/ D 1:076580

y3 D y2 C hF.t2; y2/ D 1:117318

y4 D y3 C hF.t3; y3/ D 1:159798

y5 D y4 C hF.t4; y4/ D 1:204112

y6 D y5 C hF.t5; y5/ D 1:250361

15. Let y.t/ be the solution of.x3 C 1/ �y D y satisfyingy.0/ D 1. Compute approximations toy.0:1/, y.0:2/, andy.0:3/ using
Euler’s Method with time steph D 0:1.

SOLUTION Rewriting the equation as�y D y

x3C1 we haveF.x; y/ D y

x3C1 . Using Euler’s Method withx0 D 0, y0 D 1 and
h D 0:1, we calculate

y.0:1/ � y1 D y0 C hF.x0; y0/ D 1C 0:1 � 1

03 C 1
D 1:1

y.0:2/ � y2 D y1 C hF.x1; y1/ D 1:209890

y.0:3/ � y3 D y2 C hF.x2; y2/ D 1:329919

In Exercises 16–19, solve using the method of integrating factors.

16.
dy

dt
D y C t2, y.0/ D 4

SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as

y0 � y D t2;

which is in standard form withA.t/ D �1 andB.t/ D t2. The integrating factor is

˛.t/ D e
R

�1dt D e�t :

When multiplied by the integrating factor, the rewritten differential equation becomes

.e�ty/0 D t2e�t :

Integration on both sides (integration by parts is needed for the integral on the right-hand side of the equation) now yields

e�ty D �e�t .t2 C 2t C 2/C C I

hence,

y.t/ D Cet � t2 � 2t � 2:

The initial conditiony.0/ D 4 allows us to determine the value ofC :

4 D �2C C so C D 6:

The solution to the initial value problem is then

y D 6et � t2 � 2t � 2:

17.
dy

dx
D y

x
C x, y.1/ D 3

SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as

y0 � 1

x
y D x;

which is in standard form withA.x/ D � 1
x andB.x/ D x. The integrating factor is

˛.x/ D e
R

� 1
x
dx D e� lnx D 1

x
:
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When multiplied by the integrating factor, the rewritten differential equation becomes
�
1

x
y

�0
D 1:

Integration on both sides now yields

1

x
y D x C C I

hence,

y.x/ D x2 C Cx:

The initial conditiony.1/ D 3 allows us to determine the value ofC :

3 D 1C C so C D 2:

The solution to the initial value problem is then

y D x2 C 2x:

18.
dy

dt
D y � 3t , y.�1/ D 2

SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as

y0 � y D �3t;

which is in standard form withA.t/ D �1 andB.t/ D �3t . The integrating factor is

˛.t/ D e
R
A.t/dt D e

R
�dt D e�t :

When multiplied by the integrating factor, the rewritten differential equation becomes

.e�ty/0 D �3te�t :

Integration on both sides (integration by parts is needed for the integral on the right-hand side of the equation) now yields

e�ty D .3t C 3/e�t C C I

hence,

y.t/ D 3t C 3C Cet :

The initial conditiony.�1/ D 2 allows us to determine the value ofC ;

2 D Ce�1 C 3.�1/C 3 so C D 2e:

The solution to the initial value problem is then

y D 2e � et C 3t C 3 D 2etC1 C 3t C 3:

19. y0 C 2y D 1C e�x , y.0/ D �4
SOLUTION The equation is already in standard form withA.x/ D 2 andB.x/ D 1C e�x . The integrating factor is

˛.x/ D e
R
2dx D e2x :

When multiplied by the integrating factor, the original differential equation becomes

.e2xy/0 D e2x C ex :

Integration on both sides now yields

e2xy D 1

2
e2x C ex C C I

hence,

y.x/ D 1

2
C e�x C Ce�2x :

The initial conditiony.0/ D �4 allows us to determine the value ofC :

�4 D 1

2
C 1C C so C D �11

2
:
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The solution to the initial value problem is then

y.x/ D 1

2
C e�x � 11

2
e�2x :

In Exercises 20–27, solve using the appropriate method.

20. x2y0 D x2 C 1, y.1/ D 10

SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as

y0 D 1C 1

x2
:

Because the variables have already been separated, we integrate both sides to obtain

y D
Z �

1C 1

x2

�
dx D x � 1

x
C C:

The initial conditiony.1/ D 10 allows us to determine the value ofC :

10 D 1 � 1C C so C D 10:

The solution to the initial value problem is then

y D x � 1

x
C 10:

21. y0 C .tanx/y D cos2 x, y.�/ D 2

SOLUTION First, we find the general solution of the differential equation. As this is a first order linear equation withA.x/ D tanx
andB.x/ D cos2x, we compute the integrating factor

˛.x/ D e
R
A.x/dx D e

R
tanx dx D e� ln cosx D 1

cosx
:

When multiplied by the integrating factor, the original differential equation becomes

�
1

cosx
y

�0
D cosx:

Integration on both sides now yields

1

cosx
y D sin x C C I

hence,

y.x/ D sinx cosx C C cosx D 1

2
sin 2x C C cosx:

The initial conditiony.�/ D 2 allows us to determine the value ofC :

2 D 0C C.�1/ so C D �2:

The solution to the initial value problem is then

y D 1

2
sin 2x � 2 cosx:

22. xy0 D 2y C x � 1, y
�
3
2

�
D 9

SOLUTION First, we find the general solution of the differential equation. This is a linear equation which can be rewritten as

y0 � 2

x
y D 1 � 1

x
:

Thus,A.x/ D � 2
x , B.x/ D 1 � 1

x and the integrating factor is

˛.x/ D e
R
A.x/ dx D e

R
� 2

x
dx D e�2 lnx D 1

x2
:

When multiplied by the integrating factor, the rewritten differential equation becomes

�
1

x2
y

�0
D 1

x2
� 1

x3
:



Chapter Review Exercises 1159

Integration on both sides now yields

1

x2
y D � 1

x
C 1

2x2
C C I

hence,

y.x/ D �x C 1

2
C Cx2:

The initial conditiony
�
3
2

�
D 9 allows us to determine the value ofC :

9 D �3
2

C 1

2
C 9

4
C so C D 40

9
:

The solution to the initial value problem is then

y D 40

9
x2 � x C 1

2
:

23. .y � 1/y0 D t , y.1/ D �3
SOLUTION First, we find the general solution of the differential equation. This is a separable equation that we rewrite as

.y � 1/ dy D t dt:

Upon integrating both sides of this equation, we find
Z
.y � 1/ dy D

Z
t dt

y2

2
� y D 1

2
t2 C C

y2 � 2y C 1 D t2 C C

.y � 1/2 D t2 C C

y.t/ D ˙
p
t2 C C C 1

To satisfy the initial conditiony.1/ D �3 we must choose the negative square root; moreover,

�3 D �
p
1C C C 1 so C D 15:

The solution to the initial value problem is then

y.t/ D �
p
t2 C 15C 1

24.
�p
y C 1

�
y0 D ytet

2

, y.0/ D 1

SOLUTION First, we find the general solution of the differential equation. This is a separable equation that we rewrite as

�
1

p
y

C 1

y

�
dy D tet

2

dt:

Upon integrating both sides of this equation, we find
Z �

1
p
y

C 1

y

�
dy D

Z
tet

2

dt

2
p
y C lny D 1

2
et

2 C C:

Note that we cannot solve explicitly fory.t/. The initial condition y.0/ D 1 still allows us to determine the value
of C :

2.1/C ln 1 D 1

2
C C so C D 3

2
:

Hence, the general solution is given implicitly by the equation

2
p
y C lny D 1

2
ex

2 C 3

2
:
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25.
dw

dx
D k

1C w2

x
, w.1/ D 1

SOLUTION First, we find the general solution of the differential equation. This is a separable equation that we rewrite as

dw

1C w2
D k

x
dx:

Upon integrating both sides of this equation, we find
Z

dw

1C w2
D
Z
k

x
dx

tan�1 w D k lnx C C

w.x/ D tan.k ln x C C/:

Because the initial condition is specified atx D 1, we are interested in the solution forx > 0; we can therefore omit
the absolute value within the natural logarithm function. The initial conditionw.1/ D 1 allows us to determine the value
of C :

1 D tan.k ln 1C C/ so C D tan�11 D �

4
:

The solution to the initial value problem is then

w D tan
�
k ln x C �

4

�
:

26. y0 C 3y � 1
t

D t C 2

SOLUTION We rewrite this first order linear equation in standard form:

y0 C 3

t
y D t C 2C 1

t
:

Thus,A.t/ D 3
t , B.t/ D t C 2C 1

t , and the integrating factor is

˛.t/ D e
R
A.t/dt D e3 ln t D t3:

When multiplied by the integrating factor, the rewritten differential equation becomes

.t3y/0 D t4 C 2t3 C t2:

Integration on both sides now yields

t3y D 1

5
t5 C 1

2
t4 C 1

3
t3 C C I

hence,

y.t/ D 1

5
t2 C 1

2
t C 1

3
C C

t3
:

27. y0 C y

x
D sin x

SOLUTION This is a first order linear equation withA.x/ D 1
x andB.x/ D sinx. The integrating factor is

˛.x/ D e
R
A.x/dx D elnx D x:

When multiplied by the integrating factor, the original differential equation becomes

.xy/0 D x sinx:

Integration on both sides (integration by parts is needed for the integral on the right-hand side) now yields

xy D �x cosx C sinx C C I

hence,

y.x/ D � cosx C sinx

x
C C

x
:
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28. Find the solutions toy0 D 4.y � 12/ satisfyingy.0/ D 20 andy.0/ D 0, and sketch their graphs.

SOLUTION The general solution of the differential equationy0 D 4.y � 12/ is

y.t/ D 12C Ce4t ;

for some constantC . If y.0/ D 20, then

20 D 12C Ce0 and C D 8:

Thus,y.t/ D 12C 8e4t . If y.0/ D 0, then

0 D 12C Ce0 and C D �12I

hence,y.t/ D 12.1 � e4t /. The graphs of the two solutions are shown below.

−1 −0.5 0.5 1

−20

20

40

y

t

y = 12 + 8e4t

y = 12(1 − e4t)

29. Find the solutions toy0 D �2y C 8 satisfyingy.0/ D 3 andy.0/ D 4, and sketch their graphs.

SOLUTION First, rewrite the differential equation asy0 D �2.y � 4/; from here we see that the general solution is

y.t/ D 4C Ce�2t ;

for some constantC . If y.0/ D 3, then

3 D 4C Ce0 and C D �1:

Thus,y.t/ D 4 � e�2t . If y.0/ D 4, then

4 D 4C Ce0 and C D 0I

hence,y.t/ D 4. The graphs of the two solutions are shown below.

−0.5

−2

2

4

y

y = 4

y = 4 − e−2t

x
0.5 1.0 1.5

30. Show thaty D sin�1 x satisfies the differential equationy0 D secy with initial conditiony.0/ D 0.

SOLUTION Let y D sin�1 x. Thenx D siny and we construct the right triangle shown below.

�1 − x2

x

y

1

Thus,

secy D 1p
1 � x2

D d

dx
sin�1 x D y0:

Moreover,y.0/ D sin�1 0 D 0. Consequently,y D sin�1 x satisfies the differential equationy0 D secy with initial condition
y.0/ D 0.
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31. What is the limit lim
t!1

y.t/ if y.t/ is a solution of:

(a)
dy

dt
D �4.y � 12/? (b)

dy

dt
D 4.y � 12/?

(c)
dy

dt
D �4y � 12?

SOLUTION

(a) The general solution of
dy

dt
D �4.y � 12/ is y.t/ D 12 C Ce�4t , whereC is an arbitrary constant. Regardless of the value

of C ,

lim
t!1

y.t/ D lim
t!1

.12C Ce�4t / D 12:

(b) The general solution of
dy

dt
D 4.y � 12/ is y.t/ D 12 C Ce4t , whereC is an arbitrary constant. Here, the limit depends on

the value ofC . Specifically,

lim
t!1

y.t/ D lim
t!1

.12C Ce4t / D

8
<̂

:̂

1; C > 0

12; C D 0

�1; C < 0

(c) The general solution of
dy

dt
D �4y � 12 D �4.y C 3/ is y.t/ D �3C Ce�4t , whereC is an arbitrary constant. Regardless

of the value ofC ,

lim
t!1

y.t/ D lim
t!1

.�3C Ce�4t / D �3:

In Exercises 32–35, letP.t/ denote the balance at timet (years) of an annuity that earns5% interest continuously compounded
and pays out$20;000/year continuously.

32. Find the differential equation satisfied byP.t/.

SOLUTION Since money is withdrawn continuously at a rate of $20,000 a year and the growth due to interest is0:05P , the rate
of change of the balance is

P 0.t/ D 0:05P � 20;000:

Thus, the differential equation satisfied byP.t/ is

P 0.t/ D 0:05.P � 400;000/:
33. DetermineP.5/ if P.0/ D $200;000.

SOLUTION In the previous exercise we concluded thatP.t/ satisfies the equationP 0 D 0:05.P � 400;000/. The general solution
of this differential equation is

P.t/ D 400;000C Ce0:05t :

GivenP.0/ D 200;000, it follows that

200;000 D 400;000C Ce0:05�0 D 400;000C C

or

C D �200;000:

Thus,

P.t/ D 400;000 � 200;000e0:05t ;

and

P.5/ D 400;000 � 200;000e0:05.5/ � $143;194:90:

34. When does the annuity run out of money ifP.0/ D $300;000?
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SOLUTION We found that

P.t/ D 400;000C Ce0:05t :

If P.0/ D 300;000, then

300;000 D 400;000C Ce0:05�0 D 400;000C C

or

C D �100;000:

Thus,

P.t/ D 400;000 � 100;000e0:05t :

The annuity runs out of money whenP.t/ D 0; that is, when

400;000 � 100;000e0:05t D 0:

Solving for t yields

t D 1

0:05
ln4 D 20 ln 4 � 27:73:

The money runs out after roughly27:73 years.

35. What is the minimum initial balance that will allow the annuity to make payments indefinitely?

SOLUTION In Exercise 33, we found that the balance at timet is

P.t/ D 400;000C Ce0:05t :

If initial balance isP0 then

P0 D P.0/ D 400;000C Ce0:05�0 D 400;000C C

or

C D P0 � 400;000:

Thus,

P.t/ D 400;000C .P0 � 400;000/ e0:05t :

If P0 � 400;000, thenP.t/ is always positive. Therefore, the minimum initial balance that allows the annuity to make payments
indefinitely isP0 D $400;000.

36. State whether the differential equation can be solved using separation of variables, the method of integrating factors, both, or
neither.

(a) y0 D y C x2 (b) xy0 D y C 1

(c) y0 D y2 C x2 (d) xy0 D y2

SOLUTION

(a) The equationy0 D y C x2 is a first order linear equation; hence, it can be solved by the method of integration factors. However,
it cannot be written in the formy0 D f .x/g.y/; therefore, separation of variables cannot be used.

(b) The equationxy0 D y C 1 is a first order linear equation; hence, it can be solved using the method of integration factors. We
can rewrite this equation asy0 D 1

x .y C 1/; therefore, it can also be solved by separating the variables.

(c) The equationy0 D y2 C x2 cannot be written in the formy0 D f .x/g.y/; hence, separation of variables cannot be used. This
equation is also not linear; hence, the method of integrating factors cannot be used.

(d) The equationxy0 D y2 can be rewritten asy0 D 1
x y

2; therefore, it can be solved by separating the variables. Since it is not a
linear equation, the method of integrating factors cannot be used.

37. LetA andB be constants. Prove that ifA > 0, then all solutions ofdy
dt

C Ay D B approach the same limit ast ! 1.

SOLUTION This is a linear first-order equation in standard form with integrating factor

˛.t/ D e
R
Adt D eAt :

When multiplied by the integrating factor, the original differential equation becomes

.eAty/0 D BeAt :
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Integration on both sides now yields

eAty D B

A
eAt C C I

hence,

y.t/ D B

A
C Ce�At :

BecauseA > 0,

lim
t!1

y.t/ D lim
t!1

�
B

A
C Ce�At

�
D B

A
:

We conclude that ifA > 0, all solutions approach the limitB
A

as t ! 1.

38. At time t D 0, a tank of height5 m in the shape of an inverted pyramid whose cross section at the top is a square of side2 m
is filled with water. Water flows through a hole at the bottom of area0:002 m2. Use Torricelli’s Law to determine the time required
for the tank to empty.

SOLUTION y.t/, the height of the water at timet , obeys the differential equation:

dy

dt
D Bv.y/

A.y/

wherev.y/ is the velocity of the water flowing through the hole when the height of the water isy, B is the area of the hole, and
A.y/ is the cross-sectional area of the surface of the water when it is at heighty. By Torricelli’s Law, v.y/ D �

p
19:6

p
y D

�14py=
p
10m=s. The area of the hole isB D 0:002. To determineA.y/, note that the ratio of the length of a side of the square

forming the surface of the water to the height of the water is2=5 (using similar triangles). Thus when the water is at heighty, the

area isA.y/ D
�
2

5
y

�2
D 4y2

25
. Thus

dy

dt
D

�0:002 � 14py � 25
4y2

p
10

D �0:175p
10

y�3=2

Separating variables gives

y3=2 dy D �0:175p
10

dt

Integrating both sides gives

2

5
y5=2 D �0:175p

10
t C C so that y D

��0:4375p
10

t C 5

2
C

�2=5

At t D 0, y.t/ D 5, so that

5 D
�
5

2
C

�2=5
and C � 22:36

so that

y.t/ � .�0:138t C 55:9/2=5

The tank is empty wheny.t/ D 0, so whent D 55:9=0:138 � 405:07. The tank is empty after approximately405 seconds, or6
minutes45 seconds.

39. The trough in Figure 3 (dimensions in centimeters) is filled with water. At timet D 0 (in seconds), water begins leaking
through a hole at the bottom of area 4 cm2. Lety.t/ be the water height at timet . Find a differential equation fory.t/ and solve it
to determine when the water level decreases to60 cm.

180

120

360

260

FIGURE 3
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SOLUTION y.t/ obeys the differential equation:

dy

dt
D Bv.y/

A.y/
;

wherev.y/ denotes the velocity of the water flowing through the hole when the trough is filled to heighty,B denotes the area of the
hole andA.y/ denotes the area of the horizontal cross section of the trough at heighty. Since measurements are all in centimeters,
we will work in centimeters. We have

g D 9:8 m=s2 D 980 cm=s2

By Torricelli’s Law, v.y/ D �
p
2 � 980py D �14

p
10

p
ym=s. The area of the hole isB D 4 cm2. The horizontal cross section

of the trough at heighty is a rectangle of length360 and widthw.y/. Asw.y/ varies linearly from180 wheny D 0 to 260 when
y D 120, it follows that

w.y/ D 180C 80y

120
D 180C 2

3
y

so that the area of the horizontal cross-section at heighty is

A.y/ D 360w.y/ D 64800 C 240y D 240.y C 270/

The differential equation fory.t/ then becomes

dy

dt
D Bv.y/

A.y/
D

�4 � 14
p
10

p
y

240.y C 270/
D �7

p
10

30
�

p
y

y C 270

This equation is separable, so

y C 270
p
y

dy D �7
p
10

30
dt

.y1=2 C 270y�1=2/ dy D �7
p
10

30
dt

Z
.y1=2 C 270y�1=2/ dy D �7

p
10

30

Z
1 dt

2

3
y3=2 C 540y1=2 D �7

p
10

30
t C C

y3=2 C 810y1=2 D �7
p
10

20
t C C

The initial conditiony.0/ D 120 allows us to determine the value ofC :

1203=2 C 810 � 1201=2 D 0C C so C D 930
p
120 D 1860

p
30

Thus the height of the water is given implicitly by the equation

y3=2 C 810y1=2 D �7
p
10

20
t C 1860

p
30

We want to findt such thaty.t/ D 60:

603=2 C 810 � 601=2 D �7
p
10

20
t C 1860

p
30

1740
p
15 D �7

p
10

20
t C 1860

p
30

t D 120

7

p
10.31

p
30 � 29

p
15/ � 3115:88 s

The height of the water in the tank is60 cm after approximately3116 seconds, or51 minutes56 seconds.

40. Find the solution of the logistic equation�y D 0:4y.4 � y/ satisfyingy.0/ D 8.

SOLUTION We can write the given equation as

�
y D 1:6y

�
1 � y

4

�
:



1166 C H A P T E R 9 INTRODUCTION TO DIFFERENTIAL EQUATIONS

This is a logistic equation withk D 1:6 andA D 4. Therefore,

y.t/ D A

1 � e�kt=C
D 4

1 � e�1:6t=C
:

The initial conditiony.0/ D 8 allows us to determine the value ofC :

8 D 4

1 � 1
C

I 1 � 1

C
D 1

2
I so C D 2:

Thus,

y.t/ D 4

1 � e�1:6t=2
D 8

2 � e�1:6t :

41. Let y.t/ be the solution of�y D 0:3y.2 � y/ with y.0/ D 1. Determine lim
t!1

y.t/ without solving fory explicitly.

SOLUTION We write the given equation in the form

�y D 0:6y
�
1 � y

2

�
:

This is a logistic equation withA D 2 andk D 0:6. Because the initial conditiony.0/ D y0 D 1 satisfies0 < y0 < A, the solution
is increasing and approachesA ast ! 1. That is, lim

t!1
y.t/ D 2.

42. Suppose thaty0 D ky.1 � y=8/ has a solution satisfyingy.0/ D 12 andy.10/ D 24. Findk.

SOLUTION The given differential equation is a logistic equation withA D 8. Thus,

y.t/ D 8

1 � e�kt=C
:

The initial conditiony.0/ D 12 allows us to determine the value ofC :

12 D 8

1 � 1
C

I 1 � 1

C
D 2

3
I so C D 3:

Hence,

y.t/ D 8

1 � e�kt=3
D 24

3 � e�kt :

Now, the conditiony.10/ D 24 allows us to determine the value ofk:

24 D 24

3 � e�10k

3 � e�10k D 1

k D � ln 2

10
� �0:0693:

43. A lake has a carrying capacity of 1000 fish. Assume that the fish population grows logistically with growth constantk D
0:2 day�1. How many days will it take for the population to reach 900 fish if the initial population is 20 fish?

SOLUTION Let y.t/ represent the fish population. Because the population grows logistically withk D 0:2 andA D 1000,

y.t/ D 1000

1 � e�0:2t=C
:

The initial conditiony.0/ D 20 allows us to determine the value ofC :

20 D 1000

1 � 1
C

I 1 � 1

C
D 50I so C D � 1

49
:

Hence,

y.t/ D 1000

1C 49e�0:2t :

The population will reach 900 fish when

1000

1C 49e�0:2t D 900:

Solving for t , we find

t D 5 ln 441 � 30:44 days:
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44. A rabbit population on an island increases exponentially with growth ratek D 0:12 months�1. When the population
reaches 300 rabbits (say, at timet D 0), wolves begin eating the rabbits at a rate ofr rabbits per month.

(a) Find a differential equation satisfied by the rabbit populationP.t/.

(b) How large canr be without the rabbit population becoming extinct?

SOLUTION

(a) The rabbit populationP.t/ obeys the differential equation

dP

dt
D 0:12P � r;

where the term0:12P accounts for the exponential growth of the population and the term�r accounts for the rate of decline in the
rabbit population due to their being food for wolves.

(b) Rewrite the linear differential equation from part (a) as

dP

dt
� 0:12P D �r;

which is in standard form withA D �0:12 andB D �r . The integrating factor is

˛.t/ D e
R
Adt D e

R
�0:12dt D e�0:12t :

When multiplied by the integrating factor, the rewritten differential equation becomes

.e�0:12tP /0 D �re�0:12t :

Integration on both sides now yields

e�0:12tP D r

0:12
e�0:12t C C I

hence,

P.t/ D r

0:12
C Ce0:12t :

The initial conditionP.0/ D 300 allows us to determine the value ofC :

300 D r

0:12
C C so C D 300 � r

0:12
:

The solution to the initial value problem is then

P.t/ D
�
300 � r

0:12

�
e0:12t C r

0:12
:

Now, if 300 � r
0:12 < 0, then lim

t!1
P.t/ D �1, and the population becomes extinct. Therefore, in order for the population to

survive, we must have

300 � r

0:12
� 0 or r � 36:

We conclude that the maximum rate at which the wolves can eat the rabbits without driving the rabbits to extinction isr D 36

rabbits per month.

45. Show thaty D sin.tan�1 x C C/ is the general solution ofy0 D
p
1 � y2=

�
1C x2

�
. Then use the addition formula for the

sine function to show that the general solution may be written

y D .cosC/x C sinCp
1C x2

SOLUTION Rewrite

dy

dx
D
p
1 � y2

1C x2
as

dyp
1 � y2

D dx

1C x2
:

Upon integrating both sides of this equation, we find
Z

dyp
1 � y2

D
Z

dx

1C x2

sin�1y D tan�1x C C
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Thus,

y.x/ D sin
�
tan�1x C C

�
:

To express the solution in the required form, we use the addition formula

sin.˛ C ˇ/ D sin˛ cosˇ C sinˇ cos˛

This yields

y.x/ D sin
�
tan�1x

�
cosC C sinC cos

�
tan�1x

�
:

Using the figure below, we see that

sin
�
tan�1x

�
D xp

1C x2
I and

cos
�
tan�1x

�
D 1p

1C x2
:

Finally,

y D x cosCp
1C x2

C sinCp
1C x2

D .cosC/x C sinCp
1C x2

:

x

1

1 + x2

tan−1 x

46. A tank is filled with 300 liters of contaminated water containing 3 kg of toxin. Pure water is pumped in at a rate of40 L/min,
mixes instantaneously, and is then pumped out at the same rate. Lety.t/ be the quantity of toxin present in the tank at timet .

(a) Find a differential equation satisfied byy.t/.

(b) Solve fory.t/.

(c) Find the time at which there is0:01 kg of toxin present.

SOLUTION

(a) The net flow of toxin into or out of the tank at timet is

dy

dt
D toxin rate in� toxin rate outD

�
40

L

min

��
0

kg

L

�
�
�
40

L

min

��
y.t/

300

kg

L

�

D � 2

15
y.t/

(b) This is a linear differential equation. Putting it in standard form gives

dy

dt
C 2

15
y D 0

The integrating factor is

˛.t/ D e
R
.2=15/ dt D e2t=15

When multiplied by the integrating factor, the differential equation becomes

.e2t=15y/0 D 0

Integrate both sides and multiply through bye�2t=15 to get

y D Ce�2t=15

Since there are initially3 kg of toxin present,y.0/ D 3 so thatC D 3. Finally, we have

y D 3e�2t=15
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(c) We solve fort :

0:01 D 3e�2t=15 ) t D �5
2

ln0:01 � 11:51

There is0:01 kg of toxin in the tank after about11 and a half minutes.

47. At t D 0, a tank of volume300 L is filled with 100 L of water containing salt at a concentration of8 g/L. Fresh wa-
ter flows in at a rate of40 L/min, mixes instantaneously, and exits at the same rate. Letc1.t/ be the salt concentration at
time t .

(a) Find a differential equation satisfied byc1.t/ Hint: Find the differential equation for the quantity of salty.t/, and observe that
c1.t/ D y.t/=100.
(b) Find the salt concentrationc1.t/ in the tank as a function of time.

SOLUTION

(a) Let y.t/ be the amount of salt in the tank at timet ; thenc1.t/ D y.t/=100. The rate of change of the amount of salt in the tank
is

dy

dt
D salt rate in� salt rate outD

�
40

L

min

��
0

g

L

�
�
�
40

L

min

�� y

100
� g

L

�

D �2
5
y

Now, c0
1.t/ D y0.t/=100 andc.t/ D y.t/=100, so thatc1 satisfies the same differential equation:

dc1

dt
D �2

5
c1

(b) This is a linear differential equation. Putting it in standard form gives

dc1

dt
C 2

5
c1 D 0

The integrating factor ise2t=5; multiplying both sides by the integrating factor gives

.e2t=5c1/
0 D 0

Integrate and multiply through bye�2t=5 to get

c1.t/ D Ce�2t=5

The initial condition tells us thaty.0/ D Ce�2�0=5 D C D 8, so that finally,

c1.t/ D 8e�2t=5

48. The outflow of the tank in Exercise 47 is directed into a second tank containingV liters of fresh water where it mixes instan-
taneously and exits at the same rate of40 L/min. Determine the salt concentrationc2.t/ in the second tank as a function of time in
the following two cases:

(a) V D 200 (b) V D 300

In each case, determine the maximum concentration.

SOLUTION Let y2.t/ be the amount of salt in the second tank at timet ; theny2.t/ D c2.t/V andy0
2.t/ D c0

2.t/V . The rate of
change in the amount of salt in the second tank is

dy2

dt
D salt rate in� salt rate outD

�
40

L

min

��
c1

g

L

�
�
�
40

L

min

��y2
V

� g

L

�

D 40c1 � 40

V
y2

Substituting fory2.t/ andy0
2.t/ gives

Vc0
2.t/ D 40c1.t/ � 40

V
Vc2.t/ so c0

2.t/ D 40

V
.c1.t/ � c2.t//

This is a linear differential equation; in standard form, it is

c0
2.t/C 40

V
c2.t/ D 40

V
c1.t/

From the previous problem, we know thatc1.t/ D 8e�2t=5; substituting gives

c0
2.t/C 40

V
c2.t/ D 320

V
e�2t=5
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The integrating factor ise40t=V ; multiplying through by this factor gives

.e40t=V c2/
0 D 320

V
e.40t=V /�.2t=5/ D 320

V
e.200�2V /t=5V

Integrate both sides to get

e40t=V c2 D 320

V
� 5V

200 � 2V e
.200�2V /t=5V C C D 800

100 � V
e.200�2V /t=5V C C

Multiply through bye�40t=V to get

c2.t/ D 800

100 � V
e�2t=5 C Ce�40t=V

Since tank 2 initially contains fresh water,c2.0/ D 0, so thatC D � 800
100�V and

c2.t/ D 800

100 � V
.e�2t=5 � e�40t=V /

(a) If V D 200, we have

c2.t/ D �8.e�2t=5 � e�t=5/ D 8.e�t=5 � e�2t=5/

The concentration of salt is at a maximum whenc0
2.t/ D 0:

0 D c0
2.t/ D 16

5
e�2t=5 � 8

5
e�t=5

e�t=5 D 2e�2t=5

� t
5

D �2t
5

C ln2

t D 5 ln 2 � 3:47

so that the concentration of salt is at a maximum after about3 and a half minutes.

(b) If V D 300, we have

c2.t/ D �4.e�2t=5 � e�2t=15/ D 4.e�2t=15 � e�2t=5/

The concentration of salt is at a maximum whenc0
2.t/ D 0:

0 D c0
2.t/ D 8

5
e�2t=5 � 8

15
e�2t=15

e�2t=15 D 3e�2t=5

� 2

15
t D �2

5
t C ln3

t D 15

4
ln3 � 4:12

so that the concentration of salt is at a maximum after about4 minutes7 seconds.
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Chapter 9: Introduction to Differential Equations 

Preparing for the AP Exam Solutions 
 

Multiple Choice Questions 

 

1) C  2)   C  3)   B  4)   C  5)   D  6)   E 

7)   A  8)    B  9)   C  10)  D  11)  C  12)   D   

13)  D  14)  B  15)  C  16)  C  17)  B  18)  E   

19)  C  20)  C 

 

 

Free Response Questions 

 

1. a)  
y

w
1

   means )26)((
11

22
yy

ydt

dy

ydt

dw
  = )26()2

6
(  w

y
 

             w62  

b)   dt
w

dw


 62
 so 

162ln
6

1
Ctw  ;   

2662ln Ctw   

 

        tCCt
eeew 66 2262 

 = teK 6

1

  for 01 K  

            teKw 6

262    for 02 K  

              Next, 
3

1
)2(

6

1 6

3

6

2 


  tt eKeKw  for 03 K . 

           Finally, note that 
3

1
w  is a constant solution to w

dt

dw
62  , so the general solution is 

3

16   tCew  for all real numbers C. 

c)   
1

3

3

1

11
6

6 








t

t Ce
Ce

w
y  

 

POINTS: 

(a) (2 pts)  1) 
dt

dy

ydt

dw
2

1
 ; 1) conclusion 

(b) (6 pts) 1) w62ln
6

1
 ;  1) 

1Ct  ; 1) 26
62

Ct
ew


 ; 1)  w62 teK 6

1

 ; 1) removes absolute 

value ; 1) handles constant solution 

(c) (1 pt) 

 

 

2. a)   
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b) Could be many reasons, for example: For a fixed x, the slopes get greater in magnitude as you approach the 

x- axis. 

c) Yes. If  
x

y
3

1
 , then 

23

1

x
y


  and 

33

2

x
y  , so 

         )
3

1
(4)

3

1
(2)

3

2
(42

23

22

xx
x

x
xyyxyx 


  = 0

3

4

3

2

3

2


xxx
. 

 d) Want 042)1)(( 122   KKK xxKxxKKx , or 

     0)43(42)1)(( 2  KKxxKxxKK KKKK ; No value of K  makes 
Kx identically 0, so 

want 0)1)(4(  KK , or 4 and 1.K    

   

POINTS: 

(a) (2 pts) 1) quarter circle to right of y-axis; 1) quarter circle to left of y-axis 

(b) (1 pt) 

(c) (2 pts)  1) yy   and ; 1) substitution and simplification 

(d) (4 pts)  1) yy   and ; 1) 0)43( 2  KKxK ; 1) deals with 
Kx ; 1) answer 

 

 

3. a) Write )1(2 2  yx
dx

dy
, so dxx

y

dy
2

12



. Integrating we get Cxy  2)arctan( . So 

)tan( 2 Cxy   

 

b) Using 1,0  yx  we have 
4


C , so the solution is )

4
tan( 2 

 xy . Since the domain includes x = 

0, we must have 
242

2 
 x , or         

44

3 2 
 x ; we need 

4

2 
x , so the domain is 

22


 x . 

      

POINTS: 

(a) (4 pts) 1) separates variables; 1) )arctan(y ; 1) Cx 2
; 1) answer 

(b) (5 pts) 1) Finds C;  1) Notes 0 is in domain ;  1) uses interval  )
2

,
2

(


 to restrict domain;  1) 

242

2 
 x ; 1) answer 
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4. a)  

 
 

b) 

 

c) xdxydy  , so Cxy  22

2

1

2

1
, or multiplying both sides by 2,  Cxy  22 Thus the general solution 

is of the form Cxy  2  or Cxy  2  

d) with x = –1, y = 4, we have 152  xy . The domain is all real numbers. 

e)  with x = 4 , y = –1 we have 152  xy .   The domain is  ),15(  .  

                 

POINTS: 

(a) (1 pt) 

(b) (1 pt) 

(c) (3 pts) 1) separates variables;  1) Cxy  22

2

1

2

1
; 1) Cxy  2 ; 1) Cxy  2  

(d) (2 pts)  1) 152  xy ;  1) domain 

(e) (2 pts) 1) 152  xy ; 1) domain 

 



 



10 INFINITE SERIES

10.1 Sequences

Preliminary Questions
1. What isa4 for the sequencean D n2 � n?

SOLUTION Substitutingn D 4 in the expression foran gives

a4 D 42 � 4 D 12:

2. Which of the following sequences converge to zero?

(a)
n2

n2 C 1
(b) 2n (c)

��1
2

�n

SOLUTION

(a) This sequence does not converge to zero:

lim
n!1

n2

n2 C 1
D lim
x!1

x2

x2 C 1
D lim
x!1

1

1C 1
x2

D 1

1C 0
D 1:

(b) This sequence does not converge to zero: this is a geometric sequence withr D 2 > 1; hence, the sequence diverges to1.

(c) Recall that ifjanj converges to 0, thenan must also converge to zero. Here,
ˇ̌
ˇ̌
�

�1
2

�n ˇ̌
ˇ̌ D

�
1

2

�n
;

which is a geometric sequence with0 < r < 1; hence,.12 /
n converges to zero. It therefore follows that.�1

2 /
n converges to zero.

3. Let an be thenth decimal approximation to
p
2. That is,a1 D 1, a2 D 1:4, a3 D 1:41, etc. What is lim

n!1
an?

SOLUTION lim
n!1

an D
p
2.

4. Which of the following sequences is defined recursively?

(a) an D
p
4C n (b) bn D

p
4C bn�1

SOLUTION

(a) an can be computed directly, since it depends onn only and not on preceding terms. Thereforean is defined explicitly and not
recursively.

(b) bn is computed in terms of the preceding termbn�1, hence the sequencefbng is defined recursively.

5. Theorem 5 says that every convergent sequence is bounded. Determine if the following statements are true or false and if false,
give a counterexample.

(a) If fang is bounded, then it converges.

(b) If fang is not bounded, then it diverges.

(c) If fang diverges, then it is not bounded.

SOLUTION

(a) This statement is false. The sequencean D cos�n is bounded since�1 � cos�n � 1 for all n, but it does not converge: since
an D cosn� D .�1/n, the terms assume the two values1 and�1 alternately, hence they do not approach one value.

(b) By Theorem 5, a converging sequence must be bounded. Therefore, if a sequence is not bounded, it certainly does not converge.

(c) The statement is false. The sequencean D .�1/n is bounded, but it does not approach one limit.
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Exercises
1. Match each sequence with its general term:

a1; a2; a3; a4; : : : General term

(a) 12 ;
2
3 ;
3
4 ;
4
5 ; : : : (i) cos�n

(b) �1; 1;�1; 1; : : : (ii)
nŠ

2n

(c) 1;�1; 1;�1; : : : (iii) .�1/nC1

(d) 12 ;
2
4 ;
6
8 ;
24
16 : : : (iv)

n

nC 1

SOLUTION

(a) The numerator of each term is the same as the index of the term, and the denominator is one more than the numerator; hence
an D n

nC1 , n D 1; 2; 3; : : : :

(b) The terms of this sequence are alternating between�1 and 1 so that the positive terms are in the even places. Since cos�n D 1

for evenn and cos�n D �1 for oddn, we havean D cos�n, n D 1; 2; : : : :

(c) The termsan are 1 for oddn and�1 for evenn. Hence,an D .�1/nC1, n D 1; 2; : : :

(d) The numerator of each term isnŠ, and the denominator is2n; hence,an D nŠ
2n , n D 1; 2; 3; : : : :

2. Let an D 1

2n � 1
for n D 1; 2; 3; : : : : Write out the first three terms of the following sequences.

(a) bn D anC1 (b) cn D anC3
(c) dn D a2n (d) en D 2an � anC1

SOLUTION

(a) The first three terms offbng are:

b1 D a2 D 1

2 � 2 � 1
D 1

3
; b2 D a3 D 1

2 � 3 � 1
D 1

5
; b3 D a4 D 1

2 � 4 � 1
D 1

7
:

(b) The first three terms offcng are:

c1 D a4 D 1

2 � 4 � 1
D 1

7
; c2 D a5 D 1

2 � 5 � 1 D 1

9
; c3 D a6 D 1

2 � 6 � 1
D 1

11
:

(c) Note

a1 D 1

2 � 1 � 1
D 1; a2 D 1

2 � 2 � 1 D 1

3
; a3 D 1

2 � 3 � 1
D 1

5
:

Thus,

d1 D a21 D 12 D 1; d2 D a22 D
�
1

3

�2
D 1

9
; d3 D a23 D

�
1

5

�2
D 1

25
:

(d) The first three terms offeng are:

e1 D 2a1 � a2; e2 D 2a2 � a3; e3 D 2a3 � a4:

Thus, we must computea1, a2, a3 anda4. We setn D 1; 2; 3 and4 in the formula foran to obtain:

a1 D 1

2 � 1 � 1
D 1; a2 D 1

2 � 2 � 1
D 1

3
; a3 D 1

2 � 3� 1
D 1

5
; a4 D 1

2 � 4 � 1
D 1

7
:

Therefore,

e1 D 2 � 1 � 1

3
D 5

3
; e2 D 2 � 1

3
� 1

5
D 7

15
; e3 D 2 � 1

5
� 1

7
D 9

35
:

In Exercises 3–12, calculate the first four terms of the sequence, starting withn D 1.

3. cn D 3n

nŠ

SOLUTION Settingn D 1; 2; 3; 4 in the formula forcn gives

c1 D 31

1Š
D 3

1
D 3; c2 D 32

2Š
D 9

2
;

c3 D 33

3Š
D 27

6
D 9

2
; c4 D 34

4Š
D 81

24
D 27

8
:
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4. bn D .2n� 1/Š

nŠ

SOLUTION Settingn D 1; 2; 3; 4 in the formula forbn gives

b1 D .2 � 1� 1/Š

1Š
D 1

1
D 1; b2 D .2 � 2 � 1/

2Š
D 6

2
D 3;

b3 D .2 � 3� 1/Š

3Š
D 120

6
D 20; b4 D .2 � 4 � 1/

4Š
D 5040

24
D 210:

5. a1 D 2, anC1 D 2a2n � 3

SOLUTION Forn D 1; 2; 3 we have:

a2 D a1C1 D 2a21 � 3 D 2 � 4 � 3 D 5I

a3 D a2C1 D 2a22 � 3 D 2 � 25 � 3 D 47I

a4 D a3C1 D 2a23 � 3 D 2 � 2209 � 3 D 4415:

The first four terms offang are2, 5, 47, 4415.

6. b1 D 1; bn D bn�1 C 1

bn�1
SOLUTION Forn D 2; 3; 4 we have

b2 D b1 C 1

b1
D 1C 1

1
D 2I

b3 D b2 C 1

b2
D 2C 1

2
D 5

2
I

b4 D b3 C 1

b2
D 5

2
C 2

5
D 29

10
:

The first four terms offbng are1, 2,
5

2
,
29

10
.

7. bn D 5C cos�n

SOLUTION Forn D 1; 2; 3; 4 we have

b1 D 5C cos� D 4I

b2 D 5C cos2� D 6I

b3 D 5C cos3� D 4I

b4 D 5C cos4� D 6:

The first four terms offbng are4, 6, 4, 6.

8. cn D .�1/2nC1

SOLUTION for n D 1; 2; 3; 4 we have

c1 D .�1/2�1C1 D .�1/3 D �1I

c2 D .�1/2�2C1 D .�1/5 D �1I

c3 D .�1/2�3C1 D .�1/7 D �1I

c4 D .�1/2�4C1 D .�1/9 D �1:

The first four terms offcng are�1, �1, �1, �1.

9. cn D 1C 1

2
C 1

3
C � � � C 1

n

SOLUTION

c1 D 1I

c2 D 1C 1

2
D 3

2
I

c3 D 1C 1

2
C 1

3
D 3

2
C 1

3
D 11

6
I

c4 D 1C 1

2
C 1

3
C 1

4
D 11

6
C 1

4
D 25

12
:
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10. an D nC .nC 1/C .nC 2/C � � � C .2n/

SOLUTION The general terman is the sum ofnC 1 successive numbers, where the first one isn and the last one is2n. Thus,

a1 D 1C 2 D 3I

a2 D 2C 3C 4 D 9I

a3 D 3C 4C 5C 6 D 18I

a4 D 4C 5C 6C 7C 8 D 30:

11. b1 D 2, b2 D 3, bn D 2bn�1 C bn�2

SOLUTION We need to findb3 andb4. Settingn D 3 andn D 4 and using the given values forb1 andb2 we obtain:

b3 D 2b3�1 C b3�2 D 2b2 C b1 D 2 � 3C 2 D 8I

b4 D 2b4�1 C b4�2 D 2b3 C b2 D 2 � 8C 3 D 19:

The first four terms of the sequencefbng are2, 3, 8, 19.

12. cn D n-place decimal approximation toe

SOLUTION Using a calculator we find thate D 2:718281828 : : :. Thus, the four first terms offcng are

c1 D 2:7I c2 D 2:72I c3 D 2:718I c4 D 2:7183:

13. Find a formula for thenth term of each sequence.

(a)
1

1
,

�1
8

,
1

27
, : : : (b)

2

6
,
3

7
,
4

8
, : : :

SOLUTION

(a) The denominators are the third powers of the positive integers starting withn D 1. Also, the sign of the terms is alternating
with the sign of the first term being positive. Thus,

a1 D 1

13
D .�1/1C1

13
I a2 D � 1

23
D .�1/2C1

23
I a3 D 1

33
D .�1/3C1

33
:

This rule leads to the following formula for thenth term:

an D .�1/nC1

n3
:

(b) Assuming a starting index ofn D 1, we see that each numerator is one more than the index and the denominator is four more
than the numerator. Thus, the general terman is

an D nC 1

nC 5
:

14. Suppose that lim
n!1

an D 4 and lim
n!1

bn D 7. Determine:

(a) lim
n!1

.an C bn/ (b) lim
n!1

a3n

(c) lim
n!1

cos.�bn/ (d) lim
n!1

.a2n � 2anbn/

SOLUTION

(a) By the Limit Laws for Sequences, we find

lim
n!1

.an C bn/ D lim
n!1

an C lim
n!1

bn D 4C 7 D 11:

(b) By the Limit Laws for Sequences, we find

lim
n!1a3n D lim

n!1 .an � an � an/ D
�

lim
n!1an

�
�
�

lim
n!1an

�
�
�

lim
n!1an

�
D
�

lim
n!1an

�3
D 43 D 64:

(c) By Theorem 4, we can “bring the limit inside the function”:

lim
n!1

cos.�bn/ D cos
�

lim
n!1

�bn

�
D cos

�
� lim
n!1

bn

�
D cos.7�/ D �1:

(d) By the Limit Laws of Sequences, we find

lim
n!1

�
a2n � 2anbn

�
D lim
n!1

a2n � lim
n!1

2anbn D
�

lim
n!1

an

�2
� 2

�
lim
n!1

an

� �
lim
n!1

bn

�
D 42 � 2 � 4 � 7 D �40:
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In Exercises 15–26, use Theorem 1 to determine the limit of the sequence or state that the sequence diverges.

15. an D 12

SOLUTION We havean D f .n/ wheref .x/ D 12; thus,

lim
n!1

an D lim
x!1

f .x/ D lim
x!1

12 D 12:

16. an D 20 � 4

n2

SOLUTION We havean D f .n/ wheref .x/ D 20 � 4

x2
; thus,

lim
n!1

�
20 � 4

n2

�
D lim
x!1

�
20 � 4

x2

�
D 20 � 0 D 20:

17. bn D 5n � 1
12nC 9

SOLUTION We havebn D f .n/ wheref .x/ D 5x � 1

12x C 9
; thus,

lim
n!1

5n � 1
12nC 9

D lim
x!1

5x � 1

12x C 9
D 5

12
:

18. an D 4C n� 3n2

4n2 C 1

SOLUTION We havean D f .n/ wheref .x/ D 4C x � 3x2

4x2 C 1
; thus,

lim
n!1

4C n � 3n2

4n2 C 1
D lim
x!1

4C x � 3x2

4x2 C 1
D �3

4

19. cn D �2�n

SOLUTION We havecn D f .n/ wheref .x/ D �2�x ; thus,

lim
n!1

�
�2�n� D lim

x!1
�2�x D lim

x!1
� 1

2x
D 0:

20. zn D
�
1

3

�n

SOLUTION We havezn D f .n/ wheref .x/ D
�
1

3

�x
; thus,

lim
n!1

�
1

3

�n
D lim
x!1

�
1

3

�x
D 0:

21. cn D 9n

SOLUTION We havecn D f .n/ wheref .x/ D 9x ; thus,

lim
n!1

9n D lim
x!1

9x D 1

Thus, the sequence9n diverges.

22. zn D 10�1=n

SOLUTION We havezn D f .n/ wheref .x/ D .10/�1=x ; thus

lim
n!1

.10/�1=n D lim
x!1

.10/�1=x D .10/limx!1.�1=x/ D .10/0 D 1:

23. an D np
n2 C 1

SOLUTION We havean D f .n/ wheref .x/ D xp
x2 C 1

; thus,

lim
n!1

np
n2 C 1

D lim
x!1

xp
x2 C 1

D lim
x!1

x
xp
x2C1
x

D lim
x!1

1q
x2C1
x2

D lim
x!1

1q
1C 1

x2

D 1p
1C 0

D 1:
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24. an D np
n3 C 1

SOLUTION We havean D f .n/ wheref .x/ D xp
x3 C 1

; thus,

lim
n!1

np
n3 C 1

D lim
x!1

xp
x3 C 1

D lim
x!1

x
x3=2

p
x3C1
x3=2

D lim
x!1

1p
xq

1C 1
x3

D 0p
1C 0

D 0

1
D 0:

25. an D ln
�
12nC 2

�9C 4n

�

SOLUTION We havean D f .n/ wheref .x/ D ln

�
12x C 2

�9C 4x

�
; thus,

lim
n!1

ln

�
12nC 2

�9C 4n

�
D lim
x!1

ln

�
12x C 2

�9C 4x

�
D ln lim

x!1

�
12x C 2

�9C 4x

�
D ln 3

26. rn D ln n� ln.n2 C 1/

SOLUTION We havern D f .n/ wheref .x/ D lnx � ln.x2 C 1/; thus,

lim
n!1

.ln n� ln.n2 C 1// D lim
x!1

.ln x � ln.x2 C 1// D lim
x!1

ln
x

x2 C 1

But this function diverges asx ! 1, so thatrn diverges as well.

In Exercises 27–30, use Theorem 4 to determine the limit of the sequence.

27. an D
r
4C 1

n

SOLUTION We have

lim
n!1

4C 1

n
D lim
x!1

4C 1

x
D 4

Since
p
x is a continuous function forx > 0, Theorem 4 tells us that

lim
n!1

r
4C 1

n
D
r

lim
n!1

4C 1

n
D

p
4 D 2

28. an D e4n=.3nC9/

SOLUTION We have

lim
n!1

4n

3nC 9
D 4

3

Sinceex is continuous for allx, Theorem 4 tells us that

lim
n!1

e4n=.3nC9/ D elimn!1 4n=.3nC9/ D e4=3

29. an D cos�1
 

n3

2n3 C 1

!

SOLUTION We have

lim
n!1

n3

2n3 C 1
D 1

2

Since cos�1.x/ is continuous for allx, Theorem 4 tells us that

lim
n!1

cos�1
 

n3

2n3 C 1

!
D cos�1

 
lim
n!1

n3

2n3 C 1

!
D cos�1.1=2/ D �

3

30. an D tan�1.e�n/

SOLUTION We have

lim
n!1

D e�n lim
x!1

e�x D 0

Since tan�1.x/ is continuous for allx, Theorem 4 tells us that

lim
n!1

tan�1.e�n/ D tan�1
�

lim
n!1

e�n
�

D tan�1.0/ D 0
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31. Let an D n

nC 1
. Find a numberM such that:

(a) jan � 1j � 0:001 for n � M .

(b) jan � 1j � 0:00001 for n � M .

Then use the limit definition to prove that lim
n!1

an D 1.

SOLUTION

(a) We have

jan � 1j D
ˇ̌
ˇ̌ n

nC 1
� 1

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌n � .nC 1/

nC 1

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ �1
nC 1

ˇ̌
ˇ̌ D 1

nC 1
:

Thereforejan � 1j � 0:001 provided 1
nC1 � 0:001, that is,n � 999. It follows that we can takeM D 999.

(b) By part (a),jan � 1j � 0:00001 provided 1
nC1 � 0:00001, that is,n � 99999. It follows that we can takeM D 99999.

We now prove formally that lim
n!1

an D 1. Using part (a), we know that

jan � 1j D 1

nC 1
< �;

providedn > 1
� � 1. Thus, Let� > 0 and takeM D 1

� � 1. Then, forn > M , we have

jan � 1j D 1

nC 1
<

1

M C 1
D �:

32. Let bn D
�
1
3

�n.

(a) Find a value ofM such thatjbnj � 10�5 for n � M .

(b) Use the limit definition to prove that lim
n!1

bn D 0.

SOLUTION

(a) Solving
�
1
3

�n � 10�5 for n, we find

n � 5 log3 10 D 5
ln 10

ln 3
� 10:48:

It follows that we can takeM D 10:5.

(b) We see that
ˇ̌
ˇ̌
�
1

3

�n
� 0

ˇ̌
ˇ̌ D 1

3n
< �

provided

n > log3
1

�
:

Thus, let� > 0 and takeM D log3
1
� . Then, forn > M , we have

ˇ̌
ˇ̌
�
1

3

�n
� 0

ˇ̌
ˇ̌ D 1

3n
<

1

3M
D �:

33. Use the limit definition to prove that lim
n!1

n�2 D 0.

SOLUTION We see that

jn�2 � 0j D
ˇ̌
ˇ̌ 1
n2

ˇ̌
ˇ̌ D 1

n2
< �

provided

n >
1p
�
:

Thus, let� > 0 and takeM D 1p
�
. Then, forn > M , we have

jn�2 � 0j D
ˇ̌
ˇ̌ 1
n2

ˇ̌
ˇ̌ D 1

n2
<

1

M 2
D �:
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34. Use the limit definition to prove that lim
n!1

n

nC n�1 D 1.

SOLUTION Since

n

nC n�1 D n2

n.nC n�1/
D n2

n2 C 1

we see that
ˇ̌
ˇ̌
ˇ
n2

n2 C 1
� 1

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌ �1
n2 C 1

ˇ̌
ˇ̌ D 1

n2 C 1
< �

provided

n >

r
1

�
� 1

So choose� > 0, and letM D
r
1

�
� 1. Then, forn > M , we have

ˇ̌
ˇ̌ n

nC n�1 � 1
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ �1
n2 C 1

ˇ̌
ˇ̌ D 1

n2 C 1
<

1

.1� � 1/C 1
D �

In Exercises 35–62, use the appropriate limit laws and theorems to determine the limit of the sequence or show that it diverges.

35. an D 10C
�

�1
9

�n

SOLUTION By the Limit Laws for Sequences we have:

lim
n!1

�
10C

�
�1
9

�n�
D lim
n!1

10C lim
n!1

�
�1
9

�n
D 10C lim

n!1

�
�1
9

�n
:

Now,

�
�
1

9

�n
�
�

�1
9

�n
�
�
1

9

�n
:

Because

lim
n!1

�
1

9

�n
D 0;

by the Limit Laws for Sequences,

lim
n!1

�
�
1

9

�n
D � lim

n!1

�
1

9

�n
D 0:

Thus, we have

lim
n!1

�
�1
9

�n
D 0;

and

lim
n!1

�
10C

�
�1
9

�n�
D 10C 0 D 10:

36. dn D
p
nC 3 �

p
n

SOLUTION We multiply and dividedn by the conjugate expression
p
nC 3C

p
n and use the identity.a� b/.aC b/ D a2 � b2

to obtain:

dn D
�p
nC 3 �

p
n
� �p

nC 3C
p
n
�

p
nC 3C

p
n

D .nC 3/ � np
nC 3C

p
n

D 3p
nC 3C

p
n
:

Thus,

lim
n!1dn D lim

n!1
3p

nC 3C
p
n

D lim
x!1

3p
x C 3C

p
x

D 0:
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37. cn D 1:01n

SOLUTION Sincecn D f .n/ wheref .x/ D 1:01x , we have

lim
n!1

1:01n D lim
x!1

1:01x D 1

so that the sequence diverges.

38. bn D e1�n2

SOLUTION Sincebn D f .n/ wheref .x/ D e1�x2
, we have

lim
n!1

e1�n2 D lim
x!1

e1�x2 D lim
x!1

e

ex
2

D 0

39. an D 21=n

SOLUTION Because2x is a continuous function,

lim
n!1

21=n D lim
x!1

21=x D 2limx!1.1=x/ D 20 D 1:

40. bn D n1=n

SOLUTION Let bn D n1=n. Take the natural logarithm of both sides of this expression to obtain

ln bn D ln n1=n D lnn

n
:

Thus,

lim
n!1

.ln bn/ D lim
n!1

lnn

n
D lim
x!1

ln x

x
D lim
x!1

1

x
D 0:

Becausef .x/ D ex is a continuous function, it follows that

lim
n!1

bn D lim
n!1

elnbn D elimn!1.lnbn/ D e0 D 1:

That is,

lim
n!1

n1=n D 1:

41. cn D 9n

nŠ

SOLUTION Forn � 9, write

cn D 9n

nŠ
D 9

1
� 9
2

� � � 9
9„ ƒ‚ …

call thisC

� 9
10

� 9
11

� � � 9

n � 1 � 9
n„ ƒ‚ …

Each factor is less than1

Then clearly

0 � 9n

nŠ
� C

9

n

since each factor after the first nine is< 1. The squeeze theorem tells us that

lim
n!1

0 � lim
n!1

9n

nŠ
� lim
n!1

C
9

n
D C lim

n!1
9

n
D C � 0 D 0

so that limn!1 cn D 0 as well.

42. an D 82n

nŠ

SOLUTION Note that

an D 82n

nŠ
D 64n

nŠ

Now apply the same method as in the Exercise 41. Forn � 64, write

cn D 64n

nŠ
D 64

1
� 64
2

� � � 64
64„ ƒ‚ …

call thisC

� 64
65

� 64
66

� � � 64

n � 1
� 64
n„ ƒ‚ …

Each factor is less than1



1180 C H A P T E R 10 INFINITE SERIES

Then clearly

0 � 64n

nŠ
� C

64

n

since each factor after the first64 is< 1. The squeeze theorem tells us that

lim
n!1

0 � lim
n!1

64n

nŠ
� lim
n!1

C
64

n
D C lim

n!1
64

n
D C � 0 D 0

so that limn!1 an D 0 as well.

43. an D 3n2 C nC 2

2n2 � 3

SOLUTION

lim
n!1

3n2 C nC 2

2n2 � 3
D lim
x!1

3x2 C x C 2

2x2 � 3
D 3

2
:

44. an D
p
np

nC 4

SOLUTION

lim
n!1

p
np

nC 4
D lim
x!1

p
xp

x C 4
D lim
x!1

p
xp
xp

xp
x

C 4p
x

D lim
x!1

1

1C 4p
x

D 1

1C 0
D 1:

45. an D cosn

n

SOLUTION Since�1 � cosn � 1 the following holds:

� 1
n

� cosn

n
� 1

n
:

We now apply the Squeeze Theorem for Sequences and the limits

lim
n!1

� 1
n

D lim
n!1

1

n
D 0

to conclude that lim
n!1

cosn
n D 0.

46. cn D .�1/np
n

SOLUTION Clearly

� 1p
n

� .�1/np
n

� 1p
n

Since

lim
n!1

�1p
n

D lim
n!1

1p
n

D 0;

the Squeeze Theorem tells us that lim
n!1

.�1/np
n

D 0.

47. dn D ln 5n � ln nŠ

SOLUTION Note that

dn D ln
5n

nŠ

so that

edn D 5n

nŠ
so lim

n!1
edn D lim

n!1
5n

nŠ
D 0

by the method of Exercise 41. Ifdn converged, we could, sincef .x/ D ex is continuous, then write

lim
n!1

edn D elimn!1 dn D 0

which is impossible. Thusfdng diverges.
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48. dn D ln.n2 C 4/ � ln.n2 � 1/

SOLUTION Note that

dn D ln
n2 C 4

n2 � 1

so exponentiating both sides of this expression gives

edn D n2 C 4

n2 � 1
D 1C .4=n2/

1 � .1=n2/

Thus,

lim
n!1

edn D lim
n!1

1C .4=n2/

1 � .1=n2/
D 1

Becausef .x/ D lnx is continuous forx > 0, it follows that

lim
n!1

dn D lim
n!1

ln.edn/ D ln. lim
n!1

edn / D ln 1 D 0

49. an D
�
2C 4

n2

�1=3

SOLUTION Let an D
�
2C 4

n2

�1=3
. Taking the natural logarithm of both sides of this expression yields

lnan D ln

�
2C 4

n2

�1=3
D 1

3
ln

�
2C 4

n2

�
:

Thus,

lim
n!1

lnan D lim
n!1

1

3
ln
�
2C 4

n2

�1=3
D 1

3
lim
x!1

ln
�
2C 4

x2

�
D 1

3
ln
�

lim
x!1

�
2C 4

x2

��

D 1

3
ln.2C 0/ D 1

3
ln2 D ln 21=3:

Becausef .x/ D ex is a continuous function, it follows that

lim
n!1

an D lim
n!1

elnan D elimn!1.lnan/ D eln21=3 D 21=3:

50. bn D tan�1
�
1 � 2

n

�

SOLUTION Becausef .x/ D tan�1 x is a continuous function, it follows that

lim
n!1

an D lim
x!1

tan�1
�
1 � 2

x

�
D tan�1

�
lim
x!1

�
1 � 2

x

��
D tan�11 D �

4
:

51. cn D ln

�
2nC 1

3nC 4

�

SOLUTION Becausef .x/ D lnx is a continuous function, it follows that

lim
n!1

cn D lim
x!1

ln
�
2x C 1

3x C 4

�
D ln

�
lim
x!1

2x C 1

3x C 4

�
D ln

2

3
:

52. cn D n

nC n1=n

SOLUTION We rewrite n
nCn1=n

as follows:

n

nC n1=n
D

n
n

n
n C n1=n

n

D 1

1C n1=n

n

:

Now,

n1=n

n
D n

1
n

�1 D 1

n1�1=n ;

and

lim
n!1

n1=n

n
D lim
n!1

1

n1�1=n D lim
x!1

1

x1�1=x D 0:
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Thus,

lim
n!1

n

nC n1=n
D lim
x!1

1

1C x1=x

x

D limx!1 1

limx!1
�
1C x1=x

x

� D limx!1 1

limx!1 1C limx!1 x1=x

x

D 1

1C 0
D 1:

53. yn D en

2n

SOLUTION en

2n D
�
e
2

�n and e2 > 1. By the Limit of Geometric Sequences,we conclude that limn!1
�
e
2

�n D 1. Thus, the given
sequence diverges.

54. an D n

2n

SOLUTION

lim
n!1

n

2n
D lim
x!1

x

2x
D lim
x!1

d
dx
.x/

d
dx
.2x/

D lim
x!1

1

.ln2/ 2x
D 1

ln 2
lim
x!1

1

2x
D 1

ln 2
� 0 D 0:

55. yn D en C .�3/n
5n

SOLUTION

lim
n!1

en C .�3/n
5n

D lim
n!1

� e
5

�n
C lim
n!1

��3
5

�n

assuming both limits on the right-hand side exist. But by the Limit of Geometric Sequences, since

�1 < �3
5
< 0 <

e

5
< 1

both limits on the right-hand side are0, so thatyn converges to0.

56. bn D .�1/nn3 C 2�n

3n3 C 4�n

SOLUTION Assuming both limits on the right-hand side exist, we have

lim
n!1

.�1/nn3 C 2�n

3n3 C 4�n D lim
n!1

.�1/nn3
3n3 C 4�n C lim

n!1
2�n

3n3 C 4�n

For the first limit, let us consider instead the limit of its reciprocal:

lim
n!1

.�1/n 3n
3 C 4�n

n3
D lim
n!1

.�1/n 3n
3

n3
C lim
n!1

.�1/n 4
�n

n3

D lim
n!1

.�1/n � 3C lim
n!1

.�1/n 1

4nn3

D lim
n!1

�
.�1/n � 3

�
C 0

so that one limit on the right-hand side exists and the other does not; thus the left-hand side diverges as well.

57. an D n sin
�

n

SOLUTION By the Theorem on Sequences Defined by a Function, we have

lim
n!1

n sin
�

n
D lim
x!1

x sin
�

x
:

Now,

lim
x!1

x sin
�

x
D lim
x!1

sin �x
1
x

D lim
x!1

�
cos�x

� �
� �
x2

�

� 1
x2

D lim
x!1

�
� cos

�

x

�

D � lim
x!1 cos

�

x
D � cos0 D � � 1 D �:

Thus,

lim
n!1

n sin
�

n
D �:
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58. bn D nŠ

�n

SOLUTION By the method of Exercise 41, we can see that limn!1
4n

nŠ
D 0 so thatcn D nŠ

4n
diverges. But� < 4 so that

cn < bn and thusbn diverges as well.

59. bn D 3 � 4n
2C 7 � 4n

SOLUTION Divide the numerator and denominator by4n to obtain

an D 3 � 4n
2C 7 � 4n D

3
4n � 4n

4n

2
4n C 7�4n

4n

D
3
4n � 1
2
4n C 7

:

Thus,

lim
n!1

an D lim
x!1

3
4x � 1

2
4x C 7

D
limx!1

�
3
4x � 1

�

limx!1
�
2
4x C 7

� D
3 limx!1 1

4x � limx!1 1

2 limx!1 1
4x � limx!1 7

D 3 � 0 � 1
2 � 0C 7

D �1
7
:

60. an D 3 � 4n

2C 7 � 3n

SOLUTION Divide the numerator and denominator by3n to obtain

an D 3 � 4n

2C 7 � 3n D
3
3n � 4n

3n

2
3n C 7�3n

3n

D
3
3n �

�
4
3

�n

2
3n C 7

:

We examine the limits of the numerator and the denominator:

lim
n!1

�
3

3n
�
�
4

3

�n�
D 3 lim

n!1

�
1

3

�n
� 3 lim

n!1

�
4

3

�n
D 3 � 0 � 1 D �1;

whereas

lim
n!1

�
2

3n
C 7

�
D lim
n!1

2

3n
C lim
n!1

7 D 2 lim
n!1

�
1

3

�n
C lim
n!1

7 D 2 � 0C 7 D 7:

Thus, lim
n!1

an D �1; that is, the sequence diverges.

61. an D
�
1C 1

n

�n

SOLUTION Taking the natural logarithm of both sides of this expression yields

lnan D ln
�
1C 1

n

�n
D n ln

�
1C 1

n

�
D

ln
�
1C 1

n

�

1
n

:

Thus,

lim
n!1

.ln an/ D lim
x!1

ln
�
1C 1

x

�

1
x

D lim
x!1

d
dx

�
ln
�
1C 1

x

��

d
dx

�
1
x

� D lim
x!1

1

1C 1
x

�
�
� 1
x2

�

� 1
x2

D lim
x!1

1

1C 1
x

D 1

1C 0
D 1:

Becausef .x/ D ex is a continuous function, it follows that

lim
n!1

an D lim
n!1

elnan D elimn!1.lnan/ D e1 D e:

62. an D
�
1C 1

n2

�n

SOLUTION Taking the natural logarithm of both sides of this expression yields

ln an D ln

�
1C 1

n2

�n
D n ln

�
1C 1

n2

�
D

ln
�
1C 1

n2

�

1
n

:

Thus,

lim
n!1

.lnan/ D lim
x!1

ln.1C x�2/
x�1 D lim

x!1

d
dx

�
ln.1C x�2/

�

d
dx
.x�1/
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D lim
x!1

1
1Cx�2 .�2x�3/

�x�2 D lim
x!1

2x�1

1C x�2 D lim
x!1

2
x

1C 1
x2

D 0

1C 0
D 0:

Becausef .x/ D ex is a continuous function, it follows that

lim
n!1

an D lim
n!1

elnan D elimn!1.lnan/ D e0 D 1:

In Exercises 63–66, find the limit of the sequence using L’Hôpital’s Rule.

63. an D .lnn/2

n

SOLUTION

lim
n!1

.lnn/2

n
D lim
x!1

.ln x/2

x
D lim
x!1

d
dx
.lnx/2

d
dx
x

D lim
x!1

2 lnx
x

1
D lim
x!1

2 lnx

x

D lim
x!1

d
dx
2 lnx
d
dx
x

D lim
x!1

2
x

1
D lim
x!1

2

x
D 0

64. bn D
p
n ln

�
1C 1

n

�

SOLUTION

lim
n!1

p
n ln

�
1C 1

n

�
D lim
x!1

p
x ln

�
1C 1

x

�
D lim
x!1

ln
�
1C 1

x

�

x�1=2 D lim
x!1

d
dx

ln
�
1C 1

x

�

d
dx
x�1=2

D lim
x!1

1

1C 1
x

�
�

�1
x2

�

�1
2 x

�3=2 D lim
x!1

2
p
x
�
1C 1

x

� D 0

65. cn D n
�p
n2 C 1 � n

�

SOLUTION

lim
n!1

n
�p

n2 C 1 � n
�

D lim
x!1

x
�p

x2 C 1 � x
�

D lim
x!1

x
�p

x2 C 1 � x
��p

x2 C 1C x
�

p
x2 C 1C x

D lim
x!1

xp
x2 C 1C x

D lim
x!1

d
dx
x

d
dx

p
x2 C 1C x

D lim
x!1

1

1C xp
x2C1

D lim
x!1

1

1C
q

x2

x2C1

D lim
x!1

1

1C
q

1
1C.1=x2/

D 1

2

66. dn D n2
� 3
p
n3 C 1 � n

�

SOLUTION We rewritedn as follows:

dn D n2
�

3
p
n3 C 1 � n

�
D n2

 
3

s
n3
�
1C 1

n3

�
� n

!
D n2

 
n

3

r
1C 1

n3
� n

!

D n3

 
3

r
1C 1

n3
� 1

!
D

�
.1C n�3/1=3 � 1

�

n�3 :

Thus,

lim
n!1

dn D lim
x!1

.1C x�3/1=3 � 1

x�3 D lim
x!1

d
dx

h
.1C x�3/1=3 � 1

i

d
dx
Œx�3�

D lim
x!1

1
3 .1C x�3/�2=3.�3x�4/

�3x�4 D lim
x!1

1

3
.1C x�3/

�2=3 D lim
x!1

1

3
�
1C 1

x3

�2=3 D 1

3
:
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In Exercises 67–70, use the Squeeze Theorem to evaluatelim
n!1an by verifying the given inequality.

67. an D 1p
n4 C n8

,
1p
2n4

� an � 1p
2n2

SOLUTION For alln > 1 we haven4 < n8, so the quotient 1p
n4Cn8

is smaller than 1p
n4Cn4

and larger than 1p
n8Cn8

. That is,

an <
1p

n4 C n4
D 1p

n4 � 2
D 1p

2n2
I and

an >
1p

n8 C n8
D 1p

2n8
D 1p

2n4
:

Now, since lim
n!1

1p
2n4

D lim
n!1

1p
2n2

D 0, the Squeeze Theorem for Sequences implies that lim
n!1

an D 0.

68. cn D 1p
n2 C 1

C 1p
n2 C 2

C � � � C 1p
n2 C n

,

np
n2 C n

� cn � np
n2 C 1

SOLUTION Since each of then terms in the sum definingcn is not smaller than 1p
n2Cn

and not larger than 1p
n2C1

we obtain

the following inequalities:

cn � 1p
n2 C n

C � � � C 1p
n2 C n„ ƒ‚ …

n terms

D n � 1p
n2 C n

D np
n2 C n

I

cn � 1p
n2 C 1

C � � � C 1p
n2 C 1„ ƒ‚ …

n terms

D n � 1p
n2 C 1

D np
n2 C 1

:

Thus,

np
n2 C n

� cn � np
n2 C 1

:

We now compute the limits of the two sequences:

lim
n!1

np
n2 C 1

D lim
n!1

n
np
n2C1
n

D lim
n!1

1
p
n2C1p
n2

D lim
n!1

1q
1C 1

n2

D 1I

lim
n!1

np
n2 C n

D lim
n!1

n
np
n2Cn
n

D lim
n!1

1
p
n2Cnp
n2

D lim
n!1

1q
1C 1

n

D 1:

By the Squeeze Theorem we conclude that:

lim
n!1 cn D 1:

69. an D .2n C 3n/1=n, 3 � an � .2 � 3n/1=n D 21=n � 3
SOLUTION Clearly2n C 3n � 3n for all n � 1. Therefore:

.2n C 3n/
1=n � .3n/

1=n D 3:

Also 2n C 3n � 3n C 3n D 2 � 3n, so

.2n C 3n/
1=n � .2 � 3n/1=n D 21=n � 3:

Thus,

3 � .2n C 3n/
1=n � 21=n � 3:

Because

lim
n!1 21=n � 3 D 3 lim

n!1 21=n D 3 � 1 D 3

and limn!1 3 D 3, the Squeeze Theorem for Sequences guarantees

lim
n!1

.2n C 3n/
1=n D 3:
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70. an D .nC 10n/1=n, 10 � an � .2 � 10n/1=n

SOLUTION Clearly

10n � nC 10n � 10n C 10n D 2 � 10n

for all n � 0. Thus

10 � .nC 10n/1=n � .2 � 10n/1=n

Now,

lim
n!1

.2 � 10n/1=n D lim
n!1

21=n � 10 D 10 lim
n!1

21=n D 10 � 1 D 10

and limn!1 10 D 10, so that the Squeeze Theorem for Sequences tells us that

lim
n!1

.nC 10n/1=n D 10

71. Which of the following statements is equivalent to the assertion lim
n!1

an D L? Explain.

(a) For every� > 0, the interval.L � �;LC �/ contains at least one element of the sequencefang.
(b) For every� > 0, the interval.L � �;LC �/ contains all but at most finitely many elements of the sequencefang.
SOLUTION Statement (b) is equivalent to Definition 1 of the limit, since the assertion “jan � Lj < � for all n > M ” means that
L � � < an < L C � for all n > M ; that is, the interval.L � �;L C �/ contains all the elementsan except (maybe) the finite
number of elementsa1; a2; : : : ; aM .

Statement (a) is not equivalent to the assertion lim
n!1

an D L. We show this, by considering the following sequence:

an D

8
ˆ̂<
ˆ̂:

1

n
for oddn

1C 1

n
for evenn

Clearly for every� > 0, the interval.��; �/ D .L � �;L C �/ for L D 0 contains at least one element offang, but the sequence
diverges (rather than converges toL D 0). Since the terms in the odd places converge to 0 and the terms in the even places converge
to 1. Hence,an does not approach one limit.

72. Show thatan D 1

2nC 1
is decreasing.

SOLUTION Let f .x/ D 1
2xC1 . Then

f 0.x/ D � 1

.2x C 1/2
� 2 D �2

.2x C 1/2
< 0 for x ¤ �1

2
:

Sincef 0.x/ < 0 for x ¤ �1
2 , f is decreasing on the intervalx > �1

2 . It follows thatan D f .n/ is also decreasing.

73. Show thatan D 3n2

n2 C 2
is increasing. Find an upper bound.

SOLUTION Let f .x/ D 3x2

x2C2 . Then

f 0.x/ D 6x.x2 C 2/ � 3x2 � 2x
.x2 C 2/

2
D 12x

.x2 C 2/
2
:

f 0.x/ > 0 for x > 0, hencef is increasing on this interval. It follows thatan D f .n/ is also increasing. We now show thatM D 3

is an upper bound foran, by writing:

an D 3n2

n2 C 2
� 3n2 C 6

n2 C 2
D 3.n2 C 2/

n2 C 2
D 3:

That is,an � 3 for all n.

74. Show thatan D 3
p
nC 1 � n is decreasing.

SOLUTION Let f .x/ D 3
p
x C 1 � x. Then

f 0.x/ D d

dx

�
.x C 1/1=3 � x

�
D 1

3
.x C 1/�2=3 � 1:

Forx � 1,

1

3
.x C 1/�2=3 � 1 � 1

3
2�2=3 � 1 < 0:

We conclude thatf is decreasing on the intervalx � 1. It follows thatan D f .n/ is also decreasing.
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75. Give an example of a divergent sequencefang such that lim
n!1 janj converges.

SOLUTION Letan D .�1/n. The sequencefang diverges because the terms alternate betweenC1 and�1; however, the sequence
fjanjg converges because it is a constant sequence, all of whose terms are equal to 1.

76. Give an example ofdivergentsequencesfang andfbng such thatfan C bng converges.

SOLUTION Letan D 2n andbn D �2n. Thenfang andfbng are divergent geometric sequences. However, sincean C bn D 2n � 2n D 0,
the sequencefan C bng is the constant sequence with all the terms equal zero, so it converges to zero.

77. Using the limit definition, prove that iffang converges andfbng diverges, thenfan C bng diverges.

SOLUTION We will prove this result by contradiction. Suppose limn!1 an D L1 and thatfan C bng converges to a limitL2.
Now, let� > 0. Becausefang converges toL1 andfan C bng converges toL2, it follows that there exist numbersM1 andM2 such
that:

jan � L1j < �

2
for all n > M1;

j .an C bn/� L2j < �

2
for all n > M2:

Thus, forn > M D maxfM1;M2g,

jan � L1j < �

2
and j .an C bn/� L2j < �

2
:

By the triangle inequality,

jbn � .L2 � L1/j D jan C bn � an � .L2 � L1/j D j.�an C L1/C .an C bn � L2/j

� jL1 � anj C jan C bn � L2j:

Thus, forn > M ,

jbn � .L2 �L1/ j < �

2
C �

2
D �I

that is,fbng converges toL2 � L1, in contradiction to the given data. Thus,fan C bng must diverge.

78. Use the limit definition to prove that iffang is a convergent sequence of integers with limitL, then there exists a numberM
such thatan D L for all n � M .

SOLUTION Supposefang converges toL, and let� D 1
2 . Then, there exists a numberM such that

jan � Lj < 1

2

for all n � M . In other words, for alln � M ,

L � 1

2
< an < LC 1

2
:

However, we are given thatfang is a sequence of integers. Thus, it must be thatan D L for all n � M .

79. Theorem 1 states that if lim
x!1

f .x/ D L, then the sequencean D f .n/ converges and lim
n!1

an D L. Show that theconverse

is false. In other words, find a functionf .x/ such thatan D f .n/ converges but lim
x!1

f .x/ does not exist.

SOLUTION Let f .x/ D sin�x and an D sin�n. Thenan D f .n/. Since sin�x is oscillating between�1 and 1 the limit
lim
x!1

f .x/ does not exist. However, the sequencefang is the constant sequence in whichan D sin�n D 0 for all n, hence it

converges to zero.

80. Use the limit definition to prove that the limit does not change if a finite number of terms are added or removed from a
convergent sequence.

SOLUTION Suppose thatfang is a sequence such that limn!1 an D L. For every� > 0, there is a numberM such that
jan � Lj < � for all n > M . That is, the inequalityjan � Lj < � holds for all the terms offang except possibly a finite num-
ber of terms. If we add a finite number of terms, these terms may not satisfy the inequalityjan � Lj < �, but there are still only a
finite number of terms that do not satisfy this inequality. By removing terms from the sequence, the number of terms in the new
sequence that do not satisfyjan � Lj < � are no more than in the original sequence. Hence the new sequence also converges toL.

81. Let bn D anC1. Use the limit definition to prove that iffang converges, thenfbng also converges and lim
n!1

an D
lim
n!1 bn.

SOLUTION Supposefang converges toL. Let bn D anC1, and let� > 0. Becausefang converges toL, there exists anM 0 such
that jan � Lj < � for n > M 0. Now, letM D M 0 � 1. Then, whenevern > M , nC 1 > M C 1 D M 0. Thus, forn > M ,

jbn � Lj D janC1 �Lj < �:

Hence,fbng converges toL.
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82. Let fang be a sequence such that lim
n!1 janj exists and is nonzero. Show that lim

n!1an exists if and only if there exists an integer

M such that the sign ofan does not change forn > M .

SOLUTION Let fang be a sequence such that lim
n!1

janj exists and is nonzero. Suppose lim
n!1

an exists and letL D lim
n!1

an.

Note thatL cannot be zero for then lim
n!1 janj would also be zero. Now, choose� < jLj. Then there exists an integerM such that

jan � Lj < �, orL � � < an < LC �, for all n > M . If L < 0, then�2L < an < 0, whereas ifL > 0, then0 < an < 2L; that
is, an does not change forn > M .

Now suppose that there exists an integerM such thatan does not change forn > M . If an > 0 for n > M , thenan D janj for
n > M and

lim
n!1

an D lim
n!1

janj:

On the other hand, ifan < 0 for n > M , thenan D �janj for n > M and

lim
n!1an D lim

n!1 �janj D � lim
n!1 janj:

In either case, lim
n!1

an exists. Thus, lim
n!1

an exists if and only if there exists an integerM such that the sign ofan does not change

for n > M .

83. Proceed as in Example 12 to show that the sequence
p
3,

q
3
p
3,

r
3

q
3
p
3; : : : is increasing and bounded above byM D 3.

Then prove that the limit exists and find its value.

SOLUTION This sequence is defined recursively by the formula:

anC1 D
p
3an; a1 D

p
3:

Consider the following inequalities:

a2 D
p
3a1 D

p
3
p
3 >

p
3 D a1 ) a2 > a1I

a3 D
p
3a2 >

p
3a1 D a2 ) a3 > a2I

a4 D
p
3a3 >

p
3a2 D a3 ) a4 > a3:

In general, if we assume thatak > ak�1, then

akC1 D
p
3ak >

p
3ak�1 D ak :

Hence, by mathematical induction,anC1 > an for all n; that is, the sequencefang is increasing.
BecauseanC1 D

p
3an, it follows thatan � 0 for all n. Now,a1 D

p
3 < 3. If ak � 3, then

akC1 D
p
3ak �

p
3 � 3 D 3:

Thus, by mathematical induction,an � 3 for all n.
Sincefang is increasing and bounded, it follows by the Theorem on Bounded Monotonic Sequences that this sequence is

converging. Denote the limit byL D limn!1 an. Using Exercise 81, it follows that

L D lim
n!1anC1 D lim

n!1

p
3an D

q
3 lim
n!1an D

p
3L:

Thus,L2 D 3L, soL D 0 or L D 3. Because the sequence is increasing, we havean � a1 D
p
3 for all n. Hence, the limit also

satisfiesL �
p
3. We conclude that the appropriate solution isL D 3; that is, lim

n!1
an D 3.

84. Let fang be the sequence defined recursively by

a0 D 0; anC1 D
p
2C an

Thus,a1 D
p
2; a2 D

q
2C

p
2; a3 D

r
2C

q
2C

p
2; : : : :

(a) Show that ifan < 2, thenanC1 < 2. Conclude by induction thatan < 2 for all n.

(b) Show that ifan < 2, thenan � anC1. Conclude by induction thatfang is increasing.

(c) Use (a) and (b) to conclude thatL D lim
n!1

an exists. Then computeL by showing thatL D
p
2C L.

SOLUTION

(a) Assumean < 2. Then

anC1 D
p
2C an <

p
2C 2 D 2

so thatanC1 < 2. So by induction,an < 2 for all n andfang is bounded above by2.
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(b) Assumean < 2. Then

anC1 D
p
2C an >

p
an C an D

p
2an >

q
a2n D an

so thatan < anC1. It follows by induction thatfang is increasing.
(c) Sincefang is increasing and bounded above, the Theorem on Bounded Monotone Sequences tells us thatL D limn!1 an
exists. We have

L D lim
n!1

anC1 D lim
n!1

p
2C an D

q
2C lim

n!1
an D

p
2C L

by Exercise 81. It follows thatL D
p
2C L, so thatL2 � L � 2 D 0. ThusL D 2 orL D �1. But all terms offang are positive,

so we must haveL D 2.

Further Insights and Challenges

85. Show that lim
n!1

n
p
nŠ D 1. Hint: Verify thatnŠ � .n=2/n=2 by observing that half of the factors ofnŠ are greater than or equal

to n=2.

SOLUTION We show thatnŠ �
�
n
2

�n=2. Forn � 4 even, we have:

nŠ D 1 � � � � � n
2„ ƒ‚ …

n
2

factors

�
�n
2

C 1
�

� � � � � n
„ ƒ‚ …

n
2

factors

�
�n
2

C 1
�

� � � � � n
„ ƒ‚ …

n
2

factors

:

Since each one of then2 factors is greater thann2 , we have:

nŠ �
�n
2

C 1
�

� � � � � n
„ ƒ‚ …

n
2

factors

� n

2
� � � � � n

2„ ƒ‚ …
n
2

factors

D
�n
2

�n=2
:

Forn � 3 odd, we have:

nŠ D 1 � � � � � n � 1
2„ ƒ‚ …

n�1
2 factors

� nC 1

2
� � � � � n

„ ƒ‚ …
nC1

2
factors

� nC 1

2
� � � � � n

„ ƒ‚ …
nC1

2
factors

:

Since each one of thenC1
2 factors is greater thann2 , we have:

nŠ � nC 1

2
� � � � � n

„ ƒ‚ …
nC1

2
factors

� n

2
� � � � � n

2„ ƒ‚ …
nC1

2
factors

D
�n
2

�.nC1/=2
D
�n
2

�n=2rn

2
�
�n
2

�n=2
:

In either case we havenŠ �
�
n
2

�n=2. Thus,

n
p
nŠ �

r
n

2
:

Since lim
n!1

q
n
2 D 1, it follows that lim

n!1
n
p
nŠ D 1. Thus, the sequencean D n

p
nŠ diverges.

86. Let bn D
n
p
nŠ

n
.

(a) Show that lnbn D 1

n

nX

kD1
ln
k

n
.

(b) Show that lnbn converges to
Z 1

0
lnx dx, and conclude thatbn ! e�1.

SOLUTION

(a) Let bn D .nŠ/1=n

n . Then

ln bn D ln .nŠ/1=n � lnn D 1

n
ln.nŠ/� lnn D ln .nŠ/� n ln n

n
D 1

n

�
ln .nŠ/� ln nn

�
D 1

n
ln
nŠ

nn

D 1

n
ln
�
1

n
� 2
n

� 3
n

� � � � � n
n

�
D 1

n

�
ln
1

n
C ln

2

n
C ln

3

n
C � � � C ln

n

n

�
D 1

n

nX

kD1
ln
k

n
:
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(b) By part (a) we have,

lim
n!1

.ln bn/ D lim
n!1

1

n

nX

kD1
ln
k

n
:

Notice that1n
Pn
kD1 ln kn is thenth right-endpoint approximation of the integral of lnx over the intervalŒ0; 1�. Hence,

lim
n!1

1

n

nX

kD1
ln
k

n
D
Z 1

0
lnx dx:

We compute the improper integral using integration by parts, withu D ln x andv0 D 1. Thenu0 D 1
x , v D x and

Z 1

0
ln x dx D x lnx

ˇ̌
ˇ̌
1

0

�
Z 1

0

1

x
x dx D 1 � ln 1 � lim

x!0C
.x ln x/�

Z 1

0
dx

D 0 � lim
x!0C

.x ln x/� x
ˇ̌
ˇ̌
1

0

D �1 � lim
x!0C

.x ln x/ :

We compute the remaining limit using L’Hôpital’s Rule. This gives:

lim
x!0C

.x � ln x/ D lim
x!0C

ln x
1
x

D lim
x!0C

1
x

� 1
x2

D lim
x!0C

.�x/ D 0:

Thus,

lim
n!1

ln bn D
Z 1

0
lnx dx D �1;

and

lim
n!1 bn D e�1:

87. Given positive numbersa1 < b1, define two sequences recursively by

anC1 D
p
anbn; bnC1 D an C bn

2

(a) Show thatan � bn for all n (Figure 1).

(b) Show thatfang is increasing andfbng is decreasing.

(c) Show thatbnC1 � anC1 � bn � an

2
.

(d) Prove that bothfang andfbng converge and have the same limit. This limit, denoted AGM.a1; b1/, is called thearithmetic-
geometric meanof a1 andb1.

(e) Estimate AGM.1;
p
2/ to three decimal places.

x
an an+1 bn+1 bn

Geometric
mean

AGM(a1, b1)

Arithmetic
mean

FIGURE 1

SOLUTION

(a) Examine the following:

bnC1 � anC1 D an C bn

2
�
p
anbn D an C bn � 2

p
anbn

2
D
�p
an
�2 � 2

p
an

p
bn C

�p
bn
�2

2

D
�p
an �

p
bn
�2

2
� 0:

We conclude thatbnC1 � anC1 for all n > 1. By the given informationb1 > a1; hence,bn � an for all n.
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(b) By part (a),bn � an for all n, so

anC1 D
p
anbn � p

an � an D
q
a2n D an

for all n. Hence, the sequencefang is increasing. Moreover, sincean � bn for all n,

bnC1 D an C bn

2
� bn C bn

2
D 2bn

2
D bn

for all n; that is, the sequencefbng is decreasing.

(c) Sincefang is increasing,anC1 � an. Thus,

bnC1 � anC1 � bnC1 � an D an C bn

2
� an D an C bn � 2an

2
D bn � an

2
:

(d) Now, by part (a),an � bn for all n. By part (b),fbng is decreasing. Hencebn � b1 for all n. Combining the two inequalities we
conclude thatan � b1 for all n. That is, the sequencefang is increasing and bounded.0 � an � b1/. By the Theorem on Bounded
Monotonic Sequences we conclude thatfang converges. Similarly, sincefang is increasing,an � a1 for all n. We combine this
inequality withbn � an to conclude thatbn � a1 for all n. Thus,fbng is decreasing and bounded.a1 � bn � b1/; hence this
sequence converges.

To show thatfang andfbng converge to the same limit, note that

bn � an � bn�1 � an�1
2

� bn�2 � an�2
22

� � � � � b1 � a1

2n�1 :

Thus,

lim
n!1

.bn � an/ D .b1 � a1/ lim
n!1

1

2n�1 D 0:

(e) We have

anC1 D
p
anbn; a1 D 1I bnC1 D an C bn

2
; b1 D

p
2

Computing the values ofan andbn until the first three decimal digits are equal in successive terms, we obtain:

a2 D
p
a1b1 D

q
1 �

p
2 D 1:1892

b2 D a1 C b1

2
D 1C

p
2

2
D 1:2071

a3 D
p
a2b2 D

p
1:1892 � 1:2071 D 1:1981

b3 D a2 C b2

2
D 1:1892 � 1:2071

2
D 1:1981

a4 D
p
a3b3 D 1:1981

b4 D a3 C b3

2
D 1:1981

Thus,

AGM
�
1;

p
2
�

� 1:198:

88. Let cn D 1

n
C 1

nC 1
C 1

nC 2
C � � � C 1

2n
.

(a) Calculatec1; c2; c3; c4.

(b) Use a comparison of rectangles with the area undery D x�1 over the intervalŒn; 2n� to prove that

Z 2n

n

dx

x
C 1

2n
� cn �

Z 2n

n

dx

x
C 1

n

(c) Use the Squeeze Theorem to determine lim
n!1

cn.

SOLUTION

(a)

c1 D 1C 1

2
D 3

2
I

c2 D 1

2
C 1

3
C 1

4
D 13

12
I
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c3 D 1

3
C 1

4
C 1

5
C 1

6
D 19

20
I

c4 D 1

4
C 1

5
C 1

6
C 1

7
C 1

8
D 743

840
I

(b) We consider the left endpoint approximation to the integral ofy D 1
x over the intervalŒn; 2n�. Since the functiony D 1

x is

decreasing, the left endpoint approximation is greater than
R 2n
n

dx
x ; that is,

Z 2n

n

dx

x
� 1

n
� 1C 1

nC 1
� 1C 1

nC 2
� 1C � � � C 1

2n � 1
� 1:

1

1

y

x
0 2 3 n n + 1

1/n

1
2

1
3

y = 1
x

We express the right hand-side of the inequality in terms ofcn, obtaining:
Z 2n

n

dx

x
� cn � 1

2n
:

We now consider the right endpoint approximation to the integral
R 2n
n

dx
x ; that is,

1

nC 1
� 1C 1

nC 2
� 1C � � � C 1

2n
� 1 �

Z 2n

n

dx

x
:

y

x
0 n n + 1

y = 1
x

1
n + 1

We express the left hand-side of the inequality in terms ofcn, obtaining:

cn � 1

n
�
Z 2n

n

dx

x
:

Thus,
Z 2n

n

dx

x
C 1

2n
� cn �

Z 2n

n

dx

x
C 1

n
:

(c) With
Z 2n

n

dx

x
D lnxj2nn D ln 2n � ln n D ln

2n

n
D ln2;

the result from part (b) becomes

ln 2C 1

2n
� cn � ln2C 1

n
:

Because

lim
n!1

1

2n
D lim
n!1

1

n
D 0;

it follows from the Squeeze Theorem that

lim
n!1

cn D ln 2:
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89. Let an D Hn � lnn, whereHn is thenth harmonic number

Hn D 1C 1

2
C 1

3
C � � � C 1

n

(a) Show thatan � 0 for n � 1. Hint: Show thatHn �
Z nC1

1

dx

x
.

(b) Show thatfang is decreasing by interpretingan � anC1 as an area.

(c) Prove that lim
n!1

an exists.

This limit, denoted
 , is known asEuler’s Constant. It appears in many areas of mathematics, including analysis and number theory,
and has been calculated to more than100 million decimal places, but it is still not known whether
 is an irrational number. The
first 10 digits are
 � 0:5772156649.

SOLUTION

(a) Since the functiony D 1
x is decreasing, the left endpoint approximation to the integral

R nC1
1

dx
x is greater than this integral;

that is,

1 � 1C 1

2
� 1C 1

3
� 1C � � � C 1

n
� 1 �

Z nC1

1

dx

x

or

Hn �
Z nC1

1

dx

x
:

1

1

y

x
2 3 n n + 1

1/n

1
2 1

3

Moreover, since the functiony D 1
x is positive forx > 0, we have:

Z nC1

1

dx

x
�
Z n

1

dx

x
:

Thus,

Hn �
Z n

1

dx

x
D lnx

ˇ̌
ˇ
n

1
D lnn � ln 1 D ln n;

and

an D Hn � lnn � 0 for all n � 1:

(b) To show thatfang is decreasing, we consider the differencean � anC1:

an � anC1 D Hn � lnn � .HnC1 � ln.nC 1// D Hn �HnC1 C ln.nC 1/ � lnn

D 1C 1

2
C � � � C 1

n
�
�
1C 1

2
C � � � C 1

n
C 1

nC 1

�
C ln.nC 1/ � ln n

D � 1

nC 1
C ln.nC 1/ � lnn:

Now, ln.nC 1/ � lnn D
R nC1
n

dx
x , whereas 1

nC1 is the right endpoint approximation to the integral
R nC1
n

dx
x . Recallingy D 1

x
is decreasing, it follows that

Z nC1

n

dx

x
� 1

nC 1
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y

x
n n + 1

y = 1
x

1
n + 1

so

an � anC1 � 0:

(c) By parts (a) and (b),fang is decreasing and0 is a lower bound for this sequence. Hence0 � an � a1 for all n. A monotonic
and bounded sequence is convergent, so limn!1 an exists.

10.2 Summing an Infinite Series

Preliminary Questions
1. What role do partial sums play in defining the sum of an infinite series?

SOLUTION The sum of an infinite series is defined as the limit of the sequence of partial sums. If the limit of this sequence does
not exist, the series is said to diverge.

2. What is the sum of the following infinite series?

1

4
C 1

8
C 1

16
C 1

32
C 1

64
C � � �

SOLUTION This is a geometric series withc D 1
4 and r D 1

2 . The sum of the series is therefore

1
4

1 � 1
2

D
1
4
1
2

D 1

2
:

3. What happens if you apply the formula for the sum of a geometric series to the following series? Is the formula valid?

1C 3C 32 C 33 C 34 C � � �

SOLUTION This is a geometric series withc D 1 andr D 3. Applying the formula for the sum of a geometric series then gives

1X

nD0
3n D 1

1 � 3 D �1
2
:

Clearly, this is not valid: a series with all positive terms cannot have a negative sum. The formula is not valid in this case because a
geometric series withr D 3 diverges.

4. Arvind asserts that
1X

nD1

1

n2
D 0 because

1

n2
tends to zero. Is this valid reasoning?

SOLUTION Arvind’s reasoning is not valid. Though the terms in the series do tend to zero, the general term in the sequence of
partial sums,

Sn D 1C 1

22
C 1

32
C � � � C 1

n2
;

is clearly larger than 1. The sum of the series therefore cannot be zero.

5. Colleen claims that
1X

nD1

1p
n

converges because

lim
n!1

1p
n

D 0

Is this valid reasoning?

SOLUTION Colleen’s reasoning is not valid. Although the general term of a convergent series must tend to zero, a series whose

general term tends to zero need not converge. In the case of
1X

nD1

1p
n

, the series diverges even though its general term tends to zero.
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6. Find anN such thatSN > 25 for the series
1X

nD1
2.

SOLUTION TheN th partial sum of the series is:

SN D
NX

nD1
2 D 2C � � � C 2„ ƒ‚ …

N

D 2N:

Therefore,SN > 25 for anyN � 13.

7. Does there exist anN such thatSN > 25 for the series
1X

nD1
2�n? Explain.

SOLUTION The series
1X

nD1
2�n is a convergent geometric series with the common ratior D 1

2
. The sum of the series is:

S D
1
2

1 � 1
2

D 1:

Notice that the sequence of partial sumsfSN g is increasing and converges to 1; thereforeSN � 1 for all N . Thus, there does not
exist anN such thatSN > 25.

8. Give an example of a divergent infinite series whose general term tends to zero.

SOLUTION Consider the series
1X

nD1

1

n
9

10

. The general term tends to zero, since lim
n!1

1

n
9

10

D 0. However, theN th partial sum

satisfies the following inequality:

SN D 1

1
9

10

C 1

2
9

10

C � � � C 1

N
9

10

� N

N
9

10

D N 1� 9
10 D N

1
10 :

That is,SN � N
1

10 for all N . Since lim
N!1

N
1

10 D 1, the sequence of partial sumsSn diverges; hence, the series
1X

nD1

1

n
9

10

diverges.

Exercises
1. Find a formula for the general terman (not the partial sum) of the infinite series.

(a)
1

3
C 1

9
C 1

27
C 1

81
C � � � (b)

1

1
C 5

2
C 25

4
C 125

8
C � � �

(c)
1

1
� 22

2 � 1 C 33

3 � 2 � 1 � 44

4 � 3 � 2 � 1 C � � �

(d)
2

12 C 1
C 1

22 C 1
C 2

32 C 1
C 1

42 C 1
C � � �

SOLUTION

(a) The denominators of the terms are powers of3, starting with the first power. Hence, the general term is:

an D 1

3n
:

(b) The numerators are powers of5, and the denominators are the same powers of2. The first term isa1 D 1 so,

an D
�
5

2

�n�1
:

(c) The general term of this series is,

an D .�1/nC1 n
n

nŠ
:

(d) Notice that the numerators ofan equal 2 for odd values ofn and 1 for even values ofn. Thus,

an D

8
ˆ̂<
ˆ̂:

2

n2 C 1
oddn

1

n2 C 1
evenn

The formula can also be rewritten as follows:

an D
1C .�1/nC1C1

2

n2 C 1
:
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2. Write in summation notation:

(a) 1C 1

4
C 1

9
C 1

16
C � � � (b)

1

9
C 1

16
C 1

25
C 1

36
C � � �

(c) 1 � 1

3
C 1

5
� 1

7
C � � �

(d)
125

9
C 625

16
C 3125

25
C 15;625

36
C � � �

SOLUTION

(a) The general term isan D 1

n2
, n D 1; 2; 3; : : :; hence, the series is

1X

nD1

1

n2
.

(b) The general term isan D 1

n2
, n D 3; 4; 5; : : : or an D 1

.nC 2/2
, n D 1; 2; 3; : : :; hence, the series is

1X

nD3

1

n2
D

1X

nD1

1

.nC 2/2
.

(c) The general term isan D .�1/nC1

2n� 1
, n D 1; 2; 3; : : :; hence, the series is

1X

nD1

.�1/nC1

2n � 1
.

(d) The general term isan D 5n

n2
, n D 3; 4; 5; : : : oran D 5nC2

.nC 2/2
, n D 1; 2; 3; : : :; hence, the series is

1X

nD3

5n

n2
D

1X

nD1

5nC2

.nC 2/2
.

In Exercises 3–6, compute the partial sumsS2, S4, andS6.

3. 1C 1

22
C 1

32
C 1

42
C � � �

SOLUTION

S2 D 1C 1

22
D 5

4
I

S4 D 1C 1

22
C 1

32
C 1

42
D 205

144
I

S6 D 1C 1

22
C 1

32
C 1

42
C 1

52
C 1

62
D 5369

3600
:

4.
1X

kD1
.�1/kk�1

SOLUTION

S2 D .�1/1 � 1�1 C .�1/2 � 2�1 D �1C 1

2
D �1

2
I

S4 D .�1/1 � 1�1 C .�1/2 � 2�1 C .�1/3 � 3�1 C .�1/4 � 4�1 D S2 � 1

3
C 1

4
D �1

2
� 1

3
C 1

4
D � 7

12
I

S6 D � 7

12
C .�1/5 � 5�1 C .�1/6 � 6�1 D � 7

12
� 1

5
C 1

6
D �37

60
:

5.
1

1 � 2 C 1

2 � 3 C 1

3 � 4 C � � �

SOLUTION

S2 D 1

1 � 2 C 1

2 � 3 D 1

2
C 1

6
D 4

6
D 2

3
I

S4 D S2 C a3 C a4 D 2

3
C 1

3 � 4 C 1

4 � 5 D 2

3
C 1

12
C 1

20
D 4

5
I

S6 D S4 C a5 C a6 D 4

5
C 1

5 � 6 C 1

6 � 7 D 4

5
C 1

30
C 1

42
D 6

7
:

6.
1X

jD1

1

j Š
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SOLUTION

S2 D 1

1Š
C 1

2Š
D 1C 1

2
D 3

2
I

S4 D S2 C 1

3Š
C 1

4Š
D 3

2
C 1

6
C 1

24
D 41

24
I

S6 D S4 C 1

5Š
C 1

6Š
D 41

24
C 1

120
C 1

720
D 1237

720
:

7. The seriesS D 1C
�
1
5

�
C
�
1
5

�2 C
�
1
5

�3 C � � � converges to54 . CalculateSN for N D 1; 2; : : : until you find anSN that
approximates54 with an error less than0:0001.

SOLUTION

S1 D 1

S2 D 1C 1

5
D 6

5
D 1:2

S3 D 1C 1

5
C 1

25
D 31

25
D 1:24

S3 D 1C 1

5
C 1

25
C 1

125
D 156

125
D 1:248

S4 D 1C 1

5
C 1

25
C 1

125
C 1

625
D 781

625
D 1:2496

S5 D 1C 1

5
C 1

25
C 1

125
C 1

625
C 1

3125
D 3906

3125
D 1:24992

Note that

1:25 � S5 D 1:25 � 1:24992 D 0:00008 < 0:0001

8. The seriesS D 1

0Š
� 1

1Š
C 1

2Š
� 1

3Š
C � � � is known to converge toe�1 (recall that0Š D 1). CalculateSN for N D 1; 2; : : :

until you find anSN that approximatese�1 with an error less than0:001.

SOLUTION The general term of the series is

an D .�1/n�1

.n� 1/Š
I

thus, theN th partial sum of the series is

SN D
NX

nD1
an D

NX

nD1

.�1/n�1

.n � 1/Š D 1

0Š
� 1

1Š
C 1

2Š
� � � � C .�1/N�1

.N � 1/Š :

Using a calculator we finde�1 D 0:367879. Working sequentially, we find

S1 D 1

0Š
D 1

S2 D S1 C a2 D 1 � 1

1Š
D 0

S3 D S2 C a3 D 0C 1

2Š
D 1

2
D 0:5

S4 D S3 C a4 D 0:5 � 1

3Š
D 0:333333

S5 D S4 C a5 D 0:333333 C 1

4Š
D 0:375

S6 D S5 C a6 D 0:375 � 1

5Š
D 0:366667

S7 D S6 C a7 D 0:366667 C 1

6Š
D 0:368056

Note that

jS7 � e�1j D 1:76 � 10�4 < 10�3:
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In Exercises 9 and 10, use a computer algebra system to computeS10, S100, S500, andS1000 for the series. Do these values
suggest convergence to the given value?

9.

� � 3

4
D 1

2 � 3 � 4 � 1

4 � 5 � 6 C 1

6 � 7 � 8 � 1

8 � 9 � 10 C � � �

SOLUTION Write

an D .�1/nC1

2n � .2nC 1/ � .2nC 2/

Then

SN D
NX

iD1
an

Computing, we find

� � 3
4

� 0:0353981635

S10 � 0:03535167962

S100 � 0:03539810274

S500 � 0:03539816290

S1000 � 0:03539816334

It appears thatSN ! ��3
4 .

10.

�4

90
D 1C 1

24
C 1

34
C 1

44
C � � �

SOLUTION Write

SN D
NX

iD1

1

i4

Computing, we find

�4

90
� 1:082323234

S.10/ � 1:082036583

S.100/ � 1:082322905

S.500/ � 1:082323231

S.1000/ � 1:082323233

It appears thatSN ! �4

90 .

11. CalculateS3, S4, andS5 and then find the sum of the telescoping series

S D
1X

nD1

�
1

nC 1
� 1

nC 2

�

SOLUTION

S3 D
�
1

2
� 1

3

�
C
�
1

3
� 1

4

�
C
�
1

4
� 1

5

�
D 1

2
� 1

5
D 3

10
I

S4 D S3 C
�
1

5
� 1

6

�
D 1

2
� 1

6
D 1

3
I
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S5 D S4 C
�
1

6
� 1

7

�
D 1

2
� 1

7
D 5

14
:

The general term in the sequence of partial sums is

SN D
�
1

2
� 1

3

�
C
�
1

3
� 1

4

�
C
�
1

4
� 1

5

�
C � � � C

�
1

N C 1
� 1

N C 2

�
D 1

2
� 1

N C 2
I

thus,

S D lim
N!1

SN D lim
N!1

�
1

2
� 1

N C 2

�
D 1

2
:

The sum of the telescoping series is therefore1
2 .

12. Write
1X

nD3

1

n.n� 1/
as a telescoping series and find its sum.

SOLUTION By partial fraction decomposition

1

n.n� 1/
D 1

n� 1
� 1

n
;

so

1X

nD3

1

n.n� 1/
D

1X

nD3

�
1

n � 1 � 1

n

�
:

The general term in the sequence of partial sums for this series is

SN D
�
1

2
� 1

3

�
C
�
1

3
� 1

4

�
C
�
1

4
� 1

5

�
C � � � C

�
1

N � 1
� 1

N

�
D 1

2
� 1

N
I

thus,

S D lim
N!1

SN D lim
N!1

�
1

2
� 1

N

�
D 1

2
:

13. CalculateS3, S4, andS5 and then find the sumS D
1X

nD1

1

4n2 � 1
using the identity

1

4n2 � 1
D 1

2

�
1

2n � 1 � 1

2nC 1

�

SOLUTION

S3 D 1

2

�
1

1
� 1

3

�
C 1

2

�
1

3
� 1

5

�
C 1

2

�
1

5
� 1

7

�
D 1

2

�
1 � 1

7

�
D 3

7
I

S4 D S3 C 1

2

�
1

7
� 1

9

�
D 1

2

�
1 � 1

9

�
D 4

9
I

S5 D S4 C 1

2

�
1

9
� 1

11

�
D 1

2

�
1 � 1

11

�
D 5

11
:

The general term in the sequence of partial sums is

SN D 1

2

�
1

1
� 1

3

�
C 1

2

�
1

3
� 1

5

�
C 1

2

�
1

5
� 1

7

�
C � � � C 1

2

�
1

2N � 1
� 1

2N C 1

�
D 1

2

�
1 � 1

2N C 1

�
I

thus,

S D lim
N!1

SN D lim
N!1

1

2

�
1 � 1

2N C 1

�
D 1

2
:

14. Use partial fractions to rewrite
1X

nD1

1

n.nC 3/
as a telescoping series and find its sum.

SOLUTION By partial fraction decomposition

1

n .nC 3/
D A

n
C B

nC 3
I



1200 C H A P T E R 10 INFINITE SERIES

clearing denominators gives

1 D A .nC 3/C Bn:

Settingn D 0 yieldsA D 1
3 , while settingn D �3 yieldsB D �1

3 . Thus,

1

n.nC 3/
D 1

3

�
1

n
� 1

nC 3

�
;

and

1X

nD1

1

n.nC 3/
D

1X

nD1

1

3

�
1

n
� 1

nC 3

�
:

The general term in the sequence of partial sums for the series on the right-hand side is

SN D 1

3

�
1 � 1

4

�
C 1

3

�
1

2
� 1

5

�
C 1

3

�
1

3
� 1

6

�
C 1

3

�
1

4
� 1

7

�
C 1

3

�
1

5
� 1

8

�
C 1

3

�
1

6
� 1

9

�

C � � � C 1

3

�
1

N � 2
� 1

N C 1

�
C 1

3

�
1

N � 1
� 1

N C 2

�
C 1

3

�
1

N
� 1

N C 3

�

D 1

3

�
1C 1

2
C 1

3

�
� 1

3

�
1

N C 1
C 1

N C 2
C 1

N C 3

�
D 11

18
� 1

3

�
1

N C 1
C 1

N C 2
C 1

N C 3

�
:

Thus,

lim
N!1

SN D lim
N!1

�
11

18
� 1

3

�
1

N C 1
C 1

N C 2
C 1

N C 3

��
D 11

18
;

and

1X

nD1

1

n.nC 3/
D 11

18
:

15. Find the sum of
1

1 � 3
C 1

3 � 5
C 1

5 � 7
C � � � :

SOLUTION We may write this sum as

1X

nD1

1

.2n � 1/.2nC 1/
D

1X

nD1

1

2

�
1

2n � 1 � 1

2nC 1

�
:

The general term in the sequence of partial sums is

SN D 1

2

�
1

1
� 1

3

�
C 1

2

�
1

3
� 1

5

�
C 1

2

�
1

5
� 1

7

�
C � � � C 1

2

�
1

2N � 1
� 1

2N C 1

�
D 1

2

�
1 � 1

2N C 1

�
I

thus,

lim
N!1

SN D lim
N!1

1

2

�
1 � 1

2N C 1

�
D 1

2
;

and

1X

nD1

1

.2n� 1/.2nC 1/
D 1

2
:

16. Find a formula for the partial sumSN of
1X

nD1
.�1/n�1 and show that the series diverges.

SOLUTION The partial sums of the series are:

S1 D .�1/1�1 D 1I

S2 D .�1/0 C .�1/1 D 1 � 1 D 0I

S3 D .�1/0 C .�1/1 C .�1/2 D 1I

S4 D .�1/0 C .�1/1 C .�1/2 C .�1/3 D 0I � � �
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In general,

SN D
�
1 if N odd
0 if N even

Because the values ofSN alternate between0 and 1, the sequence of partial sums diverges; this, in turn, implies that the series
1X

nD1
.�1/n�1 diverges.

In Exercises 17–22, use Theorem 3 to prove that the following series diverge.

17.
1X

nD1

n

10nC 12

SOLUTION The general term,
n

10nC 12
, has limit

lim
n!1

n

10nC 12
D lim
n!1

1

10C .12=n/
D 1

10

Since the general term does not tend to zero, the series diverges.

18.
1X

nD1

np
n2 C 1

SOLUTION The general term,
np
n2 C 1

, has limit

lim
n!1

np
n2 C 1

D lim
n!1

s
n2

n2 C 1
D lim
n!1

s
1

1C .1=n2/
D 1

Since the general term does not tend to zero, the series diverges.

19.
0

1
� 1

2
C 2

3
� 3

4
C � � �

SOLUTION The general terman D .�1/n�1 n�1
n does not tend to zero. In fact, because limn!1 n�1

n D 1, limn!1 an does
not exist. By Theorem 3, we conclude that the given series diverges.

20.
1X

nD1
.�1/nn2

SOLUTION The general terman D .�1/nn2 does not tend to zero. In fact, because limn!1 n2 D 1, limn!1 an does not
exist. By Theorem 3, we conclude that the given series diverges.

21. cos
1

2
C cos

1

3
C cos

1

4
C � � �

SOLUTION The general terman D cos 1
nC1 tends to 1, not zero. By Theorem 3, we conclude that the given series diverges.

22.
1X

nD0

�p
4n2 C 1 � n

�

SOLUTION The general term of the series satisfies

p
4n2 C 1 � n >

p
4n2 � n D n

Thus the general term tends to infinity. The series diverges by Theorem 2.

In Exercises 23–36, use the formula for the sum of a geometric series to find the sum or state that the series diverges.

23.
1

1
C 1

8
C 1

82
C � � �

SOLUTION This is a geometric series withc D 1 andr D 1
8 , so its sum is

1

1 � 1
8

D 1

7=8
D 8

7
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24.
43

53
C 44

54
C 45

55
C � � �

SOLUTION This is a geometric series with

c D 43

53
and r D 4

5

so its sum is

c

1 � r D 43=53

1 � 4
5

D 43

53 � 4 � 52
D 64

25

25.
1X

nD3

�
3

11

��n

SOLUTION Rewrite this series as

1X

nD3

�
11

3

�n

This is a geometric series withr D 11

3
> 1, so it is divergent.

26.
1X

nD2

7 � .�3/n
5n

SOLUTION This is a geometric series withc D 7 andr D �3
5

, starting atn D 2. Its sum is thus

cr2

1 � r
D 7 � .9=25/

1 � 3
5

D 63

25
� 5
8

D 63

40

27.
1X

nD�4

�
�4
9

�n

SOLUTION This is a geometric series withc D 1 andr D �4
9

, starting atn D �4. Its sum is thus

cr�4

1 � r
D c

r4 � r5
D 1

44

94 C 45

95

D 95

9 � 44 C 45
D 59;049

3328

28.
1X

nD0

��
e

�n

SOLUTION Since� > e, this is a geometric series withr > 1, so it diverges.

29.
1X

nD1
e�n

SOLUTION Rewrite the series as

1X

nD1

�
1

e

�n

to recognize it as a geometric series withc D 1
e and r D 1

e . Thus,

1X

nD1
e�n D

1
e

1 � 1
e

D 1

e � 1
:

30.
1X

nD2
e3�2n

SOLUTION Rewrite the series as

1X

nD2
e3e�2n D

1X

nD2
e3
�
1

e2

�n

to recognize it as a geometric series withc D e3
�
1
e2

�2
D 1

e and r D 1
e2 . Thus,

1X

nD2
e3�2n D

1
e

1 � 1
e2

D e

e2 � 1
:
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31.
1X

nD0

8C 2n

5n

SOLUTION Rewrite the series as

1X

nD0

8

5n
C

1X

nD0

2n

5n
D

1X

nD0
8 �
�
1

5

�n
C

1X

nD0

�
2

5

�n
;

which is a sum of two geometric series. The first series hasc D 8
�
1
5

�0
D 8 and r D 1

5 ; the second hasc D
�
2
5

�0
D 1 and r D 2

5 .

Thus,

1X

nD0
8 �
�
1

5

�n
D 8

1 � 1
5

D 8
4
5

D 10;

1X

nD0

�
2

5

�n
D 1

1 � 2
5

D 1
3
5

D 5

3
;

and

1X

nD0

8C 2n

5n
D 10C 5

3
D 35

3
:

32.
1X

nD0

3.�2/n � 5n

8n

SOLUTION Rewrite the series as

1X

nD0

3.�2/n � 5n

8n
D

1X

nD0

3.�2/n
8n

�
1X

nD0

5n

8n

which is a difference of two geometric series. The first hasc D 3 andr D �1
4 ; the second hasc D 1 andr D 5

8 . Thus

1X

nD0

3.�2/n
8n

D 3

1C 1
4

D 12

5

1X

nD0

5n

8n
D 1

1 � 5
8

D 8

3

so that

1X

nD0

3.�2/n � 5n

8n
D 12

5
� 8

3
D � 4

15

33. 5 � 5

4
C 5

42
� 5

43
C � � �

SOLUTION This is a geometric series withc D 5 andr D �1
4 . Thus,

1X

nD0
5 �
�

�1
4

�n
D 5

1 �
�
�1
4

� D 5

1C 1
4

D 5
5
4

D 4:

34.
23

7
C 24

72
C 25

73
C 26

74
C � � �

SOLUTION This is a geometric series withc D 8
7 and r D 2

7 . Thus,

1X

nD0

8

7
�
�
2

7

�n
D

8
7

1 � 2
7

D
8
7
5
7

D 8

5
:

35.
7

8
� 49

64
C 343

512
� 2401

4096
C � � �

SOLUTION This is a geometric series withc D 7
8 and r D �7

8 . Thus,

1X

nD0

7

8
�
�

�7
8

�n
D

7
8

1 �
�
�7
8

� D
7
8
15
8

D 7

15
:
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36.
25

9
C 5

3
C 1C 3

5
C 9

25
C 27

125
C � � �

SOLUTION This appears to be a geometric series with

c D 25

9
and r D 3

5

so its sum is

c

1 � r D 25=9

1 � 3
5

D 25

9
� 5
2

D 125

18

37. Which of the following arenot geometric series?

(a)
1X

nD0

7n

29n
(b)

1X

nD3

1

n4

(c)
1X

nD0

n2

2n
(d)

1X

nD5
��n

SOLUTION

(a)
1X

nD0

7n

29n
D

1X

nD0

�
7

29

�n
: this is a geometric series with common ratior D 7

29
.

(b) The ratio between two successive terms is

anC1
an

D
1

.nC1/4
1
n4

D n4

.nC 1/4
D
�

n

nC 1

�4
:

This ratio is not constant since it depends onn. Hence, the series
1X

nD3

1

n4
is not a geometric series.

(c) The ratio between two successive terms is

anC1
an

D
.nC1/2
2nC1

n2

2n

D .nC 1/2

n2
� 2n

2nC1 D
�
1C 1

n

�2
� 1
2
:

This ratio is not constant since it depends onn. Hence, the series
1X

nD0

n2

2n
is not a geometric series.

(d)
1X

nD5
��n D

1X

nD5

�
1

�

�n
: this is a geometric series with common ratior D 1

�
.

38. Use the method of Example 8 to show that
1X

kD1

1

k1=3
diverges.

SOLUTION Each term in theN th partial sum is greater than or equal to
1

N
1
3

, hence:

SN D 1

11=3
C 1

21=3
C 3

31=3
C � � � C 1

N 1=3
� 1

N 1=3
C 1

N 1=3
C 1

N 1=3
C � � � C 1

N 1=3
D N � 1

N 1=3
D N 2=3:

Since lim
N!1

N 2=3 D 1, it follows that

lim
N!1

SN D 1:

Thus, the series
1X

kD1

1

k1=3
diverges.

39. Prove that if
1X

nD1
an converges and

1X

nD1
bn diverges, then

1X

nD1
.an C bn/ diverges.Hint: If not, derive a contradiction by

writing

1X

nD1
bn D

1X

nD1
.an C bn/ �

1X

nD1
an
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SOLUTION Suppose to the contrary that
P1
nD1 an converges,

P1
nD1 bn diverges, but

P1
nD1.an C bn/ converges. Then by the

Linearity of Infinite Series, we have

1X

nD1
bn D

1X

nD1
.an C bn/�

1X

nD1
an

so that
P1
nD1 bn converges, a contradiction.

40. Prove the divergence of
1X

nD0

9n C 2n

5n
.

SOLUTION Note that this is the sum of two infinite series:

1X

nD0

9n C 2n

5n
D

1X

nD0

9n

5n
C

1X

nD0

2n

5n

The first of these is a geometric series withr D 9
5 > 1, so diverges, while the second is a geometric series withr D 2

5 < 1, so
converges. By the previous exercise, the sum of the two also diverges.

41. Give a counterexample to show that each of the following statements is false.

(a) If the general terman tends to zero, then
1X

nD1
an D 0.

(b) TheN th partial sum of the infinite series defined byfang is aN .

(c) If an tends to zero, then
1X

nD1
an converges.

(d) If an tends toL, then
1X

nD1
an D L.

SOLUTION

(a) Letan D 2�n. Then limn!1 an D 0, butan is a geometric series withc D 20 D 1 andr D 1=2, so its sum is
1

1 � .1=2/
D 2.

(b) Let an D 1. Then thenth partial sum isa1 C a2 C � � � C an D n while an D 1.

(c) Let an D 1p
n

. An example in the text shows that whilean tends to zero, the sum
X1

nD1an does not converge.

(d) Let an D 1. Then clearlyan tends toL D 1, while the series
P1
nD1 an obviously diverges.

42. Suppose thatS D
1X

nD1
an is an infinite series with partial sumSN D 5 � 2

N 2
.

(a) What are the values of
10X

nD1
an and

16X

nD5
an?

(b) What is the value ofa3?

(c) Find a general formula foran.

(d) Find the sum
1X

nD1
an.

SOLUTION

(a)

10X

nD1
an D S10 D 5 � 2

102
D 249

50
I

16X

nD5
an D .a1 C � � � C a16/ � .a1 C a2 C a3 C a4/ D S16 � S4 D

�
5 � 2

162

�
�
�
5 � 2

42

�
D 2

16
� 2

256
D 15

128
:

(b)

a3 D .a1 C a2 C a3/ � .a1 C a2/ D S3 � S2 D
�
5 � 2

32

�
�
�
5 � 2

22

�
D 1

2
� 2

9
D 5

18
:
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(c) Sincean D Sn � Sn�1, we have:

an D Sn � Sn�1 D
�
5 � 2

n2

�
�
�
5 � 2

.n� 1/2

�
D 2

.n� 1/2
� 2

n2

D
2
�
n2 � .n� 1/2

�

.n .n � 1//2
D
2
�
n2 � n2 C 2n � 1

�

.n .n� 1//2
D 2 .2n� 1/

n2.n� 1/2
:

(d) The sum
1X

nD1
an is the limit of the sequence of partial sumsfSN g. Hence:

1X

nD1
an D lim

N!1
SN D lim

N!1

�
5 � 2

N 2

�
D 5:

43. Compute the total area of the (infinitely many) triangles in Figure 1.

1
8

1
4

1
2

1
16

1
2

y

x
1

FIGURE 1

SOLUTION The area of a triangle with baseB and heightH isA D 1
2BH . Because all of the triangles in Figure 1 have height1

2 ,

the area of each triangle equals one-quarter of the base. Now, forn � 0, thenth triangle has a base which extends fromx D 1
2nC1

to x D 1
2n . Thus,

B D 1

2n
� 1

2nC1 D 1

2nC1 and A D 1

4
B D 1

2nC3 :

The total area of the triangles is then given by the geometric series

1X

nD0

1

2nC3 D
1X

nD0

1

8

�
1

2

�n
D

1
8

1 � 1
2

D 1

4
:

44. The winner of a lottery receivesm dollars at the end of each year forN years. The present value (PV) of this prize in today’s

dollars is PVD
NX

iD1
m.1C r/�i , wherer is the interest rate. Calculate PV ifm D $50;000, r D 0:06, andN D 20. What is PV if

N D 1?

SOLUTION For the given valuesr ,m andN , we have

PV D
20X

iD1
50;000.1C 0:06/�i D

20X

iD1
50;000

�
50

53

�i
D 50;000

1 �
�
50
53

�21

1 � 50
53

D $623;496:06:

If we extend the payments forever, thenN D 1 and

PV D
1X

iD1
50;000.1C 0:06/�i D

1X

iD1
50;000

�
50

53

�i
D
50;000

�
50
53

�

1 � 50
53

D $833;333:33:

45. Find the total length of the infinite zigzag path in Figure 2 (each zag occurs at an angle of�
4 ).

1

π /4 π /4

FIGURE 2
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SOLUTION Because the angle at the lower left in Figure 2 has measure�
4 and each zag in the path occurs at an angle of�

4 , every

triangle in the figure is an isosceles right triangle. Accordingly, the length of each new segment in the path is1p
2

times the length

of the previous segment. Since the first segment has length 1, the total length of the path is

1X

nD0

�
1p
2

�n
D 1

1 � 1p
2

D
p
2p

2 � 1
D 2C

p
2:

46. Evaluate
1X

nD1

1

n.nC 1/.nC 2/
. Hint: Find constantsA, B, andC such that

1

n.nC 1/.nC 2/
D A

n
C B

nC 1
C C

nC 2

SOLUTION By partial fraction decomposition

1

n.nC 1/.nC 2/
D A

n
C B

nC 1
C C

nC 2
I

clearing denominators then gives

1 D A .nC 1/ .nC 2/C Bn .nC 2/C Cn .nC 1/ :

Settingn D 0 now yieldsA D 1
2 , while settingn D �1 yieldsB D �1 and settingn D �2 yieldsC D 1

2 . Thus,

1

n .nC 1/ .nC 2/
D

1
2

n
� 1

nC 1
C

1
2

nC 2
D 1

2

�
1

n
� 2

nC 1
C 1

nC 2

�
;

and

1X

nD1

1

n.nC 1/.nC 2/
D

1X

nD1

1

2

�
1

n
� 2

nC 1
C 1

nC 2

�
:

The general term of the sequence of partial sums for the series on the right-hand side is

SN D 1

2

�
1 � 2

2
C 1

3

�
C 1

2

�
1

2
� 2

3
C 1

4

�
C 1

2

�
1

3
� 2

4
C 1

5

�
C 1

2

�
1

4
C 2

5
C 1

6

�
C 1

2

�
1

5
� 2

6
C 1

7

�

C � � � C 1

2

�
1

N � 2
� 2

N � 1
C 1

N

�
C 1

2

�
1

N � 1 � 2

N
C 1

N C 1

�
C 1

2

�
1

N
� 2

N C 1
C 1

N C 2

�

D 1

2

�
1

2
� 1

N C 1
C 1

N C 2

�
:

Thus,

1X

nD1

1

n.nC 1/.nC 2/
D lim
N!1

SN D lim
N!1

1

2

�
1

2
� 1

N C 1
C 1

N C 2

�
D 1

4
:

47. Show that ifa is a positive integer, then

1X

nD1

1

n.nC a/
D 1

a

�
1C 1

2
C � � � C 1

a

�

SOLUTION By partial fraction decomposition

1

n .nC a/
D A

n
C B

nC a
I

clearing the denominators gives

1 D A.nC a/C Bn:

Settingn D 0 then yieldsA D 1
a , while settingn D �a yieldsB D � 1

a . Thus,

1

n .nC a/
D

1
a

n
�

1
a

nC a
D 1

a

�
1

n
� 1

nC a

�
;

and

1X

nD1

1

n.nC a/
D

1X

nD1

1

a

�
1

n
� 1

nC a

�
:



1208 C H A P T E R 10 INFINITE SERIES

ForN > a, theN th partial sum is

SN D 1

a

�
1C 1

2
C 1

3
C � � � C 1

a

�
� 1

a

�
1

N C 1
C 1

N C 2
C 1

N C 3
C � � � C 1

N C a

�
:

Thus,

1X

nD1

1

n.nC a/
D lim
N!1

SN D 1

a

�
1C 1

2
C 1

3
C � � � C 1

a

�
:

48. A ball dropped from a height of 10 ft begins to bounce. Each time it strikes the ground, it returns to two-thirds of its previous
height. What is the total distance traveled by the ball if it bounces infinitely many times?

SOLUTION The distance traveled by the ball is shown in the accompanying figure:

2
3

h

h = 10

(  )

2
3

h

2
3

2
h (  )2

3

2
h

The total distanced traveled by the ball is given by the following infinite sum:

d D hC 2 � 2
3
hC 2 �

�
2

3

�2
hC 2 �

�
2

3

�3
hC � � � D hC 2h

 
2

3
C
�
2

3

�2
C
�
2

3

�3
C � � �

!
D hC 2h

1X

nD1

�
2

3

�n
:

We use the formula for the sum of a geometric series to compute the sum of the resulting series:

d D hC 2h �

�
2
3

�1

1 � 2
3

D hC 2h.2/ D 5h:

With h D 10 feet, it follows that the total distance traveled by the ball is 50 feet.

49. Let fbng be a sequence and letan D bn � bn�1. Show that
1X

nD1
an converges if and only if lim

n!1
bn exists.

SOLUTION Let an D bn � bn�1. The general term in the sequence of partial sums for the series
1X

nD1
an is then

SN D .b1 � b0/C .b2 � b1/C .b3 � b2/C � � � C .bN � bN�1/ D bN � b0:

Now, if lim
N!1

bN exists, then so does lim
N!1

SN and
1X

nD1
an converges. On the other hand, if

1X

nD1
an converges, then lim

N!1
SN

exists, which implies that lim
N!1

bN also exists. Thus,
1X

nD1
an converges if and only if lim

n!1
bn exists.

50. Assumptions Matter Show, by giving counterexamples, that the assertions of Theorem 1 are not valid if the series
1X

nD0
an

and
1X

nD0
bn are not convergent.

SOLUTION Let an D 2�n � 2n andbn D 2n. Then, both

1X

nD0
an and

1X

nD0
bn

diverge, so the sum

1X

nD0
an C

1X

nD0
bn

is not defined. However,

1X

nD0
.an C bn/ D

1X

nD0
..2�n � 2n/C 2n/ D

1X

nD0
2�n D 1:
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Further Insights and Challenges

Exercises 51–53 use the formula

1C r C r2 C � � � C rN�1 D 1 � rN

1 � r 7

51. Professor George Andrews of Pennsylvania State University observed that we can use Eq. (7) to calculate the derivative of
f .x/ D xN (for N � 0). Assume thata ¤ 0 and letx D ra. Show that

f 0.a/ D lim
x!a

xN � aN

x � a
D aN�1 lim

r!1

rN � 1

r � 1
and evaluate the limit.

SOLUTION According to the definition of derivative off .x/ atx D a

f 0 .a/ D lim
x!a

xN � aN

x � a
:

Now, letx D ra. Thenx ! a if and only if r ! 1, and

f 0 .a/ D lim
x!a

xN � aN
x � a D lim

r!1

.ra/N � aN
ra � a

D lim
r!1

aN
�
rN � 1

�

a .r � 1/ D aN�1 lim
r!1

rN � 1

r � 1
:

By Eq. (7) for a geometric sum,

1 � rN
1 � r

D rN � 1

r � 1 D 1C r C r2 C � � � C rN�1;

so

lim
r!1

rN � 1

r � 1 D lim
r!1

�
1C r C r2 C � � � C rN�1

�
D 1C 1C 12 C � � � C 1N�1 D N:

Therefore,f 0 .a/ D aN�1 � N D NaN�1

52. Pierre de Fermat used geometric series to compute the area under the graph off .x/ D xN over Œ0; A�. For 0 < r < 1, let
F.r/ be the sum of the areas of the infinitely many right-endpoint rectangles with endpointsArn, as in Figure 3. Asr tends to1,
the rectangles become narrower andF.r/ tends to the area under the graph.

(a) Show thatF.r/ D ANC1 1 � r

1 � rNC1 .

(b) Use Eq. (7) to evaluate
Z A

0
xN dx D lim

r!1
F.r/.

y

f (x) = xN

r3A r2A rA A
x

FIGURE 3

SOLUTION

(a) The area of the rectangle whose base extends fromx D rnA to x D rn�1A is

.rn�1A/N .rn�1A � rnA/:

Hence,F.r/ is the sum

F.r/ D
1X

nD1

�
rn�1A

�N �
rn�1A � rnA

�
D

1X

nD1
r.n�1/N rn�1.1 � r/ANC1 D ANC1.1� r/

1X

nD1
rnN�NCn�1

D ANC1.1 � r/
rNC1

1X

nD1

�
rNC1

�n
D ANC1.1 � r/

rNC1 � rNC1

1 � rNC1 D ANC1 1 � r

1 � rNC1 :

(b) Using the result from part (a) and Eq. (7) from Exercise 51,
Z A

0
xN dx D lim

r!1
F.r/ D ANC1 lim

r!1

1 � r

1 � rNC1 D ANC1 lim
r!1

1

1C r C r2 C � � � C rN
D ANC1 � 1

N C 1
D ANC1

N C 1
:
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53. Verify the Gregory–Leibniz formula as follows.

(a) Setr D �x2 in Eq. (7) and rearrange to show that

1

1C x2
D 1 � x2 C x4 � � � � C .�1/N�1x2N�2 C .�1/N x2N

1C x2

(b) Show, by integrating overŒ0; 1�, that

�

4
D 1 � 1

3
C 1

5
� 1

7
C � � � C .�1/N�1

2N � 1 C .�1/N
Z 1

0

x2N dx

1C x2

(c) Use the Comparison Theorem for integrals to prove that

0 �
Z 1

0

x2N dx

1C x2
� 1

2N C 1

Hint: Observe that the integrand is� x2N .

(d) Prove that

�

4
D 1 � 1

3
C 1

5
� 1

7
C 1

9
� � � �

Hint: Use (b) and (c) to show that the partial sumsSN of satisfy
ˇ̌
SN � �

4

ˇ̌
� 1
2NC1 , and thereby conclude that lim

N!1
SN D �

4 .

SOLUTION

(a) Start with Eq. (7), and substitute�x2 for r :

1C r C r2 C � � � C rN�1 D 1 � rN

1 � r

1 � x2 C x4 C � � � C .�1/N�1x2N�2 D 1 � .�1/N x2N
1 � .�x2/

1 � x2 C x4 C � � � C .�1/N�1x2N�2 D 1

1C x2
� .�1/N x2N

1C x2

1

1C x2
D 1 � x2 C x4 C � � � C .�1/N�1x2N�2 C .�1/N x2N

1C x2

(b) The integrals of both sides must be equal. Now,

Z 1

0

1

1C x2
dx D tan�1 x

ˇ̌
ˇ̌
1

0

D tan�1 1 � tan�1 0 D �

4

while

Z 1

0

 
1 � x2 C x4 C � � � C .�1/N�1x2N�2 C .�1/N x2N

1C x2

!
dx

D
�
x � 1

3
x3 C 1

5
x5 C � � � C .�1/N�1 1

2N � 1x
2N�1

�
C .�1/N

Z 1

0

x2N dx

1C x2

D 1 � 1

3
C 1

5
C � � � C .�1/N�1 1

2N � 1
C .�1/N

Z 1

0

x2N dx

1C x2

(c) Note that forx 2 Œ0; 1�, we have1C x2 � 1, so that

0 � x2N

1C x2
� x2N

By the Comparison Theorem for integrals, we then see that

0 �
Z 1

0

x2N dx

1C x2
�
Z 1

0
x2N dx D 1

2N C 1
x2NC1

ˇ̌
ˇ̌
1

0

D 1

2N C 1

(d) Write

an D .�1/n 1

2n � 1 ; n � 1
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and letSN be the partial sums. Then

ˇ̌
ˇSN � �

4

ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ.�1/

N

Z 1

0

x2N dx

1C x2

ˇ̌
ˇ̌
ˇ D

Z 1

0

x2N dx

1C x2
� 1

2N C 1

Thus limN!1 SN D �

4
so that

�

4
D 1 � 1

3
C 1

5
� 1

7
C 1

9
� : : :

54. Cantor’s Disappearing Table(following Larry Knop of Hamilton College) Take a table of lengthL (Figure 4). At stage1,
remove the section of lengthL=4 centered at the midpoint. Two sections remain, each with length less thanL=2. At stage2, remove
sections of lengthL=42 from each of these two sections (this stage removesL=8 of the table). Now four sections remain, each of
length less thanL=4. At stage3, remove the four central sections of lengthL=43, etc.

(a) Show that at theN th stage, each remaining section has length less thanL=2N and that the total amount of table removed is

L

�
1

4
C 1

8
C 1

16
C � � � C 1

2NC1

�

(b) Show that in the limit asN ! 1, precisely one-half of the table remains.

This result is curious, because there are no nonzero intervals of table left (at each stage, the remaining sections have a length less
thanL=2N ). So the table has “disappeared.” However, we can place any object longer thanL=4 on the table. It will not fall through
because it will not fit through any of the removed sections.

L/16 L/16L/4

FIGURE 4

SOLUTION

(a) After theN th stage, the total amount of table that has been removed is

L

4
C 2L

42
C 4L

43
C � � � C 2N�1L

4N
D L

 
1

4
C 1

8
C 1

16
C � � � C 2N�1

22N

!
D L

�
1

4
C 1

8
C 1

16
C � � � C 1

2NC1

�

At the first stage (N D 1), there are two remaining sections each of length

L � L
4

2
D 3L

8
<
L

2
:

Suppose that at theKth stage, each of the2K remaining sections has length less than
L

2K
. The .K C 1/st stage is obtained by

removing the section of length
L

4KC1 centered at the midpoint of each segment in theKth stage. Letak andaKC1, respectively,

denote the length of each segment in theKth and.K C 1/st stage. Then,

aKC1 D
aK � L

4KC1

2
<

L
2K � L

4KC1

2
D L

2K

 
1� 1

2KC2

2

!
<

L

2K
� 1
2

D L

2KC1 :

Thus, by mathematical induction, each remaining section at theN th stage has length less than
L

2N
.

(b) From part (a), we know that afterN stages, the amount of the table that has been removed is

L

�
1

4
C 1

8
C 1

16
C � � � C 1

2NC1

�
D

NX

nD1

1

2nC1 :

AsN ! 1, the amount of the table that has been removed becomes a geometric series whose sum is

L

1X

nD1

1

2

�
1

2

�n
D L

1
4

1 � 1
2

D 1

2
L:

Thus, the amount of table that remains isL � 1
2L D 1

2L.
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55. The Koch snowflake(described in 1904 by Swedish mathematician Helge von Koch) is an infinitely jagged “fractal” curve
obtained as a limit of polygonal curves (it is continuous but has no tangent line at any point). Begin with an equilateral triangle
(stage 0) and produce stage 1 by replacing each edge with four edges of one-third the length, arranged as in Figure 5. Continue the
process: At thenth stage, replace each edge with four edges of one-third the length.

(a) Show that the perimeterPn of the polygon at thenth stage satisfiesPn D 4
3Pn�1. Prove that lim

n!1
Pn D 1. The snowflake

has infinite length.

(b) Let A0 be the area of the original equilateral triangle. Show that.3/4n�1 new triangles are added at thenth stage, each with
areaA0=9n (for n � 1). Show that the total area of the Koch snowflake is8

5A0.

Stage 1 Stage 3Stage 2

FIGURE 5

SOLUTION

(a) Each edge of the polygon at the.n� 1/st stage is replaced by four edges of one-third the length; hence the perimeter of the
polygon at thenth stage is43 times the perimeter of the polygon at the.n � 1/th stage. That is,Pn D 4

3Pn�1. Thus,

P1 D 4

3
P0I P2 D 4

3
P1 D

�
4

3

�2
P0; P3 D 4

3
P2 D

�
4

3

�3
P0;

and, in general,Pn D
�
4
3

�n
P0. As n ! 1, it follows that

lim
n!1

Pn D P0 lim
n!1

�
4

3

�n
D 1:

(b) When each edge is replaced by four edges of one-third the length, one new triangle is created. At the.n� 1/st stage, there are
3 � 4n�1 edges in the snowflake, so3 � 4n�1 new triangles are generated at thenth stage. Because the area of an equilateral triangle
is proportional to the square of its side length and the side length for each new triangle is one-third the side length of triangles
from the previous stage, it follows that the area of the triangles added at each stage is reduced by a factor of1

9 from the area of the
triangles added at the previous stage. Thus, each triangle added at thenth stage has an area ofA0=9n. This means that thenth stage
contributes

3 � 4n�1 � A0
9n

D 3

4
A0

�
4

9

�n

to the area of the snowflake. The total area is therefore

A D A0 C 3

4
A0

1X

nD1

�
4

9

�n
D A0 C 3

4
A0

4
9

1 � 4
9

D A0 C 3

4
A0 � 4

5
D 8

5
A0:

10.3 Convergence of Series with Positive Terms

Preliminary Questions

1. Let S D
1X

nD1
an. If the partial sumsSN are increasing, then (choose the correct conclusion):

(a) fang is an increasing sequence.

(b) fang is a positive sequence.

SOLUTION The correct response is(b). Recall thatSN D a1 C a2 C a3 C � � � C aN ; thus,SN � SN�1 D aN . If SN is
increasing, thenSN � SN�1 � 0. It then follows thataN � 0; that is,fang is a positive sequence.

2. What are the hypotheses of the Integral Test?

SOLUTION The hypotheses for the Integral Test are: A functionf .x/ such thatan D f .n/ must be positive, decreasing, and
continuous forx � 1.

3. Which test would you use to determine whether
1X

nD1
n�3:2 converges?
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SOLUTION Becausen�3:2 D 1
n3:2 , we see that the indicated series is ap-series withp D 3:2 > 1. Therefore, the series

converges.

4. Which test would you use to determine whether
1X

nD1

1

2n C
p
nconverges?

SOLUTION Because

1

2n C
p
n
<

1

2n
D
�
1

2

�n
;

and

1X

nD1

�
1

2

�n

is a convergent geometric series, the comparison test would be an appropriate choice to establish that the given series converges.

5. Ralph hopes to investigate the convergence of
1X

nD1

e�n

n
by comparing it with

1X

nD1

1

n
. Is Ralph on the right track?

SOLUTION No, Ralph is not on the right track. Forn � 1,

e�n

n
<
1

n
I

however,
1X

nD1

1

n
is a divergent series. The Comparison Test therefore does not allow us to draw a conclusion about the convergence

or divergence of the series
1X

nD1

e�n

n
.

Exercises
In Exercises 1–14, use the Integral Test to determine whether the infinite series is convergent.

1.
1X

nD1

1

n4

SOLUTION Let f .x/ D 1

x4
. This function is continuous, positive and decreasing on the intervalx � 1, so the Integral Test

applies. Moreover,

Z 1

1

dx

x4
D lim
R!1

Z R

1
x�4 dx D �1

3
lim
R!1

�
1

R3
� 1

�
D 1

3
:

The integral converges; hence, the series
1X

nD1

1

n4
also converges.

2.
1X

nD1

1

nC 3

SOLUTION Let f .x/ D 1

x C 3
. This function is continuous, positive and decreasing on the intervalx � 1, so the Integral Test

applies. Moreover,

Z 1

1

dx

x C 3
D lim
R!1

Z R

1

dx

x C 3
D lim
R!1

.ln.RC 3/ � ln 4/ D 1:

The integral diverges; hence, the series
1X

nD1

1

nC 3
also diverges.

3.
1X

nD1
n�1=3
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SOLUTION Let f .x/ D x� 1
3 D 1

3
p
x

. This function is continuous, positive and decreasing on the intervalx � 1, so the Integral

Test applies. Moreover,

Z 1

1
x�1=3 dx D lim

R!1

Z R

1
x�1=3 dx D 3

2
lim
R!1

�
R2=3 � 1

�
D 1:

The integral diverges; hence, the series
1X

nD1
n�1=3 also diverges.

4.
1X

nD5

1p
n� 4

SOLUTION Let f .x/ D 1p
x � 4

. This function is continuous, positive and decreasing on the intervalx � 5, so the Integral Test

applies. Moreover,

Z 1

5

dxp
x � 4

D lim
R!1

Z R

5

dxp
x � 4

D 2 lim
R!1

�p
R � 4 � 1

�
D 1:

The integral diverges; hence, the series
1X

nD5

1p
n � 4

also diverges.

5.
1X

nD25

n2

.n3 C 9/5=2

SOLUTION Let f .x/ D x2

�
x3 C 9

�5=2 . This function is positive and continuous forx � 25. Moreover, because

f 0.x/ D
2x.x3 C 9/

5=2 � x2 � 52 .x3 C 9/
3=2 � 3x2

.x3 C 9/
5

D x.36 � 11x3/
2.x3 C 9/

7=2
;

we see thatf 0.x/ < 0 for x � 25, sof is decreasing on the intervalx � 25. The Integral Test therefore applies. To evaluate the
improper integral, we use the substitutionu D x3 C 9; du D 3x2dx. We then find

Z 1

25

x2

.x3 C 9/5=2
dx D lim

R!1

Z R

25

x2

.x3 C 9/5=2
dx D 1

3
lim
R!1

Z R3C9

15634

du

u5=2

D �2
9

lim
R!1

�
1

.R3 C 9/3=2
� 1

156343=2

�
D 2

9 � 156343=2
:

The integral converges; hence, the series
1X

nD25

n2

�
n3 C 9

�5=2 also converges.

6.
1X

nD1

n

.n2 C 1/3=5

SOLUTION Let f .x/ D x

.x2 C 1/3=5
. Because

f 0.x/ D
.x2 C 1/3=5 � x � 65x.x

2 C 1/�2=5

.x2 C 1/6=5
D

1 � 1
5x
2

.x2 C 1/8=5
;

we see thatf 0.x/ < 0 for x >
p
5 � 2:236. We conclude thatf is decreasing on the intervalx � 3. Sincef is also positive and

continuous on this interval, the Integral Test can be applied. To evaluate the improper integral, we make the substitutionu D x2 C 1,
du D 2x dx. This gives

Z 1

3

x

.x2 C 1/3=5
dx D lim

R!1

Z R

3

x

.x2 C 1/3=5
dx D 1

2
lim
R!1

Z R2C1

10

du

u3=5
D 5

4
lim
R!1

�
.R2 C 1/2=5 � 102=5

�
D 1:

The integral diverges; therefore, the series
1X

nD3

n

.n2 C 1/3=5
also diverges. Since the divergence of the series is not affected by

adding the finite sum
2X

nD1

n

.n2 C 1/3=5
, the series

1X

nD1

n

.n2 C 1/3=5
also diverges.
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7.
1X

nD1

1

n2 C 1

SOLUTION Let f .x/ D 1

x2 C 1
. This function is positive, decreasing and continuous on the intervalx � 1, hence the Integral

Test applies. Moreover,

Z 1

1

dx

x2 C 1
D lim
R!1

Z R

1

dx

x2 C 1
D lim
R!1

�
tan�1 R � �

4

�
D �

2
� �

4
D �

4
:

The integral converges; hence, the series
1X

nD1

1

n2 C 1
also converges.

8.
1X

nD4

1

n2 � 1

SOLUTION Letf .x/ D 1

x2 � 1
.This function is continuous, positive and decreasing on the intervalx � 4; therefore, the Integral

Test applies. We compute the improper integral using partial fractions:

1Z

4

dx

x2 � 1
D lim
R!1

RZ

4

 
1
2

x � 1 �
1
2

x C 1

!
dx D 1

2
lim
R!1

ln
x � 1
x C 1

ˇ̌
ˇ̌
R

4

D 1

2
lim
R!1

�
ln
R � 1

RC 1
� ln

3

5

�

D 1

2

�
ln1 � ln

3

5

�
D �1

2
ln
3

5
:

The integral converges; hence, the series
1X

nD4

1

n2 � 1
also converges.

9.
1X

nD1

1

n.nC 1/

SOLUTION Let f .x/ D 1

x.x C 1/
. This function is positive, continuous and decreasing on the intervalx � 1, so the Integral

Test applies. We compute the improper integral using partial fractions:

Z 1

1

dx

x.x C 1/
D lim
R!1

Z R

1

�
1

x
� 1

x C 1

�
dx D lim

R!1
ln

x

x C 1

ˇ̌
ˇ̌
R

1

D lim
R!1

�
ln

R

RC 1
� ln

1

2

�
D ln1 � ln

1

2
D ln2:

The integral converges; hence, the series
1X

nD1

1

n.nC 1/
converges.

10.
1X

nD1
ne�n2

SOLUTION Let f .x/ D xe�x2

. This function is continuous and positive on the intervalx � 1. Moreover, because

f 0.x/ D 1 � e�x2 C x � e�x2 � .�2x/ D e�x2
�
1 � 2x2

�
;

we see thatf 0.x/ < 0 for x � 1, sof is decreasing on this interval. To compute the improper integral we make the substitution
u D x2, du D 2x dx. Then, we find

Z 1

1
xe�x2

dx D lim
R!1

Z R

1
xe�x2

dx D 1

2

Z R2

1
e�u du D �1

2
lim
R!1

�
e�R2 � e�1

�
D 1

2e
:

The integral converges; hence, the series
1X

nD1
ne�n2

also converges.

11.
1X

nD2

1

n.lnn/2

SOLUTION Let f .x/ D 1

x.lnx/2
. This function is positive and continuous forx � 2. Moreover,

f 0.x/ D � 1

x2.lnx/4

�
1 � .lnx/2 C x � 2 .lnx/ � 1

x

�
D � 1

x2.lnx/4

�
.ln x/2 C 2 ln x

�
:
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Since lnx > 0 for x > 1, f 0.x/ is negative forx > 1; hence,f is decreasing forx � 2. To compute the improper integral, we

make the substitutionu D ln x; du D 1

x
dx. We obtain:

Z 1

2

1

x.lnx/2
dx D lim

R!1

Z R

2

1

x.lnx/2
dx D lim

R!1

Z lnR

ln2

du

u2

D � lim
R!1

�
1

lnR
� 1

ln 2

�
D 1

ln 2
:

The integral converges; hence, the series
1X

nD2

1

n.lnn/2
also converges.

12.
1X

nD1

ln n

n2

SOLUTION Let f .x/ D ln x

x2
. Because

f 0.x/ D
1
x � x2 � 2x lnx

x4
D x .1 � 2 ln x/

x4
D 1 � 2 lnx

x3
;

we see thatf 0.x/ < 0 for x >
p
e � 1:65. We conclude thatf is decreasing on the intervalx � 2. Sincef is also positive and

continuous on this interval, the Integral Test can be applied. By Integration by Parts, we find
Z

ln x

x2
dx D � ln x

x
C
Z
x�2 dx D � ln x

x
� 1

x
C C I

therefore,
Z 1

2

ln x

x2
dx D lim

R!1

Z R

2

ln x

x2
dx D lim

R!1

�
1

2
C ln2

2
� 1

R
� lnR

R

�
D 1C ln2

2
� lim
R!1

lnR

R
:

We compute the resulting limit using L’Hôpital’s Rule:

lim
R!1

lnR

R
D lim
R!1

1=R

1
D 0:

Hence,
Z 1

2

lnx

x2
dx D 1C ln 2

2
:

The integral converges; therefore, the series
1X

nD2

ln n

n2
also converges. Since the convergence of the series is not affected by adding

the finite sum
1X

nD1

lnn

n2
, the series

1X

nD1

ln n

n2
also converges.

13.
1X

nD1

1

2lnn

SOLUTION Note that

2lnn D .eln2/lnn D .elnn/ln2 D nln2:

Thus,

1X

nD1

1

2lnn
D

1X

nD1

1

nln2
:

Now, let f .x/ D 1

x ln2
. This function is positive, continuous and decreasing on the intervalx � 1; therefore, the Integral Test

applies. Moreover,

Z 1

1

dx

x ln2
D lim
R!1

Z R

1

dx

x ln2
D 1

1 � ln2
lim
R!1

.R1�ln2 � 1/ D 1;

because1 � ln 2 > 0. The integral diverges; hence, the series
1X

nD1

1

2lnn
also diverges.
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14.
1X

nD1

1

3lnn

SOLUTION Note that

3lnn D .eln3/lnn D .elnn/ln3 D nln3:

Thus,

1X

nD1

1

3lnn
D

1X

nD1

1

nln3
:

Now, let f .x/ D 1

x ln3
. This function is positive, continuous and decreasing on the intervalx � 1; therefore, the Integral Test

applies. Moreover,

Z 1

1

dx

x ln3
D lim
R!1

Z R

1

dx

x ln3
D 1

1 � ln3
lim
R!1

.R1�ln 3 � 1/ D � 1

1 � ln3
;

because1 � ln 3 < 0. The integral converges; hence, the series
1X

nD1

1

3lnn also converges.

15. Show that
1X

nD1

1

n3 C 8n
converges by using the Comparison Test with

1X

nD1
n�3.

SOLUTION We compare the series with thep-series
1X

nD1
n�3. Forn � 1,

1

n3 C 8n
� 1

n3
:

Since
1X

nD1

1

n3
converges (it is ap-series withp D 3 > 1), the series

1X

nD1

1

n3 C 8n
also converges by the Comparison Test.

16. Show that
1X

nD2

1p
n2 � 3

diverges by comparing with
1X

nD2
n�1.

SOLUTION Forn � 2,

1p
n2 � 3

� 1p
n2

D 1

n
:

The harmonic series
1X

nD1

1

n
diverges, and it still diverges if we drop the first term. Thus, the series

1X

nD2

1

n
also diverges. The

Comparison Test now lets us conclude that the larger series
1X

nD2

1p
n2 � 3

also diverges.

17. Let S D
1X

nD1

1

nC
p
n

. Verify that forn � 1,

1

nC
p
n

� 1

n
;

1

nC
p
n

� 1p
n

Can either inequality be used to show thatS diverges? Show that
1

nC
p
n

� 1

2n
and conclude thatS diverges.

SOLUTION Forn � 1, nC
p
n � n andnC

p
n �

p
n. Taking the reciprocal of each of these inequalities yields

1

nC
p
n

� 1

n
and

1

nC
p
n

� 1p
n
:

These inequalities indicate that the series
1X

nD1

1

nC
p
n

is smaller than both
1X

nD1

1

n
and

1X

nD1

1p
n

; however,
1X

nD1

1

n
and

1X

nD1

1p
n

both diverge so neither inequality allows us to show thatS diverges.
On the other hand, forn � 1, n �

p
n, so2n � nC

p
n and

1

nC
p
n

� 1

2n
:



1218 C H A P T E R 10 INFINITE SERIES

The series
1X

nD1

1

2n
D 2

1X

nD1

1

n
diverges, since the harmonic series diverges. The Comparison Test then lets us conclude that the

larger series
1X

nD1

1

nC
p
n

also diverges.

18. Which of the following inequalities can be used to study the convergence of
1X

nD2

1

n2 C
p
n

? Explain.

1

n2 C
p
n

� 1p
n
;

1

n2 C
p
n

� 1

n2

SOLUTION The series
1X

nD1

1p
n

is a divergentp-series, hence the series
1X

nD2

1p
n

also diverges. The first inequality given

above therefore establishes that
1X

nD2

1

n2 C
p
n

is smaller than a divergent series, which does not allow us to conclude whether

1X

nD2

1

n2 C
p
n

converges or diverges.

However, the second inequality given above establishes that
1X

nD2

1

n2 C
p
n

is smaller than the convergentp-series
1X

nD2

1

n2
. By

the Comparison Test, we therefore conclude that
1X

nD2

1

n2 C
p
n

also converges.

In Exercises 19–30, use the Comparison Test to determine whether the infinite series is convergent.

19.
1X

nD1

1

n2n

SOLUTION We compare with the geometric series
1X

nD1

�
1

2

�n
. Forn � 1,

1

n2n
� 1

2n
D
�
1

2

�n
:

Since
1X

nD1

�
1

2

�n
converges (it is a geometric series withr D 1

2 ), we conclude by the Comparison Test that
1X

nD1

1

n2n
also converges.

20.
1X

nD1

n3

n5 C 4nC 1

SOLUTION Forn � 1,

n3

n5 C 4nC 1
� n3

n5
D 1

n2
:

The series
1X

nD1

1

n2
is ap-series withp D 2 > 1, so it converges. By the Comparison Test we can therefore conclude that the series

1X

nD1

n3

n5 C 4nC 1
also converges.

21.
1X

nD1

1

n1=3 C 2n

SOLUTION Forn � 1,

1

n1=3 C 2n
� 1

2n

The series
P1
nD1

1

2n
is a geometric series withr D 1

2
, so it converges. By the Comparison test, so does

1X

nD1

1

n1=3 C 2n
.
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22.
1X

nD1

1p
n3 C 2n� 1

SOLUTION Forn � 1, we have2n � 1 � 0 so that

1p
n3 C 2n � 1

� 1p
n3

D 1

n3=2
:

This latter series is ap-series withp D 3
2 > 1, so it converges. By the Comparison Test, so does

1X

nD1

1p
n3 C 2n � 1

.

23.
1X

mD1

4

mŠC 4m

SOLUTION Form � 1,

4

mŠC 4m
� 4

4m
D
�
1

4

�m�1
:

The series
1X

mD1

�
1

4

�m�1
is a geometric series withr D 1

4
, so it converges. By the Comparison Test we can therefore conclude

that the series
1X

mD1

4

mŠC 4m
also converges.

24.
1X

nD4

p
n

n � 3

SOLUTION Forn � 4,

p
n

n � 3 �
p
n

n
D 1

n1=2
:

The series
1X

nD1

1

n1=2
is ap-series withp D 1

2
< 1, so it diverges, and it continues to diverge if we drop the termsn D 1; 2; 3; that

is,
1X

nD4

1

n1=2
also diverges. By the Comparison Test we can therefore conclude that series

1X

nD4

p
n

n� 3
diverges.

25.
1X

kD1

sin2 k

k2

SOLUTION Fork � 1, 0 � sin2 k � 1, so

0 � sin2 k

k2
� 1

k2
:

The series
1X

kD1

1

k2
is ap-series withp D 2 > 1, so it converges. By the Comparison Test we can therefore conclude that the series

1X

kD1

sin2k

k2
also converges.

26.
1X

kD2

k1=3

k5=4 � k

SOLUTION Fork � 2, k5=4 � k < k5=4 so that

k1=3

k5=4 � k
� k1=3

k5=4
D 1

k11=12

The series
P1
kD2

1

k11=12
is ap-series withp D 11

12
< 1, so it diverges. By the Comparison Test, so does

1X

kD2

k1=3

k5=4 � k
.
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27.
1X

nD1

2

3n C 3�n

SOLUTION Since3�n > 0 for all n,

2

3n C 3�n � 2

3n
D 2

�
1

3

�n
:

The series
1X

nD1
2

�
1

3

�n
is a geometric series withr D 1

3
, so it converges. By the Comparison Theorem we can therefore conclude

that the series
1X

nD1

2

3n C 3�n also converges.

28.
1X

kD1
2�k2

SOLUTION Fork � 1, k2 � k and

1

2k
2

� 1

2k
D
�
1

2

�k
:

The series
1X

kD1

�
1

2

�k
is a geometric series withr D 1

2
, so it converges. By the Comparison Test we can therefore conclude that

the series
1X

kD1

1

2k
2

D
1X

kD1
2�k2

also converges.

29.
1X

nD1

1

.nC 1/Š

SOLUTION Note that forn � 2,

.nC 1/Š D 1 � 2 � 3 � � �n � .nC 1/„ ƒ‚ …
n factors

� 2n

so that

1X

nD1

1

.nC 1/Š
D 1C

1X

nD2

1

.nC 1/Š
� 1C

1X

nD2

1

2n

But
P1
nD2

1

2n
is a geometric series with ratior D 1

2
, so it converges. By the comparison test,

1X

nD1

1

.nC 1/Š
converges as well.

30.
1X

nD1

nŠ

n3

SOLUTION Note that forn � 4, we have.n � 1/.n � 2/ > n [to see this, solve the equation.n � 1/.n � 2/ D n for n; the

positive root is2C
p
2 � 3:4]. Thus

1X

nD4

nŠ

n3
D

1X

nD4

n.n� 1/.n � 2/.n� 3/Š

n3
�

1X

nD4

.n� 3/Š

n
�

1X

nD4

1

n

But
P1
nD4

1

n
is the harmonic series, which diverges, so that

P1
nD4

nŠ
n3 also diverges. Adding back in the terms forn D 1, 2, and3

does not affect this result. Thus the original series diverges.

Exercise 31–36: For alla > 0 andb > 1, the inequalities

ln n � na; na < bn

are true forn sufficiently large (this can be proved using L’Hopital’s Rule). Use this, together with the Comparison Theorem, to
determine whether the series converges or diverges.
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31.
1X

nD1

ln n

n3

SOLUTION Forn sufficiently large (sayn D k, although in this casen D 1 suffices), we have lnn � n, so that

1X

nDk

ln n

n3
�

1X

nDk

n

n3
D

1X

nDk

1

n2

This is ap-series withp D 2 > 1, so it converges. Thus
P1
nDk

lnn
n3 also converges; adding back in the finite number of terms for

1 � n � k does not affect this result.

32.
1X

mD2

1

lnm

SOLUTION Form > 1 sufficiently large (saym D k, although in this casem D 2 suffices), we have lnm � m, so that

1X

mDk

1

lnm
�

1X

mDk

1

m

This is the harmonic series, which diverges (the absence of the finite number of terms form D 1; : : : ; k � 1 does not affect

convergence). By the comparison theorem,
1X

mD2

1

lnm
also diverges (again, ignoring the finite number of terms form D 1; : : : ; k � 1

does not affect convergence).

33.
1X

nD1

.ln n/100

n1:1

SOLUTION ChooseN so that lnn � n0:0005 for n � N . Then also forn > N , .lnn/100 � .n0:0005/100 D n0:05. Then

1X

nDN

.lnn/100

n1:1
�

1X

nDN

n0:05

n1:1
D

1X

nDN

1

n1:05

But
1X

nDN

1

n1:05
is ap-series withp D 1:05 > 1, so is convergent. It follows that

P1
nDN

.lnn/100
n1:1 is also convergent; adding back

in the finite number of terms forn D 1; 2; : : : ; N � 1 shows that
1X

nD1

.lnn/100

n1:1
converges as well.

34.
1X

nD1

1

.lnn/10

SOLUTION ChooseN such that lnn � n0:1 for n � N ; then also.lnn/10 � n for n � N . So we have

1X

nDN

1

.lnn/10
�

1X

nDN

1

n

The latter sum is the harmonic series, which diverges, so the series on the left diverges as well. Adding back in the finite number of

terms forn < N shows that
1X

nD1

1

.lnn/10
diverges.

35.
1X

nD1

n

3n

SOLUTION ChooseN such thatn � 2n for n � N . Then

1X

nDN

n

3n
�

1X

nDN

�
2

3

�n

The latter sum is a geometric series withr D 2

3
< 1, so it converges. Thus the series on the left converges as well. Adding back in

the finite number of terms forn < N shows that
1X

nD1

n

3n
converges.
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36.
1X

nD1

n5

2n

SOLUTION ChooseN such thatn5 � 1:5n for n � N . Then

1X

nDN

n5

2n
�

1X

nDN

�
1:5

2

�n

The latter sum is a geometric series withr D 1:5

2
< 1, so it converges. Thus the series on the left converges as well. Adding back

in the finite number of terms forn < N shows that
1X

nD1

n5

2n
converges.

37. Show that
1X

nD1
sin

1

n2
converges.Hint: Use the inequality sinx � x for x � 0.

SOLUTION Forn � 1,

0 � 1

n2
� 1 < �I

therefore, sin1
n2 > 0 for n � 1. Moreover, forn � 1,

sin
1

n2
� 1

n2
:

The series
1X

nD1

1

n2
is ap-series withp D 2 > 1, so it converges. By the Comparison Test we can therefore conclude that the series

1X

nD1
sin

1

n2
also converges.

38. Does
1X

nD2

sin.1=n/

ln n
converge?Hint: By Theorem 1 in Section 2.6, sin.1=n/ > cos.1=n/=n. Thus sin.1=n/ > 1=.2n/ for

n > 2 (because cos.1=n/ > 1=2/.

SOLUTION No, it diverges. Either the Comparison Theorem or the Limit Comparison Theorem may be used. Using the Compar-
ison Theorem, recall that

sinx

x
> cosx for x > 0

so that sinx > x cosx. Substituting1=n for x gives

sin
�
1

n

�
>
1

n
cos

�
1

n

�
D cos.1=n/

n
� 1

2n

since cos
�
1

n

�
� 1

2
for n � 2. Thus

1X

nD1

sin.1=n/

lnn
>

1X

nD1

1

2n lnn

Apply the Integral Test to the latter expression, making the substitutionu D ln x:
Z 1

1

1

2x lnx
dx D 1

2

Z 1

0

1

u
du D 1

2
lnu

ˇ̌1
0

and the integral diverges. Thus

1X

nD1

1

2n lnn
diverges, and thus

1X

nD1

sin.1=n/

ln n
diverges as well.

Applying the Limit Comparison Test is similar but perhaps simpler: Recall that

lim
x!1

sin.1=x/

1=x
D lim
x!0

sinx

x
D 1
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so apply the Limit Comparison Test withbn D 1=x

ln x
:

L D lim
x!1

sin.1=x/

ln x
� lnx

1=x
D lim
x!1

sin.1=x/

1=x
D 1

so that either both series converge or both diverge. But by the Integral Test as above,

1X

nD1

.1=x/

lnx
D

1X

nD1

1

x lnx

diverges.

In Exercises 39–48, use the Limit Comparison Test to prove convergence or divergence of the infinite series.

39.
1X

nD2

n2

n4 � 1

SOLUTION Let an D n2

n4 � 1
. For largen,

n2

n4 � 1
� n2

n4
D 1

n2
, so we apply the Limit Comparison Test withbn D 1

n2
. We find

L D lim
n!1

an

bn
D lim
n!1

n2

n4�1
1
n2

D lim
n!1

n4

n4 � 1
D 1:

The series
1X

nD1

1

n2
is ap-series withp D 2 > 1, so it converges; hence,

1X

nD2

1

n2
also converges. BecauseL exists, by the Limit

Comparison Test we can conclude that the series
1X

nD2

n2

n4 � 1
converges.

40.
1X

nD2

1

n2 �
p
n

SOLUTION Let an D 1

n2 �
p
n

. For largen,
1

n2 �
p
n

� 1

n2
, so we apply the Limit Comparison Test withbn D 1

n2
. We find

L D lim
n!1

an

bn
D lim
n!1

1
n2�

p
n

1
n2

D lim
n!1

n2

n2 �
p
n

D 1:

The series
1X

nD1

1

n2
is ap-series withp D 2 > 1, so it converges; hence, the series

1X

nD2

1

n2
also converges. BecauseL exists, by the

Limit Comparison Test we can conclude that the series
1X

nD2

1

n2 �
p
n

converges.

41.
1X

nD2

np
n3 C 1

SOLUTION Let an D np
n3 C 1

. For largen,
np
n3 C 1

� np
n3

D 1p
n

, so we apply the Limit Comparison test withbn D 1p
n

.

We find

L D lim
n!1

an

bn
D lim
n!1

np
n3C1
1p
n

D lim
n!1

p
n3p

n3 C 1
D 1:

The series
1X

nD1

1p
n

is ap-series withp D 1
2 < 1, so it diverges; hence,

1X

nD2

1p
n

also diverges. BecauseL > 0, by the Limit

Comparison Test we can conclude that the series
1X

nD2

np
n3 C 1

diverges.

42.
1X

nD2

n3p
n7 C 2n2 C 1
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SOLUTION Let an be the general term of our series. Observe that

an D n3p
n7 C 2n2 C 1

D n�3 � n3

n�3 �
p
n7 C 2n2 C 1

D 1p
nC 2n�4 C n�6

This suggests that we apply the Limit Comparison Test, comparing our series with

1X

nD2
bn D

1X

nD2

1

n1=2

The ratio of the terms is

an

bn
D 1p

nC 2n�4 C n�6 �
p
n

1
D 1p

1C 2n�5 C n�7

Hence

lim
n!1

an

bn
D lim
n!1

1p
1C 2n�5 C n�7 D 1

Thep-series
1X

nD2

1

n1=2
diverges sincep D 1=2 < 1. Therefore, our original series diverges.

43.
1X

nD3

3nC 5

n.n� 1/.n� 2/

SOLUTION Let an D 3nC 5

n.n� 1/.n � 2/ . For largen,
3nC 5

n.n� 1/.n � 2/
� 3n

n3
D 3

n2
, so we apply the Limit Comparison Test with

bn D 1

n2
. We find

L D lim
n!1

an

bn
D lim
n!1

3nC5
n.nC1/.nC2/

1
n2

D lim
n!1

3n3 C 5n2

n.nC 1/.nC 2/
D 3:

The series
1X

nD1

1

n2
is ap-series withp D 2 > 1, so it converges; hence, the series

1X

nD3

1

n2
also converges. BecauseL exists, by

the Limit Comparison Test we can conclude that the series
1X

nD3

3nC 5

n.n � 1/.n � 2/ converges.

44.
1X

nD1

en C n

e2n � n2

SOLUTION Let

an D en C n

e2n � n2
D en C n

.en � n/.en C n/
D 1

en � n
:

For largen,

1

en � n
� 1

en
D e�n;

so we apply the Limit Comparison Test withbn D e�n. We find

L D lim
n!1

an

bn
D lim
n!1

1
en�n
e�n D lim

n!1
en

en � n
D 1:

The series
1X

nD1
e�n D

1X

nD1

�
1

e

�n
is a geometric series withr D 1

e < 1, so it converges. BecauseL exists, by the Limit Comparison

Test we can conclude that the series
1X

nD1

en C n

e2n � n2
also converges.

45.
1X

nD1

1p
nC lnn
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SOLUTION Let

an D 1p
nC lnn

For largen,
p
nC lnn �

p
n, so apply the Comparison Test withbn D 1p

n
. We find

L D lim
n!1

an

bn
D lim
n!1

1p
nC lnn

�
p
n

1
D lim
n!1

1

1C lnnp
n

D 1

The series
1X

nD1

1p
n

is ap-series withp D 1

2
< 1, so it diverges. BecauseL exists, the Limit Comparison Test tells us the the

original series also diverges.

46.
1X

nD1

ln.nC 4/

n5=2

SOLUTION Let

an D ln.nC 4/

n5=2

For largen, an � lnn

n5=2
, so apply the Comparison Test withbn D ln n

n5=2
. We find

L D lim
n!1

an

bn
D lim
n!1

ln.nC 4/

n5=2
� n
5=2

lnn
D lim
n!1

ln.nC 4/

ln n

Applying L’Hôpital’s rule gives

L D lim
n!1

ln.nC 4/

ln n
D lim
n!1

1=.nC 4/

1=n
D lim
n!1

n

nC 4
D lim
n!1

1

1C 4=n
D 1

To see that
P1
nD1 bn converges, chooseN so that lnn < n for n � N ; then

1X

nDN

lnn

n5=2
�

1X

nDN

n

n5=2
D

1X

nDN

1

n3=2

which is ap-series withp D 3

2
> 1, so it converges. Adding back in the finite number of terms forn < N shows that

P
bn

converges as well. SinceL exists and
P
bn converges, the Limit Comparison Test tells us that

P1
nD1 an converges.

47.
1X

nD1

�
1 � cos

1

n

�
Hint: Compare with

1X

nD1
n�2.

SOLUTION Let an D 1 � cos
1

n
, and apply the Limit Comparison Test withbn D 1

n2
. We find

L D lim
n!1

an

bn
D lim
n!1

1� cos1n
1
n2

D lim
x!1

1 � cos1x
1
x2

D lim
x!1

� 1
x2 sin 1

x

� 2
x3

D 1

2
lim
x!1

sin 1x
1
x

:

Asx ! 1, u D 1
x ! 0, so

L D 1

2
lim
x!1

sin 1x
1
x

D 1

2
lim
u!0

sinu

u
D 1

2
:

The series
1X

nD1

1

n2
is ap-series withp D 2 > 1, so it converges. BecauseL exists, by the Limit Comparison Test we can conclude

that the series
1X

nD1

�
1 � cos

1

n

�
also converges.

48.
1X

nD1
.1 � 2�1=n/ Hint: Compare with the harmonic series.
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SOLUTION Let an D 1 � 2�1=n, and apply the Limit Comparison Test withbn D 1

n
. We find

L D lim
n!1

an

bn
D lim
n!1

1 � 2�1=n

1
n

D lim
x!1

1 � 2�1=x

1
x

D lim
x!1

� 1
x2 .ln2/2

�1=x

� 1
x2

D lim
x!1

�
2�1=x ln 2

�
D ln 2:

The harmonic series
1X

nD1

1

n
diverges; becauseL > 0, we can conclude by the Limit Comparison Test that the series

1X

nD1
.1 � 2�1=n/

also diverges.

In Exercises 49–78, determine convergence or divergence using any method covered so far.

49.
1X

nD4

1

n2 � 9

SOLUTION Apply the Limit Comparison Test withan D 1

n2 � 9
andbn D 1

n2
:

L D lim
n!1

an

bn
D lim
n!1

1
n2�9
1
n2

D lim
n!1

n2

n2 � 9
D 1:

Since thep-series
1X

nD1

1

n2
converges, the series

1X

nD4

1

n2
also converges. BecauseL exists, by the Limit Comparison Test we can

conclude that the series
1X

nD4

1

n2 � 9
converges.

50.
1X

nD1

cos2 n

n2

SOLUTION For alln � 1, 0 � cos2n � 1, so

0 � cos2n

n2
� 1

n2
:

The series
1X

nD1

1

n2
is a convergentp-series; hence, by the Comparison Test we can conclude that the series

1X

nD1

cos2n

n2
also con-

verges.

51.
1X

nD1

p
n

4nC 9

SOLUTION Apply the Limit Comparison Test withan D
p
n

4nC 9
andbn D 1p

n
:

L D lim
n!1

an

bn
D lim
n!1

p
n

4nC9
1p
n

D lim
n!1

n

4nC 9
D 1

4
:

The series
1X

nD1

1p
n

is a divergentp-series. BecauseL > 0, by the Limit Comparison Test we can conclude that the series

1X

nD1

p
n

4nC 9
also diverges.

52.
1X

nD1

n � cosn

n3

SOLUTION Apply the Limit Comparison Test withan D n� cosn

n3
andbn D 1

n2
:

L D lim
n!1

an

bn
D lim
n!1

n�cosn
n3

1
n2

D lim
n!1

�
1 � cosn

n

�
D 1:

The series
1X

nD1

1

n2
is a convergentp-series. BecauseL exists, by the Limit Comparison Test we can conclude that the series

1X

nD1

n � cosn

n3
also converges.
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53.
1X

nD1

n2 � n

n5 C n

SOLUTION First rewritean D n2 � n

n5 C n
D n .n � 1/

n
�
n4 C 1

� D n � 1

n4 C 1
and observe

n � 1
n4 C 1

<
n

n4
D 1

n3

for n � 1. The series
1X

nD1

1

n3
is a convergentp-series, so by the Comparison Test we can conclude that the series

1X

nD1

n2 � n

n5 C n
also

converges.

54.
1X

nD1

1

n2 C sinn

SOLUTION Apply the Limit Comparison Test withan D 1

n2 C sinn
andbn D 1

n2
:

L D lim
n!1

an

bn
D lim
n!1

1
n2Csinn

1
n2

D lim
n!1

1

1C sinn
n2

D 1:

The series
1X

nD1

1

n2
is a convergentp-series. BecauseL exists, by the Limit Comparison Test we can conclude that the series

1X

nD1

1

n2 C sin n
also converges.

55.
1X

nD5
.4=5/�n

SOLUTION

1X

nD5

�
4

5

��n
D

1X

nD5

�
5

4

�n

which is a geometric series starting atn D 5 with ratio r D 5

4
> 1. Thus the series diverges.

56.
1X

nD1

1

3n
2

SOLUTION Becausen2 � n for n � 1, 3n
2 � 3n and

1

3n
2

� 1

3n
D
�
1

3

�n
:

The series
1X

nD1

�
1

3

�n
is a geometric series withr D 1

3
, so it converges. By the Comparison Test we can therefore conclude that the

series
1X

nD1

1

3n
2

also converges.

57.
1X

nD2

1

n3=2 lnn

SOLUTION Forn � 3, lnn > 1, son3=2 ln n > n3=2 and

1

n3=2 ln n
<

1

n3=2
:

The series
1X

nD1

1

n3=2
is a convergentp-series, so the series

1X

nD3

1

n3=2
also converges. By the Comparison Test we can therefore

conclude that the series
1X

nD3

1

n3=2 ln n
converges. Hence, the series

1X

nD2

1

n3=2 ln n
also converges.
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58.
1X

nD2

.ln n/12

n9=8

SOLUTION By the comment preceding Exercise 31, we can chooseN so that forn � N , we have lnn < n1=192. Then also for

n � N we have.lnn/12 < n12=192 D n1=16. Then

1X

nDN

.ln n/12

n9=8
�

1X

nDN

n1=16

n9=8
D

1X

nDN

1

n17=16

which is a convergentp-series. Thus the series on the left converges as well; adding back in the finite number of terms forn � N

shows that
1X

nD2

.lnn/12

n9=8
converges.

59.
1X

kD1
41=k

SOLUTION

lim
k!1

ak D lim
k!1

41=k D 40 D 1 ¤ 0I

therefore, the series
1X

kD1
41=k diverges by the Divergence Test.

60.
1X

nD1

4n

5n � 2n

SOLUTION Apply the Limit Comparison Test withan D 4n

5n � 2n
andbn D 4n

5n
:

L D lim
n!1

an

bn
D lim
n!1

4n

5n�2n
4n

5n

D lim
n!1

1

1 � 2n
5n

:

Now,

lim
n!1

2n

5n
D lim
x!1

2x

5x
D lim
x!1

2

5x ln5
D 0;

so

L D lim
n!1

an

bn
D 1

1 � 0 D 1:

The series
1X

nD1

�
4

5

�n
is a convergent geometric series. BecauseL exists, by the Limit Comparison Test we can conclude that the

series
1X

nD1

4n

5n � 2n
also converges.

61.
1X

nD2

1

.lnn/4

SOLUTION By the comment preceding Exercise 31, we can chooseN so that forn � N , we have lnn < n1=8, so that.ln n/4 <

n1=2. Then

1X

nDN

1

.lnn/4
>

1X

nDN

1

n1=2

which is a divergentp-series. Thus the series on the left diverges as well, and adding back in the finite number of terms forn < N

does not affect the result. Thus
1X

nD2

1

.lnn/4
diverges.

62.
1X

nD1

2n

3n � n
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SOLUTION Apply the Limit Comparison Test withan D 2n

3n � n
andbn D 2n

3n
:

L D lim
n!1

an

bn
D lim
n!1

2n

3n�n
2n

3n

D lim
n!1

1

1 � n
3n

:

Now,

lim
n!1

n

3n
D lim
x!1

x

3x
D lim
x!1

1

3x ln3
D 0;

so

L D lim
n!1

an

bn
D 1

1 � 0 D 1:

The series
1X

nD1

�
2

3

�n
is a convergent geometric series. BecauseL exists, by the Limit Comparison Test we can conclude that the

series
1X

nD1

2n

3n � n
also converges.

63.
1X

nD1

1

n lnn� n

SOLUTION Forn � 2, n ln n� n � n lnn; therefore,

1

n lnn� n
� 1

n lnn
:

Now, let f .x/ D 1

x lnx
. For x � 2, this function is continuous, positive and decreasing, so the Integral Test applies. Using the

substitutionu D ln x, du D 1
x dx, we find

Z 1

2

dx

x lnx
D lim
R!1

Z R

2

dx

x lnx
D lim
R!1

Z lnR

ln2

du

u
D lim
R!1

.ln.lnR/ � ln.ln 2// D 1:

The integral diverges; hence, the series
1X

nD2

1

n lnn
also diverges. By the Comparison Test we can therefore conclude that the series

1X

nD2

1

n lnn � n diverges. Adding in the term forn D 1 does not affect this result.

64.
1X

nD1

1

n.lnn/2 � n

SOLUTION Use the Integral Test. Note thatx.ln x/2 � x has a zero atx D e, so restrict the integral toŒ4;1/:

Z 1

4

1

x.lnx/2 � x
dx

Substituteu D ln x so thatdu D 1

x
dx to get

Z 1

ln4

1

u2 � 1
du D lim

R!1

 
1

2
ln

ˇ̌
ˇ̌ x � 1

x C 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌
R

4

!
D 1

2
lim
R!1

�
ln
�
R � 1

RC 1

�
� ln

�
3

5

��

D 1

2

�
ln lim
R!1

�
R � 1

RC 1

�
� ln

�
3

5

��
D 1

2

�
ln1 � ln

�
3

5

��
D 1

2
ln

�
5

3

�
< 1

Since the integral converges, the series does as well starting atn D 4, using the Integral Test. Adding in the terms forn D 1, 2, 3
does not affect this result.

65.
1X

nD1

1

nn

SOLUTION Forn � 2, nn � 2n; therefore,

1

nn
� 1

2n
D
�
1

2

�n
:
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The series
1X

nD1

�
1

2

�n
is a convergent geometric series, so

1X

nD2

�
1

2

�n
also converges. By the Comparison Test we can therefore

conclude that the series
1X

nD2

1

nn
converges. Hence, the series

1X

nD1

1

nn
converges.

66.
1X

nD1

n2 � 4n3=2

n3

SOLUTION Let an D 1
n andbn D � 4

n3=2
. Then

1X

nD1
.an C bn/ D

1X

nD1

n2 � 4n3=2

n3

1X

nD1
an diverges since it is the harmonic series

1X

nD1
bn is ap-series withp D 3

2
> 1, so converges

Since
P
an diverges and

P
bn converges, it follows that

P
.an C bn/ diverges.

67.
1X

nD1

1C .�1/n
n

SOLUTION Let

an D 1C .�1/n
n

Then

an D
(
0 n odd
2
2k

D 1
k

n D 2k even

Therefore,fang consists of0s in the odd places and the harmonic series in the even places, so
P1
iD1 an is just the sum of the

harmonic series, which diverges. Thus
P1
iD1 an diverges as well.

68.
1X

nD1

2C .�1/n

n3=2

SOLUTION Forn � 1

0 <
2C .�1/n

n3=2
� 2C 1

n3=2
D 3

n3=2
:

The series
1X

nD1

1

n3=2
is a convergentp-series; hence, the series

1X

nD1

3

n3=2
also converges. By the Comparison Test we can therefore

conclude that the series
1X

nD1

2C .�1/n

n3=2
converges.

69.
1X

nD1
sin

1

n

SOLUTION Apply the Limit Comparison Test withan D sin
1

n
andbn D 1

n
:

L D lim
n!1

sin 1n
1
n

D lim
u!0

sinu

u
D 1;

whereu D 1
n . The harmonic series diverges. BecauseL > 0, by the Limit Comparison Test we can conclude that the series

1X

nD1
sin

1

n
also diverges.
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70.
1X

nD1

sin.1=n/p
n

SOLUTION Apply the Limit Comparison Test withan D sin.1=n/p
n

andbn D 1=np
n

:

L D lim
n!1

sin.1=n/p
n

�
p
n

1=n
D lim
n!1

sin.1=n/

1=n
D lim
u!0

sinu

u
D 1

so that
P
an and

P
bn either both converge or both diverge. But

1X

nD1
bn D

1X

nD1

1=np
n

D
1X

nD1

1

n3=2

is a convergentp-series. Thus
1X

nD1

sin.1=n/p
n

converges as well.

