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1 | PRECALCULUS REVIEW

1.1 Real Numbers, Functions, and Graphs

Preliminary Questions
1. Give an example of numbetsandb such thau < b and|a| > |b|.

SOLUTION Takea = —3 andb = 1. Thena < b but|a] =3 > 1 = |b|.
2. Which numbers satisfiu| = a? Which satisfyla| = —a? What about—a| = a?

SOLUTION The numbersa > 0 satisfy|a| = a and| — a| = a. The numberg < 0 satisfy|a| = —a.
3. Give an example of numbetsandb such thata + b| < |a| + |b].

SOLUTION Takea = —3 andb = 1. Then
la+bl=|-3+1=|-2|=2, but la| + 16| =]=-3]+|1|=3+1=4.

Thus,|la + b| < |a| + |b].
4. What are the coordinates of the point lying at the intersection of the line® andy = —4?
SOLUTION The point(9, —4) lies at the intersection of the lines= 9 andy = —4.
5. In which quadrant do the following points lie?
(@ (1.4 (b) (=3.2) () 4.-3) (d) (4.1

SOLUTION
(a) Because both the- andy-coordinates of the poirl, 4) are positive, the pointl, 4) lies in the first quadrant.

(b) Because the-coordinate of the point—3, 2) is negative but the-coordinate is positive, the poiiit-3, 2) lies in the second
quadrant.

(c) Because tha-coordinate of the point4, —3) is positive but they-coordinate is negative, the poit, —3) lies in the fourth
quadrant.

(d) Because both the- andy-coordinates of the poirt-4, —1) are negative, the poirt-4, —1) lies in the third quadrant.
6. What is the radius of the circle with equatien— 9)2 + (y — 9)2 = 9?
SOLUTION  The circle with equatiorix — 9)? + (y — 9)> = 9 has radius 3.

7. The equationf(x) = 5 has a solution if (choose one):
(a) 5 belongs to the domain of.
(b) 5 belongs to the range of.

SOLUTION The correct response (B): the equationf (x) = 5 has a solution if 5 belongs to the range fof
8. What kind of symmetry does the graph havg'f-x) = — f(x)?

soLuTION If f(—x) = —f(x), then the graph of is symmetric with respect to the origin.

Exercises
1. Use a calculator to find a rational numbesuch thair — 72| < 1074,

SOLUTION r must satisfyr? — 1074 < r < 72 + 1074, 0r 9.869504 < r < 9.869705. r = 9.8696 = 12337 would be one
such number.

2. Which of (a)—(f) are true fon = —3 andb = 2?

@ a<b (b) la] < |b] (€) ab>0

(d) 3a <3b (e) —4a < —4b ® 1 < 1
a b

SOLUTION

(a) True. (b) False|a| =3 >2=b|.

(c) False(-3)(2) = -6 < 0. (d) True.

(e) False(—4)(—3) = 12 > —8 = (—4)(2). () True.



2 CHAPTER 1 | PRECALCULUS REVIEW

In Exercises 3-8, express the interval in terms of an inequality involving absolute value.

3. [-2,2]
SOLUTION |x| <2
4. (—4,4)
SOLUTION |x| < 4
5. (0, 4)

SOLUTION  The midpoint of the interval is = (0 + 4)/2 = 2, and the radius i8 = (4 — 0)/2 = 2; therefore,(0, 4) can be
expressed as — 2| < 2.

6. [4.0]

SOLUTION The midpoint of the interval is = (—4 + 0)/2 = —2, and the radius is = (0 — (—4))/2 = 2; therefore, the
interval[—4, 0] can be expressed as+ 2| < 2.

7. [1.5]

SOLUTION The midpoint of the interval is = (1 + 5)/2 = 3, and the radius is = (5 — 1)/2 = 2; therefore, the intervdll, 5]
can be expressed &s— 3| < 2.

8. (=2.,8)
SOLUTION  The midpoint of the interval is = (8 —2)/2 = 3, and the radius is8 = (8 — (—2))/2 = 5; therefore, the interval
(-2, 8) can be expressed &s— 3| < 5
In Exercises 9—-12, write the inequality in the formm< x < b.
9. x| <8
SOLUTION —8<x <8
10. [x — 12| <8
SOLUTION —8<x—12<8s04<x <20
11 2x+ 1] <5
SOLUTION —5<2x+4+1<5s80-6<2x <4and-3 <x <2
12. Bx — 4| <2
SOLUTION —2<3x—4<2s02<3x <6and% <x <2
In Exercises 13-18, express the set of numbesatisfying the given condition as an interval.
13. |x| < 4
SOLUTION (—4,4)
14. |x| <9
SOLUTION [-9,9]
15. |x —4] <2

SOLUTION The expressiofx — 4| < 2 is equivalent to-2 < x — 4 < 2. Therefore2 < x < 6, which represents the interval
(2, 6).

16. |x + 7| < 2

SOLUTION The expressiofx + 7| < 2 is equivalent te-2 < x + 7 < 2. Therefore—~9 < x < —5, which represents the interval
(=9,-5).

17. |4x —1] < 8

SOLUTION The expressiomx — 1| < 8 is equivalentto-8 < 4x —1 <8or—7 < 4x < 9. Therefore,—% <x< %, which
represents the interv{#%, %].

18. Bx + 5/ <1

SOLUTION The expressiof3x + 5| < 1 is equivalentto-1 < 3x + 5 < 1 or —6 < 3x < —4. Therefore—2 < x < —% which
represents the intervél-2, —%)
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In Exercises 19-22, describe the set as a union of finite or infinite intervals.

19. {x: |x — 4| > 2}

SOLUTION x—4>20rx—4<-2=x>60rx <2 = (—00,2) U (6,00)

20. {x :|2x + 4| > 3}

SOLUTION 2x +4>30r2x +4 <—3=2x > -1 0r2x < -7 = (=00, —%) U (3., 0)

21, {x 1 |x2—1] > 2}

SOLUTION x2—1>2o0rx?2—1 < —2 = x2 > 3 orx2 < —1 (this will never happen}= x > V3 or x < —v/3 =
(—00, —/3) U (+/3, 00).

22. {x:|x2+2x| > 2}

SOLUTION x2+42x >20rx2 +2x <—2= x2+4+2x—2>00rx2 + 2x + 2 < 0. For the first case, the zeroes are
x=—1%+3= (—00,—1 —/3) U (=1 + /3, ).

For the second case, note there are no real zeros. Because the parabola opens upward and its vertex is located-akieye the
there are no values af for which x2 + 2x + 2 < 0. Hence, the solution set {s-00, —1 — v/3) U (=1 + /3, 0).

23. Match (a)—(f) with (i)—(vi).

(@a>3 (b) |a—5|<%
(C)a—% <5 (d) |a| > 5
(€) la—4] <3 ) 1=<a=xs

(i) a lies to the right of 3.
(ii) a lies between 1 and 7.
(iii) The distance fromr to 5 is less thar%.
(iv) The distance froma to 3 is at most 2.
(V) ais less than 5 units frorg.
(vi) a lies either to the left of-5 or to the right of 5.

SOLUTION

(a) On the number line, numbers greater than 3 appear to the right; hencg,is equivalent to the numbers to the right of(3:
(b) |a — 5| measures the distance framo 5; hencela — 5| < % is satisfied by those numbers less t%auf a unit from 5:(iii) .
(c) la — 3| measures the distance franto 3; henceja — 3| < 5 is satisfied by those numbers less than 5 units fiar(v).

(d) The inequalityle| > 5 is equivalent taz > 5 ora < —5; that is, eithewr lies to the right of 5 or to the left of5: (vi).

(e) The interval described by the inequality — 4| < 3 has a center at 4 and a radius of 3; that is, the interval consists of those
numbers between 1 and (1) .

(f) The interval described by the inequality< x < 5 has a center at 3 and a radius of 2; that is, the interval consists of those
numbers less than 2 units from@:).

24, Describe{x LI 0} as an interval.
x+1
SOLUTION Case 1x < 0andx + 1 > 0. This implies thatr < 0 andx > —1 = —1 <x < 0.
Case 2x > 0 andx < —1 for which there is no such. Thus, solution set is therefofe-1, 0).
25. Describe{x : x2 4 2x < 3} as an intervalHint: Ploty = x2 + 2x — 3.

SOLUTION The inequalityx? + 2x < 3 is equivalent tox? + 2x — 3 < 0. In the figure below, we see that the graph of
y = x2 + 2x — 3 falls below thex-axis for—3 < x < 1. Thus, the sefx : x2 + 2x < 3} corresponds to the interval3 < x < 1.

y
y=x>+2x-3

N AN O

—x
4 N2 LN 2

26. Describe the set of real numbers satisfyjng- 3| = |x — 2| + 1 as a half-infinite interval.
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SOLUTION  We will break the problem into three cases> 3,2 < x < 3 andx < 2. Forx > 3, bothx — 3 andx — 2 are greater
than or equal to 0, spx — 3| = x — 3 and|x — 2| = x — 2. The equationx — 3| = |x — 2| 4+ 1 then becomes -3 =x—-2+1,
which is equivalent to-1 = 1. Thus, forx > 3, there are no solutions. Next, we considex x < 3. Now,x —3 < 0, so
[x =3] =3 —x,butx —2 >0, s0|x — 2| = x — 2. The equationx — 3| = |x —2| 4+ 1 then become8 —x = x — 2 + 1, which
is equivalent tor = 2. Thus,x = 2 is a solution. Finally, consider < 2. Bothx — 3 andx — 2 are negative, spx — 3| =3 — x
and|x — 2| = 2 — x. The equationx — 3| = |x — 2| + 1 then become3d — x = 2 — x + 1, which is equivalent td = 1. Hence,
everyx < 2 is a solution. Bringing all three cases together, it follows that 3| = |x — 2| + 1 is satisfied for allk < 2, or for all
x on the half-infinite interva(—oo, 2].

27. Show that ifa > b, thenb~! > ¢~1, provided that: andb have the same sign. What happens if 0 andb < 0?

b 1 1
Ez>g>—.

SOLUTION Case la: Itz andb are both positive, thea > b = 1 > 2
Case 1b: Ifa andb are both negative, than> b = 1 < g (sincea is negative)= % > % (again, since is negative).
Case 2:Ifa > 0andb < 0, thenl > 0and; <0so} < 1.(See Exercise 2f for an example of this).

28. Which x satisfy bothjx — 3| <2 and|x — 5| < 1?

SOLUTION |x—=3|<2=-2<x—-3<2=1<x<5.Also|x—5] <1 = 4<x < 6.Since we want an that satisfies
both of these, we need the intersection of the two solution sets, tdakis;, < 5.

29. Show that ifla — 5| < 4 and|b — 8| < 1, then|(a + b) — 13| < 1. Hint: Use the triangle inequality.
SOLUTION
la +b—13] = |[(a —5) + (b — 8)|
<la—5|+|b—8| (bythe triangle inequality)
< ! + ! =1
2 2 7

30. Suppose thate — 4| < 1.
(a) What is the maximum possible value [af + 4|?
(b) Show thatjx? — 16| < 9.
SOLUTION
(@) |x —4] < 1guarantee8 < x <5.Thus,7<x +4<9,s0|x +4| <9.
(b) |x2—16| =|x —4|-|x +4/<1-9=09.
31. Suppose thgu — 6] <2 and|b| < 3.
(a) What is the largest possible value|af+ b|?
(b) What is the smallest possible value|af+ b|?

SOLUTION |a — 6| < 2 guarantees that < a < 8, while |b| < 3 guarantees that3 < b < 3. Thereforel <a + b < 11. It
follows that

(a) the largest possible value faf + b| is 11; and
(b) the smallest possible value [of + b| is 1.

32. Prove thaix| — |y| < |x — y|. Hint: Apply the triangle inequality toy andx — y.
SOLUTION First note
x| =lx—y+yl=lx—yl+Iyl
by the triangle inequality. Subtractinig| from both sides of this inequality yields
x| =yl < lx =yl
33. Express; = 0.27 as a fractionHint: 100r; — 71 is an integer. Then express = 0.2666 . .. as a fraction.
SOLUTION Letr; = .27. We observe that00r; = 27.27. Therefore,100r; — r; = 27.27 — .27 = 27 and

27 3
r=—_=—.

T 99 11
Now, letry = 0.2666. Then10r, = 2.666 and 1007, = 26.666. Therefore,100r, — 10r, = 26.666 — 2.666 = 24 and

24 4
rp=—=—.
9 15

34. Represent /7 and4 /27 as repeating decimals.

1 — 4
SOLUTION = = 0.142857; — = 0.148
7 27
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35. The text statedf the decimal expansions of numberandb agree tok places, thena — b| < 10~%. Show that the converse
is false: For alk there are numbets andh whose decimal expansiods not agree at albut|a — b| < 107,

SOLUTION Leta = 1 andbh = 0.9 (see the discussion before Example 1). The decimal expansianarafb do not agree, but
[1 —0.9] < 107* for all k.

36. Plot each pair of points and compute the distance between them:

(@) (1,4) and(3,2) (b) (2,1) and(2,4)
(c) (0,0)and(-2,3) (d) (-3,-3) and(-2,3)
SOLUTION

(@) The points(1, 4) and(3, 2) are plotted in the figure below. The distance between the points is

d=JG-12+2—42 =2+ (22 =vB=2V2

y

PN W s

1 2 3

(b) The points(2, 1) and(2, 4) are plotted in the figure below. The distance between the points is

d=Je-22+@-12=0=3

y

PN W s

1 2 3

(c) The points(0, 0) and(—2, 3) are plotted in the figure below. The distance between the points is

d=/(c22=02 +(3-0? = V459 = VI3,

y

(S CENAIEN

-2 -1

(d) The points(—3, —3) and(—2, 3) are plotted in the figure below. The distance between the points is

d= (-3 (-2 +(-3-3)2 = VTF36= V37.

37. Find the equation of the circle with centér, 4):

(a) with radiusr = 3.

(b) that passes through, —1).

SOLUTION

(a) The equation of the indicated circle(is — 2)% + (y —4)2 =32 = 9.