71.
1X

nD1

2nC 1

4n

SOLUTION Forn � 3, 2nC 1 < 2n, so

2nC 1

4n
<
2n

4n
D
�
1

2

�n
:

The series
1X

nD1

�
1

2

�n
is a convergent geometric series, so

1X

nD3

�
1

2

�n
also converges. By the Comparison Test we can therefore

conclude that the series
1X

nD3

2nC 1

4n
converges. Finally, the series

1X

nD1

2nC 1

4n
converges.

72.
1X

nD3

1

e
p
n

SOLUTION Apply the integral test, making the substitutionz D
p
x so thatz2 D x and2z dz D dx:

Z 1

3

1

e
p
x
dx D

Z 1

3
e�x1=2

dx D
Z 1

p
3
2ze�z dz

Evaluate this integral using integration by parts withu D 2z, dv D e�z dz:
Z 1

p
3
2ze�z dz D uv

ˇ̌
ˇ̌
1
p
3

�
Z 1

p
3
v du D .�2ze�z/

ˇ̌
ˇ̌
1
p
3

�
Z 1

p
3
.�2e�z/ dz D 2

p
3e�

p
3 � .2e�z/

ˇ̌
ˇ̌
1
p
3

D 2
p
3e�

p
3 C 2e�

p
3 < 1

Since the integral converges, so does the series
1X

nD3

1

e
p
n

.

73.
1X

nD4

ln n

n2 � 3n

SOLUTION By the comment preceding Exercise 31, we can chooseN � 4 so that forn � N , lnn < n1=2. Then

1X

nDN

ln n

n2 � 3n
�

1X

nDN

n1=2

n2 � 3n
D

1X

nDN

1

n3=2 � 3n1=2

To evaluate convergence of the latter series, letan D 1

n3=2 � 3n1=2
andbn D 1

n3=2
, and apply the Limit Comparison Test:

L D lim
n!1

an

bn
D lim
n!1

1

n3=2 � 3n1=2
� n3=2 D lim

n!1
1

1 � 3n�1 D 0

Thus
P
an converges if

P
bn does. But

P
bn is a convergentp-series. Thus

P
an converges and, by the comparison test, so does

the original series. Adding back in the finite number of terms forn < N does not affect convergence.
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74.
1X

nD1

1

3lnn

SOLUTION Note that

3lnn D .eln3/lnn D .elnn/ln3 D nln3:

Thus the sum is ap-series withp D ln 3 > 1, so is convergent.

75.
1X

nD2

1

n1=2 lnn

SOLUTION By the comment preceding Exercise 31, we can chooseN � 2 so that forn � N , lnn < n1=4. Then

1X

nDN

1

n1=2 ln n
>

1X

nDN

1

n3=4

which is a divergentp-series. Thus the original series diverges as well - as usual, adding back in the finite number of terms for
n < N does not affect convergence.

76.
1X

nD1

1

n3=2 � ln4 n

SOLUTION Let

an D 1

n3=2 � ln4 n
; bn D 1

n3=2
;

and apply the Limit Comparison Test:

L D lim
n!1

an

bn
D lim
n!1

n3=2

n3=2 � ln4 n
D lim
n!1

1

1 � ln4 n
n3=2

But by the comment preceding Exercise 31, lnn, and thus ln4 n, are eventually smaller than any positive power ofn, so forn

sufficiently large,
ln4 n

n3=2
is arbitrarily small. ThusL D 1 and

P
an converges if and only if

P
bn does. But

P
bn is a convergent

p-series, so
1X

nD1

1

n3=2 � ln4 n
converges.

77.
1X

nD1

4n2 C 15n

3n4 � 5n2 � 17

SOLUTION Apply the Limit Comparison Test with

an D 4n2 C 15n

3n4 � 5n2 � 17
; bn D 4n2

3n4
D 4

3n2

We have

L D lim
n!1

an

bn
D lim
n!1

4n2 C 15n

3n4 � 5n2 � 17
� 3n

2

4
D lim
n!1

12n4 C 45n3

12n4 � 20n2 � 68
D lim
n!1

12C 45=n

12 � 20=n2 � 68=n4
D 1

Now,
P1
nD1 bn is ap-series withp D 2 > 1, so converges. SinceL D 1, we see that

1X

nD1

4n2 C 15n

3n4 � 5n2 � 17
converges as well.

78.
1X

nD1

n

4�n C 5�n

SOLUTION Note that

lim
n!1

n

4�n C 5�n D lim
n!1

n4n

1C
�
4
5

�n

This limit approaches1=1 D 1, so the terms of the sequence do not tend to zero. Thus the series is divergent.
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79. For whicha does
1X

nD2

1

n.lnn/a
converge?

SOLUTION First consider the casea > 0 buta ¤ 1. Let f .x/ D 1

x.lnx/a
. This function is continuous, positive and decreasing

for x � 2, so the Integral Test applies. Now,

Z 1

2

dx

x.lnx/a
D lim
R!1

Z R

2

dx

x.lnx/a
D lim
R!1

Z lnR

ln2

du

ua
D 1

1 � a lim
R!1

�
1

.lnR/a�1 � 1

.ln2/a�1

�
:

Because

lim
R!1

1

.lnR/a�1 D
(

1; 0 < a < 1

0; a > 1

we conclude the integral diverges when0 < a < 1 and converges whena > 1. Therefore

1X

nD2

1

n.lnn/a
converges fora > 1 and diverges for0 < a < 1.

Next, consider the casea D 1. The series becomes
1X

nD2

1

n lnn
. Letf .x/ D 1

x lnx
. Forx � 2, this function is continuous, positive

and decreasing, so the Integral Test applies. Using the substitutionu D ln x, du D 1
x dx, we find

Z 1

2

dx

x lnx
D lim
R!1

Z R

2

dx

x lnx
D lim
R!1

Z lnR

ln2

du

u
D lim
R!1

.ln.lnR/ � ln.ln 2// D 1:

The integral diverges; hence, the series also diverges.

Finally, consider the casea < 0. Let b D �a > 0 so the series becomes
1X

nD2

.ln n/b

n
. Since lnn > 1 for all n � 3, it follows

that

.lnn/b > 1 so
.lnn/b

n
>
1

n
:

The series
1X

nD3

1

n
diverges, so by the Comparison Test we can conclude that

1X

nD3

.ln n/b

n
also diverges. Consequently,

1X

nD2

.ln n/b

n

diverges. Thus,

1X

nD2

1

n.lnn/a
diverges fora < 0.

To summarize:

1X

nD2

1

n.lnn/a
converges ifa > 1 and diverges ifa � 1.

80. For whicha does
1X

nD2

1

na lnn
converge?

SOLUTION First consider the casea > 1. Forn � 3, lnn > 1 and

1

na lnn
<

1

na
:

The series
1X

nD1

1

na
is ap-series withp D a > 1, so it converges; hence,

1X

nD3

1

na
also converges. By the Comparison Test we can

therefore conclude that the series
1X

nD3

1

na lnn
converges, which implies the series

1X

nD2

1

na lnn
also converges.

Fora � 1, na � n so

1

na lnn
� 1

n lnn
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for n � 2. Let f .x/ D 1

x lnx
. Forx � 2, this function is continuous, positive and decreasing, so the Integral Test applies. Using

the substitutionu D ln x, du D 1
x dx, we find

Z 1

2

dx

x lnx
D lim
R!1

Z R

2

dx

x lnx
D lim
R!1

Z lnR

ln2

du

u
D lim
R!1

.ln.lnR/ � ln.ln 2// D 1:

The integral diverges; hence, the series
1X

nD2

1

n lnn
also diverges. By the Comparison Test we can therefore conclude that the series

1X

nD2

1

na lnn
diverges.

To summarize,

1X

nD2

1

na lnn
converges fora > 1 and diverges fora � 1.

Approximating Infinite Sums In Exercises 81–83, letan D f .n/, wheref .x/ is a continuous, decreasing function such that
f .x/ � 0 and

R1
1 f .x/ dx converges.

81. Show that

Z 1

1
f .x/ dx �

1X

nD1
an � a1 C

Z 1

1
f .x/ dx 3

SOLUTION From the proof of the Integral Test, we know that

a2 C a3 C a4 C � � � C aN �
Z N

1
f .x/ dx �

Z 1

1
f .x/ dxI

that is,

SN � a1 �
Z 1

1
f .x/ dx or SN � a1 C

Z 1

1
f .x/ dx:

Also from the proof of the Integral test, we know that

Z N

1
f .x/ dx � a1 C a2 C a3 C � � � C aN�1 D SN � aN � SN :

Thus,

Z N

1
f .x/ dx � SN � a1 C

Z 1

1
f .x/ dx:

Taking the limit asN ! 1 yields Eq. (3), as desired.

82. Using Eq. (3), show that

5 �
1X

nD1

1

n1:2
� 6

This series converges slowly. Use a computer algebra system to verify thatSN < 5 for N � 43;128 andS43;129 � 5:00000021.

SOLUTION By Eq. (3), we have

Z 1

1

dx

x1:2
�

1X

nD1

1

n1:2
� 1C

Z 1

1

dx

x1:2
:

Since

Z 1

1

dx

x1:2
D lim
R!1

Z R

1

dx

x1:2
D lim
R!1

 
1

0:2
� R�0:2

0:2

!
D 5;

it follows that

5 �
1X

nD1

1

n1:2
� 6:
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Becausean D n�1:2 � 0 for all N , SN is increasing and it suffices to show thatSN < 5 for N D 43;128 to conclude that
SN < 5 for all N � 43;128. Using a computer algebra system, we obtain:

S43;128 D
43;128X

nD1

1

n1:2
D 4:9999974685

and

S43;129 D
43;129X

nD1

1

n1:2
D 5:0000002118:

83. Let S D
1X

nD1
an. Arguing as in Exercise 81, show that

MX

nD1
an C

Z 1

MC1
f .x/ dx � S �

MC1X

nD1
an C

Z 1

MC1
f .x/ dx 4

Conclude that

0 � S �

0
@
MX

nD1
an C

Z 1

MC1
f .x/ dx

1
A � aMC1 5

This provides a method for approximatingS with an error of at mostaMC1.

SOLUTION Following the proof of the Integral Test and the argument in Exercise 81, but starting withn D M C 1 rather than
n D 1, we obtain

Z 1

MC1
f .x/ dx �

1X

nDMC1
an � aMC1 C

Z 1

MC1
f .x/ dx:

Adding
MX

nD1
an to each part of this inequality yields

MX

nD1
an C

Z 1

MC1
f .x/ dx �

1X

nD1
an D S �

MC1X

nD1
an C

Z 1

MC1
f .x/ dx:

Subtracting
MX

nD1
an C

Z 1

MC1
f .x/ dx from each part of this last inequality then gives us

0 � S �

0
@
MX

nD1
an C

Z 1

MC1
f .x/ dx

1
A � aMC1:

84. Use Eq. (4) withM D 43;129 to prove that

5:5915810 �
1X

nD1

1

n1:2
� 5:5915839

SOLUTION Using Eq. (4) withf .x/ D 1

x1:2
, an D 1

n1:2
andM D 43129, we find

S43129 C
Z 1

43130

dx

x1:2
�

1X

nD1

1

n1:2
� S43130 C

Z 1

43130

dx

x1:2
:

Now,

S43129 D 5:0000002118I

S43130 D S43129 C 1

431301:2
D 5:0000029551I

and
Z 1

43130

dx

x1:2
D lim
R!1

Z R

43130

dx

x1:2
D �5 lim

R!1

�
1

R0:2
� 1

431300:2

�
D 5

431300:2
D 0:5915808577:
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Thus,

5:0000002118 C 0:5915808577 �
1X

nD1

1

n1:2
� 5:0000029551 C 0:5915808577;

or

5:5915810695 �
1X

nD1

1

n1:2
� 5:5915838128:

85. Apply Eq. (4) withM D 40;000 to show that

1:644934066 �
1X

nD1

1

n2
� 1:644934068

Is this consistent with Euler’s result, according to which this infinite series has sum�2=6?

SOLUTION Using Eq. (4) withf .x/ D 1

x2
, an D 1

n2
andM D 40;000, we find

S40;000 C
Z 1

40;001

dx

x2
�

1X

nD1

1

n2
� S40;001 C

Z 1

40;001

dx

x2
:

Now,

S40;000 D 1:6449090672I

S40;001 D S40;000 C 1

40;001
D 1:6449090678I

and
Z 1

40;001

dx

x2
D lim
R!1

Z R

40;001

dx

x2
D � lim

R!1

�
1

R
� 1

40;001

�
D 1

40;001
D 0:0000249994:

Thus,

1:6449090672 C 0:0000249994 �
1X

nD1

1

n2
� 1:6449090678 C 0:0000249994;

or

1:6449340665 �
1X

nD1

1

n2
� 1:6449340672:

Since
�2

6
� 1:6449340668, our approximation is consistent with Euler’s result.

86. Using a CAS and Eq. (5), determine the value of
1X

nD1
n�6 to within an error less than10�4. Check that your result is

consistent with that of Euler, who proved that the sum is equal to�6=945.

SOLUTION According to Eq. (5), if we chooseM so that.M C 1/�6 < 10�4, we can then approximate the sum to within10�4.

Solving.M C 1/�6 D 10�4 givesM C 1 D 10�2=3 � 4:641, so the smallest such integralM isM D 4. Denote byS the sum
of the series. Then

0 � S �
 

4X

nD1
n�6 C

Z 1

5
x�6 dx

!
� .M C 1/�6 < 10�4

We have

4X

nD1
n�6 D 1

1
C 1

64
C 1

729
C 1

4096
� 1:017240883

Z 1

5
x�6 dx D �1

5
x�5

ˇ̌
ˇ̌
1

5

D 1

56
� 0:000064

The sum of these two is� 1:017304883, while
�6

945
� 1:017343063. These two values differ by approximately0:000038180 <

10�4, so the result is consistent with Euler’s calculation.
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87. Using a CAS and Eq. (5), determine the value of
1X

nD1
n�5 to within an error less than10�4.

SOLUTION Using Eq. (5) withf .x/ D x�5 andan D n�5, we have

0 �
1X

nD1
n�5 �

0
@
MC1X

nD1
n�5 C

Z 1

MC1
x�5 dx

1
A � .M C 1/�5:

To guarantee an error less than10�4, we need.M C 1/�5 � 10�4. This yieldsM � 104=5 � 1 � 5:3, so we chooseM D 6.
Now,

7X

nD1
n�5 D 1:0368498887;

and
Z 1

7
x�5 dx D lim

R!1

Z R

7
x�5 dx D �1

4
lim
R!1

�
R�4 � 7�4

�
D 1

4 � 74
D 0:0001041233:

Thus,

1X

nD1
n�5 �

7X

nD1
n�5 C

Z 1

7
x�5 dx D 1:0368498887 C 0:0001041233 D 1:0369540120:

88. How far can a stack of identical books (of massm and unit length) extend without tipping over? The stack will not tip over if
the.nC 1/st book is placed at the bottom of the stack with its right edge located at the center of mass of the firstn books (Figure 1).
Let cn be the center of mass of the firstn books, measured along thex-axis, where we take the positivex-axis to the left of the
origin as in Figure 2. Recall that if an object of massm1 has center of mass atx1 and a second object ofm2 has center of massx2,
then the center of mass of the system hasx-coordinate

m1x1 Cm2x2

m1 Cm2

(a) Show that if the.nC 1/st book is placed with its right edge atcn, then its center of mass is located atcn C 1
2 .

(b) Consider the firstn books as a single object of massnm with center of mass atcn and the.nC 1/st book as a second object of

massm. Show that if the.nC 1/st book is placed with its right edge atcn, thencnC1 D cn C 1

2.nC 1/
.

(c) Prove that lim
n!1

cn D 1. Thus, by using enough books, the stack can be extended as far as desired without tipping over.

1

2

1

4

1

61

8

1

4

1

2

≈ 1.04 book lengths
25

24

+
1

6
+

1

8
+

25

24
=

FIGURE 1

x

1

..
.

1

6

1

4

1

2

0c1c2c3cncn+1

1

2(n + 1)

2

3

4

n

n + 1

FIGURE 2

SOLUTION

(a) If the right edge of the.n C 1/st book is located atcn and the book has unit length, then the left edge of the book must be
located atcn C 1. The center of mass can be found at the mean of these two points, or

cn C .cn C 1/

2
D 2cn C 1

2
D cn C 1

2

(b) We are givenm1 D nm; x1 D cn;m2 D m, and we foundx2 D cn C 1
2 in part (a). Therefore

cnC1 D m1x1 Cm2x2

m1 Cm2
D
nmcn Cm

�
cn C 1

2

�

nmCm
D cn .nmCm/

nmCm
C m

2m .nC 1/
D cn C 1

2 .nC 1/
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(c) From part (b), we can represent the center of mass of a stack ofn books by the seriescn D
nP
0

1
2.nC1/ ; or, equivalently,

nP
1

1
2n :

Now, we evaluate the series asn ! 1: Let f .x/ D 1=2x: This function is continuous, positive and decreasing on the interval
x � 1, so the Integral Test applies. Moreover,

Z 1

1

dx

2x
D lim
R!1

Z R

1

dx

2x
D lim
R!1

�
ln.R/

2
� ln1

2

�
D 1:

The integral diverges; hence, the series
1P
1

1
2n also diverges, and the stack of books can be extended as far as desired without tipping

over.

89. The following argument proves the divergence of the harmonic seriesS D
1X

nD1
1=n without using the Integral Test. Let

S1 D 1C 1

3
C 1

5
C � � � ; S2 D 1

2
C 1

4
C 1

6
C � � �

Show that ifS converges, then

(a) S1 andS2 also converge andS D S1 C S2.
(b) S1 > S2 andS2 D 1

2S .

Observe that (b) contradicts (a), and conclude thatS diverges.

SOLUTION Assume throughout thatS converges; we will derive a contradiction. Write

an D 1

n
; bn D 1

2n � 1
; cn D 1

2n

for thenth terms in the seriesS , S1, andS2. Since2n � 1 � n for n � 1, we havebn < an. SinceS D
P
an converges, so

doesS1 D
P
bn by the Comparison Test. Also,cn D 1

2
an, so again by the Comparison Test, the convergence ofS implies the

convergence ofS2 D
P
cn. Now, define two sequences

b0
n D

(
b.nC1/=2 n odd

0 n even

c0
n D

(
0 n odd

cn=2 n even

That is,b0
n andc0

n look like bn andcn, but have zeros inserted in the “missing” places compared toan. Thenan D b0
n C c0

n; also
S1 D

P
bn D

P
b0
n andS2 D

P
cn D

P
c0
n. Finally, sinceS , S1, andS2 all converge, we have

S D
1X

nD1
an D

1X

nD1
.b0
n C c0

n/ D
1X

nD1
b0
n C

1X

nD1
c0
n D

1X

nD1
bn C

1X

nD1
cn D S1 C S2

Now, bn > cn for everyn, so thatS1 > S2. Also, we showed above thatcn D 1

2
an, so that2S2 D S . Putting all this together

gives

S D S1 C S2 > S2 C S2 D 2S2 D S

so thatS > S , a contradiction. ThusS must diverge.

Further Insights and Challenges

90. Let S D
1X

nD2
an, wherean D .ln.ln n//� lnn.

(a) Show, by taking logarithms, thatan D n� ln.ln.lnn//.

(b) Show that ln.ln.lnn// � 2 if n > C , whereC D ee
e2

.
(c) Show thatS converges.

SOLUTION

(a) Let an D .ln.ln n//� lnn. Then

ln an D .� ln n/ ln.ln.ln n//;

and

an D e.� lnn/ ln.ln.lnn// D
�
elnn

�� ln.ln.lnn//
D n� ln.ln.lnn//:
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(b) Supposen > ee
e2

. Then

lnn > ln ee
e2

D ee
2 I

ln.lnn/ > ln ee
2 D e2I and

ln.ln.lnn// > ln e2 D 2:

(c) Combining the results from parts (a) and (b), we have

an D 1

nln.ln.lnn//
� 1

n2

for n > C D ee
e2

. The series
1X

nD1

1

n2
is a convergentp-series, so

1X

nDCC1

1

n2
also converges. By the Comparison Test we can

therefore conclude that the series
1X

nDCC1
an converges, which means that the series

1X

nD2
an converges.

91. Kummer’s Acceleration Method Suppose we wish to approximateS D
1X

nD1
1=n2. There is a similar telescoping series

whose value can be computed exactly (Example 1 in Section 10.2):

1X

nD1

1

n.nC 1/
D 1

(a) Verify that

S D
1X

nD1

1

n.nC 1/
C

1X

nD1

�
1

n2
� 1

n.nC 1/

�

Thus forM large,

S � 1C
MX

nD1

1

n2.nC 1/
6

(b) Explain what has been gained. Why is Eq. (6) a better approximation toS than is
MX

nD1
1=n2?

(c) Compute

1000X

nD1

1

n2
; 1C

100X

nD1

1

n2.nC 1/

Which is a better approximation toS , whose exact value is�2=6?

SOLUTION

(a) Because the series
1X

nD1

1

n2
and

1X

nD1

1

n.nC 1/
both converge,

1X

nD1

1

n.nC 1/
C

1X

nD1

�
1

n2
� 1

n.nC 1/

�
D

1X

nD1

1

n.nC 1/
C

1X

nD1

1

n2
�

1X

nD1

1

n.nC 1/
D

1X

nD1

1

n2
D S:

Now,

1

n2
� 1

n.nC 1/
D nC 1

n2.nC 1/
� n

n2.nC 1/
D 1

n2.nC 1/
;

so, forM large,

S � 1C
MX

nD1

1

n2.nC 1/
:

(b) The series
P1
nD1

1
n2.nC1/ converges more rapidly than

1X

nD1

1

n2
since the degree ofn in the denominator is larger.
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(c) Using a computer algebra system, we find

1000X

nD1

1

n2
D 1:6439345667 and 1C

100X

nD1

1

n2.nC 1/
D 1:6448848903:

The second sum is more accurate because it is closer to the exact solution
�2

6
� 1:6449340668.

92. The seriesS D
1X

kD1
k�3 has been computed to more than 100 million digits. The first 30 digits are

S D 1:202056903159594285399738161511

ApproximateS using the Acceleration Method of Exercise 91 withM D 100 and auxiliary series

R D
1X

nD1
.n.nC 1/.nC 2//�1:

According to Exercise 46 in Section 10.2,R is a telescoping series with the sumR D 1
4 .

SOLUTION We compute the difference between the general term of the given series and the general term of the auxiliary series:

1

k3
� 1

k.k C 1/.k C 2/
D .k C 1/.k C 2/ � k2

k3.k C 1/.k C 2/
D k2 C 3k C 2 � k2

k3.k C 1/.k C 2/
D 3k C 2

k3.k C 1/.k C 2/

Hence,

1X

kD1

1

k3
D

1X

kD1

1

k.k C 1/.k C 2/
C

1X

kD1

3k C 2

k3.k C 1/.k C 2/
D 1

4
C

1X

kD1

3k C 2

k3.k C 1/.k C 2/

WithM D 100 and using a computer algebra system, we find

1X

kD1

1

k3
� 1

4
C
100X

kD1

3k C 2

k3.k C 1/.k C 2/
D 1:2020559349:

10.4 Absolute and Conditional Convergence

Preliminary Questions
1. Give an example of a series such that

X
an converges but

X
janj diverges.

SOLUTION The series
X

.�1/n
3
p
n

converges by the Leibniz Test, but the positive series
X 1

3
p
n

is a divergentp-series.

2. Which of the following statements is equivalent to Theorem 1?

(a) If
1X

nD0
janj diverges, then

1X

nD0
an also diverges.

(b) If
1X

nD0
an diverges, then

1X

nD0
janj also diverges.

(c) If
1X

nD0
an converges, then

1X

nD0
janj also converges.

SOLUTION The correct answer is(b): If
1X

nD0
an diverges, then

1X

nD0
janj also diverges. Takean D .�1/n 1n to see that statements

(a) and(c) are not true in general.

3. Lathika argues that
1X

nD1
.�1/n

p
n is an alternating series and therefore converges. Is Lathika right?

SOLUTION No. Although
1X

nD1
.�1/n

p
n is an alternating series, the termsan D

p
n do not form a decreasing sequence that tends

to zero. In fact,an D
p
n is an increasing sequence that tends to1, so

1X

nD1
.�1/n

p
n diverges by the Divergence Test.
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4. Suppose thatan is positive, decreasing, and tends to0, and letS D
1X

nD1
.�1/n�1an. What can we say aboutjS � S100j if

a101 D 10�3? IsS larger or smaller thanS100?

SOLUTION From the text, we know thatjS � S100j < a101 D 10�3. Also, the Leibniz test tells us thatS2N < S < S2NC1 for
anyN � 1, so thatS100 < S .

Exercises
1. Show that

1X

nD0

.�1/n
2n

converges absolutely.

SOLUTION The positive series
1X

nD0

1

2n
is a geometric series withr D 1

2
. Thus, the positive series converges, and the given series

converges absolutely.

2. Show that the following series converges conditionally:

1X

nD1
.�1/n�1 1

n2=3
D 1

12=3
� 1

22=3
C 1

32=3
� 1

42=3
C � � �

SOLUTION Let an D 1
n2=3

. Thenan forms a decreasing sequence that tends to zero; hence, the series
1X

nD1
.�1/n�1 1

n2=3
con-

verges by the Leibniz Test. However, the positive series
1X

nD1

1

n2=3
is a divergentp-series, so the original series converges condi-

tionally.

In Exercises 3–10, determine whether the series converges absolutely, conditionally, or not at all.

3.
1X

nD1

.�1/n�1

n1=3

SOLUTION The sequencean D 1
n1=3

is positive, decreasing, and tends to zero; hence, the series
1X

nD1

.�1/n�1

n1=3
converges by the

Leibniz Test. However, the positive series
1X

nD1

1

n1=3
is a divergentp-series, so the original series converges conditionally.

4.
1X

nD1

.�1/n n4
n3 C 1

SOLUTION Because

lim
n!1

n4

n3 C 1
D 1;

the general term
.�1/nn4

n3 C 1
of the series does not tend to zero; hence, this series diverges by the Divergence Test.

5.
1X

nD0

.�1/n�1

.1:1/n

SOLUTION The positive series
1X

nD0

�
1

1:1

�n
is a convergent geometric series; thus, the original series converges absolutely.

6.
1X

nD1

sin.�n4 /

n2

SOLUTION Because
ˇ̌
ˇ̌
ˇ
sin
�
�n
4

�

n2

ˇ̌
ˇ̌
ˇ D

ˇ̌
sin
�
�n
4

�ˇ̌

n2
� 1

n2

the positive series forms a convergentp-series; thus, the original series converges absolutely.
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7.
1X

nD2

.�1/n
n lnn

SOLUTION Let an D 1
n lnn . Thenan forms a decreasing sequence (note thatn and lnn are both increasing functions ofn) that

tends to zero; hence, the series
1X

nD2

.�1/n
n lnn

converges by the Leibniz Test. However, the positive series
1X

nD2

1

n lnn
diverges, so the

original series converges conditionally.

8.
1X

nD1

.�1/n

1C 1
n

SOLUTION Because

lim
n!1

1

1C 1
n

D 1

1C 0
D 1;

the general term.�1/
n

1C 1
n

of the series does not tend to zero; hence, the series diverges by the Divergent Test.

9.
1X

nD2

cosn�

.lnn/2

SOLUTION Since cosn� alternates betweenC1 and�1,

1X

nD2

cosn�

.lnn/2
D

1X

nD2

.�1/n
.lnn/2

This is an alternating series whose general term decreases to zero, so it converges. The associated positive series,

1X

nD2

1

.lnn/2

is a divergent series, so the original series converges conditionally.

10.
1X

nD1

cosn

2n

SOLUTION The associated positive series is

1X

nD1

jcosnj
2n

�
1X

nD1

1

2n

which is a convergent geometric series. Thus the associated positive series converges, so the original series converges absolutely.

11. Let S D
1X

nD1
.�1/nC1 1

n3
.

(a) CalculateSn for 1 � n � 10.

(b) Use Eq. (2) to show that0:9 � S � 0:902.

SOLUTION

(a)

S1 D 1 S6 D S5 � 1

63
D 0:899782407

S2 D 1 � 1

23
D 7

8
D 0:875 S7 D S6 C 1

73
D 0:902697859

S3 D S2 C 1

33
D 0:912037037 S8 D S7 � 1

83
D 0:900744734

S4 D S3 � 1

43
D 0:896412037 S9 D S8 C 1

93
D 0:902116476

S5 D S4 C 1

53
D 0:904412037 S10 D S9 � 1

103
D 0:901116476
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(b) By Eq. (2),

jS10 � S j � a11 D 1

113
;

so

S10 � 1

113
� S � S10 C 1

113
;

or

0:900365161 � S � 0:901867791:

12. Use Eq. (2) to approximate

1X

nD1

.�1/nC1

nŠ

to four decimal places.

SOLUTION Let S D
1X

nD1

.�1/nC1

nŠ
, so thatan D 1

nŠ
. By Eq. (2),

jSN � S j � aNC1 D 1

.N C 1/Š
:

To guarantee accuracy to four decimal places, we must chooseN so that

1

.N C 1/Š
< 5 � 10�5 or .N C 1/Š > 20;000:

Because7Š D 5040 and8Š D 40; 320, the smallest value that satisfies the required inequality isN D 7. Thus,

S � S7 D 1 � 1

2Š
C 1

3Š
� 1

4Š
C 1

5Š
� 1

6Š
C 1

7Š
D 0:632142857:

13. Approximate
1X

nD1

.�1/nC1

n4
to three decimal places.

SOLUTION Let S D
1X

nD1

.�1/nC1

n4
, so thatan D 1

n4
. By Eq. (2),

jSN � S j � aNC1 D 1

.N C 1/4
:

To guarantee accuracy to three decimal places, we must chooseN so that

1

.N C 1/4
< 5 � 10�4 or N >

4
p
2000 � 1 � 5:7:

The smallest value that satisfies the required inequality is thenN D 6. Thus,

S � S6 D 1 � 1

24
C 1

34
� 1

44
C 1

54
� 1

64
D 0:946767824:

14. Let

S D
1X

nD1
.�1/n�1 n

n2 C 1

Use a computer algebra system to calculate and plot the partial sumsSn for 1 � n � 100. Observe that the partial sums zigzag
above and below the limit.

SOLUTION The partial sums associated with the alternating series
1X

nD1
.�1/n�1 n

n2 C 1
are plotted below. As expected, the partial

sums alternate between overestimating and underestimating the sum.
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0 8040 60 10020

0.2

0.3

0.4

0.5

Sn

n

In Exercises 15 and 16, find a value ofN such thatSN approximates the series with an error of at most10�5. If you have a CAS,
compute this value ofSN .

15.
1X

nD1

.�1/nC1

n.nC 2/.nC 3/

SOLUTION Let S D
1X

nD1

.�1/nC1

n .nC 2/ .nC 3/
, so thatan D 1

n .nC 2/ .nC 3/
. By Eq. (2),

jSN � S j � aNC1 D 1

.N C 1/.N C 3/.N C 4/
:

We must chooseN so that

1

.N C 1/.N C 3/.N C 4/
� 10�5 or .N C 1/.N C 3/.N C 4/ � 105:

ForN D 43, the product on the left hand side is 95,128, while forN D 44 the product is 101,520; hence, the smallest value ofN

which satisfies the required inequality isN D 44. Thus,

S � S44 D
44X

nD1

.�1/nC1

n.nC 2/.nC 3/
D 0:0656746:

16.
1X

nD1

.�1/nC1 lnn

nŠ

SOLUTION Let S D
1X

nD1

.�1/nC1 lnn

nŠ
, so thatan D ln n

nŠ
. By Eq. (2),

jSN � S j � aNC1 D ln.N C 1/

.N C 1/Š
:

To make the error at most10�5, we must chooseN so that

ln.N C 1/

.N C 1/Š
� 10�5:

ForN D 7, the left-hand side of the above inequality is5:157 � 10�5, while forN D 8, the left-hand side is6:055 � 10�6; hence,
the smallest value forN which satisfies the required inequality isN D 8. Thus,

S � S8 D
8X

nD1

.�1/nC1 ln n

nŠ
D �0:209975859:

In Exercises 17–32, determine convergence or divergence by any method.

17.
1X

nD0
7�n

SOLUTION This is a (positive) geometric series withr D 1

7
< 1, so it converges.

18.
1X

nD1

1

n7:5
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SOLUTION This is ap-series withp D 7:5 > 1, so it converges.

19.
1X

nD1

1

5n � 3n

SOLUTION Use the Limit Comparison Test with
1

5n
:

L D lim
n!1

1=.5n � 3n/

1=5n
D lim
n!1

5n

5n � 3n D lim
n!1

1

1 � .3=5/n D 1

But
P1
nD1

1

5n
is a convergent geometric series. SinceL D 1, the Limit Comparison Test tells us that the original series converges

as well.

20.
1X

nD2

n

n2 � n

SOLUTION Apply the Limit Comparison Test and compare with the divergent harmonic series:

L D lim
n!1

n
n2�n
1
n

D lim
n!1

n2

n2 � n
D 1:

BecauseL > 0, we conclude that the series
1X

nD2

n

n2 � n
diverges.

21.
1X

nD1

1

3n4 C 12n

SOLUTION Use the Limit Comparison Test with
1

3n4
:

L D lim
n!1

.1=.3n4 C 12n/

1=3n4
D lim
n!1

3n4

3n4 C 12n
D lim
n!1

1

1C 4n�3
D 1

But
P1
nD1

1

3n4
D 1

3

P1
nD1

1
n4 is a convergentp-series. SinceL D 1, the Limit Comparison Test tells us that the original series

converges as well.

22.
1X

nD1

.�1/np
n2 C 1

SOLUTION This is an alternating series withan D 1p
n2 C 1

. Becausean is a decreasing sequence that converges to zero, the

series
1X

nD1

.�1/np
n2 C 1

converges by the Leibniz Test.

23.
1X

nD1

1p
n2 C 1

SOLUTION Apply the Limit Comparison Test and compare the series with the divergent harmonic series:

L D lim
n!1

1p
n2C1
1
n

D lim
n!1

np
n2 C 1

D 1:

BecauseL > 0, we conclude that the series
1X

nD1

1p
n2 C 1

diverges.

24.
1X

nD0

.�1/nnp
n2 C 1

SOLUTION This series diverges, since the general term of the associated positive series tends to1, not to0:

lim
n!1

np
n2 C 1

D lim
n!1

s
n2

n2 C 1
D lim
n!1

s
1

1C n�2 D 1
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25.
1X

nD1

3n C .�2/n
5n

SOLUTION The series

1X

nD1

3n

5n
D

1X

nD1

�
3

5

�n

is a convergent geometric series, as is the series

1X

nD1

.�1/n 2n
5n

D
1X

nD1

�
�2
5

�n
:

Hence,

1X

nD1

3n C .�1/n2n
5n

D
1X

nD1

�
3

5

�n
C

1X

nD1

�
�2
5

�n

also converges.

26.
1X

nD1

.�1/nC1

.2nC 1/Š

SOLUTION This is an alternating series withan D 1

.2nC 1/Š
. Becausean is a decreasing sequence which converges to zero, the

series
1X

nD1

.�1/nC1

.2nC 1/Š
converges by the Leibniz Test.

27.
1X

nD1
.�1/nn2e�n3=3

SOLUTION Consider the associated positive series
1X

nD1
n2e�n3=3. This series can be seen to converge by the Integral Test:

Z 1

1
x2e�x3=3 dx D lim

R!1

Z R

1
x2e�x3=3 dx D � lim

R!1
e�x3=3

ˇ̌R
1

D e�1=3 C lim
R!1

e�R3=3 D e�1=3:

The integral converges, so the original series converges absolutely.

28.
1X

nD1
ne�n3=3

SOLUTION This is a positive series, and by the Comparison Test with the associated positive series in the previous exercise,

1X

nD1
ne�n3=3 �

1X

nD1
n2e�n3=3

Since the series on the right converges, so does the original series.

29.
1X

nD2

.�1/n

n1=2.ln n/2

SOLUTION This is an alternating series withan D 1

n1=2.lnn/2
. Becausean is a decreasing sequence which converges to zero,

the series
1X

nD2

.�1/n

n1=2.lnn/2
converges by the Leibniz Test. (Note that the series converges only conditionally, not absolutely; the

associated positive series is eventually greater than
1

n3=4
, which is a divergentp-series).

30.
1X

nD2

1

n.lnn/1=4

SOLUTION Use the Integral Test, with the substitutionu D ln x:

Z 1

2

1

x ln1=4 x
dx D lim

R!1

Z R

2

1

x ln1=4 x
dx D lim

R!1

Z R

ln2
u�1=4 du D lim

R!1
4

3
u3=4

ˇ̌R
ln2

D �4
3

�
.ln2/3=4 C lim

R!1
R3=4

�

The integral diverges, so the original series diverges as well.
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31.
1X

nD1

lnn

n1:05

SOLUTION ChooseN so that forn � N we have lnn � n0:01. Then

1X

nDN

lnn

n1:05
�

1X

nDN

n0:01

n1:05
D

1X

nDN

1

n1:04

This is a convergentp-series, so by the Comparison Test, the original series converges as well.

32.
1X

nD2

1

.lnn/2

SOLUTION ChooseN so that forn � N we have lnn < n0:25 so that ln2 n < n0:5. Then

1X

nDN

1

.lnn/2
>

1X

nDN

1

n0:5

This is a divergentp-series, so by the Comparison Test, the original series diverges as well.

33. Show that

S D 1

2
� 1

2
C 1

3
� 1

3
C 1

4
� 1

4
C � � �

converges by computing the partial sums. Does it converge absolutely?

SOLUTION The sequence of partial sums is

S1 D 1

2

S2 D S1 � 1

2
D 0

S3 D S2 C 1

3
D 1

3

S4 D S3 � 1

3
D 0

and, in general,

SN D

8
<
:

1

N
; for oddN

0; for evenN

Thus, lim
N!1

SN D 0, and the series converges to 0. The positive series is

1

2
C 1

2
C 1

3
C 1

3
C 1

4
C 1

4
C � � � D 2

1X

nD2

1

n
I

which diverges. Therefore, the original series converges conditionally, not absolutely.

34. The Leibniz Test cannot be applied to

1

2
� 1

3
C 1

22
� 1

32
C 1

23
� 1

33
C � � �

Why not? Show that it converges by another method.

SOLUTION The sequence of termsfang for this alternating series is

1

2
;
1

3
;
1

22
;
1

32
;
1

23
;
1

33
; : : : ;

1

2n
;
1

3n
;

1

2nC1 ;
1

3nC1 ; : : :

Now,

1

32
D 1

9
<
1

8
D 1

23
:

Moreover, if we assume that

1

3k
<

1

2kC1



1248 C H A P T E R 10 INFINITE SERIES

for somek, then

1

3kC1 D 1

3
� 1
3k

<
1

3

1

2kC1 <
1

2

1

2kC1 D 1

2kC2 :

Thus, by mathematical induction,

1

3n
<

1

2nC1

for all n � 2. The sequencefang is therefore not decreasing, and the Leibniz Test does not apply.
We may express the given series as

1X

nD1

�
1

2n
� 1

3n

�
:

Because

1X

nD1

1

2n
D

1X

nD1

�
1

2

�n
and

1X

nD1

1

3n
D

1X

nD1

�
1

3

�n

are both convergent geometric series, it follows that this series converges, and

1X

nD1

�
1

2n
� 1

3n

�
D

1X

nD1

�
1

2

�n
�

1X

nD1

�
1

3

�n
D

1
2

1 � 1
2

�
1
3

1 � 1
3

D 1 � 1

2
D 1

2
:

35. Assumptions Matter Show by counterexample that the Leibniz Test does not remain true if the sequencean tends
to zero but is not assumed nonincreasing.Hint: Consider

R D 1

2
� 1

4
C 1

3
� 1

8
C 1

4
� 1

16
C � � � C

�
1

n
� 1

2n

�
C � � �

SOLUTION Let

R D 1

2
� 1

4
C 1

3
� 1

8
C 1

4
� 1

16
C � � � C

�
1

nC 1
� 1

2nC1

�
C � � �

This is an alternating series with

an D

8
ˆ̂<
ˆ̂:

1

k C 1
; n D 2k � 1

1

2kC1 ; n D 2k

Note thatan ! 0 asn ! 1, but the sequencefang is not decreasing. We will now establish thatR diverges.
For sake of contradiction, suppose thatR converges. The geometric series

1X

nD1

1

2nC1

converges, so the sum ofR and this geometric series must also converge; however,

RC
1X

nD1

1

2nC1 D
1X

nD2

1

n
;

which diverges because the harmonic series diverges. Thus, the seriesR must diverge.

36. Determine whether the following series converges conditionally:

1 � 1

3
C 1

2
� 1

5
C 1

3
� 1

7
C 1

4
� 1

9
C 1

5
� 1

11
C � � �

SOLUTION Although the signs alternate, the termsan are not decreasing, so we cannot apply the Leibniz Test. However, we may
express the series as

1X

nD1

�
1

n
� 1

2nC 1

�
D

1X

nD1

nC 1

n.2nC 1/
:
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Using the Limit Comparison Test and comparing with the harmonic series, we find

L D lim
n!1

nC1
n.2nC1/

1
n

D lim
n!1

nC 1

2nC 1
D 1

2
:

BecauseL > 0, we conclude that the series

1 � 1

3
C 1

2
� 1

5
C 1

3
� 1

7
C 1

4
� 1

9
C 1

5
� 1

11
C � � �

diverges.

37. Prove that if
X

an converges absolutely, then
X

a2n also converges. Then give an example where
X

an is only conditionally

convergent and
X

a2n diverges.

SOLUTION Suppose the series
X

an converges absolutely. Because
X

janj converges, we know that

lim
n!1

janj D 0:

Therefore, there exists a positive integerN such thatjanj < 1 for all n � N . It then follows that forn � N ,

0 � a2n D janj2 D janj � janj < janj � 1 D janj:

By the Comparison Test we can then conclude that
X

a2n also converges.

Consider the series
1X

nD1

.�1/np
n

. This series converges by the Leibniz Test, but the corresponding positive series is a divergent

p-series; that is,
1X

nD1

.�1/np
n

is conditionally convergent. Now,
1X

nD1
a2n is the divergent harmonic series

1X

nD1

1

n
. Thus,

X
a2n need

not converge if
X

an is only conditionally convergent.

Further Insights and Challenges

38. Prove the following variant of the Leibniz Test: Iffang is a positive, decreasing sequence with lim
n!1an D 0, then the series

a1 C a2 � 2a3 C a4 C a5 � 2a6 C � � �

converges.Hint: Show thatS3N is increasing and bounded bya1 C a2, and continue as in the proof of the Leibniz Test.

SOLUTION Following the hint, we first examine the sequencefS3N g. Now,

S3NC3 D S3.NC1/ D S3N C a3NC1 C a3NC2 � 2a3NC3 D S3N C .a3NC1 � a3NC3/C .a3NC2 � a3NC3/ � S3N

becausefang is a decreasing sequence. Moreover,

S3N D a1 C a2 �
N�1X

kD1

�
2a3k � a3kC1 � a3kC2

�
� 2a3N

D a1 C a2 �
N�1X

kD1

��
a3k � a3kC1

�
C
�
a3k � a3kC2

�
� 2a3N

�
� a1 C a2

again becausefang is a decreasing sequence. Thus,fS3N g is an increasing sequence with an upper bound; hence,fS3N g converges.
Next,

S3NC1 D S3N C a3NC1 and S3NC2 D S3N C a3NC1 C a3NC2:

Given that lim
n!1

an D 0, it follows that

lim
N!1

S3NC1 D lim
N!1

S3NC2 D lim
N!1

S3N :

Having just established that lim
N!1

S3N exists, it follows that the sequencesfS3NC1g andfS3NC2g converge to the same limit.

Finally, we can conclude that the sequence of partial sumsfSN g converges, so the given series converges.

39. Use Exercise 38 to show that the following series converges:

S D 1

ln 2
C 1

ln 3
� 2

ln 4
C 1

ln 5
C 1

ln 6
� 2

ln 7
C � � �
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SOLUTION The given series has the structure of the generic series from Exercise 38 withan D 1
ln.nC1/ . Becausean is a positive,

decreasing sequence with lim
n!1

an D 0, we can conclude from Exercise 38 that the given series converges.

40. Prove the conditional convergence of

R D 1C 1

2
C 1

3
� 3

4
C 1

5
C 1

6
C 1

7
� 3

8
C � � �

SOLUTION Using Exercise 38 as a template, we first examine the sequencefR4N g. Now,

R4NC4 D R4.NC1/ D R4N C 1

4N C 1
C 1

4N C 2
C 1

4N C 3
� 3

4N C 4

D RN C
�

1

4N C 1
� 1

4N C 4

�
C
�

1

4N C 2
� 1

4N C 4

�
C
�

1

4N C 3
� 1

4N C 4

�
� R4N :

Moreover,

R4N D 1C 1

2
C 1

3
�
N�1X

kD1

�
3

4k
� 1

4k C 1
� 1

4k C 2
� 1

4k C 3

�
� 3

4N
� 1C 1

2
C 1

3
:

Thus,fR4N g is an increasing sequence with an upper bound; hence,fR4N g converges. Next,

R4NC1 D R4N C 1

4N C 1
I

R4NC2 D R4N C 1

4N C 1
C 1

4N C 2
I and

R4NC3 D R4N C 1

4N C 1
C 1

4N C 2
C 1

4N C 3
;

so

lim
n!1

R4NC1 D lim
N!1

R4NC2 D lim
N!1

R4NC3 D lim
N!1

R4N :

Having just established that lim
N!1

R4N exists, it follows that the sequencesfR4NC1g, fR4NC2g andfR4NC3g converge to the

same limit. Finally, we can conclude that the sequence of partial sumsfRN g converges, so the seriesR converges.
Now, consider the positive series

RC D 1C 1

2
C 1

3
C 3

4
C 1

5
C 1

6
C 1

7
C 3

8
C � � �

Because the terms in this series are greater than or equal to the corresponding terms in the divergent harmonic series, it follows
from the Comparison Test thatRC diverges. Thus, by definition,R converges conditionally.

41. Show that the following series diverges:

S D 1C 1

2
C 1

3
� 2

4
C 1

5
C 1

6
C 1

7
� 2

8
C � � �

Hint: Use the result of Exercise 40 to writeS as the sum of a convergent series and a divergent series.

SOLUTION Let

R D 1C 1

2
C 1

3
� 3

4
C 1

5
C 1

6
C 1

7
� 3

8
C � � �

and

S D 1C 1

2
C 1

3
� 2

4
C 1

5
C 1

6
C 1

7
� 2

8
C � � �

For sake of contradiction, suppose the seriesS converges. From Exercise 40, we know that the seriesR converges. Thus, the series
S � R must converge; however,

S � R D 1

4
C 1

8
C 1

12
C � � � D 1

4

1X

kD1

1

k
;

which diverges because the harmonic series diverges. Thus, the seriesS must diverge.
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42. Prove that

1X

nD1
.�1/nC1 .ln n/

a

n

converges for all exponentsa. Hint: Show thatf .x/ D .ln x/a=x is decreasing forx sufficiently large.

SOLUTION This is an alternating series withan D .lnn/a

n . Following the hint, consider the functionf .x/ D .lnx/a

x
. Now,

f 0.x/ D a.ln x/a�1 � .ln x/a

x2
D .lnx/a�1

x2
.a � ln x/;

sof 0.x/ < 0 andf is decreasing forx > ea. If a � 0, then it is clear that

lim
x!1

.lnx/a

x
D 0I

if a > 0, then repeated use of L’Hôpital’s Rule leads to the same conclusion. LetN be any integer greater thanea; then,fang

is a decreasing sequence forn � N which converges to zero and the series
1X

nDN
.�1/nC1 .ln n/

a

n
converges by the Leibniz Test.

Finally, the series
1X

nD1
.�1/nC1 .lnn/

a

n
also converges.

43. We say thatfbng is a rearrangement offang if fbng has the same terms asfang but occurring in a different order. Show that

if fbng is a rearrangement offang andS D
1X

nD1
an converges absolutely, thenT D

1X

nD1
bn also converges absolutely. (This result

does not hold ifS is only conditionally convergent.)Hint: Prove that the partial sums
NX

nD1
jbnj are bounded. It can be shown further

thatS D T .

SOLUTION Suppose the seriesS D
1X

nD1
an converges absolutely and denote the corresponding positive series by

SC D
1X

nD1
janj:

Further, letTN D
NX

nD1
jbnj denote theN th partial sum of the series

1X

nD1
jbnj. Becausefbng is a rearrangement offang, we know

that

0 � TN �
1X

nD1
janj D SCI

that is, the sequencefTN g is bounded. Moreover,

TNC1 D
NC1X

nD1
jbnj D TN C jbNC1j � TN I

that is, fTN g is increasing. It follows thatfTN g converges, so the series
1X

nD1
jbnj converges, which means the series

1X

nD1
bn

converges absolutely.

44. Assumptions Matter In 1829, Lejeune Dirichlet pointed out that the great French mathematician Augustin Louis Cauchy
made a mistake in a published paper by improperly assuming the Limit Comparison Test to be valid for nonpositive series. Here
are Dirichlet’s two series:

1X

nD1

.�1/np
n
;

1X

nD1

.�1/np
n

�
1C .�1/np

n

�

Explain how they provide a counterexample to the Limit Comparison Test when the series are not assumed to be positive.
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SOLUTION Let

R D
1X

nD1

.�1/np
n

and S D
1X

nD1

.�1/np
n

�
1C .�1/np

n

�

R is an alternating series that converges by the Leibniz Test; however, we cannot apply the Leibniz Test toS because the absolute
value of the terms inS is not decreasing. Because

L D lim
n!1

.�1/np
n

�
1C .�1/np

n

�

.�1/np
n

D lim
n!1

�
1C .�1/np

n

�
D 1;

if the Limit Comparison Test were valid for nonpositive series, we would conclude thatS converges. However, if we assume thatS

converges, then the seriesS � R would also converge. But

S � R D
1X

nD1

�
.�1/np

n
C 1

n
� .�1/np

n

�
D

1X

nD1

1

n
;

which is the divergent harmonic series. Thus,S diverges, and the Limit Comparison Test is not valid for nonpositive series.

10.5 The Ratio and Root Tests

Preliminary Questions

1. In the Ratio Test, is� equal to lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ or lim

n!1

ˇ̌
ˇ̌ an
anC1

ˇ̌
ˇ̌?

SOLUTION In the Ratio Test� is the limit lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌.

2. Is the Ratio Test conclusive for
1X

nD1

1

2n
? Is it conclusive for

1X

nD1

1

n
?

SOLUTION The general term of
1X

nD1

1

2n
isan D 1

2n
; thus,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

2nC1 � 2
n

1
D 1

2
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

2
< 1:

Consequently, the Ratio Test guarantees that the series
1X

nD1

1

2n
converges.

The general term of
1X

nD1

1

n
isan D 1

n
; thus,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

nC 1
� n
1

D n

nC 1
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1
n

nC 1
D 1:

The Ratio Test is therefore inconclusive for the series
1X

nD1

1

n
.

3. Can the Ratio Test be used to show convergence if the series is only conditionally convergent?

SOLUTION No. The Ratio Test can only establish absolute convergence and divergence, not conditional convergence.
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Exercises
In Exercises 1–20, apply the Ratio Test to determine convergence or divergence, or state that the Ratio Test is inconclusive.

1.
1X

nD1

1

5n

SOLUTION With an D 1
5n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

5nC1 � 5
n

1
D 1

5
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

5
< 1:

Therefore, the series
1X

nD1

1

5n
converges by the Ratio Test.

2.
1X

nD1

.�1/n�1n
5n

SOLUTION With an D .�1/n�1n
5n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D nC 1

5nC1 � 5
n

n
D nC 1

5n
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

5
< 1:

Therefore, the series
1X

nD1

.�1/n�1n
5n

converges by the Ratio Test.

3.
1X

nD1

1

nn

SOLUTION With an D 1
nn ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

.nC 1/nC1 � n
n

1
D 1

nC 1

�
n

nC 1

�n
D 1

nC 1

�
1C 1

n

��n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 � 1

e
D 0 < 1:

Therefore, the series
1X

nD1

1

nn
converges by the Ratio Test.

4.
1X

nD0

3nC 2

5n3 C 1

SOLUTION With an D 3nC2
5n3C1 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 3.nC 1/C 2

5.nC 1/3 C 1
� 5n

3 C 1

3nC 2
D 3nC 5

3nC 2
� 5n3 C 1

5.nC 1/3 C 1
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � 1 D 1:

Therefore, for the series
1X

nD0

3nC 2

5n3 C 1
, the Ratio Test is inconclusive.

We can show that this series converges by using the Limit Comparison Test and comparing with the convergentp-series
1X

nD1

1

n2
.

5.
1X

nD1

n

n2 C 1
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SOLUTION With an D n
n2C1 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D nC 1

.nC 1/2 C 1
� n
2 C 1

n
D nC 1

n
� n2 C 1

n2 C 2nC 2
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � 1 D 1:

Therefore, for the series
1X

nD1

n

n2 C 1
, the Ratio Test is inconclusive.

We can show that this series diverges by using the Limit Comparison Test and comparing with the divergent harmonic series.

6.
1X

nD1

2n

n

SOLUTION With an D 2n

n ,
ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2nC1

nC 1
� n
2n

D 2n

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2 > 1:

Therefore, the series
1X

nD1

2n

n
diverges by the Ratio Test.

7.
1X

nD1

2n

n100

SOLUTION With an D 2n

n100 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2nC1

.nC 1/100
� n
100

2n
D 2

�
n

nC 1

�100
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2 � 1100 D 2 > 1:

Therefore, the series
1X

nD1

2n

n100
diverges by the Ratio Test.

8.
1X

nD1

n3

3n
2

SOLUTION With an D n3

3n2 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/3

3.nC1/2 � 3
n2

n3
D
�
nC 1

n

�3
� 1

32nC1 and � D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 13 � 0 D 0 < 1:

Therefore, the series
1X

nD1

n3

3n
2

converges by the Ratio Test.

9.
1X

nD1

10n

2n
2

SOLUTION With an D 10n

2n2 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 10nC1

2.nC1/2 � 2
n2

10n
D 10 � 1

22nC1 and � D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 10 � 0 D 0 < 1:

Therefore, the series
1X

nD1

10n

2n
2

converges by the Ratio Test.

10.
1X

nD1

en

nŠ

SOLUTION With an D en

nŠ
,
ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D enC1

.nC 1/Š
� nŠ
en

D e

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 < 1:

Therefore, the series
1X

nD1

en

nŠ
converges by the Ratio Test.
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11.
1X

nD1

en

nn

SOLUTION With an D en

nn ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D enC1

.nC 1/nC1 � n
n

en
D e

nC 1

�
n

nC 1

�n
D e

nC 1

�
1C 1

n

��n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 � 1

e
D 0 < 1:

Therefore, the series
1X

nD1

en

nn
converges by the Ratio Test.

12.
1X

nD1

n40

nŠ

SOLUTION With an D n40

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/40

.nC 1/Š
� nŠ
n40

D 1

nC 1

�
nC 1

n

�40
D 1

nC 1

�
1C 1

n

�40
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 � 1 D 0 < 1:

Therefore, the series
1X

nD1

n40

nŠ
converges by the Ratio Test.

13.
1X

nD0

nŠ

6n

SOLUTION With an D nŠ
6n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/Š

6nC1 � 6
n

nŠ
D nC 1

6
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 > 1:

Therefore, the series
1X

nD0

nŠ

6n
diverges by the Ratio Test.

14.
1X

nD1

nŠ

n9

SOLUTION With an D nŠ
n9 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/Š

.nC 1/9
� n
9

nŠ
D n9

.nC 1/8
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 > 1:

Therefore, the series
1X

nD1

nŠ

n9
diverges by the Ratio Test.

15.
1X

nD2

1

n lnn

SOLUTION With an D 1
n lnn ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

.nC 1/ ln.nC 1/
� n ln n

1
D n

nC 1

lnn

ln.nC 1/
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � lim

n!1
ln n

ln.nC 1/
:



1256 C H A P T E R 10 INFINITE SERIES

Now,

lim
n!1

lnn

ln.nC 1/
D lim
x!1

ln x

ln.x C 1/
D lim
x!1

1=.x C 1/

1=x
D lim
x!1

x

x C 1
D 1:

Thus,� D 1, and the Ratio Test is inconclusive for the series
1X

nD2

1

n lnn
.

Using the Integral Test, we can show that the series
1X

nD2

1

n lnn
diverges.

16.
1X

nD1

1

.2n/Š

SOLUTION With an D 1
.2n/Š

,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

.2nC 2/Š
� .2n/Š

1
D 1

.2nC 2/.2nC 1/
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 < 1:

Therefore, the series
1X

nD1

1

.2n/Š
converges by the Ratio Test.

17.
1X

nD1

n2

.2nC 1/Š

SOLUTION With an D n2

.2nC1/Š ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/2

.2nC 3/Š
� .2nC 1/Š

n2
D
�
nC 1

n

�2 1

.2nC 3/.2nC 2/
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 12 � 0 D 0 < 1:

Therefore, the series
1X

nD1

n2

.2nC 1/Š
converges by the Ratio Test.

18.
1X

nD1

.nŠ/3

.3n/Š

SOLUTION With an D .nŠ/3

.3n/Š
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D ..nC 1/Š/3

.3.nC 1//Š
� .3n/Š
.nŠ/3

D .nC 1/3

.3nC 3/.3nC 2/.3nC 1/
D n3 C 3n2 C 3nC 1

27n3 C 54n2 C 33nC 6

D 1C 3n�1 C 3n�2 C 1n�3

27C 54n�1 C 33n�2 C 6n�3

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

27
< 1

Therefore, the series
1X

nD1

.nŠ/3

.3n/Š
converges by the Ratio Test.

19.
1X

nD2

1

2n C 1

SOLUTION With an D 1

2n C 1
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

2nC1 C 1
� 2
n C 1

1
D 1C 2�n

2C 2�n
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and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

2
< 1

Therefore, the series
1X

nD2

1

2n C 1
converges by the Ratio Test.

20.
1X

nD2

1

ln n

SOLUTION With an D 1

ln n
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

ln n
� ln.nC 1/

1
D ln.nC 1/

ln n

and (using L’Hôpital’s rule)

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

x!1

d
dx

ln.x C 1/

d
dx

lnx
D lim
x!1

x

x C 1
D 1

Therefore, the Ratio Test is inconclusive for
1X

nD2

1

lnn
. This series can be shown to diverge using the Comparison Test with the

harmonic series since lnn < n for n � 2.

21. Show that
1X

nD1
nk 3�n converges for all exponentsk.

SOLUTION With an D nk3�n,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/k3�.nC1/

nk3�n D 1

3

�
1C 1

n

�k
;

and, for allk,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

3
� 1 D 1

3
< 1:

Therefore, the series
1X

nD1
nk 3�n converges for all exponentsk by the Ratio Test.

22. Show that
1X

nD1
n2xn converges ifjxj < 1.

SOLUTION With an D n2xn,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/2jxjnC1

n2jxjn
D
�
1C 1

n

�2
jxj and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � jxj D jxj:

Therefore, by the Ratio Test, the series
1X

nD1
n2xn converges providedjxj < 1.

23. Show that
1X

nD1
2nxn converges ifjxj < 1

2 .

SOLUTION With an D 2nxn,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2nC1jxjnC1

2njxjn D 2jxj and � D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2jxj:

Therefore,� < 1 and the series
1X

nD1
2nxn converges by the Ratio Test providedjxj < 1

2 .
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24. Show that
1X

nD1

rn

nŠ
converges for allr .

SOLUTION With an D rn

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jr jnC1

.nC 1/Š
� nŠ

jr jn D jr j
nC 1

and � D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 � jr j D 0 < 1:

Therefore, the series
1X

nD1

rn

nŠ
converges by the Ratio Test for allr .

25. Show that
1X

nD1

rn

n
converges ifjr j < 1.

SOLUTION With an D rn

n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jr jnC1

nC 1
� n

jr jn D jr j n

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � jr j D jr j:

Therefore, by the Ratio Test, the series
1X

nD1

rn

n
converges providedjr j < 1.

26. Is there any value ofk such that
1X

nD1

2n

nk
converges?

SOLUTION With an D 2n

nk
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2nC1

.nC 1/k
� n
k

2n
D 2

�
n

nC 1

�k
;

and, for allk,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2 � 1k D 2 > 1:

Therefore, by the Ratio Test, there is no value fork such that the series
1X

nD1

2n

nk
converges.

27. Show that
1X

nD1

nŠ

nn
converges.Hint: Use lim

n!1

�
1C 1

n

�n
D e.

SOLUTION With an D nŠ
nn ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/Š

.nC 1/nC1 � n
n

nŠ
D
�

n

nC 1

�n
D
�
1C 1

n

��n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

e
< 1:

Therefore, the series
1X

nD1

nŠ

nn
converges by the Ratio Test.

In Exercises 28–33, assume thatjanC1=anj converges to� D 1
3 . What can you say about the convergence of the given series?

28.
1X

nD1
nan

SOLUTION Let bn D nan. Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1
nC 1

n

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � 1

3
D 1

3
< 1:

Therefore, the series
1X

nD1
nan converges by the Ratio Test.
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29.
1X

nD1
n3an

SOLUTION Let bn D n3an. Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1

�
nC 1

n

�3 ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 13 � 1

3
D 1

3
< 1:

Therefore, the series
1X

nD1
n3an converges by the Ratio Test.

30.
1X

nD1
2nan

SOLUTION Let bn D 2nan. Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1
2nC1

2n

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2 � 1

3
D 2

3
< 1:

Therefore, the series
1X

nD1
2nan converges by the Ratio Test.

31.
1X

nD1
3nan

SOLUTION Let bn D 3nan. Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1
3nC1

3n

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 3 � 1

3
D 1:

Therefore, the Ratio Test is inconclusive for the series
1X

nD1
3nan.

32.
1X

nD1
4nan

SOLUTION Let bn D 4nan. Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1
4nC1

4n

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 4 � 1

3
D 4

3
> 1:

Therefore, the series
1X

nD1
4nan diverges by the Ratio Test.

33.
1X

nD1
a2n

SOLUTION Let bn D a2n. Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌
2

D
�
1

3

�2
D 1

9
< 1:

Therefore, the series
1X

nD1
a2n converges by the Ratio Test.

34. Assume thatjanC1=anj converges to� D 4. Does
P1
nD1 a

�1
n converge (assume thatan ¤ 0 for all n)?

SOLUTION Let bn D a�1
n . Then

� D lim
n!1

ˇ̌
ˇ̌bnC1
bn

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌ an
anC1

ˇ̌
ˇ̌ D 1

limn!1
ˇ̌
ˇ anC1

an

ˇ̌
ˇ

D 1

4
< 1:

Therefore, the series
1X

nD1
a�1
n converges by the Ratio Test.
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35. Is the Ratio Test conclusive for thep-series
1X

nD1

1

np
?

SOLUTION With an D 1
np ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

.nC 1/p
� n
p

1
D
�

n

nC 1

�p
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1p D 1:

Therefore, the Ratio Test is inconclusive for thep-series
1X

nD1

1

np
.

In Exercises 36–41, use the Root Test to determine convergence or divergence (or state that the test is inconclusive).

36.
1X

nD0

1

10n

SOLUTION With an D 1
10n ,

n
p
an D n

r
1

10n
D 1

10
and lim

n!1
n
p
an D 1

10
< 1:

Therefore, the series
1X

nD0

1

10n
converges by the Root Test.

37.
1X

nD1

1

nn

SOLUTION With an D 1
nn ,

n
p
an D n

r
1

nn
D 1

n
and lim

n!1
n
p
an D 0 < 1:

Therefore, the series
1X

nD1

1

nn
converges by the Root Test.

38.
1X

kD0

�
k

k C 10

�k

SOLUTION With ak D
�

k
kC10

�k
,

k
p
ak D k

s�
k

k C 10

�k
D k

k C 10
and lim

k!1
k
p
ak D 1:

Therefore, the Root Test is inconclusive for the series
1X

kD0

�
k

k C 10

�k
. Because

lim
k!1

ak D lim
k!1

�
1C 10

k

��k
D lim
k!1

"�
1C 10

k

�k=10#�10
D e�10 ¤ 0;

this series diverges by the Divergence Test.

39.
1X

kD0

�
k

3k C 1

�k

SOLUTION With ak D
�

k
3kC1

�k
,

k
p
ak D k

s�
k

3k C 1

�k
D k

3k C 1
and lim

k!1
k
p
ak D 1

3
< 1:

Therefore, the series
1X

kD0

�
k

3k C 1

�k
converges by the Root Test.
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40.
1X

nD1

�
1C 1

n

��n

SOLUTION With ak D
�
1C 1

n

��n,

n
p
an D n

s�
1C 1

n

��n
D
�
1C 1

n

��1
and lim

n!1
n
p
an D 1�1 D 1:

Therefore, the Root Test is inconclusive for the series
1X

nD1

�
1C 1

n

��n
.

Because

lim
n!1an D lim

n!1

�
1C 1

n

��n
D lim
n!1

��
1C 1

n

�n��1
D e�1 ¤ 0;

this series diverges by the Divergence Test.

41.
1X

nD4

�
1C 1

n

��n2

SOLUTION With ak D
�
1C 1

n

��n2

,

n
p
an D n

s�
1C 1

n

��n2

D
�
1C 1

n

��n
and lim

n!1
n
p
an D e�1 < 1:

Therefore, the series
1X

nD4

�
1C 1

n

��n2

converges by the Root Test.

42. Prove that
1X

nD1

2n
2

nŠ
diverges.Hint: Use2n

2 D .2n/n andnŠ � nn.

SOLUTION BecausenŠ � nn,

2n
2

nŠ
� 2n

2

nn
:

Now, letan D 2n2

nn . Then

n
p
an D

n

s
2n

2

nn
D 2n

n
;

and

lim
n!1

n
p
an D lim

n!1
2n

n
D lim
x!1

2x

x
D lim
x!1

2x ln 2

1
D 1 > 1:

Therefore, the series
1X

nD1

2n
2

nn
diverges by the Root Test. By the Comparison Test, we can then conclude that the series

1X

nD1

2n
2

nŠ

also diverges.

In Exercises 43–56, determine convergence or divergence using any method covered in the text so far.

43.
1X

nD1

2n C 4n

7n

SOLUTION Because the series

1X

nD1

2n

7n
D

1X

nD1

�
2

7

�n
and

1X

nD1

4n

7n
D

1X

nD1

�
4

7

�n

are both convergent geometric series, it follows that

1X

nD1

2n C 4n

7n
D

1X

nD1

�
2

7

�n
C

1X

nD1

�
4

7

�n

also converges.
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44.
1X

nD1

n3

nŠ

SOLUTION The presence of the factorial suggests applying the Ratio Test. Withan D n3

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/3

.nC 1/Š
� nŠ
n3

D .nC 1/2

n3
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0 < 1:

Therefore, the series
1X

nD1

n3

nŠ
converges by the Ratio Test.

45.
1X

nD1

n3

5n

SOLUTION The presence of the exponential term suggests applying the Ratio Test. Withan D n3

5n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/3

5nC1 � 5
n

n3
D 1

5

�
1C 1

n

�3
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

5
� 13 D 1

5
< 1:

Therefore, the series
1X

nD1

n3

5n
converges by the Ratio Test.

46.
1X

nD2

1

n.lnn/3

SOLUTION The general term in this series suggests applying the Integral Test. Letf .x/ D 1
x.lnx/3

. This function is continuous,

positive and decreasing forx � 2, so the Integral Test does apply. Now

Z 1

2

dx

x.lnx/3
D lim
R!1

Z R

2

dx

x.lnx/3
D lim
R!1

Z lnR

ln2

du

u3
D �1

2
lim
R!1

�
1

.lnR/2
� 1

.ln2/2

�
D 1

2.ln2/2
:

The integral converges; hence, the series
1X

nD2

1

n.lnn/3
also converges.

47.
1X

nD2

1p
n3 � n2

SOLUTION This series is similar to ap-series; because

1p
n3 � n2

� 1p
n3

D 1

n3=2

for largen, we will apply the Limit Comparison Test comparing with thep-series withp D 3
2 . Now,

L D lim
n!1

1p
n3�n2

1
n3=2

D lim
n!1

s
n3

n3 � n2
D 1:

Thep-series withp D 3
2 converges andL exists; therefore, the series

1X

nD2

1p
n3 � n2

also converges.

48.
1X

nD1

n2 C 4n

3n4 C 9

SOLUTION This series is similar to ap-series; because

n2 C 4n

3n4 C 9
� n2p

3n4
D 1

3n2

for largen, we will apply the Limit Comparison Test comparing with thep-series withp D 2. Now,

L D lim
n!1

n2C4n
3n4C9
1
n2

D lim
n!1

n4 C 4n3

3n4 C 9
D 1

3
:

Thep-series withp D 2 converges andL exists; therefore, the series
1X

nD1

n2 C 4n

3n4 C 9
also converges.
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49.
1X

nD1
n�0:8

SOLUTION

1X

nD1
n�0:8 D

1X

nD1

1

n0:8

so that this is a divergentp-series.

50.
1X

nD1
.0:8/�nn�0:8

SOLUTION

1X

nD1
.0:8/�nn�0:8 D

1X

nD1
.0:8�1/nn�0:8 D

1X

nD1

1:25n

n0:8

With an D 1:25n

n0:8 we have
ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1:25nC1

.nC 1/0:8
� n

0:8

1:25n
D 1:25

�
n

nC 1

�0:8

so that

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1:25 > 1

Thus the original series diverges, by the Ratio Test.

51.
1X

nD1
4�2nC1

SOLUTION Observe
1X

nD1
4�2nC1 D

1X

nD1
4 � .4�2/n D

1X

nD1
4

�
1

16

�n

is a geometric series withr D 1
16 ; therefore, this series converges.

52.
1X

nD1

.�1/n�1
p
n

SOLUTION This is an alternating series withan D 1p
n

. Becausean forms a decreasing sequence which converges to zero, the

series
1X

nD1

.�1/n�1
p
n

converges by the Leibniz Test.

53.
1X

nD1
sin

1

n2

SOLUTION Here, we will apply the Limit Comparison Test, comparing with thep-series withp D 2. Now,

L D lim
n!1

sin 1
n2

1
n2

D lim
u!0

sinu

u
D 1;

whereu D 1
n2 . Thep-series withp D 2 converges andL exists; therefore, the series

1X

nD1
sin

1

n2
also converges.

54.
1X

nD1
.�1/n cos

1

n

SOLUTION Because

lim
n!1

cos
1

n
D cos0 D 1 ¤ 0;

the general term in the series
1X

nD1
.�1/n cos

1

n
does not tend toward zero; therefore, the series diverges by the Divergence Test.
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55.
1X

nD1

.�2/np
n

SOLUTION Because

lim
n!1

2np
n

D lim
x!1

2xp
x

D lim
x!1

2x ln 2
1

2
p
x

D lim
x!1 2xC1p

x ln2 D 1 ¤ 0;

the general term in the series
1X

nD1

.�2/np
n

does not tend toward zero; therefore, the series diverges by the Divergence Test.

56.
1X

nD1

�
n

nC 12

�n

SOLUTION Because the general term has the form of a function ofn raised to thenth power, we might be tempted to use the Root
Test; however, the Root Test is inconclusive for this series. Instead, note

lim
n!1

an D lim
n!1

�
1C 12

n

��n
D lim
n!1

"�
1C 12

n

�n=12#�12
D e�12 ¤ 0:

Therefore, the series diverges by the Divergence Test.

Further Insights and Challenges

57. Proof of the Root Test LetS D
1X

nD0
an be a positive series, and assume thatL D lim

n!1
n
p
an exists.

(a) Show thatS converges ifL < 1. Hint: ChooseR with L < R < 1 and show thatan � Rn for n sufficiently large. Then
compare with the geometric series

X
Rn.

(b) Show thatS diverges ifL > 1.

SOLUTION Suppose lim
n!1

n
p
an D L exists.

(a) If L < 1, let � D 1 � L

2
. By the definition of a limit, there is a positive integerN such that

�� � n
p
an � L � �

for n � N . From this, we conclude that

0 � n
p
an � LC �

for n � N . Now, letR D LC �. Then

R D LC 1 �L
2

D LC 1

2
<
1C 1

2
D 1;

and

0 � n
p
an � R or 0 � an � Rn

for n � N . Because0 � R < 1, the series
1X

nDN
Rn is a convergent geometric series, so the series

1X

nDN
an converges by the

Comparison Test. Therefore, the series
1X

nD0
an also converges.

(b) If L > 1, let � D L � 1

2
. By the definition of a limit, there is a positive integerN such that

�� � n
p
an � L � �

for n � N . From this, we conclude that

L � � � n
p
an

for n � N . Now, letR D L � �. Then

R D L � L � 1

2
D LC 1

2
>
1C 1

2
D 1;
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and

R � n
p
an or Rn � an

for n � N . BecauseR > 1, the series
1X

nDN
Rn is a divergent geometric series, so the series

1X

nDN
an diverges by the Comparison

Test. Therefore, the series
1X

nD0
an also diverges.

58. Show that the Ratio Test does not apply, but verify convergence using the Comparison Test for the series

1

2
C 1

32
C 1

23
C 1

34
C 1

25
C � � �

SOLUTION The general term of the series is:

an D

8
ˆ̂<
ˆ̂:

1

2n
n odd

1

3n
n even

First use the Ratio Test. Ifn is even,

anC1
an

D
1

2nC1

1
3n

D 3n

2nC1 D 1

2
�
�
3

2

�n

whereas, ifn is odd,

anC1
an

D
1

3nC1

1
2n

D 2n

3nC1 D 1

3
�
�
2

3

�n

Since lim
n!1

1

3
�
�
2

3

�n
D 0 and lim

n!1
1

2
�
�
3

2

�n
D 1, the sequence

anC1
an

does not converge, and the Ratio Test is inconclusive.

However, we have0 � an � 1

2n
for all n, so the series converges by comparison with the convergent geometric series

1X

nD1

1

2n

59. Let S D
1X

nD1

cnnŠ

nn
, wherec is a constant.

(a) Prove thatS converges absolutely ifjcj < e and diverges ifjcj > e.

(b) It is known that lim
n!1

ennŠ

nnC1=2 D
p
2� . Verify this numerically.

(c) Use the Limit Comparison Test to prove thatS diverges forc D e.

SOLUTION

(a) With an D cnnŠ
nn ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jcjnC1.nC 1/Š

.nC 1/nC1 � nn

jcjnnŠ D jcj
�

n

nC 1

�n
D jcj

�
1C 1

n

��n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jcje�1:

Thus, by the Ratio Test, the series
1X

nD1

cnnŠ

nn
converges whenjcje�1 < 1, or whenjcj < e. The series diverges whenjcj > e.

(b) The table below lists the value ofe
nnŠ

nnC1=2
for several increasing values ofn. Since

p
2� D 2:506628275, the numerical

evidence verifies that

lim
n!1

ennŠ

nnC1=2 D
p
2�:
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n 100 1000 10000 100000

ennŠ
nnC1=2

2.508717995 2.506837169 2.506649163 2.506630363

(c) With c D e, the seriesS becomes
1X

nD1

ennŠ

nn
. Using the result from part (b),

L D lim
n!1

ennŠ
nnp
n

D lim
n!1

ennŠ

nnC1=2 D
p
2�:

Because the series
1X

nD1

p
n diverges by the Divergence Test andL > 0, we conclude that

1X

nD1

ennŠ

nn
diverges by the Limit Compar-

ison Test.

10.6 Power Series

Preliminary Questions
1. Suppose that

X
anx

n converges forx D 5. Must it also converge forx D 4? What aboutx D �3?

SOLUTION The power series
X

anx
n is centered atx D 0. Because the series converges forx D 5, the radius of convergence

must be at least 5 and the series converges absolutely at least for the intervaljxj < 5. Both x D 4 andx D �3 are inside this
interval, so the series converges forx D 4 and forx D �3.

2. Suppose that
X

an.x � 6/n converges forx D 10. At which of the points (a)–(d) must it also converge?

(a) x D 8 (b) x D 11 (c) x D 3 (d) x D 0

SOLUTION The given power series is centered atx D 6. Because the series converges forx D 10, the radius of convergence
must be at leastj10 � 6j D 4 and the series converges absolutely at least for the intervaljx � 6j < 4, or 2 < x < 10.

(a) x D 8 is inside the interval2 < x < 10, so the series converges forx D 8.
(b) x D 11 is not inside the interval2 < x < 10, so the series may or may not converge forx D 11.
(c) x D 3 is inside the interval2 < x < 10, so the series converges forx D 2.
(d) x D 0 is not inside the interval2 < x < 10, so the series may or may not converge forx D 0.

3. What is the radius of convergence ofF.3x/ if F.x/ is a power series with radius of convergenceR D 12?

SOLUTION If the power seriesF.x/ has radius of convergenceR D 12, then the power seriesF.3x/ has radius of convergence

R D 12
3 D 4.

4. The power seriesF.x/ D
1X

nD1
nxn has radius of convergenceR D 1. What is the power series expansion ofF 0.x/ and what

is its radius of convergence?

SOLUTION We obtain the power series expansion forF 0.x/ by differentiating the power series expansion forF.x/ term-by-term.
Thus,

F 0.x/ D
1X

nD1
n2xn�1:

The radius of convergence for this series isR D 1, the same as the radius of convergence for the series expansion forF.x/.

Exercises

1. Use the Ratio Test to determine the radius of convergenceR of
1X

nD0

xn

2n
. Does it converge at the endpointsx D ˙R?

SOLUTION With an D xn

2n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jxjnC1

2nC1 � 2
n

jxjn D jxj
2

and � D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jxj

2
:

By the Ratio Test, the series converges when� D jxj
2 < 1, or jxj < 2, and diverges when� D jxj

2 > 1, or jxj > 2. The radius of

convergence is thereforeR D 2. Forx D �2, the left endpoint, the series becomes
P1
nD0.�1/n, which is divergent. Forx D 2,

the right endpoint, the series becomes
P1
nD0 1, which is also divergent. Thus the series diverges at both endpoints.
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2. Use the Ratio Test to show that
1X

nD1

xnp
n2n

has radius of convergenceR D 2. Then determine whether it converges at the

endpointsR D ˙2.

SOLUTION With an D xnp
n2n

,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jxjnC1

p
nC 1 � 2nC1 �

p
n � 2n
jxjn D jxj

2
�
r

n

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jxj

2
� 1 D jxj

2
:

By the Ratio Test, the series converges when� D jxj
2 < 1, or jxj < 2, and diverges when� D jxj

2 > 1, or jxj > 2. The radius of
convergence is thereforeR D 2.

For the endpointx D 2, the series becomes

1X

nD1

2np
n � 2n

D
1X

nD1

1p
n
;

which is a divergentp-series. For the endpointx D �2, the series becomes

1X

nD1

.�2/np
n � 2n

D
1X

nD1

.�1/np
n
:

This alternating series converges by the Leibniz Test, but its associated positive series is a divergentp-series. Thus, the series for
x D �2 is conditionally convergent.

3. Show that the power series (a)–(c) have the same radius of convergence. Then show that (a) diverges at both endpoints, (b) con-
verges at one endpoint but diverges at the other, and (c) converges at both endpoints.

(a)
1X

nD1

xn

3n
(b)

1X

nD1

xn

n3n
(c)

1X

nD1

xn

n23n

SOLUTION

(a) With an D xn

3n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
xnC1

3nC1 � 3
n

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇx
3

ˇ̌
ˇ D

ˇ̌
ˇx
3

ˇ̌
ˇ

Then� < 1 if jxj < 3, so that the radius of convergence isR D 3. For the endpointx D 3, the series becomes

1X

nD1

3n

3n
D

1X

nD1
1;

which diverges by the Divergence Test. For the endpointx D �3, the series becomes

1X

nD1

.�3/n
3n

D
1X

nD1
.�1/n;

which also diverges by the Divergence Test.

(b) With an D xn

n3n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ

xnC1

.nC 1/3nC1 � n3
n

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x
3

�
n

nC 1

�ˇ̌
ˇ̌ D

ˇ̌
ˇx
3

ˇ̌
ˇ :

Then� < 1 whenjxj < 3, so that the radius of convergence isR D 3. For the endpointx D 3, the series becomes

1X

nD1

3n

n3n
D

1X

nD1

1

n
;

which is the divergent harmonic series. For the endpointx D �3, the series becomes

1X

nD1

.�3/n
n3n

D
1X

nD1

.�1/n
n

;

which converges by the Leibniz Test.
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(c) With an D xn

n23n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ

xnC1

.nC 1/23nC1 � n
23n

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ
x

3

�
n

nC 1

�2 ˇ̌ˇ̌
ˇ D

ˇ̌
ˇx
3

ˇ̌
ˇ

Then� < 1 whenjxj < 3, so that the radius of convergence isR D 3. For the endpointx D 3, the series becomes

1X

nD1

3n

n23n
D

1X

nD1

1

n2
;

which is a convergentp-series. For the endpointx D �3, the series becomes

1X

nD1

.�3/n

n23n
D

1X

nD1

.�1/n

n2
;

which converges by the Leibniz Test.

4. Repeat Exercise 3 for the following series:

(a)
1X

nD1

.x � 5/n

9n
(b)

1X

nD1

.x � 5/n

n9n
(c)

1X

nD1

.x � 5/n

n29n

SOLUTION

(a) With an D .x�5/n
9n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.x � 5/nC1

9nC1 � 9n

.x � 5/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x � 5

9

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌x � 5
9

ˇ̌
ˇ̌

Then� < 1 when jx � 5j < 9, so that the radius of convergence isR D 9. Because the series is centered atx D 5, the series
converges absolutely on the intervaljx � 5j < 9, or �4 < x < 14. For the endpointx D 14, the series becomes

1X

nD1

.14 � 5/n

9n
D

1X

nD1
1;

which diverges by the Divergence Test. For the endpointx D �4, the series becomes

1X

nD1

.�4 � 5/n

9n
D

1X

nD1
.�1/n;

which also diverges by the Divergence Test.

(b) With an D .x�5/n
n9n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.x � 5/nC1

.nC 1/9nC1 � n9n

.x � 5/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x � 5
9

n

nC 1

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌x � 5

9

ˇ̌
ˇ̌ :

Then� < 1 when jx � 5j < 9, so that the radius of convergence isR D 9. Because the series is centered atx D 5, the series
converges absolutely on the intervaljx � 5j < 9, or �4 < x < 14. For the endpointx D 14, the series becomes

1X

nD1

.14 � 5/n

n9n
D

1X

nD1

1

n
;

which is the divergent harmonic series. For the endpointx D �4, the series becomes

1X

nD1

.�4 � 5/n

n9n
D

1X

nD1

.�1/n
n

;

which converges by the Leibniz Test.

(c) With an D .x�5/n
n29n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.x � 5/nC1

.nC 1/29nC1 � n29n

.x � 5/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ
x � 5

9

�
n

nC 1

�2 ˇ̌ˇ̌
ˇ D

ˇ̌
ˇ̌x � 5

9

ˇ̌
ˇ̌ :
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Then� < 1 when jx � 5j < 9, so that the radius of convergence isR D 9. Because the series is centered atx D 5, the series
converges absolutely on the intervaljx � 5j < 9, or �4 < x < 14. For the endpointx D 14, the series becomes

1X

nD1

.14 � 5/n

n29n
D

1X

nD1

1

n2
;

which is a convergentp-series. For the endpointx D �4, the series becomes

1X

nD1

.�4 � 5/n

n29n
D

1X

nD1

.�1/n

n2
;

which converges by the Leibniz Test.

5. Show that
1X

nD0
nnxn diverges for allx ¤ 0.

SOLUTION With an D nnxn, and assumingx ¤ 0,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/nC1xnC1

nnxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x
�
1C 1

n

�n
.nC 1/

ˇ̌
ˇ̌ D 1

� < 1 only if x D 0, so that the radius of convergence is thereforeR D 0. In other words, the power series converges only for
x D 0.

6. For which values ofx does
1X

nD0
nŠxn converge?

SOLUTION With an D nŠxn, and assumingx ¤ 0,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/ŠxnC1

nŠxn

ˇ̌
ˇ̌
ˇ D lim

n!1
j.nC 1/xj D 1

� < 1 only if x D 0, so that the radius of convergence isR D 0. In other words, the power series converges only forx D 0.

7. Use the Ratio Test to show that
1X

nD0

x2n

3n
has radius of convergenceR D

p
3.

SOLUTION With an D x2n

3n
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
x2.nC1/

3nC1 � 3
n

x2n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ
x2

3

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ
x2

3

ˇ̌
ˇ̌
ˇ

Then� < 1 whenjx2j < 3, or x D
p
3, so the radius of convergence isR D

p
3.

8. Show that
1X

nD0

x3nC1

64n
has radius of convergenceR D 4.

SOLUTION With an D x3nC1

64n
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
x3.nC1/C1

64nC1 � 64n

x3nC1

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ
x3

64

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ
x3

64

ˇ̌
ˇ̌
ˇ

Then� < 1 whenjxj3 < 64 or jxj D 4, so the radius of convergence isR D 4.

In Exercises 9–34, find the interval of convergence.

9.
1X

nD0
nxn

SOLUTION With an D nxn,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/xnC1

nxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x nC 1

n

ˇ̌
ˇ̌ D jxj

Then� < 1 whenjxj < 1, so that the radius of convergence isR D 1, and the series converges absolutely on the intervaljxj < 1, or

�1 < x < 1. For the endpointx D 1, the series becomes
1X

nD0
n, which diverges by the Divergence Test. For the endpointx D �1,
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the series becomes
1X

nD1
.�1/nn, which also diverges by the Divergence Test. Thus, the series

1X

nD0
nxn converges for�1 < x < 1

and diverges elsewhere.

10.
1X

nD1

2n

n
xn

SOLUTION With an D 2n

n x
n,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
2nC1xnC1

nC 1
� n

2nxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌2x n

nC 1

ˇ̌
ˇ̌ D j2xj

� < 1 when jxj < 1
2 , so the radius of convergence isR D 1

2 , and the series converges absolutely on the intervaljxj < 1
2 , or

�1
2 < x <

1
2 . For the endpointx D 1

2 , the series becomes
1X

nD1

1

n
, which is the divergent harmonic series. For the endpointx D �1

2 ,

the series becomes
1X

nD1

.�1/n
n

, which converges by the Leibniz Test. Thus, the series
1X

nD1

2n

n
xn converges for�1

2 � x < 1
2 and

diverges elsewhere.

11.
1X

nD1
.�1/n x

2nC1

2nn

SOLUTION With an D .�1/n x
2nC1

2nn
,

� D lim
n!1

ˇ̌
ˇ̌
ˇ
x2.nC1/C1

2nC1.nC 1/
� 2nn

x2nC1

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ
x2

2
� n

nC 1

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ
x2

2

ˇ̌
ˇ̌
ˇ

Then � < 1 when jxj <
p
2, so the radius of convergence isR D

p
2, and the series converges absolutely on the interval

�
p
2 < x <

p
2. For the endpointx D �

p
2, the series becomes

1X

nD1
.�1/n�

p
2

n
D

1X

nD1
.�1/nC1

p
2

n
, which converges by the

Leibniz test. For the endpointx D
p
2, the series becomes

1X

nD1
.�1/n

p
2

n
which also converges by the Leibniz test. Thus the series

1X

nD1
.�1/n x

2nC1

2nn
converges for�

p
2 � x �

p
2 and diverges elsewhere.

12.
1X

nD0
.�1/n n

4n
x2n

SOLUTION With an D .�1/n n
4n
x2n,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/x2.nC1/

4nC1 � 4n

nx2n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ
x2

4
� nC 1

n

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ
x2

4

ˇ̌
ˇ̌
ˇ

Then� < 1 when jx2j < 4, or jxj < 2, so the radius of convergence isR D 2, and the series converges absolutely for�2 <

x < 2. At both endpointsx D ˙2, the series becomes
1X

nD0
.�1/nn, which diverges by the Divergence Test. Thus, the series

1X

nD0
.�1/n n

4n
x2n converges for�2 < x < 2 and diverges elsewhere.

13.
1X

nD4

xn

n5

SOLUTION With an D xn

n5 ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
xnC1

.nC 1/5
� n
5

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇx
�

n

nC 1

�5 ˇ̌ˇ̌
ˇ D jxj

Then� < 1 whenjxj < 1, so the radius of convergence isR D 1, and the series converges absolutely on the intervaljxj < 1, or

�1 < x < 1. For the endpointx D 1, the series becomes
1X

nD1

1

n5
, which is a convergentp-series. For the endpointx D �1, the
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series becomes
1X

nD1

.�1/n

n5
, which converges by the Leibniz Test. Thus, the series

1X

nD4

xn

n5
converges for�1 � x � 1 and diverges

elsewhere.

14.
1X

nD8
n7xn

SOLUTION With an D n7xn,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/7xnC1

n7xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇx
�
nC 1

n

�7 ˇ̌ˇ̌
ˇ D jxj

Then� < 1 when jxj < 1, so that the radius of convergence isR D 1, and the series converges absolutely on the intervale

�1 < x < 1. For the endpointx D 1, the series becomes
1X

nD8
n7, which diverges by the Divergence test; for the endpointsx D �1,

the series becomes
1X

nD8
.�1/nn7, which also diverges by the Divergence test. Thus the series

1X

nD8
n7xn converges for�1 < x < 1

and diverges elsewhere.

15.
1X

nD0

xn

.nŠ/2

SOLUTION With an D xn

.nŠ/2
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ

xnC1

..nC 1/Š/2
� .nŠ/

2

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇx
�

1

nC 1

�2 ˇ̌ˇ̌
ˇ D 0

� < 1 for all x, so the radius of convergence isR D 1, and the series converges absolutely for allx.

16.
1X

nD0

8n

nŠ
xn

SOLUTION With an D 8nxn

nŠ
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
8nC1xnC1

.nC 1/Š
� nŠ

8nxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌8x � 1

nC 1

ˇ̌
ˇ̌ D 0

� < 1 for all x, so the radius of convergence isR D 1, and the series converges absolutely for allx.

17.
1X

nD0

.2n/Š

.nŠ/3
xn

SOLUTION With an D .2n/Šxn

.nŠ/3
, and assumingx ¤ 0,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.2.nC 1//ŠxnC1

..nC 1/Š/3
� .nŠ/3

.2n/Šxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x .2nC 2/.2nC 1/

.nC 1/3

ˇ̌
ˇ̌

D lim
n!1

ˇ̌
ˇ̌
ˇx

4n2 C 6nC 2

n3 C 3n2 C 3nC 1

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇx

4n�1 C 6n�1 C 2n�3

1C 3n�1 C 3n�2 C n�3

ˇ̌
ˇ̌
ˇ D 0

Then� < 1 for all x, so the radius of convergence isR D 1, and the series converges absolutely for allx.

18.
1X

nD0

4n

.2nC 1/Š
x2n�1

SOLUTION With an D 4nx2n�1

.2nC1/Š ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
4nC1x2nC1

.2nC 3/Š
� .2nC 1/Š

4nx2n�1

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ

4x2

.2nC 3/.2nC 2/

ˇ̌
ˇ̌
ˇ D 0

Then� is always less than1, and the series converges absolutely for allx.
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19.
1X

nD0

.�1/nxnp
n2 C 1

SOLUTION With an D .�1/nxn
p
n2C1

,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.�1/nC1xnC1
p
n2 C 2nC 2

�
p
n2 C 1

.�1/nxn

ˇ̌
ˇ̌
ˇ

D lim
n!1

ˇ̌
ˇ̌
ˇx

p
n2 C 1p

n2 C 2nC 2

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ̌x
s

n2 C 1

n2 C 2nC 2

ˇ̌
ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ̌x
s

1C 1=n2

1C 2=nC 2=n2

ˇ̌
ˇ̌
ˇ̌

D jxj

Then� < 1 whenjxj < 1, so the radius of convergence isR D 1, and the series converges absolutely on the interval�1 < x < 1.

For the endpointx D 1, the series becomes
1X

nD1

.�1/np
n2 C 1

, which converges by the Leibniz Test. For the endpointx D �1, the

series becomes
1X

nD1

1p
n2 C 1

, which diverges by the Limit Comparison Test comparing with the divergent harmonic series. Thus,

the series
1X

nD0

.�1/nxnp
n2 C 1

converges for�1 < x � 1 and diverges elsewhere.

20.
1X

nD0

xn

n4 C 2

SOLUTION With an D xn

n4C2 ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ

xnC1

.nC 1/4 C 2
� n
4 C 2

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇx

n4 C 2

n4 C 4n3 C 6n2 C 4nC 3

ˇ̌
ˇ̌
ˇ D jxj

� < 1 when jxj < 1, so the radius of convergence isR D 1, and the series converges absolutely on the intervaljxj < 1, or

�1 < x < 1. For the endpointx D 1, the series becomes
1X

nD1

1

n4 C 2
. Because 1

n4C2 <
1
n4 and the series

1X

nD0

1

n4
is a convergent

p-series, the endpoint series converges by the Comparison Test. For the endpointx D �1, the series becomes
1X

nD1

.�1/n
n4 C 2

, which

converges by the Leibniz Test. Thus, the series
1X

nD0

xn

n4 C 2
converges for�1 � x � 1 and diverges elsewhere.

21.
1X

nD15

x2nC1

3nC 1

SOLUTION With an D x2nC1

3nC 1
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
x2nC3

3nC 4
� 3nC 1

x2nC1

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x2 3nC 1

3nC 4

ˇ̌
ˇ̌ D jx2j

Then� < 1 when jx2j < 1, so the radius of convergence isR D 1, and the series converges absolutely for�1 < x < 1. For

the endpointx D 1, the series becomes
1X

nD15

1

3nC 1
, which diverges by the Limit Comparison Test comparing with the divergent

harmonic series. For the endpointx D �1, the series becomes
1X

nD15

�1
3nC 1

, which also diverges by the Limit Comparison Test

comparing with the divergent harmonic series. Thus, the series
1X

nD15

x2nC1

3nC 1
converges for�1 < x < 1 and diverges elsewhere.

22.
1X

nD1

xn

n � 4 lnn
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SOLUTION With an D xn

n�4 lnn ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ

xnC1

.nC 1/ � 4 ln.nC 1/
� n � 4 ln n

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x n � 4 ln n

.nC 1/ � 4 ln.nC 1/

ˇ̌
ˇ̌

D lim
n!1

ˇ̌
ˇ̌x 1 � 4.ln n/=n

1C n�1 � 4.ln.nC 1//=n

ˇ̌
ˇ̌ D jxj

Then� < 1 when jxj < 1, so the radius of convergence is1, and the series converges absolutely on the intervaljxj < 1, or

�1 < x < 1. For the endpointx D 1, the series becomes
1X

nD1

1

n� 4 lnn
. Because 1

n�4 lnn > 1
n and

1X

nD1

1

n
is the divergent

harmonic series, the endpoint series diverges by the Comparison Test. For the endpointx D �1, the series becomes
1X

nD1

.�1/n
n � 4 lnn

,

which converges by the Leibniz Test. Thus, the series
1X

nD1

xn

n � 4 lnn
converges for�1 � x < 1 and diverges elsewhere.

23.
1X

nD2

xn

ln n

SOLUTION With an D xn

lnn ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
xnC1

ln.nC 1/
� lnn

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x ln.nC 1/

lnn

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌x 1=.nC 1/

1=n

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌x n

nC 1

ˇ̌
ˇ̌ D jxj

using L’Hôpital’s rule. Then� < 1 when jxj < 1, so the radius of convergence is1, and the series converges absolutely on the

interval jxj < 1, or �1 < x < 1. For the endpointx D 1, the series becomes
1X

nD2

1

ln n
. Because 1

lnn > 1
n and

1X

nD2

1

n
is the

divergent harmonic series, the endpoint series diverges by the Comparison Test. For the endpointx D �1, the series becomes
1X

nD2

.�1/n
ln n

, which converges by the Leibniz Test. Thus, the series
1X

nD2

xn

ln n
converges for�1 � x < 1 and diverges elsewhere.

24.
1X

nD2

x3nC2

ln n

SOLUTION With an D x3nC2

ln n
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
x3nC5

ln.nC 1/
� ln n

x3nC2

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x3 � ln.nC 1/

lnn

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌x3 � 1=.nC 1/

1=n

ˇ̌
ˇ̌

D lim
n!1

ˇ̌
ˇ̌x3 � n

nC 1

ˇ̌
ˇ̌ D jx3j

using L’Hôpital’s rule. Thus� < 1 when jx3j < 1, so the radius of convergence is1, and the series converges absolutely on the

interval jxj < 1, or �1 < x < 1. For the endpointx D 1, the series becomes
1X

nD2

1

ln n
. Because 1

lnn > 1
n and

1X

nD2

1

n
is the

divergent harmonic series, the endpoint series diverges by the Comparison Test. For the endpointx D �1, the series becomes
1X

nD2

.�1/3nC2

lnn
D

1X

nD2

.�1/n
lnn

, which converges by the Leibniz Test. Thus, the series
1X

nD2

x3nC2

ln n
converges for�1 � x < 1 and

diverges elsewhere.

25.
1X

nD1
n.x � 3/n

SOLUTION With an D n.x � 3/n,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/.x � 3/nC1

n.x � 3/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌.x � 3/ � nC 1

n

ˇ̌
ˇ̌ D jx � 3j

Then� < 1 whenjx � 3j < 1, so the radius of convergence is1, and the series converges absolutely on the intervaljx � 3j < 1, or

2 < x < 4. For the endpointx D 4, the series becomes
1X

nD1
n, which diverges by the Divergence Test. For the endpointx D 2, the
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series becomes
1X

nD1
.�1/nn, which also diverges by the Divergence Test. Thus, the series

1X

nD1
n.x � 3/n converges for2 < x < 4

and diverges elsewhere.

26.
1X

nD1

.�5/n.x � 3/n

n2

SOLUTION With an D .�5/n.x�3/n
n2 ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.�5/nC1.x � 3/nC1

.nC 1/2
� n2

.�5/n.x � 3/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ5.x � 3/ � n2

n2 C 2nC 1

ˇ̌
ˇ̌
ˇ

D lim
n!1

ˇ̌
ˇ̌5.x � 3/ � 1

1C 2n�1 C n�2

ˇ̌
ˇ̌ D j5.x � 3/j

Then� < 1 whenj5.x � 3/j < 1, or jx � 3j < 1
5 . Thus the radius of convergence is5, and the series converges absolutely on the

interval jx � 3j < 1
5 , or 145 < x < 16

5 . For the endpointx D 16
5 , the series becomes

1X

nD1

.�1/n

n2
, which converges by the Leibniz

Test. For the endpointx D 14
5 , the series becomes

1X

nD1

1

n2
, which is a convergentp-series. Thus, the series

1X

nD1

.�5/n.x � 3/n

n2

converges for145 � x � 16
5 and diverges elsewhere.

27.
1X

nD1
.�1/nn5.x � 7/n

SOLUTION With an D .�1/nn5.x � 7/n,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.�1/nC1.nC 1/5.x � 7/nC1

.�1/nn5.x � 7/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ.x � 7/ � .nC 1/5

n5

ˇ̌
ˇ̌
ˇ

D lim
n!1

ˇ̌
ˇ̌
ˇ.x � 7/ � n

5 C : : :

n5

ˇ̌
ˇ̌
ˇ D jx � 7j

Then� < 1 when jx � 7j < 1, so the radius of convergence is1, and the series converges absolutely on the intervaljx � 7j <

1, or 6 < x < 8. For the endpointx D 6, the series becomes
1X

nD1
.�1/2nn5 D

1X

nD1
n5, which diverges by the Divergence

Test. For the endpointx D 8, the series becomes
1X

nD1
.�1/nn5, which also diverges by the Divergence Test. Thus, the series

1X

nD1
.�1/nn5.x � 7/n converges for6 < x < 8 and diverges elsewhere.

28.
1X

nD0
27n.x � 1/3nC2

SOLUTION With an D 27n.x � 1/3nC2,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
27nC1.x � 1/3nC5

27n.x � 1/3nC2

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ27.x � 1/3

ˇ̌
ˇ D j27.x � 1/3j

Then� < 1 whenj27.x � 1/3j < 1, or whenj.x � 1/3j < 1
27 , so whenjx � 1j < 1

3 . Thus the radius of convergence is13 , and the

series converges absolutely when23 < x < 4
3 . For the endpointx D 2

3 , the series becomes
1X

nD0
27n

��1
3

�3nC2
D 1

9

1X

nD0
.�1/n

which diverges by the Divergence test. For the endpointx D 4
3 , the series becomes

1X

nD0
27n

�
1

3

�3nC2
D 1

9

1X

nD0
1, which also

diverges by the Divergence Test. Thus the series
1X

nD0
27n.x � 1/3nC2 converges for23 < x <

4
3 and diverges elsewhere.

29.
1X

nD1

2n

3n
.x C 3/n
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SOLUTION With an D 2n.xC3/n
3n ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
2nC1.x C 3/nC1

3.nC 1/
� 3n

2n.x C 3/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌2.x C 3/ � 3n

3nC 3

ˇ̌
ˇ̌

D lim
n!1

ˇ̌
ˇ̌2.x C 3/ � 1

1C 1=n

ˇ̌
ˇ̌ D j2.x C 3/j

Then� < 1 whenj2.x C 3/j < 1, so whenjx C 3j < 1
2 . Thus the radius of convergence is12 , and the series converges absolutely

on the intervaljx C 3j < 1
2 , or �7

2 < x < �5
2 . For the endpointx D �5

2 , the series becomes
1X

nD1

1

3n
, which diverges because it

is a multiple of the divergent harmonic series. For the endpointx D �7
2 , the series becomes

1X

nD1

.�1/n
3n

, which converges by the

Leibniz Test. Thus, the series
1X

nD1

2n

3n
.x C 3/n converges for�7

2 � x < �5
2 and diverges elsewhere.

30.
1X

nD0

.x � 4/n

nŠ

SOLUTION With an D .x�4/n
nŠ

,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.x � 4/nC1

.nC 1/Š
� nŠ

.x � 4/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌.x � 4/

1

n

ˇ̌
ˇ̌ D 0

Thus� < 1 for all x, so the radius of convergence is infinite, and
1X

nD0

.x � 4/n

nŠ
converges for allx.

31.
1X

nD0

.�5/n
nŠ

.x C 10/n

SOLUTION With an D .�5/n
nŠ

.x C 10/n,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.�5/nC1.x C 10/nC1

.nC 1/Š
� nŠ

.�5/n.x C 10/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌5.x C 10/

1

n

ˇ̌
ˇ̌ D 0

Thus� < 1 for all x, so the radius of convergence is infinite, and
1X

nD0

.�5/n
nŠ

.x C 10/n converges for allx.

32.
1X

nD10
nŠ .x C 5/n

SOLUTION With an D nŠ.x C 5/n,, and assumingx C 5 ¤ 0,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/Š.x C 5/nC1

nŠ.x C 5/n

ˇ̌
ˇ̌
ˇ D lim

n!1 j.nC 1/.x C 5/j D 1

Thus� < 1 only if x C 5 D 0, so the radius of convergence is zero, and
1X

nD10
nŠ .x C 5/n converges only forx D �5.

33.
1X

nD12
en.x � 2/n

SOLUTION With an D en.x � 2/n,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
enC1.x � 2/nC1

en.x � 2/n

ˇ̌
ˇ̌
ˇ D lim

n!1 je.x � 2/j D je.x � 2/j

Thus� < 1 when je.x � 2/j < 1, so whenjx � 2j < e�1. Thus the radius of convergence ise�1, and the series converges

absolutely on the intervaljx � 2j < e�1, or 2 � e�1 < x < 2C e�1. For the endpointx D 2C e�1, the series becomes
1X

nD1
1,
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which diverges by the Divergence Test. For the endpointx D 2 � e�1, the series becomes
1X

nD1
.�1/n, which also diverges by the

Divergence Test. Thus, the series
1X

nD12
en.x � 2/n converges for2 � e�1 < x < 2C e�1 and diverges elsewhere.

34.
1X

nD2

.x C 4/n

.n lnn/2

SOLUTION With an D .xC4/n
.n lnn/2

,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ

.x C 4/nC1

..nC 1/ ln.nC 1//2
� .n ln n/2

.x C 4/n

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌
ˇ.x C 4/ �

�
n

nC 1
� lnn

ln.nC 1/

�2 ˇ̌ˇ̌
ˇ D jx C 4j

applying L’Hôpital’s rule to evaluate the second term in the product. Thus� < 1 whenjx C 4j < 1, so the radius of convergence is
1, and the series converges absolutely on the intervaljx C 4j < 1, or �5 < x < �3. For the endpointx D �3, the series becomes
1X

nD1

1

.n lnn/2
, which converges by the Limit Comparison Test comparing with the convergentp-series

1X

nD2

1

n2
. For the endpoint

x D �5, the series becomes
1X

nD1

.�1/n

.n lnn/2
, which converges by the Leibniz Test. Thus, the series

1X

nD2

.x C 4/n

.n lnn/2
converges for

�5 � x � �3 and diverges elsewhere.

In Exercises 35–40, use Eq. (2) to expand the function in a power series with centerc D 0 and determine the interval of convergence.

35. f .x/ D 1

1 � 3x
SOLUTION Substituting3x for x in Eq. (2), we obtain

1

1 � 3x D
1X

nD0
.3x/n D

1X

nD0
3nxn:

This series is valid forj3xj < 1, or jxj < 1
3 .

36. f .x/ D 1

1C 3x

SOLUTION Substituting�3x for x in Eq. (2), we obtain

1

1C 3x
D

1X

nD0
.�3x/n D

1X

nD0
.�3/nxn:

This series is valid forj � 3xj < 1, or jxj < 1
3 .

37. f .x/ D 1

3 � x
SOLUTION First write

1

3 � x D 1

3
� 1

1 � x
3

:

Substitutingx3 for x in Eq. (2), we obtain

1

1 � x
3

D
1X

nD0

�x
3

�n
D

1X

nD0

xn

3n
I

Thus,

1

3 � x
D 1

3

1X

nD0

xn

3n
D

1X

nD0

xn

3nC1 :

This series is valid forjx=3j < 1, or jxj < 3.

38. f .x/ D 1

4C 3x
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SOLUTION First write

1

4C 3x
D 1

4
� 1

1C 3x
4

:

Substituting�3x
4 for x in Eq. (2), we obtain

1

1C 3x
4

D
1X

nD0

�
�3x
4

�n
D

1X

nD0
.�1/n 3

nxn

4n
I

Thus,

1

4C 3x
D 1

4

1X

nD0
.�1/n 3

nxn

4n
D

1X

nD0
.�1/n 3

nxn

4nC1 :

This series is valid forj � 3x=4j < 1, or jxj < 4
3 .

39. f .x/ D 1

1C x2

SOLUTION Substituting�x2 for x in Eq. (2), we obtain

1

1C x2
D

1X

nD0
.�x2/n D

1X

nD0
.�1/nx2n

This series is valid forjxj < 1.

40. f .x/ D 1

16C 2x3

SOLUTION First rewrite

1

16C 2x3
D 1

16
� 1

1C x3

8

Now substitute�x3

8 for x in Eq. (2) to obtain

1

1C x3

8

D
1X

nD0

 
�x3
8

!n
D

1X

nD0
.�1/n x

3n

8

Thus,

1

16C 2x3
D 1

16
� 1

1C x3

8

D 1

16
�

1X

nD0
.�1/n x

3n

8

This series is valid forjx3j < 8, or jxj < 2.
41. Use the equalities

1

1 � x D 1

�3 � .x � 4/ D
�1
3

1C
�
x�4
3

�

to show that forjx � 4j < 3,

1

1 � x
D

1X

nD0
.�1/nC1 .x � 4/n

3nC1

SOLUTION Substituting�x�4
3 for x in Eq. (2), we obtain

1

1C
�
x�4
3

� D
1X

nD0

�
�x � 4

3

�n
D

1X

nD0
.�1/n .x � 4/n

3n
:

Thus,

1

1 � x
D �1

3

1X

nD0
.�1/n .x � 4/n

3n
D

1X

nD0
.�1/nC1 .x � 4/n

3nC1 :

This series is valid forj � x�4
3 j < 1, or jx � 4j < 3.
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42. Use the method of Exercise 41 to expand1=.1 � x/ in power series with centersc D 2 andc D �2. Determine the interval of
convergence.

SOLUTION Forc D 2, write

1

1 � x D 1

�1 � .x � 2/ D � 1

1C .x � 2/ :

Substituting�.x � 2/ for x in Eq. (2), we obtain

1

1C .x � 2/ D
1X

nD0
.�.x � 2//n D

1X

nD0
.�1/n.x � 2/n:

Thus,

1

1 � x
D �

1X

nD0
.�1/n.x � 2/n D

1X

nD0
.�1/nC1.x � 2/n:

This series is valid forj � .x � 2/j < 1, or jx � 2j < 1.
Forc D �2, write

1

1 � x
D 1

3� .x C 2/
D 1

3
� 1

1� xC2
3

:

SubstitutingxC2
3 for x in Eq. (2), we obtain

1

1 � xC2
3

D
1X

nD0

�
x C 2

3

�n
D

1X

nD0

.x C 2/n

3n
:

Thus,

1

1 � x
D 1

3

1X

nD0

.x C 2/n

3n
D

1X

nD0

.x C 2/n

3nC1 :

This series is valid forjxC2
3 j < 1, or jx C 2j < 3.

43. Use the method of Exercise 41 to expand1=.4 � x/ in a power series with centerc D 5. Determine the interval of convergence.

SOLUTION First write

1

4 � x D 1

�1 � .x � 5/ D � 1

1C .x � 5/ :

Substituting�.x � 5/ for x in Eq. (2), we obtain

1

1C .x � 5/ D
1X

nD0
.�.x � 5//n D

1X

nD0
.�1/n.x � 5/n:

Thus,

1

4 � x
D �

1X

nD0
.�1/n.x � 5/n D

1X

nD0
.�1/nC1.x � 5/n:

This series is valid forj � .x � 5/j < 1, or jx � 5j < 1.
44. Find a power series that converges only forx in Œ2; 6/.

SOLUTION The power series must be centered atc D 6C 2

2
D 4, with radius of convergenceR D 2. Consider the following

series:

1X

nD1

.x � 4/n

n2n
:

With an D 1
n2n ,

r D lim
n!1

n2n

.nC 1/2nC1 D 1

2
lim
n!1

n

nC 1
D 1

2
:
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The radius of convergence is thereforeR D r�1 D 2, and the series converges absolutely forjx � 4j < 2, or 2 < x < 6. For the

endpointx D 6, the series becomes
1X

nD1

.6 � 4/n

n�2n D
1X

nD1

1

n
, which is the divergent harmonic series. For the endpointx D 2, the

series becomes
1X

nD1

.2 � 4/n

n�2n D
1X

nD1

.�1/n

n
, which converges by the Leibniz Test. Therefore, the series converges for2 � x < 6,

as desired.

45. Apply integration to the expansion

1

1C x
D

1X

nD0
.�1/nxn D 1 � x C x2 � x3 C � � �

to prove that for�1 < x < 1,

ln.1C x/ D
1X

nD1

.�1/n�1xn

n
D x � x2

2
C x3

3
� x4

4
C � � �

SOLUTION To obtain the first expansion, substitute�x for x in Eq. (2):

1

1C x
D

1X

nD0
.�x/n D

1X

nD0
.�1/nxn:

This expansion is valid forj � xj < 1, or �1 < x < 1.
Upon integrating both sides of the above equation, we find

ln.1C x/ D
Z

dx

1C x
D
Z  1X

nD0
.�1/nxn

!
dx:

Integrating the series term-by-term then yields

ln.1C x/ D C C
1X

nD0
.�1/n x

nC1

nC 1
:

To determine the constantC , setx D 0. Then0 D ln.1C 0/ D C . Finally,

ln.1C x/ D
1X

nD0
.�1/n x

nC1

nC 1
D

1X

nD1
.�1/n�1 x

n

n
:

46. Use the result of Exercise 45 to prove that

ln
3

2
D 1

2
� 1

2 � 22
C 1

3 � 23
� 1

4 � 24
C � � �

Use your knowledge of alternating series to find anN such that the partial sumSN approximates ln32 to within an error of at most
10�3. Confirm using a calculator to compute bothSN and ln32 .

SOLUTION In the previous exercise we found that

ln.1C x/ D
1X

nD0
.�1/n x

nC1

nC 1
:

Settingx D 1
2 yields:

ln
3

2
D

1X

nD1
.�1/n�1

�
1
2

�n

n
D

1X

nD1

.�1/n�1

n2n
D 1

2
� 1

2 � 22
C 1

3 � 23
� 1

4 � 24
C � � �

Note that the series for ln32 is an alternating series withan D 1
n2n . The error in approximating ln32 by the partial sumSN is

therefore bounded by
ˇ̌
ˇ̌ln 3
2

� SN

ˇ̌
ˇ̌ < aNC1 D 1

.N C 1/2NC1 :
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To obtain an error of at most10�3, we must find anN such that

1

.N C 1/2NC1 < 10
�3 or .N C 1/2NC1 > 1000:

ForN D 6, .N C 1/2NC1 D 7 � 27 D 896 < 1000, but forN D 7, .N C 1/2NC1 D 8 � 28 D 2048 > 1000; hence, the smallest
value forN isN D 7. The corresponding approximation is

S7 D 1

2
� 1

2 � 22
C 1

3 � 23
� 1

4 � 24
C 1

5 � 25
� 1

6 � 26
C 1

7 � 27
D 0:405803571:

Now, ln 32 D 0:405465108, so
ˇ̌
ˇ̌ln 3
2

� S7

ˇ̌
ˇ̌ D 3:385 � 10�4 < 10�3:

47. LetF.x/ D .x C 1/ ln.1C x/� x.

(a) Apply integration to the result of Exercise 45 to prove that for�1 < x < 1,

F.x/ D
1X

nD1
.�1/nC1 xnC1

n.nC 1/

(b) Evaluate atx D 1
2 to prove

3

2
ln
3

2
� 1

2
D 1

1 � 2 � 22
� 1

2 � 3 � 23
C 1

3 � 4 � 24
� 1

4 � 5 � 25
C � � �

(c) Use a calculator to verify that the partial sumS4 approximates the left-hand side with an error no greater than the terma5 of
the series.

SOLUTION

(a) Note that
Z

ln.x C 1/ dx D .x C 1/ ln.x C 1/ � x C C

Then integrating both sides of the result of Exercise 45 gives

.x C 1/ ln.x C 1/ � x D
Z

ln.x C 1/ dx D
Z 1X

nD1

.�1/n�1xn

n
dx

For �1 < x < 1, which is the interval of convergence of the series in Exercise 45, therefore, we can integrate term by term to get

.x C 1/ ln.x C 1/ � x D
1X

nD1

.�1/n�1

n

Z
xn dx D

1X

nD1

.�1/n�1

n
� x
nC1

nC 1
C C D

1X

nD1
.�1/nC1 xnC1

n.nC 1/
C C

(noting that.�1/n�1 D .�1/nC1). To determineC , evaluate both sides atx D 0 to get

0 D ln 1 � 0 D 0C C

so thatC D 0 and we get finally

.x C 1/ ln.x C 1/ � x D
1X

nD1
.�1/nC1 xnC1

n.nC 1/

(b) Evaluating the result of part(a) atx D 1
2 gives

3

2
ln
3

2
� 1

2
D

1X

nD1
.�1/nC1 1

n.nC 1/2nC1

D 1

1 � 2 � 22
� 1

2 � 3 � 23
C 1

3 � 4 � 24
� 1

4 � 5 � 25
C : : :

(c)

S4 D 1

1 � 2 � 22
� 1

2 � 3 � 23
C 1

3 � 4 � 24
� 1

4 � 5 � 25
D 0:1078125

a5 D 1

5 � 6 � 26
� 0:0005208
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3

2
ln
3

2
� 1

2
� 0:10819766

and
ˇ̌
ˇ̌S4 � 3

2
ln
3

2
� 1

2

ˇ̌
ˇ̌ � 0:0003852 < a5

48. Prove that forjxj < 1,
Z

dx

x4 C 1
D x � x5

5
C x9

9
� � � �

Use the first two terms to approximate
R 1=2
0 dx=.x4 C 1/ numerically. Use the fact that you have an alternating series to show that

the error in this approximation is at most0:00022.

SOLUTION Substitute�x4 for x in Eq. (2) to get

1

1C x4
D

1X

nD0
.�x4/n D

1X

nD0
.�1/nx4n

This is valid forjxj < 1, so forx in that range we can integrate the right-hand side term by term to get

Z
1

1C x4
dx D

1X

nD0

Z
.�1/nx4n dx D

1X

nD0
.�1/n x

4nC1

4nC 1
C C

D x � x5

5
C x9

9
� x13

13
C � � � C C

Using the first two terms, we have

Z 1=2

0

1

1C x4
dx � 1

2
� 1

25 � 5
D 79

160
D 0:49375

Since this is an alternating series, the error in the approximation is bounded by the first unused term, so by

1

29 � 9
D 1

4608
� 0:000217 < 0:00022

49. Use the result of Example 7 to show that

F.x/ D x2

1 � 2 � x4

3 � 4 C x6

5 � 6 � x8

7 � 8 C � � �

is an antiderivative off .x/ D tan�1 x satisfyingF.0/ D 0. What is the radius of convergence of this power series?

SOLUTION For �1 < x < 1, which is the interval of convergence for the power series for arctangent, we can integrate term-by-
term, so integrate that power series to get

F.x/ D
Z

tan�1 x dx D
1X

nD0

Z
.�1/nx2nC1

2nC 1
dx D

1X

nD0
.�1/n x2nC2

.2nC 1/.2nC 2/

D x2

1 � 2 � x4

3 � 4 C x6

5 � 6 � x8

7 � 8 C � � � C C

If we assumeF.0/ D 0, then we haveC D 0. The radius of convergence of this power series is the same as that of the original
power series, which is1.

50. Verify that functionF.x/ D x tan�1 x � 1
2 log.x2 C 1/ is an antiderivative off .x/ D tan�1 x satisfyingF.0/ D 0. Then use

the result of Exercise 49 withx D 1p
3

to show that

�

6
p
3

� 1

2
ln
4

3
D 1

1 � 2.3/ � 1

3 � 4.32/
C 1

5 � 6.33/
� 1

7 � 8.34/
C � � �

Use a calculator to compare the value of the left-hand side with the partial sumS4 of the series on the right.

SOLUTION We have

F 0.x/ D tan�1 x C x

1C x2
� 1

2
� 1

x2 C 1
� 2x D tan�1 x C x

1C x2
� x

1C x2
D tan�1 x

so thatF.x/ is an antiderivative of tan�1 x, and clearlyF.0/ D 0. So applying Exercise 49 for thisF , and settingx D 1p
3

, gives
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1p
3

tan�1 1p
3

� 1

2
ln
�
1

3
C 1

�
D �

6
p
3

� 1

2
ln
4

3

D .1=
p
3/2

1 � 2 � .1=
p
3/4

3 � 4 C .1=
p
3/6

5 � 6 � .1=
p
3/8

7 � 8 C : : :

D 1

1 � 2.3/ � 1

3 � 4.32/
C 1

5 � 6.33/
� 1

7 � 8.34/
C : : :

Now, we have

S4 D 1

1 � 2.3/ � 1

3 � 4.32/
C 1

5 � 6.33/
� 1

7 � 8.34/
D 3593

22680
� 0:1548215

�

6
p
3

� 1

2
ln
4

3
� 0:158459

so the two differ by less than0:00004.

51. Evaluate
1X

nD1

n

2n
. Hint: Use differentiation to show that

.1 � x/�2 D
1X

nD1
nxn�1 .for jxj < 1/

SOLUTION Differentiate both sides of Eq. (2) to obtain

1

.1� x/2
D

1X

nD1
nxn�1:

Settingx D 1
2 then yields

1X

nD1

n

2n�1 D 1
�
1 � 1

2

�2 D 4:

Divide this equation by 2 to obtain

1X

nD1

n

2n
D 2:

52. Use the power series for.1C x2/�1 and differentiation to prove that forjxj < 1,

2x

.x2 C 1/2
D

1X

nD1
.�1/n�1.2n/x2n�1

SOLUTION From Exercise 39, we know that for�1 < x < 1,

1

1C x2
D

1X

nD0
.�1/nx2n

Thus forx in this range, we can differentiate both sides, and differentiate the right-hand side term by term, to get

d

dx

1

1C x2
D �2x
.x2 C 1/2

D
1X

nD1
.�1/n2nx2n�1

(Note the change in the lower limit of summation, since then D 0 term is a constant, whose derivative is zero). Cancelling the
minus sign on the left gives

2x

.x2 C 1/2
D

1X

nD1
.�1/n�1.2n/x2n�1

53. Show that the following series converges absolutely forjxj < 1 and compute its sum:

F.x/ D 1 � x � x2 C x3 � x4 � x5 C x6 � x7 � x8 C � � �

Hint: WriteF.x/ as a sum of three geometric series with common ratiox3.
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SOLUTION Because the coefficients in the power series are all˙1, we find

r D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1:

The radius of convergence is thereforeR D r�1 D 1, and the series converges absolutely forjxj < 1.
By Exercise 43 of Section 10.4, any rearrangement of the terms of an absolutely convergent series yields another absolutely

convergent series with the same sum as the original series. Following the hint, we now rearrange the terms ofF.x/ as the sum of
three geometric series:

F.x/ D
�
1C x3 C x6 C � � �

�
�
�
x C x4 C x7 C � � �

�
�
�
x2 C x5 C x8 C � � �

�

D
1X

nD0
.x3/n �

1X

nD0
x.x3/n �

1X

nD0
x2.x3/n D 1

1 � x3
� x

1 � x3
� x2

1 � x3
D 1 � x � x2

1 � x3
:

54. Show that forjxj < 1,
1C 2x

1C x C x2
D 1C x � 2x2 C x3 C x4 � 2x5 C x6 C x7 � 2x8 C � � �

Hint: Use the hint from Exercise 53.

SOLUTION The terms in the series on the right-hand side are either of the formxn or �2xn for somen. Because

lim
n!1

n
p
2 D lim

n!1
n
p
1 D 1;

it follows that

lim
n!1

n
p

janj D jxj:

Hence, by the Root Test, the series converges absolutely forjxj < 1.
By Exercise 43 of Section 11.4, any rearrangement of the terms of an absolutely convergent series yields another absolutely

convergent series with the same sum as the original series. If we letS denote the sum of the series, then

S D
�
1C x3 C x6 C � � �

�
C
�
x C x4 C x7 C � � �

�
� 2

�
x2 C x5 C x8 C � � �

�

D 1

1 � x3
C x

1 � x3
� 2x2

1 � x3
D 1C x � 2x2

1 � x3
D .1 � x/.2x C 1/

.1 � x/.1C x C x2/
D 2x C 1

1C x C x2
:

55. Find all values ofx such that
1X

nD1

xn
2

nŠ
converges.

SOLUTION With an D xn2

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jxj.nC1/2

.nC 1/Š
� nŠ

jxjn2
D jxj2nC1

nC 1
:

if jxj � 1, then

lim
n!1

jxj2nC1

nC 1
D 0;

and the series converges absolutely. On the other hand, ifjxj > 1, then

lim
n!1

jxj2nC1

nC 1
D 1;

and the series diverges. Thus,
1X

nD1

xn
2

nŠ
converges for�1 � x � 1 and diverges elsewhere.

56. Find all values ofx such that the following series converges:

F.x/ D 1C 3x C x2 C 27x3 C x4 C 243x5 C � � �

SOLUTION Observe thatF.x/ can be written as the sum of two geometric series:

F.x/ D
�
1C x2 C x4 C � � �

�
C
�
3x C 27x3 C 243x5 C � � �

�
D

1X

nD0
.x2/n C

1X

nD0
3x.9x2/n

The first geometric series converges forjx2j < 1, or jxj < 1; the second geometric series converges forj9x2j < 1, or jxj < 1
3 .

Since both geometric series must converge forF.x/ to converge, we find thatF.x/ converges forjxj < 1
3 , the intersection of the

intervals of convergence for the two geometric series.
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57. Find a power seriesP.x/ D
1X

nD0
anx

n satisfying the differential equationy0 D �y with initial conditiony.0/ D 1. Then use

Theorem 1 of Section 5.8 to conclude thatP.x/ D e�x .

SOLUTION LetP.x/ D
1X

nD0
anx

n and note thatP.0/ D a0; thus, to satisfy the initial conditionP.0/ D 1, we must takea0 D 1.

Now,

P 0.x/ D
1X

nD1
nanx

n�1;

so

P 0.x/C P.x/ D
1X

nD1
nanx

n�1 C
1X

nD0
anx

n D
1X

nD0
Œ.nC 1/anC1 C an� x

n:

In order for this series to be equal to zero, the coefficient ofxn must be equal to zero for eachn; thus

.nC 1/anC1 C an D 0 or anC1 D � an

nC 1
:

Starting froma0 D 1, we then calculate

a1 D �a0
1

D �1I

a2 D �a1
2

D 1

2
I

a3 D �a2
3

D �1
6

D � 1

3Š
I

and, in general,

an D .�1/n 1
nŠ
:

Hence,

P.x/ D
1X

nD0
.�1/n x

n

nŠ
:

The solution to the initial value problemy0 D �y, y.0/ D 1 is y D e�x . Because this solution is unique, it follows that

P.x/ D
1X

nD0
.�1/n x

n

nŠ
D e�x :

58. LetC.x/ D 1 � x2

2Š
C x4

4Š
� x6

6Š
C � � � :

(a) Show thatC.x/ has an infinite radius of convergence.

(b) Prove thatC.x/ andf .x/ D cosx are both solutions ofy00 D �y with initial conditionsy.0/ D 1, y0.0/ D 0. This initial
value problem has a unique solution, so we haveC.x/ D cosx for all x.

SOLUTION

(a) Consider the series

C.x/ D 1 � x2

2Š
C x4

4Š
� x6

6Š
C � � � D

1X

nD0
.�1/n x

2n

.2n/Š
:

With an D .�1/n x2n

.2n/Š
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D jxj2nC2

.2nC 2/Š
� .2n/Š

jxj2n
D jxj2
.2nC 2/.2nC 1/

;

and

r D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0:

The radius of convergence forC.x/ is thereforeR D r�1 D 1.
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(b) Differentiating the series definingC.x/ term-by-term, we find

C 0.x/ D
1X

nD1
.�1/n.2n/x

2n�1

.2n/Š
D

1X

nD1
.�1/n x2n�1

.2n � 1/Š

and

C 00.x/ D
1X

nD1
.�1/n.2n � 1/

x2n�2

.2n� 1/Š
D

1X

nD1
.�1/n x2n�2

.2n� 2/Š

D
1X

nD0
.�1/nC1 x

2n

.2n/Š
D �

1X

nD0
.�1/n x

2n

.2n/Š
D �C.x/:

Moreover,C.0/ D 1 andC 0.0/ D 0.

59. Use the power series fory D ex to show that

1

e
D 1

2Š
� 1

3Š
C 1

4Š
� � � �

Use your knowledge of alternating series to find anN such that the partial sumSN approximatese�1 to within an error of at most
10�3. Confirm this using a calculator to compute bothSN ande�1.

SOLUTION Recall that the series forex is

1X

nD0

xn

nŠ
D 1C x C x2

2Š
C x3

3Š
C x4

4Š
C � � � :

Settingx D �1 yields

e�1 D 1 � 1C 1

2Š
� 1

3Š
C 1

4Š
� C � � � D 1

2Š
� 1

3Š
C 1

4Š
� C � � � :

This is an alternating series withan D 1
.nC1/Š . The error in approximatinge�1 with the partial sumSN is therefore bounded by

jSN � e�1j � aNC1 D 1

.N C 2/Š
:

To make the error at most10�3, we must chooseN such that

1

.N C 2/Š
� 10�3 or .N C 2/Š � 1000:

ForN D 4, .N C 2/Š D 6Š D 720 < 1000, but forN D 5, .N C 2/Š D 7Š D 5040; hence,N D 5 is the smallest value that
satisfies the error bound. The corresponding approximation is

S5 D 1

2Š
� 1

3Š
C 1

4Š
� 1

5Š
C 1

6Š
D 0:368055555

Now, e�1 D 0:367879441, so

jS5 � e�1j D 1:761 � 10�4 < 10�3:

60. LetP.x/ D
X

nD0
anx

n be a power series solution toy0 D 2xy with initial conditiony.0/ D 1.

(a) Show that the odd coefficientsa2kC1 are all zero.

(b) Prove thata2k D a2k�2=k and use this result to determine the coefficientsa2k .

SOLUTION LetP.x/ D
1X

nD0
anx

n and note thatP.0/ D a0; thus, to satisfy the initial conditionP.0/ D 1, we must takea0 D 1.

Now,

P 0.x/ D
1X

nD1
nanx

n�1;

so

P 0.x/� 2xP.x/ D
1X

nD1
nanx

n�1 �
1X

nD0
2anx

nC1 D
1X

nD1
nanx

n�1 �
1X

nD2
2an�2xn�1
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D a1 C
1X

nD2
Œnan � 2an�2� xn�1:

In order for this series to be equal to zero, the coefficient ofxn must be equal to zero for eachn; thus,a1 D 0 and

nan � 2an�2 D 0 or an D 2an�2
n

:

(a) We know thata1 D 0 and

an D 2an�2
n

:

Thus,

a3 D 2a1

3
D 0I

a5 D 2a3

5
D 0I

a7 D 2a5

7
D 0I

and, in general,a2kC1 D 0 for all k.

(b) Replacen by 2k in the equation

an D 2an�2
n

to obtain a2k D 2a2k�2
2k

D a2k�2
k

:

Starting froma0 D 1, we then calculate

a2 D a0

1
D 1 D 1

1Š
I

a4 D a2

2
D 1

2
D 1

2Š
I

a6 D a4

3
D 1

6
D 1

3Š
I

and, in general,a2k D 1
kŠ

.

61. Find a power seriesP.x/ satisfying the differential equation

y00 � xy0 C y D 0 9

with initial conditiony.0/ D 1, y0.0/ D 0. What is the radius of convergence of the power series?

SOLUTION LetP.x/ D
1X

nD0
anx

n. Then

P 0.x/ D
1X

nD1
nanx

n�1 and P 00.x/ D
1X

nD2
n.n� 1/anx

n�2:

Note thatP.0/ D a0 andP 0.0/ D a1; in order to satisfy the initial conditionsP.0/ D 1, P 0.0/ D 0, we must havea0 D 1 and
a1 D 0. Now,

P 00.x/� xP 0.x/C P.x/ D
1X

nD2
n.n� 1/anx

n�2 �
1X

nD1
nanx

n C
1X

nD0
anx

n

D
1X

nD0
.nC 2/.nC 1/anC2xn �

1X

nD1
nanx

n C
1X

nD0
anx

n

D 2a2 C a0 C
1X

nD1
Œ.nC 2/.nC 1/anC2 � nan C an� x

n:

In order for this series to be equal to zero, the coefficient ofxn must be equal to zero for eachn; thus,2a2 C a0 D 0 and
.nC 2/.nC 1/anC2 � .n� 1/an D 0, or

a2 D �1
2
a0 and anC2 D n� 1

.nC 2/.nC 1/
an:
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Starting froma1 D 0, we calculate

a3 D 1 � 1

.3/.2/
a1 D 0I

a5 D 2

.5/.4/
a3 D 0I

a7 D 4

.7/.6/
a5 D 0I

and, in general, all of the odd coefficients are zero. As for the even coefficients, we havea0 D 1, a2 D �1
2 ,

a4 D 1

.4/.3/
a2 D � 1

4Š
I

a6 D 3

.6/.5/
a4 D � 3

6Š
I

a8 D 5

.8/.7/
a6 D �15

8Š

and so on. Thus,

P.x/ D 1 � 1

2
x2 � 1

4Š
x4 � 3

6Š
x6 � 15

8Š
x8 � � � �

To determine the radius of convergence, treat this as a series in the variablex2, and observe that

r D lim
k!1

ˇ̌
ˇ̌a2kC2
a2k

ˇ̌
ˇ̌ D lim

k!1
2k � 1

.2k C 2/.2k C 1/
D 0:

Thus, the radius of convergence isR D r�1 D 1.

62. Find a power series satisfying Eq. (9) with initial conditiony.0/ D 0, y0.0/ D 1.

SOLUTION LetP.x/ D
1X

nD0
anx

n be a solution to Eq. (9). From the previous exercise, we know that

a2 D �1
2
a0 and anC2 D n� 1

.nC 2/.nC 1/
an:

To satisfy the initial conditionP.0/ D 0, P 0.0/ D 1, we must havea0 D 0 anda1 D 1. Then

a2 D �1
2
a0 D 0I

a4 D 1

.4/.3/
a2 D 0I

a6 D 3

.6/.5/
a4 D 0I

and, in general, all of the even coefficients are zero. As in the previous exercise, all of the odd coefficients pasta1 are also equal to
zero. Thus,

P.x/ D x:

63. Prove that

J2.x/ D
1X

kD0

.�1/k

22kC2 kŠ .k C 3/Š
x2kC2

is a solution of the Bessel differential equation of order 2:

x2y00 C xy0 C .x2 � 4/y D 0

SOLUTION Let J2.x/ D
1X

kD0

.�1/k

22kC2 kŠ .k C 2/Š
x2kC2. Then

J 0
2.x/ D

1X

kD0

.�1/k.k C 1/

22kC1 kŠ .k C 2/Š
x2kC1
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J 00
2 .x/ D

1X

kD0

.�1/k.k C 1/.2k C 1/

22kC1 kŠ .k C 2/Š
x2k

and

x2J 00
2 .x/C xJ 0

2.x/C .x2 � 4/J2.x/ D
1X

kD0

.�1/k.k C 1/.2k C 1/

22kC1 kŠ .k C 2/Š
x2kC2 C

1X

kD0

.�1/k.k C 1/

22kC1 kŠ .k C 2/Š
x2kC2

�
1X

kD0

.�1/k

22kC2 kŠ .k C 2/Š
x2kC4 �

1X

kD0

.�1/k

22k kŠ .k C 2/Š
x2kC2

D
1X

kD0

.�1/kk.k C 2/

22kkŠ.k C 2/Š
x2kC2 C

1X

kD1

.�1/k�1

22k .k � 1/Š .k C 1/Š
x2kC2

D
1X

kD1

.�1/k

22k.k � 1/Š.k C 1/Š
x2kC2 �

1X

kD1

.�1/k

22k.k � 1/Š.k C 1/Š
x2kC2 D 0:

64. Why is it impossible to expandf .x/ D jxj as a power series that converges in an interval aroundx D 0? Explain
using Theorem 2.

SOLUTION Suppose that there exists ac > 0 such thatf can be represented by a power series on the interval.�c; c/; that is,

jxj D
1X

nD0
anx

n

for jxj < c. Then it follows by Theorem 2 thatjxj is differentiable on.�c; c/. This contradicts the well known property that
f .x/ D jxj is not differentiable at the pointx D 0.

Further Insights and Challenges

65. Suppose that the coefficients ofF.x/ D
1X

nD0
anx

n areperiodic; that is, for some whole numberM > 0, we haveaMCn D an.

Prove thatF.x/ converges absolutely forjxj < 1 and that

F.x/ D a0 C a1x C � � � C aM�1xM�1

1 � xM

Hint: Use the hint for Exercise 53.

SOLUTION Suppose the coefficients ofF.x/ are periodic, withaMCn D an for some whole numberM and alln. TheF.x/ can
be written as the sum ofM geometric series:

F.x/ D a0

�
1C xM C x2M C � � �

�
C a1

�
x C xMC1 C x2MC1 C � � �

�
C

D a2

�
x2 C xMC2 C x2MC2 C � � �

�
C � � � C aM�1

�
xM�1 C x2M�1 C x3M�1 C � � �

�

D a0

1 � xM
C a1x

1 � xM
C a2x

2

1� xM
C � � � C aM�1xM�1

1 � xM
D a0 C a1x C a2x

2 C � � � C aM�1xM�1

1 � xM
:

As each geometric series converges absolutely forjxj < 1, it follows thatF.x/ also converges absolutely forjxj < 1.

66. Continuity of Power Series LetF.x/ D
1X

nD0
anx

n be a power series with radius of convergenceR > 0.
(a) Prove the inequality

jxn � ynj � njx � yj.jxjn�1 C jyjn�1/ 10

Hint: xn � yn D .x � y/.xn�1 C xn�2y C � � � C yn�1/.

(b) ChooseR1 with 0 < R1 < R. Show that the infinite seriesM D
1X

nD0
2njanjRn1 converges.Hint: Show thatnjanjRn1 < janjxn

for all n sufficiently large ifR1 < x < R.

(c) Use Eq. (10) to show that ifjxj < R1 andjyj < R1, thenjF.x/� F.y/j � M jx � yj.
(d) Prove that ifjxj < R, thenF.x/ is continuous atx. Hint: ChooseR1 such thatjxj < R1 < R. Show that if� > 0 is given,
thenjF.x/ � F.y/j � � for all y such thatjx � yj < ı, whereı is any positive number that is less than�=M andR1 � jxj (see
Figure 1).
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(     )( ) x
0 R1 R−R x

x − d x + d

FIGURE 1 If x > 0, chooseı > 0 less than�=M andR1 � x.

SOLUTION

(a) Take the absolute value of both sides of the identity

xn � yn D .x � y/.xn�1 C xn�2y C � � � C yn�1/;

and then apply the triangle inequality to obtain

jxn � ynj � jx � yj
�
jxjn�1 C jxjn�2jyj C jxjn�3jyj2 C � � � C jxjjyjn�2 C jyjn�1

�
:

Now, if jxj � jyj thenjxjn�k jyjk�1 � jyjn�k jyjk�1 D jyjn�1, and if jyj � jxj thenjxjn�k jyjk�1 � jxjn�k jxjk�1 D jxjn�1.
In either case,jxjn�k jyjk�1 � jxjn�1 C jyjn�1. Thus,

jxn � ynj � jx � yj
�
jxjn�1 C .n � 2/.jxjn�1 C jyjn�1/C jyjn�1

�

D .n� 1/jx � yj
�
jxjn�1 C jyjn�1

�
� njx � yj

�
jxjn�1 C jyjn�1

�
:

(b) Let 0 < R1 < R. Then,

� D lim
n!1

2.nC 1/janC1jRnC1
1

2njanjRn1
D R1 lim

n!1
nC 1

n
�
ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D R1 � 1 � 1

R
D R1

R
< 1:

Thus, the seriesM D
1X

nD0
2njanjRn1 converges by the Ratio Test.

(c) Supposejxj < R1 andjyj < R1. Then

jF.x/� F.y/j D
ˇ̌
ˇ̌
ˇ

1X

nD0
anx

n �
1X

nD0
any

n

ˇ̌
ˇ̌
ˇ �

1X

nD0
janjjxn � ynj �

1X

nD0
njanjjx � yj

�
jxjn�1 C jyjn�1

�

� jx � yj
1X

nD0
njanj

�
Rn�1
1 CRn�1

1

�
D M jx � yj

(d) Let jxj < R, and letR1 be a number such thatjxj < R1 < R. Then by part (b),M D
1X

nD0
2njanjRn1 is finite and by part (c)

jF .x/� F .y/ j � M jx � yj

for jyj < R1. Now, let� > 0, and chooseı > 0 so thatı <
�

M
and ı < R1 � jxj. Then, wheneverjy � xj < ı,

jyj D j .y � x/C xj � jy � xj C jxj < ı C jxj < R1;

so

jF .x/� F .y/ j < M jx � yj < Mı < M � �
M

D �:

Thus,F is continuous atx.

10.7 Taylor Series

Preliminary Questions
1. Determinef .0/ andf 000.0/ for a functionf .x/ with Maclaurin series

T .x/ D 3C 2x C 12x2 C 5x3 C � � �

SOLUTION The Maclaurin series for a functionf has the form

f .0/C f 0 .0/
1Š

x C f 00 .0/
2Š

x2 C f 000 .0/
3Š

x3 C � � �

Matching this general expression with the given series, we findf .0/ D 3 and
f 000.0/
3Š

D 5. From this latter equation, it follows that

f 000.0/ D 30.
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2. Determinef .�2/ andf .4/.�2/ for a function with Taylor series

T .x/ D 3.x C 2/C .x C 2/2 � 4.x C 2/3 C 2.x C 2/4 C � � �

SOLUTION The Taylor series for a functionf centered atx D �2 has the form

f .�2/C f 0 .�2/
1Š

.x C 2/C f 00 .�2/
2Š

.x C 2/2 C f 000 .�2/
3Š

.x C 2/3 C f .4/.�2/
4Š

.x C 2/4 C � � �

Matching this general expression with the given series, we findf .�2/ D 0 and
f .4/.�2/

4Š
D 2. From this latter equation, it follows

thatf .4/.�2/ D 48.

3. What is the easiest way to find the Maclaurin series for the functionf .x/ D sin.x2/?

SOLUTION The easiest way to find the Maclaurin series for sin
�
x2
�

is to substitutex2 for x in the Maclaurin series for sinx.

4. Find the Taylor series forf .x/ centered atc D 3 if f .3/ D 4 andf 0.x/ has a Taylor expansion

f 0.x/ D
1X

nD1

.x � 3/n

n

SOLUTION Integrating the series forf 0.x/ term-by-term gives

f .x/ D C C
1X

nD1

.x � 3/nC1

n.nC 1/
:

Substitutingx D 3 then yields

f .3/ D C D 4I

so

f .x/ D 4C
1X

nD1

.x � 3/nC1

n.nC 1/
:

5. Let T .x/ be the Maclaurin series off .x/. Which of the following guarantees thatf .2/ D T .2/?

(a) T .x/ converges forx D 2.

(b) The remainderRk.2/ approaches a limit ask ! 1.

(c) The remainderRk.2/ approaches zero ask ! 1.

SOLUTION The correct response is(c): f .2/ D T .2/ if and only if the remainderRk.2/ approaches zero ask ! 1.

Exercises
1. Write out the first four terms of the Maclaurin series off .x/ if

f .0/ D 2; f 0.0/ D 3; f 00.0/ D 4; f 000.0/ D 12

SOLUTION The first four terms of the Maclaurin series off .x/ are

f .0/C f 0.0/x C f 00.0/
2Š

x2 C f 000.0/
3Š

x3 D 2C 3x C 4

2
x2 C 12

6
x3 D 2C 3x C 2x2 C 2x3:

2. Write out the first four terms of the Taylor series off .x/ centered atc D 3 if

f .3/ D 1; f 0.3/ D 2; f 00.3/ D 12; f 000.3/ D 3

SOLUTION The first four terms of the Taylor series centered atc D 3 are:

f .3/C f 0.3/.x � 3/C f 00.3/
2Š

.x � 3/2 C f 000.3/
3Š

.x � 3/3 D 1C 2.x � 3/C 12

2
.x � 3/2 C 3

6
.x � 3/3

D 1C 2.x � 3/C 6.x � 3/2 C 1

2
.x � 3/3:
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In Exercises 3–18, find the Maclaurin series and find the interval on which the expansion is valid.

3. f .x/ D 1

1 � 2x
SOLUTION Substituting2x for x in the Maclaurin series for 11�x gives

1

1 � 2x D
1X

nD0
.2x/n D

1X

nD0
2nxn:

This series is valid forj2xj < 1, or jxj < 1
2 .

4. f .x/ D x

1 � x4

SOLUTION Substitutingx4 for x in the Maclaurin series for 11�x gives

1

1 � x4
D

1X

nD0
.x4/n D

1X

nD0
x4n:

Therefore

x

1 � x4
D x

1X

nD0
x4n D

1X

nD0
x4nC1:

This series is valid forjx4j < 1, or jxj < 1.
5. f .x/ D cos3x

SOLUTION Substituting3x for x in the Maclaurin series for cosx gives

cos3x D
1X

nD0
.�1/n .3x/

2n

.2n/Š
D

1X

nD0
.�1/n 9

nx2n

.2n/Š
:

This series is valid for allx.

6. f .x/ D sin.2x/

SOLUTION Substituting2x for x in the Maclaurin series for sinx gives

sin2x D
1X

nD0
.�1/n .2x/

2nC1

.2nC 1/Š
D

1X

nD0
.�1/n 2

2nC1x2nC1

.2nC 1/Š
:

This series is valid for allx.

7. f .x/ D sin.x2/

SOLUTION Substitutingx2 for x in the Maclaurin series for sinx gives

sinx2 D
1X

nD0
.�1/n .x

2/2nC1

.2nC 1/Š
D

1X

nD0
.�1/n x4nC2

.2nC 1/Š
:

This series is valid for allx.

8. f .x/ D e4x

SOLUTION Substituting4x for x in the Maclaurin series forex gives

e4x D
1X

nD0

.4x/n

nŠ
D

1X

nDo

4nxn

nŠ
:

This series is valid for allx.

9. f .x/ D ln.1 � x2/
SOLUTION Substituting�x2 for x in the Maclaurin series for ln.1C x/ gives

ln.1 � x2/ D
1X

nD1

.�1/n�1.�x2/n
n

D
1X

nD1

.�1/2n�1x2n

n
D �

1X

nD1

x2n

n
:

This series is valid forjxj < 1.
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10. f .x/ D .1 � x/�1=2

SOLUTION Substituting�x for x and usinga D �1
2 in the Binomial series gives

.1 � x/�1=2 D
1X

nD0

�
�1
2
n

�
.�x/n D

1X

nD0
.�1/n

�
�1
2
n

�
xn:

This series is valid forjxj < 1.
11. f .x/ D tan�1.x2/

SOLUTION Substitutingx2 for x in the Maclaurin series for tan�1 x gives

tan�1.x2/ D
1X

nD0
.�1/n .x

2/2nC1

2nC 1
D

1X

nD0
.�1/n x

4nC2

2nC 1
:

This series is valid forjxj � 1.

12. f .x/ D x2ex
2

SOLUTION First substitutex2 for x in the Maclaurin series forex to obtain

ex
2 D

1X

nD0

.x2/n

nŠ
D

1X

nD0

x2n

nŠ
:

Now, multiply byx2 to obtain

x2ex
2 D x2

1X

nD0

x2n

nŠ
D

1X

nD0

x2nC2

nŠ
:

This series is valid for allx.

13. f .x/ D ex�2

SOLUTION ex�2 D e�2ex ; thus,

ex�2 D e�2
1X

nD0

xn

nŠ
D

1X

nD0

xn

e2nŠ
:

This series is valid for allx.

14. f .x/ D 1 � cosx

x

SOLUTION cosx D
1X

nD0
.�1/n x

2n

.2n/Š
, so

1 � cosx

x
D

1X

nD1
.�1/nC1 x

2n�1

.2n/Š

This series is valid for allx.

15. f .x/ D ln.1 � 5x/
SOLUTION Substituting�5x for x in the Maclaurin series for ln.1C x/ gives

ln.1� 5x/ D
1X

nD1

.�1/n�1.�5x/n
n

D
1X

nD1

.�1/2n�15nxn

n
D �

1X

nD1

5nxn

n
:

This series is valid forj5xj < 1, or jxj < 1
5 , and forx D �1

5 .

16. f .x/ D .x2 C 2x/ex

SOLUTION Using the Maclaurin series forex , we find

.x2 C 2x/ex D x2
1X

nD0

xn

nŠ
C 2x

1X

nD0

xn

nŠ
D

1X

nD0

xnC2

nŠ
C

1X

nD0

2xnC1

nŠ
D 2x C

1X

nD1

�
1

.n� 1/Š
C 2

nŠ

�
xnC1

D 2x C
1X

nD1

nC 2

nŠ
xnC1 D

1X

nD0

nC 2

nŠ
xnC1:

This series is valid for allx.
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17. f .x/ D sinhx

SOLUTION Recall that

sinhx D 1

2
.ex � e�x/:

Therefore,

sinhx D 1

2

 1X

nD0

xn

nŠ
�

1X

nD0

.�x/n
nŠ

!
D

1X

nD0

xn

2.nŠ/

�
1 � .�1/n

�
:

Now,

1 � .�1/n D
(
0; n even

2; n odd

so

sinhx D
1X

kD0
2

x2kC1

2.2k C 1/Š
D

1X

kD0

x2kC1

.2k C 1/Š
:

This series is valid for allx.

18. f .x/ D coshx

SOLUTION Recall that

coshx D 1

2
.ex C e�x/:

Therefore,

coshx D 1

2

 1X

nD0

xn

nŠ
C

1X

nD0

.�x/n
nŠ

!
D

1X

nD0

xn

2.nŠ/

�
1C .�1/n

�
:

Now,

1C .�1/n D
(
0; n odd

2; n even

so

coshx D
1X

kD0
2
x2k

2.2k/Š
D

1X

kD0

x2k

.2k/Š
:

This series is valid for allx.

In Exercises 19–28, find the terms through degree four of the Maclaurin series off .x/. Use multiplication and substitution as
necessary.

19. f .x/ D ex sinx

SOLUTION Multiply the fourth-order Taylor Polynomials forex and sinx:

 
1C x C x2

2
C x3

6
C x4

24

! 
x � x3

6

!

D x C x2 � x3

6
C x3

2
� x4

6
C x4

6
C higher-order terms

D x C x2 C x3

3
C higher-order terms:

The terms through degree four in the Maclaurin series forf .x/ D ex sinx are therefore

x C x2 C x3

3
:
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20. f .x/ D ex ln.1 � x/

SOLUTION Multiply the fourth order Taylor Polynomials forex and ln.1 � x/:

 
1C x C x2

2
C x3

6
C x4

24

! 
�x � x2

2
� x3

3
� x4

4

!

D �x � x2

2
� x2 � x3

3
� x3

2
� x3

2
� x4

4
� x4

3
� x4

4
� x4

6
C higher-order terms

D �x � 3x2

2
� 4x3

3
� x4 C higher-order terms:

The first four terms of the Maclaurin series forf .x/ D ex ln.1� x/ are therefore

�x � 3x2

2
� 4x3

3
� x4:

21. f .x/ D sinx

1 � x

SOLUTION Multiply the fourth order Taylor Polynomials for sinx and
1

1� x
:

 
x � x3

6

!�
1C x C x2 C x3 C x4

�

D x C x2 � x3

6
C x3 C x4 � x4

6
C higher-order terms

D x C x2 C 5x3

6
C 5x4

6
C higher-order terms:

The terms through order four of the Maclaurin series forf .x/ D sinx

1� x
are therefore

x C x2 C 5x3

6
C 5x4

6
:

22. f .x/ D 1

1C sinx

SOLUTION Substituting sinx for x in the Maclaurin series for 11�x and then using the Maclaurin series for sinx gives

1

1C sinx
D 1 � sinx C sin2 x � sin3 x C sin4 x � : : :

D 1 �
 
x � x3

6
C � � �

!
C
 
x � x3

6
C � � �

!2
�
 
x � x3

6
C : : :

!3
C
 
x � x3

6
C : : :

!4
� � �

D 1 � x C x3

6
C x2 � x4

3
� x3 C x4 D 1 � x C x2 � 5x3

6
C 2x4

3

Therefore, the terms of the Maclaurin series forf .x/ D 1

1C sin x
through order four are

1 � x C x2 � 5x3

6
C 2x4

3
:

23. f .x/ D .1C x/1=4

SOLUTION The first five generalized binomial coefficients fora D 1
4 are

1;
1

4
;

1
4

�
�3
4

�

2Š
D � 3

32
;

1
4

�
�3
4

� �
�7
4

�

3Š
D 7

128
;

1
4

�
�3
4

� �
�7
4

� �
�11
4

�

4Š
D �77
2048

Therefore, the first four terms in the binomial series for.1C x/1=4 are

1C 1

4
x � 3

32
x2 C 7

128
x3 � 77

2048
x4
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24. f .x/ D .1C x/�3=2

SOLUTION The first five generalized binomial coefficients fora D �3
2 are

1; �3
2
;

�3
2 .�

5
2 /

2Š
D 15

8
;

�3
2 .�

5
2 /.�

7
2 /

3Š
D �35

16
;

�3
2 .�

5
2 /.�

7
2 /.�

9
2 /

4Š
D 315

128
:

Therefore, the first five terms in the binomial series forf .x/ D .1C x/�3=2 are

1 � 3

2
x C 15

8
x2 � 35

16
x3 C 315

128
x4:

25. f .x/ D ex tan�1 x

SOLUTION Using the Maclaurin series forex and tan�1 x, we find

ex tan�1 x D
 
1C x C x2

2
C x3

6
C � � �

! 
x � x3

3
C � � �

!
D x C x2 � x3

3
C x3

2
C x4

6
� x4

3
C � � �

D x C x2 C 1

6
x3 � 1

6
x4 C � � � :

26. f .x/ D sin.x3 � x/
SOLUTION Substitutex3 � x into the first two terms of the Maclaurin series for sinx:

.x3 � x/� .x3 � x/3

3Š
D x3 � x � x9 � 3x7 C 3x5 � x3

3Š

so that the terms of the Maclaurin series for sin.x3 � x/ through degree four are

�x C 7

6
x3

27. f .x/ D esinx

SOLUTION Substituting sinx for x in the Maclaurin series forex and then using the Maclaurin series for sinx, we find

esinx D 1C sinx C sin2 x

2
C sin3 x

6
C sin4 x

24
C � � �

D 1C
 
x � x3

6
C � � �

!
C 1

2

 
x � x3

6
C � � �

!2
C 1

6
.x � � � � /3 C 1

24
.x � � � � /4

D 1C x C 1

2
x2 � 1

6
x3 C 1

6
x3 � 1

6
x4 C 1

24
x4 C � � �

D 1C x C 1

2
x2 � 1

8
x4 C � � � :

28. f .x/ D e.e
x/

SOLUTION With f .x/ D e.e
x/, we find

f 0.x/ D e.e
x/ � ex

f 00.x/ D e.e
x/ � ex C e.e

x/ � e2x D e.e
x/
�
e2x C ex

�

f 000.x/ D e.e
x/
�
2e2x C ex

�
C e.e

x/
�
e2x C ex

�
ex

D e.e
x/
�
e3x C 3e2x C ex

�

f .4/.x/ D e.e
x/.3e3x C 6e2x C ex/C e.e

x/.e3x C 3e2x C ex/ex

D e.e
x/.e4x C 6e3x C 7e2x C ex/

and

f .0/ D e; f 0.0/ D e; f 00.0/ D 2e; f 000.0/ D 5e; f .4/.0/ D 15e:

Therefore, the first four terms of the Maclaurin forf .x/ D e.e
x/ are

e C ex C ex2 C 5e

6
x3 C 5e

8
x4:
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In Exercises 29–38, find the Taylor series centered atc and find the interval on which the expansion is valid.

29. f .x/ D 1

x
, c D 1

SOLUTION Write

1

x
D 1

1C .x � 1/
;

and then substitute�.x � 1/ for x in the Maclaurin series for 11�x to obtain

1

x
D

1X

nD0
Œ�.x � 1/�n D

1X

nD0
.�1/n.x � 1/n:

This series is valid forjx � 1j < 1.
30. f .x/ D e3x , c D �1
SOLUTION Write

e3x D e3.xC1/�3 D e�3e3.xC1/:

Now, substitute3.x C 1/ for x in the Maclaurin series forex to obtain

e3.xC1/ D
1X

nD0

.3.x C 1//n

nŠ
D

1X

nD0

3n

nŠ
.x C 1/n:

Thus,

e3x D e�3
1X

nD0

3n

nŠ
.x C 1/n D

1X

nD0

3ne�3

nŠ
.x C 1/n;

This series is valid for allx.

31. f .x/ D 1

1 � x , c D 5

SOLUTION Write

1

1� x
D 1

�4 � .x � 5/ D �1
4

� 1

1C x�5
4

:

Substituting�x�5
4 for x in the Maclaurin series for 11�x yields

1

1C x�5
4

D
1X

nD0

�
�x � 5

4

�n
D

1X

nD0
.�1/n .x � 5/n

4n
:

Thus,

1

1 � x
D �1

4

1X

nD0
.�1/n .x � 5/n

4n
D

1X

nD0
.�1/nC1 .x � 5/n

4nC1 :

This series is valid for
ˇ̌
ˇx�5
4

ˇ̌
ˇ < 1, or jx � 5j < 4.

32. f .x/ D sinx, c D �

2

SOLUTION Note that the odd derivatives of sinx are zero at�2 , and the even derivatives alternate betweenC1 and�1. Thus the
Taylor series centered at�2 is

1X

nD0
.�1/n

�
x � �

2

�2n

.2n/Š

33. f .x/ D x4 C 3x � 1, c D 2
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SOLUTION To determine the Taylor series with centerc D 2, we compute

f 0.x/ D 4x3 C 3; f 00.x/ D 12x2; f 000.x/ D 24x;

andf .4/.x/ D 24. All derivatives of order five and higher are zero. Now,

f .2/ D 21; f 0.2/ D 35; f 00.2/ D 48; f 000.2/ D 48;

andf .4/.2/ D 24. Therefore, the Taylor series is

21C 35.x � 2/C 48

2
.x � 2/2 C 48

6
.x � 2/3 C 24

24
.x � 2/4;

or

21C 35.x � 2/C 24.x � 2/2 C 8.x � 2/3 C .x � 2/4:

34. f .x/ D x4 C 3x � 1, c D 0

SOLUTION The functionx4 C 3x � 1 is a polynomial inx, hence it is already in the form of a Maclaurin series.

35. f .x/ D 1

x2
, c D 4

SOLUTION We will first find the Taylor series for1x and then differentiate to obtain the series for1
x2 . Write

1

x
D 1

4C .x � 4/
D 1

4
� 1

1C x�4
4

:

Now substitute�x�4
4 for x in the Maclaurin series for 11�x to obtain

1

x
D 1

4

1X

nD

�
�x � 4

4

�n
D

1X

nD0
.�1/n .x � 4/n

4nC1 :

Differentiating term-by-term yields

� 1

x2
D

1X

nD1
.�1/nn.x � 4/n�1

4nC1 ;

so that

1

x2
D

1X

nD1
.�1/n�1n

.x � 4/n�1

4nC1 D
1X

nD0
.�1/n.nC 1/

.x � 4/n

4nC2 :

This series is valid for
ˇ̌
ˇx�4
4

ˇ̌
ˇ < 1, or jx � 4j < 4.

36. f .x/ D
p
x, c D 4

SOLUTION Write

p
x D

p
4C .x � 4/ D 2

r
1C x � 4

4
:

Substitutingx�4
4 for x in the binomial series witha D 1

2 yields

p
x D 2

1X

nD0

�
1
2
n

��
x � 4

4

�n
D

1X

nD0

1

22n�1

�
1
2
n

�
.x � 4/n:

This series is valid for
ˇ̌
ˇx�4
4

ˇ̌
ˇ < 1, or jx � 4j < 4.

37. f .x/ D 1

1 � x2
, c D 3

SOLUTION By partial fraction decomposition

1

1 � x2
D

1
2

1 � x
C

1
2

1C x
;

so

1

1 � x2
D

1
2

�2 � .x � 3/
C

1
2

4C .x � 3/ D �1
4

� 1

1C x�3
2

C 1

8
� 1

1C x�3
4

:
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Substituting�x�3
2 for x in the Maclaurin series for 11�x gives

1

1C x�3
2

D
1X

nD0

�
�x � 3

2

�n
D

1X

nD0

.�1/n
2n

.x � 3/n;

while substituting�x�3
4 for x in the same series gives

1

1C x�3
4

D
1X

nD0

�
�x � 3

4

�n
D

1X

nD0

.�1/n
4n

.x � 3/n:

Thus,

1

1 � x2
D �1

4

1X

nD0

.�1/n
2n

.x � 3/n C 1

8

1X

nD0

.�1/n
4n

.x � 3/n D
1X

nD0

.�1/nC1

2nC2 .x � 3/n C
1X

nD0

.�1/n
22nC3 .x � 3/n

D
1X

nD0

 
.�1/nC1

2nC2 C .�1/n

22nC3

!
.x � 3/n D

1X

nD0

.�1/nC1.2nC1 � 1/

22nC3 .x � 3/n:

This series is valid forjx � 3j < 2.

38. f .x/ D 1

3x � 2
, c D �1

SOLUTION Write

1

3x � 2
D 1

�5C 3.x C 1/
D �1

5

1

1 � 3.xC1/
5

;

and then substitute3.xC1/
5 for x in the Maclaurin series for 11�x to obtain

1

1 � 3.xC1/
5

D
1X

nD0

�
3.x C 1/

5

�n
D

1X

nD0

3n

5n
.x C 1/n:

Thus,

1

3x � 2
D �

1X

nD0

3n

5nC1 .x C 1/n:

This series is valid for
ˇ̌
ˇ3.xC1/

5

ˇ̌
ˇ < 1, or jx C 1j < 5

3 .

39. Use the identity cos2 x D 1
2 .1C cos2x/ to find the Maclaurin series for cos2 x.

SOLUTION The Maclaurin series for cos2x is

1X

nD0
.�1/n .2x/

2n

.2n/Š
D

1X

nD0
.�1/n 2

2nx2n

.2n/Š

so the Maclaurin series for cos2 x D 1
2 .1C cos2x/ is

1C
�
1C

P1
nD1.�1/n 2

2nx2n

.2n/Š

�

2
D 1C

1X

nD1
.�1/n 2

2n�1x2n

.2n/Š

40. Show that forjxj < 1,

tanh�1 x D x C x3

3
C x5

5
C � � �

Hint: Recall that
d

dx
tanh�1 x D 1

1 � x2
.

SOLUTION Because

d

dx
tanh�1 x D 1

1 � x2
D

1X

nD0
.x2/n D

1X

nD0
x2n;
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we have

tanh�1 x D C C
1X

nD0

x2nC1

2nC 1
D C C x C x3

3
C x5

5
C � � � :

Now, tanh�1 0 D 0, so it follows thatC D 0, and

tanh�1 x D
1X

nD0

x2nC1

2nC 1
D x C x3

3
C x5

5
C � � � :

41. Use the Maclaurin series for ln.1C x/ and ln.1 � x/ to show that

1

2
ln
�
1C x

1 � x

�
D x C x3

3
C x5

5
C � � �

for jxj < 1. What can you conclude by comparing this result with that of Exercise 40?

SOLUTION Using the Maclaurin series for ln.1C x/ and ln.1 � x/, we have forjxj < 1

ln.1C x/� ln.1 � x/ D
1X

nD1

.�1/n�1

n
xn �

1X

nD1

.�1/n�1

n
.�x/n

D
1X

nD1

.�1/n�1

n
xn C

1X

nD1

xn

n
D

1X

nD1

1C .�1/n�1

n
xn:

Since1C .�1/n�1 D 0 for evenn and1C .�1/n�1 D 2 for oddn,

ln .1C x/� ln .1 � x/ D
1X

kD0

2

2k C 1
x2kC1:

Thus,

1

2
ln
�
1C x

1 � x

�
D 1

2
.ln.1C x/� ln.1 � x// D 1

2

1X

kD0

2

2k C 1
x2kC1 D

1X

kD0

x2kC1

2k C 1
:

Observe that this is the same series we found in Exercise 40; therefore,

1

2
ln

�
1C x

1 � x

�
D tanh�1 x:

42. Differentiate the Maclaurin series for
1

1 � x
twice to find the Maclaurin series of

1

.1� x/3
.

SOLUTION Differentiating the Maclaurin series for
1

1 � x
term-by-term, we obtain

1

.1� x/2
D

1X

nD1
nxn�1:

Differentiating again then yields

2

.1 � x/3
D

1X

nD2
n.n � 1/xn�2;

so that

1

.1 � x/3
D

1X

nD2

n.n� 1/

2
xn�2 D

1X

nD0

.nC 2/.nC 1/

2
xn:

43. Show, by integrating the Maclaurin series forf .x/ D 1p
1 � x2

, that for jxj < 1,

sin�1 x D x C
1X

nD1

1 � 3 � 5 � � � .2n � 1/
2 � 4 � 6 � � � .2n/

x2nC1

2nC 1
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SOLUTION From Example 10, we know that forjxj < 1

1p
1 � x2

D
1X

nD0

1 � 3 � 5 � � � .2n� 1/

2 � 4 � 6 � � � .2n/ x2n D 1C
1X

nD1

1 � 3 � 5 � � � .2n� 1/

2 � 4 � 6 � � � .2n/ x2n;

so, forjxj < 1,

sin�1 x D
Z

dxp
1 � x2

D C C x C
1X

nD1

1 � 3 � 5 � � � .2n� 1/

2 � 4 � 6 � � � .2n/
x2nC1

2nC 1
:

Since sin�1 0 D 0, we find thatC D 0. Thus,

sin�1 x D x C
1X

nD1

1 � 3 � 5 � � � .2n � 1/
2 � 4 � 6 � � � .2n/

x2nC1

2nC 1
:

44. Use the first five terms of the Maclaurin series in Exercise 43 to approximate sin�1 1
2 . Compare the result with the calculator

value.

SOLUTION From Exercise 43 we know that forjxj < 1,

sin�1 x D x C
1X

nD1

1 � 3 � 5 � � � .2n � 1/
2 � 4 � 6 � � � .2n/

x2nC1

2nC 1
:

The first five terms of the series are:

x C 1

2

x3

3
C 1 � 3
2 � 4

x5

5
C 1 � 3 � 5
2 � 4 � 6

x7

7
C 1 � 3 � 5 � 7
2 � 4 � 6 � 8

x9

9
D x C x3

6
C 3x5

40
C 5x7

112
C 35x9

1152

Settingx D 1

2
, we obtain the following approximation:

sin�1 1
2

� 1

2
C

�
1
2

�3

6
C
3 �
�
1
2

�5

40
C
5 �
�
1
2

�7

112
C
35 �

�
1
2

�9

1152
� 0:52358519539:

The calculator value is sin�1 1
2 � 0:5235988775.

45. How many terms of the Maclaurin series off .x/ D ln.1 C x/ are needed to compute ln1:2 to within an error of at most
0.0001? Make the computation and compare the result with the calculator value.

SOLUTION Substitutex D 0:2 into the Maclaurin series for ln.1C x/ to obtain:

ln 1:2 D
1X

nD1
.�1/n�1 .0:2/

n

n
D

1X

nD1
.�1/n�1 1

5nn
:

This is an alternating series withan D 1

n � 5n . Using the error bound for alternating series

jln 1:2 � SN j � aNC1 D 1

.N C 1/5NC1 ;

so we must chooseN so that

1

.N C 1/5NC1 < 0:0001 or .N C 1/5NC1 > 10;000:

For N D 3, .N C 1/5NC1 D 4 � 54 D 2500 < 10; 000, and forN D 4, .N C 1/5NC1 D 5 � 55 D 15; 625 > 10; 000; thus, the
smallest acceptable value forN isN D 4. The corresponding approximation is:

S4 D
4X

nD1

.�1/n�1

5n � n D 1

5
� 1

52 � 2
C 1

53 � 3
� 1

54 � 4
D 0:182266666:

Now, ln1:2 D 0:182321556, so

jln 1:2 � S4j D 5:489 � 10�5 < 0:0001:

46. Show that

� � �3

3Š
C �5

5Š
� �7

7Š
C � � �

converges to zero. How many terms must be computed to get within 0.01 of zero?
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SOLUTION Setx D � in the Maclaurin series for sinx to obtain:

0 D sin� D � � �3

3Š
C �5

5Š
� �7

7Š
C � � � :

Using the error bound for an alternating series, we have
ˇ̌
ˇ̌
ˇ̌0 �

NX

nD0

.�1/n�2nC1

.2nC 1/Š

ˇ̌
ˇ̌
ˇ̌ � �2NC3

.2N C 3/Š
:

N D 4 is the smallest value for which the error bound is less than0:01, so five terms are needed.

47. Use the Maclaurin expansion fore�t2 to express the functionF.x/ D
R x
0 e

�t2 dt as an alternating power series inx (Figure 1).

(a) How many terms of the Maclaurin series are needed to approximate the integral forx D 1 to within an error of at most 0.001?
(b) Carry out the computation and check your answer using a computer algebra system.

F(x)

T15(x)

1 2

y

x

FIGURE 1 The Maclaurin polynomialT15.x/ for F.t/ D
Z x

0
e�t2 dt:

SOLUTION Substituting�t2 for t in the Maclaurin series foret yields

e�t2 D
1X

nD0

.�t2/n
nŠ

D
1X

nD0
.�1/n t

2n

nŠ
I

thus,

Z x

0
e�t2 dt D

1X

nD0
.�1/n x2nC1

nŠ.2nC 1/
:

(a) Forx D 1,

Z 1

0
e�t2 dt D

1X

nD0
.�1/n 1

nŠ.2nC 1/
:

This is an alternating series withan D 1
nŠ.2nC1/ ; therefore, the error incurred by usingSN to approximate the value of the definite

integral is bounded by
ˇ̌
ˇ̌
ˇ

Z 1

0
e�t2 dt � SN

ˇ̌
ˇ̌
ˇ � aNC1 D 1

.N C 1/Š.2N C 3/
:

To guarantee the error is at most0:001, we must chooseN so that

1

.N C 1/Š.2N C 3/
< 0:001 or .N C 1/Š.2N C 3/ > 1000:

ForN D 3, .N C 1/Š.2N C 3/ D 4Š � 9 D 216 < 1000 and forN D 4, .N C 1/Š.2N C 3/ D 5Š � 11 D 1320 > 1000; thus, the
smallest acceptable value forN isN D 4. The corresponding approximation is

S4 D
4X

nD0

.�1/n
nŠ.2nC 1/

D 1� 1

3
C 1

2Š � 5 � 1

3Š � 7 C 1

4Š � 9 D 0:747486772:

(b) Using a computer algebra system, we find
Z 1

0
e�t2 dt D 0:746824133I

therefore
ˇ̌
ˇ̌
ˇ

Z 1

0
e�t2 dt � S4

ˇ̌
ˇ̌
ˇ D 6:626 � 10�4 < 10�3:
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48. LetF.x/ D
Z x

0

sint dt

t
. Show that

F.x/ D x � x3

3 � 3Š C x5

5 � 5Š � x7

7 � 7Š C � � �

EvaluateF.1/ to three decimal places.

SOLUTION Divide the Maclaurin series for sint by t to obtain

sint

t
D 1

t

1X

nD0
.�1/n t2nC1

.2nC 1/Š
D

1X

nD0
.�1/n t2n

.2nC 1/Š
:

Integrating both sides of this equation and using term-by-term integration, we find

F.x/ D
Z x

0

sint

t
dt D

1X

nD0
.�1/n x2nC1

.2nC 1/Š.2nC 1/
D x � x3

3 � 3Š C x5

5 � 5Š � x7

7 � 7Š C � � �

Forx D 1,

F.1/ D
1X

nD0
.�1/n 1

.2nC 1/Š.2nC 1/
:

This is an alternating series withan D 1
.2nC1/Š.2nC1/ ; therefore, the error incurred by usingSN to approximate the value of the

definite integral is bounded by
ˇ̌
ˇ̌
ˇ

Z 1

0

sint

t
dt � SN

ˇ̌
ˇ̌
ˇ � aNC1 D 1

.2N C 3/Š.2N C 3/
:

To guarantee the error is at most0:0005, we must chooseN so that

1

.2N C 3/Š.2N C 3/
< 0:0005 or .2N C 3/Š.2N C 3/ > 2000:

ForN D 1, .2N C 3/Š.2N C 3/ D 5Š � 5 D 600 < 2000 and forN D 2, .2N C 3/Š.2N C 3/ D 7Š � 7 D 35;280 > 2000; thus, the
smallest acceptable value forN isN D 2. The corresponding approximation is

S2 D
2X

nD0

.�1/n
.2nC 1/Š.2nC 1/

D 1 � 1

3 � 3Š C 1

5 � 5Š D 0:946111111:

In Exercises 49–52, express the definite integral as an infinite series and find its value to within an error of at most10�4.

49.
Z 1

0
cos.x2/ dx

SOLUTION Substitutingx2 for x in the Maclaurin series for cosx yields

cos.x2/ D
1X

nD0
.�1/n .x

2/2n

.2n/Š
D

1X

nD0
.�1/n x

4n

.2n/Š
I

therefore,

Z 1

0
cos.x2/ dx D

1X

nD0
.�1/n x4nC1

.2n/Š.4nC 1/

ˇ̌
ˇ̌
ˇ

1

0

D
1X

nD0

.�1/n
.2n/Š.4nC 1/

:

This is an alternating series withan D 1
.2n/Š.4nC1/ ; therefore, the error incurred by usingSN to approximate the value of the

definite integral is bounded by
ˇ̌
ˇ̌
ˇ

Z 1

0
cos.x2/ dx � SN

ˇ̌
ˇ̌
ˇ � aNC1 D 1

.2N C 2/Š.4N C 5/
:

To guarantee the error is at most0:0001, we must chooseN so that

1

.2N C 2/Š.4N C 5/
< 0:0001 or .2N C 2/Š.4N C 5/ > 10;000:
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ForN D 2, .2N C 2/Š.4N C 5/ D 6Š � 13 D 9360 < 10;000 and forN D 3, .2N C 2/Š.4N C 5/ D 8Š � 17 D 685;440 > 10;000;
thus, the smallest acceptable value forN isN D 3. The corresponding approximation is

S3 D
3X

nD0

.�1/n
.2n/Š.4nC 1/

D 1 � 1

5 � 2Š C 1

9 � 4Š � 1

13 � 6Š D 0:904522792:

50.
Z 1

0
tan�1.x2/ dx

SOLUTION Substitutingx2 for x in the Maclaurin series for tan�1 x yields

tan�1.x2/ D
1X

nD0
.�1/n .x

2/2nC1

2nC 1
D

1X

nD0
.�1/n x

4nC2

2nC 1
I

therefore,

Z 1

0
tan�1.x2/ dx D

1X

nD0
.�1/n x4nC3

.2nC 1/.4nC 3/

ˇ̌
ˇ̌
ˇ

1

0

D
1X

nD0

.�1/n
.2nC 1/.4nC 3/

:

This is an alternating series withan D 1
.2nC1/.4nC3/ ; therefore, the error incurred by usingSN to approximate the value of the

definite integral is bounded by
ˇ̌
ˇ̌
ˇ

Z 1

0
tan�1.x2/ dx � SN

ˇ̌
ˇ̌
ˇ � aNC1 D 1

.2N C 3/.4N C 7/
:

To guarantee the error is at most0:0001, we must chooseN so that

1

.2N C 3/.4N C 7/
< 0:0001 or .2N C 3/.4N C 7/ > 10;000:

ForN D 33, .2N C 3/.4N C 7/ D .69/.139/ D 9591 < 10;000 and forN D 34, .2N C 3/.4N C 7/ D .71/.143/ D 10;153 >

10;000; thus, the smallest acceptable value forN isN D 34. The corresponding approximation is

S34 D
34X

nD0

.�1/n
.2n/Š.4nC 1/

D 0:297953297:

51.
Z 1

0
e�x3

dx

SOLUTION Substituting�x3 for x in the Maclaurin series forex yields

e�x3 D
1X

nD0

.�x3/n
nŠ

D
1X

nD0
.�1/n x

3n

nŠ
I

therefore,

Z 1

0
e�x3

dx D
1X

nD0
.�1/n x3nC1

nŠ.3nC 1/

ˇ̌
ˇ̌
ˇ

1

0

D
1X

nD0

.�1/n
nŠ.3nC 1/

:

This is an alternating series withan D 1
nŠ.3nC1/ ; therefore, the error incurred by usingSN to approximate the value of the definite

integral is bounded by
ˇ̌
ˇ̌
ˇ

Z 1

0
e�x3

dx � SN

ˇ̌
ˇ̌
ˇ � aNC1 D 1

.N C 1/Š.3N C 4/
:

To guarantee the error is at most0:0001, we must chooseN so that

1

.N C 1/Š.3N C 4/
< 0:0001 or .N C 1/Š.3N C 4/ > 10;000:

ForN D 4, .N C 1/Š.3N C 4/ D 5Š � 16 D 1920 < 10;000 and forN D 5, .N C 1/Š.3N C 4/ D 6Š � 19 D 13;680 > 10;000;
thus, the smallest acceptable value forN isN D 5. The corresponding approximation is

S5 D
5X

nD0

.�1/n
nŠ.3nC 1/

D 0:807446200:
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52.
Z 1

0

dxp
x4 C 1

SOLUTION From Example 10, we know that forjxj < 1

1p
1 � x2

D
1X

nD0

1 � 3 � 5 � � � .2n � 1/
2 � 4 � 6 � � � .2n/ x2n D

1X

nD0

.2n/Š

22n.nŠ/2
x2nI

therefore,

1p
x4 C 1

D
1X

nD0

.2n/Š

22n.nŠ/2
.�x2/2n D

1X

nD0
.�1/n .2n/Š

22n.nŠ/2
x4n;

and

Z 1

0

dxp
x4 C 1

D
1X

nD0
.�1/n .2n/Š

22n.nŠ/2
x4nC1

4nC 1

ˇ̌
ˇ̌
ˇ

1

0

D
1X

nD0
.�1/n .2n/Š

22n.4nC 1/.nŠ/2
:

This is an alternating series with

an D .2n/Š

22n.4nC 1/.nŠ/2
I

therefore, the error incurred by usingSN to approximate the value of the definite integral is bounded by
ˇ̌
ˇ̌
ˇ

Z 1

0

dxp
x4 C 1

� SN

ˇ̌
ˇ̌
ˇ � aNC1 D .2N C 2/Š

22NC2.4N C 5/..N C 1/Š/2
:

To guarantee the error is at most0:0001, we must chooseN so that

.2N C 2/Š

22NC2.4N C 5/..N C 1/Š/2
< 0:0001:

ForN D 124,

.2N C 2/Š

22NC2.4N C 5/..N C 1/Š/2
D 0:0001006 > 0:0001;

and forN D 125,

.2N C 2/Š

22NC2.4N C 5/..N C 1/Š/2
D 0:00009943 < 0:0001;

thus, the smallest acceptable value forN isN D 125. The corresponding approximation is

S125 D
125X

nD0
.�1/n .2n/Š

22n.4nC 1/.nŠ/2
D 0:926987328:

In Exercises 53–56, express the integral as an infinite series.

53.
Z x

0

1 � cos.t/

t
dt , for all x

SOLUTION The Maclaurin series for cost is

cost D
1X

nD0
.�1/n t2n

.2n/Š
D 1C

1X

nD1
.�1/n t2n

.2n/Š
;

so

1 � cost D �
1X

nD1
.�1/n t2n

.2n/Š
D

1X

nD1
.�1/nC1 t

2n

.2n/Š
;

and

1 � cost

t
D 1

t

1X

nD1
.�1/nC1 t

2n

.2n/Š
D

1X

nD1
.�1/nC1 t

2n�1

.2n/Š
:

Thus,

Z x

0

1� cos.t/

t
dt D

1X

nD1
.�1/nC1 t2n

.2n/Š2n

ˇ̌
ˇ̌
ˇ

x

0

D
1X

nD1
.�1/nC1 x2n

.2n/Š2n
:
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54.
Z x

0

t � sint

t
dt , for all x

SOLUTION The Maclaurin series for sint is

sint D
1X

nD0
.�1/n t2nC1

.2nC 1/Š
D t C

1X

nD1
.�1/n t2nC1

.2nC 1/Š
;

so

t � sint D �
1X

nD1
.�1/n t2nC1

.2nC 1/Š
D

1X

nD1
.�1/nC1 t2nC1

.2nC 1/Š
;

and

t � sint

t
D 1

t

1X

nD1
.�1/nC1 t2nC1

.2nC 1/Š
D

1X

nD1
.�1/nC1 t2n

.2nC 1/Š
:

Thus,

Z x

0

t � sin.t/

t
dt D

1X

nD1
.�1/nC1 t2nC1

.2nC 1/Š.2nC 1/

ˇ̌
ˇ̌
ˇ

x

0

D
1X

nD1
.�1/nC1 x2nC1

.2nC 1/Š.2nC 1/
:

55.
Z x

0
ln.1C t2/ dt , for jxj < 1

SOLUTION Substitutingt2 for t in the Maclaurin series for ln.1C t/ yields

ln.1C t2/ D
1X

nD1
.�1/n�1 .t

2/n

n
D

1X

nD1
.�1/n t

2n

n
:

Thus,

Z x

0
ln.1C t2/ dt D

1X

nD1
.�1/n t2nC1

n.2nC 1/

ˇ̌
ˇ̌
ˇ

x

0

D
1X

nD1
.�1/n x2nC1

n.2nC 1/
:

56.
Z x

0

dtp
1 � t4

, for jxj < 1

SOLUTION From Example 10, we know that forjt j < 1

1p
1 � t2

D
1X

nD0

1 � 3 � 5 � � � .2n� 1/

2 � 4 � 6 � � � .2n/
t2n D

1X

nD0

.2n/Š

22n.nŠ/2
t2nI

therefore,

1p
1 � t4

D
1X

nD0

.2n/Š

22n.nŠ/2
.t2/2n D

1X

nD0

.2n/Š

22n.nŠ/2
t4n;

and

Z x

0

dtp
1 � t4

D
1X

nD0

.2n/Š

22n.nŠ/2
t4nC1

4nC 1

ˇ̌
ˇ̌
ˇ

x

0

D
1X

nD0

.2n/Š

22n.nŠ/2
x4nC1

4nC 1
:

57. Which function has Maclaurin series
1X

nD0
.�1/n2nxn?

SOLUTION We recognize that

1X

nD0
.�1/n2nxn D

1X

nD0
.�2x/n

is the Maclaurin series for11�x with x replaced by�2x. Therefore,

1X

nD0
.�1/n2nxn D 1

1 � .�2x/ D 1

1C 2x
:
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58. Which function has Maclaurin series

1X

kD0

.�1/k

3kC1 .x � 3/k‹

For which values ofx is the expansion valid?

SOLUTION Write the series as

1X

kD0

.�1/k

3kC1 .x � 3/k D 1

3

1X

kD0

�
�x � 3

3

�k
;

which we recognize as13 times the Maclaurin series for11�x with x replaced by�x�3
3 . Therefore,

1X

kD0

.�1/k

3kC1 .x � 3/k D 1

3
� 1

1C x�3
3

D 1

3C x � 3
D 1

x
:

The series is valid for
ˇ̌
ˇx�3
3

ˇ̌
ˇ < 1, or jx � 3j < 3.

In Exercises 59–62, use Theorem 2 to prove that thef .x/ is represented by its Maclaurin series for allx.

59. f .x/ D sin
�
x
2

�
C cos

�
x
3

�
,

SOLUTION All derivatives off .x/ consist of sin or cos applied to each ofx=2 andx=3 and added together, so each summand is

bounded by1. Thus
ˇ̌
ˇf .n/.x/

ˇ̌
ˇ � 2 for all n andx. By Theorem 2,f .x/ is represented by its Taylor series for everyx.

60. f .x/ D e�x

SOLUTION For anyc, choose anyR > 0 and consider the interval.c � R; c CR/. Forf .x/ D e�x , we have
ˇ̌
ˇf .n/.x/

ˇ̌
ˇ D

ˇ̌
.�1/ne�x ˇ̌ D e�x

and on.c � R; c C R/, e�x is bounded above bye�.c�R/ D eR�c . Thus all derivatives off .x/ are bounded byeR�c for any
x 2 .c � R; c CR/, so by Theorem 2,f .x/ is represented by its Taylor series centered atc.

61. f .x/ D sinhx

SOLUTION By definition, sinhx D 1
2 .e

x � e�x/, so if bothex ande�x are represented by their Taylor series centered atc, then
so is sinhx. But the previous exercise shows thate�x is so represented, and the text shows thatex is.

62. f .x/ D .1C x/100

SOLUTION f .x/ is a polynomial, so it is equal to its Taylor series and thus is obviously represented by its Taylor series.

In Exercises 63–66, find the functions with the following Maclaurin series (refer to Table 1 on page 599).

63. 1C x3 C x6

2Š
C x9

3Š
C x12

4Š
C � � �

SOLUTION We recognize

1C x3 C x6

2Š
C x9

3Š
C x12

4Š
C � � � D

1X

nD0

x3n

nŠ
D

1X

nD0

.x3/n

nŠ

as the Maclaurin series forex with x replaced byx3. Therefore,

1C x3 C x6

2Š
C x9

3Š
C x12

4Š
C � � � D ex

3

:

64. 1 � 4x C 42x2 � 43x3 C 44x4 � 45x5 C � � �
SOLUTION We recognize

1 � 4x C 42x2 � 43x3 C 44x4 � 45x5 C � � � D
1X

nD0
.�4x/n

as the Maclaurin series for11�x with x replaced by�4x. Therefore,

1 � 4x C 42x2 � 43x3 C 44x4 � 45x5 C � � � D 1

1 � .�4x/
D 1

1C 4x
:
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65. 1 � 53x3

3Š
C 55x5

5Š
� 57x7

7Š
C � � �

SOLUTION Note

1 � 53x3

3Š
C 55x5

5Š
� 57x7

7Š
C � � � D 1 � 5x C

 
5x � 53x3

3Š
C 55x5

5Š
� 57x7

7Š
C � � �

!

D 1 � 5x C
1X

nD0
.�1/n .5x/

2nC1

.2nC 1/Š
:

The series is the Maclaurin series for sinx with x replaced by5x, so

1 � 53x3

3Š
C 55x5

5Š
� 57x7

7Š
C � � � D 1 � 5x C sin.5x/:

66. x4 � x12

3
C x20

5
� x28

7
C � � �

SOLUTION We recognize

x4 � x12

3
C x20

5
� x28

7
C � � � D

1X

nD0
.�1/n .x

4/2nC1

2nC 1

as the Maclaurin series for tan�1 x with x replaced byx4. Therefore,

x4 � x12

3
C x20

5
� x28

7
C � � � D tan�1.x4/:

In Exercises 67 and 68, let

f .x/ D 1

.1 � x/.1� 2x/

67. Find the Maclaurin series off .x/ using the identity

f .x/ D 2

1 � 2x � 1

1 � x

SOLUTION Substituting2x for x in the Maclaurin series for
1

1 � x
gives

1

1 � 2x
D

1X

nD0
.2x/n D

1X

nD0
2nxn

which is valid forj2xj < 1, or jxj < 1
2 . Because the Maclaurin series for

1

1 � x
is valid for jxj < 1, the two series together are

valid for jxj < 1
2 . Thus, forjxj < 1

2 ,

1

.1 � 2x/.1 � x/
D 2

1 � 2x
� 1

1 � x
D 2

1X

nD0
2nxn �

1X

nD0
xn

D
1X

nD0
2nC1xn �

1X

nD0
xn D

1X

nD0

�
2nC1 � 1

�
xn:

68. Find the Taylor series forf .x/ atc D 2. Hint: Rewrite the identity of Exercise 67 as

f .x/ D 2

�3 � 2.x � 2/
� 1

�1 � .x � 2/

SOLUTION Using the given identity,

f .x/ D 2

�3 � 2.x � 2/
� 1

�1 � .x � 2/
D �2

3

1

1C 2
3 .x � 2/

C 1

1C .x � 2/
:

Substituting�2
3 .x � 2/ for x in the Maclaurin series for 11�x yields

1

1C 2
3 .x � 2/

D
1X

nD0
.�1/n

�
2

3

�n
.x � 2/n;
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and substituting�.x � 2/ for x in the same Maclaurin series yields

1

1C .x � 2/
D

1X

nD0
.�1/n.x � 2/n:

The first series is valid for
ˇ̌
ˇ�2
3 .x � 2/

ˇ̌
ˇ < 1, or jx � 2j < 3

2 , and the second series is valid forjx � 2j < 1; therefore, the two series

together are valid forjx � 2j < 1. Finally, for jx � 2j < 1,

f .x/ D �2
3

1X

nD0
.�1/n

�
2

3

�n
.x � 2/n C

1X

nD0
.�1/n.x � 2/n D

1X

nD0
.�1/n

"
1 �

�
2

3

�nC1#
.x � 2/n:

69. When a voltageV is applied to a series circuit consisting of a resistorR and an inductorL, the current at timet is

I.t/ D
�
V

R

� �
1 � e�Rt=L�

ExpandI.t/ in a Maclaurin series. Show thatI.t/ � V t

L
for smallt .

SOLUTION Substituting�Rt
L

for t in the Maclaurin series foret gives

e�Rt=L D
1X

nD0

�
�Rt
L

�n

nŠ
D

1X

nD0

.�1/n

nŠ

�
R

L

�n
tn D 1C

1X

nD1

.�1/n

nŠ

�
R

L

�n
tn

Thus,

1 � e�Rt=L D 1 �
 
1C

1X

nD1

.�1/n

nŠ

�
R

L

�n
tn

!
D

1X

nD1

.�1/nC1

nŠ

�
Rt

L

�n
;

and

I .t/ D V

R

1X

nD1

.�1/nC1

nŠ

�
Rt

L

�n
D V t

L
C V

R

1X

nD2

.�1/nC1

nŠ

�
Rt

L

�n
:

If t is small, then we can approximateI.t/ by the first (linear) term, and ignore terms with higher powers oft ; then we find

V.t/ � V t

L
:

70. Use the result of Exercise 69 and your knowledge of alternating series to show that

V t

L

�
1 � R

2L
t

�
� I.t/ � V t

L
(for all t)

SOLUTION Since the series forI.t/ is an alternating series, we know that the true value lies between any two successive partial
sums. Since the term forn D 2 is negative, we have

S2 � I.t/ � S1 for all t

ClearlyS1 D V t
L

, and

S2 D V t

L
C V

R

 
�1
nŠ

� R
2t2

L2

!
D V t

L
� VR2t2

2RL2
D V t

L

�
1 � R

2L
t

�

71. Find the Maclaurin series forf .x/ D cos.x3/ and use it to determinef .6/.0/.

SOLUTION The Maclaurin series for cosx is

cosx D
1X

nD0
.�1/n x

2n

.2n/Š

Substitutingx3 for x gives

cos.x3/ D
1X

nD0
.�1/n x

6n

.2n/Š
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Now, the coefficient ofx6 in this series is

� 1

2Š
D �1

2
D f .6/.0/

6Š

so

f .6/.0/ D �6Š
2

D �360

72. Findf .7/.0/ andf .8/.0/ for f .x/ D tan�1 x using the Maclaurin series.

SOLUTION The Maclaurin series forf .x/ D tan�1x is:

1X

nD0
.�1/n x

2nC1

2nC 1
:

The coefficient ofx7 in this series is

.�1/3
7

D �1
7

D f .7/.0/

7Š
;

so

f .7/.0/ D �7Š
7

D �6Š D �720:

The coefficient ofx8 is 0, sof .8/.0/ D 0.

73. Use substitution to find the first three terms of the Maclaurin series forf .x/ D ex
20

. How does the result show that

f .k/.0/ D 0 for 1 � k � 19?

SOLUTION Substitutingx20 for x in the Maclaurin series forex yields

ex
20 D

1X

nD0

.x20/n

nŠ
D

1X

nD0

x20n

nŠ
I

the first three terms in the series are then

1C x20 C 1

2
x40:

Recall that the coefficient ofxk in the Maclaurin series forf is f .k/.0/
kŠ

. For 1 � k � 19, the coefficient ofxk in the Maclaurin

series forf .x/ D ex
20

is zero; it therefore follows that

f .k/.0/

kŠ
D 0 or f .k/.0/ D 0

for 1 � k � 19.

74. Use the binomial series to findf .8/.0/ for f .x/ D
p
1 � x2.

SOLUTION We obtain the Maclaurin series forf .x/ D
p
1 � x2 by substituting�x2 for x in the binomial series witha D 1

2 .
This gives

p
1 � x2 D

1X

nD0

�
1
2
n

��
�x2

�n
D

1X

nD0
.�1/n

�
1
2
n

�
x2n:

The coefficient ofx8 is

.�1/4
�

1
2
4

�
D

1
2

�
1
2 � 1

� �
1
2 � 2

� �
1
2 � 3

�

4Š
D � 15

16 � 4Š D f .8/.0/

8Š
;

so

f .8/ .0/ D �15 � 8Š
16 � 4Š D �1575:

75. Does the Maclaurin series forf .x/ D .1C x/3=4 converge tof .x/ atx D 2? Give numerical evidence to support your answer.
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SOLUTION The Taylor series forf .x/ D .1 C x/3=4 converges tof .x/ for jxj < 1; becausex D 2 is not contained on this
interval, the series does not converge tof .x/ atx D 2. The graph below displays

SN D
NX

nD0

�
3
4
n

�
2n

for 0 � N � 14. The divergent nature of the sequence of partial sums is clear.

0
2 14106 8 124

5

10

15

−20

−15

−10

−5

SN

N

76. Explain the steps required to verify that the Maclaurin series forf .x/ D ex converges tof .x/ for all x.

SOLUTION To show that the Maclaurin series forex converges toex for all x, we show that for any real numberc, the Maclaurin
series converges toex on an interval containingc. To do this, it suffices to show that for any intervalI D .�R;R/, the Maclaurin
series forex converges toex on I , since each real number is contained in some such interval. By Theorem 2, it suffices to show
that there is a numberK that bounds all derivatives ofex for all numbers in the interval.�R;R/. But each derivative ofex is also
ex , so it suffices to show that there is a numberK that boundsex for all x 2 .�R;R/. But ex is an increasing function, so that
ex < eR for all x 2 .�R;R/. ThusK D eR is the bound we want. Theorem 2 then assures us that the Maclaurin series forex

converges toex onI .

77. Let f .x/ D
p
1C x.

(a) Use a graphing calculator to compare the graph off with the graphs of the first five Taylor polynomials forf . What do they
suggest about the interval of convergence of the Taylor series?
(b) Investigate numerically whether or not the Taylor expansion forf is valid forx D 1 andx D �1.

SOLUTION

(a) The five first terms of the Binomial series witha D 1
2 are

p
1C x D 1C 1

2
x C

1
2

�
1
2 � 1

�

2Š
x2 C

1
2

�
1
2 � 1

� �
1
2 � 2

�

3Š
x3 C

1
2

�
1
2 � 1

� �
1
2 � 2

� �
1
2 � 3

�

4Š
x4 C � � �

D 1C 1

2
x � 1

8
x2 C 9

4
x3 � 45

2
x4 C � � �

Therefore, the first five Taylor polynomials are

T0.x/ D 1I

T1.x/ D 1C 1

2
xI

T2.x/ D 1C 1

2
x � 1

8
x2I

T3.x/ D 1C 1

2
x � 1

8
x2 C 1

8
x3I

T4.x/ D 1C 1

2
x � 1

8
x2 C 1

8
x3 � 5

128
x4:

The figure displays the graphs of these Taylor polynomials, along with the graph of the functionf .x/ D
p
1C x, which is shown

in red.

–1 0.5 0.5 1

1.5

1

1.5
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The graphs suggest that the interval of convergence for the Taylor series is�1 < x < 1.

(b) Using a computer algebra system to calculateSN D
NX

nD0

�
1
2
n

�
xn for x D 1 we find

S10 D 1:409931183; S100 D 1:414073048; S1000 D 1:414209104;

which appears to be converging to
p
2 as expected. Atx D �1 we calculateSN D

NX

nD0

�
1
2
n

�
� .�1/n, and find

S10 D 0:176197052; S100 D 0:056348479; S1000 D 0:017839011;

which appears to be converging to zero, though slowly.

78. Use the first five terms of the Maclaurin series for the elliptic functionE.k/ to estimate the periodT of a 1-meter pendulum
released at an angle� D �

4 (see Example 11).

SOLUTION The periodT of a pendulum of lengthL released from an angle� is

T D 4

s
L

g
E.k/;

whereg � 9:8 m=s2 is the acceleration due to gravity,E.k/ is the elliptic function of the first kind andk D sin �2 . From Example
11, we know that

E.k/ D �

2

1X

nD0

�
1 � 3 � 5 � � � .2n � 1/
2 � 4 � 6 � � � .2n/

�2
k2n:

With � D �
4 ,

k D sin
�

8
D
p
2 �

p
2

2
;

and using the first five terms of the series forE.k/, we find

E
�
sin

�

8

�
� �

2

 
1C

�
1

2

�2
sin2

�

8
C
�
1 � 3
2 � 4

�2
sin4

�

8
C
�
1 � 3 � 5
2 � 4 � 6

�2
sin6

�

8
C
�
1 � 3 � 5 � 7
2 � 4 � 6 � 8

�2
sin8

�

8

!

D 1:633578996

Therefore,

T � 4

r
1

9:8
� 1:633578996 D 2:09 seconds:

79. Use Example 11 and the approximation sinx � x to show that the periodT of a pendulum released at an angle� has the
following second-order approximation:

T � 2�

s
L

g

 
1C �2

16

!

SOLUTION The periodT of a pendulum of lengthL released from an angle� is

T D 4

s
L

g
E.k/;

whereg � 9:8 m=s2 is the acceleration due to gravity,E.k/ is the elliptic function of the first kind andk D sin �2 . From Example
11, we know that

E.k/ D �

2

1X

nD0

�
1 � 3 � 5 � � � .2n � 1/
2 � 4 � 6 � � � .2n/

�2
k2n:

Using the approximation sinx � x, we have

k D sin
�

2
� �

2
I
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moreover, using the first two terms of the series forE.k/, we find

E.k/ � �

2

"
1C

�
1

2

�2 ��
2

�2#
D �

2

 
1C �2

16

!
:

Therefore,

T D 4

s
L

g
E.k/ � 2�

s
L

g

 
1C �2

16

!
:

In Exercises 80–83, find the Maclaurin series of the function and use it to calculate the limit.

80. lim
x!0

cosx � 1C x2

2

x4

SOLUTION Using the Maclaurin series for cosx, we find

cosx D
1X

nD0
.�1/n x

2n

.2n/Š
D 1 � x2

2
C x4

24
C

1X

nD3
.�1/n x

2n

.2n/Š
:

Thus,

cosx � 1C x2

2
D x4

24
C

1X

nD3
.�1/n x

2n

.2n/Š

and

cosx � 1C x2

2

x4
D 1

24
C

1X

nD3
.�1/n x

2n�4

.2n/Š

Note that the radius of convergence for this series is infinite, and recall from the previous section that a convergent power series is
continuous within its radius of convergence. Thus to calculate the limit of this power series asx ! 0 it suffices to evaluate it at
x D 0:

lim
x!0

cosx � 1C x2

2

x4
D lim
x!0

 
1

24
C

1X

nD3
.�1/n x

2n�4

.2n/Š

!
D 1

24
C 0 D 1

24
:

81. lim
x!0

sinx � x C x3

6

x5

SOLUTION Using the Maclaurin series for sinx, we find

sinx D
1X

nD0
.�1/n x2nC1

.2nC 1/Š
D x � x3

6
C x5

120
C

1X

nD3
.�1/n x2nC1

.2nC 1/Š
:

Thus,

sinx � x C x3

6
D x5

120
C

1X

nD3
.�1/n x2nC1

.2nC 1/Š

and

sinx � x C x3

6

x5
D 1

120
C

1X

nD3
.�1/n x2n�4

.2nC 1/Š

Note that the radius of convergence for this series is infinite, and recall from the previous section that a convergent power series is
continuous within its radius of convergence. Thus to calculate the limit of this power series asx ! 0 it suffices to evaluate it at
x D 0:

lim
x!0

sinx � x C x3

6

x5
D lim
x!0

 
1

120
C

1X

nD3
.�1/n x2n�4

.2nC 1/Š

!
D 1

120
C 0 D 1

120

82. lim
x!0

tan�1 x � x cosx � 1
6x
3

x5
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SOLUTION Start with the Maclaurin series for tan�1 x and cosx:

tan�1 x D
1X

nD0
.�1/n x

2nC1

2nC 1
cosx D

1X

nD0
.�1/n x

2n

.2n/Š

Then

x cosx D
1X

nD0
.�1/n x

2nC1

.2n/Š

so that

tan�1 x � x cosx D
1X

nD0
.�1/n

�
1

2nC 1
� 1

.2n/Š

�
x2nC1

D 1

6
x3 C 19

120
x5 C

1X

nD3
.�1/n

�
1

2nC 1
� 1

.2n/Š

�
x2nC1

and

tan�1 x � x cosx � 1
6x
3

x5
D 19

120
C

1X

nD3
.�1/n

�
1

2nC 1
� 1

.2n/Š

�
x2n�4

Since the radius of convergence of the series for tan�1 x is 1 and that of cosx is infinite, the radius of convergence of this series is
1. Recall from the previous section that a convergent power series is continuous within its radius of convergence. Thus to calculate
the limit of this power series asx ! 0 it suffices to evaluate it atx D 0:

lim
x!0

tan�1 x � x cosx � 1
6x
3

x5
D lim
x!0

 
19

120
C

1X

nD3
.�1/n

�
1

2nC 1
� 1

.2n/Š

�
x2n�4

!
D 19

120
C 0 D 19

120

83. lim
x!0

 
sin.x2/

x4
� cosx

x2

!

SOLUTION We start with

sinx D
1X

nD0
.�1/n x2nC1

.2nC 1/Š
cosx D

1X

nD0
.�1/n x

2n

.2n/Š

so that

sin.x2/

x4
D

1X

nD0
.�1/n x4nC2

.2nC 1/Šx4
D

1X

nD0
.�1/n x4n�2

.2nC 1/Š

cosx

x2
D

1X

nD0
.�1/n x

2n�2

.2n/Š

Expanding the first few terms gives

sin.x2/

x4
D 1

x2
�

1X

nD1
.�1/n x4n�2

.2nC 1/Š

cosx

x2
D 1

x2
� 1

2
C

1X

nD2
.�1/n x

2n�2

.2n/Š

so that

sin.x2/

x4
� cosx

x2
D 1

2
�

1X

nD1
.�1/n x4n�2

.2nC 1/Š
�

1X

nD2
.�1/n x

2n�2

.2n/Š

Note that all terms under the summation signs have positive powers ofx. Now, the radius of convergence of the series for both sin
and cos is infinite, so the radius of convergence of this series is infinite. Recall from the previous section that a convergent power
series is continuous within its radius of convergence. Thus to calculate the limit of this power series asx ! 0 it suffices to evaluate
it at x D 0:

lim
x!0

 
sin.x2/

x4
� cosx

x2

!
D lim
x!0

 
1

2
�

1X

nD1
.�1/n x4n�2

.2nC 1/Š
�

1X

nD2
.�1/n x

2n�2

.2n/Š

!
D 1

2
C 0 D 1

2
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Further Insights and Challenges

84. In this exercise we show that the Maclaurin expansion off .x/ D ln.1C x/ is valid forx D 1.

(a) Show that for allx ¤ �1,

1

1C x
D

NX

nD0
.�1/nxn C .�1/NC1xNC1

1C x

(b) Integrate from0 to 1 to obtain

ln 2 D
NX

nD1

.�1/n�1

n
C .�1/NC1

Z 1

0

xNC1 dx
1C x

(c) Verify that the integral on the right tends to zero asN ! 1 by showing that it is smaller than
R 1
0 x

NC1dx.

(d) Prove the formula

ln 2 D 1 � 1

2
C 1

3
� 1

4
C � � �

SOLUTION

(a) Substituting�x for x in the Maclaurin series for 11�x yields

1

1C x
D

1X

nD0
.�1/nxn:

Now, rewrite the series as

NX

nD0
.�1/nxn C

1X

nDNC1
.�1/nxn;

and use the formula for the sum of a geometric series on the second term to obtain

1

1C x
D

NX

nD0
.�1/nxn C .�1/NC1xNC1

1C x
:

(b) Integrate the equation derived in part (a) from 0 to 1 to obtain

ln.1C x/

ˇ̌
ˇ̌
1

0

D
NX

nD0
.�1/n x

nC1

nC 1

ˇ̌
ˇ̌
1

0

C .�1/NC1
Z 1

0

xNC1

1C x
dx;

or

ln 2 D
NX

nD0

.�1/n
nC 1

C .�1/NC1
Z 1

0

xNC1

1C x
dx D

NC1X

nD1

.�1/n�1

n
C .�1/NC1

Z 1

0

xNC1

1C x
dx:

(c) For0 < x < 1,

0 � xNC1

1C x
� xNC1 so 0 �

Z 1

0

xNC1

1C x
dx �

Z 1

0
xNC1 dx:

Now,

Z 1

0
xNC1 dx D xNC2

N C 2

ˇ̌
ˇ̌
ˇ

1

0

D 1

N C 2
! 0 asN ! 1:

Thus, by the Squeeze Theorem,

lim
N!1

Z 1

0

xNC1

1C x
dx D 0:

(d) Taking the limit asN ! 1 of the equation derived in part (b) and using the result from part (c), we find

ln 2 D
1X

nD1

.�1/n�1

n
D 1� 1

2
C 1

3
� 1

4
C � � � :
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85. Let g.t/ D 1

1C t2
� t

1C t2
.

(a) Show that
Z 1

0
g.t/ dt D �

4
� 1

2
ln2.

(b) Show thatg.t/ D 1 � t � t2 C t3 C t4 � t5 C � � � .
(c) EvaluateS D 1 � 1

2 � 1
3 C 1

4 C 1
5 � 1

6 C � � � .

SOLUTION

(a)

Z 1

0
g.t/ dt D

�
tan�1 t � 1

2
ln.t2 C 1/

� ˇ̌
ˇ̌
1

0

D tan�1 1 � 1

2
ln2 D �

4
� 1

2
ln2

(b) Start with the Taylor series for11Ct :

1

1C t
D

1X

nD0
.�1/ntn

and substitutet2 for t to get

1

1C t2
D

1X

nD0
.�1/nt2n D 1 � t2 C t4 � t6 C : : :

so that

t

1C t2
D

1X

nD0
.�1/nt2nC1 D t � t3 C t5 � t7 C : : :

Finally,

g.t/ D 1

1C t2
� t

1C t2
D 1 � t � t2 C t3 C t4 � t5 � t6 C t7 C : : :

(c) We have
Z
g.t/ dt D

Z
.1 � t � t2 C t3 C t4 � t5 � : : : / dt D t � 1

2
t2 � 1

3
t3 C 1

4
t4 C 1

5
t5 � 1

6
t6 � � � � C C

The radius of convergence of the series forg.t/ is 1, so the radius of convergence of this series is also1. However, this series
converges at the right endpoint,t D 1, since

�
1 � 1

2

�
�
�
1

3
� 1

4

�
C
�
1

5
� 1

6

�
� : : :

is an alternating series with general term decreasing to zero. Thus by part (a),

1 � 1

2
� 1

3
C 1

4
C 1

5
� 1

6
� � � � D �

4
� 1

2
ln2

In Exercises 86 and 87, we investigate the convergence of the binomial series

Ta.x/ D
1X

nD0

 
a

n

!
xn

86. Prove thatTa.x/ has radius of convergenceR D 1 if a is not a whole number. What is the radius of convergence ifa is a whole
number?

SOLUTION Suppose thata is not a whole number. Then

�
a

n

�
D a .a � 1/ � � � .a � nC 1/

nŠ

is never zero. Moreover,
ˇ̌
ˇ̌
ˇ̌
ˇ̌

�
a

nC 1

�

�
a

n

�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

D
ˇ̌
ˇ̌a.a � 1/ � � � .a � nC 1/.a � n/

.nC 1/Š
� nŠ

a.a � 1/ � � � .a � nC 1/

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌a � n

nC 1

ˇ̌
ˇ̌ ;
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so, by the formula for the radius of convergence

r D lim
n!1

ˇ̌
ˇ̌a � n

nC 1

ˇ̌
ˇ̌ D 1:

The radius of convergence ofTa.x/ is thereforeR D r�1 D 1.

If a is a whole number, then

�
a

n

�
D 0 for all n > a. The infinite series then reduces to a polynomial of degreea, so it

converges for allx (i.e.R D 1).

87. By Exercise 86,Ta.x/ converges forjxj < 1, but we do not yet know whetherTa.x/ D .1C x/a.

(a) Verify the identity

a

 
a

n

!
D n

 
a

n

!
C .nC 1/

 
a

nC 1

!

(b) Use (a) to show thaty D Ta.x/ satisfies the differential equation.1C x/y0 D ay with initial conditiony.0/ D 1.

(c) Prove thatTa.x/ D .1C x/a for jxj < 1 by showing that the derivative of the ratio
Ta.x/

.1C x/a
is zero.

SOLUTION

(a)

n

�
a

n

�
C .nC 1/

�
a

nC 1

�
D n � a .a � 1/ � � � .a � nC 1/

nŠ
C .nC 1/ � a .a � 1/ � � � .a � nC 1/ .a � n/

.nC 1/Š

D a .a � 1/ � � � .a � nC 1/

.n � 1/Š C a .a � 1/ � � � .a � nC 1/ .a � n/
nŠ

D a .a � 1/ � � � .a � nC 1/ .nC .a � n//
nŠ

D a �
�
a

n

�

(b) DifferentiatingTa.x/ term-by-term yields

T 0
a.x/ D

1X

nD1
n

�
a

n

�
xn�1:

Thus,

.1C x/T 0
a.x/ D

1X

nD1
n

�
a

n

�
xn�1 C

1X

nD1
n

�
a

n

�
xn D

1X

nD0
.nC 1/

�
a

nC 1

�
xn C

1X

nD0
n

�
a

n

�
xn

D
1X

nD0

�
.nC 1/

�
a

nC 1

�
C n

�
a

n

��
xn D a

1X

nD0

�
a

n

�
xn D aTa.x/:

Moreover,

Ta.0/ D
�
a

0

�
D 1:

(c)

d

dx

�
Ta.x/

.1C x/a

�
D .1C x/aT 0

a.x/� a.1C x/a�1Ta.x/
.1C x/2a

D .1C x/T 0
a.x/� aTa.x/

.1C x/aC1 D 0:

Thus,

Ta.x/

.1C x/a
D C;

for some constantC . Forx D 0,

Ta.0/

.1C 0/a
D 1

1
D 1; soC D 1:

Finally,Ta.x/ D .1C x/a.
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88. The functionG.k/ D
R �=2
0

p
1 � k2 sin2 t dt is called anelliptic function of the second kind. Prove that forjkj < 1,

G.k/ D �

2
� �

2

1X

nD1

�
1 � 3 � � � .2n� 1/

2 � � � 4 � .2n/

�2 k2n

2n � 1

SOLUTION For jkj < 1, jk2 sin2 t j < 1 for all t . Substituting�k2 sin2 t for t in the binomial series fora D 1
2 , we find

p
1 � k2 sin2 t D 1C

1X

nD1

�
1
2
n

��
�k2 sin2 t

�n

D 1C
1X

nD1
.�1/n

1
2

�
1
2 � 1

� �
1
2 � 2

�
� � �
�
1
2 � nC 1

�

nŠ
k2n sin2n t

D 1C
1X

nD1
.�1/n 1.1 � 2/.1 � 4/ � � � .1 � 2.n � 1//

2nnŠ
k2n sin2n t

D 1C
1X

nD1
.�1/n.�1/n�1 .2 � 1/.4 � 1/ � � � .2n � 3/

2nnŠ
k2n sin2n t

D 1 �
1X

nD1

1 � 3 � 5 � � � .2n � 3/
2 � 4 � 6 � � � .2n/ k2n sin2n t:

Integrating from 0 to�2 term-by-term, we obtain

G.k/ D �

2
�

1X

nD1

1 � 3 � 5 � � � .2n � 3/
2 � 4 � 6 � � � .2n/ k2n

Z �=2

0
sin2n t dt:

Finally, using the formula

Z �=2

0
sin2n t dt D 1 � 3 � 5 � � � .2n � 1/

2 � 4 � 6 � � � .2n/
�

2
;

we arrive at

G.k/ D �

2
� �

2

1X

nD1

�
1 � 3 � 5 � � � .2n � 3/
2 � 4 � 6 � � � .2n/

�2
.2n� 1/k2n D �

2
� �

2

1X

nD1

�
1 � 3 � 5 � � � .2n� 1/

2 � 4 � 6 � � � .2n/

�2 k2n

2n � 1
:

89. Assume thata < b and letL be the arc length (circumference) of the ellipse
�
x
a

�2 C
�y
b

�2 D 1 shown in Figure 2. There is

no explicit formula forL, but it is known thatL D 4bG.k/, withG.k/ as in Exercise 88 andk D
p
1 � a2=b2. Use the first three

terms of the expansion of Exercise 88 to estimateL whena D 4 andb D 5.

a

b

y

x

FIGURE 2 The ellipse
�x
a

�2
C
�y
b

�2
D 1.

SOLUTION With a D 4 andb D 5,

k D

s

1 � 42

52
D 3

5
;

and the arc length of the ellipse
�x
4

�2
C
�y
5

�2
D 1 is

L D 20G

�
3

5

�
D 20

0
B@
�

2
� �

2

1X

nD1

�
1 � 3 � � � .2n� 1/

2 � 4 � � � .2n/

�2
�
3
5

�2n

2n � 1

1
CA :
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Using the first three terms in the series forG.k/ gives

L � 10� � 10�

 �
1

2

�2
� .3=5/

2

1
C
�
1 � 3
2 � 4

�2
� .3=5/

4

3

!
D 10�

�
1 � 9

100
� 243

40;000

�
D 36;157�

4000
� 28:398:

90. Use Exercise 88 to prove that ifa < b anda=b is near 1 (a nearly circular ellipse), then

L � �

2

�
3b C a2

b

�

Hint: Use the first two terms of the series forG.k/.

SOLUTION From the previous exercise, we know that

L D 4bG.k/; where k D

s

1 � a2

b2
:

Following the hint and using only the first two terms of the series expansion forG.k/ from Exercise 88, we find

L � 4b

 
�

2
� �

2

�
1

2

�2
k2

!
D �

2

 
4b � b

 
1 � a2

b2

!!
D �

2

 
3b C a2

b

!
:

91. Irrationality of e Prove thate is an irrational number using the following argument by contradiction. Suppose thate D
M=N , whereM;N are nonzero integers.

(a) Show thatMŠ e�1 is a whole number.
(b) Use the power series forex atx D �1 to show that there is an integerB such thatMŠ e�1 equals

B C .�1/MC1
�

1

M C 1
� 1

.M C 1/.M C 2/
C � � �

�

(c) Use your knowledge of alternating series with decreasing terms to conclude that0 < jMŠ e�1 � Bj < 1 and observe that this
contradicts (a). Hence,e is not equal toM=N .

SOLUTION Suppose thate D M=N , whereM;N are nonzero integers.

(a) With e D M=N ,

MŠe�1 D MŠ
N

M
D .M � 1/ŠN;

which is a whole number.
(b) Substitutingx D �1 into the Maclaurin series forex and multiplying the resulting series byMŠ yields

MŠe�1 D MŠ

 
1 � 1C 1

2Š
� 1

3Š
C � � � C .�1/k

kŠ
C � � �

!
:

For allk � M ,
MŠ

kŠ
is a whole number, so

MŠ

 
1 � 1C 1

2Š
� 1

3Š
C � � � C .�1/k

MŠ

!

is an integer. Denote this integer byB. Thus,

MŠ e�1 D B CMŠ

 
.�1/MC1

.M C 1/Š
C .�1/MC2

.M C 2/Š
C � � �

!
D B C .�1/MC1

�
1

M C 1
� 1

.M C 1/.M C 2/
C � � �

�
:

(c) The series forMŠ e�1 obtained in part (b) is an alternating series withan D MŠ
nŠ

. Using the error bound for an alternating
series and noting thatB D SM , we have

ˇ̌
ˇMŠ e�1 � B

ˇ̌
ˇ � aMC1 D 1

M C 1
< 1:

This inequality implies thatMŠ e�1 � B is not a whole number; however,B is a whole number soMŠ e�1 cannot be a whole
number. We get a contradiction to the result in part (a), which proves that the original assumption thate is a rational number is false.

92. Use the result of Exercise 73 in Section 4.5 to show that the Maclaurin series of the function

f .x/ D
(
e�1=x2

for x ¤ 0

0 for x D 0

isT .x/ D 0. This provides an example of a functionf .x/whose Maclaurin series converges but does not converge tof .x/ (except
atx D 0).
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SOLUTION By the referenced exercise,f .x/ has continuous derivatives of all orders at0, andf .n/.0/ D 0 for all n > 0. But
then the Maclaurin series is

f .x/ D
1X

nD0

f .n/.0/

nŠ
xn D f .0/C

1X

nD1

f .n/.0/

nŠ
xn D 0

CHAPTER REVIEW EXERCISES

1. Let an D n� 3

nŠ
andbn D anC3. Calculate the first three terms in each sequence.

(a) a2n (b) bn
(c) anbn (d) 2anC1 � 3an

SOLUTION

(a)

a21 D
�
1 � 3

1Š

�2
D .�2/2 D 4I

a22 D
�
2 � 3

2Š

�2
D
�

�1
2

�2
D 1

4
I

a23 D
�
3 � 3

3Š

�2
D 0:

(b)

b1 D a4 D 4 � 3

4Š
D 1

24
I

b2 D a5 D 5 � 3

5Š
D 1

60
I

b3 D a6 D 6 � 3

6Š
D 1

240
:

(c) Using the formula foran and the values in (b) we obtain:

a1b1 D 1 � 3
1Š

� 1
24

D � 1

12
I

a2b2 D 2 � 3
2Š

� 1
60

D � 1

120
I

a3b3 D 3 � 3
3Š

� 1

240
D 0:

(d)

2a2 � 3a1 D 2

�
�1
2

�
� 3.�2/ D 5I

2a3 � 3a2 D 2 � 0 � 3
�

�1
2

�
D 3

2
I

2a4 � 3a3 D 2 � 1
24

� 3 � 0 D 1

12
:

2. Prove that lim
n!1

2n� 1

3nC 2
D 2

3
using the limit definition.

SOLUTION Note

ˇ̌
ˇ̌ 2n � 1

3nC 2
� 2

3

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌6n � 3 � 2.3nC 2/

3.3nC 2/

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌� 7

3.3nC 2/

ˇ̌
ˇ̌ D 7

3.3nC 2/
<

7

9n
:

Therefore, to have
ˇ̌
ˇan � 2

3

ˇ̌
ˇ < �, we need

7

9n
< � or n >

7

9�
:
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Thus, let� > 0 and takeM D 7
9� . Then, whenevern > M ,

ˇ̌
ˇ̌ 2n� 1

3nC 2
� 2

3

ˇ̌
ˇ̌ D 7

3.3nC 2/
<

7

9n
<
7

9
� 9�
7

D �:

In Exercises 3–8, compute the limit (or state that it does not exist) assuming thatlim
n!1

an D 2.

3. lim
n!1

.5an � 2a2n/

SOLUTION

lim
n!1

�
5an � 2a2n

�
D 5 lim

n!1
an � 2 lim

n!1
a2n D 5 lim

n!1
an � 2

�
lim
n!1

an

�2
D 5 � 2 � 2 � 22 D 2:

4. lim
n!1

1

an

SOLUTION lim
n!1

1

an
D 1

limn!1 an
D 1

2
:

5. lim
n!1

ean

SOLUTION The functionf .x/ D ex is continuous, hence:

lim
n!1

ean D elimn!1 an D e2:

6. lim
n!1

cos.�an/

SOLUTION The functionf .x/ D cos.�x/ is continuous, hence:

lim
n!1

cos.�an/ D cos
�
� lim
n!1

an

�
D cos.2�/ D 1:

7. lim
n!1.�1/

nan

SOLUTION Because lim
n!1

an ¤ 0, it follows that lim
n!1

.�1/nan does not exist.

8. lim
n!1

an C n

an C n2

SOLUTION Because the sequencefang converges,fang is bounded and

lim
n!1

an

n2
D 0:

Thus,

lim
n!1

an C n

an C n2
D lim
n!1

an

n2 C 1
n

an

n2 C 1
D 0C 0

0C 1
D 0:

In Exercises 9–22, determine the limit of the sequence or show that the sequence diverges.

9. an D
p
nC 5 �

p
nC 2

SOLUTION First rewritean as follows:

an D
�p
nC 5 �

p
nC 2

� �p
nC 5C

p
nC 2

�
p
nC 5C

p
nC 2

D .nC 5/ � .nC 2/p
nC 5C

p
nC 2

D 3p
nC 5C

p
nC 2

:

Thus,

lim
n!1 an D lim

n!1
3p

nC 5C
p
nC 2

D 0:

10. an D 3n3 � n

1 � 2n3

SOLUTION lim
n!1

an D lim
n!1

3n3 � n

1 � 2n3
D �3

2
.
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11. an D 21=n
2

SOLUTION The functionf .x/ D 2x is continuous, so

lim
n!1

an D lim
n!1

21=n
2 D 2limn!1.1=n2/ D 20 D 1:

12. an D 10n

nŠ

SOLUTION Forn > 10, writean as

0 � an D
�
10

1
� 10
2

� � � � � 10
10

�

„ ƒ‚ …
equals 1010

10Š

�
10

11

�
�
�
10

12

�
� � � � �

�
10

n

�

„ ƒ‚ …
each factor is less than 1

<
1010

10Š
� 10
n

D 1010

9Šn
I

Thus, by the Squeeze Theorem, lim
n!1

an D 0.

13. bm D 1C .�1/m

SOLUTION Because1C .�1/m is equal to 0 form odd and is equal to 2 form even, the sequencefbmg does not approach one
limit; hence this sequence diverges.

14. bm D 1C .�1/m
m

SOLUTION The numerator is equal to zero form odd and is equal to2 for m even. Therefore,

0 � 1C .�1/m

m
� 2

m
;

and by the Squeeze Theorem, lim
m!1

bm D 0.

15. bn D tan�1
�
nC 2

nC 5

�

SOLUTION The function tan�1x is continuous, so

lim
n!1

bn D lim
n!1

tan�1
�
nC 2

nC 5

�
D tan�1

�
lim
n!1

nC 2

nC 5

�
D tan�1 1 D �

4
:

16. an D 100n

nŠ
� 3C �n

5n

SOLUTION Forn > 100,

0 � 100n

nŠ
D
�
100

1
� 100
2

� � � 100
100

�
100

101
� 100
102

� 100
n

<
100100

99Šn
I

therefore,

lim
n!1

100n

nŠ
D 0

by the Squeeze Theorem. Moreover,

lim
n!1

�
3C �n

5n

�
D lim
n!1

3

5n
C lim
n!1

��
5

�n
D 0C 0 D 0:

Thus,

lim
n!1

an D 0C 0 D 0:

17. bn D
p
n2 C n�

p
n2 C 1

SOLUTION Rewritebn as

bn D

�p
n2 C n�

p
n2 C 1

� �p
n2 C nC

p
n2 C 1

�

p
n2 C nC

p
n2 C 1

D
�
n2 C n

�
�
�
n2 C 1

�
p
n2 C nC

p
n2 C 1

D n � 1p
n2 C nC

p
n2 C 1

:

Then

lim
n!1

bn D lim
n!1

n
n � 1

nq
n2

n2 C n
n2 C

q
n2

n2 C 1
n2

D lim
n!1

1 � 1
nq

1C 1
n C

q
1C 1

n2

D 1 � 0p
1C 0C

p
1C 0

D 1

2
:
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18. cn D
p
n2 C n�

p
n2 � n

SOLUTION Rewritecn as

cn D

�p
n2 C n �

p
n2 � n

� �p
n2 C nC

p
n2 � n

�

p
n2 C nC

p
n2 � n

D
�
n2 C n

�
�
�
n2 � n

�
p
n2 C nC

p
n2 � n

D 2n
p
n2 C nC

p
n2 � n

:

Then

lim
n!1

cn D lim
n!1

2n
nq

n2

n2 C n
n2 C

q
n2

n2 � n
n2

D lim
n!1

2q
1C 1

n C
q
1 � 1

n

D 2
p
1C 0C

p
1 � 0

D 1:

19. bm D
�
1C 1

m

�3m

SOLUTION lim
m!1 bm D lim

m!1

�
1C 1

m

�m
D e:

20. cn D
�
1C 3

n

�n

SOLUTION Write

cn D
�
1C 1

n=3

�n
D
"�
1C 1

n=3

�n=3#3
:

Then, becausex3 is a continuous function,

lim
n!1

cn D
"

lim
n!1

�
1C 1

n=3

�n=3#3
D e3:

21. bn D n
�

ln.nC 1/ � ln n
�

SOLUTION Write

bn D n ln
�
nC 1

n

�
D

ln
�
1C 1

n

�

1
n

:

Using L’Hôpital’s Rule, we find

lim
n!1

bn D lim
n!1

ln
�
1C 1

n

�

1
n

D lim
x!1

ln
�
1C 1

x

�

1
x

D lim
x!1

�
1C 1

x

��1
�
�
� 1
x2

�

� 1
x2

D lim
x!1

�
1C 1

x

��1
D 1:

22. cn D ln.n2 C 1/

ln.n3 C 1/

SOLUTION Using L’Hôpital’s Rule, we find

lim
n!1

cn D lim
n!1

ln.n2 C 1/

ln.n3 C 1/
D lim
n!1

2n=.n2 C 1/

3n2=.n3 C 1/
D lim
n!1

2n4 C 2n

3n4 C 3n2
D lim
n!1

2C 2n�3

3C 3n�2 D 2

3

23. Use the Squeeze Theorem to show that lim
n!1

arctan.n2/p
n

D 0.

SOLUTION For allx,

��
2
< arctanx <

�

2
;

so

��=2p
n
<

arctan.n2/p
n

<
�=2p
n
;

for all n. Because

lim
n!1

�
��=2p

n

�
D lim
n!1

�=2p
n

D 0;

it follows by the Squeeze Theorem that

lim
n!1

arctan.n2/p
n

D 0:
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24. Give an example of a divergent sequencefang such thatfsinang is convergent.

SOLUTION Let an D .�1/n�. This is an alternating series, which does not approach0, hence it diverges. However,an is a
multiple of� for everyn, and thus, sinan D 0. Sincefsinang is a constant sequence, it converges.

25. Calculate lim
n!1

anC1
an

, wherean D 1

2
3n � 1

3
2n.

SOLUTION Because

1

2
3n � 1

3
2n � 1

2
3n � 1

3
3n D 3n

6

and

lim
n!1

3n

6
D 1;

we conclude that limn!1 an D 1, so L’Hôpital’s rule may be used:

lim
n!1

anC1
an

D lim
n!1

1
23
nC1 � 1

32
nC1

1
23
n � 1

32
n

D lim
n!1

3nC2 � 2nC2

3nC1 � 2nC1 D lim
n!1

3 � 2
�
2
3

�nC1

1 �
�
2
3

�nC1 D 3 � 0

1 � 0
D 3:

26. DefineanC1 D
p
an C 6 with a1 D 2.

(a) Computean for n D 2; 3; 4; 5.

(b) Show thatfang is increasing and is bounded by3.

(c) Prove that lim
n!1

an exists and find its value.

SOLUTION

(a) We compute the first four values ofan recursively:

a2 D
p
a1 C 6 D

p
2C 6 D

p
8 D 2

p
2 � 2:828427I

a3 D
p
a2 C 6 D

q
2
p
2C 6 � 2:971267I

a4 D
p
a3 C 6 D

rq
2
p
2C 6C 6 � 2:995207I

a5 D
p
a4 C 6 D

srq
2
p
2C 6C 6C 6 � 2:999201:

(b) By part (a) and the given data,a2 � 2:8 anda1 D 2, soa2 > a1. Now, suppose thatak > ak�1; then

akC1 D
p
ak C 6 >

p
ak�1 C 6 D ak :

Thus, by mathematical induction,anC1 > an for all n andfang is increasing.
Next, note thata1 D 2 < 3. Supposeak < 3, then

akC1 D
p
ak C 6 <

p
3C 6 D 3:

Thus, by mathematical induction,an < 3 for all n.

(c) Sincefang is increasing and has an upper bound,fang converges. Let

L D lim
n!1an:

Then,

L D
p
LC 6

L2 D LC 6

L2 � L � 6 D 0

.L � 3/.LC 2/ D 0

soL D 3 orL D �2; however, the sequence is increasing and its first term is positive, so�2 cannot be the limit. Therefore,

lim
n!1an D 3:
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27. Calculate the partial sumsS4 andS7 of the series
1X

nD1

n � 2
n2 C 2n

.

SOLUTION

S4 D �1
3

C 0C 1

15
C 2

24
D �11

60
D �0:183333I

S7 D �1
3

C 0C 1

15
C 2

24
C 3

35
C 4

48
C 5

63
D 287

4410
D 0:065079:

28. Find the sum1 � 1

4
C 1

42
� 1

43
C � � � :

SOLUTION This is a geometric series withr D �1
4 . Therefore,

1 � 1

4
C 1

42
� 1

43
C � � � D 1

1 � .�1
4 /

D 4

5
:

29. Find the sum
4

9
C 8

27
C 16

81
C 32

243
C � � � :

SOLUTION This is a geometric series with common ratior D 2
3 . Therefore,

4

9
C 8

27
C 16

81
C 32

243
C � � � D

4
9

1 � 2
3

D 4

3
:

30. Find the sum
1X

nD2

�
2

e

�n
.

SOLUTION This is a geometric series with common ratior D 2
e . Therefore,

1X

nD2

�
2

e

�n
D

�
2
e

�2

1 � 2
e

D
4
e2

1 � 2
e

D 4

e2 � 2e
:

31. Find the sum
1X

nD�1

2nC3

3n
.

SOLUTION Note

1X

nD�1

2nC3

3n
D 23

1X

nD�1

2n

3n
D 8

1X

nD�1

�
2

3

�n
I

therefore,

1X

nD�1

2nC3

3n
D 8 � 3

2
� 1

1 � 2
3

D 36:

32. Show that
1X

nD1

�
b � tan�1 n2

�
diverges ifb ¤ �

2
.

SOLUTION Note

lim
n!1

�
b � tan�1 n2

�
D b � lim

n!1
tan�1 n2 D b � �

2
:

If b ¤ �
2 , then the limit of the terms in the series is not0; hence, the series diverges by the Divergence Test.

33. Give an example of divergent series
1X

nD1
an and

1X

nD1
bn such that

1X

nD1
.an C bn/ D 1.

SOLUTION Let an D
�
1
2

�n
C 1, bn D �1. The corresponding series diverge by the Divergence Test; however,

1X

nD1
.an C bn/ D

1X

nD1

�
1

2

�n
D

1
2

1 � 1
2

D 1:
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34. Let S D
1X

nD1

�
1

n
� 1

nC 2

�
. ComputeSN for N D 1; 2; 3; 4. FindS by showing that

SN D 3

2
� 1

N C 1
� 1

N C 2

SOLUTION

S1 D 1 � 1

3
D 2

3
I

S2 D
�
1 � 1

3

�
C
�
1

2
� 1

4

�
D 3

2
� 7

12
D 11

12
I

S3 D
�
1 � 1

3

�
C
�
1

2
� 1

4

�
C
�
1

3
� 1

5

�
D 3

2
� 9

20
D 21

20
I

S4 D
�
1 � 1

3

�
C
�
1

2
� 1

4

�
C
�
1

3
� 1

5

�
C
�
1

4
� 1

6

�
D 3

2
� 11

30
D 17

15
:

The general term in the sequence of partial sums is

SN D
�
1 � 1

3

�
C
�
1

2
� 1

4

�
C
�
1

3
� 1

5

�
C
�
1

4
� 1

6

�
C � � � C

�
1

N � 1
� 1

N C 1

�
C
�
1

N
� 1

N C 2

�

D 1C 1

2
� 1

N C 1
� 1

N C 2
D 3

2
�
�

1

N C 1
C 1

N C 2

�
:

Finally,

S D lim
N!1

SN D lim
N!1

�
3

2
�
�

1

N C 1
C 1

N C 2

��
D 3

2
:

35. EvaluateS D
1X

nD3

1

n.nC 3/
.

SOLUTION Note that

1

n.nC 3/
D 1

3

�
1

n
� 1

nC 3

�

so that

NX

nD3

1

n.nC 3/
D 1

3

NX

nD3

�
1

n
� 1

nC 3

�

D 1

3

��
1

3
� 1

6

�
C
�
1

4
� 1

7

�
C
�
1

5
� 1

8

�

�
1

6
� 1

9

�
C � � � C

�
1

N � 1
� 1

N C 2

�
C
�
1

N
� 1

N C 3

��

D 1

3

�
1

3
C 1

4
C 1

5
� 1

N C 1
� 1

N C 2
� 1

N C 3

�

Thus

1X

nD3

1

n.nC 3/
D 1

3
lim
N!1

NX

nD3

�
1

n
� 1

nC 3

�

D 1

3

�
1

3
C 1

4
C 1

5
� 1

N C 1
� 1

N C 2
� 1

N C 3

�
D 1

3

�
1

3
C 1

4
C 1

5

�
D 47

180

36. Find the total area of the infinitely many circles on the intervalŒ0; 1� in Figure 1.

x

1
0

1
8

1
4

1
2

FIGURE 1
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SOLUTION The diameter of the largest circle is12 , and the diameter of each smaller circle is12 the diameter of the previous circle;

thus, the diameter of thenth circle (forn � 1) is 1
2n and the area is

�

�
1

2nC1

�2
D �

4nC1 :

The total area of the circles is

1X

nD1

�

4nC1 D �

4

1X

nD1

�
1

4

�n
D �

4
�

1
4

1 � 1
4

D �

12
:

In Exercises 37–40, use the Integral Test to determine whether the infinite series converges.

37.
1X

nD1

n2

n3 C 1

SOLUTION Let f .x/ D x2

x3C1 . This function is continuous and positive forx � 1. Because

f 0.x/ D .x3 C 1/.2x/ � x2.3x2/
.x3 C 1/2

D x.2 � x3/

.x3 C 1/2
;

we see thatf 0.x/ < 0 andf is decreasing on the intervalx � 2. Therefore, the Integral Test applies on the intervalx � 2. Now,

Z 1

2

x2

x3 C 1
dx D lim

R!1

Z R

2

x2

x3 C 1
dx D 1

3
lim
R!1

�
ln.R3 C 1/� ln 9

�
D 1:

The integral diverges; hence, the series
1X

nD2

n2

n3 C 1
diverges, as does the series

1X

nD1

n2

n3 C 1
.

38.
1X

nD1

n2

.n3 C 1/1:01

SOLUTION Let f .x/ D x2

.x3C1/1:01 . This function is continuous and positive forx � 1. Because

f 0.x/ D .x3 C 1/1:01.2x/ � x2 � 1:01.x3 C 1/0:01.3x2/

.x3 C 1/2:02
D x.x3 C 1/0:01.2 � 1:03x3/

.x3 C 1/2:02
;

we see thatf 0.x/ < 0 andf is decreasing on the intervalx � 2. Therefore, the Integral Test applies on the intervalx � 2. Now,

Z 1

2

x2

.x3 C 1/1:01
dx D lim

R!1

Z R

2

x2

.x3 C 1/1:01
dx D � 1

0:03
lim
R!1

�
1

.R3 C 1/0:01
� 1

90:01

�
D 1

0:03 � 90:01
:

The integral converges; hence, the series
1X

nD2

n2

.n3 C 1/1:01
converges, as does the series

1X

nD1

n2

.n3 C 1/1:01
.

39.
1X

nD1

1

.nC 2/.ln.nC 2//3

SOLUTION Let f .x/ D 1

.xC2/ ln3.xC2/ . Using the substitutionu D ln.x C 2/, so thatdu D 1
xC2 dx, we have

Z 1

0
f .x/ dx D

Z 1

ln2

1

u3
du D lim

R!1

Z 1

ln2

1

u3
du D lim

R!1

 
� 1

2u2

ˇ̌
ˇ̌
R

ln2

!

D lim
R!1

�
1

2.ln2/2
� 1

2.lnR/2

�
D 1

2.ln2/2

Since the integral off .x/ converges, so does the series.

40.
1X

nD1

n3

en
4

SOLUTION Let f .x/ D x3e�x4
. This function is continuous and positive forx � 1. Because

f 0.x/ D x3
�
�4x3e�x4

�
C 3x2e�x4 D x2e�x4

�
3 � 4x4

�
;
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we see thatf 0.x/ < 0 andf is decreasing on the intervalx � 1. Therefore, the Integral Test applies on the intervalx � 1. Now,

Z 1

1
x3e�x4

dx D lim
R!1

Z R

1
x3e�x4

dx D �1
4

lim
R!1

�
e�R4 � e�1

�
D 1

4e
:

The integral converges; hence, the series
1X

nD1

n3

en
4

also converges.

In Exercises 41–48, use the Comparison or Limit Comparison Test to determine whether the infinite series converges.

41.
1X

nD1

1

.nC 1/2

SOLUTION For alln � 1,

0 <
1

nC 1
<
1

n
so

1

.nC 1/2
<

1

n2
:

The series
1X

nD1

1

n2
is a convergentp-series, so the series

1X

nD1

1

.nC 1/2
converges by the Comparison Test.

42.
1X

nD1

1p
nC n

SOLUTION Apply the Limit Comparison Test withan D 1p
nCn andbn D 1

n . Now,

L D lim
n!1

1p
nCn
1
n

D lim
n!1

np
nC n

D lim
n!1

1
1p
n

C 1
D 1:

BecauseL > 0 and
1X

nD1

1

n
is the divergent harmonic series, we conclude by the Limit Comparison Test that the series

1X

nD1

1p
nC n

also diverges.

43.
1X

nD2

n2 C 1

n3:5 � 2

SOLUTION Apply the Limit Comparison Test withan D n2C1
n3:5�2 andbn D 1

n1:5 . Now,

L D lim
n!1

n2C1
n3:5�2
1
n1:5

D lim
n!1

n3:5 C n1:5

n3:5 � 2
D 1:

BecauseL exists and
1X

nD1

1

n1:5
is a convergentp-series, we conclude by the Limit Comparison Test that the series

1X

nD2

n2 C 1

n3:5 � 2

also converges.

44.
1X

nD1

1

n � lnn

SOLUTION Since0 � ln n � n for all n � 1, we have0 � n� lnn � n and

1

n
� 1

n � lnn

The harmonic series
1X

nD1

1

n
diverges, so we conclude by the Comparison Test that

1X

nD1

1

n � lnn
also diverges.

45.
1X

nD2

np
n5 C 5

SOLUTION For alln � 2,

np
n5 C 5

<
n

n5=2
D 1

n3=2
:

The series
1X

nD2

1

n3=2
is a convergentp-series, so the series

1X

nD2

np
n5 C 5

converges by the Comparison Test.
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46.
1X

nD1

1

3n � 2n

SOLUTION Apply the Limit Comparison Test withan D 1
3n�2n andbn D 1

3n . Then,

L D lim
n!1

an

bn
D lim
n!1

3n

3n � 2n
D lim
n!1

1

1 �
�
2
3

�n D 1:

The series
1X

nD1

1

3n
is a convergent geometric series; becauseL exists, we may therefore conclude by the Limit Comparison Test

that the series
1X

nD1

1

3n � 2n
also converges.

47.
1X

nD1

n10 C 10n

n11 C 11n

SOLUTION Apply the Limit Comparison Test withan D n10C10n

n11C11n andbn D
�
10
11

�n
. Then,

L D lim
n!1

an

bn
D lim
n!1

n10C10n

n11C11n�
10
11

�n D lim
n!1

n10C10n

10n

n11C11n

11n

D lim
n!1

n10

10n C 1

n11

11n C 1
D 1:

The series
1X

nD1

�
10

11

�n
is a convergent geometric series; becauseL exists, we may therefore conclude by the Limit Comparison

Test that the series
1X

nD1

n10 C 10n

n11 C 11n
also converges.

48.
1X

nD1

n20 C 21n

n21 C 20n

SOLUTION Apply the Limit Comparison Theorem withan D n20C21n

n21C20n andbn D
�
21
20

�n
. Then

L D lim
n!1

an

bn
D lim
n!1

n20C21n

n21C20n�
21
20

�n D lim
n!1

n20C21n

21n

n21C20n

20n

D lim
n!1

n20

21n C 1

n21

20n C 1
D 1

The series
1X

nD1

�
21

20

�n
is a divergent geometric series. SinceL D 1, the two series either both converge or both diverge; thus, we

may conclude from the Limit Comparison Test that the series
1X

nD1

n20 C 21n

n21 C 20n
diverges.

49. Determine the convergence of
1X

nD1

2n C n

3n � 2 using the Limit Comparison Test withbn D
�
2
3

�n.

SOLUTION With an D 2nCn
3n�2 , we have

L D lim
n!1

an

bn
D lim
n!1

2n C n

3n � 2
� 3
n

2n
D lim
n!1

6n C n3n

6n � 2nC1 D lim
n!1

1C n
�
1
2

�n

1 � 2
�
1
3

�n D 1

SinceL D 1, the two series either both converge or both diverge. Since
1X

nD1

�
2

3

�n
is a convergent geometric series, the Limit

Comparison Test tells us that
1X

nD1

2n C n

3n � 2
also converges.

50. Determine the convergence of
1X

nD1

ln n

1:5n
using the Limit Comparison Test withbn D 1

1:4n
.
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SOLUTION With an D ln n

1:5n
, and using L’Hôpital’s Rule,

L D lim
n!1

an

bn
D lim
n!1

lnn
1:5n

1
1:4n

D lim
n!1

ln n�
1:5
1:4

�n

D lim
n!1

1=n

ln.1:5=1:4/
�
1:5
1:4

�n D 1

ln.1:5=1:4/
lim
n!1

�
1:4
1:5

�n

n
D 0

SinceL < 1 and
1X

nD1
bn is a convergent geometric series, it follows from the Limit Comparison Test that

1X

nD1

ln n

1:5n
also converges.

51. Let an D 1 �
q
1 � 1

n . Show that lim
n!1an D 0 and that

1X

nD1
an diverges.Hint: Show thatan � 1

2n .

SOLUTION

1 �
r
1 � 1

n
D 1 �

r
n� 1

n
D

p
n�

p
n� 1p
n

D n � .n � 1/
p
n.

p
nC

p
n � 1/

D 1

nC
p
n2 � n

� 1

nC
p
n2

D 1

2n
:

The series
1X

nD2

1

2n
diverges, so the series

P1
nD2

�
1 �

q
1 � 1

n

�
also diverges by the Comparison Test.

52. Determine whether
1X

nD2

 
1 �

r
1 � 1

n2

!
converges.

SOLUTION

1 �
r
1 � 1

n2
D 1 �

s
n2 � 1
n2

D n �
p
n2 � 1

n
D

n2 �
�
n2 � 1

�

n
�
nC

p
n2 � 1

�

D 1

n
�
nC

p
n2 � 1

� D 1

n2 C n
p
n2 � 1

� 1

n2

The series
1X

nD1

1

n2
is a convergentp-series, so the series

1X

nD2

 
1 �

r
1 � 1

n2

!
also converges by the Comparison Test.

53. Let S D
1X

nD1

n

.n2 C 1/2
.

(a) Show thatS converges.

(b) Use Eq. (4) in Exercise 83 of Section 10.3 withM D 99 to approximateS . What is the maximum size of the error?

SOLUTION

(a) Forn � 1,

n

.n2 C 1/2
<

n

.n2/2
D 1

n3
:

The series
1X

nD1

1

n3
is a convergentp-series, so the series

1X

nD1

n

.n2 C 1/2
also converges by the Comparison Test.

(b) With an D n
.n2C1/2 , f .x/ D x

.x2C1/2 andM D 99, Eq. (4) in Exercise 83 of Section 10.3 becomes

99X

nD1

n

.n2 C 1/2
C
Z 1

100

x

.x2 C 1/2
dx � S �

100X

nD1

n

.n2 C 1/2
C
Z 1

100

x

.x2 C 1/2
dx;

or

0 � S �
 
99X

nD1

n

.n2 C 1/2
C
Z 1

100

x

.x2 C 1/2
dx

!
� 100

.1002 C 1/2
:
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Now,

99X

nD1

n

.n2 C 1/2
D 0:397066274I and

Z 1

100

x

.x2 C 1/2
dx D lim

R!1

Z R

100

x

.x2 C 1/2
dx D 1

2
lim
R!1

�
� 1

R2 C 1
C 1

1002 C 1

�

D 1

20002
D 0:000049995I

thus,

S � 0:397066274 C 0:000049995 D 0:397116269:

The bound on the error in this approximation is

100

.1002 C 1/2
D 9:998 � 10�7:

In Exercises 54–57, determine whether the series converges absolutely. If it does not, determine whether it converges conditionally.

54.
1X

nD1

.�1/n
3
p
nC 2n

SOLUTION Both 3
p
n and 2n are increasing functions, so3

p
nC 2n is also increasing. Therefore, 1

3
p
nC2n is decreasing. More-

over,

lim
n!1

1
3
p
nC 2n

D 0;

so the series
1X

nD1

.�1/n
3
p
nC 2n

converges by the Leibniz Test.

The corresponding positive series is
1X

nD1

1
3
p
nC 2n

. Because

1
3
p
nC 2n

>
1

nC 2n
D 1

3
� 1
n

and the harmonic series
1X

nD1

1

n
diverges,

1X

nD1

1
3
p
nC 2n

also diverges by the Comparison Test. Thus,
P1
nD1

.�1/n
3
p
nC2n converges

conditionally.

55.
1X

nD1

.�1/n
n1:1 ln.nC 1/

SOLUTION Consider the corresponding positive series
1X

nD1

1

n1:1 ln.nC 1/
. Because

1

n1:1 ln.nC 1/
<

1

n1:1

and
1X

nD1

1

n1:1
is a convergentp-series, we can conclude by the Comparison Test that

1X

nD1

.�1/n
n1:1 ln.nC 1/

also converges. Thus,

1X

nD1

.�1/n

n1:1 ln.nC 1/
converges absolutely.

56.
1X

nD1

cos
�
�
4 C �n

�
p
n

SOLUTION Note

cos
��
4

C �n
�

D cos
�

4
cosn� � sin

�

4
sin n� D .�1/n

p
2

2
:
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Therefore,

1X

nD1

cos
�
�
4 C �n

�
p
n

D
1X

nD1

.�1/np
n

2p
2

D 2p
2

1X

nD1

.�1/np
n
:

Now, the sequencef 1p
n

g is decreasing and converges to 0 asn ! 1. Therefore,
1X

nD1

cos
�
�
4 C �n

�
p
n

converges by the Leibniz

Test. However, the corresponding positive series is a divergentp-series (p D 1
2 ), so the original series converges conditionally.

57.
1X

nD1

cos
�
�
4 C 2�n

�
p
n

SOLUTION cos
�
�
4 C 2�n

�
D cos�4 D

p
2
2 , so

1X

nD1

cos
�
�
4 C 2�n

�
p
n

D
p
2

2

1X

nD1

1p
n
:

This is a divergentp-series, so the series
1X

nD1

cos
�
�
4 C 2�n

�
p
n

diverges.

58. Use a computer algebra system to approximate
1X

nD1

.�1/n

n3 C
p
n

to within an error of at most10�5.

SOLUTION The sequencef 1
n3C

p
n

g is decreasing and converges to0, so the series
P1
nD1

.�1/n
n3C

p
n

converges by the Leibniz Test.

Using the error bound for an alternating series,
ˇ̌
ˇ̌
ˇSN �

1X

nD1

.�1/n

n3 C
p
n

ˇ̌
ˇ̌
ˇ � aNC1 D 1

.N C 1/3 C
p
N C 1

:

If we want an approximation with an error of at most10�5, we must chooseN such that

1

.N C 1/3 C
p
N C 1

< 10�5 or .N C 1/3 C
p
N C 1 > 105:

ForN D 45, .N C 1/3 C
p
N C 1 D 97;342:8 < 105, and forN D 46, .N C 1/3 C

p
N C 1 D 103;829:9 > 105. The smallest

acceptable value forN is thereforeN D 46. Using a computer algebra system, we find

1X

nD1

.�1/n

n3 C
p
n

� S46 D �0:418452236:

59. Catalan’s constant is defined byK D
1X

kD0

.�1/k
.2k C 1/2

.

(a) How many terms of the series are needed to calculateK with an error of less than10�6?

(b) Carry out the calculation.

SOLUTION

(a) Using the error bound for an alternating series, we have

jSN �Kj � 1

.2.N C 1/C 1/2
D 1

.2N C 3/2
:

For an error of less than10�6; we must chooseN so that 1
.2NC3/2 < 10�6 or .2N C 3/2 > 1; 000; 000. Solving for N yields

N > 1
2

�p
1; 000; 000 � 3

�
D 498:5 � 500

(b) From part (a), we know

K �
499X

kD0

.�1/k
.2k C 1/2

� 0:9159650942

60. Give an example of conditionally convergent series
1X

nD1
an and

1X

nD1
bn such that

1X

nD1
.an C bn/ converges absolutely.
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SOLUTION Let an D .�1/n
n and bn D .�1/nC1

n . The corresponding alternating series converge by the Leibniz Test; however,

the corresponding positive series are the divergent harmonic series. Thus,
1X

nD1
an and

1X

nD1
bn converge conditionally. On the other

hand, the series

1X

nD1
.an C bn/ D

1X

nD1

 
.�1/n
n

C .�1/nC1

n

!
D

1X

nD1
.�1/n

�
1

n
C �1

n

�
D

1X

nD1
0

converges absolutely.

61. Let
1X

nD1
an be an absolutely convergent series. Determine whether the following series are convergent or divergent:

(a)
1X

nD1

�
an C 1

n2

�
(b)

1X

nD1
.�1/nan

(c)
1X

nD1

1

1C a2n
(d)

1X

nD1

janj
n

SOLUTION Because
1X

nD1
an converges absolutely, we know that

1X

nD1
an converges and that

1X

nD1
janj converges.

(a) Because we know that
1X

nD1
an converges and the series

1X

nD1

1

n2
is a convergentp-series, the sum of these two series,

1X

nD1

�
an C 1

n2

�
also converges.

(b) We have,

1X

nD1

ˇ̌
.�1/nan

ˇ̌
D

1X

nD1
janj

Because
1X

nD1
janj converges, it follows that

1X

nD1
.�1/nan converges absolutely, which implies that

1X

nD1
.�1/nan converges.

(c) Because
1X

nD1
an converges, limn!1 an D 0. Therefore,

lim
n!1

1

1C a2n
D 1

1C 02
D 1 ¤ 0;

and the series
1X

nD1

1

1C a2n
diverges by the Divergence Test.

(d) janj
n � janj and the series

1X

nD1
janj converges, so the series

1X

nD1

janj
n

also converges by the Comparison Test.

62. Let fang be a positive sequence such that lim
n!1

n
p
an D 1

2 . Determine whether the following series converge or diverge:

(a)
1X

nD1
2an (b)

1X

nD1
3nan (c)

1X

nD1

p
an

SOLUTION

(a)

L D lim
n!1

n
p
2an D lim

n!1
n
p
2 n

p
an D 1 � 1

2
D 1

2
:

BecauseL < 1, the series converges by the Root Test.
(b)

L D lim
n!1

n
p
3nan D lim

n!1
3 n

p
an D 3 � 1

2
D 3

2
:

BecauseL > 1, the series diverges by the Root Test.
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(c)

L D lim
n!1

n

qp
an D lim

n!1

q
n
p
an D

r
1

2
:

BecauseL < 1, the series converges by the Root Test.

In Exercises 63–70, apply the Ratio Test to determine convergence or divergence, or state that the Ratio Test is inconclusive.

63.
1X

nD1

n5

5n

SOLUTION With an D n5

5n ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/5

5nC1 � 5
n

n5
D 1

5

�
1C 1

n

�5
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

5
lim
n!1

�
1C 1

n

�5
D 1

5
� 1 D 1

5
:

Because� < 1, the series converges by the Ratio Test.

64.
1X

nD1

p
nC 1

n8

SOLUTION With an D
p
nC1
n8 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D

p
nC 2

.nC 1/8
� n8p

nC 1
D
r
nC 2

nC 1

�
n

nC 1

�8
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � 18 D 1:

Because� D 1, the Ratio Test is inconclusive.

65.
1X

nD1

1

n2n C n3

SOLUTION With an D 1
n2nCn3 ,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D n2n C n3

.nC 1/2nC1 C .nC 1/3
D

n2n
�
1C n2

2n

�

.nC 1/2nC1
�
1C .nC1/2

2nC1

� D 1

2
� n

nC 1
�

1C n2

2n

1C .nC1/2
2nC1

;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

2
� 1 � 1 D 1

2
:

Because� < 1, the series converges by the Ratio Test.

66.
1X

nD1

n4

nŠ

SOLUTION With an D n4

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/4

.nC 1/Š
� nŠ
n4

D .nC 1/3

n4
and � D lim

n!1
anC1
an

D 0:

Because� < 1, the series converges by the Ratio Test.

67.
1X

nD1

2n
2

nŠ
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SOLUTION With an D 2n2

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 2.nC1/2

.nC 1/Š
� nŠ
2n

2
D 22nC1

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1:

Because� > 1, the series diverges by the Ratio Test.

68.
1X

nD4

lnn

n3=2

SOLUTION With an D lnn
n3=2

,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D ln.nC 1/

.nC 1/3=2
� n
3=2

ln n
D
�

n

nC 1

�3=2 ln.nC 1/

ln n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 13=2 � 1 D 1:

Because� D 1, the Ratio Test is inconclusive.

69.
1X

nD1

�n
2

�n 1
nŠ

SOLUTION With an D
�
n
2

�n 1
nŠ

,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D

�
nC 1

2

�nC1 1

.nC 1/Š
�
�
2

n

�n
nŠ D 1

2

�
nC 1

n

�n
D 1

2

�
1C 1

n

�n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

2
e:

Because� D e
2 > 1, the series diverges by the Ratio Test.

70.
1X

nD1

�n
4

�n 1
nŠ

SOLUTION With an D
�
n
4

�n 1
nŠ

,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D

�
nC 1

4

�nC1 1

.nC 1/Š
�
�
4

n

�n
nŠ D 1

4

�
nC 1

n

�n
D 1

4

�
1C 1

n

�n
;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1

4
e:

Because� D e
4 < 1, the series converges by the Ratio Test.

In Exercises 71–74, apply the Root Test to determine convergence or divergence, or state that the Root Test is inconclusive.

71.
1X

nD1

1

4n

SOLUTION With an D 1
4n ,

L D lim
n!1

n
p
an D lim

n!1
n

r
1

4n
D 1

4
:

BecauseL < 1, the series converges by the Root Test.

72.
1X

nD1

�
2

n

�n

SOLUTION With an D
�
2
n

�n
,

L D lim
n!1

n

s�
2

n

�n
D lim
n!1

2

n
D 0:

BecauseL < 1, the series converges by the Root Test.
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73.
1X

nD1

�
3

4n

�n

SOLUTION With an D
�
3
4n

�n
,

L D lim
n!1

n
p
an D lim

n!1
n

s�
3

4n

�n
D lim
n!1

3

4n
D 0:

BecauseL < 1, the series converges by the Root Test.

74.
1X

nD1

�
cos

1

n

�n3

SOLUTION With an D
�
cos1n

�n3

,

L D lim
n!1

n
p
an D lim

n!1
n

s

cos
�
1

n

�n3

D lim
n!1

cos
�
1

n

�n2

D lim
x!1

cos
�
1

x

�x2

:

Now,

lnL D lim
x!1

x2 ln cos

�
1

x

�
D lim
x!1

ln cos
�
1
x

�

1
x2

D lim
x!1

1

cos
�

1
x

�
�
� sin

�
1
x

�� �
� 1
x2

�

� 2
x3

D �1
2

lim
x!1

1

cos
�
1
x

� � lim
x!1

sin
�
1
x

�

1
x

D �1
2

� 1 � 1 D �1
2
:

Therefore,L D e�1=2. BecauseL < 1, the series converges by the Root Test.

In Exercises 75–92, determine convergence or divergence using any method covered in the text.

75.
1X

nD1

�
2

3

�n

SOLUTION This is a geometric series with ratior D 2
3 < 1; hence, the series converges.

76.
1X

nD1

�7n

e8n

SOLUTION This is a geometric series with ratior D �7

e8 � 1:013, so it diverges.

77.
1X

nD1
e�0:02n

SOLUTION This is a geometric series with common ratior D 1
e0:02 � 0:98 < 1; hence, the series converges.

78.
1X

nD1
ne�0:02n

SOLUTION With an D ne�0:02n,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/e�0:02.nC1/

ne�0:02n D nC 1

n
e�0:02;

and

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 1 � e�0:02 D e�0:02:

Because� < 1, the series converges by the Ratio Test.

79.
1X

nD1

.�1/n�1
p
nC

p
nC 1
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SOLUTION In this alternating series,an D 1p
nC

p
nC1 . The sequencefang is decreasing, and

lim
n!1

an D 0I

therefore the series converges by the Leibniz Test.

80.
1X

nD10

1

n.lnn/3=2

SOLUTION Let f .x/ D 1

x.lnx/3=2
. This function is continuous, positive and decreasing forx > e�3=2 and thus forx � 10;

therefore, the Integral Test applies. Now,

Z 1

10

dx

x.lnx/3=2
D lim
R!1

Z R

10

dx

x.lnx/3=2
D lim
R!1

Z lnR

ln10

1

u3=2
du

D lim
R!1

� �2p
u

ˇ̌
ˇ̌
lnR

ln10

!
D 2 lim

R!1

�
1p
ln 10

� 1p
lnR

�
D 2:

The integral converges; hence, the series converges as well.

81.
1X

nD2

.�1/n
ln n

SOLUTION The sequencean D 1
lnn is decreasing forn � 10 and

lim
n!1

an D 0I

therefore, the series converges by the Leibniz Test.

82.
1X

nD1

en

nŠ

SOLUTION With an D en

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D enC1

.nC 1/Š
� nŠ
en

D e

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0:

Because� < 1, the series converges by the Ratio Test.

83.
1X

nD1

1

n
p
nC lnn

SOLUTION Forn � 1,

1

n
p
nC lnn

� 1

n
p
n

D 1

n3=2
:

The series
1X

nD1

1

n3=2
is a convergentp-series, so the series

1X

nD1

1

n
p
nC lnn

converges by the Comparison Test.

84.
1X

nD1

1
3
p
n.1C

p
n/

SOLUTION Apply the Limit Comparison Test withan D 1
3
p
n.1C

p
n/

andbn D 1
n5=6

. Then,

L D lim
n!1

1
3
p
n.1C

p
n/

1
n5=6

D lim
n!1

n5=6

3
p
nC n5=6

D lim
n!1

1
1p
n

C 1
D 1:

The series
1X

nD1

1

n5=6
is a divergentp-series. BecauseL > 0, the series

1X

nD1

1
3
p
n.1C

p
n/

also diverges by the Limit Comparison

Test.

85.
1X

nD1

�
1p
n

� 1p
nC 1

�
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SOLUTION This series telescopes:

1X

nD1

�
1p
n

� 1p
nC 1

�
D
�
1� 1p

2

�
C
�
1p
2

� 1p
3

�
C
�
1p
3

� 1p
4

�
C : : :

so that thenth partial sumSn is

Sn D
�
1 � 1p

2

�
C
�
1p
2

� 1p
3

�
C
�
1p
3

� 1p
4

�
C � � � C

�
1p
n

� 1p
nC 1

�
D 1 � 1p

nC 1

and then

1X

nD1

�
1p
n

� 1p
nC 1

�
D lim
n!1Sn D 1 � lim

n!1
1p
nC 1

D 1

86.
1X

nD1

�
ln n� ln.nC 1/

�

SOLUTION This series telescopes:

1X

nD1

�
lnn � ln.nC 1/

�
D .ln 1 � ln 2/C .ln 2 � ln 3/C .ln 3 � ln 4/C : : :

so that thenth partial sumSn is

Sn D .ln 1 � ln 2/C .ln 2 � ln 3/C .ln 3 � ln 4/C � � � C .ln n� ln.nC 1//

D ln 1 � ln.nC 1/ D � ln.nC 1/

and then

1X

nD1

�
lnn � ln.nC 1/

�
D lim
n!1Sn D � lim

n!1 ln.nC 1/ D 1

so the series diverges.

87.
1X

nD1

1

nC
p
n

SOLUTION Forn � 1,
p
n � n, so that

1X

nD1

1

nC
p
n

�
1X

nD1

1

2n

which diverges since it is a constant multiple of the harmonic series. Thus
1X

nD1

1

nC
p
n

diverges as well, by the Comparison Test.

88.
1X

nD2

cos.�n/

n2=3

SOLUTION cos.�n/ D .�1/n, so

1X

nD2

cos.�n/

n2=3
D

1X

nD2

.�1/n

n2=3
:

The sequencean D 1
n2=3

is decreasing and

lim
n!1

an D 0I

therefore, the series converges by the Leibniz Test.

89.
1X

nD2

1

nlnn
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SOLUTION Forn � N large enough, lnn � 2 so that

1X

nDN

1

nlnn
�

1X

nDN

1

n2

which is a convergentp-series. Thus by the Comparison Test,
1X

nDN

1

nlnn also converges; adding back in the terms forn < N does

not affect convergence.

90.
1X

nD2

1

ln3 n

SOLUTION ForN large enough, lnn � n1=4 whenn � N so that

1X

nDN

1

ln3 n
>

1X

nDN

1

n3=4

which is a divergentp-series. Thus by the Comparison Test,
1X

nDN

1

ln3 n
diverges; adding back in the terms forn < N does not

affect this result.

91.
1X

nD1
sin2

�

n

SOLUTION For allx > 0, sinx < x. Therefore, sin2 x < x2, and forx D �
n ,

sin2
�

n
<
�2

n2
D �2 � 1

n2
:

The series
1X

nD1

1

n2
is a convergentp-series, so the series

1X

nD1
sin2

�

n
also converges by the Comparison Test.

92.
1X

nD0

22n

nŠ

SOLUTION With an D 22n

nŠ
,

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 22.nC1/

.nC 1/Š
� nŠ
22n

D 4

nC 1
and � D lim

n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D 0:

Because� < 1, the series converges by the Ratio Test.

In Exercises 93–98, find the interval of convergence of the power series.

93.
1X

nD0

2nxn

nŠ

SOLUTION With an D 2nxn

nŠ
,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
2nC1xnC1

.nC 1/Š
� nŠ

2nxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x � 2

n

ˇ̌
ˇ̌ D 0

Then� < 1 for all x, so that the radius of convergence isR D 1, and the series converges for allx.

94.
1X

nD0

xn

nC 1

SOLUTION With an D xn

nC1 ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
xnC1

nC 2
� nC 1

xn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x � nC 1

nC 2

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌x � 1C 1=n

1C 2=n

ˇ̌
ˇ̌ D jxj

Then� < 1 whenjxj < 1, so the radius of convergence is1, and the series converges absolutely forjxj < 1, or �1 < x < 1. For

the endpointx D 1, the series becomes
1X

nD0

1

nC 1
D

1X

nD1

1

n
, which is the divergent harmonic series. For the endpointx D �1,

the series becomes
1X

nD0

.�1/n
nC 1

, which converges by the Leibniz Test. The series
1X

nD0

xn

nC 1
therefore converges for�1 � x < 1.
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95.
1X

nD0

n6

n8 C 1
.x � 3/n

SOLUTION With an D n6.x�3/n
n8C1 ,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/6.x � 3/nC1

.nC 1/8 � 1
� n8 C 1

n6.x � 3/n

ˇ̌
ˇ̌
ˇ

D lim
n!1

ˇ̌
ˇ̌
ˇ.x � 3/ � .nC 1/6.n8 C 1/

n6..nC 1/8 C 1/

ˇ̌
ˇ̌
ˇ

D lim
n!1

ˇ̌
ˇ̌
ˇ.x � 3/ � n

14 C terms of lower degree

n14 C terms of lower degree

ˇ̌
ˇ̌
ˇ D jx � 3j

Then� < 1 whenjx � 3j < 1, so the radius of convergence is1, and the series converges absolutely forjx � 3j < 1, or 2 < x < 4.

For the endpointx D 4, the series becomes
1X

nD0

n6

n8 C 1
, which converges by the Comparison Test comparing with the convergent

p-series
1X

nD1

1

n2
. For the endpointx D 2, the series becomes

1X

nD0

n6.�1/n
n8 C 1

, which converges by the Leibniz Test. The series

1X

nD0

n6.x � 3/n

n8 C 1
therefore converges for2 � x � 4.

96.
1X

nD0
nxn

SOLUTION With an D nxn,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/xnC1

nxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x � nC 1

n

ˇ̌
ˇ̌ D jxj

Then� < 1 when jxj < 1, so the radius of convergence is1, and the series converges forjxj < 1, or �1 < x < 1. For the

endpointx D 1, the series becomes
1X

nD0
n, which diverges by the Divergence Test. For the endpointx D �1, the series becomes

P1
nD0.�1/nn, which also diverges by the Divergence Test. The series

1X

nD0
nxn therefore converges for�1 < x < 1.

97.
1X

nD0
.nx/n

SOLUTION With an D nnxn, and assumingx ¤ 0,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.nC 1/nC1xnC1

nnxn

ˇ̌
ˇ̌
ˇ D lim

n!1

ˇ̌
ˇ̌x.nC 1/ �

�
nC 1

n

�n ˇ̌
ˇ̌ D 1

since
�
nC1
n

�n
D
�
1C 1

n

�n
converges toe and the.n C 1/ term diverges to1. Thus� < 1 only whenx D 0, so the series

converges only forx D 0.

98.
1X

nD0

.2x � 3/n

n lnn

SOLUTION With an D .2x�3/n
n lnn , and using L’Hôpital’s Rule,

� D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌
ˇ
.2x � 3/nC1

.nC 1/ ln.nC 1/
� n lnn

.2x � 3/n

ˇ̌
ˇ̌
ˇ

D lim
n!1

ˇ̌
ˇ̌.2x � 3/

n ln n

.nC 1/ ln.nC 1/

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌.2x � 3/

1C ln n

1C ln.nC 1/

ˇ̌
ˇ̌

D lim
n!1

ˇ̌
ˇ̌.2x � 3/

1=n

1=.nC 1/

ˇ̌
ˇ̌ D lim

n!1

ˇ̌
ˇ̌.2x � 3/nC 1

n

ˇ̌
ˇ̌ D j2x � 3j
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Then� < 1 when j2x � 3j < 1, so the radius of convergence is1, and the series converges absolutely forj2x � 3j < 1, or

1 < x < 2. For the endpointx D 2, the series becomes
1X

nD0

1

n lnn
, which diverges by the Integral Test. For the endpointx D �1,

the series becomes
1X

nD0

.�1/n
n lnn

, which converges by the Leibniz Test. The series
1X

nD0

.2x � 3/n

n lnn
therefore converges for1 � x < 2.

99. Expandf .x/ D 2

4 � 3x
as a power series centered atc D 0. Determine the values ofx for which the series converges.

SOLUTION Write

2

4 � 3x D 1

2

1

1 � 3
4x
:

Substituting34x for x in the Maclaurin series for 11�x , we obtain

1

1 � 3
4x

D
1X

nD0

�
3

4

�n
xn:

This series converges for
ˇ̌
ˇ34x

ˇ̌
ˇ < 1, or jxj < 4

3 . Hence, forjxj < 4
3 ,

2

4 � 3x
D 1

2

1X

nD0

�
3

4

�n
xn:

100. Prove that
1X

nD0
ne�nx D e�x

.1 � e�x/2

Hint: Express the left-hand side as the derivative of a geometric series.

SOLUTION Forx > 0,
1X

nD0
e�nx D

1X

nD0
.e�x/n is a convergent geometric series with ratior D e�x ; hence,

1X

nD0
e�nx D 1

1 � e�x :

Differentiating term-by-term then yields

1X

nD0

�
�ne�nx� D � e�x

.1 � e�x/2
:

Therefore, forx > 0,

1X

nD0
ne�nx D e�x

.1 � e�x/2
:

101. Let F.x/ D
1X

kD0

x2k

2k � kŠ
.

(a) Show thatF.x/ has infinite radius of convergence.
(b) Show thaty D F.x/ is a solution of

y00 D xy0 C y; y.0/ D 1; y0.0/ D 0

(c) Plot the partial sumsSN forN D 1; 3; 5; 7 on the same set of axes.

SOLUTION

(a) With ak D x2k

2k �kŠ ,

ˇ̌
ˇ̌akC1
ak

ˇ̌
ˇ̌ D jxj2kC2

2kC1 � .k C 1/Š
� 2
k � kŠ
jxj2k

D x2

2.k C 1/
;

and

� D lim
k!1

ˇ̌
ˇ̌akC1
ak

ˇ̌
ˇ̌ D x2 � 0 D 0:

Because� < 1 for all x, we conclude that the series converges for allx; that is,R D 1.
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(b) Let

y D F.x/ D
1X

kD0

x2k

2k � kŠ
:

Then

y0 D
1X

kD1

2kx2k�1

2kkŠ
D

1X

kD1

x2k�1

2k�1.k � 1/Š
;

y00 D
1X

kD1

.2k � 1/x2k�2

2k�1.k � 1/Š
;

and

xy0 C y D x

1X

kD1

x2k�1

2k�1.k � 1/Š
C

1X

kD0

x2k

2kkŠ
D

1X

kD1

x2k

2k�1.k � 1/Š
C 1C

1X

kD1

x2k

2kkŠ

D 1C
1X

kD1

.2k C 1/x2k

2kkŠ
D

1X

kD0

.2k C 1/x2k

2kkŠ
D

1X

kD1

.2k � 1/x2k�2

2k�1.k � 1/Š
D y00:

Moreover,

y.0/ D 1C
1X

kD1

02k

2kkŠ
D 1 and y0.0/ D

1X

kD1

02k�1

2k�1.k � 1/Š
D 0:

Thus,
1X

kD0

x2k

2kkŠ
is the solution to the equationy00 D xy0 C y satisfyingy.0/ D 1, y0.0/ D 0.

(c) The partial sumsS1, S3, S5 andS7 are plotted in the figure below.

y

x
−1−2 1

1

2

3

4

5

6

7

2

102. Find a power seriesP.x/ D
1X

nD0
anx

n that satisfies the Laguerre differential equation

xy00 C .1� x/y0 � y D 0

with initial condition satisfyingP.0/ D 1.

SOLUTION Let

y D P.x/ D
1X

nD0
anx

n:

Then,

y0 D
1X

nD1
nanx

n�1; y00 D
1X

nD2
n.n� 1/anx

n�2;

and

xy00 C .1 � x/y0 � y D
1X

nD2
n.n� 1/anx

n�1 C
1X

nD1
nanx

n�1 �
1X

nD1
nanx

n �
1X

nD0
anx

n

D
1X

nD1
.nC 1/nanC1xn C

1X

nD0
.nC 1/anC1xn �

1X

nD1
nanx

n �
1X

nD0
anx

n
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D .a1 � a0/C
1X

nD1

h
.nC 1/2anC1 � .nC 1/an

i
xn:

In order for this series to be equal to zero, the coefficient ofxn must be equal to zero for eachn; thus

a1 D a0 and anC1 D an

nC 1
:

Now, y.0/ D P.0/ D a0, so to satisfy the initial conditionP.0/ D 1, we must seta0 D 1. Then,

a1 D a0 D 1I

a2 D a1

2
D 1

2
I

a3 D a2

3
D 1

6
D 1

3Š
I

a4 D a3

4
D 1

4Š
I

and, in general,an D 1
nŠ

. Thus,

P.x/ D
1X

nD0

xn

nŠ
D ex :

In Exercises 103–112, find the Taylor series centered atc.

103. f .x/ D e4x , c D 0

SOLUTION Substituting4x for x in the Maclaurin series forex yields

e4x D
1X

nD0

.4x/n

nŠ
D

1X

nD0

4n

nŠ
xn:

104. f .x/ D e2x , c D �1
SOLUTION Write:

e2x D e2.xC1/�2 D e�2e2.xC1/:

Substituting2.x C 1/ for x in the Maclaurin series forex yields

e2.xC1/ D
1X

nD0

.2.x C 1//n

nŠ
D

1X

nD0

2n

nŠ
.x C 1/nI

hence,

e2x D e�2
1X

nD0

2n.x C 1/n

nŠ
:

105. f .x/ D x4, c D 2

SOLUTION We have

f 0.x/ D 4x3 f 00.x/ D 12x2 f 000.x/ D 24x f .4/.x/ D 24

and all higher derivatives are zero, so that

f .2/ D 24 D 16 f 0.2/ D 4 � 23 D 32 f 00.2/ D 12 � 22 D 48 f 000.2/ D 24 � 2 D 48 f .4/.2/ D 24

Thus the Taylor series centered atc D 2 is

4X

nD0

f .n/.2/

nŠ
.x � 2/n D 16C 32

1Š
.x � 2/C 48

2Š
.x � 2/2 C 48

3Š
.x � 2/3 C 24

4Š
.x � 2/4

D 16C 32.x � 2/C 24.x � 2/2 C 8.x � 2/3 C .x � 2/4
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106. f .x/ D x3 � x, c D �2
SOLUTION We have

f 0.x/ D 3x2 � 1 f 00.x/ D 6x f 000.x/ D 6

and all higher derivatives are zero, so that

f .�2/ D �8C 2 D �6 f 0.�2/ D 3.�2/2 � 1 D 11 f 00.�2/ D 6.�2/ D �12 f 000.�2/ D 6

Thus the Taylor series centered atc D �2 is

3X

nD0

f .n/.�2/
nŠ

.x C 2/n D �6C 11

1Š
.x C 2/C �12

2Š
.x C 2/2 C 6

3Š
.x C 2/3

D �6C 11.x C 2/ � 6.x C 2/2 C .x C 2/3

107. f .x/ D sinx, c D �

SOLUTION We have

f .4n/.x/ D sinx f .4nC1/.x/ D cosx f .4nC2/.x/ D � sinx f .4nC3/.x/ D � cosx

so that

f .4n/.�/ D sin� D 0 f .4nC1/.�/ D cos� D �1 f .4nC2/.�/ D � sin� D 0 f .4nC3/.�/ D � cos� D 1

Then the Taylor series centered atc D � is

1X

nD0

f .n/.�/

nŠ
.x � �/n D �1

1Š
.x � �/C 1

3Š
.x � �/3 C �1

5Š
.x � �/5 C 1

7Š
.x � �/7 � : : :

D �.x � �/C 1

6
.x � �/3 � 1

120
.x � �/5 C 1

5040
.x � �/7 � : : :

108. f .x/ D ex�1, c D �1
SOLUTION Write

ex�1 D exC1�1�1 D e�2exC1:

Substitutingx C 1 for x in the Maclaurin series forex yields

exC1 D
1X

nD0

.x C 1/n

nŠ
I

hence,

ex�1 D e�2
1X

nD0

.x C 1/n

nŠ
D

1X

nD0

.x C 1/n

nŠe2
:

109. f .x/ D 1

1 � 2x
, c D �2

SOLUTION Write

1

1 � 2x D 1

5 � 2.x C 2/
D 1

5

1

1 � 2
5 .x C 2/

:

Substituting25 .x C 2/ for x in the Maclaurin series for 11�x yields

1

1 � 2
5 .x C 2/

D
1X

nD0

2n

5n
.x C 2/nI

hence,

1

1 � 2x D 1

5

1X

nD0

2n

5n
.x C 2/n D

1X

nD0

2n

5nC1 .x C 2/n:
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110. f .x/ D 1

.1 � 2x/2
, c D �2

SOLUTION Note that

d

dx

1

1 � 2x
D 2

1 � 2x

so that we can derive the Taylor series forf .x/ by differentiating the Taylor series for 11�2x , computed in the previous exercise,
and dividing by2. Thus

1

.1 � 2x/2
D 1

2
� d
dx

 1X

nD0

2n

5nC1 .x C 2/n

!

D 1

2

1X

nD1

n2n

5nC1 .x C 2/n�1 D 2

50

1X

nD1

n2n�1

5n�1 .x C 2/n�1

D 1

25

1X

kD0

.k C 1/2k

5k
.x C 2/k

111. f .x/ D ln
x

2
, c D 2

SOLUTION Write

ln
x

2
D ln

�
.x � 2/C 2

2

�
D ln

�
1C x � 2

2

�
:

Substitutingx�2
2 for x in the Maclaurin series for ln.1C x/ yields

ln
x

2
D

1X

nD1

.�1/nC1
�
x�2
2

�n

n
D

1X

nD1

.�1/nC1.x � 2/n

n � 2n :

This series is valid forjx � 2j < 2.

112. f .x/ D x ln
�
1C x

2

�
, c D 0

SOLUTION Substitutingx2 for x in the Maclaurin series for ln.1C x/ yields

ln
�
1C x

2

�
D

1X

nD1

.�1/n�1 �x
2

�n

n
D

1X

nD1

.�1/n�1xn

n2n
:

Thus,

x ln
�
1C x

2

�
D x

1X

nD1

.�1/n�1xn

n2n
D

1X

nD1

.�1/n�1xnC1

n2n
:

In Exercises 113–116, find the first three terms of the Maclaurin series off .x/ and use it to calculatef .3/.0/.

113. f .x/ D .x2 � x/ex
2

SOLUTION Substitutex2 for x in the Maclaurin series forex to get

ex
2 D 1C x2 C 1

2
x4 C 1

6
x6 C : : :

so that the Maclaurin series forf .x/ is

.x2 � x/ex
2 D x2 C x4 C 1

2
x6 C � � � � x � x3 � 1

2
x5 � � � � D �x C x2 � x3 C x4 C : : :

The coefficient ofx3 is

f 000.0/
3Š

D �1

so thatf 000.0/ D �6.
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114. f .x/ D tan�1.x2 � x/

SOLUTION Substitutex2 � x for x in the Maclaurin series for tan�1 x to get

tan�1.x2 � x/ D .x2 � x/� 1

3
.x2 � x/3 C � � � D �x C x2 C 1

3
x3 C : : :

The coefficient ofx3 is

f 000.0/
3Š

D 1

3

so thatf 000.0/ D 3Š 13 D 2.

115. f .x/ D 1

1C tanx

SOLUTION Substitute� tanx in the Maclaurin series for 11�x to get

1

1C tanx
D 1 � tanx C .tanx/2 � .tanx/3 C : : :

We have not yet encountered the Maclaurin series for tanx. We need only the terms up throughx3, so compute

tan0.x/ D sec2 x tan00.x/ D 2.tanx/ sec2 x tan000.x/ D 2.1C tan2 x/ sec2 x C 4.tan2 x/ sec2 x

so that

tan0.0/ D 1 tan00.0/ D 0 tan000.0/ D 2

Then the Maclaurin series for tanx is

tanx D tan0C tan0.0/
1Š

x C tan00.0/
2Š

x2 C tan000.0/
3Š

x3 C � � � D x C 1

3
x3 C : : :

Substitute these into the series above to get

1

1C tanx
D 1 �

�
x C 1

3
x3
�

C
�
x C 1

3
x3
�2

�
�
x C 1

3
x3
�3

C : : :

D 1 � x � 1

3
x3 C x2 � x3 C higher degree terms

D 1 � x C x2 � 4

3
x3 C higher degree terms

The coefficient ofx3 is

f 000.0/
3Š

D �4
3

so that

f 000.0/ D �6 � 4
3

D �8

116. f .x/ D .sinx/
p
1C x

SOLUTION The binomial series for
p
1C x is

p
1C x D .1C x/1=2 D

 
1=2

0

!
C
 
1=2

1

!
x C

 
1=2

2

!
x2 C

 
1=2

3

!
x3 C : : :

D 1C 1

2
x C

1
2

�
�1
2

�

2
x2 C

1
2

�
�1
2

� �
�3
2

�

3Š
x3 C : : :

D 1C 1

2
x � 1

8
x2 C 1

16
x3 C : : :

So, multiply the first few terms of the two Maclaurin series together:

.sinx/
p
1C x D

 
x � x3

6

!�
1C 1

2
x � 1

8
x2 C 1

16
x3
�

D x C 1

2
x2 � 1

8
x3 � 1

6
x3 C higher degree terms
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D x C 1

2
x2 � 7

24
x3 C higher degree terms

The coefficient ofx3 is

f 000.0/
3Š

D � 7

24

so that

f 000.0/ D �6 � 7
24

D �7
4

117. Calculate
�

2
� �3

233Š
C �5

255Š
� �7

277Š
C � � � :

SOLUTION We recognize that

�

2
� �3

233Š
C �5

255Š
� �7

277Š
C � � � D

1X

nD0
.�1/n .�=2/

2nC1

.2nC 1/Š

is the Maclaurin series for sinx with x replaced by�=2. Therefore,

�

2
� �3

233Š
C �5

255Š
� �7

277Š
C � � � D sin

�

2
D 1:

118. Find the Maclaurin series of the functionF.x/ D
Z x

0

et � 1

t
dt .

SOLUTION Subtracting 1 from the Maclaurin series foret yields

et � 1 D
1X

nD0

tn

nŠ
� 1 D 1C

1X

nD1

tn

nŠ
� 1 D

1X

nD1

tn

nŠ
:

Thus,

et � 1

t
D 1

t

1X

nD1

tn

nŠ
D

1X

nD1

tn�1

nŠ
:

Finally, integrating term-by-term yields

Z x

0

et � 1
t

dt D
Z x

0

1X

nD1

tn�1

nŠ
dt D

1X

nD1

Z x

0

tn�1

nŠ
dt D

1X

nD1

xn

nŠ n
:



AP-10 

 

Chapter 10: Infinite Series 

Preparing for the AP Exam Solutions 

 
Multiple Choice Questions 

 

1) C  2)   A  3)   B  4)   D  5)   D  6)   C   

7)   D  8)    C  9)   B  10)  E  11)  D  12)  C   

13)  B  14)  D  15)  D  16)  D  17)  D  18)  B   

19)  A  20)  C 

 

 

Free Response Questions 

1. a) 1 nnn xxD = 111 8.18.0   nnn xxx . Thus .8.0
8.0

8.1

8.1

2

2

2

1

1













 n

n

n

n

n

n

x

x

x

x

D

D
 

Thus the series is geometric with ratio R = 0.8. 

b) ;4.5)4.2(31 D the total distance is 27
8.01

4.5



. 

c) The particle moves to the left on the odd segments; we want ...531  DDD . This is a geometric series 

with ratio 64.)8.0( 2  ; the sum is 15
36.

4.5
 . 

d) Let 
nT  be the time to travel 

nD . Then  nn DkT  , so 8.0
11


 n

n

n

n

Dk

Dk

T

T
 and the time is a  

geometric series with first element equal to 4. Total time is 
8.01

4


seconds. 

 

POINTS: 

(a) (3 pts) 1) nD 18.1 nx ; 1) considers .
1n

n

D

D
1) answer 

(b) (1 pt) 

(c) (2 pts) 1)  uses ...531  DDD ; 1) answer 

(d) (3 pts) 1) nn DkT  ; 1) 8.0
1


n

n

T

T
; 1) answer 

 

2. a)   00 )0()0()0( cfffc  , so 00 c  

b)  )(1)()( xfxfxf
dx

d
 . Also since xxf  )( , )()()( xfxf

dx

d
xf

dx

d
 . 

Thus )()( xfxf  , so )()( xfxf   and f   is even. 

 Next, 1)()()()(  xfxf
dx

d
xf

dx

d
xf  so )()( xfxf   and f   is odd. 
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c) Part (b) shows us that 
)(nf  is an odd function if n is even, and part (a) shows that 0)0()( nf . Now 

!

)0()(

n

f
c

n

n   is 0 if n is even. 

d) The Maclaurin series for )(xg is ...... 2

12

4

5

2

31  

n

n xcxcxcc . Thus, if 0x , 

...... 2

12

4

5

2

3  

n

n xcxcxc  is the sum of positive terms so )()0( xgg  . 

 

POINTS:  

(a) (1 pt) 

(b) (4 pts)    1) )( xf
dx

d
 with chain rule;  1) )( xf

dx

d
 using  f  is odd;    1) )()( xf

dx

d
xf

dx

d
 ;   1) 

conclusions 

(c) (2 pts) 1) Uses part (b);  1) Uses part (a) 

(d) (2 pts) 1) Maclaurin series; 1) conclusion 

 

3. a)  Let na
nx

n

n

1

1
2 


, then 

2
1

2

2 1

1( 1) 1

n

x

a n n
x

a nn


  

  
  

 x  as n , so the series     converges 

for 1x .  For x = 1, the series is  
1

1
2

0 





n

n
, which diverges by limit comparison with 



1

1

n
. For 1x  , 

the series is 







0
2

)1(
1

1 n

n

n
, which converges by the alternating series test. The interval of convergence is [–

1, 1). 

b)  g is an antiderivative of f,  so the series for g is 
11

1 1

0
20









n

x

n

n
C

n

= 
1

0
2 1

1
3 






 nx
n

 

c) The series has the same radius of convergence, so converges for 1x . Now however the series converges 

for 1x  by comparison with 


1
2

1

n
, so series converges on [–1, 1]. 

 

POINTS:  

(a) (4 pts)    1) x
n

n

n

n

a

a

x

n

1

1

1)1(

2 2

2

1









 ; 1) converges for 1x ;  1) answer at x = 1;  

1) answer at x = –1 

(b) (2 pts) 1) 30 C ; 1) antidifferentiation 

(c) (3 pts) 1) open interval; 1) uses 


1
2

1

n
; answer 

 

4. a)   ,)1()( 2 xxf  so 1)0(0  fc ;  
3)1(2)(  xxf , so 2)0(1  fc ; 

4)1(32)(  xxf , 

so 3
2

)0(
2 




f
c ; 

5)1(!4)(  xxf , so 4
!3

)0(
3 




f
c . 
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 (b) The series is 


 0 1n

n

n

x
.  Using the ratio test, we have x

x

n

n

x
n

n






 1

2

1

 as n . Thus the series 

converges for 1x . For 1x , the series is 


 



0 1

)1(

n

n

n
    which converges by the alternating series test. For 

x = 1, the series is the harmonic series, which diverges. 

(c)  From part (a) we know that )()( xfxg  , so the series for g(x) is 
1

1






 n

n

n xnc  





0

1)1(
k

k

k xck  = 

k

k

k xb


0

. Thus 1)1(  nn cnb  for ...3,2,1,0n  

    

POINTS: 

(a) (2pts) 1) 210 ,, ccc ; 1) 3c  

(b) (4 pts)   1) open interval;  1) reason ; 1) 1x ; 1) 1x  

(c) (3 pts)   1) 
1

1






 n

n

n xnc ; 1) rewrites coefficients; 1) conclusion 

 



 



11
PARAMETRIC EQUATIONS,
POLAR COORDINATES,
AND VECTOR FUNCTIONS

11.1 Parametric Equations

Preliminary Questions
1. Describe the shape of the curvex D 3 cost; y D 3 sint .

SOLUTION For all t ,

x2 C y2 D .3 cost/2 C .3 sint/2 D 9.cos2 t C sin2 t/ D 9 � 1 D 9;

therefore the curve is on the circlex2 C y2 D 9. Also, each point on the circlex2 C y2 D 9 can be represented in the form
.3 cost; 3 sint/ for some value oft . We conclude that the curvex D 3 cost , y D 3 sint is the circle of radius 3 centered at the
origin.

2. How doesx D 4C 3 cost; y D 5C 3 sint differ from the curve in the previous question?

SOLUTION In this case we have

.x � 4/2 C .y � 5/2 D .3 cost/2 C .3 sint/2 D 9.cos2 t C sin2 t/ D 9 � 1 D 9

Therefore, the given equations parametrize the circle of radius 3 centered at the point.4; 5/.

3. What is the maximum height of a particle whose path has parametric equationsx D t9, y D 4 � t2?

SOLUTION The particle’s height isy D 4 � t2. To find the maximum height we set the derivative equal to zero and solve:

dy

dt
D d

dt
.4 � t2/ D �2t D 0 or t D 0

The maximum height isy.0/ D 4 � 02 D 4.

4. Can the parametric curve.t; sint/ be represented as a graphy D f .x/? What about.sint; t/?

SOLUTION In the parametric curve.t; sint/ we havex D t andy D sint , therefore,y D sinx. That is, the curve can be
represented as a graph of a function. In the parametric curve.sint; t/ we havex D sint , y D t , thereforex D siny. This
equation does not definey as a function ofx, therefore the parametric curve.sint; t/ cannot be represented as a graph of a function
y D f .x/.

5. Match the derivatives with a verbal description:

(a)
dx

dt
(b)

dy

dt
(c)

dy

dx
(i) Slope of the tangent line to the curve

(ii) Vertical rate of change with respect to time

(iii) Horizontal rate of change with respect to time

SOLUTION

(a) The derivative
dx

dt
is the horizontal rate of change with respect to time.

(b) The derivative
dy

dt
is the vertical rate of change with respect to time.

(c) The derivative
dy

dx
is the slope of the tangent line to the curve.

Hence, (a)$ (iii), (b) $ (ii), (c) $ (i)
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Exercises
1. Find the coordinates at timest D 0, 2, 4 of a particle following the pathx D 1C t3, y D 9 � 3t2.

SOLUTION Substitutingt D 0, t D 2, andt D 4 into x D 1 C t3, y D 9 � 3t2 gives the coordinates of the particle at these
times respectively. That is,

.t D 0/ x D 1C 03 D 1; y D 9 � 3 � 02 D 9 ) .1; 9/

.t D 2/ x D 1C 23 D 9; y D 9 � 3 � 22 D �3 ) .9;�3/

.t D 4/ x D 1C 43 D 65; y D 9 � 3 � 42 D �39 ) .65;�39/:

2. Find the coordinates att D 0; �4 ; � of a particle moving along the pathc.t/ D .cos2t; sin2 t/.

SOLUTION Settingt D 0, t D �
4 , andt D � in c.t/ D .cos2t; sin2 t/ we obtain the following coordinates of the particle:

t D 0W .cos2 � 0; sin2 0/ D .1; 0/

t D �
4 W .cos 2�4 ; sin

2 �
4 / D .0; 12 /

t D �W .cos2�; sin2 �/ D .1; 0/

3. Show that the path traced by the bullet in Example 3 is a parabola by eliminating the parameter.

SOLUTION The path traced by the bullet is given by the following parametric equations:

x D 80t; y D 200t � 4:9t2

We eliminate the parameter. Sincex D 80t , we havet D x
80 . Substituting into the equation for y we obtain:

y D 200t � 4:9t2 D 200 � x
80

� 4:9
� x
80

�2
D 5

2
x � 4:9

6400
x2

The equationy D 5
2x � 4:9

6400x
2 is the equation of a parabola.

4. Use the table of values to sketch the parametric curve.x.t/; y.t//, indicating the direction of motion.

t �3 �2 �1 0 1 2 3

x �15 0 3 0 �3 0 15

y 5 0 �3 �4 �3 0 5

SOLUTION We mark the given points on thexy-plane and connect the points corresponding to successive values oft in the
direction of increasingt . We get the following trajectory (there are other correct answers):

5 10 15
x

−5
−2

−4

−10−15

−6

2

6

4

y

t = −3

t = −2 t = 2

t = −1
t = 0

t = 3

t = 1

5. Graph the parametric curves. Include arrows indicating the direction of motion.

(a) .t; t/, �1 < t < 1 (b) .sint; sint/, 0 � t � 2�

(c) .et ; et /, �1 < t < 1 (d) .t3; t3/, �1 � t � 1

SOLUTION

(a) For the trajectoryc.t/ D .t; t/, �1 < t < 1 we havey D x. Also the two coordinates tend to1 and�1 ast ! 1 and
t ! �1 respectively. The graph is shown next:

x

y
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(b) For the curvec.t/ D .sint; sint/, 0 � t � 2�, we havey D x. sint is increasing for0 � t � �
2 , decreasing for�2 � t � 3�

2

and increasing again for3�2 � t � 2�. Hence the particle moves fromc.0/ D .0; 0/ to c.�2 / D .1; 1/, then moves back to
c.3�2 / D .�1;�1/ and then returns toc.2�/ D .0; 0/. We obtain the following trajectory:

x

y

t =     (1,1)
π

2

t = 0
x

y

t =     (1,1)π
2

t =      (−1,−1)3π
2

x

y

t =      (−1,−1)
3π

2

0 < t � �
2

�
2 � t � 3�

2
3�
2 � t < 2�

These three parts of the trajectory are shown together in the next figure:

x

y

t =      (−1,−1)
3π

2

t =     (1,1)
π

2

t = 0

t = 2π

(c) For the trajectoryc.t/ D .et ; et /, �1 < t < 1, we havey D x. However since lim
t!�1

et D 0 and lim
t!1

et D 1, the

trajectory is the part of the liney D x, 0 < x.

x

y

(d) For the trajectoryc.t/ D .t3; t3/, �1 � t � 1, we have againy D x. Since the functiont3 is increasing the particle moves in
one direction starting at..�1/3; .�1/3/ D .�1;�1/ and ending at.13; 13/ D .1; 1/. The trajectory is shown next:

x

y

t = 1(1,1)

t = −1 (−1,−1)

6. Give two different parametrizations of the line through.4; 1/ with slope2.

SOLUTION The equation of the line through.4; 1/ with slope 2 isy � 1 D 2.x � 4/ or y D 2x � 7. One parametrization is
obtained by choosing thex coordinate as the parameter. That is,x D t . Hencey D 2t � 7 and we getx D t , y D 2t � 7,
�1 < t < 1. Another parametrization is given byx D t

2 , y D t � 7, �1 < t < 1.

In Exercises 7–14, express in the formy D f .x/ by eliminating the parameter.

7. x D t C 3, y D 4t

SOLUTION We eliminate the parameter. Sincex D t C 3, we havet D x � 3. Substituting intoy D 4t we obtain

y D 4t D 4.x � 3/ ) y D 4x � 12
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8. x D t�1, y D t�2

SOLUTION Fromx D t�1, we havet D x�1. Substituting iny D t�2 we obtain

y D t�2 D .x�1/�2 D x2 ) y D x2; x ¤ 0:

9. x D t , y D tan�1.t3 C et /

SOLUTION Replacingt by x in the equation fory we obtainy D tan�1.x3 C ex/.

10. x D t2, y D t3 C 1

SOLUTION Fromx D t2 we gett D ˙
p
x. Substituting intoy D t3 C 1 we obtain

y D t3 C 1 D .˙
p
x/3 C 1 D ˙

p
x3 C 1; x � 0:

Since we must havey a function ofx, we should probably choose either the positive or negative root.

11. x D e�2t , y D 6e4t

SOLUTION We eliminate the parameter. Sincex D e�2t , we have�2t D lnx or t D �1
2 lnx. Substituting iny D 6e4t we get

y D 6e4t D 6e4�.� 1
2

lnx/ D 6e�2 lnx D 6elnx�2 D 6x�2 ) y D 6

x2
; x > 0:

12. x D 1C t�1, y D t2

SOLUTION Fromx D 1C t�1, we gett�1 D x � 1 or t D 1
x�1 . We now substitutet D 1

x�1 in y D t2 to obtain

y D t2 D
�

1

x � 1

�2
) y D 1

.x � 1/2
; x ¤ 1:

13. x D ln t , y D 2 � t

SOLUTION Sincex D ln t we havet D ex . Substituting iny D 2 � t we obtainy D 2 � ex .

14. x D cost , y D tant

SOLUTION We use the trigonometric identity sint D ˙
p
1 � cos2 t to write

y D tant D sint

cost
D ˙

p
1 � cos2 t

cost
:

We now expressy in terms ofx:

y D tant D ˙
p
1 � x2

x
) y D ˙

p
1 � x2
x

; x ¤ 0:

Since we must havey a function ofx, we should probably choose either the positive or negative root.

In Exercises 15–18, graph the curve and draw an arrow specifying the direction corresponding to motion.

15. x D 1
2 t , y D 2t2

SOLUTION Let c.t/ D .x.t/; y.t// D .12 t; 2t
2/. Thenc.�t/ D .�x.t/; y.t// so the curve is symmetric with respect to the

y-axis. Also, the function12 t is increasing. Hence there is only one direction of motion on the curve. The corresponding function
is the parabolay D 2 � .2x/2 D 8x2. We obtain the following trajectory:

x

y

t = 0

16. x D 2C 4t , y D 3C 2t
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SOLUTION We find the function by eliminating the parameter. Sincex D 2C 4t we havet D x�2
4 , hencey D 3C 2.x�2

4 / or
y D x

2 C 2. Also, since2 C 4t and3 C 2t are increasing functions, the direction of motion is the direction of increasingt . We
obtain the following curve:

2 4

(2, 3)

(6, 5)

6
x

−2
−2

−4

−4−6

−6

6

4

2

y

t = 1

t = 0

17. x D �t , y D sint

SOLUTION We find the function by eliminatingt . Sincex D �t , we havet D x
� . Substitutingt D x

� into y D sint we get
y D sin x� . We obtain the following curve:

x

y

(4π2,0)

(−2π2,0)

18. x D t2, y D t3

SOLUTION Fromx D t2 we havet D ˙x1=2. Hence,y D ˙x3=2. Since the functionst2 andt3 are increasing, there is only
one direction of motion, which is the direction of increasingt . Notice that forc.t/ D .t2; t3/ we havec.�t/ D .t2;�t3/ D
.x.t/;�y.t//. Hence the curve is symmetric with respect to thex axis. We obtain the following curve:

x

y

19. Match the parametrizations (a)–(d) below with their plots in Figure 1, and draw an arrow indicating the direction of motion.

2π

xx

yy

1555

(II) (III)(I)

x x

1020

−1

5

yy

(IV)

FIGURE 1

(a) c.t/ D .sint;�t/ (b) c.t/ D .t2 � 9; 8t � t3/

(c) c.t/ D .1 � t; t2 � 9/ (d) c.t/ D .4t C 2; 5 � 3t/

SOLUTION

(a) In the curvec.t/ D .sint;�t/ thex-coordinate is varying between�1 and 1 so this curve corresponds to plot IV. Ast increases,
they-coordinatey D �t is decreasing so the direction of motion is downward.
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x

y

−1

2π

−2π

1

(IV) c.t/ D .sint;�t/

(b) The curve

c.t/ D .t2 � 9; 8t � t3/

intersects thex-axis wherey D 8t � t3 D 0; or t D �2
p
2; 0, and2

p
2. These are the points.�1; 0/ and.�9; 0/. Thex-intercepts

are obtained wherex D t2 � 9; or t D ˙3: They-intercepts are.0; 3/ and.0;�3/. As t increases from�1 to 0, x decreases, and
ast increases from0 to 1, x increases. We obtain the following trajectory:

(c) The curvec.t/ D .1 � t; t2 � 9/ intersects they-axis wherex D 1 � t D 0, or t D 1. They-intercept is.0;�8/. The
x-intercepts are obtained wheret2 � 9 D 0 or t D ˙3. These are the points.�2; 0/ and.4; 0/. Settingt D 1 � x we get

y D t2 � 9 D .1 � x/2 � 9 D x2 � 2x � 8:

As t increases thex coordinate decreases and we obtain the following trajectory:

x

y

−2 4 5

10

(III)

(d) The curvec.t/ D .4t C 2; 5 � 3t/ is a straight line, since eliminatingt in x D 4t C 2 and substituting iny D 5 � 3t gives
y D 5 � 3 � x�2

4 D �3
4x C 13

2 which is the equation of a line. Ast increases, thex coordinatex D 4t C 2 increases and the
y-coordinatey D 5 � 3t decreases. We obtain the following trajectory:

x

y

5

5

(I)
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20. A particle follows the trajectory

x.t/ D 1

4
t3 C 2t; y.t/ D 20t � t2

with t in seconds and distance in centimeters.

(a) What is the particle’s maximum height?

(b) When does the particle hit the ground and how far from the origin does it land?

SOLUTION

(a) To find the maximum heighty.t/, we set the derivative ofy.t/ equal to zero and solve:

dy

dt
D d

dt
.20t � t2/ D 20 � 2t D 0 ) t D 10:

The maximum height isy.10/ D 20 � 10 � 102 D 100 cm.

(b) The object hits the ground when its height is zero. That is, wheny.t/ D 0. Solving fort we get

20t � t2 D t.20 � t/ D 0 ) t D 0; t D 20:

t D 0 is the initial time, so the solution ist D 20. At that time, the object’sx coordinate isx.20/ D 1
4 � 203 C 2 � 20 D 2040. Thus,

when it hits the ground, the object is 2040 cm away from the origin.

21. Find an interval oft-values such thatc.t/ D .cost; sint/ traces the lower half of the unit circle.

SOLUTION For t D �, we havec.�/ D .�1; 0/. As t increases from� to 2�, thex-coordinate ofc.t/ increases from�1 to 1,
and they-coordinate decreases from 0 to�1 (at t D 3�=2) and then returns to 0. Thus, fort in Œ�; 2��, the equation traces the
lower part of the circle.

22. Find an interval oft-values such thatc.t/ D .2t C 1; 4t � 5/ parametrizes the segment from.0;�7/ to .7; 7/.

SOLUTION Note that2t C 1 D 0 at t D �1=2, and2t C 1 D 7 at t D 3. Also, 4t � 5 takes on the values of�7 and 7 at
t D �1=2 andt D 3. Thus, the interval isŒ�1=2; 3�.

In Exercises 23–38, find parametric equations for the given curve.

23. y D 9 � 4x

SOLUTION This is a line throughP D .0; 9/ with slopem D �4. Using the parametric representation of a line, as given in
Example 3, we obtainc.t/ D .t; 9 � 4t/.

24. y D 8x2 � 3x

SOLUTION Letting t D x yields the parametric representationc.t/ D .t; 8t2 � 3t/.

25. 4x � y2 D 5

SOLUTION We define the parametert D y. Then,x D 5C y2

4
D 5C t2

4
, giving us the parametrizationc.t/ D

�5C t2

4
; t
�
.

26. x2 C y2 D 49

SOLUTION The curvex2 C y2 D 49 is a circle of radius 7 centered at the origin. We use the parametric representation of a circle
to obtain the representationc.t/ D .7 cost; 7 sint/.

27. .x C 9/2 C .y � 4/2 D 49

SOLUTION This is a circle of radius 7 centered at.�9; 4/. Using the parametric representation of a circle we getc.t/ D .�9C
7 cost; 4C 7 sint/.

28.
�x
5

�2
C
� y
12

�2
D 1

SOLUTION This is an ellipse centered at the origin witha D 5 andb D 12. Using the parametric representation of an ellipse we
getc.t/ D .5 cost; 12 sint/ for �� � t � �.

29. Line of slope8 through.�4; 9/
SOLUTION Using the parametric representation of a line given in Equation 3, we get the parametrizationc.t/ D .�4C t; 9C 8t/.

30. Line through.2; 5/ perpendicular toy D 3x

SOLUTION The line perpendicular toy D 3x has slopem D �1
3 . We use the parametric representation of a line given in Equation

3 to obtain the parametrizationc.t/ D .2C t; 5 � 1
3 t/.
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31. Line through.3; 1/ and.�5; 4/
SOLUTION We use the two-point parametrization of a line withP D .a; b/ D .3; 1/ andQ D .c; d/ D .�5; 4/. Thenc.t/ D
.3 � 8t; 1C 3t/ for �1 < t < 1.

32. Line through
�
1
3 ;
1
6

�
and

�
� 7
6 ;
5
3

�

SOLUTION We use the two-point parametrization of a line withP D .a; b/ D
�
1
3 ;
1
6

�
andQ D .c; d/ D

�
�7
6 ;
5
3

�
. Then

c.t/ D
�
1

3
� 3

2
t;
1

6
C 3

2
t

�

for �1 < t < 1.

33. Segment joining.1; 1/ and.2; 3/

SOLUTION We use the two-point parametrization of a line withP D .a; b/ D .1; 1/ andQ D .c; d/ D .2; 3/. Thenc.t/ D
.1C t; 1C 2t/; since we want only the segment joining the two points, we want0 � t � 1.

34. Segment joining.�3; 0/ and.0; 4/

SOLUTION We use the two-point parametrization of a line withP D .a; b/ D .�3; 0/ andQ D .c; d/ D .0; 4/. Thenc.t/ D
.�3C 3t; 4t/; since we want only the segment joining the two points, we want0 � t � 1.

35. Circle of radius 4 with center.3; 9/

SOLUTION Substituting.a; b/ D .3; 9/ andR D 4 in the parametric equation of the circle we getc.t/ D .3C 4 cost; 9C 4 sint/.

36. Ellipse of Exercise 28, with its center translated to.7; 4/

SOLUTION Since the center is translated by.7; 4/, so is every point. Thus the original parametrization becomesc.t/ D .7 C
5 cost; 4C 12 sint/ for �� � t � �.

37. y D x2, translated so that the minimum occurs at.�4;�8/
SOLUTION We may parametrizey D x2 by .t; t2/ for �1 < t < 1. The minimum ofy D x2 occurs at.0; 0/, so the desired
curve is translated by.�4;�8/ from y D x2. Thus a parametrization of the desired curve isc.t/ D .�4C t;�8C t2/.

38. y D cosx translated so that a maximum occurs at.3; 5/

SOLUTION A maximum value 1 ofy D cosx occurs atx D 0. Hence, the curvey � 4 D cos.x � 3/, or y D 4 C cos.x � 3/

has a maximum at the point.3; 5/. We let t D x � 3, thenx D t C 3 andy D 4 C cost . We obtain the representationc.t/ D
.t C 3; 4C cost/.

In Exercises 39–42, find a parametrizationc.t/ of the curve satisfying the given condition.

39. y D 3x � 4, c.0/ D .2; 2/

SOLUTION Let x.t/ D t C a andy.t/ D 3x � 4 D 3.t C a/ � 4. We wantx.0/ D 2, thus we must usea D 2. Our line is
c.t/ D .x.t/; y.t// D .t C 2; 3.t C 2/ � 4/ D .t C 2; 3t C 2/.

40. y D 3x � 4, c.3/ D .2; 2/

SOLUTION Let x.t/ D t C a; sincex.3/ D 2 we have2 D 3C a so thata D �1. Theny D 3x � 4 D 3.t � 1/ � 4 D 3t � 7,
so that the line isc.t/ D .t � 1; 3t � 7/ for �1 < t < 1.

41. y D x2, c.0/ D .3; 9/

SOLUTION Let x.t/ D t C a and y.t/ D x2 D .t C a/2. We wantx.0/ D 3, thus we must usea D 3. Our curve is
c.t/ D .x.t/; y.t// D .t C 3; .t C 3/2/ D .t C 3; t2 C 6t C 9/.

42. x2 C y2 D 4, c.0/ D .1;
p
3/

SOLUTION This is a circle of radius2 centered at the origin, so we are looking for a parametrization of that circle that starts at a
different point. Thus instead of the standard parametrization.2 cos�; 2 sin�/, � D 0 must correspond to some other angle!. We
choose the parametrization.2 cos.� C !/; 2 sin.� C !// and must determine the value of!. Now,

x.0/ D 1; so 1 D 2 cos.0C !/ D 2 cos! and ! D cos�1
1

2
D �

3
or
5�

3

Since

y.0/ D
p
3; we have

p
3 D 2 sin.0C !/ D 2 sin! and ! D sin�1

p
3

2
D �

3
or
2�

3

Comparing these results we see that we must have! D �

3
so that the parametrization is

c.t/ D
�
2 cos

�
� C �

3

�
; 2 sin

�
� C �

3

��
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43. Describec.t/ D .sect; tant/ for 0 � t < �
2 in the formy D f .x/. Specify the domain ofx.

SOLUTION The functionx D sect has period2� andy D tant has period�. The graphs of these functions in the interval
�� � t � �, are shown below:

p−p

p

2
p

2
−

y

x
p−p p

2
p

2
−

y

x

x D sect y D tant

x D sect ) x2 D sec2 t

y D tant ) y2 D tan2 t D sin2 t

cos2 t
D 1� cos2 t

cos2 t
D sec2 t � 1 D x2 � 1

Hence the graph of the curve is the hyperbolax2 � y2 D 1. The functionx D sect is an even function whiley D tant is odd.
Also x has period2� andy has period�. It follows that the intervals�� � t < ��

2 , ��
2 < t < �

2 and �2 < t < � trace the curve
exactly once. The corresponding curve is shown next:

y

x

p

2
− −t = p

2
−t =

p

2
− +t =p

2
+t =

t = 0

(−1, 0) (1, 0)

t = −p

c.t/ D .sect; tant/

44. Find a parametrization of the right branch (x > 0) of the hyperbola

�x
a

�2
�
�y
b

�2
D 1

using the functions cosht and sinht . How can you parametrize the branchx < 0?

SOLUTION We show first thatx D cosht , y D sinht parametrizes the hyperbola whena D b D 1: then

x2 � y2 D .cosht/2 � .sinht/2 D 1:

using the identity cosh2� sinh2 D 1. Generalize this parametrization to get a parametrization for the general hyperbola.xa /
2 �

.
y
b
/2 D 1:

x D a cosht; y D b sinht:

We must of course check that this parametrization indeed parametrizes the curve, i.e. thatx D a cosht andy D b sint satisfy the
equation.xa /

2 � .y
b
/2 D 1:

�x
a

�2
�
�y
b

�2
D
�
a cosht

a

�2
�
�
b sinh t

b

�2
D .cosht/2 � .sinht/2 D 1:

The left branch of the hyperbola is the reflection of the right branch around the linex D 0, so it clearly has the parametrization

x D �a cosht; y D b sinht:

45. The graphs ofx.t/ andy.t/ as functions oft are shown in Figure 2(A). Which of (I)–(III) is the plot ofc.t/ D .x.t/; y.t//?
Explain.

yyyy
x(t)

y(t)
xxxt

(A) (III)(II)(I)

FIGURE 2
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SOLUTION As seen in Figure 2(A), thex-coordinate is an increasing function oft , whiley.t/ is first increasing and then decreas-
ing. In Figure I,x andy are both increasing or both decreasing (depending on the direction on the curve). In Figure II,x does not
maintain one tendency, rather, it is decreasing and increasing for certain values oft . The plotc.t/ D .x.t/; y.t// is plot III.

46. Which graph, (I) or (II), is the graph ofx.t/ and which is the graph ofy.t/ for the parametric curve in Figure 3(A)?

y y

(A)

x

(I)

t

y

(II)

t

FIGURE 3

SOLUTION As indicated by Figure 3(A), they-coordinate is decreasing and then increasing, so plot I is the graph ofy. Figure
3(A) also shows that thex-coordinate is increasing, decreasing and then increasing, so plot II is the graph forx.

47. Sketchc.t/ D .t3 � 4t; t2/ following the steps in Example 7.

SOLUTION We note thatx.t/ D t3 � 4t is odd andy.t/ D t2 is even, hencec.�t/ D .x.�t/; y.�t// D .�x.t/; y.t//. It
follows thatc.�t/ is the reflection ofc.t/ acrossy-axis. That is,c.�t/ andc.t/ are symmetric with respect to they-axis; thus, it
suffices to graph the curve fort � 0. For t D 0, we havec.0/ D .0; 0/ and they-coordinatey.t/ D t2 tends to1 ast ! 1. To
analyze thex-coordinate, we graphx.t/ D t3 � 4t for t � 0:

x
3 41 2

−4

−2

8

6

4

2

y

x D t3 � 4t

We see thatx.t/ < 0 and decreasing for0 < t < 2=
p
3, x.t/ < 0 and increasing for2=

p
3 < t < 2 and x.t/ > 0 and increasing

for t > 2. Also x.t/ tends to1 ast ! 1. Therefore, starting at the origin, the curve first directs to the left of they-axis, then at
t D 2=

p
3 it turns to the right, always keeping an upward direction. The part of the path fort � 0 is obtained by reflecting across

they-axis. We also use the pointsc.0/ D .0; 0/, c.1/ D .�3; 1/, c.2/ D .0; 4/ to obtain the following graph forc.t/:

x

y

t = 0

t = 1

t = 2

(−3, 1)

(0, 4)

y

x

t = 1

t = 0

t = 2

t = −1

t = −2

Graph ofc.t/ for t � 0. Graph ofc.t/ for all t .

48. Sketchc.t/ D .t2 � 4t; 9 � t2/ for �4 � t � 10.

SOLUTION The graphs ofx.t/ D t2 � 4t andy.t/ D 9 � t2 for �4 � t � 10 are shown in the following figures:

42 6 108
x

−2−4

−10

30

20

10

y

−10

−3

10

20

y

x
3 96

x.t/ D t2 � 4t y.t/ D 9� t2
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The curve starts atc.�4/ D .32;�7/. For�4 < t < 0, x.t/ is decreasing andy.t/ is increasing, so the graph turns to the left and
upwards toc.0/ D .0; 9/. Then for0 < t < 2, x.t/ is decreasing and so isy.t/, hence the graph turns to the left and downwards
towardsc.2/ D .�4; 5/.

For 2 < t < 10, x.t/ is increasing andy.t/ is decreasing, hence the graph turns to the right and downwards, ending at
c.10/ D .60;�91/. The intercept are the points wheret2 � 4t D t.t � 4/ D 0 or 9 � t2 D 0, that ist D 0; 4;˙3. These are the
pointsc.0/ D .0; 9/, c.4/ D .0;�7/, c.3/ D .�3; 0/, c.�3/ D .21; 0/. These properties lead to the following path:

x

y

t = 4 t = −4

t = 2, (−4, 5)

t = 3, (−3, 0)

t = 0

t = −3

(21, 0)

(0, −7)

(32, −7)

(0, 9)

In Exercises 49–52, use Eq. (7) to finddy=dx at the given point.

49. .t3; t2 � 1/, t D �4
SOLUTION By Eq. (7) we have

dy

dx
D y0.t/
x0.t/

D .t2 � 1/
0

.t3/
0 D 2t

3t2
D 2

3t

Substitutingt D �4 we get

dy

dx
D 2

3t

ˇ̌
ˇ̌
tD�4

D 2

3 � .�4/ D �1
6
:

50. .2t C 9; 7t � 9/, t D 1

SOLUTION We find dy
dx

:

dy

dx
D .7t � 9/0

.2t C 9/0
D 7

2
) dy

dx

ˇ̌
ˇ̌
tD1

D 7

2
:

51. .s�1 � 3s; s3/, s D �1
SOLUTION Using Eq. (7) we get

dy

dx
D y0.s/
x0.s/

D .s3/
0

.s�1 � 3s/
0 D 3s2

�s�2 � 3
D 3s4

�1 � 3s2

Substitutings D �1 we obtain

dy

dx
D 3s4

�1 � 3s2

ˇ̌
ˇ̌
sD�1

D 3 � .�1/4

�1 � 3 � .�1/2
D �3

4
:

52. .sin2�; cos3�/, � D �
6

SOLUTION Using Eq. (7) we get

dy

dx
D y0.�/
x0.�/

D �3 sin3�

2 cos2�

Substituting� D �

6
we get

dy

dx
D �3 sin 3�

2 cos2�

ˇ̌
ˇ̌
�D�=6

D
�3 sin �2
2 cos�3

D �3
2 � 12

D �3
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In Exercises 53–56, find an equationy D f .x/ for the parametric curve and computedy=dx in two ways: using Eq. (7) and by
differentiatingf .x/.

53. c.t/ D .2t C 1; 1 � 9t/

SOLUTION Sincex D 2t C 1, we havet D x � 1
2

. Substituting iny D 1 � 9t we have

y D 1 � 9

�
x � 1

2

�
D �9

2
x C 11

2

Differentiatingy D �9
2
x C 11

2
gives

dy

dx
D �9

2
. We now find

dy

dx
using Eq. (7):

dy

dx
D y0.t/
x0.t/

D .1 � 9t/0

.2t C 1/0
D �9

2

54. c.t/ D
�
1
2 t;

1
4 t
2 � t

�

SOLUTION Sincex D 1
2 t we havet D 2x. Substituting iny D 1

4 t
2 � t yields

y D 1

4
.2x/2 � 2x D x2 � 2x:

We differentiatey D x2 � 2x:

dy

dx
D 2x � 2

Now, we find dy
dx

using Eq. (7). Thus,

dy

dx
D y0.t/
x0.t/

D

�
1
4 t
2 � t

�0

�
1
2 t
�0 D

1
2 t � 1
1
2

D t � 2:

Sincet D 2x, then thist � 2 is the same as2x � 2.

55. x D s3, y D s6 C s�3

SOLUTION We findy as a function ofx:

y D s6 C s�3 D
�
s3
�2

C
�
s3
��1

D x2 C x�1:

We now differentiatey D x2 C x�1. This gives

dy

dx
D 2x � x�2:

Alternatively, we can use Eq. (7) to obtain the following derivative:

dy

dx
D y0.s/
x0.s/

D
�
s6 C s�3�0
�
s3
�0 D 6s5 � 3s�4

3s2
D 2s3 � s�6:

Hence, sincex D s3,

dy

dx
D 2x � x�2:

56. x D cos� , y D cos� C sin2 �

SOLUTION To findy as a function ofx, we first use the trigonometric identity sin2� D 1 � cos2� to write

y D cos� C 1 � cos2�:

We substitutex D cos� to obtainy D x C 1 � x2. Differentiating this function yields

dy

dx
D 1� 2x:

Alternatively, we can computedy
dx

using Eq. (7). That is,

dy

dx
D y0 .�/
x0 .�/

D
�
cos� C sin2�

�0

.cos�/0
D � sin� C 2 sin� cos�

� sin �
D 1 � 2 cos�:

Hence, sincex D cos� ,

dy

dx
D 1� 2x:
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57. Find the points on the curvec.t/ D .3t2 � 2t; t3 � 6t/ where the tangent line has slope3.

SOLUTION We solve

dy

dx
D 3t2 � 6

6t � 2
D 3

or 3t2 � 6 D 18t � 6, or t2 � 6t D 0, so the slope is3 at t D 0; 6 and the points are.0; 0/ and.96; 180/

58. Find the equation of the tangent line to the cycloid generated by a circle of radius4 at t D �
2 .

SOLUTION The cycloid generated by a circle of radius4 can be parametrized by

c.t/ D .4t � 4 sint; 4 � 4 cost/

Then we compute

dy

dx

ˇ̌
ˇ̌
tD�=2

D 4 sint

4 � 4 cost

ˇ̌
ˇ̌
tD�=2

D 4

4
D 1

so that the slope of the tangent line is1 and the equation of the tangent line is

y �
�
4 � 4 cos

�

2

�
D 1 �

�
x �

�
4 � �

2
� 4 sin

�

2

��
or y D x C 8 � 2�

In Exercises 59–62, letc.t/ D .t2 � 9; t2 � 8t/ (see Figure 4).

60

40

20

604020
x

y

FIGURE 4 Plot of c.t/ D .t2 � 9; t2 � 8t/.

59. Draw an arrow indicating the direction of motion, and determine the interval oft-values corresponding to the portion of the
curve in each of the four quadrants.

SOLUTION We plot the functionsx.t/ D t2 � 9 andy.t/ D t2 � 8t :

t

x

3−3 t

y

1 2 3 4 5 6 7 8 9−3−2−1

x D t2 � 9 y D t2 � 8t

We note carefully where each of these graphs are positive or negative, increasing or decreasing. In particular,x.t/ is decreasing for
t < 0, increasing fort > 0, positive forjt j > 3, and negative forjt j < 3. Likewise,y.t/ is decreasing fort < 4, increasing for
t > 4, positive fort > 8 or t < 0, and negative for0 < t < 8. We now draw arrows on the path following the decreasing/increasing
behavior of the coordinates as indicated above. We obtain:

x

y

20

t = 0
(−9,0)

t = 8
(55,0)

t = 3
(0,−15)

t = −3 (0,33)

t = 4 (7,−16)

40 60−20

−20

20

40

60
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This plot also shows that:

� The graph is in the first quadrant fort < �3 or t > 8.
� The graph is in the second quadrant for�3 < t < 0.
� The graph is in the third quadrant for0 < t < 3.
� The graph is in the fourth quadrant for3 < t < 8.

60. Find the equation of the tangent line att D 4.

SOLUTION Using the formula for the slopem of the tangent line we have:

m D dy

dx

ˇ̌
ˇ̌
tD4

D
�
t2 � 8t

�0
�
t2 � 9

�0
ˇ̌
ˇ̌
tD4

D 2t � 8

2t
jtD4 D 1 � 4

t
jtD4 D 0:

Since the slope is zero, the tangent line is horizontal. They-coordinate corresponding tot D 4 is y D 42 � 8 � 4 D �16. Hence the
equation of the tangent line isy D �16.
61. Find the points where the tangent has slope1

2 .

SOLUTION The slope of the tangent att is

dy

dx
D
�
t2 � 8t

�0
�
t2 � 9

�0 D 2t � 8

2t
D 1 � 4

t

The point where the tangent has slope12 corresponds to the value oft that satisfies

dy

dx
D 1 � 4

t
D 1

2
) 4

t
D 1

2
) t D 8:

We substitutet D 8 in x.t/ D t2 � 9 andy.t/ D t2 � 8t to obtain the following point:

x.8/ D 82 � 9 D 55

y.8/ D 82 � 8 � 8 D 0
) .55; 0/

62. Find the points where the tangent is horizontal or vertical.

SOLUTION In Exercise 61 we found that the slope of the tangent att is

dy

dx
D 1 � 4

t
D t � 4

t

The tangent is horizontal where its slope is zero. We set the slope equal to zero and solve fort . This gives

t � 4
t

D 0 ) t D 4:

The corresponding point is

.x.4/; y.4// D .42 � 9; 42 � 8 � 4/ D .7;�16/:

The tangent is vertical where it has infinite slope; that is, att D 0. The corresponding point is

.x.0/; y.0// D .02 � 9; 02 � 8 � 0/ D .�9; 0/:
63. Let A andB be the points where the ray of angle� intersects the two concentric circles of radiir < R centered at the
origin (Figure 5). LetP be the point of intersection of the horizontal line throughA and the vertical line throughB. Express the
coordinates ofP as a function of� and describe the curve traced byP for 0 � � � 2�.

x

y

B

P

Rr

A

FIGURE 5
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SOLUTION We use the parametric representation of a circle to determine the coordinates of the pointsA andB. That is,

A D .r cos�; r sin�/; B D .R cos�; R sin�/

The coordinates ofP are therefore

P D .R cos�; r sin�/

In order to identify the curve traced byP , we notice that thex andy coordinates ofP satisfy x
R

D cos� and yr D sin � . Hence

� x
R

�2
C
�y
r

�2
D cos2� C sin2� D 1:

The equation

� x
R

�2
C
�y
r

�2
D 1

is the equation of ellipse. Hence, the coordinates ofP , .R cos�; r sin�/ describe an ellipse for0 � � � 2� .

64. A 10-ft ladder slides down a wall as its bottomB is pulled away from the wall (Figure 6). Using the angle� as parameter, find
the parametric equations for the path followed by (a) the top of the ladderA, (b) the bottom of the ladderB, and (c) the pointP
located 4 ft from the top of the ladder. Show thatP describes an ellipse.

y

B

P = (x, y)

6

4

q x

A

FIGURE 6

SOLUTION

(a) We define thexy-coordinate system as shown in the figure:

y

B0

10

q x

A

As the ladder slides down the wall, thex-coordinate ofA is always zero and they-coordinate isy D 10 sin� . The parametric
equations for the path followed byA are thus

x D 0; y D 10 sin�; � is between�2 and 0.

The path described byA is the segmentŒ0; 10� on they-axis.

y

0

10

x



1362 C H A P T E R 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND VECTOR FUNCTI ONS

(b) As the ladder slides down the wall, they-coordinate ofB is always zero and thex-coordinate isx D 10 cos� . The parametric
equations for the path followed byB are therefore

x D 10 cos�; y D 0; � is between�2 and 0.

The path is the segmentŒ0; 10� on thex-axis.

y

0 10
x

(c) Thex andy coordinates ofP arex D 4 cos� , y D 6 sin� . The path followed byP has the following parametrization:

c.�/ D .4 cos�; 6 sin�/; � is between�2 and 0.

y

0

6

4

x

x

y

P(x, y)

q

q

As shown in Example 4, the corresponding path is a part of an ellipse. Since� is varying between�2 and 0, we obtain the part of
the ellipse in the first quadrant.

y

0 4

6

x

In Exercises 65–68, refer to the Bézier curve defined by Eqs. (8) and (9).

65. Show that the Bézier curve with control points

P0 D .1; 4/; P1 D .3; 12/; P2 D .6; 15/; P3 D .7; 4/

has parametrization

c.t/ D .1C 6t C 3t2 � 3t3; 4C 24t � 15t2 � 9t3/

Verify that the slope att D 0 is equal to the slope of the segmentP0P1.

SOLUTION For the given Bézier curve we havea0 D 1, a1 D 3, a2 D 6, a3 D 7, andb0 D 4, b1 D 12, b2 D 15, b3 D 4.
Substituting these values in Eq. (8)–(9) and simplifying gives

x.t/ D .1 � t/3 C 9t.1 � t/2 C 18t2.1 � t/C 7t3

D 1 � 3t C 3t2 � t3 C 9t.1 � 2t C t2/C 18t2 � 18t3 C 7t3

D 1 � 3t C 3t2 � t3 C 9t � 18t2 C 9t3 C 18t2 � 18t3 C 7t3

D �3t3 C 3t2 C 6t C 1
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y.t/ D 4.1 � t/3 C 36t.1 � t/2 C 45t2.1 � t/C 4t3

D 4.1 � 3t C 3t2 � t3/C 36t.1 � 2t C t2/C 45t2 � 45t3 C 4t3

D 4 � 12t C 12t2 � 4t3 C 36t � 72t2 C 36t3 C 45t2 � 45t3 C 4t3

D 4C 24t � 15t2 � 9t3

Then

c.t/ D .1C 6t C 3t2 � 3t3; 4C 24t � 15t2 � 9t3/; 0 � t � 1:

We find the slope att D 0. Using the formula for slope of the tangent line we get

dy

dx
D .4C 24t � 15t2 � 9t3/0

.1C 6t C 3t2 � 3t3/0
D 24 � 30t � 27t2

6C 6t � 9t2
) dy

dx

ˇ̌
ˇ̌
tD0

D 24

6
D 4:

The slope of the segmentP0P1 is the slope of the line determined by the pointsP0 D .1; 4/ and P1 D .3; 12/. That is,
12�4
3�1 D 8

2 D 4. We see that the slope of the tangent line att D 0 is equal to the slope of the segmentP0P1, as expected.

66. Find an equation of the tangent line to the Bézier curve in Exercise 65 att D 1
3 .

SOLUTION We have

dy

dx
D y.t/0

x.t/0
D 24 � 30t � 27t2

6C 6t � 9t2

so that att D 1
3 ,

dy

dx

ˇ̌
ˇ̌
tD1=3

D 24 � 30t � 27t2

6C 6t � 9t2

ˇ̌
ˇ̌
tD1=3

D 11

7

and

x

�
1

3

�
D 29

9
; y

�
1

3

�
D 10

Thus the tangent line is

y � 10 D 11

7

�
x � 29

9

�
or y D 11

7
x C 311

63

67. Find and plot the Bézier curvec.t/ passing through the control points

P0 D .3; 2/; P1 D .0; 2/; P2 D .5; 4/; P3 D .2; 4/

SOLUTION Settinga0 D 3, a1 D 0, a2 D 5, a3 D 2, andb0 D 2, b1 D 2, b2 D 4, b3 D 4 into Eq. (8)–(9) and simplifying
gives

x.t/ D 3.1 � t/3 C 0C 15t2.1 � t/C 2t3

D 3.1 � 3t C 3t2 � t3/C 15t2 � 15t3 C 2t3 D 3 � 9t C 24t2 � 16t3

y.t/ D 2.1 � t/3 C 6t.1 � t/2 C 12t2.1� t/C 4t3

D 2.1 � 3t C 3t2 � t3/C 6t.1 � 2t C t2/C 12t2 � 12t3 C 4t3

D 2 � 6t C 6t2 � 2t3 C 6t � 12t2 C 6t3 C 12t2 � 12t3 C 4t3 D 2C 6t2 � 4t3

We obtain the following equation

c.t/ D .3 � 9t C 24t2 � 16t3; 2C 6t2 � 4t3/; 0 � t � 1:

The graph of the Bézier curve is shown in the following figure:

x

y

1 2 3

1

2

3

4
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68. Show that a cubic Bézier curve is tangent to the segmentP2P3 at P3.

SOLUTION The equations of the cubic Bézier curve are

x.t/ D a0.1 � t/3 C 3a1t.1 � t/2 C 3a2t
2.1 � t/C a3t

3

y.t/ D b0.1 � t/3 C 3b1t.1 � t/2 C 3b2t
2.1 � t/C b3t

3

We use the formula for the slope of the tangent line to find the slope of the tangent line atP3. We obtain

dy

dx
D y0.t/
x0.t/

D �3b0.1 � t/2 C 3b1..1� t/2 � 2t.1 � t//C 3b2.2t.1 � t/� t2/C 3b3t
2

�3a0.1� t/2 C 3a1..1� t/2 � 2t.1 � t//C 3a2.2t.1 � t/ � t2/C 3a3t2
(1)

The slope of the tangent line atP3 is obtained by settingt D 1 in (1). That is,

m1 D 0C 0 � 3b2 C 3b3

0C 0 � 3a2 C 3a3
D b3 � b2

a3 � a2
(2)

We compute the slope of the segmentP2P3 forP2 D .a2; b2/ andP3 D .a3; b3/. We get

m2 D b3 � b2

a3 � a2

Since the two slopes are equal, we conclude that the tangent line to the curve at the pointP3 is the segmentP2P3.

69. A bullet fired from a gun follows the trajectory

x D at; y D bt � 16t2 .a; b > 0/

Show that the bullet leaves the gun at an angle� D tan�1 �b
a

�
and lands at a distanceab=16 from the origin.

SOLUTION The height of the bullet equals the value of they-coordinate. When the bullet leaves the gun,y.t/ D
t.b � 16t/ D 0. The solutions to this equation aret D 0 and t D b

16 , with t D 0 corresponding to the moment the bullet
leaves the gun. We find the slopem of the tangent line att D 0:

dy

dx
D y0.t/
x0.t/

D b � 32t
a

) m D b � 32t

a

ˇ̌
ˇ̌
tD0

D b

a

It follows that tan� D b
a or � D tan�1

�
b
a

�
. The bullet lands att D b

16 . We find the distance of the bullet from the origin at this

time, by substitutingt D b
16 in x.t/ D at . This gives

x

�
b

16

�
D ab

16

70. Plotc.t/ D .t3 � 4t; t4 � 12t2 C 48/ for �3 � t � 3. Find the points where the tangent line is horizontal or vertical.

SOLUTION The graph ofc.t/ D .t3 � 4t; t4 � 12t2 C 48/, �3 � t � 3 is shown in the following figure:

5 10 15
x

−5

20

10

−10−15

60

50

40

30

y

t = 3, (15, 21)t = −3
(−15, 21)

t = 0
(0, 48)

t = −1.15
(3.1, 33.8)

t = 1.15
(−3.1, 33.8)

t = 2.45
(4.9, 12)

t = −2.45
(−4.9, 12)

We find the slope of the tangent line att :

dy

dx
D y0.t/
x0.x/

D .t4 � 12t2 C 48/
0

.t3 � 4t/
0 D 4t3 � 24t

3t2 � 4
(1)

The tangent line is horizontal wheredy
dx

D 0. That is,

4t3 � 24t

3t2 � 4
D 0 ) 4t.t2 � 6/ D 0 ) t D 0; t D �

p
6; t D

p
6:
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We find the corresponding points by substituting these values oft in c.t/. We obtain:

c.0/ D .0; 48/; c.�
p
6/ � .�4:9; 12/; c.

p
6/ � .4:9; 12/:

The tangent line is vertical where the slope in (1) is infinite, that is, where3t2 � 4 D 0 or t D ˙ 2p
3

� ˙1:15. We find the points

by settingt D ˙ 2p
3

in c.t/. We get

c

�
2p
3

�
� .�3:1; 33:8/; c

�
� 2p

3

�
� .3:1; 33:8/:

71. Plot the astroidx D cos3 � , y D sin3 � and find the equation of the tangent line at� D �
3 .

SOLUTION The graph of the astroidx D cos3 � , y D sin3 � is shown in the following figure:

x

y

=     (0, 1)π 
2

   =      (0, −1)3π 
2

   = 0
(1, 0)

   = π
(−1, 0)

The slope of the tangent line at� D �
3 is

m D dy

dx

ˇ̌
ˇ̌
�D�=3

D .sin3 �/0

.cos3 �/0

ˇ̌
ˇ̌
�D�=3

D 3 sin2 � cos�

3 cos2 �.� sin�/

ˇ̌
ˇ̌
�D�=3

D � sin�

cos�

ˇ̌
ˇ̌
�D�=3

D � tan�

ˇ̌
ˇ̌
�=3

D �
p
3

We find the point of tangency:
�
x
��
3

�
; y
��
3

��
D
�
cos3

�

3
; sin3

�

3

�
D
 
1

8
;
3
p
3

8

!

The equation of the tangent line at� D �
3 is, thus,

y � 3
p
3

8
D �

p
3

�
x � 1

8

�
) y D �

p
3x C

p
3

2

72. Find the equation of the tangent line att D �
4 to the cycloid generated by the unit circle with parametric equation (5).

SOLUTION We find the equation of the tangent line att D �
4 to the cycloidx D t � sint , y D 1 � cost . We first find the deriva-

tive dy
dx

:

dy

dx
D y0.t/
x0.t/

D .1 � cost/0

.t � sin t/0
D sint

1 � cost

The slope of the tangent line att D �
4 is therefore:

m D dy

dx

ˇ̌
ˇ̌
tD�=4

D
sin �4

1 � cos�4
D

p
2
2

1 �
p
2
2

D 1p
2 � 1

We find the point of tangency:

�
x
��
4

�
; y
��
4

��
D
��
4

� sin
�

4
; 1 � cos

�

4

�
D
 
�

4
�

p
2

2
; 1 �

p
2

2

!

The equation of the tangent line is, thus,

y �
 
1 �

p
2

2

!
D 1p

2 � 1

 
x �

 
�

4
�

p
2

2

!!
) y D 1p

2 � 1
x C

�
2 �

�
4p
2 � 1

�

73. Find the points with horizontal tangent line on the cycloid with parametric equation (5).
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SOLUTION The parametric equations of the cycloid are

x D t � sint; y D 1 � cost

We find the slope of the tangent line att :

dy

dx
D .1 � cost/0

.t � sin t/0
D sint

1 � cost

The tangent line is horizontal where it has slope zero. That is,

dy

dx
D sin t

1 � cost
D 0 )

sint D 0

cost ¤ 1
) t D .2k � 1/�; k D 0;˙1;˙2; : : :

We find the coordinates of the points with horizontal tangent line, by substitutingt D .2k � 1/� in x.t/ andy.t/. This gives

x D .2k � 1/� � sin.2k � 1/� D .2k � 1/�

y D 1 � cos..2k � 1/�/ D 1 � .�1/ D 2

The required points are

..2k � 1/�; 2/; k D 0;˙1;˙2; : : :
74. Property of the Cycloid Prove that the tangent line at a pointP on the cycloid always passes through the top point on the
rolling circle as indicated in Figure 7. Assume the generating circle of the cycloid has radius 1.

Tangent line

Cycloid

y

x

FIGURE 7

SOLUTION The definition of the cycloid is such that at timet , the top of the circle has coordinatesQ D .t; 2/ (since at time
t D 2� the circle has rotated exactly once, and its circumference is2�). Let L be the line throughP andQ. To show thatL is
tangent to the cycloid atP it suffices to show that the slope ofL equals the slope of the tangent atP . Recall that the cycloid is
parametrized byc.t/ D .t � sint; 1 � cost/. Then the slope ofL is

2 � .1� cost/

t � .t � sint/
D 1C cost

sint

and the slope of the tangent line is

y0.t/
x0.t/

D .1 � cost/0

.t � sin t/0
D sint

1 � cost
D sint.1C cost/

1 � cos2 t
D sint.1C cost/

sin2 t
D 1C cost

sint

and the two are equal.

75. A curtate cycloid(Figure 8) is the curve traced by a point at a distanceh from the center of a circle of radiusR rolling along
thex-axis whereh < R. Show that this curve has parametric equationsx D Rt � h sint , y D R � h cost .

y

h
R

x
4π2π

FIGURE 8 Curtate cycloid.

SOLUTION Let P be a point at a distanceh from the centerC of the circle. Assume that att D 0, the line ofCP is passing

through the origin. When the circle rolls a distanceRt along thex-axis, the length of the arccSQ (see figure) is alsoRt and the
angle†SCQ has radian measuret . We compute the coordinatesx andy of P .

0

CC

R

S

Rt

A
P

h

t

Q
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x D Rt � PA D Rt � h sin.� � t/ D Rt � h sint

y D RC AC D RC h cos.� � t/ D R � h cost

We obtain the following parametrization:

x D Rt � h sint; y D R � h cost:

76. Use a computer algebra system to explore what happens whenh > R in the parametric equations of Exercise 75.
Describe the result.

SOLUTION Look first at the parametric equationsx D �h sint , y D �h cost . These describe a circle of radiush. See for instance
the graphs below obtained forh D 3 andh D 5.

2 4 6
x

−2

−2

−4

−4−6

−6

6

4

2

y

c(t) = (−h*sin(t), −h*cos(t)) h = 3, 5

Adding R to they coordinate to obtain the parametric equationsx D �h sint , y D R � h cost , yields a circle with its center
moved up byR units:

2 4 6
x

−2

−2

−4

−4−6

−6

10

4

6

8

2

y

c(t) = (−h*sin(t), R−h*cos(t)) R = 1, 5 h = 5

Now, we addRt to thex coordinate to obtain the given parametric equation; the curve becomes a spring. The figure below shows
the graphs obtained forR D 1 and various values ofh. We see the inner loop formed forh > R.

2 4 6 8 10
x

−8 −6 −4 −2
−2

−4

−10

−6

4

6

8

2

y

77. Show that the line of slopet through.�1; 0/ intersects the unit circle in the point with coordinates

x D 1 � t2

t2 C 1
; y D 2t

t2 C 1
10

Conclude that these equations parametrize the unit circle with the point.�1; 0/ excluded (Figure 9). Show further thatt D
y=.x C 1/.
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(x, y)

(−1, 0)

Slope t

y

x

FIGURE 9 Unit circle.

SOLUTION The equation of the line of slopet through.�1; 0/ is y D t.x C 1/. The equation of the unit circle isx2 C y2 D 1.
Hence, the line intersects the unit circle at the points.x; y/ that satisfy the equations:

y D t.x C 1/ (1)

x2 C y2 D 1 (2)

Substitutingy from equation (1) into equation (2) and solving forx we obtain

x2 C t2.x C 1/2 D 1

x2 C t2x2 C 2t2x C t2 D 1

.1C t2/x2 C 2t2x C .t2 � 1/ D 0

This gives

x1;2 D �2t2 ˙
p
4t4 � 4.t2 C 1/.t2 � 1/
2.1C t2/

D �2t2 ˙ 2

2.1C t2/
D ˙1 � t2

1C t2

So x1 D �1 andx2 D 1 � t2

t2 C 1
. The solutionx D �1 corresponds to the point.�1; 0/. We are interested in the second point of

intersection that is varying ast varies. Hence the appropriate solution is

x D 1 � t2

t2 C 1

We find they-coordinate by substitutingx in equation (1). This gives

y D t.x C 1/ D t

 
1 � t2

t2 C 1
C 1

!
D t � 1 � t2 C t2 C 1

t2 C 1
D 2t

t2 C 1

We conclude that the line and the unit circle intersect, besides at.�1; 0/, at the point with the following coordinates:

x D 1 � t2

t2 C 1
; y D 2t

t2 C 1
(3)

Since these points determine all the points on the unit circle except for.�1; 0/ and no other points, the equations in (3) parametrize
the unit circle with the point.�1; 0/ excluded.

We show thatt D y

x C 1
. Using (3) we have

y

x C 1
D

2t
t2C1

1�t2
t2C1 C 1

D
2t
t2C1

1�t2Ct2C1
t2C1

D
2t
t2C1
2

t2C1
D 2t

2
D t:

78. The folium of Descartesis the curve with equationx3 C y3 D 3axy, wherea ¤ 0 is a constant (Figure 10).

(a) Show that the liney D tx intersects the folium at the origin and at one other pointP for all t ¤ �1; 0. Express the coordinates
of P in terms oft to obtain a parametrization of the folium. Indicate the direction of the parametrization on the graph.
(b) Describe the interval oft-values parametrizing the parts of the curve in quadrants I, II, and IV. Note thatt D �1 is a point of
discontinuity of the parametrization.
(c) Calculatedy=dx as a function oft and find the points with horizontal or vertical tangent.

2−2

−2

x

2
II I

III IV

y

FIGURE 10 Folium x3 C y3 D 3axy.
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SOLUTION

(a) We find the points where the liney D tx (t ¤ �1; 0) and the folium intersect, by solving the following equations:

y D tx (1)

x3 C y3 D 3axy (2)

Substitutingy from (1) in (2) and solving forx we get

x3 C t3x3 D 3axtx

.1C t3/x3 � 3atx2 D 0

x2.x.1C t3/ � 3at/ D 0 ) x1 D 0; x2 D 3at

1C t3

Substituting in (1) we find the correspondingy-coordinates. That is,

y1 D t � 0 D 0; y2 D t � 3at

1C t3
D 3at2

1C t3

We conclude that the liney D tx, t ¤ 0;�1 intersects the folium in a unique pointP besides the origin. The coordinates ofP are:

x D 3at

1C t3
; y D 3at2

1C t3
; t ¤ 0;�1

The coordinates ofP determine a parametrization for the folium. We add the origin sot D 0 must be included in the interval oft .
We get

c.t/ D
 

3at

1C t3
;
3at2

1C t3

!
; t ¤ �1

To indicate the direction on the curve (fora > 0), we first consider the following limits:

lim
t!�1�

x.t/ D 1 lim
t!�1�

y.t/ D �1

lim
t!�1

x.t/ D lim
t!1

x.t/ D 0 lim
t!�1

y.t/ D lim
t!1

y.t/ D 0

lim
t!�1C

x.t/ D �1 lim
t!�1C

y.t/ D 1

lim
t!0

x.t/ D 0 lim
t!0

y.t/ D 0

These limits determine the directions of the two parts of the folium in the second and fourth quadrant. The loop in the first quadrant,
corresponds to the values0 � t < 1, and it is directed fromc.1/ D .3a2 ;

3a
2 / to c.2/ D .2a3 ;

4a
3 / wheret D 1 andt D 2 are two

chosen values in the interval0 � t < 1. The following graph shows the directed folium:

y

x
t = 0

t = ∞
t = −∞

t = −1−

t = −1+

0 ≤ t < ∞
−1< t < 0

−∞ < t < −1

(b) The limits computed in part (a) indicate that the parts of the curve in the second and fourth quadrants correspond to the values
�1 < t < 0 and�1 < t < �1 respectively. The loop in the first quadrant corresponds to the remaining interval0 � t < 1.

(c) We find the derivativedy
dx

, using the Formula for the Slope of the Tangent Line. We get

dy

dx
D y0.t/
x0.t/

D

�
3at2

1Ct3
�0

�
3at
1Ct3

�0 D
6at.1Ct3/�3at2�3t2

.1Ct3/2

3a.1Ct3/�3at �3t2
.1Ct3/2

D 6at � 3at4

3a � 6at3
D t.2 � t3/

1� 2t3

Horizontal tangent occurs whendy
dx

D 0. That is,

t.2 � t3/

1 � 2t3
D 0 ) t.2 � t3/ D 0; 1 � 2t3 ¤ 0 ) t D 0; t D 3

p
2:
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The corresponding points are:

c.0/ D .x.0/; y.0// D .0; 0/

c
�

3
p
2
�

D
�
x
�

3
p
2
�
; y
�

3
p
2
��

D
 
3a

3
p
2

1C 2
;
3a

3
p
4

1C 2

!
D
�
a

3
p
2; a

3
p
4
�

Vertical tangent line occurs whendy
dx

is infinite. That is,

1 � 2t3 D 0 ) t D 1
3
p
2

The corresponding point is

c

�
1

3
p
2

�
D
�
x

�
1

3
p
2

�
; y

�
1

3
p
2

��
D

0
@

3a
3
p
2

1C 1
2

;

3a
3
p
4

1C 1
2

1
A D

�
3
p
4a;

3
p
2a
�
:

79. Use the results of Exercise 78 to show that the asymptote of the folium is the linexC y D �a. Hint: Show that lim
t!�1

.xC y/ D
�a.

SOLUTION We must show that asx ! 1 orx ! �1 the graph of the folium is getting arbitrarily close to the linex C y D �a,

and the derivativedy
dx

is approaching the slope�1 of the line.

In Exercise 78 we showed thatx ! 1 when t ! .�1�/ andx ! �1 when t ! .�1C/. We first show that the graph is
approaching the linex C y D �a asx ! 1 or x ! �1, by showing that lim

t!�1�
x C y D lim

t!�1C
x C y D �a.

Forx.t/ D 3at

1C t3
, y.t/ D 3at2

1C t3
, a > 0, calculated in Exercise 78, we obtain using L’Hôpital’s Rule:

lim
t!�1�

.x C y/ D lim
t!�1�

3at C 3at2

1C t3
D lim
t!�1�

3aC 6at

3t2
D 3a � 6a

3
D �a

lim
t!�1C

.x C y/ D lim
t!�1C

3at C 3at2

1C t3
D lim
t!�1C

3aC 6at

3t2
D 3a � 6a

3
D �a

We now show that
dy

dx
is approaching�1 ast ! �1� and ast ! �1C. We use

dy

dx
D 6at � 3at4

3a � 6at3
computed in Exercise 78 to

obtain

lim
t!�1�

dy

dx
D lim
t!�1�

6at � 3at4

3a � 6at3
D �9a

9a
D �1

lim
t!�1C

dy

dx
D lim
t!�1C

6at � 3at4

3a � 6at3
D �9a

9a
D �1

We conclude that the linex C y D �a is an asymptote of the folium asx ! 1 and asx ! �1.

80. Find a parametrization ofx2nC1 C y2nC1 D axnyn, wherea andn are constants.

SOLUTION Following the method in Exercise 78, we first find the coordinates of the pointP where the curve and the liney D tx

intersect. We solve the following equations:

y D tx

x2nC1 C y2nC1 D axnyn

Substitutingy D tx in the second equation and solving forx yields

x2nC1 C t2nC1x2nC1 D axn � tnxn

.1C t2nC1/x2nC1 � atnx2n D 0

x2n..1C t2nC1/x � atn/ D 0 ) x D 0; x D atn

1C t2nC1

We assume thatt ¤ �1 (so1C t2nC1 ¤ 0) and obtain one solution besides the origin. The correspondingy coordinates are

y D tx D t � atn

1C t2nC1 D atnC1

1C t2nC1

Hence, the pointsx D atn

1C t2nC1 , y D atnC1

1C t2nC1 , t ¤ �1, are exactly the points on the curve. We obtain the following

parametrization:

x D atn

1C t2nC1 ; y D atnC1

1C t2nC1 ; t ¤ �1:
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81. Second Derivative for a Parametrized Curve Given a parametrized curvec.t/ D .x.t/; y.t//, show that

d

dt

�dy
dx

�
D x0.t/y00.t/ � y0.t/x00.t/

x0.t/2

Use this to prove the formula

d2y

dx2
D x0.t/y00.t/� y0.t/x00.t/

x0.t/3
11

SOLUTION By the formula for the slope of the tangent line we have

dy

dx
D y0.t/
x0.t/

Differentiating with respect tot , using the Quotient Rule, gives

d

dt

�
dy

dx

�
D d

dt

�
y0.t/
x0.t/

�
D x0.t/y00.t/ � y0.t/x00.t/

x0.t/2

By the Chain Rule we have

d2y

dx2
D d

dx

�
dy

dx

�
D d

dt

�
dy

dx

�
� dt
dx

Substituting into the above equation
�

and using
dt

dx
D 1

dx=dt
D 1

x0.t/

�
gives

d2y

dx2
D x0.t/y00.t/� y0.t/x00.t/

x0.t/2
� 1

x0.t/
D x0.t/y00.t/ � y0.t/x00.t/

x0.t/3

82. The second derivative ofy D x2 is dy2=d2x D 2. Verify that Eq. (11) applied toc.t/ D .t; t2/ yieldsdy2=d2x D 2. In fact,
any parametrization may be used. Check thatc.t/ D .t3; t6/ andc.t/ D .tant; tan2 t/ also yielddy2=d2x D 2.

SOLUTION For the parametrizationc.t/ D .t; t2/, we have

x0.t/ D 1; x00.t/ D 0; y0.t/ D 2t; y00.t/ D 2

so that indeed

x0.t/y00.t/� y0.t/x00.t/
x0.t/3

D 1 � 2 � 2t � 0
13

D 2

For c.t/ D .t3; t6/, we have

x0.t/ D 3t2; x00.t/ D 6t; y0.t/ D 6t5; y00.t/ D 30t4

so that again

x0.t/y00.t/� y0.t/x00.t/
x0.t/3

D 3t2 � 30t4 � 6t5 � 6t
.3t2/3

D 54t6

27t6
D 2

Finally, for c.t/ D .tant; tan2 t/,

x0.t/ D sec2 t; x00.t/ D 2 tant sec2 t; y0.t/ D 2 tant sec2 t; y00.t/ D 6 sec4 t � 4 sec2 t

and

x0.t/y00.t/ � y0.t/x00.t/
x0.t/3

D sec2 t.6 sec4 t � 4 sec2 t/ � 2 tant sec2 t.2 tant sec2 t/

sec6 t

D 6 sec6 t � 4 sec4 t � 4 sec4 t tan2 t

sec6 t
D 6 sec6 t � 4 sec4 t.1 � .1C sec2 t///

sec6 t

D 2 sec6 t

sec6 t
D 2
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In Exercises 83–86, use Eq. (11) to findd2y=dx2.

83. x D t3 C t2, y D 7t2 � 4, t D 2

SOLUTION We find the first and second derivatives ofx.t/ andy.t/:

x0.t/ D 3t2 C 2t ) x0.2/ D 3 � 22 C 2 � 2 D 16

x00.t/ D 6t C 2 ) x00.2/ D 6 � 2C 2 D 14

y0.t/ D 14t ) y0.2/ D 14 � 2 D 28

y00.t/ D 14 ) y00.2/ D 14

Using Eq. (11) we get

d2y

dx2

ˇ̌
ˇ̌
tD2

D x0.t/y00.t/� y0.t/x00.t/

x0.t/3

ˇ̌
ˇ̌
tD2

D 16 � 14 � 28 � 14
163

D �21
512

84. x D s�1 C s, y D 4 � s�2, s D 1

SOLUTION Sincex0.s/ D �s�2 C 1 D 1 � 1

s2
, we havex0.1/ D 0. Hence, Eq. (11) cannot be used to compute

d2y

dx2
at s D 1.

85. x D 8t C 9, y D 1 � 4t , t D �3
SOLUTION We compute the first and second derivatives ofx.t/ andy.t/:

x0.t/ D 8 ) x0.�3/ D 8

x00.t/ D 0 ) x00.�3/ D 0

y0.t/ D �4 ) y0.�3/ D �4

y00.t/ D 0 ) y00.�3/ D 0

Using Eq. (11) we get

d2y

dx2

ˇ̌
ˇ̌
tD�3

D x0.�3/y00.�3/ � y0.�3/x00.�3/
x0.�3/3

D 8 � 0 � .�4/ � 0
83

D 0

86. x D cos� , y D sin� , � D �
4

SOLUTION We find the first and second derivatives ofx.�/ andy.�/:

x0.�/ D � sin� ) x0
��
4

�
D �

p
2

2

x00.�/ D � cos� ) x00
��
4

�
D �

p
2

2

y0.�/ D cos� ) y0
��
4

�
D

p
2

2

y00.�/ D � sin� ) y00
��
4

�
D �

p
2

2

Using Eq. (11) we get

d2y

dx2

ˇ̌
ˇ̌
�D �

4

D
x0 ��

4

�
y00 ��

4

�
� y0 ��

4

�
x00 ��

4

�
�
x0 ��

4

��3 D

�
�

p
2
2

� �
�

p
2
2

�
�

p
2
2 �

�
�

p
2
2

�

�
�

p
2
2

�3 D �2
p
2

87. Use Eq. (11) to find thet-intervals on whichc.t/ D .t2; t3 � 4t/ is concave up.

SOLUTION The curve is concave up where
d2y

dx2
> 0. Thus,

x0.t/y00.t/ � y0.t/x00.t/

x0.t/3
> 0 (1)

We compute the first and second derivatives:

x0.t/ D 2t; x00.t/ D 2

y0.t/ D 3t2 � 4; y00.t/ D 6t
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Substituting in (1) and solving fort gives

12t2 � .6t2 � 8/

8t3
D 6t2 C 8

8t3

Since6t2 C 8 > 0 for all t , the quotient is positive if8t3 > 0. We conclude that the curve is concave up fort > 0.

88. Use Eq. (11) to find thet-intervals on whichc.t/ D .t2; t4 � 4t/ is concave up.

SOLUTION The curve is concave up where
d2y

dx2
> 0. That is,

x0.t/y00.t/ � y0.t/x00.t/

x0.t/3
> 0 (1)

We compute the first and second derivatives:

x0.t/ D 2t; x00.t/ D 2

y0.t/ D 4t3 � 4; y00.t/ D 12t2

Substituting in (1) and solving fort gives

24t3 � .8t3 � 8/

8t3
D 16t3 C 8

8t3
D 1C 1

2t3

This is clearly positive fort > 0. For t < 0, we want1C 1

2t3
> 0, which means

1

2t3
> �1, so2t3 < �1 (by taking the reciprocal

of both sides), sot < � 1
3
p
2

. Thus, we see that our curve is concave up fort < � 1
3
p
2

and for t > 0.

89. Area Under a Parametrized Curve Let c.t/ D .x.t/; y.t//, wherey.t/ > 0 andx0.t/ > 0 (Figure 11). Show that the area
A underc.t/ for t0 � t � t1 is

A D
Z t1

t0

y.t/x0.t/ dt 12

Hint: Because it is increasing, the functionx.t/ has an inverset D g.x/ and c.t/ is the graph ofy D y.g.x//. Apply the

change-of-variables formula toA D
R x.t1/
x.t0/

y.g.x// dx.

y
c(t)

x(t1)x(t0)
xx

FIGURE 11

SOLUTION Let x0 D x.t0/ andx1 D x.t1/. We are given thatx0.t/ > 0, hencex D x.t/ is an increasing function oft , so it has
an inverse functiont D g.x/. The areaA is given by

R x1

x0
y.g.x// dx. Recall thaty is a function oft andt D g.x/, so the height

y at any pointx is given byy D y.g.x//. We find the new limits of integration. Sincex0 D x.t0/ andx1 D x.t1/, the limits fort

aret0 andt1, respectively. Also sincex0.t/ D dx
dt

, we havedx D x0.t/dt . Performing this substitution gives

A D
Z x1

x0

y.g.x// dx D
Z t1

t0

y.g.x//x0.t/ dt:

Sinceg.x/ D t , we haveA D
Z t1

t0

y.t/x0.t/ dt .

90. Calculate the area undery D x2 over Œ0; 1� using Eq. (12) with the parametrizations.t3; t6/ and.t2; t4/.

SOLUTION The areaA undery D x2 on Œ0; 1� is given by the integral

A D
Z t1

t0

y.t/x0.t/ dt

wherex.t0/ D 0 andx.t1/ D 1. We first use the parametrization.t3; t6/. We havex.t/ D t3, y.t/ D t6. Hence,

0 D x.t0/ D t30 ) t0 D 0



1374 C H A P T E R 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND VECTOR FUNCTI ONS

1 D x.t1/ D t31 ) t1 D 1

Also x0.t/ D 3t2. Substituting these values in Eq. (12) we obtain

A D
Z 1

0
t6 � 3t2 dt D

Z 1

0
3t8 dt D 3

9
t9
ˇ̌
ˇ̌
1

0

D 3

9
D 1

3

Using the parametrizationx.t/ D t2, y.t/ D t4, we havex0.t/ D 2t . We findt0 andt1:

0 D x.t0/ D t20 ) t0 D 0

1 D x.t1/ D t21 ) t1 D 1 or t1 D �1:

Equation (12) is valid ifx0.t/ > 0, that is if t > 0. Hence we choose the positive value,t1 D 1. We now use Eq. (12) to obtain

A D
Z 1

0
t4 � 2t dt D

Z 1

0
2t5 dt D 2

6
t6
ˇ̌
ˇ̌
1

0

D 2

6
D 1

3

Both answers agree, as expected.

91. What does Eq. (12) say ifc.t/ D .t; f .t//?

SOLUTION In the parametrizationx.t/ D t , y.t/ D f .t/ we havex0.t/ D 1, t0 D x.t0/, t1 D x.t1/. Hence Eq. (12) becomes

A D
Z t1

t0

y.t/x0.t/ dt D
Z x.t1/

x.t0/
f .t/ dt

We see that in this parametrization Eq. (12) is the familiar formula for the area under the graph of a positive function.

92. Sketch the graph ofc.t/ D .ln t; 2 � t/ for 1 � t � 2 and compute the area under the graph using Eq. (12).

SOLUTION We use the following graphs ofx.t/ D ln t andy.t/ D 2 � t for 1 � t � 2:

21

1

t

y

21

1

t

y

x.t/ D ln t y.t/ D 2 � t

We see that for1 < t < 2, x.t/ is positive and increasing andy.t/ is positive and decreasing. Alsoc.1/ D .ln 1; 2 � 1/ D
.0; 1/ andc.2/ D .ln 2; 2 � 2/ D .ln 2; 0/. Additional information is obtained from the derivative

dy

dx
D .2 � t/0

.ln t/0
D � 1

1=t
D �t;

yielding

dy

dx

ˇ̌
ˇ̌
tD1

� 1 and
dy

dx

ˇ̌
ˇ̌
tD2

� 2:

We obtain the following graph:

1
t

y

t = 1

t = 2

(0, 1)

(ln 2, 0)



S E C T I O N 11.1 Parametric Equations 1375

We now use Eq. (12) to compute the areaA under the graph. We havex.t/ D ln t , x0.t/ D 1
t , y.t/ D 2 � t , t0 D 1, t1 D 2. Hence,

A D
Z t1

t0

y.t/x0.t/ dt D
Z 2

1
.2 � t/ � 1

t
dt D

Z 2

1

�
2

t
� 1

�
dt

D 2 ln t � t

ˇ̌
ˇ̌
2

1

D .2 ln 2 � 2/� .2 ln 1 � 1/ D 2 ln 2 � 1 � 0:386

93. Galileo tried unsuccessfully to find the area under a cycloid. Around 1630, Gilles de Roberval proved that the area under one
arch of the cycloidc.t/ D .Rt �R sint; R �R cost/ generated by a circle of radiusR is equal to three times the area of the circle
(Figure 12). Verify Roberval’s result using Eq. (12).

x

R

πR 2πR

y

FIGURE 12 The area of one arch of the cycloid equals three times the area of the generating circle.

SOLUTION This reduces to

Z 2�

0
.R � R cost/.Rt � R sint/0 dt D

Z 2�

0
R2.1 � cost/2 dt D 3�R2:

Further Insights and Challenges

94. Prove the following generalization of Exercise 93: For allt > 0, the area of the cycloidal sectorOPC is equal to three times
the area of the circular segment cut by the chordPC in Figure 13.

R
t

P

O C = (Rt, 0)
x

y

R
t

(B) Circular segment cut

by the chord PC

(A) Cycloidal sector OPC 

P

O C = (Rt, 0)
x

y

FIGURE 13

SOLUTION Drop a perpendicular from pointP to thex-axis and label the point of intersectionT , and denote byD the center
of the circle. Then the area of the cycloidal sector is equal to the area ofOPT plus the area ofPTC . The latter is a triangle with

heighty.t/ D R � R cost and baseRt � .Rt � R sint/ D R sint , so its area is
1

2
R2 sin t.1 � cost/. The area ofOPT , using

Eq. (12), is
Z t

0
y.u/x0.u/ du D

Z t

0
.R � R cosu/.Ru� R sinu/0 du D R2

Z t

0
.1 � cosu/2 du

D R2
�
3

2
t � 2 sin t C 1

2
sin t cost

�

so that the total area of the cycloidal sector is

R2
�
3

2
t � 2 sin t C 1

2
sin t cost

�
CR2

1

2
sin t.1 � cost/ D 3

�
1

2
R2t � 1

2
R2 sin t

�
D 3 � 1

2
R2.t � sint/

The area of the circular segment is the area of the circular sectorDPC subtended by the anglet less the area of the triangleDPC .

The triangleDPC has heightR cos
t

2
and base2R sin t2 so that its area isR2 cos

t

2
sin

t

2
D 1

2
R2 sin t , and the area of the circular

sector is�R2 � t

2�
D 1

2
R2t . Thus the area of the circular segment is

1

2
R2.t � sint/

which is one third the area of the cycloidal sector.



1376 C H A P T E R 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND VECTOR FUNCTI ONS

95. Derive the formula for the slope of the tangent line to a parametric curvec.t/ D .x.t/; y.t// using a method different
from that presented in the text. Assume thatx0.t0/ andy0.t0/ exist and thatx0.t0/ ¤ 0. Show that

lim
h!0

y.t0 C h/ � y.t0/

x.t0 C h/ � x.t0/
D y0.t0/
x0.t0/

Then explain why this limit is equal to the slopedy=dx. Draw a diagram showing that the ratio in the limit is the slope of a secant
line.