6 CHAPTER 1 | PRECALCULUS REVIEW

(b) First determine the radius as the distance from the center to the indicated point on the circle:

r=y@—-12+@- (2= V5.

Thus, the equation of the circle (s — 2)% + (y — 4)% = 26.

38. Find all points with integer coordinates located at a distahfrem the origin. Then find all points with integer coordinates
located at a distance 5 fro(@, 3).

SOLUTION

« To be located a distance 5 from the origin, the points must lie on the aifcle y2 = 25. This leads to 12 points with integer
coordinates:

5,00 (=5,00 (0,5 (0,-5)

3,49 (-3,9 G4 (3,4
4,3) (-4,3) 4,-3) (-4,-3)

« To be located a distance 5 from the pof@t 3), the points must lie on the circler — 2)2 + (y — 3)? = 25, which implies
that we must shift the points listed above two units to the right and three units up. This gives the 12 points:

(7,3) (-3,3) (2,8 2,-2)
6.7 =1L,7 G,-1) (—=1,-1)
(6,6) (—2,6) (6,0) (=2,0)

39. Determine the domain and range of the function

f Ar,s,t,u} - {A,B,C,D,E}
defined byf(r) = A, f(s) = B, f(t) = B, f(u) = E.
SOLUTION The domain is the sdd = {r, s, t, u}; the range is the st = {4, B, E}.

40. Give an example of a function whose domdlirhas three elements and whose raRgeas two elements. Does a function exist
whose domairD has two elements and whose rariybas three elements?

SOLUTION Define f by f : {a,b,c} — {1,2} wheref(a) =1, f(b) =1, f(c) = 2.
There is no function whose domain has two elements and range has three elements. If that happened, one of the domain elements
would get assigned to more than one element of the range, which would contradict the definition of a function.

In Exercises 41-48, find the domain and range of the function.

41. f(x) = —x

SOLUTION D :allreals;R : all reals

42. g(t) =t*

SOLUTION D :allreals;R:{y:y >0}
43. f(x) = x3

SOLUTION D :allreals;R : all reals

44. g(t) =2 —1

SOLUTION D :{t:t<2};R:{y:y >0}
45. f(x) = |x|

SOLUTION D :allreals;R:{y:y >0}
1
46. h(s) = -
s
SOLUTION D :{s:s#0}; R:{y:y #0}
1
a7. f(x) = —
X
SOLUTION D :{x:x#0} R:{y:y >0}
1
48. g(t) = cos;

SOLUTION D :{t:t#0; R:{y: -1 <y =<1}
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In Exercises 49-52, determine wheféx) is increasing.

49. f(x) =|x+ 1|

SOLUTION A graph of the functiory = |x + 1| is shown below. From the graph, we see that the function is increasing on the
interval (—1, c0).

50. f(x) = x3
SOLUTION A graph of the functiony = x3 is shown below. From the graph, we see that the function is increasing for all real
numbers.
y
+ p : — X
-2 1 2

/4/_ 5}

51. f(x) = x*

SOLUTION A graph of the functiory = x* is shown below. From the graph, we see that the function is increasing on the interval
(0, 00).

1

2= wra

SOLUTION A graph of the functiory = e is shown below. From the graph, we see that the function is increasing on
X X

the interval(—oo, 0).

In Exercises 53-58, find the zerosfifx) and sketch its graph by plotting points. Use symmetry and increase/decrease information
where appropriate.

53. f(x) =x2—-4

SOLUTION Zeros:+2
Increasingx > 0
Decreasingx < 0
Symmetry: f(—x) = f(x) (even function). Soy-axis symmetry.

./
N
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54. f(x)=2x%2—-4

SOLUTION  Zeros:£+/2
Increasingx > 0
Decreasingx < 0

Symmetry: f(—x) = f(x) (even function). Soy-axis symmetry.

y

10

X

55. f(x) = x3 —4x

SOLUTION  Zeros:0, £2; Symmetry: f(—x) = — f(x) (odd function). So origin symmetry.

o/
&

SOLUTION  Zeros:0; Increasing for allk; Symmetry: f(—x) = — f(x) (odd function). So origin symmetry.

56. f(x) = x3

10
X
32710 1 2 3
-20

SOLUTION  This is anx-axis reflection ofc3 translated ug units. There is one zero at= /2.

y
20
10
— : x
"2 “Lypf 1
_20,

i 1 . . .
SOLUTION This is the graph of2—Jrl translated to the right 1 unit. The function has no zeros.
X

57. f(x) =2—x3

1

BT =T

y
1
0.8
0.6
0.
2
X
-4 -2 2 4

59. Which of the curves in Figure 1 is the graph of a function?
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<

y

® (8)

y
©) (D)
FIGURE 1

SOLUTION  (B) is the graph of a function. (A), (C), and (D) all fail the vertical line test.
60. Determine whether the function is even, odd, or neither.

@ f(x)=x’ ) g(t) =13 12
(c) F(t) = m
SOLUTION

(@) f(=x) = (=x)°> = —x> = — f(x), so this function is odd.
() g(—1) = (=1)3 = (—=1)? = —3 — 12 which is equal to neitheg(r) nor —g(¢), so this function is neither odd nor even.
(c) This function is even because
1 1
()4 4+ (-2~ 14412
61. Determine whether the function is even, odd, or neither.
1

F(—t) = = F(t).

_ _ _nt _H—t
(a)f(t)—t4+t+1 pra—— (b) gty =2" -2
(c) G(8) = sind + cosh (d) H(9) = sin(6?)
SOLUTION

(a) This function is odd because

1 1
f=0 = )4 4+ (=) +1 (*—(-n)+1
S S

o+l i1l

(b) g(—1) =271 —2=(-1 =271 _ 2! = _¢(¢), so this function is odd.

(c) G(—0) = sin(—0) + cog—0) = —siné + cosH which is equal to neithet (6) nor—G(0), so this function is neither odd nor
even.

(d) H(—8) = sin((—0)?) = sin(62) = H(H), so this function is even.

62. Write f(x) = 2x* — 5x3 4+ 12x2 — 3x + 4 as the sum of an even and an odd function.

SOLUTION Letg(x) = 2x* + 12x% + 4 andh(x) = —5x3 — 3x, so thatf(x) = g(x) + h(x). Observe

g(=x) = 2(=0)* +12(—x)% + 4 = 2x* + 12x2 4+ 4 = g(x),
while
h(—x) = =5(—x)3 = 3(—x) = 5x3 4 3x = —h(x).

Thus,g(x) is an even function, ankl(x) is an odd function.

63. Show thatf(x) = In (:%x) is an odd function.

X

SOLUTION

(==
reo=mn(iren)

14+ x 1—x
:ln(l—x) :_ln(1+x) ==/,

so this is an odd function.
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64. State whether the function is increasing, decreasing, or neither.
(a) Surface area of a sphere as a function of its radius

(b) Temperature at a point on the equator as a function of time

(c) Price of an airline ticket as a function of the price of oil

(d) Pressure of the gas in a piston as a function of volume

SOLUTION
(a) Increasing (b) Neither (c) Increasing (d) Decreasing

In Exercises 65-70, lef(x) be the function shown in Figure 2.

o B N W b

1 2 3 4
FIGURE 2

65. Find the domain and range g¢f(x)?
SOLUTION D :[0,4]; R : [0, 4]
66. Sketch the graphs of (x + 2) and f(x) + 2.

SOLUTION The graph ofy = f(x + 2) is obtained by shifting the graph of= f(x) two units to the left (see the graph below
on the left). The graph of = f(x) + 2 is obtained by shifting the graph of = f(x) two units up (see the graph below on the
right).

PN WN\>
PNWSOOO

2 -1 1 2 1 2 3 4
f(x+2) f(x)+2

67. Sketch the graphs of (2x), f(%x), and2f(x).

SOLUTION The graph ofy = f(2x) is obtained by compressing the graphyot= f(x) horizontally by a factor of 2 (see the
graph below on the left). The graph of= f(%x) is obtained by stretching the graph pf= f(x) horizontally by a factor of 2
(see the graph below in the middle). The graphy 6f 2 f(x) is obtained by stretching the graphyft f(x) vertically by a factor
of 2 (see the graph below on the right).

y y y
4 4 8
3/\/ 3 6
2/ 2 4
1 1 2
X X X
1 2 3 4 2 4 6 8 1 2 3 4

f(2x) f(x/2) 2f(x)
68. Sketch the graphs of (—x) and— f(—x).

SOLUTION The graph ofy = f(—x) is obtained by reflecting the graph pf= f(x) across they-axis (see the graph below on
the left). The graph of = — f(—x) is obtained by reflecting the graph pf= f(x) across both the- andy-axes, or equivalently,
about the origin (see the graph below on the right).

PN W s
|
=

f(-x) —f(~x)
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69. Extend the graph of (x) to [—4, 4] so that it is an even function.

SOLUTION To continue the graph of (x) to the interval—4, 4] as an even function, reflect the graphfafr) across the -axis
(see the graph below).

V\%/v

-4 -2 2 4

X

70. Extend the graph of (x) to [—4, 4] so that it is an odd function.

SOLUTION To continue the graph of (x) to the interval[—4, 4] as an odd function, reflect the graph 6fx) through the origin
(see the graph below).

71. Suppose thaff (x) has domairj4, 8] and rangd2, 6]. Find the domain and range of:

@ f(x)+3 (b) f(x+3)
(c) f(Bx) (d) 3/(x)
SOLUTION

(&) f(x)+ 3is obtained by shifting/(x) upward three units. Therefore, the domain rem@n8], while the range becomés, 9].
(b) f(x + 3) is obtained by shiftingf (x) left three units. Therefore, the domain becorjies], while the range remairg, 6].

(c) f(3x) is obtained by compressing(x) horizontally by a factor of three. Therefore, the domain beco[éeé], while the
range remaing, 6].

(d) 3f(x) is obtained by stretching (x) vertically by a factor of three. Therefore, the domain remddns], while the range
becomesd6, 18].

72. Let f(x) = x2. Sketch the graph ovér2, 2] of:

@ fx+1 (b) f(x)+1
(c) f(5x) (d) 5/(x)
SOLUTION

(a) The graph ofy = f(x + 1) is obtained by shifting the graph of= f(x) one unit to the left.

y

N B O

f(x+1)
(b) The graph ofy = f(x) + 1 is obtained by shifting the graph ¢f= f(x) one unit up.

y

N B O

f(x)+1

(c) The graph ofy = f(5x) is obtained by compressing the graphyof f(x) horizontally by a factor of 5.
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2 -1 1 2
f(5%)

(d) The graph ofy = 5f(x) is obtained by stretching the graphyf= f(x) vertically by a factor of 5.

y

100
80
60
40
20

5f(x)

73. Suppose that the graph ¢f(x) = sinx is compressed horizontally by a factor of 2 and then shifted 5 units to the right.
(@) What is the equation for the new graph?

(b) What is the equation if you first shift by 5 and then compress by 2?

(c) Verify your answers by plotting your equations.

SOLUTION

(a) Let f(x) = sinx. After compressing the graph g¢f horizontally by a factor of 2, we obtain the functigtix) = f(2x) =
sin2x. Shifting the graph 5 units to the right then yields

h(x) = g(x —5) = sin2(x — 5) = sin(2x — 10).

(b) Let f(x) = sinx. After shifting the graph 5 units to the right, we obtain the functidqy) = f(x — 5) = sin(x — 5).
Compressing the graph horizontally by a factor of 2 then yields

h(x) = g(2x) = sin2x — 5).

(c) The figure below at the top left shows the graphg of sinx (the dashed curve), the sine graph compressed horizontally by
a factor of 2 (the dash, double dot curve) and then shifted right 5 units (the solid curve). Compare this last graph with the graph of
y = sin(2x — 10) shown at the bottom left.

The figure below at the top right shows the graphg o sinx (the dashed curve), the sine graph shifted to the right 5 units
(the dash, double dot curve) and then compressed horizontally by a factor of 2 (the solid curve). Compare this last graph with the
graph ofy = sin(2x — 5) shown at the bottom right.

DAL VAN
iRl VW‘V

74. Figure 3 shows the graph of(x) = |x| + 1. Match the functions (a)—(e) with their graphs (i)—(v).
@ fx-1 (b) —f(x) € —f(x)+2
d fx-1) -2 () f(x+1)
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\2/ \; :
. 2 2
) {
———————x : x /r
32 4l123 7 32 1123 32 2 3
y=f)=|x|+1 ) (ii)
y y y
3t 3 \
21 21 2
A ] ]
+ X +—+—t — X t —t+—t+— X
47/4 I I\K% 32 J123 32 1123
21 ; -2
=y 31 31
(iii) (@iv) v)
FIGURE 3

SOLUTION

(a) Shift graph to the right one unit: (v)

(b) Reflect graph across-axis: (iv)

(c) Reflect graph across-axis and then shift up two units: (jii)

(d) Shift graph to the right one unit and down two units: (ii)

(e) Shift graph to the left one unit: (i)

75. Sketch the graph of (2x) andf(%x), where f(x) = |x| + 1 (Figure 3).

SOLUTION The graph ofy = f(2x) is obtained by compressing the graphyot= f(x) horizontally by a factor of 2 (see the

graph below on the left). The graph of= f(%x) is obtained by stretching the graph pf= f(x) horizontally by a factor of 2
(see the graph below on the right).

y y
6 6
4 4

2
X

X
3 -2-1 | 1 2 3 3 -2 -1 | 1 2 3
£(2) f(x12)

76. Find the functionf(x) whose graph is obtained by shifting the parabpla: x2 three units to the right and four units down,
as in Figure 4.

y

FIGURE 4

SOLUTION  The new function isf (x) = (x —3)% — 4

77. Define f(x) to be the larger ok and2 — x. Sketch the graph of (x). What are its domain and range? Exprg$s) in terms
of the absolute value function.