SOLUTION Sincey0.t0/ andx0.t0/ exist, we have the following limits:

lim
h!0

y.t0 C h/ � y.t0/

h
D y0.t0/; lim

h!0

x.t0 C h/ � x.t0/

h
D x0.t0/ (1)

We use Basic Limit Laws, the limits in (1) and the given datax0.t0/ ¤ 0, to write

lim
h!0

y.t0 C h/ � y.t0/
x.t0 C h/ � x.t0/

D lim
h!0

y.t0Ch/�y.t0/
h

x.t0Ch/�x.t0/
h

D
limh!0

y.t0Ch/�y.t0/
h

limh!0
x.t0Ch/�x.t0/

h

D y0.t0/
x0.t0/

Notice that the quotient
y.t0 C h/ � y.t0/

x.t0 C h/ � x.t0/
is the slope of the secant line determined by the pointsP D .x.t0/; y.t0// and

Q D .x.t0 C h/; y.t0 C h//. Hence, the limit of the quotient ash ! 0 is the slope of the tangent line atP , that is the derivative
dy
dx

.

x

y

x(t0 + h)x(t0)

y(t0)

y(t0, h)

P

Q

96. Verify that thetractrix curve (̀ > 0)

c.t/ D
�
t � ` tanh

t

`
; ` sech

t

`

�

has the following property: For allt , the segment fromc.t/ to .t; 0/ is tangent to the curve and has length` (Figure 14).

y

t

c(t)

x

FIGURE 14 The tractrixc.t/ D
�
t � ` tanh

t

`
; ` sech

t

`

�
.

SOLUTION LetP D c.t/ andQ D .t; 0/.

y

Q = (t, 0)

P(x(t), y(t))

x

The slope of the segmentPQ is

m1 D y.t/ � 0

x.t/ � t
D

` sech
�
t
`

�

�` tanh
�
t
`

� D � 1

sinh
�
t
`

�
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We compute the slope of the tangent line atP :

m2 D dy

dx
D y0.t/
x0.t/

D
�
` sech

�
t
`

��0
�
t � ` tanh

�
t
`

��0 D
` � 1

`

�
� sech

�
t
`

�
tanh

�
t
`

��

1 � ` � 1
`

sech2
�
t
`

�

D �
� sech

�
t
`

�
tanh

�
t
`

�

1 � sech2
�
t
`

� D
� sech

�
t
`

�
tanh

�
t
`

�

tanh2
�
t
`

� D
� sech

�
t
`

�

tanh
�
t
`

� D � 1

sinh
�
t
`

�

Sincem1 D m2, we conclude that the segment fromc.t/ to .t; 0/ is tangent to the curve.
We now show thatjPQj D `:

jPQj D
q
.x.t/� t/2 C .y.t/� 0/2 D

s�
�` tanh

t

`

�2
C
�
` sech

�
t

`

��2

D

s
`2
�

tanh2
�
t

`

�
C sech2

�
t

`

��
D `

s
sech2

�
t

`

�
sinh2

�
t

`

�
C sech2

�
t

`

�

D ` sech

�
t

`

�s
sinh2

�
t

`

�
C 1 D ` sech

�
t

`

�
cosh

�
t

`

�
D ` � 1 D `

97. In Exercise 58 of Section 9.1, we described the tractrix by the differential equation

dy

dx
D � yp

`2 � y2

Show that the curvec.t/ identified as the tractrix in Exercise 96 satisfies this differential equation. Note that the derivative on the
left is taken with respect tox, not t .

SOLUTION Note thatdx=dt D 1 � sech2.t=`/ D tanh2.t=`/ anddy=dt D � sech.t=`/ tanh.t=`/. Thus,

dy

dx
D dy=dt

dx=dt
D � sech.t=`/

tanh.t=`/
D �y=`p

1 � y2=`2

Multiplying top and bottom bỳ =` gives

dy

dx
D �yp

`2 � y2

In Exercises 98 and 99, refer to Figure 15.

98. In the parametrizationc.t/ D .a cost; b sint/ of an ellipse,t is not an angular parameter unlessa D b (in which case the
ellipse is a circle). However,t can be interpreted in terms of area: Show that ifc.t/ D .x; y/, thent D .2=ab/A, whereA is the
area of the shaded region in Figure 15.Hint: Use Eq. (12).

q

y

(x, y)

x

FIGURE 15 The parameter� on the ellipse
�x
a

�2
C
�y
b

�2
D 1.

SOLUTION We compute the areaA of the shaded region as the sum of the areaS1 of the triangle and the areaS2 of the region
under the curve. The area of the triangle is

S1 D xy

2
D .a cost/.b sint/

2
D ab sin2t

4
(1)

y

(x, y)

x
S1

S2
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The areaS2 under the curve can be computed using Eq. (12). The lower limit of the integration ist0 D 0 (corresponds to.a; 0/)
and the upper limit ist (corresponds to.x.t/; y.t//). Also y.t/ D b sint andx0.t/ D �a sint . Sincex0.t/ < 0 on the interval
0 < t < �

2 (which represents the ellipse on the first quadrant), we use the positive valuea sint to obtain a positive value for the
area. This gives

S2 D
Z t

0
b sinu � a sinudu D ab

Z t

0
sin2udu

D ab

Z t

0

�
1

2
� 1

2
cos2u

�
du D ab

�
u

2
� sin 2u

4

� ˇ̌
ˇ̌
t

0

(2)

D ab

�
t

2
� sin 2t

4
� 0

�
D abt

2
� ab sin2t

4

Combining (1) and (2) we obtain

A D S1 C S2 D ab sin2t

4
C abt

2
� ab sin2t

4
D abt

2

Hence,t D 2A
ab

.

99. Show that the parametrization of the ellipse by the angle� is

x D ab cos�p
a2 sin2 � C b2 cos2 �

y D ab sin�p
a2 sin2 � C b2 cos2 �

SOLUTION We consider the ellipse

x2

a2
C y2

b2
D 1:

For the angle� we have tan� D y
x , hence,

y D x tan� (1)

Substituting in the equation of the ellipse and solving forx we obtain

x2

a2
C x2tan2�

b2
D 1

b2x2 C a2x2tan2� D a2b2

.a2tan2� C b2/x2 D a2b2

x2 D a2b2

a2tan2� C b2
D a2b2cos2�

a2sin2� C b2cos2�

We now take the square root. Since the sign of thex-coordinate is the same as the sign of cos� , we take the positive root, obtaining

x D ab cos�p
a2sin2� C b2cos2�

(2)

Hence by (1), they-coordinate is

y D x tan� D ab cos� tan�p
a2sin2� C b2cos2�

D ab sin�p
a2sin2� C b2cos2�

(3)

Equalities (2) and (3) give the following parametrization for the ellipse:

c1.�/ D
 

ab cos�p
a2sin2� C b2cos2�

;
ab sin�p

a2sin2� C b2cos2�

!
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11.2 Arc Length and Speed

Preliminary Questions
1. What is the definition of arc length?

SOLUTION A curve can be approximated by a polygonal path obtained by connecting points

p0 D c.t0/; p1 D c.t1/; : : : ; pN D c.tN /

on the path with segments. One gets an approximation by summing the lengths of the segments. The definition of arc length is the
limit of that approximation when increasing the number of points so that the lengths of the segments approach zero. In doing so,
we obtain the following theorem for the arc length:

S D
Z b

a

q
x0.t/2 C y0.t/2 dt;

which is the length of the curvec.t/ D .x.t/; y.t// for a � t � b.

2. What is the interpretation of
p
x0.t/2 C y0.t/2 for a particle following the trajectory.x.t/; y.t//?

SOLUTION The expression
q
x0.t/2 C y0.t/2 denotes the speed at timet of a particle following the trajectory.x.t/; y.t//.

3. A particle travels along a path from.0; 0/ to .3; 4/. What is the displacement? Can the distance traveled be determined from
the information given?

SOLUTION The net displacement is the distance between the initial point.0; 0/ and the endpoint.3; 4/. That is

q
.3 � 0/2 C .4� 0/2 D

p
25 D 5:

The distance traveled can be determined only if the trajectoryc.t/ D .x.t/; y.t// of the particle is known.

4. A particle traverses the parabolay D x2 with constant speed3 cm/s. What is the distance traveled during the first minute?
Hint: No computation is necessary.

SOLUTION Since the speed is constant, the distance traveled is the following product:L D st D 3 � 60 D 180 cm.

Exercises
In Exercises 1–10, use Eq. (3) to find the length of the path over the given interval.

1. .3t C 1; 9 � 4t/, 0 � t � 2

SOLUTION Sincex D 3t C 1 andy D 9 � 4t we havex0 D 3 andy0 D �4. Hence, the length of the path is

S D
Z 2

0

q
32 C .�4/2 dt D 5

Z 2

0
dt D 10:

2. .1C 2t; 2C 4t/, 1 � t � 4

SOLUTION We havex D 1C 2t andy D 2C 4t , hencex0 D 2 andy0 D 4. Using the formula for arc length we obtain

S D
Z 4

1

p
22 C 42 dt D

Z 4

1

p
20 dt D

p
20.4 � 1/ D 6

p
5

3. .2t2; 3t2 � 1/, 0 � t � 4

SOLUTION Sincex D 2t2 andy D 3t2 � 1, we havex0 D 4t andy0 D 6t . By the formula for the arc length we get

S D
Z 4

0

q
x0.t/2 C y0.t/2 dt D

Z 4

0

p
16t2 C 36t2 dt D

p
52

Z 4

0
t dt D

p
52 � t

2

2

ˇ̌
ˇ̌
4

0

D 16
p
13

4. .3t; 4t3=2/, 0 � t � 1

SOLUTION We havex D 3t andy D 4t3=2, hencex0 D 3 andy0 D 6t1=2. Using the formula for the arc length we obtain

S D
Z 1

0

q
x0.t/2 C y0.t/2 dt D

Z 1

0

q
32 C

�
6t1=2

�2
dt D

Z 1

0

p
9C 36t dt D 3

Z 1

0

p
1C 4t dt

Settingu D 1C 4t we get

S D 3

4

Z 5

1

p
udu D 3

4
� 2
3
u3=2

ˇ̌
ˇ̌
5

1

D 1

2
.53=2 � 1/ � 5:09
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5. .3t2; 4t3/, 1 � t � 4

SOLUTION We havex D 3t2 andy D 4t3. Hencex0 D 6t andy0 D 12t2. By the formula for the arc length we get

S D
Z 4

1

q
x0.t/2 C y0.t/2 dt D

Z 4

1

p
36t2 C 144t4 dt D 6

Z 4

1

p
1C 4t2t dt:

Using the substitutionu D 1C 4t2, du D 8t dt we obtain

S D 6

8

Z 65

5

p
udu D 3

4
� 2
3
u3=2

ˇ̌
ˇ̌
65

5

D 1

2
.653=2 � 53=2/ � 256:43

6. .t3 C 1; t2 � 3/, 0 � t � 1

SOLUTION We havex D t3 C 1; y D t2 � 3, hence,x0 D 3t2 andy0 D 2t . By the formula for the arc length we get

S D
Z 1

0

q
x0.t/2 C y0.t/2 dt D

Z 1

0

p
9t4 C 4t2 dt D

Z 1

0
t
p
9t2 C 4 dt

We compute the integral using the substitutionu D 4C 9t2. This gives

S D 1

18

Z 13

4

p
udu D 1

18
� 2
3
u3=2

ˇ̌
ˇ̌
13

4

D 1

27
.133=2 � 43=2/ D 1

27
.133=2 � 8/ � 1:44:

7. .sin3t; cos3t/, 0 � t � �

SOLUTION We havex D sin3t , y D cos3t , hencex0 D 3 cos3t andy0 D �3 sin3t . By the formula for the arc length we obtain:

S D
Z �

0

q
x0.t/2 C y0.t/2 dt D

Z �

0

p
9 cos2 3t C 9 sin2 3t dt D

Z �

0

p
9 dt D 3�

8. .sin� � � cos�; cos� C � sin�/, 0 � � � 2

SOLUTION We havex D sin� � � cos� and y D cos� C � sin� . Hence,x0 D cos� � .cos� � � sin�/ D � sin� and
y0 D � sin� C sin� C � cos� D � cos�: Using the formula for the arc length we obtain:

S D
Z 2

0

q
x0.�/2 C y0.�/2 d� D

Z 2

0

q
.� sin �/2 C .� cos�/2 d�

D
Z 2

0

q
�2.sin2 � C cos2 �/ d� D

Z 2

0
� d� D �2

2

ˇ̌
ˇ̌
2

0

D 2

In Exercises 9 and 10, use the identity

1 � cost

2
D sin2

t

2

9. .2 cost � cos2t; 2 sint � sin2t/, 0 � t � �
2

SOLUTION We havex D 2 cost � cos2t , y D 2 sint � sin2t . Thus,x0 D �2 sint C 2 sin2t andy0 D 2 cost � 2 cos2t . We
get

x0.t/2 C y0.t/2 D .�2 sint C 2 sin2t/2 C .2 cost � 2 cos2t/2

D 4 sin2 t � 8 sint sin2t C 4 sin2 2t C 4 cos2 t � 8 cost cos2t C 4 cos2 2t

D 4.sin2 t C cos2 t/C 4.sin2 2t C cos2 2t/ � 8.sint sin2t C cost cos2t/

D 4C 4 � 8 cos.2t � t/ D 8 � 8 cost D 8.1 � cost/

We now use the formula for the arc length to obtain

S D
Z �=2

0

q
x0.t/2 C y0.t/2 D

Z �=2

0

p
8.1 � cost/ dt D

Z �=2

0

r
16 sin2

t

2
dt D 4

Z �=2

0
sin

t

2
dt

D �8 cos
t

2

ˇ̌
ˇ̌
�=2

0

D �8
�
cos

�

4
� cos0

�
D �8

 p
2

2
� 1

!
� 2:34

10. .5.� � sin�/; 5.1 � cos�//, 0 � � � 2�



S E C T I O N 11.2 Arc Length and Speed 1381

SOLUTION Sincex D 5.� � sin�/ andy D 5.1 � cos�/, we havex0 D 5.1 � cos�/ andy0 D 5 sin� . Using the formula for
the arc length we obtain:

S D
Z 2�

0

q
x0.�/2 C y0.�/2 d� D

Z 2�

0

q
25.1 � cos�/2 C 25 sin2 � d�

D 5

Z 2�

0

p
1 � 2 cos� C cos2 � C sin2 � d� D 5

Z 2�

0

p
2.1 � cos�/ d�

D 5

Z 2�

0

r
4 sin2

�

2
d� D 10

Z 2�

0
sin

�

2
d� D 20

Z �

0
sinudu

D 20.� cosu/

ˇ̌
ˇ̌
�

0

D �20.�1 � 1/ D 40:

11. Show that one arch of a cycloid generated by a circle of radiusR has length8R.

SOLUTION Recall from earlier that the cycloid generated by a circle of radiusR has parametric equationsx D Rt � R sint ,

y D R � R cost . Hence,x0 D R � R cost , y0 D R sint . Using the identity sin2
t

2
D 1 � cost

2
, we get

x0.t/2 C y0.t/2 D R2.1 � cost/2 CR2 sin2 t D R2.1 � 2 cost C cos2 t C sin2 t/

D R2.1 � 2 cost C 1/ D 2R2.1 � cost/ D 4R2 sin2
t

2

One arch of the cycloid is traced ast varies from0 to 2� . Hence, using the formula for the arc length we obtain:

S D
Z 2�

0

q
x0.t/2 C y0.t/2 dt D

Z 2�

0

r
4R2 sin2

t

2
dt D 2R

Z 2�

0
sin

t

2
dt D 4R

Z �

0
sinudu

D �4R cosu

ˇ̌
ˇ̌
�

0

D �4R.cos� � cos0/ D 8R

12. Find the length of the spiralc.t/ D .t cost; t sint/ for 0 � t � 2� to three decimal places (Figure 1).Hint: Use the formula
Z p

1C t2 dt D 1

2
t
p
1C t2 C 1

2
ln
�
t C

p
1C t2

�

y

x

5

10−10

−10

t = 0

t = 2p

FIGURE 1 The spiralc.t/ D .t cost; t sint/.

SOLUTION We use the formula for the arc length:

S D
Z 2�

0

q
x0.t/2 C y0.t/2 dt (1)

Differentiatingx D t cost andy D t sint yields

x0.t/ D d

dt
.t cost/ D cost � t sint

y0.t/ D d

dt
.t sint/ D sint C t cost

Thus,
q
x0.t/2 C y0.t/2 D

q
.cost � t sint/2 C .sint C t cost/2

D
p

cos2 t � 2t cost sint C t2 sin2 t C sin2 t C 2t sint cost C t2 cos2 t

D
q
.cos2 t C sin2 t/.1C t2/ D

p
1C t2

We substitute into (1) and use the integral given in the hint to obtain the following arc length:

S D
Z 2�

0

p
1C t2 dt D 1

2
t
p
1C t2 C 1

2
ln
�
t C

p
1C t2

� ˇ̌
ˇ̌
2�

0
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D 1

2
� 2�

q
1C .2�/2 C 1

2
ln
�
2� C

q
1C .2�/2

�
�
�
0C 1

2
ln1

�

D �
p
1C 4�2 C 1

2
ln
�
2� C

p
1C 4�2

�
� 21:256

13. Find the length of the tractrix (see Figure 6)

c.t/ D .t � tanh.t/; sech.t//; 0 � t � A

SOLUTION Sincex D t � tanh.t/ andy D sech.t/ we havex0 D 1 � sech2.t/ andy0 D �sech.t/ tanh.t/. Hence,

x0.t/2 C y0.t/2 D .1 � sech2.t//
2 C sech2.t/tanh2.t/

D 1 � 2 sech2.t/C sech4.t/C sech2.t/tanh2.t/

D 1 � 2 sech2.t/C sech2.t/.sech2.t/C tanh2.t//

D 1 � 2 sech2.t/C sech2.t/ D 1 � sech2.t/ D tanh2.t/

Hence, using the formula for the arc length we get:

S D
Z A

0

q
x0.t/2 C y0.t/2 dt D

Z A

0

q
tanh2.t/ dt D

Z A

0
tanh.t/ dt D ln.cosh.t//

ˇ̌
ˇ̌
A

0

D ln.cosh.A//� ln.cosh.0// D ln.cosh.A//� ln 1 D ln.cosh.A//

14. Find a numerical approximation to the length ofc.t/ D .cos5t; sin3t/ for 0 � t � 2� (Figure 2).

y

x

1

1

FIGURE 2

SOLUTION Sincex D cos5t andy D sin3t , we have

x0.t/ D �5 sin5t; y0.t/ D 3 cos3t

so that

x0.t/2 C y0.t/2 D 25 sin2 5t C 9 cos2 3t

Then the arc length is

Z 2�

0

q
x0.t/2 C y0.t/2 dt D

Z 2�

0

p
25 sin2 5t C 9 cos2 3t dt � 24:60296

In Exercises 15–18, determine the speeds at timet (assume units of meters and seconds).

15. .t3; t2/, t D 2

SOLUTION We havex.t/ D t3; y.t/ D t2 hencex0.t/ D 3t2; y0.t/ D 2t . The speed of the particle at timet is thus,ds
dt

D
q
x0.t/2 C y0.t/2 D

p
9t4 C 4t2 D

At time t D 2 the speed is

ds

dt

ˇ̌
ˇ̌
tD2

D 2
p
9 � 22 C 4 D 2

p
40 D 4

p
10 � 12:65 m=s:

16. .3 sin5t; 8 cos5t/, t D �
4
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SOLUTION We havex D 3 sin5t , y D 8 cos5t , hencex0 D 15 cos5t , y0 D �40 sin5t . Thus, the speed of the particle at timet
is

ds

dt
D
q
x0.t/2 C y0.t/2 D

p
225 cos2 5t C 1600 sin2 5t

D
q
225.cos2 5t C sin2 5t/C 1375 sin2 5t D 5

p
9C 55 sin2 5t

Thus,

ds

dt
D 5

p
9C 55 sin2 5t:

The speed at timet D �
4 is thus

ds

dt

ˇ̌
ˇ̌
tD�=4

D 5

r
9C 55 sin2

�
5 � �

4

�
Š 30:21 m=s

17. .5t C 1; 4t � 3/, t D 9

SOLUTION Sincex D 5t C 1, y D 4t � 3, we havex0 D 5 andy0 D 4. The speed of the particle at timet is

ds

dt
D
p
x0.t/C y0.t/ D

p
52 C 42 D

p
41 � 6:4 m=s:

We conclude that the particle has constant speed of6:4 m=s.

18. .ln.t2 C 1/; t3/, t D 1

SOLUTION We havex D ln.t2 C 1/, y D t3, sox0 D 2t

t2 C 1
andy0 D 3t2. The speed of the particle at timet is thus

ds

dt
D
q
x0.t/2 C y0.t/2 D

s
4t2

.t2 C 1/
2

C 9t4 D t

s
4

.t2 C 1/
2

C 9t2:

The speed at timet D 1 is

ds

dt

ˇ̌
ˇ̌
tD1

D
r
4

22
C 9 D

p
10 � 3:16 m=s:

19. Find the minimum speed of a particle with trajectoryc.t/ D .t3 � 4t; t2 C 1/ for t � 0. Hint: It is easier to find the minimum
of the square of the speed.

SOLUTION We first find the speed of the particle. We havex.t/ D t3 � 4t , y.t/ D t2 C 1, hencex0.t/ D 3t2 � 4 andy0.t/ D 2t .
The speed is thus

ds

dt
D
q
.3t2 � 4/

2 C .2t/2 D
p
9t4 � 24t2 C 16C 4t2 D

p
9t4 � 20t2 C 16:

The square root function is an increasing function, hence the minimum speed occurs at the value oft where the function
f .t/ D 9t4 � 20t2 C 16 has minimum value. Since lim

t!1
f .t/ D 1, f has a minimum value on the interval0 � t < 1, and it

occurs at a critical point or at the endpointt D 0. We find the critical point off on t � 0:

f 0.t/ D 36t3 � 40t D 4t.9t2 � 10/ D 0 ) t D 0; t D
r
10

9
:

We compute the values off at these points:

f .0/ D 9 � 04 � 20 � 02 C 16 D 16

f

 r
10

9

!
D 9

 r
10

9

!4
� 20

 r
10

9

!2
C 16 D 44

9
� 4:89

We conclude that the minimum value off on t � 0 is 4:89. The minimum speed is therefore
�
ds

dt

�

min
�

p
4:89 � 2:21:

20. Find the minimum speed of a particle with trajectoryc.t/ D .t3; t�2/ for t � 0:5.
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SOLUTION We first compute the speed of the particle. Sincex.t/ D t3 andy.t/ D t�2, we havex0.t/ D 3t2 andy0.t/ D �2t�3.
The speed is

ds

dt
D
q
x0.t/2 C y0.t/2 D

p
9t4 C 4t�6:

The square root function is an increasing function, hence the minimum value ofds
dt

occurs at the point where the function

f .t/ D 9t4 C 4t�6 attains its minimum value. We find the critical points off on the intervalt � 0:5:

f 0.t/ D 36t3 � 24t�7 D 0

3t10 � 2 D 0 ) t D 10

r
2

3
� 0:96

Since lim
t!1

f .t/ D 1, the minimum value on0:5 � t < 1 exists, and it occurs at the critical pointt D 0:96 or at the endpoint

t D 0:5. We compute the values off at these points:

f .0:96/ D 9 � .0:96/4 C 4 � .0:96/�6 D 12:75

f .0:5/ D 9.0:5/4 C 4.0:5/�6 D 256:56

We conclude that the minimum value off on the intervalt � 0:5 is 12:75. The minimum speed fort � 0:5 is therefore
�
ds

dt

�

min
D

p
12:75 � 3:57

21. Find the speed of the cycloidc.t/ D .4t � 4 sint; 4 � 4 cost/ at points where the tangent line is horizontal.

SOLUTION We first find the points where the tangent line is horizontal. The slope of the tangent line is the following quotient:

dy

dx
D dy=dt

dx=dt
D 4 sin t

4 � 4 cost
D sint

1 � cost
:

To find the points where the tangent line is horizontal we solve the following equation fort � 0:

dy

dx
D 0;

sint

1 � cost
D 0 ) sint D 0 and cost ¤ 1:

Now, sint D 0 andt � 0 at the pointst D �k, k D 0; 1; 2; : : : : Since cos�k D .�1/k , the points where cost ¤ 1 aret D �k for
k odd. The points where the tangent line is horizontal are, therefore:

t D �.2k � 1/; k D 1; 2; 3; : : :

The speed at timet is given by the following expression:

ds

dt
D
q
x0.t/2 C y0.t/2 D

q
.4� 4 cost/2 C .4 sint/2

D
p
16 � 32 cost C 16 cos2 t C 16 sin2 t D

p
16 � 32 cost C 16

D
p
32.1 � cost/ D

r
32 � 2 sin2

t

2
D 8

ˇ̌
ˇ̌sin t

2

ˇ̌
ˇ̌

That is, the speed of the cycloid at timet is

ds

dt
D 8

ˇ̌
ˇ̌sin t

2

ˇ̌
ˇ̌ :

We now substitute

t D �.2k � 1/; k D 1; 2; 3; : : :

to obtain

ds

dt
D 8

ˇ̌
ˇ̌sin �.2k � 1/

2

ˇ̌
ˇ̌ D 8j.�1/kC1j D 8

22. Calculate the arc length integrals.t/ for the logarithmic spiralc.t/ D .et cost; et sint/.

SOLUTION We havex0.t/ D et .cost � sint/, y0.t/ D et .cost C sint/ so that

x0.t/2 C y0.t/2 D e2t .cos2 t � 2 cost sint C sin2 t C cos2 t C 2 cost sint C sin2 t/ D 2e2t .cos2 t C sin2 t/ D 2e2t
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so that the arc length integral is

Z b

a

q
x0.t/2 C y0.t/2 dt D

p
2

Z b

a
et dt

If neithera norb is ˙1, then this equals
p
2.eb � ea/. Note that the origin corresponds tot D �1.

In Exercises 23–26, plot the curve and use the Midpoint Rule withN D 10, 20, 30, and 50 to approximate its length.

23. c.t/ D .cost; esint / for 0 � t � 2�

SOLUTION The curve ofc.t/ D .cost; esint / for 0 � t � 2� is shown in the figure below:

y

t = 0, t = 2π, (1, 1)t = π, (−1, 1)

x

t =     (0, e)π 
2

t =      (0,    )3π 
2

1 
e

c.t/ D .cost; esint /, 0 � t � 2�:

The length of the curve is given by the following integral:

S D
Z 2�

0

q
x0.t/2 C y0.t/2 dt D

Z 2�

0

q
.� sin t/2 C .cost esint /

2
dt:

That is, S D
R 2�
0

p
sin2 t C cos2 t e2 sint dt . We approximate the integral using the Mid-Point Rule withN D 10; 20;

30; 50. Forf .t/ D
p

sin2 t C cos2 t e2 sint we obtain

.N D 10/W x D 2�

10
D �

5
; ci D

�
i � 1

2

�
� �
5

M10 D �

5

10X

iD1
f .ci / D 6:903734

.N D 20/W �x D 2�

20
D �

10
; ci D

�
i � 1

2

�
� �
10

M20 D �

10

20X

iD1
f .ci / D 6:915035

.N D 30/W �x D 2�

30
D �

15
; ci D

�
i � 1

2

�
� �
15

M30 D �

15

30X

iD1
f .ci / D 6:914949

.N D 50/W �x D 2�

50
D �

25
; ci D

�
i � 1

2

�
� �
25

M50 D �

25

50X

iD1
f .ci / D 6:914951

24. c.t/ D .t � sin2t; 1 � cos2t/ for 0 � t � 2�

SOLUTION The curve is shown in the figure below:

62 4

2

1

x

y

c.t/ D .t � sin2t; 1 � cos2t/, 0 � t � 2�:
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The length of the curve is given by the following integral:

S D
Z 2�

0

q
.1 � 2 cos2t/2 C .2 sin2t/2 dt D

Z 2�

0

p
1 � 4 cos2t C 4 cos2 2t C 4 sin2 2t dt D

Z 2�

0

p
5 � 4 cos2t dt:

That is,

S D
Z 2�

0

p
5 � 4 cos2t dt:

Approximating the length using the Mid-Point Rule withN D 10; 20; 30; 50 for f .t/ D
p
5 � 4 cos2t we obtain

.N D 10/W �x D 2�

10
D �

5
; ci D

�
i � 1

2

�
� �
5

M10 D �

5

10X

iD1
f .ci / D 13:384047

.N D 20/W �x D 2�

20
D �

10
; ci D

�
i � 1

2

�
� �
10

M20 D �

10

20X

iD1
f .ci / D 13:365095

.N D 30/W �x D 2�

30
D �

15
; ci D

�
i � 1

2

�
� �
15

M30 D �

15

30X

iD1
f .ci / D 13:364897

.N D 50/W �x D 2�

50
D �

25
; ci D

�
i � 1

2

�
� �
25

M50 D �

25

50X

iD1
f .ci / D 13:364893

25. The ellipse
�x
5

�2
C
�y
3

�2
D 1

SOLUTION We use the parametrization given in Example 5, section 11.1, that is,c.t/ D .5 cost; 3 sint/, 0 � t � 2� . The curve
is shown in the figure below:

y

t = 0
t = 2π x

c.t/ D .5 cost; 3 sint/, 0 � t � 2�:

The length of the curve is given by the following integral:

S D
Z 2�

0

q
x0.t/2 C y0.t/2 dt D

Z 2�

0

q
.�5 sin t/2 C .3 cost/2 dt

D
Z 2�

0

p
25 sin2 t C 9 cos2 t dt D

Z 2�

0

q
9.sin2 t C cos2 t/C 16 sin2 t dt D

Z 2�

0

p
9C 16 sin2 t dt:

That is,

S D
Z 2�

0

p
9C 16 sin2 t dt:

We approximate the integral using the Mid-Point Rule withN D 10; 20; 30; 50, for f .t/ D
p
9C 16 sin2 t . We obtain

.N D 10/W �x D 2�

10
D �

5
; ci D

�
i � 1

2

�
� �
5
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M10 D �

5

10X

iD1
f .ci / D 25:528309

.N D 20/W �x D 2�

20
D �

10
; ci D

�
i � 1

2

�
� �
10

M20 D �

10

20X

iD1
f .ci / D 25:526999

.N D 30/W �x D 2�

30
D �

15
; ci D

�
i � 1

2

�
� �
15

M30 D �

15

30X

iD1
f .ci / D 25:526999

.N D 50/W �x D 2�

50
D �

25
; ci D

�
i � 1

2

�
� �
25

M50 D �

25

50X

iD1
f .ci / D 25:526999

26. x D sin2t , y D sin3t for 0 � t � 2�

SOLUTION The curve is shown in the figure below:

y

x

c.t/ D .sin 2t; sin3t/, 0 � t � 2�:

The length of the curve is given by the following integral:

S D
Z 2�

0

q
x0.t/2 C y0.t/2 dt D

Z 2�

0

q
.2 cos2t/2 C .3 cos3t/2 dt D

Z 2�

0

p
4 cos2 2t C 9 cos2 3t dt:

We approximate the length using the Mid-Point Rule withN D 10; 20; 30; 50 for f .t/ D
p
4 cos2 2t C 9 cos2 3t . We obtain

.N D 10/W �x D 2�

10
D �

5
; ci D

�
i � 1

2

�
� �
5

M10 D �

5

10X

iD1
f .ci / D 15:865169

.N D 20/W �x D 2�

20
D �

10
; ci D

�
i � 1

2

�
� �
10

M20 D �

10

20X

iD1
f .ci / D 15:324697

.N D 30/W �x D 2�

30
D �

15
; ci D

�
i � 1

2

�
� �
15

M30 D �

15

30X

iD1
f .ci / D 15:279322

.N D 50/W �x D 2�

50
D �

25
; ci D

�
i � 1

2

�
� �
25

M50 D �

25

50X

iD1
f .ci / D 15:287976
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27. If you unwind thread from a stationary circular spool, keeping the thread taut at all times, then the endpoint traces a curveC

called theinvolute of the circle (Figure 3). Observe thatPQ has lengthR� . Show thatC is parametrized by

c.�/ D
�
R.cos� C � sin�/;R.sin� � � cos�/

�

Then find the length of the involute for0 � � � 2�.

P = (x, y)

y

q x

R

Q

FIGURE 3 Involute of a circle.

SOLUTION Suppose that the arcbQT corresponding to the angle� is unwound. Then the length of the segmentQP equals the
length of this arc. That is,QP D R� . With the help of the figure we can see that

x D OAC AB D OAC EP D R cos� CQP sin � D R cos� CR� sin� D R.cos� C � sin�/:

Furthermore,

y D QA�QE D R sin � �QP cos� D R sin� � R� cos� D R.sin� � � cos�/

The coordinates ofP with respect to the parameter� form the following parametrization of the curve:

c.�/ D .R.cos� C � sin�/; R.sin� � � cos�//; 0 � � � 2�:

We find the length of the involute for0 � � � 2� , using the formula for the arc length:

S D
Z 2�

0

q
x0.�/2 C y0.�/2 d�:

We compute the integrand:

x0.�/ D d

d�
.R.cos� C � sin�// D R.� sin� C sin� C � cos�/ D R� cos�

y0.�/ D d

d�
.R.sin� � � cos�// D R.cos� � .cos� � � sin�// D R� sin�

q
x0.�/2 C y0.�/2 D

q
.R� cos�/2 C .R� sin�/2 D

q
R2�2.cos2 � C sin2 �/ D

p
R2�2 D R�

We now compute the arc length:

S D
Z 2�

0
R� d� D R�2

2

ˇ̌
ˇ̌
2�

0

D R � .2�/2

2
D 2�2R:

28. Let a > b and set

k D

s

1 � b2

a2

Use a parametric representation to show that the ellipse
�
x
a

�2 C
�y
b

�2 D 1 has lengthL D 4aG
�
�
2 ; k

�
, where

G.�; k/ D
Z �

0

p
1 � k2 sin2 t dt

is theelliptic integral of the second kind.

SOLUTION Since the ellipse is symmetric with respect to thex andy axis, its lengthL is four times the length of the part of
the ellipse which is in the first quadrant. This part is represented by the following parametrization:x.t/ D a sint , y.t/ D b cost ,
0 � t � �

2 : Using the formula for the arc length we get:

L D 4

Z �=2

0

q
x0.t/2 C y0.t/2 dt D 4

Z �=2

0

q
.a cost/2 C .�b sint/2 dt
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D 4

Z �=2

0

p
a2 cos2 t C b2 sin2 t dt

We rewrite the integrand as follows:

L D 4

Z �=2

0

q
a2 cos2 t C a2 sin2 t C .b2 � a2/ sin2 t dt

D 4

Z �=2

0

q
a2.cos2 t C sin2 t/C .b2 � a2/ sin2 t dt

D 4

Z �=2

0

q
a2 C .b2 � a2/ sin2 t dt D 4a

Z �=2

0

s
a2

a2
C b2 � a2

a2
sin2 t dt

D 4a

Z �=2

0

s
1 �

�
1 � b2

a2

�
sin2 t dt D 4a

Z �=2

0

p
1 � k2 sin2 t dt D 4aG

��
2
; k
�

wherek D
q
1 � b2

a2 .

In Exercises 29–32, use Eq. (4) to compute the surface area of the given surface.

29. The cone generated by revolvingc.t/ D .t;mt/ about thex-axis for0 � t � A

SOLUTION Substitutingy.t/ D mt , y0.t/ D m, x0.t/ D 1, a D 0, andb D 0 in the formula for the surface area, we get

S D 2�

Z A

0
mt
p
1Cm2 dt D 2�

p
1Cm2m

Z A

0
t dt D 2�m

p
1Cm2 � t

2

2

ˇ̌
ˇ̌
A

0

D m
p
1Cm2�A2

30. A sphere of radiusR

SOLUTION The sphere of radiusR is generated by revolving the half circlec.t/ D .R cost; R sint/, 0 � t � � about thex-axis.
We havex.t/ D R cost , x0.t/ D �R sint , y.t/ D R sint , y0.t/ D R cost . Using the formula for the surface area, we get

S D 2�

Z �

0
y.t/

q
x0.t/2 C y0.t/2 dt D 2�

Z �

0
R sint

p
R2 sin2 t CR2 cos2 t dt

D 2�R2
Z �

0
sint dt D �2�R2 cost

ˇ̌
ˇ̌
�

0

D �2�R2.�1 � 1/ D 4�R2

31. The surface generated by revolving one arch of the cycloidc.t/ D .t � sint; 1 � cost/ about thex-axis

SOLUTION One arch of the cycloid is traced ast varies from0 to 2� . Sincex.t/ D t � sint andy.t/ D 1 � cost , we have
x0.t/ D 1 � cost andy0.t/ D sint . Hence, using the identity1 � cost D 2 sin2 t2 , we get

x0.t/2 C y0.t/2 D .1� cost/2 C sin2 t D 1 � 2 cost C cos2 t C sin2 t D 2 � 2 cost D 4 sin2
t

2

By the formula for the surface area we obtain:

S D 2�

Z 2�

0
y.t/

q
x0.t/2 C y0.t/2 dt D 2�

Z 2�

0
.1 � cost/ � 2 sin

t

2
dt

D 2�

Z 2�

0
2 sin2

t

2
� 2 sin

t

2
dt D 8�

Z 2�

0
sin3

t

2
dt D 16�

Z �

0
sin3 udu

We use a reduction formula to compute this integral, obtaining

S D 16�

�
1

3
cos3 u � cosu

� ˇ̌
ˇ̌
�

0

D 16�

�
4

3

�
D 64�

3

32. The surface generated by revolving the astroidc.t/ D .cos3 t; sin3 t/ about thex-axis for0 � t � �
2

SOLUTION We havex.t/ D cos3 t , y.t/ D sin3 t , x0.t/ D �3 cos2 t sint , y0.t/ D 3 sin2 t cost . Hence,

x0.t/2 C y0.t/2 D 9 cos4 t sin2 t C 9 sin4 t cos2 t D 9 cos2 t sin2 t.cos2 t C sin2 t/ D 9 cos2 t sin2 t

Using the formula for the surface area we get

S D 2�

Z �=2

0
y.t/

q
x0.t/2 C y0.t/2 dt D 2�

Z �=2

0
sin3 t � 3 cost sint dt D 6�

Z �=2

0
sin4 t cost dt

We compute the integral using the substitutionu D sint du D cost dt . We obtain

S D 6�

Z 1

0
u4 du D 6�

u5

5

ˇ̌
ˇ̌
1

0

D 6�

5
:
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Further Insights and Challenges

33. Let b.t/ be the “Butterfly Curve”:

x.t/ D sint

 
ecost � 2 cos4t � sin

�
t

12

�5!

y.t/ D cost

 
ecost � 2 cos4t � sin

�
t

12

�5!

(a) Use a computer algebra system to plotb.t/ and the speeds0.t/ for 0 � t � 12�.

(b) Approximate the lengthb.t/ for 0 � t � 10�.

SOLUTION

(a) Let f .t/ D ecost � 2 cos4t � sin
�
t
12

�5
, then

x.t/ D sintf .t/

y.t/ D costf .t/

and so

.x0.t//2 C .y0.t//2 D Œsintf 0.t/C costf .t/�2 C Œcostf 0.t/� sintf .t/�2

Using the identity sin2 t C cos2 t D 1, we get

.x0.t//2 C .y0.t//2 D .f 0.t//2 C .f .t//2:

Thus,s0.t/ is the following:
vuut
"
ecost � 2 cos4t � sin

�
t

12

�5#2
C
"

� sin tecost C 8 sin4t � 5

12

�
t

12

�4
cos

�
t

12

�5#2
:

The following figures show the curves ofb.t/ and the speeds0.t/ for 0 � t � 10� :

y

x
t = 10p

t = 0

302010

15

20

10

5

x

y

The “Butterfly Curve”b.t/, 0 � t � 10� s0.t/, 0 � t � 10�

Looking at the graph, we see it would be difficult to compute the length using numeric integration; due to the high frequency
oscillations, very small steps would be needed.

(b) The length ofb.t/ for 0 � t � 10� is given by the integral:L D
R 10�
0 s0.t/ dt wheres0.t/ is given in part (a). We approximate

the length using the Midpoint Rule withN D 30. The numerical methods in Mathematica approximate the answer by211:952.
Using the Midpoint Rule withN D 50, we get204:48; with N D 500, we get211:6; and withN D 5000, we get212:09.

34. Let a � b > 0 and setk D 2
p
ab

a � b . Show that thetrochoid

x D at � b sint; y D a � b cost; 0 � t � T

has length2.a � b/G
�
T
2 ; k

�
with G.�; k/ as in Exercise 28.

SOLUTION We havex0.t/ D a � b cost , y0.t/ D b sint . Hence,

x0.t/2 C y0.t/2 D .a � b cost/2 C .b sint/2 D a2 � 2ab cost C b2 cos2 t C b2 sin2 t

D a2 C b2 � 2ab cost
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The length of the trochoid for0 � t � T is

L D
Z T

0

p
a2 C b2 � 2ab cost dt

We rewrite the integrand as follows to bring it to the required form. We use the identity1 � cost D 2 sin2 t2 to obtain

L D
Z T

0

q
.a � b/2 C 2ab � 2ab cost dt D

Z T

0

q
.a � b/2 C 2ab.1 � cost/ dt

D
Z T

0

r
.a � b/2 C 4ab sin2

t

2
dt D

Z T

0

s
.a � b/2

�
1C 4ab

.a � b/2
sin2

t

2

�
dt

D .a � b/

Z T

0

r
1C k2 sin2

t

2
dt

(wherek D 2
p
ab

a�b ).

Substitutingu D t
2 , du D 1

2 dt , we get

L D 2.a � b/
Z T=2

0

p
1C k2 sin2 udu D 2.a � b/G.T=2; k/

35. A satellite orbiting at a distanceR from the center of the earth follows the circular pathx D R cos!t , y D R sin!t .

(a) Show that the periodT (the time of one revolution) isT D 2�=!.

(b) According to Newton’s laws of motion and gravity,

x00.t/ D �Gme
x

R3
; y00.t/ D �Gme

y

R3

whereG is the universal gravitational constant andme is the mass of the earth. Prove thatR3=T 2 D Gme=4�
2. Thus,R3=T 2 has

the same value for all orbits (a special case of Kepler’s Third Law).

SOLUTION

(a) As shown in Example 4, the circular path has constant speed ofds
dt

D !R. Since the length of one revolution is2�R, the period
T is

T D 2�R

!R
D 2�

!
:

(b) Differentiatingx D R cos!t twice with respect tot gives

x0.t/ D �R! sin!t

x00.t/ D �R!2 cos!t

Substitutingx.t/ andx00.t/ in the equationx00.t/ D �Gme
x

R3
and simplifying, we obtain

�R!2 cos!t D �Gme � R cos!t

R3

�R!2 D �Gme
R2

) R3 D Gme

!2

By part (a),T D 2�

!
. Hence,! D 2�

T
. Substituting yields

R3 D Gme
4�2

T 2

D T 2Gme

4�2
) R3

T 2
D Gme

4�2

36. The acceleration due to gravity on the surface of the earth is

g D Gme

R2e
D 9:8 m/s2; whereRe D 6378 km

Use Exercise 35(b) to show that a satellite orbiting at the earth’s surface would have periodTe D 2�
p
Re=g � 84:5 min.

Then estimate the distanceRm from the moon to the center of the earth. Assume that the period of the moon (sidereal month) is
Tm � 27:43 days.
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SOLUTION By part (b) of Exercise 35, it follows that

R3e

T 2e
D Gme

4�2
) T 2e D 4�2R3e

Gme
D 4�2Re

Gme

R2
e

D 4�2Re

g

Hence,

Te D 2�

s
Re

g
D 2�

s
6378 � 103

9:8
� 5068:8 s � 84:5 min:

In part (b) of Exercise 35 we showed that
R3

T 2
is the same for all orbits. It follows that this quotient is the same for the satellite

orbiting at the earth’s surface and for the moon orbiting around the earth. Thus,

R3m

T 2m
D R3e

T 2e
) Rm D Re

�
Tm

Te

�2=3
:

SettingTm D 27:43 � 1440 D 39;499:2 minutes,Te D 84:5 minutes, andRe D 6378 km we get

Rm D 6378

�
39;499:2

84:5

�2=3
� 384;154 km:

11.3 Polar Coordinates

Preliminary Questions
1. PointsP andQ with the same radial coordinate (choose the correct answer):

(a) Lie on the same circle with the center at the origin.

(b) Lie on the same ray based at the origin.

SOLUTION Two points with the same radial coordinate are equidistant from the origin, therefore they lie on the same circle
centered at the origin. The angular coordinate defines a ray based at the origin. Therefore, if the two points have the same angular
coordinate, they lie on the same ray based at the origin.

2. Give two polar representations for the point.x; y/ D .0; 1/, one with negativer and one with positiver .

SOLUTION The point.0; 1/ is on they-axis, distant one unit from the origin, hence the polar representation with positiver is
.r; �/ D

�
1; �2

�
. The point.r; �/ D

�
�1; �2

�
is the reflection of.r; �/ D

�
1; �2

�
through the origin, hence we must add� to return

to the original point.
We obtain the following polar representation of.0; 1/ with negativer :

.r; �/ D
�
�1; �

2
C �

�
D
�

�1; 3�
2

�
:

3. Describe each of the following curves:

(a) r D 2 (b) r2 D 2 (c) r cos� D 2

SOLUTION

(a) Converting to rectangular coordinates we get
q
x2 C y2 D 2 or x2 C y2 D 22:

This is the equation of the circle of radius2 centered at the origin.

(b) We convert to rectangular coordinates, obtainingx2 C y2 D 2. This is the equation of the circle of radius
p
2, centered at the

origin.

(c) We convert to rectangular coordinates. Sincex D r cos� we obtain the following equation:x D 2. This is the equation of the
vertical line through the point.2; 0/.

4. If f .��/ D f .�/, then the curver D f .�/ is symmetric with respect to the (choose the correct answer):

(a) x-axis (b) y-axis (c) origin

SOLUTION The equalityf .��/ D f .�/ for all � implies that whenever a point.r; �/ is on the curve, also the point.r;��/ is on
the curve. Since the point.r;��/ is the reflection of.r; �/ with respect to thex-axis, we conclude that the curve is symmetric with
respect to thex-axis.
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Exercises
1. Find polar coordinates for each of the seven points plotted in Figure 1.

x

(x, y) = (2�3, 2) 

y

4

4

A

B

C D

G

E F

FIGURE 1

SOLUTION We mark the points as shown in the figure.

x

A
y

F(2  3, 2)

G(2  3, −2)

B
C D

E

Using the data given in the figure for thex andy coordinates and the quadrants in which the point are located, we obtain:

(A), with rectangular coordinates.�3; 3/: r D
q
.�3/2 C 32 D

p
18

� D � � �
4 D 3�

4

) .r; �/ D
�
3
p
2; 3�4

�

x

A
y

3  2
3π 
4

(B), with rectangular coordinates.�3; 0/: r D 3

� D �
) .r; �/ D .3; �/

x

y

3B

π

(C), with rectangular coordinates.�2;�1/:

r D
p
22 C 12 D

p
5 � 2:2

� D tan�1
�

�1
�2
�

D tan�1
�
1
2

�
D � C 0:46 � 3:6

) .r; �/ �
�p

5; 3:6
�

x

y

C

3.6

2.2

(D), with rectangular coordinates.�1;�1/: r D
p
12 C 12 D

p
2 � 1:4

� D � C �
4 D 5�

4

) .r; �/ �
�p

2; 5�4

�
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x

y

D

5π 
4

1.4

(E), with rectangular coordinates.1; 1/:
r D

p
12 C 12 D

p
2 � 1:4

� D tan�1
�
1
1

�
D �

4

) .r; �/ �
�p

2; �4

�

x

y

E π 
41.4

(F), with rectangular coordinates.2
p
3; 2/:

r D
r�

2
p
3
�2

C 22 D
p
16 D 4

� D tan�1
�

2

2
p
3

�
D tan�1

�
1p
3

�
D �

6

) .r; �/ D
�
4; �6

�

x

y

F(2  3, 2)

π 
6

4

(G), with rectangular coordinates.2
p
3;�2/: G is the reflection ofF about thex axis, hence the two points have equal radial

coordinates, and the angular coordinate ofG is obtained from the angular coordinate ofF : � D 2� � �
6 D 11�

6 . Hence, the

polar coordinates ofG are
�
4; 11�6

�
.

2. Plot the points with polar coordinates:

(a)
�
2; �6

�
(b)

�
4; 3�4

�
(c)

�
3;��

2

�
(d)

�
0; �6

�

SOLUTION We first plot the ray� D �0 for the given angle�0, and then mark the point on this line distancedr D r0 from the
origin. We obtain the following points:

y

x

π
6

π
6(2,     )

2

y

x

3π
4(4,     )

3π
44

y

x

3
π
2(3, −    )

π
2

−

y

x
π
6(0,    )

π
6

(a) (b) (c) (d)

R D 0 is the point.0; 0/ in rect. coords.

3. Convert from rectangular to polar coordinates.

(a) .1; 0/ (b) .3;
p
3/ (c) .�2; 2/ (d) .�1;

p
3/

SOLUTION

(a) The point.1; 0/ is on the positivex axis distanced one unit from the origin. Hence,r D 1 and� D 0. Thus,.r; �/ D .1; 0/.

(b) The point
�
3;

p
3
�

is in the first quadrant so� D tan�1
�p

3
3

�
D �

6 . Also, r D
r
32 C

�p
3
�2

D
p
12: Hence,

.r; �/ D
�p

12; �6

�
.

(c) The point.�2; 2/ is in the second quadrant. Hence,

� D tan�1
�
2

�2

�
D tan�1.�1/ D � � �

4
D 3�

4
:

Also,r D
q
.�2/2 C 22 D

p
8: Hence,.r; �/ D

�p
8; 3�4

�
:
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(d) The point
�
�1;

p
3
�

is in the second quadrant, hence,

� D tan�1
 p

3

�1

!
D tan�1

�
�

p
3
�

D � � �

3
D 2�

3
:

Also,r D
r
.�1/2 C

�p
3
�2

D
p
4 D 2. Hence,.r; �/ D

�
2; 2�3

�
.

4. Convert from rectangular to polar coordinates using a calculator (make sure your choice of� gives the correct quadrant).

(a) .2; 3/ (b) .4;�7/ (c) .�3;�8/ (d) .�5; 2/

SOLUTION

(a) The point.2; 3/ is in the first quadrant, withx D 2 andy D 3. Hence

� D tan�1
�
3

2

�
� 0:98

r D
p
22 C 32 D

p
13 � 3:6

) .r; �/ � .3:6; 0:98/ :

(b) The point.4;�7/ is in the fourth quadrant withx D 4 andy D �7. We have

tan�1
��7
4

�
� �1:05

r D
q
.�7/2 C 42 D

p
65 � 8:1

Note that tan�1 an angle less that zero in the fourth quadrant; since we want an angle between0 and 2�, we add2� to get
� � 2� � 1:05 � 5:232. Thus.r; �/ � .8:1; 5:2/.

(c) The point.�3;�8/ is in the third quadrant, withx D �3 andy D �8. We have

tan�1
��8

�3

�
D tan�1

�
8

3

�
� 1:212

r D
q
.�3/2 C .�8/2 D

p
73 � 8:54

Note that tan�1 produced an angle in the first quadrant; we want the third quadrant angle with the same tangent, so we add� to get
� � � C 1:212 � 4:35. Thus.r; �/ � .8:54; 4:35/

(d) The point.�5; 2/ is in the second quadrant, withx D �5 andy D 2. We have

tan�1
�
2

�5

�
� �0:38

r D
q
22 C .�5/2 D

p
29 � 5:39

Note that the angle is in the fourth quadrant; to get the second quadrant angle with the same tangent and in the rangeŒ0; 2�/, we
add� to get� � � � 0:38 � 2:76. Thus.r; �/ � .5:39; 2:76/.

5. Convert from polar to rectangular coordinates:

(a)
�
3; �6

�
(b)

�
6; 3�4

�
(c)

�
0; �5

�
(d)

�
5;��

2

�

SOLUTION

(a) Sincer D 3 and� D �
6 , we have:

x D r cos� D 3 cos
�

6
D 3 �

p
3

2
� 2:6

y D r sin� D 3 sin
�

6
D 3 � 1

2
D 1:5

) .x; y/ � .2:6; 1:5/ :

(b) For
�
6; 3�4

�
we haver D 6 and� D 3�

4 . Hence,

x D r cos� D 6 cos
3�

4
� �4:24

y D r sin� D 6 sin
3�

4
� 4:24

) .x; y/ � .�4:24; 4:24/ :

(c) For
�
0; �5

�
, we haver D 0, so that the rectangular coordinates are.x; y/ D .0; 0/.
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(d) Sincer D 5 and� D ��
2 we have

x D r cos� D 5 cos
�
��
2

�
D 5 � 0 D 0

y D r sin � D 5 sin
�
��
2

�
D 5 � .�1/ D �5

) .x; y/ D .0;�5/

6. Which of the following are possible polar coordinates for the pointP with rectangular coordinates.0;�2/?

(a)
�
2;
�

2

�
(b)

�
2;
7�

2

�

(c)
�

�2;�3�
2

�
(d)

�
�2; 7�

2

�

(e)
�
�2;��

2

�
(f)

�
2;�7�

2

�

SOLUTION The pointP has distance2 from the origin and the angle betweenOP and the positivex-axis in the positive direction

is 3�2 . Hence,.r; �/ D
�
2; 3�2

�
is one choice for the polar coordinates forP .

y

x

P

0

3π 
2

The polar coordinates.2; �/ are possible forP if � � 3�
2 is a multiple of2� . The polar coordinate.�2; �/ are possible forP if

� � 3�
2 is an odd multiple of�. These considerations lead to the following conclusions:

(a)
�
2; �2

�
�
2 � 3�

2 D �� )
�
2; �2

�
does not representP:

(b)
�
2; 7�2

�
7�
2 � 3�

2 D 2� )
�
2; 7�2

�
representsP:

(c)
�
�2;�3�

2

�
�3�
2 � 3�

2 D �3� )
�
�2;�3�

2

�
representsP:

(d)
�
�2; 7�2

�
7�
2 � 3�

2 D 2� )
�
�2; 7�2

�
does not representP:

(e)
�
�2;��

2

�
��
2 � 3�

2 D �2� )
�
�2;��

2

�
does not representP:

(f)
�
2;�7�

2

�
�7�
2 � 3�

2 D �5� )
�
2;�7�

2

�
does not representP:

7. Describe each shaded sector in Figure 2 by inequalities inr and� .

(A) (B) (C)

x x x

y y y

3 5 3 5 3 5

45°

FIGURE 2

SOLUTION

(a) In the sector shown belowr is varying between0 and3 and� is varying between� and2� . Hence the following inequalities
describe the sector:

0 � r � 3

� � � � 2�

(b) In the sector shown belowr is varying between0 and3 and� is varying between�4 and �
2 . Hence, the inequalities for the

sector are:

0 � r � 3

�

4
� � � �

2

(c) In the sector shown belowr is varying between3 and5 and� is varying between3�4 and�. Hence, the inequalities are:

3 � r � 5

3�

4
� � � �
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8. Find the equation in polar coordinates of the line through the origin with slope1
2 .

SOLUTION A line of slopem D 1
2 makes an angle�0 D tan�1 1

2 � 0:46 with the positivex-axis. The equation of the line is
� � 0:46, while r is arbitrary.

9. What is the slope of the line� D 3�
5 ?

SOLUTION This line makes an angle�0 D 3�
5 with the positivex-axis, hence the slope of the line ism D tan3�5 � �3:1.

10. Which of r D 2 sec� andr D 2 csc� defines a horizontal line?

SOLUTION The equationr D 2 csc� is the polar equation of a horizontal line, as it can be written asr D 2= sin� , sor sin� D 2,
which becomesy D 2. On the other hand, the equationr D 2 sec� is the polar equation of a vertical line, as it can be written as
r D 2= cos� , sor cos� D 2, which becomesx D 2.

In Exercises 11–16, convert to an equation in rectangular coordinates.

11. r D 7

SOLUTION r D 7 describes the points having distance7 from the origin, that is, the circle with radius7 centered at the origin.
The equation of the circle in rectangular coordinates is

x2 C y2 D 72 D 49:

12. r D sin�

SOLUTION Multiplying by r and substitutingy D r sin� andr2 D x2 C y2 gives

r2 D r sin�

x2 C y2 D y

We move they and then complete the square to obtain

x2 C y2 � y D 0

x2 C
�
y � 1

2

�2
D
�
1

2

�2

Thus,r D sin� is the equation of a circle of radius12 and center
�
0; 12

�
.

13. r D 2 sin�

SOLUTION We multiply the equation byr and substituter2 D x2 C y2; r sin� D y. This gives

r2 D 2r sin�

x2 C y2 D 2y

Moving the2y and completing the square yield:x2 C y2 � 2y D 0 andx2 C .y � 1/2 D 1. Thus,r D 2 sin� is the equation of a
circle of radius1 centered at.0; 1/.

14. r D 2 csc�

SOLUTION We multiply the equation by sin� and substitutey D r sin�: We get

r sin� D 2

y D 2

Thus,r D 2 csc� is the equation of the liney D 2.

15. r D 1

cos� � sin �

SOLUTION We multiply the equation by cos� � sin� and substitutey D r sin� , x D r cos� . This gives

r .cos� � sin�/ D 1

r cos� � r sin� D 1

x � y D 1 ) y D x � 1. Thus,

r D 1

cos� � sin �

is the equation of the liney D x � 1.
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16. r D 1

2 � cos�
SOLUTION We multiply the equation by2 � cos� . Then we substitutex D r cos� andr D

p
x2 C y2, to obtain

r .2 � cos�/ D 1

2r � r cos� D 1

2

q
x2 C y2 � x D 1

Moving thex, then squaring and simplifying, we obtain

2

q
x2 C y2 D x C 1

4
�
x2 C y2

�
D x2 C 2x C 1

3x2 � 2x C 4y2 D 1

We complete the square:

3

�
x2 � 2

3
x

�
C 4y2 D 1

3

�
x � 1

3

�2
C 4y2 D 4

3

�
x � 1

3

�2

4
9

C y2

1
3

D 1

This is the equation of the ellipse shown in the figure:

x

y

0ππ

π 
2

1.50.5 1

3π 
2

In Exercises 17–20, convert to an equation in polar coordinates.

17. x2 C y2 D 5

SOLUTION We make the substitutionx2 C y2 D r2 to obtain;r2 D 5 or r D
p
5.

18. x D 5

SOLUTION Substitutingx D r cos� gives the polar equationr cos� D 5 or r D 5 sec� .

19. y D x2

SOLUTION Substitutingy D r sin� andx D r cos� yields

r sin� D r2 cos2 �:

Then, dividing byr cos2 � we obtain,

sin�

cos2 �
D r so r D tan� sec�

20. xy D 1

SOLUTION We substitutex D r cos� , y D r sin� to obtain

.r cos�/ .r sin�/ D 1

r2 cos� sin� D 1

Using the identity cos� sin� D 1
2 sin 2� yields

r2 � sin2�

2
D 1 ) r2 D 2 csc2�:
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21. Match each equation with its description.

(a) r D 2 (i) Vertical line
(b) � D 2 (ii) Horizontal line
(c) r D 2 sec� (iii) Circle
(d) r D 2 csc� (iv) Line through origin

SOLUTION

(a) r D 2 describes the points2 units from the origin. Hence, it is the equation of a circle.

(b) � D 2 describes the pointsP so thatOP makes an angle of�0 D 2 with the positivex-axis. Hence, it is the equation of a line
through the origin.

(c) This isr cos� D 2, which isx D 2, a vertical line.

(d) Converting to rectangular coordinates, we getr D 2 csc� , sor sin� D 2 andy D 2. This is the equation of a horizontal line.

22. Find the values of� in the plot ofr D 4 cos� corresponding to pointsA, B, C ,D in Figure 3. Then indicate the portion of the
graph traced out as� varies in the following intervals:

(a) 0 � � � �
2 (b) �

2 � � � � (c) � � � � 3�
2

x

y

2

−2

2 4

C A

B

D

FIGURE 3 Plot of r D 4 cos� .

SOLUTION The pointA is on thex-axis hence� D 0. The pointB is in the first quadrant withx D y D 2 hence� D tan�1
�
2
2

�
D tan�1.1/

The pointC is at the origin. Thus,

r D 0 ) 4 cos� D 0 ) � D �

2
;
3�

2
:

The pointD is in the fourth quadrant withx D 2, y D �2, hence

� D tan�1
��2
2

�
D tan�1.�1/ D 2� � �

4
D 7�

4
:

0 � � � �
2 represents the first quadrant, hence the points.r; �/wherer D 4 cos� and0 � � � �

2 are the points on the circle which
are in the first quadrant, as shown below:

x

y

If we insist thatr � 0, then since�2 � � � � represents the second quadrant and� � � � 3�
2 represents the third quadrant,

and since the circler D 4 cos� has no points in the leftxy -plane, then there are no points for (b) and (c). However, if we allow
r < 0 then (b) represents the semi-circle

x

y

and (c) like (a) represent x

y

23. Suppose thatP D .x; y/ has polar coordinates.r; �/. Find the polar coordinates for the points:

(a) .x;�y/ (b) .�x;�y/ (c) .�x; y/ (d) .y; x/
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SOLUTION

(a) .x;�y/ is the symmetric point of.x; y/ with respect to thex-axis, hence the two points have the same radial coordinate, and
the angular coordinate of.x;�y/ is 2� � � . Hence,.x;�y/ D .r; 2� � �/.

y

x

2p −q

−q

q

(x, y)

(x, −y)

(b) .�x;�y/ is the symmetric point of.x; y/ with respect to the origin. Hence,.�x;�y/ D .r; � C �/.

y

x

p +q
q

(x, y)

(−x, −y)

(c) .�x; y/ is the symmetric point of.x; y/ with respect to they-axis. Hence the two points have the same radial coordinates and
the angular coordinate of.�x; y/ is� � � . Hence,.�x; y/ D .r; � � �/.

q−q

p  − q

y

x

(x, y)(−x, y)

(d) Let .r1; �1/ denote the polar coordinates of.y; x/. Hence,

r1 D
q
y2 C x2 D

q
x2 C y2 D r

tan�1 D x

y
D 1

y=x
D 1

tan�
D cot� D tan

��
2

� �
�

Since the points.x; y/ and .y; x/ are in the same quadrant, the solution for�1 is �1 D �
2 � � . We obtain the following polar

coordinates:.y; x/ D
�
r; �2 � �

�
.

q

−q p

2
− q

y

x

(x, y)

(y, x)

24. Match each equation in rectangular coordinates with its equation in polar coordinates.

(a) x2 C y2 D 4 (i) r2.1 � 2 sin2 �/ D 4

(b) x2 C .y � 1/2 D 1 (ii) r.cos� C sin�/ D 4

(c) x2 � y2 D 4 (iii) r D 2 sin�
(d) x C y D 4 (iv) r D 2
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SOLUTION

(a) Sincex2 C y2 D r2, we haver2 D 4 or r D 2.
(b) Using Example 7, the equation of the circlex2 C .y � 1/2 D 1 has polar equationr D 2 sin� .
(c) Settingx D r cos� , y D r sin� in x2 � y2 D 4 gives

x2 � y2 D r2 cos2 � � r2 sin2 � D r2
�
cos2 � � sin2 �

�
D 4:

We now use the identity cos2 � � sin2 � D 1 � 2 sin2 � to obtain the following equation:

r2
�
1 � 2 sin2 �

�
D 4:

(d) Settingx D r cos� andy D r sin� in x C y D 4 we get:

x C y D 4

r cos� C r sin� D 4

so

r .cos� C sin�/ D 4

25. What are the polar equations of the lines parallel to the liner cos
�
� � �

3

�
D 1?

SOLUTION The liner cos
�
� � �

3

�
D 1, or r D sec

�
� � �

3

�
, is perpendicular to the ray� D �

3 and at distanced D 1 from the
origin. Hence, the lines parallel to this line are also perpendicular to the ray� D �

3 , so the polar equations of these lines are
r D d sec

�
� � �

3

�
or r cos

�
� � �

3

�
D d .

26. Show that the circle with center at
�
1
2 ;
1
2

�
in Figure 4 has polar equationr D sin� C cos� and find the values of� between0

and� corresponding to pointsA;B, C , andD.

A D

B C
x

y

(   ,    )1
2

1
2

FIGURE 4 Plot of r D sin� C cos� .

SOLUTION We show that the rectangular equation ofr D sin� C cos� is

�
x � 1

2

�2
C
�
y � 1

2

�2
D 1

2
:

We multiply the polar equation byr and substituter2 D x2 C y2, r sin� D y, r cos� D x. This gives

r D sin� C cos�

r2 D r sin� C r cos�

x2 C y2 D y C x

Transferring sides and completing the square yields

x2 � x C y2 � y D 0

�
x � 1

2

�2
C
�
y � 1

2

�2
D 1

4
C 1

4
D 1

2

Clearly pointC corresponds to� D 0 since cos0C sin0 D 1. The circle is traced out counterclockwise as� increases to�, soA
corresponds to� D �

2 since again cos�2 C sin �
2 D 0. Next,D clearly corresponds to� D �

4 , and indeed cos�4 C sin �
4 D

p
2,

which is the diameter of the circle. Finally, pointA corresponds to� D 3�
4 , since there cos� D � sin� .

27. Sketch the curver D 1
2� (the spiral of Archimedes) for� between0 and2� by plotting the points for� D 0; �4 ;

�
2 ; : : : ; 2�.

SOLUTION We first plot the following points.r; �/ on the spiral:

O D .0; 0/ ; A D
��
8
;
�

4

�
; B D

��
4
;
�

2

�
; C D

�
3�

8
;
3�

4

�
; D D

��
2
; �
�
;

E D
�
5�

8
;
5�

4

�
; F D

�
3�

4
;
3�

2

�
; G D

�
7�

8
;
7�

4

�
; H D .�; 2�/ :
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p

4
3p

4

3p

2

5p

4
7p

4

p

2

O

D

E

A

G

C
B

0
2p

p
H

F

Sincer.0/ D 0
2 D 0, the graph begins at the origin and moves toward the pointsA;B; C;D;E;F;G andH as� varies from� D 0

to the other values stated above. Connecting the points in this direction we obtain the following graph for0 � � � 2� :

p

4
3p

4

3p

2

5p

4
7p

4

p

2

O

D

E

A

G

C
B

0
2p

p
H

F

28. Sketchr D 3 cos� � 1 (see Example 8).

SOLUTION We first choose some values of� between0 and � and mark the corresponding points on the graph. Then
we use symmetry (due to cos.2� � �/ D cos�) to plot the other half of the graph by reflecting the first half through the
x-axis. Sincer D 3 cos� � 1 is periodic, the entire curve is obtained as� varies from0 to 2� . We start with the values
� D 0; �6 ;

�
3 ;

�
2 ;

2�
3 ;

5�
6 ; �, and compute the corresponding values ofr :

r D 3 cos0 � 1 D 3 � 1 D 2 ) A D .2; 0/

r D 3 cos
�

6
� 1 D 3

p
3

2
� 1 � 1:6 ) B D

�
1:6;

�

6

�

r D 3 cos
�

3
� 1 D 3

2
� 1 D 0:5 ) C D

�
0:5;

�

3

�

r D 3 cos
�

2
� 1 D 3 � 0 � 1 D �1 ) D D

�
�1; �

2

�

r D 3 cos
2�

3
� 1 D �2:5 ) E D

�
�2:5; 2�

3

�

r D 3 cos
5�

6
� 1 D �3:6 ) F D

�
�3:6; 5�

6

�

r D 3 cos� � 1 D �4 ) G D .�4; �/

The graph begins at the point.r; �/ D .2; 0/ and moves toward the other points in this order, as� varies from0 to �. Sincer is
negative for�2 � � � � , the curve continues into the fourth quadrant, rather than into the second quadrant. We obtain the following
graph:

0π A

BC

D

E
F

G

π 
3

π 
2

π 
6

2π 
3

5π 
6

Now we have half the curve and we use symmetry to plot the rest. Reflecting the first half through thex axis we obtain the whole
curve:
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4
x

y

1

2

A

BC

D

E
F

G

29. Sketch the cardioid curver D 1C cos� .

SOLUTION Since cos� is period with period2�, the entire curve will be traced out as� varies from0 to 2�. Additionally, since
cos.2� � �/ D cos.�/, we can sketch the curve for� between0 and� and reflect the result through thex axis to obtain the whole
curve. Use the values� D 0; �6 ;

�
4 ;

�
3 ;

�
2 ;

2�
3 ;

3�
4 ;

5�
6 , and�:

� r point

0 1C cos0 D 2 .2; 0/

�
6 1C cos�6 D 2C

p
3

2

�
2C

p
3

2 ; �6

�

�
4 1C cos�4 D 2C

p
2

2

�
2C

p
2

2 ; �4

�

�
3 1C cos�3 D 3

2

�
3
2 ;
�
3

�

�
2 1C cos�2 D 1

�
1; �2

�

2�
3 1C cos 2�3 D 1

2

�
1
2 ;
2�
3

�

3�
4 1C cos 3�4 D 2�

p
2

2

�
2�

p
2

2 ; 3�4

�

5�
6 1C cos 5�6 D 2�

p
3

2

�
2�

p
3

2 ; 5�6

�

� D 0 corresponds to the point.2; 0/, and the graph moves clockwise as� increases from0 to �. Thus the graph is

5π

6

3π

4

2π

3

π

2 π

π

3 π

4
π

6

0

Reflecting through thex axis gives the other half of the curve:

−1

−1

1

2

y

x

−2

1 2

30. Show that the cardioid of Exercise 29 has equation

.x2 C y2 � x/2 D x2 C y2

in rectangular coordinates.

SOLUTION Multiply through byr and substitute forr , r2, andr cos� to get

r D 1C cos�

r2 D r C r cos�

x2 C y2 D
q
x2 C y2 C x
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x2 C y2 � x D
q
x2 C y2

.x2 C y2 � x/2 D x2 C y2

31. Figure 5 displays the graphs ofr D sin2� in rectangular coordinates and in polar coordinates, where it is a “rose with four
petals.” Identify:

(a) The points in (B) corresponding to pointsA–I in (A).

(b) The parts of the curve in (B) corresponding to the angle intervals
�
0; �2

�
,
�
�
2 ; �

�
,
�
�; 3�2

�
, and

�
3�
2 ; 2�

�
.

A C E IG

B F

D H

x

r
y

(A) Graph of r as a function

       of θ, where r = sin 2θ

(B) Graph of r = sin 2θ
      in polar coordinates

π π

2

3π 2π

2

θ

FIGURE 5

SOLUTION

(a) The graph (A) gives the following polar coordinates of the labeled points:

AW � D 0; r D 0

BW � D �

4
; r D sin

2�

4
D 1

C W � D �

2
; r D 0

DW � D 3�

4
; r D sin

2 � 3�
4

D �1

EW � D �; r D 0

F W � D 5�

4
; r D 1

GW � D 3�

2
; r D 0

H W � D 7�

4
; r D �1

I W � D 2�; r D 0:

Since the maximal value ofjr j is 1, the points withr D 1 or r D �1 are the furthest points from the origin. The corresponding
quadrant is determined by the value of� and the sign ofr . If r0 < 0, the point.r0; �0/ is on the ray� D ��0. These considerations
lead to the following identification of the points in thexy plane. Notice thatA, C ,G, E, andI are the same point.

x

y

π 2π

r = 1 r = −1

B
π 
4

π 
2

5π 
4

r = −1

7π 
4

3π 
4

r = 1

=

==

= π 
4

3π 
4

7π 
4

3π 
2

5π 
4

H

F D

A,C,E,G,I

(b) We use the graph (A) to find the sign ofr D sin2� : 0 � � � �
2 ) r � 0 ) .r; �/ is in the first quad-

rant. �2 � � � � ) r � 0 ) .r; �/ is in the fourth quadrant.� � � � 3�
2 ) r � 0 ) .r; �/ is in the third quadrant.

3�
2 � � � 2� ) r � 0 ) .r; �/ is in the second quadrant. That is,
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x

y

π ≤    ≤ 3π 
2

≤    ≤ 2π3π 
2

0 ≤    ≤ π 
2

≤    ≤ ππ 
2

32. Sketch the curver D sin3� . First fill in the table ofr-values below and plot the corresponding points of the curve. Notice that
the three petals of the curve correspond to the angle intervals

�
0; �3

�
,
�
�
3 ;

2�
3

�
, and

�
�
3 ; �

�
. Then plotr D sin3� in rectangular

coordinates and label the points on this graph corresponding to.r; �/ in the table.

� 0 �
12

�
6

�
4

�
3

5�
12 � � � 11�

12 �

r

SOLUTION We compute the values ofr corresponding to the given values of� :

� D 0; r D sin0 D 0 .A/

� D �

12
; r D sin

3�

12
� 0:71 .B/

� D �

6
; r D sin

3�

6
D 1 .C /

� D �

4
; r D sin

3�

4
� 0:71 .D/

� D �

3
; r D sin

3�

3
D 0 .E/

� D 5�

12
; r D sin

15�

12
� �0:71 .F /

� D �

2
; r D sin

3�

2
D �1 .G/

� D 7�

12
; r D sin

21�

12
� �0:71 .H/

� D 3�

2
; r D sin

9�

2
D 0 .I /

� D 3�

4
; r D sin

9�

4
� 0:71 .J /

� D 5�

6
; r D sin

15�

6
D 1 .K/

� D 11�

12
; r D sin

33�

12
� 0:71 .L/

� D �; r D sin3� D 0 .M/

We plot the points on thexy -plane and join them to obtain the following curve:

pp

3

r

q
2p

3

Using the graph ofr D sin 3� we find the sign ofr and determine the parts of the graph corresponding to the angle intervals.
We get
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p

4
3p

4 p

6

p

12
11p

12

p

3
2p

3

5p

6

5p

12
7p

12

p

2

AM

G

H

E
BL

D

F

I

JK C

0

p

3
0 ≤ q  ≤

2p

3
p

3
≤ q  ≤

≤ q  ≤ p2p

3

p

0 � � � �
3 ) r � 0 ) .r; �/ in the first quadrant.

r D sin3� �
3 � � � 2�

3 ) r � 0 ) .r; �/ in the third and fourth quadrant.

2�
3 � � � � ) r � 0 ) .r; �/ in the second quadrant.

33. Plot thecissoidr D 2 sin� tan� and show that its equation in rectangular coordinates is

y2 D x3

2 � x

SOLUTION Using a CAS we obtain the following curve of the cissoid:

x

y

0ππ

π 
2

31 2

3π 
2

We substitute sin� D y
r and tan� D y

x in r D 2 sin� tan� to obtain

r D 2
y

r
� y
x
:

Multiplying by rx, settingr2 D x2 C y2 and simplifying, yields

r2x D 2y2

.x2 C y2/x D 2y2

x3 C y2x D 2y2

y2 .2 � x/ D x3

so

y2 D x3

2 � x
34. Prove thatr D 2a cos� is the equation of the circle in Figure 6 using only the fact that a triangle inscribed in a circle with one
side a diameter is a right triangle.

x

y

r

2a0
q

FIGURE 6
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SOLUTION Since the triangle inscribed in the circle has a diameter as one of its sides, it is a right triangle, so we may use the
definition of cosine for angles in right triangles to write

cos� D r

2a
) r D 2a cos�:

35. Show that

r D a cos� C b sin�

is the equation of a circle passing through the origin. Express the radius and center (in rectangular coordinates) in terms ofa andb.

SOLUTION We multiply the equation byr and then make the substitutionx D r cos� , y D r sin� , andr2 D x2 C y2. This
gives

r2 D ar cos� C br sin�

x2 C y2 D ax C by

Transferring sides and completing the square yields

x2 � ax C y2 � by D 0

�
x2 � 2 � a

2
x C

�a
2

�2�
C
 
y2 � 2 � b

2
y C

�
b

2

�2!
D
�a
2

�2
C
�
b

2

�2

�
x � a

2

�2
C
�
y � b

2

�2
D a2 C b2

4

This is the equation of the circle with radius
p
a2Cb2

2 centered at the point
�
a
2 ;
b
2

�
. By plugging inx D 0 andy D 0 it is clear that

the circle passes through the origin.

36. Use the previous exercise to write the equation of the circle of radius5 and center.3; 4/ in the formr D a cos� C b sin� .

SOLUTION In the previous exercise we showed thatr D a cos� C b sin� is the equation of the circle with radius
p
a2Cb2

2

centered at
�
a
2 ;
b
2

�
. Thus, we must have

�
a

2
;
b

2

�
D .3; 4/ ) a

2
D 3;

b

2
D 4 ) a D 6; b D 8:

The radius of the circle is
p
a2Cb2

2 D
p
62C82

2 D 5. Thus, the corresponding equation isr D 6 cos� C 8 sin� .

37. Use the identity cos2� D cos2 � � sin2 � to find a polar equation of the hyperbolax2 � y2 D 1.

SOLUTION We substitutex D r cos� , y D r sin� in x2 � y2 D 1 to obtain

r2 cos2 � � r2 sin2 � D 1

r2.cos2 � � sin2 �/ D 1

Using the identity cos2� D cos2 � � sin2 � we obtain the following equation of the hyperbola:

r2 cos2� D 1 or r2 D sec2�:

38. Find an equation in rectangular coordinates for the curver2 D cos2� .

SOLUTION We first use the identity cos2� D cos2 � � sin2 � to rewrite the equation of the curve as follows:r2 D cos2 � � sin2 � .
Multiplying by r2 and substitutingr2 D x2 C y2, r cos� D x andr sin� D y, we get

r4 D .r cos�/2 � .r sin�/2.x2 C y2/2 D x2 � y2:

Thus, the curve has the equation.x2 C y2/
2 D x2 � y2 in rectangular coordinates.

39. Show that cos3� D cos3 � � 3 cos� sin2 � and use this identity to find an equation in rectangular coordinates for the curve
r D cos3� .

SOLUTION We use the identities cos.˛ C ˇ/ D cos˛ cosˇ � sin˛ sinˇ, cos2˛ D cos2 ˛ � sin2 ˛, and sin2˛ D 2 sin˛ cos˛
to write

cos3� D cos.2� C �/ D cos2� cos� � sin2� sin�

D .cos2 � � sin2 �/ cos� � 2 sin� cos� sin�

D cos3 � � sin2 � cos� � 2 sin2 � cos�
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D cos3 � � 3 sin2 � cos�

Using this identity we may rewrite the equationr D cos3� as follows:

r D cos3 � � 3 sin2 � cos� (1)

Sincex D r cos� andy D r sin� , we have cos� D x
r and sin� D y

r . Substituting into (1) gives:

r D
�x
r

�3
� 3

�y
r

�2 �x
r

�

r D x3

r3
� 3y2x

r3

We now multiply byr3 and make the substitutionr2 D x2 C y2 to obtain the following equation for the curve:

r4 D x3 � 3y2x

.x2 C y2/
2 D x3 � 3y2x

40. Use the addition formula for the cosine to show that the lineL with polar equationr cos.� � ˛/ D d has the equation in
rectangular coordinates.cos˛/x C .sin˛/y D d . Show thatL has slopem D � cot˛ andy-interceptd=sin˛.

SOLUTION We use the identity cos.a � b/ D cosa cosb C sina sinb to rewrite the equationr cos.� � ˛/ D d as follows:

r .cos� cos˛ C sin� sin˛/ D d

r cos� cos˛ C r sin� sin˛ D d

We now substituter cos� D x andr sin� D y to obtain:x cos˛ C y sin˛ D d . Dividing by cos̨ , transferring sides and simpli-
fying yields

x C y tan˛ D d

cos˛

y tan˛ D �x C d

cos˛

y D � x

tan˛
C d

tan˛ cos˛

so

y D .� cot˛/ x C d

sin˛

This equation of the line implies thatL has slopem D � cot˛ andy -intercept dsin˛ .

In Exercises 41–44, find an equation in polar coordinates of the lineL with the given description.

41. The point onL closest to the origin has polar coordinates
�
2; �9

�
.

SOLUTION In Example 5, it is shown that the polar equation of the line where.r; ˛/ is the point on the line closest to the origin
is r D d sec.� � ˛/. Setting.d; ˛/ D

�
2; �9

�
we obtain the following equation of the line:

r D 2 sec
�
� � �

9

�
:

42. The point onL closest to the origin has rectangular coordinates.�2; 2/.
SOLUTION We first convert the rectangular coordinates.�2; 2/ to polar coordinates.d; ˛/. This point is in the second quadrant
so �2 < ˛ < �. Hence,

d D
q
.�2/2 C 22 D

p
8 D 2

p
2

˛ D tan�1
�
2

�2

�
D tan�1.�1/ D � � �

4
D 3�

4

) .d; ˛/ D
�
2
p
2;
3�

4

�
:

Substitutingd D 2
p
2 and˛ D 3�

4 in the equationr D d sec.� � ˛/ gives us

r D 2
p
2 sec

�
� � 3�

4

�
:
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43. L is tangent to the circler D 2
p
10 at the point with rectangular coordinates.�2;�6/.

SOLUTION

x

y

(−2, −6)

SinceL is tangent to the circle at the point.�2;�6/, this is the point onL closest to the center of the circle which is at the origin.
Therefore, we may use the polar coordinates.d; ˛/ of this point in the equation of the line:

r D d sec.� � ˛/ (1)

We thus must convert the coordinates.�2;�6/ to polar coordinates. This point is in the third quadrant so� < ˛ < 3�
2 . We get

d D
q
.�2/2 C .�6/2 D

p
40 D 2

p
10

˛ D tan�1
��6

�2

�
D tan�1 3 � � C 1:25 � 4:39

Substituting in (1) yields the following equation of the line:

r D 2
p
10 sec.� � 4:39/ :

44. L has slope3 and is tangent to the unit circle in the fourth quadrant.

SOLUTION We denote the point of tangency byP0 D .1; ˛/ (in polar coordinates).

a

(1, a )

SinceL is the tangent line to the circle atP0, P0 is the point onL closest to the center of the circle at the origin. Thus, the polar
equation ofL is

r D sec.� � ˛/ (1)

We now must find̨ . Letˇ be the given angle shown in the figure.

a
b

2p  − aO B

C = (1, a )

By the given information, taň D 3. Also, since the point of tangency is in the fourth quadrant,ˇ must be an acute angle. Hence

tanˇ D 3; 0 < ˇ <
�

2
) ˇ D 1:25 rad:

Now, since3�2 < ˛ < 2� , we have for the triangleOBC

.2� � ˛/C �

2
C 1:25 D � ) ˛ D 3�

2
C 1:25 D 5:96 rad:
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Substituting into (1) we obtain the following polar equation of the tangent line:

r D sec.� � 5:96/ :
45. Show that every line that does not pass through the origin has a polar equation of the form

r D b

sin� � a cos�

whereb ¤ 0.

SOLUTION Write the equation of the line in rectangular coordinates asy D ax C b. Since the line does not pass through the
origin, we haveb ¤ 0. Substitute fory andx to convert to polar coordinates, and simplify:

y D ax C b

r sin� D ar cos� C b

r.sin� � a cos�/ D b

r D b

sin� � a cos�
46. By the Law of Cosines, the distanced between two points (Figure 7) with polar coordinates.r; �/ and.r0; �0/ is

d2 D r2 C r20 � 2rr0 cos.� � �0/

Use this distance formula to show that

r2 � 10r cos
�
� � �

4

�
D 56

is the equation of the circle of radius 9 whose center has polar coordinates
�
5; �4

�
.

x

y

(r0, q 0)
r0

r

d

q 0
q

(r, q )

FIGURE 7

SOLUTION The distanced between a point.r; �/ on the circle and the center.r0; �0/ D
�
5; �4

�
is the radius9. Settingd D 9,

r0 D 5 and�0 D �
4 in the distance formula we get

d2 D r2 C r20 � 2rr0 cos.� � �0/

92 D r2 C 52 � 2 � r � 5 cos
�
� � �

4

�

Transferring sides we get

r2 � 10r cos
�
� � �

4

�
D 56:

47. Fora > 0, a lemniscate curveis the set of pointsP such that the product of the distances fromP to .a; 0/ and.�a; 0/ is a2.
Show that the equation of the lemniscate is

.x2 C y2/2 D 2a2.x2 � y2/

Then find the equation in polar coordinates. To obtain the simplest form of the equation, use the identity cos2� D cos2 � � sin2 � .
Plot the lemniscate fora D 2 if you have a computer algebra system.

SOLUTION We compute the distancesd1 andd2 of P.x; y/ from the points.a; 0/ and.�a; 0/ respectively. We obtain:

d1 D
q
.x � a/2 C .y � 0/2 D

q
.x � a/2 C y2

d2 D
q
.x C a/2 C .y � 0/2 D

q
.x C a/2 C y2

For the pointsP.x; y/ on the lemniscate we haved1d2 D a2. That is,

a2 D
q
.x � a/2 C y2

q
.x C a/2 C y2 D

q�
.x � a/2 C y2

� �
.x C a/2 C y2

�
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D
q
.x � a/2.x C a/2 C y2.x � a/2 C y2.x C a/2 C y4

D
q
.x2 � a2/2 C y2

�
.x � a/2 C .x C a/2

�
C y4

D
q
x4 � 2a2x2 C a4 C y2

�
x2 � 2xaC a2 C x2 C 2xaC a2

�
C y4

D
q
x4 � 2a2x2 C a4 C 2y2x2 C 2y2a2 C y4

D
q
x4 C 2x2y2 C y4 C 2a2.y2 � x2/C a4

D
q
.x2 C y2/

2 C 2a2.y2 � x2/C a4:

Squaring both sides and simplifying yields

a4 D .x2 C y2/2 C 2a2.y2 � x2/C a4

0 D .x2 C y2/2 C 2a2.y2 � x2/

so

.x2 C y2/2 D 2a2.x2 � y2/

We now find the equation in polar coordinates. We substitutex D r cos� , y D r sin� andx2 C y2 D r2 into the equation of the
lemniscate. This gives

.r2/2 D 2a2.r2 cos2 � � r2 sin2 �/ D 2a2r2.cos2 � � sin2 �/ D 2a2r2 cos2�

r4 D 2a2r2 cos2�

r D 0 is a solution, hence the origin is on the curve. Forr ¤ 0 we divide the equation byr2 to obtainr2 D 2a2 cos2� . This curve
also includes the origin (r D 0 is obtained for� D �

4 for example), hence this is the polar equation of the lemniscate. Settinga D 2

we getr2 D 8 cos2� .

r2 = 8 cos 2q

3p

2

p

2

p 0

48. Let c be a fixed constant. Explain the relationship between the graphs of:

(a) y D f .x C c/ andy D f .x/ (rectangular)

(b) r D f .� C c/ andr D f .�/ (polar)

(c) y D f .x/C c andy D f .x/ (rectangular)

(d) r D f .�/C c andr D f .�/ (polar)

SOLUTION

(a) For c > 0, y D f .x C c/ shifts the graph ofy D f .x/ by c units to the left. Ifc < 0, the result is a shift to the right. It is a
horizontal translation.

y

c

x

f (x)f (x + c)

(b) As in part (a), the graph ofr D f .� C c/ is a shift of the graph ofr D f .�/ by c units in � . Thus, the graph in polar
coordinates is rotated by anglec as shown in the following figure:
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3p

2

p

2

p 0

f (q )

f (q  + c)

c

(c) y D f .x/C c shifts the graph vertically upward byc units if c > 0, and downward by.�c/ units if c < 0. It is a vertical
translation.

(d) The graph ofr D f .�/C c is a shift of the graph ofr D f .�/ by c units inr . In the corresponding graph, in polar coordinates,
each point withf .�/ > 0moves on the ray connecting it to the originc units away from the origin ifc > 0 and.�c/ units toward
the origin if c < 0, and vice-versa forf .�/ < 0.

y

c

x

3p

2

p

2

p 0
1 c

c
c

c

c > 0

49. The Derivative in Polar Coordinates Show that a polar curver D f .�/ has parametric equations

x D f .�/ cos�; y D f .�/ sin�

Then apply Theorem 2 of Section 11.1 to prove

dy

dx
D f .�/ cos� C f 0.�/ sin�

�f .�/ sin� C f 0.�/ cos�
2

wheref 0.�/ D df =d� .

SOLUTION Multiplying both sides of the given equation by cos� yields r cos� D f .�/ cos� ; multiplying both sides by sin�
yields r sin� D f .�/ sin� . The left-hand sides of these two equations are thex andy coordinates in rectangular coordinates, so
for any� we havex D f .�/ cos� andy D f .�/ sin� , showing that the parametric equations are as claimed. Now, by the formula
for the derivative we have

dy

dx
D y0 .�/
x0 .�/

(1)

We differentiate the functionsx D f .�/ cos� andy D f .�/ sin� using the Product Rule for differentiation. This gives

y0 .�/ D f 0 .�/ sin� C f .�/ cos�

x0 .�/ D f 0 .�/ cos� � f .�/ sin�

Substituting in (1) gives

dy

dx
D f 0 .�/ sin� C f .�/ cos�

f 0 .�/ cos� � f .�/ sin�
D f .�/ cos� C f 0 .�/ sin�

�f .�/ sin� C f 0 .�/ cos�
:
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Further Insights and Challenges

50. Let f .x/ be a periodic function of period2�—that is,f .x/ D f .x C 2�/. Explain how this periodicity is reflected in
the graph of:

(a) y D f .x/ in rectangular coordinates

(b) r D f .�/ in polar coordinates

SOLUTION

(a) The graph ofy D f .x/ on an interval of length2� repeats itself on successive intervals of length2� . For instance:

t

y

2

2

4

6

8

−8

−6

−4

−2
4 6 8 10 12−6 −4 −2−12−10 −8

(b) Shown below is the graph of the function above, this time drawn in polar coordinates. The graphs of the various branches repeat
themselves and are drawn one on the top of the other.

x

y

0ππ

π 
2

62 4 8

3π 
2

51. Use a graphing utility to convince yourself that the polar equationsr D f1.�/ D 2 cos� � 1 and r D f2.�/ D
2 cos� C 1 have the same graph. Then explain why.Hint: Show that the points.f1.� C �/; � C �/ and.f2.�/; �/ coincide.

SOLUTION The graphs ofr D 2 cos� � 1 andr D 2 cos� C 1 in thexy -plane coincide as shown in the graph obtained using a
CAS.

x

y

2

−2

2−2

x

y

0ππ

π 
2

31 2

3π 
2

Recall that.r; �/ and.�r; � C �/ represent the same point. Replacing� by � C � andr by .�r/ in r D 2 cos� � 1 we obtain

�r D 2 cos.� C �/ � 1

�r D �2 cos� � 1

r D 2 cos� C 1

Thus, the two equations define the same graph. (One could also convert both equations to rectangular coordinates and note that they
come out identical.)
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11.4 Area, Arc Length, and Slope in Polar Coordinates

Preliminary Questions
1. Polar coordinates are suited to finding the area (choose one):

(a) Under a curve betweenx D a andx D b.

(b) Bounded by a curve and two rays through the origin.

SOLUTION Polar coordinates are best suited to finding the area bounded by a curve and two rays through the origin. The formula
for the area in polar coordinates gives the area of this region.

2. Is the formula for area in polar coordinates valid iff .�/ takes negative values?

SOLUTION The formula for the area

1

2

Z ˇ

˛
f .�/2 d�

always gives the actual (positive) area, even iff .�/ takes on negative values.

3. The horizontal liney D 1 has polar equationr D csc� . Which area is represented by the integral
1

2

Z �=2

�=6
csc2 � d� (Figure 1)?

(a) �ABCD (b) 4ABC (c) 4ACD

y

x
A

D

B

C
y = 1

1

�3

FIGURE 1

SOLUTION This integral represents an area taken from� D �=6 to � D �=2, which can only be the triangle4ACD, as seen in
part (c).

Exercises
1. Sketch the area bounded by the circler D 5 and the rays� D �

2 and � D �, and compute its area as an integral in polar
coordinates.

SOLUTION The region bounded by the circler D 5 and the rays� D �
2 and � D � is the shaded region in the figure. The area

of the region is given by the following integral:

1

2

Z �

�=2
r2 d� D 1

2

Z �

�=2
52 d� D 25

2

�
� � �

2

�
D 25�

4

x

y
=

= π

π 
2

2. Sketch the region bounded by the liner D sec� and the rays� D 0 and� D �
3 . Compute its area in two ways: as an integral

in polar coordinates and using geometry.

SOLUTION The region bounded by the liner D sec� and the rays� D 0 and� D �
3 is shown here:
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x = 1

r = sec q

q  = 0

p

2
p

3
q  =

Using the area in polar coordinates, the area of the region is given by the following integral:

A D 1

2

Z �=3

0
r2 d� D 1

2

Z �=3

0
sec2� d� D 1

2
tan�

ˇ̌
ˇ̌
�=3

0

D 1

2

�
tan

�

3
� tan0

�
D

p
3

2

We now compute the area using the formula for the area of a triangle. The equations of the lines� D �
3 , � D 0, andr D sec� in

rectangular coordinates arey D
p
3x, y D 0 and x D 1 respectively (see Example 5 in Section 11.3 for the equation of the line

r D sec�). Denoting the vertices of the triangle byO , A, B (see figure) we haveO D .0; 0/, A D
�
1;

p
3
�

andB D .1; 0/. The

area of the triangle is thus

A D OB � AB
2

D 1 �
p
3

2
D

p
3

2
:

x

A

y

O B

x = 1

y = 0

y = 3x

3. Calculate the area of the circler D 4 sin� as an integral in polar coordinates (see Figure 4). Be careful to choose the correct
limits of integration.

SOLUTION The equationr D 4 sin� defines a circle of radius2 tangent to thex-axis at the origin as shown in the figure:

= π 
2

π 
3

2π 
3

π 
6

5π 
6

x

y

= π = π

The circle is traced as� varies from0 to�. We use the area in polar coordinates and the identity

sin2 � D 1

2
.1 � cos2�/

to obtain the following area:

A D 1

2

Z �

0
r2 d� D 1

2

Z �

0
.4 sin�/2 d� D 8

Z �

0
sin2 � d� D 4

Z �

0
.1 � cos2�/ d� D 4

�
� � sin2�

2

��

0

D 4

��
� � sin2�

2

�
� 0

�
D 4�:

4. Find the area of the shaded triangle in Figure 2 as an integral in polar coordinates. Then find the rectangular coordinates ofP

andQ and compute the area via geometry.
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P

Q
x

y

r = 4 sec(θ − )π4

FIGURE 2

SOLUTION The boundary of the region is traced as� varies from0 to �
2 , so the area is

1

2

Z �=2

0
r2 d� D 1

2

Z �=2

0
16 sec2

�
� � �

4

�
d� D 8 tan

�
� � �

4

� ˇ̌
ˇ̌
�=2

0

D 8.1C 1/ D 16

We now compute the area using the formula for area of a triangle. The line4 sec
�
� � �

4

�
has a point closest to the origin at

�
4; �4

�
,

which is
�
2
p
2; 2

p
2
�

in rectangular coordinates. Since the polar line� D �
4 (x D y in rectangular coordinates) is perpendicular to

the line, the line must have a slope of�1. So the rectangular equation for the line isy � 2
p
2 D �1

�
x � 2

p
2
�
; or y D �xC 4

p
2.

Therefore,P is
�
0; 4

p
2
�
; Q is

�
4
p
2; 0

�
; and the area of the triangle isA D OP �OQ

2 D 4
p
2�4

p
2

2 D 16.

5. Find the area of the shaded region in Figure 3. Note that� varies from0 to �
2 .

x

y

r = θ2 + 4θ

8

1 2

FIGURE 3

SOLUTION Since� varies from0 to �
2 , the area is

1

2

Z �=2

0
r2 d� D 1

2

Z �=2

0
.�2 C 4�/2 d� D 1

2

Z �=2

0
�4 C 8�3 C 16�2 d�

D 1

2

�
1

5
�5 C 2�4 C 16

3
�3
� ˇ̌
ˇ̌
�=2

0

D �5

320
C �4

16
C �2

3

6. Which interval of�-values corresponds to the the shaded region in Figure 4? Find the area of the region.

3

2

y

x

r = 3 − θ

FIGURE 4

SOLUTION We first find the interval of� . At the originr D 0, so� D 3. At the endpoint on thex-axis,� D 0. Thus,� varies
from 0 to 3.
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30

2

y

x

r = 3 − q

q  = 0
q  = 3

q  = 3

Using the area in polar coordinates we obtain

A D 1

2

Z 3

0
r2 d� D 1

2

Z 3

0
.3 � �/2 d� D � .3 � �/3

6

ˇ̌
ˇ̌
3

0

D 4:5:

7. Find the total area enclosed by the cardioid in Figure 5.

y

x
−1−2

FIGURE 5 The cardioidr D 1 � cos� .

SOLUTION We graphr D 1 � cos� in r and� (cartesian, not polar, this time):

r

1

2

2πππ 
2

3π 
2

We see that as� varies from0 to �, the radiusr increases from0 to 2, so we get the upper half of the cardioid (the lower half is
obtained as� varies from� to 2� and consequentlyr decreases from2 to 0). Since the cardioid is symmetric with respect to the
x-axis we may compute the upper area and double the result. Using

cos2 � D cos2� C 1

2

we get

A D 2 � 1
2

Z �

0
r2 d� D

Z �

0
.1 � cos�/2 d� D

Z �

0

�
1 � 2 cos� C cos2 �

�
d�

D
Z �

0

�
1 � 2 cos� C cos2� C 1

2

�
d� D

Z �

0

�
3

2
� 2 cos� C 1

2
cos2�

�
d�

D 3

2
� � 2 sin � C 1

4
sin 2�

ˇ̌
ˇ̌
�

0

D 3�

2

The total area enclosed by the cardioid isA D 3�
2 .

8. Find the area of the shaded region in Figure 5.

SOLUTION The shaded region is traced as� varies from0 to �
2 . Using the formula for the area in polar coordinates we get:

A D 1

2

Z �=2

0
r2 d� D 1

2

Z �=2

0
.1 � cos�/2 d� D 1

2

Z �=2

0

�
1 � 2 cos� C cos2 �

�
d�

D 1

2

Z �=2

0

�
1 � 2 cos� C cos2� C 1

2

�
d� D 1

2

Z �=2

0

�
3

2
� 2 cos� C 1

2
cos2�

�
d�

D 1

2

�
3�

2
� 2 sin � C 1

4
sin 2�

� ˇ̌
ˇ̌
�=2

0

D 1

2

��
3

2
� �
2

� 2 sin
�

2
C 1

4
sin�

�
� 0

�

D 1

2

�
3�

4
� 2

�
D 3�

8
� 1 � 0:18
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9. Find the area of one leaf of the “four-petaled rose”r D sin2� (Figure 6). Then prove that the total area of the rose is equal to
one-half the area of the circumscribed circle.

y

x

r = sin 2θ

FIGURE 6 Four-petaled roser D sin2� .

SOLUTION We consider the graph ofr D sin2� in cartesian and in polar coordinates:

r

A

1

−1

ππ 
4

π 
2

3π 
4

y

A

x

r = 1, θ =
π

4

We see that as� varies from0 to �
4 the radiusr is increasing from0 to 1, and when� varies from�

4 to �
2 , r is decreasing back to

zero. Hence, the leaf in the first quadrant is traced as� varies from0 to �
2 . The area of the leaf (the four leaves have equal areas) is

thus

A D 1

2

Z �=2

0
r2 d� D 1

2

Z �=2

0
sin2 2� d�:

Using the identity

sin2 2� D 1 � cos4�

2

we get

A D 1

2

Z �=2

0

�
1

2
� cos4�

2

�
d� D 1

2

�
�

2
� sin 4�

8

� ˇ̌
ˇ̌
�=2

0

D 1

2

��
�

4
� sin 2�

8

�
� 0

�
D �

8

The area of one leaf isA D �
8 � 0:39. It follows that the area of the entire rose is�2 . Since the “radius” of the rose (the point where

� D �
4 ) is 1, and the circumscribed circle is tangent there, the circumscribed circle has radius1 and thus area�. Hence the area of

the rose is half that of the circumscribed circle.

10. Find the area enclosed by one loop of the lemniscate with equationr2 D cos2� (Figure 7). Choose your limits of integration
carefully.

y

x
−1 1

FIGURE 7 The lemniscater2 D cos2� .

SOLUTION We sketch the graph ofr2 D cos2� in the
�
r2; �

�
plane; for��

4 � � � �
4 :

r 2

1

1− π 
4

π 
4
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We see that as� varies from��
4 to 0, r2 increases from0 to 1, hencer also increases from0 to 1. Then, as� varies from0 to �

4 ,
r2, sor decreases from1 to 0. This gives the right-hand loop of the lemniscate.

y

x

r = 0, r = 
π

4

r = 0, r = 
π

4

π

4
θ = 0

r = 1

Therefore, the area enclosed by the right-hand loop is:

1

2

Z �=4

��=4
r2 d� D 1

2

Z �=4

��=4
cos2� d� D 1

2

sin 2�

2

ˇ̌
ˇ̌
�=4

��=4
D 1

4

�
sin

�

2
� sin

�
��
2

��
D 1

2

11. Sketch the spiralr D � for 0 � � � 2� and find the area bounded by the curve and the first quadrant.

SOLUTION The spiralr D � for 0 � � � 2� is shown in the following figure in thexy-plane:

x

y

q  = 2p ,
r = 2p

q  = p ,
r = p

q  = p /2,
r = p /2

q  = 0,
r = 0

The spiralr D �

We must compute the area of the shaded region. This region is traced as� varies from0 to �
2 . Using the formula for the area in

polar coordinates we get

A D 1

2

Z �=2

0
r2 d� D 1

2

Z �=2

0
�2 d� D 1

2

�3

3

ˇ̌
ˇ̌
�=2

0

D 1

6

��
2

�3
D �3

48

12. Find the area of the intersection of the circlesr D sin� andr D cos� .

SOLUTION The region of intersection between the two circles is shown in the following figure:

x

y

r = cos q

r = sin q

1
2

1
2

We first find the value of� at the point of intersection (besides the origin) of the two circles, by solving the following equation for
0 � a � �

2 :

sin � D cos�

tan� D 1 ) � D �

4

We now compute the area as the sum of the two areasA1 andA2, shown in the figure:

r = cos q

r = sin q

A1

A2

1
2

1
2

p

4
q  =

p

2

0
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Using the formula for the area in polar coordinates we get

A1 D 1

2

Z �=2

�=4
cos2 � d� D 1

2

Z �=2

�=2

�
1

2
C 1

2
cos2�

�
d� D 1

4

Z �=2

�=2
.1C cos2�/ d�

D 1

4

�
� C sin 2�

2

� ˇ̌
ˇ̌
�=2

�=2

D 1

4

��
�

2
C sin�

2

�
�
�
�

4
C

sin �
2

2

��
D 1

4

�
�

2
� �

4
� 1

2

�
D �

16
� 1

8

A2 D 1

2

Z �=4

0
sin2 � d� D 1

2

Z �=4

0

�
1

2
� 1

2
cos2�

�
d� D 1

4

Z �=4

0
.1 � cos2�/ d�

D 1

4

�
� � sin 2�

2

� ˇ̌
ˇ̌
�=4

0

D 1

4

��
�

4
�

sin �
2

2

�
� 0

�
D �

16
� 1

8

Notice thatA2 D A1 as shown in the figure due to symmetry. The total area enclosed by the two circles is the sum

A D A1 C A2 D
�
�

16
� 1

8

�
C
�
�

16
� 1

8

�
D �

8
� 1

4
� 0:14:

13. Find the area of regionA in Figure 8.

y

x
−1 41 2

A

r = 4 cos

r = 1

FIGURE 8

SOLUTION We first find the values of� at the points of intersection of the two circles, by solving the following equation for
��
2 � x � �

2 :

4 cos� D 1 ) cos� D 1

4
) �1 D cos�1

�
1

4

�

y

x

r = 4 cos

= −1.32

= 1.32

r = 1

We now compute the area using the formula for the area between two curves:

A D 1

2

Z �1

��1

�
.4 cos�/2 � 12

�
d� D 1

2

Z �1

��1

�
16 cos2 � � 1

�
d�

Using the identity cos2 � D cos2�C1
2 we get

A D 1

2

Z �1

��1

�
16 .cos2� C 1/

2
� 1

�
d� D 1

2

Z �1

��1

.8 cos2� C 7/ d� D 1

2
.4 sin2� C 7�/

ˇ̌
ˇ̌
�1

��1

D 4 sin2�1 C 7�1 D 8 sin�1 cos�1 C 7�1 D 8
p
1 � cos2 �1 cos�1 C 7�1

Using the fact that cos�1 D 1
4 we get

A D
p
15

2
C 7cos�1

�
1

4

�
� 11:163
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14. Find the area of the shaded region in Figure 9, enclosed by the circler D 1
2 and a petal of the curver D cos3� . Hint: Compute

the area of both the petal and the region inside the petal and outside the circle.

y

x

r = cos 3q

r = 1
2

FIGURE 9

SOLUTION We compute the areaA of the given region as the difference between the areaA1 of the leaf, shown here:

r =

0.5
A1

3p

2

p

2

p 0

The area,A2, of the region inside the leaf and outside the circle, shown here:

r =

0.5
A2

3p

2

p

2

p 0

ComputingA1: To determine the limits of integration we use the following graph ofr D cos3� :

1

−1

r

q

p

2

1
2 p

6

p

9

p

3
p

2
− p

3
− p

6
−

p

9
−

r D cos3�

As � varies from��
6 to 0, r increases from0 to 1. Then, as� varies from0 to �

6 , r decreases from1 back to zero. Hence the leaf
is traced as� varies from��

6 to �
6 . We use the formula for the area in polar coordinates to obtain

A1 D 1

2

Z �=6

��=6
cos2 3� d� D 1

2

Z �=6

��=6

�
1

2
C 1

2
cos6�

�
d� D 1

4

Z �=6

��=6
.1C cos6�/ d�

D 1

4

�
� C sin 6�

6

� ˇ̌
ˇ̌
�=6

��=6
D 1

4

��
�

6
C sin�

6

�
�
�

��
6

C sin .��/
6

��
D 1

4
� 2�
6

D �

12

ComputingA2: The two curves intersect at the points where cos3� D 1
2 , that is,� D ˙�

9 (see the graph ofr D cos3� in the
r� -plane). Using the formula for the area between two curves we get

A2 D 1

2

Z �=9

��=9

 
cos2 3� �

�
1

2

�2!
d� D 1

2

Z �=9

��=9

�
1

2
C 1

2
cos6� � 1

4

�
d�
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D 1

8

Z �=9

��=9
.1C 2 cos6�/ d� D 1

8

�
� C sin 6�

3

� ˇ̌
ˇ̌
�=9

��=9

D 1

8

0
@
 
�

9
C

sin 6�
9

3

!
�

0
@��

9
C

sin
�
�6�
9

�

3

1
A
1
A D 1

4

 
�

9
C

p
3

6

!
D �

36
C

p
3

24

The required area is the difference betweenA1 andA2, that is,

A D A1 � A2 D �

12
�
 
�

36
C

p
3

24

!
D �

18
�

p
3

24
� 0:102:

15. Find the area of the inner loop of the limaçon with polar equationr D 2 cos� � 1 (Figure 10).

21

1

−1

y

x

FIGURE 10 The limaçonr D 2 cos� � 1.

SOLUTION We consider the graph ofr D 2 cos� � 1 in cartesian and in polar, for��
2 � x � �

2 :

r

1

−1

− π 
2

π 
3

π 
3

− π 
2

y

x

− π 
3

π 
3

r D 2 cos� � 1

As � varies from��
3 to 0, r increases from0 to 1. As � varies from0 to �

3 , r decreases from1 back to 0. Hence, the inner loop of
the limaçon is traced as� varies from��

3 to �
3 . The area of the inner loop is thus

A D 1

2

Z �=3

��=3
r2 d� D 1

2

Z �=3

��=3
.2 cos� � 1/2 d� D 1

2

Z �=3

��=3

�
4 cos2 � � 4 cos� C 1

�
d�

D 1

2

Z �=3

��=3
.2 .cos2� C 1/ � 4 cos� C 1/ d� D 1

2

Z �=3

��=3
.2 cos2� � 4 cos� C 3/ d�

D 1

2
.sin 2� � 4 sin� C 3�/

ˇ̌
ˇ̌
�=3

��=3
D 1

2

��
sin

2�

3
� 4 sin

�

3
C �

�
�
�

sin
�

�2�
3

�
� 4 sin

�
��
3

�
� �

��

D
p
3

2
� 4

p
3

2
C � D � � 3

p
3

2
� 0:54

16. Find the area of the shaded region in Figure 10 between the inner and outer loop of the limaçonr D 2 cos� � 1.
SOLUTION The region is shown in the figure below.

1 2 3

1

−1

y

x

We use the following graph.
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2

−2

−3

−1

1

r

q

p

3

p−p

p

3
−

Graph ofr D 2 cos� � 1

As � varies from�
3 to �, r is negative andjr j increases from0 to 3. This gives the outer loop of the limaçon which is in the lower

half plane. Similarly, the outer loop which is in the upper half plane is traced for�� � � � ��
3 .

1 2 3

1

−1

y

x

p

3
≤ q  ≤ p , −3 ≤ r ≤ 0

p

3
q  = , r = 0

p

3
q  = − , r = 0 q  = −p , r = −3

q  = p , r = −3

p

3
≤ q  ≤ − , −3 ≤ r ≤ 0−p

Using symmetry with respect to thex-axis, we obtain the following for the area of the outer loop:

A D 2 � 1
2

Z �

�=3
r2 d� D

Z �

�=3
.2 cos� � 1/2 d� D

Z �

�=3

�
4 cos2 � � 4 cos� C 1

�
d�

D
Z �

�=3
.2 .1C cos2�/ � 4 cos� C 1/ d� D

Z �

�=3
.2 cos2� � 4 cos� C 3/ d� D sin2� � 4 sin� C 3�

ˇ̌
ˇ̌
�

�=3

D .sin2� � 4 sin� C 3�/ �
�

sin
2�

3
� 4 sin

�

3
C �

�
D 3� �

 p
3

2
� 2

p
3C �

!
D 2� C 3

p
3

2

Finally, to find the area of the region between the inner and outer loop of the limaçon, we subtract the area of the inner loop,
obtained in the previous exercise, from the area of the outer loop:

 
2� C 3

p
3

2

!
�
 
� � 3

p
3

2

!
D � C 3

p
3

17. Find the area of the part of the circler D sin� C cos� in the fourth quadrant (see Exercise 26 in Section 11.3).

SOLUTION The value of� corresponding to the pointB is the solution ofr D sin� C cos� D 0 for �� � � � � .

y

x
B A C

That is,

sin � C cos� D 0 ) sin� D � cos� ) tan� D �1 ) � D ��
4

At the pointC , we have� D 0. The part of the circle in the fourth quadrant is traced if� varies between��
4 and 0. This leads to

the following area:

A D 1

2

Z 0

��=4
r2 d� D 1

2

Z 0

��=4
.sin� C cos�/2 d� D 1

2

Z 0

��=4

�
sin2 � C 2 sin� cos� C cos2 �

�
d�

Using the identities sin2 � C cos2 � D 1 and2 sin� cos� D sin2� we get:

A D 1

2

Z 0

��=4
.1C sin2�/ d� D 1

2

�
� � cos2�

2

� ˇ̌
ˇ̌
0

��=4
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D 1

2

 �
0 � 1

2

�
�
 

��
4

�
cos

���
2

�

2

!!
D 1

2

�
�

4
� 1

2

�
D �

8
� 1

4
� 0:14:

18. Find the area of the region inside the circler D 2 sin
�
� C �

4

�
and above the liner D sec

�
� � �

4

�
.

SOLUTION The liner D sec
�
� � �

4

�
intersects the circler D 2 sin

�
� C �

4

�
when� D 0 and� D 2�.

1

0.5

−0.5 0.50 1 1.5 2

1.5

2

−0.5

θ = 0

θ =

y

x

π

2

Thus the area of the region inside the circle and above the lineis

1

2

Z �=2

0

��
2 sin

�
� C �

4

��2
�
�
sec

�
� � �

4

��2�
d� D 1

2

Z �=2

0
4 sin2

�
� C �

4

�
� sec2

�
� � �

4

�
d�

D 1

2

�
2t � 2 sin

�
t C �

4

�
cos

�
t C �

4

�
� tan

�
t � �

4

�� ˇ̌
ˇ̌
�=2

0

D 1

2

�
� � 2 sin

�
3�

4

�
cos

�
3�

4

�
� tan

��
4

�
�
�
�2 sin

��
4

�
cos

��
4

�
� tan

�
��
4

���

D 1

2
.� C 1 � 1C 1 � 1/ D �

2

19. Find the area between the two curves in Figure 11(A).

y y

x x

r = 2 + cos 2q

r = 2 + sin 2q

r = sin 2q

r = sin 2q

(A) (B)

FIGURE 11

SOLUTION We compute the areaA between the two curves as the difference between the areaA1 of the region enclosed in the
outer curver D 2C cos2� and the areaA2 of the region enclosed in the inner curver D sin2� . That is,

A D A1 � A2:

y

x

A
A2

r = 2 + 2cos2

r = sin2 

In Exercise 9 we showed thatA2 D �
2 , hence,

A D A1 � �

2
(1)

We compute the areaA1.
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y

x

A1

Using symmetry, the area is four times the area enclosed in thefirst quadrant. That is,

A1 D 4 � 1
2

Z �=2

0
r2 d� D 2

Z �=2

0
.2C cos2�/2 d� D 2

Z �=2

0

�
4C 4 cos2� C cos2 2�

�
d�

Using the identity cos2 2� D 1
2 cos4� C 1

2 we get

A1 D 2

Z �=2

0

�
4C 4 cos2� C 1

2
cos4� C 1

2

�
d� D 2

Z �=2

0

�
9

2
C 1

2
cos4� C 4 cos2�

�
d�

D 2

�
9�

2
C sin 4�

8
C 2 sin 2�

� ˇ̌
ˇ̌
�=2

0

D 2

��
9�

4
C sin 2�

8
C 2 sin�

�
� 0

�
D 9�

2
(2)

Combining (1) and (2) we obtain

A D 9�

2
� �

2
D 4�:

20. Find the area between the two curves in Figure 11(B).

SOLUTION Since

2C cos2
�
� � �

4

�
D 2C cos

�
2� � �

2

�
D 2C cos

��
2

� 2�
�

D 2C sin2�

it follows that the curver D 2C sin2� is obtained by rotating the curver D 2C cos2� by �
4 about the origin. Therefore the

area between the curvesr D 2C sin2� andr D sin2� is the same as the area between the curvesr D 2C cos� andr D sin2�
computed in Exercise 19. That is,A D 4� . (Notice that if the inner curve remains inside the rotated curve, the area between the
curves is not changed).

21. Find the area inside both curves in Figure 12.

y

x

2 + sin 2q

2 + cos 2q

FIGURE 12

SOLUTION The area we need to find is the area of the shaded region in the figure.

y

x

A
D

C
B

r = 2 + sin 2

r = 2 + cos 2

We first find the values of� at the points of intersectionA, B, C , andD of the two curves, by solving the following equation for
�� � � � � :

2C cos2� D 2C sin2�

cos2� D sin2�

tan2� D 1 ) 2� D �

4
C �k ) � D �

8
C �k

2
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The solutions for�� � � � � are

AW � D �

8
:

BW � D �3�
8
:

C W � D �7�
8
:

DW � D 5�

8
:

Using symmetry, we compute the shaded area in the figure below and multiply it by 4:

r = 2 + cos 2

π 0π

π 
8

π 
2

π 
2

5π 
8

A1

−

A D 4 � A1 D 4 � 1
2

�
Z 5�=8

�=8
.2C cos2�/2 d� D 2

Z 5�=8

�=8

�
4C 4 cos2� C cos2 2�

�
d�

D 2

Z 5�=8

�=8

�
4C 4 cos2� C 1C cos4�

2

�
d� D

Z 5�=8

�=8
.9C 8 cos2� C cos4�/ d�

D 9� C 4 sin2� C sin4�

4

ˇ̌
ˇ̌
5�=8

�=8

D 9

�
5�

8
� �

8

�
C 4

�
sin

5�

4
� sin

�

4

�
C 1

4

�
sin

5�

2
� sin

�

2

�
D 9�

2
� 4

p
2

22. Find the area of the region that lies inside one but not both of the curves in Figure 12.

SOLUTION The area we need to find is the area of the shaded region in the following figure:

A1

y

x

r = 2 + sin 2θ

r = 2 + cos 2θ

We denote byA1 the area inside both curves. In Exercise 20 we showed that the curver D 2C sin2� is obtained by rotating the
curver D 2C cos2� by �

4 around the origin. Hence, the areas enclosed in these curves are equal. We denote it byA2. It follows
that the areaA that we need to find is

A D 2A2 � 2A1 D 2 .A2 � A1/ (1)

In Exercise 20 we found thatA2 D 9�
2 , and in Exercise 21 we showed thatA1 D 9�

2 � 4
p
2. Substituting in (1) we obtain

A D 2

�
9�

2
�
�
9�

2
� 4

p
2

��
D 8

p
2 � 11:3:

23. Calculate the total length of the circler D 4 sin� as an integral in polar coordinates.

SOLUTION We use the formula for the arc length:

S D
Z ˇ

˛

q
f .�/2 C f 0.�/2 d� (1)

In this case,f .�/ D 4 sin� andf 0.�/ D 4 cos� , hence
q
f .�/2 C f 0.�/2 D

q
.4 sin �/2 C .4 cos�/2 D

p
16 D 4

The circle is traced as� is varied from0 to �. Substituting̨ D 0, ˇ D � in (1) yieldsS D
R �
0 4 d� D 4� .
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2

y

x

The circler D 4 sin �

24. Sketch the segmentr D sec� for 0 � � � A. Then compute its length in two ways: as an integral in polar coordinates and
using trigonometry.

SOLUTION The liner D sec� has the rectangular equationx D 1. The segmentAB for 0 � � � A is shown in the figure.

1

sec A

A

y

x
D

C

Using trigonometry, the length of the segmentAB is

L D AB D 0B tanA D 1 � tanA D tanA

Alternatively, we use the integral in polar coordinates withf .�/ D sec.�/ andf 0.�/ D tan� sec� . This gives

L D
Z A

0

q
.sec�/2 C .tan� sec�/2 d� D

Z A

0

p
1C tan2� sec� d� D

Z A

0
sec2� d� D tan�

ˇ̌
ˇ̌
A

0

D tanA:

The two answers agree, as expected.

In Exercises 25–30, compute the length of the polar curve.

25. The length ofr D �2 for 0 � � � �

SOLUTION We use the formula for the arc length. In this casef .�/ D �2, f 0.�/ D 2� , so we obtain

S D
Z �

0

q�
�2
�2 C .2�/2 d� D

Z �

0

p
�4 C 4�2 d� D

Z �

0
�
p
�2 C 4 d�

We compute the integral using the substitutionu D �2 C 4, du D 2� d� . This gives

S D 1

2

Z �2C4

4

p
udu D 1

2
� 2
3
u3=2

ˇ̌
ˇ̌
�2C4

4

D 1

3

��
�2 C 4

�3=2
� 43=2

�
D 1

3

��
�2 C 4

�3=2
� 8

�
� 14:55

26. The spiralr D � for 0 � � � A

SOLUTION We use the formula for the arc length. In this casef .�/ D � , f 0.�/ D 1. Using integration formulas we get:

S D
Z A

0

p
�2 C 12 d� D

Z A

0

p
�2 C 1 d� D �

2

p
�2 C 1C 1

2
ln j� C

p
�2 C 1j

ˇ̌
ˇ̌
A

0

D A

2

p
A2 C 1C 1

2
ln jAC

p
A2 C 1j

y

x

The spiralr D �



1428 C H A P T E R 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND VECTOR FUNCTI ONS

27. The equiangular spiralr D e� for 0 � � � 2�

SOLUTION Sincef .�/ D e� , by the formula for the arc length we have:

L D
Z 2�

0

q
f 0.�/2 C f .�/ d� C

Z 2�

0

q�
e�
�2 C

�
e�
�2
d� D

Z 2�

0

p
2e2� d�

D
p
2

Z 2�

0
e� d� D

p
2e�

ˇ̌
ˇ̌
2�

0

D
p
2
�
e2� � e0

�
D

p
2
�
e2� � 1

�
� 755:9

28. The inner loop ofr D 2 cos� � 1 in Figure 10

SOLUTION In Exercise 15 it is shown that the inner loop of the limaçonr D 2 cos� � 1 is traced as� varies from��
3 to �

3 .
Also,

f .�/ D 2 cos� � 1 and f 0 .�/ D �2 sin�:

Using the integral for the arc length we obtain

L D
Z �=3

��=3

q
f .�/2 C f 0.�/2 d� D

Z �=3

��=3

q
.2 cos� � 1/2 C .�2 sin�/2 d�

D
Z �=3

��=3

p
4 cos2 � � 4 cos� C 1C 4 sin2 � d� D

Z �=3

��=3

p
5 � 4 cos� d�

29. The cardioidr D 1 � cos� in Figure 5

SOLUTION In the equation of the cardioid,f .�/ D 1 � cos� . Using the formula for arc length in polar coordinates we have:

L D
Z ˇ

˛

q
f .�/2 C f 0.�/2 d� (1)

We compute the integrand:
q
f .�/2 C f 0 .�/2 D

q
.1 � cos�/2 C .sin�/2 D

p
1 � 2 cos� C cos2 � C sin2 � D

p
2 .1 � cos�/

We identify the interval of� . Since�1 � cos� � 1, every0 � � � 2� corresponds to a nonnegative value ofr . Hence,� varies
from 0 to 2� . By (1) we obtain

L D
Z 2�

0

p
2.1 � cos�/ d�

Now, 1 � cos� D 2 sin2.�=2/, and on the interval0 � � � �, sin.�=2/ is nonnegative, so that
p
2.1 � cos�/ D

q
4 sin2.�=2/ D

2 sin.�=2/ there. The graph is symmetric, so it suffices to compute the integral for0 � � � �, and we have

L D 2

Z �

0

p
2.1 � cos�/ d� D 2

Z �

0
2 sin.�=2/ d� D 8 sin

�

2

ˇ̌
ˇ̌
�

0

D 8

30. r D cos2 �

SOLUTION Since cos� D cos.��/ and cos2 .� � �/ D cos2 � the curve is symmetric with respect to thex andy-axis. There-
fore, we may compute the length as four times the length of the part of the curve in the first quadrant. We use the formula for the
arc length in polar coordinates. In this case,f .�/ D cos2 �; f 0.�/ D 2 cos� .� sin�/, so we obtain

q
f .�/2 C f 0.�/2 D

p
cos4 � C 4 cos2 � sin2 � D cos�

p
cos2 �C4 sin2�

D cos�
p

cos2 � C sin2 � C 3 sin2 � D cos�
p
1C 3 sin2 �

Thus,

L D
Z �=2

0

q
f .�/2 C f 0.�/2 d� D

Z �=2

0
cos�

p
1C 3 sin2 � d�:

We compute the integral using the substitutionu D
p
3 sin � we get

L D 1p
3

Z p
3

0

p
1C u2 du D 1p

3

�
u

2

p
1C u2 C 1

2
ln juC

p
1C u2j

� ˇ̌
ˇ̌
p
3

0

D 1p
3

 p
3

2

p
1C 3C 1

2
ln
�p

3C
p
1C 3

�
� 0

!
D 1C 1

2
p
3

ln
�
2C

p
3
�
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y

x

Graph ofr D cos2 �

Thus the total length equals4L D 4C 2p
3

ln
�
2C

p
3
�

� 5:52.

In Exercises 31 and 32, express the length of the curve as an integral but do not evaluate it.

31. r D .2 � cos�/�1, 0 � � � 2�

SOLUTION We havef .�/ D .2 � cos�/�1, f 0.�/ D �.2 � cos�/�2 sin� , hence,

q
f 2.�/C f 0.�/2 D

q
.2 � cos�/�2 C .2 � cos�/�4 sin2 � D

r
.2 � cos�/�4

�
.2 � cos�/2 C sin2 �

�

D .2 � cos�/�2
p
4 � 4 cos� C cos2 � C sin2 � D .2 � cos�/�2

p
5 � 4 cos�

Using the integral for the arc length we get

L D
Z 2�

0

p
5 � 4 cos�.2 � cos�/�2 d�:

32. r D sin3 t , 0 � � � 2�

SOLUTION We havef .t/ D sin3 t , f 0.t/ D 3 sin2 t cost , so that

q
f .t/2 C f 0.t/2 D

p
sin6 t C 9 sin4 t cos2 t D sin2 t

p
sin2 t C 9 cos2 t

D sin2 t
p

sin2 t C cos2 t C 8 cos2 t D sin2 t
p
1C 8 cos2 t

Using the formula for arc length integral we get

L D
Z 2�

0
sin2 t

p
1C 8 cos2 t dt

In Exercises 33–36, use a computer algebra system to calculate the total length to two decimal places.

33. The three-petal roser D cos3� in Figure 9

SOLUTION We havef .�/ D cos3� , f 0.�/ D �3 sin3� , so that

q
f .�/2 C f 0.�/2 D

p
cos2 3� C 9 sin2 3� D

p
cos2 3� C sin2 3� C 8 sin2 3� D

p
1C 8 sin2 3�

Note that the curve is traversed completely for0 � � � �. Using the arc length formula and evaluating with Maple gives

L D
Z �

0

q
f .�/2 C f 0.�/2 d� D

Z �

0

p
1C 8 sin2 3� d� � 6:682446608

34. The curver D 2C sin 2� in Figure 12

SOLUTION We havef .�/ D 2C sin2� , f 0.�/ D 2 cos2� , so that

q
f .�/2 C f 0.�/2 D

q
.2C sin 2�/2 C 4 cos2 2� D

p
4C 4 sin 2� C sin2 2� C 4 cos2 2�

D
p
4C 4 sin 2� C sin2 2� C cos2 2� C 3 cos2 2�

D
p
5C 4 sin 2� C 3 cos2 2�

The curve is traversed completely for0 � � � 2�. Using the arc length formula and evaluating with Maple gives

L D
Z 2�

0

q
f .�/2 C f 0.�/2 d� D

Z 2�

0

q
f .�/2 C f 0.�/2 d� � 15:40375907
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35. The curver D � sin � in Figure 13 for0 � � � 4�

y

x
5 5

5

10

FIGURE 13 r D � sin � for 0 � � � 4�.

SOLUTION We havef .�/ D � sin� , f 0.�/ D sin� C � cos� , so that

q
f .�/2 C f 0.�/2 D

q
�2 sin2 � C .sin� C � cos�/2 D

p
�2 sin2 � C sin2 � C 2� sin� cos� C �2 cos2 �

D
p
�2 C sin2 � C � sin2�

using the identities sin2 � C cos2 � D 1 and2 sin� cos� D sin2� . Thus by the arc length formula and evaluating with Maple, we
have

L D
Z 4�

0

q
f .�/2 C f 0.�/2 d� D

Z 4�

0

p
�2 C sin2 � C � sin2� d� � 79:56423976

36. r D
p
� , 0 � � � 4�

SOLUTION We havef .�/ D
p
� , f 0.�/ D 1

2�
�1=2, so that

q
f .�/2 C f 0.�/2 D

r
� C 1

4�

so that by the arc length formula, evaluating with Maple, we have

L D
Z 4�

0

q
f .�/2 C f 0.�/2 d� D

Z 4�

0

r
� C 1

4�
d� � 30:50125041

37. Use Eq. (8) to find the slope of the tangent line tor D � at � D �
2 and� D �.

SOLUTION In the given curve we haver D f .�/ D � . Using Eq. (8) we obtain the following derivative, which is the slope of
the tangent line at.r; �/.

dy

dx
D f .�/ cos� C f 0 .�/ sin�

�f .�/ sin� C f 0 .�/ cos�
D � cos� C 1 � sin�

�� sin � C 1 � cos�
(1)

The slope,m, of the tangent line at� D �
2 and � D � is obtained by substituting these values in (1). We get.� D �

2 /:

m D
�
2 cos�2 C sin �

2

��
2 sin �

2 C cos�2
D

�
2 � 0C 1

��
2 � 1C 0

D 1

��
2

D � 2

�
:

.� D �/:

m D � cos� C sin�

�� sin� C cos�
D ��

�1 D �:

38. Use Eq. (8) to find the slope of the tangent line tor D sin� at � D �
3 .

SOLUTION We havef .�/ D sin� , f 0.�/ D cos� and, by Eq. (8), the slope of the tangent line is

dy

dx
D f .�/ cos� C f 0.�/ sin�

�f .�/ sin� C f 0.�/ cos�
D sin� cos� C cos� sin�

� sin2 � C cos2 �
D sin2�

cos2�

Evaluating at� D �
3 gives

dy

dx
D

sin 2�
3

cos2�3
D

p
32

�1=2 D �
p
3

Thus the slope of the tangent line tor D sin� at� D �
3 is �

p
3.
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39. Find the polar coordinates of the points on the lemniscater2 D cos2t in Figure 14 where the tangent line is horizontal.

y

x
−1 1

r2 = cos (2t)

FIGURE 14

SOLUTION This curve is defined for��
2 � 2t � �

2 (where cos2t � 0), so for ��
4 � t � �

4 . For each� in that range,

there are two values ofr satisfying the equation (̇
p

cos2t ). By symmetry, we need only calculate the coordinates of the points
corresponding to the positive square root (i.e. to the right of they axis). Then the equation becomesr D

p
cos2t . Now, by Eq. (8),

with f .t/ D
p

cos.2t/ andf 0.t/ D � sin.2t/.cos.2t//�1=2, we have

dy

dx
D f .t/ cost C f 0.t/ sint

�f .t/ sint C f 0.t/ cost
D cost

p
cos.2t/ � sin.2t/ sint.cos.2t//�1=2

� sin t
p

cos.2t/ � sin.2t/ cost.cos.2t//�1=2

The tangent line is horizontal when this derivative is zero, which occurs when the numerator of the fraction is zero and the denomina-
tor is not. Multiply top and bottom of the fraction by

p
cos.2t/, and use the identities cos2t D cos2 t � sin2 t , sin2t D 2 sint cost

to get

� cost cos2t � sint sin2t

sint cos2t C cost sin2t
D � cost.cos2 t � 3 sin2 t/

sint cos2t C cost sin2t

The numerator is zero when cost D 0, so whent D �
2 or t D 3�

2 , or when tant D ˙ 1p
3

, so whent D ˙�
6 or t D ˙5�

6 . Of these

possibilities, onlyt D ˙�
6 lie in the range��

4 � t � �
4 . Note that the denominator is nonzero fort D ˙�

6 , so these are the two
values oft for which the tangent line is horizontal. The corresponding values ofr are solutions to

r2 D cos
�
2 � �

6

�
D cos

��
3

�
D 1

2

r2 D cos
�
2 � ��

6

�
D cos

�
��
3

�
D 1

2

Finally, the four points are.r; t/ D
�
1p
2
;
�

6

�
;

�
� 1p

2
;
�

6

�
;

�
1p
2
;�pi

6

�
;

�
� 1p

2
;��

6

�

If desired, we can change the second and fourth points by adding� to the angle and makingr positive, to get
�
1p
2
;
�

6

�
;

�
1p
2
;
7�

6

�
;

�
1p
2
;�pi

6

�
;

�
1p
2
;
5�

6

�

40. Find the equation in rectangular coordinates of the tangent line tor D 4 cos3� at� D �
6 .

SOLUTION We havef .�/ D 4 cos3� . By Eq. (8),

m D 4 cos3� cos� � 12 sin3� sin�

�4 cos3� sin� � 12 sin3� cos�
:

Setting� D �
6 yields

m D
4 cos

�
�
2

�
cos

�
�
6

�
� 12 sin

�
�
2

�
sin
�
�
6

�

�4 cos
�
�
2

�
sin
�
�
6

�
� 12 sin

�
�
2

�
cos

�
�
6

� D
�12 sin �6
�12 cos�6

D tan
�

6
D 1p

3
:

We identify the point of tangency. For� D �
6 we haver D 4 cos3�6 D 4 cos�2 D 0. The point of tangency is the origin. The

tangent line is the line through the origin with slope1p
3

. This is the liney D xp
3

.

41. Use Eq. (8) to show that forr D sin� C cos� ,

dy

dx
D cos2� C sin2�

cos2� � sin2�

Then calculate the slopes of the tangent lines at pointsA;B;C in Figure 4.



1432 C H A P T E R 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND VECTOR FUNCTI ONS

SOLUTION In Exercise 49 in Section 11.3 we proved that for a polar curver D f .�/ the following formula holds:

dy

dx
D f .�/ cos� C f 0 .�/ sin�

�f .�/ sin� C f 0 .�/ cos�
(1)

For the given circle we haver D f .�/ D sin� C cos� , hencef 0 .�/ D cos� � sin� . Substituting in (1) we have

dy

dx
D .sin � C cos�/ cos� C .cos� � sin�/ sin�

� .sin � C cos�/ sin� C .cos� � sin�/ cos�
D sin� cos� C cos2 � C cos� sin� � sin2 �

� sin2 � � cos� sin� C cos2 � � sin� cos�

D cos2 � � sin2 � C 2 sin� cos�

cos2 � � sin2 � � 2 sin� cos�

We use the identities cos2 � � sin2 � D cos2� and2 sin� cos� D sin2� to obtain

dy

dx
D cos2� C sin2�

cos2� � sin2�
(2)

The derivativedy
dx

is the slope of the tangent line at.r; �/. The slopes of the tangent lines at the points with polar coordinates

A D
�
1; �2

�
B D

�
0; 3�4

�
C D .1; 0/ are computed by substituting the values of� in (2). This gives

dy

dx

ˇ̌
ˇ̌
A

D
cos

�
2 � �2

�
C sin

�
2 � �2

�

cos
�
2 � �2

�
� sin

�
2 � �2

� D cos� C sin�

cos� � sin�
D �1C 0

�1 � 0 D 1

dy

dx

ˇ̌
ˇ̌
B

D
cos

�
2 � 3�4

�
C sin

�
2 � 3�4

�

cos
�
2 � 3�4

�
� sin

�
2 � 3�4

� D
cos 3�2 C sin 3�

2

cos3�2 � sin 3�
2

D 0 � 1
0C 1

D �1

dy

dx

ˇ̌
ˇ̌
C

D cos.2 � 0/C sin.2 � 0/
cos.2 � 0/ � sin.2 � 0/ D cos0C sin0

cos0 � sin 0
D 1C 0

1 � 0
D 1

42. Find the polar coordinates of the points on the cardioidr D 1C cos� where the tangent line is horizontal (see Figure 15).

SOLUTION Use Eq. (8) withf .�/ D 1C cos� andf 0.�/ D � sin� . Then

dy

dx
D f .�/ cos� C f 0.�/ sin�

�f .�/ sin� C f 0.�/ cos�
D cos� C cos2 � � sin2 �

� sin � � cos� sin� � sin� cos�
D �cos� C cos2�

sin� C sin 2�

The tangent line is horizontal when the numerator is zero but the denominator is not. The numerator is zero when cos� C cos2� D
0. But

cos� C cos2� D cos� C 2 cos2 � � 1 D
�

cos� � 1

2

�
.cos� C 1/

So for0 � � < 2�, the numerator is zero when� D � and when� D ˙�
3 . For the latter two points, the denominator is nonzero,

so the tangent is horizontal at the points

.r; �/ D
�
3

2
;
�

3

�
;

�
3

2
;��

3

�
D
�
3

2
;
5�

3

�

When� D �, both numerator and denominator vanish. However, using L’Hôpital’s Rule, we have

� lim
�!�

cos� C cos2�

sin� C sin 2�
D � lim

�!�

� sin� � 2 sin2�

cos� C 2 cos2�
D 0

so that the tangent is defined at� D �, and it is horizontal. Thus the tangent is also horizontal at the point

.r; �/ D .0; �/

Further Insights and Challenges

43. Suppose that the polar coordinates of a moving particle at timet are.r.t/; �.t//. Prove that the particle’s speed is equal toq
.dr=dt/2 C r2.d�=dt/2.

SOLUTION The speed of the particle in rectangular coordinates is:

ds

dt
D
q
x0.t/2 C y0.t/2 (1)
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We need to express the speed in polar coordinates. Thex andy coordinates of the moving particles as functions oft are

x.t/ D r.t/ cos�.t/; y.t/ D r.t/ sin�.t/

We differentiatex.t/ andy.t/, using the Product Rule for differentiation. We obtain (omitting the independent variablet)

x0 D r 0 cos� � r .sin�/ � 0

y0 D r 0 sin� � r .cos�/ � 0

Hence,

x02 C y02 D
�
r 0 cos� � r� 0 sin�

�2 C
�
r 0 sin� C r� 0 cos�

�2

D r 02 cos2 � � 2r 0r� 0 cos� sin� C r2� 02 sin2 � C r 02 sin2 � C 2r 0r� 0 sin2 � cos� C r2� 02 cos2 �

D r 02
�
cos2 � C sin2 �

�
C r2� 02

�
sin2 � C cos2 �

�
D r 02 C r2� 02 (2)

Substituting (2) into (1) we get

ds

dt
D
q
r 02 C r2� 02 D

s�
dr

dt

�2
C r2

�
d�

dt

�2

44. Compute the speed at timet D 1 of a particle whose polar coordinates at timet arer D t , � D t (use Exercise 43).
What would the speed be if the particle’s rectangular coordinates werex D t , y D t? Why is the speed increasing in one case and
constant in the other?

SOLUTION By Exercise 43 the speed of the particle is

ds

dt
D

s�
dr

dt

�2
C r2

�
d�

dt

�2
(1)

In this caser D t and� D t so dr
dt

D 1 and d�
dt

D 1. Substituting into (1) gives the following function of the speed:

ds

dt
D
q
1C r.t/2

The speed expressed in rectangular coordinates is

ds

dt
D
q
x0.t/2 C y0.t/2

If x D t andy D t , thenx0.t/ D 1 andy0.t/ D 1. So the speed of the particle at timet is

ds

dt
D
p
12 C 12 D

p
2

On the curvex D t , y D t the particle travels the same distancet
p
2 for all time intervals�t , hence, it has a constant speed.

However, on the spiralr D t , � D t the particle travels greater distances for time intervals.t; t C t/ ast increases, hence the speed
is an increasing function oft .

∆t
∆t

∆t

x

y y

x
t

t

t + ∆t

t + ∆t

∆t

∆t

2∆t

x D t , y D t r D t , � D t

45. We investigate how the shape of the limaçon curver D b C cos� depends on the constantb (see Figure 15).

(a) Show that the constantsb and�b yield the same curve.

(b) Plot the limaçon forb D 0; 0:2; 0:5; 0:8; 1 and describe how the curve changes.

(c) Plot the limaçon forb D 1:2; 1:5; 1:8; 2; 2:4 and describe how the curve changes.

(d) Use Eq. (8) to show that

dy

dx
D �

�
b cos� C cos2�

b C 2 cos�

�
csc�
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(e) Find the points where the tangent line is vertical. Note that there are three cases:0 � b < 2, b D 1, andb > 2. Do the plots
constructed in (b) and (c) reflect your results?

x

y

x

y

x

y

1 2 33

1

r = 1.5 + cos q  r = 2.3 + cos q  r = 1 + cos q  

13 2

1

1 2

1

FIGURE 15

SOLUTION

(a) If .r; �/ is on the curver D �b C cos� , then so is.�r; � C �/ since they represent the same point. Thus

�r D �b C cos.� C �/

�r D �b � cos�

r D b C cos�

Thus the same set of points lie on the graph of both equations, so they define the same curve.
(b)

−0.5

0.5

0

b = 0

y

x
1

−0.5

0.5

0

b = 0.2

y

x
1

−0.5

0.5

b = 0.5

y

x
1

−0.5

0.5

1

1

−1

b = 0.8

y

x

−0.5

0.5

1

1 2

−1

b = 1

y

x

For 0 < b < 1, there is a “loop” inside the curve. Forb D 0, the curve is a circle, although actually for0 � � � 2� the circle is
traversed twice, so in fact the loop is as large as the circle and overlays it. Whenb D 1, the loop is pinched to a point.
(c)

−0.5

0.5

1

1 2

−1

b = 1.2

y

x

−0.5

0.5

1

1.5

1 2

−1

−1.5

b = 1.5

y

x

−0.5

0.5

1

2

1.5

1 2

−1

−2

−1.5

b = 1.8

y

x

−0.5

0.5

1

2

1.5

1 2 3

−1

−2

−1.5

b = 2

y

x

1

2

1 2 3
−1

−2

b = 2.4

y

x

Forb between1 and2, the pinch atb D 1 smooths out into a concavity in the curve, which decreases in size. Byb D 2 it appears
to be gone; further increases inb push the left-hand section of the curve out, making it more convex.
(d) By Eq. (8), withf .�/ D b C cos� andf 0.�/ D � sin� , we have (using the double-angle identities for sin and cos)

dy

dx
D f .�/ cos� C f 0.�/ sin�

�f .�/ sin� C f 0.�/ cos�
D .b C cos�/ cos� � sin2 �

�.b C cos�/ sin� � sin� cos�
D b cos� C cos2�

�b sin � � 2 sin� cos�

D � b cos� C cos2�

sin�.b C 2 cos�/
D �

�
b cos� C cos2�

b C 2 cos�

�
csc�

(e) From part(d), the tangent line is vertical when either csc� is undefined or whenb C 2 cos� D 0 (as long as the numerator
b cos� C cos2� ¤ 0). Consider first the case when csc� is undefined, so that� D 0 or � D �. If � D 0, the numerator of the
fraction isb C 1 ¤ 0 and the denominator isb C 2 ¤ 0, so that the tangent is vertical here.

For anyb; the limaçon has a vertical tangent at.b C cos0; 0/ D .b C 1; 0/

If � D �, the numerator of the fraction is1� b and the denominator isb C 2 ¤ 0. As long asb ¤ 1, the numerator does not vanish
and we have found a point of vertical tangency. Ifb D 1, then by L’Hôpital’s Rule,

� lim
�!�

�
b cos� C cos2�

b C 2 cos�

�
csc� D � lim

�!�

�
b cos� C cos2�

.b C 2 cos�/ sin�

�
D lim
�!�

sint C sin2t

2 cos2 t � 2 sin2 t C cost
D 0
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so that the tangent is not vertical here. Thus

If b ¤ 1; the limaçon has a vertical tangent at.b C cos�; �/ D .b � 1; �/

Next consider the possibility thatb C 2 cos� D 0; this happens when cos� D �b
2 . First assume that0 � b < 2. This equation

holds for two values of� : cos�1
�
�b
2

�
and� cos�1

�
�b
2

�
. Neither of these angles is0 or �, so that csc� is defined. Additionally,

the numerator is

b cos� C cos2� D b cos� C 2 cos2 � � 1 D �b
2

2
C 2 � b

2

4
� 1 D �1

so that the numerator does not vanish. Thus

For0 � b < 2; the limaçon has a vertical tangent at
�
b

2
; cos�1

�
�b
2

��
and

�
b

2
;� cos�1

�
�b
2

��

Next assume thatb D 2; then cos� D �1 holds for� D �; we have considered that case above. Finally assume thatb > 2; then
cos� D �b

2 has no solutions. Thus, in summary, vertical tangents of the limaçon occur as follows:

0 � b < 2; b ¤ 1 W
�
b

2
; cos�1

�
�b
2

��
;

�
b

2
;� cos�1

�
�b
2

��
; .b � 1; �/; .b C 1; 0/

b D 1 W
�
b

2
; cos�1

�
�b
2

��
;

�
b

2
;� cos�1

�
�b
2

��
; .b C 1; 0/

b � 2 W .b C 1; 0/; .b � 1; �/

These do correspond to the figures in parts(b) and(c).

11.5 Vectors in the Plane

Preliminary Questions
1. Answer true or false. Every nonzero vector is:

(a) Equivalent to a vector based at the origin.

(b) Equivalent to a unit vector based at the origin.

(c) Parallel to a vector based at the origin.

(d) Parallel to a unit vector based at the origin.

SOLUTION

(a) This statement is true. Translating the vector so that it is based on the origin, we get an equivalent vector based at the origin.

(b) Equivalent vectors have equal lengths, hence vectors that are not unit vectors, are not equivalent to a unit vector.

(c) This statement is true. A vector based at the origin such that the line through this vector is parallel to the line through the given
vector, is parallel to the given vector.

(d) Since parallel vectors do not necessarily have equal lengths, the statement is true by the same reasoning as in (c).

2. What is the length of�3a if kak D 5?

SOLUTION Using properties of the length we get

k�3ak D j�3jkak D 3kak D 3 � 5 D 15

3. Suppose thatv has componentsh3; 1i. How, if at all, do the components change if you translatev horizontally two units to the
left?

SOLUTION Translatingv D h3; 1i yields an equivalent vector, hence the components are not changed.

4. What are the components of the zero vector based atP D .3; 5/?

SOLUTION The components of the zero vector are alwaysh0; 0i, no matter where it is based.

5. True or false?

(a) The vectorsv and�2v are parallel.

(b) The vectorsv and�2v point in the same direction.

SOLUTION

(a) The lines throughv and�2v are parallel, therefore these vectors are parallel.

(b) The vector�2v is a scalar multiple ofv, where the scalar is negative. Therefore�2v points in the opposite direction asv.
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6. Explain the commutativity of vector addition in terms of the Parallelogram Law.

SOLUTION To determine the vectorv C w, we translatew to the equivalent vectorw0 whose tail coincides with the head ofv.
The vectorv C w is the vector pointing from the tail ofv to the head ofw0.

v v'

w'

w

v +
 w

w + v

To determine the vectorw C v, we translatev to the equivalent vectorv0 whose tail coincides with the head ofw. Thenw C v is the
vector pointing from the tail ofw to the head ofv0. In either case, the resulting vector is the vector with the tail at the basepoint of
v andw, and head at the opposite vertex of the parallelogram. Thereforev C w D w C v.

Exercises
1. Sketch the vectorsv1; v2; v3; v4 with tail P and headQ, and compute their lengths. Are any two of these vectors equivalent?

v1 v2 v3 v4

P .2; 4/ .�1; 3/ .�1; 3/ .4; 1/

Q .4; 4/ .1; 3/ .2; 4/ .6; 3/

SOLUTION Using the definitions we obtain the following answers:

v1 D ��!
PQ D h4 � 2; 4 � 4i D h2; 0i

kv1k D
p
22 C 02 D 2

y

x

QP
v1

v2 D h1 � .�1/; 3 � 3i D h2; 0i

kv2k D
p
22 C 02 D 2

y

x

QP
v2

v3 D h2 � .�1/; 4 � 3i D h3; 1i

kv3k D
p
32 C 12 D

p
10

y

x

Q

P v3

v4 D h6 � 4; 3 � 1i D h2; 2i

kv4k D
p
22 C 22 D

p
8 D 2

p
2

y

x

Q

P v4

v1 and v2 are parallel and have the same length, hence they are equivalent.

2. Sketch the vectorb D h3; 4i based atP D .�2;�1/.
SOLUTION The vectorb D h3; 4i based atP has terminal pointQ, located 3 units to the right and 4 units up fromP . Therefore
Q D .�2C 3;�1C 4/ D .1; 3/. The vector equivalent tob isPQ shown in the figure.
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y

x

Q = (1, 3)

P = (−2, −1)

3. What is the terminal point of the vectora D h1; 3i based atP D .2; 2/? Sketcha and the vectora0 based at the origin and
equivalent toa.

SOLUTION The terminal pointQ of the vectora is located 1 unit to the right and 3 units up fromP D .2; 2/. Therefore,
Q D .2C 1; 2C 3/ D .3; 5/. The vectora0 equivalent toa based at the origin is shown in the figure, along with the vectora.

y

x

P

Q

0

a0

a

4. Let v D ��!
PQ, whereP D .1; 1/ andQ D .2; 2/. What is the head of the vectorv0 equivalent tov based at.2; 4/? What is the

head of the vectorv0 equivalent tov based at the origin? Sketchv, v0, andv0.

SOLUTION We first find the components ofv:

v D ��!
PQ D h1; 1i

Sincev0 is equivalent tov, the two vectors have the same components, hence the head ofv0 is located one unit to the right and one
unit up from.2; 4/. This is the point.3; 5/. The head ofv0 is located one unit to the right and one unit up from the origin; that is,
the head is at the point.1; 1/.

y

x
(0, 0)

(2, 4)

(3, 5)

v0

v1

v

Q

P

In Exercises 5–8, find the components of
��!
PQ.

5. P D .3; 2/, Q D .2; 7/

SOLUTION Using the definition of the components of a vector we have
��!
PQ D h2 � 3; 7 � 2i D h�1; 5i.

6. P D .1;�4/, Q D .3; 5/

SOLUTION The components of
��!
PQ are

��!
PQ D h3 � 1; 5 � .�4/i D h2; 9i.

7. P D .3; 5/, Q D .1;�4/

SOLUTION By the definition of the components of a vector, we obtain
��!
PQ D h1 � 3;�4 � 5i D h�2;�9i.

8. P D .0; 2/, Q D .5; 0/

SOLUTION The components of the vector
��!
PQ are

��!
PQ D h5 � 0; 0 � 2i D h5;�2i.
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In Exercises 9–14, calculate.

9. h2; 1i C h3; 4i
SOLUTION Using vector algebra we haveh2; 1i C h3; 4i D h2C 3; 1C 4i D h5; 5i.
10. h�4; 6i � h3;�2i
SOLUTION h�4; 6i � h3;�2i D h�4 � 3; 6 � .�2/i D h�7; 8i
11. 5 h6; 2i
SOLUTION 5h6; 2i D h5 � 6; 5 � 2i D h30; 10i
12. 4.h1; 1i C h3; 2i/
SOLUTION Using vector algebra we obtain

4 .h1; 1i C h3; 2i/ D 4h1C 3; 1C 2i D 4h4; 3i D h4 � 4; 4 � 3i D h16; 12i

13.
D
�1
2 ;
5
3

E
C
D
3; 103

E

SOLUTION The vector sum is
�
�1
2
;
5

3

�
C
�
3;
10

3

�
D
�
�1
2

C 3;
5

3
C 10

3

�
D
�
5

2
; 5

�
.

14. hln 2; ei C hln 3; �i
SOLUTION The vector sum ishln 2; ei C hln 3; �i D hln 2C ln 3; e C �i D hln 6; e C �i.
15. Which of the vectors (A)–(C) in Figure 1 is equivalent tov � w?

w

v

(A) (B) (C)

FIGURE 1

SOLUTION The vector�w has the same length asw but points in the opposite direction. The sumv C .�w/, which is the
differencev � w, is obtained by the parallelogram law. This vector is the vector shown in (b).

w

vv − w

−w

−w

16. Sketchv C w andv � w for the vectors in Figure 2.

v
w

FIGURE 2

SOLUTION The vectorv C w is obtained by the parallelogram law:

w
v + w

v
w

Sincev � w D v C .�w/, we first sketch the vector�w, which has the same length asw but points to the opposite direction. Then
we add�w to v using the parallelogram law. This gives:

v − w

−w

−w

v
w

17. Sketch2v, �w, v C w, and2v � w for the vectors in Figure 3.

2 4 61 3 5

1

2

3

4

5

x

y

v = 〈2, 3〉

w = 〈1, 4〉

FIGURE 3
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SOLUTION The scalar multiple2v points in the same direction asv and its length is twice the length ofv. It is the vector
2v D h4; 6i.

2 4 61 3 5

2v

1

2

3

4

5

x

y

2 4 61 3 5

v
1

2

3

4

5

x

y

�w has the same length asw but points to the opposite direction. It is the vector�w D h�4;�1i.

y

x
w

−w

The vector sumv C w is the vector:

v C w D h2; 3i C h4; 1i D h6; 4i:

This vector is shown in the following figure:

y

x
w

v

v + w

The vector2v � w is

2v � w D 2h2; 3i � h4; 1i D h4; 6i � h4; 1i D h0; 5i

It is shown next:

2v − w

y

x

18. Sketchv D h1; 3i, w D h2;�2i, v C w, v � w.

SOLUTION We compute the sumv C w and the differencev � w and then sketch the vectors. This gives:

v C w D h1; 3i C h2;�2i D h1C 2; 3 � 2i D h3; 1i

v � w D h1; 3i � h2;�2i D h1 � 2; 3C 2i D h�1; 5i
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y

x

v − w

v

w

v + w

19. Sketchv D h0; 2i, w D h�2; 4i, 3v C w, 2v � 2w.

SOLUTION We compute the vectors and then sketch them:

3v C w D 3h0; 2i C h�2; 4i D h0; 6i C h�2; 4i D h�2; 10i

2v � 2w D 2h0; 2i � 2h�2; 4i D h0; 4i � h�4; 8i D h4;�4i

y

x

w

v

3v + w

2v − 2w

20. Sketchv D h�2; 1i, w D h2; 2i, v C 2w, v � 2w.

SOLUTION We compute the linear combinationsv C 2w andv � 2w and then sketch the vectors:

v C 2w D h�2; 1i C 2h2; 2i D h�2; 1i C h4; 4i D h2; 5i

v � 2w D h�2; 1i � 2h2; 2i D h�2; 1i � h4; 4i D h�6;�3i

y

x

v − 2w

v
w

v + 2w

21. Sketch the vectorv such thatv C v1 C v2 D 0 for v1 andv2 in Figure 4(A).

1−3

1

3

x

y

v1

v2

(A)

x

y

v3

v1

v4 v2

(B)

FIGURE 4

SOLUTION Sincev C v1 C v2 D 0, we have thatv D �v1 � v2, and sincev1 D h1; 3i andv2 D h�3; 1i, thenv D �v1 � v2 D
h2;�4i, as seen in this picture.
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1 2

3

1

−4

−3

y

x

v

v1

v2

22. Sketch the vector sumv D v1 C v2 C v3 C v4 in Figure 4(B).

SOLUTION If we place the vectorsv1; v2; v3; v4 tip to tail, as shown in the following figure, it is easy to sketch in the sum
v1 C v2 C v3 C v4, as shown.

x

y

v1 + v2 + v3 + v4

v4

v1

v2

v3

23. Let v D ��!
PQ, whereP D .�2; 5/,Q D .1;�2/. Which of the following vectors with the given tails and heads are equivalent

to v?

(a) .�3; 3/, .0; 4/ (b) .0; 0/, .3;�7/
(c) .�1; 2/, .2;�5/ (d) .4;�5/, .1; 4/

SOLUTION Two vectors are equivalent if they have the same components. We thus compute the vectors and check whether this
condition is satisfied.

v D ��!
PQ D h1 � .�2/;�2 � 5i D h3;�7i

(a) h0 � .�3/; 4 � 3i D h3; 1i (b) h3 � 0;�7 � 0i D h3;�7i
(c) h2 � .�1/;�5 � 2i D h3;�7i (d) h1 � 4; 4 � .�5/i D h�3; 9i
We see that the vectors in (b) and (c) are equivalent tov.

24. Which of the following vectors are parallel tov D h6; 9i and which point in the same direction?

(a) h12; 18i (b) h3; 2i (c) h2; 3i
(d) h�6;�9i (e) h�24;�27i (f) h�24;�36i

SOLUTION Two vectors are parallel if they are scalar multiples of each other. The vectors point in the same direction if the
multiplying scalar is positive. We use this to obtain the following conclusions:

(a) h12; 18i D 2h6; 9i D 2v ) both vectors point in the same direction.

(b) h3; 2i is not a scalar multiple ofv, hence the vectors are not parallel.

(c) h2; 3i D 1
3 h6; 9i D 1

3v ) both vectors point in the same direction.

(d) h�6;�9i D �h6; 9i D �v ) parallel tov and points in the opposite direction.

(e) h�24;�27i is not a scalar multiple ofv, hence the vectors are not parallel.

(f) h�24;�36i D �4h6; 9i D �4v ) parallel tov and points in the opposite direction.

In Exercises 25–28, sketch the vectors
��!
AB and

��!
PQ, and determine whether they are equivalent.

25. A D .1; 1/, B D .3; 7/, P D .4;�1/, Q D .6; 5/

SOLUTION We compute the vectors and check whether they have the same components:

��!
AB D h3 � 1; 7 � 1i D h2; 6i
��!
PQ D h6 � 4; 5 � .�1/i D h2; 6i

) The vectors are equivalent.

26. A D .1; 4/, B D .�6; 3/, P D .1; 4/, Q D .6; 3/

SOLUTION We compute
��!
AB and

��!
PQ and see if they have the same components:

��!
AB D h�6 � 1; 3 � 4i D h�7;�1i
��!
PQ D h6 � 1; 3 � 4i D h5;�1i

) The vectors are not equivalent.
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y

x

(−6, 3) (6, 3)

(1, 4)

A, P
QB

27. A D .�3; 2/, B D .0; 0/, P D .0; 0/, Q D .3;�2/

SOLUTION We compute the vectors
��!
AB and

��!
PQ :

��!
AB D h0 � .�3/; 0 � 2i D h3;�2i
��!
PQ D h3 � 0;�2 � 0i D h3;�2i

) The vectors are equivalent.

28. A D .5; 8/, B D .1; 8/, P D .1; 8/, Q D .�3; 8/

SOLUTION Computing
��!
AB and

��!
PQ gives:

��!
AB D h1 � 5; 8 � 8i D h�4; 0i
��!
PQ D h�3 � 1; 8 � 8i D h�4; 0i

) The vectors are equivalent.

y

x

(5, 8)(1, 8)(−3, 8)

Q B, P A

In Exercises 29–32, are
��!
AB and

��!
PQ parallel? And if so, do they point in the same direction?

29. A D .1; 1/, B D .3; 4/, P D .1; 1/, Q D .7; 10/

SOLUTION We compute the vectors
��!
AB and

��!
PQ:

��!
AB D h3 � 1; 4 � 1i D h2; 3i
��!
PQ D h7 � 1; 10 � 1i D h6; 9i

Since
��!
AB D 1

3 h6; 9i, the vectors are parallel and point in the same direction.

30. A D .�3; 2/, B D .0; 0/, P D .0; 0/, Q D .3; 2/

SOLUTION We compute the two vectors:

��!
AB D h0 � .�3/; 0 � 2i D h3;�2i
��!
PQ D h3 � 0; 2 � 0i D h3; 2i

The vectors are not scalar multiples of each other, hence they are not parallel.

31. A D .2; 2/, B D .�6; 3/, P D .9; 5/, Q D .17; 4/

SOLUTION We compute the vectors
��!
AB and

��!
PQ:

��!
AB D h�6 � 2; 3 � 2i D h�8; 1i
��!
PQ D h17 � 9; 4 � 5i D h8;�1i

Since
��!
AB D ���!

PQ, the vectors are parallel and point in opposite directions.

32. A D .5; 8/, B D .2; 2/, P D .2; 2/, Q D .�3; 8/

SOLUTION Computing
��!
AB and

��!
PQ gives:

��!
AB D h2 � 5; 2 � 8i D h�3 � 6i
��!
PQ D h�3 � 2; 8 � 2i D h�5; 6i

The vectors are not scalar multiples of each other, hence they are not parallel.
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In Exercises 33–36, letR D .�2; 7/. Calculate the following.

33. The length of
��!
OR

SOLUTION Since
��!
OR D h�2; 7i, the length of the vector isk��!

ORk D
q
.�2/2 C 72 D

p
53.

34. The components ofu D �!
PR, whereP D .1; 2/

SOLUTION We compute the components of the vector to obtain:

u D �!
PR D h�2 � 1; 7 � 2i D h�3; 5i

35. The pointP such that
�!
PR has componentsh�2; 7i

SOLUTION DenotingP D .x0; y0/ we have:

�!
PR D h�2 � x0; 7 � y0i D h�2; 7i

Equating corresponding components yields:

� 2 � x0 D �2
7 � y0 D 7

) x0 D 0; y0 D 0 ) P D .0; 0/

36. The pointQ such that
��!
RQ has componentsh8;�3i

SOLUTION We denoteQ D .x0; y0/ and have:

��!
RQ D hx0 � .�2/; y0 � 7i D hx0 C 2; y0 � 7i D h8;�3i

Equating the corresponding components of the two vectors yields:

x0 C 2 D 8

y0 � 7 D �3
) x0 D 6; y0 D 4 ) Q D .6; 4/

In Exercises 37–42, find the given vector.

37. Unit vectorev wherev D h3; 4i
SOLUTION The unit vectorev is the following vector:

ev D 1

kvk v

We find the length ofv D h3; 4i:

kvk D
p
32 C 42 D

p
25 D 5

Thus

ev D 1

5
h3; 4i D

�
3

5
;
4

5

�
:

38. Unit vectorew wherew D h24; 7i
SOLUTION The unit vectorew is the following vector:

ew D 1

kwkw

We find the length ofw D h24; 7i:

kwk D
p
242 C 72 D

p
625 D 25

Thus

ew D 1

25
h24; 7i D

�
24

25
;
7

25

�
:

39. Vector of length 4 in the direction ofu D h�1;�1i

SOLUTION Sincekuk D
p
.�1/2 C .�1/2 D

p
2, the unit vector in the direction ofu is eu D

D
� 1p

2
;� 1p

2

E
. We multiplyeu by

4 to obtain the desired vector:

4eu D 4

�
� 1p

2
;� 1p

2

�
D
D
�2

p
2;�2

p
2
E
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40. Unit vector in the direction opposite tov D h�2; 4i
SOLUTION We first compute the unit vectorev in the direction ofv and then multiply by�1 to obtain a unit vector in the opposite
direction. This gives:

ev D 1

kvk v D 1p
.�2/2 C 42

h�2; 4i D 1p
20

h�2; 4i D
�
� 2

2
p
5
;
4

2
p
5

�
D
�
� 1p

5
;
2p
5

�

The desired vector is thus

�ev D �
�
� 1p

5
;
2p
5

�
D
�
1p
5
;� 2p

5

�
:

41. Unit vectore making an angle of4�7 with thex-axis

SOLUTION The unit vectore is the following vector:

e D
�
cos

4�

7
; sin

4�

7

�
D h�0:22; 0:97i:

42. Vectorv of length 2 making an angle of30ı with thex-axis

SOLUTION The desired vector is

v D 2hcos30ı; sin30ıi D 2

*p
3

2
;
1

2

+
D
Dp
3; 1

E
:

43. Find all scalars� such that� h2; 3i has length 1.

SOLUTION We have:

k�h2; 3ik D j�jkh2; 3ik D j�j
p
22 C 32 D j�j

p
13

The scalar� must satisfy

j�j
p
13 D 1

j�j D 1p
13

) �1 D 1p
13
; �2 D � 1p

13

44. Find a vectorv satisfying3v C h5; 20i D h11; 17i.
SOLUTION Write v D hx; yi to get the equation3 hx; yi C h5; 20i D h11; 17i, which gives us3x C 5 D 11 (and thusx D 2)
and also3y C 20 D 17 (and soy D �1). Thus,v D h2;�1i.
45. What are the coordinates of the pointP in the parallelogram in Figure 5(A)?

x

y

x

y

(2, 2)

(A)

P

(5, 4)

(7, 8)

(2, 3)

(−3, 2)
(a, 1)

(−1, b)

(B)

FIGURE 5

SOLUTION We denote byA, B, C the points in the figure.

x

y

C (7, 8)

P (x0, y0)

B (5, 4)

A (2, 2)
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LetP D .x0; y0/. We compute the following vectors:

��!
PC D h7 � x0; 8 � y0i
��!
AB D h5 � 2; 4 � 2i D h3; 2i

The vectors
��!
PC and

��!
AB are equivalent, hence they have the same components. That is:

7 � x0 D 3

8 � y0 D 2
) x0 D 4; y0 D 6 ) P D .4; 6/

46. What are the coordinatesa andb in the parallelogram in Figure 5(B)?

SOLUTION We denote the points in the figure byA, B, C andD.

x

y

C (2, 3)

A (−3, 2)
D (a, 1)

B (−1, b)

We compute the following vectors:

��!
AB D h�1 � .�3/; b � 2i D h2; b � 2i
��!
DC D h2 � a; 3 � 1i D h2 � a; 2i

Since
��!
AB D ��!

DC , the two vectors have the same components. That is,

2 D 2 � a

b � 2 D 2
)

a D 0

b D 4

47. Let v D ��!
AB andw D ��!

AC , whereA;B; C are three distinct points in the plane. Match (a)–(d) with (i)–(iv). (Hint: Draw a
picture.)

(a) �w (b) �v (c) w � v (d) v � w

(i)
��!
CB (ii)

�!
CA (iii)

��!
BC (iv)

�!
BA

SOLUTION

(a) �w has the same length asw and points in the opposite direction. Hence:�w D �!
CA.

C

A

−w

(b) �v has the same length asv and points in the opposite direction. Hence:�v D �!
BA.

B

A

−v

(c) By the parallelogram law we have:

��!
BC D �!

BAC ��!
AC D �v C w D w � v

That is,

w � v D ��!
BC

−v

w

−v + w = BC

A

B

C

→
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(d) By the parallelogram law we have:

��!
CB D �!

CAC ��!
AB D �w C v D v � w

That is,

v � w D ��!
CB:

−w

v −w + v = CB

A

B

C

→

48. Find the components and length of the following vectors:

(a) 4i C 3j (b) 2i � 3j (c) i C j (d) i � 3j

SOLUTION

(a) Sincei D h1; 0i andj D h0; 1i, using vector algebra we have:

4i C 3j D 4h1; 0i C 3h0; 1i D h4; 0i C h0; 3i D h4C 0; 0C 3i D h4; 3i

The length of the vector is:

k4i C 3jk D
p
42 C 32 D 5

(b) We use vector algebra and the definition of the standard basis vector to compute the components of the vector2i � 3j :

2i � 3j D 2h1; 0i � 3h0; 1i D h2; 0i � h0; 3i D h2 � 0; 0 � 3i D h2;�3i

The length of this vector is:

k2i � 3jk D
q
22 C .�3/2 D

p
13

(c) We find the components of the vectori C j :

i C j D h1; 0i C h0; 1i D h1C 0; 0C 1i D h1; 1i

The length of this vector is:

ki C jk D
p
12 C 12 D

p
2

(d) We find the components of the vectori � 3j , using vector algebra:

i � 3j D h1; 0i � 3h0; 1i D h1; 0i � h0; 3i D h1 � 0; 0 � 3i D h1;�3i

The length of this vector is

ki � 3jk D
q
12 C .�3/2 D

p
10

In Exercises 49–52, calculate the linear combination.

49. 3j C .9i C 4j /

SOLUTION We have:

3j C .9i C 4j / D 3 h0; 1i C 9 h1; 0i C 4 h0; 1i D h9; 7i
50. �3

2 i C 5
�
1
2 j � 1

2 i
�

SOLUTION We have:

�3
2

i C 5
�1
2

j � 1

2
i
�

D �3
2

h1; 0i C 5
�1
2

h0; 1i � 1

2
h1; 0i

�
D
�
�4; 5

2

�

51. .3i C j /� 6j C 2.j � 4i/

SOLUTION We have:

.3i C j / � 6j C 2.j � 4i/ D .h3; 0i C h0; 1i/ � h0; 6i C 2.h0; 1i � h4; 0i/ D h�5;�3i
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52. 3.3i � 4j /C 5.i C 4j /

SOLUTION We have:

3.3i � 4j /C 5.i C 4j / D 3.h3; 0i � h0; 4i/C 5.h1; 0i C h0; 4i/ D h14; 8i
53. For each of the position vectorsu with endpointsA, B, andC in Figure 6, indicate with a diagram the multiplesrv andsw

such thatu D rv C sw. A sample is shown foru D ��!
OQ.

y

x

C

A

Q

B

w

v

sw

rv

FIGURE 6

SOLUTION See the following three figures:

y

x

A

w

v

sw

rv

y

x

w

v
B

sw
rv

y

x

w

vsw

rv

C

54. Sketch the parallelogram spanned byv D h1; 4i andw D h5; 2i. Add the vectoru D h2; 3i to the sketch and expressu as a
linear combination ofv andw.

SOLUTION We have

u D h2; 3i D rv C sw D rh1; 4i C sh5; 2i

which becomes the two equations

2 D r C 5s

3 D 4r C 2s

Solving the first equation forr gives

r D 2 � 5s

and substituting that into the first equation gives

3 D 4.2 � 5s/C 2s D 8� 18s

So18s D 5, sos D 5=18, and thusr D 11=18. In other words,

u D h2; 3i D 11

18
h1; 4i C 5

18
h5; 2i

as seen in this picture:

y

x

v
u

w
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In Exercises 55 and 56, expressu as a linear combinationu D rv C sw. Then sketchu; v;w, and the parallelogram formed byrv
andsw.

55. uD h3;�1i; v D h2; 1i, w D h1; 3i
SOLUTION We have

u D h3;�1i D rv C sw D rh2; 1i C sh1; 3i

which becomes the two equations

3 D 2r C s

�1 D r C 3s

Solving the second equation forr givesr D �1 � 3s, and substituting that into the first equation gives3 D 2.�1 � 3s/ C s D
�2 � 6s C s, so5 D �5s, sos D �1, and thusr D 2. In other words,

u D h3;�1i D 2h2; 1i � 1h1; 3i

as seen in this sketch:

y

x

v

u

w

56. uD h6;�2i; v D h1; 1i, w D h1;�1i
SOLUTION We have

u D h6;�2i D rv C sw D rh1; 1i C sh1;�1i

which becomes the two equations

6 D r C s

�2 D r � s

Adding gives4 D 2r , sor D 2 and thuss D 4. In other words,

u D h6;�2i D 2h1; 1i C 4h1;�1i

as seen in this sketch:

y

x

w

v

u

57. Calculate the magnitude of the force on cables 1 and 2 in Figure 7.

65 25

Cable 1 Cable 2

50 kg

FIGURE 7



S E C T I O N 11.5 Vectors in the Plane 1449

SOLUTION The three forces acting on the pointP are:

� The forceF of magnitude490 newtons that acts vertically downward.
� The forcesF1 andF2 that act through cables 1 and 2 respectively.

y

x
25°

115°F1

F

F2

P

Since the pointP is not in motion we have

F1 C F2 C F D 0 (1)

We compute the forces. LettingkF1k D f1 andkF2k D f2 we have:

F1 D f1hcos115ı; sin115ıi D f1h�0:423; 0:906i

F2 D f2hcos25ı; sin25ıi D f2h0:906; 0:423i

F D h0;�490i
Substituting the forces in (1) gives

f1h�0:423; 0:906i C f2h0:906; 0:423i C h0;�490i D h0; 0i

h�0:423f1 C 0:906f2; 0:906f1 C 0:423f2 � 490i D h0; 0i

We equate corresponding components and get

�0:423f1 C 0:906f2 D 0

0:906f1 C 0:423f2 � 490 D 0

By the first equation,f2 D 0:467f1. Substituting in the second equation and solving forf1 yields

0:906f1 C 0:423 � 0:467f1 � 490 D 0

1:104f1 D 490 ) f1 D 443:84; f2 D 0:467f1 D 207:27

We conclude that the magnitude of the force on cable 1 isf1 D 443:84 newtons and the magnitude of the force on cable 2 is
f2 D 207:27 newtons.

58. Determine the magnitude of the forcesF1 andF2 in Figure 8, assuming that there is no net force on the object.

30°45°

20 kgF2

F1

FIGURE 8

SOLUTION We denotekF1k D f1 and kF2k D f2. Note that the third force is of magnitude20 kg D 196 newtons. It is
convenient (but not necessary) to redraw the vectors as being centered at the object, giving us the following figure.

x
210

−45

196
F2

F3

F1

Since there is no net force on the object, we have

F1 C F2 C F3 D 0 (1)

We find the forces:

F1 D f1h0; 1i D h0; f1i
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F2 D f2hcos.�45ı/; sin.�45ı/i D f2

*p
2

2
;�

p
2

2

+
D h0:707f2;�0:707f2i

F3 D 196hcos210ı; sin210ıi D h�169:74;�98i

We substitute the forces in (1):

h0; f1i C h0:707f2;�0:707f2i C h�169:74;�98i D h0; 0i

h0:707f2 � 169:74; f1 � 0:707f2 � 98i D h0; 0i

Equating corresponding components we obtain

0:707f2 � 169:74 D 0

f1 � 0:707f2 � 98 D 0

The first equation givesf2 D 240:08. Substituting in the second equation and solving forf1 gives

f1 � 0:707 � 240:08 � 98 D 0 ) f1 D 267:74

The magnitude of the forcesF1 andF2 aref1 D 267:74 newtons andf2 D 240:08 newtons respectively.

59. A plane flying due east at200 km/h encounters a40-km/h wind blowing in the north-east direction. The resultant velocity of
the plane is the vector sumv D v1 C v2, wherev1 is the velocity vector of the plane andv2 is the velocity vector of the wind
(Figure 9). The angle betweenv1 andv2 is �4 . Determine the resultantspeedof the plane (the length of the vectorv).

40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h40 km/h

200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h200 km/h

vvvvvv22222

vvvvvvvvvvvvv11111

vvvvvv

FIGURE 9

SOLUTION The resultant speed of the plane is the length of the sum vectorv D v1 C v2. We place thexy-coordinate system as
shown in the figure, and compute the components of the vectorsv1 andv2. This gives

v1 D hv1; 0i

v2 D
D
v2 cos

�

4
; v2 sin

�

4

E
D
*
v2 �

p
2

2
; v2 �

p
2

2

+

y

xv1

v2

v1

v2

π
4

We now compute the sumv D v1 C v2:

v D hv1; 0i C
*p

2v2

2
;

p
2v2

2

+
D
*p

2

2
v2 C v1;

p
2

2
v2

+

The resultant speed is the length ofv, that is,

v D kvk D

vuut
 p

2v2

2

!2
C
 
v1 C

p
2v2

2

!2
D

s
v22
2

C v21 C 2 �
p
2

2
v2v1 C

v22
2

D
q
v21 C v22 C

p
2v1v2

Finally, we substitute the given informationv1 D 200 andv2 D 40 in the equation above, to obtain

v D
q
2002 C 402 C

p
2 � 200 � 40 � 230 km=hr
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Further Insights and Challenges

In Exercises 60–62, refer to Figure 10, which shows a robotic arm consisting of two segments of lengthsL1 andL2.

x

y

q 1

q 1

q 2
PL1

L2

r

FIGURE 10

60. Find the components of the vectorr D ��!
OP in terms of�1 and�2.

SOLUTION We denote byA the point in the figure.

x

y

q 1
q 2

90° − q 2

q 2 − 90°
90° − q 1

O

P

A

By the parallelogram law we have

r D �!
OAC ��!

AP (1)

We find the vectors
�!
OA and

��!
AP :

� The vector
�!
OA has lengthL1 and it makes an angle of90ı � �1 with thex-axis.

� The vector
��!
AP has lengthL2 and it makes an angle of�.90ı � �2/ D �2 � 90ı with thex-axis.

Hence,

�!
OA D L1

˝
cos.90ı � �1/; sin.90ı � �1/

˛
D L1hsin�1; cos�1i D hL1 sin�1; L1 cos�1i

��!
AP D L2

˝
cos.�2 � 90ı/; sin.�2 � 90ı/

˛
D L2hsin�2;� cos�2i D hL2 sin�2;�L2 cos�2i

Substituting into (1) we obtain

r D hL1 sin�1; L1 cos�1i C hL2 sin�2 � L2 cos�2i

r D hL1 sin�1 C L2 sin�2; L1 cos�1 �L2cos�2i

Thus, thex component ofr isL1 sin�1 C L2 sin�2 and they component isL1 cos�1 � L2 cos�2.

61. LetL1 D 5 andL2 D 3. Findr for �1 D �
3 , �2 D �

4 .

SOLUTION In Exercise 60 we showed that

r D hL1 sin�1 C L2 sin�2; L1 cos�1 � L2cos�2i

Substituting the given information we obtain

r D
D
5 sin

�

3
C 3 sin

�

4
; 5 cos

�

3
� 3 cos

�

4

E
D
*
5
p
3

2
C 3

p
2

2
;
5

2
� 3

p
2

2

+
� h6:45; 0:38i

62. LetL1 D 5 andL2 D 3. Show that the set of points reachable by the robotic arm with�1 D �2 is an ellipse.

SOLUTION SubstitutingL1 D 5,L2 D 3, and�1 D �2 D � in the formula forr obtained in Exercise 60 we get

r D hL1 sin�1 C L2 sin�2; L1 cos�1 �L2 cos�2i

D h5 sin� C 3 sin�; 5 cos� � 3 cos�i D h8 sin�; 2 cos�i

Thus, thex andy components ofr are

x D 8 sin�; y D 2 cos�
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so x8 D sin � , y2 D cos� . Using the identity sin2� C cos2� D 1 we get

�x
8

�2
C
�y
2

�2
D 1;

which is the formula of an ellipse.

63. Use vectors to prove that the diagonalsAC andBD of a parallelogram bisect each other (Figure 11).Hint: Observe that the
midpoint ofBD is the terminal point ofw C 1

2 .v � w/.

(v + w)

(v − w)

v

w

A
B

D
C

1
2

1
2

FIGURE 11

SOLUTION We denote byO the midpoint ofBD. Hence,

��!
DO D 1

2

��!
DB

v

v

w
w

A
B

D
C

O

Using the Parallelogram Law we have

��!
AO D ��!

AD C ��!
DO D ��!

AD C 1

2

��!
DB

Since
��!
AD D w and

��!
DB D v � w we get

��!
AO D w C 1

2
.v � w/ D w C v

2
(1)

On the other hand,
��!
AC D ��!

AD C ��!
DC D w C v, hence the midpointO 0 of the diagonalAC is the terminal point ofwCv

2 . That is,

��!
AO 0 D w C v

2
(2)

v

v

w

A
B

D
C

O'

We combine (1) and (2) to conclude thatO andO 0 are the same point. That is, the diagonalAC andBD bisect each other.

64. Use vectors to prove that the segments joining the midpoints of opposite sides of a quadrilateral bisect each other (Figure 12).
Hint: Show that the midpoints of these segments are the terminal points of

1

4
.2u C v C z/ and

1

4
.2v C w C u/

v

z w

u

FIGURE 12
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SOLUTION We denote byA, B, C ,D the corresponding points in the figure and byE, F , G,H the midpoints of the sidesAB ,
BC , CD andAD, respectively. Also,O is the midpoint ofFH andO 0 is the midpoint ofEG.

A
D

O

H

F

C

B

z

v

w

u

G

E

We must show thatO andO 0 are the same point. Using the Parallelogram Law we have

��!
AO D ��!

AH C ��!
HO D 1

2
v C 1

2

��!
HF

��!
HF D ��!

HAC ��!
AB C ��!

BF D �1
2

v C u C 1

2
z

Hence,

��!
AO D 1

2
v C 1

2

�
�1
2

v C u C 1

2
z
�

D 1

4
v C 1

2
u C 1

4
z D 1

4
.2u C v C z/ (1)

A

G

D

O′

H

E

F

C

B

z

v

w

u

Similarly,

��!
AO 0 D ��!

AD C ��!
DG C

��!
GO 0 D v C 1

2
w C 1

2

��!
GE

��!
GE D ��!

GD C ��!
DAC ��!

AE D �1
2

w � v C 1

2
u

Hence,

��!
AO 0 D v C 1

2
w C 1

2

�
�1
2

w � v C 1

2
u
�

D 1

2
v C 1

4
w C 1

4
u D 1

4
.2v C w C u/ (2)

To show that
��!
AO D

��!
AO 0 we must expressz in terms ofu, v andw. We have

v C w � z � u D 0 ) z D v C w � u

Substituting into (1) we get

��!
AO D 1

4
.2u C v C .v C w � u// D 1

4
.2v C w C u/ (3)

By (2) and (3) we conclude that
��!
AO D

��!
AO 0. It means that the pointsO andO 0 are the same point, in other words, the segment

FH andEG bisect each other.

65. Prove that two vectorsv D ha; bi andw D hc; d i are perpendicular if and only if

ac C bd D 0

SOLUTION Suppose that the vectorsv andw make angles�1 and�2, which are not�2 or 3�2 , respectively, with the positive
x-axis. Then their components satisfy

a D kvk cos�1
b D kvk sin�1

) b

a
D sin �1

cos�1
D tan�1

c D kwk cos�2
d D kwk sin�2

) d

c
D sin �2

cos�2
D tan�2
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y

x

v

w
q 1

q 2

That is, the vectorsv andw are on the lines with slopesba and dc , respectively. The lines are perpendicular if and only if their slopes
satisfy

b

a
� d
c

D �1 ) bd D �ac ) ac C bd D 0

We now consider the case where one of the vectors, sayv, is perpendicular to thex-axis. In this casea D 0, and the vectors are
perpendicular if and only ifw is parallel to thex-axis, that is,d D 0. Soac C bd D 0 � c C b � 0 D 0.

11.6 Dot Product and the Angle between Two Vectors

Preliminary Questions
1. Is the dot product of two vectors a scalar or a vector?

SOLUTION The dot product of two vectors is the sum of products of scalars, hence it is a scalar.

2. What can you say about the angle betweena andb if a � b < 0?

SOLUTION Since the cosine of the angle betweena andb satisfies cos� D a�b
kakkbk , also cos� < 0. By definition0 � � � �, but

since cos� < 0 then� is in .�=2; ��. In other words, the angle betweena andb is obtuse.

3. Which property of dot products allows us to conclude that ifv is orthogonal to bothu andw, thenv is orthogonal tou C w?

SOLUTION One property is that two vectors are orthogonal if and only if the dot product of the two vectors is zero. The second
property is the Distributive Law. Sincev is orthogonal tou andw, we havev � u D 0 andv � w D 0. Therefore,

v � .u C w/ D v � u C v � w D 0C 0 D 0

We conclude thatv is orthogonal tou C w.

4. Which is the projection ofv alongv: (a)v or (b) ev?

SOLUTION The projection ofv along itself isv, since

vjj D
�v � v

v � v

�
v D v

Also, the projection ofv alongev is the same answer,v, because

vjj D
�

v � ev

ev � ev

�
ev D kvkev D v

5. Let ujj be the projection ofu alongv. Which of the following is the projectionu along the vector2v and which is the projection
of 2u alongv?

(a) 1
2ujj (b) ujj (c) 2ujj

SOLUTION Sinceujj is the projection ofu alongv, we have,

ujj D
�u � v

v � v

�
v

The projection ofu along the vector2v is
�

u � 2v
2v � 2v

�
2v D

�
2u � v
4v � v

�
2v D

�
4u � v
4v � v

�
v D

�u � v
v � v

�
v D ujj

That is,ujj is the projection ofu along2v, so our answer is (b) for the first part. Notice that the projection ofu alongv is the
projection ofu along the unit vectorev, hence it depends on the direction ofv rather than on the length ofv. Therefore, the
projection ofu alongv and along2v is the same vector.

On the other hand, the projection of2u alongv is as follows:
�

2u � v
v � v

�
v D 2

�u � v
v � v

�
v D 2ujj

giving us answer (c) for the second part.
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6. Which of the following is equal to cos� , where� is the angle betweenu andv?

(a) u � v (b) u � ev (c) eu � ev

SOLUTION By the Theorems on the Dot Product and the Angle Between Vectors, we have

cos� D u � v
kukkvk

D u
kuk

� v
kvk

D eu � ev

The correct answer is (c).

Exercises
In Exercises 1–4, compute the dot product.

1. h3; 1i � h4;�7i
SOLUTION The dot product of the two vectors is the following scalar:

h3; 1i � h4;�7i D 3 � 4C 1 � .�7/ D 5

2.
˝
1
6 ;
1
2

˛
�
˝
3; 12

˛

SOLUTION The dot product is

�
1

6
;
1

2

�
�
�
3;
1

2

�
D 1

6
� 3C 1

2
� 1
2

D 1

2
C 1

4
D 3

4

3. i � j

SOLUTION By the orthogonality ofi andj , we havei � j D 0

4. j � j

SOLUTION Sincej has length1, we havej � j D 1

In Exercises 5–6, determine whether the two vectors are orthogonal and, if not, whether the angle between them is acute or obtuse.

5.
˝
12
5 ;�

4
5

˛
,
˝
1
2 ;�

7
4

˛

SOLUTION We find the dot product of the two vectors:

�
12

5
;�4
5

�
�
�
1

2
;�7
4

�
D 12

5
� 1
2

C
�

�4
5

�
�
�

�7
4

�
D 12

10
C 28

20
D 13

5

The dot product is positive, hence the angle between the vectors is acute.

6. h12; 6i, h2;�4i
SOLUTION Sinceh12; 6i � h2;�4i D 12 � 2C 6 � .�4/ D 0, the vectors are orthogonal.

In Exercises 7–8, find the angle between the vectors. Use a calculator if necessary.

7.
˝
2;

p
2
˛
,
˝
1C

p
2; 1 �

p
2
˛

SOLUTION We writev D
D
2;

p
2
E

and w D
D
1C

p
2; 1�

p
2
E
. To use the formula for the cosine of the angle� between two

vectors we need to compute the following values:

kvk D
p
4C 2 D

p
6

kwk D
q
.1C

p
2/2 C .1 �

p
2/2 D

p
6

v � w D 2C 2
p
2C

p
2 � 2 D 3

p
2

Hence,

cos� D v � w
kvkkwk D 3

p
2p

6
p
6

D
p
2

2

and so,

� D cos�1
p
2

2
D �=4
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8.
˝
5;

p
3
˛
,
˝p
3; 2

˛

SOLUTION We denotev D
D
5;

p
3
E

and w D
Dp
3; 2

E
. To use the formula for the cosine of the angle� between two vectors we

need to compute the following values:

kvk D
p
25C 3 D

p
28

kwk D
p
3C 4 D

p
7

v � w D 5 �
p
3C

p
3 � 2 D 7

p
3

Hence,

cos� D v � w
kvkkwk D 7

p
3p

28
p
7

D
p
3

2

and so,

� D cos�1
p
3

2
D �=6

In Exercises 9–12, simplify the expression.

9. .v � w/ � v C v � w

SOLUTION By properties of the dot product we obtain

.v � w/ � v C v � w D v � v � w � v C v � w D kvk2 � v � w C v � w D kvk2

10. .v C w/ � .v C w/ � 2v � w

SOLUTION Using properties of the dot product we obtain

.v C w/ � .v C w/� 2v � w D v � .v C w/C w � .v C w/ � 2v � w D v � v C v � w C w � v C w � w � 2v � w

D kvk2 C v � w C v � w C kwk2 � 2v � w D kvk2 C kwk2

11. .v C w/ � v � .v C w/ � w

SOLUTION We use properties of the dot product to write

.v C w/ � v � .v C w/ � w D v � v C w � v � v � w � w � w

D kvk2 C w � v � w � v � kwk2 D kvk2 � kwk2

12. .v C w/ � v � .v � w/ � w

SOLUTION By properties of the dot product we get

.v C w/ � v � .v � w/ � w D .v C w/ � v � w � .v � w/

D v � v C w � v � w � v C w � w

D v � v C w � w D kvk2 C kwk2

In Exercises 13–16, use the properties of the dot product to evaluate the expression, assuming thatu � v D 2, kuk D 1, andkvk D 3.

13. u � .4v/
SOLUTION Using properties of the dot product we get

u � .4v/ D 4.u � v/ D 4 � 2 D 8:

14. .u C v/ � v

SOLUTION Using the distributive law and the dot product relation with length we obtain

.u C v/ � v D u � v C v � v D u � v C kvk2 D 2C 32 D 11:

15. 2u � .3u � v/

SOLUTION By properties of the dot product we obtain

2u � .3u � v/ D .2u/ � .3u/� .2u/ � v D 6.u � u/� 2.u � v/

D 6kuk2 � 2.u � v/ D 6 � 12 � 2 � 2 D 2
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16. .u C v/ � .u � v/

SOLUTION We use the distributive law, commutativity and the relation with length to write

.u C v/ � .u � v/ D u � .u � v/C v � .u � v/ D kuk2 � u � v C u � v � kvk2

D kuk2 � kvk2 D 12 � 32 D �8
17. Find the angle betweenv andw if v � w D �kvk kwk.

SOLUTION Using the formula for dot product, and the given equationv � w D �kvk kwk, we get:

kvk kwk cos� D �kvk kwk;

which implies cos� D �1, and so the angle between the two vectors is� D �.

18. Find the angle betweenv andw if v � w D 1
2kvk kwk.

SOLUTION Using the formula for dot product, and the given equationv � w D 1
2kvk kwk, we get:

kvk kwk cos� D 1

2
kvk kwk;

which implies cos� D 1
2 , and so the angle between the two vectors is� D �=3.

19. Assume thatkvk D 3, kwk D 5 and that the angle betweenv andw is � D �
3 .

(a) Use the relationkv C wk2 D .v C w/ � .v C w/ to show thatkv C wk2 D 32 C 52 C 2v � w.
(b) Findkv C wk.

SOLUTION For part (a), we use the distributive property to get:

kv C wk2 D .v C w/ � .v C w/

D v � v C v � w C w � v C w � w

D kvk2 C 2v � w C kwk2

D 32 C 52 C 2v � w

For part (b), we use the definition of dot product on the previous equation to get:

kv C wk2 D 32 C 52 C 2v � w

D 34C 2 � 3 � 5 � cos�=3

D 34C 15 D 49

Thus,kv C wk D
p
49 D 7:

20. Assume thatkvk D 2, kwk D 3, and the angle betweenv andw is 120ı. Determine:

(a) v � w (b) k2v C wk (c) k2v � 3wk

SOLUTION

(a) We use the relation between the dot product and the angle between two vectors to write

v � w D kvkkwk cos� D 2 � 3 cos120ı D 6 �
�

�1
2

�
D �3

(b) By the relation of the dot product with length and by properties of the dot product we have

k2v C wk2 D .2v C w/ � .2v C w/ D 4v � v C 2v � w C 2w � v C w � w

D 4kvk2 C 4v � w C kwk2

We now substitutev � w D �3 from part (a) and the given information, obtaining

k2v C wk2 D 4 � 22 C 4.�3/C 32 D 13 ) k2v C wk D
p
13 � 3:61

(c) We express the length in terms of a dot product and use properties of the dot product. This gives

k2v � 3wk2 D .2v � 3w/ � .2v � 3w/ D 4v � v � 6v � w � 6w � v C 9w � w

D 4kvk2 � 12v � w C 9kwk2

Substitutingv � w D �3 from part (a) and the given values yields

k2v � 3wk2 D 4 � 22 � 12.�3/C 9 � 32 D 133 ) k2v � 3wk D
p
133 � 11:53
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21. Show that ife andf are unit vectors such thatkeC fk D 3
2 , thenke� fk D

p
7
2 . Hint: Show thate � f D 1

8 .

SOLUTION We use the relation of the dot product with length and properties of the dot product to write

9=4 D keC fk2 D .eC f/ � .eC f/ D e � eC e � f C f � eC f � f

D kek2 C 2e � f C kfk2 D 12 C 2e � f C 12 D 2C 2e � f

We now finde � f:

9=4 D 2C 2e � f ) e � f D 1=8

Hence, using the same method as above, we have:

ke� fk2 D .e� f/ � .e� f/ D e � e� e � f � f � eC f � f

D kek2 � 2e � f C kfk2 D 12 � 2e � f C 12 D 2 � 2e � f D 2 � 2=8 D 7=4:

Taking square roots, we get:

ke� fk D
p
7

2

22. Findk2e� 3fk assuming thateandf are unit vectors such thatkeC fk D
p
3=2.

SOLUTION We use the relation of the dot product with length and properties of the dot product to write

3=2 D keC fk2 D .eC f/ � .eC f/ D e � eC e � f C f � eC f � f

D kek2 C 2e � f C kfk2 D 12 C 2e � f C 12 D 2C 2e � f

We now finde � f:

3=2 D 2C 2e � f ) e � f D �1=4

Hence, using the same method as above, we have:

k2e� 3fk2 D .2e� 3f/ � .2e� 3f/

D k2ek2 � 2 � 2e � 3f C k3fk2 D 22 � 12e � f C 32 D 13C 3 D 16:

Taking square roots, we get:

k2e� 3fk D 4

23. Find the angle� in the triangle in Figure 1.

x

y

(0, 10)

(10, 8)

(3, 2)

FIGURE 1

SOLUTION We denote byu andv the vectors in the figure.

x

y

(0, 10)

(10, 8)

(3, 2)

v

u
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Hence,

cos� D v � u
kvkkuk (1)

We find the vectorsv andu, and then compute their length and the dot productv � u. This gives

v D h0 � 10; 10 � 8i D h�10; 2i

u D h3 � 10; 2� 8i D h�7;�6i

kvk D
q
.�10/2C22 D

p
104

kuk D
q
.�7/2 C .�6/2 D

p
85

v � u D h�10; 2i � h�7;�6i D .�10/ � .�7/C 2 � .�6/ D 58

Substituting these values in (1) yields

cos� D 58p
104

p
85

� 0:617

Hence the angle of the triangle is51:91ı.

24. Find all three angles in the triangle in Figure 2.

x

y
(2, 7)

(6, 3)

(0, 0)

FIGURE 2

SOLUTION We denote byu, v andw the vectors and by�1, �2, and�3 the angles shown in the figure. We compute the vectors:

u D h2; 7i

v D h6; 3i

w D h6 � 2; 3 � 7i D h4;�4i

x

y
(2, 7)

(6, 3)

(0, 0)

w

u

vq 1

q 2

q 3

Since the angles are acute the cosines are positive, so we have

cos�1 D ju � vj
kukkvk ;

cos�2 D jv � wj
kvkkwk ;

cos�3 D 180 � .�1 C �2/ (1)

We compute the lengths and the dot products in (1):

u � v D h2; 7i � h6; 3i D 2 � 6C 7 � 3 D 33

v � w D h6; 3i � h4;�4i D 6 � 4C 3 � .�4/ D 12
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kuk D
p
22 C 72 D

p
53

kvk D
p
62 C 32 D

p
45

kwk D
q
42 C .�4/2 D

p
32

Substituting in (1) and solving for acute angles yields

cos�1 D 33p
53

p
45

� 0:676 ) �1 � 47:47ı

cos�2 D 12p
45

p
32

� 0:316 ) �2 � 71:58ı

The sum of the angles in a triangle is180ı, hence

�3 D 180ı � .47:47C 71:58/ � 60:95ı:

In Exercises 25–26, find the projection ofu alongv.

25. uD h2; 5i, v D h1; 1i
SOLUTION We first compute the following dot products:

u � v D h2; 5i � h1; 1i D 7

v � v D kvk2 D 12 C 12 D 2

The projection ofu alongv is the following vector:

ujj D
�u � v

v � v

�
v D 7

2
v D

�
7

2
;
7

2

�

26. u D h2;�3i, v D h1; 2i
SOLUTION We first compute the following dot products:

u � v D h2;�3i � h1; 2i D �4

v � v D kvk2 D 12 C 22 D 5

The projection ofu alongv is the following vector:

ujj D
�u � v

v � v

�
v D �4

5
v D

��4
5
;

�8
5

�

27. Find the length ofOP in Figure 3.

x

y

u = 〈3, 5〉

v = 〈8, 2〉

u⊥

P

O

FIGURE 3

SOLUTION This is just the component ofu D h3; 5i alongv D h8; 2i. We first compute the following dot products:

u � v D h3; 5i � h8; 2i D 34

v � v D kvk2 D 82 C 22 D 68

The component ofu alongv is the length of the projection ofu alongv





�u � v

v � v

�
v



 D 34

68
kvk D 34

68

p
68

28. Findku?k in Figure 3.
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SOLUTION From the previous problem (see solution above) we know that the component ofu along v is 1=2, and thus the
projection isuk D h4; 1i. Using the standard formula foru?, we obtain

u? D u � uk D h3; 5i � h4; 1i D h�1; 4i

In Exercises 29–30, find the decompositiona D ajj C a? with respect tob.

29. aD h1; 0i, b D h1; 1i
SOLUTION

Step 1. We computea � b andb � b

a � b D h1; 0i � h1; 1i D 1 � 1C 0 � 1 D 1

b � b D kbk2 D 12 C 12 D 2

Step 2. We find the projection ofa alongb:

ajj D
�

a � b
b � b

�
b D 1

2
h1; 1i D

�
1

2
;
1

2

�

Step 3. We find the orthogonal part as the difference:

a? D a � ajj D h1; 0i �
�
1

2
;
1

2

�
D
�
1

2
;�1
2

�

Hence,

a D ajj C a? D
�
1

2
;
1

2

�
C
�
1

2
;�1
2

�
:

30. aD h2;�3i, b D h5; 0i
SOLUTION We first computea � b andb � b to find the projection ofa alongb:

a � b D h2;�3i � h5; 0i D 10

b � b D kbk2 D 52 C 02 D 25

Hence,

ajj D
�

a � b
b � b

�
b D 10

25
h5; 0i D h2; 0i

We now find the vectora? orthogonal tob by computing the difference:

a � ajj D h2;�3i � h2; 0i D h0;�3i

Thus, we have

a D ajj C a? D h2; 0i C h0;�3i
31. Let e� D hcos�; sin�i. Show thate� � e D cos.� �  / for any two angles� and .

SOLUTION First,e� is a unit vector since by a trigonometric identity we have

ke�k D
p

cos2 � C sin2 � D
p
1 D 1

The cosine of the anglę betweene� and the vectori in the direction of the positivex-axis is

cos˛ D e� � i
ke�k � kik D e� � i D ..cos�/i C .sin�/j / � i D cos�

The solution of cos̨ D cos� for angles between0 and� is ˛ D � . That is, the vectore� makes an angle� with thex-axis. We
now use the trigonometric identity

cos� cos C sin� sin D cos.� �  /

to obtain the following equality:

e� � e D hcos�; sin�i � hcos ; sin i D cos� cos C sin� sin D cos.� �  /
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32. Let v and w be vectors in the plane.

(a) Use Theorem 2 to explain why the dot productv � w does not change if bothv andw are rotated by the same angle� .

(b) Sketch the vectorse1 D h1; 0i ande2 D
Dp

2
2 ;

p
2
2

E
, and determine the vectorse0

1;e
0
2 obtained by rotatinge1;e2 through an

angle�4 . Verify that e1 � e2 D e0
1 � e0

2.

SOLUTION

(a) By Theorem 2,

v � w D kvkkwk cos˛

where˛ is the angle betweenv andw. Since rotation by an angle� does not change the angle between the vectors, nor the norms
of the vectors, the dot productv � w remains unchanged.

y

x
e1 = 〈1, 0〉

e2 = 〈     ,      〉2
2

2
2

(b) Notice from the picture that if we rotatee1 by �=4, we gete2, and when we rotatee2 by the same amount we get a unit

vector along they axis. Thus,e0
1 D

Dp
2
2 ;

p
2
2

E
and e0

2 D h0; 1i. Note thate1 � e2 D 1 �
p
2
2 C 0 �

p
2
2 D

p
2
2 and e0

1 � e0
2 D

0 �
p
2
2 C 1 �

p
2
2 D

p
2
2 . Thus,e1 � e2 D e0

1 � e0
2.

33. Let v and w be nonzero vectors and setu D ev C ew. Use the dot product to show that the angle betweenu andv is
equal to the angle betweenu andw. Explain this result geometrically with a diagram.

SOLUTION We denote by̨ the angle betweenu andv and byˇ the angle betweenu andw. Sinceev andew are vectors in the
directions ofv andw respectively,̨ is the angle betweenu andev andˇ is the angle betweenu andew. The cosines of these angles
are thus

cos˛ D u � ev

kukkevk D u � ev

kuk I cosˇ D u � ew

kukkewk D u � ew

kuk

To show that cos̨ D cosˇ (which implies that̨ D ˇ) we must show that

u � ev D u � ew:

We compute the two dot products:

u � ev D .ev C ew/ � ev D ev � ev C ew � ev D 1C ew � ev

u � ew D .ev C ew/ � ew D ev � ew C ew � ew D ev � ew C 1

We see thatu � ev D u � ew. We conclude that cos̨ D cosˇ, hencę D ˇ. Geometrically,u is a diagonal in the rhombusOABC
(see figure), hence it bisects the angle^AOC of the rhombus.

C

A
B 

O

u

v

w

ev

ew

34. Let v, w, anda be nonzero vectors such thatv � a D w � a. Is it true thatv D w? Either prove this or give a counterex-
ample.

SOLUTION The equalityv � a D w � a is equivalent to the following equality:

v � a D w � a

v � a � w � a D 0

.v � w/ � a D 0
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That is,v � w is orthogonal toa rather thanv D w. Consider the following counterexample:

a D h1; 1iI v D h1; 0iI w D h0; 1i

Obviously,v ¤ w, butv � a D w � a since

v � a D h1; 0i � h1; 1i D 1 � 1C 1 � 0 D 1

w � a D h0; 1i � h1; 1i D 0 � 1C 1 � 1 D 1

35. Calculate the force (in newtons) required to push a 40-kg wagon up a10ı incline (Figure 4).

10°

40 kg

FIGURE 4

SOLUTION Gravity exerts a forceFg of magnitude40g newtons whereg D 9:8. The magnitude of the force required to push
the wagon equals the component of the forceFg along the ramp. ResolvingFg into a sumFg D Fjj C F?, whereFjj is the force
along the ramp andF? is the force orthogonal to the ramp, we need to find the magnitude ofFjj. The angle betweenFg and the
ramp is90ı � 10ı D 80ı. Hence,

Fjj D kFgk cos80ı D 40 � 9:8 � cos80ı � 68:07 N:

10°
80°

F
^

F||

Fg

Therefore the minimum force required to push the wagon is 68.07 N. (Actually, this is the force required to keep the wagon from
sliding down the hill; any slight amount greater than this force will serve to push it up the hill.)

36. A force F is applied to each of two ropes (of negligible weight) attached to opposite ends of a 40-kg wagon and making an
angle of35ı with the horizontal (Figure 5). What is the maximum magnitude ofF (in newtons) that can be applied without lifting
the wagon off the ground?

40 kg

FF

35° 35°

FIGURE 5

SOLUTION With two ropes at either end, both at the same angle with the horizontal and both with the same force, pulling on the
40-kg wagon, each rope will need to lift 20 kg. Let’s look at the situation on the right-hand side of the wagon. We resolve the force
F on the right-hand rope into a sumF D Fjj C F? whereFjj is the horizontal force andF? is the force orthogonal to the ground.
The wagon will not be lifted off the ground if the magnitude ofF?, that is the component ofF along the direction orthogonal to the
ground, is equal to (but not more than) the magnitude of the force due to gravity from 20 kg (remember, each rope needs to only
lift half of the wagon, and remember also that the acceleration due to gravity is 9.8 meters per second squared). That is,

20.9:8/ D kF?k (1)

The angle betweenF and a vector orthogonal to the ground is90ı � 35ı D 55ı, hence,20.9:8/ D 196 D kFk cos55ı

35°
55°

F

Fg

F⊥

F||

This gives us

196 D kFk cos55ı ) kFk D 196

cos55ı � 341 Newtons

The maximum force that can be applied is of magnitude 341 newtons on each rope.
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37. A light beam travels along the ray determined by a unit vectorL , strikes a flat surface at pointP , and is reflected along the ray
determined by a unit vectorR, where�1 D �2 (Figure 6). Show that ifN is the unit vector orthogonal to the surface, then

R D 2.L � N/N � L

R

N

L

Incoming light Reflected light

2
1

P

FIGURE 6

SOLUTION We denote byW a unit vector orthogonal toN in the direction shown in the figure, and let�1 D �2 D � .

R

W

N
L

Incoming light Reflected light

We resolve the unit vectorsR andL into a sum of forces alongN andW. This gives

R D cos.90 � �/W C cos�N D sin�W C cos�N

L D � cos.90 � �/W C cos�N D � sin�W C cos�N (1)

W

N

Now, since

L � N D kLkkNk cos� D 1 � 1 cos� D cos�

W

N

L

q
90 + q

W

N

R

q

90 − q

we have by (1):

2.L � N/N � L D .2 cos�/N � L D .2 cos�/N � ..� sin�/W C .cos�/N/

D .2 cos�/N C .sin�/W � .cos�/N D .sin�/W C .cos�/N D R

38. Verify the Distributive Law:

u � .v C w/ D u � v C u � w

SOLUTION We denote the components of the vectorsu, v, andw by

u D ha1; a2iI v D hb1; b2iI w D hc1; c2i

We compute the left-hand side:

u � .v C w/ D ha1; a2i .hb1; b2i C hc1; c2i/

D ha1; a2i � hb1 C c1; b2 C c2i
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D ha1.b1 C c1/; a2.b2 C c2/i

Using the distributive law for scalars and the definitions of vector sum and the dot product we get

u � .v C w/ D ha1b1 C a1c1; a2b2 C a2c2i

D ha1b1; a2b2i C ha1c1; a2c2i

D ha1; a2i � hb1; b2i C ha1; a2i � hc1; c2i

D u � v C u � w

39. Verify that .�v/ � w D �.v � w/ for any scalar�.

SOLUTION We denote the components of the vectorsv andw by

v D ha1; a2i w D hb1; b2i

Thus,

.�v/ � w D .�ha1; a2i/ � hb1; b2i D h�a1; �a2i � hb1; b2i

D �a1b1 C �a2b2

Recalling that�, ai , andbi are scalars and using the definitions of scalar multiples of vectors and the dot product, we get

.�v/ � w D �.a1b1 C a2b2/ D � .ha1; a2i � hb1; b2i/ D �.v � w/

Further Insights and Challenges

40. Prove the Law of Cosines,c2 D a2 C b2 � 2ab cos� , by referring to Figure 7.Hint: Consider the right triangle4PQR.

Q
P

R

a
a sin

b

c

b − a cos

FIGURE 7

SOLUTION We denote the vertices of the triangle byS ,Q, andR. Since
��!
RQ D �!

RS C �!
SQ, we have

c2 D k��!
RQk

2
D ��!
RQ � ��!

RQ D
��!
RS C �!

SQ
�

�
��!
RS C �!

SQ
�

D �!
RS � �!

RS C �!
RS � �!

SQC �!
SQ � �!

RS C �!
SQ � �!

SQ

D k�!
RSk

2
C 2

�!
RS � �!

SQC k�!
SQk

2

c2 D a2 C 2
�!
RS � �!

SQC b2 (1)

QS
P

R

a

b

c

We find the dot product
�!
RS � �!

SQ. The angle between the vectors
�!
RS and

�!
SQ is � , hence,

�!
SR � �!

SQ D k�!
SRk � k�!

SQk cos� D ab cos�:

Therefore,

�!
RS � �!

SQ D ��!
SR � �!

SQ D �ab cos� (2)

Substituting (2) in (1) yields

c2 D a2 � 2ab cos� C b2 D a2 C b2 � 2ab cos�:

(Note that we did not need to use the pointP .)
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41. In this exercise, we prove the Cauchy–Schwarz inequality: Ifv andw are any two vectors, then

jv � wj � kvk kwk 6

(a) Letf .x/ D kxv C wk2 for x a scalar. Show thatf .x/ D ax2 C bx C c, wherea D kvk2, b D 2v � w, andc D kwk2.

(b) Conclude thatb2 � 4ac � 0. Hint: Observe thatf .x/ � 0 for all x.

SOLUTION

(a) We express the norm as a dot product and compute it:

f .x/ D kxv C wk2 D .xv C w/ � .xv C w/

D x2v � v C xv�w C xw � v C w � w D kvk2x2 C 2.v � w/x C kwk2

Hence,f .x/ D ax2 C bx C c, wherea D kvk2, b D 2v � w, andc D kwk2.

(b) If f has distinct real rootsx1 andx2, thenf .x/ is negative forx betweenx1 andx2, but this is impossible sincef is the
square of a length.

y

xx1 x2

f (x) = ax2 + bx + c, a > 0

Using properties of quadratic functions, it follows thatf has a nonpositive discriminant. That is,b2 � 4ac � 0. Substituting the
values fora, b, andc, we get

4.v � w/2 � 4kvk2kwk2 � 0

.v � w/2 � kvk2kwk2

Taking the square root of both sides we obtain

jv � wj � kvkkwk
42. Use (6) to prove the Triangle Inequality

kv C wk � kvk C kwk

Hint: First use the Triangle Inequality for numbers to prove

j.v C w/ � .v C w/j � j.v C w/ � vj C j.v C w/ � wj

SOLUTION Using the relation between the length and dot product we have

kv C wk2 D .v C w/ � .v C w/ D v � v C v � w C w � v C w � w

D kvk2 C 2v � w C kwk2 (1)

Obviously,v � w � jv � wj. Also, by the Cauchy–Schwarz inequalityjv � wj � kvkkwk. Therefore,v � w � kvkkwk, and combining
this with (1) we get

kvCwk2 D kvk2 C 2v � w C kwk2 � kvk2 C 2kvkkwk C kwk2 D .kvk C kwk/2

That is,

kvCwk2 � .kvk C kwk/2

Taking the square roots of both sides and recalling that the length is nonnegative, we get

kvCwk � kvk C kwk
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43. This exercise gives another proof of the relation between the dot product and the angle� between two vectorsv D ha1; b1i
andw D ha2; b2i in the plane. Observe thatv D kvk hcos�1; sin�1i andw D kwk hcos�2; sin�2i, with �1 and�2 as in Figure 8.
Then use the addition formula for the cosine to show that

v � w D kvk kwk cos�

= 2 1−

2
1

w w

v v

x

y

x

y

x

y
a2

b2

b1

a1

FIGURE 8

SOLUTION Using the trigonometric function for angles in right triangles, we have

a2 D kvk sin�1; a1 D kvk cos�1

b2 D kwk sin�2; b1 D kwk cos�2

Hence, using the given identity we obtain

v � w D ha1; a2i � hb1; b2i D a1b1 C a2b2 D kvk cos�1kwk cos�2 C kvk sin�1kwk sin�2

D kvkkwk.cos�1 cos�2 C sin�1 sin�2/ D kvkkwk cos.�1 � �2/

That is,

v � w D kvkkwk cos.�/

44. Let v D hx; yi and

v� D hx cos� C y sin�;�x sin� C y cos�i

Prove that the angle betweenv andv� is � .

SOLUTION The dot product of the vectorsv andv� is

v � v� D hx; yi � hx cos� C y sin�;�x sin� C y cos�i

D x.x cos� C y sin�/C y.�x sin� C y cos�/

D x2 cos� C xy sin� � xy sin� C y2 cos�

D .x2 C y2/ cos�

That is,

v � v� D .x2 C y2/ cos� (1)

On the other hand, if̨ denotes the angle betweenv andv� , we have

v � v� D kvkkv�k cos˛ (2)

We compute the lengths. Using the identities cos2 � C sin2 � D 1 and2 sin� cos� D sin2� , we obtain

kvk D
p

hx; yi D
q
x2 C y2

kv�k D
q
.x cos� C y sin�/2 C .�x sin� C y cos�/2

D
q
x2 cos2 � C xy sin2� C y2 sin2 � C x2 sin2 � � xy sin2� C y2 cos2 �

D
q
x2.cos2 � C sin2 �/C y2.sin2 � C cos2 �/ D

q
x2 � 1C y2 � 1 D

q
x2 C y2

Substituting the lengths in (2) yields

v � v� D
q
x2 C y2 �

q
x2 C y2 cos˛ D .x2 C y2/ cos˛ (3)

We now equate (1) and (3) to obtain

.x2 C y2/ cos� D .x2 C y2/ cos˛

cos� D cos˛

The solution for angles between0ı and180ı is ˛ D 0. That is, the angle betweenv andv� is � .
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11.7 Calculus of Vector-Valued Functions

Preliminary Questions
1. State two forms of the Product Rule for vector-valued functions.

SOLUTION The Product Rule for scalar multiplef .t/ of a vector-valued functionr.t/ states that:

d

dt
f .t/r.t/ D f .t/r 0.t/C f 0.t/r.t/

The Product Rule for dot products states that:

d

dt
r1.t/ � r2.t/ D r1.t/ � r 0

2.t/C r 0
1.t/ � r2.t/

In Questions 2–5, indicate whether the statement is true or false, and if it is false, provide a correct statement.

2. The derivative of a vector-valued function is defined as the limit of the difference quotient, just as in the scalar-valued case.

SOLUTION The statement is true. The derivative of a vector-valued functionr.t/ is defined a limit of the difference quotient:

r 0.t/ D lim
t!0

r .t C h/ � r.t/
h

in the same way as in the scalar-valued case.

3. There are two Chain Rules for vector-valued functions: one for the composite of two vector-valued functions and one for the
composite of a vector-valued and a scalar-valued function.

SOLUTION This statement is false. A vector-valued functionr.t/ is a function whose domain is a set of real numbers and whose
range consists of position vectors. Therefore, ifr1.t/ and r2.t/ are vector-valued functions, the composition “.r1 � r2/.t/ D
r1.r2.t//” has no meaning sincer2.t/ is a vector and not a real number. However, for a scalar-valued functionf .t/, the composition
r.f .t// has a meaning, and there is a Chain Rule for differentiability of this vector-valued function.

4. The terms “velocity vector” and “tangent vector” for a pathr.t/ mean one and the same thing.

SOLUTION This statement is true.

5. The derivative of a vector-valued function is the slope of the tangent line, just as in the scalar case.

SOLUTION The statement is false. The derivative of a vector-valued function is again a vector-valued function, hence it cannot
be the slope of the tangent line (which is a scalar). However, the derivative,r 0.t0/ is the direction vector of the tangent line to the
curve traced byr.t/, at r.t0/.

6. State whether the following derivatives of vector-valued functionsr1.t/ andr2.t/ are scalars or vectors:

(a)
d

dt
r1.t/ (b)

d

dt

�
r1.t/ � r2.t/

�

SOLUTION (a) vector, (b) scalar

Exercises
In Exercises 1–6, evaluate the limit.

1. lim
t!3

D
t2; 4t

E

SOLUTION By the theorem on vector-valued limits we have:

lim
t!3

D
t2; 4t

E
D
�

lim
t!3

t2; lim
t!3

4t

�
D h9; 12i :

2. lim
t!�

sin2t i C cost j

SOLUTION We compute the limit of each component. That is:

lim
t!�

.sin2t i C cost j / D
�

lim
t!�

sin2t

�
i C

�
lim
t!�

cost

�
j

D .sin2�/ i C .cos�/ j D �j :
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3. lim
t!0

e2t i C ln.t C 1/j

SOLUTION Computing the limit of each component, we obtain:

lim
t!0

�
e2t i C ln .t C 1/ j

�
D
�

lim
t!0

e2t
�

i C
�

lim
t!0

ln.t C 1/

�
j D e0i C .ln 1/j D i

4. lim
t!0

�
1

t C 1
;
et � 1

t

�

SOLUTION We use the theorem on vector-valued limits and L’Hôpital’s rule to write:

lim
t!0

�
1

t C 1
;
et � 1

t

�
D
�

lim
t!0

1

t C 1
; lim
t!0

et � 1

t

�
D
�
1; lim
t!0

et

1

�
D h1; 1i :

5. Evaluate lim
h!0

r.t C h/ � r.t/
h

for r.t/ D
˝
t�1; sint

˛
.

SOLUTION This limit is the derivatived r
dt

. Using componentwise differentiation yields:

lim
h!0

r .t C h/ � r.t/
h

D d r
dt

D
�
d

dt

�
t�1

�
;
d

dt
.sin t/

�
D
�
� 1

t2
; cost

�
:

6. Evaluate lim
t!0

r.t/
t

for r.t/ D hsint; 1 � costi.

SOLUTION Sincer.0/ D hsin0; 1 � cos0i D h0; 0i we may think of the limit lim
t!0

r.t/
t as a derivative and compute it using

componentwise differentiation. That is,

lim
t!0

r.t/
t

D lim
t!0

r.t/ � r.0/
t

D lim
h!0

r .0C h/ � r.0/
h

D d r
dt

ˇ̌
ˇ̌
tD0

D
�
d

dt
.sin t/ ;

d

dt
.1 � cost/

� ˇ̌
ˇ̌
tD0

D hcost; sinti
ˇ̌
ˇ̌
tD0

D hcos0; sin0i D h1; 0i

In Exercises 7–12, compute the derivative.

7. r.t/ D
˝
t; t2

˛

SOLUTION Using componentwise differentiation we get:

d r
dt

D
�
d

dt
.t/;

d

dt
.t2/

�
D h1; 2ti

8. r.t/ D
˝
7 � t; 4

p
t
˛

SOLUTION Using componentwise differentiation we get:

d r
dt

D
�
d

dt
.7 � t/; d

dt
.4

p
t/

�
D
D
�1; 2t�1=2

E
D
�
�1; 2p

t

�

9. r.s/ D
˝
e3s; e�s ˛

SOLUTION Using componentwise differentiation we get:

d r
ds

D
�
d

ds
.e3s/;

d

ds
.e�s/

�
D
D
3e3s ;�e�s

E

10. b.t/ D
D
e3t�4; e6�t

E

SOLUTION Using componentwise differentiation we get:

db
dt

D
�
d

dt
.e3t�4/;

d

dt
.e6�t /

�
D
D
3e3t�4;�e6�t

E

11. c.t/ D t�1i

SOLUTION Using componentwise differentiation we get:

c0.t/ D
�
t�1

�0
i D �t�2i
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12. a.�/ D .cos3�/i C .sin2 �/j

SOLUTION Using componentwise differentiation we get:

a0.�/ D �3 sin3� i C 2 sin� cos� j

13. Calculater 0.t/ andr 00.t/ for r.t/ D
˝
t; t2

˛
.

SOLUTION We perform the differentiation componentwise to obtain:

r 0.t/ D
˝
.t/0; .t2/

00˛ D
˝
1; 2t

˛

We now differentiate the derivative vector to find the second derivative:

r 00.t/ D d

dt

˝
1; 2t

˛
D h0; 2i :

14. Sketch the curver.t/ D
˝
1 � t2; t

˛
for �1 � t � 1. Compute the tangent vector att D 1 and add it to the sketch.

SOLUTION We find that

r 0.t/ D d

dt

˝
1 � t2; t

˛
D h�2t; 1i

and so att D 1, we have

r 0.1/ D h�2; 1i

To graphr.t/, we note that it satisfiesx D 1 � y2. The sketch is shown here, along with the tangent vector att D 1.

x

y

t = 0

t = 1

t = −1

r'(1) = 〈− 2, 1〉

15. Sketch the curver1.t/ D
˝
t; t2

˛
together with its tangent vector att D 1. Then do the same forr2.t/ D

˝
t3; t6

˛
.

SOLUTION Note thatr10.t/ D h1; 2ti and sor10.1/ D h1; 2i. The graph ofr1.t/ satisfiesy D x2. Likewise,r20.t/ D
˝
3t2; 6t5

˛

and sor20.1/ D h3; 6i. The graph ofr2.t/ also satisfiesy D x2. Both graphs and tangent vectors are given here.

2

r 2(t )
1

r 1(t )

16. Sketch the cycloidr.t/ D
˝
t � sint; 1 � cost

˛
together with its tangent vectors att D �

3 and 3�4 .

SOLUTION The tangent vectorr 0.t/ is the following vector:

r 0.t/ D d

dt
ht � sin t; 1 � costi D h1 � cost; sinti

Substituting the given values gives the following vectors:

r 0
��
3

�
D
D
1 � cos

�

3
; sin

�

3

E
D
*
1

2
;

p
3

2

+

r 0
�
3�

4

�
D
�
1 � cos

3�

4
; sin

3�

4

�
D
*
1C

p
2

2
;

p
2

2

+

The cycloidr.t/ D ht � sint; 1 � costi and the two tangent vectors are shown in the following figure:

t = 0

y = 2

t = 2p
x

y

1
2

3
2〈  ,     〉

t = p
3

t = 3p
4

2
2

2
2〈1 +      ,     〉
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In Exercises 17–18, evaluate
d

dt
r.g.t// using the Chain Rule.

17. r.t/ D
˝
t2; 1 � t

˛
, g.t/ D et

SOLUTION We first differentiate the two functions:

r 0.t/ D d

dt

D
t2; 1 � t

E
D h2t;�1i

g0.t/ D d

dt
.et / D et

Using the Chain Rule we get:

d

dt
r.g.t// D g0.t/r 0.g.t// D et

˝
2et ;�1

˛
D
D
2e2t ;�et

E

18. r.t/ D
˝
t2; t3

˛
, g.t/ D sint

SOLUTION We first differentiate the two functions:

r 0.t/ D d

dt

D
t2; t3

E
D
D
2t; 3t2

E

g0.t/ D cost

Using the Chain Rule we get:

d

dt
r.g.t// D g0.t/r 0.g.t// D cost

D
2 sint; 3 sin2 t

E
D
D
2 sint cost; 3 sin2 t cost

E

In Exercises 19–20, find a parametrization of the tangent line at the point indicated.

19. r.t/ D
˝
t2; t4

˛
, t D �2

SOLUTION The tangent line has the following parametrization:

`.t/ D r.�2/C tr 0.�2/ (1)

We compute the vectorsr.�2/ andr 0.�2/:

r.�2/ D
˝
.�2/2; .�2/4

˛
D h4; 16i

r 0.t/ D d

dt

˝
t2; t4

˛
D
˝
2t; 4t3

˛
) r 0.�2/ D h�4;�32i

Substituting in (1) gives:

`.t/ D h4; 16i C t h�4;�32i D h4 � 4t; 16 � 32ti

The parametrization for the tangent line is, thus,

x D 4 � 4t; y D 16 � 32t; �1 < t < 1:

To find a direct relation betweeny andx, we expresst in terms ofx and substitute iny D 16 � 32t . This gives:

x D 4 � 4t ) t D x � 4

�4 :

Hence,

y D 16 � 32t D 16 � 32 � x � 4
�4 D 16C 8.x � 4/ D 8x � 16:

The equation of the tangent line isy D 8x � 16.
20. r.t/ D

˝
cos2t; sin3t

˛
, t D �

4
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SOLUTION The tangent line is parametrized by:

`.t/ D r
��
4

�
C tr 0

��
4

�
(1)

We compute the vectors in the above parametrization:

r
��
4

�
D
˝
cos

�

2
; sin

3�

4

˛
D
�
0;

1p
2

�

r 0.t/ D d

dt

˝
cos2t; sin3t

˛
D
˝
�2 sin2t; 3 cos3t

˛

) r 0
��
4

�
D
�
�2 sin

�

2
; 3 cos

3�

4

�
D
�
�2; �3p

2

�

Substituting the vectors in (1) we obtain the following parametrization:

`.t/ D
�
0;

1p
2

�
C t

�
�2; �3p

2

�
D
�
�2t; 1p

2
.1 � 3t/

�

In Exercises 21–28, evaluate the integrals.

21.
Z 3

�1

D
8t2 � t; 6t3 C t

E
dt

SOLUTION Vector-valued integration is defined via componentwise integration. Thus, we first compute the integral of each com-
ponent.

Z 3

�1
8t2 � t dt D 8

3
t3 � t2

2

ˇ̌
ˇ̌
3

�1
D
�
72 � 9

2

�
�
�

�8
3

� 1

2

�
D 212

3

Z 3

�1
6t3 C t dt D 3

2
t4 C t2

2

ˇ̌
ˇ̌
3

�1
D
�
243

2
C 9

2

�
�
�
3

2
C 1

2

�
D 124

Therefore,

Z 3

�1

D
8t2 � t; 6t3 C t

E
dt D

*Z 3

�1
8t2 � t dt;

Z 3

�1
6t3 C t dt

+
D
�
212

3
; 124

�

22.
Z 1

0

�
1

1C s2
;

s

1C s2

�
ds

SOLUTION The vector-valued integration is defined via componentwise integration. Thus, we first compute the integral of each
component. For the second integral we use the substitutiont D 1C s2, dt D 2s ds. We get:

Z 1

0

ds

1C s2
D tan�1.s/

ˇ̌
ˇ̌
1

0

D tan�1.1/ � tan1.0/ D �

4
� 0 D �

4

Z 1

0

s

1C s2
ds D

Z 2

1

1

t

�
dt

2

�
D 1

2

Z 2

1

dt

t
D 1

2
ln t

ˇ̌
ˇ̌
2

1

D 1

2
.ln2 � ln 1/ D 1

2
ln2

Therefore,

Z 1

0

�
1

1C s2
;

s

1C s2

�
ds D

*Z 1

0

ds

1C s2
;

Z 1

0

s ds

1C s2

+
D
�
�

4
;
1

2
ln2

�

23.
Z 2

�2

�
u3i C u5j

�
du

SOLUTION The vector-valued integration is defined via componentwise integration. Thus, we first compute the integral of each
component.

Z 2

�2
u3 du D u4

4

ˇ̌
ˇ̌
2

�2
D 16

4
� 16

4
D 0

Z 2

�2
u5 du D u6

6

ˇ̌
ˇ̌
2

�2
D 64

6
� 64

6
D 0



S E C T I O N 11.7 Calculus of Vector-Valued Functions 1473

Therefore,

Z 2

�2

�
u3i C u5j

�
du D

 Z 2

�2
u3 du

!
i C

 Z 2

�2
u5 du

!
j D 0i C 0j

24.
Z 1

0

�
te�t2 i C t ln.t2 C 1/j

�
dt

SOLUTION We compute the integral of each component. The integral of the first component is computed using the substitution
s D �t2 , ds D �2t dt . This gives

Z 1

0
te�t2 dt D

Z �1

0
es
�

�ds
2

�
D 1

2

Z 0

�1
es ds D 1

2
es
ˇ̌
ˇ̌
0

�1
D 1

2

�
e0 � e�1� D 1

2

�
1 � e�1�

For the integral of the second component we use the substitutions D t2 C 1 , ds D 2t dt . This gives:

Z 1

0
t ln.t2 C 1/ dt D

Z 2

1
ln s

ds

2
D 1

2

Z 2

1
lns ds D 1

2
s.ln s � 1/

ˇ̌
ˇ̌
2

1

D 1

2
.2.ln 2 � 1/ � 1.ln 1 � 1//

D ln 2 � 1C 1

2
D ln2 � 1

2

Hence,

Z 1

0

D
te�t2 ; t ln.t2 C 1/

E
dt D

�
1

2

�
1 � e�1

�
;�1
2

C ln2

�
:

25.
Z 1

0
h2t; 4ti dt

SOLUTION The vector valued integration is defined via componentwise integration. Therefore,

Z 1

0
h2t; 4ti dt D

*Z 1

0
2t dt;

Z 1

0
4t dt

+
D
*
t2
ˇ̌
ˇ̌
1

0

; 2t2
ˇ̌
ˇ̌
1

0

+
D h1; 2i

26.
Z 1

1=2

�
1

u2
;
1

u4

�
du

SOLUTION The vector valued integration is defined via componentwise integration. Computing the integral of each component
we get:

Z 1

1=2

1

u2
du D �1

u

ˇ̌
ˇ̌
1

1=2

D �1 � .�2/ D 1

Z 1

1=2

1

u4
du D �1

3u3

ˇ̌
ˇ̌
1

1=2

D �1
3

� �8
3

D 7

3

Therefore,

Z 1

1=2

�
1

u2
;
1

u4

�
du D

*Z 1

1=2

1

u2
du;

Z 1

1=2

1

u4
du

+
D
�
1;
7

3

�

27.
Z 4

1

�
t�1i C 4

p
t j
�
dt

SOLUTION We perform the integration componentwise. Computing the integral of each component we get:

Z 4

1
t�1 dt D ln t

ˇ̌
ˇ̌
4

1

D ln 4 � ln 1 D ln 4

Z 4

1
4
p
t dt D 4 � 2

3
t3=2

ˇ̌
ˇ̌
4

1

D 8

3

�
43=2 � 1

�
D 56

3

Hence,

Z 4

1

�
t�1i C 4

p
t j
�
dt D .ln 4/ i C 56

3
j
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28.
Z t

0

�
3si C 6s2j

�
ds

SOLUTION We first compute the integral of each component:

Z t

0
3s ds D 3

2
s2
ˇ̌
ˇ̌
t

0

D 3

2
t2

Z t

0
6s2 ds D 6

3
s3
ˇ̌
ˇ̌
t

0

D 2t3

Hence,
Z t

0

�
3si C 6s2j

�
dt D

�Z t

0
3s ds

�
i C

�Z t

0
6s2 ds

�
j D

�
3

2
t2
�

i C
�
2t3

�
j

In Exercises 29–32, find both the general solution of the differential equation and the solution with the given initial condition.

29.
d r
dt

D h1 � 2t; 4ti, r.0/ D h3; 1i

SOLUTION We first find the general solution by integratingd r
dt

:

r.t/ D
Z

h1 � 2t; 4ti dt D
�Z

.1 � 2t/ dt;

Z
4t dt

�
D
˝
t � t2; 2t2

˛
C c (1)

Sincer.0/ D h3; 1i, we have:

r.0/ D
˝
0 � 02; 2 � 02

˛
C c D h3; 1i ) c D h3; 1i

Substituting in (1) gives the solution:

r.t/ D
˝
t � t2; 2t2

˛
C h3; 1i D

˝
�t2 C t C 3; 2t2 C 1

˛

30. r0.t/ D hsin3t; sin3ti, r
�
�
2

�
D h2; 4i

SOLUTION We first integrate the vectorr 0.t/ to find the general solution:

r.t/ D
Z

hsin3t; sin3ti dt D
�Z

sin3t dt;
Z

sin3t dt

�
(1)

D
�
�1
3

cos3t;�1
3

cos3t

�
C c (2)

Substituting the initial condition we obtain:

r.�=2/ D
�
�1
3

cos
�

2
;�1
3

cos
�

2

�
C c D h0; 0i C c D h2; 4i

Hence,

c D h2; 4i � h0; 0i D h2; 4i

Substituting in (2) we obtain the solution:

r.t/ D
�
�1
3

cos3t;�1
3

cos3t
�

C h2; 4i D
�
�1
3

cos3t C 2;�1
3

cos3t C 4

�

31. r00.t/ D h0; 2i, r.3/ D h1; 1i, r 0.3/ D h0; 0i
SOLUTION To find the general solution we first findr 0.t/ by integratingr 00.t/:

r 0.t/ D
Z

r 00.t/ dt D
Z

h0; 2i dt D h0; 2ti C c1 (1)

We now integrater 0.t/ to find the general solutionr.t/:

r.t/ D
Z

r 0.t/ dt D
Z
.h0; 2ti C c1/ dt D

D
0; t2

E
C c1t C c2 (2)

We substitute the initial conditions in (1) and (2). This gives:

r 0.3/ D h0; 6i C c1 D h0; 0i ) c1 D h0;�6i
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r.3/ D h0; 9i C c1.3/C c2 D h1; 1i

h0; 9i C h0;�18i C c2 D h1; 1i

) c2 D h1; 10i

Combining with (2) we obtain the following solution:

r.t/ D
D
0; t2

E
C t h0;�6i C h1; 10i

D
D
1; t2 � 6t C 10

E

32. r00.t/ D
˝
et ; sint

˛
, r.0/ D h1; 0i ; r 0.0/ D h0; 2i

SOLUTION We perform integration componentwise onr 00.t/ to obtain:

r 0.t/ D
Z ˝

et ; sint
˛
dt D

˝
et ;� cost

˛
C c1 (1)

We now integrater 0.t/ to obtain the general solution:

r.t/ D
Z �˝

et ;� cost
˛
C c1

�
dt D

˝
et ;� sint

˛
C c1t C c2 (2)

Now, we substitute the initial conditionsr.0/ D h1; 0i andr 0.0/ D h0; 2i into (1) and (2) and solve for the vectorsc1 andc2. We
obtain:

r 0.0/ D h1;�1i C c1 D h0; 2i ) c1 D h�1; 3i

r.0/ D h1; 0i C c2 D h1; 0i ) c2 D h0; 0i

Finally we combine the above to obtain the solution:

r.t/ D
˝
et ;� sint

˛
C h�1; 3i t C h0; 0i D

˝
et � t;� sint C 3t

˛

33. Find the location att D 3 of a particle whose path (Figure 1) satisfies

d r
dt

D
�
2t � 1

.t C 1/2
; 2t � 4

�
; r.0/ D h3; 8i

y

x

252015105

10

5

(3, 8)

t = 0

t = 3

FIGURE 1 Particle path.

SOLUTION To determine the position of the particle in general, we perform integration componentwise onr 0.t/ to obtain:

r.t/ D
Z

r 0.t/ dt

D
Z �

2t � 1

.t C 1/2
; 2t � 4

�
dt

D
�
t2 C 1

t C 1
; t2 � 4t

�
C c1

Using the initial condition, observe the following:

r.0/ D h1; 0i C c1 D h3; 8i

) c1 D h2; 8i

Therefore,

r.t/ D
�
t2 C 1

t C 1
; t2 � 4t

�
C h2; 8i D

�
t2 C 1

t C 1
C 2; t2 � 4t C 8

�

and thus, the location of the particle att D 3 is r.3/ D h45=4; 5i D h11:25; 5i
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34. Find the location and velocity att D 4 of a particle whose path satisfies

d r
dt

D
D
2t�1=2; 6

E
; r.1/ D h4; 9i

SOLUTION The velocity of this particle att D 4 is exactly:

r 0.4/ D
D
2.4/�1=2; 6

E
D h1; 6i

To determine the location of the particle at any generalt , we will perform integration componentwise onr 0.t/:

r.t/ D
Z

r 0.t/ dt D
Z D

2t�1=2; 6
E
dt

D
D
4
p
t ; 6t

E
C c1

Using the initial condition, observe the following:

r.1/ D h4; 6i C c1 D h4; 9i

) c1 D h0; 3i

Therefore,

r.t/ D
D
4
p
t ; 6t

E
C h0; 3i D

D
4
p
t ; 6t C 3

E

Then the location of this particle att D 4 is:

r.4/ D h8; 27i
35. Find all solutions tor 0.t/ D v with initial conditionr.1/ D w, wherev andw are constant vectors inR2.

SOLUTION We denote the components of the constant vectorv by v D hv1; v2i and integrate to find the general solution. This
gives:

r.t/ D
Z

vdt D
Z

hv1; v2i dt D
�Z

v1 dt;

Z
v2 dt

�

D hv1t C c1; v2t C c2i D t hv1; v2i C hc1; c2i

We letc D hc1; c2i and obtain:

r.t/ D tv C c D c C tv

Notice that the solutions are the vector parametrizations of all the lines with direction vectorv.
We are also given the initial condition thatr.1/ D w, using this information we can determine:

r.1/ D .1/v C c D w

Thereforec D w � v and we get:

r.t/ D .w � v/C tv D .t � 1/v C w

36. Let u be a constant vector inR2. Find the solution of the equationr 0.t/ D .sint/u satisfyingr 0.0/ D 0.

SOLUTION We first integrate to find the general solution. Denotingu D hu1; u2i we get:

r.t/ D
Z
.sint/ u dt D

Z
hu1 sint; u2 sinti dt

D
�Z

u1 sint dt;
Z
u2 sint dt

�
D
�
u1

Z
sint dt; u2

Z
sint dt

�

D h�u1 cost C c1;�u2 cost C c2i D � cost hu1; u2i C hc1; c2i

Lettingc D hc1; c2i we obtain the following solutions:

r.t/ D .� cost/u C c

Sincer 0.0/ D 0 we haver 0.0/ D sin0 � u D 0.
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37. Find all solutions tor 0.t/ D 2r.t/ wherer.t/ is a vector-valued function.

SOLUTION We denote the components ofr.t/ by r.t/ D hx.t/; y.t/i. Then,r 0.t/ D
˝
x0.t/; y0.t/

˛
. Substituting in the differential

equation we get:
˝
x0.t/; y0.t/

˛
D 2 hx.t/; y.t/i

Equating corresponding components gives:

x0.t/ D 2x.t/

y0.t/ D 2y.t/
)

x.t/ D c1e
2t

y.t/ D c2e
2t

We denote the constant vector byc D hc1; c2i and obtain the following solutions:

r.t/ D
˝
c1e

2t ; c2e
2t
˛
D e2t hc1; c2i D e2tc

38. Show thatw.t/ D hsin.3t C 4/; sin.3t � 2/i satisfies the differential equationw00.t/ D �9w.t/.
SOLUTION We differentiate the vectorw.t/ twice:

w0.t/ D h3 cos.3t C 4/ ; 3 cos.3t � 2/i

w00.t/ D d

dt

�
w0.t/

�
D h�9 sin.3t C 4/ ;�9 sin.3t � 2/i

D �9 hsin.3t C 4/ ; sin.3t � 2/i D �9w.t/

We thus showed thatw00.t/ D �9w.t/

Further Insights and Challenges

39. Let r.t/ D hx.t/; y.t/i trace a plane curveC. Assume thatx0.t0/ ¤ 0. Show that the slope of the tangent vectorr 0.t0/ is equal
to the slopedy=dx of the curve atr.t0/.

SOLUTION By the Chain Rule we have

dy

dt
D dy

dx
� dx
dt

Hence, at the points wheredx
dt

¤ 0 we have:

dy

dx
D

dy
dt
dx
dt

D y0.t/
x0.t/

The line`.t/ D ha; bi C tr 0.t0/ passes through.a; b/ at t D 0. It holds that:

`.0/ D ha; bi C 0r 0.t0/ D ha; bi

That is, .a; b/ is the terminal point of the vector̀.0/, hence the line passes through.a; b/. The line has the direction vector

r 0.t0/ D
˝
x0.t0/; y0.t0/

˛
, therefore the slope of the line isy

0.t0/
x0.t0/

which is equal tody
dx

ˇ̌
ˇ
tDt0

.

40. Verify the Sum and Product Rules for derivatives of vector-valued functions.

SOLUTION We first verify the Sum Rule stating:

.r1.t/C r2.t//0 D r 0
1.t/C r 0

2.t/

Let r1.t/ D hx1.t/; y1.t/i andr2.t/ D hx2.t/; y2.t/i. Then,

.r1.t/C r2.t// 0 D d

dt
hx1.t/C x2.t/; y1.t/C y2.t/i

D
˝
.x1.t/C x2.t//

0; .y1.t/C y2.t//
0˛

D
˝
x0
1.t/C x0

2.t/; y
0
1.t/C y0

2.t/
˛

D
˝
x0
1.t/; y

0
1.t/

˛
C
˝
x0
2.t/; y

0
2.t/

˛
D r 0

1.t/C r 0
2.t/

The Product Rule states that for any differentiable scalar-valued functionf .t/ and differentiable vector-valued functionr.t/, it
holds that:

d

dt
f .t/r.t/ D f .t/r 0.t/C f 0.t/r.t/
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To verify this rule, we denoter.t/ D hx.t/; y.t/; z.t/i. Then,

d

df
f .t/r.t/ D d

dt
hf .t/x.t/; f .t/y.t/i

Applying the Product Rule for scalar functions for each component we get:

d

dt
f .t/r.t/ D

˝
f .t/x0.t/C f 0.t/x.t/; f .t/y0.t/C f 0.t/y.t/

˛

D
˝
f .t/x0.t/; f .t/y0.t/

˛
C
˝
f 0.t/x.t/; f 0.t/y.t/

˛

D f .t/
˝
x0.t/; y0.t/

˛
C f 0.t/ hx.t/; y.t/i D f .t/r 0.t/C f 0.t/r.t/

41. Verify the Chain Rule for vector-valued functions.

SOLUTION Letg.t/ andr.t/ D hx.t/; y.t/i be differentiable scalar and vector valued functions respectively. We must show that:

d

dt
r .g.t// D g0.t/r 0 .g.t// :

We have

r .g.t// D hx .g.t// ; y .g.t//i

We differentiate the vector componentwise, using the Chain Rule for scalar functions. This gives:

d

dt
r .g.t// D

�
d

dt
.x .g.t/// ;

d

dt
.y .g.t///

�
D
˝
g0.t/x0 .g.t// ; g0.t/y0 .g.t//

˛

D g0.t/
˝
x0 .g.t// ; y0 .g.t//

˛
D g0.t/r 0 .g.t//

42. Verify the linearity properties
Z
cr.t/ dt D c

Z
r.t/ dt (c any constant)

Z �
r1.t/C r2.t/

�
dt D

Z
r1.t/ dt C

Z
r2.t/ dt

SOLUTION We denote the components of the vectors byr.t/ D hx.t/; y.t/i; r1.t/ D hx1.t/; y1.t/i; r2.t/ D hx2.t/; y2.t/i.
Using vector operations, componentwise integration and the linear properties for scalar functions, we obtain:

Z
cr.t/ dt D

Z
hcx.t/; cy.t/i dt D

�Z
cx.t/ dt;

Z
cy.t/ dt

�

D
�
c

Z
x.t/ dt; c

Z
y.t/ dt

�
D c

�Z
x.t/ dt;

Z
y.t/ dt

�

D c

Z
hx.t/; y.t/i dt D c

Z
r.t/ dt

Next we prove the second linear property:
Z
.r1.t/C r2.t// dt D

Z
hx1.t/C x2.t/; y1.t/C y2.t/i dt

D
�Z

.x1.t/C x2.t// dt;

Z
.y1.t/C y2.t// dt

�

D
�Z

x1.t/ dt C
Z
x2.t/ dt;

Z
y1.t/ dt C

Z
y2.t/ dt

�

D
�Z

x1.t/ dt;

Z
y1.t/ dt

�
C
�Z

x2.t/ dt;

Z
y2.t/ dt

�

D
Z

hx1.t/; y1.t/i dt C
Z

hx2.t/; y2.t/i dt D
Z

r1.t/ dt C
Z

r2.t/ dt

43. Prove the Substitution Rule (whereg.t/ is a differentiable scalar function):

Z b

a
r.g.t//g0.t/ dt D

Z g�1.b/

g�1.a/
r.u/ du
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SOLUTION (Note that an early edition of the textbook had the integral limits asg.a/ andg.b/; they should actually beg�1.a/
andg�1.b/.) We denote the components of the vector-valued function byr.t/ dt D hx.t/; y.t/i. Using componentwise integration
we have:

Z b

a
r.t/ dt D

*Z b

a
x.t/ dt;

Z b

a
y.t/ dt

+

Write
Z b

a
x.t/ dt as

Z b

a
x.s/ ds. Let s D g.t/, sods D g0.t/ dt . The substitution gives us

Z g�1.b/

g�1.a/
x.g.t//g0.t/ dt . A similar

procedure for the other integral gives us:

Z b

a
r.t/ dt D

*Z g�1.b/

g�1.a/
x .g.t// g0.t/ dt;

Z g�1.b/

g�1.a/
y .g.t// g0.t/ dt

+

D
Z g�1.b/

g�1.a/

˝
x .g.t// g0.t/; y .g.t// g0.t/

˛
dt

D
Z g�1.b/

g�1.a/
hx .g.t// ; y .g.t//i g0.t/ dt D

Z g�1.b/

g�1.a/
r .g.t// g0.t/ dt

44. Prove that ifkr.t/k � K for t 2 Œa; b�, then







Z b

a
r.t/ dt






 � K.b � a/

SOLUTION Think of r.t/ as a velocity vector. Then,
Z b

a
r.t/ dt gives the displacement vector from the location at timet D a to

the timet D b, and so








Z b

a
r.t/ dt






 gives the length of this displacement vector. But, since speed iskr.t/k which is less than or

equal toK, then in the intervala � t � b, the object can move a total distance not more thanK.b � a/. Thus, the length of the

displacement vector is� K.b � a/, which gives us








Z b

a
r.t/ dt






 � K.b � a/, as desired.

CHAPTER REVIEW EXERCISES

1. Which of the following curves pass through the point.1; 4/?

(a) c.t/ D .t2; t C 3/ (b) c.t/ D .t2; t � 3/
(c) c.t/ D .t2; 3 � t/ (d) c.t/ D .t � 3; t2/

SOLUTION To check whether it passes through the point.1; 4/, we solve the equationsc.t/ D .1; 4/ for the given curves.

(a) Comparing the second coordinate of the curve and the point yields:

t C 3 D 4

t D 1

We substitutet D 1 in the first coordinate, to obtain

t2 D 12 D 1

Hence the curve passes through.1; 4/.

(b) Comparing the second coordinate of the curve and the point yields:

t � 3 D 4

t D 7

We substitutet D 7 in the first coordinate to obtain

t2 D 72 D 49 ¤ 1

Hence the curve does not pass through.1; 4/.
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(c) Comparing the second coordinate of the curve and the point yields

3 � t D 4

t D �1

We substitutet D �1 in the first coordinate, to obtain

t2 D .�1/2 D 1

Hence the curve passes through.1; 4/.
(d) Comparing the first coordinate of the curve and the point yields

t � 3 D 1

t D 4

We substitutet D 4 in the second coordinate, to obtain:

t2 D 42 D 16 ¤ 4

Hence the curve does not pass through.1; 4/.

2. Find parametric equations for the line throughP D .2; 5/ perpendicular to the liney D 4x � 3.

SOLUTION The line perpendicular toy D 4x � 3 at P D .2; 5/ is the line of slope�1
4 passing throughP . This line has the

equation

y � 5 D �1
4
.x � 2/

A bit of calculation shows that the parametric equations of the line are

c.t/ D
�
2C t; 5� 1

4
t

�

or

x D 2C t

y D 5 � 1

4
t

3. Find parametric equations for the circle of radius 2 with center.1; 1/. Use the equations to find the points of intersection of the
circle with thex- andy-axes.

SOLUTION Using the standard technique for parametric equations of curves, we obtain

c.t/ D .1C 2 cost; 1C 2 sint/

We compare thex coordinate ofc.t/ to 0:

1C 2 cost D 0

cost D �1
2

t D ˙2�

3

Substituting in they coordinate yields

1C 2 sin

�
˙2�

3

�
D 1˙ 2

p
3

2
D 1˙

p
3

Hence, the intersection points with they-axis are.0; 1˙
p
3/. We compare they coordinate ofc.t/ to 0:

1C 2 sint D 0

sint D �1
2

t D ��
6

or
7

6
�

Substituting in thex coordinates yields

1C 2 cos
�
��
6

�
D 1C 2

p
3

2
D 1C

p
3
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1C 2 cos

�
7

6
�

�
D 1 � 2 cos

��
6

�
D 1 � 2

p
3

2
D 1 �

p
3

Hence, the intersection points with thex-axis are.1˙
p
3; 0/.

4. Find a parametrizationc.t/ of the liney D 5 � 2x such thatc.0/ D .2; 1/.

SOLUTION The line is passing throughP D .0; 5/ with slope�2, hence (by one of the examples in section 11.1) it has the
parametrization

c.t/ D .t; 5 � 2t/

This parametrization does not satisfyc.0/ D .2; 1/. We replace the parametert by a parameters, so thatt D s C ˇ, to obtain
another parametrization for the line:

c�.s/ D .s C ˇ; 5 � 2.s C ˇ// D .s C ˇ; 5 � 2ˇ � 2s/ (1)

We require thatc�.0/ D .2; 1/. That is,

c�.0/ D .ˇ; 5 � 2ˇ/ D .2; 1/

or

ˇ D 2

5 � 2ˇ D 1
) ˇ D 2

Substituting in (1) gives the parametrization

c�.s/ D .s C 2; 1 � 2s/

5. Find a parametrizationc.�/ of the unit circle such thatc.0/ D .�1; 0/.
SOLUTION The unit circle has the parametrization

c.t/ D .cost; sint/

This parametrization does not satisfyc.0/ D .�1; 0/. We replace the parametert by a parameter� so thatt D � C ˛, to obtain
another parametrization for the circle:

c�.�/ D .cos.� C ˛/; sin.� C ˛// (1)

We need thatc�.0/ D .1; 0/, that is,

c�.0/ D .cos˛; sin˛/ D .�1; 0/

Hence

cos˛ D �1
sin˛ D 0

) ˛ D �

Substituting in (1) we obtain the following parametrization:

c�.�/ D .cos.� C �/; sin.� C �//

6. Find a pathc.t/ that traces the parabolic arcy D x2 from .0; 0/ to .3; 9/ for 0 � t � 1.

SOLUTION The second coordinates of the points on the parabolic arc are the square of the first coordinates. Therefore the points
on the arc have the form:

c.t/ D .˛t; ˛2t2/ (1)

We need thatc.1/ D .3; 9/. That is,

c.1/ D .˛; ˛2/ D .3; 9/ ) ˛ D 3

Substituting in (1) gives the following parametrization:

c.t/ D .3t; 9t2/

7. Find a pathc.t/ that traces the liney D 2x C 1 from .1; 3/ to .3; 7/ for 0 � t � 1.



1482 C H A P T E R 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND VECTOR FUNCTI ONS

SOLUTION Solution 1: By one of the examples in section 11.1, the line throughP D .1; 3/ with slope2 has the parametrization

c.t/ D .1C t; 3C 2t/

But this parametrization does not satisfyc.1/ D .3; 7/. We replace the parametert by a parameters so thatt D ˛s C ˇ. We get

c�.s/ D .1C ˛s C ˇ; 3C 2.˛s C ˇ// D .˛s C ˇ C 1; 2˛s C 2ˇ C 3/

We need thatc�.0/ D .1; 3/ andc�.1/ D .3; 7/. Hence,

c�.0/ D .1C ˇ; 3C 2ˇ/ D .1; 3/

c�.1/ D .˛ C ˇ C 1; 2˛ C 2ˇ C 3/ D .3; 7/

We obtain the equations

1C ˇ D 1

3C 2ˇ D 3

˛ C ˇ C 1 D 3

2˛ C 2ˇ C 3 D 7

) ˇ D 0; ˛ D 2

Substituting in (1) gives

c�.s/ D .2s C 1; 4s C 3/

Solution 2: The segment from.1; 3/ to .3; 7/ has the following vector parametrization:

.1 � t/ h1; 3i C t h3; 7i D h1� t C 3t; 3.1 � t/C 7ti D h1C 2t; 3C 4ti

The parametrization is thus

c.t/ D .1C 2t; 3C 4t/

8. Sketch the graphc.t/ D .1C cost; sin2t/ for 0 � t � 2� and draw arrows specifying the direction of motion.

SOLUTION Fromx D 1C cost we havex � 1 D cost . We substitute this in they coordinate to obtain

y D sin2t D 2 sint cost D ˙2
p

sin2 t cost D ˙2
p
1 � cos2 t cost D ˙2

q
1 � .x � 1/2.x � 1/

We can see that the graph is symmetric with respect to thex-axis, hence we plot the functiony D 2
p
1 � .x � 1/2.x � 1/ and

reflect it with respect to thex-axis. Whent D 0 we havec.0/ D .2; 0/. whent increases near0, cost is decreasing and sin2t is
increasing, hence the general direction at the point.2; 0/ is upwards and left. Ast approaches�=2, thex-coordinate decreases to1
and they-coordinate to0. Likewise, ast moves from�=2 to�, thex-coordinate moves to0 while they-coordinate falls to�1 and
then rises to0. The resulting graph is seen here in the corresponding figure.

x

y

1

−1

21

Plot of Exercise 8

In Exercises 9–12, express the parametric curve in the formy D f .x/.

9. c.t/ D .4t � 3; 10 � t/
SOLUTION We use the given equation to expresst in terms ofx.

x D 4t � 3

4t D x C 3

t D x C 3

4
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Substituting in the equation ofy yields

y D 10 � t D 10 � x C 3

4
D �x

4
C 37

4

That is,

y D �x
4

C 37

4

10. c.t/ D .t3 C 1; t2 � 4/

SOLUTION The parametric equations arex D t3 C 1 andy D t2 � 4. We expresst in terms ofx:

x D t3 C 1

t3 D x � 1

t D .x � 1/1=3

Substituting in the equation ofy yields

y D t2 � 4 D .x � 1/2=3 � 4

That is,

y D .x � 1/2=3 � 4

11. c.t/ D
�
3 � 2

t
; t3 C 1

t

�

SOLUTION We use the given equation to expresst in terms ofx:

x D 3 � 2

t

2

t
D 3 � x

t D 2

3 � x

Substituting in the equation ofy yields

y D
�

2

3 � x

�3
C 1

2=.3 � x/
D 8

.3� x/3
C 3 � x

2

12. x D tant , y D sect

SOLUTION We use the trigonometric identity

1C tan2 t D sec2 t

Substituting the parametric equationsx D tant andy D sect we obtain

1C x2 D y2 or y D ˙
p
x2 C 1

In Exercises 13–16, calculatedy=dx at the point indicated.

13. c.t/ D .t3 C t; t2 � 1/, t D 3

SOLUTION The parametric equations arex D t3 C t andy D t2 � 1. We use the theorem on the slope of the tangent line to find
dy
dx

:

dy

dx
D

dy
dt
dx
dt

D 2t

3t2 C 1

We now substitutet D 3 to obtain

dy

dx

ˇ̌
ˇ̌
tD3

D 2 � 3
3 � 32 C 1

D 3

14
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14. c.�/ D .tan2 �; cos�/, � D �
4

SOLUTION The parametric equations arex D tan2� , y D cos� . We use the theorem on the slope of the tangent line to finddy
dx

:

dy

dx
D

dy
d�
dx
d�

D � sin �

2 tan� sec2 �
D �cos3 �

2

We now substitute� D �
4 to obtain

dy

dx

ˇ̌
ˇ̌
�D�=4

D �
cos3 �4
2

D � 1

4
p
2

15. c.t/ D .et � 1; sint/, t D 20

SOLUTION We use the theorem for the slope of the tangent line to finddy
dx

:

dy

dx
D

dy
dt
dx
dt

D .sin t/0

.et � 1/0
D cost

et

We now substitutet D 20:

dy

dx

ˇ̌
ˇ̌
tD0

D cos20

e20

16. c.t/ D .ln t; 3t2 � t/, P D .0; 2/

SOLUTION The parametric equations arex D ln t , y D 3t2 � t . We use the theorem for the slope of the tangent line to finddy
dx

:

dy

dx
D

dy
dt
dx
dt

D 6t � 1
1
t

D 6t2 � t (1)

We now must identify the value oft corresponding to the pointP D .0; 2/ on the curve. We solve the following equations:

ln t D 0

3t2 � t D 2
) t D 1

Substitutingt D 1 in (1) we obtain

dy

dx

ˇ̌
ˇ̌
P

D 6 � 12 � 1 D 5

17. Find the point on the cycloidc.t/ D .t � sint; 1 � cost/ where the tangent line has slope12 .

SOLUTION Sincex D t � sint andy D 1 � cost , the theorem on the slope of the tangent line gives

dy

dx
D

dy
dt
dx
dt

D sin t

1 � cost

The points where the tangent line has slope1
2 are those wheredy

dx
D 1

2 . We solve fort :

dy

dx
D 1

2

sin t

1 � cost
D 1

2
(1)

2 sint D 1 � cost

We letu D sint . Then cost D ˙
p
1 � sin2t D ˙

p
1 � u2. Hence

2u D 1˙
p
1 � u2

We transfer sides and square to obtain

˙
p
1 � u2 D 2u � 1

1 � u2 D 4u2 � 4uC 1

5u2 � 4u D u.5u � 4/ D 0
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u D 0; u D 4

5

We findt by the relationu D sint :

u D 0W sint D 0 ) t D 0; t D �

u D 4

5
W sin t D 4

5
) t � 0:93; t � 2:21

These correspond to the points.0; 1/, .�; 2/, .0:13; 0:40/, and.1:41; 1:60/, respectively, for0 < t < 2�.

18. Find the points on.t C sint; t � 2 sint/ where the tangent is vertical or horizontal.

SOLUTION We use the theorem for the slope of the tangent line to finddy
dx

:

dy

dx
D

dy
dt
dx
dt

D 1 � 2 cost

1C cost

We find the values oft for which the denominator is zero. We ignore the numerator, since when1C cost D 0, 1� 2 cost D 3 ¤ 0.

1C cost D 0

cost D �1

t D � C 2�k wherek 2 Z

We now find the values oft for which the numerator is0:

1 � 2 cost D 0

1 D 2 cost

1

2
D cost

t D ˙�

3
C 2�k wherek 2 Z

Note that the denominator is not zero at these points. Thus, we have vertical tangents att D � C 2�k and horizontal tangents at
t D ˙�=3C 2�k.

19. Find the equation of the Bézier curve with control points

P0 D .�1;�1/; P1 D .�1; 1/; P2 D .1; 1/; P3.1;�1/

SOLUTION We substitute the given points in the appropriate formulas in the text to find the parametric equations of the Bézier
curve. We obtain

x.t/ D �.1 � t/3 � 3t.1 � t/2 C t2.1 � t/C t3

D �.1 � 3t C 3t2 � t3/ � .3t � 6t2 C 3t3/C .t2 � t3/C t3

D .�2t3 C 4t2 � 1/

y.t/ D �.1 � t/3 C 3t.1 � t/2 C t2.1 � t/ � t3

D �.1 � 3t C 3t2 � t3/C .3t � 6t2 C 3t3/C .t2 � t3/ � t3

D .2t3 � 8t2 C 6t � 1/
20. Find the speed att D �

4 of a particle whose position at timet seconds isc.t/ D .sin4t; cos3t/.

SOLUTION We use the parametric definition to find the speed. We obtain

ds

dt
D
q
..sin 4t/0/2 C ..cos3t/0/2 D

q
.4 cos4t/2 C .�3 sin3t/2 D

p
16 cos2 4t C 9 sin2 3t

At time t D �
4 the speed is

ds

dt

ˇ̌
ˇ̌
tD�=4

D
r
16 cos2 � C 9 sin2

3�

4
D
r
16C 9 � 1

2
D

p
20:5 � 4:53

21. Find the speed (as a function oft) of a particle whose position at timet seconds isc.t/ D .sint C t; cost C t/. What is the
particle’s maximal speed?
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SOLUTION We use the parametric definition to find the speed. We obtain

ds

dt
D
q
..sin t C t/0/2 C ..cost C t/0/2 D

q
.cost C 1/2 C .1 � sint/2

D
p

cos2 t C 2 cost C 1C 1 � 2 sint C sin2 t D
p
3C 2.cost � sint/

We now differentiate the speed function to find its maximum:

d2s

dt2
D
�p

3C 2.cost � sint/
�0

D � sint � costp
3C 2.cost � sint/

We equate the derivative to zero, to obtain the maximum point:

d2s

dt2
D 0

� sin t � costp
3C 2.cost � sint/

D 0

� sint � cost D 0

� sint D cost

sin.�t/ D cos.�t/

�t D �

4
C �k

t D ��
4

C �k

Substitutingt in the function of speed we obtain the value of the maximal speed:

r
3C 2

�
cos��

4
� sin ��

4

�
D

vuut3C 2

 p
2

2
�
 

�
p
2

2

!!
D
q
3C 2

p
2

22. Find the length of.3et � 3; 4et C 7/ for 0 � t � 1.

SOLUTION We use the formula for arc length, to obtain

s D
Z 1

0

q
..3et � 3/0/2 C ..4et C 7/0/2 dt D

Z 1

0

q
.3et /2 C .4et /2 dt

D
Z 1

0

p
9e2t C 16e2t dt D

Z 1

0

p
25e2t dt D

Z 1

0
5et dt D 5et

ˇ̌
ˇ̌
1

0

D 5.e � 1/

In Exercises 23 and 24, letc.t/ D .e�t cost; e�t sint/.

23. Show thatc.t/ for 0 � t < 1 has finite length and calculate its value.

SOLUTION We use the formula for arc length, to obtain:

s D
Z 1

0

q
..e�t cost/0/2 C ..e�t sint/0/2dt

D
Z 1

0

q
.�e�t cost � e�t sint/2 C .�e�t sint C e�t cost/2dt

D
Z 1

0

q
e�2t .cost C sint/2 C e�2t .cost � sint/2dt

D
Z 1

0
e�t

p
cos2 t C 2 sin t cost C sin2 t C cos2 t � 2 sint cost C sin2 tdt

D
Z 1

0
e�tp2dt D

p
2.�e�t /

ˇ̌
ˇ̌
1

0

D �
p
2

�
lim
t!1

e�t � e0
�

D �
p
2.0 � 1/ D

p
2

24. Find the first positive value oft0 such that the tangent line toc.t0/ is vertical, and calculate the speed att D t0.



Chapter Review Exercises 1487

SOLUTION The curve has a vertical tangent where lim
t!t0

ˇ̌
dy
dx

ˇ̌
D 1. We first finddy

dx
using the theorem for the slope of a tangent

line:

dy

dx
D

dy
dt
dx
dt

D .e�t sint/0

.e�t cost/0
D �e�t sint C e�t cost

�e�t cost � e�t sint

D � cost � sint

cost C sin t
D sint � cost

sint C cost

We now search fort0 such that lim
t!t0

ˇ̌
dy
dx

ˇ̌
D 1. In our case, this happens when the denominator is0, but the numerator is not, thus:

sint0 C cost0 D 0

cost0 D � sint0

cos�t0 D sin�t0

�t0 D �

4
� �

t0 D 3

4
�

We now use the formula for the speed, to find the speed att0.

ds

dt
D
q
..e�t sin t/0/2 C ..e�t cost/0/2

D
q
.�e�t cost � e�t sint/2 C .�e�t sint C e�t cost/2

D
q
e�2t .cost C sint/2 C e�2t .cost � sint/2

D e�t
p

cos2 t C 2 sin t cost C sin2 t C cos2 t � 2 sint cost C sin2 t D e�tp2

Next we substitutet D 3
4�, to obtain

e�t0
p
2 D e�3�=4p

2

25. Plot c.t/ D .sin2t; 2 cost/ for 0 � t � �. Express the length of the curve as a definite integral, and approximate it
using a computer algebra system.

SOLUTION We use a CAS to plot the curve. The resulting graph is shown here.

x

y

2

1

−2

−1

−2 −1 21

Plot of the curve.sin 2t; 2 cost/

To calculate the arc length we use the formula for the arc length to obtain

s D
Z �

0

q
.2 cos2t/2 C .�2 sint/2 dt D 2

Z �

0

p
cos2 2t C sin2 t dt

We use a CAS to obtains D 6:0972.

26. Convert the points.x; y/ D .1;�3/, .3;�1/ from rectangular to polar coordinates.

SOLUTION We convert the given points from cartesian coordinates to polar coordinates. For the first point we have

r D
q
x2 C y2 D

q
12 C .�3/2 D

p
10

� D arctan
y

x
D arctan�3 D 5:034
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For the second point we have

r D
q
x2 C y2 D

q
32 C .�1/2 D

p
10

� D arctan
y

x
D arctan

�1
3

D �0:321; 5:961

27. Convert the points.r; �/ D
�
1; �6

�
,
�
3; 5�4

�
from polar to rectangular coordinates.

SOLUTION We convert the points from polar coordinates to cartesian coordinates. For the first point we have

x D r cos� D 1 � cos
�

6
D

p
3

2

y D r sin � D 1 � sin
�

6
D 1

2

For the second point we have

x D r cos� D 3 cos
5�

4
D �3

p
2

2

y D r sin � D 3 sin
5�

4
D �3

p
2

2

28. Write .x C y/2 D xy C 6 as an equation in polar coordinates.

SOLUTION We use the formula for converting from cartesian coordinates to polar coordinates to substituter and� for x andy:

.x C y/2 D xy C 6

x2 C 2xy C y2 D xy C 6

x2 C y2 D �xy C 6

r2 D �.r cos�/.r sin�/C 6

r2 D �r2 cos� sin� C 6

r2.1C sin� cos�/ D 6

r2 D 6

1C sin � cos�

r2 D 6

1C sin2�
2

r2 D 12

2C sin 2�

29. Write r D 2 cos�

cos� � sin �
as an equation in rectangular coordinates.

SOLUTION We use the formula for converting from polar coordinates to cartesian coordinates to substitutex andy for r and� :

r D 2 cos�

cos� � sin �
q
x2 C y2 D 2r cos�

r cos� � r sin�
q
x2 C y2 D 2x

x � y

30. Show thatr D 4

7 cos� � sin�
is the polar equation of a line.

SOLUTION We use the formula for converting from polar coordinates to cartesian coordinates to substitutex andy for r and� :

r D 4

7 cos� � sin�

1 D 4

7r cos� � r sin�

1 D 4

7x � y
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7x � y D 4

y D 7x � 4

We obtained a linear function. Since the original equation in polar coordinates represents the same curve, it represents a straight
line as well.

31. Convert the equation

9.x2 C y2/ D .x2 C y2 � 2y/2

to polar coordinates, and plot it with a graphing utility.

SOLUTION We use the formula for converting from cartesian coordinates to polar coordinates to substituter and� for x andy:

9.x2 C y2/ D .x2 C y2 � 2y/2

9r2 D .r2 � 2r sin�/2

3r D r2 � 2r sin�

3 D r � 2 sin�

r D 3C 2 sin�

The plot ofr D 3C 2 sin� is shown here:

r = 3 + 2sin

5

40 31−4 2−1−2−3
−2

4

3

2

1

0

−1

Plot of r D 3C 2 sin �

32. Calculate the area of the circler D 3 sin� bounded by the rays� D �
3 and � D 2�

3 .

SOLUTION We use the formula for area in polar coordinates to obtain

A D 1

2

Z 2�=3

�=3
.3 sin�/2 d� D 9

2

Z 2�=3

�=3
sin2 � d� D 9

4

Z 2�=3

�=3
.1 � cos2�/ d� D 9

4

 
� � sin 2�

2

ˇ̌
ˇ̌
2�=3

�=3

!

D 9

4

�
�

3
� 1

2

�
sin

4�

3
� sin

2�

3

��
D 9

4

 
�

3
� 1

2

 
�

p
3

2
�

p
3

2

!!
D 9

4

 
�

3
C

p
3

2

!

33. Calculate the area of one petal ofr D sin4� (see Figure 1).

y

x

n = 2 (4 petals)

y

x

n = 4 (8 petals)

y

x

n = 6 (12 petals)

FIGURE 1 Plot of r D sin.n�/.

SOLUTION We use a CAS to generate the plot, as shown here.

r = 4sin

−0.8 −0.4

1
0.8
0.6
0.4
0.2

0
−0.2
−0.4
−0.6
−0.8

−1
10 0.80.4−1

Plot of r D sin 4�
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We can see that one leaf lies between the rays� D 0 and� D �

4
. We now use the formula for area in polar coordinates to obtain

A D 1

2

Z �=4

0
sin2 4� d� D 1

4

Z �=4

0
.1 � cos8�/ d� D 1

4

 
� � sin 8�

8

ˇ̌
ˇ̌
�=4

0

!

D �

16
� 1

32
.sin 2� � sin0/ D �

16

34. The equationr D sin.n�/, wheren � 2 is even, is a “rose” of2n petals (Figure 1). Compute the total area of the flower, and
show that it does not depend onn.

SOLUTION We calculate the total area of the flower, that is, the area between the rays� D 0 and� D 2�, using the formula for
area in polar coordinates:

A D 1

2

Z 2�

0
sin2 2n� d� D 1

4

Z 2�

0
.1 � cos4n�/ d� D 1

4

 
� � sin 4n�

4n

ˇ̌
ˇ̌
2�

0

!

D �

2
� 1

16n
.sin 8n� � sin0/ D �

2

Since the area is
�

2
for everyn 2 Z, the area is independent ofn.

35. Calculate the total area enclosed by the curver2 D cos�esin� (Figure 2).

y

x

1

1−1

FIGURE 2 Graph ofr2 D cos�esin� .

SOLUTION Note that this is defined only for� between��=2 and�=2. We use the formula for area in polar coordinates to
obtain:

A D 1

2

Z �=2

��=2
r2 d� D 1

2

Z �=2

��=2
cos�esin� d�

We evaluate the integral by making the substitutionx D sin� dx D cos� d� :

A D 1

2

Z �=2

��=2
cos�esin�d� D 1

2
ex
ˇ̌
ˇ̌
1

�1
D 1

2

�
e � e�1

�

36. Find the shaded area in Figure 3.

y

r = 1 + cos 2q

x

1

−1

21−2 −1

FIGURE 3

SOLUTION We first find the points of intersection between the unit circle and the function.

1 D 1C cos2�

cos2� D 0

2� D �

2
C �n

� D �

4
C �

2
n
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We now find the area of the shaded figure in the first quadrant. This has two parts. The first, from0 to �=4, is just an octant of the
unit circle, and thus has area�=8. The second, from�=4 to �=2, is found as follows:

A D 1

2

Z �=2

�=4
.1C cos2�/2 d� D 1

2

Z �=2

�=4
1C 2 cos2� C cos2 2� d� D 1

2

Z �=2

�=4

3

2
C 2 cos2� C 1

2
cos4� d�

D 1

2

�
3�

2
C sin 2� C 1

8
sin 4�

� ˇ̌
ˇ̌
�=2

�=4

D 1

2

�
3�

8
� 1

�

The total area in the first quadrant is thus5�16 � 1
2 ; multiply by 2 to get the total area of5�8 � 1.

37. Find the area enclosed by the cardioidr D a.1C cos�/, wherea > 0.

SOLUTION The graph ofr D a .1C cos�/ in the r� -plane for0 � � � 2� and the cardioid in thexy-plane are shown in the
following figures:

r

a

2a

2πππ 
2

3π 
2

y

x
θ = 0

r = 2a

θ = , r = a
3π

2

θ = , r = a
π

2

θ = π, r = 0

r D a .1C cos�/ The cardioidr D a .1C cos�/, a > 0

As � varies from0 to � the radiusr decreases from2a to 0, and this gives the upper part of the cardioid.
The lower part is traced as� varies from� to 2� and consequentlyr increases from0 back to2a. We compute the area enclosed

by the upper part of the cardioid and thex-axis, using the following integral (we use the identity cos2 � D 1
2 C 1

2 cos2� ):

1

2

Z �

0
r2 d� D 1

2

Z �

0
a2.1C cos�/2 d� D a2

2

Z �

0

�
1C 2 cos� C cos2 �

�
d�

D a2

2

Z �

0

�
1C 2 cos� C 1

2
C 1

2
cos2�

�
d� D a2

2

Z �

0

�
3

2
C 2 cos� C 1

2
cos2�

�
d�

D a2

2

�
3�

2
C 2 sin � C 1

4
sin 2�

� ˇ̌
ˇ̌
�

0

D a2

2

�
3�

2
C 2 sin� C 1

4
sin 2� � 0

�
D 3�a2

4

Using symmetry, the total areaA enclosed by the cardioid is

A D 2 � 3�a
2

4
D 3�a2

2

38. Calculate the length of the curve with polar equationr D � in Figure 4.

y
r = q

x

2

FIGURE 4

SOLUTION The interval of� values is0 � � � �. We use the formula for the arc length in polar coordinates, withr D f .�/ D � .
We get

S D
Z �

0

q
f .�/2 C f 0.�/2 d� D

Z �

0

q
�2 C .� 0/2 d� D

Z �

0

p
�2 C 1 d�

D �

2

p
�2 C 1C 1

2
ln
ˇ̌
ˇ� C

p
�2 C 1

ˇ̌
ˇ
ˇ̌
ˇ̌
�

�D0
D �

2

p
�2 C 1C 1

2
ln
�
� C

p
�2 C 1

�
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In Exercises 39–44, letv D h�2; 5i andw D h3;�2i.

39. Calculate5w � 3v and5v � 3w.

SOLUTION We use the definition of basic vector operations to compute the two linear combinations:

5w � 3v D 5h3;�2i � 3h�2; 5i D h15;�10i C h6;�15i D h21;�25i

5v � 3w D 5h�2; 5i � 3h3;�2i D h�10; 25i C h�9; 6i D h�19; 31i
40. Sketchv, w, and2v � 3w.

SOLUTION We have,

2v � 3w D 2h�2; 5i � 3h3;�2i D h�4; 10i C h�9; 6i D h�13; 16i

The vectorsv, w and2v � 3w are shown in the figure below:

y

x

2v

v
−3w

2v − 3w

w

41. Find the unit vector in the direction ofv.

SOLUTION The unit vector in the direction ofv is

ev D 1

kvk v

We compute the length ofv:

kvk D
q
.�2/2 C 52 D

p
29

Hence,

ev D v
kvk D h�2; 5ip

29
D
� �2p

29
;
5p
29

�
:

42. Find the length ofv C w.

SOLUTION We first compute the sumv C w:

v C w D h�2; 5i C h3;�2i D h�2C 3; 5� 2i D h1; 3i

Using the definition of the length of a vector we obtain

kv C wk D kh1; 3ik D
p
12 C 32 D

p
10:

43. Expressi as a linear combinationrv C sw.

SOLUTION We use basic properties of vector algebra to write

i D rv C sw (1)

h1; 0i D rh�2; 5i C sh3;�2i D h�2r C 3s; 5r � 2si

The vector are equivalent, hence,

1 D �2r C 3s

0 D 5r � 2s

The second equation implies thats D 5
2 r . We substitute in the first equation and solve forr :

1 D �2r C 3 � 5
2
r
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1 D 11

2
r

r D 2

11
) s D 5

2
� 2
11

D 5

11

Substituting in (1) we obtain

i D 2

11
v C 5

11
w:

44. Find a scalar̨ such thatkv C ˛wk D 6.

SOLUTION We compute the vectorv C ˛w:

v C ˛w D h�2; 5i C ˛h3;�2i D h�2C 3˛; 5 � 2˛i

The length ofv C ˛w is

kv C ˛wk D
q
.�2C 3˛/2 C .5 � 2˛/2 D

p
4 � 12˛ C 9˛2 C 25 � 20˛ C 4˛2

D
p
13˛2 � 32˛ C 29

We obtain the following equation:
p
13˛2 � 32˛ C 29 D 6

Solving for˛ yields

13˛2 � 32˛ C 29 D 36

13˛2 � 32˛ � 7 D 0

˛1;2 D
32˙

q
322 � 4 � 13 � .�7/

26
D 16˙

p
347

13

The two solutions are thus

˛ D 16˙
p
347

13
:

45. If P D .1; 4/ andQ D .�3; 5/, what are the components of
��!
PQ? What is the length of

��!
PQ?

SOLUTION By the Definition of Components of a Vector we have

��!
PQ D h�3 � 1; 5 � 4i D h�4; 1i

The length of
��!
PQ is



��!
PQ



 D
q
.�4/2 C 12 D

p
17:

46. LetA D .2;�1/, B D .1; 4/, andP D .2; 3/. Find the pointQ such that
��!
PQ is equivalent to

��!
AB. Sketch

��!
PQ and

��!
AB.

SOLUTION The vectors
��!
AB and

��!
PQ are equivalent, therefore they have the same components. We denote the pointQ byQ D

.a; b/, and compute the vectors
��!
AB and

��!
PQ. We get

��!
AB D h1 � 2; 4 � .�1/i D h�1; 5i
��!
PQ D ha � 2; b � 3i

Therefore

�1 D a � 2 and 5 D b � 3

or

a D 1 and b D 8

Hence the pointQ isQ D .1; 8/. The equivalent vectors
��!
AB D ��!

PQ D h�1; 5i are shown in the figure:
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y

x

5

−1

〈−1 , 5〉

47. Find the vector with length 3 making an angle of7�4 with the positivex-axis.

SOLUTION We denote the vector byv D ha; bi. v makes an angle� D 7�
4 with thex-axis, and its length is3, hence,

a D kvk cos� D 3 cos
7�

4
D 3p

2

b D kvk sin� D 3 sin
7�

4
D � 3p

2

That is,

v D ha; bi D
�
3p
2
;� 3p

2

�
:

48. Calculate3 .i � 2j /� 6 .i C 6j /.

SOLUTION Using basic properties of vector algebra we have

3.i � 2j /� 6.i C 6j / D 3i � 6j � 6i � 36j D �3i � 42j
49. Find the value of̌ for whichw D h�2; ˇi is parallel tov D h4;�3i.
SOLUTION If v D h4;�3i andw D h�2; ˇi are parallel, there exists a scalar� such thatw D �v. That is,

h�2; ˇi D �h4;�3i D h4�;�3�i

yielding

�2 D 4� and ˇ D �3�

These equations imply that� D �1
2 and� D �ˇ

3 . Equating the two expressions for� gives

�1
2

D �ˇ
3

or ˇ D 3

2
:

50. Let r1.t/ D v1 C tw1 andr2.t/ D v2 C tw2 be parametrizations of linesL1 andL2. For each statement (a)–(e), provide a
proof if the statement is true and a counterexample if it is false.

(a) If L1 D L2, thenv1 D v2 andw1 D w2.

(b) If L1 D L2 andv1 D v2, thenw1 D w2.

(c) If L1 D L2 andw1 D w2, thenv1 D v2.

(d) If L1 is parallel toL2, thenw1 D w2.

(e) If L1 is parallel toL2, thenw1 D �w2 for some scalar�.

SOLUTION

(a) This statement is false. Consider the following lines:

L1W r1.t/ D h1; 0i C th1; 1i

L2W r2.t/ D h3; 2i C th2; 2i

The lineL1 passes through the pointsP D .1; 0/ (for t D 0) andQ D .2; 1/ (for t D 1). The lineL2 passes throughP andQ as
well (for t D �1 andt D �1

2 respectively). Therefore,L1 D L2. However,v1 D h1; 0i, v2 D h3; 2i, w1 D h1; 1i, w2 D h2; 2i
hencev1 ¤ v2 andw1 ¤ w2.

(b) This statement is false. Consider the following lines:

L1W r1.t/ D h0; 1i C th1; 1i

L2W r2.t/ D h0; 1i C th2; 2i

The lineL1 passes through the pointsP D .0; 1/ (for t D 0) andQ D .1; 2/ (for t D 1). The lineL2 passes throughP andQ as
well (for t D 0 andt D 1

2 ). Therefore,L1 D L2. Also v1 D v2, butw1 ¤ w2.
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(c) This statement is false. Consider the following lines:

L1W r1.t/ D h1; 0i C th1; 1i

L2W r2.t/ D h2; 1i C th1; 1i

The lineL1 passes throughP D .1; 0/ andQ D .2; 1/ (for t D 1). The lineL2 passes throughP D .1; 0/ (for t D �1) and
Q D .2; 1/ (for t D 0). Therefore,L1 D L2. Also, w1 D w2 but v1 ¤ v2.
(d) This statement is false. Consider the following lines:

L1W r1.t/ D h1; 1i C th1; 0i

L2W r2.t/ D th2; 0i

We havew1 D h1; 0i andw2 D h2; 0i thereforew2 D 2w1. We conclude thatw1 andw2 are parallel vectors, hence the linesL1

andL2 are parallel althoughw1 ¤ w2.
(e) This statement is correct. IfL1 andL2 are parallel lines, the direction vectorsw1 andw2 of these lines are parallel, hence they
are scalar multiples of one another.

51. Sketch the vector sumv D v1 � v2 C v3 for the vectors in Figure 5(A).

(A)

x

y

v1

v2

v3

(B)

x

y

v1

v2

v3

FIGURE 5

SOLUTION Using the Parallelogram Law we obtain the vector sum shown in the figure.

x

y

v1

v1 − v2 + v3

−v2

v2

v3

v'3

v1 − v2

We first addv1 and �v2, then we addv3 to v1 � v2.

52. Sketch the sumsv1 C v2 C v3, v1 C 2v2, andv2 � v3 for the vectors in Figure 5(B).

SOLUTION We use the definition of scalar multiple of a vector and the Parallelogram Law to sketch the vectors.

y

x

v1 + v2 + v3

v1 + v2

v1

v2

v3

y

x

v2 − v3

v3

v2

y

x

v1 + 2v2

2v2

v1

v2
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To form v2 � v3, we draw the vector pointing fromv3 to v2 and translate it back to the basepoint.

53. Use vectors to prove that the line connecting the midpoints of two sides of a triangle is parallel to the third side.

SOLUTION LetE andF be the midpoints of sidesAC andBC in a triangleABC (see figure).

C

F

A E

B

We must show that

��!
EF k ��!

AB

Using the Parallelogram Law we have

��!
EF D �!

EAC ��!
AB C ��!

BF (1)

By the definition of the pointsE andF ,

�!
EA D 1

2

�!
CAI ��!

BF D 1

2

��!
BC

We substitute (1) to obtain

��!
EF D 1

2

�!
CAC ��!

AB C 1

2

��!
BC D ��!

AB C 1

2

��!
CAC ��!

BC
�

D ��!
AB C 1

2

���!
BC C �!

CA
�

D ��!
AB C 1

2

�!
BA D ��!

AB � 1

2

��!
AB D 1

2

��!
AB

Therefore,
��!
EF is a constant multiple of

��!
AB , which implies that

��!
EF and

��!
AB are parallel vectors.

54. Calculate the magnitude of the forces on the two ropes in Figure 6.

Rope 1 Rope 2

A B

P

10 kg

30° 45°

FIGURE 6

SOLUTION Gravity exerts a forceFg of magnitude10g D 98 newtons. Since the sum ofF1 andF2 balance the force of gravity,
we have

F1 C F2 C Fg D 0 (1)

We resolveF1, F2, andFg into a sum of a force along the ground and a force orthogonal to the ground.

Fg i

j

P
30° 45°

F2

F1

(F1)|| (F2)||

(F1)̂
(F2)̂

F1

This gives

.F1/k D �.kF1k cos30ı/i; .F1/? D .kF1k cos60ı/j

.F2/k D .kF2k cos45ı/i; .F2/? D .kF2k cos45ı/j

.Fg /k D 0; .Fg/? D �10gj � �98j
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Substituting these forces in (1) gives
 

�kF1k
p
3

2
i C kF1k

2
j

!
C
 

kF2k
p
2

2
i C kF2k

p
2

2
j

!
� 98j D 0

1

2

�p
2kF2k �

p
3kF1k

�
i C 1

2

�
kF1k C

p
2kF2k � 196

�
j D 0

We now equate each component to zero, to obtain
p
2kF2k �

p
3kF1k

2
D 0

kF1k C
p
2kF2k

2
� 98 D 0

)
kF1k � 71:7

kF2k � 87:8

We conclude that

F1 D .�71:7 cos30ı/i C .71:7 cos60ı/j D �62:1i C 35:9j

F2 D .87:8 cos45ı/i C .87:8 cos45ı/j D 62:1i C 62:1j

(As in the statement of the problems, all units are in Newtons.)

55. A 50-kg wagon is pulled to the right by a forceF1 making an angle of30ı with the ground. At the same time the wagon is
pulled to the left by a horizontal forceF2.

(a) Find the magnitude ofF1 in terms of the magnitude ofF2 if the wagon does not move.

(b) What is the maximal magnitude ofF1 that can be applied to the wagon without lifting it?

SOLUTION

(a) By Newton’s Law, at equilibrium, the total force acting on the wagon is zero.

F2

F1

W

N

30°

F
^

F||

We resolve the forceF1 into its components:

F1 D Fk C F?

whereFk is the horizontal component andF? is the vertical component. Since the wagon does not move, the magnitude ofFk must
be equal to the magnitude ofF2. That is,

kFkk D kF1k cos30ı D kF2k

The above equation gives:

kF1k
p
3

2
D kF2k ) kF1k D 2kF2kp

3

(b) The maximum magnitude of forceF1 that can be applied to the wagon without lifting the wagon is found by comparing the
vertical forces:

kF1k sin30ı D 9:8 � 50

kF1k � 1
2

D 9:8 � 50 ) kF1k D 9:8 � 100 D 980 N

56. Find the angle betweenv andw if kv C wk D kvk D kwk.

SOLUTION The cosine of the angle� betweenv andw is given by:

cos� D v � w
kvkkwk (1)

We denote byr the valuekv C wk D kvk D kwk D r . To findv � w in terms ofr , we evaluatekv C wk. Using properties of the
dot product we obtain:

kv C wk2 D .v C w/ � .v C w/ D v � .v C w/C w � .v C w/
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D v � v C v � w C w � v C w � w D kvk2 C 2v � w C kwk2

That is,

r2 D r2 C 2v � w C r2

�r2 D 2v � w ) v � w D � r
2

2

We now substitutekvk D kwk D r andv � w D � r2

2 in (1) to obtain:

cos� D
� r2

2

r � r D �1
2

The solution for0 � � � � is � D 2�
3 . That is, the angle betweenv andw is 2�3 rad.

57. Findke� 4fk, assuming thate andf are unit vectors such thatkeC fk D
p
3.

SOLUTION We use the relation of the dot product with length and properties of the dot product to write

3 D keC fk2 D .eC f/ � .eC f/ D e � eC e � f C f � eC f � f

D kek2 C 2e � f C kfk2 D 12 C 2e � f C 12 D 2C 2e � f

We now finde � f:

3 D 2C 2e � f ) e � f D 1=2

Hence, using the same method as above, we have:

ke� 4fk2 D .e� 4f/ � .e� 4f/

D kek2 � 2 � e � 4f C k4fk2 D 12 � 8e � f C 42 D 17 � 4 D 13

Taking square roots, we get:

ke� 4fk D
p
13

58. Find the area of the parallelogram spanned by vectorsv andw such thatkvk D kwk D 2 andv � w D 1.

SOLUTION The base of the parallelogram iskvk D kwk D 2, and the height must be2 sin� . For� , we have

v � w D kvkkwk cos� D 2 � 2 � cos� D 1;

then cos� D 1=4 and so sin� D
p
1 � cos2 � D

p
15=16 D

p
15=4. Thus, the area is2 � 2 � sin� D 2 � 2 �

p
15=4 D

p
15

In Exercises 59–64, calculate the derivative indicated.

59. r0.t/, r.t/ D
˝
1 � t; t�2

˛

SOLUTION We use the Theorem on Componentwise Differentiation to compute the derivativer 0.t/. We get

r 0.t/ D
˝
.1 � t/0; .t�2/0

˛
D
D
�1;�2t�3

E

60. r000.t/, r.t/ D
˝
t3; 4t2

˛

SOLUTION We use the Theorem on Componentwise Differentiation to findr 0.t/:

r 0.t/ D
˝
.t3/0; .4t2/0

˛
D
˝
3t2; 8t

˛

We differentiater 0.t/ componentwise to findr 00.t/:

r 00.t/ D h6t; 8i

Differentiatingr 00.t/ componentwise givesr 000.t/:

r 000.t/ D h6; 0i

61. r0.0/, r.t/ D
˝
e2t ; e�4t2 ˛

SOLUTION We differentiater.t/ componentwise to findr 0.t/:

r 0.t/ D
˝
.e2t /

0
; .e�4t2/

0˛
D
˝
2e2t ;�8te�4t2 ˛

The derivativer 0.0/ is obtained by settingt D 0 in r 0.t/. This gives

r 0.0/ D
˝
2e2�0;�8 � 0e�4�02 ˛ D h2; 0i
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62. r00.�3/, r.t/ D
˝
t�2; .t C 1/�1

˛

SOLUTION We differentiate componentwise to findr 0.t/:

r 0.t/ D
D
�2t�3;�.t C 1/�2

E

We differentiate componentwise to findr 00.t/ and evaluate att D �3:

r 00.t/ D
D
6t�4; 2.t C 1/�3

E
; ) r 00.�3/ D

�
2

27
;�1
4

�

63.
d

dt
et
˝
1; t
˛

SOLUTION Using the Product Rule for differentiation gives

d

dt
et
˝
1; t
˛

D et
d

dt

˝
1; t
˛
C
�
et
�0˝
1; t
˛
D et h0; 1i C et

˝
1; t
˛

D et
�
h0; 1i C

˝
1; t
˛�

D et
˝
1; 1C t

˛

64.
d

d�
r.cos�/, r.s/ D

˝
s; 2s

˛

SOLUTION We use the Chain Rule to compute the derivative. That is,

d

d�
r.cos�/ D

�
d r
ds

ˇ̌
ˇ̌
sDcos�

�
� d
d�
.cos�/ D � sin� � h1; 2i

ˇ̌
ˇ̌
sDcos�

D � sin� � h1; 2i D h� sin�;�2 sin�i

D � hsin�; 2 sin�i

In Exercises 65–66, calculate the derivative att D 3, assuming that

r1.3/ D h1; 1i ; r2.3/ D h1; 1i

r 0
1.3/ D h0; 0i ; r 0

2.3/ D h0; 2i

65.
d

dt
.6r1.t/� 4 � r2.t//

SOLUTION Using Differentiation Rules we obtain:

d

dt
.6r1.t/ � 4r2.t//

ˇ̌
ˇ̌
tD3

D 6r 0
1.3/� 4r 0

2.3/ D 6 � h0; 0i � 4 � h0; 2i

D h0; 0i � h0; 8i D h0;�8i

66.
d

dt

�
et r2.t/

�

SOLUTION Using the Product Rule gives:

d

dt

�
et r2.t/

�
D et r 0

2.t/C
�
et
�0

r2.t/ D et
�
r 0
2.t/C r2.t/

�

Settingt D 3 we get:

d

dt

�
et r2.t/

�ˇ̌ˇ̌
tD3

D e3
�
r 0
2.3/C r2.3/

�
D e3.h0; 2i C h1; 1i/ D e3 h1; 3i

67. Calculate
Z 3

0

˝
4t C 3; t2

˛
dt .

SOLUTION By the definition of vector-valued integration, we have

Z 3

0

D
4t C 3; t2

E
dt D

*Z 3

0
.4t C 3/ dt;

Z 3

0
t2 dt

+
(1)

We compute the integrals on the right-hand side:

Z 3

0
.4t C 3/ dt D 2t2 C 3t

ˇ̌
ˇ̌
3

0

D 2 � 9C 3 � 3 � 0 D 27
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Z 3

0
t2 dt D t3

3

ˇ̌
ˇ̌
3

0

D 33

3
D 9

Substituting in (1) gives the following integral:

Z 3

0

˝
4t C 3; t2

˛
dt D h27; 9i

68. Calculate
Z �

0

˝
sin�; �

˛
d� .

SOLUTION By the definition of vector-valued integration, we have

Z �

0
hsin�; �i d� D

�Z �

0
sin� d�;

Z �

0
� d�

�
(1)

We compute the integrals on the right hand-side:

Z �

0
sin� d� D � cos�

ˇ̌
ˇ̌
�

0

D �.cos� � cos0/ D �.�1 � 1/ D 2

Z �

0
� d� D 1

2
�2
ˇ̌
ˇ̌
�

0

D �2

2

Substituting in (1) gives the following integral:

Z �

0
hsin�; �i d� D

*
2;
�2

2

+

69. A particle located at.1; 1/ at timet D 0 follows a path whose velocity vector isv.t/ D
˝
1; t
˛
. Find the particle’s location at

t D 2.

SOLUTION We first find the pathr.t/ by integrating the velocity vectorv.t/:

r.t/ D
Z

h1; ti dt D
�Z

1dt;

Z
t dt

�
D
�
t C c1;

1

2
t2 C c2

�

Denoting byc D hc1; c2i the constant vector, we obtain:

r.t/ D
�
t;
1

2
t2
�

C c (1)

To find the constant vectorc, we use the given information on the initial position of the particle. At timet D 0 it is at the point
.1; 1/. That is, by (1):

r.0/ D h0; 0i C c D h1; 1i

or,

c D h1; 1i

We substitute in (1) to obtain:

r.t/ D
�
t;
1

2
t2
�

C h1; 1i D
�
t C 1;

1

2
t2 C 1

�

Finally, we substitutet D 2 to obtain the particle’s location att D 2:

r.2/ D
�
2C 1;

1

2
� 22 C 1

�
D h3; 3i

At time t D 2 the particle is located at the point

.3; 3/

70. Find the vector-valued functionr.t/ D
˝
x.t/; y.t/

˛
in R2 satisfyingr 0.t/ D �r.t/ with initial conditionsr.0/ D h1; 2i.
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SOLUTION We rewrite the differential equation by components as:
˝
x0.t/; y0.t/

˛
D � hx.t/; y.t/i or

˝
x0.t/; y0.t/

˛
D h�x.t/;�y.t/i

Equating corresponding components, we obtain:

x0.t/ D �x.t/
y0.t/ D �y.t/

) x0.t/
x.t/

D �1; y0.t/
y.t/

D �1

By integration we get ln.x.t// D �t C A, ln.y.t// D �t C B or:

x.t/ D ae�t

y.t/ D be�t where a D eA; b D eB

By the given informationr.0/ D h1; 2i. Therefore,

x.0/ D ae�0 D a D 1

y.0/ D be�0 D b D 2
) a D 1; b D 2

We obtain the following vector:

r.t/ D hx.t/; y.t/i D
˝
ae�t ; be�t ˛ D

˝
e�t ; 2e�t ˛:

71. Calculater.t/ assuming that

r 00.t/ D
D
4 � 16t; 12t2 � t

E
; r 0.0/ D h1; 0i ; r.0/ D h0; 1i

SOLUTION Using componentwise integration we get:

r 0.t/ D
Z D

4 � 16t; 12t2 � t
E
dt

D
�Z

4 � 16t dt;

Z
12t2 � t dt

�

D
*
4t � 8t2; 4t3 � t2

2

+
C c1

Then using the initial conditionr 0.0/ D h1; 0i we get:

r 0.0/ D h1; 0i D c1

so then

r 0.t/ D
*
4t � 8t2; 4t3 � t2

2

+
C h1; 0i D

*
4t � 8t2 C 1; 4t3 � t2

2

+

Then integrating componentwise once more we get:

r.t/ D
Z *

4t � 8t2 C 1; 4t3 � t2

2

+
dt

D
*Z

4t � 8t2 C 1 dt;

Z
4t3 � t2

2
dt

+

D
*
2t2 � 8

3
t3 C t; t4 � t3

6

+
C c2

Using the initial conditionr.0/ D h0; 1i we have:

r.0/ D h0; 1i D c2

Therefore,

r.t/ D
*
2t2 � 8

3
t3 C t; t4 � t3

6

+
C h0; 1i D

*
2t2 � 8

3
t3 C t; t4 � t3

6
C 1

+
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72. Solver 00.t/ D
˝
t2 � 1; t C 1

˛
subject to the initial conditionsr.0/ D h1; 0i andr 0.0/ D h�1; 1i

SOLUTION Using integration componentwise we get:

r 0.t/ D
Z D

t2 � 1; t C 1
E
dt

D
�Z

t2 � 1 dt;

Z
t C 1dt

�

D
*
t3

3
� t;

t2

2
C t

+
C c1

Using the initial conditionr 0.1/ D h�1; 1i we get:

r 0.1/ D h�1; 1i D
�
�2
3
;
3

2

�
C c1

so then,c1 D
D
�1
3 ;�

1
2

E
and

r 0.t/ D
*
t3

3
� t;

t2

2
C t

+
C
�
�1
3
;�1
2

�
D
*
t3

3
� t � 1

3
;
t2

2
C t � 1

2

+

Using integration componentwise once more we get:

r.t/ D
Z *

t3

3
� t � 1

3
;
t2

2
C t � 1

2

+
dt

D
*Z

t3

3
� t � 1

3
dt;

Z
t2

2
C t � 1

2
dt

+

D
*
t4

12
� t2

2
� t

3
;
t3

6
C t2

2
� t

2

+
C c2

Using the initial condition,r.1/ D h1; 0i we get:

r.1/ D h1; 0i D
�
�3
4
;
1

6

�
C c2

and

c2 D
�
7

4
;�1
6

�

Therefore,

r.t/ D
*
t4

12
� t2

2
� t

3
;
t3

6
C t2

2
� t

2

+
C
�
7

4
;�1
6

�

D
*
t4

12
� t2

2
� t

3
C 7

4
;
t3

6
C t2

2
� t

2
� 1

6

+

73. A projectile fired at an angle of60ı lands400 m away. What was its initial speed?

SOLUTION Place the projectile at the origin, and letr.t/ be the position vector of the projectile.

Step 1. Use Newton’s Law
Gravity exerts a downward force of magnitudemg, wherem is the mass of the bullet andg D 9:8 m/s2. In vector form,

F D h0;�mgi D m h0;�gi

Newton’s Second LawF D mr 0.t/ yieldsm h0;�gi D mr 00.t/ or r 00.t/ D h0;�gi. We determiner.t/ by integrating twice:

r 0.t/ D
Z t

0
r 00.u/ du D

Z t

0
h0;�gi du D h0;�gti C v0

r.t/ D
Z t

0
r 0.u/ du D

Z t

0
.h0;�gui C v0/ du D

�
0;�1

2
gt2

�
C tv0 C r0
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Step 2. Use the initial conditions
By our choice of coordinates,r0 D 0. The initial velocityv0 has unknown magnitudev0, but we know that it points in the

direction of the unit vectorhcos60ı; sin60ıi. Therefore,

v0 D v0
˝
cos60ı; sin60ı˛ D v0

*
1

2
;

p
3

2

+

r.t/ D
�
0;�1

2
gt2

�
C tv0

*
1

2
;

p
3

2

+

Step 3. Solve forv0.
The projectile hits the pointh400; 0i on the ground if there exists a timet such thatr.t/ D h400; 0i; that is,

�
0;�1

2
gt2

�
C tv0

*
1

2
;

p
3

2

+
D h400; 0i

Equating components, we obtain

1

2
tv0 D 400; �1

2
gt2 C

p
3

2
tv0 D 0

The first equation yieldst D 800
v0

. Now substitute in the second equation and solve, usingg D 9:8m/s2:

�4:9
�
800

v0

�2
C

p
3

2

�
800

v0

�
v0 D 0

�
800

v0

�2
D 400

p
3

4:9

� v0
800

�2
D 4:9

400
p
3

� 0:00707

v20 D 4526:42611; v0 � 67:279 m/s

We obtainv0 � 67:279 m/s.

74. A force F D h12t C 4; 8 � 24ti (in newtons) acts on a2-kg mass. Find the position of the mass att D 2 s if it is located at
.4; 6/ at t D 0 and has initial velocityh2; 3i in m/s.

SOLUTION Recall the formulaF D ma then usingF D h12t C 4; 8 � 24ti andm D 2 we get:

h12t C 4; 8 � 24ti D 2a; ) a.t/ D r 00.t/ D h6t C 2; 4 � 12ti

Then using componentwise integration,

v.t/ D
Z

a.t/ dt D
Z

h6t C 2; 4 � 12ti dt D
D
3t2 C 2t; 4t � 6t2

E
C c1

Using the initial conditionv0 D v.0/ D h2; 3i, we get:

v.0/ D h2; 3i D c1

and therefore,

v.t/ D
D
3t2 C 2t C 2; 4t � 6t2 C 3

E

Using componentwise integration once more,

r.t/ D
Z

v.t/ dt D
Z D

3t2 C 2t C 2; 4t � 6t2 C 3
E
dt D

D
t3 C t2 C 2t; 2t2 � 2t3 C 3t

E
C c2

Using the initial conditionr.0/ D h4; 6i we get:

r.0/ D h4; 6i D c2

Therefore,

r.t/ D
D
t3 C t2 C 2t C 4; 2t2 � 2t3 C 3t C 6

E

and the position of the mass att D 2 is r.2/ D h20; 4i.
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75. Find the unit tangent vector tor.t/ D
˝
sint; t

˛
at t D �.

SOLUTION The unit tangent vector att D � is

T.�/ D r 0.�/
kr 0.�/k (1)

We differentiater.t/ componentwise to obtain:

r 0.t/ D hcost; 1i

Therefore,

r 0.�/ D hcos�; 1i D h�1; 1i

We compute the length ofr 0.�/:

kr 0.�/k D
q
.�1/2 C 12 D

p
2

Substituting in (1) gives:

T.�/ D
��1p

2
;
1p
2

�
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Chapter 11: Parametric Equations, Polar Coordinates, and Vector Functions 

Preparing for the AP Exam Solutions 

 
Multiple Choice Questions 

 

1) C  2)   D  3)   D  4)   D  5)   A  6)  B   

7)   D  8)    D  9)   E  10)  C  11)  B  12)  B   

13)  E  14)  A  15)  A  16)  C  17)  B  18)  D   

19)  D  20)  A 

 

 

Free Response Questions 

 

1. a)  teta 28,2)(  , so 68,2)3( ea   

b) The length of the velocity vector is 22 454,5)0( v = 41  

c) 24 tdy
e

dt
  and 2 5

dx
t

dt
  , so when 0t , 

/ 4

/ 5

dy dy dt

dx dx dt
  . An equation of the line is 

4
2 ( 6)

5
y x    

d) The second coordinate is always positive, so we need the first coordinate positive also.   dtttx 52)(  

= Ctt  52 , and 6)0( x  means 6C . Thus )1)(6(65)( 2  tttttx , which is positive 

for 6t  and 1t . 

 

POINTS: 

(a) (2 pts) 1) finds )(tv ; 1) answer 

(b) (1 pt) 

(c) (2 pts) 1) 
dt

dy
and 

dt

dx
; 1) answer 

(d) (4 pts) 1) Finds tey 22 ; 1) notes 0)( ty for all t.;  1) Finds 65)( 2  tttx ; 1) answer 

 

 

2. a) 2

0

1
(1 cos( ))

2
d



   

b) The positive y-axis is given by 
2


  , so the point is (0, 1). )sin)cos1(( 




d

d

d

dy
 = 

 22 coscossin  , which equals 1  when 
2


  . Also )cos)cos1(( 




d

d

d

dx
= 
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 sincos2sin   which is also 1  when 
2


  . Thus 





d
dx

d
dy

dx

dy
  = 1. An equation of the line is 

1 xy . 

c) From above , we have )cos)cos1(( 



d

d

d

dx
=  sincos2sin  = )cos21(sin   . 

Thus 0
d

dx
 when 0sin  or 

2

1
cos  . When 0sin  , 1cos  or –1, and the corresponding 

points (in rectangular coordinates) are (2, 0) and (0, 0). When 
2

1
cos  , 

2

3
sin  , and the 

corresponding points are )
4

3
,

4

1
(  and )

4

3
,

4

1
(  . The answer is )

4

3
,

4

1
(  and )

4

3
,

4

1
(  . 

 

POINTS: 

(a)  (2 pts) 1) limits of integration; 1) integrand 

(b) (3 pts) 1) 
d

dy
; 1) 

d

dx
; 1) answer 

(c) (4 pts) 1) Gets 0sin  and 
2

1
cos  ; 1) finds (2, 0) and (0, 0); finds )

4

3
,

4

1
(  and )

4

3
,

4

1
(  ; 

1) answer 

 

3. a) We have for F that )(2)( txtx  , so tCetx 2)(  and 23 Ce , thus 23eC   and 223)(  tetx . 

Similarly, we have 224)(  tety . 2 2 2 2( ) 3 ,4t tF t e e  . 

  In like manner, 3 3( ) 9 ,12t tG t e e  . 

b) )()( tGtF   means tt ee 322 93   , or 325 te ; 3ln25 t ; 
5

2)3ln( 
t . We       must also have 

tt ee 322 124   , or 
5

2)3ln( 
t .  The particles are at the same point when 

5

2)3ln( 
t . 

c) 2 2( ) 3,4tF t e  ; since the range of 22 te  is all positive numbers, F visits all points of the form 

0,
3

4
 xxy . Similarly, 3 3( ) 9,12 3 3,4t tG t e e   , the same set of points. 

d) 

dtedtee ttt








 
0

622

0

2323 )3627()36()27( = dte t3

0

22 3627 



  =

B

t

B
e

0

3
22

3

3627
lim 

 



= )1(lim
9

3627 3
22




 



B

B
e = 436327  = 1693  = 15. 

Alternatively, G goes in a straight line from 9,12  to 0,0  in the limit, so the distance is 22 129   = 15. 

 

POINTS: 
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(a) (2 pts) 1) )(tF ; 1) )(tG  

(b) (3 pts) 1) sets either first or second coordinates equal; 1) finds t for one coordinate; 1) verifies t for other 

coordinate 

(c) (2 pts)  1) Finds the half-line for one; 1) Finds same half-line for the other 

(d) (2 pts) 1) Set-up; 1) answer 

 

4. a)  Since cosRx  , 


sincos R
d

dR

d

dx
  = 





sin

12

1
cos

)12(

2
2 





.   

When   , 0
)12(

2
2





d

dx
. The tangent line is not vertical. 

b) 
2

21 1
( )

2 2 1
d






   = 

2
1

4(2 1)









 48

1

416

1









. 

 

c)  The length is given by 2 2

2

0

1 2
( ) ( )
2 1 (2 1)

d
 





 

  = 



d

B

B  




0

4

2

)12(

4)12(
lim >       





d

B

B  




0

4

2

)12(

)12(
lim  = 


d

B

B  
0

12

1
lim  =  

0
lim ln(2 1)

B

B



 =  )1ln()12ln(lim 


B

B
 = )12ln(lim 


B

B
, 

which is infinite. 

 

POINTS: 

(a) (3 pts) 1) 


sincos R
d

dR

d

dx
 ; 1) 

d

dx
= 





sin

12

1
cos

)12(

2
2 





; 1)  

0
)12(

2
2





d

dx
and conclusion 

(b) (3 pts) 1) limits of integration; 1) integrand; 1) answer 

(c) (3 pts) 1) 2 2

2

0

1 2
( ) ( )
2 1 (2 1)

d
 





 

 ; 1) compares integral to divergent integral; 1) shows integral is 

divergent 



 



12 DIFFERENTIATION
IN SEVERAL VARIABLES

12.1 Functions of Two or More Variables

Preliminary Questions
1. What is the difference between a horizontal trace and a level curve? How are they related?

SOLUTION A horizontal trace at heightc consists of all points.x; y; c/ such thatf .x; y/ D c. A level curve is the curve
f .x; y/ D c in thexy-plane. The horizontal trace is in thez D c plane. The two curves are related in the sense that the level curve
is the projection of the horizontal trace on thexy-plane. The two curves have the same shape but they are located in parallel planes.

2. Describe the trace off .x; y/ D x2 � sin.x3y/ in thexz-plane.

SOLUTION The intersection of the graph off .x; y/ D x2 � sin.x3y/ with the xz-plane is obtained by settingy D 0 in the
equationz D x2 � sin.x3y/. We get the equationz D x2 � sin0 D x2. This is the parabolaz D x2 in thexz-plane.

3. Is it possible for two different level curves of a function to intersect? Explain.

SOLUTION Two different level curves off .x; y/ are the curves in thexy-plane defined by equationsf .x; y/ D c1 andf .x; y/ D
c2 for c1 ¤ c2. If the curves intersect at a point.x0; y0/, thenf .x0; y0/ D c1 andf .x0; y0/ D c2, which implies thatc1 D c2.
Therefore, two different level curves of a function do not intersect.

4. Describe the contour map off .x; y/ D x with contour interval 1.

SOLUTION The level curves of the functionf .x; y/ D x are the vertical linesx D c. Therefore, the contour map off with
contour interval1 consists of vertical lines so that every two adjacent lines are distanced one unit from another.

5. How will the contour maps of

f .x; y/ D x and g.x; y/ D 2x

with contour interval 1 look different?

SOLUTION The level curves off .x; y/ D x are the vertical linesx D c, and the level curves ofg.x; y/ D 2x are the vertical
lines2x D c or x D c

2 . Therefore, the contour map off .x; y/ D x with contour interval1 consists of vertical lines with distance
one unit between adjacent lines, whereas in the contour map ofg.x; y/ D 2x (with contour interval1) the distance between two
adjacent vertical lines is12 .

Exercises
In Exercises 1–4, evaluate the function at the specified points.

1. f .x; y/ D x C yx3, .2; 2/, .�1; 4/
SOLUTION We substitute the values forx andy in f .x; y/ and compute the values off at the given points. This gives

f .2; 2/ D 2C 2 � 23 D 18

f .�1; 4/ D �1C 4 � .�1/3 D �5

2. g.x; y/ D y

x2 C y2
, .1; 3/, .3;�2/

SOLUTION We substitute.x; y/ D .1; 3/ and.x; y/ D .3;�2/ in the function to obtain

g.1; 3/ D 3

12 C 32
D 3

10
I g.3;�2/ D �2

32 C .�2/2
D � 2

13

3. h.x; y; z/ D xyz�2, .3; 8; 2/, .3;�2;�6/
SOLUTION Substituting.x; y; z/ D .3; 8; 2/ and.x; y; z/ D .3;�2;�6/ in the function, we obtain

h.3; 8; 2/ D 3 � 8 � 2�2 D 3 � 8 � 1
4

D 6

h.3;�2;�6/ D 3 � .�2/ � .�6/�2 D �6 � 1
36

D �1
6
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4. Q.y; z/ D y2 C y sinz, .y; z/ D
�
2; �2

�
;
�

� 2; �6

�

SOLUTION We have

Q
�
2;
�

2

�
D 22 C 2 sin

�

2
D 4C 2 � 1 D 6

Q
�
�2; �

6

�
D .�2/2 � 2 sin

�

6
D 4 � 2 � 1

2
D 3

In Exercises 5–12, sketch the domain of the function.

5. f .x; y/ D 12x � 5y

SOLUTION The function is defined for allx andy, hence the domain is the entirexy-plane.

6. f .x; y/ D
p
81 � x2

SOLUTION The functionf .x; y/ D
p
81 � x2 is defined if81 � x2 � 0, that is, ifx2 � 81. In other words,�9 � x � 9. This

region is the region enclosed by the two vertical linesx D �9 andx D 9 (including the two lines themselves).

−8 −6 −4 −2 2 4 6 8

7. f .x; y/ D ln.4x2 � y/
SOLUTION The function is defined if4x2 � y > 0, that is,y < 4x2. The domain is the region in thexy-plane that is below the
parabolay D 4x2.

x

y y = 4x2

8. h.x; t/ D 1

x C t

SOLUTION The function is defined ifx C t ¤ 0, that is,x ¤ �t . The domain is thext-plane with the linex D �t excluded.

x

y

x ¤ �t

9. g.y; z/ D 1

z C y2

SOLUTION The function is defined ifz C y2 ¤ 0, that is,z ¤ �y2. The domain is the.y; z/ plane with the parabolaz D �y2
excluded.
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D D
˚
.y; z/ W z ¤ �y2

	

x

y

z = −y2

z C y2 ¤ 0

10. f .x; y/ D sin
y

x

SOLUTION The function is defined for allx ¤ 0. The domain is thexy-plane with they-axis excluded.

D D f.x; y/ W x ¤ 0g

x

y

x ¤ 0

11. F.I;R/ D
p
IR

SOLUTION The function is defined ifIR � 0. Therefore the domain is the first and the third quadrants of theIR-plane including
both axes.

x

y

IR � 0

12. f .x; y/ D cos�1.x C y/

SOLUTION Since the cosine function assume only values between�1 and 1,x C y must satisfy�1 � x C y � 1. The domain
is the region between the linesx C y D 1 andx C y D �1, including both lines.

D D f.x; y/ W �1 � x C y � 1g

0
x

y

x + y = 1
x + y = −1

−1 ≤ x + y = ≤ 1
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In Exercises 13–16, describe the domain and range of the function.

13. f .x; y; z/ D xz C ey

SOLUTION The domain off is the entire.x; y; z/-space. Sincef takes all the real values, the range is the entire real line.

14. f .x; y; z/ D x
p
y C zez=x

SOLUTION The domain off depends upon the term
p
y C z. We know thaty C z � 0 so theny � �z. The domain is the

region below and including the planey D �z in R
3.

D D f.x; y; z/ W y � �zg D f.x; y; z/ W y C z � 0g

Sincef takes all the real values, the range is the entire real line.

15. P.r; s; t/ D
p
16 � r2s2t2

SOLUTION The domain is subset ofR3 whererst � 4 and the range isfw W 0 � w � 4g because the minimum is0 and the

maximum ofP is
p
16 D 4.

16. g.r; s/ D cos�1.rs/

SOLUTION Recall that the domain of the inverse cosine function isŒ�1; 1� and the range of the inverse cosine function isŒ0; ��.
This means that we needjrsj � 1:

D D f.r; s/ W jrsj � 1g:

The range of this new functiong will remain Œ0; ��.

17. Match graphs (A) and (B) in Figure 1 with the functions

(i) f .x; y/ D �x C y2 (ii) g.x; y/ D x C y2

(A) (B)

y

x

z

y

x

z

FIGURE 1

SOLUTION

(i) The vertical trace forf .x; y/ D �x C y2 in thexz-plane (y D 0) is z D �x. This matches the graph shown in (B).

(ii) The vertical trace forg.x; y/ D x C y2 in thexz-plane (y D 0) is z D x. This matches the graph show in (A).

18. Match each of graphs (A) and (B) in Figure 2 with one of the following functions:

(i) f .x; y/ D .cosx/.cosy/

(ii) g.x; y/ D cos.x2 C y2/

(A)

y

x

z z

(B)

y

x

FIGURE 2
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SOLUTION The level curves atz D c, a constant, forg.x; y/ D cos.x2 C y2/ will give

cos.x2 C y2/ D c ) x2 C y2 D cos�1.c/ which is a constant

This means that the level curves are an infinite number of concentric circles centered around thez-axis whose radii differ by2�.
This means the graph in (B) is the given function in (ii).

If we consider the functionf .x; y/ D .cosx/.cosy/, the vertical trace ify D 0 will give us a graph of cosx in thexz-plane,
while the vertical trace ifx D 0 will give us a graph of cosy in theyz-plane. This means that the graph in (A) is the given function
in (i).

19. Match the functions (a)–(f) with their graphs (A)–(F) in Figure 3.

(a) f .x; y/ D jxj C jyj (b) f .x; y/ D cos.x � y/

(c) f .x; y/ D �1
1C 9x2 C y2

(d) f .x; y/ D cos.y2/e�0:1.x2Cy2/

(e) f .x; y/ D �1
1C 9x2 C 9y2

(f) f .x; y/ D cos.x2 C y2/e�0:1.x2Cy2/

(A) (B)

y

x

(C) (D)

y

x

z

y

(E) (F)

x

y

x

z

z z

x

y

z z

FIGURE 3

SOLUTION

(a) jxj C jyj. The level curves arejxj C jyj D c, y D c � jxj, or y D �c C jxj. The graph (D) corresponds to the function with
these level curves.
(b) cos.x � y/. The vertical trace in the planex D c is the curvez D cos.c � y/ in the planex D c. These traces correspond to
the graph (C).

(c)
�1

1C 9x2 C y2
(e)

�1
1C 9x2 C 9y2

.

The level curves of the two functions are:

�1
1C 9x2 C y2

D c
�1

1C 9x2 C 9y2
D c

1C 9x2 C y2 D �1
c

1C 9x2 C 9y2 D �1
c

9x2 C y2 D �1 � 1

c
9x2 C 9y2 D �1 � 1

c

x2 C y2 D �1C c

9c
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For suitable values ofc, the level curves of the function in (c) are ellipses as in (E), and the level curves of the function (e) are
circles as in (A).

(d) cos.x2/e�1=.x2Cy2/ (f) cos.x2 C y2/e�1=.x2Cy2/.
The value ofjzj is decreasing to zero asx or y are decreasing, hence the possible graphs are (B) and (F).
In (f), z is constant wheneverx2 C y2 is constant, that is,z is constant whenever.x; y/ varies on a circle. Hence (f) corresponds

to the graph (F) and (d) corresponds to (B).

To summarize, we have the following matching:

(a) $ (D) (b) $ (C) (c)$ (E)

(d) $ (B) (e) $ (A) (f) $ (F)

20. Match the functions (a)–(d) with their contour maps (A)–(D) in Figure 4.

(a) f .x; y/ D 3x C 4y (b) g.x; y/ D x3 � y

(c) h.x; y/ D 4x � 3y (d) k.x; y/ D x2 � y

5

10

0

−5

−10

0

(A)

−10 −5 105

5

10

0

−5

−10

0

(B)

−10 −5 105

5

10

0

−5

−10

0

(C)

−10 −5 105

5

10

0

−5

−10

0

(D)

−10 −5 105

FIGURE 4

SOLUTION

(a) Computing the level curves forf .x; y/ D 3x C 4y we setz D f .x; y/ D c, a constant, to see

3x C 4y D c ) 4y D c � 3x ) y D c

4
� 3

4
x

This means the contour maps would be lines having slopes�3=4, this corresponds to the contour map shown in (B).

(b) Computing the level curves forg.x; y/ D x3 � y we setz D g.x; y/ D c, a constant, to see

x3 � y D c ) y D x3 � c

This means the contour maps would be contours having the shape of cubic equations, this corresponds to the contour map shown
in (A).

(c) Computing the level curves forh.x; y/ D 4x � 3y we setz D h.x; y/ D c, a constant, to see

4x � 3y D c ) �3y D c � 4x ) y D c

4
C 4

3
x

This means the contour maps would be contours that are lines having slopes4=3, this corresponds to the contour map shown in (C).

(d) Computing the level curves fork.x; y/ D x2 � y we setz D k.x; y/ D c, a constant, to see

x2 � y D c ) y D x2 � c

This means the contour maps would be contours having the shape of parabolas, this corresponds to the contour map shown in (D).
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In Exercises 21–26, sketch the graph and describe the vertical and horizontal traces.

21. f .x; y/ D 12 � 3x � 4y

SOLUTION The graph off .x; y/ D 12 � 3x � 4y is shown in the figure:

y

x

z

3

12

4

The horizontal trace at heightc is the line12 � 3x � 4y D c or 3x C 4y D 12 � c in the planez D c.

y

x

z

The vertical traces obtained by settingx D a or y D a are the linesz D .12 � 3a/ � 4y andz D �3x C .12 � 4a/ in the planes
x D a andy D a, respectively.

y

x

z

y

x

z

22. f .x; y/ D
p
4 � x2 � y2

SOLUTION The graph off .x; y/ D
p
4 � x2 � y2 is shown in the figure:

−2

z

2
−1

2

11

1

2

y x

The horizontal trace at heightc is
q
4 � x2 � y2 D c ) 4 � x2 � y2 D c2 ) x2 C y2 D 4 � c2

in the planez D c as long as�2 � c � 2. These are circles centered at the origin with radius
p
4 � c2 in the planez D c.
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y

x

−0.5

−1.0

−1.5

−1.5 −1.0 −0.5 0.5 1.0 1.5

0.5

1.0

1.5

The vertical traces obtained by settingx D a or y D a

q
4 � a2 � y2 D z ) 4 � a2 � y2 D z2 ) y2 C z2 D 4 � a2

y

x

−0.5

−1.0

−1.5

−1.5 −1.0 −0.5 0.5 1.0 1.5

0.5

1.0

1.5

p
4 � x2 � a2 D z ) 4 � x2 � a2 D z2 ) x2 C z2 D 4 � a2

y

x

−0.5

−1.0

−1.5

−1.5 −1.0 −0.5 0.5 1.0 1.5

0.5

1.0

1.5

Both are the upper half circles centered at the origin with radius
p
4 � a2 (in the planesx D a and y D a) as long as

�2 � a � 2. The graph is only the upper half of the sphere having radius 2, since it includes only the positive square root ofz, so
the vertical traces are only upper half circles.

23. f .x; y/ D x2 C 4y2

SOLUTION The graph of the function is shown in the figure:

y

x

z

The horizontal trace at heightc is the curvex2 C 4y2 D c, wherec � 0 (if c D 0, it is the origin). The horizontal traces are ellipses
for c > 0.
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y

x

z

The vertical trace in the planex D a is the parabolaz D a2 C 4y2, and the vertical trace in the planey D a is the parabola
z D x2 C 4a2.

y

x

z

y

x

z

24. f .x; y/ D y2

SOLUTION The graph of the function is shown in the figure:

4
15

10

5

0
2

0

0

2

1
−4

−1

−2

−2
y

x

z

The horizontal trace at heightc isy2 D c. Forc > 0 the trace consists of the two linesy D
p
c andy D �

p
c in the planez D c,

and forc D 0 it is the liney D 0.

0

0

2

4

−4

−2

x

z

1

0.5

0

0.75

1

−0.5
−1

y

0.5

0.25

The vertical trace in the planey D a is the linez D a2.
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0

0

2

4

−4

−2

x

z

1

0.5

0

0.75

1

−0.5
−1

y

0.5

0.25

The vertical trace in the planex D a is the parabolaz D y2 on this plane.

0

0

2

4

−4

−2

x

z

1

0.5

0

0.75

1

−0.5
−1

y

0.5

0.25

25. f .x; y/ D sin.x � y/
SOLUTION The graph off .x; y/ D sin.x � y/ is shown in the figure:

z

y
4

2

4

2
4

−2

x

The horizontal trace at the heightz D c is sin.x � y/ D c (we could also writex � y D sin�1.c/ or y D x � sin�1.c/). The
trace consists of multiple lines all having slope 1, withy-intercepts separated by multiples of2�.

4

y

x

2

−2

−2 2 4−4

−4

The vertical trace in the planex D a is sin.a � y/ D � sin.y � a/ D z. This curve is a shifted sine curve reflected through the
z-axis.
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y

0.8

0.6

0.4

0.2

−0.2
−4 −2 2 4

−0.4

−0.6

−0.8

x

The vertical trace in the planey D a is sin.x � a/ D z. This curve is a shifted sine curve as well.

y

0.8

0.6

0.4

0.2

−0.2
−4 −2 2 4

−0.4

−0.6

−0.8

x

26. f .x; y/ D 1

x2 C y2 C 1

SOLUTION The graph of the function is shown in the figure:

y

z

The horizontal trace at heightc is the following curve in the planez D c:

1

x2 C y2 C 1
D c ) x2 C y2 C 1 D 1

c
) x2 C y2 D 1

c
� 1

For 0 < c < 1 it is a circle of radius
q
1
c � 1 centered at.0; 0/, and forc D 1 it is the origin.

x

y

z

The vertical trace in the planex D a is the following curve in the planex D a:

z D 1

a2 C y2 C 1
) z D 1

.1C a2/C y2
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x

y

z

The vertical trace in the planey D a is the curvez D 1

x2 C a2 C 1
in this plane.

x

y

z

27. Sketch contour maps off .x; y/ D x C y with contour intervalsm D 1 and 2.

SOLUTION The level curves arex C y D c or y D c � x. Using contour intervalm D 1, we ploty D c � x for various values
of c.

420−4

−4

−2

0

2

4

−2

Using contour intervalm D 2, we ploty D c � x for various values ofc.

420−4

−4

−2

0

2

4

−2

28. Sketch the contour map off .x; y/ D x2 C y2 with level curvesc D 0, 4, 8, 12, 16.

SOLUTION The level curves arex2 C y2 D c for c � 0. We sketch the level curvesc D 0, 4, 8, 12, 16:

−4

0

4

420−2−4

2

−2
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In Exercises 29–36, draw a contour map off .x; y/ with an appropriate contour interval, showing at least six level curves.

29. f .x; y/ D x2 � y
SOLUTION The level curves are the parabolasy D x2 C c. We draw a contour plot with contour intervalm D 1, for c D 0, 1, 2,
3, 4, 5:

4

21 3−2−3 −1 0

3

2

1

5

6

30. f .x; y/ D y

x2

SOLUTION The level curves arey
x2 D c or y D cx2. We use the contour intervalm D 2 and ploty D cx2 for c D �4, �2, 0,

2, 4, 6. Forc ¤ 0 these are parabolas.

10.50

0

1

−1 −0.5

0.5

−1

−0.5

31. f .x; y/ D y

x

SOLUTION The level curves areyx D c or y D cx. We ploty D cx for c D �2, �1, 0, 1, 2, 3 using contour intervalm D 1:

−1

0.2 0.4 0.6 0.8 1
0

1

−0.5

0.5

32. f .x; y/ D xy

SOLUTION The level curves arexy D c or y D c
x . These are hyperbolas in thexy-plane. We draw a contour map of the function

using contour intervalm D 1 andc D 0, ˙1, ˙2, ˙3:

420−4

−4

−2

0

2

4

−2

33. f .x; y/ D x2 C 4y2

SOLUTION The level curves arex2 C 4y2 D c. These are ellipses centered at the origin in thexy-plane.
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y

x
−5

−5

−10

10

5

5 10−10

34. f .x; y/ D x C 2y � 1
SOLUTION The level curves are the linesxC 2y � 1 D c or y D �x

2 C cC1
2 . We draw a contour map using the contour interval

m D 4 andc D �9, �5, �1, 3, 7, 11. The corresponding level curves are:

y D �x
2

� 4

cD�9
, y D �x

2
� 2

cD�5
, y D �x

2
cD�1

, y D �x
2

C 2

cD3
,

y D �x
2

C 4

cD7
, y D �x

2
C 6

cD11

420−4

−4

−2

0

2

4

−2

35. f .x; y/ D x2

SOLUTION The level curves arex2 D c. Forc > 0 these are the two vertical linesx D
p
c andx D �

p
c and forc D 0 it is the

y-axis. We draw a contour map using contour intervalm D 4 andc D 0, 4, 8, 12, 16, 20:

420−4

−4

−2

0

2

4

−2

36. f .x; y/ D 3x2 � y2

SOLUTION The level curves are the hyperbolas3x2 � y2 D c, c ¤ 0, and forc D 0 it is the two linesy D ˙
p
3x. We plot a

contour map with contour intervalm D 2 usingc D �4, �2, 0, 2, 4, 6:

210

0

2

−2 −1

1

−2

−1

37. Find the linear function whose contour map (with contour interval m D 6) is shown in Figure 5. What is the linear
function ifm D 3 (and the curve labeledc D 6 is relabeledc D 3)?

c = 0
c = 6

63−6 −3 −1

−2

2

1
x

y

FIGURE 5 Contour map with contour intervalm D 6
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SOLUTION A linear function has the formf .x; y/ D Ax C By C C .

Case 1: According to the contour map, the level curve through the origin.0; 0/ has equationf .x; y/ D 6. Therefore

f .0; 0/ D A.0/C B.0/C C D 6 ) C D 6

Next, we see from the contour map that the points.�3; 0/ D 0 andf .0;�1/ lie on the level curvef .x; y/ D 0. Hence

f .�3; 0/ D A.�3/C B.0/C 6 D 0 ) A D 2

f .0;�1/ D A.0/C B.�1/C 6 D 0 ) B D 6

Thereforef .x; y/ D 2x C 6y C 6.
Case 2: If m D 3, then.0; 0/ lies on the level curvef .x; y/ D 3, and we proceed as before

f .0; 0/ D A.0/C B.0/C C D 3 ) C D 3f .�3; 0/ D A.�3/C B.0/C 3 D 0 ) A D 1

f .0;�1/ D A.0/C B.�1/C 3 D 0 ) B D 2

Thereforef .x; y/ D x C 3y C 3.

38. Use the contour map in Figure 6 to calculate the average rate of change:

(a) FromA toB. (b) FromA toC .

c = 0

c = −3

62 4−6 −4 −2

6

4

2

x

AB

y

C

FIGURE 6

SOLUTION

(a) Using the figure to compute, we have the average rate of change from A to B:

� altitude

� horizontal
D 0

(b) Using the figure to compute, assuming thatC is on the level curvec D �9, then we have the average rate of change from A to
C

� altitude

� horizontal
D �9 � .�3/p

22 C 12
D � 6p

5

39. Referring to Figure 7, answer the following questions:

(a) At which of (A)–(C ) is pressure increasing in the northern direction?
(b) At which of (A)–(C ) is pressure increasing in the easterly direction?
(c) In which direction at (B) is pressure increasing most rapidly?

10001004

1006

1012

1024

1024

1024

1020

1020

1008

1032 1032

1020
1028

1028

1016

1016
1012

1004

1012
1016

1016

1016

1008

1016

A

B

C

FIGURE 7 Atmospheric Pressure (in millibars) over the continental U.S. on March 26, 2009

SOLUTION

a. (A) and (B)
b. (C)
c. west



1520 C H A P T E R 12 DIFFERENTIATION IN SEVERAL VARIABLES

In Exercises 40–43,�.S; T / is seawater density(kg/m3) as a function of salinityS (ppt) and temperatureT (ıC). Refer to the
contour map in Figure 8.

32.031.5 32.5 33.0

B

A

33.5 34.0 34.5
T
em

p
er
at
u
re

 T
 °

C

25

20

15

10

5

0

Salinity (ppt)

1.0230

1.0235

1.0240

1.0245

1.0250

1.0255

1.0260

1.0265

1.0270

C

FIGURE 8 Contour map of seawater density�.S; T / (kg=m3).

40. Calculate the average rate of change of� with respect toT fromB toA.

SOLUTION The segmentBA spans 5 level curves and the contour interval is 0.0005. Since the density is decreasing in the
direction fromB to A, the change in density is�� D �0:0005 � 5 D �0:0025 kg=m3. The temperature atA is 17ıC and atC is
2ıC, so the difference in temperature fromC toA is�T D 17 � 2 D 15ıC. Hence,

Average ROC fromB toA D ��

�T
D �0:0025

15
D �0:000167 kg=m3 ıC:

41. Calculate the average rate of change of� with respect toS fromB toC .

SOLUTION For fixed temperature, the segmentBC spans one level curve and the level curve ofC is to the right of the level curve
of B. Therefore, the change in density fromB to C is�� D 0:0005 kg=m3. The salinity atC is greater than the salinity atB and
�S D 0:8 ppt. Therefore,

Average ROC fromB toC D ��

�S
D 0:0005

0:8
D 0:000625 kg=m3 � ppt:

42. At a fixed level of salinity, is seawater density an increasing or a decreasing function of temperature?

SOLUTION The level of salinity is fixed on each vertical line. The vertical lines intersect level curves with decreasing values in
the direction of increasing temperature (which is the upward direction). Therefore, at a fixed level of salinity, seawater density is a
decreasing function of temperature.

43. Does water density appear to be more sensitive to a change in temperature at pointA or pointB?

SOLUTION The two adjacent level curves are closer to the level curve ofA than the corresponding two adjacent level curves are
to the level curve ofB. This suggests that water density is more sensitive to a change in temperature atA than atB.

In Exercises 44–47, refer to Figure 9.

i

B

iii

D

C

A

ii 400

500

0 1 2 km
Contour interval = 20 m

540

FIGURE 9

44. Find the change in elevation fromA andB.

SOLUTION The segmentAB spans 7 level curves and the contour interval is 20 meters. Therefore, the change in elevation from
A toB is 20 � 7 D 140 m.

45. Estimate the average rate of change fromA andB and fromA toC .

SOLUTION The change in elevation fromA toB is 140 m. The scale shows thatAB is approximately 2000 m. Therefore,

Average ROC fromA toB D 140

2000
� 0:07:

The change in elevation fromA to C is obtained by multiplying the number of level curves betweenA andC , which is 8, by the
contour interval20 meters, giving8 � 20 D 160 m. Using the scale, we approximate the distanceAC by 3000 m. Therefore,

Average ROC fromA toC D 160

3000
� 0:0533:
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46. Estimate the average rate of change fromA to points i, ii, and iii.

SOLUTION The points i, and ii are on a level curve two adjacent to the level curve ofA, hence the change in elevation is2 � 20 D 40

meters. The point iii is on the same level curve asA, hence the change in elevation is 0 meters. Using the scale we approximate the
distances fromA to the points i, ii, and iii:

FromA to i: 1000 m

FromA to ii: 500 m

FromA to iii: 750 m

Therefore,

Average ROC fromA to i � 40

1000
D 0:04

Average ROC fromP to ii � 40

500
D 0:08

Average ROC fromP to iii � 0

750
D 0

47. Sketch the path of steepest ascent beginning atD.

SOLUTION Starting atD, we draw a path that everywhere along the way points on the steepest direction, that is, moves as straight
as possible from one level curve to the next to end at the pointC .

Further Insights and Challenges

48. The functionf .x; t/ D t�1=2e�x2=t , whose graph is shown in Figure 10, models the temperature along a metal bar
after an intense burst of heat is applied at its center point.

(a) Sketch the vertical traces at timest D 1, 2, 3. What do these traces tell us about the way heat diffuses through the bar?

(b) Sketch the vertical tracesx D c for c D ˙0:2, ˙0:4. Describe how temperature varies in time at points near the center.

x

Time t

Metal bar

Temperature T

4

3

2

1
0.40.20

−0.2
−0.4

FIGURE 10 Graph off .x; t/ D t�1=2e�x2=t beginning shortly aftert D 0.

SOLUTION

(a) The vertical traces at timest D 1; 2; 3 are

z D e�x2
in the planet D 1

z D 1p
2
e�x2=2 in the planet D 2

z D 1p
3
e�x2=3 in the planet D 3:

These vertical traces are shown in the following figure:

Trace at  t = 3

1

2

3

4

Trace at  t = 1

1

2

3

4

Trace at  t = 2

1

2

3

4

At each time the temperature decreases as we move away from thecenter point. Also, ast increases, the temperature at each point
in the bar (except at the middle) increases and then decreases (as can be seen in Figure 10). It also shows that the temperature tends
to equalize throughout the bar (because the traces become closer and closer to flat as time goes on).

(b) The vertical tracesx D c for the given values ofc are:
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z D 1p
t
e� 0:04

t in the planesx D 0:2 andx D �0:2

z D 1p
t
e� 0:16

t in the planesx D 0:4 andx D �0:4.

We see that for small values oft the temperature increases quickly and then slowly decreases ast increases.

x

y

z

t

T

49. Letf .x; y/ D xp
x2 C y2

for .x; y/ ¤ .0; 0/. Writef as a functionf .r; �/ in polar coordinates, and use this to find the level

curves off .

SOLUTION In polar coordinatesx D r cos� andr D
p
x2 C y2. Hence,

f .r; �/ D r cos�

r
D cos�:

y
x

z

The level curves are the curves cos� D c in ther�-plane, forjcj � 1. For�1 < c < 1, c ¤ 0, the level curves cos� D c are the
two rays� D cos�1 c and� D � cos�1 c.

y

z

x

For c D 0, the level curve cos� D 0 is they-axis; forc D 1 the level curve cos� D 1 is the nonnegativex-axis.
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y

z

x

For c D �1, the level curve cos� D �1 is the negativex-axis.

12.2 Limits and Continuity in Several Variables

Preliminary Questions
1. What is the difference betweenD.P; r/ andD�.P; r/?

SOLUTION D.P; r/ is the open disk of radiusr and center.a; b/. It consists of all points distanced less thanr from P , hence
D.P; r/ includes the pointP .D�.P; r/ consists of all points inD.P; r/ other thanP itself.

2. Suppose thatf .x; y/ is continuous at.2; 3/ and thatf .2; y/ D y3 for y ¤ 3. What is the valuef .2; 3/?

SOLUTION f .x; y/ is continuous at.2; 3/, hence the following holds:

f .2; 3/ D lim
.x;y/!.2;3/

f .x; y/

Since the limit exists, we may compute it by approaching.2; 3/ along the vertical linex D 2. This gives

f .2; 3/ D lim
.x;y/!.2;3/

f .x; y/ D lim
y!3

f .2; y/ D lim
y!3

y3 D 33 D 27

We conclude thatf .2; 3/ D 27.

3. Suppose thatQ.x; y/ is a function such that1=Q.x; y/ is continuous for all.x; y/. Which of the following statements are
true?

(a) Q.x; y/ is continuous for all.x; y/.

(b) Q.x; y/ is continuous for.x; y/ ¤ .0; 0/.

(c) Q.x; y/ ¤ 0 for all .x; y/.

SOLUTION All three statements are true. Letf .x; y/ D 1
Q.x;y/

. HenceQ.x; y/ D 1
f.x;y/

.

(a) Sincef is continuous,Q is continuous wheneverf .x; y/ ¤ 0. But by the definition off it is never zero, thereforeQ is
continuous at all.x; y/.

(b) Q is continuous everywhere including at.0; 0/.

(c) Sincef .x; y/ D 1
Q.x;y/

is continuous, the denominator is never zero, that is,Q.x; y/ ¤ 0 for all .x; y/.

Moreover, there are no points whereQ.x; y/ D 0. (The equalityQ.x; y/ D .0; 0/ is meaningless since the range ofQ consists of
real numbers.)

4. Suppose thatf .x; 0/ D 3 for all x ¤ 0 andf .0; y/ D 5 for all y ¤ 0. What can you conclude about lim
.x;y/!.0;0/

f .x; y/?

SOLUTION We show that the limit lim.x;y/!.0;0/ f .x; y/ does not exist. Indeed, if the limit exists, it may be computed by
approaching.0; 0/ along thex-axis or along they-axis. We compute these two limits:

lim
.x;y/!.0;0/

alongyD0

f .x; y/ D lim
x!0

f .x; 0/ D lim
x!0

3 D 3

lim
.x;y/!.0;0/

alongxD0

f .x; y/ D lim
y!0

f .0; y/ D lim
y!0

5 D 5

Since the limits are different,f .x; y/ does not approach one limit as.x; y/ ! .0; 0/, hence the limit lim.x;y/!.0;0/ f .x; y/ does
not exist.
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Exercises
In Exercises 1–8, evaluate the limit using continuity

1. lim
.x;y/!.1;2/

.x2 C y/

SOLUTION Since the functionx2 C y is continuous, we evaluate the limit by substitution:

lim
.x;y/!.1;2/

.x2 C y/ D 12 C 2 D 3

2. lim
.x;y/!. 4

9
; 2

9
/

x

y

SOLUTION The functionxy is continuous at the point
�
4
9 ;
2
9

�
, hence we compute the limit by substitution:

lim
.x;y/!

�
4
9 ;

2
9

�
x

y
D

4
9
2
9

D 2

3. lim
.x;y/!.2;�1/

.xy � 3x2y3/

SOLUTION The functionxy � 3x2y3 is continuous everywhere because it is a polynomial, hence we compute the limit by
substitution:

lim
.x;y/!.2;�1/

.xy � 3x2y3/ D 2.�1/ � 3.4/.�1/3 D �2C 12 D 10

4. lim
.x;y/!.�2;1/

2x2

4x C y

SOLUTION We use the continuity of the function2x
2

4xCy at the point.�2; 1/, hence we evaluate the limit by substitution:

lim
.x;y/!.�2;1/

2x2

4x C y
D 2.4/

4.�2/C 1
D �8

7

5. lim
.x;y/!.�

4 ;0/
tanx cosy

SOLUTION We use the continuity of tanx cosy at the point
�
�
4 ; 0

�
to evaluate the limit by substitution:

lim
.x;y/!.�

4
;0/

tanx cosy D tan
�

4
cos0 D 1 � 1 D 1

6. lim
.x;y/!.2;3/

tan�1.x2 � y/

SOLUTION We use the continuity of the function tan�1.x2 � y/ at the point.2; 3/ to evaluate the limit by substitution:

lim
.x;y/!.2;3/

tan�1.x2 � y/ D tan�1.1/ D �

4

7. lim
.x;y/!.1;1/

ex
2 � e�y2

x C y

SOLUTION The function is the quotient of two continuous functions, and the denominator is not zero at the point.1; 1/. Therefore,
the function is continuous at this point, and we may compute the limit by substitution:

lim
.x;y/!.1;1/

ex
2 � e�y2

x C y
D e1

2 � e�12

1C 1
D
e � 1

e

2
D 1

2
.e � e�1/

8. lim
.x;y/!.1;0/

ln.x � y/

SOLUTION We use the continuity of ln.x � y/ at the point.1; 0/ to evaluate the limit by substitution:

lim
.x;y/!.1;0/

ln.x � y/ D ln.1 � 0/ D ln 1 D 0
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In Exercises 9–12, assume that

lim
.x;y/!.2;5/

f .x; y/ D 3; lim
.x;y/!.2;5/

g.x; y/ D 7

9. lim
.x;y/!.2;5/

�
g.x; y/ � 2f .x; y/

�

SOLUTION

lim
.x;y/!.2;5/

�
g.x; y/ � 2f .x; y/

�
D 7 � 2.3/ D 1

10. lim
.x;y/!.2;5/

f .x; y/2g.x; y/

SOLUTION

lim
.x;y/!.2;5/

f .x; y/2g.x; y/ D 32.7/ D 63

11. lim
.x;y/!.2;5/

ef.x;y/
2�g.x;y/

SOLUTION

lim
.x;y/!.2;5/

ef.x;y/
2�g.x;y/ D e3

2�7 D e2

12. lim
.x;y/!.2;5/

f .x; y/

f .x; y/C g.x; y/

SOLUTION

lim
.x;y/!.2;5/

f .x; y/

f .x; y/C g.x; y/
D 3

3C 7
D 3

10

13. Does lim
.x;y/!.0;0/

y2

x2 C y2
exist? Explain.

SOLUTION This limit does not exist. Consider the following approaches to the point.x; y/ D .0; 0/ - first along the linex D 0

and second, along the liney D x.
First along the linex D 0 we calculate:

lim
.x;y/!.0;0/

y2

x2 C y2
D lim
y!0

y2

02 C y2
D lim
y!0

1 D 1

Second, along the liney D x we calculate:

lim
.x;y/!.0;0/

y2

x2 C y2
D lim
x!0

x2

x2 C x2
D lim
x!0

1

2
D 1

2

Since these two limits are not equal, the limit in question, lim.x;y/!.0;0/
y2

x2Cy2 does not exist.

14. Letf .x; y/ D xy=.x2 C y2/. Show thatf .x; y/ approaches zero along thex- andy-axes. Then prove that lim
.x;y/!.0;0/

f .x; y/

does not exist by showing that the limit along the liney D x is nonzero.

SOLUTION

Case 1. Consider the limit along thex-axis (y D 0):

lim
.x;y/!.0;0/

xy

x2 C y2
D lim
x!0

0

x2 C 02
D lim
x!0

0 D 0

Case 2. Consider the limit along they-axis (x D 0):

lim
.x;y/!.0;0/

xy

x2 C y2
D lim
y!0

0

02 C y2
D lim
y!0

0 D 0

Case 3. Consider the limit along the liney D x:

lim
.x;y/!.0;0/

xy

x2 C y2
D lim
x!0

x.x/

x2 C x2
D lim
x!0

x2

2x2
D lim
x!0

1

2
D 1

2

Therefore, since the last limit we computed is not equal to zero, the limit in question, lim.x;y/!.0;0/ xy=.x
2 C y2/ does not exist.
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15. Prove that

lim
.x;y/!.0;0/

x

x2 C y2

does not exist by considering the limit along thex-axis.

SOLUTION Compute this limit approaching.x; y/ D .0; 0/ along thex-axis (y D 0):

lim
.x;y/!.0;0/

x

x2 C y2
D lim
x!0

x

x2 C 02
D lim
x!0

1

x

This limit is known not to exist (it gets arbitrarily large from the right and arbitrarily small from the left), therefore the limit in
question, lim.x;y/!.0;0/

x
x2Cy2 , also does not exist.

16. Let f .x; y/ D x3=.x2 C y2/ andg.x; y/ D x2=.x2 C y2/. Using polar coordinates, prove that

lim
.x;y/!.0;0/

f .x; y/ D 0

and that lim
.x;y/!.0;0/

g.x; y/ does not exist.Hint: Show thatg.x; y/ D cos2 � and observe that cos� can take on any value between

�1 and1 as.x; y/ ! .0; 0/.

SOLUTION First we will compute lim.x;y/!.0;0/ f .x; y/:

lim
.x;y/!.0;0/

x3

x2 C y2
D lim
.r;�/!.0;0/

r3 cos3 �

r2 cos2 � C r2 sin2 �
D lim
.r;�/!.0;0/

r cos3 � D 0

Now, we will compute lim.x;y/!.0;0/ g.x; y/:

lim
.x;y/!.0;0/

x2

x2 C y2
D lim
.r;�/!.0;0

r2 cos2 �

r2 cos2 � C r2 sin2 �
D lim
.r;�/!.0;0/

cos2 �

Now cos� can take on any value between�1 and1 - it depends on the angle at which.x; y/ approaches the origin. (If it approaches
the origin along the line with sin� , then the limit will be cos� .) Thus, as a result, cos2 � can be any value between0 and1. This
limit does not exist, there is not just one finite value.

17. Use the Squeeze Theorem to evaluate

lim
.x;y/!.4;0/

.x2 � 16/ cos
�

1

.x � 4/2 C y2

�

SOLUTION Consider the following inequalities:

�1 � cos

�
1

.x � 4/2 C y2

�
� 1

Then forx such thatx � 4 thenx2 � 16 � 0 and we have:

.�1/.x2 � 16/ � .x2 � 16/ cos

�
1

.x � 4/2 C y2

�
� .x2 � 16/

lim
.x;y/!.4;0/

.�1/.x2 � 16/ � lim
.x;y/!.4;0/

.x2 � 16/ cos
�

1

.x � 4/2 C y2

�
� lim
.x;y/!.4;0/

.x2 � 16/

Then the two limits at the ends of the inequality are clearly equal to 0, by the Squeeze Theorem.
Now, if x < 4, thenx2 � 16 < 0 and we have:

.x2 � 16/ � .x2 � 16/ cos

�
1

.x � 4/2 C y2

�
� .�1/.x2 � 16/

lim
.x;y/!.4;0/

.x2 � 16/ � lim
.x;y/!.4;0/

.x2 � 16/ cos

�
1

.x � 4/2 C y2

�
� lim
.x;y/!.4;0/

.�1/.x2 � 16/

Then the two limits at the ends of the inequality are clearly equal to 0, by the Squeeze Theorem.
Thus we can conclude

lim
.x;y/!.4;0/

.x2 � 16/ cos

�
1

.x � 4/2 C y2

�
D 0
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18. Evaluate lim
.x;y/!.0;0/

tanx sin
�

1

jxj C jyj

�
.

SOLUTION We will try to use the Squeeze Theorem for this problem. Consider the following inequalities:

�1 � sin
�

1

jxj C jyj

�
� 1

Then we have, if tanx � 0:

.�1/ tanx � tanx � sin

�
1

jxj C jyj

�
� tanx

lim
.x;y/!.0;0/

� tanx � lim
.x;y/!.0;0/

tanx � sin
�

1

jxj C jyj

�
� lim
.x;y/!.0;0/

tanx

If we have tanx < 0 then:

tanx � tanx � sin

�
1

jxj C jyj

�
� � tanx

lim
.x;y/!.0;0/

tanx � lim
.x;y/!.0;0/

tanx � sin
�

1

jxj C jyj

�
� lim
.x;y/!.0;0/

� tanx

Then the two limits of the endpoints in both cases are clearly equal to 0, by the Squeeze Theorem we can conclude

lim
.x;y/!.0;0/

tanx � sin

�
1

jxj C jyj

�
D 0

In Exercises 19–32, evaluate the limit or determine that it does not exist.

19. lim
.z;w/!.�2;1/

z4 cos.�w/

ezCw

SOLUTION This function is continuous everywhere since the denominator is never equal to 0, therefore, we will evaluate the limit
by substitution:

lim
.z;w/!.�2;1/

z4 cos.�w/

ezCw D .�2/4 cos.�/

e�2C1 D 16.�1/
e�1 D �16e

20. lim
.z;w/!.�1;2/

.z2w � 9z/

SOLUTION The function is continuous everywhere since it is a polynomial. Therefore we use substitution to evaluate the limit:

lim
.z;!/!.�1;2/

.z2! � 9z/ D .�1/2 � 2 � 9 � .�1/ D 11:

21. lim
.x;y/!.4;2/

y � 2p
x2 � 4

SOLUTION The function is continuous at the point.4; 2/, since it is the quotient of two continuous functions and the denominator
is not zero at.4; 2/. We compute the limit by substitution:

lim
.x;y/!.4;2/

y � 2p
x2 � 4

D 2 � 2p
42 � 4

D 0p
12

D 0

22. lim
.x;y/!.0;0/

x2 C y2

1C y2

SOLUTION The functionx
2Cy2

1Cy2 is continuous everywhere since it is a rational function whose denominator is never zero. We

evaluate the limit using substitution:

lim
.x;y/!.0;0/

x2 C y2

1C y2
D 02 C 02

1C 02
D 0

23. lim
.x;y/!.3;4/

1p
x2 C y2

SOLUTION The function
1p

x2 C y2
is continuous at the point.3; 4/ since it is the quotient of two continuous functions and the

denominator is not zero at.3; 4/. We compute the limit by substitution:

lim
.x;y/!.3;4/

1p
x2 C y2

D 1p
9C 16

D 1

5
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24. lim
.x;y/!.0;0/

xyp
x2 C y2

SOLUTION We can see that the limit along any line through.0; 0/ is 0, as well as along other paths through.0; 0/ such asx D y2

andy D x2. So we suspect that the limit exists and equals 0; we use the Squeeze Theorem to prove our assertion. Consider the
following inequalities:

0 �
ˇ̌
ˇ̌
ˇ

xyp
x2 C y2

ˇ̌
ˇ̌
ˇ � jxj

sincejyj �
p
x2 C y2, andjxj ! 0 as.x; y/ ! .0; 0/. So then by the Squeeze Theorem, we know:

lim
.x;y/!.0;0/

xyp
x2 C y2

D 0

25. lim
.x;y/!.1;�3/

ex�y ln.x � y/

SOLUTION This functionex�y ln.x � y/ is continuous at the point.1;�3/ since it is the product of two continuous functions.
We can compute the limit by substitution:

lim
.x;y/!.1;�3/

ex�y ln.x � y/ D e1C3 ln.1C 3/ D e4 ln 4

26. lim
.x;y/!.0;0/

jxj
jxj C jyj

SOLUTION We compute the limit as.x; y/ approaches the origin along the liney D mx, for a fixed positive value ofm.

Substitutingy D mx in the functionf .x; y/ D jxj
jxjCjyj , we get forx ¤ 0:

f .x;mx/ D jxj
jxj Cmjxj D jxj

jxj.1Cm/
D 1

1Cm

As .x; y/ approaches.0; 0/, .x; y/ ¤ .0; 0/. Thereforex ¤ 0 on the liney D mx. Thus,

lim
.x;y/!.0;0/
alongyDmx

f .x; y/ D lim
x!0

1

1Cm
D 1

1Cm

We see that the limits along the linesy D mx are different, hencef .x; y/ does not approach one limit as.x; y/ ! .0; 0/. We
conclude that the given limit does not exist.

27. lim
.x;y/!.�3;�2/

.x2y3 C 4xy/

SOLUTION The functionx2y3 C 4xy is continuous everywhere because it is a polynomial. We can compute this limit by substi-
tution:

lim
.x;y/!.�3;�2/

.x2y3 C 4xy/ D 9.�8/C 4.�3/.�2/ D �72C 24 D �48

28. lim
.x;y/!.2;1/

ex
2�y2

SOLUTION Sinceex
2�y2 D ex

2 � e�y2
, we evaluate the limit as a product of limits:

lim
.x;y/!.2;1/

ex
2�y2 D

�
lim
x!2

ex
2

��
lim
y!1

e�y2

�
D e2

2 � e�12 D e4 � e�1 D e3

Notice that sinceex
2�y2

is continuous everywhere, we may evaluate the limit by substitution:

lim
.x;y/!.2;1/

ex
2�y2 D e2

2�12 D e3:

29. lim
.x;y/!.0;0/

tan.x2 C y2/ tan�1
�

1

x2 C y2

�

SOLUTION Consider the following inequalities:

��
2

� tan�1
�

1

x2 C y2

�
� �

2

��
2

� tan.x2 C y2/ � tan.x2 C y2/ �
�

1

x2 C y2

�
� �

2
tan.x2 C y2/
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and then taking limits:

lim
.x;y/!.0;0/

��
2

� tan.x2 C y2/ � lim
.x;y/!.0;0/

tan.x2 C y2/ �
�

1

x2 C y2

�
� lim
.x;y/!.0;0/

�

2
tan.x2 C y2/

Each of the limits on the endpoints of this inequality is equal to 0, thus we can conclude:

lim
.x;y/!.0;0/

tan.x2 C y2/ �
�

1

x2 C y2

�
D 0

30. lim
.x;y/!.0;0/

.x C y C 2/e�1=.x2Cy2/

SOLUTION First let us recall that limt!0 e
�1=t D 0 since�1=t gets infinitely small. Therefore we can conclude,

lim
.x;y/!.0;0/

.x C y C 2/e�1=.x2Cy2/ D .0C 0C 2/ � 0 D 0

31. lim
.x;y/!.0;0/

x2 C y2p
x2 C y2 C 1 � 1

SOLUTION We rewrite the function by dividing and multiplying it by the conjugate of
p
x2 C y2 C 1 � 1 and using the identity

.a � b/.aC b/ D a2 � b2. This gives

x2 C y2p
x2 C y2 C 1 � 1

D
.x2 C y2/

�p
x2 C y2 C 1C 1

�

�p
x2 C y2 C 1 � 1

� �p
x2 C y2 C 1C 1

� D
.x2 C y2/

�p
x2 C y2 C 1C 1

�

�
x2 C y2 C 1

�
� 1

D
.x2 C y2/

�p
x2 C y2 C 1C 1

�

x2 C y2
D
q
x2 C y2 C 1C 1

The resulting function is continuous, hence we may compute the limit by substitution. This gives

lim
.x;y/!.0;0/

x2 C y2p
x2 C y2 C 1 � 1

D lim
.x;y/!.0;0/

�q
x2 C y2 C 1C 1

�
D
p
02 C 02 C 1C 1 D 2

32. lim
.x;y/!.1;1/

x2 C y2 � 2

jx � 1j C jy � 1j
Hint: Rewrite the limit in terms ofu D x � 1 andv D y � 1.

SOLUTION Taking the hint given, let us rewrite the problem, instead of.x; y/ ! .1; 1/, then ifu D x � 1 andv D y � 1, then
.u; v/ ! .0; 0/. Transforming the limit we have:

lim
.x;y/!.1;1/

x2 C y2 � 2

jx � 1j C jy � 1j D lim
.u;v/!.0;0/

.uC 1/2 C .v C 1/2 � 2

juj C jvj D lim
.u;v/!.0;0/

u2 C 2uC v2 C 2v

juj C jvj

Now consider this limit along two different paths, one is letv D u D juj and the otherv D �u D juj. Examining the limit along
v D u D juj we have

lim
.u;v/!.0;0/

u2 C 2uC v2 C 2v

juj C jvj D lim
u!0

u2 C 2uC u2 C 2u

uC u
D lim
u!0

2u2 C 4u

2u
D lim
u!0

uC 2 D 2

whereas ifv D �u D juj we get:

lim
.u;v/!.0;0/

u2 C 2uC v2 C 2v

juj C jvj D lim
u!0

u2 C 2uC u2 � 2u

�u � u
D lim
u!0

2u2

�2u D lim
u!0

�u D 0

Since the limits along these two distinct paths are not equal, we conclude that the limit in question does not exist.

33. Let f .x; y/ D x3 C y3

x2 C y2
.

(a) Show that

jx3j � jxj.x2 C y2/; jy3j � jyj.x2 C y2/

(b) Show thatjf .x; y/j � jxj C jyj.
(c) Use the Squeeze Theorem to prove that lim

.x;y/!.0;0/
f .x; y/ D 0.
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SOLUTION

(a) Sincejxjy2 � 0, we have

jx3j � jx3j C jxjy2 D jxj3 C jxjy2 D jxj.x2 C y2/

Similarly, sincejyjx2 � 0, we have

jy3j � jy3j C jyjx2 D jyj3 C jyjx2 D jyj.x2 C y2/

(b) We use the triangle inequality to write

jf .x; y/j D jx3 C y3j
x2 C y2

� jx3j C jy3j
x2 C y2

We continue using the inequality in part (a):

jf .x; y/j � jxj.x2 C y2/C jyj.x2 C y2/

x2 C y2
D .jxj C jyj/.x2 C y2/

x2 C y2
D jxj C jyj

That is,

jf .x; y/j � jxj C jyj

(c) In part (b) we showed that

jf .x; y/j � jxj C jyj (1)

Let � > 0. Then if jxj < �
2 and jyj < �

2 , we have by (1)

jf .x; y/� 0j � jxj C jyj < �

2
C �

2
D � (2)

Notice that ifx2 C y2 < �2

4 , thenx2 < �2

4 andy2 < �2

4 . Hencejxj < �
2 and jyj < �

2 , so (1) holds. In other words, usingD?
�
�
2

�

to represent the punctured disc of radius�=2 centered at the origin, we have

.x; y/ 2 D?
� �
2

�
) jxj < �

2

and

jyj < �

2
) jf .x; y/ � 0j < �

We conclude by the limit definition that

lim
.x;y/!.0;0/

f .x; y/ D 0

34. Let a; b � 0. Show that lim
.x;y/!.0;0/

xayb

x2 C y2
D 0 if aC b > 2 and that the limit does not exist ifaC b � 2.

SOLUTION We first show that the limit is zero ifa C b > 2. We compute the limit using the polar coordinatesx D r cos� ,
y D r sin� . Then.x; y/ ! .0; 0/ if and only if x2 C y2 ! 0, that is, if and only ifr ! 0C. Therefore,

lim
.x;y/!.0;0/

xayb

x2 C y2
D lim
r!0C

.r cos�/a.r sin�/b

r2
D lim
r!0C

raCb cosa � sinb �

r2

D lim
r!0C

.raCb�2 cosa � sinb �/ (1)

The following inequality holds:

0 � jraCb�2 cosa � sinb � j � raCb�2 (2)

SinceaC b > 2, lim
r!0C

raCb�2 D 0, therefore (2) and the Squeeze Theorem imply that

lim
r!0

.raCb�2 cosa � sinb �/ D 0 (3)

We combine (1) and (3) to conclude that ifaC b > 2, then

lim
.x;y/!.0;0/

xayb

x2 C y2
D 0
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We now consider the casea C b < 2. We examine the limit as.x; y/ approaches the origin along the liney D x. Along this line,
� D �

4 , therefore (1) gives

lim
.x;y/!.0;0/

xayb

x2 C y2
D lim
r!0C

�
raCb�2 cosa

�

4
sinb

�

4

�
D lim
r!0C

 
raCb�2 �

�
1p
2

�a
�
�
1p
2

�b!
D lim
r!0C

raCb�2

.
p
2/
aCb

SinceaC b < 2, we havea C b � 2 < 0 therefore lim
r!0C

raCb�2 does not exist. It follows that ifa C b < 2, the given limit does

not exist. Finally we examine the caseaC b D 2. By (1) we get

lim
.x;y/!.0;0/

xayb

x2 C y2
D lim
r!0C

.r0 cosa � sinb �/ D lim
r!0C

cosa � sinb � D cosa � sinb �

We see that the function does not approach one limit. For example, approaching the origin along the linesy D x (i.e.,� D �
4 ) and

y D 0 (i.e.,� D 0) gives two different limits cosa �4 sinb �4 D
�p

2
2

�aCb
and cosa 0 sinb 0 D 0. We conclude that ifa C b D 2,

the limit does not exist.

35. Figure 7 shows the contour maps of two functions. Explain why the limit lim
.x;y/!P

f .x; y/ does not exist. Does

lim
.x;y/!Q

g.x; y/ appear to exist in (B)? If so, what is its limit?

12

6

0

18

24

30

(A) Contour map of f (x, y) (B) Contour map of g(x, y)

P

3−3

−1 1

5−5

Q

FIGURE 7

SOLUTION As .x; y/ approaches arbitrarily close toP , the functionf .x; y/ takes the valueṡ 1, ˙3, and˙5. Thereforef .x; y/
does not approach one limit as.x; y/ ! P . Rather, the limit depends on the contour along which.x; y/ is approachingP . This
implies that the limit lim.x;y/!P f .x; y/ does not exist. In (B) the limit lim.x;y/!Q g.x; y/ appears to exist. If it exists, it must
be 4, which is the level curve ofQ.

Further Insights and Challenges

36. Evaluate lim
.x;y/!.0;2/

.1C x/y=x .

SOLUTION We denotef .x; y/ D .1C x/y=x . Hence,

ln f .x; y/ D ln .1C x/y=x D y

x
ln.1C x/ D y

ln.1C x/

x
(1)

Using L’Hôpital’s Rule we have

lim
x!0

ln.1C x/

x
D lim
x!0

1
1Cx
1

D lim
x!0

1

1C x
D 1

1C 0
D 1

Since this limit exists, we may use the Product Rule to compute the limit of (1):

lim
.x;y/!.0;2/

ln f .x; y/ D
�

lim
y!2

y

��
lim
x!0

ln.1C x/

x

�
D 2 � 1 D 2 (2)

lnu approaches 2 if and only ifu is approachinge2. Therefore, the limit in (2) implies that

lim
.x;y/!.0;2/

f .x; y/ D e2:

37. Is the following function continuous?

f .x; y/ D
(
x2 C y2 if x2 C y2 < 1

1 if x2 C y2 � 1
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SOLUTION f .x; y/ is defined by a polynomial in the domainx2 C y2 < 1, hencef is continuous in this domain. In the domain
x2 C y2 > 1, f is a constant function, hencef is continuous in this domain also. Thus, we must examine continuity at the points
on the circlex2 C y2 D 1.

x
0

y

1
y2 + x2

We expressf .x; y/ using polar coordinates:

f .r; �/ D
(
r2 0 � r < 1

1 r � 1

Since lim
r!1�

f .r; �/ D lim
r!1�

r2 D 1 and lim
r!1C

f .r; �/ D lim
r!1C

1 D 1, we have lim
r!1

f .r; �/ D 1. Thereforef .r; �/ is continuous

at r D 1, orf .x; y/ is continuous onx2 C y2 D 1. We conclude thatf is continuous everywhere onR2.

38. The functionf .x; y/ D sin.xy/=xy is defined forxy ¤ 0.

(a) Is it possible to extend the domain off .x; y/ to all of R2 so that the result is a continuous function?

(b) Use a computer algebra system to plotf .x; y/. Does the result support your conclusion in (a)?

SOLUTION

(a) We definef .x; y/ on thex- andy-axes byf .x; y/ D 1 if xy D 0. We now show thatf is continuous.f is continuous at the
points wherexy ¤ 0. We next show continuity at.x0; 0/ (includingx0 D 0). For the points.0; y0/, the proof is similar and hence
will be omitted. To prove continuity atP D .x0; 0/ we have to show that

lim
.x;y/!P

f .x; y/ D lim
.x;y/!P

sinxy

xy
D 1 (1)

Let us denoteu D xy. As .x; y/ ! .x0; 0/, u D x � y ! x0 � 0 D 0. Thus,

lim
.x;y/!P

f .x; y/ D lim
.x;y/!.x0;0/

sinxy

xy
D lim
u!0

sinu

u
D 1 D f .x0; 0/:

(b) The following figure shows the graph off .x; y/ D sinxy
xy :

x y

z

The graph shows that, near the axes, the values off .x; y/ are approaching 1, as shown in part (a).

39. Prove that the function

f .x; y/ D

8
<
:

.2x � 1/.siny/

xy
if xy ¤ 0

ln 2 if xy D 0

is continuous at.0; 0/.
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SOLUTION To solve this problem it is necessary to show that lim.x;y/!.0;0/ f .x; y/ D f .0; 0/ D ln 2. Consider the following:

lim
.x;y/!.0;0/

.2x � 1/ siny

xy
D lim
.x;y/!.0;0/

2x � 1

x
� sin y

y

D
�

lim
x!0

2x � 1
x

��
lim
y!0

siny

y

�

D lim
x!0

.ln 2/2x

1
� .1/ D ln 2

(Using L’Hopital’s Rule on the limit in terms ofx.) Thus since lim.x;y/!.0;0/ f .x; y/ D f .0; 0/, we see thatf .x; y/ is continuous
at .0; 0/.

40. Prove that iff .x/ is continuous atx D a andg.y/ is continuous aty D b, thenF.x; y/ D f .x/g.y/ is continuous at.a; b/.