SOLUTION

X
1 | 1 2 3
The graph ofy = f(x) is shown above. Clearly, the domain gfis the set of all real numbers while the ranggys| y > 1}.
Notice the graph has the standard V-shape associated with the absolute value function, but the base of the V has been translate

the point(1, 1). Thus, f(x) = |x — 1| + 1.
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78. For each curve in Figure 5, state whether it is symmetric with respect to-#ixés, the origin, both, or neither.
y y
X
{ ; g ) j:::¥Zii::::X
Gy )

N,
Y

© ()]
FIGURE 5

SOLUTION
(A) Both

(B) Neither
(C) y-axis
(D) Origin

79. Show that the sum of two even functions is even and the sum of two odd functions is odd.
even

SOLUTION  Even:(f + g)(—x) = f(—x) + g(—x) "=" £ (x) + g(x) = (f + g)(x)
0dd: (f + g)(—x) = f(=x) + g(—x) 2= £(x) + —g(x) = ~(f + 2)(x)

80. Suppose thaf'(x) andg(x) are both odd. Which of the following functions are even? Which are odd?

@ /() (b) f(x)?
©) fx)—gx) (d) M

g(x)
SOLUTION

(@ f(=x)g(=x) = (=f(x))(—g(x)) = f(x)g(x) = Even

(0) f(=x)* = [-f ()] = —f(x)* = Odd

(©) f(=x)—g(=x) = —f(x) + g(x) = =(f(x) — g(x)) = Odd
@ 19 _Z/®
gl=x) —glx) g
81. Prove that the only function whose graph is symmetric with respect to both+&ixés and the origin is the functiofi(x) = 0.
SOLUTION Supposef is symmetric with respect to the-axis. Thenf(—x) = f(x). If f is also symmetric with respect to the
origin, then f(—x) = — f(x). Thus f(x) = — f(x) or2f(x) = 0. Finally, f(x) = 0.

= Even

Further Insights and Challenges
82. Prove the triangle inequality by adding the two inequalities
—lal <a <lal, —|b] = b < |b]
SOLUTION Adding the indicated inequalities gives
—(lal + |b]) <a+b <|a| + |b|

and this is equivalent tl + b| < |a| + |b].
83. Show that a fractiom = a/b in lowest terms has finite decimal expansion if and only if

b =2"5" for somen,m > 0.

Hint: Observe that has a finite decimal expansion whedt" r is an integer for som&/ > 0 (and hencé divides10V).

SOLUTION Suppose- has a finite decimal expansion. Then there exists an int¥ger 0 such thatl0? r is an integer, call

it k. Thus,r = k/lON. Because the only prime factors of 10 are 2 and 5, it follows that whisnwritten in lowest terms, its
denominator must be of the for2# 5™ for some integers, m > 0.

. . . a a
Conversely, suppose = a/b in lowest withh = 2"5™ for some integera,m > 0. Thenr = 3= aem or 25"y = q.
m—n
If m > n, then2™5™r = g2m " orr = a and thusr has a finite decimal expansion (less than or equat terms, to be
n—m

precise). On the other handyif> m, then2”5"r = a5" "™ orr = and once agaim has a finite decimal expansion.

10"
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84. Let p = p1 ... ps be aninteger with digitgy, ..., ps. Show that

p
=0.p1.-.
10° -1 P1 Ps
Use this to find the decimal expansionrof= % Note that
2 18
1 102 -1

SOLUTION Letp = p;... ps be aninteger with digitg1, ..., ps, and letp = .p1... ps. Then

100°p—P=p1...psP1-- Ps—-Pl---DPs = P1---Ps = D-
Thus,

p
105 — 1

=P=.D1-.-Ds-

Consider the rational number= 2/11. Because

2 18 18
r=— —_—,

1199 102-1
it follows that the decimal expansion ois 0.18.

85. & A function f'(x) is symmetric with respect to the vertical lime= a if f(a —x) = f(a + x).
(a) Draw the graph of a function that is symmetric with respect te 2.
(b) Show that if f(x) is symmetric with respect to = a, theng(x) = f(x + a) is even.

SOLUTION
(a) There are many possibilities, one of which is

(b) Letg(x) = f(x +a). Then
g(=x) = f(=x+a) = fla—x)
= f(a+ x) symmetry with respect to = a
=g(x)
Thus,g(x) is even.

86. & Formulate a condition foy'(x) to be symmetric with respect to the pofat 0) on thex-axis.

SOLUTION In order for f(x) to be symmetrical with respect to the poiat 0), the value off" at a distancer units to the right of
a must be opposite the value gfat a distancer units to the left ofz. In other words,f(x) is symmetrical with respect t@, 0) if

fla+x)=—f(la—x).

1.2 Linear and Quadratic Functions

Preliminary Questions
1. What is the slope of the ling = —4x — 9?

SOLUTION The slope of the ling = —4x — 9 is —4, given by the coefficient of.
2. Are the linesy = 2x + 1 andy = —2x — 4 perpendicular?

SOLUTION The slopes of perpendicular lines are negative reciprocals of one another. Because the slep2xoft- 1 is 2 and
the slope ofy = —2x — 4 is —2, these two lines areot perpendicular.
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3. Whenis the lineix + by = ¢ parallel to they-axis? To thex-axis?
SOLUTION Thelineax + by = ¢ will be parallel to they-axis whenb = 0 and parallel to the-axis wheru = 0.
4. Supposey = 3x + 2. What isAy if x increases bgy?
SOLUTION Becausey = 3x + 2 is a linear function with slope 3, increasingoy 3 will lead toAy = 3(3) = 9.
5. What is the minimum off (x) = (x + 3)2 — 4?
SOLUTION Becausdx -+ 3)2 > 0, it follows that(x + 3)% — 4 > —4. Thus, the minimum value af + 3)% — 4 is —4.
6. What is the result of completing the square jex) = x2 + 1?2

SOLUTION Because there is noterm inx2 + 1, completing the square on this expression leads te 0)2 + 1.

Exercises
In Exercises 1-4, find the slope, thentercept, and ther-intercept of the line with the given equation.
1.y=3x+12

SOLUTION Because the equation of the line is given in slope-intercept form, the slope is the coefficiesmathey-intercept
is the constant term: that is; = 3 and they-intercept is 12. To determine theintercept, substitute = 0 and then solve fox:
0=3x+120rx = —4.

2.y=4—x
SOLUTION Because the equation of the line is given in slope-intercept form, the slope is the coefficieamathey-intercept
is the constant term: that iss = —1 and they-intercept is 4. To determine theintercept, substitute = 0 and then solve fox:
0=4—xorx =4.

3.4x+4+9y =3

SOLUTION To determine the slope andintercept, we first solve the equation foto obtain the slope-intercept form. This yields

y = —#x + 1. From here, we see that the sloperis= —& and the y-intercept is%. To determine thec-intercept, substitute

y = 0 and solve for: 4x = 3orx = 3.
4. y -3 = %(x—6)

SOLUTION The equation is in point-slope form, so we see that % Substitutingy = 0 yieldsy —3 = —3 or y = 0. Thus,
the x- and y-intercepts are both 0.

In Exercises 5-8, find the slope of the line.

5. y=3x+2
SOLUTION m =3
6. y=3x—-9+2
SOLUTION m =3
7.3x +4y = 12

SOLUTION First solve the equation for to obtain the slope-intercept form. This yields= —%x + 3. The slope of the line is
thereforem = —3.

8. 3x +4y =-8

SOLUTION First solve the equation for to obtain the slope-intercept form. This yields= —%x — 2. The slope of the line is

thereforen = —3.

In Exercises 9-20, find the equation of the line with the given description.

9. Slope 3,y-intercept 8
SOLUTION Using the slope-intercept form for the equation of a line, we have3x + 8.
10. Slope—2, y-intercept 3
SOLUTION  Using the slope-intercept form for the equation of a line, we have —2x + 3.
11. Slope 3, passes through 9)

SOLUTION  Using the point-slope form for the equation of a line, we have9 = 3(x —7) or y = 3x — 12.
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12. Slope-5, passes througfo, 0)
SOLUTION Using the point-slope form for the equation of a line, we have0 = —5(x — 0) or y = —5x.
13. Horizontal, passes through, —2)
SOLUTION A horizontal line has a slope of 0. Using the point-slope form for the equation of a line, werhaye2) = 0(x — 0)
ory =-2.
14. Passes through-1,4) and(2,7)
SOLUTION The slope of the line that passes throuygh, 4) and(2,7) is
7—4
"T2on "
Using the point-slope form for the equation of a line, we have7 = I(x —2) ory = x + 5.
15. Parallel toy = 3x — 4, passes througfi, 1)

SOLUTION Because the equation= 3x — 4 is in slope-intercept form, we can readily identify that it has a slope of 3. Parallel
lines have the same slope, so the slope of the requested line is also 3. Using the point-slope form for the equation of a line, we ha
y—1=3(x—-1)ory =3x—-2.

16. Passes througtl, 4) and(12, —3)

SOLUTION The slope of the line that passes throgghd) and (12, —3) is

—3-4 -7

m = = .
12—-1 11
Using the point-slope form for the equation of a line, we have4 = —17—1(x —lory= —%x + 2L,
17. Perpendicular t8x + 5y = 9, passes througf?, 3)

SOLUTION We start by solving the equatidx + 5y = 9 for y to obtain the slope-intercept form for the equation of a line. This
yields

[ iy

309
= ——Xx -,
YETEYTS

from which we identify the slope as% Perpendicular lines have slopes that are negative reciprocals of one another, so the slope
of the desired line i#1; = 3. Using the point-slope form for the equation of a line, we have3 = 3(x —2)ory = 3x — 1.

18. Vertical, passes through-4, 9)

SOLUTION A vertical line has the equation = ¢ for some constant. Because the line needs to pass through the geiti9),
we must have = —4. The equation of the desired line is ther= —4.

19. Horizontal, passes througR, 4)

SOLUTION A horizontal line has slope 0. Using the point slope form for the equation of a line, weyhavé = 0(x — 8) or

y =4

20. Slope 3x-intercept 6

SOLUTION If the x-intercept is 6, then the line passes through the p@ir). Using the point-slope form for the equation of a
line, we havey — 0 = 3(x —6) ory = 3x — 18.

21. Find the equation of the perpendicular bisector of the segment joitirzy and(5, 4) (Figure 1).Hint: The midpointQ of the
a+c b+ d)

segmentjoininga,b)and(c,d)is( )

y Perpendicular
bisector

6.4

FIGURE 1

SOLUTION The slope of the segment joinirid, 2) and(5, 4) is

4-2 1
m= — — = —
5—1 2

and the midpoint of the segment (Figure 1) is

145 2+4
midpoint = (—; ——; )= (3.3)

The perpendicular bisector has slepe/m = —2 and passes throudB, 3), soits equationisy —3 = —2(x —3)ory = —2x + 9.
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22. Intercept-Intercept Form Show that ifa, b # 0, then the line withx-interceptx = a and y-intercepty = b has equation
(Figure 2)

N

FIGURE 2

SOLUTION The line passes through the poiiis 0) and (0, b). Thusm = —%. Using the point-slope form for the equation of a
lineyieldsy —0=-42(x—a) = y=-2x+b=bx+y=b=2+)=1

23. Find an equation of the line witk-interceptx = 4 and y-intercepty = 3.

SOLUTION From Exercise 225 + § = 1 or 3x + 4y = 12.

24. Find y such thai(3, y) lies on the line of slope: = 2 through(1, 4).

SOLUTION In order for the poin(3, y) to lie on the line througll, 4) of slope 2, the slope of the segment connectihg) and
(3, y) must have slope 2. Therefore,

y—4 y—4
= ="—=2 —4=4 =8.
m 37 > =y =Y

25. Determine whether there exists a constaatich that the line + cy = 1:

(a) Has slope 4 (b) Passes througts, 1)
(c) Is horizontal (d) Is vertical
SOLUTION

(a) Rewriting the equation of the line in slope-intercept form giyes —% + +. To have slope 4 requires; =4 orc¢ = —

(b) Substitutingr = 3 andy = 1 into the equation of the line givés+ ¢ = 1 orc = —2.

(c) From (a), we know the slope of the Iineétsi—. There is no value for that will make this slope equal to O.

(d) With ¢ = 0, the equation becomas= 1. This is the equation of a vertical line.

26. Assume that the numbey¥ of concert tickets that can be sold at a pricePotiollars per ticket is a linear functioN(P) for
10 < P < 40. DetermineN(P) (called the demand function) i¥(10) = 500 and N(40) = 0. What is the decreas&N in the
number of tickets sold if the price is increased®dy = 5 dollars?

ENI

SOLUTION We first determine the slope of the line:

_500—0 500 50

m = = — =——.
10—40 =30 3

Knowing thatN (40) = 0, it follows that

50 50 2000
N(P) = —Z(P —40) =~ P + ——.

Because the slope of the demand function%, a 5 dollar increase in price will lead to a decrease in the number of tickets sold
of 22(5) = 3% = 831, or about 83 tickets.

27. Materials expand when heated. Consider a metal rod of lehgtht temperaturdy. If the temperature is changed by an
amountAT, then the rod’s length changes iyl = aLo¢AT, where« is the thermal expansion coefficient. For steel=
1.24 x 1075 °C™ L.

(a) A steelrod has lengthiy = 40 cm at7y = 40°C. Find its length af” = 90°C.
(b) Find its length afr = 50°C if its length atTy = 100°C is 65 cm.
(c) Express lengtiL as a function ofl" if Lo = 65 cm atTy = 100°C.

SOLUTION
(@) With T = 90°C andTy = 40°C, AT = 50°C. Therefore,

AL = aLoAT = (1.24 x 107°)(40)(50) = .0248  and L = Lo + AL = 40.0248 cm.
(b) With T = 50°C andTy = 100°C, AT = —50°C. Therefore,
AL = aLoAT = (1.24 x 107°)(65)(=50) = —.0403 and L = Lg + AL = 64.9597 cm.
(¢) L=Lo+ AL =Lo+aLloAT = Lo(1 + ¢AT) = 65(1 + «(T — 100))
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28. Do the pointq0.5, 1), (1, 1.2), (2,2) lie on a line?