SOLUTION Given thatf .x/ is continuous atx D a, we know that

lim
x!a

f .x/ D f .a/

and given thatg.x/ is continuous atx D b, we know that

lim
x!b

g.x/ D g.b/:

Consider the limit lim.x;y/!.a;b/ F.x; y/. Then using the above information we have

lim
.x;y/!.a;b/

F.x; y/ D lim
.x;y/!.a;b/

f .x/g.y/ D
�

lim
x!a

f .x/
��

lim
y!b

g.y/

�
D f .a/g.b/ D F.a; b/

Therefore,F.x; y/ is continuous at the point.a; b/.

41. The functionf .x; y/ D x2y=.x4 C y2/ provides an interesting example where the limit as.x; y/ ! .0; 0/ does not
exist, even though the limit along every liney D mx exists and is zero (Figure 8).

(a) Show that the limit along any liney D mx exists and is equal to 0.
(b) Calculatef .x; y/ at the points.10�1; 10�2/, .10�5; 10�10/, .10�20; 10�40/. Do not use a calculator.

(c) Show that lim
.x;y/!.0;0/

f .x; y/ does not exist.Hint: Compute the limit along the parabolay D x2.

x

y

z

x

y

FIGURE 8 Graph off .x; y/ D x2y

x4 C y2
.

SOLUTION

(a) Substitutingy D mx in f .x; y/ D x2y

x4Cy2 , we get

f .x;mx/ D x2 �mx
x4 C .mx/2

D mx3

x2.x2 Cm2/
D mx

x2 Cm2

We compute the limit asx ! 0 by substitution:

lim
x!0

f .x;mx/ D lim
x!0

mx

x2 Cm2
D m � 0
02 Cm2

D 0
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(b) We computef .x; y/ at the given points:

f .10�1; 10�2/ D 10�2 � 10�2

10�4 C 10�4 D 10�4

2 � 10�4 D 1

2

f .10�5; 10�10/ D 10�10 � 10�10

10�20 C 10�20 D 10�20

2 � 10�20 D 1

2

f .10�20; 10�40/ D 10�40 � 10�40

10�80 C 10�80 D 10�80

2 � 10�80 D 1

2

(c) We compute the limit as.x; y/ approaches the origin along the parabolay D x2 (by part (b), the limit appears to be12 ). We
substitutey D x2 in the function and compute the limit asx ! 0. This gives

lim
.x;y/!0

alongyDx2

f .x; y/ D lim
x!0

f .x; x2/ D lim
x!0

x2 � x2

x4 C .x2/
2

D lim
x!0

x4

2x4
D lim
x!0

1

2
D 1

2

However, in part (a), we showed that the limit along the linesy D mx is zero. Thereforef .x; y/ does not approach one limit as
.x; y/ ! .0; 0/, so the limit lim

.x;y/!.0;0/
f .x; y/ does not exist.

12.3 Partial Derivatives

Preliminary Questions
1. Patricia derived the followingincorrect formula by misapplying the Product Rule:

@

@x
.x2y2/ D x2.2y/C y2.2x/

What was her mistake and what is the correct calculation?

SOLUTION To compute the partial derivative with respect tox, we treaty as a constant. Therefore the Constant Multiple Rule
must be used rather than the Product Rule. The correct calculation is:

@

@x
.x2y2/ D y2

@

@x
.x2/ D y2 � 2x D 2xy2:

2. Explain why it is not necessary to use the Quotient Rule to compute
@

@x

�
x C y

y C 1

�
. Should the Quotient Rule be used to

compute
@

@y

�
x C y

y C 1

�
?

SOLUTION In differentiating with respect tox, y is considered a constant. Therefore in this case the Constant Multiple Rule can
be used to obtain

@

@x

�
x C y

y C 1

�
D 1

y C 1

@

@x
.x C y/ D 1

y C 1
� 1 D 1

y C 1
:

As for the second part, sincey appears in both the numerator and the denominator, the Quotient Rule is indeed needed.

3. Which of the following partial derivatives should be evaluated without using the Quotient Rule?

(a)
@

@x

xy

y2 C 1
(b)

@

@y

xy

y2 C 1
(c)

@

@x

y2

y2 C 1

SOLUTION

(a) This partial derivative does not require use of the Quotient Rule, since the Constant Multiple Rule gives

@

@x

�
xy

y2 C 1

�
D y

y2 C 1

@

@x
.x/ D y

y2 C 1
� 1 D y

y2 C 1
:

(b) This partial derivative requires use of the Quotient Rule.

(c) Since y is considered a constant in differentiating with respect tox, we do not need the Quotient Rule to state that
@

@x

 
y2

y2 C 1

!
D 0.
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4. What isfx , wheref .x; y; z/ D .sinyz/ez
3�z�1p

y?

SOLUTION In differentiating with respect tox, we treaty andz as constants. Therefore, the whole expression forf .x; y; z/ is
treated as constant, so the derivative is zero:

@

@x

�
sinyzez

3�z�1p
y
�

D 0:

5. Assuming the hypotheses of Clairaut’s Theorem are satisfied, which of the following partial derivatives are equal tofxxy?

(a) fxyx (b) fyyx (c) fxyy (d) fyxx

SOLUTION fxxy involves two differentiations with respect tox and one differentiation with respect toy. Therefore, iff satisfies
the assumptions of Clairaut’s Theorem, then

fxxy D fxyx D fyxx

Exercises
1. Use the limit definition of the partial derivative to verify the formulas

@

@x
xy2 D y2;

@

@y
xy2 D 2xy

SOLUTION Using the limit definition of the partial derivative, we have

@

@x
xy2 D lim

h!0

.x C h/y2 � xy2

h
D lim
h!0

xy2 C hy2 � xy2
h

D lim
h!0

hy2

h
D lim
h!0

y2 D y2

@

@y
xy2 D lim

k!0

x.y C k/2 � xy2

k
D lim
k!0

x.y2 C 2yk C k2/ � xy2
k

D lim
k!0

xy2 C 2xyk C xk2 � xy2

k

D lim
k!0

k.2xy C xk/

k
D lim
k!0

.2xy C k/ D 2xy C 0 D 2xy

2. Use the Product Rule to compute
@

@y
.x2 C y/.x C y4/.

SOLUTION Using the Product Rule we obtain

@

@y
.x2 C y/.x C y4/ D .x2 C y/

@

@y
.x C y4/C .x C y4/

@

@y
.x2 C y/

D .x2 C y/ � 4y3 C .x C y4/ � 1 D 4x2y3 C 5y4 C x

3. Use the Quotient Rule to compute
@

@y

y

x C y
.

SOLUTION Using the Quotient Rule we obtain

@

@y

y

x C y
D
.x C y/ @

@y
.y/� y @

@y
.x C y/

.x C y/2
D .x C y/ � 1 � y � 1

.x C y/2
D x

.x C y/2

4. Use the Chain Rule to compute
@

@u
ln.u2 C uv/.

SOLUTION By the Chain Ruled
du

ln! D 1
!
d!
du

. Applying this with! D u2 C uv gives

@

@u
ln.u2 C uv/ D 1

u2 C uv

@

@u
.u2 C uv/ D 2uC v

u2 C uv

5. Calculatefz.2; 3; 1/, wheref .x; y; z/ D xyz.

SOLUTION We first find the partial derivativefz.x; y; z/:

fz.x; y; z/ D @

@z
.xyz/ D xy

Substituting the given point we get

fz.2; 3; 1/ D 2 � 3 D 6
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6. Explain the relation between the following two formulas (c is a constant).

d

dx
sin.cx/ D c cos.cx/;

@

@x
sin.xy/ D y cos.xy/

SOLUTION d
dx

sin.cx/ is the derivative of the single-variable function sin.cx/, wherec is a constant.@
@x

sin.xy/ is the partial
derivative of the two-variable function sin.xy/ with respect tox. While differentiating, the variabley is considered constant, hence
it resembles the first differentiation, and the results are the same wherec is replaced byy.

7. The planey D 1 intersects the surfacez D x4 C 6xy � y4 in a certain curve. Find the slope of the tangent line to this curve
at the pointP D .1; 1; 6/.

SOLUTION The slope of the tangent line to the curvez D z.x; 1/ D x4 C 6x � 1, obtained by intersecting the surfacez D
x4 C 6xy � y4 with the planey D 1, is the partial derivative@z

@x
.1; 1/.

@z

@x
D @

@x
.x4 C 6xy � y4/ D 4x3 C 6y

m D @z

@x
.1; 1/ D 4 � 13 C 6 � 1 D 10

8. Determine whether the partial derivatives@f=@x and@f=@y are positive or negative at the pointP on the graph in Figure 1.

z

x

y
P

FIGURE 1

SOLUTION The graph shows thatf is increasing in the direction of growingx andf is decreasing in the direction of growing

y. Therefore,@f
@x

ˇ̌
P
> 0 and @f

@y

ˇ̌
P
< 0.

In Exercises 9–12, refer to Figure 2.

x

y

−10

−10

−20

A

B

C

50
70

3050

420−2−4

4

2

0

−2

−4

70

30

−30

10

10

0

FIGURE 2 Contour map off .x; y/.

9. Estimatefx andfy at pointA.

SOLUTION To estimatefx we move horizontally to the next level curve in the direction of growingx, to a pointA0. The change
in f from A to A0 is the contour interval,�f D 40 � 30 D 10. The distance betweenA andA0 is approximately�x � 1:0.
Hence,

fx.A/ � �f

�x
D 10

1:0
D 10

To estimatefy we move vertically fromA to a pointA00 on the next level curve in the direction of growingy. The change inf
fromA toA00 is�f D 20 � 30 D �10. The distance betweenA andA00 is�y � 0:5. Hence,

fy.A/ � �f

�y
D �10

0:5
� �20:
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10. Is fx positive or negative atB?

SOLUTION To estimatefx atB, we move horizontally to the next level curve in the direction of growingx, to a pointB 0. The
change inf from B to B 0 is the contour interval�f D 10 � 20 D �10 while the distance betweenB andB 0 is approximately
�x � 1. Hence

fx.B/ � �f

�x
D �10

1
D �10 < 0

Thereforefx.B/ is negative.

11. Starting at pointB, in which compass direction (N, NE, SW, etc.) doesf increase most rapidly?

SOLUTION The distances between adjacent level curves starting atB are the smallest along the line with slope�1, upward.
Therefore,f is increasing most rapidly in the direction of� D 135ı or in the NW direction.

12. At which ofA, B, orC is fy smallest?

SOLUTION We consider vertical lines throughA, B, andC . The distance between each pointA, B, C and the intersection of the
vertical line with the adjacent level curves is the largest atC . It means thatfy is smallest atC .

In Exercises 13–40, compute the first-order partial derivatives.

13. z D x2 C y2

SOLUTION We computezx.x; y/ by treatingy as a constant, and we computezy.x; y/ by treatingx as a constant:

@

@x
.x2 C y2/ D 2xI @

@y
.x2 C y2/ D 2y

14. z D x4y3

SOLUTION Treatingy as a constant (to findzx) andx as a constant (to findzy ) and using Rules for Differentiation, we get,

@

@x
.x4y3/ D y3

@

@x
.x4/ D y3 � 4x3 D 4x3y3

@

@y
.x4y3/ D x4

@

@y
.y3/ D x4 � 3y2 D 3x4y2

15. z D x4y C xy�2

SOLUTION We obtain the following partial derivatives:

@

@x
.x4y C xy�2/ D 4x3y C y�2

@

@y
.x4y C xy�2/ D x4 C x � .�2y�3/ D x4 � 2xy�3

16. V D �r2h

SOLUTION We find @V
@r

and @V
@h

:

@V

@r
D @

@r
.�r2h/ D �h

@

@r
.r2/ D �h � 2r D 2�hr

@V

@h
D @

@h
.�r2h/ D �r2

17. z D x

y

SOLUTION Treatingy as a constant we have

@

@x

�
x

y

�
D 1

y

@

@x
.x/ D 1

y
� 1 D 1

y

We now find the derivativezy.x; y/, treatingx as a constant:

@

@y

�
x

y

�
D x � @

@y

�
1

y

�
D x � �1

y2
D �x
y2
:

18. z D x

x � y
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SOLUTION We differentiate with respect tox, using the Quotient Rule. We get

@

@x

�
x

x � y

�
D
.x � y/ @

@x
.x/� x @

@x
.x � y/

.x � y/2
D .x � y/ � 1 � x � 1

.x � y/2
D �y
.x � y/2

We now differentiate with respect toy, using the Chain Rule:

@

@y

�
x

x � y

�
D x

@

@y

�
1

x � y

�
D x � �1

.x � y/2
@

@y
.x � y/ D x � �1

.x � y/2
� .�1/ D x

.x � y/2

19. z D
p
9 � x2 � y2

SOLUTION Differentiating with respect tox, treatingy as a constant, and using the Chain Rule, we obtain

@

@x

�q
9 � x2 � y2

�
D 1

2
p
9 � x2 � y2

@

@x
.9� x2 � y2/ D �2x

2
p
9 � x2 � y2

D �xp
9 � x2 � y2

We now differentiate with respect toy, treatingx as a constant:

@

@y

�q
9 � x2 � y2

�
D 1

2
p
9 � x2 � y2

@

@y
.9 � x2 � y2/ D �2y

2
p
9 � x2 � y2

D �yp
9 � x2 � y2

20. z D xp
x2 C y2

SOLUTION We compute@z
@x

using the Quotient Rule and the Chain Rule:

@z

@x
D
1 �
p
x2 C y2 � x @

@x

p
x2 C y2

�p
x2 C y2

�2 D

p
x2 C y2 � x � 2x

2
p
x2Cy2

x2 C y2
D x2 C y2 � x2

.x2 C y2/
3=2

D y2

.x2 C y2/
3=2

We compute@z
@y

using the Chain Rule:

@z

@y
D x

@

@y
.x2 C y2/

�1=2 D x �
�

�1
2

�
.x2 C y2/

�3=2 � 2y D �xy
.x2 C y2/

3=2

21. z D .sinx/.siny/

SOLUTION We obtain the following partial derivatives:

@

@x
.sin x siny/ D siny

@

@x
sinx D siny cosx

@

@y
.sin x siny/ D sinx

@

@y
siny D sinx cosy

22. z D sin.u2v/

SOLUTION By the Chain Rule,

d

du
sin! D cos!

d!

du
and

d

dv
sin! D cos!

d!

dv
:

Applying this with! D u2v gives

@

@u
sin.u2v/ D cos.u2v/

@

@u
.u2v/ D cos.u2v/ � 2uv D 2uv cos.u2v/

@

@v
sin.u2v/ D cos.u2v/

@

@v
.u2v/ D cos.u2v/ � u2 D u2 cos.u2v/

23. z D tan
x

y

SOLUTION By the Chain Rule,

d

dx
tanu D 1

cos2u

du

dx
and

d

dy
tanu D 1

cos2u

du

dy
:

(We could also say that the derivative of tanu is sec2 u, but of course sec2 u D 1= cos2 u, so it really is the same thing.) We apply
this withu D x

y to obtain

@

@x
tan

�
x

y

�
D 1

cos2
�
x
y

� @

@x

�
x

y

�
D 1

cos2
�
x
y

� � 1
y

D 1

ycos2
�
x
y

�

@

@y
tan

�
x

y

�
D 1

cos2
�
x
y

� @

@y

�
x

y

�
D 1

cos2
�
x
y

� � �x
y2

D �x
y2cos2

�
x
y

�
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24. S D tan�1.wz/

SOLUTION By the Chain Rule,

d

dw
tan�1 u D 1

1C u2
du

dw
and

d

dz
tan�1 u D 1

1C u2
du

dz

Using this rule withu D wz gives

dS

dw
D @

@w
tan�1.wz/ D 1

1C .wz/2
@

@w
.wz/ D z

1C w2z2

dS

dz
D @

@z
tan�1.wz/ D 1

1C .wz/2
@

@z
.wz/ D w

1C w2z2

25. z D ln.x2 C y2/

SOLUTION Using the Chain Rule we have

@z

@x
D 1

x2 C y2
@

@x
.x2 C y2/ D 1

x2 C y2
� 2x D 2x

x2 C y2

@z

@y
D 1

x2 C y2
@

@y
.x2 C y2/ D 1

x2 C y2
� 2y D 2y

x2 C y2

26. A D sin.4� � 9t/

SOLUTION We use the Chain Rule to compute@A
@�

and @A
@t

:

@A

@�
D cos.4� � 9t/

@

@�
.4� � 9t/ D 4 cos.4� � 9t/

@A

@t
D cos.4� � 9t/

@

@t
.4� � 9t/ D �9 cos.4� � 9t/

27. W D erCs

SOLUTION We use the Chain Rule to compute@W
@r

and @W
@s

:

@W

@r
D erCs � @

@r
.r C s/ D erCs � 1 D erCs

@W

@s
D erCs � @

@s
.r C s/ D erCs � 1 D erCs

28. Q D re�

SOLUTION The partial derivatives are

@Q

@r
D @

@r
.re� / D e�

@

@r
.r/ D e�

@Q

@�
D @

@�
.re� / D r

@

@�
.e� / D re�

29. z D exy

SOLUTION We use the Chain Rule,d
dx
eu D eu du

dx
; d
dy
eu D eu du

dy
with u D xy to obtain

@

@x
exy D exy

@

@x
.xy/ D exyy D yexy

@

@y
exy D exy

@

@y
.xy/ D exyx D xexy

30. R D e�v2=k

SOLUTION Using the Chain Rule gives

@R

@v
D e�v2=k @

@v

 
�v

2

k

!
D e�v2=k �

�
�2v
k

�
D �2v

k
e�v2=k

@R

@k
D e�v2=k @

@k

 
�v

2

k

!
D e�v2=k �

�
�v2

� @

@k

�
1

k

�
D e�v2=k.�v2/ � �1

k2
D
�v
k

�2
e�v2=k
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31. z D e�x2�y2

SOLUTION We use the Chain Rule to find@z
@x

and @z
@y

:

@z

@x
D e�x2�y2 @

@x
.�x2 � y2/ D e�x2�y2 � .�2x/ D �2xe�x2�y2

@z

@y
D e�x2�y2 @

@y
.�x2 � y2/ D e�x2�y2 � .�2y/ D �2ye�x2�y2

32. P D e
p
y2Cz2

SOLUTION We use the Chain Rule to compute@P
@y

and @P
@z

:

@P

@y
D e

p
y2Cz2 @

@y

q
y2 C z2 D e

p
y2Cz2 � 2y

2
p
y2 C z2

D e

p
y2Cz2 � yp

y2 C z2

@P

@z
D e

p
y2Cz2 @

@z

q
y2 C z2 D e

p
y2Cz2 � 2z

2
p
y2 C z2

D e

p
y2Cz2 � zp

y2 C z2

33. U D e�rt

r

SOLUTION We have

@U

@r
D �te�rt � r � e�rt � 1

r2
D �.1C rt/e�rt

r2

and also

@U

@t
D �re�rt

r
D �e�rt

34. z D yx

SOLUTION To find @z
@y

, we use the Power Rule for differentiation:

@z

@y
D xyx�1

To find @z
@x

, we use the derivative of the exponent function:

@z

@x
D yx lny

35. z D sinh.x2y/

SOLUTION By the Chain Rule,d
dx

sinhu D coshudu
dx

and d
dy

sinhu D coshudu
dy

. We use the Chain Rule withu D x2y to
obtain

@

@x
sinh.x2y/ D cosh.x2y/

@

@x
.x2y/ D 2xy cosh.x2y/

@

@y
sinh.x2y/ D cosh.x2y/

@

@y
.x2y/ D x2 cosh.x2y/

36. z D cosh.t � cosx/

SOLUTION The partial derivatives ofz are

@z

@t
D sinh.t � cosx/

@z

@x
D sinh.t � cosx/

@

@x
.t � cosx/ D sinh.t � cosx/ � sinx

37. w D xy2z3

SOLUTION The partial derivatives ofw are

@w

@x
D y2z3

@w

@y
D xz3

@

@y
.y2/ D xz3 � 2y D 2xz3y

@w

@z
D xy2

@

@z
.z3/ D xy2 � 3z2 D 3xy2z2
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38. w D x

y C z

SOLUTION We have

@w

@x
D @

@x

�
x

y C z

�
D 1

y C z

@

@x
.x/ D 1

y C z

To find @w
@y

and @w
@z

, we use the Chain Rule:

@w

@y
D x

@

@y

�
1

y C z

�
D x � �1

.y C z/2
@

@y
.y C z/ D x � �1

.y C z/2
� 1 D �x

.y C z/2

@w

@z
D x

@

@z

�
1

y C z

�
D x � �1

.y C z/2
@

@z
.y C z/ D x � �1

.y C z/2
� 1 D �x

.y C z/2

39. Q D L

M
e�Lt=M

SOLUTION

@Q

@L
D @

@L

�
L

M
e�Lt=M

�

D L

M
� e�Lt=M � .�t=M/C e�Lt=M � 1

M

D � Lt

M 2
e�Lt=M C e�Lt=M

M

@Q

@M
D @

@M

�
L

M
e�Lt=M

�

D L

M
� e�Lt=M � Lt

M 2
C e�Lt=M � �L

M 2

D L2t

M 3
e�Lt=M � L

M 2
e�Lt=M

@Q

@t
D @

@t

�
L

M
e�Lt=M

�

D � L2

M 2
e�Lt=M

40. w D x

.x2 C y2 C z2/3=2

SOLUTION To find @w
@x

, we use the Quotient Rule and the Chain Rule:

@w

@x
D
1 � .x2 C y2 C z2/

3=2 � x � 32 .x
2 C y2 C z2/

1=2 � 2x
.x2 C y2 C z2/

3
D .x2 C y2 C z2/1=2

.x2 C y2 C z2/� x � 3x
.x2 C y2 C z2/3

D x2 C y2 C z2 � 3x2

.x2 C y2 C z2/
5=2

D y2 C z2 � 2x2

.x2 C y2 C z2/
5=2

We now use the Chain Rule to compute@w
@y

and @w
@z

:

@w

@y
D x

@

@y

1

.x2 C y2 C z2/
3=2

D x
@

@y
.x2 C y2 C z2/

�3=2

D x �
�

�3
2

�
.x2 C y2 C z2/

�5=2 � 2y D � 3xy
�
x2 C y2 C z2

�5=2

@w

@z
D x

@

@z

1
�
x2 C y2 C z2

�3=2 D x
@

@z
.x2 C y2 C z2/

�3=2

D x �
�

�3
2

�
.x2 C y2 C z2/

�5=2 � 2z D � 3xz

.x2 C y2 C z2/
5=2
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In Exercises 41–44, compute the given partial derivatives.

41. f .x; y/ D 3x2y C 4x3y2 � 7xy5, fx.1; 2/

SOLUTION Differentiating with respect tox gives

fx.x; y/ D 6xy C 12x2y2 � 7y5

Evaluating at.1; 2/ gives

fx.1; 2/ D 6 � 1 � 2C 12�12 � 22 � 7 � 25 D �164:
42. f .x; y/ D sin.x2 � y/, fy.0; �/

SOLUTION We differentiate with respect toy, using the Chain Rule. This gives

fy.x; y/ D cos.x2 � y/
@

@y
.x2 � y/ D cos.x2 � y/ � .�1/ D � cos.x2 � y/

Evaluating at.0; �/ we obtain

fy.0; �/ D � cos.02 � �/ D � cos.��/ D � cos� D 1:

43. g.u; v/ D u ln.uC v/, gu.1; 2/

SOLUTION Using the Product Rule and the Chain Rule we get

gu.u; v/ D @

@u
.u ln.uC v// D 1 � ln.uC v/C u � 1

uC v
D ln.uC v/C u

uC v

At the point.1; 2/ we have

gu.1; 2/ D ln.1C 2/C 1

1C 2
D ln3C 1

3
:

44. h.x; z/ D exz�x2z3
, hz.3; 0/

SOLUTION We obtain the following partial:

hz.x; z/ D .x � 3x2z2/exz�x2z3

Substitutingx D 3, z D 0 we obtain the partial derivative at the point.3; 0/:

hz.3; 0/ D .3 � 0/e0�0 D 3:

Exercises 45 and 46 refer to Example 5.

45. CalculateN for L D 0:4, R D 0:12, andd D 10, and use the linear approximation to estimate�N if d is increased from10
to 10:4.

SOLUTION From the example in the text we have

N D
�
2200R

Ld

�1:9

CalculatingN for L D 0:4, R D 0:12, andd D 10 we have

N D
�
2200 � 0:12
0:4 � 10

�1:9
� 2865:058

then we will use the derivation

�N � @N

@d
�d

sinced is increasing from10 to 10:4. We need to compute@N=@d , with L andR constant:

@N

@d
D @

@d

�
2200R

Ld

�1:9

D
�
2200R

L

�1:9 @

@d
.d�1:9/

D �1:9
�
2200R

L

�1:9
d�2:9
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we have first

@N

@d

ˇ̌
ˇ̌
.L;R;d/D.0:4;0:12;10/

D �1:9
�
2200 � 0:12

0:4

�1:9
.10/�2:9 � �544:361

Therefore we can conclude:

�N � @N

@d
�d � .�544:361/.10:4 � 10/ D �217:744

46. Estimate�N if .L; R; d/ D .0:5; 0:15; 8/ andR is increased from0:15 to 0:17.

SOLUTION From the example in the text we have

N D
�
2200R

Ld

�1:9

then we will use the derivation,

�N � @N

@R
�R

sinceR is increasing from 0.15 to 0.17. We need to compute@N=@R, withL andd constant:

@N

@R
D @

@R

�
2200R

Ld

�1:9

D
�
2200

Ld

�1:9 @

@R
.R1:9/

D 1:9

�
2200

Ld

�1:9
R0:9

We have first

@N

@R

ˇ̌
ˇ̌
.L;R;d/D.0:5;0:15;8/

D 1:9

�
2200

0:5 � 8

�1:9
.0:15/0:9 � 55452:974

Therefore we can conclude:

�N � @N

@R
�R � .55452:974/.0:17 � 0:15/ � 1109:059

47. The heat index I is a measure of how hot it feels when the relative humidity isH (as a percentage) and the actual air
temperature isT (in degrees Fahrenheit). An approximate formula for the heat index that is valid for.T;H/ near.90; 40/ is

I.T;H/ D 45:33C 0:6845T C 5:758H � 0:00365T 2

� 0:1565HT C 0:001HT 2

(a) CalculateI at .T;H/ D .95; 50/.

(b) Which partial derivative tells us the increase inI per degree increase inT when .T;H/ D .95; 50/. Calculate this partial
derivative.

SOLUTION

(a) Let us computeI whenT D 95 andH D 50:

I.95; 50/ D 45:33C 0:6845.95/ C 5:758.50/ � 0:00365.95/2 � 0:1565.50/.95/ C 0:001.50/.95/2

D 73:19125

(b) The partial derivative we are looking for here is@I=@T :

@I

@T
D 0:6845 � 0:00730T � 0:1565H C 0:002HT

and evaluating we have:

@I

@T
.95; 50/ D 0:6845 � 0:00730.95/ � 0:1565.50/ C 0:002.50/.95/ D 1:666
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48. Thewind-chill temperature W measures how cold people feel (based on the rate of heat loss from exposed skin) when the
outside temperature isT ıC (with T � 10) and wind velocity isv m/s (withv � 2):

W D 13:1267 C 0:6215T � 13:947v0:16 C 0:486T v0:16

Calculate@W=@v at .T; v/ D .�10; 15/ and use this value to estimate�W if �v D 2.

SOLUTION Computing the partial derivative we get:

@W

@v
D @

@v

�
13:1267 C 0:6215T � 13:947v0:16 C 0:486T v0:16

�

D �13:947.0:16/v�0:84 C 0:486.0:16/T v�0:84

@W

@v
.�10; 15/ D �13:947.0:16/.15/�0:84 C 0:486.0:16/.�10/.15/�0:84 � �0:30940

Now using this information we would like to estimate�W if �v D 2:

�W D @W

@v
�v � �0:30940 � 2 � �0:6188

49. The volume of a right-circular cone of radiusr and heighth is V D �
3 r
2h. Suppose thatr D h D 12 cm. What leads to a

greater increase inV , a 1-cm increase inr or a 1-cm increase inh? Argue using partial derivatives.

SOLUTION We obtain the following derivatives:

@V

@r
D @

@r

��
3
r2h

�
D �h

3

@

@r
r2 D �h

3
� 2r D 2�hr

3

@V

@h
D @

@h

��
3
r2h

�
D �

3
r2

An increase�r D 1 cm in r leads to an increase of@V
@r
.12; 12/ � 1 in the volume, and an increase�h D 1 cm in h leads to an

increase of@V
@h
.12; 12/ � 1 in V . We compute these values, using the partials computed. This gives

@V

@r
.12; 12/ D 2�hr

3

ˇ̌
ˇ̌
.12;12/

D 2� � 12 � 12
3

D 301:6

@V

@h
.12; 12/ D �

3
� 122 D 150:8

We conclude that an increase of 1 cm inr leads to a greater increase inV than an increase of 1 cm inh.

50. Use the linear approximation to estimate the percentage change in volume of a right-circular cone of radiusr D 40 cm if the
height is increased from40 to 41 cm.

SOLUTION First, the volume of a right-circular cone isV D 1
3�r

2h. We obtain the following partial derivative:

@V

@h
D 1

3
�r2

Then an increase�h D 1 cm inh leads to an increase of@V=@h � 1 in V .
To compute the percent change in volume of the right-circular cone we consider:

�V

V
� @V=@h ��h

V
D

1
3�r

2�h

1
3�r

2h
D �h

h
D 1

40
D 0:025

Therefore, the percent change is about 2.5%.

51. Calculate@W=@E and@W=@T , whereW D e�E=kT , wherek is a constant.

SOLUTION We use the Chain Rule

d

dE
eu D eu

du

dE
and

d

dT
eu D eu

du

dT

with u D � E
kT

, to obtain

@W

@E
D e�E=kT @

@E

�
� E

kT

�
D e�E=kT

�
� 1

kT

�
D � 1

kT
e�E=kT

@W

@T
D e�E=kT @

@T

�
� E

kT

�
D e�E=kT �

�
�E
k

�
@

@T

�
1

T

�
D e�E=kT

�
�E
k

��
� 1

T 2

�
D E

kT 2
e�E=kT
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52. Calculate@P=@T and@P=@V , where pressureP , volumeV , and temperatureT are related by the ideal gas law,PV D nRT

(R andn are constants).

SOLUTION We differentiate the two sides of the equationPV D nRT with respect toV (treatingT as a constant). Using the
Product Rule we obtain

@

@V
PV D V

@P

@V
C P

@V

@V
D V

@P

@V
C P ;

@

@V
nRT D 0

Hence,

V
@P

@V
C P D 0

We substituteP D nRT
V

and solve for@P
@V

. This gives

V
@P

@V
C nRT

V
D 0 ) @P

@V
D �nRT

V 2

We now differentiatePV D nRT with respect toT , treatingV as a constant:

@

@T
PV D V

@P

@T
;

@

@T
nRT D nR

Hence,

V
@P

@T
D nR ) @P

@T
D nR

V
:

53. Use the contour map off .x; y/ in Figure 3 to explain the following statements.

(a) fy is larger atP than atQ, andfx is smaller (more negative) atP than atQ.

(b) fx.x; y/ is decreasing as a function ofy; that is, for any fixed valuex D a, fx.a; y/ is decreasing iny.

x

y

Q

P

20 16

14

10

8
6

4

FIGURE 3 Contour interval 2.

SOLUTION

(a) A vertical segment throughP meets more level curves than a vertical segment of the same size throughQ, sof is increasing
more rapidly in they atP than atQ. Therefore,fy is larger atP than atQ.

Similarly, a horizontal segment throughP meets more level curves atP than atQ, butf isdecreasingin the positivex-direction,
sof is decreasing more rapidly in thex-direction atP than atQ. Therefore,fx is more negative atP than atQ.

(b) For any fixed valuex D a, a horizontal segment meets fewer level curves as we move it vertically upward. This indicates that
fx.a; y/ in a decreasing function ofy.

54. Estimate the partial derivatives atP of the function whose contour map is shown in Figure 4.

x

y

P

21
18

12
15

9
6
3

4 6 820

4

2

FIGURE 4

SOLUTION The contour interval ism D 3. To estimate the partial derivative@f
@x

at P , we estimate the change�x betweenP and
the pointP 0 on the next level curve to the right, which is about 1.25. The change inf betweenP andP 0 is the contour interval
�f D �3. Hence,

@f

@x

ˇ̌
ˇ̌
P

� �f

�x
D �3
1:25

D �2:4
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To estimate the partial derivative@f
@y

at P , we estimate the change�y betweenP and the pointP 00 on the next level curve vertically
aboveP :

�y � 0:75

The change inf is�f D 3 (since the level curve ofP 00 is to the left of the level curve ofP ). Hence,

@f

@y

ˇ̌
ˇ̌
P

� �f

�y
� 3

0:75
D 4:

55. Over most of the earth, a magnetic compass does not point to true (geographic) north; instead, it points at some angle east
or west of true north. The angleD between magnetic north and true north is called themagnetic declination. Use Figure 5 to
determine which of the following statements is true.

(a)
@D

@y

ˇ̌
ˇ̌
A

>
@D

@y

ˇ̌
ˇ̌
B

(b)
@D

@x

ˇ̌
ˇ̌
C

> 0 (c)
@D

@y

ˇ̌
ˇ̌
C

> 0

Note that the horizontal axis increases from right to left because of the way longitude is measured.

x

y

50°N

40°N

30°N

120°W 110°W 100°W 90°W 80°W 70°W

Magnetic Declination for the U.S. 2004

B

1015 0

10
0

C
A

FIGURE 5 Contour interval1ı.

SOLUTION

(a) To estimate@D
@y

ˇ̌
A

and @D
@y

ˇ̌
B

, we move vertically fromA andB to the points on the next level curve in the direction of
increasingy (upward). FromA, we quickly come to a level curve corresponding to higher value ofD; but from B, moving
vertically, there is hardly any change as we move along the curve. The statement is thus true.

(b) The derivative@D
@x

ˇ̌
C

is estimated by�D
�x

. Sincex varies in the horizontal direction, we move horizontally fromC to a point
on the next level curve in the direction of increasingx (leftwards). Since the value ofD on this level curve is greater than on the
level curve ofC ,�D D 1. Also�x > 0, hence

@D

@x

ˇ̌
ˇ̌
C

� �D

�x
D 1

�x
> 0:

The statement is correct.

(c) Moving fromC vertically upward (in the direction of increasingy), we come to a point on a level curve with a smaller value
of D. Therefore,�D D �1 and�y > 0, so we obtain

@D

@y

ˇ̌
ˇ̌
C

� �D

�y
D �1
�y

< 0

Hence, the statement is false.

56. Refer to Table 1.

(a) Estimate@�=@T and@�=@S at the points.S; T / D .34; 2/ and.35; 10/ by computing the average of left-hand and right-hand
difference quotients.

(b) For fixed salinityS D 33, is� concave up or concave down as a function ofT ?Hint: Determine whether the quotients

��=�T are increasing or decreasing. What can you conclude about the sign of@2�=@T 2?



S E C T I O N 12.3 Partial Derivatives 1547

TABLE 1 Seawater Density � as a Function of
Temperature T and Salinity S

T
S 30 31 32 33 34 35 36

12 22.75 23.51 24.27 25.07 25.82 26.6 27.36

10 23.07 23.85 24.62 25.42 26.17 26.99 27.73

8 23.36 24.15 24.93 25.73 26.5 27.28 29.09

6 23.62 24.44 25.22 26 26.77 27.55 28.35

4 23.85 24.62 25.42 26.23 27 27.8 28.61

2 24 24.78 25.61 26.38 27.18 28.01 28.78

0 24.11 24.92 25.72 26.5 27.34 28.12 28.91

SOLUTION

(a) We estimate@�
@T

at the given points using the values in Table 1 and the following approximation:

@�

@T
.34; 2/ � �.34; 2C 2/ � �.34; 2/

2
D �.34; 4/ � �.34; 2/

2
D 27 � 27:18

2
D �0:09

@�

@T
.35; 10/ � �.35; 10C 2/ � �.35; 10/

2
D �.35; 12/ � �.35; 10/

2
D 26:6 � 26:99

2
D �0:195

Therefore, the average of the left-hand and right-hand difference quotients is:

1

2

�
@�

@T
.34; 2/C @�

@T
.35; 10/

�
� 1

2
.�0:09 � 0:195/ D �0:1425

We estimate the partial derivative@�
@S

at the given points:

@�

@S
.34; 2/ � �.34C 1; 2/ � �.34; 2/

1
D �.35; 2/ � �.34; 2/

1
D 28:01 � 27:18 D 0:83

@�

@S
.35; 10/ � �.35C 1; 10/ � �.35; 10/

1
D �.36; 10/ � �.35; 10/

1
D 27:73 � 26:99 D 0:74

Therefore, the average of the left-hand and right-hand difference quotients is:

1

2

�
@�

@S
.34; 2/C @�

@S
.35; 10/

�
� 1

2
.0:85C 0:74/ D 0:795

(b) The function�.33; T / is concave up (concave down) if@�
@T
.33; T / is an increasing (decreasing) function ofT . We use Table 1

to estimate whether the function@�
@T
.33; T / is increasing or decreasing. We compute the following values:

@�

@T
.33; 2/ � �.33; 4/ � �.33; 2/

2
D 26:23 � 26:38

2
D �0:075

@�

@T
.33; 4/ � �.33; 6/ � �.33; 4/

2
D 26 � 26:23

2
D �0:115

@�

@T
.33; 6/ � �.33; 8/ � �.33; 6/

2
D 25:73 � 26

2
D �0:135

@�

@T
.33; 8/ � �.33; 10/ � �.33; 8/

2
D 25:42 � 25:73

2
D �0:155

@�

@T
.33; 10/ � �.33; 12/ � �.33; 10/

2
D 25:07 � 25:42

2
D �0:175

These values indicate that@�
@T
.33; T / is a decreasing function ofT , which means that the second derivative is negative, i.e.,

@2�

@T 2 .33; T / < 0 and the graph of�.33; T / is concave down.
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In Exercises 57–62, compute the derivatives indicated.

57. f .x; y/ D 3x2y � 6xy4,
@2f

@x2
and

@2f

@y2

SOLUTION We first compute the partial derivatives@f
@x

and @f
@y

:

@f

@x
D 6xy � 6y4;

@f

@y
D 3x2 � 6x � 4y3 D 3x2 � 24xy3

We now differentiate@f
@x

with respect tox and @f
@y

with respect toy. We get

@2f

@x2
D @

@x
fx D 6y;

@2f

@y2
D @

@y
fy D �24x � 3y2 D �72xy2:

58. g.x; y/ D xy

x � y
,

@2g

@x @y

SOLUTION By definition we have

@2g

@x@y
D gyx D @

@x

�
@g

@y

�

Thus, we must find@g
@y

:

@g

@y
D x

@

@y

�
y

x � y

�
D x

1 � .x � y/ � y � .�1/
.x � y/2

D x2

.x � y/2

Differentiating @g
@y

with respect tox, using the Quotient Rule, we obtain

@2g

@x@y
D @

@x

�
@g

@y

�
D @

@x

x2

.x � y/2
D 2x.x � y/2 � x2 � 2.x � y/

.x � y/4
D � 2xy

.x � y/3

59. h.u; v/ D u

uC 4v
, hvv.u; v/

SOLUTION We first note

@h

@v
D �4u
.uC 4v/2

so thus

@h2

@v2
D @

@v

� �4u
.uC 4v/2

�
D 32u

.uC 4v/3

60. h.x; y/ D ln.x3 C y3/, hxy .x; y/

SOLUTION We first note that

@h

@y
D 3y2

x3 C y3

so thus

@2h

@x@y
D @

@x

 
3y2

x3 C y3

!
D �9x2y2
.x3 C y3/2

61. f .x; y/ D x ln.y2/, fyy.2; 3/

SOLUTION We findfy using the Chain Rule:

fy D @

@y
.x lny2/ D x

@

@y
lny2 D x

1

y2
� 2y D 2x

y

We now differentiatefy with respect toy, obtaining

fyy.x; y/ D @

@y
fy D 2x

@

@y

�
1

y

�
D �2x

y2
:

The derivative at.2; 3/ is thus

fyy.2; 3/ D �2 � 2
32

D �4
9
:
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62. g.x; y/ D xe�xy , gxy.�3; 2/
SOLUTION We first compute:

@g

@x
D x � e�xy � .�y/C e�xy D e�xy.1 � xy/

so thus:

@2g

@y@x
D @

@y
.e�xy.1 � xy// D e�xy.�x/C .1 � xy/e�xy � .�x/ D �xe�xy.2 � xy/

and

gxy.�3; 2/ D 3e6.2C 6/ D 24e6

63. Computefxyxzy for

f .x; y; z/ D y sin.xz/sin.x C z/C .x C z2/ tany C x tan

 
z C z�1

y � y�1

!

Hint: Use a well-chosen order of differentiation on each term.

SOLUTION At the points where the derivatives are continuous, the partial derivativefxyxzy may be performed in any order. To
simplify the computation we first considerf .x; y; z/ as the sum of the following terms:

F.x; y; z/ D y sin.xz/sin.x C z/; G.x; y; z/ D .x C z2/ tany; H.x; y; z/ D x tan

 
z C z�1

y � y�1

!

so that

f .x; y; z/ D F.x; y; z/CG.x; y; z/CH.x; y; z/

We can differentiate each in any order. First, let us work withF.x; y; z/ D y sin.xz/sin.x C z/:

Fy.x; y; z/ D @

@y
.y sin.xz/ sin.x C z// D sin.xz/sin.x C z/

then

Fyy.x; y; z/ D @

@y
.Fy.x; y; z// D 0

hence,

Fyyxxz.x; y; z/ D 0

Next, let us work withG.x; y; z/ D .x C z2/ tany:

Gx.x; y; z/ D @

@x
..x C z2/ tany/ D tany

then

Gxx.x; y; z/ D @

@x
.Gx.x; y; z// D 0

Hence

Gxxyyz.x; y; z/ D 0

Finally, let us work withH.x; y; z/ D x tan

 
z C z�1

y � y�1

!

Hx.x; y; z/ D @

@x

 
x tan

 
z C z�1

y � y�1

!!
D tan

 
z C z�1

y � y�1

!

then

Hxx.x; y; z/ D @

@x
.Hx.x; y; z// D 0

hence,

Hxxyyz.x; y; z/ D 0

Therefore, we can conclude thatfxyxzy.x; y; z/ D 0C 0C 0 D 0.
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64. Let

f .x; y; u; v/ D x2 C eyv

3y2 C ln.2C u2/

What is the fastest way to show thatfuvxyvu.x; y; u; v/ D 0 for all .x; y; u; v/?

SOLUTION We first differentiate with respect tov, obtaining

fv.x; y; u; v/ D @

@v

 
x2

3y2 C ln.2C u2/

!
C @

@v

�
ey

3y2 C ln.2C u2/
v

�

D 0C ey

3y2 C ln.2C u2/
D ey

3y2 C ln.2C u2/

We now differentiatefv with respect tox. Sincefv does not depend onx, we have

fvx.x; y; u; v/ D 0

Hence also,

fuvxyvu.x; y; u; v/ D @

@u

@

@y

@

@v

@

@u
.0/ D 0

In Exercises 65–72, compute the derivative indicated.

65. f .u; v/ D cos.uC v2/, fuuv

SOLUTION Using the Chain Rule, we have

fu D @

@u
cos.uC v2/ D � sin.uC v2/ � @

@u
.uC v2/ D � sin.uC v2/

fuu D @

@u

�
� sin.uC v2/

�
D � cos.uC v2/

fuuv D @

@v

�
� cos.uC v2/

�
D sin.uC v2/ � @

@v
.uC v2/ D 2v sin.uC v2/

66. g.x; y; z/ D x4y5z6, gxxyz

SOLUTION Forg.x; y; z/ D x4y5z6, we have

gx D y5z6
@

@x
x4 D y5z6 � 4x3 D 4x3y5z6

gxx D 4y5z6
@

@x
x3 D 4y5z6 � 3x2 D 12x2y5z6

gxxy D 12x2z6
@

@y
.y5/ D 12x2z6 � 5y4 D 60x2y4z6

gxxyz D 60x2y4
@

@z
z6 D 60x2y4 � 6x5 D 360x2y4z5

67. F.r; s; t/ D r.s2 C t2/, Frst

SOLUTION ForF.r; s; t/ D r.s2 C t2/, we have

Fr D s2 C t2

Frs D 2s

Frst D 0

68. u.x; t/ D t�1=2e�.x2=4t/, uxx

SOLUTION Using the Chain Rule we obtain

ux D t�1=2
@

@x
.e�x2=4t / D t�1=2 � e�x2=4t @

@x

 
�x

2

4t

!
D t�1=2 � e�x2=4t � �2x

4t
D �1

2
xt�3=2e�x2=4t

We now differentiateux with respect tox, using the Product Rule and the Chain Rule:

uxx D �1
2
t�3=2

@

@x

�
xe�x2=4t

�
D �1

2
t�3=2

�
1 � e�x2=4t C x � e�x2=4t � �2x

4t

�

D �1
2
t�3=2

 
e�x2=4t � x2

2t
e�x2=4t

!
D �1

2
t�3=2e�x2=4t

 
1 � x2

2t

!
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69. F.�; u; v/ D sinh.uv C �2/, Fuu�

SOLUTION We can compute:

Fu D v � cosh.uv C �2/

Fuu D v2 � sinh.uv C �2/

Fuu� D 2�v2 cosh.uv C �2/

70. R.u; v;w/ D u

v C w
, Ruvw

SOLUTION We differentiateR with respect tou:

Ru D @

@u

�
u

v C w

�
D 1

v C w

We now differentiateRu with respect tov, using the Chain Rule:

Ruv D @

@v

1

v C w
D � 1

.v C w/2

Finally we differentiateRuv with respect tow:

Ruvw D @

@w

�
�.v C w/�2

�
D 2.v C w/�3 D 2

.v C w/3
:

71. g.x; y; z/ D
q
x2 C y2 C z2, gxyz

SOLUTION Differentiating with respect tox, using the Chain Rule, we get

gx D @

@x

q
x2 C y2 C z2 D 1

2
p
x2 C y2 C z2

@

@x
.x2 C y2 C z2/ D 1

2
p
x2 C y2 C z2

� 2x D xp
x2 C y2 C z2

We now differentiategx with respect toy, using the Chain Rule. This gives

gxy D x
@

@y
.x2 C y2 C z2/

�1=2 D x �
�

�1
2

�
.x2 C y2 C z2/

�3=2 � 2y D �xy
.x2 C y2 C z2/

3=2

Finally, we differentiategxy with respect toz, obtaining

gxyz D �xy @
@z
.x2 C y2 C z2/

�3=2 D �xy �
�

�3
2

�
.x2 C y2 C z2/

�5=2 � 2z D 3xyz

.x2 C y2 C z2/
5=2

72. u.x; t/ D sech2.x � t/, uxxx

SOLUTION Using the Chain Rule we have

ux D @

@x
sech2.x � t/ D 2 sech.x � t/ �

�
� sech.x � t/ tanh.x � t/

�
� @
@x
.x � t/ D �2 sech2.x � t/ tanh.x � t/

We now use the Product Rule and the Chain Rule to differentiateux with respect tox:

uxx D �2
�
2 sech.x � t/ �

�
� sech.x � t/ tanh.x � t/

�
tanh.x � t/C sech2.x � t/ � sech2.x � t/

�

D 4 sech2.x � t/ tanh2.x � t/ � 2 sech4.x � t/ D 2 sech2.x � t/
�
2 tanh2.x � t/ � sech2.x � t/

�

We finduxxx, using the Product Rule and the Chain Rule:

uxxx D 4 sech.x � t/
�
� sech.x � t/ tanh.x � t/

��
2 tanh2.x � t/ � sech2.x � t/

�

C 2 sech2.x � t/
�
4 tanh.x � t/ � sech2.x � t/� 2 sech.x � t/

�
� sech.x � t/ tanh.x � t/

��

D �8 sech2.x � t/ tanh3.x � t/C 4 sech4.x � t/ tanh.x � t/C 12 sech4.x � t/ tanh.x � t/

D 16 sech4.x � t/ tanh.x � t/� 8 sech2.x � t/ tanh3.x � t/

73. Find a function such that
@f

@x
D 2xy and

@f

@y
D x2.

SOLUTION The functionf .x; y/ D x2y satisfies@f
@y

D x2 and @f
@x

D 2xy.
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74. Prove that there does not exist any functionf .x; y/ such that
@f

@x
D xy and

@f

@y
D x2. Hint: Show thatf cannot

satisfy Clairaut’s Theorem.

SOLUTION Suppose that there exists a functionf .x; y/ such that@f
@x

D xy and @f
@y

D x2. Hence,

fxy D @

@y

�
@f

@x

�
D @

@y
xy D x

fyx D @

@x

�
@f

@y

�
D @

@x
x2 D 2x

The mixed partialsfxy andfyx are continuous everywhere, butfxy ¤ fyx for x ¤ 0. This contradicts Clairaut’s Theorem on
Equality of Mixed Partials. We conclude that there does not exist any functionf .x; y/ with the given partials.

75. Assume thatfxy andfyx are continuous and thatfyxx exists. Show thatfxyx also exists and thatfyxx D fxyx .

SOLUTION Sincefxy andfyx are continuous, Clairaut’s Theorem implies that

fxy D fyx (1)

We are given thatfyxx exists. Using (1) we get

fyxx D @

@x

@

@x
fy D @

@x
fyx D @

@x
fxy D fxyx

Therefore,fxyx also exists andfyxx D fxyx .

76. Show thatu.x; t/ D sin.nx/ e�n2t satisfies the heat equation for any constantn:

@u

@t
D @2u

@x2
3

SOLUTION We compute@u
@t

using the Chain Rule:

@u

@t
D sin.nx/

@

@t
e�n2t D sin.nx/e�n2t @

@t
.�n2t/ D �n2 sin.nx/e�n2t

We now findux :

ux D e�n2t @

@x
sin.nx/ D e�n2t cos.nx/ � n D n � cos.nx/e�n2t

Differentiatingux with respect tox gives

uxx D ne�n2t @

@x
cos.nx/ D ne�n2t

�
� sin.nx/

@

@x
.nx/

�
D ne�n2t

�
� sin.nx/

�
� n D �n2e�n2t sin.nx/

We see thatut D uxx, thereforeu satisfies the heat equation.

77. Find all values ofA andB such thatf .x; t/ D eAxCBt satisfies Eq. (3).

SOLUTION We compute the following partials, using the Chain Rule:

@f

@t
D @

@t
.eAxCBt / D eAxCBt @

@t
.Ax C Bt/ D BeAxCBt

@f

@x
D @

@x
.eAxCBt / D eAxCBt @

@x
.Ax C Bt/ D AeAxCBt

@2f

@x2
D @

@x
.AeAxCBt / D A

@

@x
.eAxCBt / D AeAxCBt @

@x
.Ax C Bt/ D A2eAxCBt

Substituting these partials in the differential equation (3), we get

BeAxCBt D A2eAxCBt

We divide by the nonzeroeAxCBt to obtain

B D A2

We conclude thatf .x; t/ D eAxCBt satisfies equation (3) if and only ifB D A2, whereA is arbitrary.
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78. The function

f .x; t/ D 1

2
p
�t
e�x2=4t

describes the temperature profile along a metal rod at timet > 0 when a burst of heat is applied at the origin (see Example 11). A
small bug sitting on the rod at distancex from the origin feels the temperature rise and fall as heat diffuses through the bar. Show
that the bug feels the maximum temperature at timet D 1

2x
2.

SOLUTION From the example in the text we see that:

@f

@t
D � 1

4
p
�
t�3=2e�x2=4t C 1

8
p
�
x2t�5=2e�x2=4t

We take this expression, in order to find the maximum, and set it equal to 0 and solve fort :

� 1

4
p
�
t�3=2e�x2=4t C 1

8
p
�
x2t�5=2e�x2=4t D 0

e�x2=4t .�2t�3=2 C x2t�5=2/ D 0

t�5=2e�x2=4t .�2t C x2/ D 0

Then since the exponential factor is never equal to 0 and thet�5=2 is not either, we only consider when

�2t C x2 D 0 ) t D 1

2
x2

Since we are told that the bug experiences the rise and then the fall of the temperature, we are assured thatt D 1=2x2 is the point
in time when the bug experiences the maximum temperature.

In Exercises 79–82, theLaplace operator� is defined by�f D fxx C fyy . A functionu.x; y/ satisfying the Laplace equation
�u D 0 is calledharmonic.

79. Show that the following functions are harmonic:

(a) u.x; y/ D x (b) u.x; y/ D ex cosy

(c) u.x; y/ D tan�1 y
x

(d) u.x; y/ D ln.x2 C y2/

SOLUTION

(a) We computeuxx anduyy for u.x; y/ D x:

ux D @

@x
.x/ D 1I uxx D @

@x
.1/ D 0

uy D @

@y
.x/ D 0I uyy D @

@y
.0/ D 0

Sinceuxx C uyy D 0, u is harmonic.

(b) We compute the partial derivatives ofu.x; y/ D ex cosy:

ux D @

@x

�
ex cosy

�
D cosy

@

@x
ex D .cosy/ex

uy D @

@y

�
ex cosy

�
D ex

@

@y
cosy D �ex siny

uxx D @

@x

�
.cosy/ex

�
D cosy

@

@x
ex D .cosy/ex

uyy D @

@y

�
�ex sin y

�
D �ex @

@y
siny D �ex cosy

Thus,

uxx C uyy D .cosy/ex � ex cosy D 0

Henceu.x; y/ D ex cosy is harmonic.

(c) We compute the partial derivatives ofu.x; y/ D tan�1 y
x

using the Chain Rule and the formula

d

dt
tan�1 t D 1

1C t2
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We have

ux D @

@x
tan�1 y

x
D 1

1C .y=x/2
@

@x

y

x
D 1

1C .y=x/2

��y
x2

�
D � y

x2 C y2

uy D @

@y
tan�1 y

x
D 1

1C .y=x/2
@

@y

y

x
D 1

1C .y=x/2

�
1

x

�
D x

x2 C y2

uxx D @

@x

�
� y

x2 C y2

�
D 2xy

.x2 C y2/2

uyy D @

@y

x

x2 C y2
D � 2xy

.x2 C y2/2

Thereforeuxx C uxx D 0. This shows thatu.x; y/ D tan�1 y
x

is harmonic.

(d) We compute the partial derivatives ofu.x; y/ D ln
�
x2 C y2

�
using the Chain Rule:

ux D @

@x
ln.x2 C y2/ D 1

x2 C y2
� 2x D 2x

x2 C y2

uy D @

@y
ln.x2 C y2/ D 1

x2 C y2
� 2y D 2y

x2 C y2

We now finduxx anduyy using the Quotient Rule:

uxx D @

@x

2x

x2 C y2
D 2.x2 C y2/ � 2x � 2x

.x2 C y2/
2

D 2.y2 � x2/

.x2 C y2/
2

uyy D @

@y

2y

x2 C y2
D 2.x2 C y2/� 2y � 2y

.x2 C y2/
2

D 2.x2 � y2/

.x2 C y2/
2

Thus,

uxx C uyy D 2.y2 � x2/
.x2 C y2/

2
C 2.x2 � y2/
.x2 C y2/

2
D 0:

Therefore,u.x; y/ D ln.x2 C y2/ is harmonic.

80. Find all harmonic polynomialsu.x; y/ of degree three, that is,u.x; y/ D ax3 C bx2y C cxy2 C dy3.

SOLUTION We compute the first-order partialsux anduy and the second-order partialsuxx anduyy of the given polynomial
u.x; y/. This gives

ux D 3ax2 C 2bxy C cy2

uy D bx2 C 2cxy C 3dy2

uxx D 6ax C 2by

uyy D 2cx C 6dy

The polynomial is harmonic ifuxx C uyy D 0, that is, if for allx andy

6ax C 2by C 2cx C 6dy D 0

This equality holds for allx andy if and only if the coefficients ofx andy are both zero. That is,6a C 2c D 0 (soc D �3a) and
2b C 6d D 0 (sob D �3d ). We conclude that the harmonic polynomials in the given form are

u.x; y/ D ax3 � 3dx2y � 3axy2 C dy3

81. Show that ifu.x; y/ is harmonic, then the partial derivatives@u=@x and@u=@y are harmonic.

SOLUTION We assume that the second-order partials are continuous, hence the partial differentiation may be performed in any
order. By the given data, we have

uxx C uyy D 0 (1)

We must show that

.ux/xx C .ux/yy D 0 and .uy/xx C .uy/yy D 0

We differentiate (1) with respect tox, obtaining

0 D .uxx/x C .uyy/x D uxxx C uxyy D .ux/xx C .ux/yy (2)
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We differentiate (1) with respect toy:

0 D .uxx/y C .uyy /y D uxxy C uyyy D uyxx C uyyy D .uy/xx C .uy/yy (3)

Equalities (2) and (3) prove thatux anduy are harmonic.

82. Find all constantsa; b such thatu.x; y/ D cos.ax/eby is harmonic.

SOLUTION To determine if the functions cos.ax/eby are harmonic, we compute the following derivatives:

.cosax/0 D �a sinax ) .cosax/00 D �a2 cosax

.eby /
0 D beby ) .eby /

00 D b2eby D a2eby

Thus, we can conclude

uxx D @2

@x2
cos.ax/eby D �a2 cos.ax/eby D �a2u

uyy D @2

@y2
cos.ax/eby D b2 cos.ax/eby D b2u

Thus,uxx C uyy D .b2 � a2/u, which equals 0 if and only ifa2 D b2.

83. Show thatu.x; t/ D sech2.x � t/ satisfies theKorteweg–deVries equation(which arises in the study of water waves):

4ut C uxxx C 12uux D 0

SOLUTION In Exercise 72 we found the following derivatives:

ux D �2 sech2.x � t/ tanh.x � t/

uxxx D 16 sech4.x � t/ tanh.x � t/ � 8 sech2.x � t/ tanh3.x � t/

Hence,

4ut C uxxx C 12uux D 8 sech2.x � t/ tanh.x � t/C 16 sech4.x � t/ tanh.x � t/

� 8 sech2.x � t/ tanh3.x � t/ � 24 sech4.x � t/ tanh.x � t/

D 8 sech2.x � t/
˚
tanh.x � t/� tanh3.x � t/

	
� 8 sech4.x � t/ tanh.x � t/

D 8 sech2.x � t/ tanh.x � t/
˚
1 � tanh2.x � t/

	
� 8 sech4.x � t/ tanh.x � t/

D 8 sech2.x � t/ tanh.x � t/
˚
sech2.x � t/

	
� 8 sech4.x � t/ tanh.x � t/

D 0

Further Insights and Challenges

84. Assumptions Matter This exercise shows that the hypotheses of Clairaut’s Theorem are needed. Let

f .x; y/ D xy
x2 � y2

x2 C y2

for .x; y/ ¤ .0; 0/ andf .0; 0/ D 0.

(a) Verify for .x; y/ ¤ .0; 0/:

fx.x; y/ D y.x4 C 4x2y2 � y4/

.x2 C y2/2

fy.x; y/ D x.x4 � 4x2y2 � y4/
.x2 C y2/2

(b) Use the limit definition of the partial derivative to show thatfx.0; 0/ D fy.0; 0/ D 0 and thatfyx.0; 0/ andfxy.0; 0/ both
exist but are not equal.
(c) Show that for.x; y/ ¤ .0; 0/:

fxy.x; y/ D fyx.x; y/ D x6 C 9x4y2 � 9x2y4 � y6

.x2 C y2/3

Show thatfxy is not continuous at.0; 0/. Hint: Show that lim
h!0

fxy.h; 0/ ¤ lim
h!0

fxy.0; h/.

(d) Explain why the result of part (b) does not contradict Clairaut’s Theorem.
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SOLUTION

(a) These are the partials for.x; y/ ¤ .0; 0/:

fx.x; y/ D y.x4 C 4x2y2 � y4/

.x2 C y2/
2

fy.x; y/ D x.x4 � 4x2y2 � y4/
.x2 C y2/

2

(b) Using the limit definition of the partial derivatives at the point.0; 0/ we have

fx.0; 0/ D lim
h!0

f .h; 0/ � f .0; 0/
h

D lim
h!0

h � 0 h2�02

h2C02 � 0

h
D lim
h!0

0

h
D 0

fy.0; 0/ D lim
k!0

f .0; k/� f .0; 0/

k
D lim
k!0

0 � k 02�k2

02Ck2 � 0

k
D lim
k!0

0

k
D 0

We now use the derivatives in part (a) and the limit definition of the partial derivatives to computefyx.0; 0/ andfxy.0; 0/. By the
formulas in part (a), we have

fy.0; 0/ D 0, fy.h; 0/ D h.h4 � 0 � 0/
.h2 C 0/

2
D h

fx.0; 0/ D 0, fx.0; k/ D k.0C 0 � k4/

.02 C k2/
2

D �k

Thus,

fyx.0; 0/ D @

@x
fy

ˇ̌
ˇ̌
.0;0/

D lim
h!0

fy.h; 0/ � fy.0; 0/
h

D lim
h!0

h � 0

h
D lim
h!0

1 D 1

fxy.0; 0/ D @

@y
fx

ˇ̌
ˇ̌
.0;0/

D lim
k!0

fx.0; k/� fx.0; 0/
k

D lim
k!0

�k � 0

k
D lim
k!0

.�1/ D �1

We see that the mixed partials at the point.0; 0/ exist but are not equal.

(c) We verify that for.x; y/ ¤ .0; 0/ the following derivatives hold:

fxy.x; y/ D fyx.x; y/ D x6 C 9x4y2 � 9x2y4 � y6

.x2 C y2/
3

To show thatfxy is not continuous at.0; 0/, we show that the limit lim.x;y/!.0;0/ fxy.x; y/ does not exist. We compute the limit
as.x; y/ approaches the origin along thex-axis. Along this axis,y D 0; hence,

lim
.x;y/!.0;0/

along thex-axis

fxy.x; y/ D lim
h!0

fxy.h; 0/ D lim
h!0

h6 C 9h4 � 0 � 9h2 � 0 � 0

.0C h2/
3

D lim
h!0

1 D 1

We compute the limit as.x; y/ approaches the origin along they-axis. Along this axis,x D 0, hence,

lim
.x;y/!.0;0/

along they-axis

fxy.x; y/ D lim
h!0

fxy.0; h/ D lim
h!0

0C 0C 0 � h6

.0C h2/
3

D lim
h!0

.�1/ D �1

Since the limits are not equalf .x; y/ does not approach one value as.x; y/ ! .0; 0/, hence the limit lim
.x;y/!.0;0/

fxy.x; y/ does

not exist, andfxy.x; y/ is not continuous at the origin.

(d) The result of part (b) does not contradict Clairaut’s Theorem sincefxy is not continuous at the origin. The continuity of the
mixed derivative is essential in Clairaut’s Theorem.
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12.4 Differentiability and Tangent Planes

Preliminary Questions
1. How is the linearization off .x; y/ at .a; b/ defined?

SOLUTION The linearization off .x; y/ at .a; b/ is the linear function

L.x; y/ D f .a; b/C fx.a; b/.x � a/C fy.a; b/.y � b/

This function is the equation of the tangent plane to the surfacez D f .x; y/ at
�
a; b; f .a; b/

�
.

2. Define local linearity for functions of two variables.

SOLUTION f .x; y/ is locally linear at.a; b/ if

f .x; y/� L.x; y/ D �.x; y/

q
.x � a/2 C .y � b/2

for all .x; y/ in an open diskD containing.a; b/, where�.x; y/ satisfies lim
.x;y/!.a;b/

�.x; y/ D 0.

In Exercises 3–5, assume that

f .2; 3/ D 8; fx.2; 3/ D 5; fy.2; 3/ D 7

3. Which of (a)–(b) is the linearization off at .2; 3/?

(a) L.x; y/ D 8C 5x C 7y

(b) L.x; y/ D 8C 5.x � 2/C 7.y � 3/

SOLUTION The linearization off at .2; 3/ is the following linear function:

L.x; y/ D f .2; 3/C fx.2; 3/.x � 2/C fy.2; 3/.y � 3/

That is,

L.x; y/ D 8C 5.x � 2/C 7.y � 3/ D �23C 5x C 7y

The function in (b) is the correct answer.

4. Estimatef .2; 3:1/.

SOLUTION We use the linear approximation

f .aC h; b C k/ � f .a; b/C fx.a; b/hC fy.a; b/k

We let.a; b/ D .2; 3/, h D 0, k D 3:1 � 3 D 0:1. Then,

f .2; 3:1/ � f .2; 3/C fx.2; 3/ � 0C fy.2; 3/ � 0:1 D 8C 0C 7 � 0:1 D 8:7

We get the estimationf .2; 3:1/ � 8:7.

5. Estimate�f at .2; 3/ if �x D �0:3 and�y D 0:2.

SOLUTION The change inf can be estimated by the linear approximation as follows:

�f � fx.a; b/�x C fy.a; b/�y

�f � fx.2; 3/ � .�0:3/C fy.2; 3/ � 0:2

or

�f � 5 � .�0:3/C 7 � 0:2 D �0:1

The estimated change is�f � �0:1.
6. Which theorem allows us to conclude thatf .x; y/ D x3y8 is differentiable?

SOLUTION The functionf .x; y/ D x3y8 is a polynomial, hencefx.x; y/ andfy.x; y/ exist and are continuous. Therefore the
Criterion for Differentiability implies thatf is differentiable everywhere.
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Exercises
1. Use Eq. (2) to find an equation of the tangent plane to the graph off .x; y/ D 2x2 � 4xy2 at .�1; 2/.

SOLUTION The equation of the tangent plane at the point.�1; 2/ is

z D f .�1; 2/C fx.�1; 2/.x C 1/C fy.�1; 2/.y � 2/ (1)

We compute the function and its partial derivatives at the point.�1; 2/:

f .x; y/ D 2x2 � 4xy2 f .�1; 2/ D 18

fx.x; y/ D 4x � 4y2 ) fx.�1; 2/ D �20

fy.x; y/ D �8xy fy.�1; 2/ D 16

Substituting in (1) we obtain the following equation of the tangent plane:

z D 18 � 20.x C 1/C 16.y � 2/ D �34 � 20x C 16y

That is,

z D �34 � 20x C 16y

2. Find the equation of the plane in Figure 1, which is tangent to the graph at.x; y/ D .1; 0:8/.

z

y

(a, b)

x

FIGURE 1 Graph off .x; y/ D 0:2x4 C y6 � xy.

SOLUTION We know that the equation of the tangent plane at the point.1; 0:8/ is:

z D f .1; 0:8/C fx.1; 0:8/.x � 1/C fy.1; 0:8/.y � 0:8/

We compute the function and its partial derivatives at the point.1; 0:8/:

f .x; y/ D 0:2x4 C y6 � xy ) f .1; 0:8/ D �0:34

fx.x; y/ D 0:8x3 � y ) fx.1; 0:8/ D 0

fy.x; y/ D 6y5 � x ) fy.1; 0:8/ D 0:96608

Substituting in the equation of the tangent plane we obtain the following equation:

z D �0:34C 0.x � 1/C 0:96608.y � 0:8/

That is,

z D 0:96608y � 1:112864

In Exercises 3–10, find an equation of the tangent plane at the given point.

3. f .x; y/ D x2y C xy3, .2; 1/

SOLUTION The equation of the tangent plane at.2; 1/ is

z D f .2; 1/C fx.2; 1/.x � 2/C fy.2; 1/.y � 1/ (1)

We compute the values off and its partial derivatives at.2; 1/:

f .x; y/ D x2y C xy3 f .2; 1/ D 6

fx.x; y/ D 2xy C y3 ) fx.2; 1/ D 5

fy.x; y/ D x2 C 3xy2 fy.2; 1/ D 10
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We now substitute these values in (1) to obtain the following equation of the tangent plane:

z D 6C 5.x � 2/C 10.y � 1/ D 5x C 10y � 14

That is,

z D 5x C 10y � 14:

4. f .x; y/ D x
p
y

, .4; 4/

SOLUTION The equation of the tangent plane at.4; 4/ is

z D f .4; 4/C fx.4; 4/.x � 4/C fy.4; 4/.y � 4/ (1)

We compute the values off and its partial derivatives at.4; 4/:

f .x; y/ D x
p
y

f .4; 4/ D 2

fx.x; y/ D 1
p
y

) fx.4; 4/ D 1

2

fy.x; y/ D x
@

@y
y�1=2 D x �

�
�1
2

�
y�3=2 D � x

2y3=2
fy.4; 4/ D �1

4

Substituting these values in (1) gives

z D 2C 1

2
.x � 4/ � 1

4
.y � 4/ D 1

2
x � 1

4
y C 1:

5. f .x; y/ D x2 C y�2, .4; 1/

SOLUTION The equation of the tangent plane at.4; 1/ is

z D f .4; 1/C fx.4; 1/.x � 4/C fy.4; 1/.y � 1/ (1)

We compute the values off and its partial derivatives at.4; 1/:

f .x; y/ D x2 C y�2 f .4; 1/ D 17

fx.x; y/ D 2x ) fx.4; 1/ D 8

fy.x; y/ D �2y�3 fy.4; 1/ D �2

Substituting in (1) we obtain the following equation of the tangent plane:

z D 17C 8.x � 4/ � 2.y � 1/ D 8x � 2y � 13:

6. G.u;w/ D sin.uw/,
�
�
6 ; 1

�

SOLUTION The equation of the tangent plane at
�
�
6 ; 1

�
is

z D f
��
6
; 1
�

C fu

��
6
; 1
� �
u � �

6

�
C fw

��
6
; 1
�
.w � 1/ (1)

We compute the following values:

f .u;w/ D sin.uw/ f
��
6
; 1
�

D sin
�

6
D 1

2

fu.u;w/ D w cos.uw/ ) fu

��
6
; 1
�

D 1 � cos
�

6
D

p
3

2

fw.u;w/ D u cos.uw/ fw

��
6
; 1
�

D �

6
cos

�

6
D

p
3�

12

Substituting in (1) gives the following equation of the tangent plane:

z D 1

2
C

p
3

2

�
u � �

6

�
C

p
3�

12
.w � 1/

That is,

z D
p
3

2
uC

p
3�

12
w C 1

2
�

p
3�

6
:
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7. F.r; s/ D r2s�1=2 C s�3, .2; 1/

SOLUTION The equation of the tangent plane at.2; 1/ is

z D f .2; 1/C fr .2; 1/.r � 2/C fs.2; 1/.s � 1/ (1)

We computef and its partial derivatives at.2; 1/:

f .r; s/ D r2s�1=2 C s�3 f .2; 1/ D 5

fr .r; s/ D 2rs�1=2 ) fr .2; 1/ D 4

fs.r; s/ D �1
2
r2s�3=2 � 3s�4 fs.2; 1/ D �5

We substitute these values in (1) to obtain the following equation of the tangent plane:

z D 5C 4.r � 2/ � 5.s � 1/ D 4r � 5s C 2:

8. g.x; y/ D ex=y , .2; 1/

SOLUTION The equation of the tangent plane at.2; 1/ is:

z D g.2; 1/C gx.2; 1/.x � 2/C gy.2; 1/.y � 1/

We computeg and its partial derivatives at.2; 1/:

g.x; y/ D ex=y g.2; 1/ D e2

gx.x; y/ D 1

y
ex=y ; gx.2; 1/ D e2

gy.x; y/ D � x

y2
ex=y ; gy.2; 1/ D �2e2

We substitute these values in the tangent plane equation to obtain the following equation of the tangent plane:

z D e2 C e2.x � 2/ � 2e2.y � 1/ D e2x � 2e2y C e2 D e2.x � 2y C 1/

9. f .x; y/ D sech.x � y/, .ln 4; ln 2/

SOLUTION The equation of the tangent plane at.ln 4; ln 2/ is:

z D f .ln 4; ln 2/C fx.ln 4; ln 2/.x � ln 4/C fy.ln 4; ln 2/.y � ln 2/

We computef and its partial derivatives at.ln 4; ln 2/:

f .x; y/ D sech.x � y/; f .ln 4; ln 2/ D sech.ln 2/ D 4

5

fx.x; y/ D � tanh.x � y/ sech.x � y/; fx.ln 4; ln 2/ D � tanh.ln 2/ sech.ln 2/ D �12
25

fy.x; y/ D tanh.x � y/ sech.x � y/; fy.ln 4; ln 2/ D tanh.ln 2/ sech.ln 2/ D 12

25

We substitute these values in the tangent plane equation to obtain:

z D 4

5
� 12

25
.x � ln 4/C 12

25
.x � ln 2/ D � 4

25
.3x � 3y � 5 � ln 8/

10. f .x; y/ D ln.4x2 � y2/, .1; 1/

SOLUTION The equation of the tangent plane at.1; 1/ is

z D f .1; 1/C fx.1; 1/.x � 1/C fy.1; 1/.y � 1/

We compute the values off and its partial derivatives at.1; 1/:

f .x; y/ D ln.4x2 � y2/; f .1; 1/ D ln 3

fx.x; y/ D 8x

4x2 � y2
; fx.1; 1/ D 8

3

fy.x; y/ D �2y
4x2 � y2

; fy.1; 1/ D �2
3

Substituting these values into the equation for the tangent plane we obtain:

z D ln 3C 8

3
.x � 1/ � 2

3
.y � 1/ D 8

3
x � 2

3
y C ln3 � 2
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11. Find the points on the graph ofz D 3x2 � 4y2 at which the vectorn D h3; 2; 2i is normal to the tangent plane.

SOLUTION The equation of the tangent plane at the point
�
a; b; f .a; b/

�
on the graph ofz D f .x; y/ is

z D f .a; b/C fx.a; b/.x � a/C fy.a; b/.y � b/

or

fx.a; b/.x � a/C fy.a; b/.y � b/� z C f .a; b/ D 0

Therefore, the following vector is normal to the plane:

v D
˝
fx.a; b/; fy.a; b/;�1

˛

We compute the partial derivatives of the functionf .x; y/ D 3x2 � 4y2:

fx.x; y/ D 6x ) fx.a; b/ D 6a

fy.x; y/ D �8y ) fy.a; b/ D �8b

Therefore, the vectorv D h6a;�8b;�1i is normal to the tangent plane at.a; b/. Since we wantn D h3; 2; 2i to be normal to the
plane, the vectorsv andn must be parallel. That is, the following must hold:

6a

3
D �8b

2
D �1

2

which implies thata D �1
4 andb D 1

8 . We compute thez-coordinate of the point:

z D 3 �
�

�1
4

�2
� 4

�
1

8

�2
D 1

8

The point on the graph at which the vectorn D h3; 2; 2i is normal to the tangent plane is
�
�1
4 ;
1
8 ;
1
8

�
.

12. Find the points on the graph ofz D xy3 C 8y�1 where the tangent plane is parallel to2x C 7y C 2z D 0.

SOLUTION The equation of the tangent plane at the point
�
a; b; f .a; b/

�
on the graph ofz D f .x; y/ is

z D f .a; b/C fx.a; b/.x � a/C fy.a; b/.y � b/

or

fx.a; b/.x � a/C fy.a; b/.y � b/� z C f .a; b/ D 0

Therefore, the following vector is normal to the plane:

v D
˝
fx.a; b/; fy.a; b/;�1

˛

We compute the partial derivatives of the functionz D xy3 C 8y�1:

fx.x; y/ D y3; fx.a; b/ D b3

fy.x; y/ D 3xy2 � 8y�2; fy.a; b/ D 3ab2 � 8b�2

Therefore, the vectorv D
˝
b3; 3ab2 � 8b�2;�1

˛
is normal to the tangent plane at.a; b/. For two planes to be parallel, the vectors

v andn must be parallel. The corresponding normal vector here isn D h2; 7; 2i. The following must hold:

b3

2
D 3ab2 � 8b�2

7
D �1

2

which implies thatb D �1 anda D 3=2. We compute thez-coordinate of the point:

z D 3

2
.�1/3 C 8.�1/�1 D �19

2

The point on the graph at which the tangent plane is parallel to2x C 7y C 2z D 0 is
�
3

2
;�1;�19

2

�
.

13. Find the linearizationL.x; y/ of f .x; y/ D x2y3 at .a; b/ D .2; 1/. Use it to estimatef .2:01; 1:02/ andf .1:97; 1:01/ and
compare with values obtained using a calculator.
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SOLUTION We compute the value of the function and its partial derivatives at.a; b/ D .2; 1/:

f .x; y/ D x2y3 f .2; 1/ D 4

fx.x; y/ D 2xy3 ) fx.2; 1/ D 4

fy.x; y/ D 3x2y2 fy.2; 1/ D 12

The linear approximation is therefore

L.x; y/ D f .2; 1/C fx.2; 1/.x � 2/C fy.2; 1/.y � 1/

L.x; y/ D 4C 4.x � 2/C 12.y � 1/ D �16C 4x C 12y

Forh D x � 2 andk D y � 1 we have the following form of the linear approximation at.a; b/ D .2; 1/:

L.x; y/ D f .2; 1/C fx.2; 1/hC fy.2; 1/k D 4C 4hC 12k

To approximatef .2:01; 1:02/ we seth D 2:01 � 2 D 0:01, k D 1:02 � 1 D 0:02 to obtain

L.2:01; 1:02/ D 4C 4 � 0:01C 12 � 0:02 D 4:28

The actual value is

f .2:01; 1:02/ D 2:012 � 1:023 D 4:2874

To approximatef .1:97; 1:01/ we seth D 1:97 � 2 D �0:03, k D 1:01 � 1 D 0:01 to obtain

L.1:97; 1:01/ D 4C 4 � .�0:03/C 12 � 0:01 D 4:

The actual value is

f .1:97; 1:01/ D 1:972 � 1:013 D 3:998:

14. Write the linear approximation tof .x; y/ D x.1C y/�1 at .a; b/ D .8; 1/ in the form

f .aC h; b C k/ � f .a; b/C fx.a; b/hC fy.a; b/k

Use it to estimate7:982:02 and compare with the value obtained using a calculator.

SOLUTION We first compute the value off .x; y/ D x.1C y/�1 and its partial derivatives at.a; b/ D .8; 1/:

f .x; y/ D x.1C y/�1 ) f .8; 1/ D 4

fx.x; y/ D .1C y/�1 ) fx.8; 1/ D 1

2

fy.x; y/ D �x.1C y/�2 ) fy.8; 1/ D �2

Hence,

f .8C h; 1C k/ � 4C 1

2
h � 2k (1)

To estimate7:982:02 D 7:98
1C1:02 we seth D 7:98 � 8 D �0:02, k D 1:02 � 1 D 0:02 in the equation above to obtain

f .7:98; 1:02/ D 7:98

2:02
� 4C 1

2
.�0:02/ � 2.0:02/ D 3:95

The actual value is

7:98

2:02
D 3:950495 : : :

15. Let f .x; y/ D x3y�4. Use Eq. (4) to estimate the change

�f D f .2:03; 0:9/ � f .2; 1/

SOLUTION We compute the function and its partial derivatives at.a; b/ D .2; 1/:

f .x; y/ D x3y�4 f .2; 1/ D 8

fx.x; y/ D 3x2y�4 ) fx.2; 1/ D 12

fy.x; y/ D �4x3y�5 fy.2; 1/ D �32

Also,�x D 2:03 � 2 D 0:03 and�y D 0:9 � 1 D �0:1. Therefore,

�f D f .2:03; 0:9/ � f .2; 1/ � fx.2; 1/�x C fy�y D 12 � 0:03C .�32/ � .�0:1/ D 3:56

�f � 3:56
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16. Use the linear approximation tof .x; y/ D
p
x=y at .9; 4/ to estimate

p
9:1=3:9.

SOLUTION The linear approximation tof .x; y/ D
q
x
y at .9; 4/ is

f .9C h; 4C k/ � f .9; 4/C fx.9; 4/hC fy.9; 4/k (1)

We compute the function and its partial derivatives at.9; 4/:

f .x; y/ D x1=2y�1=2 f .9; 4/ D 3

2

fx.x; y/ D 1

2
x�1=2y�1=2 ) fx.9; 4/ D 1

12

fy.x; y/ D �1
2
x1=2y�3=2 fy.9; 4/ D � 3

16

Substituting these values andh D 0:1, k D �0:1 in (1) gives the following estimation:
r
9:1

3:9
� 3

2
C 1

12
� 0:1 � 3

16
.�0:1/ � 1:5271

The value obtained by a calculator is
q
9:1
3:9 � 1:5275. The error is0:0004 and the percentage error is

percentage error� 0:0004 � 100
1:5275

� 0:0262%

17. Use the linear approximation off .x; y/ D ex
2Cy at .0; 0/ to estimatef .0:01;�0:02/. Compare with the value obtained using

a calculator.

SOLUTION The linear approximation off at the point.0; 0/ is

f .h; k/ � f .0; 0/C fx.0; 0/hC fy.0; 0/k (1)

We first must computef and its partial derivative at the point.0; 0/. Using the Chain Rule we obtain

f .x; y/ D ex
2Cy f .0; 0/ D e0 D 1

fx.x; y/ D 2xex
2Cy ) fx.0; 0/ D 2 � 0 � e0 D 0

fy.x; y/ D ex
2Cy fy.0; 0/ D e0 D 1

We substitute these values andh D 0:01, k D �0:02 in (1) to obtain

f .0:01;�0:02/ � 1C 0 � 0:01C 1 � .�0:02/ D 0:98

The actual value isf .0:01;�0:02/ D e0:01
2�0:02 � 0:9803.

18. Let f .x; y/ D x2=.y2 C 1/. Use the linear approximation at an appropriate point.a; b/ to estimatef .4:01; 0:98/.

SOLUTION We use the linear approximation at the point.a; b/ D .4; 1/, which is the closest point with integer coordinates. That
is,

f .4C h; 1C k/ � f .4; 1/C fx.4; 1/hC fy.4; 1/k (1)

We computef and its partial derivatives at the point.4; 1/:

f .x; y/ D x2

y2 C 1
f .4; 1/ D 8

fx.x; y/ D 2x

y2 C 1
) fx.4; 1/ D 4

fy.x; y/ D x2
@

@y

�
1

y2 C 1

�
D x2 � �2y

.y2 C 1/
2

D �2x2y
.y2 C 1/

2
fy.4; 1/ D �8

Substituting these values andh D 0:01, k D �0:02 in (1) gives

f .4:01; 0:98/ � 8C 4 � 0:01C .�8/.�0:02/ D 8:2

The actual value is

f .4:01; 0:98/ D 4:012

0:982 C 1
D 8:202
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19. Find the linearization off .x; y; z/ D z
p
x C y at .8; 4; 5/.

SOLUTION The linear approximation off at the point.8; 4; 5/ is:

f .x; y; z/ � f .8; 4; 5/C fx.8; 4; 5/.x � 8/C fy.8; 4; 5/.y � 4/C fz.8; 4; 5/.z � 5/

We compute the values off and its partial derivatives at.8; 4; 5/:

f .x; y; z/ D z
p
x C y; f .8; 4; 5/ D 5

p
12 D 10

p
3

fx.x; y; z/ D z

2
p
x C y

; fx.8; 4; 5/ D 5

2
p
12

D 5

4
p
3

fy.x; y; z/ D z

2
p
x C y

; fy.8; 4; 5/ D 5

2
p
12

D 5

4
p
3

fz.x; y; z/ D
p
x C y; fz.8; 4; 5/ D

p
12 D 4

p
3

Substituting these values we obtain the linearization:

f .x; y; z/ � 10
p
3C 5

4
p
3
.x � 8/C 5

4
p
3
.y � 4/C 4

p
3.z � 5/

D 5

4
p
3
.x � 8/C 5

4
p
3
.y � 4/C 4

p
3z � 15

p
3

20. Find the linearization tof .x; y; z/ D xy=z at the point.2; 1; 2/. Use it to estimatef .2:05; 0:9; 2:01/ and compare with the
value obtained from a calculator.

SOLUTION The linear approximation tof at the point.2; 1; 2/ is:

f .x; y; z/ � f .2; 1; 2/C fx.2; 1; 2/.x � 2/C fy.2; 1; 2/.y � 1/C fz.2; 1; 2/.z � 2/ (1)

We compute the values off and its partial derivatives at.2; 1; 2/:

f .x; y; z/ D xy

z
f .2; 1; 2/ D 1

fx.x; y; z/ D y

z
) fx.2; 1; 2/ D 1

2

fy.x; y; z/ D x

z
fy.2; 1; 2/ D 1

fz.x; y; z/ D �xy
z2

fz.2; 1; 2/ D �1
2

We substitute these values in (1) to obtain the following linear approximation:

xy

z
� 1C 1

2
.x � 2/C 1 � .y � 1/ � 1

2
.z � 2/

xy

z
� 1

2
x C y � 1

2
z

To estimatef .2:05; 0:9; 2:01/ we will have:

f .2:05; 0:9; 2:01/ � 1

2
.2:05/C 0:9 � 1

2
.2:01/ D 0:92

Comparing this with the calculator value we get:

f .2:05; 0:9; 2:01/ D 2:05 � 0:9
2:01

� 0:9179

21. Estimatef .2:1; 3:8/ assuming that

f .2; 4/ D 5; fx.2; 4/ D 0:3; fy.2; 4/ D �0:2

SOLUTION We use the linear approximation off at the point.2; 4/, which is

f .2C h; 4C k/ � f .2; 4/C fx.2; 4/hC fy.2; 4/k

Substituting the given values andh D 0:1, k D �0:2 we obtain the following approximation:

f .2:1; 3:8/ � 5C 0:3 � 0:1C 0:2 � 0:2 D 5:07:
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22. Estimatef .1:02; 0:01;�0:03/ assuming that

f .1; 0; 0/ D �3; fx.1; 0; 0/ D �2;

fy.1; 0; 0/ D 4; fz.1; 0; 0/ D 2

SOLUTION The linear approximation at.1; 0; 0/ is

f .1C h; k; l/ � f .1; 0; 0/C fx.1; 0; 0/hC fy.1; 0; 0/k C fz.1; 0; 0/l (1)

We substituteh D 0:02, k D 0:01, l D �0:03 and the given values to obtain the following estimation:

f .1:02; 0:01;�0:03/ � �3C .�2/ � 0:02C 4 � 0:01C 2.�0:03/ D �3:06

That is,

f .1:02; 0:01;�0:03/ � �3:06:

In Exercises 23–28, use the linear approximation to estimate the value. Compare with the value given by a calculator.

23. .2:01/3.1:02/2

SOLUTION The number.2:01/3.1:02/2 is a value of the functionf .x; y/ D x3y2. We use the linear approximation at.2; 1/,
which is

f .2C h; 1C k/ � f .2; 1/C fx.2; 1/hC fy.2; 1/k (1)

We compute the value of the function and its partial derivatives at.2; 1/:

f .x; y/ D x3y2 f .2; 1/ D 8

fx.x; y/ D 3x2y2 ) fx.2; 1/ D 12

fy.x; y/ D 2x3y fy.2; 1/ D 16

Substituting these values andh D 0:01, k D 0:02 in (1) gives the approximation

.2:01/3.1:02/2 � 8C 12 � 0:01C 16 � 0:02 D 8:44

The value given by a calculator is8:4487. The error is0:0087 and the percentage error is

Percentage error� 0:0087 � 100
8:4487

D 0:103%

24.
4:1

7:9

SOLUTION The number4:17:9 is a value of the functionf .x; y/ D xy�1. We use the linear approximation at the point.4; 8/,
which is

f .4C h; 8C k/ � f .4; 8/C fx.4; 8/hC fy.4; 8/k (1)

We compute the values of the function and its partial derivatives at.4; 8/:

f .x; y/ D xy�1 f .4; 8/ D 1

2

fx.x; y/ D y�1 ) fx.4; 8/ D 1

8

fy.x; y/ D �xy�2 fy.4; 8/ D � 1

16

We substitute these values andh D 0:1, k D �0:1 in (1) to obtain the following approximation:

4:1

7:9
� 1

2
C 1

8
� 0:1 � 1

16
� .�0:1/ D 83

160
D 0:51875

The value given by a calculator is4:17:9 � 0:51899. The error is0:00024 and the percentage error is at most

Percentage error� 0:00024 � 100
0:51899

D 0:04625%
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25.
p
3:012 C 3:992

SOLUTION This is a value of the functionf .x; y/ D
p
x2 C y2. We use the linear approximation at the point.3; 4/, which is

f .3C h; 4C k/ � f .3; 4/C fx.3; 4/hC fy.3; 4/k (1)

Using the Chain Rule gives the following partial derivatives:

f .x; y/ D
q
x2 C y2 f .3; 4/ D 5

fx.x; y/ D 2x

2
p
x2 C y2

D xp
x2 C y2

) fx.3; 4/ D 3

5

fy.x; y/ D 2y

2
p
x2 C y2

D yp
x2 C y2

fy.3; 4/ D 4

5

Substituting these values andh D 0:01, k D �0:01 in (1) gives the following approximation:

p
3:012 C 3:992 � 5C 3

5
� 0:01C 4

5
� .�0:01/ D 4:998

The value given by a calculator is
p
3:012 C 3:992 � 4:99802. The error is 0.00002 and the percentage error is at most

Percentage error� 0:00002 � 100
4:99802

D 0:0004002%

26.
0:982

2:013 C 1

SOLUTION We use the linear approximation of the functionf .x; y/ D x2

y3C1 at the point.1; 2/, which is

f .1C h; 2C k/ � f .1; 2/C fx.1; 2/hC fy.1; 2/k (1)

We compute the values off and its partial derivatives at.1; 2/. We get:

f .x; y/ D x2

y3 C 1
f .1; 2/ D 1

9

fx.x; y/ D 2x

y3 C 1
) fx.1; 2/ D 2

9

fy.x; y/ D x2 � �1
.y3 C 1/

2
� 3y2 D �3x2y2

.y3 C 1/
2

fy.1; 2/ D � 4

27

Substituting these values andh D �0:02, k D 0:01 in (1) gives the following approximation:

0:982

2:013 C 1
� 1

9
C 2

9
.�0:02/ � 4

27
� 0:01 � 0:1052

The value given by a calculator is0:98
2

2:013C1 � 0:1053. The error is0:0001 and the percentage error is at most

Percentage error� 0:0001 � 100
0:1053

� 0:095%

27.
p
.1:9/.2:02/.4:05/

SOLUTION We use the linear approximation of the functionf .x; y; z/ D p
xyz at the point.2; 2; 4/, which is

f .2C h; 2C k; 4C l/ � f .2; 2; 4/C fx.2; 2; 4/hC fy.2; 2; 4/k C fz.2; 2; 4/l (1)

We compute the values of the function and its partial derivatives at.2; 2; 4/:

f .x; y; z/ D p
xyz f .2; 2; 4/ D 4

fx.x; y; z/ D yz

2
p
xyz

D 1

2

r
yz

x
) fx.2; 2; 4/ D 1

fy.x; y; z/ D xz

2
p
xyz

D 1

2

r
xz

y
fy.2; 2; 4/ D 1

fz.x; y; z/ D xy

2
p
xyz

D 1

2

r
xy

z
fz.2; 2; 4/ D 1

2
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Substituting these values andh D �0:1, k D 0:02, l D 0:05 in (1) gives the following approximation:

p
.1:9/.2:02/.4:05/ D 4C 1 � .�0:1/C 1 � 0:02C 1

2
.0:05/ D 3:945

The value given by a calculator is:
p
.1:9/.2:02/.4:05/ � 3:9426

28.
8:01p

.1:99/.2:01/

SOLUTION We use the linear approximation of the functionf .x; y; z/ D xp
yz

at the point.8; 2; 2/, which is

f .8C h; 2C k; 2C l/ � f .8; 2; 2/C fx.8; 2; 2/hC fy.8; 2; 2/k C fz.8; 2; 2/l (1)

We compute the values of the function and its partial derivatives at.8; 2; 2/. This gives

f .x; y; z/ D x
p
yz

f .8; 2; 2/ D 4

fx.x; y; z/ D 1
p
yz

) fx.8; 2; 2/ D 1

2

fy.x; y; z/ D x
@

@y
.yz/�1=2 D �1

2
x.yz/�3=2z D �1

2
xy�3=2z�1=2 fy.8; 2; 2/ D �1

fz.x; y; z/ D x
@

@z
.yz/�1=2 D �1

2
x.yz/�3=2y D �1

2
xy�1=2z�3=2 fz.8; 2; 2/ D �1

Substituting these values andh D 0:01, k D �0:01, l D 0:01 in (1) gives the following approximation:

8:01p
.1:99/.2:01/

D 4C 1

2
� 0:01 � 1 � .�0:01/ � 1 � 0:01 D 4:005

The value given by a calculator is4:00505. The error is0:00005 and the percentage error is at most

Percentage error� 0:00005 � 100
4:00505

� 0:00125%

29. Find an equation of the tangent plane toz D f .x; y/ atP D .1; 2; 10/ assuming that

f .1; 2/ D 10; f .1:1; 2:01/ D 10:3; f .1:04; 2:1/ D 9:7

SOLUTION The equation of the tangent plane at the point.1; 2/ is

z D f .1; 2/C fx.1; 2/.x � 1/C fy.1; 2/.y � 2/

z D 10C fx.1; 2/.x � 1/C fy.1; 2/.y � 2/ (1)

Since the values of the partial derivatives at.1; 2/ are not given, we approximate them as follows:

fx.1; 2/ � f .1:1; 2/ � f .1; 2/

0:1
� f .1:1; 2:01/ � f .1; 2/

0:1
D 3

fy.1; 2/ � f .1; 2:1/ � f .1; 2/

0:1
� f .1:04; 2:1/ � f .1; 2/

0:1
D �3

Substituting in (1) gives the following approximation to the equation of the tangent plane:

z D 10C 3.x � 1/ � 3.y � 2/

That is,z D 3x � 3y C 13.

30. Suppose that the plane tangent toz D f .x; y/ at .�2; 3; 4/ has equation4x C 2y C z D 2. Estimatef .�2:1; 3:1/.
SOLUTION The tangent planez D 2 � 4x � 2y is also a linear approximation forf near.�2; 3/, so we can thus calculate the
following:

f .�2:1; 3:1/ � 2 � 4.�2:1/ � 2.3:1/ D 4:2
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In Exercises 31–34, letI D W=H2 denote the BMI described in Example 5.

31. A boy has weightW D 34 kg and heightH D 1:3 m. Use the linear approximation to estimate the change inI if .W;H/
changes to.36; 1:32/.

SOLUTION Let�I D I.36; 1:32/� I.34; 1:3/ denote the change inI . Using the linear approximation ofI at the point.34; 1:3/
we have

I.34C h; 1:3C k/� I.34; 1:3/ � @I

@W
.34; 1:3/hC @I

@H
.34; 1:3/k

Forh D 2, k D 0:02 we obtain

�I � @I

@W
.34; 1:3/ � 2C @I

@H
.34; 1:3/ � 0:02 (1)

We compute the partial derivatives in (1):

@I

@W
D @

@W

W

H2
D 1

H2
) @I

@W
.34; 1:3/ D 0:5917

@I

@H
D W

@

@H
H�2 D W � .�2H�3/ D �2W

H3
) @I

@H
.34; 1:3/ D �30:9513

Substituting the partial derivatives in (1) gives the following estimation of�I :

�I � 0:5917 � 2 � 30:9513 � 0:02 D 0:5644

32. Suppose that.W;H/ D .34; 1:3/. Use the linear approximation to estimate the increase inH required to keepI constant ifW
increases to 35.

SOLUTION The linear approximation ofI D W
H2 at the point.34; 1:3/ is:

�I D I.34C h; 1:3C k/� I.34; 1:3/ � @I

@W
.34; 1:3/hC @I

@H
.34; 1:3/k (1)

In the earlier exercise, we found that

@I

@W
.34; 1:3/ D 0:5917;

@I

@H
.34; 1:3/ D �30:9513

We substitute these derivatives andh D 1 in (1), equate the resulting expression to zero and solve fork. This gives:

�I � 0:5917 � 1 � 30:9513 � k D 0

0:5917 D 30:9513k ) k D 0:0191

That is, for an increase in weight of 1 kg, the increase in height must be approximately 0.0191 meters (or 1.91 centimeters) in order
to keepI constant.

33. (a) Show that�I � 0 if �H=�W � H=2W .

(b) Suppose that.W;H/ D .25; 1:1/. What increase inH will leaveI (approximately) constant ifW is increased by 1 kg?

SOLUTION

(a) The linear approximation implies that

�I � @I

@W
W C @I

@H
�H

Hence,�I � 0 if

@I

@W
�W C @I

@H
�H D 0 (1)

We compute the partial derivatives ofI D W
H2 :

@I

@W
D @

@W

�
W

H2

�
D 1

H2

@I

@H
D W

@

@H
.H�2/ D �2WH�3 D �2W

H3

We substitute the partial derivatives in (1) to obtain

1

H2
�W � 2W

H3
�H D 0
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Hence,

1

H2
�W D 2W

H3
�H

or

�H

�W
D 1

H2
� H

3

2W
D H

2W

(b) In part (a) we showed that if�H
�W

D H
2W

, thenI remains approximately constant. We thus substituteW D 25, H D 1:1,
�W D 1, and solve for�H . This gives

�H

1
D 1:1

50
) �H � 0:022 meters:

That is, an increase of 0.022 meters inH will leaveI approximately constant.

34. Estimate the change in height that will decreaseI by 1 if .W;H/ D .25; 1:1/, assuming thatW remains constant.

SOLUTION If �W D 0, then

�I � �.2W=H3/�H D �1

This yields�H D H3=2W D 1:13=50 � 0:027 meters, or2:7 cm

35. A cylinder of radiusr and heighth has volumeV D �r2h.

(a) Use the linear approximation to show that

�V

V
� 2�r

r
C �h

h

(b) Estimate the percentage increase inV if r andh are each increased by2%.

(c) The volume of a certain cylinderV is determined by measuringr andh. Which will lead to a greater error inV : a 1% error in
r or a 1% error inh?

SOLUTION

(a) The linear approximation is

�V � Vr�r C Vh�h (1)

We compute the partial derivatives ofV D �r2h:

Vr D �h
@

@r
r2 D 2�hr

Vh D �r2
@

@h
h D �r2

Substituting in (1) gives

�V � 2�hr�r C �r2�h

We divide byV D �r2h to obtain

�V

V
� 2�hr�r

V
C �r2�h

V
D 2�hr�r

�r2h
C �r2h

�r2h
D 2�r

r
C �h

h

That is,

�V

V
� 2�r

r
C �h

h

(b) The percentage increase inV is, by part (a),

�V

V
� 100 � 2

�r

r
� 100C �h

h
� 100

We are given that�rr � 100 D 2 and h
h

� 100 D 2, hence the percentage increase inV is

�V

V
� 100 D 2 � 2C 2 D 6%
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(c) The percentage error inV is

�V

V
� 100 D 2

�r

r
� 100C �h

h
� 100

A 1% error inr implies that�rr � 100 D 1. Assuming that there is no error inh, we get

�V

V
� 100 D 2 � 1C 0 D 2%

A 1% in h implies that�h
h

� 100 D 1. Assuming that there is no error inr , we get

�V

V
� 100 D 0C 1 D 1%

We conclude that a 1% error inr leads to a greater error inV than a 1% error inh.

36. Use the linear approximation to show that ifI D xayb , then

�I

I
� a

�x

x
C b

�y

y

SOLUTION The linear approximation is

�I � Ix�x C Iy�y (1)

We compute the partial derivatives ofI D xayb :
(
Ix D axa�1yb

Iy D bxayb�1

substituting in (1) gives

�I � axa�1yb�x C bxayb�1�y

We now divide byI D xayb to obtain

�I

I
� axa�1yb�x

I
C bxayb�1�y

I
D axa�1ybx

xayb
C bxayb�1y

xayb
D a

�x

x
C b

�y

y

That is,

�I

I
� a

�x

x
C b

y

y
:

37. The monthly payment for a home loan is given by a functionf .P; r;N /, whereP is the principal (initial size of the loan),r
the interest rate, andN is the length of the loan in months. Interest rates are expressed as a decimal: A 6% interest rate is denoted
by r D 0:06. If P D $100;000, r D 0:06, andN D 240 (a 20-year loan), then the monthly payment isf .100;000; 0:06; 240/ D
716:43. Furthermore, at these values, we have

@f

@P
D 0:0071;

@f

@r
D 5769;

@f

@N
D �1:5467

Estimate:

(a) The change in monthly payment per $1000 increase in loan principal.

(b) The change in monthly payment if the interest rate increases tor D 6:5% andr D 7%.

(c) The change in monthly payment if the length of the loan increases to 24 years.

SOLUTION

(a) The linear approximation tof .P; r;N / is

�f � @f

@P
P C @f

@r
�r C @f

@N
�N

We are given that@f
@P

D 0:0071, @f
@r

D 5769, @f
@N

D �1:5467, and�P D 1000. Assuming thatr D 0 and�N D 0, we get

�f � 0:0071 � 1000 D 7:1

The change in monthly payment per thousand dollar increase in loan principal is $7.1.
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(b) By the given data, we have

�f � 0:0071�P C 5769r � 1:5467�N (1)

The interest rate 6.5% corresponds tor D 0:065, and the interest rate 7% corresponds tor D 0:07. In the first caser D 0:065 �
0:06 D 0:005 and in the second caser D 0:07 � 0:06 D 0:01. Substituting in (1), assuming that�P D 0 and�N D 0, gives

�f D 5769 � 0:005 D $28:845

f D 5769 � 0:01 D $57:69

(c) We substitute�N D .24 � 20/ � 12 D 48 months and�r D �N D 0 in (1) to obtain

�f � �1:5467 � 48 D �74:2416

The monthly payment will be reduced by $74.2416.

38. Automobile traffic passes a pointP on a road of widthw ft at an average rate ofR vehicles per second. Although the arrival
of automobiles is irregular, traffic engineers have found that the average waiting timeT until there is a gap in traffic of at leastt
seconds is approximatelyT D teRt seconds. A pedestrian walking at a speed of3:5 ft/s (5.1 mph) requirest D w=3:5 s to cross
the road. Therefore, the average time the pedestrian will have to wait before crossing isf .w;R/ D .w=3:5/ewR=3:5 s.

(a) What is the pedestrian’s average waiting time ifw D 25 ft andR D 0:2 vehicle per second?
(b) Use the linear approximation to estimate the increase in waiting time ifw is increased to 27 ft.
(c) Estimate the waiting time if the width is increased to 27 ft andR decreases to 0.18.
(d) What is the rate of increase in waiting time per 1-ft increase in width whenw D 30 ft andR D 0:3 vehicle per second?

SOLUTION

(a) We are given that the average time the pedestrian will have to wait for at-second gap in traffic is

f .w;R/ D w

3:5
ewR=3:5

Substituting the valuesw D 25 andR D 0:2, we obtain

f .25; 0:2/ D 25

3:5
e.25�0:2/=3:5 � 29:8 seconds

(b) The linear approximation at.w;R/ D .25; 0:2/ is,

�f � fw.25; 0:2/�w C fr .25; 0:2/�R (1)

We compute the partial derivatives. Using the Product Rule and the Chain Rule we have

fw.w;R/ D 1

3:5

�
ewR=3:5 C wewR=3:5 � R

3:5

�
D ewR=3:5

3:5

�
1C wR

3:5

�

By the Chain Rule we get

fR.w;R/ D w

3:5
ewR=3:5 � w

3:5
D
� w
3:5

�2
ewR=3:5

At the point.25; 0:2/ we have

fw.25; 0:2/ � 2:9I fR.25; 0:2/ � 212:9 (2)

Substituting these derivatives,�w D 27 � 25 D 2, and�r D 0 in (1) we get

�f D 2:9 � 2 D 5:8

An increase of 2 ft inw causes an increase of 5.8 seconds in waiting time.
(c) We substitute the derivatives in (2) with�w D 2 and�r D 0:18 � 0:2 D �0:02 in the linear approximation (1) to obtain

�f � 2:9 � 2 � 212:9 � 0:02 � 1:54

That is, the waiting time is increased by approximately 1.54 seconds. Using part (a), the estimated waiting time is

f .25; 0:2/C 1:54 � 29:8C 1:54 D 31:34 seconds

(d) The rate of increase in waiting time per one foot increase in width, whenw D 30 andR D 0:3, is @f
@w
.30; 0:3/. Using the

derivative obtained in part (b) we have

@f

@w
.30; 0:3/ D e9=3:5

3:5

�
1C 9

3:5

�
� 13:35
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39. The volumeV of a right-circular cylinder is computed using the values 3.5 m for diameter and 6.2 m for height. Use the
linear approximation to estimate the maximum error inV if each of these values has a possible error of at most 5%. Recall that
V D �r2h.

SOLUTION We denote byd andh the diameter and height of the cylinder, respectively. By the Formula for the Volume of a
Cylinder we have

V D �

�
d

2

�2
h D �

4
d2h

The linear approximation is

�V � @V

@d
�d C @V

@h
�h (1)

We compute the partial derivatives at.d; h/ D .3:5; 6:2/:

@V

@d
.d; h/ D �

4
h � 2d D �

2
hd

@V

@h
.d; h/ D �

4
d2

)

@V

@d
.3:5; 6:2/ � 34:086

@V

@h
.3:5; 6:2/ D 9:621

Substituting these derivatives in (1) gives

�V � 34:086�d C 9:621�h (2)

We are given that the errors in the measurements ofd andh are at most 5%. Hence,

�d

3:5
D 0:05 ) �d D 0:175

�h

6:2
D 0:05 ) �h D 0:31

Substituting in (2) we obtain

�V � 34:086 � 0:175C 9:621 � 0:31 � 8:948

The error inV is approximately 8.948 meters. The percentage error is at most

�V � 100
V

D 8:948 � 100
�
4 � 3:52 � 6:2

D 15%

Further Insights and Challenges

40. Show that iff .x; y/ is differentiable at.a; b/, then the function of one variablef .x; b/ is differentiable atx D a. Use this to
prove thatf .x; y/ D

p
x2 C y2 isnot differentiable at.0; 0/.

SOLUTION If f .x; y/ is differentiable at.a; b/, then the partial derivativesfx andfy both exist at.a; b/, which means that (in

particular) d
dx
f .x; b/ exists atx D a, which means thatf .x; b/ is differentiable atx D a. In our case, for.a; b/ D .0; 0/ and

f .x; y/ D
p
x2 C y2, thenf .x; b/ D f .x; 0/ D

p
x2 C 02 D

p
x2 D jxj, which is not differentiable atx D 0. Hence the

original two-variable functionf .x; y/ D
p
x2 C y2 isnot differentiable at.0; 0/.

41. This exercise shows directly (without using Theorem 1) that the functionf .x; y/ D 5xC 4y2 from Example 1 is locally linear
at .a; b/ D .2; 1/.

(a) Show thatf .x; y/ D L.x; y/C e.x; y/ with e.x; y/ D 4.y � 1/2.

(b) Show that

0 � e.x; y/p
.x � 2/2 C .y � 1/2

� 4jy � 1j

(c) Verify thatf .x; y/ is locally linear.

SOLUTION According to Example 1,

L.x; y/ D �4C 5x C 8y
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(a) We compute the difference:

f .x; y/ � L.x; y/ D .5x C 4y2/� .�4C 5x C 8y/

D 4y2 � 8y C 4 D 4.y � 1/2

Therefore,f .x; y/ D L.x; y/C 4.y � 1/2.

(b) For .x; y/ ¤ .2; 1/, we consider

e.x; y/p
.x � 2/2 C .y � 1/2

D 4.y � 1/2p
.x � 2/2 C .y � 1/2

The following inequality holds

4.y � 1/2p
.x � 2/2 C .y � 1/2

� 4.y � 1/2p
.y � 1/2

D 4jy � 1j

because we have made the denominator smaller.

(c) We have

f .x; y/ D L.x; y/C e.x; y/

where

0 � e.x; y/p
.x � 2/2 C .y � 1/2

� 4jy � 1j

We have lim
.x;y/!.2;1/

4jy � 1j D 0, and therefore

lim
.x;y/!.2;1/

e.x; y/ D 0

by the Squeeze Theorem. This proves thatf .x; y/ is locally linear at.2; 1/.

42. Show directly, as in Exercise 41, thatf .x; y/ D xy2 is differentiable at.0; 2/.

SOLUTION

(a) Firstly, we need to findL.x; y/. We know from the text that

L.x; y/ D f .0; 2/C fx.0; 2/.x � 0/C fy.0; 2/.y � 2/

Computing with the function and the partial derivatives we see

f .x; y/ D xy2 ) f .0; 2/ D 0

fx.x; y/ D y2 ) fx.0; 2/ D 4

fy.x; y/ D 2xy ) fy.0; 2/ D 0

Therefore we have

L.x; y/ D 0C 4.x � 0/C 0.y � 2/ D 4x

Hence, using the methods from the previous exercise we have

e.x; y/ D f .x; y/� L.x; y/ D xy2 � 4x D x.y2 � 4/

and

f .x; y/ D L.x; y/C x.y2 � 4/

(b) For .x; y/ ¤ .0; 2/, consider

x.y2 � 4/p
x2 C .y � 2/2

The following inequality holds for allx values:

x.y2 � 4/p
x2 C .y � 2/2

� jxj.y2 � 4/p
x2 C .y � 2/2

� jxj.y2 � 4/p
x2

D jxj.y2 � 4/

jxj D y2 � 4
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(c) Then we have

f .x; y/ D L.x; y/C e.x; y/

where

0 � e.x; y/p
x2 C .y � 2/2

� y2 � 4

and easily we know lim.x;y/!.0;2/.y
2 � 4/ D 0, and therefore

lim
.x;y/!.0;2/

e.x; y/p
x2 C .y � 2/2

D 0

by the Squeeze Theorem. Therefore lim.x;y/!.0;0/ e.x; y/ D 0 as well. This proves thatf .x; y/ is locally linear at the point.0; 2/,
and therefore, differentiable at.0; 2/.

43. Differentiability Implies Continuity Use the definition of differentiability to prove that iff is differentiable at.a; b/, thenf
is continuous at.a; b/.

SOLUTION Suppose thatf is differentiable at.a; b/, then we knowf is locally linear at.a; b/, that is

f .x; y/ D L.x; y/C e.x; y/

wheree.x; y/ satisfies

lim
.x;y/!.a;b/

e.x; y/p
.x � a/2 C .y � b/2

D lim
.x;y/!.a;b/

E.x; y/ D 0

and

L.x; y/ D f .a; b/C fx.a; b/.x � a/C fy.a; b/.y � b/

We would like to show lim.x;y/!.a;b/ f .x; y/ D f .a; b/, thenf would be continuous at.a; b/. Consider the following computa-
tion:

lim
.x;y/!.a;b/

f .x; y/ D lim
.x;y/!.a;b/

L.x; y/C e.x; y/

D lim
.x;y/!.a;b/

L.x; y/CE.x; y/

q
.x � a/2 C .y � b/2

D lim
.x;y/!.a;b/

f .a; b/C fx.a; b/.x � a/C fy.a; b/.y � b/CE.x; y/

q
.x � a/2 C .y � b/2

D f .a; b/C 0C 0C 0 D f .a; b/

Therefore we have shown that iff is differentiable at.a; b/ thenf is continuous at.a; b/.

44. Let f .x/ be a function of one variable defined nearx D a. Given a numberM , set

L.x/ D f .a/CM.x � a/; e.x/ D f .x/�L.x/

Thusf .x/ D L.x/C e.x/. We say thatf is locally linear atx D a if M can be chosen so that lim
x!a

e.x/

jx � aj D 0.

(a) Show that iff .x/ is differentiable atx D a, thenf .x/ is locally linear withM D f 0.a/.
(b) Show conversely that iff is locally linear atx D a, thenf .x/ is differentiable andM D f 0.a/.

SOLUTION

(a) Suppose thatf is differentiable atx D a. From single-variable calculus we also know thatf is continuous and that

lim
x!a

f .x/� f .a/

x � a
D f 0.a/

Then also, using methods of linear approximation from single variable calculus, we can write

L.x/ D f .a/C f 0.a/.x � a/ with M D f 0.a/

Now to fulfill local linearity we need to show limx!a
e.x/

jx�aj D 0. Let us note here that limx!a
e.x/

jx�aj D 0 if and only if

limx!a
e.x/
x�a D 0. It will be enough to show, limx!a

e.x/
x�a D 0.

Consider the following:

lim
x!a

e.x/

x � a
D lim
x!a

f .x/� L.x/

x � a
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D lim
x!a

f .x/� f .a/� f 0.a/.x � a/

x � a

D lim
x!a

f .x/� f .a/

x � a
� lim
x!a

f 0.a/.x � a/

x � a

D lim
x!a

f .x/� f .a/

x � a
� lim
x!a

f 0.a/

D f 0.a/ � f 0.a/ D 0

Therefore,f is locally linear atx D a.

(b) Now suppose thatf is locally linear atx D a. By definition

f .x/ D f .a/CM.x � a/C e.x/

Therefore,

f .x/� f .a/
x � a D M C e.x/

x � a

If f .x/ is locally linear, then (by definition),e.x/x�a tends to zero and thus the difference quotient forf .x/ approachesM . Therefore,
f 0.a/ exists and equalsM .

45. Assumptions Matter Defineg.x; y/ D 2xy.x C y/=.x2 C y2/ for .x; y/ ¤ 0 andg.0; 0/ D 0. In this exercise, we show
thatg.x; y/ is continuous at.0; 0/ and thatgx.0; 0/ andgy.0; 0/ exist, butg.x; y/ is not differentiable at.0; 0/.

(a) Show using polar coordinates thatg.x; y/ is continuous at.0; 0/.

(b) Use the limit definitions to show thatgx.0; 0/ andgy.0; 0/ exist and that both are equal to zero.

(c) Show that the linearization ofg.x; y/ at .0; 0/ isL.x; y/ D 0.

(d) Show that ifg.x; y/ were locally linear at.0; 0/, we would have lim
h!0

g.h; h/

h
D 0. Then observe that this is not the case

becauseg.h; h/ D 2h. This shows thatg.x; y/ is not locally linear at.0; 0/ and, hence, not differentiable at.0; 0/.

SOLUTION

(a) We would like to show lim.x;y/!.0;0/ g.x; y/ D g.0; 0/. Consider the following, using polar coordinates,x D r cos� and
y D r sin� :

lim
.x;y/!.0;0/

2xy.x C y/

x2 C y2
D lim
.r;�/!.0;0/

2r2 cos� sin�.r cos� C r sin�/

r2 cos2 � C r2 sin2 �

D lim
.r;�/!.0;0/

2r3 cos� sin�.cos� C sin�/

r2

D lim
.r;�/!.0;0/

2r cos� sin�.cos� C sin�/ D 0 D g.0; 0/

Thereforeg.x; y/ is continuous at.0; 0/.

(b) Taking partial derivatives we have:

gx.x; y/ D 2y2.y � x/2

.x2 C y2/2
; gy.x; y/ D 2x2.x � y/2

.x2 C y2/2

But we need to use limit definitions for the partial derivatives. Consider the following:

gx.0; 0/ D lim
h!0

g.h; 0/� g.0; 0/

h

D lim
h!0

1

h
.0 � 0/ D 0

gy.0; 0/ D lim
h!0

g.0; h/ � g.0; 0/

h

D lim
h!0

1

h
.0 � 0/ D 0

Thus both partial derivatives exist andgx.0; 0/ D 0 andgy.0; 0/ D 0.

(c) We know that the linearization ofg will be:

g.x; y/ � g.0; 0/C gx.0; 0/.x � 0/C gy.0; 0/.y � 0/
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We are given thatg.0; 0/ D 0. In part (b) we knowgx.0; 0/ D 0 andgy.0; 0/ D 0. Substituting in these values in the linearization
we have:

g.x; y/ � 0C 0C 0 D 0

(d) We know ifg were locally linear at.0; 0/, we would have:

lim
h!0

g.h; h/

h
D 0

However, we know:

g.h; h/ D 2h2.2h/

2h2
D 2h;

g.h; h/

h
D 2h

h
D 2

This is a contradiction,g.x; y/ is not locally linear at.0; 0/ and hence, is not differentiable at.0; 0/.

12.5 The Gradient and Directional Derivatives

Preliminary Questions
1. Which of the following is a possible value of the gradientrf of a functionf .x; y/ of two variables?

(a) 5 (b) h3; 4i (c) h3; 4; 5i

SOLUTION The gradient off .x; y/ is a vector with two components, hence the possible value of the gradientrf D
D
@f
@x
;
@f
@y

E
is

(b).

2. True or false? A differentiable function increases at the ratekrfP k in the direction ofrfP .

SOLUTION The statement is true. The valuekrfP k is the rate of increase off in the directionrfP .

3. Describe the two main geometric properties of the gradientrf .

SOLUTION The gradient off points in the direction of maximum rate of increase off and is normal to the level curve (or
surface) off .

4. You are standing at a point where the temperature gradient vector is pointing in the northeast (NE) direction. In which direc-
tion(s) should you walk to avoid a change in temperature?

(a) NE (b) NW (c) SE (d) SW

SOLUTION The rate of change of the temperatureT at a pointP in the direction of a unit vectoru, is the directional derivative
DuT .P /, which is given by the formula

DuT .P / D krfP k cos�

To avoid a change in temperature, we must choose the directionu so thatDuT .P / D 0, that is, cos� D 0, so� D �
2 or � D 3�

2 .
Since the gradient atP is pointing NE, we should walk NW or SE to avoid a change in temperature. Thus, the answer is (b) and (c).

EW

N

S

P

SE

NW NE

∇T(P)

5. What is the rate of change off .x; y/ at .0; 0/ in the direction making an angle of45ı with thex-axis if rf .0; 0/ D h2; 4i?
SOLUTION By the formula for directional derivatives, and using the unit vector

˝
1=

p
2; 1=

p
2
˛
, we geth2; 4i �

˝
1=

p
2; 1=

p
2
˛

D
6=

p
2 D 3

p
2:
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Exercises
1. Let f .x; y/ D xy2 andc.t/ D

�
1
2 t
2; t3

�
.

(a) Calculaterf andc0.t/.

(b) Use the Chain Rule for Paths to evaluate
d

dt
f .c.t// at t D 1 andt D �1.

SOLUTION

(a) We compute the partial derivatives off .x; y/ D xy2:

@f

@x
D y2;

@f

@y
D 2xy

The gradient vector is thus

rf D
D
y2; 2xy

E
:

Also,

c0.t/ D
��
1

2
t2
�0
;
�
t3
�0�

D
D
t; 3t2

E

(b) Using the Chain Rule gives

d

dt
f .c.t// D d

dt

�
1

2
t2 � t6

�
D d

dt

�
1

2
t8
�

D 4t7

Substitutingx D 1
2 t
2 andy D t3, we obtain

d

dt
f .c.t// D t6 � t C 2 � 1

2
t2 � 3 � t3 � t2 D 4t7

At the pointt D 1 andt D �1, we get

d

dt
.f .c.t///

ˇ̌
ˇ̌
tD1

D 4 � 17 D 4;
d

dt
.f .c.t///

ˇ̌
ˇ̌
tD�1

D 4 � .�1/7 D �4:

2. Let f .x; y/ D exy andc.t/ D .t3; 1C t/.

(a) Calculaterf andc0.t/.

(b) Use the Chain Rule for Paths to calculate
d

dt
f .c.t//.

(c) Write out the compositef .c.t// as a function oft and differentiate. Check that the result agrees with part (b).

SOLUTION

(a) We first find the partial derivatives off .x; y/ D exy :

@f

@x
D yexy ;

@f

@y
D xexy :

The gradient vector is thus

rf D
�
@f

@x
;
@f

@y

�
D
˝
yexy ; xexy

˛

Differentiatingc.t/ D .t3; 1C t/ componentwise, we obtain

c0.t/ D
�
.t3/

0
; .1C t/0

�
D .3t2; 1/

(b) We find d
dt
f .c.t// using the Chain Rule and the results of part (a). This gives

d

dt
f .c.t// D @f

@x

dx

dt
C @f

@y

dy

dt
D .yexy/ � 3t2 C .xexy/ � 1

To write the answer in terms oft only, we substitutex D t3 andy D 1C t . This gives

d

dt
f .c.t// D .1C t/et

3Ct4 � 3t2 C .t3/et
3Ct4 D .3t2 C 4t3/et

3Ct4
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(c) We substitutex D t3, y D 1C t in f .x; y/ D exy to obtain the composite functionf .c.t//:

f .c.t// D et
3Ct4

We now differentiate the composite function to obtain

d

dt
f .c.t// D d

dt

�
et

3Ct4� D .3t2 C 4t3/et
3Ct4

This result agrees with the result obtained in part (a).

3. Figure 1 shows the level curves of a functionf .x; y/ and a pathc.t/, traversed in the direction indicated. State whether the

derivative
d

dt
f .c.t// is positive, negative, or zero at pointsA–D.

y

x

−4

0

4

8

−4 840

A 10

−10

−20

20
30

B
C

DD

0

FIGURE 1

SOLUTION At pointsA andD, the path is (temporarily) tangent to one of the contour lines, which means that along the pathc.t/

the functionf .x; y/ is (temporarily) constant, and so the derivatived
dt
f .c.t// is zero. At pointB, the path is moving from a higher

contour (of�10) to a lower one (of�20), so the derivative is negative. At the pointC , where the path moves from the contour of
�10 towards the contour of value 0, the derivative is positive.

4. Let f .x; y/ D x2 C y2 andc.t/ D .cost; sint/.

(a) Find
d

dt
f .c.t// without making any calculations. Explain.

(b) Verify your answer to (a) using the Chain Rule.

SOLUTION

(a) The level curves off .x; y/ are the circlesx2 C y2 D c2. Sincec.t/ is a parametrization of the unit circle,f has constant
value 1 onc. That is,f .c.t// D 1, which implies thatd

dt
f .c.t// D 0.

(b) We now find d
dt
f .c.t// using the Chain Rule:

d

dt
f .c.t// D @f

@x

dx

dt
C @f

@y

dy

dt
(1)

We compute the derivatives involved in (1):

@f

@x
D @

@x

�
x2 C y2

�
D 2x;

@f

@y
D @

@y

�
x2 C y2

�
D 2y

dx

dt
D d

dt
.cost/ D � sint;

dy

dt
D d

dt
.sin t/ D cost

Substituting the derivatives in (1) gives

d

dt
f .c.t// D 2x.� sint/C 2y cost

Finally, we substitutex D cost andy D sint to obtain

d

dt
f .c.t// D �2 cost sint C 2 sint cost D 0:
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In Exercises 5–8, calculate the gradient.

5. f .x; y/ D cos.x2 C y/

SOLUTION We find the partial derivatives using the Chain Rule:

@f

@x
D � sin

�
x2 C y

� @

@x

�
x2 C y

�
D �2x sin

�
x2 C y

�

@f

@y
D � sin

�
x2 C y

� @

@y

�
x2 C y

�
D � sin

�
x2 C y

�

The gradient vector is thus

rf D
�
@f

@x
;
@f

@y

�
D
D
�2x sin

�
x2 C y

�
;� sin

�
x2 C y

�E
D � sin

�
x2 C y

�
h2x; 1i

6. g.x; y/ D x

x2 C y2

SOLUTION We compute the partial derivatives. We first find@g
@x

using the Quotient Rule:

@g

@x
D
1 �
�
x2 C y2

�
� x � 2x

�
x2 C y2

�2 D y2 � x2
�
x2 C y2

�2

We compute@g
@y

using the Chain Rule:

@g

@y
D x

@

@y

1

x2 C y2
D x � �1

�
x2 C y2

�2 � 2y D �2xy
�
x2 C y2

�2

The gradient vector is thus

rg D
�
@g

@x
;
@g

@y

�
D
*
y2 � x2

�
x2 C y2

�2 ;
�2xy

�
x2 C y2

�2

+
D 1
�
x2 C y2

�2
D
y2 � x2;�2xy

E
:

7. h.x; y; z/ D xyz�3

SOLUTION We compute the partial derivatives ofh.x; y; z/ D xyz�3, obtaining

@h

@x
D yz�3;

@h

@y
D xz�3;

@h

@z
D xy �

�
�3z�4

�
D �3xyz�4

The gradient vector is thus

rh D
�
@h

@x
;
@h

@y
;
@h

@z

�
D
D
yz�3; xz�3;�3xyz�4

E
:

8. r.x; y; z;w/ D xzeyw

SOLUTION We find the partial derivatives ofr.x; y; z;w/ D xzeyw :

@r

@x
D zeyw ;

@r

@y
D xzweyw ;

@r

@z
D xeyw ;

@r

@w
D xzyeyw

The gradient vector is thus

rr D
�
@r

@x
;
@r

@y
;
@r

@z
;
@r

@w

�
D
˝
zeyw ; xzweyw ; xeyw ; xzyeyw

˛
D eyw hz; xzw; x; xzyi

In Exercises 9–20, use the Chain Rule to calculate
d

dt
f .c.t//.

9. f .x; y/ D 3x � 7y, c.t/ D .cost; sint/, t D 0

SOLUTION By the Chain Rule for paths, we have

d

dt
f .c.t// D rf c.t/ � c0.t/ (1)

We compute the gradient and the derivativec0.t/:

rf D
�
@f

@x
;
@f

@y

�
D h3;�7i ; c0.t/ D h� sint; costi
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We determine these vectors att D 0:

c0.0/ D h� sin0; cos0i D h0; 1i

and since the gradient is a constant vector, we have

rf c.0/ D rf.1;0/ D h3;�7i

Substituting these vectors in (1) gives

d

dt
f .c.t//

ˇ̌
ˇ̌
tD0

D h3;�7i � h0; 1i D 0 � 7 D �7

10. f .x; y/ D 3x � 7y, c.t/ D .t2; t3/, t D 2

SOLUTION We first compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D h3;�7i ; c0.t/ D

�
2t; 3t2

�

At the pointt D 2 we have

rf c.2/ D h3;�7i ; c0.2/ D h4; 12i

We now use the Chain Rule for paths to compute the following derivative:

d

dt
f .c.t//

ˇ̌
ˇ̌
tD2

D rf c.2/ � c0.2/ D h3;�7i � h4; 12i D �72

11. f .x; y/ D x2 � 3xy, c.t/ D .cost; sint/, t D 0

SOLUTION By the Chain Rule For Paths we have

d

dt
f .c.t// D rf c.t/ � c0.t/ (1)

We compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D h2x � 3y;�3xi

c0.t/ D h� sint; costi

At the pointt D 0 we have

c.0/ D .cos0; sin0/ D .1; 0/

c0.0/ D h� sin0; cos0i D h0; 1i

rf
ˇ̌
ˇ̌
c.0/

D rf.1;0/ D h2 � 1 � 3 � 0;�3 � 1i D h2;�3i

Substituting in (1) we obtain

d

dt
f .c.t//

ˇ̌
ˇ̌
tD0

D h2;�3i � h0; 1i D �3

12. f .x; y/ D x2 � 3xy, c.t/ D .cost; sint/, t D �
2

SOLUTION In the previous exercise we found that

rf D h2x � 3y;�3xi ; c0.t/ D h� sint; costi

At the pointt D �
2 we have

c
��
2

�
D
�
cos

�

2
; sin

�

2

�
D .0; 1/

c0
��
2

�
D
D
� sin

�

2
; cos

�

2

E
D h�1; 0i

rfc.�
2 /

D rf.0;1/ D h2 � 0 � 3 � 1;�3 � 0i D h�3; 0i

We now use the Chain Rule for Paths to obtain

d

dt
f .c.t//

ˇ̌
ˇ̌
tD �

2

D rfc.�
2 /

� c0
��
2

�
D h�3; 0i � h�1; 0i D 3C 0 D 3
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13. f .x; y/ D sin.xy/, c.t/ D .e2t ; e3t /, t D 0

SOLUTION By the Chain Rule for Paths we have

d

dt
f .c.t// D rf c.t/ � c0.t/ (1)

We compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D hy cos.xy/; x cos.xy/i

c0.t/ D
D
2e2t ; 3e3t

E

At the pointt D 0 we have

c.0/ D
�
e0; e0

�
D .1; 1/

c0.0/ D
D
2e0; 3e0

E
D h2; 3i

rfc.0/ D rf.1;1/ D hcos1; cos1i

Substituting the vectors in (1) we get

d

dt
f .c.t//

ˇ̌
ˇ̌
tD0

D hcos1; cos1i � h2; 3i D 5 cos1

14. f .x; y/ D cos.y � x/, c.t/ D .et ; e2t /, t D ln 3

SOLUTION By the Chain Rule for Paths we have

d

dt
f .c.t// D rf c.t/ � c0.t/ (1)

We compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D hsin.y � x/;� sin.y � x/i

c0.t/ D
D
et ; 2e2t

E

At the pointt D ln 3 we have

c.ln 3/ D
�
eln3; e2 ln3

�
D
�
3; 32

�
D .3; 9/

c0.ln 3/ D
D
eln3; 2e2 ln3

E
D
D
3; 2 � 32

E
D h3; 18i

rfc.ln3/ D rf.3;9/ D hsin.9 � 3/;� sin.9� 3/i � h�0:2794; 0:2794i

Substituting the vectors in (1) we obtain

d

dt
f .c.t//

ˇ̌
ˇ̌
tDln3

D h�0:2794; 0:2794i � h3; 18i D 4:191

15. f .x; y/ D x � xy, c.t/ D .t2; t2 � 4t/, t D 4

SOLUTION We compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D h1 � y;�xi

c0.t/ D .2t; 2t � 4/

At the pointt D 4 we have

c.4/ D
�
42; 42 � 4 � 4

�
D .16; 0/

c0.4/ D h2 � 4; 2 � 4 � 4i D h8; 4i

rfc.4/ D rf.16;0/ D h1 � 0;�16i D h1;�16i

We now use the Chain Rule for Paths to compute the following derivative:

d

dt
f .c.t//

ˇ̌
ˇ̌
tD4

D rfc.4/ � c0.4/ D h1;�16i � h8; 4i D 8 � 64 D �56
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16. f .x; y/ D xey , c.t/ D .t2; t2 � 4t/, t D 0

SOLUTION We compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D
˝
ey ; xey

˛
D ey h1; xi

c0.t/ D h2t; 2t � 4i

At the pointt D 0 we have

c.0/ D .0; 0/

c0.0/ D h0;�4i

rfc.0/ D rf.0;0/ D e0 h1; 0i D h1; 0i

Using the Chain Rule for Paths we obtain the following derivative:

d

dt
f .c.t//

ˇ̌
ˇ̌
tD0

D rfc.0/ � c0.0/ D h1; 0i � h0;�4i D 0

17. f .x; y/ D ln x C ln y, c.t/ D .cost; t2/, t D �
4

SOLUTION We compute the gradient andc0.t/:

rf D
�
@f

@x
;
@f

@y

�
D
�
1

x
;
1

y

�

c0.t/ D h� sint; 2ti

At the pointt D �
4 we have

c
��
4

�
D
�

cos
�

4
;
��
4

�2�
D
 p

2

2
;
�2

16

!

c0
��
4

�
D
�
� sin

�

4
;
2�

4

�
D
*
�

p
2

2
;
�

2

+

rfc.�
4 /

D rf�p
2

2
;�2

16

� D
�p
2;
16

�2

�

Using the Chain Rule for Paths we obtain the following derivative:

d

dt
f .c.t//

ˇ̌
ˇ̌
tD �

4

D rfc.�
4 /

� c0
��
4

�
D
�p
2;
16

�2

�
�
*
�

p
2

2
;
�

2

+
D �1C 8

�
� 1:546

18. g.x; y; z/ D xyez , c.t/ D .t2; t3; t � 1/, t D 1

SOLUTION We compute the gradient andc0.t/:

rg D
�
@g

@x
;
@g

@y
;
@g

@z

�
D
˝
yez ; xez; xyez

˛
D ez hy; x; xyi

c0.t/ D
D
2t; 3t2; 1

E

At the pointt D 1 we have

c.1/ D .1; 1; 0/

c0.1/ D h2; 3; 1i

rgc.1/ D rg.1;1;0/ D e0 h1; 1; 1i D h1; 1; 1i

Using the Chain Rule for Paths we obtain the following derivative:

d

dt
g .c.t//

ˇ̌
ˇ̌
tD1

D rgc.1/ � c0.1/ D h1; 1; 1i � h2; 3; 1i D 2C 3C 1 D 6

19. g.x; y; z/ D xyz�1, c.t/ D .et ; t; t2/, t D 1



S E C T I O N 12.5 The Gradient and Directional Derivatives 1583

SOLUTION By the Chain Rule for Paths we have

d

dt
g .c.t// D rgc.t/ � c0.t/ (1)

We compute the gradient andc0.t/:

rg D
�
@g

@x
;
@g

@y
;
@g

@z

�
D
D
yz�1; xz�1;�xyz�2

E

c0.t/ D
˝
et ; 1; 2t

˛

At the pointt D 1 we have

c.1/ D .e; 1; 1/

c0.1/ D he; 1; 2i

rgc.1/ D rg.e;1;1/ D h1; e;�ei

Substituting the vectors in (1) gives the following derivative:

d

dt
g .c.t//

ˇ̌
ˇ̌
tD1

D h1; e;�ei � he; 1; 2i D e C e � 2e D 0

20. g.x; y; z;w/ D x C 2y C 3z C 5w, c.t/ D .t2; t3; t; t�2/, t D 1

SOLUTION We compute the gradient andc0.t/:

rg D
�
@g

@x
;
@g

@y
;
@g

@z
;
@g

@w

�
D h1; 2; 3; 5i

c0.t/ D
D
2t; 3t2; 1; 1

E

At the pointt D 1 we have (notice that the gradient is a constant vector)

rgc.1/ D h1; 2; 3; 5i

c0.1/ D h2; 3; 1; 1i

We now use the Chain Rule for Paths to obtain the following derivative:

d

dt
g .c.t//

ˇ̌
ˇ̌
tD1

D rgc.1/ � c0.1/ D h1; 2; 3; 5i � h2; 3; 1; 1i D 2C 6C 3C 5 D 16

In Exercises 21–30, calculate the directional derivative in the direction ofv at the given point. Remember to normalize the direction
vector or use Eq. (4).

21. f .x; y/ D x2 C y3, v D h4; 3i, P D .1; 2/

SOLUTION We first normalize the direction vectorv:

u D v
kvk D h4; 3ip

42 C 32
D
�
4

5
;
3

5

�

We compute the gradient off .x; y/ D x2 C y3 at the given point:

rf D
�
@f

@x
;
@f

@y

�
D
D
2x; 3y2

E
) rf.1;2/ D h2; 12i

Using the Theorem on Evaluating Directional Derivatives, we get

Duf .1; 2/ D rf.1;2/ � u D h2; 12i �
�
4

5
;
3

5

�
D 8

5
C 36

5
D 44

5
D 8:8

22. f .x; y/ D x2y3, v D i C j , P D .�2; 1/
SOLUTION We normalizev to obtain a unit vectoru in the direction ofv:

u D v
kvk D 1p

2
.i C j / D 1p

2
i C 1p

2
j
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We compute the gradient off .x; y/ D x2y3 at the pointP :

rf D
�
@f

@x
;
@f

@y

�
D
D
2xy3; 3x2y2

E
) rf .�2;1/ D h�4; 12i D �4i C 12j

The directional derivative in the direction ofv is therefore

Duf .�2; 1/ D rf.�2;1/ � u D .�4i C 12j / �
�
1p
2

i C 1p
2

j
�

D � 4p
2

C 12p
2

D 8p
2

D 4
p
2

23. f .x; y/ D x2y3, v D i C j , P D
�
1
6 ; 3

�

SOLUTION We normalizev to obtain a unit vectoru in the direction ofv:

u D v
kvk D 1p

2
.i C j / D 1p

2
i C 1p

2
j

We compute the gradient off .x; y/ D x2y3 at the pointP :

rf D
�
@f

@x
;
@f

@y

�
D
D
2xy3; 3x2y2

E
) rf � 1

6
;3
� D

�
2 � 1
6

� 33; 3 � 1
62

� 32
�

D
�
9;
3

4

�
D 9i C 3

4
j

The directional derivative in the directionv is thus

Duf

�
1

6
; 3

�
D rf� 1

6 ;3
� � u D

�
9i C 3

4
j
�

�
�
1p
2

i C 1p
2

j
�

D 9p
2

C 3

4
p
2

D 39

4
p
2

24. f .x; y/ D sin.x � y/, v D h1; 1i, P D
�
�
2 ;

�
6

�

SOLUTION We normalizev to obtain a unit vectoru in the directionv:

u D v
kvk D 1p

2
h1; 1i

We compute the gradient off .x; y/ D sin.x � y/ at the pointP :

rf D
�
@f

@x
;
@f

@y

�
D hcos.x � y/;� cos.x � y/i ) rf.�

2 ;
�
6 /

D
D
cos

�

3
;� cos

�

3

E
D
�
1

2
;�1
2

�

The directional derivative in the directionv is thus

Duf .P / D rf.�
2
;�

6 /
� u D

�
1

2
;�1
2

�
� 1p

2
h1; 1i D 0

25. f .x; y/ D tan�1.xy/, v D h1; 1i, P D .3; 4/

SOLUTION We first normalizev to obtain a unit vectoru in the directionv:

u D v
kvk D 1p

2
h1; 1i

We compute the gradient off .x; y/ D tan�1.xy/ at the pointP D .3; 4/:

rf D
�
@f

@x
;
@f

@y

�
D
�

y

1C .xy/2
;

x

1C .xy/2

�
D 1

1C x2y2
hy; xi

rf.3;4/ D 1

1C 32 � 42 h4; 3i D 1

145
h4; 3i

Therefore, the directional derivative in the directionv is

Duf .3; 4/ D rf.3;4/ � u D 1

145
h4; 3i � 1p

2
h1; 1i D 1

145
p
2
.4C 3/ D 7

145
p
2

D 7
p
2

290

26. f .x; y/ D exy�y2
, v D h12;�5i, P D .2; 2/

SOLUTION We first normalizev to obtain a unit vectoru in the directionv:

u D v
kvk D h12;�5iq

122 C .�5/2
D 1

13
h12;�5i

We compute the gradient off .x; y/ D exy�y2
at the pointP D .2; 2/:

rf D
�
@f

@x
;
@f

@y

�
D
D
yexy�y2

; .x � 2y/exy�y2
E

D exy�y2 hy; x � 2yi
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rf.2;2/ D e0 h2;�2i D h2;�2i

Therefore, the directional derivative in the directionv is thus

Duf .2; 2/ D rf.2;2/ � u D h2;�2i � 1
13

h12;�5i D 34

13

27. f .x; y/ D ln.x2 C y2/, v D 3i � 2j , P D .1; 0/

SOLUTION We normalizev to obtain a unit vectoru in the directionv:

u D v
kvk D 1q

32 C .�2/2
.3i � 2j / D 1p

13
.3i � 2j /

We compute the gradient off .x; y/ D ln
�
x2 C y2

�
at the pointP D .1; 0/:

rf D
�
@f

@x
;
@f

@y

�
D
�

2x

x2 C y2
;

2y

x2 C y2

�
D 2

x2 C y2
hx; yi

rf.1;0/ D 2

12 C 02
h1; 0i D h2; 0i D 2i

The directional derivative in the directionv is thus

Duf .1; 0/ D rf.1;0/ � u D 2i � 1p
13
.3i � 2j / D 6p

13

28. g.x; y; z/ D z2 � xy2, v D h�1; 2; 2i, P D .2; 1; 3/

SOLUTION We normalizev to obtain a unit vectoru in the directionv:

u D v
kvk D h�1; 2; 2iq

.�1/2 C 22 C 22
D 1

3
h�1; 2; 2i

We compute the gradient off .x; y; z/ D z2 � xy2 at the pointP D .2; 1; 3/:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
�y2;�2xy; 2z

E
) rf.2;1;3/ D h�1;�4; 6i

The directional derivative in the directionv is thus

Duf .2; 1; 3/ D rf.2;1;3/ � u D h�1;�4; 6i � 1
3

h�1; 2; 2i D 1

3
.1 � 8C 12/ D 5

3

29. g.x; y; z/ D xe�yz , v D h1; 1; 1i, P D .1; 2; 0/

SOLUTION We first compute a unit vectoru in the directionv:

u D v
kvk D h1; 1; 1ip

12 C 12 C 12
D 1p

3
h1; 1; 1i

We find the gradient off .x; y; z/ D xe�yz at the pointP D .1; 2; 0/:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
˝
e�yz ;�xze�yz ;�xye�yz ˛ D e�yz h1;�xz;�xyi

rf.1;2;0/ D e0 h1; 0;�2i D h1; 0;�2i

The directional derivative in the directionv is thus

Duf .1; 2; 0/ D rf.1;2;0/ � u D h1; 0;�2i � 1p
3

h1; 1; 1i D 1p
3
.1C 0 � 2/ D � 1p

3

30. g.x; y; z/ D x ln.y C z/, v D 2i � j C k, P D .2; e; e/

SOLUTION We first find a unit vectoru in the directionv:

u D v
kvk D 2i � j C kq

22 C .�1/2 C 12
D 1p

6
.2i � j C k/

We compute the gradient off .x; y; z/ D x ln.y C z/ at the pointP D .2; e; e/:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
�
ln.y C z/;

x

y C z
;

x

y C z

�
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rf.2;e;e/ D
�
ln 2e;

2

2e
;
2

2e

�
D
D
ln2e; e�1; e�1

E
D .ln 2e/i C e�1j C e�1k

The directional derivative in the directionv is thus

Duf .2; e; e/ D rf.2;e;e/ � u D
�
.ln 2e/i C e�1j C e�1k

�
� 1p

6
.2i � j C k/

D 1p
6

�
2 ln.2e/� e�1 C e�1

�
D 2 ln 2ep

6

31. Find the directional derivative off .x; y/ D x2 C 4y2 atP D .3; 2/ in the direction pointing to the origin.

SOLUTION The direction vector isv D
!
POD h�3;�2i. A unit vectoru in the directionv is obtained by normalizingv. That is,

u D v
kvk D h�3;�2ip

32 C 22
D �1p

13
h3; 2i

We compute the gradient off .x; y/ D x2 C 4y2 at the pointP D .3; 2/:

rf D
�
@f

@x
;
@f

@y

�
D h2x; 8yi ) rf.3;2/ D h6; 16i

The directional derivative is thus

Duf .3; 2/ D rf.3;2/ � u D h6; 16i � �1p
13

h3; 2i D �50p
13

32. Find the directional derivative off .x; y; z/ D xy C z3 atP D .3;�2;�1/ in the direction pointing to the origin.

SOLUTION The direction vector isv D ��!
PO D h�3; 2; 1i. We normalizev to obtain a unit vectoru in the directionv:

u D v
kvk D h�3; 2; 1ip

9C 4C 1
D 1p

14
h�3; 2; 1i

We compute the gradient off .x; y; z/ D xy C z3 atP :

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
y; x; 3z2

E
) rf.3;�2;�1/ D h�2; 3; 3i

The directional derivative is thus

Duf.3;�2;�1/ D rf .3;�2;�1/ � u D h�2; 3; 3i � 1p
14

h�3; 2; 1i D 1p
14
.6C 6C 3/ D 15p

14

33. A bug located at.3; 9; 4/ begins walking in a straight line toward.5; 7; 3/. At what rate is the bug’s temperature changing if the
temperature isT .x; y; z/ D xey�z? Units are in meters and degrees Celsius.

SOLUTION The bug is walking in a straight line from the pointP D .3; 9; 4/ towardsQ D .5; 7; 3/, hence the rate of change in

the temperature is the directional derivative in the direction ofv D ��!
PQ. We first normalizev to obtain

v D
!
PQD h5 � 3; 7 � 9; 3 � 4i D h2;�2;�1i

u D v
kvk D h2;�2;�1ip

4C 4C 1
D 1

3
h2;�2;�1i

We compute the gradient ofT .x; y; z/ D xey�z atP D .3; 9; 4/:

rT D
�
@T

@x
;
@T

@y
;
@T

@z

�
D
˝
ey�z ; xey�z ;�xey�z ˛ D ey�z h1; x;�xi

rT.3;9;4/ D e9�4 h1; 3;�3i D e5 h1; 3;�3i

The rate of change of the bug’s temperature at the starting pointP is the directional derivative

Duf .P / D rT .3;9;4/ � u D e5 h1; 3;�3i � 1
3

h2;�2;�1i D �e
5

3
� �49:47

The answer is�49:47 degrees Celsius per meter.

34. The temperature at location.x; y/ is T .x; y/ D 20 C 0:1.x2 � xy/ (degrees Celsius). Beginning at.200; 0/ at timet D 0

(seconds), a bug travels along a circle of radius200 cm centered at the origin, at a speed of3 cm/s. How fast is the temperature
changing at timet D �=3?
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SOLUTION First we should parametrize the circle the bug is walking along as:

r.t/ D h200 cost; 200 sinti; 0 � t � 2�

Then att D �=3 thenx D 100 andy D 100
p
3.

Next we need to calculate the velocity vector att D �=3, using the parametrization for the circle we have

r 0.t/ D h�200 sint; 200 costi ) v D r 0.�=3/ D
D
�100

p
3; 100

E

Now to normalizev we have

u D 1p
30000C 10000

D
�100

p
3; 100

E
D 1

200

D
�100

p
3; 100

E
D
*
�

p
3

2
;
1

2

+

We also need to compute the gradient ofT .x; y/ D 20C 0:1.x2 � xy/ at t D �=3 (or x D 100, y D 100
p
3):

rT D
�
@T

@x
;
@T

@y

�
D h0:2x � 0:1y;�0:1xi

rT
.100;100

p
3/

D
D
0:2.100/ � 0:1.100

p
3/;�0:1.100/

E
D
D
20 � 10

p
3;�10

E

Then the rate of change of the bug’s temperature at the pointt D �=3 is the directional derivative:

Duf .�=3/ D rT
.100;100

p
3/

� u D
D
20 � 10

p
3;�10

E
�
*
�

p
3

2
;
1

2

+
D 10 � 10

p
3 � �7:32

So the temperature is changing at -7.32 degrees Celsius per second.

35. Suppose thatrfP D h2;�4; 4i. Isf increasing or decreasing atP in the directionv D h2; 1; 3i?
SOLUTION We compute the derivative off atP with respect tov:

Dvf .P / D rfP � v D h2;�4; 4i � h2; 1; 3i D 4 � 4C 12 D 12 > 0

Since the derivative is positive,f is increasing atP in the direction ofv.

36. Let f .x; y/ D xex
2�y andP D .1; 1/.

(a) CalculatekrfP k.

(b) Find the rate of change off in the directionrfP .

(c) Find the rate of change off in the direction of a vector making an angle of45ı with rfP .

SOLUTION

(a) We compute the gradient off .x; y/ D xex
2�y . The partial derivatives are

@f

@x
D 1 � ex2�y C xex

2�y � 2x D ex
2�y

�
1C 2x2

�

@f

@y
D �xex2�y

The gradient vector is thus

rf D
�
@f

@x
;
@f

@y

�
D
D
ex

2�y
�
1C 2x2

�
;�xex2�y

E
D ex

2�y
D
1C 2x2;�x

E

At the pointP D .1; 1/ we have

rfP D e0 h1C 2;�1i D h3;�1i ) krfP k D
q
32 C .�1/2 D

p
10

(b) The rate of change off in the direction of the gradient vector is the length of the gradient, that is,krfP k D
p
10.

(c) Let ev be the unit vector making an angle of45ı with rfP . The rate of change off in the direction ofev is the directional
derivative off in the directionev, which is the following dot product:

Devf .P / D rfP � ev D krfP kkevk cos45ı D
p
10 � 1 � 1p

2
D

p
5 � 2:236
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37. Let f .x; y; z/ D sin.xy C z/ andP D .0;�1; �/. CalculateDuf .P /, whereu is a unit vector making an angle� D 30ı with
rfP .

SOLUTION The directional derivativeDuf .P / is the following dot product:

Duf .P / D rf P � u

Sinceu is a unit vector making an angle� D 30ı with rfP , we have by the properties of the dot product

Duf .P / D krf P k � kuk cos30ı D
p
3

2
krf P k (1)

We now must find the gradient atP and its length:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D hy cos.xy C z/; x cos.xy C z/;cos.xy C z/i D cos.xy C z/ hy; x; 1i

rf .0;�1;�/ D cos� h�1; 0; 1i D �1 h�1; 0; 1i D h1; 0;�1i

Hence,

krf .0;�1;�/k D
q
12 C 02 C .�1/2 D

p
2

Substituting in (1) we get

Duf .P / D
p
3

2

p
2 D

p
6

2
:

38. Let T .x; y/ be the temperature at location.x; y/. Assume thatrT D hy � 4; x C 2yi. Let c.t/ D .t2; t/ be a path in the
plane. Find the values oft such that

d

dt
T .c.t// D 0

SOLUTION By the Chain Rule for Paths we have

d

dt
T .c.t// D rTc.t/ � c0.t/ (1)

We compute the gradient vectorrT for x D t2 andy D t :

rT D
D
t � 4; t2 C 2t

E

Also c0.t/ D h2t; 1i. Substituting in (1) gives

d

dt
T .c.t// D

D
t � 4; t2 C 2t

E
� h2t; 1i D .t � 4/ � 2t C

�
t2 C 2t

�
� 1 D 3t2 � 6t

We are asked to find the values oft such that

d

dt
T .c.t// D 3t2 � 6t D 0

We solve to obtain

3t2 � 6t D 3t.t � 2/ D 0 ) t1 D 0; t2 D 2

39. Find a vector normal to the surfacex2 C y2 � z2 D 6 atP D .3; 1; 2/.

SOLUTION The gradientrfP is normal to the level curvef .x; y; z/ D x2 C y2 � z2 D 6 atP . We compute this vector:

fx.x; y; z/ D 2x

fy.x; y; z/ D 2y ) rfP D rf.3;1;2/ D h6; 2;�4i

fz.x; y; z/ D �2z

The vectorh6; 2;�4i is normal to the surfacex2 C y2 � z2 D 6 atP .

40. Find a vector normal to the surface3z3 C x2y � y2x D 1 atP D .1;�1; 1/.
SOLUTION The gradient is normal to the level surfaces, that isrfP is normal to the level surfacef .x; y; z/ D 3z3 C x2y �
y2x D 1. We compute the gradient vector atP D .1;�1; 1/:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
2xy � y2; x2 � 2yx; 9z2

E

rfP D h�3; 3; 9i
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41. Find the two points on the ellipsoid

x2

4
C y2

9
C z2 D 1

where the tangent plane is normal tov D h1; 1;�2i.

SOLUTION The gradientrfP is normal to the level surfacef .x; y; z/ D x2

4
C y2

9
C z2 D 1. If v D h1; 1;�2i is also normal,

thenrfP andv are parallel, that is,rfP D kv for some constantk. This yields the equation

rfP D hx
2
;
2y

9
; 2zi D k h1; 1;�2i

Thusx D 2k, y D 9k=2, andz D �k. To determinek, substitute in the equation of the ellipsoid:

x2

4
C y2

9
C z2 D .2k/2

4
C .9k=2/2

9
C .�k/2 D 1

This yieldsk2 C 9
4k
2 C k2 D 1 or k D ˙2=

p
17. The two points are

.x; y; z/ D .2k;
9

2
k;�k/ D ˙

�
4p
17
;
9p
17
;� 2p

17

�

In Exercises 42–45, find an equation of the tangent plane to the surface at the given point.

42. x2 C 3y2 C 4z2 D 20, P D .2; 2; 1/

SOLUTION The equation of the tangent plane is

rfP � hx � 2; y � 2; z � 1i D 0 (1)

We compute the gradient off .x; y; z/ D x2 C 3y2 C 4z2 atP D .2; 2; 1/:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D h2x; 6y; 8zi

At the pointP we have

rfP D h2 � 2; 6 � 2; 8 � 1i D h4; 12; 8i

Substituting in (1) we obtain the following equation of the tangent plane:

h4; 12; 8i � hx � 2; y � 2; z � 1i D 0

4.x � 2/C 12.y � 2/C 8.z � 1/ D 0

x � 2C 3.y � 2/C 2.z � 1/ D 0

or

x C 3y C 2z D 10

43. xz C 2x2y C y2z3 D 11, P D .2; 1; 1/

SOLUTION The equation of the tangent plane atP is

rfP � hx � 2; y � 1; z � 1i D 0 (1)

We compute the gradient off .x; y; z/ D xz C 2x2y C y2z3 at the pointP D .2; 1; 1/:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
z C 4xy; 2x2 C 2yz3; x C 3y2z2

E

At the pointP we have

rfP D h9; 10; 5i

Substituting in (1) we obtain the following equation of the tangent plane:

h9; 10; 5i � hx � 2; y � 1; z � 1i D 0

9.x � 2/C 10.y � 1/C 5.z � 1/ D 0

or

9x C 10y C 5z D 33
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44. x2 C z2ey�x D 13, P D
�
2; 3;

3p
e

�

SOLUTION We compute the gradient off .x; y; z/ D x2 C z2ey�x at the pointP D
�
2; 3; 3p

e

�
:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
2x � z2ey�x ; z2ey�x ; 2zey�x

E

At the pointP D
�
2; 3; 3p

e

�
we have

rfP D
�
4 � 9

e
� e; 9

e
� e; 2 � 3p

e
� e
�

D
˝
�5; 9; 6

p
e
˛

The equation of the tangent plane atP is

rfP �
�
x � 2; y � 3; z � 3p

e

�
D 0

That is,

�5.x � 2/C 9.y � 3/C 6
p
e

�
z � 3p

e

�
D 0

or

�5x C 9y C 6
p
ez D 35

45. lnŒ1C 4x2 C 9y4� � 0:1z2 D 0, P D .3; 1; 6:1876/

SOLUTION The equation of the tangent plane atP is

rfP � .x � 3; y � 1; z � 6:1876/ D 0 (1)

We compute the gradient off .x; y; z/ D ln.1C 4x2 C 9y4/ � 0:1z2 at the pointP :

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
*

8x

1C 4x2 C 9y4
;

36y3

1C 4x2 C 9y4
;�0:2z

+

At the pointP D .3; 1; 6:1876/ we have

rfP D
�

24

1C 36C 9
;
36

46
;�1:2375

�
D h0:5217; 0:7826;�1:2375i

We substitute in (1) to obtain the following equation of the tangent plane:

0:5217.x � 3/C 0:7826.y � 1/� 1:2375.z � 6:1876/ D 0

or

0:5217x C 0:7826y � 1:2375z D �5:309
46. Verify what is clear from Figure 2: Every tangent plane to the conex2 C y2 � z2 D 0 passes through the origin.

y

x

z

FIGURE 2 Graph ofx2 C y2 � z2 D 0.
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SOLUTION The equation of the tangent plane to the surfacef .x; y; z/ D x2 C y2 � z2 D 0 at the pointP D .x0; y0; z0/ on
the surface is

rfP � hx � x0; y � y0; z � z0i (1)

We compute the gradient off .x; y; z/ D x2 C y2 � z2 atP :

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D h2x; 2y;�2zi

Hence,

rfP D h2x0; 2y0;�2z0i

Substituting in (1) we obtain the following equation of the tangent plane:

h2x0; 2y0;�2z0i � hx � x0; y � y0; z � z0i D 0

x0.x � x0/C y0.y � y0/� z0.z � z0/ D 0

x0x C y0y � z0z D x20 C y20 � z20

SinceP D .x0; y0; z0/ is on the surface, we havex20 C y20 � z20 D 0. The equation of the tangent plane is thus

x0x C y0y � z0z D 0

This plane passes through the origin.

47. Use a computer algebra system to produce a contour plot off .x; y/ D x2 � 3xy C y � y2 together with its gradient
vector field on the domainŒ�4; 4� � Œ�4; 4�.
SOLUTION

x

y

4

2

−2

2

−4

4−2−4

48. Find a functionf .x; y; z/ such thatrf is the constant vectorh1; 3; 1i.
SOLUTION The gradient off .x; y; z/must satisfy the equality

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D h1; 3; 1i

Equating corresponding components gives

@f

@x
D 1

@f

@y
D 3

@f

@z
D 1

One of the functions that satisfies these equalities is

f .x; y; z/ D x C 3y C z

49. Find a functionf .x; y; z/ such thatrf D h2x; 1; 2i.
SOLUTION The following equality must hold:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D h2x; 1; 2i

Equating corresponding components gives

@f

@x
D 2x
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@f

@y
D 1

@f

@z
D 2

One of the functions that satisfies these equalities isf .x; y; z/ D x2 C y C 2z.

50. Find a functionf .x; y; z/ such thatrf D
˝
x; y2; z3

˛
.

SOLUTION The following equality must hold:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
x; y2; z3

E

That is,

@f

@x
D x

@f

@y
D y2

@f

@z
D z3

One of the functions that satisfies these equalities is

f .x; y; z/ D 1

2
x2 C 1

3
y3 C 1

4
z4

51. Find a functionf .x; y; z/ such thatrf D hz; 2y; xi.
SOLUTION f .x; y; z/ D xz C y2 is a good choice.

52. Find a functionf .x; y/ such thatrf D hy; xi.
SOLUTION We must find a functionf .x; y/ such that

rf D
�
@f

@x
;
@f

@y

�
D hy; xi

That is,

@f

@x
D y;

@f

@y
D x

We integrate the first equation with respect tox. Sincey is treated as a constant, the constant of integration is a function ofy. We
get

f .x; y/ D
Z
y dx D yx C g.y/ (1)

We differentiatef with respect toy and substitute in the second equation. This gives

@f

@y
D @

@y
.yx C g.y// D x C g0.y/

Hence,

x C g0.y/ D x ) g0.y/ D 0 ) g.y/ D C

Substituting in (1) gives

f .x; y/ D yx C C

One of the solutions isf .x; y/ D yx (obtained forC D 0).

53. Show that there does not exist a functionf .x; y/ such thatrf D
˝
y2; x

˛
. Hint: Use Clairaut’s Theoremfxy D fyx .

SOLUTION Suppose that for some differentiable functionf .x; y/,

rf D
˝
fx ; fy

˛
D
D
y2; x

E

That is,fx D y2 andfy D x. Therefore,

fxy D @

@y
fx D @

@y
y2 D 2y and fyx D @

@x
fy D @

@x
x D 1

Sincefxy andfyx are both continuous, they must be equal by Clairaut’s Theorem. Sincefxy ¤ fyx we conclude that such a
functionf does not exist.
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54. Let�f D f .aC h; b C k/� f .a; b/ be the change inf atP D .a; b/. Set�v D hh; ki. Show that the linear approximation
can be written

�f � rfP ��v 8

SOLUTION The linear approximation is

�f � fx.a; b/hC fy.a; b/k D
˝
fx.a; b/; fy.a; b/

˛
� hh; ki D rf P ��v

55. Use Eq. (8) to estimate

�f D f .3:53; 8:98/ � f .3:5; 9/

assuming thatrf.3:5;9/ D h2;�1i.

SOLUTION By Eq. (8),

�f � rfP ��v

The vector�v is the following vector:

�v D h3:53 � 3:5; 8:98 � 9i D h0:03;�0:02i

Hence,

�f � rf .3;5;9/ ��v D h2;�1i � h0:03;�0:02i D 0:08

56. Find a unit vectorn that is normal to the surfacez2 � 2x4 � y4 D 16 at P D .2; 2; 8/ that points in the direction of the
xy-plane (in other words, if you travel in the direction ofn, you will eventually cross thexy-plane).

SOLUTION The gradient vectorrfP is normal to the surfacef .x; y; z/ D z2 � 2x4 � y4 D 16 atP . We find this vector:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
�8x3;�4y3; 2z

E
) rf.2;2;8/ D

D
�8 � 23;�4 � 23; 2 � 8

E
D h�64;�32; 16i

We normalize to obtain a unit vector normal to the surface:

rfP
krfP k D h�64;�32; 16iq

.�64/2 C 322 C 162
D h�64;�32; 16i

16
p
21

D 1p
21

h�4;�2; 1i

There are two unit normals to the surface atP , namely,

n D ˙ 1p
21

h�4;�2; 1i

We need to find the normal that points in the direction of thexy-plane. Since the pointP D .2; 2; 8/ is above thexy-plane, the
normal we need has negativez-component. Hence,

n D 1p
21

h4; 2;�1i

57. Suppose, in the previous exercise, that a particle located at the pointP D .2; 2; 8/ travels toward thexy-plane in the direction
normal to the surface.

(a) Through which pointQ on thexy-plane will the particle pass?

(b) Suppose the axes are calibrated in centimeters. Determine the pathc.t/ of the particle if it travels at a constant speed of8 cm/s.
How long will it take the particle to reachQ?

SOLUTION

(a) The particle travels along the line throughP D .2; 2; 8/ in the direction.4; 2;�1/. The vector parametrization of this line is

r.t/ D h2; 2; 8i C t h4; 2;�1i D h2C 4t; 2C 2t; 8 � ti (1)

We must find the point where this line intersects thexy-plane. At this point thez-component is zero. Hence,

8 � t D 0 ) t D 8

Substitutingt D 8 in (1) we obtain

r.8/ D h2C 4 � 8; 2C 2 � 8; 0i D h34; 18; 0i

The particle will pass through the pointQ D .34; 18; 0/ on thexy-plane.
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(b) If v is a direction vector of the linePQ, so thatkvk D 8, the following parametrization of the line has constant speed 8:

c.t/ D h2; 2; 8i C tv

(This has speed 8 becausekc0.t/k D kvk D 8). In the previous exercise, we found the unit vectorn D 1p
21

h4; 2;�1i, therefore

we use the direction vectorv D 8n D 8p
21

h4; 2;�1i, obtaining the following parametrization of the line:

c.t/ D h2; 2; 8i C t � 8p
21

h4; 2;�1i D
�
2C 32p

21
t; 2C 16p

21
t; 8 � 8tp

21

�

To find the time needed for the particle to reachQ if it travels alongc.t/, we first compute the distancePQ:

PQ D
q
.34 � 2/2 C .18 � 2/2 C .0� 8/2 D

p
1344 D 8

p
21

The time needed is thus

T D PQ

8
D 8

p
21

8
D

p
21 � 4:58 s

58. Let f .x; y/ D tan�1 x
y

andu D
*p

2

2
;

p
2

2

+
.

(a) Calculate the gradient off .

(b) CalculateDuf .1; 1/ andDuf .
p
3; 1/.

(c) Show that the linesy D mx for m ¤ 0 are level curves forf .

(d) Verify that rfP is orthogonal to the level curve throughP for P D .x; y/ ¤ .0; 0/.

SOLUTION

(a) We compute the partial derivatives off .x; y/ D tan�1 x
y . Using the Chain Rule we get

@f

@x
D 1

1C
�
x
y

�2 � 1
y

D y

x2 C y2

@f

@y
D 1

1C
�
x
y

�2 �
�

� x

y2

�
D � x

x2 C y2

The gradient off is thus

rf D
�

y

x2 C y2
;� x

x2 C y2

�
D 1

x2 C y2
hy;�xi

(b) By the Theorem on Evaluating Directional Derivatives,

Duf .a; b/ D rf .a;b/ � u (1)

We find the values of the gradient at the two points:

rf.1;1/ D 1

12 C 12
h1;�1i D 1

2
h1;�1i

rf�p
3;1

� D 1
�p

3
�2

C 12

D
1;�

p
3
E

D 1

4

D
1;�

p
3
E

Substituting in (1) we obtain the following directional derivatives

Duf .1; 1/ D rf .1;1/ � u D 1

2
h1;�1i �

*p
2

2
;

p
2

2

+
D 0

Duf
�p

3; 1
�

D rf �p
3;1

� � u D 1

4

D
1;�

p
3
E

�
*p

2

2
;

p
2

2

+
D

p
2

8

D
1;�

p
3
E

� h1; 1i

D
p
2

8

�
1 �

p
3
�

D
p
2 �

p
6

8
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(c) Note thatf is not defined fory D 0. Forx D 0, the level curve off is they-axis, and the gradient vector ish 1y ; 0i, which is
perpendicular to they-axis. Fory 6D 0 andx 6D 0, the level curves off are the curves wheref .x; y/ is constant. That is,

tan�1 x
y

D k

x

y
D tank .for k ¤ 0/

y D 1

tank
x

We conclude that the linesy D mx,m ¤ 0, are level curves forf .

(d) By part (c), the level curve throughP D .x0; y0/ is the liney D y0
x0
x. This line has a direction vector

D
1;
y0
x0

E
. The gradient at

P is, by part (a),rfP D 1

x2
0

Cy2
0

hy0;�x0i. We verify that the two vectors are orthogonal:

�
1;
y0

x0

�
� rfP D

�
1;
y0

x0

�
� 1

x20 C y20
hy0;�x0i D 1

x20 C y20

�
y0 � x0y0

x0

�
D 0

Since the dot products is zero, the two vectors are orthogonal as expected (Theorem 6).

59. Suppose that the intersection of two surfacesF.x; y; z/ D 0 andG.x; y; z/ D 0 is a curveC, and letP be a point on
C. Explain why the vectorv D rFP � rGP is a direction vector for the tangent line toC atP .

SOLUTION The gradientrFP is orthogonal to all the curves in the level surfaceF.x; y; z/ D 0 passing throughP . Similarly,
rGP is orthogonal to all the curves in the level surfaceG.x; y; z/ D 0 passing throughP . Therefore, bothrFP andrGP are
orthogonal to the intersection curveC atP , hence the cross productrFP � rGP is parallel to the tangent line toC atP .

60. Let C be the curve of intersection of the spheresx2 C y2 C z2 D 3 and.x � 2/2 C .y � 2/2 C z2 D 3. Use the result of
Exercise 59 to find parametric equations of the tangent line toC atP D .1; 1; 1/.

SOLUTION The parametric equations of the tangent line toC atP D .1; 1; 1/ are

x D 1C at; y D 1C bt; z D 1C ct (1)

wherev D ha; b; ci is a direction vector for the line. By Exercise 59v may be chosen as the following cross product:

v D rFP � rGP (2)

whereF.x; y; z/ D x2 C y2 C z2 andG.x; y; z/ D .x � 2/2 C .y � 2/2 C z2. We computerFP andrGP :

Fx.x; y; z/ D 2x

Fy.x; y; z/ D 2y

Fz.x; y; z/ D 2z

) rF P D h2 � 1; 2 � 1; 2 � 1i D h2; 2; 2i

Gx.x; y; z/ D 2.x � 2/

Gy.x; y; z/ D 2.y � 2/

Gz.x; y; z/ D 2z

) rGP D h2.1 � 2/; 2.1 � 2/; 2 � 1i D h�2;�2; 2i

Hence,

v D h2; 2; 2i � h�2;�2; 2i D

ˇ̌
ˇ̌
ˇ̌

i j k
2 2 2

�2 �2 2

ˇ̌
ˇ̌
ˇ̌ D .4C 4/i � .4C 4/j C .�4C 4/k D 8i � 8j D h8;�8; 0i

Therefore,v D ha; b; ci D h8;�8; 0i, yielding a D 8, b D �8, c D 0. Substituting in (1) gives the following equations of the
tangent line:x D 1C 8t , y D 1 � 8t , z D 1.

61. Let C be the curve obtained by intersecting the two surfacesx3 C 2xy C yz D 7 and3x2 � yz D 1. Find the parametric
equations of the tangent line toC atP D .1; 2; 1/.

SOLUTION The parametric equations of the tangent line toC atP D .1; 2; 1/ are

x D 1C at; y D 2C bt; z D 1C ct (1)

wherev D ha; b; ci is a direction vector for the line. By Exercise 59,v may be chosen as the cross product:

v D rFP � rGP (2)
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whereF.x; y; z/ D x3 C 2xy C yz andG.x; y; z/ D 3x2 � yz. We compute the gradient vectors:

Fx.x; y; z/ D 3x2 C 2y Fx.1; 2; 1/ D 7

Fy.x; y; z/ D 2x C z ) Fy.1; 2; 1/ D 3

Fz.x; y; z/ D y Fz.1; 2; 1/ D 2

) rFP D h7; 3; 2i

Gx.x; y; z/ D 6x Gx.1; 2; 1/ D 6

Gy.x; y; z/ D �z ) Gy.1; 2; 1/ D �1

Gz.x; y; z/ D �y Gz.1; 2; 1/ D �2

) rGP D h6;�1;�2i

Hence,

v D h7; 3; 2i � h6;�1;�2i D

ˇ̌
ˇ̌
ˇ̌

i j k
7 3 2

6 �1 �2

ˇ̌
ˇ̌
ˇ̌ D �4i C 26j � 25k D h�4; 26;�25i

Therefore,v D ha; b; ci D h�4; 26;�25i, so we obtain

a D �4; b D 26; c D �25:

Substituting in (1) gives the following parametric equations of the tangent line:

x D 1 � 4t; y D 2C 26t; z D 1 � 25t:

62. Verify the linearity relations for gradients:

(a) r.f C g/ D rf C rg
(b) r.cf / D crf

SOLUTION

(a) We use the linearity relations for partial derivative to write

r.f C g/ D
˝
.f C g/x ; .f C g/y ; .f C g/z

˛
D
˝
fx C gx ; fy C gy ; fz C gz

˛

D
˝
fx; fy ; fz

˛
C
˝
gx ; gy ; gz

˛
D rf C rg

(b) We use the linearity properties of partial derivatives to write

r.cf / D
˝
.cf /x ; .cf /y ; .cf /z

˛
D
˝
cf x ; cf y ; cf z

˛
D c

˝
fx; fy ; fz

˛
D crf

63. Prove the Chain Rule for Gradients (Theorem 1).

SOLUTION We must show that ifF.t/ is a differentiable function oft andf .x; y; z/ is differentiable, then

rF .f .x; y; z// D F 0 .f .x; y; z//rf

Using the Chain Rule for partial derivatives we get

rF .f .x; y; z// D
�
@

@x
F .f .x; y; z// ;

@

@y
F .f .x; y; z// ;

@

@z
F .f .x; y; z//

�

D
�
dF

dt
� @f
@x
;
dF

dt
� @f
@y
;
dF

dt
� @f
@z

�
D dF

dt

�
@f

@x
;
@f

@y
;
@f

@z

�
D F 0 .f .x; y; z//rF

64. Prove the Product Rule for Gradients (Theorem 1).

SOLUTION We must show that iff .x; y; z/ andg.x; y; z/ are differentiable, then

r.fg/ D f rg C grf

Using the Product Rule for partial derivatives we get

r.fg/ D
˝
.fg/x ; .fg/y ; .fg/z

˛
D
˝
fxg C fgx ; fyg C fgy ; fzg C fgz

˛

D
˝
fxg; fyg; fzg

˛
C
˝
fgx ; fgy ; fgz

˛
D
˝
fx ; fy ; fz

˛
g C f

˝
gx ; gy ; gz

˛
D grf C f rg
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Further Insights and Challenges

65. Let u be a unit vector. Show that the directional derivativeDuf is equal to the component ofrf alongu.

SOLUTION The component ofrf alongu is rf � u. By the Theorem on Evaluating Directional Derivatives,Duf D rf � u,
which is the component ofrf alongu.

66. Let f .x; y/ D .xy/1=3.
(a) Use the limit definition to show thatfx.0; 0/ D fy.0; 0/ D 0.
(b) Use the limit definition to show that the directional derivativeDuf .0; 0/ does not exist for any unit vectoru other thani andj .
(c) Is f differentiable at.0; 0/?

SOLUTION

(a) By the limit definition and sincef .0; 0/ D 0, we have

fx.0; 0/ D lim
h!0

f .h; 0/ � f .0; 0/

h
D lim
h!0

.h � 0/1=3 � 0

h
D lim
h!0

0

h
D 0

fy.0; 0/ D lim
h!0

f .0; h/ � f .0; 0/

h
D lim
h!0

.0 � h/1=3 � 0

h
D lim
h!0

0

h
D 0

(b) By the limit definition of the directional derivative, and foru D hu1; u2i a unit vector, we have

Duf .0; 0/ D lim
t!0

f .tu1; tu2/ � f .0; 0/
t

D lim
t!0

�
t2u1u2

�1=3 � 0

t
D lim
t!0

u1u2

t1=3

This limit does not exist unlessu1 D 0 or u2 D 0. u1 D 0 corresponds to the unit vectorj , andu2 D 0 corresponds to the unit
vectori.
(c) If f was differentiable at.0; 0/, thenDuf .0; 0/ would exist for any vectoru. Therefore, using the result obtained in part (b),
f is not differentiable at.0; 0/.

67. Use the definition of differentiability to show that iff .x; y/ is differentiable at.0; 0/ and

f .0; 0/ D fx.0; 0/ D fy.0; 0/ D 0

then

lim
.x;y/!.0;0/

f .x; y/p
x2 C y2

D 0 9

SOLUTION If f .x; y/ is differentiable at.0; 0/, then there exists a function�.x; y/ satisfying lim.x;y/!.0;0/ �.x; y/ D 0 such
that

f .x; y/ D L.x; y/C �.x; y/

q
x2 C y2 (1)

Sincef .0; 0/ D 0, the linear functionL.x; y/ is

L.x; y/ D f .0; 0/C fx.0; 0/x C fy.0; 0/y D fx.0; 0/x C fy.0; 0/y

Substituting in (1) gives

f .x; y/ D fx.0; 0/x C fy.0; 0/y C �.x; y/

q
x2 C y2

Therefore,

lim
.x;y/!.0;0/

f .x; y/� fx.0; 0/x � fy.0; 0/yp
x2 C y2

D lim
.x;y/!.0;0/

�.x; y/ D 0

68. This exercise shows that there exists a function that is not differentiable at.0; 0/ even though all directional derivatives at.0; 0/
exist. Definef .x; y/ D x2y=.x2 C y2/ for .x; y/ ¤ 0 andf .0; 0/ D 0.
(a) Use the limit definition to show thatDvf .0; 0/ exists for all vectorsv. Show thatfx.0; 0/ D fy.0; 0/ D 0.
(b) Prove thatf is not differentiable at.0; 0/ by showing that Eq. (9) does not hold.

SOLUTION

(a) Let v ¤ 0 be the vectorv D hv1; v2i. By the definition of the derivativeDvf .0; 0/, we have

Dvf .0; 0/ D lim
t!0

f .tv1; tv2/� f .0; 0/

t
D lim
t!0

.tv1/
2tv2

.tv1/
2C.tv2/

2 � 0

t

D lim
t!0

t3v21v2

t3
�
v21 C v22

� D lim
t!0

v21v2

v21 C v22
D

v21v2

v21 C v22
(1)

ThereforeDvf .0; 0/ exists for all vectorsv.
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(b) In Exercise 67 we showed that iff .x; y/ is differentiable at.0; 0/ andf .0; 0/ D 0, then

lim
.x;y/!.0;0/

f .x; y/ � fx.0; 0/x � fy.0; 0/yp
x2 C y2

D 0

We now show thatf does not satisfy the above equation. We first compute the partial derivativesfx.0; 0/ andfy.0; 0/. The partial
derivativesfx andfy are the directional derivatives in the directions ofv D h1; 0i andv D h0; 1i, respectively. Substitutingv1 D 1,
v2 D 0 in (1) gives

fx.0; 0/ D 12 � 0
12 C 02

D 0

Substitutingv1 D 0, v2 D 1 in (1) gives

fy.0; 0/ D 02 � 1
02 C 12

D 0

Alsof .0; 0/ D 0, therefore for.x; y/ ¤ .0; 0/ we have

lim
.x;y/!.0;0/

f .x; y/ � fx.0; 0/x � fy.0; 0/yp
x2 C y2

D lim
.x;y/!.0;0/

x2y

x2Cy2 � 0x � 0y
p
x2 C y2

D lim
.x;y/!.0;0/

x2y

.x2 C y2/
3
2

We compute the limit along the liney D
p
3x:

lim
.x;y/!.0;0/

alongyD
p
3x

x2y

.x2 C y2/
3=2

D lim
x!0

x2
p
3x

�
x2 C

�p
3x
�2�3=2

D lim
x!0

p
3x3

�
4x2

�3=2 D lim
x!0

p
3x3

8x3
D

p
3

8
¤ 0

Since this limit is not zero,f does not satisfy Eq. (9), hencef is not differentiable at.0; 0/.

69. Prove that iff .x; y/ is differentiable andrf.x;y/ D 0 for all .x; y/, thenf is constant.

SOLUTION Sincerf D
˝
fx ; fy

˛
D h0; 0i for all .x; y/, we have

fx.x; y/ D fy.x; y/ D 0 for all .x; y/ (1)

LetQ0 D .x0; y0/ be a fixed point and letP D .x1; y1/ be any other point. Letc.t/ D hx.t/; y.t/i be a parametric equation of
the line joiningQ0 andP , with P D c.t1/ andQ0 D c.t0/. We define the following function:

F.t/ D f .x.t/; y.t//

F .t/ is defined for allt , sincef .x; y/ is defined for all.x; y/. By the Chain Rule we have

F 0.t/ D fx .x.t/; y.t//
dx

dt
C fy .x.t/; y.t//

dy

dt

Combining with (1) we getF 0.t/ D 0 for all t . We conclude thatF.t/ D const. That is,f is constant on the linec.t/. In particular,
f .P / D f .Q0/. SinceP is any point, it follows thatf .x; y/ is a constant function.

70. Prove the following Quotient Rule, wheref; g are differentiable:

r
�
f

g

�
D grf � f rg

g2

SOLUTION The Quotient Rule is valid for partial derivatives, therefore

r
�
f

g

�
D
�
@

@x

�
f

g

�
;
@

@y

�
f

g

�
;
@

@z

�
f

g

��
D
*
g
@f
@x

� f
@g
@x

g2
;
g
@f
@y

� f
@g
@y

g2
;
g
@f
@z

� f
@g
@z

g2

+

D
*
g
@f
@x

g2
;
g
@f
@y

g2
;
g
@f
@z

g2

+
�
*
f
@g
@x

g2
;
f
@g
@y

g2
;
f
@g
@z

g2

+
D g

g2

�
@f

@x
;
@f

@y
;
@f

@z

�
� f

g2

�
@g

@x
;
@g

@y
;
@g

@z

�

D g

g2
rf � f

g2
rg D grf � f rg

g2
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In Exercises 71–73, a pathc.t/ D .x.t/; y.t// follows the gradient of a functionf .x; y/ if the tangent vectorc0.t/ points in the
direction ofrf for all t . In other words,c0.t/ D k.t/rfc.t/ for some positive functionk.t/. Note that in this case,c.t/ crosses
each level curve off .x; y/ at a right angle.

71. Show that if the pathc.t/ D .x.t/; y.t// follows the gradient off .x; y/, then

y0.t/
x0.t/

D fy

fx

SOLUTION Sincec.t/ follows the gradient off .x; y/, we have

c0.t/ D k.t/rfc.t/ D k.t/
˝
fx .c.t// ; fy .c.t//

˛

which implies that

x0.t/ D k.t/fx .c.t// and y0.t/ D k.t/fy .c.t//

Hence,

y0.t/
x0.t/

D k.t/fy .c.t//
k.t/fx .c.t//

D fy .c.t//
fx .c.t//

or in short notation,

y0.t/
x0.t/

D fy

fx

72. Find a path of the formc.t/ D .t; g.t// passing through.1; 2/ that follows the gradient off .x; y/ D 2x2 C 8y2 (Figure 3).
Hint: Use Separation of Variables.

x

y

1

1

2

FIGURE 3 The pathc.t/ is orthogonal to the level curves off .x; y/ D 2x2 C 8y2.

SOLUTION By the previous exercise, ifc.t/ D .x.t/; y.t// follows the gradient off , then

dy

dx
D y0.t/
x0.t/

D fy

fx
(1)

We find the partial derivatives off :

fy D @

@y

�
2x2 C 8y2

�
D 16y; fx D @

@x

�
2x2 C 8y2

�
D 4x

Substituting in (1) we get

dy

dx
D 16y

4x
D 4y

x

We solve the differential equation using separation of variables. We obtain

dy

y
D 4

dx

x
Z
dy

y
D 4

Z
dx

x

lny D 4 ln x C c D lnx4 C c

or

y D elnx4Cc D ecx4

Denotingk D ec , we obtain the following solution:

y D kx4
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The corresponding path may be parametrized using the parameterx D t as

c.t/ D
�
t; kt4

�
(2)

Since we want the path to pass through.1; 2/, there must be a solutiont for the equation
�
t; kt4

�
D .1; 2/

or

t D 1

kt4 D 2
) k � 14 D 2 ) k D 2

Substituting in (2) we obtain the following path:

c.t/ D
�
t; 2t4

�

We now show thatc follows the gradient off .x; y/ D 2x2 C 8y2. We have

c0.t/ D
�
1; 8t3

�
and rf D

˝
fx ; fy

˛
D h4x; 16yi

Therefore,rfc.t/ D
˝
4t; 16 � 2t4

˛
D
˝
4t; 32t4

˛
, so we obtain

c0.t/ D
�
1; 8t3

�
D 1

4t

D
4t; 32t4

E
D 1

4t
rfc.t/; t ¤ 0

For t D 0, rfc.0/ D rf.0;0/ D h0; 0i andc0.0/ D h1; 0i. We conclude thatc follows the gradient off for t ¤ 0.

73. Find the curvey D g.x/ passing through.0; 1/ that crosses each level curve off .x; y/ D y sinx at a right angle. If
you have a computer algebra system, graphy D g.x/ together with the level curves off .

SOLUTION Usingfx D y cosx, fy D sinx, andy.0/ D 1, we get

dy

dx
D tanx

y
) y.0/ D 1

We solve the differential equation using separation of variables:

y dy D tanx dx
Z
y dy D

Z
tanx dx

1

2
y2 D � ln j cosxj C k

y2 D �2 ln j cosxj C k D � ln
�
cos2 x

�
C k

y D ˙
q

� ln
�
cos2 x

�
C k

Sincey.0/ D 1 > 0, the appropriate sign is the positive sign. That is,

y D
q

� ln
�
cos2 x

�
C k (1)

We find the constantk by substitutingx D 0, y D 1 and solve fork. This gives

1 D
q

� ln
�
cos2 0

�
C k D

p
� ln1C k D

p
k

Hence,

k D 1

Substituting in (2) gives the following solution:

y D
q
1 � ln

�
cos2 x

�
(2)

The following figure shows the graph of the curve (3) together with some level curves off .
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x
0

y

y sin x = c
c = 0.15

y = √1-ln (cos2x)

12.6 The Chain Rule

Preliminary Questions
1. Let f .x; y/ D xy, wherex D uv andy D uC v.

(a) What are the primary derivatives off ?

(b) What are the independent variables?

SOLUTION

(a) The primary derivatives off are @f
@x

and @f
@y

.

(b) The independent variables areu andv, on whichx andy depend.

In Questions 2 and 3, suppose thatf .u; v/ D uev, whereu D rs andv D r C s.

2. The composite functionf .u; v/ is equal to:

(a) rserCs (b) res (c) rsers

SOLUTION The composite functionf .u; v/ is obtained by replacingu andv in the formula forf .u; v/ by the corresponding
functionsu D rs andv D r C s. This gives

f
�
u.r; s/; v.r; s/

�
D u.r; s/ev.r;s/ D rserCs

Answer (a) is the correct answer.

3. What is the value off .u; v/ at .r; s/ D .1; 1/?

SOLUTION We computeu D rs andv D r C s at the point.r; s/ D .1; 1/:

u.1; 1/ D 1 � 1 D 1I v.1; 1/ D 1C 1 D 2

Substituting inf .u; v/ D uev , we get

f .u; v/

ˇ̌
ˇ̌
.r;s/D.1;1/

D 1 � e2 D e2:

4. According to the Chain Rule,@f=@r is equal to (choose the correct answer):

(a)
@f

@x

@x

@r
C @f

@x

@x

@s
(b)

@f

@x

@x

@r
C @f

@y

@y

@r
(c)

@f

@r

@r

@x
C @f

@s

@s

@x

SOLUTION For a functionf .x; y/ wherex D x.r; s/ andy D y.r; s/, the Chain Rule states that the partial derivative@f
@r

is as
given in (b). That is,

@f

@x

@x

@r
C @f

@y

@y

@r

5. Suppose thatx; y; z are functions of the independent variablesu; v; w. Which of the following terms appear in the Chain Rule
expression for@f=@w?

(a)
@f

@v

@x

@v
(b)

@f

@w

@w

@x
(c)

@f

@z

@z

@w

SOLUTION By the Chain Rule, the derivative@f
@w

is

@f

@w
D @f

@x

@x

@w
C @f

@y

@y

@w
C @f

@z

@z

@w

Therefore (c) is the only correct answer.
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6. With notation as in the previous question, does@x=@v appear in the Chain Rule expression for@f=@u?

SOLUTION The Chain Rule expression for@f
@u

is

@f

@u
D @f

@x

@x

@u
C @f

@y

@y

@u
C @f

@z

@z

@u

The derivative@x
@v

does not appear in differentiatingf with respect to the independent variableu.

Exercises
1. Let f .x; y; z/ D x2y3 C z4 andx D s2, y D st2, andz D s2t .

(a) Calculate the primary derivatives
@f

@x
;
@f

@y
;
@f

@z
.

(b) Calculate
@x

@s
;
@y

@s
;
@z

@s
.

(c) Compute
@f

@s
using the Chain Rule:

@f

@s
D @f

@x

@x

@s
C @f

@y

@y

@s
C @f

@z

@z

@s

Express the answer in terms of the independent variabless; t .

SOLUTION

(a) The primary derivatives off .x; y; z/ D x2y3 C z4 are

@f

@x
D 2xy3;

@f

@y
D 3x2y2;

@f

@z
D 4z3

(b) The partial derivatives ofx, y, andz with respect tos are

@x

@s
D 2s;

@y

@s
D t2;

@z

@s
D 2st

(c) We use the Chain Rule and the partial derivatives computed in parts (a) and (b) to find the following derivative:

@f

@s
D @f

@x

@x

@s
C @f

@y

@y

@s
C @f

@z

@z

@s
D 2xy3 � 2s C 3x2y2t2 C 4z3 � 2st D 4xy3s C 3x2y2t2 C 8z3st

To express the answer in terms of the independent variabless, t we substitutex D s2, y D st2, z D s2t . This gives

@f

@s
D 4s2.st2/

3
s C 3.s2/

2
.st2/

2
t2 C 8.s2t/

3
st D 4s6t6 C 3s6t6 C 8s7t4 D 7s6t6 C 8s7t4:

2. Let f .x; y/ D x cos.y/ andx D u2 C v2 andy D u � v.

(a) Calculate the primary derivatives
@f

@x
;
@f

@y
.

(b) Use the Chain Rule to calculate@f=@v. Leave the answer in terms of both the dependent and the independent variables.

(c) Determine.x; y/ for .u; v/ D .2; 1/ and evaluate@f=@v at .u; v/ D .2; 1/.

SOLUTION

(a) The primary derivatives off .x; y/ D x cos.y/ are

@f

@x
D cos.y/,

@f

@y
D �x sin.y/:

(b) By the Chain Rule, we have

@f

@v
D @f

@x

@x

@v
C @f

@y

@y

@v
(1)

We compute the partial derivatives@x
@v

and @y
@v

:

@x

@v
D 2v;

@y

@v
D �1:

Substituting these derivatives and the primary derivatives computed in part (a) in the Chain Rule (1) gives

@f

@v
D cos.y/ � 2v � x sin.y/ � .�1/ D 2v cos.y/C x sin.y/
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(c) We substituteu D 2, v D 1 in x D u2 C v2 andy D u � v, and determine.x; y/ for .u; v/ D .2; 1/. This gives

x D 22 C 12 D 5; y D 2 � 1 D 1:

To find @f
@x

at .u; v/ D .2; 1/ we substituteu D 2, v D 1, x D 5, andy D 1 in @f
@v

computed in part (b). We obtain

@f

@v

ˇ̌
ˇ̌
.u;v/D.2;1/

D 2 � 1 cos1C 5 sin1 D 2 cos1C 5 sin1:

In Exercises 3–10, use the Chain Rule to calculate the partial derivatives. Express the answer in terms of the independent variables.

3.
@f

@s
;
@f

@r
; f .x; y; z/ D xy C z2, x D s2, y D 2rs, z D r2

SOLUTION We perform the following steps:

Step 1. Compute the primary derivatives. The primary derivatives off .x; y; z/ D xy C z2 are

@f

@x
D y;

@f

@y
D x;

@f

@z
D 2z

Step 2. Apply the Chain Rule. By the Chain Rule,

@f

@s
D @f

@x
� @x
@s

C @f

@y
� @y
@s

C @f

@z
� @z
@s

(1)

@f

@r
D @f

@x
� @x
@r

C @f

@y
� @y
@r

C @f

@z
� @z
@r

(2)

We compute the partial derivatives ofx, y, z with respect tos andr :

@x

@s
D 2s;

@y

@s
D 2r;

@z

@s
D 0:

@x

@r
D 0;

@y

@r
D 2s;

@z

@r
D 2r:

Substituting these derivatives and the primary derivatives computed in step 1 in (1) and (2), we get

@f

@s
D y � 2s C x � 2r C 2z � 0 D 2ys C 2xr

@f

@r
D y � 0C x � 2s C 2z � 2r D 2xs C 4zr

Step 3. Express the answer in terms ofr ands. We substitutex D s2, y D 2rs, andz D r2 in @f
@s

and @f
@r

in step 2, to obtain

@f

@s
D 2rs � 2s C s2 � 2r D 4rs2 C 2rs2 D 6rs2:

@f

@r
D 2s2 � s C 4r2 � r D 2s3 C 4r3:

4.
@f

@r
;
@f

@t
; f .x; y; z/ D xy C z2, x D r C s � 2t , y D 3rt , z D s2

SOLUTION We use the following steps:

Step 1. Compute the primary derivatives. The primary derivatives off .x; y; z/ D xy C z2 are

@f

@x
D y;

@f

@y
D x;

@f

@z
D 2z

Step 2. Apply the Chain Rule. By the Chain Rule,

@f

@r
D @f

@x

@x

@r
C @f

@y

@y

@r
C @f

@z

@z

@r
D y

@x

@r
C x

@y

@r
C 2z

@z

@r
(1)

@f

@t
D @f

@x

@x

@t
C @f

@y

@y

@t
C @f

@z

@z

@t
D y

@x

@t
C x

@y

@t
C 2z

@z

@t
(2)

We compute the partial derivatives ofx, y with respect tor andt :

@x

@r
D 1;

@y

@r
D 3t;

@z

@r
D 0
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@x

@t
D �2; @y

@t
D 3r;

@z

@t
D 0

Substituting in (1) and (2), we get

@f

@r
D y C 3tx C 2z � 0 D y C 3xt

@f

@t
D y � .�2/C x � 3r C 2z � 0 D �2y C 3xr

Step 3. Express the answer in terms ofr andt . We substitutex D r C s � 2t , y D 3rt , andz D s2 in @f
@r

and @f
@t

obtained in step
2. This gives

@f

@r
D 3rt C 3.r C s � 2t/t D 3rt C 3rt C 3st � 6t2 D 6rt C 3st � 6t2

@f

@t
D �2 � 3rt C 3.r C s � 2t/r D �6rt C 3r2 C 3sr � 6t r D �12rt C 3rs C 3r2

5.
@g

@u
;
@g

@v
; g.x; y/ D cos.x � y/, x D 3u � 5v, y D �7uC 15v

SOLUTION We use the following steps:

Step 1. Compute the primary derivatives. The primary derivatives ofg.x; y/ D cos.x � y/ are:

@g

@x
D � sin.x � y/;

@g

@y
D sin.x � y/

Step 2. Apply the Chain Rule. By the Chain Rule,

@g

@u
D @g

@x

@x

@u
C @g

@y

@y

@u
D � sin.x � y/

@x

@u
C sin.x � y/

@y

@u

@g

@v
D @g

@x

@x

@v
C @g

@y

@y

@v
D � sin.x � y/@x

@v
C sin.x � y/

@y

@v

We compute the partial derivatives ofx; y with respect tou andv:

@x

@u
D 3;

@x

@v
D �5

@y

@u
D �7; @y

@v
D 15

substituting in the expressions above we have:

@g

@u
D � sin.x � y/.3/C sin.x � y/.�7/ D �10 sin.x � y/

@g

@v
D � sin.x � y/.�5/C sin.x � y/.15/ D 20 sin.x � y/

Step 3. Express the answer in terms ofu andv. We substitutex D 3u � 5v andy D �7u C 15v in @g=@u and@g=@v found in
step 2. This gives:

@g

@u
D �10 sin.10u � 20v/

@g

@v
D 20 sin.10u � 20v/

6.
@R

@u
;
@R

@v
; R.x; y/ D .3x C 4y/5, x D u2, y D uv

SOLUTION We perform the following steps:

Step 1. Compute the primary derivatives. The primary derivatives ofR.x; y/ D .3x C 4y/5 are:

@R

@x
D 15.3x C 4y/4;

@R

@y
D 20.3x C 4y/4
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Step 2. Apply the Chain Rule. By the Chain Rule,

@R

@u
D @R

@x

@x

@u
C @R

@y

@y

@u
D 15.3x C 4y/4

@x

@u
C 20.3x C 4y/4

@y

@u

@R

@v
D @R

@x

@x

@v
C @R

@y

@y

@v
D 15.3x C 4y/4

@x

@v
C 20.3x C 4y/4

@y

@v

We compute the partial derivatives ofx; y with respect tou andv:

@x

@u
D 2u;

@x

@v
D 0

@y

@u
D v;

@y

@v
D u

Substituting in the expressions above we get:

@R

@u
D 15.3x C 4y/4.2u/C 20.3x C 4y/5.v/ D 30.3x C 4y/5.u/C 20v.3x C 4y/5

@R

@v
D 15.3x C 4y/4.0/C 20.3x C 4y/5.u/ D 20.3x C 4y/5.u/

Step 3. Express the answer in terms ofu andv. We substitutex D u2 andy D uv:

@R

@u
D 30u.3u2 C 4uv/4 C 20v.3u2 C 4uv/4 D .3u2 C 4uv/4.30uC 20v/

@R

@v
D 20u.3u2 C 4uv/4

7.
@F

@y
; F.u; v/ D euCv, u D x2, v D xy

SOLUTION We use the following steps:

Step 1. Compute the primary derivatives. The primary derivatives ofF.u; v/ D euCv are

@f

@u
D euCv;

@f

@v
D euCv

Step 2. Apply the Chain Rule. By the Chain Rule,

@F

@y
D @F

@u

@u

@y
C @F

@v

@v

@y
D euCv @u

@y
C euCv @v

@y
D euCv

�
@u

@y
C @v

@y

�

We compute the partial derivatives ofu andv with respect toy:

@u

@y
D 0;

@v

@y
D x

We substitute to obtain

@F

@y
D xeuCv (1)

Step 3. Express the answer in terms ofx andy. We substituteu D x2, v D xy in (1) and (2), obtaining

@F

@y
D xex

2Cxy :

8.
@f

@u
; f .x; y/ D x2 C y2, x D euCv, y D uC v

SOLUTION We use the following steps:

Step 1. Compute the primary derivatives. The primary derivatives off .x; y/ D x2 C y2 are

@f

@x
D 2x;

@f

@y
D 2y
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Step 2. Apply the Chain Rule. By the Chain Rule,

@f

@u
D @f

@x

@x

@u
C @f

@y

@y

@u
D 2x

@x

@u
C 2y

@y

@u

We compute@x
@u

and @y
@u

:

@x

@u
D euCv;

@y

@u
D 1

Hence,

@f

@u
D 2xeuCv C 2y (1)

Step 3. Express the answer in terms ofu andv. We substitutex D euCv andy D uC v in (1) to obtain

@f

@u
D 2euCveuCv C 2.uC v/ D 2

�
e2.uCv/ C uC v

�

9.
@h

@t2
; h.x; y/ D x

y
, x D t1t2, y D t21 t2

SOLUTION We use the following steps:

Step 1. Compute the primary derivatives. The primary derivatives ofh.x; y/ D x
y are

@h

@x
D 1

y
;

@h

@y
D � x

y2

Step 2. Apply the Chain Rule. By the Chain Rule,

@h

@t2
D @h

@x

@x

@t2
C @h

@y

@y

@t2
D 1

y

@x

@t2
� x

y2
@y

@t2

We compute the partial derivatives ofx andy with respect tot2:

@x

@t2
D t1;

@y

@t2
D t21

Hence,

@h

@t2
D t1

y
� x

y2
t21

Step 3. Express the answer in terms oft1 andt2. We substitutex D t1t2, y D t21 t2 in @h
@t2

computed in step 2, to obtain

@h

@t2
D t1

t21 t2
�
t1t2 � t21
.t21 t2/

2
D 1

t1t2
� 1

t1t2
D 0

Remark: Notice thath
�
x.t1; t2/; y.t1; t2/

�
D h.t1; t2/ D t1t2

t2
1
t2

D 1
t1

. h.t1; t2/ is independent oft2, hence@h
@t2

D 0 (as obtained in

our computations).

10.
@f

@�
; f .x; y; z/ D xy � z2, x D r cos� , y D cos2 � , z D r

SOLUTION We use the following steps:

Step 1. Compute the primary derivatives. The primary derivatives off .x; y; z/ D xy � z2 are

@f

@x
D y;

@f

@y
D x;

@f

@z
D �2z

Step 2. Apply the Chain Rule. By the Chain Rule,

@f

@�
D @f

@x

@x

@�
C @f

@y

@y

@�
C @f

@z

@z

@�
D y

@x

@�
C x

@y

@�
� 2z @z

@�

We compute the partial derivatives ofx, y, andz with respect to� :

@x

@�
D �r sin�;

@y

@�
D �2 cos� sin� D � sin2�;

@z

@�
D 0
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Step 3. Express the answer in terms of� andr . We substitutex D r cos� , y D cos2 � , andz D r in (1) to obtain

@f

@�
D �r cos2 � sin� � r cos� sin2� D �r � 1

2
cos� sin2� � r cos� sin2� D �3

2
cos� sin2�

In Exercises 11–16, use the Chain Rule to evaluate the partial derivative at the point specified.

11. @f=@u and@f=@v at .u; v/ D .�1;�1/, wheref .x; y; z/ D x3 C yz2, x D u2 C v, y D uC v2, z D uv.

SOLUTION The primary derivatives off .x; y; z/ D x3 C yz2 are

@f

@x
D 3x2;

@f

@y
D z2;

@f

@z
D 2yz

By the Chain Rule we have

@f

@u
D @f

@x

@x

@u
C @f

@y

@y

@u
C @f

@z

@z

@u
D 3x2

@x

@u
C z2

@y

@u
C 2yz

@z

@u
(1)

@f

@v
D @f

@x

@x

@v
C @f

@y

@y

@v
C @f

@z

@z

@v
D 3x2

@x

@v
C z2

@y

@v
C 2yz

@z

@v
(2)

We compute the partial derivatives ofx, y, andz with respect tou andv:

@x

@u
D 2u;

@y

@u
D 1;

@z

@u
D v

@x

@v
D 1;

@y

@v
D 2v;

@z

@v
D u

Substituting in (1) and (2) we get

@f

@u
D 6x2uC z2 C 2yzv (3)

@f

@v
D 3x2 C 2vz2 C 2yzu (4)

We determine.x; y; z/ for .u; v/ D .�1;�1/:

x D .�1/2 � 1 D 0; y D �1C .�1/2 D 0; z D .�1/ � .�1/ D 1:

Finally, we substitute.x; y; z/ D .0; 0; 1/ and.u; v/ D .�1;�1/ in (3), (4) to obtain the following derivatives:

@f

@u

ˇ̌
ˇ̌
.u;v/D.�1;�1/

D 6 � 02 � .�1/C 12 C 2 � 0 � 1 � .�1/ D 1

@f

@v

ˇ̌
ˇ̌
.u;v/D.�1;�1/

D 3 � 02 C 2 � .�1/ � 12 C 2 � 0 � 1 � .�1/ D �2

12. @f=@s at .r; s/ D .1; 0/, wheref .x; y/ D ln.xy/, x D 3r C 2s, y D 5r C 3s.

SOLUTION The primary derivatives off .x; y/ D ln.xy/ are

@f

@x
D y

xy
D 1

x
;

@f

@y
D x

xy
D 1

y

By the Chain Rule we have

@f

@s
D @f

@x

@x

@s
C @f

@y

@y

@s
D 1

x

@x

@s
C 1

y

@y

@s
(1)

We compute@x
@s

and @y
@s

:

@x

@s
D 2;

@y

@s
D 3

Substituting in (1) we get

@f

@s
D 2

x
C 3

y
(2)
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We now must determine.x; y/ for .r; s/ D .1; 0/:

x D 3 � 0C 2 � 1 D 2; y D 5 � 0C 3 � 1 D 3

Substituting in (2) gives the following derivative:

@f

@s

ˇ̌
ˇ̌
.s;r/D.1;0/

D 2

2
C 3

3
D 2

13. @g=@� at .r; �/ D
�
2
p
2; �4

�
, whereg.x; y/ D 1=.x C y2/, x D r sin� , y D r cos� .

SOLUTION We compute the primary derivatives ofg.x; y/ D 1
xCy2 :

@g

@x
D � 1

.x C y2/
2
;

@g

@y
D � 2y

.x C y2/
2

By the Chain Rule we have

@g

@�
D @g

@x

@x

@�
C @g

@y

@y

@�
D � 1

.x C y2/
2

@x

@�
� 2y

.x C y2/
2

@y

@�
D � 1

.x C y2/
2

�
@x

@�
C 2y

@y

@�

�

We find the partial derivatives@x
@�

, @y
@�

:

@x

@�
D r cos�;

@y

@�
D �r sin�

Hence,

@g

@�
D � r

.x C y2/
2
.cos� � 2y sin�/ (1)

At the point .r; �/ D
�
2
p
2; �4

�
, we havex D 2

p
2 sin �

4 D 2 and y D 2
p
2 cos�4 D 2. Substituting.r; �/ D

�
2
p
2; �4

�
and

.x; y/ D .2; 2/ in (1) gives the following derivative:

@g

@�

ˇ̌
ˇ̌
.r;�/D

�
2

p
2;�

4

� D �2
p
2

.2C 22/
2

�
cos

�

4
� 4 sin

�

4

�
D �

p
2

18

�
1p
2

� 4p
2

�
D 1

6
:

14. @g=@s at s D 4, whereg.x; y/ D x2 � y2, x D s2 C 1, y D 1 � 2s.

SOLUTION We find the primary derivatives ofg.x; y/ D x2 � y2:

@g

@x
D 2x;

@g

@y
D �2y

Applying the Chain Rule gives

@g

@s
D @g

@x
� dx
ds

C @g

@y
� dy
ds

D 2x
dx

ds
� 2y

dy

ds
(1)

We computedx
ds

and dy
ds

:

dx

ds
D 2s;

dy

ds
D �2

Substituting in (1) we obtain

@g

@s
D 4xs C 4y (2)

We now determine.x; y/ for s D 4:

x D 42 C 1 D 17; y D 1 � 2 � 4 D �7

Substituting.x; y/ D .17;�7/ ands D 4 in (2) gives the following derivative:

@g

@s

ˇ̌
ˇ̌
sD4

D 4 � 17 � 4 � 4 � 7 D 244

15. @g=@u at .u; v/ D .0; 1/, whereg.x; y/ D x2 � y2, x D eu cosv, y D eu sinv.
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SOLUTION The primary derivatives ofg.x; y/ D x2 � y2 are

@g

@x
D 2x;

@g

@y
D �2y

By the Chain Rule we have

@g

@u
D @g

@x
� @x
@u

C @g

@y
� @y
@u

D 2x
@x

@u
� 2y @y

@u
(1)

We find @x
@u

and @y
@u

:

@x

@u
D eu cosv;

@y

@u
D eu sin v

Substituting in (1) gives

@g

@u
D 2xeu cosv � 2yeu sinv D 2eu.x cosv � y sinv/ (2)

We determine.x; y/ for .u; v/ D .0; 1/:

x D e0 cos1 D cos1; y D e0 sin1 D sin1

Finally, we substitute.u; v/ D .0; 1/ and.x; y/ D .cos1; sin1/ in (2) and use the identity cos2 ˛ � sin2 ˛ D cos2˛, to obtain the
following derivative:

@g

@u

ˇ̌
ˇ̌
.u;v/D.0;1/

D 2e0
�
cos21 � sin2 1

�
D 2 � cos2 � 1 D 2 cos2

16.
@h

@q
at .q; r/ D .3; 2/, whereh.u; v/ D uev, u D q3, v D qr2.

SOLUTION We first find the primary derivatives ofh.u; v/ D uev :

@h

@u
D ev;

@h

@v
D uev

By the Chain Rule, we have

@h

@q
D @h

@u
� @u
@q

C @h

@v
� @v
@q

D ev
@u

@q
C uev

@v

@q
D ev

�
@u

@q
C u

@v

@q

�
(1)

We compute@u
@q

and @v
@q

:

@u

@q
D 3q2;

@v

@q
D r2

Substituting in (1) gives

@h

@q
D ev

�
3q2 C ur2

�
(2)

We now determine.u; v/ for .q; r/ D .3; 2/:

u D 33 D 27; v D 3 � 22 D 12

Substituting in (2) gives the following derivative:

@h

@q

ˇ̌
ˇ̌
.q;r/D.3;2/

D e12
�
3 � 32 C 27 � 22

�
D 135e12

17. Jessica and Matthew are running toward the pointP along the straight paths that make a fixed angle of� (Figure 1). Suppose
that Matthew runs with velocityva m/s and Jessica with velocityvb m/s. Letf .x; y/ be the distance from Matthew to Jessica when
Matthew isx meters fromP and Jessica isy meters fromP .

(a) Show thatf .x; y/ D
p
x2 C y2 � 2xy cos� .

(b) Assume that� D �=3. Use the Chain Rule to determine the rate at which the distance between Matthew and Jessica is changing
whenx D 30, y D 20, va D 4 m/s, andvb D 3 m/s.
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A

B

x

va

vb

y

P

θ

FIGURE 1

SOLUTION

(a) This is a simple application of the Law of Cosines. Connect pointsA andB in the diagram to form a line segment that
we will call f . Then, the Law of Cosines says thatf 2 D x2 C y2 � 2xy cos� . By taking square roots, we find thatf Dp
x2 C y2 � 2xy cos� .

(b) Using the chain rule,

df

dt
D @f

@x

dx

dt
C @f

@y

dy

dt

so we get

df

dt
D .x � y cos�/dx=dtp

x2 C y2 � 2xy cos�
C .y � x cos�/dy=dtp

x2 C y2 � 2xy cos�

and usingx D 30, y D 20, anddx=dt D 4, dy=dt D 3, we get

df

dt
D 180 � 170 cos�p

1300 � 1200 cos�

Since� D �=3, cos� D 0:5 anddf =dt D 19
.
2
p
7:

18. The Law of Cosines states thatc2 D a2 C b2 � 2ab cos� , wherea; b; c are the sides of a triangle and� is the angle opposite
the side of lengthc.

(a) Compute@�=@a, @�=@b, and@�=@c using implicit differentiation.

(b) Suppose thata D 10, b D 16, c D 22. Estimate the change in� if a andb are increased by 1 andc is increased by 2.

SOLUTION

(a) LetF.a; b; c; �/ D a2 C b2 � 2ab cos� � c2. We use the formulas obtained by implicit differentiation (Eq. (7)) to write

@�

@a
D �

@F
@a
@F
@�

;
@�

@b
D �

@F
@b
@F
@�

;
@�

@c
D �

@F
@c
@F
@�

(1)

The partial derivatives ofF are

@F

@a
D 2a � 2b cos�;

@F

@b
D 2b � 2a cos�;

@F

@c
D �2c; @F

@�
D 2ab sin�

Substituting these derivatives in (1), we obtain

@�

@a
D �2a � 2b cos�

2ab sin �
D �a � b cos�

ab sin �

@�

@b
D �2b � 2a cos�

2ab sin �
D �b � a cos�

ab sin �

@�

@c
D � �2c

2ab sin �
D c

ab sin �

(b) The linear approximation for� is

�� � @�

@a
aC @�

@b
�b C @�

@c
�c D @�

@a
� 1C @�

@b
� 1C @�

@c
� 2 (2)

We find the partial derivatives fora D 10, b D 16, c D 22. We first find� using the relationc2 D a2 C b2 � 2ab cos� . This gives

222 D 102 C 162 � 2 � 10 � 16 cos�

484 D 356 � 320 cos�

cos� D 356 � 484

320
D �0:4 ) � � 1:98 rad
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We now substitute.a; b; c; �/ D .10; 16; 22; 1:98/ in the partial derivatives of� to obtain

@�

@a
D �10 � 16 cos1:98

10 � 16 sin1:98
� �0:111

@�

@b
D �16 � 10 cos1:98

10 � 16 sin1:98
� �0:136

@�

@c
D 22

10 � 16 sin1:98
� 0:15

Substituting in (2) gives the following estimation for�� :

�� � �0:111 � 0:136C 2 � 0:15 D 0:053

We conclude that the angle� will increase by approximately 0.053 rad.

19. Let u D u.x; y/, and let.r; �/ be polar coordinates. Verify the relation

kruk2 D u2r C 1

r2
u2
�

8

Hint: Compute the right-hand side by expressingu� andur in terms ofux anduy .

SOLUTION By the Chain Rule we have

u� D uxx� C uyy� (1)

ur D uxxr C uyyr (2)

Sincex D r cos� andy D r sin� , the partial derivatives ofx andy with respect tor and� are

x� D �r sin�; y� D r cos�

xr D cos�; yr D sin�

Substituting in (1) and (2) gives

u� D .�r sin�/ux C .r cos�/uy (3)

ur D .cos�/ux C .sin�/uy (4)

We now solve these equations forux anduy in terms ofu� andur . Multiplying (3) by .� sin�/ and (4) byr cos� and adding the
resulting equations gives

.� sin�/u� D .r sin2 �/ux � .r cos� sin�/uy

C r cos�ur D .r cos2 �/ux C .r cos� sin�/uy

.r cos�/ur � .sin�/u� D rux

or

ux D .cos�/ur � sin�

r
u� (5)

Similarly, we multiply (3) by cos� and (4) byr sin� and add the resulting equations. We get

.cos�/u� D .�r sin� cos�/ux C
�
r cos2 �

�
uy

C r sin�ur D .r sin� cos�/ux C .r sin2 �/uy

.cos�/u� C .r sin�/ur D ruy

or

uy D .sin�/ur C cos�

r
u� (6)

We now use (5) and (6) to computekruk2 in terms ofur andu� . We get

kruk2 D u2x C u2y D
�
.cos�/ur � sin�

r
u�

�2
C
�
.sin �/ur C cos�

r
u�

�2

D
�
cos2 �

�
u2r � 2 cos� sin�

r
uru� C sin2 �

r2
u2� C

�
sin2 �

�
u2r C 2 sin� cos�

r
uru� C cos2 �

r2
u2�

D
�
cos2 � C sin2 �

�
u2r C 1

r2

�
sin2� C cos2 �

�
u2� D u2r C 1

r2
u2�
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That is,

kruk2 D u2r C 1

r2
u2�

20. Let u.r; �/ D r2 cos2 � . Use Eq. (8) to computekruk2. Then computekruk2 directly by observing thatu.x; y/ D x2, and
compare.

SOLUTION By Eq. (8) we have

kruk2 D u2r C 1

r2
u2�

We compute the partial derivatives ofu.r; �/ D r2 cos2 � :

ur D 2r cos2 �; u� D r2 � 2 cos�.� sin�/ D �2r2 cos� sin�

Substituting in Eq. (8) we get

kruk2 D .2r cos2 �/
2 C 1

r2
.�2r2 cos� sin�/

2 D 4r2 cos4 � C 4r2 cos2 � sin2 �

D 4r2cos2�.cos2 � C sin2 �/ D 4r2 cos2 �

That is,

kruk2 D 4r2 cos2 � (1)

We now computekruk2 directly. We first expressu.r; �/ as a function ofx andy. Sincex D r cos� , we have

u.x; y/ D x2

Henceux D 2x, uy D 0, so we obtain

kruk2 D u2x C u2y D .2x/2 C 02 D 4x2 D 4.r cos�/2 D 4r2 cos2 �

The answer agrees with the result in (1), as expected.

21. Let x D s C t andy D s � t . Show that for any differentiable functionf .x; y/,

�
@f

@x

�2
�
�
@f

@y

�2
D @f

@s

@f

@t

SOLUTION By the Chain Rule we have

@f

@s
D @f

@x

@x

@s
C @f

@y

@y

@s
D @f

@x
� 1C @f

@y
� 1 D @f

@x
C @f

@y

@f

@t
D @f

@x

@x

@t
C @f

@y

@y

@t
D @f

@x
� 1C @f

@y
� .�1/ D @f

@x
� @f

@y

Hence, using the algebraic identity.aC b/.a � b/ D a2 � b2, we get

@f

@s
� @f
@t

D
�
@f

@x
C @f

@y

�
�
�
@f

@x
� @f

@y

�
D
�
@f

@x

�2
�
�
@f

@y

�2
:

22. Express the derivatives

@f

@�
;
@f

@�
;
@f

@�
in terms of

@f

@x
;
@f

@y
;
@f

@z

where.�; �; �/ are spherical coordinates.

SOLUTION The spherical coordinates are

x D � sin� cos�; y D � sin� sin�; z D � cos� (1)

We apply the Chain Rule to write

@f

@�
D @f

@x

@x

@�
C @f

@y

@y

@�
C @f

@z

@z

@�

@f

@�
D @f

@x

@x

@�
C @f

@y

@y

@�
C @f

@z

@z

@�
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@f

@�
D @f

@x

@x

@�
C @f

@y

@y

@�
C @f

@z

@z

@�
(2)

We use (1) to compute the partial derivatives ofx, y, andz with respect to�, � , and�. This gives

@x

@�
D �� sin� sin�;

@y

@�
D � sin� cos�;

@z

@�
D 0

@x

@�
D � cos� cos�;

@y

@�
D � cos� sin�;

@z

@�
D �� sin�

@x

@�
D sin� cos�;

@y

@�
D sin� sin�;

@z

@�
D cos�

Substituting these derivatives in (2), we get

@f

@�
D .sin� cos�/

@f

@x
C .sin� sin�/

@f

@y
C .cos�/

@f

@z

@f

@�
D .� cos� cos�/

@f

@x
C .� cos� sin�/

@f

@y
� .� sin�/

@f

@z

@f

@�
D .�� sin� sin�/

@f

@x
C .� sin� cos�/

@f

@y

23. Suppose thatz is defined implicitly as a function ofx andy by the equationF.x; y; z/ D xz2 C y2z C xy � 1 D 0.

(a) CalculateFx ; Fy ; Fz .

(b) Use Eq. (7) to calculate
@z

@x
and

@z

@y
.

SOLUTION

(a) The partial derivatives ofF are

Fx D z2 C y; Fy D 2yz C x; Fz D 2xz C y2

(b) By Eq. (7) we have

@z

@x
D �Fx

Fz
D � z2 C y

2xz C y2

@z

@y
D �Fy

Fz
D � 2yz C x

2xz C y2

24. Calculate@z=@x and@z=@y at the points.3; 2; 1/ and.3; 2;�1/, wherez is defined implicitly by the equationz4 C z2x2 �
y � 8 D 0.

SOLUTION ForF.x; y; z/ D z4 C z2x2 � y � 8 D 0, we use the following equalities, (Eq. (7)):

@z

@x
D �Fx

Fz
;

@z

@y
D �Fy

Fz
(1)

The partial derivatives ofF are

Fx D 2z2x; Fy D �1; Fz D 4z3 C 2zx2

Substituting in (1) gives

@z

@x
D � 2z2x

4z3 C 2zx2
D � zx

2z2 C x2

@z

@y
D 1

4z3 C 2zx2

At the point.3; 2; 1/, we have

@z

@x

ˇ̌
ˇ̌
.3;2;1/

D � 1 � 3
2 � 12 C 32

D � 3

11
;

@z

@y

ˇ̌
ˇ̌
.3;2;1/

D 1

4 � 13 C 2 � 1 � 32
D 1

22

At the point.3; 2;�1/, we have

@z

@x

ˇ̌
ˇ̌
.3;2;�1/

D � �3
2 � .�1/2 C 32

D 3

11

@z

@y

ˇ̌
ˇ̌
.3;2;�1/

D 1

4 � .�1/3 C 2 � .�1/ � 32
D � 1

22
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In Exercises 25–30, calculate the partial derivative using implicit differentiation.

25.
@z

@x
, x2y C y2z C xz2 D 10

SOLUTION ForF.x; y; z/ D x2y C y2z C xz2 D 10 we have

@z

@x
D �Fx

Fz
(1)

We compute the partial derivatives ofF :

Fx D 2xy C z2; Fz D y2 C 2xz

Substituting in (1) gives the following derivative:

@z

@x
D �2xy C z2

2xz C y2

26.
@w

@z
, x2w C w3 C wz2 C 3yz D 0

SOLUTION We find the partial derivativesFw andFz of

F.x;w; z/ D x2w C w3 C wz2 C 3yz

Fw D x2 C 3w2 C z2; Fz D 2wz C 3y

Using Eq. (7) we get

@w

@z
D � Fz

Fw
D � 2wz C 3y

x2 C 3w2 C z2
:

27.
@z

@y
, exy C sin.xz/C y D 0

SOLUTION We use Eq. (7):

@z

@y
D �Fy

Fz
(1)

The partial derivatives ofF.x; y; z/ D exy C sin.xz/C y are

Fy D xexy C 1; Fz D x cos.xz/

Substituting in (1), we get

@z

@y
D �xe

xy C 1

x cos.xz/

28.
@r

@t
and

@t

@r
, r2 D te s=r

SOLUTION We use the formulas obtained by implicit differentiation ofF.r; s; t/ D r2 � tes=r (Eq. (7)):

@r

@t
D �Ft

Fr
;

@t

@r
D �Fr

Ft
(1)

The partial derivatives ofF are

Fr D 2r � tes=r
�
� s

r2

�
D 2r C st

r2
es=r

Ft D �es=r

Substituting in (1) gives

@r

@t
D es=r

2r C st
r2 e

s=r
D r2es=r

2r3 C stes=r

@t

@r
D
2r C st

r2 e
s=r

es=r
D 2r3 C stes=r

r2es=r
D 2re�s=r C st

r2
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29.
@w

@y
,

1

w2 C x2
C 1

w2 C y2
D 1 at .x; y;w/ D .1; 1; 1/

SOLUTION Using the formula obtained by implicit differentiation (Eq. (7)), we have

@w

@y
D � Fy

Fw
(1)

We find the partial derivatives ofF.x; y;w/ D 1
w2Cx2 C 1

w2Cy2 � 1:

Fy D � 2y

.w2 C y2/
2
; Fw D �2w

.w2 C x2/
2

� 2w

.w2 C y2/
2

We substitute in (1) to obtain

@w

@y
D �

�2y
.w2Cy2/

2

�2w
.w2Cx2/

2 � 2w

.w2Cy2/
2

D � y.w2 C x2/
2

w.w2 C y2/
2 C w.w2 C x2/

2
D �y.w2 C x2/

2

w
�
.w2 C y2/

2 C .w2 C x2/
2�

At .1; 1; 1/, @w=@y D �1=2:
30. @U=@T and@T=@U , .T U � V /2 ln.W � UV / D 1 at .T; U; V;W / D .1; 1; 2; 4/

SOLUTION Using the formulas obtained by implicit differentiation (Eq. (7)) we have,

@U

@T
D �FT

FU
;

@T

@U
D �FU

FT
(1)

We compute the partial derivatives ofF.T;U; V;W / D .T U � V /2 ln.W � UV / � 1:

FT D 2U.T U � V / ln.W � UV /

FU D 2T .T U � V / ln.W � UV /C .T U � V /2 � �V
W � UV

D .T U � V /
�
2T ln.W � UV / � V.T U � V /

W � UV

�

At the point.T; U; V;W / D .1; 1; 2; 4/ we have

FT D 2.1 � 2/ ln.4 � 2/ D �2 ln 2

FU D .1 � 2/

�
2 ln.4 � 2/� 2.1 � 2/

4 � 2

�
D .�2 ln2 � 1/ D �1 � 2 ln 2

Substituting in (1) we obtain

@U

@T

ˇ̌
ˇ̌
.1;1;2;4/

D � 2 ln 2

1C 2 ln2
;

@T

@U

ˇ̌
ˇ̌
.1;1;2;4/

D �1C 2 ln 2

2 ln2
:

31. Let r D hx; y; zi ander D r=krk. Show that if a functionf .x; y; z/ D F.r/ depends only on the distance from the origin
r D krk D

p
x2 C y2 C z2, then

rf D F 0.r/er 9

SOLUTION The gradient off is the following vector:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�

We must express this vector in terms ofr andr . Using the Chain Rule, we have

@f

@x
D F 0.r/

@r

@x
D F 0.r/ � 2x

2
p
x2 C y2 C z2

D F 0.r/ � x
r

@f

@y
D F 0.r/

@r

@y
D F 0.r/ � 2y

2
p
x2 C y2 C z2

D F 0.r/ � y
r

@f

@z
D F 0.r/

@r

@z
D F 0.r/ � 2z

2
p
x2 C y2 C z2

D F 0.r/ � z
r

Hence,

rf D
D
F 0.r/

x

r
; F 0.r/

y

r
; F 0.r/

z

r

E
D F 0.r/

r
hx; y; zi D F 0.r/

r
krk

D F 0.r/er
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32. Let f .x; y; z/ D e�x2�y2�z2 D e�r2
, with r as in Exercise 31. Computerf directly and using Eq. (9).

SOLUTION Direct computation gives

rf D
˝
fx ; fy ; fz

˛
D
˝
�2xe�x2�y2�z2

;�2ye�x2�y2�z2

;�2ze�x2�y2�z2 ˛

D �2e�.x2Cy2Cz2/ hx; y; zi D �2e�r2

r

We now compute the gradient using Eq. (9):

rf D F 0.r/er

SinceF.r/ D e�r2
, we haveF 0.r/ D �2re�r2

. Also,er D r
krk . So we obtain

rf D �2re�r2 � r
krk D �2e�r2

r

Both answers agree, as expected.

33. Use Eq. (9) to computer
�
1

r

�
.

SOLUTION To computer
�
1
r

�
using Eq. (9), we letF.r/ D 1

r
:

F 0.r/ D � 1

r2

We obtain

r
�
1

r

�
D F 0.r/er D � 1

r2
� r

krk D � 1

r3
r

34. Use Eq. (9) to computer.ln r/.

SOLUTION To computer.ln r/ we letF.r/ D ln r , henceF 0.r/ D 1

r
. Thus,

r.ln r/ D F 0.r/er D 1

r
� r

krk D 1

r2
r

35. Figure 2 shows the graph of the equation

F.x; y; z/ D x2 C y2 � z2 � 12x � 8z � 4 D 0

(a) Use the quadratic formula to solve forz as a function ofx andy. This gives two formulas, depending on the choice of sign.

(b) Which formula defines the portion of the surface satisfyingz � �4? Which formula defines the portion satisfyingz � �4?
(c) Calculate@z=@x using the formulaz D f .x; y/ (for both choices of sign) and again via implicit differentiation. Verify that the
two answers agree.

z

z = −4

y

x

FIGURE 2 Graph ofx2 C y2 � z2 � 12x � 8z � 4 D 0.

SOLUTION

(a) We rewriteF.x; y; z/ D 0 as a quadratic equation in the variablez:

z2 C 8z C
�
4C 12x � x2 � y2

�
D 0



S E C T I O N 12.6 The Chain Rule 1617

We solve forz. The discriminant is

82 � 4
�
4C 12x � x2 � y2

�
D 4x2 C 4y2 � 48x C 48 D 4

�
x2 C y2 � 12x C 12

�

Hence,

z1;2 D
�8˙

q
4
�
x2 C y2 � 12x C 12

�

2
D �4˙

q
x2 C y2 � 12x C 12

We obtain two functions:

z D �4C
q
x2 C y2 � 12x C 12; z D �4 �

q
x2 C y2 � 12x C 12

(b) The formula with the positive root defines the portion of the surface satisfyingz � �4, and the formula with the negative root
defines the portion satisfyingz � �4.
(c) Differentiatingz D �4C

p
x2 C y2 � 12x C 12 with respect tox, using the Chain Rule, gives

@z

@x
D 2x � 12

2
p
x2 C y2 � 12x C 12

D x � 6p
x2 C y2 � 12x C 12

(1)

Alternatively, using the formula for@z
@x

obtained by implicit differentiation gives

@z

@x
D �Fx

Fz
(2)

We find the partial derivatives ofF.x; y; z/ D x2 C y2 � z2 � 12x � 8z � 4:

Fx D 2x � 12; Fz D �2z � 8

Substituting in (2) gives

@z

@x
D � 2x � 12

�2z � 8 D x � 6

z C 4

This result is the same as the result in (1), sincez D �4C
p
x2 C y2 � 12x C 12 implies that

q
x2 C y2 � 12x C 12 D z C 4

For z D �4 �
p
x2 C y2 � 12x C 12, differentiating with respect tox gives

@z

@x
D � 2x � 12

2
p
x2 C y2 � 12x C 12

D x � 6

�
p
x2 C y2 � 12x C 12

D x � 6
z C 4

which is equal to�Fx

Fz
computed above.

36. For allx > 0, there is a unique valuey D r.x/ that solves the equationy3 C 4xy D 16.

(a) Show thatdy=dx D �4y=.3y2 C 4x/.
(b) Let g.x/ D f .x; r.x//, wheref .x; y/ is a function satisfying

fx.1; 2/ D 8; fy.1; 2/ D 10

Use the Chain Rule to calculateg0.1/. Note thatr.1/ D 2 because.x; y/ D .1; 2/ satisfiesy3 C 4xy D 16.

SOLUTION

(a) Using implicit differentiation we see:

3y2
dy

dx
C 4x

dy

dx
C 4y D 0

dy

dx
.3y2 C 4x/ D �4y

dy

dx
D �4y
3y2 C 4x

(b) Note thatr 0.1/ D � 4.2/

3.2/2 C 4.1/
D �1

2
Therefore,

g0.1/ D fx.1; 2/C fy.1; 2/ � r 0.1/ D 8C 10

�
�1
2

�
D 3



1618 C H A P T E R 12 DIFFERENTIATION IN SEVERAL VARIABLES

37. The pressureP , volumeV , and temperatureT of a van der Waals gas withnmolecules (n constant) are related by the equation
 
P C an2

V 2

!
.V � nb/ D nRT

wherea, b, andR are constant. Calculate@P=@T and@V=@P .

SOLUTION LetF be the following function:

F.P; V; T / D
 
P C an2

V 2

!
.V � nb/ � nRT

By Eq. (7),

@P

@T
D �

@F
@T
@F
@P

;
@V

@P
D �

@F
@P
@F
@V

(1)

We compute the partial derivatives ofF :

@F

@P
D V � nb

@F

@T
D �nR

@F

@V
D �2an2V �3.V � nb/C

 
P C an2

V 2

!
D P C 2an3b

V 3
� an2

V 2

Substituting in (1) gives

@P

@T
D � �nR

V � nb
D nR

V � nb

@V

@P
D � V � nb

P C 2an3b
V 3 � an2

V 2

D nbV 3 � V 4

PV 3 C 2an3b � an2V

38. Whenx, y, andz are related by an equationF.x; y; z/ D 0, we sometimes write.@z=@x/y in place of@z=@x to indicate that
in the differentiation,z is treated as a function ofx with y held constant (and similarly for the other variables).

(a) Use Eq. (7) to prove thecyclic relation
�
@z

@x

�

y

�
@x

@y

�

z

�
@y

@z

�

x

D �1 10

(b) Verify Eq. (10) forF.x; y; z/ D x C y C z D 0.

(c) Verify the cyclic relation for the variablesP; V; T in the ideal gas lawPV � nRT D 0 (n andR are constants).

SOLUTION

(a) Using implicit differentiation forF.x; y; z/ D 0, we have

@z

@x
D �Fx

Fz
;

@x

@y
D �Fy

Fx
;

@y

@z
D �Fz

Fy

Hence,

@z

@x
� @x
@y

� @y
@z

D �Fx
Fz

� �Fy
Fx

� �Fz
Fy

D �1

(b) ForF.x; y; z/ D x C y C z D 0 we have

x D �y � z; y D �x � z; z D �x � y

Hence,

@z

@x
D �1; @x

@y
D �1; @y

@z
D �1

Eq. (10) holds since

@z

@x
� @x
@y

� @y
@z

D .�1/ � .�1/ � .�1/ D �1
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(c) If PV � nRT D 0, then

T D PV

nR
; P D nRT

V
; V D nRT

P

Hence,

@T

@V
D P

nR
;

@V

@P
D �nRT

P 2
;

@P

@T
D nR

V

We have

@T

@V
� @V
@P

� @P
@T

D P

nR
� �nRT

P 2
� nR
V

D �nRT
PV

and, sincePV D nRT , we get

@T

@V
� @V
@P

� @P
@T

D �PV
PV

D �1

Similarly,

@T

@P
� @P
@V

� @V
@T

D V

nR
�
�

�nRT
V 2

�
� nR
P

D �nRT
VP

D �PV
PV

D �1

39. Show that iff .x/ is differentiable andc ¤ 0 is a constant, thenu.x; t/ D f .x � ct/ satisfies the so-calledadvection equation

@u

@t
C c

@u

@x
D 0

SOLUTION For s D x � ct , we haveu.x; t/ D f .s/. We use the Chain Rule to compute@u
@t

and @u
@x

:

@u

@t
D f 0.s/

@s

@t
D f 0.s/ � .�c/ D �cf 0.s/ (1)

@u

@x
D f 0.s/

@s

@x
D f 0.s/ � 1 D f 0.s/ (2)

Equalities (1) and (2) imply that:

@u

@t
D �c @u

@x
or

@u

@t
C c

@u

@x
D 0

Further Insights and Challenges

In Exercises 40–43, a functionf .x; y; z/ is calledhomogeneous of degreen if f .�x;�y; �z/ D �nf .x; y; z/ for all � 2 R.

40. Show that the following functions are homogeneous and determine their degree.

(a) f .x; y; z/ D x2y C xyz (b) f .x; y; z/ D 3x C 2y � 8z

(c) f .x; y; z/ D ln
�xy
z2

�
(d) f .x; y; z/ D z4

SOLUTION

(a) Forf .x; y; z/ D x2y C xyz we have

f .�x;�y; �z/ D .�x/2.�y/C .�x/.�y/.�z/ D �3x2y C �3xyz D �3.x2y C xyz/ D �3f .x; y; z/

Hence,f is homogeneous of degree 3.
(b) Forf .x; y; z/ D 3x C 2y � 8z we have

f .�x;�y; �z/ D 3.�x/C 2.�y/ � 8.�z/ D �.3x C 2y � 8z/ D �f .x; y; z/

Hence,f is homogeneous of degree 1.

(c) Forf .x; y; z/ D ln
�
xy

z2

�
we have, for� ¤ 0,

f .�x; �y; �z/ D ln
�
.�x/.�y/

.�z/2

�
D ln

 
�2xy

�2z2

!
D ln

�xy
z2

�
D f .x; y; z/ D �0f .x; y; z/

Thus,f is homogeneous of degree 0.
(d) Forf .z/ D z4 we have

f .�z/ D .�z/4 D �4z4 D �4f .z/

Hence,f is homogeneous of degree 4.
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41. Prove that iff .x; y; z/ is homogeneous of degreen, thenfx.x; y; z/ is homogeneous of degreen � 1. Hint: Either use the
limit definition or apply the Chain Rule tof .�x;�y; �z/.

SOLUTION We are given thatf .�x;�y; �z/ D �nf .x; y; z/ for all�, and we must show thatfx.�x; �y; �z/ D �n�1fx.x; y; z/.
We use the limit definition offx . Since for all� ¤ 0, �h ! 0 if and only if h ! 0, we get

fx.�x; �y; �z/ D lim
h!0

f .�x C �h; �y; �z/� f .�x; �y; �z/
�h

D lim
h!0

f .�.x C h/; �y; �z/� f .�x;�y; �z/

�h

D lim
h!0

�nf .x C h; y; z/� �nf .x; y; z/
�h

D lim
h!0

�n�1f .x C h; y; z/� �n�1f .x; y; z/
h

D �n�1 lim
h!0

f .x C h; y; z/� f .x; y; z/

h
D �n�1fx.x; y; z/

Alternatively, we prove this property using the Chain Rule. We use the Chain Rule to differentiate the following equality with
respect tox:

f .�x;�y; �z/ D �nf .x; y; z/

We get

fx.�x; �y; �z/ � @.�x/
@x

C fy.�x; �y; �z/ � @.�y/
@x

C fz.�x; �y; �z/ � @.�z/
@x

D �nfx.x; y; z/

Since@.�y/
@x

D @.�z/
@x

D 0 and @.�x/
@x

D �, we obtain for� ¤ 0,

�fx.�x; �y; �z/ D �nfx.x; y; z/ or fx.�x; �y; �z/ D �n�1fx.x; y; z/

42. Prove that iff .x; y; z/ is homogeneous of degreen, then

x
@f

@x
C y

@f

@y
C z

@f

@z
D nf 11

Hint: LetF.t/ D f .tx; ty; tz/ and calculateF 0.1/ using the Chain Rule.

SOLUTION We use the Chain Rule to differentiate the functionF.t/ D f .tx; ty; tz/ with respect tot . This gives

F 0.t/ D @f

@x
� @.tx/
@t

C @f

@y
� @.ty/
@t

C @f

@z
� @.tz/
@t

D x
@f

@x
C y

@f

@y
C z

@f

@z
(1)

On the other hand, sincef is homogeneous of degreen, we have

F.t/ D f .tx; ty; tz/ D tnf .x; y; z/

Differentiating with respect tot we get

F 0.t/ D ntn�1f .x; y; z/ (2)

By (1) and (2) we obtain

x
@f

@x
C y

@f

@y
C z

@f

@z
D ntn�1f .x; y; z/

Substitutingt D 1 gives

x
@f

@x
C y

@f

@y
C z

@f

@z
D nf

43. Verify Eq. (11) for the functions in Exercise 40.

SOLUTION Eq. (11) states that iff is homogeneous of degreen, then

x
@f

@x
C y

@f

@y
C z

@f

@z
D nf

(a) f .x; y; z/ D x2y C xyz. f is homogeneous of degreen D 3. The partial derivatives off are

@f

@x
D 2xy C yz;

@f

@y
D x2 C xz;

@f

@z
D xy

Hence,

x
@f

@x
C y

@f

@y
C z

@f

@z
D x.2xy C yz/C y.x2 C xz/C zxy D 3x2y C 3xyz D 3.x2y C xyz/ D 3f .x; y; z/
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(b) f .x; y; z/ D 3x C 2y � 8z. f is homogeneous of degreen D 1. We have

x
@f

@x
C y

@f

@y
C z

@f

@z
D x � 3C y � 2C z � .�8/ D 3x C 2y � 8z D 1 � f .x; y; z/

(c) f .x; y; z/ D ln
�
xy

z2

�
. f is homogeneous of degreen D 0. The partial derivatives off are

@f

@x
D

y

z2

xy

z2

D 1

x
;

@f

@y
D

x
z2

xy

z2

D 1

y
;

@f

@z
D �2z�3xy

xyz�2 D �2
z

Hence,

x
@f

@x
C y

@f

@y
C z

@f

@z
D x � 1

x
C y � 1

y
C z �

�
�2
z

�
D 0 D 0 � f .x; y; z/

(d) f .x; y; z/ D z4. f is homogeneous of degreen D 4. We have

x
@f

@x
C y

@f

@y
C z

@f

@z
D x � 0C y � 0C z � 4z3 D 4z4 D 4f .x; y; z/

44. Suppose thatx D g.t; s/, y D h.t; s/. Show thatft t is equal to

fxx

�
@x

@t

�2
C 2fxy

�
@x

@t

��
@y

@t

�
C fyy

�
@y

@t

�2
C fx

@2x

@t2
C fy

@2y

@t2
12

SOLUTION We are given thatx D g.t; s/, y D h.t; s/. We must computeft t for a functionf .x; y/. We first computeft using
the Chain Rule:

ft D fx
@x

@t
C fy

@y

@t

To findft t we differentiate the two sides with respect tot using the Product Rule. This gives

ft t D @

@t
.fx/

@x

@t
C fx

@2x

@t2
C @

@t
.fy/

@y

@t
C fy

@2y

@t2
(1)

By the Chain Rule,

@

@t
.fx/ D fxx

@x

@t
C fxy

@y

@t

@

@t
.fy/ D fyx

@x

@t
C fyy

@y

@t

Substituting in (1) we obtain

ft t D
�
fxx

@x

@t
C fxy

@y

@t

�
@x

@t
C fx

@2x

@t2
C
�
fyx

@x

@t
C fyy

@y

@t

�
@y

@t
C fy

@2y

@t2

D fxx

�
@x

@t

�2
C fxy

�
@y

@t

��
@x

@t

�
C fx

@2x

@t2
C fyx

�
@x

@t

��
@y

@t

�
C fyy

�
@y

@t

�2
C fy

@2y

@t2

If fxy andfyx are continuous, Clairaut’s Theorem implies thatfxy D fyx . Hence,

ft t D fxx

�
@x

@t

�2
C 2fxy

�
@x

@t

��
@y

@t

�
C fyy

�
@y

@t

�2
C fx

@2x

@t2
C fy

@2y

@t2

45. Let r D
q
x21 C � � � C x2n and letg.r/ be a function ofr . Prove the formulas

@g

@xi
D xi

r
gr ;

@2g

@x2
i

D
x2
i

r2
grr C

r2 � x2
i

r3
gr

SOLUTION By the Chain Rule, we have

@g

@xi
D g0.r/

@r

@xi
D gr � 2xi

2

q
x21 C � � � C x2n

D gr
xi

r

We differentiate@g
@xi

with respect toxi . Using the Product Rule we get

@2g

@xi
2

D @

@xi
.gr / � xi

r
C gr

@

@xi

�xi
r

�
(1)
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We use the Chain Rule to compute@
@xi
.gr /:

@

@xi
.gr / D d

dr
.gr / � @r

@xi
D grr � 2xi

2

q
x21 C � � � C x2n

D grr � xi
r

(2)

We compute @
@xi

�
�xi
r

�
using the Quotient Rule and the Chain Rule:

@

@xi
�
�xi
r

�
D
1 � r � xi � @r

@xi

r2
D
r � xi � xi

r

r2
D
r2 � x2

i

r3
(3)

Substituting (2) and (3) in (1), we obtain

@2g

@xi
2

D grr � xi
r

� xi
r

C gr
r2 � x2

i

r3
D
x2
i

r2
grr C

r2 � x2
i

r3
gr

46. Prove that ifg.r/ is a function ofr as in Exercise 45, then

@2g

@x21
C � � � C @2g

@x2n
D grr C n � 1

r
gr

SOLUTION In Exercise 45 we showed that

@2g

@xi
2

D
x2
i

r2
grr C

r2 � x2
i

r3
gr

Hence,

@2g

@xi
2

C � � � C @2g

@xn
2

D
 
x21
r2
grr C

r2 � x21
r3

gr

!
C � � � C

 
x2n

r2
grr C r2 � x2n

r3
gr

!

D
x21 C � � � C x2n

r2
grr C 1

r3
gr

�
.r2 � x21/C � � � C .r2 � x2n/

�

D r2

r2
grr C 1

r3
gr

�
nr2 � .x21 C � � � C x2n/

�

D grr C 1

r3
gr .nr

2 � r2/ D grr C r2

r3
gr .n� 1/ D grr C n � 1

r
gr

In Exercises 47–51, theLaplace operatoris defined by�f D fxx C fyy . A functionf .x; y/ satisfying the Laplace equation

�f D 0 is calledharmonic. A functionf .x; y/ is calledradial if f .x; y/ D g.r/, wherer D
p
x2 C y2.

47. Use Eq. (12) to prove that in polar coordinates.r; �/,

�f D frr C 1

r2
f�� C 1

r
fr 13

SOLUTION The polar coordinates arex D r cos� , y D r sin� . Hence,

@x

@�
D �r sin�;

@y

@�
D r cos�;

@x

@r
D cos�;

@y

@r
D sin �;

@2x

@�2
D �r cos�;

@2y

@�2
D �r sin�;

@2x

@r2
D @2y

@r2
D 0

By Eq. (12) we have

f�� D fxx

�
@x

@�

�2
C fyy

�
@y

@�

�2
C 2fxy

�
@x

@�

��
@y

@�

�
C fx

@2x

@�2
C fy

@2y

@�2

D fxx

�
r2 sin2 �

�
C fyy

�
r2 cos2 �

�
�
�
2r2 sin� cos�

�
fxy � .r cos�/fx � .r sin�/fy (1)

and

frr D fxx

�
@x

@r

�2
C fyy

�
@y

@r

�2
C 2fxy

�
@x

@r

��
@y

@r

�
C fx

@2x

@r2
C fy

@2y

@r2

D fxx

�
cos2 �

�
C fyy

�
sin2 �

�
C .2 cos� sin�/fxy (2)
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fr D fx
@x

@r
C fy

@y

@r
D fx.cos�/C fy.sin�/ (3)

We now compute the right-hand side of the equality we need to prove. Using (1), (2), and (3), we obtain

frr C 1

r2
f�� C 1

r
fr D fxx

�
cos2 �

�
C fyy

�
sin2 �

�
C .2 cos� sin�/fxy C fxx

�
sin2�

�

Cfyy
�
cos2 �

�
� .2 sin� cos�/fxy � cos�

r
fx � sin �

r
fy C fx

cos�

r
C fy

sin �

r

D fxx

�
cos2 � C sin2 �

�
C fyy

�
sin2� C cos2 �

�

D fxx C fyy D �f

We thus showed that

�f D frr C 1

r2
f�� C 1

r
fr

48. Use Eq. (13) to show thatf .x; y/ D ln r is harmonic.

SOLUTION We must show thatf .r; �/ D ln r satisfies

�f D frr C 1

r2
f�� C 1

r
fr D 0

We compute the derivatives off .r; �/ D ln r :

fr D 1

r
; frr D � 1

r2
; f� D 0; f�� D 0

Hence,

�f D frr C 1

r2
f�� C 1

r
fr D � 1

r2
C 1

r2
� 0C 1

r
� 1
r

D � 1

r2
C 1

r2
D 0

Since�f D 0, f is harmonic.

49. Verify thatf .x; y/ D x andf .x; y/ D y are harmonic using both the rectangular and polar expressions for�f .

SOLUTION We must show that�f D 0. Using the rectangular expression for�f :

�f D fxx C fyy

For f .x; y/ D x we havefx D 1, fy D 0, hence,fxx D 0, fyy D 0. Therefore�f D fxx C fyy D 0 C 0 D 0. For
f .x; y/ D y we havefy D 1, fx D 0, hence,fxx D 0, fyy D 0, and again,�f D fxx C fyy D 0C 0 D 0.
Using the polar expression for�f ,

�f D frr C 1

r2
f�� C 1

r
fr (1)

Sincex D r cos� , we havef .r; �/ D x D r cos� . Hence,

fr D cos�; f� D �r sin�; frr D 0; f�� D �r cos�

We now show that�f D 0:

�f D frr C 1

r2
f�� C 1

r
fr D 0C 1

r2
� .�r cos�/C 1

r
cos� D 0

Similarly, sincey D r sin� , we havef .r; �/ D y D r sin� . Hence,

fr D sin�; f� D r cos�; frr D 0; f�� D �r sin�

Substituting in (1) gives

�f D 0C 1

r2
.�r sin �/C 1

r
sin � D 0

50. Verify thatf .x; y/ D tan�1 y
x is harmonic using both the rectangular and polar expressions for�f .
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SOLUTION Using the rectangular expression for�f :

�f D fxx C fyy

We compute the partial derivatives off .x; y/ D tan�1 �y
x

�
. Using the Chain Rule we get

fx D 1

1C
�y
x

�2 �
�
� y

x2

�
D � y

x2 C y2

fy D 1

1C
�y
x

�2 � 1
x

D x

x2 C y2

fxx D � �y
�
x2 C y2

�2 � 2x D 2xy
�
x2 C y2

�2

fyy D �x
�
x2 C y2

�2 � 2y D �2xy
�
x2 C y2

�2

Hence,

fxx C fyy D 2xy

.x2 C y2/
2

� 2xy

.x2 C y2/
2

D 0

Using the polar expression for�f ,

�f D frr C 1

r2
f�� C 1

r
fr (1)

Sinceyx D r sin�
r cos� D tan� , we havef .x; y/ D tan�1 �y

x

�
D tan�1.�/ D � . We compute the partial derivatives:

fr D 0; f� D 1; frr D 0; f�� D 0:

Substituting in (1), we get

�f D 0C 1

r2
� 0C 1

r
� 0 D 0

51. Use the Product Rule to show that

frr C 1

r
fr D r�1 @

@r

�
r
@f

@r

�

Use this formula to show that iff is a radial harmonic function, thenrfr D C for some constantC . Conclude thatf .x; y/ D
C ln r C b for some constantb.

SOLUTION We show thatfrr C 1
r fr D r�1 @

@r

�
r
@f
@r

�
. We use the Product Rule to compute the following derivative:

@

@r

�
r
@f

@r

�
D 1 � @f

@r
C r

@

@r

�
@f

@r

�
D @f

@r
C r

@2f

@r2
D fr C rfrr D r

�
frr C 1

r
fr

�

Hence,

frr C 1

r
fr D r�1 @

@r

�
r
@f

@r

�
(1)

Now, suppose thatf .x; y/ is a radial harmonic function. Sincef is radial,f .x; y/ D g.r/, thereforef�� D 0. Substituting in the
polar expressions for�f gives

�f D frr C 1

r2
f�� C 1

r
fr D frr C 1

r
fr D 0

Combining with (1), we get

r�1 @
@r

�
r
@f

@r

�
D 0 or

@

@r

�
r
@f

@r

�
D 0

yielding

r
@f

@r
D C ) fr D C

r

We now integrate the two sides to obtain
Z
fr dr D

Z
C

r
dr or f .r/ D C ln r C b:
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12.7 Optimization in Several Variables

Preliminary Questions
1. The functionsf .x; y/ D x2 C y2 andg.x; y/ D x2 � y2 both have a critical point at.0; 0/. How is the behavior of the two

functions at the critical point different?

SOLUTION Let f .x; y/ D x2 C y2 andg.x; y/ D x2 � y2. In the domainR2, the partial derivatives off andg are

fx D 2x; fxx D 2; fy D 2y; fyy D 2; fxy D 0

gx D 2x; gxx D 2; gy D �2y; gyy D �2; gxy D 0

Therefore,fx D fy D 0 at .0; 0/ andgx D gy D 0 at .0; 0/. That is, the two functions have one critical point, which is the
origin. Since the discriminant off isD D 4 > 0, fxx > 0, and the discriminant ofg isD D �4 < 0, f has a local minimum
(which is also a global minimum) at the origin, whereasg has a saddle point there. Moreover, since lim

y!1
g.0; y/ D �1 and

lim
x!1

g.x; 0/ D 1, g does not have global extrema on the plane. Similarly,f does not have a global maximum but does have a

global minimum, which isf .0; 0/ D 0.

2. Identify the points indicated in the contour maps as local minima, local maxima, saddle points, or neither (Figure 1).

0

1

1

1

2

3

6

10
−1 −1 0

−1

−2

−3
−3

−6

−10

−3

3

3

000

FIGURE 1

SOLUTION If f .P / is a local minimum or maximum, then the nearby level curves are closed curves encirclingP . In Figure (C),
f increases in all directions emanating fromP and decreases in all directions emanating fromQ. Hence,f has a local minimum
atP and local maximum atQ.

2

6

10

−2

−6

−10

0

P Q

In Figure (A), the level curves through the pointR consist of two intersecting lines that divide the neighborhood nearR into four
regions.f is decreasing in some directions and increasing in other directions. Therefore,R is a saddle point.

0

1

1

−1
−1

−3

−3

3

3

1

R

Figure (A)

Point S in Figure (B) is neither a local extremum nor a saddle point off .
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1 30−1−3 S

Figure (B)

3. Let f .x; y/ be a continuous function on a domainD in R2. Determine which of the following statements are true:

(a) If D is closed and bounded, thenf takes on a maximum value onD.

(b) If D is neither closed nor bounded, thenf does not take on a maximum value ofD.

(c) f .x; y/ need not have a maximum value on the domainD defined by0 � x � 1; 0 � y � 1.

(d) A continuous function takes on neither a minimum nor a maximum value on the open quadrant

f.x; y/ W x > 0; y > 0g

SOLUTION

(a) This statement is true. It follows by the Theorem on Existence of Global Extrema.

(b) The statement is false. Consider the constant functionf .x; y/ D 2 in the following domain:

x
1

y

D D f.x; y/ W 0 < x � 1; 0 � y < 1g

Obviouslyf is continuous andD is neither closed nor bounded. However,f takes on a maximum value (which is 2) onD.

(c) The domainD D f.x; y/ W 0 � x; y � 1g is the following rectangle:

x
1

y

1

D D f.x; y/ W 0 � x; y � 1g

D is closed and bounded, hencef takes on a maximum value onD. Thus the statement is false.

(d) The statement is false. The constant functionf .x; y/ D c takes on minimum and maximum values on the open quadrant.

Exercises
1. LetP D .a; b/ be a critical point off .x; y/ D x2 C y4 � 4xy.

(a) First usefx.x; y/ D 0 to show thata D 2b. Then usefy.x; y/ D 0 to show thatP D .0; 0/, .2
p
2;

p
2/, or .�2

p
2;�

p
2/.

(b) Referring to Figure 2, determine the local minima and saddle points off .x; y/ and find the absolute minimum value off .x; y/.
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x

z

y

FIGURE 2

SOLUTION

(a) We find the partial derivatives:

fx.x; y/ D @

@x

�
x2 C y4 � 4xy

�
D 2x � 4y

fy.x; y/ D @

@y

�
x2 C y4 � 4xy

�
D 4y3 � 4x

SinceP D .a; b/ is a critical point,fx.a; b/ D 0. That is,

2a � 4b D 0 ) a D 2b

Also fy.a; b/ D 0, hence,

4b3 � 4a D 0 ) a D b3

We obtain the following equations for the critical points.a; b/:
(
a D 2b

a D b3

Equating the two equations, we get

2b D b3

b3 � 2b D b.b2 � 2/ D 0 )

8
<
:

b1 D 0

b2 D
p
2

b3 D �
p
2

Sincea D 2b, we havea1 D 0, a2 D 2
p
2, a3 D �2

p
2. The critical points are thus

P1 D .0; 0/; P2 D
�
2
p
2;

p
2
�
; P3 D

�
�2

p
2;�

p
2
�

(b) Referring to Figure 16, we see thatP1 D .0; 0/ is a saddle point andP2 D
�
2
p
2;

p
2
�
, P3 D

�
�2

p
2;�

p
2
�

are local

minima. The absolute minimum value off is �4.
2. Find the critical points of the functions

f .x; y/ D x2 C 2y2 � 4y C 6x; g.x; y/ D x2 � 12xy C y

Use the Second Derivative Test to determine the local minimum, local maximum, and saddle points. Matchf .x; y/ andg.x; y/
with their graphs in Figure 3.

z

x

z

y
y

x

(A) (B)

FIGURE 3
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SOLUTION

Step 1. Find the critical points. We set the first partial derivatives equal to zero and solve:

fx D 2x C 6 D 0

fy D 4y � 4
)

x D �3

y D 1

The critical point is.�3; 1/.

gx D 2x � 12y D 0

gy D �12x C 1 D 0
)

y D 1

72

x D 1

12

The critical point is
�
1
12 ;

1
72

�
.

Step 2. Compute the Discriminant. We compute the second-order partial derivatives:

fxx D 2

fyy D 4

fxy D 0

The discriminant isD.x; y/ D fxxfyy � f 2xy D 2 � 4 � 02 D 8.

gxx D 2

gyy D 0

gxy D �12

The discriminant isD.x; y/ D gxxgyy � g2xy D 2 � 0 � 144 D �144.
Step 3. Apply the Second Derivative Test.

Forf , we haveD > 0 andfxx > 0, thereforef .�3; 1/ is a local minimum.

Forg, we haveD < 0, henceg
�
1
12 ;

1
72

�
is a saddle point.

The graph in Figure 3(A) has a saddle point, therefore it is the graph ofg.x; y/. The graph in Figure 3(B) corresponds tof .x; y/,
since it has a local minimum.

3. Find the critical points of

f .x; y/ D 8y4 C x2 C xy � 3y2 � y3

Use the contour map in Figure 4 to determine their nature (local minimum, local maximum, or saddle point).

0.1 0

−0.3
−0.2
−0.1

0.2
0.3

10

1

0

−1

−1

y

x

−0.1

−0.2

FIGURE 4 Contour map off .x; y/ D 8y4 C x2 C xy � 3y2 � y3.

SOLUTION The critical points are the solutions offx D 0 andfy D 0. That is,

fx.x; y/ D 2x C y D 0

fy.x; y/ D 32y3 C x � 6y � 3y2 D 0

The first equation givesy D �2x. We substitute in the second equation and solve forx. This gives

32.�2x/3 C x � 6.�2x/ � 3.�2x/2 D 0

�256x3 C 13x � 12x2 D 0

�x.256x2 C 12x � 13/ D 0
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Hencex D 0 or 256x2 C 12x � 13 D 0. Solving the quadratic,

x1;2 D
�12˙

q
122 � 4 � 256 � .�13/

512
D �12˙ 116

512
) x D 13

64
or � 1

4

Substituting iny D �2x gives they-coordinates of the critical points. The critical points are thus

.0; 0/,
�
13

64
;�13
32

�
,

�
�1
4
;
1

2

�

We now use the contour map to determine the type of each critical point. The level curves through.0; 0/ consist of two intersecting
lines that divide the neighborhood near.0; 0/ into four regions. The function is decreasing in they direction and increasing in

the x-direction. Therefore,.0; 0/ is a saddle point. The level curves near the critical points
�
13
64 ;�

13
32

�
and

�
�1
4 ;
1
2

�
are closed

curves encircling the points, hence these are local minima or maxima. The graph shows that both
�
13
64 ;�

13
32

�
and

�
�1
4 ;
1
2

�
are

local minima.

4. Use the contour map in Figure 5 to determine whether the critical pointsA;B;C;D are local minima, local maxima, or saddle
points.

11 0

0

2
3

−1

−1

−2
−3

2

0

−2

0 2−2

A

CD

B

y

x

FIGURE 5

SOLUTION The nearby level curves atA andC are closed curves encirclingA andC . As we move towardsA the function
increases in all directions, while moving towardsC the function decreases in all directions. We conclude that the function has a
local maximum atA and a local minimum atC . The level curves throughB andD consist of two curves intersecting at these
points respectively. These curves divide the neighborhoods nearB andD into four regions. In some of the regions the function is
increasing and in others it is decreasing as we move towardsB orD. This implies thatB andD are saddle points.

5. Let f .x; y/ D y2x � yx2 C xy.

(a) Show that the critical points.x; y/ satisfy the equations

y.y � 2x C 1/ D 0; x.2y � x C 1/ D 0

(b) Show thatf has four critical points.

(c) Use the second derivative to determine the nature of the critical points.

SOLUTION

(a) The critical points are the solutions of the two equationsfx.x; y/ D 0 andfy.x; y/ D 0. That is,

fx.x; y/ D y2 � 2yx C y D 0

fy.x; y/ D 2yx � x2 C x D 0
)

y.y � 2x C 1/ D 0

x.2y � x C 1/ D 0

(b) We find the critical points by solving the equations obtained in part (a):

y.y � 2x C 1/ D 0 (1)

x.2y � x C 1/ D 0 (2)

Equation (1) implies thaty D 0 or y D 2x � 1. Substitutingy D 0 in (2) and solving forx gives

x.�x C 1/ D 0 ) x D 0 or x D 1

We obtain the solutions.0; 0/ and.1; 0/. We now substitutey D 2x � 1 in (2) and solve forx. We get

x.4x � 2 � x C 1/ D 0

x.3x � 1/ D 0 ) x D 0 or x D 1

3
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We compute they-coordinate, usingy D 2x � 1:

y D 2 � 0 � 1 D �1

y D 2 � 1
3

� 1 D �1
3

We obtain the solutions.0;�1/ and
�
1
3 ;�

1
3

�
. To summarize, the critical points are.0; 0/, .1; 0/, .0;�1/, and

�
1
3 ;�

1
3

�
. Three of

the critical points have at least one zero coordinate, and one has two nonzero coordinates.

(c) We compute the second-order partial derivatives:

fxx.x; y/ D @

@x
.y2 � 2yx C y/ D �2y

fyy .x; y/ D @

@y
.2yx � x2 C x/ D 2x

fxy.x; y/ D @

@y
.y2 � 2yx C y/ D 2y � 2x C 1

The discriminant is

D.x; y/ D fxxfyy � f 2xy D �2y � 2x � .2y � 2x C 1/2 D �4xy � .2y � 2x C 1/2

We now apply the Second Derivative Test. We first compute the discriminants at the critical points:

D.0; 0/ D �1 < 0

D.1; 0/ D �1 < 0

D.0;�1/ D �1 < 0

D

�
1

3
;�1
3

�
D �4 � 1

3

�
�1
3

�
�
�

�2
3

� 2

3
C 1

�2
D 1

3
> 0;

fxx

�
1

3
;�1
3

�
D �2 �

�
�1
3

�
D 2

3
> 0

The Second Derivative Test implies that the points.0; 0/, .1; 0/, and.0;�1/ are saddle points, andf
�
1
3 ;�

1
3

�
is a local minimum.

6. Show thatf .x; y/ D
p
x2 C y2 has one critical pointP and thatf is nondifferentiable atP . Doesf take on a minimum,

maximum, or saddle point atP?

SOLUTION Sincef .x; y/ D
p
x2 C y2 � 0 and f .0; 0/ D 0, f .0; 0/ is an absolute minimum value. To find the critical point

of f we first find the first derivatives:

fx.x; y/ D @

@x

�q
x2 C y2

�
D 2x

2
p
x2 C y2

D xp
x2 C y2

fy.x; y/ D @

@y

�q
x2 C y2

�
D 2y

2
p
x2 C y2

D yp
x2 C y2

Sincefx andfy do not exist at.0; 0/ and the equationsfx.x; y/ D 0 andfy.x; y/ D 0 have no solutions, the only critical point
isP D .0; 0/, a point wheref is non-differentiable (and is the absolute minimum).

In Exercises 7–23, find the critical points of the function. Then use the Second Derivative Test to determine whether they are local
minima, local maxima, or saddle points (or state that the test fails).

7. f .x; y/ D x2 C y2 � xy C x

SOLUTION

Step 1. Find the critical points. We set the first-order partial derivatives off .x; y/ D x2 C y2 � xy C x equal to zero and solve:

fx.x; y/ D 2x � y C 1 D 0 (1)

fy.x; y/ D 2y � x D 0 (2)

Equation (2) implies thatx D 2y. Substituting in (1) and solving fory gives

2 � 2y � y C 1 D 0 ) 3y D �1 ) y D �1
3

The corresponding value ofx is x D 2 �
�
�1
3

�
D �2

3 . The critical point is
�
�2
3 ;�

1
3

�
.
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Step 2. Compute the Discriminant. We find the second-order partials:

fxx.x; y/ D 2, fyy.x; y/ D 2, fxy.x; y/ D �1

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 2 � 2 � .�1/2 D 3

Step 3. Applying the Second Derivative Test. We have

D

�
�2
3
;�1
3

�
D 3 > 0 and fxx

�
�2
3
;�1
3

�
D 2 > 0

The Second Derivative Test implies thatf
�
�2
3 ;�

1
3

�
is a local minimum.

8. f .x; y/ D x3 � xy C y3

SOLUTION

Step 1. Find the critical points. We set the first-order partial derivatives off .x; y/ D x3 � xy C y3 equal to zero and solve:

fx.x; y/ D 3x2 � y D 0 (1)

fy.x; y/ D �x C 3y2 D 0 (2)

Equation (1) implies thaty D 3x2. Substituting in equation (2) and solving forx gives

�x C 3.3x2/
2 D 0

�x C 27x4 D x.�1C 27x3/ D 0 ) x D 0; x D 1

3

They-coordinates arey D 3 � 02 D 0 andy D 3 �
�
1
3

�2
D 1

3 . The critical points are thus.0; 0/ and
�
1
3 ;
1
3

�
.

Step 2. Compute the Discriminant. We find the second-order partials:

fxx.x; y/ D 6x, fyy.x; y/ D 6y, fxy.x; y/ D �1

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 6x � 6y � .�1/2 D 36xy � 1

Step 3. Apply the Second Derivative Test. We have

D.0; 0/ D �1 < 0

D

�
1

3
;
1

3

�
D 36 � 1

3
� 1
3

� 1 D 3 > 0; fxx

�
1

3
;
1

3

�
D 6 � 1

3
D 2 > 0

Thus,.0; 0/ is a saddle point, whereasf
�
1
3 ;
1
3

�
is a local minimum.

9. f .x; y/ D x3 C 2xy � 2y2 � 10x

SOLUTION

Step 1. Find the critical points. We set the first-order partial derivatives off .x; y/ D x3 C 2xy � 2y2 � 10x equal to zero and
solve:

fx.x; y/ D 3x2 C 2y � 10 D 0 (1)

fy.x; y/ D 2x � 4y D 0 (2)

Equation (2) implies thatx D 2y. We substitute in (1) and solve fory. This gives

3 � .2y/2 C 2y � 10 D 0

12y2 C 2y � 10 D 0

6y2 C y � 5 D 0

y1;2 D �1˙
p
1 � 4 � 6 � .�5/
12

D �1˙ 11

12
) y1 D �1 and y2 D 5

6

We find thex-coordinates usingx D 2y:

x1 D 2 � .�1/ D �2, x2 D 2 � 5
6

D 5

3

The critical points are thus.�2;�1/ and
�
5
3 ;
5
6

�
.
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Step 2. Compute the Discriminant. We find the second-order partials:

fxx.x; y/ D 6x, fyy.x; y/ D �4, fxy.x; y/ D 2

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 6x � .�4/ � 22 D �24x � 4

Step 3. Apply the Second Derivative Test. We have

D.�2;�1/ D �24 � .�2/ � 4 D 44 > 0;

fxx.�2;�1/ D 6 � .�2/ D �12 < 0

D

�
5

3
;
5

6

�
D �24 � 5

3
� 4 D �44 < 0

We conclude thatf .�2;�1/ is a local maximum and
�
5
3 ;
5
6

�
is a saddle point.

10. f .x; y/ D x3y C 12x2 � 8y

SOLUTION

Step 1. Find the critical points. We set the first-order partial derivatives off .x; y/ D x3y C 12x2 � 8y equal to zero and solve:

fx.x; y/ D 3x2y C 24x D 3x.xy C 8/ D 0 (1)

fy.x; y/ D x3 � 8 D 0 (2)

Equation (2) implies thatx D 2. We substitute in equation (1) and solve fory to obtain

6.2y C 8/ D 0 or y D �4

The critical point is.2;�4/.
Step 2. Compute the Discriminant. We find the second-order partials:

fxx.x; y/ D 6xy C 24, fyy D 0, fxy D 3x2

The discriminant is thus

D.x; y/ D fxxfyy � f 2xy D �9x4

Step 3. Apply the Second Derivative Test. We have

D.2;�4/ D �9 � 24 < 0

Hence.2;�4/ is a saddle point.

11. f .x; y/ D 4x � 3x3 � 2xy2

SOLUTION

Step 1. Find the critical points. We set the first-order derivatives off .x; y/ D 4x � 3x3 � 2xy2 equal to zero and solve:

fx.x; y/ D 4 � 9x2 � 2y2 D 0 (1)

fy.x; y/ D �4xy D 0 (2)

Equation (2) implies thatx D 0 or y D 0. If x D 0, then equation (1) gives

4 � 2y2 D 0 ) y2 D 2 ) y D
p
2; y D �

p
2

If y D 0, then equation (1) gives

4 � 9x2 D 0 ) 9x2 D 4 ) x D 2

3
; x D �2

3

The critical points are therefore

�
0;

p
2
�
;

�
0;�

p
2
�
;

�
2

3
; 0

�
;

�
�2
3
; 0

�

Step 2. Compute the discriminant. The second-order partials are

fxx.x; y/ D �18x; fyy.x; y/ D �4x; fxy D �4y

The discriminant is thus

D.x; y/ D fxxfyy � f 2xy D �18x � .�4x/ � .�4y/2 D 72x2 � 16y2
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Step 3. Apply the Second Derivative Test. We have

D
�
0;

p
2
�

D �32 < 0

D
�
0;�

p
2
�

D �32 < 0

D

�
2

3
; 0

�
D 72 � 4

9
D 32 > 0;

fxx

�
2

3
; 0

�
D �18 � 2

3
D �12 < 0

D

�
�2
3
; 0

�
D 72 � 4

9
D 32 > 0;

fxx

�
�2
3
; 0

�
D �18 �

�
�2
3

�
D 12 > 0

The Second Derivative Test implies that the points
�
0;˙

p
2
�

are the saddle points,f
�
2
3 ; 0

�
is a local maximum, andf

�
�2
3 ; 0

�

is a local minimum.

12. f .x; y/ D x3 C y4 � 6x � 2y2

SOLUTION

Step 1. Find the critical points. We set the first-order derivatives off .x; y/ D x3 C y4 � 6x � 2y2 equal to zero and solve:

fx.x; y/ D 3x2 � 6 D 0; fy.x; y/ D 4y3 � 4y D 0 or 4y.y2 � 1/ D 0

The first equation implies thatx D ˙
p
2, and the second equation implies thaty D 0 or y D ˙1. The critical points are therefore

�p
2; 0

�
;

�p
2; 1

�
;

�p
2;�1

�
;

�
�

p
2; 0

�
;

�
�

p
2; 1

�
;

�
�

p
2;�1

�

Step 2. Compute the discriminant. We find the second-order partials:

fxx.x; y/ D 6x; fyy .x; y/ D 12y2 � 4; fxy D 0

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 6x � 4.3y2 � 1/ � 02 D 24x.3y2 � 1/

Step 3. Apply the Second Derivative Test. We have

D
�p

2; 0
�

D �24
p
2 < 0

D
�p

2; 1
�

D 48
p
2 > 0; fxx

�p
2; 1

�
D 6

p
2 > 0

D
�p

2;�1
�

D 48
p
2 > 0; fxx

�p
2;�1

�
D 6

p
2 > 0

D
�
�

p
2; 0

�
D 24

p
2 > 0; fxx

�
�

p
2; 0

�
D �6

p
2 < 0

D
�
�

p
2; 1

�
D �48

p
2 < 0

D
�
�

p
2;�1

�
D �48

p
2 < 0

By the Second Derivative Test we obtain the following conclusions:
�p

2; 0
�
,
�
�

p
2; 1

�
, and

�
�

p
2;�1

�
are saddle points;

f
�p

2; 1
�

andf
�p

2;�1
�

are local minima; andf
�
�

p
2; 0

�
is a local maximum.

13. f .x; y/ D x4 C y4 � 4xy
SOLUTION

Step 1. Find the critical points. We set the first-order derivatives off .x; y/ D x4 C y4 � 4xy equal to zero and solve:

fx.x; y/ D 4x3 � 4y D 0; fy.x; y/ D 4y3 � 4x D 0 (1)

Equation (1) implies thaty D x3. Substituting in (2) and solving forx, we obtain

.x3/
3 � x D x9 � x D x.x8 � 1/ D 0 ) x D 0; x D 1; x D �1
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The correspondingy coordinates are

y D 03 D 0; y D 13 D 1; y D .�1/3 D �1

The critical points are therefore

.0; 0/; .1; 1/; .�1;�1/

Step 2. Compute the discriminant. We find the second-order partials:

fxx.x; y/ D 12x2; fyy.x; y/ D 12y2; fxy.x; y/ D �4

The discriminant is thus

D.x; y/ D fxxfyy � f 2xy D 12x2 � 12y2 � .�4/2 D 144x2y2 � 16

Step 3. Apply the Second Derivative Test. We have

D.0; 0/ D �16 < 0

D.1; 1/ D 144 � 16 D 128 > 0; fxx.1; 1/ D 12 > 0

D.�1;�1/ D 144 � 16 D 128 > 0; fxx.�1;�1/ D 12 > 0

We conclude that.0; 0/ is a saddle point, whereasf .1; 1/ andf .�1;�1/ are local minima.

14. f .x; y/ D ex
2�y2C4y

SOLUTION

Step 1. Find the critical points. We set the first partials off .x; y/ D ex
2�y2C4y equal to zero and solve:

fx.x; y/ D 2xex
2�y2C4y D 0; fy.x; y/ D .�2y C 4/ex

2�y2C4y D 0

Sinceex
2�y2C4y ¤ 0, the first equation givesx D 0 and the second equation gives�2y C 4 D 0 or y D 2. We obtain the critical

point .0; 2/.

Step 2. Compute the discriminant. We find the second-order partials:

fxx.x; y/ D @

@x

�
2xex

2�y2C4y
�

D 2ex
2�y2C4y C 2xex

2�y2C4y � 2x D 2ex
2�y2C4y.1C 2x2/

fyy .x; y/ D @

@y

�
.�2y C 4/ex

2�y2C4y
�

D �2ex2�y2C4y C .�2y C 4/ex
2�y2C4y � .�2y C 4/

D 2ex
2�y2C4y .�1C .�y C 2/.�2y C 4// D 2ex

2�y2C4y
�
2y2 � 8y C 7

�

fxy.x; y/ D @

@y

�
2xex

2�y2C4y
�

D 2xex
2�y2C4y.�2y C 4/ D 4x.2 � y/ex

2�y2C4y

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 4e2.x
2�y2C4y/

�
1C 2x2

� �
2y2 � 8y C 7

�
� 16x2.2 � y/2e2.x

2�y2C4y/

Step 3. Apply the Second Derivative Test. We have

D.0; 2/ D �4e8 < 0

Therefore,.0; 2/ is a saddle point.

15. f .x; y/ D xye�x2�y2

SOLUTION

Step 1. Find the critical points. We compute the partial derivatives off .x; y/ D xye�x2�y2
, using the Product Rule and the

Chain Rule:

fx.x; y; z/ D y
�
1 � e�x2�y2 C xe�x2�y2 � .�2x/

�
D ye�x2�y2

�
1 � 2x2

�

fy.x; y; z/ D x
�
1 � e�x2�y2 C ye�x2�y2 � .�2y/

�
D xe�x2�y2

�
1 � 2y2

�

We set the partial derivatives equal to zero and solve to find the critical points. This gives

ye�x2�y2
�
1 � 2x2

�
D 0
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xe�x2�y2
�
1 � 2y2

�
D 0

Sincee�x2�y2 ¤ 0, the first equation givesy D 0 or 1 � 2x2 D 0, that is,y D 0, x D 1p
2

, x D � 1p
2

. We substitute each of

these values in the second equation and solve to obtain

y D 0W xe�x2 D 0 ) x D 0

x D 1p
2

W 1p
2
e� 1

2 �y2
�
1 � 2y2

�
D 0 ) 1 � 2y2 D 0 ) y D ˙ 1p

2

x D � 1p
2

W � 1p
2
e� 1

2
�y2

�
1 � 2y2

�
D 0 ) 1� 2y2 D 0 ) y D ˙ 1p

2

We obtain the following critical points:.0; 0/,
�
1p
2
;
1p
2

�
;

�
1p
2
;� 1p

2

�
;

�
� 1p

2
;
1p
2

�
;

�
� 1p

2
;� 1p

2

�

Step 2. Compute the second-order partials.

fxx.x; y/ D y
@

@x

�
e�x2�y2

�
1 � 2x2

��
D y

�
e�x2�y2

.�2x/
�
1 � 2x2

�
C e�x2�y2

.�4x/
�

D �2xye�x2�y2
�
3 � 2x2

�

fyy.x; y/ D x
@

@y

�
e�x2�y2

�
1 � 2y2

��
D x

�
e�x2�y2

.�2y/
�
1 � 2y2

�
C e�x2�y2

.�4y/
�

D �2yxe�x2�y2
�
3 � 2y2

�

fxy.x; y/ D @

@y
fx D

�
1 � 2x2

� @

@y

�
ye�x2�y2

�
D
�
1 � 2x2

� �
1 � e�x2�y2 C ye�x2�y2

.�2y/
�

D e�x2�y2
�
1 � 2x2

� �
1 � 2y2

�

The discriminant is

D.x; y/ D fxxfyy � f 2xy

Step 3. Apply the Second Derivative Test. We construct the following table:

Critical Point fxx fyy fxy D Type
.0; 0/ 0 0 1 �1 D < 0, saddle point�
1p
2
; 1p

2

�
�2
e �2

e 0 4
e2 D > 0, fxx < 0 local maximum�

1p
2
;� 1p

2

�
2
e

2
e 0 4

e2 D > 0, fxx > 0 local minimum�
� 1p

2
; 1p

2

�
2
e

2
e 0 4

e2 D > 0, fxx > 0 local minimum�
� 1p

2
;� 1p

2

�
�2
e �2

e 0 4
e2 D > 0, fxx < 0 local maximum

16. f .x; y/ D ex � xey

SOLUTION

Step 1. Find the critical points. We set the first-order derivatives off .x; y/ D ex � xey equal to zero and solve:

fx.x; y/ D ex � ey D 0

fy.x; y/ D �xey D 0

Sinceey ¤ 0, the second equation givesx D 0. Substituting in the first equation, we get

e0 � ey D 1 � ey D 0 ) ey D 1 ) y D 0

The critical point is.0; 0/.

Step 2. Compute the discriminant. We find the second-order partial derivatives:

fxx.x; y/ D @

@x

�
ex � ey

�
D ex

fyy.x; y/ D @

@y

�
�xey

�
D �xey
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fxy.x; y/ D @

@y

�
ex � ey

�
D �ey

The discriminant is

D.x; y/ D fxxfyy � f 2xy D �xexCy � e2y

Step 3. Apply the Second Derivative Test. We have

D.0; 0/ D 0 � e0 D �1 < 0

The point.0; 0/ is a saddle point.

17. f .x; y/ D sin.x C y/� cosx

SOLUTION

Step 1. Find the critical points. We set the first-order derivatives off .x; y/ D sin.x C y/ � cosx equal to zero and solve:

fx.x; y/ D cos.x C y/C sinx D 0

fy.x; y/ D cos.x C y/ D 0

First consider the second equation, cos.x C y/ D 0 this is when

x C y D .2k C 1/�

2
! y D .2k C 1/�

2
� x wherek is an integer

Then setting the two equations equal to one another we gain sinx D 0 which are the values:

x D 0;˙�;˙2�; � � � D ˙k� wherek is an integer.

Thus we have:

x D k� andy D .2nC 1/�

2
wheren; k are integers

Step 2. Compute the discriminant. We find the second-order partial derivatives:

fxx.x; y/ D � sin.x C y/C cosx; fyy.x; y/ D � sin.x C y/; fxy.x; y/ D � sin.x C y/

The discriminant is:

D.x; y/ D fxxfyy � f 2xy D .� sin.x C y/C cosx/.� sin.x C y//� sin2.x C y/ D � cos.x/ sin.x C y/

Step 3. Apply the Second Derivative Test. We have

D D

8
ˆ̂̂
<
ˆ̂̂
:

C1; if y D 4nC 3

2
�

�1; y D 4nC 1

2
�

Therefore, the points

�
k�;

4nC 1

2
�

�
are saddle points sinceD < 0.

SinceD > 0 for the points
�
k�;

4nC 3

2
�

�
, we need to examinefxx . The results show:

fxx > 0 if k is even andfxx < 0 if k is odd

Thus:
�
k�;

4nC 3

2
�

�
are local minima ifk is even

while
�
k�;

4nC 3

2
�

�
are local maxima ifk is odd

18. f .x; y/ D x ln.x C y/
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SOLUTION

Step 1. Find the critical points. We set the first-order partial derivatives off .x; y/ D x ln.x C y/ equal to zero and solve:

fx.x; y/ D ln.x C y/C x � 1

x C y
D ln.x C y/C x

x C y
D 0

fy.x; y/ D x

x C y
D 0

The second equation impliesx D 0. Substituting in the first equation gives

lny C 0 D 0 ) lny D 0 ) y D 1:

We obtain the critical point.0; 1/. fx andfy do not exist at the points wherex C y D 0, but these points are not in the domain of
f , hence they are not critical points. The critical point is thus.0; 1/.

Step 2. Compute the discriminant. We find the second-order derivatives:

fxx D @

@x

�
ln.x C y/C x

x C y

�
D 1

x C y
C 1 � .x C y/� x � 1

.x C y/2
D 1

x C y
C y

.x C y/2
D x C 2y

.x C y/2

fyy D @

@y

�
x

x C y

�
D � x

.x C y/2

fxy D fyx D @

@x

�
x

x C y

�
D 1 � .x C y/ � x � 1

.x C y/2
D y

.x C y/2

The discriminant is

D.x; y/ D fxxfyy � f 2xy D �x.x C 2y/

.x C y/4
� y2

.x C y/4

Step 3. Apply the Second Derivative Test. We have

D.0; 1/ D 0 � 12

.0C 1/4
D �1 < 0

Therefore,.0; 1/ is a saddle point.

19. f .x; y/ D ln x C 2 ln y � x � 4y

SOLUTION

Step 1. Find the critical points. We set the first-order partials off .x; y/ D lnx C 2 lny � x � 4y equal to zero and solve:

fx.x; y/ D 1

x
� 1 D 0; fy.x; y/ D 2

y
� 4 D 0

The first equation givesx D 1, and the second equation givesy D 1
2 . We obtain the critical point

�
1; 12

�
. Notice thatfx andfy do

not exist ifx D 0 or y D 0, respectively, but these are not critical points since they are not in the domain off . The critical point is

thus
�
1; 12

�
.

Step 2. Compute the discriminant. We find the second-order partials:

fxx.x; y/ D � 1

x2
; fyy.x; y/ D � 2

y2
; fxy.x; y/ D 0

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 2

x2y2

Step 3. Apply the Second Derivative Test. We have

D

�
1;
1

2

�
D 2

12 �
�
1
2

�2 D 8 > 0; fxx

�
1;
1

2

�
D � 1

12
D �1 < 0

We conclude thatf
�
1; 12

�
is a local maximum.

20. f .x; y/ D .x C y/ ln.x2 C y2/



1638 C H A P T E R 12 DIFFERENTIATION IN SEVERAL VARIABLES

SOLUTION

Step 1. Find the critical points. We set the partial derivatives off .x; y/ D .x C y/ ln.x2 C y2/ equal to zero and solve.

fx.x C y/ D 2x.x C y/

x2 C y2
C ln.x2 C y2/ D 0; fy.x; y/ D 2y.x C y/

x2 C y2
C ln.x2 C y2/ D 0

and note that

2x.x C y/ D 2y.x C y/ ) 2.x C y/.x � y/ D 0

So critical points satisfyx D ˙y.
If x D y we would have

2y.2y/

2y2
C ln.2y2/ D 0 ) ln.2y2/ D �2 ) y D ˙ 1

e
p
2

If x D �y we would have

2y.0/

2y2
C ln.2y2/ D 0 ) ln.2y2/ D 0 ) y D ˙ 1p

2

Our critical points are:
�

1

e
p
2
;
1

e
p
2

�
;

�
� 1

e
p
2
;� 1

e
p
2

�
;

�
1p
2
;� 1p

2

�
;

�
� 1p

2
;
1p
2

�

Step 2. Compute the discriminant. We compute the second-order partial derivatives

fxx.x; y/ D 4x

x2 C y2
C 2.x C y/

x2 C y2
� 4x2.x C y/

.x2 C y2/2

fxy.x; y/ D 2y

x2 C y2
C 2x

x2 C y2
� 4xy.x C y/

.x2 C y2/2

fyy.x; y/ D 4y

x2 C y2
C 2.x C y/

x2 C y2
� 4y2.x C y/

.x2 C y2/2

Step 3. Apply the Second Derivative Test. We can form the table

Critical point fxx fyy fxy D Type

�
1

e
p
2
; 1

e
p
2

�
2e

p
2 2e

p
2 0 8e2 local minimum

�
� 1

e
p
2
;� 1

e
p
2

�
�2e

p
2 �2e

p
2 0 8e2 local maximum

�
1p
2
;� 1p

2

�
2
p
2 �2

p
2 0 �8 saddle point

�
� 1p

2
; 1p

2

�
�2

p
2 2

p
2 0 �8 saddle point

21. f .x; y/ D x � y2 � ln.x C y/

SOLUTION

Step 1. Find the critical points. We set the partial derivatives off .x; y/ D x � y2 � ln.x C y/ equal to zero and solve.

fx.x; y/ D 1 � 1

x C y
D 0; fy.x; y/ D �2y � 1

x C y
D 0

The first equation implies that1xCy D 1. Substituting in the second equation gives

�2y � 1 D 0 ) 2y D �1 ) y D �1
2

We substitutey D �1
2 in the first equation and solve forx:

1 � 1

x � 1
2

D 0 ) x � 1

2
D 1 ) x D 3

2

We obtain the critical point
�
3
2 ;�

1
2

�
. Notice that althoughfx andfy do not exist wherex C y D 0, these are not critical points

sincef is not defined at these points.
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Step 2. Compute the discriminant. We compute the second-order partial derivatives:

fxx.x; y/ D @

@x

�
1� 1

x C y

�
D 1

.x C y/2

fyy.x; y/ D @

@y

�
�2y � 1

x C y

�
D �2C 1

.x C y/2

fxy.x; y/ D @

@y

�
1 � 1

x C y

�
D 1

.x C y/2

The discriminant is

D.x; y/ D fxxfyy � f 2xy D 1

.x C y/2

�
�2C 1

.x C y/2

�
� 1

.x C y/4
D �2
.x C y/2

Step 3. Apply the Second Derivative Test. We have

D

�
3

2
;�1
2

�
D �2
�
3
2 � 1

2

�2 D �2 < 0

We conclude that
�
3
2 ;�

1
2

�
is a saddle point.

22. f .x; y/ D .x � y/ex
2�y2

SOLUTION Find the critical points. We set the partial derivatives off .x; y/ D .x � y/ex
2�y2

equal to zero and solve:

fx.x; y/ D ex
2�y2 C .x � y/ex2�y2 � 2x D ex

2�y2
�
2x2 � 2xy C 1

�
D 0

fy.x; y/ D �ex2�y2 C .x � y/ex
2�y2 � .�2y/ D ex

2�y2
�
2y2 � 2xy � 1

�
D 0

Sinceex
2�y2 ¤ 0, we have the following equations:

2x2 � 2xy C 1 D 0

2y2 � 2xy � 1 D 0

We add and subtract the two equations to obtain the following equations:

2
�
x2 C y2

�
� 4xy D 0

2
�
x2 � y2

�
C 2 D 0

The first equation can be rewritten asx2 � 2xy C y2 D 0 or .x � y/2 D 0, yieldingx D y. Substituting in the second equation
gives2 D 0, we conclude that the two equations have no solutions, that is, there are no critical points (notice thatfx andfy exist

everywhere). Since local minima and local maxima can occur only at critical points, it follows thatf .x; y/ D .x � y/ex2�y2
does

not have local minima or local maxima.

23. f .x; y/ D .x C 3y/ey�x2

SOLUTION

Step 1. Find the critical points. We compute the partial derivatives off .x; y/ D .x C 3y/ey�x2
, using the Product Rule and the

Chain Rule:

fx.x; y/ D 1 � ey�x2 C .x C 3y/ey�x2 � .�2x/ D ey�x2
�
1 � 2x2 � 6xy

�

fy.x; y/ D 3ey�x2 C .x C 3y/ey�x2 � 1 D ey�x2

.3C x C 3y/

We set the partial derivatives equal to zero and solve to find the critical points:

ey�x2
�
1 � 2x2 � 6xy

�
D 0

ey�x2

.3C x C 3y/ D 0

Sinceey�x2 ¤ 0, we obtain the following equations:

1 � 2x2 � 6xy D 0
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3C x C 3y D 0

The second equation givesx D �3.1C y/. We substitute forx in the first equation and solve fory:

1 � 2 � 9.1C y/2 C 18.1C y/y D 0

1 � 18
�
1C 2y C y2

�
C 18

�
y C y2

�
D 0

�17 � 18y D 0 ) y D �17
18
; x D �3

�
1 � 17

18

�
D �1

6

The critical point is
�
�1
6 ;�

17
18

�
.

Step 2. Compute the second-order partials.

fxx.x; y/ D @

@x
fx D ey�x2

.�2x/
�
1 � 2x2 � 6xy

�
C ey�x2

.�4x � 6y/ D 2ey�x2
�
2x3 C 6x2y � 3x � 3y

�

fyy .x; y/ D @

@y
fy D ey�x2

.3C x C 3y/C ey�x2 � 3 D ey�x2

.6C x C 3y/

fxy.x; y/ D @

@x
fy D ey�x2

.�2x/.3C x C 3y/C ey�x2 � 1 D ey�x2
�
1 � 6xy � 2x2 � 6x

�

The discriminant is

D.x; y/ D fxxfyy � f 2xy

Step 3. Apply the Second Derivative Test. We obtain the following table:

Critical Point fxx fyy fxy D Type�
�1
6 ;�

17
18

�
2.4 1.13 0.38 2.57 D > 0, fxx > 0, local minimum

24. Show thatf .x; y/ D x2 has infinitely many critical points (as a function of two variables) and that the Second Derivative Test
fails for all of them. What is the minimum value off ? Doesf .x; y/ have any local maxima?

SOLUTION First if we solve for critical points we get

fx.x; y/ D 2x; fy.x; y/ D 0

Thus setting each equal to zero only yieldsx D 0 andy can be any real number. The list of critical points is

.0; r/ wherer is any real number:

Now computing the second-order partials for the discriminant we get

fxx.x; y/ D 2; fxy.x; y/ D 0; fyy.x; y/ D 0

Therefore,D D 0. This means that the Second Derivative Test is inconclusive for every critical point, it fails.
Finally this function does have a minimum value of 0 since the smallest any square can be is 0. Sincex can get arbitrarily large,

this function has no maximum value, and no local maxima.

25. Prove that the functionf .x; y/ D 1
3x
3 C 2

3y
3=2 � xy satisfiesf .x; y/ � 0 for x � 0 andy � 0.

(a) First, verify that the set of critical points off is the parabolay D x2 and that the Second Derivative Test fails for these points.

(b) Show that for fixedb, the functiong.x/ D f .x; b/ is concave up forx > 0 with a critical point atx D b1=2.

(c) Conclude thatf .a; b/ � f .b1=2; b/ D 0 for all a; b � 0.

SOLUTION

(a) To find the critical points, we need the first-order partial derivatives, set them equal to zero and solve:

fx.x; y/ D x2 � y D 0; fy.x; y/ D y1=2 � x D 0

This gives us:

y D x2

as the solution set for the critical points.
Now to compute the discriminant, we need the second-order partials

fxx.x; y/ D 2x; fyy.x; y/ D 1

2
y�1=2; fxy.x; y/ D �1
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Thus the discriminant is

D.x; y/ D x
p
y

� 1

Sincey D x2 is the solution set for the critical points we see:

D.x; y/ D 1 � 1 D 0

Therefore the Second Derivative Test is inconclusive and fails us.

(b) If we fix a valueb and considerg.x/ D f .x; b/ D 1
3x
3 C 2

3b
3=2 � bx to find the concavity, we see

g0.x/ D x2 � b; g00.x/ D 2x

Then certainly, forx > 0, this function is concave up. The critical point will occur at the point whenx2 � b D 0 or x D b1=2.

(c) Now, since for fixedb, we know thatg.x/ D f .x; b/ is concave up ifx > 0, and the critical point isx D b1=2. Therefore

f .a; b/ � f .b1=2; b/ D 0 for all b � 0

26. Let f .x; y/ D .x2 C y2/e�x2�y2

.

(a) Where doesf take on its minimum value? Do not use calculus to answer this question.

(b) Verify that the set of critical points off consists of the origin.0; 0/ and the unit circlex2 C y2 D 1.

(c) The Second Derivative Test fails for points on the unit circle (this can be checked by some lengthy algebra). Prove, however,
thatf takes on its maximum value on the unit circle by analyzing the functiong.t/ D te�t for t > 0.

SOLUTION

(a) We know thate�.x2Cy2/ is always positive and greater than 0, andx2 C y2 � 0, therefore the minimum is reached when
x2 C y2 D 0 and the only point where this occurs is at.0; 0/.

(b) Find the critical points. We set the first-order derivatives equal to zero and solve:

fx.x; y/ D 2xe�x2�y2 C .x2 C y2/e�x2�y2 � .�2x/ D 2xe�x2�y2
.1 � x2 � y2/ D 0

fy.x; y/ D 2ye�x2�y2 C .x2 C y2/e�x2�y2 � .�2y/ D 2ye�x2�y2

.1 � x2 � y2/ D 0

Sincee�x2�y2 ¤ 0, the first equation givesx D 0 or x2 C y2 D 1. We substitutex D 0 in the second equation and solve fory:

2ye�y2

.1� y2/ D 0

Sincee�y2 ¤ 0, the solutions arey D 0 ory D ˙1. The corresponding points are.0; 0/, .0; 1/, .0;�1/. The solutionx2 C y2 D 1

also satisfies the second equation. We conclude that there are infinitely many critical points, namely, the points on the unit circle
x2 C y2 D 1 and its center.0; 0/.

(c) For the given function we can definet D x2 C y2 to obtain the functiong.t/ D te�t . The critical point ofg.t/ is

g0.t/ D e�t � te�t D .1 � t/e�t D 0 ) t D 1

We find the second derivative at the critical point:

g00.t/ D d

dt

�
.1 � t/e�t � D �e�t C .1� t/e�t .�1/ D .t � 2/e�t

Therefore, by the Second Derivative Test for functions of one variable,t D 1 gives a local maximum. Also, the value off .x; y/ at
all the points on the unit circle is the same:

f .x; y/ D .x2 C y2/e�.x2Cy2/ D te�t D e�1 whent D 1

It follows that at the points on the unit circlex2 C y2 D 1, f .x; y/ has local maxima.

27. Use a computer algebra system to find a numerical approximation to the critical point of

f .x; y/ D .1� x C x2/ey
2 C .1 � y C y2/ex

2

Apply the Second Derivative Test to confirm that it corresponds to a local minimum as in Figure 6.
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x

y

z

FIGURE 6 Plot of f .x; y/ D .1 � x C x2/ey
2 C .1 � y C y2/ex

2
.

SOLUTION The critical points are the solutions offx.x; y/ D 0 andfy.x; y/ D 0. We compute the partial derivatives:

fx.x; y/ D .�1C 2x/ey
2 C

�
1 � y C y2

�
ex

2 � 2x

fy.x; y/ D
�
1 � x C x2

�
ey

2 � 2y C .�1C 2y/ex
2

Hence, the critical points are the solutions of the following equations:

.2x � 1/ey
2 C 2x

�
1 � y C y2

�
ex

2 D 0

.2y � 1/ex
2 C 2y

�
1 � x C x2

�
ey

2 D 0

Using a CAS we obtain the following solution:x D y D 0:27788, which from the figure is a local minimum.

28. Which of the following domains are closed and which are bounded?

(a) f.x; y/ 2 R2 W x2 C y2 � 1g (b) f.x; y/ 2 R2 W x2 C y2 < 1g
(c) f.x; y/ 2 R2 W x � 0g (d) f.x; y/ 2 R2 W x > 0; y > 0g
(e) f.x; y/ 2 R2 W 1 � x � 4; 5 � y � 10g (f) f.x; y/ 2 R2 W x > 0; x2 C y2 � 10g
SOLUTION

(a) f.x; y/ 2 R2 W x2 C y2 � 1g: This domain is bounded since it is contained, for instance, in the diskx2 C y2 < 2. The domain
is also closed since it contains all of its boundary points, which are the points on the unit circlex2 C y2 D 1.
(b) f.x; y/ 2 R2 W x2 C y2 < 1g: The domain is contained in the diskx2 C y2 < 1, hence it is bounded. It is not closed since its
boundaryx2 C y2 D 1 is not contained in the domain.
(c) f.x; y/ 2 R2 W x � 0g:

x

y

This domain is not contained in any disk, hence it is not bounded. However, the domain contains its boundaryx D 0 (they-axis),
hence it is closed.
(d) f.x; y/ 2 R2 W x > 0; y > 0g:

x

y
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The domain is not contained in any disk, hence it is not bounded. The boundary is the positivex andy axes, and it is not contained
in the domain, therefore the domain is not closed.

(e) f.x; y/ 2 R2 W 1 � x � 4; 5 � y � 10g:

x

y

1 4

10

A (1, 5)
7.5

B (4, 5)

D (1, 10) C (4, 10)

This domain is contained in the diskx2 C y2 � 112, hence it is bounded. Moreover, the domain contains its boundary, which
consists of the segmentsAB, BC , CD, AD shown in the figure, therefore the domain is closed.

(f) f.x; y/ 2 R2 W x > 0; x2 C y2 � 10g:

x

y

This domain is bounded since it is contained in the diskx2 C y2 � 10. It is not closed since the partf.0; y/ 2 R2 W jyj �
p
10g of

its boundary is not contained in the domain.

In Exercises 29–32, determine the global extreme values of the function on the given setwithout using calculus.

29. f .x; y/ D x C y, 0 � x � 1; 0 � y � 1

SOLUTION The sumx C y is maximum whenx D 1 andy D 1, and it is minimum whenx D 0 andy D 0. Therefore, the
global maximum off on the given set isf .1; 1/ D 1C 1 D 2 and the global minimum isf .0; 0/ D 0C 0 D 0.

30. f .x; y/ D 2x � y, 0 � x � 1; 0 � y � 3

SOLUTION f is maximum whenx is maximum andy is minimum, that isx D 1 andy D 0. f is minimum whenx is minimum
andy is maximum, that is,x D 0, y D 3. Therefore, the global maximum off in the set isf .1; 0/ D 2 � 1 � 0 D 2 and the global
minimum isf .0; 3/ D 2 � 0� 3 D �3.
31. f .x; y/ D .x2 C y2 C 1/�1, 0 � x � 3; 0 � y � 5

SOLUTION f .x; y/ D 1
x2Cy2C1 is maximum whenx2 and y2 are minimum, that is, whenx D y D 0. f is minimum

when x2 and y2 are maximum, that is, whenx D 3 and y D 5. Therefore, the global maximum off on the given set is

f .0; 0/ D .02 C 02 C 1/
�1 D 1, and the global minimum isf .3; 5/ D .32 C 52 C 1/

�1 D 1
35 .

32. f .x; y/ D e�x2�y2
, x2 C y2 � 1

SOLUTION The functionf .x; y/ D e�.x2Cy2/ D 1

ex2Cy2 is maximum whenex
2Cy2

is minimum, that is, whenx2 C y2 is

minimum. The minimum value ofx2 C y2 on the given set is zero, obtained atx D 0 andy D 0. We conclude that the maximum
value off on the given set is

f .0; 0/ D e�02�02 D e0 D 1

f is minimum whenx2 C y2 is maximum, that is, whenx2 C y2 D 1. Thus, the minimum value off on the given disk is obtained
on the boundary of the disk, and it ise�1 D 1

e .

33. Assumptions Matter Show thatf .x; y/ D xy does not have a global minimum or a global maximum on the domain

D D f.x; y/ W 0 < x < 1; 0 < y < 1g

Explain why this does not contradict Theorem 3.
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SOLUTION The largest and smallest values off on the closed square0 � x; y � 1 aref .1; 1/ D 1 andf .0; 0/ D 0. However,
on the open square0 < x; y < 1, f can never attain these maximum and minimum values, since the boundary (and in particular
the points.1; 1/ and.�1;�1/) are not included in the domain. This does not contradict Theorem 3 since the domain is open.

34. Find a continuous function that does not have a global maximum on the domainD D f.x; y/ W x C y � 0; x C y � 1g.
Explain why this does not contradict Theorem 3.

SOLUTION Consider the continuous functionf .x; y/ D x. Taking first partial derivatives we have

fx D x; fy D 0

and second-order partials we have

fxx D 1; fyy D 0; fxy D 0

Already we can see that

D D fxxfyy � f 2xy D 0

So the Second Derivative Test is going to be inconclusive. (In fact, there are no critical points)
Considering this function over the domain,D D f.x; y/ W x C y � 0; x C y � 1g, we see thatf .x; y/ D x is in the strip

formed between to the two linesy D �x andy D 1 � x. We can makef .x; y/ D x arbitrarily large within this region. In fact,
we can see that limx!�1 f .x; y/ is arbitrarily large. This does not contradict the theorem in the text, because the domainD is an
bounded domain, in that for any integern, we can see that the open interval.�n; nC 0:5/ is contained in this region.

35. Find the maximum of

f .x; y/ D x C y � x2 � y2 � xy

on the square,0 � x � 2; 0 � y � 2 (Figure 7).

(a) First, locate the critical point off in the square, and evaluatef at this point.

(b) On the bottom edge of the square,y D 0 andf .x; 0/ D x � x2. Find the extreme values off on the bottom edge.

(c) Find the extreme values off on the remaining edges.

(d) Find the largest among the values computed in (a), (b), and (c).

f (x, 2) = −2 − x − x2

Edge y = 2

Edge x = 2

f (2, y) = −2 − y − y2

Edge x = 0

f (0, y) = y − y2

Edge y = 0

f (x, 0) = x − x2

x
2

y

2

FIGURE 7 The functionf .x; y/ D x C y � x2 � y2 � xy on the boundary segments of the square0 � x � 2; 0 � y � 2.

SOLUTION

(a) To find the critical points, we look at the first-order partial derivatives set equal to zero and solve:

fx.x; y/ D 1 � 2x � y D 0; fy.x; y/ D 1 � 2y � x D 0

This givesy D 1 � 2x andx D 1 � 2y, solving simultaneously we seey D 1=3 andx D 1=3. The critical point is.1=3; 1=3/,
subsequently,f .1=3; 1=3/ D 1=3.

(b) To find the extreme points off .x; 0/ D x � x2 we take the first derivative and set it equal to zero and solve:

f 0.x; 0/ D 1 � 2x D 0 ! x D 1=2

Thus the extreme value on the bottom edge of the square is

f .1=2; 0/ D 1=4

(c) Now to find the extreme values on the other edges of the square.
First, let us usex D 0: f .0; y/ D y � y2. Taking the first derivative and setting equal to 0 gives us:

f 0.0; y/ D 1 � 2y D 0;! y D 1=2

Therefore, the extreme value alongx D 0 is f .0; 1=2/ D 1=4.
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Next, let us usey D 2: f .x; 2/ D �x2 � x � 2. Take the first derivative and setting equal to 0 gives us:

f 0.x; 2/ D �2x � 1 D 0;! x D �1=2

Therefore, the extreme value alongy D 2 is f .�1=2; 2/ D �7=4.
Finally, let us usex D 2: f .2; y/ D �2 � y � y2. Take the first derivative and setting equal to 0 gives us:

f 0.2; y/ D �1 � 2y D 0;! y D �1=2

Therefore, the extreme value alongx D 2 is f .2;�1=2/ D �7=4.
(d) Out of all the values we computed in parts (a), (b), and (c),1=3 is the largest. This value occurs at the point.1=3; 1=3/.

36. Find the maximum off .x; y/ D y2 C xy � x2 on the square0 � x � 2; 0 � y � 2.

SOLUTION First, locate the critical point off in the square, and evaluatef at this point.

Taking first-order partial derivatives and setting them equal to 0 to solve, we have:

fx D y � 2x D 0; fy D 2y C x D 0

Thus2x D y and we can write

4x C x D 0 ) x D 0 andy D 0

Therefore our critical point is.0; 0/ and note here thatf .0; 0/ D 0.

Find the extreme values off on the edges of the square, namelyx D 0; 2 andy D 0; 2. First if x D 0, thenf .0; y/ D y2 and
f 0 D 2y. Setting the derivative equal to 0 to solve we seey D 0. An extreme value occurs at the point.0; 0/, which was already
accounted for in the step above. We also must examine the endpoints on the interval.0; 0/ and.0; 2/. Using this we have:

f .0; 0/ D 0; f .0; 2/ D 4

Next, if x D 2, thenf .2; y/ D y2 C 2y � 4 andf 0 D 2y C 2. Setting the derivative equal to 0 to solve, we seey D �1,
but this value is not on our square, so we remove it from consideration. The endpoints along this line segment are.2; 0/ and.2; 2/.
Using these we have

f .2; 0/ D 4; f .2; 2/ D 4

Next, if y D 0, thenf .x; 0/ D �x2 andf 0 D �2x. Setting the derivative equal to 0 to solve, we seex D 0. This value has
already been accounted for in part (a). Checking the endpoints of this line segment means examining the points.0; 0/ and.2; 0/.
Both have been accounted for in steps above.

Finally, if y D 2, thenf .x; 2/ D 4 C 2x � x2 andf 0 D 2 � 2x. Setting this derivative equal to 0 to solve, we seex D 1.
Evaluating at the point.1; 2/we havef .1; 2/ D 5. The endpoints of this line segment are.0; 2/ and.2; 2/, both have been accounted
for in steps above.

The maximum occurs at critical pointf on the top edge, wheref .x; 2/ D 4 C 2x � x2. The critical point is.x; y/ D .1; 2/

andf .1; 2/ D 5.

In Exercises 37–43, determine the global extreme values of the function on the given domain.

37. f .x; y/ D x3 � 2y, 0 � x � 1, 0 � y � 1

SOLUTION We use the following steps.
Step 1. Find the critical points. We set the first derivative equal to zero and solve:

fx.x; y/ D 3x2 D 0; fy.x; y/ D �2

The two equations have no solutions, hence there are no critical points.
Step 2. Check the boundary. The extreme values occur either at the critical points or at a point on the boundary of the domain.
Since there are no critical points, the extreme values occur at boundary points. We consider each edge of the square0 � x, y � 1

separately.

The segmentOA: On this segmenty D 0, 0 � x � 1, andf takes the valuesf .x; 0/ D x3. The minimum value isf .0; 0/ D 0

and the maximum value isf .1; 0/ D 1.

x

y

A (1, 0)

B (1, 1)

D (0, 0)

C (0, 1)
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The segmentAB: On this segmentx D 1, 0 � y � 1, andf takes the valuesf .1; y/ D 1 � 2y. The minimum value is
f .1; 1/ D 1 � 2 � 1 D �1 and the maximum value isf .1; 0/ D 1 � 2 � 0 D 1.
The segmentBC : On this segmenty D 1, 0 � x � 1, andf takes the valuesf .x; 1/ D x3 � 2. The minimum value is
f .0; 1/ D 03 � 2 D �2 and the maximum value isf .1; 1/ D 13 � 2 D �1.
The segmentOC : On this segmentx D 0, 0 � y � 1, andf takes the valuesf .0; y/ D �2y. The minimum value is
f .0; 1/ D �2 � 1 D �2 and the maximum value isf .0; 0/ D �2 � 0 D 0.

Step 3. Conclusions. The values obtained in the previous steps are

f .0; 0/ D 0; f .1; 0/ D 1; f .1; 1/ D �1; f .0; 1/ D �2

The smallest value isf .0; 1/ D �2 and it is the global minimum off on the square. The global maximum is the largest value
f .1; 0/ D 1.

38. f .x; y/ D 5x � 3y, y � x � 2, y � �x � 2, y � 3

SOLUTION

Step 1. Find the critical points. We set the first partial derivatives equal to zero and solve:

fx.x; y/ D 5; fy.x; y/ D �3

When we set each equal to zero, we have no solutions, hence there are no critical points.

Step 2. Check the boundary. The extreme values occur either at the critical points or at a point on the boundary of the domain. The
edges of the boundary are defined by the liney D x � 2, the liney D �x � 2, and the liney D 3. This is the triangle with vertices
.0;�2/; .5; 3/; .�5; 3/.

On the liney D x � 2 we have:

f .x; x � 2/ D 5x � 3.x � 2/ D 2x C 6 andf 0 D 2

This means that the function is always increasing and the minimum occurs at the point.0;�2/ and the maximum occurs at the
vertex.5; 3/:

f .0;�2/ D 6; f .5; 3/ D 16

On the liney D �x � 2 we have:

f .x;�x � 2/ D 5x � 3.�x � 2/ D 8x C 6 andf 0 D 8

This means that the function is always increasing and the minimum occurs at the point.�5; 3/ and the maximum occurs at the
vertex.0;�2/:

f .�5; 3/ D �34; f .0;�2/ D 6

On the liney D 3 we have:

f .x; 3/ D 5x � 9 andf 0 D 5

This means that the function is always increasing and the minimum occurs at the point.�5; 3/ and the maximum occurs at the
vertex.5; 3/:

f .�5; 3/ D �34; f .5; 3/ D 16

Step 3. Conclusions. The values obtained in the previous steps are:

f .0;�2/ D 6; f .�5; 3/ D �34; f .5; 3/ D 16

The maximum value is 16 and it occurs at the point.5; 3/ and the minimum value is�34 and it occurs at the point.�5; 3/.
39. f .x; y/ D x2 C 2y2, 0 � x � 1, 0 � y � 1

SOLUTION The sumx2 C 2y2 is maximum at the point.1; 1/, wherex2 andy2 are maximum. It is minimum ifx D y D 0,
that is, at the point.0; 0/. Hence,

Global maximumD f .1; 1/ D 12 C 2 � 12 D 3

Global minimumD f .0; 0/ D 02 C 2 � 02 D 0

40. f .x; y/ D x3 C x2y C 2y2, x; y � 0, x C y � 1
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SOLUTION We use the following steps.

Step 1. Examine the critical points. We find the critical points off .x; y/ D x3 C x2y C 2y2 in the interior of the domain (the
standard region in the figure).

x

y

A (1, 0)0

B (0, 1)

We set the partial derivatives off equal to zero and solve:

fx.x; y/ D 3x2 C 2xy D x.3x C 2y/ D 0

fy.x; y/ D x2 C 4y D 0

The first equation givesx D 0 or y D �3
2x. Substitutingx D 0 in the second equation gives4y D 0 or y D 0. We obtain the

critical point.0; 0/. We now substitutey D �3
2x in the second equation and solve forx:

x2 C 4 �
�

�3
2
x

�
D x2 � 6x D x.x � 6/ D 0 ) x D 0; x D 6

We get the critical points.0; 0/ and.6;�9/. None of the critical points.0; 0/ and.6;�9/ is in the interior of the domain.

Step 2. Check the boundary. The boundary consists of the three segmentsOA,OB, andAB shown in the figure. We consider each
part of the boundary separately.

The segmentOA: On this segmenty D 0, 0 � x � 1, andf .x; y/ D f .x; 0/ D x3. The minimum value isf .0; 0/ D 03 D 0

and the maximum value isf .1; 0/ D 13 D 1.
The segmentOB: On this segmentx D 0, 0 � y � 1, andf .x; y/ D f .0; y/ D 2y2. The minimum value isf .0; 0/ D
2 � 02 D 0 and the maximum value isf .0; 1/ D 2 � 12 D 2.
The segmentAB : On this segmenty D 1 � x, 0 � x � 1, and

f .x; y/ D x3 C x2.1 � x/C 2.1 � x/2 D x3 C x2 � x3 C 2
�
1 � 2x C x2

�
D 3x2 � 4x C 2

We find the extreme values ofg.x/ D 3x2 � 4x C 2 in the interval0 � x � 1. With the aid of the graph ofg.x/, and with setting
the derivativeg0 equal to 0, we find that the minimum value is

g

�
2

3

�
D f

�
2

3
;
1

3

�
D 3 �

�
2

3

�2
� 4 � 2

3
C 2 D 2

3

and the maximum value is

g.0/ D f .0; 1/ D 3 � 02 � 4 � 0C 2 D 2

2
3

g(x) = 3x2 − 4x + 2

1
x

y

0

2

Step 3. Conclusions. We compare the values off .x; y/ at the points obtained in step (2), and determine the global extrema of
f .x; y/. This gives

f .0; 0/ D 0; f .1; 0/ D 1; f .0; 1/ D 2; f

�
2

3
;
1

3

�
D 2

3

We conclude that the global minimum off in the given domain isf .0; 0/ D 0 and the global maximum isf .0; 1/ D 2.
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41. f .x; y/ D x3 C y3 � 3xy, 0 � x � 1, 0 � y � 1

SOLUTION We use the following steps.

Step 1. Examine the critical points in the interior of the domain. We set the partial derivatives equal to zero and solve:

fx.x; y/ D 3x2 � 3y D 0

fy.x; y/ D 3y2 � 3x D 0

The first equation givesy D x2. We substitute in the second equation and solve forx:

3
�
x2
�2

� 3x D 0

3x4 � 3x D 3x
�
x3 � 1

�
D 0 ) x D 0; y D 02 D 0

or x D 1; y D 12 D 1

The critical points.0; 0/ and.1; 1/ are not in the interior of the domain.

Step 2. Find the extreme values on the boundary. We consider each part of the boundary separately.

x

y

D(0, 1) C(1, 1)

B(1, 0)A(0, 0)

The edgeAB: On this edge,y D 0, 0 � x � 1, andf .x; 0/ D x3. The maximum value is obtained atx D 1 and the minimum
value is obtained atx D 0. The corresponding extreme points are.1; 0/ and.0; 0/.
The edgeBC : On this edgex D 1, 0 � y � 1, andf .1; y/ D y3 � 3y C 1. The critical points ared

dy

�
y3 � 3y C 1

�
D

3y2 � 3 D 0, that is,y D ˙1. The point in the given domain isy D 1. The candidates for extreme values are thusy D 1 and
y D 0, giving the points.1; 1/ and.1; 0/.
The edgeDC : On this edgey D 1, 0 � x � 1, andf .x; 1/ D x3 � 3x C 1. Replacing the values ofx andy in the previous
solutions we get the points.1; 1/ and.0; 1/.
The edgeAD: On this edgex D 0, 0 � y � 1, andf .0; y/ D y3. Replacing the values ofx andy obtained for the edgeAB ,
we get.0; 1/ and.0; 0/.

By Theorem 3, the extreme values occur either at a critical point in the interior of the square or at a point on the boundary of the
square. Since there are no critical points in the interior of the square, the candidates for extreme values are the following points:

.0; 0/; .1; 0/; .1; 1/; .0; 1/

We computef .x; y/ D x3 C y3 � 3xy at these points:

f .0; 0/ D 03 C 03 � 3 � 0 D 0

f .1; 0/ D 13 C 03 � 3 � 1 � 0 D 1

f .1; 1/ D 13 C 13 � 3 � 1 � 1 D �1

f .0; 1/ D 03 C 13 � 3 � 0 � 1 D 1

We conclude that in the given domain, the global maximum isf .1; 0/ D f .0; 1/ D 1 and the global minimum isf .1; 1/ D �1.
42. f .x; y/ D x2 C y2 � 2x � 4y, x � 0, 0 � y � 3, y � x

SOLUTION We use the following steps:

Step 1. Examine the critical points in the interior of the domain. We set the partial derivatives equal to zero and solve:

fx.x; y/ D 2x � 2; fy.x; y/ D 2y � 4

Setting each equal to zero and solving we get:x D 1 andy D 2. Evaluating at the point.1; 2/ we see:

f .1; 2/ D �5

Step 2. Find the extreme values on the boundary. We consider each part of the boundary separately. The region that is described is
the triangle bounded by the linesx D 0; y D 3, andy D x with vertices.0; 0/; .3; 3/; .0; 3/.
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First consider the linex D 0:

f .0; y/ D y2 � 4y ) f 0 D 2y � 4

Settingf 0 equal to zero and solving we gety D 2. So we must consider the point.0; 2/:

f .0; 2/ D �4

We must also consider the endpoints of this line segment,.0; 0/ and.0; 3/:

f .0; 0/ D 0; f .0; 3/ D �3

Next, consider the liney D 3:

f .x; 3/ D x2 C 9 � 2x � 12 D x2 � 2x � 3 ) f 0 D 2x � 2

Settingf 0 equal to zero and solving we getx D 1. So we must also consider the point.1; 3/:

f .1; 3/ D �4

We must also consider the endpoints of this line segment,.0; 3/ and.3; 3/:

f .0; 3/ D �3; f .3; 3/ D 0

Finally, consider the liney D x:

f .x; x/ D x2 C x2 � 2x � 4x D 2x2 � 6x ) f 0 D 4x � 6

Settingf 0 equal to zero and solving, we getx D 3=2. So we must also consider the point.3=2; 3=2/:

f .3=2; 3=2/ D �9
2

We have already examined the endpoints of this line segment in the steps above.
Step 3. Conclusions. The points that we have considered in this problem are

f .1; 2/ D �5; f .0; 2/ D �4; f .1; 3/ D �4; f .3=2; 3=2/ D �9
2

f .0; 0/ D 0; f .0; 3/ D �3; f .3; 3/ D 0

Therefore the minimum value is�5 and occurs at the point.1; 2/ and the maximum value is0 and occurs in two places, at the
points.0; 0/ and.3; 3/.

43. f .x; y/ D .4y2 � x2/e�x2�y2

, x2 C y2 � 2

SOLUTION We use the following steps.

Step 1. Examine the critical points. We compute the partial derivatives off .x; y/ D
�
4y2 � x2

�
e�x2�y2

, set them equal to zero
and solve. This gives

fx.x; y/ D �2xe�x2�y2 C
�
4y2 � x2

�
e�x2�y2 � .�2x/ D �2xe�x2�y2

�
1C 4y2 � x2

�
D 0

fy.x; y/ D 8ye�x2�y2 C
�
4y2 � x2

�
e�x2�y2 � .�2y/ D �2ye�x2�y2

�
�4C 4y2 � x2

�
D 0

Sincee�x2�y2 ¤ 0, the first equation givesx D 0 or x2 D 1C 4y2. Substitutingx D 0 in the second equation gives

�2ye�y2
�
�4C 4y2

�
D 0:

Sincee�y2 ¤ 0, we get

y
�
�1C y2

�
D y.y � 1/.y C 1/ D 0 ) y D 0; y D 1; y D �1

We obtain the three points.0; 0/, .0;�1/, .0; 1/. We now substitutex2 D 1C 4y2 in the second equation and solve fory:

�2ye�1�5y2
�
�4C 4y2 � 1 � 4y2

�
D 0

�2ye�1�5y2 � .�5/ D 0 ) y D 0

The corresponding values ofx are obtained from

x2 D 1C 4 � 02 D 1 ) x D ˙1
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We obtain the solutions.1; 0/ and.�1; 0/. We conclude that the critical points are

.0; 0/; .0;�1/; .0; 1/; .1; 0/; and .�1; 0/:

All of these points are in the interiorx2 C y2 < 2 of the given disk.

Step 2. Check the boundary. The boundary is the circlex2 C y2 D 2. On this sety2 D 2 � x2, hence the functionf .x; y/ takes
the values

f .x; y/

ˇ̌
ˇ̌
x2Cy2D2

D g.x/ D
�
4
�
2 � x2

�
� x2

�
e�2 D

�
�5x2 C 8

�
e�2

That is,g.x/ D �5e�2x2 C 8e�2. We determine the interval ofx. Sincex2 C y2 D 2, we have0 � x2 � 2 or �
p
2 � x �

p
2.

x

y

−

1.265−1.265

8e−2

22

We thus must find the extreme values ofg.x/ D �5e�2x2 C 8e�2 on the interval�
p
2 � x �

p
2. With the aid of the graph of

g.x/, we conclude that the maximum value isg.0/ D 8e�2 and the minimum value is

g
�
�

p
2
�

D g
�p

2
�

D �5e�2
�
˙

p
2
�2

C 8e�2 D �10e�2 C 8e�2 D �2e�2 � �0:271

We conclude that the points on the boundary with largest and smallest values off are

f
�
0;˙

p
2
�

D 8e�2 � 1:083; f
�
˙

p
2; 0

�
D �2e�2 � �0:271

Step 3. Conclusions. The extreme values either occur at the critical points or at the points on the boundary, found in step 2. We
compare the values off at these points:

f .0; 0/ D 0

f .0;�1/ D 4e�1 � 1:472

f .0; 1/ D 4e�1 � 1:472

f .1; 0/ D �e�1 � �0:368

f .�1; 0/ D �e�1 � �0:368

f
�
0;˙

p
2
�

� 1:083

f
�
˙

p
2; 0

�
� �0:271

We conclude that the global minimum isf .1; 0/ D f .�1; 0/ D �0:368 and the global maximum isf .0;�1/ D f .0; 1/ D 1:472.

44. Find the maximum volume of a box inscribed in the tetrahedron bounded by the coordinate planes and the plane

x C 1

2
y C 1

3
z D 1

SOLUTION To maximize volume of a rectangular box we must consider the volume,V D xyz. But since the constraint is

x C 1
2y C 1

3z D 1, we can solve this forz and get:

z D 3 � 3x � 3

2
y ) V.x; y/ D xy

�
3 � 3x � 3

2
y

�
D 3xy � 3x2y � 3

2
xy2

Now to maximizeV.x; y/. First to find the critical points, we take the first-order partial derivatives, set them equal to zero, and
solve:

Vx.x; y/ D 3y � 6xy � 3

2
y2 D 0; Vy.x; y/ D 3x � 3x2 � 3xy D 0

Using the equationVy D 0 we see:

3x � 3x2 � 3xy D 0 ) x � x2 � xy D 0 ) xy D x � x2 ) y D 1 � x or x D 0
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We can ignorex D 0, because this value would produce a box having volume 0. Using this information in the first equation,
Vx D 0, we see

3y � 6xy � 3

2
y2 D 0 ) 3.1 � x/ � 6x.1 � x/� 3

2
.1 � x/2 D 0 ) 9

2
x2 � 6x C 3

2
D 0

Clearing this equation of fractions we have

3x2 � 4x C 1 D 0 ) .3x � 1/.x � 1/ D 0 ) x D 1

3
; 1

Using this information we see:

x D 1

3
) y D 1 � 1

3
D 2

3

x D 1 ) y D 1 � 1 D 0

We know thaty ¤ 0, otherwise, volume of the box will be 0 (which is not maximized). In fact, it makes no sense to use any of the
coordinate plane boundaries for critical points because the resultant volume will be 0.

Therefore we examine the point wherex D 1
3 andy D 2

3 . To findz we usez D 3 � 3x � 3
2y:

z D 3 � 3 � 1
3

� 3

2
� 2
3

D 1

Hence the maximum volume of the box is

V D xyz D 1

3
� 2
3

� 1 D 2

9
cubic units

45. Find the maximum volume of the largest box of the type shown in Figure 8, with one corner at the origin and the opposite
corner at a pointP D .x; y; z/ on the paraboloid

z D 1 � x2

4
� y2

9
with x; y; z � 0

x

y

1

P

z

FIGURE 8

SOLUTION To maximize the volume of a rectangular box, start with the relationV D xyz and using the paraboloid equation we
see

z D 1 � x2

4
� y2

9
) V.x; y/ D xy

 
1 � x2

4
� y2

9

!

Therefore we will consider

V.x; y/ D xy � 1

4
x3y � 1

9
xy3

First to find the critical points, we take the first-order partial derivatives and set them equal to zero, and solve:

Vx.x; y/ D y � 3

4
x2y � 1

9
y3; Vy.x; y/ D x � 1

4
x3 � 1

3
xy2

Using the equationVy D 0 we see

x � 1

4
x3 � 1

3
xy2 D 0 ) x D 0; y2 D 3 � 3

4
x2 ) y D

r
3 � 3

4
x2

(Note here, we can ignore the valuex D 0, since it produces a box having zero volume.)
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Using this relation in the first equation,Vx D 0, we see:
r
3 � 3

4
x2 � 3

4
x2

r
3 � 3

4
x2 � 1

9

�
3 � 3

4
x2
�3=2

D 0

Factoring we see:
r
3 � 3

4
x2
�
1 � 3

4
x2 � 1

9

�
3 � 3

4
x2
��

D 0

and thus

3 � 3

4
x2 D 0 ) x2 D 4 ) x D ˙2

or

1 � 3

4
x2 � 1

3
C 1

12
x2 D 0 ) 2

3
� 2

3
x2 D 0 ) x D ˙1

Since the governing equationf .x; y/ is a paraboloid, that is symmetric about thez-axis, we need only consider the point when
x D 2 or x D 1.

Therefore, sincey D
q
3 � 3

4x
2 and z D 1 � 1

4x
2 � 1

9y
2, we have, ifx D 2

y D
r
3 � 3

4
� 4 D 0 ) z D 1 � 1

4
� 4 � 1

9
� 0 D 0

This will give a box having zero volume - not a maximum volume at all.

Usingx D 1, andy D
q
3 � 3

4x
2, z D 1 � 1

4x
2 � 1

9y
2, we have

y D
r
3 � 3

4
D 3

2
; z D 1 � 1

4
� 12 � 1

9
� 9
4

D 1

2

Therefore, the box having maximum volume has dimensions,x D 1, y D 3=2, andz D 1=2 and maximum value for the volume:

V D xyz D 1 � 3
2

� 1
2

D 3

4

46. Find the point on the plane

z D x C y C 1

closest to the pointP D .1; 0; 0/. Hint: Minimize the square of the distance.

SOLUTION Using the hint given in the text, minimize the function

f .x; y; z/ D .x � 1/2 C y2 C .x C y C 1/2

We get, after taking first-order partial derivatives and setting them equal to zero to solve:

fx D 2.x � 1/C 2.x C y C 1/ D 0; fy D 2y C 2.x C y C 1/ D 0

This givesy D x � 1 and2.x � 1/C 2.2x/ D 0 or x D 1=3.
Therefore, sincex D 1=3, theny D x � 1 D 1=3 � 1 D �2=3 andz D x C y C 1 D 1=3 � 2=3C 1 D 2=3. The point closest

to the pointP.1; 0; 0/ is the point.1=3;�2=3; 2=3/.
47. Show that the sum of the squares of the distances from a pointP D .c; d/ to n fixed points.a1; b1/; : : : ;.an; bn/ is minimized
whenc is the average of thex-coordinatesai andd is the average of they-coordinatesbi .

SOLUTION First we must form the sum of the squares of the distances from a pointP.c; d/ to n fixed points. For instance, the
square of the distance from.c; d/ to .a1; b1/ would be:

.c � a1/
2 C .d � b1/2

using this pattern, the sum in question would be

S D
nX

iD1
Œ.c � ai /2 C .d � bi /

2

Using the methods discussed in this section of the text, we want to minimize the sumS . We will examine the first-order partial
derivatives with respect toc andd and set them equal to zero and solve:

Sc D
nX

iD1
2.c � ai / D 0; Sd D

nX

iD1
2.d � bi / D 0
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Consider first the following:

nX

iD1
2.c � ai / D 0 )

nX

iD1
.c � ai / D 0 )

nX

iD1
c �

nX

iD1
ai D 0

Therefore

nX

iD1
c D

nX

iD1
ai ) n � c D

nX

iD1
ai ) c D 1

n

nX

iD1
ai

Similarly we can examineSd D 0 to see

nX

iD1
2.d � bi / D 0 )

nX

iD1
.d � bi / D 0 )

nX

iD1
d �

nX

iD1
bi D 0

and

nX

iD1
d D

nX

iD1
bi ) n � d D

nX

iD1
bi ) d D 1

n

nX

iD1
bi

Therefore, the sum is minimized whenc is the average of thex-coordinatesai andd is the average of they-coordinatesbi .

48. Show that the rectangular box (including the top and bottom) with fixed volumeV D 27 m3 and smallest possible surface area
is a cube (Figure 9).

z

y
x

FIGURE 9 Rectangular box with sidesx; y; z.

SOLUTION

Step 1. Find a function to be maximized. The surface area of the box with sides lengthsx, y, z is

S D 2.xz C yz C xy/ (1)

We express the surface area in terms ofx andy alone using the equationV D xyz for the volume of the box. This equation implies
thatz D V

xy , hence by (1) we get

S D S.x; y/ D 2

�
x � V
xy

C y � V
xy

C xy

�
D 2

�
V

y
C V

x
C xy

�
D 2V

y
C 2V

x
C 2xy

That is,

S D 2V

y
C 2V

x
C 2xy

Step 2. Determine the domain. The variablesx andy express lengths, therefore, they must be nonnegative. Also,S is not defined
if x D 0 or y D 0, therefore the domain is

D D f.x; y/ W x > 0; y > 0g

We must find the minimum value ofS onD. Because this domain is neither closed nor bounded, we have no guarantee that an
absolute minimum exists. However, it can be proved (see later Justifications) thatS has a minimum value onD, hence it must occur
at a critical point inD.
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DifferentiatingS D 2V
y C 2V

x C 2xy and equating the partial derivatives to zero, we get

Sx.x; y/ D �2V
x2

C 2y D 0; Sy.x; y/ D �2V
y2

C 2x D 0

The first equation givesy D V
x2 . Substituting in the second equation yields

2x � 2V

V 2

x4

D 2x � 2x4

V
D 2x

 
1 � x3

V

!
D 0

The solutions arex D 0 andx D 3
p
V . The solutionx D 0 is not contained inD, hence the only solution inD is x D 3

p
V . The

corresponding value ofy is obtained fromy D V
x2 :

y D V
�

3
p
V
�2 D V

V 2=3
D 3

p
V

The critical point is
�

3
p
V ;

3
p
V
�
. We find the value ofz, usingz D V

xy :

z D V
3
p
V

3
p
V

D V

V 2=3
D 3

p
V

But how can we show that this critical point is a minumum? We provide two justifications.
Justification 1: Using the second derivative test, we haveSxx D 4V=x3, soSxx.

3
p
V / D 4; Syy D 4V=y3, soSyy.

3
p
V / D 4;

andSxy D 2. Thus,D D 4 � 4 � 22 D 12 > 0, and sinceSxx > 0, we do indeed have a minimum surface area. This makes sense,
because whenx or y go to 0 or to1, thenS (which is2V=x C 2V=y C 2xy) clearly goes to1.

Justification 2: We show that the functionS.X; Y / D 2V
y C 2V

x C 2xy has a minimum value in the domainD D
f.x; y/ W x > 0; y > 0g.

x

y

D

We denote bya0 the value ofS.x; y/ at the point.2; 2/ in D:

S.2; 2/ D 2V C 8 D a0 > 8

The following inequalities hold inD:

S.x; y/ D V

x
C V

y
C 2xy � V

x
(2)

S.x; y/ D V

x
C V

y
C 2xy � V

y
(3)

S.x; y/ D V

x
C V

y
C 2xy � 2xy (4)

Since lim
x!0C

V
x D 1, it follows by (1) that there exists0 < r1 < 1 such that, for all0 < x < r1 and for all values ofy,

S.x; y/ > a0

Since lim
y!0C

V
y D 1, it follows by (2) that there exists0 < r2 < 1 such that, for all0 < y < r1 and for all values ofx,

S.x; y/ > a0

By (3) it follows that ifxy > a0 then

S.x; y/ > 2a0 > a0

We define the following domain:

R D f.x; y/ W x � r1; y � r2; xy � a0g
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x

y

1r1

r2
R

xy = a0

1

0

R is closed and bounded andS.x; y/ is continuous inR, thereforeS has a minimum value inR.
We now show that this minimum is also the minimum value ofS inD. First notice that, by the above considerations,S.x; y/ >

a0 for all .x; y/ outsideR. At the point.2; 2/, S.2; 2/ D a0, and this point is inR, since2 � r1, 2 � r2 (recall that0 < r1, r2 < 1)
and2 � 2 D 4 < 8 < a0. Therefore, the minimum value ofS.x; y/ in R is also the minimum value ofS in D. We thus proved that
S attains a minimum value onD.

49. Consider a rectangular boxB that has a bottom and sides but no top and has minimal surface area among all boxes
with fixed volumeV .

(a) Do you thinkB is a cube as in the solution to Exercise 48? If not, how would its shape differ from a cube?

(b) Find the dimensions ofB and compare with your response to (a).

SOLUTION

(a) Each of the variablesx andy is the length of a side of three faces (for example,x is the length of the front, back, and bottom
sides), whereasz is the length of a side of four faces.

y

x

z

Therefore, the variablesx, y, andz do not have equal influence on the surface area. We expect that in the boxB with minimal
surface area,z is smaller than3

p
V , which is the side of a cube with volumeV (also we would expectx D y).

(b) We must find the dimensions of the boxB, with fixed volumeV and with smallest possible surface area, when the top is not
included.

Step 1. Find a function to be minimized. The surface area of the box with sides lengthsx, y, z when the top is not included is

S D 2xz C 2yz C xy (1)

y

x

z

To express the surface in terms ofx and y only, we use the formula for the volume of the box,V D xyz, giving z D V
xy . We

substitute in (1) to obtain

S D 2x � V
xy

C 2y � V
xy

C xy D 2V

y
C 2V

x
C xy

That is,

S D 2V

y
C 2V

x
C xy:

Step 2. Determine the domain. The variablesx, y denote lengths, hence they must be nonnegative. Moreover,S is not defined for
x D 0 or y D 0. Since there are no other limitations on the variables, the domain is

D D f.x; y/ W x > 0; y > 0g

We must find the minimum value ofS onD. Because this domain is neither closed nor bounded, we are not sure that a minimum
value exists. However, it can be proved (in like manner as in Exercise 48) thatS does have a minimum value onD. This value
occurs at a critical point inD, hence we set the partial derivatives equal to zero and solve. This gives

Sx.x; y/ D �2V
x2

C y D 0
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Sy.x; y/ D �2V
y2

C x D 0

The first equation givesy D 2V
x2 . Substituting in the second equation yields

x � 2V

4V 2

x4

D x � x4

2V
D x

 
1 � x3

2V

!
D 0

The solutions arex D 0 andx D .2V /1=3. The solutionx D 0 is not included inD, so the only solution isx D .2V /1=3.
We find the value ofy usingy D 2V

x2 :

y D 2V

.2V /2=3
D .2V /1=3

We conclude that the critical point, which is the point where the minimum value ofS inD occurs, is
�
.2V /1=3; .2V /1=3

�
. We find

the corresponding value ofz usingz D V
xy . We get

z D V

.2V /1=3.2V /1=3
D V

22=3V 2=3
D V 1=3

22=3
D
�
V

4

�1=3

We conclude that the sizes of the box with minimum surface area are

width: x D .2V /1=3;
length:y D .2V /1=3;

height:z D
�
V
4

�1=3
.

We see thatz is smaller thanx andy as predicted.

50. Givenn data points.x1; y1/; : : : ; .xn; yn/, thelinear least-squares fitis the linear function

f .x/ D mx C b

that minimizes the sum of the squares (Figure 10):

E.m; b/ D
nX

jD1
.yj � f .xj //2

Show that the minimum value ofE occurs form andb satisfying the two equations

m

0
@

nX

jD1
xj

1
AC bn D

nX

jD1
yj

m

nX

jD1
x2j C b

nX

jD1
xj D

nX

jD1
xj yj

x

(x1, y1)

(x2, y2)

(xn, yn)

(xj, yj)

y = mx + b

y

FIGURE 10 The linear least-squares fit minimizes the sum of the squares of the vertical distances from the data points to the line.

SOLUTION We first find the critical points ofE.m; b/ D
Pn
jD1

�
yj �mxj � b

�2. Setting the partial derivatives equal to zero,
we get

Em.m; b/ D 2

nX

jD1

�
yj �mxj � b

�
�
�
�xj

�
D �2

nX

jD1
xj �

�
yj �mxj � b

�
D 0

Eb.m; b/ D 2

nX

jD1

�
yj �mxj � b

�
� .�1/ D �2

nX

jD1

�
yj �mxj � b

�
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D �2

0
@

nX

jD1

�
yj �mxj

�
� nb

1
A D 0

We obtain the following equations:

nX

jD1
xj � yj �m

nX

jD1
x2j � b

nX

jD1
xj D 0

nX

jD1
yj �m

nX

jD1
xj � bn D 0

or

m

nX

jD1
x2j C b

nX

jD1
xj D

nX

jD1
xj � yj (1)

m

nX

jD1
xj C bn D

nX

jD1
yj (2)

By Theorem 3 the minimum value ofE.m; b/ (if it exists) occurs at a critical point, which is the solution of equations (1) and (2).
It can be shown (see justification) thatE.m; b/ has a minimum value, henceE is minimized by the solution of (1) and (2).

Justification: We show thatE.m; b/ D
Pn
jD1

�
yj �mxj � b

�2 has a minimum value. Let.m0; b0/ be any point and
E.m0; b0/ D E0. SinceE.m; b/ is increasing without bound asjmj ! 1 andjbj ! 1, there exists a numberR > 0 such that

E.m; b/ > E0 if jmj > R andjbj > R (3)

The domainD D f.m; b/ W jmj � R andjbj � Rg is closed and bounded andE.m; b/ is continuous onD, henceE has a minimum
valueEM onD. The point.m0; b0/ is inD (sinceE.m; b/ > E0 for all points.m; b/ that are not inD), hence

EM � E.m0; b0/ D E0 (4)

It follows by (1) and (2) thatEM is the minimum value ofE.m; b/ on the entiremb-plane.

51. The power (in microwatts) of a laser is measured as a function of current (in milliamps). Find the linear least-squares fit
(Exercise 50) for the data points.

Current (mA) 1.0 1.1 1.2 1.3 1.4 1.5

Laser power (�W) 0.52 0.56 0.82 0.78 1.23 1.50

SOLUTION By Exercise 50, the coefficients of the linear least-square fitf .x/ D mx C b are determined by the following
equations:

m

nX

jD1
xj C bn D

nX

jD1
yj

m

nX

jD1
x2j C b

nX

jD1
xj D

nX

jD1
xj � yj (1)

In our case there aren D 6 data points:

.x1; y1/ D .1; 0:52/; .x2; y2/ D .1:1; 0:56/;

.x3; y3/ D .1:2; 0:82/; .x4; y4/ D .1:3; 0:78/;

.x5; y5/ D .1:4; 1:23/; .x6; y6/ D .1:5; 1:50/:

We compute the sums in (1):

6X

jD1
xj D 1C 1:1C 1:2C 1:3C 1:4C 1:5 D 7:5

6X

jD1
yj D 0:52C 0:56C 0:82C 0:78C 1:23C 1:50 D 5:41
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6X

jD1
x2j D 12 C 1:12 C 1:22 C 1:32 C 1:42 C 1:52 D 9:55

6X

jD1
xj � yj D 1 � 0:52C 1:1 � 0:56C 1:2 � 0:82C 1:3 � 0:78C 1:4 � 1:23C 1:5 � 1:50 D 7:106

Substituting in (1) gives the following equations:

7:5mC 6b D 5:41

9:55mC 7:5b D 7:106 (2)

We multiply the first equation by 9.55 and the second by.�7:5/, then add the resulting equations. This gives

71:625mC 57:3b D 51:6655

C �71:625m� 56:25b D �53:295

1:05b D �1:6295
) b D �1:5519

We now substituteb D �1:5519 in the first equation in (2) and solve form:

7:5mC 6 � .�1:5519/D5:41

7:5mD14:7214
) m D 1:9629

The linear least squares fitf .x/ D mx C b is thus

f .x/ D 1:9629x � 1:5519:

52. Let A D .a; b/ be a fixed point in the plane, and letfA.P / be the distance fromA to the pointP D .x; y/. ForP ¤ A, let
eAP be the unit vector pointing fromA toP (Figure 11):

eAP D
��!
AP

k��!
AP k

Show that

rfA.P / D eAP

x

y

A = (a, b)

eAP

P = (x, y)

Distance  fA(x, y)

FIGURE 11 The distance fromA toP increases most rapidly in the directioneAP .

SOLUTION Note that we can derive this result without calculation: BecauserfA.P / points in the direction of maximal increase,
it must point directly away fromA atP , and because the distancefA.x; y/ increases at a rate of one as you move away fromA

along the line throughA andP , rfA.P / must be a unit vector.

Further Insights and Challenges

53. In this exercise, we prove that for allx; y � 0:

1

˛
x˛ C 1

ˇ
xˇ � xy

where˛ � 1 andˇ � 1 are numbers such that˛�1 C ˇ�1 D 1. To do this, we prove that the function

f .x; y/ D ˛�1x˛ C ˇ�1yˇ � xy

satisfiesf .x; y/ � 0 for all x; y � 0.

(a) Show that the set of critical points off .x; y/ is the curvey D x˛�1 (Figure 12). Note that this curve can also be described as
x D yˇ�1. What is the value off .x; y/ at points on this curve?
(b) Verify that the Second Derivative Test fails. Show, however, that for fixedb > 0, the functiong.x/ D f .x; b/ is concave up
with a critical point atx D bˇ�1.
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(c) Conclude that for allx > 0, f .x; b/ � f .bˇ�1; b/ D 0.

inc inc
b

x

y

y = xα−1

(bβ−1, b )

Critical points of f(x, y)

FIGURE 12 The critical points off .x; y/ D ˛�1x˛ C ˇ�1yˇ � xy form a curvey D x˛�1.

SOLUTION We define the following function:

f .x; y/ D 1

˛
x˛ C 1

ˇ
yˇ � xy

Notice thatf .0; 0/ D 0.

(a) Determine the critical points forf .x; y/ D f .x; y/ D ˛�1x˛ C ˇ�1yˇ � xy. First, take the first-order partial derivatives
and set them equal to zero to solve:

fx D ˛�1 � ˛x˛�1 � y D x˛�1 � y D 0; fy D ˇ�1 � ˇyˇ�1 � x D yˇ�1 � x D 0

This means thaty D x˛�1 and simultaneouslyx D yˇ�1. Note here that we are guaranteed that the set of points satisfying both
equations is nonempty because1=˛ C 1=ˇ D 1.

Now to compute the value off .x; y/ at these points:

f .x; y/ D f .x; x˛�1/ D ˛�1x˛ C ˇ�1.x˛�1/ˇ � x.x˛�1/ D
�
1

˛
� 1

�
x˛ C 1

ˇ
x˛ˇ�ˇ

But remember that̨ �1 C ˇ�1 D 1 so we can say

1

˛
C 1

ˇ
D 1; ˇ C ˛ D ˛ˇ

Using these relations we see:

f .x; y/ D f .x; x˛�1/ D
�
1

˛
� 1

�
x˛ C 1

ˇ
x˛ˇ�ˇ D � 1

ˇ
x˛ C 1

ˇ
x˛ D 0

or similarly,

f .x; y/ D f .yˇ�1; y/ D 1

˛
y˛ˇ�˛ C

�
1

ˇ
� 1

�
yˇ D 1

˛
yˇ � 1

˛
yˇ D 0

(b) Now computing the second-order partial derivatives we get

fxx D .˛ � 1/x˛�2; fyy D .ˇ � 1/yˇ�2; fxy D �1

Therefore we can write the discriminant (while using the relations about˛ andˇ above):

D D fxxfyy � f 2xy D .˛ � 1/.ˇ � 1/x˛�2yˇ�2 � 1 D x˛�2yˇ�2 � 1

Evaluating this expression at the critical points wheny D x˛�1 we see

D.x; x˛�1/ D x˛�2.x˛�1/ˇ�2 � 1 D x˛�2x˛ˇ�ˇ�2˛C2 � 1 D x˛�2C˛ˇ�ˇ�2˛C2 � 1 D x0 � 1 D 0

Thus the Second Derivative Test is inconclusive and fails.
Instead, if we fixb > 0, consider the function

g.x/ D f .x; b/ D 1

˛
x˛ C 1

ˇ
bˇ � bx

Therefore, taking the first derivative and setting it equal to zero to solve, we see

g0.x/ D x˛�1 � b D 0 ) b D x˛�1

In order to solve this forx, note here that.˛ � 1/.ˇ � 1/ D 1 so then 1
˛�1 D ˇ � 1 and

b D x˛�1 ) x D b1=.˛�1/ ) x D bˇ�1
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Since

g00.x/ D .˛ � 1/x˛�2; ˛ � 1

theng00.x/ � 0 for all x. Therefore,g.x/ is concave up with critical pointx D bˇ�1.

(c) From our work in part (b), we can conclude, for allx > 0, then

f .x; b/ � f .bˇ�1; b/ D 0

54. The following problem was posed by Pierre de Fermat: Given three pointsA D .a1; a2/, B D .b1; b2/, andC D
.c1; c2/ in the plane, find the pointP D .x; y/ that minimizes the sum of the distances

f .x; y/ D AP C BP C CP

Let e; f;g be the unit vectors pointing fromP to the pointsA;B;C as in Figure 13.

(a) Use Exercise 52 to show that the conditionrf .P / D 0 is equivalent to

eC f C g D 0 3

(b) Show thatf .x; y/ is differentiable except at pointsA;B;C . Conclude that the minimum off .x; y/ occurs either at a pointP
satisfying Eq. (3) or at one of the pointsA, B, orC .

(c) Prove that Eq. (3) holds if and only ifP is theFermat point, defined as the pointP for which the angles between the segments
AP , BP , CP are all120ı (Figure 13).

(d) Show that the Fermat point does not exist if one of the angles in4ABC is > 120ı. Where does the minimum occur in this
case?

P

A

g

e
f

C

B

A
C

B

140°

(A) P is the Fermat point

      (the angles between e,

      f, and g are all 120°).

(B) Fermat point does not exist.

FIGURE 13

SOLUTION Let us examine part (b) first.

(b)

C(c1, c2)

P(x, y)
A(a1, a2)

B(b1, b2)

Using the formula for the length of a segment we obtain

f .x; y/ D
q
.x � a1/

2 C .y � a2/
2 C

q
.x � b1/

2 C .y � b2/
2 C

q
.x � c1/2 C .y � c2/

2

We compute the partial derivatives off :

fx.x; y/ D x � a1q
.x � a1/

2 C .y � a2/2
C x � b1q

.x � b1/
2 C .y � b2/

2
C x � c1q

.x � c1/2 C .y � c2/
2

(1)

fy.x; y/ D y � a2q
.x � a1/

2 C .y � a2/2
C y � b2q

.x � b1/
2 C .y � b2/

2
C y � c2q

.x � c1/2 C .y � c2/
2

(2)

For all.x; y/ other then.a1; a2/, .b1; b2/, .c1; c2/ the partial derivatives are continuous, therefore the Criterion for Differentiability
implies thatf is differentiable at all points other thanA, B, andC .
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(a)

C

P e

f

g

A

B

We compute the unit vectorse, f, andg:

e D hx � a1; y � a2iq
.x � a1/

2 C .y � a2/2

f D hx � b1; y � b2iq
.x � b1/

2 C .y � b2/
2

g D hx � c1; y � c2iq
.x � c1/

2 C .y � c2/
2

We write the conditioneC f C g D 0:

eC f C g D hx � a1; y � a2iq
.x � a1/2 C .y � a2/

2
C hx � b1; y � b2iq

.x � b1/
2 C .y � b2/2

C hx � c1; y � c2iq
.x � c1/

2 C .y � c2/2

D
*

x � a1q
.x � a1/

2 C .y � a2/2
C x � b1q

.x � b1/2 C .y � b2/
2

C x � c1q
.x � c1/2 C .y � c2/

2
;

y � a2q
.x � a1/2 C .y � a2/

2
C y � b2q

.x � b1/
2 C .y � b2/2

C y � c2q
.x � c1/

2 C .y � c2/2

+

Combining with (1) and (2) we get

eC f C g D
˝
fx.x; y/; fy.x; y/

˛
D rf

Therefore, the conditionrf D 0 is equivalent toeC f C g D 0.

(c) We now show that Eq. (3) holds if and only if the mutual angles between the unit vectors are all120ı. We place the axes so
that the positivex-axis is in the direction ofe.

e
q

a f
g

x

y

Let � and˛ be the angles thatf andg make withe, respectively. Hence,

e D h1; 0i ; f D hcos�; sin�i ; g D hcos˛; sin˛i

Substituting ineC f C g D 0 we have

hcos� C cos˛ C 1; sin� C sin˛i D h0; 0i

or

cos� C cos˛ C 1 D 0

sin� C sin˛ D 0
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The second equation implies that

sin� D � sin˛ D sin.180C ˛/

The solutions for0 � ˛; � � 360 are

� D 180C ˛; � D 360 � ˛

We substitute each solution in the first equation and solve for˛. This gives

� D 180C ˛ � D 360ı � ˛

cos.180C ˛/C cos˛ C 1 D 0 cos.360ı � ˛/C cos˛ C 1 D 0

� cos˛ C cos˛ C 1 D 0 cos˛ C cos˛ C 1 D 0

1 D 0 2 cos˛ D �1
cos˛ D �1

2

)
˛ D 120ı ˛ D 240ı

� D 360ı � ˛ D 240ı � D 360ı � ˛ D 120ı

We obtain the following vectors:

e D h1; 0i ; f D
˝
cos240ı; sin240ı˛ ; g D

˝
cos120ı; sin120ı˛

or

e D h1; 0i ; f D
˝
cos120ı; sin120ı˛ ; g D

˝
cos240ı; sin240ı˛

f

g

x

y

120°

120°
120° e

or

g

f

x

y

120°

120°
120° e

f

B

A C

P

e g120°

120° 120°

f

B

A

C

Pe

g

120°

120°

120°

In either case the angles between the vectors are120ı.
Now we seef .x; y/ has the minimum value at a critical point:
The critical points are the points wherefx andfy are 0 or do not exist, that is, the pointsA,B,C and the point whererf D 0,

which according to part (b) is the Fermat point. We now show that if the Fermat pointP exists, thenf .P / � f .A/, f .B/, f .C /.

P 120°120°

A

B C

120°

Suppose that the Fermat pointP exists. The values off at the critical points are

f .A/ D AB C AC
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f .B/ D AB C BC

f .C / D AC C BC

f .P / D AP C BP C PC

We show thatf .P / � f .A/. Similarly it can be shown that alsof .P / � f .B/ andf .P / � f .C /. By the Cosine Theorem for
the trianglesABP andACP we have

AB D
q
AP

2 C BP
2 � 2AP � BP cos120ı D

q
AP

2 C BP
2 C AP � BP

AC D
q
AP

2 C CP
2 � 2AP � PC cos120ı D

q
AP

2 C CP
2 C AP � PC

Hence

f .A/ D AB C AC D
q
AP

2 C BP
2 C AP � BP C

q
AP

2 C CP
2 C AP � PC

� AP C BP C PC D f .P /

The last inequality can be verified by squaring and transferring sides. It’s best to use a computer to help with the algebra; it’s a
daunting task to do by hand.

(d) We show that if one of the angles of�ABC is � 120ı, then the Fermat point does not exist. Notice that the Fermat point (if it
exists) must fall inside the triangleABC .

120°

120°
120°

A

B

C

P

P cannot lie outside�ABC

Suppose the Fermat pointP exists.

P 120°120°

A

B C

120°1

1 2

1

We sum the angles in the trianglesABP andACP , obtaining

^A1 C ^B1 C 120ı D 180ı ) ^A1 D 60ı � ^B1

^A2 C ^C1 C 120ı D 180ı ) ^A2 D 60ı � ^C1

Therefore,

^A D ^A1 C ^A2 D
�
60ı � ^B1

�
C
�
60ı � ^C1

�
D 120ı � .^B1 C ^C1/ < 120

ı

We thus showed that if the Fermat point exists, then^A < 120ı. Similarly, one shows also that̂B and^C must be smaller than
120ı. We conclude that if one of the angles in�ABC is equal or greater than120ı, then the Fermat point does not exist. In that
case, the minimum value off .x; y/ occurs at a point wherefx or fy do not exist, that is, at one of the pointsA, B, orC .
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12.8 Lagrange Multipliers: Optimizing with a Constraint

Preliminary Questions
1. Suppose that the maximum off .x; y/ subject to the constraintg.x; y/ D 0 occurs at a pointP D .a; b/ such thatrfP ¤ 0.

Which of the following statements is true?

(a) rfP is tangent tog.x; y/ D 0 atP .

(b) rfP is orthogonal tog.x; y/ D 0 atP .

SOLUTION

(a) Since the maximum off subject to the constraint occurs atP , it follows by Theorem 1 thatrfP andrgP are parallel vectors.
The gradientrgP is orthogonal tog.x; y/ D 0 atP , hencerfP is also orthogonal to this curve atP . We conclude that statement
(b) is false (yet the statement can be true ifrfP D .0; 0/).

(b) This statement is true by the reasoning given in the previous part.

2. Figure 1 shows a constraintg.x; y/ D 0 and the level curves of a functionf . In each case, determine whetherf has a local
minimum, a local maximum, or neither at the labeled point.

4
3
2
1

1
2

3
4

A B

g(x, y) = 0 g(x, y) = 0

∇f ∇f

FIGURE 1

SOLUTION The level curvef .x; y/ D 2 is tangent to the constraint curve at the pointA. A close level curve that intersects the
constraint curve isf .x; y/ D 1, hence we may assume thatf has a local maximum 2 under the constraint atA. The level curve
f .x; y/ D 3 is tangent to the constraint curve. However, in approachingB under the constraint, from one sidef is increasing and
from the other sidef is decreasing. Therefore,f .B/ is neither local minimum nor local maximum off under the constraint.

3. On the contour map in Figure 2:

(a) Identify the points whererf D �rg for some scalar�.

(b) Identify the minimum and maximum values off .x; y/ subject tog.x; y/ D 0.

x

26 −2

2 6

g (x, y) = 0

Contour plot of f (x, y)

(contour interval 2)

−2−6

−6

y

FIGURE 2 Contour map off .x; y/; contour interval 2.

SOLUTION

(a) The gradientrg is orthogonal to the constraint curveg.x; y/ D 0, andrf is orthogonal to the level curves off . These two
vectors are parallel at the points where the level curve off is tangent to the constraint curve. These are the pointsA, B, C ,D, E
in the figure:

26 −2

2 6
g(x, y) = 0ë∇fA, ∇gA

A

E

C

D

B

−2−6

−6
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(b) The minimum and maximum occur where the level curve off is tangent to the constraint curve. The level curves tangent to
the constraint curve are

f .A/ D �4; f .C / D 2; f .B/ D 6; f .D/ D �4; f .E/ D 4

Therefore the global minimum off under the constraint is�4 and the global maximum is 6.

Exercises
In this exercise set, use the method of Lagrange multipliers unless otherwise stated.

1. Find the extreme values of the functionf .x; y/ D 2x C 4y subject to the constraintg.x; y/ D x2 C y2 � 5 D 0.

(a) Show that the Lagrange equationrf D �rg gives�x D 1 and�y D 2.

(b) Show that these equations imply� ¤ 0 andy D 2x.

(c) Use the constraint equation to determine the possible critical points.x; y/.

(d) Evaluatef .x; y/ at the critical points and determine the minimum and maximum values.

SOLUTION

(a) The Lagrange equations are determined by the equalityrf D �rg. We find them:

rf D
˝
fx ; fy

˛
D h2; 4i ; rg D

˝
gx ; gy

˛
D h2x; 2yi

Hence,

h2; 4i D � h2x; 2yi

or

�.2x/ D 2

�.2y/ D 4
)

�x D 1

�y D 2

(b) The Lagrange equations in part (a) imply that� ¤ 0. The first equation implies thatx D 1
�

and the second equation gives

y D 2
�

. Thereforey D 2x.

(c) We substitutey D 2x in the constraint equationx2 C y2 � 5 D 0 and solve forx andy. This gives

x2 C .2x/2 � 5 D 0

5x2 D 5

x2 D 1 ) x1 D �1; x2 D 1

Sincey D 2x, we havey1 D 2x1 D �2, y2 D 2x2 D 2. The critical points are thus

.�1;�2/ and .1; 2/:

Extreme values can also occur at the points whererg D h2x; 2yi D h0; 0i. However,.0; 0/ is not on the constraint.

(d) We evaluatef .x; y/ D 2x C 4y at the critical points, obtaining

f .�1;�2/ D 2 � .�1/C 4 � .�2/ D �10

f .1; 2/ D 2 � 1C 4 � 2 D 10

Sincef is continuous and the graph ofg D 0 is closed and bounded, global minimum and maximum points exist. So according to
Theorem 1, we conclude that the maximum off .x; y/ on the constraint is 10 and the minimum is�10.
2. Find the extreme values off .x; y/ D x2 C 2y2 subject to the constraintg.x; y/ D 4x � 6y D 25.

(a) Show that the Lagrange equations yield2x D 4�, 4y D �6�.

(b) Show that ifx D 0 or y D 0, then the Lagrange equations givex D y D 0. Since.0; 0/ does not satisfy the constraint, you
may assume thatx andy are nonzero.

(c) Use the Lagrange equations to show thaty D �3
4x.

(d) Substitute in the constraint equation to show that there is a unique critical pointP .

(e) DoesP correspond to a minimum or maximum value off ? Refer to Figure 3 to justify your answer.Hint: Do the values of
f .x; y/ increase or decrease as.x; y/ moves away fromP along the lineg.x; y/ D 0?
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y

x

4

0

−4

80 4

6 12
24 36

g(x, y) = 0

−4

P

FIGURE 3 Level curves off .x; y/ D x2 C 2y2 and graph of the constraintg.x; y/ D 4x � 6y � 25 D 0.

SOLUTION

(a) The gradientsrf andrg are

rf D h2x; 4yi ; rg D h4;�6i

The Lagrange equations are thus

rf D �rg

h2x; 4yi D � h4;�6i

or

2x D 4�

4y D �6�

(b) If x D 0, the first equation gives0 D 4� or � D 0. Substituting in the second equation gives4y D 0 or y D 0. Similarly, if
y D 0, the second equation implies that� D 0, hence by the first equation alsox D 0. That is, ifx D 0, theny D 0 and ify D 0

alsox D 0. The point.0; 0/ does not satisfy the equation of the constraint, hence we may assume thatx ¤ 0 andy ¤ 0.

(c) The first equation in part (a) gives� D x
2 . Substituting in the second equation we get

4y D �6 � x
2

D �3x ) y D �3
4
x

(d) We substitutey D �3
4x in the constraint4x � 6y D 25 and solve forx andy. This gives

4x � 6

�
�3
4
x

�
D 25

4x C 9

2
x D 25

17x D 50 ) x D 50

17
; y D �3

4
� 50
17

D �75
34

We conclude that there is a unique critical point, which is
�
50
17 ;�

75
34

�
.

(e) We now refer to Figure 3. As.x; y/ moves away fromP along the lineg.x; y/ D 0, the values off .x; y/ increase, henceP
corresponds to a minimum value off .

3. Apply the method of Lagrange multipliers to the functionf .x; y/ D .x2 C 1/y subject to the constraintx2 C y2 D 5. Hint:
First show thaty ¤ 0; then treat the casesx D 0 andx ¤ 0 separately.

SOLUTION We first write out the Lagrange Equations. We haverf D
˝
2xy; x2 C 1

˛
andrg D h2x; 2yi. Hence, the Lagrange

Condition forrg ¤ 0 is

rf D �rg
D
2xy; x2 C 1

E
D � h2x; 2yi

We obtain the following equations:

2xy D �.2x/

x2 C 1 D �.2y/
)

2x.y � �/ D 0

x2 C 1 D 2�y
(1)

The second equation implies thaty ¤ 0, since there is no real value ofx such thatx2 C 1 D 0. Likewise,� 6D 0. The solutions of
the first equation arex D 0 andy D �.
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Case 1: x D 0. Substitutingx D 0 in the second equation gives2�y D 1, or y D 1
2�

. We substitutex D 0, y D 1
2�

(recall that
� 6D 0) in the constraint to obtain

02 C 1

4�2
D 5 ) 4�2 D 1

5
) � D ˙ 1p

20
D ˙ 1

2
p
5

The corresponding values ofy are

y D 1

2 � 1

2
p
5

D
p
5 and y D 1

2 �
�
� 1

2
p
5

� D �
p
5

We obtain the critical points:
�
0;

p
5
�

and
�
0;�

p
5
�

Case 2: x ¤ 0. Then the first equation in (1) impliesy D �. Substituting in the second equation gives

x2 C 1 D 2�2 ) x2 D 2�2 � 1

We now substitutey D � andx2 D 2�2 � 1 in the constraintx2 C y2 D 5 to obtain

2�2 � 1C �2 D 5

3�2 D 6

�2 D 2 ) � D ˙
p
2

The solution.x; y/ are thus

� D
p
2W y D

p
2; x D ˙

p
2 � 2 � 1 D ˙

p
3

� D �
p
2W y D �

p
2; x D ˙

p
2 � 2 � 1 D ˙

p
3

We obtain the critical points:
�p

3;
p
2
�
;

�
�

p
3;

p
2
�
;

�p
3;�

p
2
�
;

�
�

p
3;�

p
2
�

We conclude that the critical points are
�
0;

p
5
�
;

�
0;�

p
5
�
;

�p
3;

p
2
�
;

�
�

p
3;

p
2
�
;

�p
3;�

p
2
�
;

�
�

p
3;�

p
2
�
:

We now calculatef .x; y/ D
�
x2 C 1

�
y at the critical points:

f
�
0;

p
5
�

D
p
5 � 2:24

f
�
0;�

p
5
�

D �
p
5 � �2:24

f
�p

3;
p
2
�

D f
�
�

p
3;

p
2
�

D 4
p
2 � 5:66

f
�p

3;�
p
2
�

D f
�
�

p
3;�

p
2
�

D �4
p
2 � �5:66

Since the constraint gives a closed and bounded curve,f achieves a minimum and a maximum under it. We conclude that the
maximum off .x; y/ on the constraint is4

p
2 and the minimum is�4

p
2.

In Exercises 4–13, find the minimum and maximum values of the function subject to the given constraint.

4. f .x; y/ D 2x C 3y, x2 C y2 D 4

SOLUTION We find the extreme values off .x; y/ D 2x C 3y under the constraintg.x; y/ D x2 C y2 � 4 D 0.

Step 1. Write the Lagrange Equations. We haverf D h2; 3i andrg D h2x; 2yi, hence the Lagrange Condition is

rf D �rg

h2; 3i D � h2x; 2yi

The corresponding equations are

2 D �.2x/

3 D �.2y/
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Step 2. Solve forx andy using the constraint. The two equations imply thatx ¤ 0 andy ¤ 0, hence

� D 1

x
and � D 3

2y

The two expressions for� must be equal, so we obtain

1

x
D 3

2y
) y D 3

2
x

We now substitutey D 3
2x in the constraint equationx2 C y2 D 4 and solve forx andy:

x2 C
�
3

2
x

�2
D 4

x2 C 9

4
x2 D 4

13x2 D 16 ) x1 D 4p
13
; x2 D � 4p

13

Sincey D 3
2x, the corresponding values ofy are

y1 D 3

2
� 4p

13
D 6p

13
; y2 D 3

2
�
�

� 4p
13

�
D � 6p

13

We obtain the critical points:
�

4p
13
;
6p
13

�
;

�
� 4p

13
;� 6p

13

�

Extreme points may occur also whererg D h2x; 2yi D h0; 0i. However, the point.0; 0/ is not on the constraint.

Step 3. Calculatef at the critical points. We evaluatef .x; y/ D 2x C 3y at the critical points:

f

�
4p
13
;
6p
13

�
D 8p

13
C 18p

13
D 26p

13
� 7:21

f

�
� 4p

13
;� 6p

13

�
D � 8p

13
� 18p

13
D � 26p

13
� �7:21

We conclude that the maximum off on the constraint is about 7.21 and the minimum is about�7:21.
5. f .x; y/ D x2 C y2, 2x C 3y D 6

SOLUTION We find the extreme values off .x; y/ D x2 C y2 under the constraintg.x; y/ D 2x C 3y � 6 D 0.

Step 1. Write out the Lagrange Equations. The gradients off andg arerf D h2x; 2yi andrg D h2; 3i. The Lagrange Condition
is

rf D �rg

h2x; 2yi D � h2; 3i

We obtain the following equations:

2x D � � 2

2y D � � 3

Step 2. Solve for� in terms ofx andy. Notice that ifx D 0, then the first equation gives� D 0, therefore by the second equation
alsoy D 0. The point.0; 0/ does not satisfy the constraint. Similarly, ify D 0 alsox D 0. We therefore may assume thatx ¤ 0

andy ¤ 0 and obtain by the two equations:

� D x and � D 2

3
y:

Step 3. Solve forx andy using the constraint. Equating the two expressions for� gives

x D 2

3
y ) y D 3

2
x

We substitutey D 3
2x in the constraint2x C 3y D 6 and solve forx andy:

2x C 3 � 3
2
x D 6
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13x D 12 ) x D 12

13
; y D 3

2
� 12
13

D 18

13

We obtain the critical point
�
12
13 ;

18
13

�
.

Step 4. Calculatef at the critical point. We evaluatef .x; y/ D x2 C y2 at the critical point:

f

�
12

13
;
18

13

�
D
�
12

13

�2
C
�
18

13

�2
D 468

169
� 2:77

Rewriting the constraint asy D �2
3x C 2, we see that asjxj ! C1 then so doesjyj, and hencex2 C y2 is increasing without

bound on the constraint asjxj ! 1. We conclude that the value468=169 is the minimum value off under the constraint, rather
than the maximum value.

6. f .x; y/ D 4x2 C 9y2, xy D 4

SOLUTION We find the extreme values off .x; y/ D 4x2 C 9y2 under the constraintg.x; y/ D xy � 4 D 0.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h8x; 18yi and rg D hy; xi, hence the Lagrange
condition is

rf D �rg

h8x; 18yi D � hy; xi

or

8x D �y

18y D �x

Step 2. Solve for� in terms ofx andy. We may assume thatx ¤ 0 andy ¤ 0, since the points withx D 0 or y D 0 do not satisfy
the constraint. The two equations give

� D 8x

y
and � D 18y

x

Step 3. Solve forx andy using the constraint. We equate the two expressions for� to obtain

8x

y
D 18y

x
) 8x2 D 18y2 ) y D ˙2

3
x

The constraintxy D 4 implies thatx andy have the same sign, hencey D 2
3x. We substitutey D 2

3x in the constraint and solve
for x andy:

x � 2
3
x D 4 ) x2 D 6 ) x1 D

p
6; x2 D �

p
6

The corresponding values ofy are obtained byy D 2
3x:

y1 D 2

3

p
6 D 2

r
2

3
; y2 D 2

3
�
�
�

p
6
�

D �2
r
2

3

The critical points are thus
 

p
6; 2

r
2

3

!
;

 
�

p
6;�2

r
2

3

!