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

12—-1 02
== =04,
1-05 05
while the second pair of data points yields a slope of
2—-12 08
= — =0.8.
2—1 1

Because the slopes are not equal, the three points do not lie on a line.
29. Find b such that2, —1), (3, 2), and(b, 5) lie on a line.
SOLUTION The slope of the line determined by the poif2s—1) and(3,2) is

2—(=1) _
3—-2

3.

To lie on the same line, the slope betw&dn2) and(b, 5) must also be 3. Thus, we require

5-2 3

—:—:3’

b—-3 b-3
orb =4.

30. Find an expression for the velocityas a linear function af that matches the following data.

1 (s) 0 2 4 6
v(mis) | 39.2 586 78 97.4

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

58.6 —39.2
— =97,
2-0
while the second pair of data points yields a slope of
78 —58.6
— =97,
4-2
and the last pair of data points yields a slope of
97.4 —178
— =97
6—4

Thus, the data suggests a linear function with sl@feFinally,

v—392=97(t—0) = v =297+ 39.2

31. The periodT of a pendulum is measured for pendulums of several different lerdgtBased on the following data, do&s
appear to be a linear function &f?

L(cm)| 20 30 40 50
T() |09 11 127 1.42

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

1.1-0.9

— =0.02,
30-20
while the second pair of data points yields a slope of
1.27-1.1
——— =0.017,
40 — 30
and the last pair of data points yields a slope of
1.42 —1.27
— =0.015
50 — 40

Because the three slopes are not eqlialpes not appear to be a linear functionZof
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32. Show thatf'(x) is linear of slopen if and only if
fx+h)— f(x) =mh (for all x andh)

SOLUTION First, supposegf(x) is linear. Then the slope betweén, f(x)) and(x + &, f(x + h)) is
o S~ ()

h
Conversely, supposg(x + h) — f(x) = mh for all x and for allh. Then

= Sx+h)—fx)  flx+h)— f(x)
- h - X+h—x

= mh= f(x +h)— f(x).

which is the slope betweex, f(x)) and(x + &, f(x + h)). Since this is true for alk and/, f must be linear (it has constant
slope).
33. Find the roots of the quadratic polynomials:

(@) 4x% —3x—1 (b) x2—-2x—1
SOLUTION

(@) x = 3+ ,/92—(44;(4)(—1) _3 ig@ ot

(b) x = 2+ 4—2(4)(1)(—1) _ 2i2¢§ Y

In Exercises 34-41, complete the square and find the minimum or maximum value of the quadratic function.

3. y=x24+2x+5

SOLUTION y =x2 +2x 4+ 1—145 = (x 4+ 1) + 4; therefore, the minimum value of the quadratic polynomial is 4, and this
occurs atc = —1.

35. y=x2—6x+9

SOLUTION y = (x — 3)?; therefore, the minimum value of the quadratic polynomial is 0, and this occurs=ag.
36.y =—9x2+x

SOLUTION y = —9(x% — x/9) = —9(x2 —
quadratic polynomial i%1—6, and this occurs at = 5.
37.y=x2+6x+2

SOLUTION y = x2 4+ 6x 4+ 9—9+42 = (x + 3)2 — 7; therefore, the minimum value of the quadratic polynomiati& and
this occurs ak = —3.

38. y=2x2—4x—7

SOLUTION y =2(x2 —2x +1—-1)—7 =2(x%2 —2x + 1) =7 -2 = 2(x — 1)2 — 9; therefore, the minimum value of the
quadratic polynomial is-9, and this occurs at = 1.

39. y=—4x24+3x +8

SOLUTION y = —4x2 +3x +8 = —4(x2 — 3x + &) + 8+ & = —4(x — 3)2 + L3L; therefore, the maximum value of the
quadratic polynomial is2/, and this occurs at = 3.

40. y =3x2+12x -5

SOLUTION  y = 3(x2 + 4x + 4) —5— 12 = 3(x + 2)? — 17, therefore, the minimum value of the quadratic polynomiat1$,
and this occurs at = —2.

41. y = 4x — 12x2

SOLUTION y = —12(x? — 3) = —12(x2 — 3+ 3—16) + % =—12(x — é)z + %; therefore, the maximum value of the quadratic
polynomial is, and this occurs at = §.

197 = —9(x — {5)? + 3=, therefore, the maximum value of the

[l olx
_|_
J
N —
PN
SN
_|_

42. Sketch the graph of = x? — 6x + 8 by plotting the roots and the minimum point.

SOLUTION y = x2—6x +9—9+8 = (x —3)% — 1 so the vertex is located &3, —1) and the roots are = 2 andx = 4.
This is the graph o£2 moved right 3 units and down 1 unit.

y

PNWAOTO N

N34 5 &6

|
[N
=
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43. Sketch the graph of = x2 + 4x + 6 by plotting the minimum point, the-intercept, and one other point.

SOLUTION y = x2 4 4x +4—4 + 6 = (x + 2)% + 2 so the minimum occurs &-2,2). If x = 0, theny = 6 and ifx = —4,
y = 6. This is the graph of2 moved left 2 units and up 2 units.

44, If the alleles4 and B of the cystic fibrosis gene occur in a population with frequengiesxd1 — p (wherep is a fraction
between 0 and 1), then the frequency of heterozygous carriers (carriers with both all2}gd)-sp). Which value ofp gives the
largest frequency of heterozygous carriers?

SOLUTION Let

f=2p-2p*=-2(p>- L IV —12+1
=2p=2p"==2(p"=p+ ) +5="2(r >

Thenp = 1 yields a maximum.

45. For which values of does f(x) = x2 + cx + 1 have a double root? No real roots?

SOLUTION A double root occurs whet? — 4(1)(1) = 0 or ¢2 = 4. Thus,c = +2.
There are no real roots wheR — 4(1)(1) < 0 or ¢2 < 4. Thus,—2 < ¢ < 2.

46. & Let f(x) be a quadratic function anda constant. Which of the following statements is correct? Explain graphically.
(a) There is a unique value efsuch thaty = f(x) — ¢ has a double root.
(b) There is a unique value ofsuch thaty = f(x — ¢) has a double root.

SOLUTION First note that becausg(x) is a quadratic function, its graph is a parabola.

(a) Thisistrue. Becausg(x) — c is a vertical translation of the graph @{x), there is one and only one value©that will move
the vertex of the parabola to theaxis.

(b) This is false. Observe that(x — ¢) is a horizontal translation of the graph 6fx). If f(x) has a double root, thefi(x — ¢)
will have a double root for any value of on the other hand, if(x) does not have a double root, then there is no valuefof
which f(x — ¢) will have a double root.

47. Prove that + 1 > 2 for allx > 0. Hint: Consider(x!/2 — x~1/2)2,

SOLUTION Letx > 0. Then

(xl/z—x_l/z)z :x—2+%.

Becausgx!/2 — x~1/2)2 > ¢, it follows that
1 1
x—24+—-—>0 or X+ —>2.
X X

48. Leta,b > 0. Show that thegeometric mean/ab is not larger than tharithmetic mear(a + »)/2. Hint: Use a variation of
the hint given in Exercise 47.

SOLUTION Leta, b > 0 and note

OS(I—@)ZZa—Z«/ﬁ—i—b.

Therefore,

Vvab < a—;—b.
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49. If objects of weightsc andw; are suspended from the balance in Figure 3(A), the cross-beam is horizéntakitiw; . If the
lengthsa andb are known, we may use this equation to determine an unknown weightelectingw; such that the cross-beam
is horizontal. Ifa andb are not known precisely, we might proceed as follows. First balariog w; on the left as in (A). Then
switch places and balanaeby w, on the right as in (B). The average= %(wl + wy) gives an estimate for. Show thatx is
greater than or equal to the true weight

(A) (B)
FIGURE 3

SOLUTION  First notebx = awy andax = bw,. Thus,

1
)_czi(wl—i—wz)
1 bx+ax
2\ a b
X b+a
“2\a b

> %(2) by Exercise 47

=X
50. Find numbers:c andy with sum 10 and product 24int: Find a quadratic polynomial satisfied by
SOLUTION Let x andy be numbers whose sum is 10 and product is 24. Thenhy = 10 andxy = 24. From the second
equationy = %. Substituting this expression forin the first equation gives + 2x—4 =100rx2—10x +24 = (x —4)(x —6) =
0, whencex = 4orx = 6. If x = 4, theny = % = 6. On the other hand, if = 6, theny = % = 4. Thus, the two numbers are

4 and 6.
51. Find a pair of numbers whose sum and product are both equal to 8.

SOLUTION Letx andy be numbers whose sum and product are both equal to 8. Themn = 8 andxy = 8. From the second
equation,y = %. Substituting this expression fgrin the first equation gives + % = 8 or x2 — 8x + 8 = 0. By the quadratic
formula,

8+ /64 —32
xzfz%zﬁ.
If x =4+ 2+/2, then
8 8 4-22
f:4—2\/§.

SN RN, AW
On the other hand, if = 4 — 2+/2, then

8 8 44242
YTUT0Z 4—22 4122

Thus, the two numbers afe+ 2+/2 and 4 — 2/2.
52. Show that the parabola = x2 consists of all points? such thatd; = d», whered, is the distance fronP to (0, %) andd,

=4+2V2.

is the distance fron® to the liney = —% (Figure 4).

l P=(X,)@)
¢ 7"2 «

1

4
FIGURE 4
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SOLUTION Let P be a point on the graph of the parabela= x2. ThenP has coordinateéy, x2) for some real number. Now
dr = x2 + % and

1\2 1 1 n? 5, 1
dy = (x—0)2+(x2—z) = x2+x4—5x2+E: (xz—i—z) =x +Z:d2'

Further Insights and Challenges

53. Show that if f(x) andg(x) are linear, then so ig(x) + g(x). Is the same true of (x)g(x)?
SOLUTION If f(x) = mx + b andg(x) = nx + d, then

FX)+g(x)=mx+b+nx+d=m+n)x+b+d),

which is linear.f (x)g (x) is not generally linear. Take, for examplg(x) = g(x) = x. Then f(x)g(x) = x2.

54. Show that if f(x) andg(x) are linear functions such thgi0) = g(0) and f (1) = g(1), then f(x) = g(x).

SOLUTION Supposef(x) = mx + b andg(x) = nx + d. Then f(0) = b andg(0) = d, which impliesb = d. Thus
f(x) =mx +bandg(x) =nx +b.Now, f(1) =m+bandg(l) =n+bsom+b=n+bandm = n. Thus f(x) = g(x).

55. Show thatAy/Ax for the function f(x) = x2 over the interval[xy, x2] is not a constant, but depends on the interval.
Determine the exact dependence/of/Ax on x; andxs.
A x2 —x2
soLuTioN Forx2, =Y — 2278 _ 4 o
Ax X3 — X1
56. Use Eq. (2) to derive the quadratic formula for the roots.of + bx + ¢ = 0.

SOLUTION  Consider the equatiamx? + bx + ¢ = 0. First, complete the square to obtain

( b)z dac — b?
alx+—) + ———=o.

2a 4a
Then
b\?> b%—4dac b b2 —dac Vb2 —dac
X+—) =——5— and X+ —|= = .
2a 4a? 2a 4a? 2a
Dropping the absolute values yields
‘et b _ivb2—4ac or x_—bivb2—4ac_—b:|:\/b2—4ac
2a 2a Y 2a - 2a

57. Leta, ¢ # 0. Show that the roots of
ax®2+bx+c=0 and x4+ bx+a=0

are reciprocals of each other.

SOLUTION Letr; andr, be the roots ofix? + bx + ¢ andrs andr4 be the roots ofx2 + bx + a. Without loss of generality,
let

. —b + Vb2 — dac N 1 2a —b — Vb2 — dac
= T = .
2a " —b+~Vb%Z—4dac —b—~b2—4ac
_ 2a(=b—~b%2—4ac) —b—~b%2—4ac .
b2 —b244ac 2c -

. 1
Similarly, you can show— = rj.
2
58. Show, by completing the square, that the parabola
y = ax? +bx +c

is congruent toy = ax? by a vertical and horizontal translation.

2 b +b2 N b2 b 2+4ac—b2
=al|x —-X+ — = =a\|\X T i
Y a 4a? ¢ 4a 2a 4a

4ac—b?
4a -

SOLUTION

Thus, the first parabola is just the second translated horizontauyigyand vertically by
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59. ProveViéte's Formulas The quadratic polynomial with andg as roots ist2 + bx + ¢, whereb = —o — 8 andc = af.

SOLUTION If a quadratic polynomial has rootsand, then the polynomial is
x—a)(x—p) :xz—ax—ﬂx + af =x%+ (—a — B)x + ap.

Thus,h = —a — § andc = af.

1.3 The Basic Classes of Functions

Preliminary Questions
1. Give an example of a rational function.

_3x2-2
SOLUTION One example i 2
Tx3 4+ x—1

2. Is |x| a polynomial function? What abo{t2 + 1|?

SOLUTION |x] is not a polynomial; however, becausé + 1 > 0 for all x, it follows that|x% + 1| = x2 + 1, which is a
polynomial.

3. What is unusual about the domain of the composite funcfiang for the functionsf(x) = x/2 andg(x) = —1 — |x|?

SOLUTION Recall that(f o g)(x) = f(g(x)). Now, for any real number, g(x) = —1 — |x| < —1 < 0. Because we cannot
take the square root of a negative number, it follows $h@t(x)) is not defined for any real number. In other words, the domain of
f(g(x)) is the empty set.

4. 1s f(x) = (%) increasing or decreasing?
SOLUTION The functionf(x) = (%)x is an exponential function with base= % < 1. Therefore,f is a decreasing function.
5. Give an example of a transcendental function.

SOLUTION One possibility isf(x) = ¢* — sinx.

Exercises
In Exercises 1-12, determine the domain of the function.
1 f(x)=x'/4
SOLUTION x>0
2. g(t) = 1?3
SOLUTION All reals
3 f(x)=x3+3x—4
SOLUTION All reals
4. h(z)=z3 4273

SOLUTION z #0

5. g@) = L

t+2
SOLUTION ¢ # —2
6. ==
S& =5
SoLUTION  All reals
7. G(u) = !
' T u2—4
SOLUTION u # £2
Jx
8. =

SOLUTION x >0,x #3



9 fx)=x*+x-173

SOLUTION x #0,1
10. F(s) = sin[ —
' - s+ 1

SOLUTION s # —1

11 g(y) = 10v7

SOLUTION y >0

-1
12 f(r) = — %

SOLUTION x #0,3,—4

(x=3)(x+4)
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In Exercises 13-24, identify each of the following functions as polynomial, rational, algebraic, or transcendental.

13. f(x) = 4x3 +9x2 -8

SOLUTION Polynomial

14. f(x) =x"*
SOLUTION Rational
15. f(x) = V/x

SOLUTION Algebraic
16. f(x) = V1 —x2

SOLUTION  Algebraic

x2

X +sinx

17. f(x) =

SOLUTION Transcendental

18. f(x) =2*

SOLUTION Transcendental
2x3 + 3x

19. =

f(x) 9 7:2

SOLUTION Rational
3x — 9x~1/2

20. =

SOLUTION Algebraic
21. f(x) = sin(x?)

SOLUTION Transcendental

X
22. f(x) = e
SOLUTION Algebraic
23. f(x) = x2 +3x71
SOLUTION Rational
24. f(x) = sin(3¥)

SOLUTION Transcendental

25.1s f(x) = 2** a transcendental function?

SOLUTION Yes.

25

26. Show thatf(x) = x2 + 3x~! andg(x) = 3x3 — 9x + x~2 are rational functions—that is, quotients of polynomials.

SOLUTION f(x) =x2+3x" 1 =x

glx) = 3x3—9x +x~

3 —9x3 41
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In Exercises 27-34, calculate the composite functifrsg andg o f, and determine their domains.

27. f(x) = Vx, g(x)=x+1

SOLUTION f(g(x)=vx+1;D:x>—1, g(f(x))=/x+1;D:x>0
28. f(x) = % glx)=x"*

SOLUTION  f(g(x)) =x* D:x #£0, g(f(x))=x*D:x #0

29. f(x) =2%, g(x)=x2

SOLUTION  f(g(x)) =27 D:R, g(f(x)) = (2¥)2 = 22%: D: R

30. f(x) =|x|, g(§) =sinfd

SOLUTION  f(g(#)) = |sinf]|; D: R, g(f(x))=sin|x|; D:R

31. f(0) = cosh, g(x)=x3 + x2

SOLUTION  f(g(x)) = cogx3 + x2); D: R, g(f(#)) =cosh +cos6; D:R

82. f(0) = — 1 glx) =x72

SOLUTION = ! - .p 0 = LY7o e D2, D:R
160D = ooy = g D A0 2 = () =GR
1

33. f(1) = 7 g(t) = —1*

SOLUTION  f(g(t)) = ﬁ; D: Not valid for anys, g(f(1)) = — (%)2 =-Lpit>0

34. f(1) =1, gt)y=1-13
SOLUTION f(g(1) =~1—13;D:t <1, g(f(1))=1—-132;D:1>0
35. The population (in millions) of a country as a function of timgyears) isP(r) = 30.29-1*. Show that the population doubles

every 10 years. Show more generally that for any positive constaantslk, the functiong (r) = a2*? doubles afted / k years.

SOLUTION Let P(r) = 30291/, Then
P(r + 10) = 30 20-1¢+10) — 30 01141 — 5(30. 2011y — o p(y).

Hence, the population doubles in size every 10 years. In the more general cg$e), teta2k? Then
1
g (z + E) = a2X (R = kil = a0kt = 2g(r).

Hence, the functiog doubles afted / k years.

. 1 .
36. Find all values of: such thatf(x) = X+ has domairR.
x2 4+ 2cx + 4

SOLUTION The domain off will consist of all real numbers provided the denominator has no real roots. The roefs-gf
2cx +4=0are

—2¢ + vV4c% - 16
¢ ¢ —c+ V2 -4

2

There will be no real roots whet? < 4 or when—2 < ¢ < 2.

Further Insights and Challenges
In Exercises 37-43, we define first differencesf of a functionf(x) by §f(x) = f(x + 1) — f(x).

37. Show that if f(x) = x2, thendf(x) = 2x + 1. Calculatesf for f(x) = x and f(x) = x3.

SOLUTION  f(x) = x2:8f(x) = f(x+ ) — f(x) = (x + D2 —x? =2x + 1
S =xéf(x)=x+1-x=1
f)=x%8f(x) = (x +1)> —x? =3x2 +3x +1

38. Show thats(10*) = 9- 10* and, more generally, th&ts*) = (b — 1)b*.
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SOLUTION  §(10%) = 10*+1 —10¥ = 10-10* — 10 = 10¥(10— 1) = 9- 10*
§(b*) =b Tl —b* =p¥(b—1)

39. Show that for any two functiong andg, §(f + g) = 8f + §g andé(cf) = c8(f), wherec is any constant.
SOLUTION  &(f +g) = (f(x + D+ gx+1) —(f(x) —g(x))
=(f(x+ D= f(x)+ (g +1)—g(x) =8f(x) + 5g(x)
Scf)=cfx+ 1D —cf(x)=c(fx+1)— f(x)) =cdf(x).
40. Suppose we can find a functidh(x) such thaP = (x + 1)¥ and P(0) = 0. Prove thatP(1) = 1%, P(2) = 1¥ + 2k, and,
more generally, for every whole number

P(n)=1k—|—2k+---+nk

SOLUTION Suppose we have found a functid?(x) such thatsP(x) = (x + ¥ and P(0) = 0. Takingx = 0, we have
§P(0) = P(1) — P(0) = (0 + 1)* = 1%, Therefore P(1) = P(0) + 1¥ = 1¥. Next, takex = 1. Then§P(1) = P(2) — P(1) =
(1+ D)k =2k andP(2) = P(1) + 2k = 1¥ 4 2k,

To prove the general result, we will proceed by induction. The basis step, provinBthat 1¥is given above, so we move on
to the induction step. Assume that, for some integeP (j) = 1¥ + 25 +... + jk ThensP(j) = P(j +1)— P(j) = (j + D¥
and

PG+ =PH+G+DF =142k g jF 4+ DR
Therefore, by mathematical induction, for every whole numbe? (n) = 15 + 2% + ... 4 pk.

41. First show that

P(x)= X(XTM

satisfiessP = (x + 1). Then apply Exercise 40 to conclude that

nn+1)
2

142434 +n=

SOLUTION Let P(x) = x(x + 1)/2. Then

x+1DH(x+2) _x(x+1) _(x+Dx+2—-x)
2 2 2 B

Also, note thatP (0) = 0. Thus, by Exercise 40, with = 1, it follows that

x+ 1.

SP(x)=P(x+1)—P(x) =

=1+2+3+-+n.

42. Calculates(x3), §(x2), ands(x). Then find a polynomiaP (x) of degree3 such tha6P = (x + 1)2 and P(0) = 0. Conclude
thatP(n) = 12 + 22 + --- + n2.

SOLUTION From Exercise 37, we know
Sx =1, Sx2 =2x + 1, and Sx3 =3x2 +3x + 1.
Therefore,
log 1., 1 2 2
§8x +§8x +68x:x +2x+1=(x+ 1)~

Now, using the properties of the first difference from Exercise 39, it follows that

1.3 1o, 1. (14 1, 1\ (13 1, 1\  f2x3+3x2+4x
38x +28x +68x—8(3x)+8(2x +4 6x =6 3x +2x +6x =4 5 .

Finally, let

2x3 +3x2 4+ x

P(x) = o

Then§P(x) = (x + 1)2 and P(0) = 0, so by Exercise 40, with = 2, it follows that

2n3 + 3n?
P(n)zwzlz+22+32+m+n2.
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43. This exercise combined with Exercise 40 shows that for all whole nunihénere exists a polynomidt (x) satisfying Eq. (1).
The solution requires the Binomial Theorem and proof by induction (see Appendix C).

(@) Show thatS(xk“) = (k+ l)xk + .-+, where the dots indicate terms involving smaller powers.of
(b) Show by induction that there exists a polynomial of dedrele 1 with leading coefficient /(k + 1):

1
P(X) = k——HXk+1 + .-

such thasP = (x + 1)K and P(0) = 0.

SOLUTION
(a) By the Binomial Theorem:

ST = (x 4 1P ] :(xn+1+( n—lH )x”+( n—zi—l )xn—1+m+1)_xn+1

(e (13 e

ST =+ Dx" + -

Thus,

where the dots indicate terms involving smaller powers.of
(b) Fork = 0, note thatP(x) = x satisfieSP = (x + 1)° = 1 and P(0) = 0.
Now suppose the polynomial

k—1

1
Px) = o+ peog T o

which clearly satisfie® (0) = 0 also satisfie§P = (x + l)k_l. We try to prove the existence of

o) = k%lx"“ + e 4 g
such thaBQ = (x + 1)¥. Observe thap (0) = 0.
If 80 = (x + 1)¥ andsP = (x + 1)k, then
50 = (x + DX = (x + 1)6P = x8P(x) + 6P
By the linearity of§ (Exercise 39), we findQ — §P = x6P or6(Q — P) = x46P. By definition,

1 1
——xk 4 (Qk - E) Kot (qr-pox,

_p=
Q k+1

s0, by the linearity of,

Q0 -P)= %HS(ka) + (Qk - %) SCF)Y + -+ (g1 — p1) = x(x + DF! 1)

By part (a),
8(xk+1) — (k + 1)Xk + Lk—l,k—lxk_l + ...+ Lk—l,lx +1

SRy = kxk TV Ly g Xk 2 Ly x4 1

S(xH) =2x+1

where theL; ; are real numbers for each.
To constructQ, we have to group like powers afon both sides of Eq. (1). This yields the system of equations

1

P ((k+1)xk> = xk

1 k—1 1 k-1 _ k—1
b (g )kt = G
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1 1
- - — L — — =0.
Kl +(4k k)+(4k 1~ Pk—1) + -+ (g1 — p1)
The first equation is identically true, and the second equation can be solved immediagglySabstituting the value @fy, into the
third equation of the system, we can then solvegfar ;. We continue this process until we substitute the valueg of_1, - .. ¢2
into the last equation, and then solve éqr.

1.4 Trigonometric Functions

Preliminary Questions

1. How is it possible for two different rotations to define the same angle?
SOLUTION  Working from the same initial radius, two rotations that differ by a whole number of full revolutions will have the
same ending radius; consequently, the two rotations will define the same angle even though the measures of the rotations will
different.

2. Give two different positive rotations that define the ang/d.

SOLUTION The angler/4 is defined by any rotation of the fordy + 27k wherek is an integer. Thus, two different positive
rotations that define the angle/4 are
b4 9 b4 41
—12r(1) = = and —+2n(5) = —.
y T2 = ; T2 =—
3. Give a negative rotation that defines the anglé.

SOLUTION  The angler/3 is defined by any rotation of the ford + 27k wherek is an integer. Thus, a negative rotation that
defines the angle/3 is

T 5w
4 2m(-1) = —-—.
3 + 2w (—1) 3
4. The definition of co® using right triangles applies when (choose the correct answer):
(a)0<9<% 0) 0<6 < (©) 0 <6 <2n

SOLUTION The correct response (a): 0 < 6 < Z.
5. What is the unit circle definition of si#?

SOLUTION Let O denote the center of the unit circle, and Ribe a point on the unit circle such that the rad@B makes an
angled with the positivex-axis. Then, sif is the y-coordinate of the poinP.

6. How does the periodicity of sifi and co% follow from the unit circle definition?

SOLUTION Let O denote the center of the unit circle, and Rbe a point on the unit circle such that the rad@B makes an
angled with the positivex-axis. Then, co8 and sirf are thex- andy-coordinates, respectively, of the poiPt The angled + 2x
is obtained from the anglé by making one full revolution around the circle. The an@le- 27 will therefore have the radiu@P
as its terminal side. Thus

coq6 + 2m) = cosh and sin + 2m) = siné.

In other words, si# and co% are periodic functions.

Exercises
1. Find the angle betweehand2r equivalent tol 37 /4.

SOLUTION Becausd3r/4 > 2m, we repeatedly subtra2ir until we arrive at a radian measure that is between QandAfter
one subtraction, we havir/4 — 27 = 5n/4. Becausd) < 57 /4 < 2w, 57/4 is the angle measure between 0 @adthat is
equivalent tol 3z /4.

2. Describef = /6 by an angle of negative radian measure.
SOLUTION Ifwe subtrac2rz from /6, we obtaird = —117/6. Thus, the anglé = 7/6is equivalent to the angle = —117/6.
3. Convert from radians to degrees:

b4 5 3
(@ 1 ® % © > @ -
SOLUTION
(@) 1(180 ): 180" 5730 0 = (180 ):60°
b4 b4 3 b1
(c) % (180 ) = & ~ 23.87° (d) —3—ﬂ (180 ) = —135°
b1 b1 4 b1
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4. Convert from degrees to radians:

(@ 1° (b) 30° (c) 25° (d) 120°
SOLUTION
T T T T T S5 T 2
1°( — ) = — b) 30° = — 25° = — d) 120° = —
@) (180°> 180 (b) (180°> 6 © (180°> 36 @ (180°) 3

5. Find the lengths of the arcs subtended by the angjlmsd¢ radians in Figure 1.

)
Y

FIGURE 1 Circle of radius 4.

SOLUTION s=7r0=4(9)=3.6;s=r¢p =42) =8

6. Calculate the values of the six standard trigonometric functions for the ariglEigure 2.

17

15
FIGURE 2

SOLUTION Using the definition of the six trigonometric functions in terms of the ratio of sides of a right triangle, we find
sinf = 8/17; cosf = 15/17; tanf = 8/15; csch = 17/8; secd = 17/15; cotd = 15/8.

7. Fillin the remaining values ofcos, sin#) for the points in Figure 3.

oY

T 3 3
2
FIGURE 3
SOLUTION
0 2 =3 e %z ” =
(cos#, sinf) 0,1) (—71, JTE) (—Tﬁ JTE) (—Tﬁ %) (~1,0) (—T3 —Tl)
0 sx ax 3 51 7 1ix
4 3 2 3 4 6
s | (£) | ()| oo |69 (29)] (£3)

8. Find the values of the six standard trigonometric function® at 117/6.



SOLUTION  From Figure 3, we see that

Then,

and
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In Exercises 9-14, use Figure 3 to find all angles betweand 25 satisfying the given condition.