Extreme values can also occur at the point whererg D hy; xi D h0; 0; i. However, the point.0; 0/ is not on the constraint.

Step 4. Calculatef at the critical points. We evaluatef .x; y/ D 4x2 C 9y2 at the critical points:

f

 
p
6; 2

r
2

3

!
D 4 � 6C 9 � 4 � 2

3
D 48

f

 
�

p
6;�2

r
2

3

!
D 4 � 6C 9 � 4 � 2

3
D 48

On the constraint,y D 4
x , thusf .x; y/ D f

�
x; 4x

�
D h.x/ D 4x2 C 144

x2 . Since lim
x!1

h.x/ D limx!�1 h.x/ D 1, h has a

global minimum of 48 (but no maximum!) on.�1;1/.
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7. f .x; y/ D xy, 4x2 C 9y2 D 32

SOLUTION We find the extreme values off .x; y/ D xy under the constraintg.x; y/ D 4x2 C 9y2 � 32 D 0.

Step 1. Write out the Lagrange Equation. The gradient vectors arerf D hy; xi and rg D h8x; 18yi, hence the Lagrange
Condition is

rf D �rg

hy; xi D � h8x; 18yi

We obtain the following equations:

y D �.8x/

x D �.18y/

Step 2. Solve for� in terms ofx andy. If x D 0, then the Lagrange equations also imply thaty D 0 and vice versa. Since the
point .0; 0/ does not satisfy the equation of the constraint, we may assume thatx ¤ 0 andy ¤ 0. The two equations give

� D y

8x
and � D x

18y

Step 3. Solve forx andy using the constraint. We equate the two expressions for� to obtain

y

8x
D x

18y
) 18y2 D 8x2 ) y D ˙2

3
x

We now substitutey D ˙2
3x in the equation of the constraint and solve forx andy:

4x2 C 9 �
�

˙2

3
x

�2
D 32

4x2 C 9 � 4x
2

9
D 32

8x2 D 32 ) x D �2; x D 2

We findy by the relationy D ˙2
3x:

y D 2

3
� .�2/ D �4

3
; y D �2

3
� .�2/ D 4

3
; y D 2

3
� 2 D 4

3
; y D �2

3
� 2 D �4

3

We obtain the following critical points:
�

�2;�4
3

�
;

�
�2; 4

3

�
;

�
2;
4

3

�
;

�
2;�4

3

�

Extreme values can also occur at the point whererg D h8x; 18yi D h0; 0i, that is, at the point.0; 0/. However, the point does not
lie on the constraint.

Step 4. Calculatef at the critical points. We evaluatef .x; y/ D xy at the critical points:

f

�
�2;�4

3

�
D f

�
2;
4

3

�
D 8

3

f

�
�2; 4

3

�
D f

�
2;�4

3

�
D �8

3

Sincef is continuous and the constraint is a closed and bounded set inR2 (an ellipse),f attains global extrema on the constraint.
We conclude that83 is the maximum value and�8

3 is the minimum value.

8. f .x; y/ D x2y C x C y, xy D 4

SOLUTION Under the constraintxy D 4, thenf .x; y/ D x.xy/C x C y D 4x C x C 4
x . Therefore, asx ! 0C, f .x; y/ !

C1 on the constraint, and asx ! 0�, f .x; y/ ! �1. Therefore there are no minimum and maximum values off .x; y/ under
the constraint.

9. f .x; y/ D x2 C y2, x4 C y4 D 1

SOLUTION We find the extreme values off .x; y/ D x2 C y2 under the constraintg.x; y/ D x4 C y4 � 1 D 0.

Step 1. Write out the Lagrange Equations. We haverf D h2x; 2yi andrg D
˝
4x3; 4y3

˛
, hence the Lagrange Conditionrf D

�rg gives

h2x; 2yi D �
D
4x3; 4y3

E
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or

2x D �
�
4x3

�

2y D �
�
4y3

� )
x D 2�x3

y D 2�y3
(1)

Step 2. Solve for� in terms ofx andy. We first assume thatx ¤ 0 andy ¤ 0. Then the Lagrange equations give

� D 1

2x2
and � D 1

2y2

Step 3. Solve forx andy using the constraint. Equating the two expressions for� gives

1

2x2
D 1

2y2
) y2 D x2 ) y D ˙x

We now substitutey D ˙x in the equation of the constraintx4 C y4 D 1 and solve forx andy:

x4 C .˙x/4 D 1

2x4 D 1

x4 D 1

2
) x D 1

21=4
; x D � 1

21=4

The corresponding values ofy are obtained by the relationy D ˙x. The critical points are thus
�

1

21=4
;
1

21=4

�
;

�
1

21=4
;� 1

21=4

�
;

�
� 1

21=4
;
1

21=4

�
;

�
� 1

21=4
;� 1

21=4

�
(2)

We examine the casex D 0 or y D 0. Notice that the point.0; 0/ does not satisfy the equation of the constraint, hence eitherx D 0

or y D 0 can hold, but not both at the same time.

Case 1: x D 0. Substitutingx D 0 in the constraintx4 C y4 D 1 givesy D ˙1. We thus obtain the critical points

.0;�1/; .0; 1/ (3)

Case 2: y D 0. We may interchangex andy in the discussion in case 1, and obtain the critical points:

.�1; 0/; .1; 0/ (4)

Combining (2), (3), and (4) we conclude that the critical points are

A1 D
�

1

21=4
;
1

21=4

�
; A2 D

�
1

21=4
;� 1

21=4

�
; A3 D

�
� 1

21=4
;
1

21=4

�
;

A4 D
�

� 1

21=4
;� 1

21=4

�
; A5 D .0;�1/; A6 D .0; 1/; A7 D .�1; 0/; A8 D .1; 0/

The point whererg D
˝
4x3; 4y3

˛
D h0; 0i, that is,.0; 0/, does not lie on the constraint.

Step 4. Computef at the critical points. We evaluatef .x; y/ D x2 C y2 at the critical points:

f .A1/ D f .A2/ D f .A3/ D f .A4/ D
�

1

21=4

�2
C
�

1

21=4

�2
D 2

21=2
D

p
2

f .A5/ D f .A6/ D f .A7/ D f .A8/ D 1

The constraintx4 C y4 D 1 is a closed and bounded set inR2 andf is continuous on this set, hencef has global extrema on the
constraint. We conclude that

p
2 is the maximum value and 1 is the minimum value.

10. f .x; y/ D x2y4, x2 C 2y2 D 6

SOLUTION We find the extreme values off .x; y/ D x2y4 on the constraintg.x; y/ D x2 C 2y2 � 6 D 0.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D
˝
2xy4; 4y3x2

˛
andrg D h2x; 4yi, hence the Lagrange

Conditionrf D �rg gives
D
2xy4; 4y3x2

E
D � h2x; 4yi

or

2xy4 D �.2x/

4y3x2 D �.4y/
)

xy4 D �x

x2y3 D �y
(1)
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Step 2. Solve for� in terms ofx andy. Notice that ifx D 0 or y D 0, thenf .x; y/ D x2y4 has the value 0, which is the
minimum value (sincef .x; y/ � 0). We thus assume thatx ¤ 0 andy ¤ 0. The Lagrange equations (1) give

� D xy4

x
D y4; � D x2y3

y
D x2y2

Step 3. Solve forx andy using the constraint. Equating the two expressions for� gives

y4 D x2y2 ) y2 D x2 ) y D ˙x

Substitutingy D ˙x in the equation of the constraintx2 C 2y2 D 6 and solving forx andy gives

x2 C 2x2 D 6

3x2 D 6

x2 D 2 ) x D
p
2; x D �

p
2

The corresponding value ofy is obtained by the relationy D ˙x. We obtain the following points:
�p

2;�
p
2
�
;

�p
2;

p
2
�
;

�
�

p
2;�

p
2
�
;

�
�

p
2;

p
2
�

Extreme values can occur also at the point whererg D h2x; 4yi D h0; 0i, that is,.0; 0/. However, this point does not lie on the
constraint.
Step 4. Computingf at the critical points. We evaluatef .x; y/ D x2y4 at the critical points:

f
�p

2;�
p
2
�

D f
�p

2;
p
2
�

D f
�
�

p
2;�

p
2
�

D f
�
�

p
2;

p
2
�

D
�p

2
�2�p

2
�4

D
�p

2
�6

D 8

Recall that there are critical points withx D 0 or y D 0 at which the value off is zero. Sincef has global extrema on the ellipse
x2 C 2y2 D 6, we conclude that the minimum value off on the constraint is 0 and the maximum value is 8.

11. f .x; y; z/ D 3x C 2y C 4z, x2 C 2y2 C 6z2 D 1

SOLUTION We find the extreme values off .x; y; z/ D 3x C 2y C 4z under the constraintg.x; y; z/ D x2 C 2y2 C 6z2 � 1 D
0.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h3; 2; 4i andrg D h2x; 4y; 12zi, therefore the La-
grange Conditionrf D �rg is:

h3; 2; 4i D � h2x; 4y; 12zi

The Lagrange equations are, thus:

3 D �.2x/
3

2
D �x

2 D �.4y/ ) 1

2
D �y

4 D �.12z/
1

3
D �z

Step 2. Solve for� in terms ofx, y, andz. The Lagrange equations imply thatx ¤ 0, y ¤ 0, andz ¤ 0. Solving for� we get

� D 3

2x
; � D 1

2y
; � D 1

3z

Step 3. Solve forx, y, andz using the constraint. Equating the expressions for� gives

3

2x
D 1

2y
D 1

3z
) x D 9

2
z; y D 3

2
z

Substitutingx D 9
2z andy D 3

2z in the equation of the constraintx2 C 2y2 C 6z2 D 1 and solving forz we get

�
9

2
z

�2
C 2

�
3

2
z

�2
C 6z2 D 1

123

4
z2 D 1 ) z1 D 2p

123
; z2 D � 2p

123

Using the relationsx D 9
2z, y D 3

2z we get

x1 D 9

2
� 2p

123
D 9p

123
; y1 D 3

2
� 2p

123
D 3p

123
; z1 D 2p

123
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x2 D 9

2
� �2p

123
D � 9p

123
; y2 D 3

2
� �2p

123
D � 3p

123
; z2 D � 2p

123

We obtain the following critical points:

p1 D
�

9p
123

;
3p
123

;
2p
123

�
and p2 D

�
� 9p

123
;� 3p

123
;� 2p

123

�

Critical points are also the points on the constraint whererg D 0. However,rg D h2x; 4y; 12zi D h0; 0; 0i only at the origin,
and this point does not lie on the constraint.
Step 4. Computingf at the critical points. We evaluatef .x; y; z/ D 3x C 2y C 4z at the critical points:

f .p1/ D 27p
123

C 6p
123

C 8p
123

D 41p
123

D
r
41

3
� 3:7

f .p2/ D � 27p
123

� 6p
123

� 8p
123

D � 41p
123

D �
r
41

3
� �3:7

Sincef is continuous and the constraint is closed and bounded inR3, f has global extrema under the constraint. We conclude that
the minimum value off under the constraint is about�3:7 and the maximum value is about 3.7.

12. f .x; y; z/ D x2 � y � z, x2 � y2 C z D 0

SOLUTION We show that the functionf .x; y; z/ D x2 � y � z does not have minimum and maximum values subject to the
constraintx2 � y2 C z D 0. Notice that the curve.x; x; 0/ lies on the constraint, since it satisfies the equation of the constraint.
On this curve we have

f .x; y; z/ D f .x; x; 0/ D x2 � x � 0 D x2 � x

Since lim
x!˙1

.x2 � x/ D 1, f does not have a maximum value subject to the constraint. Observe that the curve
�
0;

p
z; z

�
also

lies on the constraint, and we have

f .x; y; z/ D f
�
0;

p
z; z

�
D 02 �

p
z � z D �

�
z C

p
z
�

Since lim
z!1

�
�
z C

p
z
�

D �1, f does not attain a minimum value on the constraint either.

13. f .x; y; z/ D xy C 3xz C 2yz, 5x C 9y C z D 10

SOLUTION We show thatf .x; y; z/ D xy C 3xz C 2yz does not have minimum and maximum values subject to the constraint
g.x; y; z/ D 5x C 9y C z � 10 D 0. First notice that the curvec1 W .x; x; 10 � 14x/ lies on the surface of the constraint since it
satisfies the equation of the constraint. Onc1 we have,

f .x; y; z/ D f .x; x; 10 � 14x/ D x2 C 3x.10 � 14x/C 2x.10 � 14x/ D �69x2 C 50x

Since lim
x!1

�
�69x2 C 50x

�
D �1, f does not have minimum value on the constraint. Notice that the curvec2 W .x;�x; 10C 4x/

also lies on the surface of the constraint. The values off on c2 are

f .x; y; z/ D f .x;�x; 10C 4x/ D �x2 C 3x.10C 4x/ � 2x.10C 4x/ D 3x2 C 10x

The limit lim
x!1

.3x2 C 10x/ D 1 implies thatf does not have a maximum value subject to the constraint.

14. Let

f .x; y/ D x3 C xy C y3; g.x; y/ D x3 � xy C y3

(a) Show that there is a unique pointP D .a; b/ ong.x; y/ D 1 whererfP D �rgP for some scalar�.
(b) Refer to Figure 4 to determine whetherf .P / is a local minimum or a local maximum off subject to the constraint.
(c) Does Figure 4 suggest thatf .P / is a global extremum subject to the constraint?

y

x

P

2

0

−2

−3

−5

−1
0 1

3

5

0 2−2

FIGURE 4 Contour map off .x; y/ D x3 C xy C y3 and graph of the constraintg.x; y/ D x3 � xy C y3 D 1.
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SOLUTION

(a) The gradients off andg arerf D
˝
3x2 C y; x C 3y2

˛
andrg D

˝
3x2 � y;�x C 3y2

˛
, hence the Lagrange Condition

rf D �rg is
D
3x2 C y; x C 3y2

E
D �

D
3x2 � y;�x C 3y2

E

or

3x2 C y D �.3x2 � y/

x C 3y2 D �.�x C 3y2/
(1)

Notice that if3x2 � y D 0, the first equation implies that also3x2 C y D 0, hencey D 0 andx D 0. Since the point.0; 0/ does
not satisfy the equation of the constraint, we may assume that3x2 � y ¤ 0. Similarly, if �x C 3y2 D 0, the second equation
implies that alsox C 3y2 D 0, thereforex D y D 0. We thus may also assume that�x C 3y2 ¤ 0. Using these assumptions, we
have by (1):

� D 3x2 C y

3x2 � y
; � D x C 3y2

�x C 3y2

Equating the two expressions for� we get

3x2 C y

3x2 � y
D x C 3y2

�x C 3y2

�
3x2 C y

� �
�x C 3y2

�
D
�
x C 3y2

� �
3x2 � y

�

�3x3 C 9x2y2 � yx C 3y3 D 3x3 � xy C 9x2y2 � 3y3

x3 D y3 ) x D y

We now substitutex D y in the constraintx3 � xy C y3 D 1 and solve fory:

y3 � y2 C y3 D 1

2y3 � y2 � 1 D 0

We notice thaty D 1 is a root of2y3 � y2 � 1, hence this polynomial is divisible byy � 1. Long division yields

.y � 1/.2y2 C y C 1/ D 0

Since2y2 C y C 1 > 0 for all y (the discriminant is negative), the only solution isy D 1. Then,x D y D 1 and the only critical
point is.1; 1/.

(b) Figure 4 suggests that the values off .x; y/ are increasing as.x; y/ approaches the critical point.1; 1/ along the constraint.
Therefore,f has a local maximum atP , subject to the constraint.

(c) Figure 4 shows the behavior off andg only in the range�3 � x � 3, so we cannot know whetherP is a global maximum,
but it is reasonable to guess that it is.

15. Find the point.a; b/ on the graph ofy D ex where the valueab is as small as possible.

SOLUTION We must find the point wheref .x; y/ D xy has a minimum value subject to the constraintg.x; y/ D ex � y D 0.

Step 1. Write out the Lagrange Equations. Sincerf D hy; xi andrg D hex ;�1i, the Lagrange Conditionrf D �rg is

hy; xi D �
˝
ex ;�1

˛

The Lagrange equations are thus

y D �ex

x D ��

Step 2. Solve for� in terms ofx andy. The Lagrange equations imply that

� D ye�x and � D �x

Step 3. Solve forx andy using the constraint. We equate the two expressions for� to obtain

ye�x D �x ) y D �xex

We now substitutey D �xex in the equation of the constraint and solve forx:

ex � .�xex/ D 0
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ex.1C x/ D 0

Sinceex ¤ 0 for all x, we havex D �1. The corresponding value ofy is determined by the relationy D �xex. That is,

y D �.�1/e�1 D e�1

We obtain the critical point

.�1; e�1/

Step 4. Calculatef at the critical point. We evaluatef .x; y/ D xy at the critical point.

f .�1; e�1/ D .�1/ � e�1 D �e�1

We conclude (see Remark) that the minimum value ofxy on the graph ofy D ex is �e�1, and it is obtained forx D �1 and
y D e�1.

Remark:Since the constraint is not bounded, we need to justify the existence of a minimum value. The valuesf .x; y/ D xy on
the constrainty D ex aref .x; ex/ D h.x/ D xex. Sinceh.x/ > 0 for x > 0, the minimum value (if it exists) occurs at a point
x < 0. Since

lim
x!�1

xex D lim
x!�1

x

e�x D lim
x!�1

1

�e�x D lim
x!�1

�ex D 0;

then forx < some negative number�R, we havejf .x/ � 0j < 0:1, say. Thus, on the bounded region�R � x � 0, f has a
minimum value of�e�1 � �0:37, and this is thus a global minimum (for allx).

16. Find the rectangular box of maximum volume if the sum of the lengths of the edges is 300 cm.

SOLUTION We denote byx, y, andz the dimensions of the rectangular box.

y
x

Then the volume of the box isxyz. We must find the values ofx, y andz that maximize the volumef .x; y; z/ D xyz, subject to
the constraintg.x; y; z/ D x C y C z D 300, x � 0, y � 0, z � 0. (One could also argue that the sums of the lengths of the edges
is 4x C 4y C 4z D 300, but that would give a different answer, of course. Instead, we will choose to interpret the problem with the
constraintx C y C z D 300).

Step 1. Write out the Lagrange Equations. The Lagrange Condition is

rf D �rg

hyz; xz; xyi D � h1; 1; 1i

We obtain the following equations:

yz D �

xz D �

xy D �

Step 2. Solve for� in terms ofx, y, andz. The Lagrange equations already give� in terms ofx, y, andz. Equating the expressions
for � we getyz D xz D xy.

Step 3. Solve forx, y, andz using the constraint. We have

yz D xz

xy D xz
)

z.x � y/ D 0

x.z � y/ D 0

If x D 0, y D 0, or z D 0, the volume has the minimum value 0. We thus may assume thatx ¤ 0, y ¤ 0, andz ¤ 0. The
first equation implies thatx D y and the second equation givesz D y. We now substitutex D y andz D y in the constraint
x C y C z D 300 and solve fory:

y C y C y D 300

3y D 300 ) y D 100

Therefore,x D 100 andz D 100. The critical point is.100; 100; 100/.



1676 C H A P T E R 12 DIFFERENTIATION IN SEVERAL VARIABLES

Step 4. Conclusions. The value off .x; y; z/ D xyz at the critical point is

f .100; 100; 100/ D 1003 D 106 cm3

The constraintx C y C z D 300, x � 0, y � 0, z � 0 is the part of the planex C y C z D 300 that lies in the first octant. This is
a bounded and closed set inR3. Sincef is continuous on this set,f has global extreme values on this set. The minimum value is
zero (obtained if one of the variables is zero), hence the value106 is the maximum value. We conclude that the box with maximum
value is a cube of edge 100 cm.

300

300

300

z

x

y

17. The surface area of a right-circular cone of radiusr and heighth is S D �r
p
r2 C h2, and its volume isV D 1

3�r
2h.

(a) Determine the ratioh=r for the cone with given surface areaS and maximum volumeV .

(b) What is the ratioh=r for a cone with given volumeV and minimum surface areaS?

(c) Does a cone with given volumeV and maximum surface area exist?

SOLUTION

(a) Let S0 denote a given surface area. We must find the ratioh
r for which the functionV.r; h/ D 1

3�r
2h has maximum value

under the constraintS.r; h/ D �r
p
r2 C h2 D �

p
r4 C h2r2 D S0.

Step 1. Write out the Lagrange Equation. We have

rV D �

*
2rh

3
;
r2

3

+
and rS D �

*
2r3 C h2rp
r4 C h2r2

;
hr2p

r4 C h2r2

+

The Lagrange ConditionrV D �rS gives the following equations:

2rh

3
D 2r3 C h2rp

r4 C h2r2
� ) 2h

3
D 2r2 C h2p

r4 C h2r2
�

r2

3
D hr2p

r4 C h2r2
� ) 1

3
D hp

r4 C h2r2
�

Step 2. Solve for� in terms ofr andh. These equations yield two expressions for� that must be equal:

� D 2h

3

p
r4 C h2r2

2r2 C h2
D 1

3h

p
r4 C h2r2

Step 3. Solve forr andh using the constraint. We have

2h

3

p
r4 C h2r2

2r2 C h2
D 1

3h

p
r4 C h2r2

2h
1

2r2 C h2
D 1

h

2h2 D 2r2 C h2 ) h2 D 2r2 ) h

r
D

p
2

We substituteh2 D 2r2 in the constraint�r
p
r2 C h2 D S0 and solve forr . This gives

�r
p
r2 C 2r2 D S0

�r
p
3r2 D S0

p
3�r2 D S0 ) r2 D S0p

3�
; h2 D 2r2 D 2S0p

3�

Extreme values can occur also at points on the constraint whererS D
D
2r2Ch2rp
r4Ch2r2

; hr2p
r4Ch2r2

E
D h0; 0i, that is, at.r; h/ D .0; h/,

h ¤ 0. However, since the radius of the cone is positive (r > 0), these points are irrelevant. We conclude that for the cone with
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surface areaS0 and maximum volume, the following holds:

h

r
D

p
2; h D

s
2S0p
3�
; r D

s
S0p
3�

For the surface areaS0 D 1 we get

h D
s

2p
3�

� 0:6; r D
s

1p
3�

D 0:43

(b) We now must find the ratiohr that minimizes the functionS.r; h/ D �r
p
r2 C h2 under the constraint

V.r; h/ D 1

3
�r2h D V0

Using the gradients computed in part (a), the Lagrange ConditionrS D �rV gives the following equations:

2r3 C h2rp
r4 C h2r2

D �
2rh

3

hr2p
r4 C h2r2

D �
r2

3

)

2r2 C h2p
r4 C h2r2

D �
2h

3

hp
r4 C h2r2

D �

3

These equations give

�

3
D 1

2h

2r2 C h2p
r4 C h2r2

D hp
r4 C h2r2

We simplify and solve forhr :

2r2 C h2

2h
D h

2r2 C h2 D 2h2

2r2 D h2 ) h

r
D

p
2

We conclude that the ratiohr for a cone with a given volume and minimal surface area is

h

r
D

p
2

(c) The constantV D 1 gives 13�r
2h D 1 or h D 3

�r2 . As r ! 1, we haveh ! 0, therefore

lim
r!1
h!0

S.r; h/ D lim
r!1
h!0

�r
p
r2 C h2 D 1

That is,S does not have maximum value on the constraint, hence there is no cone of volume 1 and maximal surface area.

18. In Example 1, we found the maximum off .x; y/ D 2x C 5y on the ellipse.x=4/2 C .y=3/2 D 1. Solve this problem again
without using Lagrange multipliers. First, show that the ellipse is parametrized byx D 4 cost , y D 3 sint . Then find the maximum
value off .4 cost; 3 sint/ using single-variable calculus. Is one method easier than the other?

SOLUTION We want to find the maximum off .x; y/ D 2x C 5y on the ellipse.x=4/2 C .y=3/2 D 1 without using Lagrange
multipliers. We rewrite the equation of the ellipse in the form

x2

16
C y2

9
D 1

We now identify the following parametrization for the ellipse:

x D 4 cost; y D 3 sint; 0 � t � 2�

Substituting in the functionf .x; y/ D 2x C 5y we obtain the following function oft :

g.t/ D 8 cost C 15 sint

We now find the maximum value of the single variable functiong.t/ D 8 cost C 15 sint in the interval0 � t � 2�. We first
compute the critical points in the interval0 < t < 2� by solvingg0.t/ D 0 in this interval. We obtain

g0.t/ D �8 sint C 15 cost D 0
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15 cost D 8 sint

tant D 15

8
) t D tan�1.15=8/ � 1:08

We evaluateg.t/ D 8 cost C 15 sint at the critical points and at the endpointst D 0, t D 2� of the interval:

g.tan�1.15=8// D 8 cos.tan�1.15=8//C 15 sin.tan�1.15=8// D 8 � 8
17

C 15 � 15
17

D 289

17
D 17

g.0/ D 8 cos0C 15 sin0 D 8

g.2�/ D 8 cos2� C 15 sin2� D 8

The greatest value isg.tan�1.15=8// D 17. We conclude that the maximum value ofg in the interval0 � t � 2� is
g.tan�1.15=8// D 17. Therefore, the maximum value off .x; y/ D 2x C 5y on the ellipsex2=16 C y2=9 D 1 is 17, and
it occurs at the point

�
4 cos.tan�1.15=8//; 3 sin.tan�1.15=8//

�
D .4 � 8=17; 3 � 15=17/ D .32=17; 45=17/.

In this example the two methods do not demand much work, hence neither of them is much easier than the other.

19. Find the point on the ellipse

x2 C 6y2 C 3xy D 40

with largestx-coordinate (Figure 5).

x

y

4

−4

84−8 −4

FIGURE 5 Graph ofx2 C 6y2 C 3xy D 40

SOLUTION We need to maximizef .x; y/ D x subject to the constraint

g.x; y/ D x2 C 6y2 C 3xy D 40

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h1; 0i andrg D h2x C 3y; 12y C 3xi, hence the
Lagrange Conditionrf D �rg gives:

h1; 0i D � h2x C 3y; 12y C 3xi

or

1 D �.2x C 3y/; 0 D �.12y C 3x/

this yields

x D �4y

Step 2. Solve forx andy using the constraint.

x2 C 6y2 C 3xy D .�4y/2 C 6y2 C 3.�4y/y D .16C 6 � 12/y2 D 10y2 D 40

soy D ˙2. If y D 2 thenx D �8 and if y D �2 thenx D 8. The extreme points are.�8; 2/ and.8;�2/. We conclude that the
point with largestx-coordinate isP D .8;�2/.
20. Find the maximum area of a rectangle inscribed in the ellipse (Figure 6):

x2

a2
C y2

b2
D 1

(−x, y) (x, y)

(x, −y)(−x, −y)

x

y

FIGURE 6 Rectangle inscribed in the ellipse
x2

a2
C y2

b2
D 1.
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SOLUTION Since.x; y/ is in the first quadrant,x > 0 andy > 0. The area of the rectangle is2x � 2y D 4xy. The vertices lie on
the ellipse, hence their coordinates.˙x;˙y/ must satisfy the equation of the ellipse. Therefore, we must find the maximum value
of the functionf .x; y/ D 4xy under the constraint

g.x; y/ D x2

a2
C y2

b2
D 1; x > 0; y > 0:

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h4y; 4xi andrg D
D
2x
a2 ;

2y

b2

E
, hence the Lagrange

Conditionrf D �rg gives

h4y; 4xi D �

�
2x

a2
;
2y

b2

�

or

4y D �

�
2x

a2

�

4x D �

�
2y

b2

� )
2y D �

x

a2

2x D �
y

b2

Step 2. Solve for� in terms ofx andy. The Lagrange equations give the following two expressions for�:

� D 2ya2

x
; � D 2xb2

y

Equating the two equations we get

2ya2

x
D 2xb2

y

Step 3. Solve forx andy using the constraint. We solve the equation in step 2 fory in terms ofx:

2ya2

x
D 2xb2

y

2y2a2 D 2x2b2

y2 D x2b2

a2
) y D b

a
x

We now substitutey D b
ax in the equation of the constraintx

2

a2 C y2

b2 D 1 and solve forx:

x2

a2
C

�
b
ax
�2

b2
D 1

x2

a2
C x2

a2
D 1

2x2

a2
D 1

x2 D a2

2
) x D ap

2

The corresponding value ofy is obtained by the relationy D b
ax:

y D b

a
� ap

2
D bp

2

We obtain the critical point
�
ap
2
; bp

2

�
. Extreme values can also occur at points on the constraint whererg D

D
2x
a2 ;

2y

b2

E
D h0; 0i.

However, the point.0; 0/ is not on the constraint. We conclude that iff .x; y/ D 4xy has a maximum value on the ellipse
x2

a2 C y2

b2 D 1 with x > 0, y > 0, then it occurs at the point
�
ap
2
; bp

2

�
and the maximum value is

f

�
ap
2
;
bp
2

�
D 4 � ap

2
� bp

2
D 2ab

We now justify why the maximum value exists. We consider the problem of finding the extreme values off .x; y/ D 4xy on

the quarter ellipsex
2

a2 C y2

b2 D 1 in the first quadrant. Since the constraint curve is bounded andf .x; y/ is continuous,f has a
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minimum and maximum values on the ellipse. The minimum volume occurs at the end points:

x D 0; y D b ) 4xy D 0 or x D a; y D 0 ) 4xy D 0

So the critical point
�
ap
2
; bp

2

�
must be a maximum.

21. Find the point.x0; y0/ on the line4x C 9y D 12 that is closest to the origin.

SOLUTION Since we are minimizing distance, we can minimize the square of the distance function without loss of generality:

f .x; y/ D .x � 0/2 C .y � 0/2 D x2 C y2

subject to the constraintg.x; y/ D 4x C 9y � 12.
Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h2x; 2yi and rg D h4; 9i, hence the Lagrange
Conditionrf D �rg gives

h2x; 2yi D � h4; 9i

or

2x D 4� ) x D 2�; 2y D 9�

Step 2. Solve for� in terms ofx andy. The Lagrange equations give the following two expressions for�:

� D x

2
; � D 9

2
y

Equating these two

x

2
D 9

2
y ) x D 9y

Step 3. Solve forx andy using the constraint. We are given4x C 9y D 12, therefore we can write:

4.9y/C 9y D 12 ) 45y D 12 ) y D 12

45
D 4

15

Sincex D 9y, then we conclude:

y D 4

15
x D 9 � 4

15
D 12

5

Step 4. Conclusions. Therefore the point closest to the origin lying on the plane4x C 9y D 12 is the point.12=5; 4=15/.

22. Show that the point.x0; y0/ closest to the origin on the lineax C by D c has coordinates

x0 D ac

a2 C b2
; y0 D bc

a2 C b2

SOLUTION We need to minimize the distanced.x; y/ D
p
x2 C y2 subject to the constraintg.x; y/ D ax C by D c. Notice

that the distanced.x; y/ is at a minimum at the same points where the square of the distanced2.x; y/ is at a minimum (since
the functionu2 is increasing foru � 0). Therefore, we may find the minimum off .x; y/ D x2 C y2 subject to the constraint
ax C by D c.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h2x; 2yi and rg D ha; bi, hence the Lagrange
Conditionrf D �rg is

h2x; 2yi D � ha; bi

or

2x D �a

2y D �b

Step 2. Solve for� in terms ofx andy. The Lagrange equations give

� D 2x

a
and � D 2y

b
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Step 3. Solve forx andy using the constraint. We equate the two expressions for� and solve fory in terms ofx:

2x

a
D 2y

b
) y D b

a
x

We now substitutey D bx
a in the equation of the constraintax C by D c and solve forx:

ax C b � b
a
x D c

 
aC b2

a

!
x D c

a2 C b2

a
x D c ) x D ac

a2 C b2

We findy using the relationy D bx
a :

y D b

a
� ac

a2 C b2
D bc

a2 C b2

The critical point is thus

x0 D ac

a2 C b2
; y0 D bc

a2 C b2
(1)

Step 4. Conclusions. It is clear geometrically that the problem has a minimum value and it does not have a maximum value.
Therefore the minimum occurs at the critical point. We conclude that the point closest to the origin on the lineax C by D c is
given by (1). To show that the vectorhx0; y0i is perpendicular to the line, we write the line in vector form ashx � x0; y � y0i �
ha; bi D 0. Thus,ha; bi is perpendicular to the line. Sincehx0; y0i D c

a2Cb2 ha; bi, thenhx0; y0i is parallel toha; bi, and thus also
perpendicular to the line.

23. Find the maximum value off .x; y/ D xayb for x � 0; y � 0 on the linex C y D 1, wherea; b > 0 are constants.

SOLUTION

Step 1. Write the Lagrange Equations. We must find the maximum value off .x; y/ D xayb under the constraintsg.x; y/ D
x C y � 1, x > 0, y > 0. The gradient vectors arerf D

D
axa�1yb ; bxayb�1

E
and rg D � h1; 1i, hence the Lagrange

Conditionrf D �rg is
D
axa�1yb ; bxayb�1

E
D � h1; 1i

We obtain the following equations:

axa�1yb D �

bxayb�1 D �
) axa�1yb D bxayb�1

Step 2. Solve forx andy using the constraint. We solve the equation in step 1 fory in terms ofx. This gives

axa�1yb D bxayb�1

ay D bx ) y D b

a
x

We now substitutey D b
ax in the constraintx C y D 1 and solve forx:

x C b

a
x D 1

.aC b/x D a ) x D a

aC b

We findy using the relationy D b
ax:

y D b

a
� a

aC b
D b

aC b

The critical point is thus
�

a

a C b
;

b

aC b

�
(1)
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Step 3. Conclusions. We computef .x; y/ D xayb at the critical point:

f

�
a

aC b
;

b

aC b

�
D
�

a

aC b

�a� b

aC b

�b
D aabb

.aC b/aCb

Now, sincef is continuous on the segmentx C y D 1, x � 0, y � 0, which is a closed and bounded set inR2, thenf has
minimum and maximum values on this segment. The minimum value is 0 (obtained at.0; 1/ and.1; 0/), therefore the critical point
(1) corresponds to the maximum value. We conclude that the maximum value ofxayb onx C y D 1, x > 0, y > 0 is

aabb

.aC b/aCb

24. Show that the maximum value off .x; y/ D x2y3 on the unit circle is625

q
3
5 .

SOLUTION We must maximizef .x; y/ D x2y3 subject to the constraintx2 C y2 D 1 (the equation of the unit circle). We will
write the constraint equation asg.x; y/ D x2 C y2 � 1.

Step 1. Write the Lagrange equations. The gradient vectors arerf D
˝
2xy3; 3x2y2

˛
andrg D h2x; 2yi, hence the Lagrange

condition,rf D �rg gives the following equations:
D
2xy3; 3x2y2

E
D � h2x; 2yi

or

2xy3 D 2�x ) xy3 D �x; 3x2y2 D 2�y

Step 2. Solve for� in terms ofx andy. Using the first equation above, we can conclude:

xy3 � �x D 0 ) x.y3 � �/ D 0 ) x D 0 or � D y3

If x D 0, then using the constraint,x2 C y2 D 1 we gety D ˙1.
If � D y3, using the second equation we have

3x2y2 � 2y4 D 0 ) y2.3x2 � 2y2/ D 0 ) y D 0 or x D ˙
r
2

3
y

If y D 0, then using the constraint we getx D ˙1.
Using the constraint,x2 C y2 D 1, for x D ˙

q
2
3y, then

2

3
y2 C y2 D 1 ) y2 D 3

5
) y D ˙

r
3

5

Sincey D ˙
q
3
5 , thenx D ˙

q
2
5 .

Step 3. Now to examine the maximum value of the functionf .x; y/ D x2y3:

f .0; 1/ D 0; f .0;�1/ D 0; f .1; 0/ D 1; f .�1; 0/ D 0

f

 r
2

5
;

r
3

5

!
D 6

25

r
3

5
; f

 
�
r
2

5
;

r
3

5

!
D 6

25

r
3

5

f

 r
2

5
;�
r
3

5

!
D � 6

25

r
3

5
; f

 
�
r
2

5
;�
r
3

5

!
D � 6

25

r
3

5

Step 4. Conclusions. From the analyzing above in Step 3, we see that the maximum value forf .x; y/ D x2y3 on the unit circle is
6
25

q
3
5 .

25. Find the maximum value off .x; y/ D xayb for x � 0; y � 0 on the unit circle, wherea; b > 0 are constants.

SOLUTION We must find the maximum value off .x; y/ D xayb (a, b > 0) subject to the constraintg.x; y/ D x2 C y2 D 1.

Step 1. Write out the Lagrange Equations. We haverf D
D
axa�1yb ; bxayb�1

E
andrg D h2x; 2yi. Therefore the Lagrange

Conditionrf D �rg is
D
axa�1yb ; bxayb�1

E
D � h2x; 2yi

or

axa�1yb D 2�x

bxayb�1 D 2�y
(1)
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Step 2. Solve for� in terms ofx andy. If x D 0 or y D 0, f has the minimum value 0. We thus may assume thatx > 0 and
y > 0. The equations (1) imply that

� D axa�2yb

2
; � D bxayb�2

2

Step 3. Solve forx andy using the constraint. Equating the two expressions for� and solving fory in terms ofx gives

axa�2yb

2
D bxayb�2

2

axa�2yb D bxayb�2

ay2 D bx2

y2 D b

a
x2 ) y D

r
b

a
x

We now substitutey D
q
b
ax in the constraintx2 C y2 D 1 and solve forx > 0. We obtain

x2 C b

a
x2 D 1

.aC b/x2 D a

x2 D a

aC b
) x D

r
a

aC b

We findy using the relationy D
q
b
ax:

y D
r
b

a

r
a

aC b
D

s
ab

a.a C b/
D

s
b

aC b

We obtain the critical point:
0
@
r

a

aC b
;

s
b

a C b

1
A

Extreme points can also occur whererg D 0, that is,h2x; 2yi D h0; 0i or .x; y/ D .0; 0/. However, this point is not on the
constraint.

Step 4. Conclusions. We computef .x; y/ D xayb at the critical point:

f

0
@
r

a

aC b
;

s
b

aC b

1
A D

�
a

a C b

�a=2� b

aC b

�b=2
D aa=2bb=2

.aC b/.aCb/=2 D
s

aabb

.aC b/aCb

The functionf .x; y/ D xayb is continuous on the setx2 C y2 D 1, x � 0, y � 0, which is a closed and bounded set inR2,
hencef has minimum and maximum values on the set. The minimum value is 0 (obtained at.0; 1/ and.1; 0/), hence the critical
point that we found corresponds to the maximum value. We conclude that the maximum value ofxayb on x2 C y2 D 1, x > 0,
y > 0 is

s
aabb

.aC b/aCb :

26. Find the maximum value off .x; y; z/ D xaybzc for x; y; z � 0 on the unit sphere, wherea; b; c > 0 are constants.

SOLUTION We must find the maximum value off .x; y; z/ D xaybzc subject to the constraintg.x; y; z/ D x2 C y2 C z2 � 1 D
0, x � 0, y � 0, z � 0.

Step 1. Write the Lagrange Equations. The gradient vectors arerf D
D
axa�1ybzc ; byb�1x

a
zc ; czc�1xayb

E
and rg D

h2x; 2y; 2zi, hence the Lagrange Conditionrf D �rg gives the following equations:

axa�1ybzc D �.2x/

byb�1xazc D �.2y/ (1)

czc�1xayb D �.2z/
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Step 2. Solve for� in terms ofx, y, andz. If x D 0, y D 0, or z D 0, f attains the minimum value 0, therefore we may assume
thatx ¤ 0, y ¤ 0, andz ¤ 0. The Lagrange equations (1) give

� D axa�2ybzc

2
; � D byb�2xazc

2
; � D czc�2xayb

2

Step 3. Solve forx, y, andz using the constraint. Equating the expressions for�, we obtain the following equations:

axa�2ybzc D byb�2xazc

axa�2ybzc D czc�2xayb
(2)

We solve forx andy in terms ofz. We first divide the first equation by the second equation to obtain

1 D byb�2xazc

czc�2xayb
D b

c

z2

y2

y2 D b

c
z2 ) y D

r
b

c
z

(3)

Both equations (2) imply that

byb�2x
a
zc D axa�2ybzc

byb�2x
a
zc D czc�2xayb

Dividing the first equation by the second equation gives

1 D axa�2ybzc

czc�2xayb
D a

c

z2

x2

x2 D a

c
z2 ) x D

r
a

c
z

(4)

We now substitutex andy from (3) and (4) in the constraintx2 C y2 C z2 D 1 and solve forz. This gives

�r
a

c
z

�2
C
 r

b

c
z

!2
C z2 D 1

�
a

c
C b

c
C 1

�
z2 D 1

aC b C c

c
z2 D 1 ) z D

r
c

aC b C c

We findx andy using (4) and (3):

x D
r
a

c

r
c

aC b C c
D
r

ac

c.aC b C c/
D
r

a

aC b C c

y D
r
b

c

r
c

aC b C c
D

s
bc

c.a C b C c/
D

s
b

aC b C c

We obtain the critical point:

P D

0
@
r

a

aC b C c
;

s
b

aC b C c
;

r
c

aC b C c

1
A

We examine the point whererg D h2x; 2y; 2zi D h0; 0; 0i, that is,.0; 0; 0/: This point does not lie on the constraint, hence it is
not a critical point.

Step 4. Conclusions. We computef .x; y; z/ D xaybzc at the critical point:

f .P / D
�r

a

aC b C c

�a
0
@
s

b

aC b C c

1
A
b�r

c

a C b C c

�c
D
s

aabbcc

.aC b C c/aCbCc

Now, f .x; y; z/ D xaybzc is continuous on the setx2 C y2 C z2 D 1, x � 0, y � 0, z � 0, which is closed and bounded in
R3. The minimum value is 0 (obtained at the points with at least one zero coordinate), therefore the critical point that we found
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corresponds to the maximum value. We conclude that the maximum value ofxaybzc subject to the constraintx2 C y2 C z2 D 1,
x � 0, y � 0, z � 0 is

s
aabbcc

.aC b C c/aCbCc

27. Show that the minimum distance from the origin to a point on the planeax C by C cz D d is

jd jp
a2 C b2 C c2

SOLUTION We want to minimize the distanceP D
p
x2 C y2 C z2 subject toax C by C cz D d . Since the square function

u2 is increasing foru � 0, the squareP 2 attains its minimum at the same point where the distanceP attains its minimum. Thus,
we may minimize the functionf .x; y; z/ D x2 C y2 C z2 subject to the constraintg.x; y; z/ D ax C by C cz D d .

Step 1. Write out the Lagrange Equations. We haverf D h2x; 2y; 2zi and rg D ha; b; ci, hence the Lagrange Condition
rf D �rg gives the following equations:

2x D �a

2y D �b

2z D �c

Assume for now thata ¤ 0, b ¤ 0, c ¤ 0.

Step 2. Solve for� in terms ofx, y, andz. The Lagrange Equations imply that

� D 2x

a
; � D 2y

b
; � D 2z

c

Step 3. Solve forx, y, andz using the constraint. Equating the expressions for� give the following equations:

2x

a
D 2z

c

2y

b
D 2z

c

)
x D a

c
z

y D b

c
z

(1)

We now substitutex D a
c z andy D b

c z in the equation of the constraintax C by C cz D d and solve forz. This gives

a
�a
c
z
�

C b

�
b

c
z

�
C cz D d

a2

c
z C b2

c
z C cz D d

�
a2 C b2 C c2

�
z D dc

Sincea2 C b2 C c2 ¤ 0, we getz D dc
a2Cb2Cc2 . We now use (1) to computey andx:

x D a

c
� dc

a2 C b2 C c2
D ad

a2 C b2 C c2
; y D b

c
� dc

a2 C b2 C c2
D bd

a2 C b2 C c2

We obtain the critical point:

P D
�

ad

a2 C b2 C c2
;

bd

a2 C b2 C c2
;

dc

a2 C b2 C c2

�
(2)

Step 4. Conclusions. It is clear geometrically thatf has a minimum value subject to the constraint, hence the minimum value
occurs at the pointP . We conclude that the pointP is the point on the plane closest to the origin. We now consider the case where
a D 0. We consider the planesax C by C cz D d , wherea ¤ 0 anda ! 0. A continuous change ina causes a continuous change
in the closest pointP . Therefore, the pointP closest to the origin in case ofa D 0 can be obtained by computing the limit ofP in
(2) asa ! 0, that is, by substitutinga D 0. Similar considerations hold forb D 0 or c D 0. We conclude that the closest pointP
in (2) holds also for the planes witha D 0, b D 0, or c D 0 (but not all of them 0). The distanceP of that point to the origin is

P D

vuut .ad/2 C .bd/2 C .dc/2

�
a2 C b2 C c2

�2 D jd j

vuut a2 C b2 C c2

�
a2 C b2 C c2

�2 D jd jp
a2 C b2 C c2
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28. Antonio has $5.00 to spend on a lunch consisting of hamburgers ($1.50 each) and French fries ($1.00 per order). Antonio’s
satisfaction from eatingx1 hamburgers andx2 orders of French fries is measured by a functionU.x1; x2/ D p

x1x2. How much of
each type of food should he purchase to maximize his satisfaction? (Assume that fractional amounts of each food can be purchased.)

SOLUTION Antonio has $5.00 to spend on the lunch, hence the total cost1:5x1 C x2 must satisfy

1:5x1 C x2 D 5

We thus want to maximize the functionU.x1; x2/ D p
x1x2 subject to the constraintg.x; y/ D 1:5x1 C x2 D 5 with x1 > 0,

x2 > 0.

Step 1. Write out the Lagrange Equations. The gradient vectors arerU D 1
2

Dq
x2
x1
;
q
x1
x2

E
andrg D h1:5; 1i, hence the Lagrange

ConditionrU D �rg gives the following equations:

1

2

r
x2

x1
D 1:5�

1

2

r
x1

x2
D �

)

x2

x1
D 9�2

x1

x2
D 4�2

Step 2. Solve forx1 andx2 using the constraint. The two equations in step 1 give

�2 D x2

9x1
D x1

4x2

Therefore,

4x22 D 9x21

x22 D 9

4
x21 ) x2 D 3

2
x1

We now substitutex2 D 3
2x1 in the constraint1:5x1 C x2 D 5 and solve forx1. We get

1:5x1 C 3

2
x1 D 5

3x1 D 5 ) x1 D 5

3

We findx2 by the relationx2 D 3
2x1:

x2 D 3

2
� 5
3

D 5

2

We obtain the critical point:
�
5

3
;
5

2

�

Step 3. Conclusions. We conclude that Antonio should have53 hamburgers and52 orders of fries, to maximize his satisfaction.
Notice thatU.x1; x2/ D p

x1x2 is continuous on the set1:5x1 C x2 D 5, x1 � 0, x2 � 0, which is closed and bounded inR2 (it
is a triangle in the first quadrant).f has minimum and maximum values on this set. The minimum value 0 is obtained forx1 D 0

or x2 D 0, hence the critical point that we found corresponds to the maximum value.

29. LetQ be the point on an ellipse closest to a given pointP outside the ellipse. It was known to the Greek mathematician
Apollonius (third centuryBCE) thatPQ is perpendicular to the tangent to the ellipse atQ (Figure 7). Explain in words why this
conclusion is a consequence of the method of Lagrange multipliers.Hint: The circles centered atP are level curves of the function
to be minimized.

P

Q

FIGURE 7



S E C T I O N 12.8 Lagrange Multipliers: Optimizing with a Constraint 1687

SOLUTION LetP D .x0; y0/. The distanced between the pointP and a pointQ D .x; y/ on the ellipse is minimum where the
squared2 is minimum (since the square functionu2 is increasing foru � 0). Therefore, we want to minimize the function

f .x; y; z/ D .x � x0/
2 C .y � y0/

2 C .z � z0/
2

subject to the constraint

g.x; y/ D x2

a2
C y2

b2
D 1

The method of Lagrange indicates that the solutionQ is the point on the ellipse whererf D �rg, that is, the point on the ellipse
where the gradientsrf andrg are parallel. Since the gradient is orthogonal to the level curves of the function,rg is orthogonal
to the ellipseg.x; y/ D 1, andrf is orthogonal to the level curve off passing throughQ. But this level curve is a circle through
Q centered atP , hence the parallel vectorsrg andrf are orthogonal to the ellipse and to the circle centered atP respectively.
We conclude that the pointQ is the point at which the tangent to the ellipse is also the tangent to the circle throughQ centered at
P . That is, the tangent to the ellipse atQ is perpendicular to the radiusPQ of the circle.

30. In a contest, a runner starting atA must touch a pointP along a river and then run toB in the shortest time possible
(Figure 8). The runner should choose the pointP that minimizes the total length of the path.

(a) Define a function

f .x; y/ D AP C PB; whereP D .x; y/

Rephrase the runner’s problem as a constrained optimization problem, assuming that the river is given by an equationg.x; y/ D 0.

(b) Explain why the level curves off .x; y/ are ellipses.

(c) Use Lagrange multipliers to justify the following statement: The ellipse through the pointP minimizing the length of the path
is tangent to the river.

(d) Identify the point on the river in Figure 8 for which the length is minimal.

River

x

y

A B

P

FIGURE 8

SOLUTION

(a) LetA andB be the pointsA D .a; b/ andB D .c; d/.

P = (x, y)

A B g(x, y) = 0

By the Length Formula we have

AP D
q
.x � a/2 C .y � b/2

PB D
q
.x � c/2 C .y � d/2

The distance traveled by the runner is

f .x; y/ D
q
.x � a/2 C .y � b/2 C

q
.x � c/2 C .y � d/2

We must minimize the functionf subject to the constraintg.x; y/ D 0 (since the pointP D .x; y/ must satisfy the equation of
the river).
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(b) The level curves off .x; y/ aref .x; y/ D k for positive constantsk. That is,
q
.x � a/2 C .y � b/2 C

q
.x � c/2 C .y � d/2 D k

The level curve consists of all the pointsP D .x; y/ such that the sum of the distances to the two fixed pointsA D .a; b/ and
B D .c; d/ is constantk > 0. Therefore the level curves are ellipses with foci atA andB.

(c) The pointP that minimizes the length of the path must satisfy the Lagrange ConditionrfP D �rgP . That is, the gradients
of f andg are parallel vectors. Since the gradient atP is orthogonal to the level curve of the function passing throughP , the level
curve off throughP (which is the ellipse throughP ) is tangent to the level curve ofg throughP , that is, it is tangent to the river.

(d) The path-minimizing point is the point closest to the line throughA andB such that the ellipse throughP is tangent to the
river.

River

P

A

B

g(x, y) = 0

In Exercises 31 and 32, letV be the volume of a can of radiusr and heighth, and letS be its surface area (including the top and
bottom).

31. Find r andh that minimizeS subject to the constraintV D 54�.

SOLUTION We see that the surface area of the can isS D 2�rhC 2�r2 subject toV D 54� D �r2h. Let us write the constraint
asV.r; h/ D �r2h � 54� and use Lagrange Multipliers to solve.

Step 1. Write out the Lagrange Equations. The gradient vectors arerS D h2�hC 4�r; 2�ri andrV D
˝
2�rh; �r2

˛
. Then using

rS D �rV , we see

h2�hC 4�r; 2�ri D �
D
2�rh; �r2

E

or

2�hC 4�r D 2��rh; 2�r D ��r2

Consider the second equation, rewriting we have:

2�r � ��r2 D 0 ) �r.2 � �r/ D 0 ) r D 0; � D 2

r

We can ignore whenr D 0 since it does not correspond to any point on the constraint curve54� D �r2h.
Using the first equation, rewriting we have:

2�hC 4�r D 2��rh ) � D 2�hC 4�r

2�rh
D hC 2r

rh

Step 2. Solve forr; h using the constraint to determine the critical point.
Using the two derived equations for� we have:

2

r
D hC 2r

rh
) 2rh D hr C 2r2 r.2h � h � 2r/ D 0 ) h D 2r

Then using the constraint,54� D �r2h we see:

54� D �r2.2r/ ) 54 D 2r3 ) r3 D 27 ) r D 3

Thusr D 3 andh D 2.3/ D 6.

Step 3. Conclusions. The minimum surface area, given that the volume must be54� is determined by a can having radiusr D 3

and heighth D 6. We know this is the minimum surface area because surface area is an increasing function ofr andh.

32. Show that for both of the following two problems,P D .r; h/ is a Lagrange critical point ifh D 2r :

� Minimize surface areaS for fixed volumeV .
� Maximize volumeV for fixed surface areaS .
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Then use the contour plots in Figure 9 to explain whyS has a minimum for fixedV but no maximum and, similarly,V has a
maximum for fixedS but no minimum.

Level curves of S

Critical point P = (r, h)

Increasing S

Increasing V

r

h

Level curve of V

FIGURE 9

SOLUTION

� To minimize surface areaS D 2�rh C 2�r2 for a fixed volume (subject to the constraintc.r; h/ D �r2h � V ) we use the
Lagrange equations. Then usingrS D �rc, we see

h2�hC 4�r; 2�ri D �
D
2�rh; �r2

E

or

2�hC 4�r D 2��rh; 2�r D ��r2

Consider the second equation, rewriting we have:

2�r � ��r2 D 0 ) �r.2 � �r/ D 0 ) r D 0; � D 2

r

Since this is a question about surface area, we are not interested in the point whenr D 0.
Using the first equation, rewriting we have:

2�hC 4�r D 2��rh ) � D 2�hC 4�r

2�rh
D hC 2r

rh

Now to solve forr; h using the constraint to determine the critical point. Using the two derived equations for� we have:

2

r
D hC 2r

rh
) 2rh D hr C 2r2 r.2h � h � 2r/ D 0 ) h D 2r

Therefore, we see that the critical point is.r; h/ whereh D 2r .
� To maximize the volumeV D �r2h for a fixed surface area (subject to the constraintc.r; h/ D 2�rh C 2�r2 � S) we use

the Lagrange equations. Then usingrV D �rc we see
D
2�rh; �r2

E
D � h2�h C 4�r; 2�ri

or

�.2�hC 4�r/ D 2�rh; �.2�r/ D �r2

� D rh

hC 2r
; � D r

2

Using these two derived equations for�, we have:

r

2
D rh

hC 2r
) h D 2r

Therefore, we see that the critical point is.r; h/ whereh D 2r .

Using the contour plots in the figure, we can see thatS has a minimum for a fixed value ofV , but no maximum because it increases
without an upper bound, whereas hasV has a maximum for a fixed value ofS , but no minimum because it decreases without a
lower bound.



1690 C H A P T E R 12 DIFFERENTIATION IN SEVERAL VARIABLES

33. A plane with equation
x

a
C y

b
C z

c
D 1 (a; b; c > 0/ together with the positive coordinate planes forms a tetrahedron of

volumeV D 1
6abc (Figure 10). Find the minimum value ofV among all planes passing through the pointP D .1; 1; 1/.

A = (a, 0, 0)

B = (0, b, 0)

C = (0, 0, c)

z

x

y

P

FIGURE 10

SOLUTION The plane is constrained to pass through the pointP D .1; 1; 1/, hence this point must satisfy the equation of the
plane. That is,

1

a
C 1

b
C 1

c
D 1

We thus must minimize the functionV.a; b; c/ D 1
6abc subject to the constraintg.a; b; c/ D 1

a C 1
b

C 1
c D 1, a > 0, b > 0,

c > 0.

Step 1. Write out the Lagrange Equations. We haverV D
D
1
6bc;

1
6ac;

1
6ab

E
andrg D

D
� 1
a2 ;� 1

b2 ;� 1
c2

E
, hence the Lagrange

ConditionrV D ˘rg yields the following equations:

1

6
bc D � 1

a2
�

1

6
ac D � 1

b2
�

1

6
ab D � 1

c2
�

Step 2. Solve for� in terms ofa, b, andc. The Lagrange equations imply that

� D �bca
2

6
; � D �acb

2

6
; � D �abc

2

6

Step 3. Solve fora, b, andc using the constraint. Equating the expressions for�, we obtain the following equations:

bca2 D acb2

abc2 D acb2
)

abc.a � b/ D 0

abc.c � b/ D 0

Sincea, b, c are positive numbers, we conclude thata D b andc D b. We now substitutea D b andc D b in the equation of the
constraint1a C 1

b
C 1
c D 1 and solve forb. This gives

1

b
C 1

b
C 1

b
D 1

3

b
D 1 ) b D 3

Therefore alsoa D b D 3 andc D b D 3. We obtain the critical point.3; 3; 3/.

Step 4. Conclusions. IfV has a minimum value subject to the constraint then it occurs at the point.3; 3; 3/. That is, the plane that
minimizesV is

x

3
C y

3
C z

3
D 1 or x C y C z D 3

Remark:Since the constraint is not bounded, we need to justify the existence of a minimum value ofV D 1
6abc under the

constraint1a C 1
b

C 1
c D 1. First notice that sincea, b, c are nonnegative and the sum of their reciprocals is 1, none of them can

tend to zero. In fact, none ofa, b, c can be less than 1. Therefore, ifa ! 1, b ! 1, or c ! 1, thenV ! 1. This means that

we can find a cube that includes the point
�
1
3 ;
1
3 ;
1
3

�
such that, on the part of the constraint that is outside the cube, it holds that

V > V
�
1
3 ;
1
3 ;
1
3

�
D 1

162 . On the part of the constraint inside the cube,V has a minimum valuem, since it is a closed and bounded

set. Clearlym is the minimum ofV on the whole constraint.
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34. With the same set-up as in the previous problem, find the plane that minimizesV if the plane is constrained to pass through a
pointP D .˛; ˇ; 
/ with ˛; ˇ; 
 > 0.

SOLUTION The planexa C y
b

C z
c D 1 must pass through the pointP.˛; ˇ; 
/, hence

˛

a
C ˇ

b
C 


c
D 1

We thus must minimize the functionV.a; b; c/ D 1
6abc subject to the constantg.a; b; c/ D ˛

a C ˇ
b

C 

c D 1, a > 0, b > 0, c > 0.

Step 1. Write out the Lagrange Equations. We haverV D
D
1
6bc;

1
6ac;

1
6ab

E
andrg D

D
� ˛
a2 ;�

ˇ

b2 ;�



c2

E
, hence the Lagrange

ConditionrV D �rg yields the following equations:

1

6
bc D � ˛

a2
�

1

6
ac D � ˇ

b2
�

1

6
ab D � 


c2
�

)

� D �a
2bc

6˛

� D �b
2ac

6ˇ

� D �c
2ab

6


Step 2. Solve fora, b, c using the constraint. The Lagrange equations imply the following equations:

a2bc

˛
D c2ab




b2ac

ˇ
D c2ab




We simplify the two equations to obtain

abc.
a � ˛c/ D 0

abc.
b � ˇc/ D 0

Sinceabc ¤ 0, these equations imply that


a � ˛c D 0 ) a D ˛



c


b � ˇc D 0 ) b D ˇ



c

(1)

We now substitute in the constraint˛a C ˇ
b

C 

c D 1 and solve forc. This gives

˛
˛

 c

C ˇ

ˇ

 c

C 


c
D 1




c
C 


c
C 


c
D 1

3


c
D 1 ) c D 3


We finda andb using (1):

a D ˛



� 3
 D 3˛; b D ˇ



� 3
 D 3ˇ

We obtain the solution

P D .3˛; 3ˇ; 3
/

Step 3. Conclusions. SinceV has a minimum value subject to the constraint, it occurs at the critical point. We substitutea D 3˛,
b D 3ˇ, andc D 3
 in the equation of the planexa C y

b
C z
c D 1 to obtain the following plane, which minimizesV :

x

3˛
C y

3ˇ
C z

3

D 1 or

x

˛
C y

ˇ
C z



D 3

35. Show that the Lagrange equations forf .x; y/ D x C y subject to the constraintg.x; y/ D x C 2y D 0 have no solution.
What can you conclude about the minimum and maximum values off subject tog D 0? Show this directly.
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SOLUTION Using the methods of Lagrange we can writerf D �rg and see

h1; 1i D � h1; 2i

Which gives us the equations:

1 D �; 1 D 2�

hence,� D 1 or� D 1=2. This is an inconsistent set of equations, thus the Lagrange method has no solution. What we can conclude
from this is that the maximum and minimum values off subject tog D 0 does not exist. This means thatf .x; y/ increases without
an upper bound and decreases without a lower bound.

To show this directly, we can writey D �1=2x from the constraint equation and substitute it intof .x; y/ D f .x;�1=2x/ D
x � 1=2x D 1=2x. We know thaty D 1=2x is a straight line having slope1=2, increasing, with no maximum nor minimum values.

36. Show that the Lagrange equations forf .x; y/ D 2x C y subject to the constraintg.x; y/ D x2 � y2 D 1 have a
solution but thatf has no min or max on the constraint curve. Does this contradict Theorem 1?

SOLUTION Using the methods of Lagrange we can writerf D �rg and see

h2; 1i D � h2x;�2yi

or

2 D 2�x; 1 D �2�y

and

�x D 1; 1 D �2�y

hence

�x D �2�y ) �x C 2�y D 0 ) �.x C 2y/ D 0

Hence� D 0 or x D �2y. But we see if� D 0 above, we get an inconsistent equation, thereforex D �2y. Using the constraint
equation we see

.�2y/2 � y2 D 1 ) 4y2 � y2 D 1 ) y D ˙ 1p
3
; x D � 2p

3

Evaluating at these points we see

f

�
2p
3
;� 1p

3

�
D

p
3; f

�
� 2p

3
;
1p
3

�
D �

p
3

Now, to show thatf .x; y/ has no min or max on the constraint curve.
The point.x; y/ D .x;

p
x2 � 1/ lies on the constraint for allx � 1. Consider the following:

lim
x!1f .x; y/ D lim

x!1f .x;
p
x2 � 1/ D lim

x!1 2x C
p
x2 C 1 ! 1

However, the point.�x; y/ D .�x;�
p
x2 � 1/ also lies on the constraint curve, and

lim
x!1

f .x; y/ D lim
x!1

f .�x;�
p
x2 � 1/ D lim

x!1
�2x �

p
x2 � 1 ! �1

Therefore,f .x; y/ has no min nor max on the constraint curve.
These calculations do not contradict the Lagrange theorem in the text because the theorem says only that the extrema (if they

exist) must satisfy the Lagrange equations.

37. LetL be the minimum length of a ladder that can reach over a fence of heighth to a wall located a distanceb behind the wall.

(a) Use Lagrange multipliers to show thatL D .h2=3 C b2=3/3=2 (Figure 11).Hint: Show that the problem amounts to minimizing
f .x; y/ D .x C b/2 C .y C h/2 subject toy=b D h=x or xy D bh.
(b) Show that the value ofL is also equal to the radius of the circle with center.�b;�h/ that is tangent to the graph ofxy D bh.

Wall
Ladder

Fence

y

h

L
L

b x

x

xy = bh

(−b, −h)

y

FIGURE 11



S E C T I O N 12.8 Lagrange Multipliers: Optimizing with a Constraint 1693

SOLUTION

(a) We denote byx andy the lengths shown in the figure, and express the lengthl of the ladder in terms ofx andy.

BC xo
b

h

A

D
y

E

Using the Pythagorean Theorem, we have

l D
q
OA

2 COB
2 D

q
.y C h/2 C .x C b/2 (1)

Since the functionu2 is increasing foru � 0, l andl2 have their minimum values at the same point. Therefore, we may minimize
the functionf .x; y/ D l2.x; y/, which is

f .x; y/ D .x C b/2 C .y C h/2

We now identify the constraint on the variablesx andy. (Notice thath, b are constants whilex andy are free to change). Using
proportional lengths in the similar triangles�AED and�DCB, we have

AE

DC
D ED

CB

That is,

y

h
D b

x
) xy D bh

We thus must minimizef .x; y/ D .x C b/2 C .y C h/2 subject to the constraintg.x; y/ D xy D bh, x > 0, y > 0.

Step 1. Write out the Lagrange Equations. We haverf D h2.x C b/; 2.y C h/i andrg D hy; xi, hence the Lagrange Condition
rf D �rg gives the following equations:

2.x C b/ D �y

2.y C h/ D �x

Step 2. Solve for� in terms ofx andy. The equation of the constraint implies thaty ¤ 0 andx ¤ 0. Therefore, the Lagrange
equations yield

� D 2.x C b/

y
; � D 2.y C h/

x

Step 3. Solve forx andy using the constraint. Equating the two expressions for� gives

2.x C b/

y
D 2.y C h/

x

We simplify:

x.x C b/ D y.y C h/

x2 C xb D y2 C yh

The equation of the constraint implies thaty D bh
x . We substitute and solve forx > 0. This gives

x2 C xb D
�
bh

x

�2
C bh

x
� h

x2 C xb D b2h2

x2
C bh2

x

x4 C x3b D b2h2 C bh2x

x4 C bx3 � bh2x � b2h2 D 0

x3.x C b/ � bh2.x C b/ D 0
�
x3 � bh2

�
.x C b/ D 0
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Sincex > 0 andb > 0, alsox C b > 0 and the solution is

x3 � bh2 D 0 ) x D .bh2/
1=3

We computey. Using the relationy D bh
x ,

y D bh

.bh2/
1=3

D bh

b1=3h2=3
D b2=3h1=3 D .b2h/

1=3

We obtain the solution

x D
�
bh2

�1=3
; y D

�
b2h

�1=3
(2)

Extreme values may also occur at the point on the constraint whererg D 0. However,rg D hy; xi D h0; 0i only at the point
.0; 0/, which is not on the constraint.

Step 4. Conclusions. Notice that on the constrainty D bh
x or x D bh

y , asx ! 0C theny ! 1, and asx ! 1, theny ! 0C.
Also, asy ! 0C, x ! 1 and asy ! 1, x ! 0C. In either case,f .x; y/ is increasing without bound. Using this property
and the theorem on the existence of extreme values for a continuous function on a closed and bounded set (for a certain part of the
constraint), one can show thatf has a minimum value on the constraint. This minimum value occurs at the point (2). We substitute
this point in (1) to obtain the following minimum lengthL:

L D
r�

.b2h/
1=3 C h

�2
C
�
.bh2/

1=3 C b
�2

D
q
.b2h/

2=3 C 2h.b2h/
1=3 C h2 C .bh2/

2=3 C 2b.bh2/
1=3 C b2

D
q
b

4
3 h2=3 C 2h

4
3 b2=3 C h2 C b2=3h

4
3 C 2b

4
3 h2=3 C b2

D
q
3b

4
3 h2=3 C 3h

4
3 b2=3 C h2 C b2

D
q�
h2=3

�3 C 3
�
h2=3

�2
b2=3 C 3h2=3

�
b2=3

�2 C
�
b2=3

�3

Using the identity.˛ C ˇ/3 D ˛3 C 3˛2ˇ C 3˛ˇ2 C ˇ3, we conclude that

L D
q�
h2=3 C b2=3

�3 D
�
h2=3 C b2=3

�3=2
:

(b) The Lagrange Condition states that the gradient vectorsrfP andrgP are parallel (whereP is the minimizing point). The
gradientrfP is orthogonal to the level curve off passing throughP , which is a circle throughP centered at.�b;�h/. rgP is
orthogonal to the level curve ofg passing throughP , which is the curve of the constraintxy D bh. We conclude that the circle and
the curvexy D bh, both being perpendicular to parallel vectors, are tangent atP . The radius of the circle is the minimum valueL,
of f .x; y/.

38. Find the maximum value off .x; y; z/ D xy C xz C yz � xyz subject to the constraintx C y C z D 1, for x � 0; y � 0; z �
0.

SOLUTION

Step 1. Write out the Lagrange Equations. We haverf D hy C z � yz; x C z � xz; x C y � xyi andrg D h1; 1; 1i, hence the
Lagrange Conditionrf D �rg yields the following equations:

y C z � yz D �

x C z � xz D �

x C y � xy D �

Step 2. Solve forx, y, andz using the constraint. The Lagrange equations imply that

x C z � xz D y C z � yz

x C y � xy D y C z � yz
)

x � xz D y � yz

x � xy D z � yz
(1)

We solve forx andy in terms ofz. The first equation gives

x � y C yz � xz D 0

x � y � z.x � y/ D 0 (2)

.x � y/.1 � z/ D 0 ) x D y or z D 1
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The second equation in (1) gives:

x � z C yz � xy D 0

x � z � y.x � z/ D 0 (3)

.x � z/.1� y/ D 0 ) x D z or y D 1

We examine the possible solutions.

(1) x D y, x D z. Substitutingx D y D z in the equation of the constraintx C y C z D 1 gives3z D 1 or z D 1
3 . We obtain the

solution
�
1

3
;
1

3
;
1

3

�

(2) x D y, y D 1. Substitutingx D y D 1 in the constraintx C y C z D 1 gives

1C 1C z D 1 ) z D �2

This is not in the domain of the function.
(3) z D 1, x D z. Substitutingz D 1, x D 1 in the constraint gives

1C y C 1 D 1 ) y D �2

This is not in the domain of the function.
(4) z D 1, y D 1. Substituting in the constraint givesx C 1C 1 D 1 or x D �1. This is not in the domain of the function.

We conclude that the critical point isP1 D
�
1
3 ;
1
3 ;
1
3

�
.

Step 3. Conclusions. The constraintx C y C z D 1, x � 0, y � 0, z � 0 is the part of the planex C y C z D 1 in the first octant.
This is a closed and bounded set inR3, hencef (which is a continuous function) has minimum and maximum value subject to the
constraint. The extreme value occurs at the point from (4). We evaluatef .x; y; z/ D xy C xz C yz � xyz at this point:

f .P1/ D 1

3
� 1
3

C 1

3
� 1
3

C 1

3
� 1
3

� �1
3

� 1
3

� 1
3

D 3

9
� 1

27
D 8

27

We conclude that the maximum value off subject to the constraint is

f .P1/ D 8

27
:

39. Find the point lying on the intersection of the planex C 1
2y C 1

4z D 0 and the spherex2 C y2 C z2 D 9 with the largest
z-coordinate.

SOLUTION We will use the method of Lagrange Multipliers with two constraints here. We want to maximizef .x; y; z/ D z

subject to the two surfaces. Set the first constraint asg.x; y; z/ D x C 1
2y C 1

4z D 0 and the second ash.x; y; z/ D x2 C y2 C
z2 � 9 D 0.

Write out the Lagrange equations. We haverf D h0; 0; 1i, rg D
D
1; 12 ;

1
4

E
and rg D h2x; 2y; 2zi, hence the Lagrange

condition,rf D �rg C �rh yields the following equations:

h0; 0; 1i D �

�
1;
1

2
;
1

4

�
C � h2x; 2y; 2zi

and

0 D �C 2�x; 0 D 1

2
�C 2�y; 1 D 1

4
�C 2�z

Hence, from the first two equations we see

� D �2�x; � D �4�y

Therefore

�2�x D �4�y ) x D 2y

since� ¤ 0. Using the first constraint equationx C 1
2y C 1

4z D 0 we have

2y C 1

2
y C 1

4
z D 0 ) 5

2
y C 1

4
z D 0 ) y D � 1

10
z

Finally, we can substitutey D �1=10z andx D 2y D �1=5z into the second constraint equationx2 C y2 C z2 D 9 to see

�
�1
5
z

�2
C
�

� 1

10
z

�2
C z2 D 9 ) 1

25
z2 C 1

100
z2 C z2 D 9 ) 4z2 C z2 C 100z2 D 900
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Hence

105z2 D 900 ) z2 D 900

105
D 60

7

Thereforez D ˙
q
60
7 D ˙2

q
15
7 . The two critical points are:

P

 
�2
5

r
15

7
;�1
5

r
15

7
; 2

r
15

7

!
; Q

 
2

5

r
15

7
;
1

5

r
15

7
;�2

r
15

7

!

The critical point with the largestz-coordinate (the maximum off .x; y; z/) isP with z-coordinate2
q
15
7 � 2:928.

40. Find the maximum off .x; y; z/ D x C y C z subject to the two constraintsx2 C y2 C z2 D 9 and 1
4x
2 C 1

4y
2 C

4z2 D 9.

SOLUTION We will use the method of Lagrange Multipliers with two constraints here. We want to maximizef .x; y; z/ D
x C y C z subject to the two constraints. The first constraint isg.x; y; z/ D x2 C y2 C z2 � 9 and the second,h.x; y; z/ D
1
4x
2 C 1

4y
2 C 4z2 � 9.

Write out the Lagrange equations. We haverf D h1; 1; 1i, rg D h2x; 2y; 2zi, andrh D
D
1
2x;

1
2y; 8z

E
. Therefore the

Lagrange conditionrf D �rg C �rh yields the following equation:

h1; 1; 1i D � h2x; 2y; 2zi C �

�
1

2
x;
1

2
y; 8z

�

and

1 D 2�x C 1

2
�x; 1 D 2�y C 1

2
�y; 1 D 2�z C 8�z

Using the first two equations and solving for� we see:

� D
1 � 1

2�x

2x
; � D

1 � 1
2�y

2y

Setting these equal and solving forx andy we see

x D y

Now using the first constraint equation we have

x2 C y2 C z2 D 9 ) 2y2 C z2 D 9 ) z2 D 9 � 2y2

Next, using the second constraint equation we have

1

4
x2 C 1

4
y2 C 4z2 D 9 ) 1

4
y2 C 1

4
y2 C 4.9 � 2y2/ D 9 ) 15

2
y2 D 27 ) y2 D 18

5

Therefore we can concludey D ˙3
q
2
5 and, sincex D y, thenx D ˙3

q
2
5 . Then also,

x2 C y2 C z2 D 9 ) 18

5
C 18

5
C z2 D 9 ) z2 D 11

5

Hencez D ˙ 3p
5

. Our critical points are

 
3

r
2

5
; 3

r
2

5
;
3p
5

!
;

 
3

r
2

5
; 3

r
2

5
;� 3p

5

!

 
�3
r
2

5
;�3

r
2

5
;
3p
5

!
;

 
�3
r
2

5
;�3

r
2

5
;� 3p

5

!

We must evaluatef .x; y; z/ D x C y C z at the four critical points to determine the maximum value. But note since we are
interested in the sum of the coordinates, the maximum value is obtained when they are all positive:

f

 
3

r
2

5
; 3

r
2

5
;
3p
5

!
� 5:136
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41. The cylinderx2 C y2 D 1 intersects the planex C z D 1 in an ellipse. Find the point on that ellipse that is farthest from the
origin.

SOLUTION We need to use Lagrange Multipliers with two constraints here. We want to maximize the square of the distance from
the originf .x; y; z/ D x2 C y2 C z2 subject tog.x; y; z/ D x2 C y2 � 1 andh.x; y; z/ D x C z � 1. Taking the gradients we
haverf D h2x; 2y; 2zi, rg D h2x; 2y; 0i, andrh D h1; 0; 1i. Writing the Lagrange conditionrf D �rg C �rh we have

h2x; 2y; 2zi D � h2x; 2y; 0i C � h1; 0; 1i

and

2x D 2�x C �; 2y D 2�y; 2z D �

Using the second equation we see:

2y � 2�y D 0 ) 2y.� � 1/ D 0

Therefore, either� D 1 or y D 0.
If � D 1 then this implies� D 0 andz D 0. Using the constraintx C z D 1 thenx D 1, and using the constraintx2 C y2 D 1,

theny D 0. This gives the critical point

.1; 0; 0/

If y D 0, using the constraintx2 C y2 D 1, thenx D ˙1. If x D 1, thenz D 0, if x D �1 thenz D 2. This gives the critical
points

.1; 0; 0/; .�1; 0; 2/

Now we examinef .x; y; z/ D x2 C y2 C z2 at the two critical points for the maximum value:

f .1; 0; 0/ D 1; f .�1; 0; 2/ D 5

Thus, the point farthest from the origin on this ellipse is the point.�1; 0; 2/ (at
p
5 units away).

42. Find the minimum and maximum off .x; y; z/ D y C 2z subject to two constraints,2x C z D 4 andx2 C y2 D 1.

SOLUTION The constraint equations are:

g.x; y/ D 2x C z � 4 D 0; h.x; y/ D x2 C y2 � 1 D 0

We now write out the Lagrange Equations. We have,rf D h0; 1; 2i, rg D h2; 0; 1i, andrh D h2x; 2y; 0i, so the Lagrange
Condition is

rf D ˘rg C r̄h

h0; 1; 2i D � h2; 0; 1i C � h2x; 2y; 0i D h2�C 2�x; 2�y;�i

From the third coordinate we get that� D 2, which then gives us the following from the first two coordinates:

0 D 4C 2�x

1 D 2�y

From the second equation, we see that neither� nor y can be zero, so we can write� D 1=2y and substitute it into the first
equation, resulting in0 D 4 C 2.1=2y/x D 4 C x=y, or in other words,x D �4y. Plugging this into the second constraint, we
find that16y2 C y2 D 1, soy D ˙1=

p
17. Thus, our two points of interest are

� �4p
17
;
1p
17
; 4C 8p

17

�
and

�
4p
17
;

�1p
17
; 4 � 8p

17

�

The functionf at the first point is17=
p
17, and at the second point is�17=

p
17, so these must be our maximum and minimum

values, respectively.

43. Find the minimum value off .x; y; z/ D x2 C y2 C z2 subject to two constraints,x C 2y C z D 3 andx � y D 4.

SOLUTION The constraint equations are

g.x; y; z/ D x C 2y C z � 3 D 0, h.x; y/ D x � y � 4 D 0

Step 1. Write out the Lagrange Equations. We haverf D h2x; 2y; 2zi, rg D h1; 2; 1i, andrh D h1;�1; 0i, hence the Lagrange
Condition is

rf D ˘rg C r̄h
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h2x; 2y; 2zi D � h1; 2; 1i C � h1;�1; 0i

D h�C �; 2� � �; �i

We obtain the following equations:

2x D �C �

2y D 2� � �

2z D �

Step 2. Solve for� and�. The first equation gives� D 2x � �. Combining with the third equation we get

2z D 2x � � (1)

The second equation gives� D 2� � 2y, combining with the third equation we get� D 4z � 2y. Substituting in (1) we obtain

2z D 2x � .4z � 2y/ D 2x � 4z C 2y

6z D 2x C 2y ) z D x C y

3
(2)

Step 3. Solve forx, y, andz using the constraints. The constraints givex andy as functions ofz:

x � y D 4 ) y D x � 4

x C 2y C z D 3 ) y D 3 � x � z

2

Combining the two equations we get

x � 4 D 3 � x � z

2

2x � 8 D 3 � x � z

3x D 11 � z ) x D 11 � z
3

We findy usingy D x � 4:

y D 11 � z
3

� 4 D �1 � z

3

We substitutex andy in (2) and solve forz:

z D
11�z
3 C �1�z

3

3
D 11 � z � 1 � z

9
D 10 � 2z

9

9z D 10 � 2z

11z D 10 ) z D 10

11

We findx andy:

y D �1 � z
3

D
�1 � 10

11

3
D �21

33
D � 7

11

x D 11 � z

3
D
11 � 10

11

3
D 111

33
D 37

11

We obtain the solution

P D
�
37

11
;� 7

11
;
10

11

�

Step 4. Calculate the critical values. We computef .x; y; z/ D z2 C y2 C z2 at the critical point:

f .P / D
�
37

11

�2
C
�

� 7

11

�2
C
�
10

11

�2
D 1518

121
D 138

11
� 12:545

As x tends to infinity, so also doesf .x; y; z/ tend to1. Thereforef has no maximum value and the given critical pointP must
produce a minimum. We conclude that the minimum value off subject to the two constraints isf .P / D 138

11 � 12:545.
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Further Insights and Challenges

44. Suppose that bothf .x; y/ and the constraint functiong.x; y/ are linear. Use contour maps to explain whyf .x; y/
does not have a maximum subject tog.x; y/ D 0 unlessg D af C b for some constantsa; b.

SOLUTION We denote the linear functions by

f .x; y/ D Ax C By C C; g.x; y/ D Dx CEy C F

If f has a maximum value at a pointP subject tog, then at this pointrfP k rgP . Since the gradient is normal to the level curve
of the function passing throughP , the tangents to the level curves off andg atP coincide. In our case, the level curves off (and
of g) consist of parallel lines, hence since their tangents coincide, then these parallel contour lines coincide. That is, the contour
line f .x; y/ D K is also the contour lineg.x; y/ D L for someK,L, or in other words,

Ax C By C C D K; Dx CEy C F D L

Therefore,

D D aA; E D aB; F � L D a.C �K/

The functiong is thus

g.x; y/ D Dx CEy C F D aAx C aBy C aC � aK C L

D a.Ax C By C C/C L � aK D af .x; y/C L � aK

Therefore, forb D L � aK we have

g.x; y/ D af .x; y/C b (1)

By Theorem 1 we conclude that ifg is not in the form (1),f does not have a maximum subject tog.x; y/ D 0.

45. Assumptions Matter Consider the problem of minimizingf .x; y/ D x subject tog.x; y/ D .x � 1/3 � y2 D 0.

(a) Show, without using calculus, that the minimum occurs atP D .1; 0/.

(b) Show that the Lagrange conditionrfP D �rgP is not satisfied for any value of�.

(c) Does this contradict Theorem 1?

SOLUTION

(a) The equation of the constraint can be rewritten as

.x � 1/3 D y2 or x D y2=3 C 1

Therefore, at the points under the constraint,x � 1, hencef .x; y/ � 1. Also at the pointP D .1; 0/ we havef .1; 0/ D 1, hence
f .1; 0/ D 1 is the minimum value off under the constraint.

(b) We haverf D h1; 0i andrg D
D
3.x � 1/2;�2y

E
, hence the Lagrange Conditionrf D �rg yields the following equations:

1 D � � 3.x � 1/2

0 D �2�y

The first equation implies that� ¤ 0 andx � 1 D ˙ 1p
3�

. The second equation givesy D 0. Substituting in the equation of the

constraint gives

.x � 1/3 � y2 D
� ˙1p

3�

�3
� 02 D ˙1

.3�/3=2
¤ 0

We conclude that the Lagrange Condition is not satisfied by any point under the constraint.

(c) Theorem 1 is not violated since at the pointP D .1; 0/, rg D 0, whereas the Theorem is valid for points wherergP ¤ 0.

46. Marginal Utility Goods 1 and 2 are available at dollar prices ofp1 per unit of good 1 andp2 per unit of good 2. A utility
functionU.x1; x2/ is a function representing theutility or benefit of consumingxj units of goodj . Themarginal utility of the
j th good is@U=@xj , the rate of increase in utility per unit increase in thej th good. Prove the following law of economics: Given
a budget ofL dollars, utility is maximized at the consumption level.a; b/ where the ratio of marginal utility is equal to the ratio of
prices:

Marginal utility of good 1

Marginal utility of good 2
D Ux1

.a; b/

Ux2
.a; b/

D p1

p2
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SOLUTION We must maximize the utilityU.x1; x2/ subject to the constraintp1x1 Cp2x2 D L org.x1; x2/ D p1x1 Cp2x2 �
L D 0, x1 � 0, x2 � 0. We haverU D

˝
Ux1

; Ux2

˛
andrg D hp1; p2i, hence the Lagrange ConditionrU D �rg gives the

following equations:

Ux1
D �p1

Ux2
D �p2

)

Ux1

p1
D �

Ux2

p2
D �

(we assumep1, p2 > 0). Equating the two expressions for� we get

Ux1

p1
D Ux2

p2
) Ux1

Ux2

D p1

p2

That is,U.x1; x2/ is maximized at the consumption level.a; b/, where the following holds:

marginal utility of good 1

marginal utility of good 2
D Ux1

.a; b/

Ux2
.a; b/

D p1

p2

Notice that the constraint is a segment in thex1x2-plane (ifp1 > 0 andp2 > 0), which is a closed and bounded set in this plane.
Hence, ifU is continuous, it assumes extreme values on this segment.

x1
p1x1 + p2x2 = L

x1, x2 ≥ 0

x2

47. Consider the utility functionU.x1; x2/ D x1x2 with budget constraintp1x1 C p2x2 D c.

(a) Show that the maximum ofU.x1; x2/ subject to the budget constraint is equal toc2=.4p1p2/.

(b) Calculate the value of the Lagrange multiplier� occurring in (a).

(c) Prove the following interpretation:� is the rate of increase in utility per unit increase in total budgetc.

SOLUTION

(a) By the earlier exercise, the utility is maximized at a point where the following equality holds:

Ux1

Ux2

D p1

p2

SinceUx1
D x2 andUx2

D x1, we get

x2

x1
D p1

p2
) x2 D p1

p2
x1

We now substitutex2 in terms ofx1 in the constraintp1x1 C p2x2 D c and solve forx1. This gives

p1x1 C p2 � p1
p2
x1 D c

2p1x1 D c ) x1 D c

2p1

The corresponding value ofx2 is computed byx2 D p1
p2
x1:

x2 D p1

p2
� c

2p1
D c

2p2

That is,U.x1; x2/ is maximized at the consumption levelx1 D c
2p1

, x2 D c
2p2

. The maximum value is

U

�
c

2p1
;
c

2p2

�
D c

2p1
� c

2p2
D c2

4p1p2

(b) The Lagrange conditionrU D �rg for U.x1; x2/ D x1x2 andg.x1; x2/ D p1x1 C p2x2 � c D 0 is

hx2; x1i D � hp1; p2i (1)
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or

x2 D �p1

x1 D �p2
) � D x2

p1
D x1

p2

In part (a) we showed that at the maximizing pointx1 D c
2p1

, therefore the value of� is

� D x1

p2
D c

2p1p2

(c) We computedU
dc

using the Chain Rule:

dU

dc
D @U

@x1
x0
1.c/C @U

@x2
x0
2.c/ D x2x

0
1.c/C x1x

0
2.c/ D hx2; x1i �

˝
x0
1.c/; x

0
2.c/

˛

Substituting in (1) we get

dU

dc
D � hp1; p2i �

˝
x0
1.c/; x

0
2.c/

˛
D �

�
p1x

0
1.c/C p2x

0
2.c/

�
(2)

We now use the Chain Rule to differentiate the equation of the constraintp1x1 C p2x2 D c with respect toc:

p1x
0
1.c/C p2x

0
2.c/ D 1

Substituting in (2), we get

dU

dc
D � � 1 D �

Using the approximation�U � dU
dc
�c, we conclude that� is the rate of increase in utility per unit increase of total budgetL.

48. This exercise shows that the multiplier� may be interpreted as a rate of change in general. Assume that the maximum of
f .x; y/ subject tog.x; y/ D c occurs at a pointP . ThenP depends on the value ofc, so we may writeP D .x.c/; y.c// and we
haveg.x.c/; y.c// D c.

(a) Show that

rg.x.c/; y.c// �
˝
x0.c/; y0.c/

˛
D 1

Hint: Differentiate the equationg.x.c/; y.c// D c with respect toc using the Chain Rule.

(b) Use the Chain Rule and the Lagrange conditionrfP D �rgP to show that

d

dc
f .x.c/; y.c// D �

(c) Conclude that� is the rate of increase inf per unit increase in the “budget level”c.

SOLUTION

(a) We differentiate the equationg .x.c/; y.c// D c with respect toc, using the Chain Rule. This gives

@g

@x
x0.c/C @g

@y
y0.c/ D 1

We rewrite this equality using the dot product and the definition of the gradient:
�
@g

@x
;
@g

@y

�
�
˝
x0.c/; y0.c/

˛
D 1

rg .x.c/; y.c// �
˝
x0.c/; y0.c/

˛
D 1

(b) We now differentiatef .x.c/; y.c// with respect toc, using the Chain Rule. We obtain

d

dc
f .x.c/; y.c// D @f

@x
x0.c/C @f

@y
y0.c/ D

�
@f

@x
;
@f

@y

�
�
˝
x0.c/; y0.c/

˛
D rf �

˝
x0.c/; y0.c/

˛

We use the Lagrange Conditionrf D �rg and the result in part (a) to write

d

dc
f .x.c/; y.c// D � � rg �

˝
x0.c/; y0.c/

˛
D � � 1 D �

(c) The equality obtained in part (b) implies that� is the rate of change in the maximum value off .x; y/, subject to the constraint
g.x; y/ D c, with respect toc.
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49. LetB > 0. Show that the maximum of

f .x1; : : : ; xn/ D x1x2 � � � xn

subject to the constraintsx1 C � � � C xn D B andxj � 0 for j D 1; : : : ; n occurs forx1 D � � � D xn D B=n. Use this to conclude
that

.a1a2 � � � an/1=n � a1 C � � � C an

n

for all positive numbersa1; : : : ; an.

SOLUTION We first notice that the constraintsx1 C � � � C xn D B andxj � 0 for j D 1; : : : ; n define a closed and bounded
set in thenth dimensional space, hencef (continuous, as a polynomial) has extreme values on this set. The minimum value
zero occurs where one of the coordinates is zero (for example, forn D 2 the constraintx1 C x2 D B, x1 � 0, x2 � 0

is a triangle in the first quadrant). We need to maximize the functionf .x1; : : : ; xn/ D x1x2 � � � xn subject to the constraints
g .x1; : : : ; xn/ D x1 C � � � C xn � B D 0, xj � 0, j D 1; : : : ; n.

Step 1. Write out the Lagrange Equations. The gradient vectors are

rf D hx2x3 � � � xn; x1x3 � � � xn; : : : ; x1x2 � � � xn�1i

rg D h1; 1; : : : ; 1i

The Lagrange Conditionrf D �rg yields the following equations:

x2x3 � � � xn D �

x1x3 � � � xn D �

x1x2 � � � xn�1 D �

Step 2. Solving forx1; x2; : : : ; xn using the constraint. The Lagrange equations imply the following equations:

x2x3 � � � xn D x1x2 � � � xn�1

x1x3 � � � xn D x1x2 � � � xn�1

x1x2x4 � � � xn D x1x2 � � � xn�1

:::

x1x2 � � � xn�2xn D x1x2 � � � xn�1

We may assume thatxj ¤ 0 for j D 1; : : : ; n, since if one of the coordinates is zero,f has the minimum value zero. We divide
each equation by its right-hand side to obtain

xn

x1
D 1

xn

x2
D 1

xn

x3
D 1

:::
xn

xn�1
D 1

)

x1 D xn

x2 D xn

x3 D xn
:::

xn�1 D xn

Substituting in the constraintx1 C � � � C xn D B and solving forxn gives

xn C xn C � � � C xn„ ƒ‚ …
n

D B

nxn D B ) xn D B

n

Hencex1 D � � � D xn D B
n .

Step 3. Conclusions. The maximum value off .x1; : : : ; xn/ D x1x2 � � � xn on the constraintx1 C � � � C xn D B, xj � 0,

j D 1; : : : ; n occurs at the point at which all coordinates are equal toB
n . The value off at this point is

f

�
B

n
;
B

n
; : : : ;

B

n

�
D
�
B

n

�n
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It follows that for any point.x1; : : : ; xn/ on the constraint, that is, for any point satisfyingx1 C � � � C xn D B with xj positive,
the following holds:

f .x1; : : : ; xn/ �
�
B

n

�n

That is,

x1 � � � xn �
�
x1 C � � � C xn

n

�n

or

.x1 � � � xn/1=n � x1 C � � � C xn

n
:

50. Let B > 0. Show that the maximum off .x1; : : : ; xn/ D x1 C � � � C xn subject tox21 C � � � C x2n D B2 is
p
nB. Conclude

that

ja1j C � � � C janj �
p
n.a21 C � � � C a2n/

1=2

for all numbersa1; : : : ; an.

SOLUTION First notice that the function is continuous and the constraint is a sphere centered at the origin in thenth-dimensional
space, hencef has extreme values on this set. (Forn D 2, the constraint defines the circlex2 C y2 D B2). We must maximize
f .x1; : : : ; xn/ D x1 C � � � C xn subject to the constraintg.x1; : : : ; xn/ D x21 C � � � C x2n � B2 D 0.

Step 1. Write out the Lagrange Equations. The gradient vectors are

rf D h1; 1; : : : ; 1i and rg D h2x1; 2x2; : : : ; 2xni

Hence, the Lagrange Conditionrf D �rg gives the following equations:

1 D � .2x1/

1 D � .2x2/

:::

1 D � .2xn/

Step 2. Solve for� in terms ofx1; : : : ; xn. The Lagrange equations imply thatxj ¤ 0 for j D 1; : : : ; n. Therefore we may divide
by xj to obtain

� D 1

2x1

� D 1

2x2

:::

� D 1

2xn

Step 3. Solving forx1; : : : ; xn using the constraint. Equating the expressions for� gives the following equations:

1

2x1
D 1

2xn

1

2x2
D 1

2xn
:::

1

2xn�1
D 1

2xn

)

x1 D xn

x2 D xn
:::

xn�1 D xn

Substitutingx1; : : : ; xn�1 in terms ofxn in the equation of the constraintx21 C � � � C x2n D B2 and solving forxn, gives

x2n C x2n C � � � C x2n„ ƒ‚ …
n

D B2

nx2n D B2
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x2n D B2

n
) jxnj D Bp

n

We conclude thatjx1j D jx2j D � � � D jxnj D Bp
n

. Sincexj D xn for all j , the maximum value occurs whenxn is positive, and

the minimum value corresponds to the negative value ofxn. We conclude that the maximizing point is

x1 D x2 D � � � D xn D Bp
n

Notice that the point whererg D h2x1; 2x2; : : : ; 2xni D 0 is the point at the origin, and this point does not lie on the constraint.
Step 4. Conclusions. The maximum value off .x1; : : : ; xn/ D x1 C � � � C xn under the constraint is

f

�
Bp
n
; : : : ;

Bp
n

�
D n

Bp
n

D
p
nB

This means that for any point under the constraint, that is, for any.x1; : : : ; xn/ such thatx21 C � � � C x2n D B2, we have

f .x1; : : : ; xn/ �
p
nB

That is,

x1 C � � � C xn �
p
n

q
x21 C � � � C x2n (1)

Notice that if.x1; : : : ; xn/ is under the constraint, then.jxj1; : : : ; jxjn/ is also under the constraint, and the right-hand side in (1)
has the same value at these two points. Therefore, we also have

jx1j C � � � C jxnj �
p
n
�
x21 C � � � C x2n

�1=2
:

51. Given constantsE,E1,E2, E3, consider the maximum of

S.x1; x2; x3/ D x1 lnx1 C x2 lnx2 C x3 ln x3

subject to two constraints:

x1 C x2 C x3 D N; E1x1 CE2x2 CE3x3 D E

Show that there is a constant� such thatxi D A�1e�Ei for i D 1; 2; 3, whereA D N�1.e�E1 C e�E2 C e�E3/.

SOLUTION The constraints equations are

g .x1; x2; x3/ D x1 C x2 C x3 �N D 0

h .x1; x2; x3/ D E1x1 CE2x2 CE3x3 � E D 0

We first find the Lagrange equations. The gradient vectors are

rS D
�
ln x1 C x1 � 1

x1
; lnx2 C x2 � 1

x2
; lnx3 C x3 � 1

x3

�
D h1C lnx1; 1C ln x2; 1C ln x3i

rg D h1; 1; 1i ; rh D hE1; E2; E3i

The Lagrange Conditionrf D �rg C �rh gives the following equation:

h1C lnx1; 1C lnx2; 1C lnx3i D � h1; 1; 1i C � hE1; E2; E3i D h�C �E1; �C �E2; �C �E3i

We obtain the Lagrange equations:

1C lnx1 D �C �E1

1C lnx2 D �C �E2

1C lnx3 D �C �E3

We subtract the third equation from the other equations to obtain

ln x1 � ln x3 D � .E1 � E3/

ln x2 � ln x3 D � .E2 � E3/

or

ln
x1

x3
D � .E1 � E3/

ln
x2

x3
D � .E2 � E3/

)
x1 D x3e

�.E1�E3/

x2 D x3e
�.E2�E3/

(1)
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Substitutingx1 andx2 in the equation of the constraintg.x1; x2; x3/ D 0 and solving forx3 gives

x3e
�.E1�E3/ C x3e

�.E2�E3/ C x3 D N

We multiply bye�E3 :

x3
�
e�E1 C e�E2 C e�E3

�
D Ne�E3

x3 D Ne�E3

e�E1 C e�E2 C e�E3

Substituting in (1) we get

x1 D Ne�E3

e�E1 C e�E2 C e�E3
� e�.E1�E3/ D Ne�E1

e�E1 C e�E2 C e�E3

x2 D Ne�E3

e�E1 C e�E2 C e�E3
� e�.E2�E3/ D Ne�E2

e�E1 C e�E2 C e�E3

LettingA D e�E1 Ce�E2 Ce�E3

N
, we obtain

x1 D A�1e�E1 ; x2 D A�1e�E2 ; x3 D A�1e�E3

The value of� is determined by the second constrainth.x1; x2; x3/ D 0.

52. Boltzmann Distribution Generalize Exercise 51 ton variables: Show that there is a constant� such that the maximum of

S D x1 ln x1 C � � � C xn ln xn

subject to the constraints

x1 C � � � C xn D N; E1x1 C � � � CEnxn D E

occurs forxi D A�1e�Ei , where

A D N�1.e�E1 C � � � C e�En/

This result lies at the heart of statistical mechanics. It is used to determine the distribution of velocities of gas molecules at temper-
atureT ; xi is the number of molecules with kinetic energyEi ; � D �.kT /�1, wherek is Boltzmann’s constant. The quantityS is
called theentropy.

SOLUTION The constraints equations are

g .x1; : : : ; xn/ D x1 C � � � C xn �N

h .x1; : : : ; xn/ D E1x1 C � � � CEnxn � E

We find the Lagrange Equations. The gradient vectors are

rS D
�
ln x1 C x1 � 1

x1
; : : : ; ln xn C xn � 1

xn

�
D h1C lnx1; : : : ; 1C lnxni

rg D h1; : : : ; 1i ;rh D hE1; : : : ; Eni

We write the Lagrange ConditionrS D �rg C �rh:

h1C ln x1; : : : ; 1C lnxni D � h1; : : : ; 1i C � hE1; : : : ; Eni D h�C �E1; : : : ; �C �Eni

yielding the following Lagrange equations:

1C lnx1 D �C �E1

1C lnx2 D �C �E2

:::

1C ln xn D �C �En

Subtracting thei th equation from thej th equation, we

ln xi � lnxj D ln
xi

xj
D �.Ei �Ej /
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or

ln
xi

xj
D �

�
Ei � Ej

�
) xie

��Ei D xj e
��Ej (1)

LetA be the common value ofx�1
i
e�Ei . Then

xi D A�1e�Ei

The constraintx1 C � � � C xn D N gives

A�1
�
e�E1 C e�E2 C � � � C e�En

�
D N

Therefore

A D e�E1 C e�E2 C � � � C e�En

N

The value of� is determined by the second constrainth.x1; : : : ; xn/ D 0, although it would be very difficult to calculate.

CHAPTER REVIEW EXERCISES

1. Givenf .x; y/ D
p
x2 � y2

x C 3
:

(a) Sketch the domain off .
(b) Calculatef .3; 1/ andf .�5;�3/.
(c) Find a point satisfyingf .x; y/ D 1.

SOLUTION

(a) f is defined wherex2 � y2 � 0 andx C 3 ¤ 0. We solve these two inequalities:

x2 � y2 � 0 ) x2 � y2 ) jxj � jyj

x C 3 ¤ 0 ) x ¤ �3

Therefore, the domain off is the following set:

D D f.x; y/ W jxj � jyj; x ¤ �3g

x
−3

y

(b) To findf .3; 1/ we substitutex D 3, y D 1 in f .x; y/. We get

f .3; 1/ D
p
32 � 12

3C 3
D

p
8

6
D

p
2

3

Similarly, settingx D �5, y D �3, we get

f .�5;�3/ D

q
.�5/2 � .�3/2

�5C 3
D

p
16

�2
D �2:

(c) We must find a point.x; y/ such that

f .x; y/ D
p
x2 � y2

x C 3
D 1

We choose, for instance,y D 1, substitute and solve forx. This gives
p
x2 � 12
x C 3

D 1
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p
x2 � 1 D x C 3

x2 � 1 D .x C 3/2 D x2 C 6x C 9

6x D �10 ) x D �5
3

Thus, the point
�
�5
3 ; 1

�
satisfiesf

�
�5
3 ; 1

�
D 1.

2. Find the domain and range of:

(a) f .x; y; z/ D p
x � y C p

y � z

(b) f .x; y/ D ln.4x2 � y/

SOLUTION

(a) f .x; y; z/ is defined where the differences under the root signs are nonnegative. That is,x � y � 0 andy � z � 0. We solve
the inequalities

x � y � 0 ) y � x

y � z � 0 ) y � z
) z � y � x

The domain off is the following set:

D D f.x; y; z/jz � y � xg

The range is the set of all nonnegative numbers.

(b) f is defined when4x2 � y > 0 or y < 4x2. The domainD D
˚
.x; y/ W y < 4x2

	
is shown in the figure.

x

y

y = 4x2

Since the logarithm function takes on all real values, the range off is all real values.

3. Sketch the graphf .x; y/ D x2 � y C 1 and describe its vertical and horizontal traces.

SOLUTION The graph is shown in the following figure.

x

y

z

The trace obtained by settingx D c is the linez D c2 � y C 1 or z D .c2 C 1/ � y in the planex D c. The trace obtained
by settingy D c is the parabolaz D x2 � c C 1 in the planey D c. The trace obtained by settingz D c is the parabola
y D x2 C 1 � c in the planez D c.

4. Use a graphing utility to draw the graph of the function cos.x2 C y2/e1�xy in the domainsŒ�1; 1�� Œ�1; 1�, Œ�2; 2��
Œ�2; 2�, andŒ�3; 3� � Œ�3; 3�, and explain its behavior.

SOLUTION The graphs of the functionf .x; y/ D cos.x2 C y2/e1�xy in the given domains are shown in the following figures.
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y

x

z z

y

x

z

y

x

The graph in the domainŒ�1; 1� � Œ�1; 1� shows a saddle point and two local maxima. In the domainŒ�2; 2� � Œ�2; 2� we see two
additional local minima and two maxima and in the last graph two additional maxima and two additional minima appear. We can
see that whenjxyj ! 0, cos.x2 C y2/ is the dominant part of the function, and asxy grows,e1�xy gains more effect. When
xy ! �1, the function oscillates between1 and�1, while for xy ! C1, f .x; y/ ! 0.

5. Match the functions (a)–(d) with their graphs in Figure 1.

(a) f .x; y/ D x2 C y

(b) f .x; y/ D x2 C 4y2

(c) f .x; y/ D sin.4xy/e�x2�y2

(d) f .x; y/ D sin.4x/e�x2�y2

(A) (B)

z z

y

yx

x

(C) (D)

z

y

y

x

x

z

FIGURE 1

SOLUTION The functionf D x2 C y matches picture (b), as can be seen by taking thex D 0 slice. The functionf D x2 C 4y2

matches picture (c), as can be seen by takingz D c slices (giving ellipses). Since sin.4xy/e�x2�y2
is symmetric with respect tox

andy, and so also is picture (d), we match sin.4xy/e�x2�y2
with (d). That leaves the third function, sin.4x/e�x2�y2

, to match
with picture (a).
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6. Referring to the contour map in Figure 2:

(a) Estimate the average rate of change of elevation fromA toB and fromA toD.

(b) Estimate the directional derivative atA in the direction ofv.

(c) What are the signs offx andfy atD?

(d) At which of the labeled points are bothfx andfy negative?

0 1 2 km
Contour interval = 50 meters

B
C

D

v

A

400

650
750

FIGURE 2

SOLUTION

(a) FromA to B: The segmentAB spans 6 level curves and the contour interval ism D 50 m, so the change of altitude is
6 � 50 D 300 m. From the horizontal scale of contour map we see that the horizontal distance fromA to B is 2 km or 2000 m.
Therefore,

Average ROC fromA toB D �altitude

�horizontal distance
D 300

2000
D 0:15

FromA toD: A andD lie on the same level curve, hence there is no change in altitude fromA toD. Therefore,

Average ROC fromA toD D 0

�horizontal distance
D 0:

(b) We first estimate the gradient atA. We get

@f

@x

ˇ̌
ˇ̌
A

� �f

�x
D 0

�x
D 0

@f

@y

ˇ̌
ˇ̌
A

� �f

�y
� 50

200
� 0:25

) rf
ˇ̌
ˇ̌
A

� h0; 0:22i

We estimatev, by v �
D
4
9 ; 1

E
� h0:44; 1i, hence the cosine of the angle betweenv and the gradient atA is

cos� D h0; 0:25i � h0:44; 1i
0:25 �

p
0:442 C 1

D 0:25

0:25 � 1:093 D 0:915

Hence,

Dvf .A/ D krfAk cos� D 0:25 � 0:915 � 0:229:

(Another method is to note that in the direction ofv, we cross four contour lines in about 1000 meters; thus, the change off in that
direction is about4 � 50=10000 D 0:2.)

(c) At the pointD we see thatfx < 0 since the elevation is decreasing in thex direction, whilefy > 0 since the elevation is
increasing in they direction.

(d) At the pointC we see thatfx < 0 andfy < 0, the elevation is decreasing in both thex andy direction at the pointC .

7. Describe the level curves of:

(a) f .x; y/ D e4x�y (b) f .x; y/ D ln.4x � y/

(c) f .x; y/ D 3x2 � 4y2 (d) f .x; y/ D x C y2

SOLUTION

(a) The level curves off .x; y/ D e4x�y are the curvese4x�y D c in thexy-plane, wherec > 0. Taking ln from both sides we
get4x � y D ln c. Therefore, the level curves are the parallel lines of slope 4,4x � y D ln c, c > 0, in thexy-plane.

(b) The level curves off .x; y/ D ln.4x � y/ are the curves ln.4x � y/ D c in thexy-plane. We rewrite it as4x � y D ec to
obtain the parallel lines of slope 4, with negativey-intercepts.

(c) The level curves off .x; y/ D 3x2 � 4y2 are the hyperbolas3x2 � 4y2 D c in thexy plane.

(d) The level curves off .x; y/ D x C y2 are the curvesx C y2 D c or x D c � y2 in thexy-plane. These are parabolas whose
axis is thex-axis.
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8. Match each function (a)–(c) with its contour graph (i)–(iii) in Figure 3:

(a) f .x; y/ D xy

(b) f .x; y/ D exy

(c) f .x; y/ D sin.xy/

(i) (ii) (iii)

y

x

y

x

y

x

FIGURE 3

SOLUTION We find the level curves of the three functions:

(a) The level curves off .x; y/ D xy are the curvesxy D c in thexy-plane, wherec is any real value.

(b) The level curves off .x; y/ D exy areexy D c or xy D ln c wherec > 0.

(c) The level curves off .x; y/ D sinxy are sinxy D c for jcj � 1, or xy D sin�1 c C 2�k.

The contour graphs corresponding to these functions are thus

(a)! (ii)

(b) ! (i)

(c) ! (iii)

Notice that the curvesxy D ln c become closer and closer whenc increases, while the curvesxy D c are equidistant for a certain
contour interval. The contour map of (b) is in the first and third quadrants forc > 1, since then lnc > 0.

In Exercises 9–14, evaluate the limit or state that it does not exist.

9. lim
.x;y/!.1;�3/

.xy C y2/

SOLUTION The functionf .x; y/ D xy C y2 is continuous everywhere because it is a polynomial, therefore we evaluate the
limit using substitution:

lim
.x;y/!.1;�3/

�
xy C y2

�
D 1 � .�3/C .�3/2 D 6

10. lim
.x;y/!.1;�3/

ln.3x C y/

SOLUTION Approaching.1;�3/ along the rayy D �3, x > 1 gives

lim
x!1C

ln.3x � 3/ D �1

Thereforef takes on arbitrary small values at the intersection of every disk around the point.1;�3/with the domain of the function.
This shows that lim

.x;y/!.1;�3/
ln.3x C y/ does not exist.

11. lim
.x;y/!.0;0/

xy C xy2

x2 C y2

SOLUTION We evaluate the limits as.x; y/ approaches the origin along the linesy D x andy D 2x:

lim
.x;y/!.0;0/

alongyDx

xy C xy2

x2 C y2
D lim
x!0

x � x C x � x2
x2 C x2

D lim
x!0

x2 C x3

2x2
D lim
x!0

1C x

2
D 1

2

lim
x!.0;0/

alongyD2x

xy C xy2

x2 C y2
D lim
x!0

x � 2x C x � .2x/2

x2 C .2x/2
D lim
x!0

2x2 C 4x3

5x2
D lim
x!0

2C 4x

5
D 2

5

Since the two limits are different,f .x; y/ does not approach one limit as.x; y/ ! .0; 0/, therefore the limit does not exist.

12. lim
.x;y/!.0;0/

x3y2 C x2y3

x4 C y4
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SOLUTION We use polar coordinatesx D r cos� , y D r sin� . Then.x; y/ ! .0; 0/ if and only if r D
p
x2 C y2 ! 0C.

Therefore,

lim
.x;y/!.0;0/

x3y2 C x2y3

x4 C y4
D lim
r!0C

r3 cos3 � � r2 sin2 � C r2cos2� � r3 sin3 �

r4 cos4 � C r4sin4�

D lim
r!0C

r5
�
cos3 � sin2 � C cos2� sin3 �

�

r4
�
cos4 � C sin4�

�

D lim
r!0C

r
�
cos3 � sin2 � C cos2� sin3 �

�

cos4 � C sin4 �

D lim
r!0C

r � cos3 � sin2 � C cos2� sin3 �

cos4 � C
�
1 � cos2 �

�2

D lim
r!0C

r � cos2 � sin2 �.cos� C sin�/

2 cos4 � � 2 cos2 � C 1

The minimum value of the functions D 2t4 � 2t2 C 1 is 12 . Therefore, sincej cos� j � 1 andj sin� j � 1, we find that

ˇ̌
ˇ̌
ˇ
cos2 � sin2 �.cos� C sin�/

2 cos4 � � 2 cos2 � C 1

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ
cos2 � sin2 �.cos� C sin�/

1
2

ˇ̌
ˇ̌
ˇ � 2j cos� C sin� j � 4

Hence,

0 �
ˇ̌
ˇ̌
ˇr

cos2 � sin2 �.cos� C sin�/

2 cos4 � � 2 cos2 � C 1

ˇ̌
ˇ̌
ˇ � 4r

We now use the Squeeze Theorem to conclude that the limit asr ! 0C is zero, hence also the given limit is zero.

13. lim
.x;y/!.1;�3/

.2x C y/e�xCy

SOLUTION The functionf .x; y/ D .2x C y/e�xCy is continuous, hence we evaluate the limit using substitution:

lim
.x;y/!.1;�3/

.2x C y/e�xCy D .2 � 1 � 3/e�1�3 D �e�4

14. lim
.x;y/!.0;2/

.ex � 1/.ey � 1/
x

SOLUTION We have

lim
.x;y/!.0;2/

.ex � 1/ .ey � 1/

x
D lim
x!0

ex � 1

x
lim
y!2

�
ey � 1

�
D
�
e2 � 1

�
lim
x!0

ex � 1

x
(1)

By L’Hôpital’s Rules,

lim
x!0

ex � 1
x

D lim
x!0

d
dx
.ex � 1/

d
dx
.x/

D lim
x!0

ex

1
D 1 (2)

Combining (1) and (2) we conclude that

lim
.x;y/!.0;2/

.ex � 1/.ey � 1/

x
D .e2 � 1/ � 1 D e2 � 1:

15. Let

f .x; y/ D

8
<
:

.xy/p

x4 C y4
.x; y/ ¤ .0; 0/

0 .x; y/ D .0; 0/

Use polar coordinates to show thatf .x; y/ is continuous at all.x; y/ if p > 2 but is discontinuous at.0; 0/ if p � 2.

SOLUTION We show using the polar coordinatesx D r cos� , y D r sin� , that the limit off .x; y/ as .x; y/ ! .0; 0/ is
zero forp > 2. This will prove thatf is continuous at the origin. Sincef is a rational function with nonzero denominator for
.x; y/ ¤ .0; 0/, f is continuous there. We have

lim
.x;y/!.0;0/

f .x; y/ D lim
r!0C

.r cos�/p.r sin�/p

.r cos�/4 C .r sin�/4
D lim
r!0C

r2p.cos� sin�/p

r4
�
cos4 � C sin4 �

� (1)
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D lim
r!0C

r2.p�2/.cos� sin�/p

cos4 � C sin4 �

We use the following inequalities:
ˇ̌
ˇcos4 � sin4 �

ˇ̌
ˇ � 1

cos4 � C sin4 � D
�
cos2 � C sin2�

�2
� 2 cos2 � sin2 � D 1 � 1

2
� .2 cos� sin�/2

D 1 � 1

2
sin2 2� � 1 � 1

2
D 1

2

Therefore,

0 �
ˇ̌
ˇ̌
ˇ
r2.p�2/.cos� sin�/p

cos4� C sin4 �

ˇ̌
ˇ̌
ˇ � r2.p�2/ � 1

1
2

D 2r2.p�2/

Sincep � 2 > 0, lim
r!0C

2r2.p�2/ D 0, hence by the Squeeze Theorem the limit in (1) is also zero. We conclude thatf is

continuous forp > 2.
We now show that forp < 2 the limit of f .x; y/ as.x; y/ ! .0; 0/ does not exist. We compute the limit as.x; y/ approaches

the origin along the liney D x.

lim
.x;y/!.0;0/

alongyDx

f .x; y/ D lim
x!0

.x2/
p

x4 C x4
D lim
x!0

x2p

2x4
D lim
x!0

x2.p�2/

2
D 1

Therefore the limit off .x; y/ as.x; y/ ! .0; 0/ does not exist forp < 2. We now show that the limit lim
.x;y/!.0;0/

x2y2

x4Cy4 does not

exist forp D 2 as well. We compute the limits along the liney D 0 andy D x:

lim
.x;y/!.0;0/

alongyD0

x2y2

x4 C y4
D lim
x!0

x2 � 02

x4 C 04
D lim
x!0

0

x4
D 0

lim
.x;y/!.0;0/

alongyDx

x2y2

x4 C y4
D lim
x!0

x2 � x2
x4 C x4

D lim
x!0

x4

2x4
D 1

2

Since the limits along two paths are different,f .x; y/ does not approach one limit as.x; y/ ! .0; 0/. We thus showed that if
p � 2, the limit lim

.x;y/!.0;0/
f .x; y/ does not exist, andf is not continuous at the origin forp � 2.

16. Calculatefx.1; 3/ andfy.1; 3/ for f .x; y/ D
p
7x C y2.

SOLUTION To calculatefx.x; y/ we treaty as a constant and use the Chain Rule. This gives

fx.x; y/ D @

@x

q
7x C y2 D 1

2
p
7x C y2

@

@x

�
7x C y2

�
D 7

2
p
7x C y2

We computefy.x; y/ similarly, treatingx as a constant:

fy.x; y/ D @

@y

q
7x C y2 D 1

2
p
7x C y2

@

@y

�
7x C y2

�
D 2y

2
p
7x C y2

D yp
7x C y2

At the point.1; 3/ we have

fx.1; 3/ D 7

2
p
7 � 1C 32

D 7

2 � 4 D 7

8

fy.1; 3/ D 3p
7 � 1C 32

D 3

4

In Exercises 17–20, computefx andfy .

17. f .x; y/ D 2x C y2

SOLUTION To findfx we treaty as a constant, and to findfy we treatx as a constant. We get

fx D @

@x

�
2x C y2

�
D @

@x
.2x/C @

@x

�
y2
�

D 2C 0 D 2

fy D @

@y

�
2x C y2

�
D @

@y
.2x/C @

@y

�
y2
�

D 0C 2y D 2y
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18. f .x; y/ D 4xy3

SOLUTION We computefx, treatingy as a constant:

fx D @

@x
.4xy3/ D 4y3

@

@x
.x/ D 4y3 � 1 D 4y3

We computefy treatingx as a constant:

fy D @

@y
.4xy3/ D 4x

@

@y
.y3/ D 4x � 3y2 D 12xy2:

19. f .x; y/ D sin.xy/e�x�y

SOLUTION We computefx, treatingy as a constant and using the Product Rule and the Chain Rule. We get

fx D @

@x

�
sin.xy/e�x�y� D @

@x
.sin.xy// e�x�y C sin.xy/

@

@x
e�x�y

D cos.xy/ � ye�x�y C sin.xy/ � .�1/e�x�y D e�x�y .y cos.xy/� sin.xy//

We computefy similarly, treatingx as a constant. Notice that sincef .y; x/ D f .x; y/, the partial derivativefy can be obtained
from fx by interchangingx andy. That is,

fy D e�x�y .x cos.yx/� sin.yx// :

20. f .x; y/ D ln.x2 C xy2/

SOLUTION Using the Chain Rule we obtain

fx D @

@x
ln
�
x2 C xy2

�
D 1

x2 C xy2
@

@x

�
x2 C xy2

�
D 1

x2 C xy2
�
�
2x C y2

�
D 2x C y2

x2 C xy2

fy D @

@y
ln
�
x2 C xy2

�
D 1

x2 C xy2
@

@y

�
x2 C xy2

�
D 1

x2 C xy2
� .2xy/ D 2xy

x2 C xy2

21. Calculatefxxyz for f .x; y; z/ D y sin.x C z/.

SOLUTION We differentiatef twice with respect tox, once with respect toy, and finally with respect toz. This gives

fx D @

@x
.y sin.x C z// D y cos.x C z/

fxx D @

@x
.y cos.x C z// D �y sin.x C z/

fxxy D @

@y
.�y sin.x C z// D � sin.x C z/

fxxyz D @

@z
.� sin.x C z// D � cos.x C z/

22. Fix c > 0. Show that for any constants̨; ˇ, the functionu.t; x/ D sin.˛ct C ˇ/ sin.˛x/ satisfies the wave equation

@2u

@t2
D c2

@2u

@x2

SOLUTION We compute the partial derivativesut andux using the Chain Rule:

ut D @

@t
.sin.˛ct C ˇ/ sin.˛x// D sin.˛x/

@

@t
sin.˛ct C ˇ/ D sin.˛x/cos.˛ct C ˇ/ � ˛c

ux D @

@x
.sin.˛ct C ˇ/ sin.˛x// D sin.˛ct C ˇ/

@

@x
sin.˛x/ D sin.˛ct C ˇ/ cos.˛x/ � ˛

We findut t anduxx, differentiatingut andux with respect tot andx respectively, we get

ut t D ˛c sin.˛x/
@

@t
cos.˛ct C ˇ/ D �˛2c2 sin.˛x/ sin.˛ct C ˇ/

uxx D ˛ sin.˛ct C ˇ/
@

@x
cos.˛x/ D �˛2 sin.˛ct C ˇ/ sin.˛x/

We see thatut t D c2uxx .
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23. Find an equation of the tangent plane to the graph off .x; y/ D xy2 � xy C 3x3y atP D .1; 3/.

SOLUTION The tangent plane has the equation

z D f .1; 3/C fx.1; 3/.x � 1/C fy.1; 3/.y � 3/ (1)

We compute the partial derivatives off .x; y/ D xy2 � xy C 3x3y:

fx.x; y/ D y2 � y C 9x2y

fy.x; y/ D 2xy � x C 3x3
)

fx.1; 3/ D 32 � 3C 9 � 12 � 3 D 33

fy.1; 3/ D 2 � 1 � 3 � 1C 3 � 13 D 8

Also, f .1; 3/ D 1 � 32 � 1 � 3C 3 � 13 � 3 D 15. Substituting these values in (1), we obtain the following equation:

z D 15C 33.x � 1/C 8.y � 3/

or

z D 33x C 8y � 42

24. Suppose thatf .4; 4/ D 3 and fx.4; 4/ D fy.4; 4/ D �1. Use the linear approximation to estimatef .4:1; 4/ and
f .3:88; 4:03/.

SOLUTION The linear approximation is

f .aC h; b C k/ � f .a; b/C fx.a; b/hC fy.a; b/k

We use the linear approximation at the point.4; 4/. Therefore, estimatingf .3:88; 4:03/,

h D 3:88 � 4 D �0:12

k D 4:03 � 4 D 0:03

f .3:88; 4:03/ � f .4; 4/C fx.4; 4/ � .�0:12/C fy.4; 4/ � 0:03

f .3:88; 4:03/ � 3� 1 � .�0:12/ � 1 � 0:03 D 3:09

Estimatingf .4:1; 4/,

h D 4:1 � 4 D 0:1

k D 4 � 4 D 0

f .4:1; 4/ � f .4; 4/C fx.4; 4/.0:1/C fy.4; 4/ � 0

f .4:1; 4/ � 3 � 1 � .0:1/ � 1 � 0 D 2:9

We obtain the estimationsf .3:88; 4:03/ � 3:09 andf .4:1; 4/ � 2:9.

25. Use a linear approximation off .x; y; z/ D
p
x2 C y2 C z to estimate

p
7:12 C 4:92 C 69:5. Compare with a calculator

value.

SOLUTION The function whose value we want to approximate is

f .x; y; z/ D
q
x2 C y2 C z

We will use the linear approximation at the point.7; 5; 70/. Recall that the linear approximation to a surface will be:

L.x; y; z/ D f .7; 5; 70/C fx.7; 5; 70/.x � 7/C fy.7; 5; 70/.y � 5/C fz.7; 5; 70/.z � 70/

We compute the partial derivatives off :

fx.x; y; z/ D 2x

2
p
x2 C y2 C z

D xp
x2 C y2 C z

) fx.7; 5; 70/ D 7p
72 C 52 C 70

D 7

12

fy.x; y; z/ D 2y

2
p
x2 C y2 C z

D yp
x2 C y2 C z

) fy.7; 5; 70/ D 5p
72 C 52 C 70

D 5

12

fz.x; y; z/ D 1

2
p
x2 C y2 C z

) fz.7; 5; 70/ D 1

2
p
72 C 52 C 70

D 1

24

Also, f .7; 5; 70/ D
p
72 C 52 C 70 D 12. Substituting the values in the linear approximation equation we obtain the following

approximation:

L.x; y; z/ D 12C 7

12
.x � 7/C 5

12
.y � 5/C 1

24
.z � 70/
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Now we are ready to approximate
p
7:12 C 4:92 C 69:5. That is, using the linear approximation,

L.7:1; 4:9; 69:5/ D 12C 7

12
.7:1 � 7/C 5

12
.4:9 � 5/C 1

24
.69:5 � 70/

D 12C 7

12
� 1
10

C 5

12
� � 1

10
C 1

24
� �1
2

D 12C 7

120
� 5

120
� 1

48

D 2879

240
D 11:9958333

The value obtained using a calculator is 11.996667.

26. The planez D 2x � y � 1 is tangent to the graph ofz D f .x; y/ atP D .5; 3/.

(a) Determinef .5; 3/, fx.5; 3/, andfy.5; 3/.

(b) Approximatef .5:2; 2:9/.

SOLUTION

(a)

fx.x; y/ D 2 ) fx.5; 3/ D 2 (1)

fy.x; y/ D �1 ) fy.5; 3/ D �1 (2)

and

f .5; 3/ D 2 � 5 � 3 � 1 D 6

(b) Now using the linear approximation:

L.x; y/ D f .5; 3/C fx.5; 3/.x � 5/C fy.5; 3/.y � 3/

and therefore

L.5:2; 2:9/ D 6C 2.5:2 � 5/ � .2:9 � 3/ D 6C 2 � 2
10

C 1

10
D 6:5

27. Figure 4 shows the contour map of a functionf .x; y/ together with a pathc.t/ in the counterclockwise direction. The points
c.1/, c.2/, andc.3/ are indicated on the path. Letg.t/ D f .c.t//. Which of statements (i)–(iv) are true? Explain.

(i) g0.1/ > 0.
(ii) g.t/ has a local minimum for some1 � t � 2.

(iii) g0.2/ D 0.

(iv) g0.3/ D 0.

c(t)

c(3)

c(2)

4

4

2
0

0

0
2

−2

−2

−4

−6

−4

c(1)

FIGURE 4

SOLUTION (ii) and (iv) are true

28. Jason earnsS.h; c/ D 20h
�
1C c

100

�1:5 dollars per month at a used car lot, whereh is the number of hours worked andc is the
number of cars sold. He has already worked 160 hours and sold 69 cars. Right now Jason wants to go home but wonders how much
more he might earn if he stays another 10 minutes with a customer who is considering buying a car. Use the linear approximation
to estimate how much extra money Jason will earn if he sells his 70th car during these 10 minutes.
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SOLUTION We estimate the money earned in staying for1
6 hour more and selling one more car, using the linear approximation

�S � Sh.a; b/�hC Sc.a; b/�c (1)

By the given information,a D 160, b D 69,�h D 1
6 , and�c D 1. We compute the partial derivative of the function:

S.h; c/ D 20h
�
1C c

100

�1:5

Sh.h; c/ D 20
�
1C c

100

�1:5
) Sh.160; 69/ D 43:94

Sc.h; c/ D 20h � 1:5
�
1C c

100

�0:5
� 1

100
D 0:3h

�
1C c

100

�0:5
) Sc.160; 69/ D 62:4

Substituting the values in (1), we get the following approximation:

�S D Sh.160; 69/ � 1
6

C Sc.160; 69/ � 1 D 43:94 � 1
6

C 62:4 � $69:72

We see that John will make approximately $69.72 more if he sells his 70th car during 10 min.

In Exercises 29–32, compute
d

dt
f .c.t// at the given value oft .

29. f .x; y/ D x C ey , c.t/ D .3t � 1; t2/ at t D 2

SOLUTION By the Chain Rule for Paths we have

d

dt
f .c.t// D rf � c0.t/ (1)

We evaluate the gradientrf andc0.t/:

c0.t/ D h3; 2ti

rf D
˝
fx; fy

˛
D
˝
1; ey

˛
) rfc.t/ D

D
1; et

2
E

Substituting in (1) we get

d

dt
f .c.t// D

D
1; et

2
E

� h3; 2ti D 3C 2tet
2

At t D 2 we have

d

dt
f .c.t//

ˇ̌
ˇ̌
tD2

D 3C 2 � 2 � e22 D 3C 4e4 � 221:4:

30. f .x; y; z/ D xz � y2, c.t/ D .t; t3; 1 � t/ at t D �2
SOLUTION We use the Chain Rule for Paths:

d

dt
f .c.t// D rf c.t/ � c0.t/ (1)

We compute the gradient off :

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D hz;�2y; xi

On the path,x D t , y D t3, andz D 1 � t . Therefore,

rf c.t/ D
D
1 � t;�2t3; t

E

Also, c0.t/ D
˝
1; 3t2;�1

˛
, hence by (1) we obtain

d

dt
f .c.t// D

D
1 � t;�2t3; t

E
�
D
1; 3t2;�1

E
D 1 � t C 3t2

�
�2t3

�
� t D �6t5 � 2t C 1

Hence,

d

dt
f .c.2/ D �6.2/5 � 2.2/C 1 D �6.32/ � 4C 1 D �195
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31. f .x; y/ D xe3y � ye3x , c.t/ D .et ; ln t/ at t D 1

SOLUTION We use the Chain Rule for Paths:

d

dt
f .c.t// D rf c.t/ � c0.t/ (1)

We find therf at the pointc.1/ and computec0.1/. We get

rf D
˝
fx ; fy

˛
D
D
e3y � 3ye3x ; 3xe3y � e3x

E

c.1/ D
D
e1; ln 1

E
D he; 0i

rfc.1/ D
D
e3�0 � 3 � 0e3e ; 3ee3�0 � e3e

E
D
D
1; 3e � e3e

E
(2)

c0.t/ D d

dt

˝
et ; ln t

˛
D
D
et ; t�1

E
) c0.1/ D he; 1i (3)

Substituting (2) and (3) in (1) gives

d

dt
f .c.t//

ˇ̌
ˇ̌
tD1

D rf c.1/ � c0.1/ D
D
1; 3e � e3e

E
� he; 1i D e C 3e � e3e D 4e � e3e

32. f .x; y/ D tan�1 y
x , c.t/ D .cost; sint/, t D �

3

SOLUTION We use the Chain Rule for Paths. We have

rf D
�
@f

@x
;
@f

@y

�
D
*

� y

x2

1C
�y
x

�2 ;
1
x

1C
�y
x

�2

+
D
� �y
x2 C y2

;
x

x2 C y2

�

On the path,x D cost andy D sint . Therefore,

rf c.t/ D
�
� sint

cos2t C sin2 t
;

cost

cos2 t C sin2 t

�
D h� sint; costi

c0.t/ D h� sint; costi

At the pointt D �
3 we have

rf c.�
3 /

D
D
� sin

�

3
; cos

�

3

E
D
*
�

p
3

2
;
1

2

+
and c0

��
3

�
D
�
� sin

�

3
; cos

�

3

�
D
*
�

p
3

2
;
1

2

+

Therefore,

d

dt
f .c.t//

ˇ̌
ˇ̌
tD �

3

D rfc.�
3 /

� c0
��
3

�
D
*
�

p
3

2
;
1

2

+
�
*
�

p
3

2
;
1

2

+
D 3

4
C 1

4
D 1

In Exercises 33–36, compute the directional derivative atP in the direction ofv.

33. f .x; y/ D x3y4, P D .3;�1/, v D 2i C j

SOLUTION We first normalizev to find a unit vectoru in the direction ofv:

u D v
kvk D 2i C jp

22 C 12
D 2p

5
i C 1p

5
j

We compute the directional derivative using the following equality:

Duf .3;�1/ D rf .3;�1/ � u

The gradient vector at the given point is the following vector:

rf D
˝
fx; fy

˛
D
D
3x2y4; 4x3y3

E
) rf.3;�1/ D h27;�108i

Hence,

Duf .3;�1/ D h27;�108i �
�
2p
5
;
1p
5

�
D 54p

5
� 108p

5
D � 54p

5
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34. f .x; y; z/ D zx � xy2, P D .1; 1; 1/, v D h2;�1; 2i
SOLUTION We first normalizev to obtain a unit vectoru in the direction ofv:

u D h2;�1; 2iq
22 C .�1/2 C 22

D
�
2

3
;�1
3
;
2

3

�

We compute the directional derivative using the following equality:

Duf .1; 1; 1/ D rf .1;1;1/ � u

The gradient vector at the point.1; 1; 1/ is the following vector:

rf D
˝
fx ; fy ; fz

˛
D
D
z � y2;�2xy; x

E
) rf.1;1;1/ D h0;�2; 1i

Hence,

Duf .1; 1; 1/ D h0;�2; 1i �
�
2

3
;�1
3
;
2

3

�
D 0C 2

3
C 2

3
D 4

3

35. f .x; y/ D ex
2Cy2

, P D
 p

2

2
;

p
2

2

!
, v D h3;�4i

SOLUTION We normalizev to obtain a vectoru in the direction ofv:

u D h3;�4iq
32 C .�4/2

D
�
3

5
;�4
5

�

We use the following theorem:

Duf .P / D rf P � u (1)

We find the gradient off at the given point:

rf D
˝
fx; fy

˛
D
D
2xex

2Cy2

; 2yex
2Cy2

E
D 2ex

2Cy2 hx; yi

Hence,

rfP D 2e

�p
2

2

�2

C
�p

2
2

�2
*p

2

2
;

p
2

2

+
D e

p
2 h1; 1i

Substituting in (1) we get

Duf .P / D
p
2e h1; 1i �

�
3

5
;�4
5

�
D

p
2e

�
3

5
� 4

5

�
D �

p
2e

5

36. f .x; y; z/ D sin.xy C z/, P D .0; 0; 0/, v D j C k

SOLUTION We normalizev to obtain a vectoru in the direction ofv:

u D 1p
02 C 12 C 12

� h0; 1; 1i D 1p
2

h0; 1; 1i

By the Theorem on Evaluating Directional Derivatives,

Dvf .P / D rfP � u (1)

We compute the gradient vector:

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D hy cos.xy C z/; x cos.xy C z/;cos.xy C z/i

Hence,

rfP D h0; 0; 1i :

By (1) we conclude that

Dvf .P / D rfP � u D h0; 0; 1i � 1p
2

h0; 1; 1i D 1p
2
:
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37. Find the unit vectoreatP D .0; 0; 1/ pointing in the direction along whichf .x; y; z/ D xzC e�x2Cy increases most rapidly.

SOLUTION The gradient vectorrfP points in the direction of maximum rate of increase off . Therefore we need to find a unit

vector in the direction ofrfP . We first find the gradient off .x; y; z/ D xz C e�x2Cy :

rf D
�
@f

@x
;
@f

@y
;
@f

@z

�
D
D
z � 2xe�x2Cy ; e�x2Cy ; x

E

At the pointP D .0; 0; 1/ we have

rfP D h1; 1; 0i :

We normalizerfP to obtain the unit vectore atP pointing in the direction of maximum increase off :

e D rfP
krfP k D

�
1p
2
;
1p
2
; 0

�
:

38. Find an equation of the tangent plane atP D .0; 3;�1/ to the surface with equation

zex C ezC1 D xy C y � 3

SOLUTION The surface is defined implicitly by the equation

F.x; y; z/ D zex C ezC1 � xy � y C 3

The tangent plane to the surface at the point.0; 3;�1/ has the following equation:

0 D Fx.0; 3;�1/x C Fy.0; 3;�1/.y � 3/C Fz.0; 3;�1/.z C 1/ (1)

We compute the partial derivatives at the given point:

Fx.x; y; z/ D zex � y ) Fx.0; 3;�1/ D �1e0 � 3 D �4

Fy.x; y; z/ D �x � 1 ) Fy.0; 3;�1/ D �0 � 1 D �1

Fz.x; y; z/ D ex C ezC1 ) Fz.0; 3;�1/ D e0 C e�1C1 D 2

Substituting in (1) we obtain the following equation:

�4x � .y � 3/C 2.z C 1/ D 0

�4x � y C 2z C 5 D 0

2z D 4x C y � 5 ) z D 2x C 0:5y � 2:5

39. Let n ¤ 0 be an integer andr an arbitrary constant. Show that the tangent plane to the surfacexn C yn C zn D r at
P D .a; b; c/ has equation

an�1x C bn�1y C cn�1z D r

SOLUTION The tangent plane to the surface, defined implicitly byF.x; y; z/ D r at a point.a; b; c/ on the surface, has the
following equation:

0 D Fx.a; b; c/.x � a/C Fy.a; b; c/.y � b/C Fz.a; b; c/.z � c/ (1)

The given surface is defined by the functionF.x; y; z/ D xn C yn C zn. We find the partial derivative ofF at a pointP D .a; b; c/

on the surface:

Fx.x; y; z/ D nxn�1 Fx.a; b; c/ D nan�1

Fy.x; y; z/ D nyn�1 ) Fy.a; b; c/ D nbn�1

Fz.x; y; z/ D nzn�1 Fz.a; b; c/ D ncn�1

Substituting in (1) we get

nan�1.x � a/C nbn�1.y � b/C ncn�1.z � c/ D 0

We divide byn and simplify:

an�1x � an C bn�1y � bn C cn�1z � cn D 0

an�1x C bn�1y C cn�1z D an C bn C cn (2)
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The pointP D .a; b; c/ lies on the surface, hence it satisfies the equation of the surface. That is,

an C bn C cn D r

Substituting in (2) we obtain the following equation of the tangent plane:

an�1x C bn�1y C cn�1z D r

40. Let f .x; y/ D .x � y/ex . Use the Chain Rule to calculate@f=@u and@f=@v (in terms ofu andv), wherex D u � v and
y D uC v.

SOLUTION First we calculate the Primary Derivatives:

@f

@x
D ex.x � y/C ex D ex.x � y C 1/;

@f

@y
D �ex

Since@x
@u

D 1, @y
@u

D 1, @x
@v

D �1, and @y
@v

D 1, the Chain Rule gives

@f

@u
D @f

@x

@x

@u
C @f

@y

@y

@u
D ex.x � y C 1/ � 1 � ex � 1 D ex.x � y C 1 � 1/ D ex.x � y/

@f

@v
D @f

@x

@x

@v
C @f

@y

@y

@v
D ex.x � y C 1/ � .�1/ � ex � 1 D ex.y � x � 2/

We now substitutex D u � v andy D uC v to express the partial derivatives in terms ofu andv. We get

@f

@u
D eu�v.u � v � u � v/ D �2veu�v

@f

@v
D eu�v.uC v � uC v � 2/ D 2eu�v.v � 1/

41. Let f .x; y; z/ D x2y C y2z. Use the Chain Rule to calculate@f=@s and@f=@t (in terms ofs andt), where

x D s C t; y D st; z D 2s � t

SOLUTION We compute the Primary Derivatives:

@f

@x
D 2xy;

@f

@y
D x2 C 2yz;

@f

@z
D y2

Since @x
@s

D 1, @y
@s

D t , @z
@s

D 2, @x
@t

D 1, @y
@t

D s, and @z
@t

D �1, the Chain Rule gives

@f

@s
D @f

@x

@x

@s
C @f

@y

@y

@s
C @f

@z

@z

@s
D 2xy � 1C

�
x2 C 2yz

�
t C y2 � 2

D 2xy C
�
x2 C 2yz

�
t C 2y2

@f

@t
D @f

@x

@x

@t
C @f

@y

@y

@t
C @f

@z

@z

@t
D 2xy � 1C

�
x2 C 2yz

�
s C y2 � .�1/

D 2xy C
�
x2 C 2yz

�
s � y2

We now substitutex D s C t , y D st , andz D 2s � t to express the answer in terms of the independent variabless, t . We get

@f

@s
D 2.s C t/st C

�
.s C t/2 C 2st.2s � t/

�
t C 2s2t2

D 2s2t C 2st2 C
�
s2 C 2st C t2 C 4s2t � 2st2

�
t C 2s2t2

D 3s2t C 4st2 C t3 � 2st3 C 6s2t2

@f

@t
D 2.s C t/st C

�
.s C t/2 C 2st.2s � t/

�
s � s2t2

D 2s2t C 2st2 C
�
s2 C 2st C t2 C 4s2t � 2st2

�
s � s2t2

D 4s2t C 3st2 C s3 C 4s3t � 3s2t2

42. LetP have spherical coordinates.�; �; �/ D
�
2; �4 ;

�
4

�
. Calculate@f

@�

ˇ̌
ˇ
P

assuming that

fx.P / D 4; fy.P / D �3; fz.P / D 8

Recall thatx D � cos� sin�; y D � sin� sin�; z D � cos�.
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SOLUTION Recall the Chain Rule:

@f

@�
D @f

@x

@x

@�
C @f

@y

@y

@�
C @f

@z

@z

@�

Taking partial derivatives (with respect to�) and evaluating:

@x

@�
D � cos� cos� ) @x

@�

ˇ̌
ˇ̌
.2;�=4;�=4/

D 1

@y

@�
D � sin � cos� ) @y

@�

ˇ̌
ˇ̌
.2;�=4;�=4/

D 1

@z

@�
D �� sin� ) @z

@�

ˇ̌
ˇ̌
.2;�=4;�=4/

D �
p
2

Hence,

@f

@�

ˇ̌
ˇ̌
P

D 4 � 1 � 3 � 1 � 8
p
2 D 1 � 8

p
2

43. Let g.u; v/ D f .u3 � v3; v3 � u3/. Prove that

v2
@g

@u
� u2

@g

@v
D 0

SOLUTION We are given the functionf .x; y/, wherex D u3 � v3 andy D v3 � u3. Using the Chain Rule we have the
following derivatives:

@g

@u
D @f

@x

@x

@u
C @f

@y

@y

@u

@g

@v
D @f

@x

@x

@v
C @f

@y

@y

@v
(1)

We compute the following partial derivatives:

@x

@u
D 3u2;

@y

@u
D �3u2

@x

@v
D �3v2; @y

@v
D 3v2

Substituting in (1) we obtain

@g

@u
D @f

@x
� 3u2 C @f

@y

�
�3u2

�
D 3u2

�
@f

@x
� @f

@y

�

@g

@v
D @f

@x

�
�3v2

�
C @f

@y

�
3v2

�
D �3v2

�
@f

@x
� @f

@y

�

Therefore,

v2
@g

@u
C u2

@g

@v
D 3u2v2

�
@f

@x
� @f

@y

�
� 3u2v2

�
@f

@x
� @f

@y

�
D 0

44. Let f .x; y/ D g.u/, whereu D x2 C y2 andg.u/ is differentiable. Prove that

�
@f

@x

�2
C
�
@f

@y

�2
D 4u

�
dg

du

�2

SOLUTION We use the Chain Rule and the partial derivatives@u
@x

D 2x, @u
@y

D 2y, to differentiate the equationf .x; y; z/ D g.u/

with respect tox and toy. We get

@f

@x
D g0.u/ � @u

@x
D g0.u/ � 2x

@f

@y
D g0.u/ � @u

@y
D g0.u/ � 2y

Therefore,
�
@f

@x

�2
C
�
@f

@y

�2
D
�
g0.u/ � 2x

�2 C
�
g0.u/ � 2y

�2 D 4x2g0.u/2 C 4y2g0.u/2
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D 4
�
x2 C y2

�
g0.u/2 D 4ug0.u/2

Since@f
@u

D g0.u/, we find that

�
@f

@x

�2
C
�
@f

@y

�2
D 4u

�
@f

@u

�2

45. Calculate@z=@x, wherexez C zey D x C y.

SOLUTION The functionF.x; y; z/ D xez C zey � x � y D 0 definesz implicitly as a function ofx andy. Using implicit
differentiation, the partial derivative ofz with respect tox is

@z

@x
D �Fx

Fz
(1)

We compute the partial derivativesFx andFz :

Fx D ez � 1

Fz D xez C ey

Substituting in (1) gives

@z

@x
D � ez � 1

xez C ey
:

46. Let f .x; y/ D x4 � 2x2 C y2 � 6y.

(a) Find the critical points off and use the Second Derivative Test to determine whether they are a local minima or a local maxima.

(b) Find the minimum value off without calculus by completing the square.

SOLUTION

(a) To find the critical points of the functionf .x; y/ D x4 � 2x2 C y2 � 6y we set the partial derivatives equal to zero and solve.
This gives

fx.x; y/ D 4x3 � 4x D 4x
�
x2 � 1

�
D 0

fy.x; y/ D 2y � 6 D 2.y � 3/ D 0

) x D 0; x D �1; x D 1; y D 3

The critical points are.0; 3/, .�1; 3/, .1; 3/. We now apply the Second Derivative Test to examine the critical points. We compute
the second-order partials:

fxx.x; y/ D 12x2 � 4; fyy D 2; fxy D 0

The discriminant is

D D fxxfyy � f 2xy D 2
�
12x2 � 4

�
D 8

�
3x2 � 1

�

Substituting the critical points gives

D.0; 3/ D �8 < 0 ) .0; 3/ is a saddle point

D.�1; 3/ D 16 > 0; fxx.�1; 3/ D 8 > 0 ) f .�1; 3/ is a local minimum

D.1; 3/ D 16 > 0; fxx.1; 3/ D 8 > 0 ) f .1; 3/ is a local minimum

(b) Computing the square inx andy, we obtain

x4 � 2x2 C y2 � 6y D
�
x2 � 1

�2
� 1C .y � 3/2 � 9

D
�
x2 � 1

�2
C .y � 3/2 � 10

This function has a minimum whenx2 � 1 D 0 andy � 3 D 0, that is,x D ˙1 andy D 3. Therefore, the minimum value is�10
obtained at the points.1; 3/ and.�1; 3/.

In Exercises 47–50, find the critical points of the function and analyze them using the Second Derivative Test.

47. f .x; y/ D x4 � 4xy C 2y2
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SOLUTION To find the critical points, we need the first-order partial derivatives and set them equal to zero to solve forx andy:

fx.x; y/ D 4x3 � 4y D 0; fy.x; y/ D �4x C 4y D 0

Looking at the second equation we seex D y. Using this in the first equation, then

4x3 � 4x D 0 ) 4x.x2 � 1/ D 0 ) x D 0;˙1

Therefore, our critical points are:

.0; 0/; .1; 1/; .�1;�1/

Now to find the discriminant,D, we need the second-order partial derivatives:

fxx.x; y/ D 12x2; fyy .x; y/ D 4; fxy.x; y/ D �4

Hence,

D.x; y/ D fxxfyy � f xy2 D 48x2 � 16 D 16.3x2 � 1/

Analyzing our three critical points we see:

D.0; 0/ D �16 < 0; D.1; 1/ D 32 > 0; D.�1;�1/ D 32 > 0

Since the discriminant for.0; 0/ is negative,.0; 0/ is a saddle point.
Looking atfxx.1; 1/ D 12 > 0 andfxx.�1;�1/ D 12 > 0 hence, the points.1; 1/ and.�1;�1/ are both local minima.

48. f .x; y/ D x3 C 2y3 � xy

SOLUTION We set the partial derivatives off .x; y/ D x3 C 2y3 � xy equal to zero and solve to find the critical points. We get

fx.x; y/ D 3x2 � y D 0

fy.x; y/ D 6y2 � x D 0

The first equation givesy D 3x2. Substituting in the second equation we get

6 �
�
3x2

�2
� x D 0

54x4 � x D x �
�
54x3 � 1

�
D 0

54x3 � 1 D 0 ) x1 D 0; x2 D 0:26

The correspondingy-coordinates are obtained fromy D 3x2. That is,

y1 D 0; y2 D 3 � 0:262 D 0:2

There are two critical points,.0; 0/ and .0:26; 0:2/. We next use the Second Derivative Test to examine the critical points. We
compute the second-order partials at these points:

fxx.x; y/ D 6x

fyy.x; y/ D 12y

fxy.x; y/ D �1

)

fxx.0; 0/ D 0 fxx.0:26; 0:2/ D 1:56

fyy .0; 0/ D 0 fyy.0:26; 0:2/ D 2:4

fxy.0; 0/ D �1 fxy.0:26; 0:2/ D �1

We compute the discriminant at the critical points:

D.0; 0/ D fxx � fyy � f 2xy D �1 < 0

D.0:26; 0:2/ D fxx � fyy � f 2xy D 1:56 � 2:4 � 1 > 0; fxx.0:26; 0:2/ > 0

We conclude that.0; 0/ is a saddle point, whereas at.0:26; 0:2/ the function has a local minimum.

49. f .x; y/ D exCy � xe2y

SOLUTION We find the critical point by setting the partial derivatives off .x; y/ D exCy � xe2y equal to zero and solve. This
gives

fx.x; y/ D exCy � e2y D 0

fy.x; y/ D exCy � 2xe2y D 0
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The first equation givesexCy D e2y and the second equation givesexCy D 2xe2y . Equating the two expressions, dividing by the
nonzero functione2y , and solving forx, we obtain

e2y D 2xe2y ) 1 D 2x ) x D 1

2

We now substitutex D 1
2 in the first equation and solve fory, to obtain

e
1
2

Cy � e2y D 0 ) e
1
2

Cy D e2y ) 1

2
C y D 2y ) y D 1

2

There is one critical point,
�
1
2 ;
1
2

�
. We examine the critical point using the Second Derivative Test. We compute the second

derivatives at this point:

fxx.x; y/ D exCy ) fxx

�
1

2
;
1

2

�
D e

1
2

C 1
2 D e

fyy .x; y/ D exCy � 4xe2y ) fyy

�
1

2
;
1

2

�
D e

1
2

C 1
2 � 4 � 1

2
e2� 1

2 D �e

fxy.x; y/ D exCy � 2e2y ) fxy

�
1

2
;
1

2

�
D e

1
2 C 1

2 � 2e2� 1
2 D �e

Therefore the discriminant at the critical point is

D

�
1

2
;
1

2

�
D fxxfyy � f 2xy D e � .�e/� .�e/2 D �2e2 < 0

We conclude that
�
1
2 ;
1
2

�
is a saddle point.

50. f .x; y/ D sin.x C y/� 1

2
.x C y2/

SOLUTION We find the critical points by setting the partial derivatives off .x; y/ D sin.x C y/ � 0:5
�
x C y2

�
equal to zero

and solve. We get

fx.x; y/ D cos.x C y/� 1

2
D 0

fy.x; y/ D cos.x C y/� y D 0

By the second equationy D cos.x C y/. Substituting in the first equation givesy � 1
2 D 0 or y D 1

2 . We sety D 1
2 in the first

equation and solve forx, to obtain

cos

�
x C 1

2

�
� 1

2
D 0

cos

�
x C 1

2

�
D 1

2

The general solution is

x C 1

2
D ˙�

3
C 2�k ) x D �1

2
˙ �

3
C 2�k

The critical points are thus

Pk D
�

�1
2

C �

3
C 2�k;

1

2

�
; Qk D

�
�1
2

� �

3
C 2�k;

1

2

�

We examine the critical points using the Second Derivative Test. We first compute the second-order partials at the critical points:

fxx.x; y/ D � sin.x C y/ ) fxx .Pk/ D � sin
��
3

C 2�k
�

D �
p
3

2

fxx .Qk/ D � sin
�
��
3

C 2�k
�

D
p
3

2

fyy.x; y/ D � sin.x C y/� 1 ) fyy .Pk/ D �
p
3

2
� 1

fyy .Qk/ D
p
3

2
� 1
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fxy.x; y/ D � sin.x C y/ ) fxy .Pk/ D �
p
3

2

fxy .Qk/ D
p
3

2

We compute the discriminantD D fxxfyy � f 2xy at the critical points:

D .Pk/ D
 

�
p
3

2

!
�
 

�
p
3

2
� 1

!
�
 

�
p
3

2

!2
D

p
3

2
> 0; fxx .Pk/ D �

p
3

2
< 0

D .Qk/ D
p
3

2

 p
3

2
� 1

!
�
 p

3

2

!2
D �

p
3

2
< 0

We conclude thatQk D
�
�1
2 � �

3 C 2�k; 12

�
are saddle points, and at the pointsPk D

�
�1
2 C �

3 C 2�k; 12

�
the function has

local maxima.

51. Prove thatf .x; y/ D .x C 2y/exy has no critical points.

SOLUTION We find the critical points by setting the partial derivatives off .x; y/ D .x C 2y/exy equal to zero and solving. We
get

fx.x; y/ D exy C .x C 2y/yexy D exy
�
1C xy C 2y2

�
D 0

fy.x; y/ D 2exy C .x C 2y/xexy D exy
�
2C x2 C 2xy

�
D 0

We divide the two equations by the nonzero expressionexy to obtain the following equations:

1C xy C 2y2 D 0

2C 2xy C x2 D 0

The first equation implies thatxy D �1 � 2y2. Substituting in the second equation gives

2C 2
�
�1 � 2y2

�
C x2 D 0

2 � 2 � 4y2 C x2 D 0

x2 D 4y2 ) x D 2y or x D �2y

We substitute in the first equation and solve fory:

x D 2y x D �2y

1C 2y2 C 2y2 D 0 1 � 2y2 C 2y2 D 0

1C 4y2 D 0 1 D 0

y2 D �1
4

In both cases there is no solution. We conclude that there are no solutions forfx D 0 andfy D 0, that is, there are no critical
points.

52. Find the global extrema off .x; y/ D x3 � xy � y2 C y on the squareŒ0; 1� � Œ0; 1�.
SOLUTION

Step 1. Examine the critical points. We set the partial derivatives off .x; y/ D x3 � xy � y2 C y equal to zero and solve to find
the critical points in the interior of the square.

fx.x; y/ D 3x2 � y D 0

fy.x; y/ D �x � 2y C 1 D 0

The first equation givesy D 3x2. We substitute in the second equation and solve forx.

�x � 2 � 3x2 C 1 D 0

6x2 C x � 1 D 0

x1;2 D �1˙
p
1C 24

12
D �1˙ 5

12
) x1 D �1

2
; x2 D 1

3
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The correspondingy-coordinates are determined byy D 3x2. That is,

y1 D 3 �
�

�1
2

�2
D 3

4
; y2 D 3 �

�
1

3

�2
D 1

3

Therefore, the critical points are
�

�1
2
;
3

4

�
;

�
1

3
;
1

3

�

Step 2. Find the global extrema on the boundary.

x
A = (1, 0)

B = (1, 1)
C = (0, 1)

O

y

We consider each part of the boundary separately.

The segmentOA: On this segmenty D 0, 0 � x � 1, hencef .x; 0/ D x3. The maximum value occurs atx D 1 and the
minimum value occurs atx D 0. The corresponding points are.0; 0/ and.1; 0/.
The segmentAB : On this segmentx D 1, 0 � y � 1, hencef .1; y/ D 1� y � y2 C y D 1 � y2.

x

y

f (1, y) = 1 − y2
1

The maximum value in the interval0 � y � 1 occurs aty D 0, and the minimum value occurs aty D 1. The corresponding
points on the boundary of the square are.1; 0/ and.1; 1/.
The segmentBC : On this segmenty D 1, 0 � x � 1, hencef .x; 1/ D x3 � x � 1C 1 D x3 � x.

x

y

f (x, 1) = x3 − x

1

Using calculus of one variable and referring to the graph off .x; 1/, we see that the maximum value occurs atx D 0 andx D 1

and the minimum value occurs atx D 1p
3

. The corresponding points on the segmentBC are

�
1p
3
; 1

�
; .0; 1/; and .1; 1/

The segmentOC : On this segmentx D 0, 0 � y � 1, hencef .0; y/ D �y2 C y.

x

y

f (0, y) = −y2 + y

11
2
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The maximum value occurs aty D 1
2 and the minimum value occurs aty D 0 andy D 1. The corresponding points on the

segmentOC are
�
0;
1

2

�
; .0; 0/; .0; 1/

Step 3. Conclusions. Since the global extrema occur either at critical points in the interior of the region or on the boundary of the
region, the candidates for global extrema are the following points:

�
�1
2
;
3

4

�
;

�
1

3
;
1

3

�
; .0; 0/; .1; 0/; .1; 1/; .0; 1/;

�
0;
1

2

�
;

�
1p
3
; 1

�

We computef .x; y/ D x3 � xy � y2 C y at these points:

f

�
�1
2
;
3

4

�
D
�

�1
2

�3
C 1

2
� 3
4

�
�
3

4

�2
C 3

4
D 7

16
� 0:437

f

�
1

3
;
1

3

�
D
�
1

3

�3
� 1

3
� 1
3

�
�
1

3

�2
C 1

3
D 4

27
� 0:148

f .0; 0/ D 0

f .1; 0/ D 1

f .1; 1/ D 1 � 1 � 1C 1 D 0

f .0; 1/ D �12 C 1 D 0

f

�
0;
1

2

�
D �

�
1

2

�2
C 1

2
D 1

4

f

�
1p
3
; 1

�
D
�
1p
3

�3
� 1p

3
� 1C 1 D �2

p
3

9
D �0:38

We conclude that the maximum value off on the square isf .1; 0/ D 1 and the minimum value isf
�
1p
3
; 1
�

D �0:38.

53. Find the global extrema off .x; y/ D 2xy � x � y on the domainfy � 4; y � x2g.
SOLUTION The region is shown in the figure.

−2
x

20

y
A By = 4

y = x2

Step 1. Finding the critical points. We find the critical points in the interior of the domain by setting the partial derivatives equal to
zero and solving. We get

fx D 2y � 1 D 0

fy D 2x � 1 D 0 ) x D 1

2
; y D 1

2

The critical point is
�
1
2 ;
1
2

�
. (It lies in the interior of the domain since12 < 4 and 12 >

�
1
2

�2
).

Step 2. Finding the global extrema on the boundary. We consider the two parts of the boundary separately.

The parabolay D x2, �2 � x � 2:
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f (x, x2) = 2x3 − x2 − x

x

y

−2 20 1

8

−8

On this curve,f .x; x2/ D 2 � x � x2 � x � x2 D 2x3 � x2 � x. Using calculus in one variable or the graph of the function, we
see that the minimum off .x; x2/ on the interval occurs atx D �2 and the maximum atx D 2. The corresponding points are
.�2; 4/ and.2; 4/.
The segmentAB: On this segmenty D 4, �2 � x � 2, hencef .x; 4/ D 2 � x � 4 � x � 4 D 7x � 4. The maximum value
occurs atx D 2 and the minimum value atx D �2. The corresponding points on the segmentAB are .�2; 4/ and.2; 4/

Step 3. Conclusions. Since the global extrema occur either at critical points in the interior of the domain or on the boundary of the
domain, the candidates for global extrema are the following points:

�
1

2
;
1

2

�
; .�2; 4/; .2; 4/

We compute the values off D 2xy � x � y at these points:

f

�
1

2
;
1

2

�
D 2 � 1

2
� 1
2

� 1

2
� 1

2
D �1

2

f .�2; 4/ D 2 � .�2/ � 4C 2 � 4 D �18

f .2; 4/ D 2 � 2 � 4 � 2 � 4 D 10

We conclude that the global maximum isf .2; 4/ D 10 and the global minimum isf .�2; 4/ D �18.
54. Find the maximum off .x; y; z/ D xyz subject to the constraintg.x; y; z/ D 2x C y C 4z D 1.

SOLUTION

Step 1. Write out the Lagrange Equations. We haverf D hyz; xz; xyi and rg D h2; 1; 4i, hence the Lagrange Condition
rf D �rg is

hyz; xz; xyi D � h2; 1; 4i

or

yz D 2�; xz D �; xy D 4�

Step 2. Solve for� in terms ofx, y, andz. The Lagrange equations imply that

� D yz

2
; � D xz; � D xy

4

Step 3. Solve forx, y, andz using the constraint. Equating the expressions for� gives the following equations:

yz

2
D xz

xy

4
D xz

)
z.2x � y/ D 0

x.4z � y/ D 0

The first equation implies thatz D 0 or y D 2x. The second equation implies thatx D 0 or y D 4z. We examine all possible
solutions.

(1) z D 0 andx D 0: Then substituting in the constraint2x C y C 4z D 1 gives2 � 0 C y C 4 � 0 D 1 or y D 1. We obtain the
point .0; 1; 0/.

(2) z D 0 and y D 4z: Theny D 4 � 0 D 0. Substitutingz D 0 and y D 0 in the constraint2x C y C 4z D 1 gives

2x C 0C 4 � 0 D 1 or x D 1
2 . We obtain the point

�
1
2 ; 0; 0

�
.

(3) y D 2x andx D 0: Theny D 2 � 0 D 0. Substitutingx D y D 0 in the constraint2x C y C 4z D 1 gives2 � 0C 0C 4z D 1

or z D 1
4 . The corresponding point is

�
0; 0; 14

�
.

(4) y D 2x, y D 4z: Thenx D y
2 and z D y

4 . We substitute in the constraint2x C y C 4z D 1 and solve fory:

2 � y
2

C y C 4 � y
4

D 1
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3y D 1 ) y D 1

3

Hence,x D y
2 D 1

6 , z D y
4 D 1

12 . We obtain the point
�
1
6 ;
1
3 ;

1
12

�
.

Step 4. Conclusions. We evaluatef .x; y; z/ D xyz at the critical points:

f .0; 1; 0/ D 0 � 1 � 0 D 0

f

�
1

2
; 0; 0

�
D 1

2
� 0 � 0 D 0

f

�
1

6
;
1

3
;
1

12

�
D 1

6
� 1
3

� 1
12

D 1

216

f

�
0; 0;

1

4

�
D 0 � 0 � 1

4
D 0

We conclude that the local maximum off subject to the constraint is

f

�
1

6
;
1

3
;
1

12

�
D 1

216
:

Notice thatf does not have a global maximum on the plane2x C y C 4z D 1 since, for allt , the point
�
�t2; 1C 6t2;�t2

�
is on

the plane and we have

lim
t!1

f
�
�t2; 1C 6t2;�t2

�
D lim
t!1

t4
�
1C 6t2

�
D 1

55. Use Lagrange multipliers to find the minimum and maximum values off .x; y/ D 3x � 2y on the circlex2 C y2 D 4.

SOLUTION

Step 1. Write out the Lagrange Equations. The constraint curve isg.x; y/ D x2 C y2 � 4 D 0, hencerg D h2x; 2yi and
rf D h3;�2i. The Lagrange Conditionrf D �rg is thush3;�2i D � h2x; 2yi. That is,

3 D � � 2x

�2 D � � 2y

Note that� 6D 0.

Step 2. Solve forx andy using the constraint. The Lagrange equations gives

3 D � � 2x

� 2 D � � 2y
)

x D 3

2�

y D � 1
�

(1)

We substitutex andy in the equation of the constraint and solve for�. We get

�
3

2�

�2
C
�

� 1
�

�2
D 4

9

4�2
C 1

�2
D 4

1

�2
� 13
4

D 4 ) � D
p
13

4
or � D �

p
13

4

Substituting in (1), we obtain the points

x D 6p
13
; y D � 4p

13

x D � 6p
13
; y D 4p

13

The critical points are thus

P1 D
�

6p
13
;� 4p

13

�

P2 D
�

� 6p
13
;
4p
13

�
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Step 3. Calculate the value at the critical points. We find the value off .x; y/ D 3x � 2y at the critical points:

f .P1/ D 3 � 6p
13

� 2 � �4p
13

D 26p
13

f .P2/ D 3 � �6p
13

� 2 � 4p
13

D �26p
13

Thus, the maximum value off on the circle is 26p
13

, and the minimum is� 26p
13

.

56. Find the minimum value off .x; y/ D xy subject to the constraint5x � y D 4 in two ways: using Lagrange multipliers and
settingy D 5x � 4 in f .x; y/.

SOLUTION We find the minimum value off .x; y/ D xy subject to the constraintg.x; y/ D 5x � y � 4 D 0 using the Lagrange
multipliers.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D hy; xi andrg D h5;�1i, hence the Lagrange Condition
rf D �rg is

hy; xi D � h5;�1i

hy; xi D h5�;��i

The Lagrange Equations are thus

y D 5�

x D ��
) � D y

5
; � D �x

Step 2. Solve forx andy using the constraint. Equating the two expressions for� gives

y

5
D �x ) y D �5x

We substitutey D �5x in the equation of the constraint5x � y D 4 and solve forx. This gives

5x � .�5x/ D 4

10x D 4
) x D 2

5

They-coordinate isy D �5 � 25 D �2. We obtain the critical point
�
2
5 ;�2

�
.

Step 3. Calculate the value at the critical point. The value off .x; y/ D xy at the critical point is

f

�
2

5
;�2

�
D 2

5
� .�2/ D �4

5
(1)

This value is the minimum value off subject to the constraint:

x

y

5x − y = 4

Note that sincef .x; y/ D xy is positive in the first and third quadrant, the minimum value off subject to the constraint’s part in
the fourth quadrant is also the minimum value subject to the entire constraint. The part of the constraint in the fourth quadrant is a
closed and bounded segment, hence the minimum value off on this segment exists, and is given in (1).

We now find the minimum value off .x; y/ D xy subject to the constraint5x � y D 4 using the second way. On the constraint
5x � y D 4, we havey D 5x � 4. We substitute in the functionf .x; y/ D xy and then find the minimum of the resulting
one-variable function. We get

g.x/ D f .x; 5x � 4/ D x.5x � 4/ D 5x2 � 4x

We now find the minimum value ofg.x/ D 5x2 � 4x in the interval�1 < x < 1. We find the critical points:

g0.x/ D 10x � 4 D 0 ) x D 2

5
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The limits

lim
x!1

g.x/ D lim
x!1

�
5x2 � 4x

�
D 1 and lim

x!�1
g.x/ D lim

x!�1

�
5x2 � 4x

�
D 1

imply thatg has a minimum value for�1 < x < 1, and it occurs at the critical point. Therefore, the minimum value ofg occurs
atx D 2

5 . The correspondingy-coordinate isy D 5 � 25 � 4 D �2, therefore the minimum value off .x; y/ D xy is

f

�
2

5
;�2

�
D 2

5
� .�2/ D �4

5

57. Find the minimum and maximum values off .x; y/ D x2y on the ellipse4x2 C 9y2 D 36.

SOLUTION We must find the minimum and maximum values off .x; y/ D x2y subject to the constraintg.x; y/ D 4x2 C 9y2 �
36 D 0.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D
˝
2xy; x2

˛
andrg D h8x; 18yi, hence the Lagrange

Conditionrf D �rg gives
D
2xy; x2

E
D � h8x; 18yi D h8�x; 18�yi

We obtain the following Lagrange Equations:

2xy D 8�x

x2 D 18�y

Step 2. Solve for� in terms ofx andy. If x D 0, the equation of the constraint implies thaty D ˙2. The points.0; 2/ and.0;�2/
satisfy the Lagrange Equations for� D 0. If x ¤ 0, the second Lagrange Equation implies thaty ¤ 0. Therefore the Lagrange
Equations give

2xy D 8�x ) � D y

4

x2 D 18�y ) � D x2

18y

Step 3. Solve forx andy using the constraint. We equate the two expressions for� to obtain

y

4
D x2

18y

18y2 D 4x2

We now substitute4x2 D 18y2 in the equation of the constraint4x2 C 9y2 D 36 and solve fory. This gives

18y2 C 9y2 D 36

27y2 D 36
) y2 D 36

27
) y1 D 2p

3
; y2 D � 2p

3

We find thex-coordinates usingx2 D 9y2

2 :

x2 D 9y2

2

x2 D 9

2
� 4
3

D 6 ) x1 D
p
6; x2 D �

p
6

We obtain the following critical points:

P1 D .0; 2/; P2 D .0;�2/; P3 D
�p

6;
2p
3

�

P4 D
�p

6;� 2p
3

�
; P5 D

�
�

p
6;

2p
3

�
; P6 D

�
�

p
6;� 2p

3

�

Step 4. Conclusions. We evaluate the functionf .x; y/ D x2y at the critical points:

f .P1/ D 02 � 2 D 0

f .P2/ D 02 � .�2/ D 0

f .P3/ D f .P5/ D 6 � 2p
3

D 12p
3
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f .P4/ D f .P5/ D 6 �
�

� 2p
3

�
D � 12p

3

Since the min and max off occur on the ellipse, it must occur at critical points. Thus, we conclude that the maximum and minimum
of f subject to the constraint are12p

3
and � 12p

3
respectively.

58. Find the point in the first quadrant on the curvey D x C x�1 closest to the origin.

SOLUTION We need to minimize the distanced D
p
x2 C y2 subject to the constraintg.x; y/ D x C 1

x � y D 0. Since the
functionu2 is increasing foru � 0, the distanced is minimal where the squared2 is minimal. Therefore, we minimize the function
f .x; y/ D d2 D x2 C y2 subject to the constraint.

Step 1. Write out the Lagrange Equations. The gradient vectors arerf D h2x; 2yi andrg D
D
1 � 1

x2 ;�1
E
, hence the Lagrange

Conditionrf D �rg gives

h2x; 2yi D �

�
1 � 1

x2
;�1

�
D
�
�

�
1 � 1

x2

�
;��

�

The Lagrange Equations are

2x D �

�
1 � 1

x2

�

2y D ��

Step 2. Solve for� in terms ofx andy. The second Lagrange equation gives� D �2y, and the first equation gives

2x D �
x2 � 1
x2

) � D 2x3

x2 � 1

Step 3. Solve forx andy using the constraint. Equating the two expressions for�, we get

�2y D 2x3

x2 � 1
) y D x3

1 � x2

We now substitutey as a function ofx in the equation of the constraint and solve forx. This gives

x3

1 � x2
D x C 1

x
D x2 C 1

x

x4 D
�
1 � x2

� �
1C x2

�
D 1 � x4

2x4 D 1 ) x D 2�1=4; x D �2�1=4

The solution in the first quadrant isx D 2�1=4 D 1
4
p
2

. We find they-coordinate usingy D x3

1�x2 :

y D 2�3=4

1 � 2�1=2 D 2�1=4

21=2 � 1
D 2�1=4

�
21=2 C 1

�
D 21=4 C 2�1=4 D 4

p
2C 1

4
p
2

We obtain the critical point:

P D
�
1

4
p
2
;

4
p
2C 1

4
p
2

�

Step 4. Conclusion.

x

P

y

Graph ofy D x C 1
x , x > 0, y > 0

It is clear from the graph ofy D x C 1
x that the critical point is a minimum. Therefore, the pointP is the closest to the origin on

the curvey D x C 1
x in the first quadrant.
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59. Find the extreme values off .x; y; z/ D x C 2y C 3z subject to the two constraintsx C y C z D 1 and x2 C y2 C
z2 D 1.

SOLUTION We must find the extreme values off .x; y; z/ D x C 2y C 3z subject to the constraintsg.x; y; z/ D x C y C z �
1 D 0 andh.x; y; z/ D x2 C y2 C z2 � 1 D 0.

Step 1. Write out the Lagrange Equations. We haverf D< 1; 2; 3 >, rg D< 1; 1; 1 >, rh D< 2x; 2y; 2z >, hence the
Lagrange conditionrf D �rg C �rh gives

< 1; 2; 3 > D � < 1; 1; 1 > C� < 2x; 2y; 2z >D< �C 2�x; �C 2�y;�C 2�z >

or

1 D �C 2�x

2 D �C 2�y

3 D �C 2�z

Step 2. Solve for� and�. The Lagrange Equations give

1 D �C 2�x

2 D �C 2�y

3 D �C 2�z

)

�D1 � 2�x

�D2 � 2�y

�D3 � 2�z

Equating the three expressions for�, we get the following equations:

1 � 2�x D 2 � 2�y

1 � 2�x D 3 � 2�z
)

2�.y � x/ D 1

�.z � x/ D 2

The first equation implies that� D 1
2.y�x/ , and the second implies that� D 2

z�x . Equating the two expressions for�, we get

1

2.y � x/
D 2

z � x

z � x D 4y � 4x ) z D 4y � 3x

Step 3. Solve forx, y, andz using the constraints. We substitutez D 4y � 3x in the equations of the constraints and solve to find
x andy. This gives

x C y C .4y � 3x/ D 1

x2 C y2 C .4y � 3x/2 D 1
)

y D 1C 2x

5

10x2 C 17y2 � 24xy D 1

Substituting in the second equation and solving forx, we get

y D 1C 2x

5

10x2 C 17

�
1C 2x

5

�2
� 24x � 1C 2x

5
D 1

250x2 C 17.1C 2x/2 � 120x .1C 2x/ D 25

39x2 � 26x � 4 D 0

x1;2 D 26˙
p
1300

78

) x1 D 1

3
C 5

p
13

39
� 0:8; x2 D 1

3
� 5

p
13

39
� �0:13

We find they-coordinates usingy D 1C2x
5 .

y1 D 1C 2 � 0:8
5

D 0:52; y2 D 1 � 2 � 0:13
5

D 0:15

Finally, we find thez-coordinate usingz D 4y � 3x:

z1 D 4 � 0:52 � 3 � 0:8 D �0:32; z2 D 4 � 0:15C 3 � 0:13 D 0:99
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We obtain the critical points:

P1 D .0:8; 0:52;�0:32/; P2 D .�0:13; 0:15; 0:99/

.

Step 4. Conclusions. We evaluate the functionf .x; y; z/ D x C 2y C 3z at the critical points:

f .P1/ D 0:8C 2 � 0:52 � 3 � 0:32 D 0:88

f .P2/ D �0:13C 2 � 0:15C 3 � 0:99 D 3:14 (1)

The two constraints determine the common points of the unit spherex2 C y2 C z2 D 1 and the planex C y C z D 1. This set is
a circle that is a closed and bounded set inR3. Therefore,f has a minimum and maximum values on this set. These extrema are
given in (1).

60. Find the minimum and maximum values off .x; y; z/ D x � z on the intersection of the cylindersx2 C y2 D 1 and
x2 C z2 D 1 (Figure 5).

z

x

y

FIGURE 5

SOLUTION Let us use the Lagrange Multipliers method with two constraints forf .x; y; z/ D x � z subject tog.x; y; z/ D
x2 C y2 � 1 D 0 andh.x; y; z/ D x2 C z2 � 1 D 0. The Lagrange condition would berf D �rg C �rh. Noting here that we
haverf D h1; 0;�1i, rg D h2x; 2y; 0i, andrh D h2x; 0; 2zi. Therefore we have

h1; 0;�1i D � h2x; 2y; 0i C � h2x; 0; 2zi

yielding the equations:

1 D 2�x C 2�x; 0 D 2�y; �1 D 2�z

Next, using the second equation, we find either� D 0 or y D 0.
If y D 0, then using the first constraint equation,x D ˙1 and using the second constraint equation we findz D 0. The derived

critical points are then:

.1; 0; 0/; .�1; 0; 0/

If � D 0, then using the first equation above we see1 D 2�x which implies

� D 1

2x

Using the last equation above we have:

�1 D 2 � 1
2x
z ) �x D z

Then using the second constraint equation, we have

2x2 D 1 ) x D ˙ 1p
2
; z D � 1p

2

Using the first constraint equation, we have

x2 C y2 D 1 ) y2 D 1

2
) y D ˙ 1p

2

We have four derived critical points here:
�
1p
2
;
1p
2
;� 1p

2

�
;

�
1p
2
;� 1p

2
;� 1p

2

�
;

�
� 1p

2
;
1p
2
;
1p
2

�
;

�
� 1p

2
;� 1p

2
;
1p
2

�

Now to analyzef .x; y; z/ D x � z for maximum and minimum values:

f .1; 0; 0/ D 1; f .�1; 0; 0/ D �1
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f

�
1p
2
;
1p
2
;� 1p

2

�
D

p
2; f

�
1p
2
;� 1p

2
;� 1p

2

�
D

p
2

f

�
� 1p

2
;
1p
2
;
1p
2

�
D �

p
2; f

�
� 1p

2
;� 1p

2
;
1p
2

�
D �

p
2

Hence the maximum value off .x; y; z/ D x � z subject to the two constraints is
p
2, while the minimum value is�

p
2.

61. Use Lagrange multipliers to find the dimensions of a cylindrical can with a bottom but no top, of fixed volumeV with minimum
surface area.

SOLUTION We denote the radius of the cylinder byr and the height byh.

h

The volume of the cylinder isg D �r2h and the surface area is

f D 2�rhC 2�r2

We need to minimizef .r; h/ D 2�rhC 2�r2 subject to the constraintg.r; h/ D �r2h � V D 0.

Step 1. Write out the Lagrange Equations. We haverf D h2�hC 4�r; 2�ri D 2� hhC 2r; ri and rg D
˝
2�hr; �r2

˛
D

�
˝
2hr; r2

˛
, hence the Lagrange Conditionrf D �rg is

2� hhC 2r; ri D ��
D
2hr; r2

E

or

2 hhC 2r; ri D �
D
2hr; r2

E

We obtain the following equations:

2.hC 2r/ D 2hr�

2r D �r2
)

hC 2r D hr�

2r D �r2

Step 2. Solve for� in terms ofr andh. The equation of the constraint implies thatr ¤ 0 andh ¤ 0 (we assume thatV > 0).
Therefore, the Lagrange equations give

� D hC 2r

hr
D 1

r
C 2

h
; � D 2

r

Step 3. Solve forr andh using the constraint. Equating the two expressions for� gives

1

r
C 2

h
D 2

r

2

h
D 1

r
) h D 2r

We substituteh D 2r in the equation of the constraint�r2h D V and solve forr . We obtain

�r2 � 2r D V

2�r3 D V ) r D
�
V

2�

�1=3

We findh using the relationh D 2r :

h D 2

�
V

2�

�1=3

The critical point ish D 2
�
V
2�

�1=3
, r D

�
V
2�

�1=3
.
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Step 4. Conclusions. On the constraint�r2h D V we haveh D V
�r2 and r D

q
V
�h

, hence

f

�
r;

V

�r2

�
D 2�r � V

�r2
C 2�r2 D 2V

r
C 2�r2

f

 r
V

�h
; h

!
D 2�

r
V

�h
hC 2� � V

�h
D 2

p
�V

p
hC 2V

h

We see that ash ! 0C or h ! 1, we havef .r; h/ ! 1, and asr ! 0C or r ! 1, we havef .r; h/ ! 1. Therefore,f has
a minimum value on the constraint, which occurs at the critical point. We evaluatef .r; h/ D 2�rhC 2�r2 D 2�.rhC r2/ at the
critical pointP :

f .P / D 2�

 �
V

2�

�1=3
� 2
�
V

2�

�1=3
C
�
V

2�

�2=3!
D 2�

 
2

�
V

2�

�2=3
C
�
V

2�

�2=3!
D 6�

�
V

2�

�2=3

We conclude that the minimum surface area is6�
�
V
2�

�2=3
, and the dimensions of the corresponding cylinder arer D

�
V
2�

�1=3
,

h D 2
�
V
2�

�1=3
.

62. Find the dimensions of the box of maximum volume with its sides parallel to the coordinate planes that can be inscribed in the
ellipsoid (Figure 6)

�x
a

�2
C
�y
b

�2
C
�z
c

�2
D 1

z

x

y

FIGURE 6

SOLUTION We denote the vertices of the box by.˙x;˙y;˙z/, wherex � 0, y � 0, z � 0. The volume of the box is

V.x; y; z/ D 8xyz

The vertices of the box must satisfy the equation of the ellipsoid, hence,

g.x; y; z/ D x2

a2
C y2

b2
C z2

c2
� 1 D 0; x � 0; y � 0; z � 0:

We need to maximizeV due to the constraint:g.x; y; z/ D 0, x � 0, y � 0, z � 0.

Step 1. Write out the Lagrange Equations. We haverV D 8 hyz; xz; xyi andrg D
D
2x
a2 ;

2y

b2 ;
2z
c2

E
, hence the Lagrange Condition

rV D �rg gives the following equations:

yz D �
2x

a2

xz D �
2y

b2

xy D �
2z

c2

Step 2. Solve for� in terms ofx, y, andz. If x D 0, y D 0, or z D 0, the volume of the box has the minimum value zero. We thus
may assume thatx ¤ 0, y ¤ 0, andz ¤ 0. The Lagrange equations give

� D a2yz

2x
; � D b2xz

2y
; � D c2xy

2z

Step 3. Solve forx, y, andz using the constraint. Equating the three expressions for� yields the following equations:

a2

2

yz

x
D c2

2

xy

z

b2

2

xz

y
D c2

2

xy

z

)
y
�
c2x2 � a2z2

�
D 0

x
�
c2y2 � b2z2

�
D 0
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Sincex > 0 andy > 0, these equations imply that

c2x2 � a2z2 D 0

c2y2 � b2z2 D 0
)

x D az

c

y D bz

c

(1)

We now substitutex andy in the equation of the constraint and solve forz. This gives

�
az
c

�2

a2
C

�
bz
c

�2

b2
C z2

c2
D 1

z2

c2
C z2

c2
C z2

c2
D 1

3z2

c2
D 1 ) z D cp

3

We findx andy using (1):

x D a

c

cp
3

D ap
3
; y D b

c

cp
3

D bp
3

We obtain the critical point:

P D
�
ap
3
;
bp
3
;
cp
3

�

Step 4. Conclusions. The functionV D 8xyz is a polynomial, hence it is continuous. The constraint defines a closed and compact
set inR3, hencef has extreme values on the constraint. The maximum value is obtained at the critical pointP . We find it:

V.P / D 8
ap
3

� bp
3

� cp
3

D 8
abc

3
p
3

We conclude that the dimensions of the box of maximum volume with sides parallel to the coordinate planes, which can be inscribed
in the ellipsoid, are

x D ap
3
; y D bp

3
; z D cp

3
:

63. Givenn nonzero numbers�1; : : : ; �n, show that the minimum value of

f .x1; : : : ; xn/ D x21�
2
1 C � � � C x2n�

2
n

subject tox1 C � � � C xn D 1 is c, wherec D

0
@

nX

jD1
��2
j

1
A

�1

.

SOLUTION We must minimize the functionf .x1; : : : ; xn/ D x21�
2
1 C � � � C x2n�

2
n subject to the constraintg .x1; : : : ; xn/ D

x1 C � � � C xn � 1 D 0.

Step 1. Write out the Lagrange Equations. We haverf D
˝
2�21x1; : : : ; 2�

2
nxn

˛
andrg D h1; : : : ; 1i, hence the Lagrange Condi-

tion rf D �rg gives the following equations:

2�2i xi D �; i D 1; : : : ; n

Step 2. Solve forx1; : : : ; xn using the constraint. The Lagrange equations imply the following equations:

2�2i xi D 2�2nxn; xi D �2n

�2i

xnI i D 1; : : : ; n � 1

We substitute these values in the equation of the constraintx1 C � � � C xn D 1 and solve forxn. This gives

�2n

�21
xn C �2n

�22
xn C � � � C �2n

�2n�1
xn C xn D 1

�2n

 
1

�21
C 1

�22
C � � � C 1

�2n�1
C 1

�2n

!
xn D 1

�2n

0
@

nX

jD1
��2
j

1
A xn D 1
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Denotingc D
�Pn

jD1 �
�2
j

��1
, we getxn D c

�2
n

. Usingxi D �2
n

�2
i

xn we get

xi D �2n

�2i

� c
�2n

D c

�2i

We obtain the following point:

P D
 
c

�21
;
c

�22
; : : : ;

c

�2n

!

Step 3. Conclusions. Asxi ! 1 or xi ! �1, for one or morei ’s the functionf .x1; : : : ; xn/ tends to1. f is continuous since
it is a polynomial, hencef has a minimum value on the constraint. This minimum occurs at the critical point. We find it:

f .P / D
nX

jD1
�2j

 
c

�2j

!2
D

nX

jD1

�2j c
2

�4j

D c2
nX

jD1
��2
j D c2 � c�1 D c