1
9. cosf = —
2
— T 5w
SOLUTION 6 = %, 33
10. tanf =1
_ m 5m
SOLUTION 6 = 7, 3¢
11. tanf = —1
SOLUTION § =3L It
12. csch =2
_ T 57w
SOLUTION 60 = &, %
. V3
13. sinx = —
2
_ T 2r
SOLUTION  x = %, 5F
14. sect =2
_ T 5m
SOLUTION ¢ = %, 3¢

15. Fillin the following table of values:

0 b1 b1 b1 b4 2w 3 S5
6 4 3 2 3 4 6
tand
sect
SOLUTION
0 b4 b1 b4 b1 2 3 5t
6 4 3 2 3 4 6
1 1
tand | — | 1 | V3 |und| =3 | -1 | ——
V3 V3
secd | =2 V2| 2 | und 2 V2 2
V3 V3

31
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16. Complete the following table of signs:

[% sinf | cosf | tanf | cotf | secd | csch

0<9<z + +
2

z<9<71
2

SOLUTION
0 sin | cos | tan | cot | sec| csc

T
0<O<Z |+ |+ |+ |+ |+ |+

i
E<0<7t + — — — — +

3

3
7ﬂ<¢9<2n—+——+—

17. Show that if tan® = ¢ and0 < 0 < 7/2, then co® = 1/+/1 + ¢2. Hint: Draw a right triangle whose opposite and adjacent

sides have lengthsand 1.

SOLUTION Becaus® < 6 < x/2, we can use the definition of the trigonometric functions in terms of right triangle8.itihe

ratio of the length of the side opposite the anjie the length of the adjacent side. With= £, we label the length of the opposite

side as: and the length of the adjacent side as 1 (see the diagram below). By the Pythagorean theorem, the length of the hypotenuse
is v/1 + ¢2. Finally, we use the fact that c@sis the ratio of the length of the adjacent side to the length of the hypotenuse to obtain

1
V1+e2

cost =

V1+c?

18. Suppose that cos = 1.

(a) Show that if0 < 6 < /2, then sirfd = 24/2/3 and tand = 2/2.
(b) Find sinf and targ if 37/2 < 0 < 2x.

SOLUTION
(a) Becausd® < 6 < 7/2, we can use the definition of the trigonometric functions in terms of right triangle®. isahe ratio of

the length of the side adjacent to the an@l®o the length of the hypotenuse, so we label the length of the adjacent side as 1 and

the length of the hypotenuse as 3 (see the diagram below). By the Pythagorean theorem, the length of the side opposite the angle
6 is +/32 — 12 = 2/2. Finally, we use the definitions of sthas the ratio of the length of the opposite side to the length of the
hypotenuse and of taghas the ratio of the length of the opposite side to the length of the adjacent side to obtain

22 _2V2_

sing = — and tand

272,
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(b) If 37/2 < 6 < 2m, thend is in the fourth quadrant and sihand tarf are negative but have the same magnitude as found in
part (a). Thus,

sing = _ZT«/E and tand = —2/2.

In Exercises 19-24, assume that 6 < 7 /2.

19. Find sing and tard if cosf = 7.

SOLUTION Consider the triangle below. The lengths of the side adjacent to the @ragld the hypotenuse have been labeled so

that co®) = 5. The length of the side opposite the anglbas been calculated using the Pythagorean theovei®? — 52 = 12.
From the triangle, we see that

sing = 2 and tand = 2
13 5

13 12

20. Find cosf and tar if sin6 = 2.

SOLUTION  Consider the triangle below. The lengths of the side opposite the &rahel the hypotenuse have been labeled so

that sind = 2. The length of the side adjacent to the anfjleas been calculated using the Pythagorean theovéi— 32 = 4.
From the triangle, we see that

cost) = i and tand = E
5 4

21. Find sind, sed), and cob if tand = 2.

SOLUTION Iftanf = % then cot) = % For the remaining trigonometric functions, consider the triangle below. The lengths of
the sides opposite and adjacent to the afdiave been labeled so that &r= % The length of the hypotenuse has been calculated
using the Pythagorean theorexi22 + 72 = +/53. From the triangle, we see that

2 2453 /53

sSinf = — = and sed = —

V33 53

V53

22. Find siné, cosh, and sed if cotd = 4.

SOLUTION Consider the triangle below. The lengths of the sides opposite and adjacent to thé hagkbeen labeled so that

cotd = 4 = %. The length of the hypotenuse has been calculated using the Pythagorean thé¢dfesm12 = +/17. From the
triangle, we see that

. 1 V17 4 44/17 17
sinf=—=——, c0S = — = —— and sedd = —.
V17 17 V17 17 4
V17

23. Find cos26 if sinf = 1.
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SOLUTION  Using the double angle formula c®8 = cos’ 6 — sin?  and the fundamental identity Sif + cos? 6 = 1, we find
that co6 = 1 — 2sin? 6. Thus, cof6 = 1 —2(1/25) = 23/25.

24. Find sin26 and co20 iftan6 = /2.

SOLUTION By the double angle formulas, std = 2 sinf cosf and co26 = cos 6 — sin? §. We can determine sthand cos)
using the triangle shown below. The lengths of the sides opposite and adjacent to the leengebeen labeled so that tar= /2.

The hypotenuse was calculated using the Pythagorean theq‘i#mr (v/2)2 = V/3. Thus,

. V2 6 1 V3
sing = — = — and oY) = — = —.
V33 V3 3
Finally,
3 3 3
1 2 1
Cc0S20 = - — - = ——.
3 3 3
s @

25. Find cosf and tarf if sinf = 0.4 andn/2 < 6 < 7.

SOLUTION We can determine the “magnitude” of addand tarf using the triangle shown below. The lengths of the side opposite
the angled and the hypotenuse have been labeled so thdt sin0.4 = % The length of the side adjacent to the anglevas
calculated using the Pythagorean theoref2 — 22 = +/21. From the triangle, we see that

V21 2 2V21

R and [tanf| = ——
5

N

|cosf| =

Becauser/2 < 6 < &, both cog) and tary are negative; consequently,

cosf = —@ and tand = —@.
5 21
5
2
V21

26. Find cosf and sirg iftanf = 4 andn < 6 < 37/2.
SOLUTION We can determine the “magnitude” of adsand sird using the triangle shown below. The lengths of the sides

opposite and adjacent to the angldave been labeled so that tar= 4 = %. The length of the hypotenuse was calculated using
the Pythagorean theorem’12 + 42 = /17. From the triangle, we see that

|cosf| = L _ V17 and |sind| = ‘o i
J17 17 J14 17 -
Becauser < 6 < 37/2, both cog) and sind are negative; consequently,
V17 _ 4/17
cost = EETE and sing = -7
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27. Find cod if cot® = % and sind < 0.

SOLUTION We can determine the “magnitude” of adsising the triangle shown below. The lengths of the sides opposite and
adjacent to the anglé have been labeled so that éot= %. The length of the hypotenuse was calculated using the Pythagorean
theorem:+/32 + 42 = 5. From the triangle, we see that

4
|cosl| = —.
5
Because cai = % > 0 and sind < 0, the angle® must be in the third quadrant; consequently, € @dgll be negative and

4
cosf = ——.
5

28. Find tand if secd = +/5 and sind < 0.

SOLUTION We can determine the “magnitude” of térusing the triangle shown below. The lengths of the side adjacent to the
angled and the hypotenuse have been labeled so that sea/5. The length of the side opposite the an§leas calculated using

the Pythagorean theorer’q:(\@)2 — 12 = 2. From the triangle, we see that
[tanf| = 2.
Because set = +/5 > 0 and sind < 0, the angle? must be in the fourth quadrant; consequently,&avill be negative and

tanf = 2.

1

29. Find the values of sifl, cosf, and tard for the angles corresponding to the eight points in Figure 4(A) and (B).

(0.3965, 0.918) (0.3965, 0.91¢

(A) (B)
FIGURE 4

SOLUTION Let’s start with the four points in Figure 4(A).

e The point in the first quadrant has coordinat@s$965, 0.918). Therefore,

0.918
sinf = 0.918, cosh = 0.3965, and tarf = = 2.3153.
0.3965
¢ The coordinates of the point in the second quadran{-a0918, 0.3965). Therefore,
0.3965
sinf = 0.3965, cosf = —0.918, and tarf = 0918 = —0.4319.

¢ Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its coordinate:
are(—0.3965, —0.918). Therefore,
—0.918

sind = —0.918, cosf = —0.3965, and tard = ——— = 2.3153.
—0.3965
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e Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, its
coordinates ar€0.918, —0.3965). Therefore,

sind = —0.3965, cosf = 0.918, and tart = —0.3965 = —0.4319.
0.918
Now consider the four points in Figure 4(B).
e The point in the first quadrant has coordinag@s$965, 0.918). Therefore,
. 0.918
sinf = 0.918, cosh = 0.3965, and tarf = = 2.3153.
0.3965

¢ The point in the second quadrant is a reflection througlythgis of the point in the first quadrant. Its coordinates are therefore
(—0.3965,0.918) and

0.918

sinf = 0.918, cosf = —0.3965, and tart =
0.3965

= —2.3153.

* Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its coordinates
are(—0.3965, —0.918). Therefore,

—0.918
sind = —0.918, cosf = —0.3965, and tard = ——— = 2.3153.
—0.3965

e Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, its
coordinates ar€0.3965, —0.918). Therefore,

—0.918
0.3965
30. Refer to Figure 5(A). Express the functions &jrtanf, and csd in terms ofc.

sinf = —0.918, cosf = 0.3965, and tarf = = —2.3153.

0.3

(A) (B)
FIGURE 5

SOLUTION By the Pythagorean theorem, the length of the side adjacent to thethimgkégure 5(A) isv'1 — ¢2. Consequently,

c 1—c2 c
sinf=—-=¢, cos = —— = vV1—¢2, and tand = ——.
1= 1 ‘ i

31. Refer to Figure 5(B). Compute cgs siny, coty, and csa).

SOLUTION By the Pythagorean theorem, the length of the side opposite the @nigieFigure 5(B) isv'1 — 0.32 = 4/0.91.
Consequently,

0.3 4/0.91 0.3 1
cosy = — =0.3, siny = —— = 4091, cotyy = — and csey = ——.
v 1 v 1 v 4/0.91 o 4/0.91

32. Express co$f + Z) and sin(6 + %) in terms of co$ and sind. Hint: Find the relation between the coordinatesb) and
(c,d) in Figure 6.

(a.b)
©d

NI

FIGURE 6

SOLUTION Note the triangle in the second quadrant in Figure 6 is congruent to the triangle in the first quadrantXtated
clockwise. Thus¢ = —b andd = a. Buta = cost, b = sinf, ¢ = cos(f + 3) andd = sin(# + %); therefore,

cos(@ + %) = —siné and sin(@ + %) = cos6b.
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33. Use the addition formula to compute o6 + Z) exactly.

SOLUTION
T b4 T b4 LT, T
COS(— + —) = COS— CO0S— — SN — 9n —
3 4 3 4 37 4
1 V2 VB V2 V2-46
T2 2 2 2 4

34. Use the addition formula to compute % — ) exactly.

SOLUTION
. g b4 . T b4 T . T
sm(— — —) = SN — COS— — CO0S— 9N —
34 374 4

3
_V3 V2 1 V2 Vo2

2 2 2 72 4

In Exercises 35-38, sketch the graph ojetr].

35. 2sin46

SOLUTION y

NAND
VY
2 cx(2- )

SOLUTION y

1
s /\ A
+ + + t + — X
1 2\3 [4 5\6
-0.5
-1

SOLUTION y

37. cos(ze - %)

38. sin(2(9—%>+n)+2

SOLUTION y

39. How many points lie on the intersection of the horizontal line= ¢ and the graph of = sinx for 0 < x < 27x? Hint: The
answer depends an

SOLUTION Recall that for any, —1 < sinx < 1. Thus, if|c| > 1, the horizontal liney = ¢ and the graph of = sinx never
intersect. Ifc = +1, theny = ¢ andy = sinx intersect at the peak of the sine curve; that is, they intersactat; . On the other

hand, ifc = —1, theny = ¢ andy = sinx intersect at the bottom of the sine curve; that is, they intersectﬁt%”. Finally, if
lc| < 1, the graphs of = ¢ andy = sinx intersect twice.
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40. How many points lie on the intersection of the horizontal line- ¢ and the graph of = tanx for0 < x < 2x?

soLUTION Recall that the graph of = tanx consists of an infinite collection of “branches,” each between two consecutive
vertical asymptotes. Because each branch is increasing and has a range of all real numbers, the graph of the horizental line
will intersect each branch of the graph pf= tanx once, regardless of the value @f The interval0 < x < 2z covers the
equivalent of two branches of the tangent function, so over this interval there are two points of intersection for eachrvalue of

In Exercises 41-44, solve for< 6 < 2z (see Example 4).

41. sin20 + sin36 =0

SOLUTION sine = —sing whena = —f + 2wk ora = 7 + f + 2xk. Substitutinge = 26 andg = 36, we have either

20 = =360 + 27k or20 = 7w + 36 + 27k. Solving each of these equations fryields § = %nk or0 = —mw — 2nk. The
solutions on the intervdl < § < 27 are then

42, sinfd = sin26

SOLUTION Using the double angle formula for the sine function, we rewrite the equation és=si@ siné cos6 or sind(1 —
2cosf) = 0. Thus, either sid = 0 or cost = % The solutions on the interval < 6 < 27 are then

5
6 =0, z, T, —ﬂ.
3 3
43. cos46 + cos20 = 0
SOLUTION cosa = —cosfi whena + B = & + 2wk ora = B + 7 + 2wk. Substitutingr = 46 andf = 26, we have either

60 = 7 + 27k or46 = 20 + 7 4 2mk. Solving each of these equations toyields6 = £ + Sk or § = Z 4 k. The solutions
on the intervabh < 0 < 2 are then

9_7171571 T 3n 1ln
T 627676727 6

44, sind = cos20

SOLUTION  Solving the double angle formula i = %(1 — c0s20) for cos26 yields co6 = 1 — 2sin? 6. We can therefore

rewrite the original equation as in= 1 — 2sin? § or2sin? 6 + sind — 1 = 0. The left-hand side of this latter equation factors as
(2sinf — 1)(sin® + 1), so we have either sth= % or sind = —1. The solutions on the interval< 6 < 27 are

5t 3w

g_ T St 3w
6 6 2

In Exercises 45-54, derive the identity using the identities listed in this section.

45. cos20 = 2co2 6 — 1

SOLUTION  Starting from the double angle formula for cosine, s = %(1 + cos20), we solve for cog6. This gives
2¢0s 0 = 1+ cos26 and then cog0 = 2cog 6 — 1.

46, coszgz 1+ cosf
2 2

. . . . 0
SOLUTION Substitutex = 6/2 into the double angle formula for cosine, éas = %(1 + cos2x) to obtain co3d (5) =

1 + cosf
2 .

47. sing = ,/71 — cosf
2 2

0
SOLUTION  Substituter = 6/2 into the double angle formula for sine, 3in = % (1 — cos2x) to obtain sift (5)

f /1 —cosf
Taking the square root of both sides yields érﬁq) = %

48. sin(@ + n) = —siné

B 1 — cosf
- 2

SOLUTION From the addition formula for the sine function, we have

sin(d + ) = sinf cosx + cosf sinr = —sind
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49. cog0 + m) = —cosf
SOLUTION From the addition formula for the cosine function, we have
coq6 + m) = cosh cosr — sinf sint = cosf(—1) = —cosh
Vg

50. tanx = cot(E - x)

SOLUTION  Using the Complementary Angle Identity,

= tanx.

big _cos(r/2—x)  sinx
COt(_ a ) " sin(r/2—x)  cosx
51. tan(x — 0) = —tand

SOLUTION Using Exercises 48 and 49,

sinz —0) _ sin(r + (-0)) _ —sin(-0) _ sind _

tan(r — 0) = cosr — ) = cos7 + (—6)) - — cog(—h) T —cosh

The second to last equality occurs because $tnan odd function and cosis an even function.
2 tanx

52. tan2x = ———
T T Tty

SOLUTION  Using the definition of the tangent function and the double angle formulas for sine and cosine, we find

sin2x 2sinxcosx  1/cos x 2tanx
tan2x = = - . — .
cos2x  co®x—snZx 1/cox 1-—tarPx

sin2x
1 4+ cos2x
SOLUTION Using the addition formula for the sine function, we find

53. tanx =

sin2x = sin(x + x) = sinx cosx + COsx Sinx = 2Sinx COSx.
By Exercise 45, we know that c@s = 2 co x — 1. Therefore,

sin2x 2 sinx cosx 2 sinx cosx sinx
= = = = tanx.
14+cos2x 1+4+2cox—1 2co? x cosx

1 — cos4x

54, sin? x co$ x =

SOLUTION  Using the double angle formulas for sine and cosine, we find

. 1 1 1
sin? x co< x 5 (1= 0082x) - 2 (1 + cos2x) = (1 — co< 2x)

1 1 1 1
—|1—=—=cos4x | = —(1 — cos4x).
4 2 2 8

55. Use Exercises 48 and 49 to show thatfieand co® are periodic with periodk.

SOLUTION By Exercises 48 and 49,

sin(6 + ) —sinf
tan(d = = = tanf
ané + ) cogf +m) —cosH ane,
and
coqf +m) —cosH
(0 = = = cot6.
MO+ m) = ot~ —sng - °
Thus, both tal and co® are periodic with periock.
V2

+T

N =

56. Use the identity of Exercise 45 to show that c—ges;s equal to
SOLUTION  Upon substituting = % into the identity

c0s20 = 2¢cos 0 — 1

we have

J2
2

—cost =2c02 X 1.
4 8

39
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Thus,
V2

+

2
200§£:1+£
8 2

N —

o co2l —
8

Taking the square root of both sides of this last expression and recognizing th%tz@sbecausé) < % < % it follows that

T 1 V§
COS— = -+ —.
8 2 4

57. Use the Law of Cosines to find the distance frénto Q in Figure 7.

Q

Q
8

FIGURE 7

SOLUTION By the Law of Cosines, the distance frafto Q is

7
\/102 + 82— 2(10)(8) cos?ﬂ = 16.928.

Further Insights and Challenges

58. Use Figure 8 to derive the Law of Cosines from the Pythagorean Theorem.

.

a—bcosb

FIGURE 8

SOLUTION  First note that the length of the altitude in Figure ® En6. Applying the Pythagorean Theorem to the right triangle
on the right in the figure, it then follows that

¢? = (a —bcosh)? + b2sin? 0
= a? —2ab cosh + b2 cos 6§ + b2 sin? 6
= a? + b% — 2ab cosh.

59. Use the addition formula to prove

cos36 = 4cos 6 — 3 cosd
SOLUTION

c0s36 = cog26 + ) = c0s20 cosh — sin26 sinf = (2cos’ H — 1) cosh — (2sinf cosh) sind
= c0sf(2¢cos § — 1 — 2si? ) = cosh(2¢cos 6 — 1 —2(1 — cos’ )
= cos#(2cos § — 1 —2 + 2cos ) = 4coS § — 3 cosh

60. Use the addition formulas for sine and cosine to prove

tana + tanb
tal b)= ———
a +5) 1 —tana tanb

cota coth + 1

cotla —b) = cotbh — cota
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SOLUTION

sina +b) _ sinacosh + cosasinp _ SMacosh  CosaSB o, 4 tanb

tan(a + b) = = - - = = =
) ) coSa +b) cosacosh —sinasinh  cosacosh _ sinasinb 1 — tana tanb
cosa cosh cosa cosh
cotla — b) = cosa—b) _ cosacosh +sinasinp  L94C0H 4 SNASND oo, ot 4 |

sinfa —b) ~ sinacosbh —cosasinh ~ sinacosh _ cosasinb ~  coth — cota
sinasinb sinasinb

61. Let 0 be the angle between the lize= mx + b and thex-axis [Figure 9(A)]. Prove thak = tanf.

y y L,
y=mx+b

o 7

Q)] (B)
FIGURE 9

SOLUTION  Using the distances labeled in Figure 9(A), we see that the slope of the line is given by th¢ safibe tangent of
the angléed is given by the same ratio. Therefore,= tané.

62. Let L1 and L, be the lines of slope:; andmy [Figure 9(B)]. Show that the angle betweenl and L, satisfies cof =
momy + 1

my —my

SOLUTION Measured from the positive-axis, lete and 8 satisfy tane = m and tan8 = m,. Without loss of generality, let
B > «. Then the angle between the two lines willbe= § — «. Then from Exercise 60,

cotfeota +1 _ GiGa) + 1 1 4mym,

cotw —cotf e may —my
1 2

63. Perpendicular Lines Use Exercise 62 to prove that two lines with nonzero slopesandm, are perpendicular if and only
if mp=—1/mj.
SOLUTION Iflines are perpendicular, then the angle between theinssn /2 =

cothd = cot(f —a) =

14+mm

cot(n/Z):#

mip —mp

14+mm

0= 1m2

mp —my
1
=>mmy=—-1=m =——
m

64. Apply the double-angle formula to prove:

(a) cos% = %\/Z—k V2

1
(b) (:oslﬂ—6 =5V2+ 2+42

Guess the values of ce;sg2 and of coszin foralln.

SOLUTION

4 1+ cosZ 1+¥2
() cos” = cos™/* — L= 2 — 2+ V2
8 2 2 2 2
[14+cosZ  [1+iv24+v2 1|
(b)cos%z > 8 — 22 fzi 24+ 2+ V2.

Observe thag = 23 and co:s%r involves two nested square roots of 2; furthiér,= 24 and cosl”—6 involves three nested square
roots of 2. Sinc&2 = 2°, it seems plausible that

1 | /
0053”—2 :E\/2+ 24+ 2+«/§,

and that cosj;; involvesn — 1 nested square roots of 2. Note that the general case can be proven by induction.
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1.5 Inverse Functions

Preliminary Questions
1. Which of the following satisfyf ~1(x) = f(x)?

@ f(x)=x b) fx)=1-x
(© fx)=1 (d) f(x)=x
(&) f(x) = |x| M f(x)=x"1

SOLUTION The functionga) f(x) = x, (b) f(x) = 1 —x and(f) f(x) = x~! satisfy f "1 (x) = f(x).
2. The graph of a function looks like the track of a roller coaster. Is the function one-to-one?

SOLUTION Because the graph looks like the track of a roller coaster, there will be several locations at which the graph has the
same height. The graph will therefore fail the horizontal line test, meaning that the functiotoise-to-one.

3. The functionf maps teenagers in the United States to their last names. Explain why the inverse fyictidoes not exist.

SOLUTION Many different teenagers will have the same last name, so this function will not be one-to-one. Consequently, the
function does not have an inverse.

4. The following fragment of a train schedule for the New Jersey Transit System defines a fufidtimm towns to times. 15’
one-to-one? What ig ~1(6:27)?
Trenton 6:21
Hamilton Township 6:27
Princeton Junction  6:34

New Brunswick 6:38

SOLUTION  This function is one-to-one, anf~1(6:27) = Hamilton Township.

5. A homework problem asks for a sketch of the graph ofitiverseof f(x) = x + cosx. Frank, after trying but failing to find
a formula for f ~1(x), says it's impossible to graph the inverse. Bianca hands in an accurate sketch without solying fetow
did Bianca complete the problem?

SOLUTION The graph of the inverse function is the reflection of the graph of f(x) through the liney = x.

6. Which of the following quantities is undefined?

(@) sim!(-1) (b) cos1(2)
(c) escl(3) (d) csc1(2)
SoLUTION  (b) and(c) are undefined. sit' (1) = —Z and csc1 (2) = Z.

7. Give an example of an angtesuch that cos! (cosf) # 6. Does this contradict the definition of inverse function?

SOLUTION Any anglef < 0 or 8 > z will work. No, this does not contradict the definition of inverse function.

Exercises
1. Show thatf(x) = 7x — 4 is invertible and find its inverse.
4 4
SOLUTION Solvingy = 7x — 4 for x yieldsx = % Thus, £~ (x) = = ;r )

2. Is f(x) = x2 + 2 one-to-one? If not, describe a domain on which it is one-to-one.

SOLUTION £ is not one-to-one becaug&—1) = f(1) = 3. However, if the domain is restricted 10> 0 or x < 0, then f is
one-to-one.

3. What is the largest interval containing zero on whjffx) = sinx is one-to-one?
SOLUTION Looking at the graph of sin, the function is one-to-one on the interyalr /2, 7/2].

x—=2

4. Show thatf(x) = 3 is invertible and find its inverse.

X+
(a) What is the domain off (x)? The range off ~1(x)?
(b) What is the domain of ~!(x)? The range off (x)?
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SOLUTION We solvey = f(x) for x as follows:
_x=2
y= x+3
yx+3y=x-2
yx—x=-3y—-2
—3y—2 3y42
X = = .
y—-1 -y
Therefore,
_ 3x +2
ST =
— X

(a) Domain of f(x) = {x|x # —3} = Range off 1 (x).
(b) Domain of f ~1(x) = {x|x # 1} = Range off (x).

5. Verify that f(x) = x3 4+ 3 andg(x) = (x — 3)!/3 are inverses by showing th#{(g(x)) = x andg(f(x)) = x.

SOLUTION

o fe) = (=) 3=x-343=x

e g(f(x) = (x3 +3_3)1/3 _ (x3)1/3 _

+

t+1 r+1
6. Repeat Exercise 5 fof (1) = 1 andg(t) = +

t—1
SOLUTION

t+1
=T t+1

t+1+t—1

fe) =

i1 =
—1 !

The calculations fog ( f(¢)) are identical.

Fi-a-n "

. L 26M . . o .
7. The escape velocity from a planet of radiRds v(R) = 4/ R whereG is the universal gravitational constant amflis

the mass. Find the inverse of R) expressingR in terms ofv.
SOLUTION To find the inverse, we solve

_ [26M
YTV TR

for R. This yields

2GM
R = G2
y
Therefore,
_ 2GM
v I(R) = Rz

In Exercises 8-15, find a domain on whi¢hs one-to-one and a formula for the inverse fofestricted to this domain. Sketch the

graphs of f and f 1.
8. f(x)=3x-2

SOLUTION The linear functionf (x) = 3x — 2 is one-to-one for all real numbers. Solving= 3x — 2 for x givesx = (y + 2)/3.

Thus,

7o) =

=222 1

x+2

3

y

=i

P
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9 f(x)=4—x
SOLUTION The linear functionf(x) = 4 — x is one-to-one for all real numbers. Solving= x — 4 for x givesx = 4 — y.
Thus, f~1(x) = 4 —x.

fx)=f%x) =4 -x

™

14

1
10. f(x) = x——|—1

SOLUTION  The graph off (x) = 1/(x + 1) given below shows thaf passes the horizontal line test, and is therefore one-to-one,

1 1 1
on its entire domaiffx : x # —1}. Solvingy = forx givesx = — — 1. Thus, f "1 (x) = — — 1.
X y X

+1
y y
4
y=f"(x)
2
y =f(x)
\'—x X

11. =

J) =73

SOLUTION  The graph off (x) = 1/(7x — 3) given below shows that passes the horizontal line test, and is therefore one-to-one,
on its entire domaifx : x # %}. Solvingy = 1/(7x — 3) for x gives

3
+

x = =
7

| W

1 1
— thus, £ l(x)= —
7y ST ) =t

1
12. f9) =3
SOLUTION To makef(s) = s~2 one-to-one, we must restrict the domain to eitfser s > 0} or {s : s < 0}. If we choose the
. ) 1 . 1 1
domain{s : s > 0}, then solvingy = — fors yieldss = —. Hence,f ! (s) = —=. Had we chosen the domaj : s < 0}, the
52 VY NG
1

inverse would have beefi—1(s) = —

X

B0 = T
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. 1 . . .
SOLUTION  To make the functiorf(x) = ———— one-to-one, we must restrict the domain to either x > 0} or {x : x < 0}.
VxZ2+1 .
If we choose the domaifx : x > 0}, then solvingy = ———— for x yields
ST
1—y2 1 — x2
x=Y""" tence, fl(x)= 1",

y

Had we chosen the domajr : x < 0}, the inverse would have been

_ 1—x2
M)y =-——-—.
15
y =f(x)
05
+ X
-2 -1 12

14. f(z) = 23
SOLUTION The function f(z) = z3 is one-to-one over its entire domain (see the graph below). Solvirg z3 for z yields
yl/3 =z.Thus, f~1(z) = z1/3,

15. f(x) = +v/x3+9
SOLUTION  The graph off(x) = +/x3 + 9 given below shows thaf passes the horizontal line test, and therefore is one-to-one,
on its entire domairix : x > —9'/3}. Solvingy = +/x3 + 9 for x yieldsx = (y2 —9)1/3. Thus, f 1 (x) = (x2 — 9)1/3.

y

y

¥ =f"x)

—2_2_J/4 6 8

nbmm

16. For each function shown in Figure 1, sketch the graph of the inverse (restrict the function’s domain if necessary).

y y y

X X
(A) B) ©)
y y
y
X X \‘I X
(D) E) (F)

FIGURE 1
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SOLUTION Here, we apply the rule that the graph 6t is obtained by reflecting the graph gfacross the ling = x. For (C)
and (D), we must restrict the domain ¢fto make /' one-to-one.

@ y (b) ¥ (c)y

QY
dy (e) (U

¥ X
(B)
y
X
X
X
(E)

"

©

(D)
17. Which of the graphs in Figure 2 is the graph of a function satisfying = f?

y

y
X
; 1 X
(A) (B)
y y
X
B K
©) (D)

FIGURE 2

~

soLUTION  Figures (B) and (C) would not change when reflected around the linex. Therefore, these two satisfy™! = f.

18. Letn be a nonzero integer. Find a domain on whjtfx) = (1 — xM1/7 coincides with its inverseHint: The answer depends
on whethem is even or odd.

SOLUTION First note

n\1/n n
7 = (1= (@ =amtm)) = = g =

so f(x) coincides with its inverse. For the domain and rang¢ pfet’s first consider the case when> 0. If n is even, thenf(x)
is defined only wheri — x™ > 0. Hence, the domainisl < x < 1. Therange i$ < y < 1. If n is odd, thenf(x) is defined for
all real numbers, and the range is also all real numbers. Now, suppese Then—n > 0, and

1 —1/—n X" 1/—n
o= () ()

If n is even, thenf(x) is defined only whenxr ™" — 1 > 0. Hence, the domainis| > 1. The range iy > 1. If n is odd, thenf (x)
is defined for all real numbers except= 1. The range is all real numbers except 1.

19. Let f(x) = x7 + x + 1.

(a) Show thatf ! exists (but do not attempt to find itfint: Show thatf is increasing.

(b) What is the domain off ~1?

(c) Find f~1(3).

SOLUTION

(@) The graph off(x) = x7 + x + 1 is shown below. From this graph, we see thfdk) is a strictly increasing function; by
Example 3, it is therefore one-to-one. Becayfsis one-to-one, by Theorem 3,71 exists.
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20 +

-10 +

=20 +

(b) The domain off ~(x) is the range off (x) : (—o0, 00).
(c) Notethatf(1) =17 +1 + 1 = 3; therefore,f 1 (3) = 1.
20. Show thatf(x) = (x% + 1)~ ! is one-to-one orf—oo, 0], and find a formula forf ~! for this domain off .

SOLUTION

0.8
y=(0&+1)% 0.6
0.4
0.2

Notice that the graph of (x) = (x2 + 1)~! over the interval—oo, 0] (shown above) passes the horizontal line test. THigs)
is one-to-one off—oo, 0]. To find a formula forf ~1, we solvey = (x% + 1)~! for x, which yieldsx = + % — 1. Because the

domain of f was restricted ta < 0, we choose the negative sign in front of the radical. Therefré,(x) = —,/% —1.

21. Let f(x) = x2 — 2x. Determine a domain on whicA~! exists, and find a formula fof ~! for this domain off .

SOLUTION From the graph of = x2 — 2x shown below, we see that if the domain ffis restricted to either < 1 orx > 1,
then f is one-to-one ang' ! exists. To find a formula fof —!, we solvey = x2 — 2x for x as follows:

y—|—1=)c2—2x—{—1=(x—1)2
x—1l==xyy+1
x=1x£y+1

If the domain off is restricted tor < 1, then we choose the negative sign in front of the radical ARd(x) = 1 — /x + 1. If
the domain off is restricted tor > 1, we choose the positive sign in front of the radical gfid! (x) = 1 + +/x + 1.

Y
y=x2-2x

-1 ZEE

22. Show thatf(x) = x + x~! is one-to-one offl, c0), and find the corresponding inverge !. What is the domain of —1?

SOLUTION The graph off(x) = x + x~! on[l, oo) is shown below. From this graph, we see thatfor 1 the function is
increasing, which implies that the function is one-to-one. Also, note that giniséncreasing forx > 1, f(x) > f(1) = 2 for
x> 1.

H--
o4
w4
a4
o4
o+
~ 4
o+
o4
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To find a formula forf !, lety = x + x 1. Thenxy = x2 + 1 orx? — xy + 1 = 0. Using the quadratic formula, we find

_yEy?2-4
==

X

To havex > 1 for y > 2, we must choose the positive sign in front of the radical. Thus,

x+Vx2-4

ST =——

forx > 2.
In Exercises 23-28, evaluate without using a calculator.

23.cos 11

SOLUTION cos!1=0.

24. sin!

N —

1

in—1 1 b4
SOLUTION sIn" * 7 = &.

25. cot 11

SOLUTION cot!1 =

Rt

2
26. sec! —
V3

SOLUTION sec!-Z =Z,

73
27. tan ! /3
SOLUTION tarm ! /3 = tan—l(%) =z
28. sin"1(-1)
soLuTIoN  sin!(-1) = —Z.
In Exercises 29-38, compute without using a calculator.
. . T
29. sin~! (sm ?)

i lioin@Ty _ T
SOLUTION  sin™ ' (sing) = 7.

4
30. sin”! (sin —n)
3
47

SOLUTION  sin~!(sin 47”) = sin_l(—g) = —%. The answer is nof%” because3" is not in the range of the inverse sine
function.

3
31. cos! (0057”)

SOLUTION cos—l(cos%”) =cos 1(0) = Z.The answer is no?zl because%” is not in the range of the inverse cosine function.

)

SOLUTION  sin™1(sin(—2Z)) = sin~!(—1) = —Z. The answer is not2Z because-3Z is not in the range of the inverse sine
function.
1 3
33. tan tan—
4
SOLUTION tan!(tan3f) = tan~!(~1) = —Z. The answer is no& because2J is not in the range of the inverse tangent
function.

34. tan 1 (tann)
soLuTION tan!(tanw) = tan~1(0) = 0. The answer is not becauser is not in the range of the inverse tangent function.
35. sec ! (sec3n)

SOLUTION se¢ !(sec3r) = sec’!(—1) = =. The answer is ndix becausér is not in the range of the inverse secant function.
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3
36. sec’! (sec—”)
2
1

soLuTioN  No inverse since se¥l = o = 5 .

Sl

o]

37. csc ! (csa—))

SOLUTION No inverse since c§er) =

38. cot™! (cot (—%))

SOLUTION cot™! (cot(—%)) =cot™l(-1) = 3T”.The answer is not & because-Z is notin the range of the inverse cotangent
function.

I
Sl=
|
8

1
sin(—m)

In Exercises 39—-42, simplify by referring to the appropriate triangle or trigonometric identity.

39. tan(cos ! x)

SOLUTION Letd = cos™! x. Then co® = x and we generate the triangle shown below. From the triangle,

V1 —x2

tan(cos ! x) = tand =

40. cos(tan! x)

SOLUTION Letd = tan~! x. Then tarf = x and we generate the triangle shown below. From the triangle,

1

coqtan " x) = cosf =

xz—l—l.

1+x2

41. cot(sec! x)

SOLUTION Letd = sec! x. Then sed = x and we generate the triangle shown below. From the triangle,

1

cot(sec’! x) = cotd = .
x2—1

x” =1

42. cot(sin~! x)

1

SOLUTION Letf = sin~ " x. Then sind = x and we generate the triangle shown below. From the triangle,

. 1—x2
cot(sin~! x) = cotd = -~

V1 —x?
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In Exercises 43-50, refer to the appropriate triangle or trigonometric identity to compute the given value.
i1 2
43. cogsin! 2)

SOLUTION Letd = sin~! % Then sind = % and we generate the triangle shown below. From the triangle,

12 NG
cos| sin 3 =0039=T.

44. tan(cos™! 2)

SOLUTION Letd = cos™! % Then co9 = % and we generate the triangle shown below. From the triangle,

2 5
tan(cos_1 §) = tanf = g

45. tan(sin~! 0.8)

SOLUTION Let# = sin~10.8. Then sirg = 0.8 = g and we generate the triangle shown below. From the triangle,

tan(sin 1 0.8) = tanf = —.

46. cos(cot ! 1)

—11 _ —1 1y — _
SOLUTION cot™' 1 = Z. Hence, cogcot™' 1) = cosg =

47. cot(csc ™! 2)

N

SOLUTION csc 2 = Z. Hence, catesc! 2) = cotZ = /3.
48. tan(sec !(-2))
soLuTIoN  sec!(-2) = ZX. Hence tagsec ! (-2)) = tanZX = —/3.

49. cot(tan™! 20)

SOLUTION Let6 = tarr! 20. Then tarf = 20, so cottar! 20) = cotf = Ly = .
50. sin(csc™! 20)
SOLUTION  Letf = csc! 20. Then cs® = 20, so sircsc ! 20) = sinf = Ly = .

Further Insights and Challenges

51. Show that if f(x) is odd andf ! (x) exists, thenf ~1(x) is odd. Show, on the other hand, that an even function does not have
an inverse.

SOLUTION  Supposef(x) is odd andf ~1(x) exists. Becaus¢ (x) is odd, f(—x) = — f(x). Lety = f~1(x), then f(y) = x.
Since f(x)is odd, f(—y) = —f(y) = —x. Thus f ! (—x) = —y = —f ~1(x). Hence,f ! is odd.
On the other hand, if (x) is even, thenf(—x) = f(x). Hence,f is not one-to-one and~! does not exist.



SECTION 1.6 | Exponential and Logarithmic Functions 51

52. A cylindrical tank of radiusR and length lying horizontally as in Figure 14 is filled with oil to height Show that the volume
V(h) of oil in the tank as a function of heightis

Vih) = L (R2 cos™! (1 - %) —(R—h)V2hR - hz)

FIGURE 3 Qilin the tank has leveh.
SOLUTION From Figure 14, we see that the volume of oil in the takily), is equal toL timesA(h), the area of that portion of
the circular cross section occupied by the oil. Now,

, R?0  RZ%sinf
A(h) = area of sector area of triangle= - T3

wheref is the central angle of the sector. Referring to the diagram below,

6 R-—h N ~2hR — h2
cos—=—— and sin-= ——.
2 2 R
0/2 R
R-h
V2hR -1?
Thus,
h
6 =2cos! (1——),
R
. .0 0 (R —h)v2hR — h2
sinf = 2sin—cos— =2 ,
2 2 R2
and

V(h) =L (R2 cos! (1 - %) —(R—h)V2hR —h2) .

1.6 Exponential and Logarithmic Functions

Preliminary Questions
1. Which of the following equations is incorrect?

(a) 32 .35 — 37 (b) (ﬁ)4/3 — 52/3
(c) 32-23 =1 d 272 =16
SOLUTION

(a) This equation is correcs? - 3° = 3213 = 37,

(b) This equation is corrects/5)*/3 = (51/2)4/3 = 5(1/2)(4/3) = 52/3,
(c) This equation is incorreck? - 23 = 9.8 =72 # 1.

(d) this equation is correct2—2)~2 = 2(-=2(=2) = 24 = 1.



52 CHAPTER 1 | PRECALCULUS REVIEW

2. Compute logz (b%).
SOLUTION Because* = (b2)2, logy (b*) = 2.
3. When is Inx negative?
SOLUTION Inx is negative fol0 < x < 1.
4. What is I(—3)? Explain.
SOLUTION In(=3) is not defined.
5. Explain the phrase “The logarithm converts multiplication into addition.”
SOLUTION This phrase is a verbal description of the general property of logarithms that states
log(ab) = loga + logb.
6. What are the domain and range ofd®
SOLUTION The domain of Inx is x > 0 and the range is all real numbers.
7. Which hyperbolic functions take on only positive values?
SOLUTION coshx and sechx take on only positive values.
8. Which hyperbolic functions are increasing on their domains?
SOLUTION sinhx and tanhx are increasing on their domains.
9. Describe three properties of hyperbolic functions that have trigonometric analogs.

SOLUTION Hyperbolic functions have the following analogs with trigonometric functions: parity, identities and derivative for-
mulas.

Exercises
1. Rewrite as a whole number (without using a calculator):
(@ 7° (b) 102272 +572)

3\5
(© (4 )3 (d) 274/3
(4)
(e) 871/3.85/3 (f) 3-41/4 _12.273/2
SOLUTION
(@ 7° =1.
(b) 102272 +572) = 100(1/4 + 1/25) =25+ 4 = 29.
(€ (4)°/(#)% =415/415 = 1.
(d) @743 = (271/3)% =34 =31.
(e) 871/3.85/3 = (81/3)5/81/3 = 25 /2 = 2* = 16.
(f) 3-41/4_12.273/2 =3.21/2_3.22.273/2 = 9,

In Exercises 2—10, solve for the unknown variable.
2. 92% — o8

SOLUTION If 92* = 98 then2x = 8, andx = 4.

3. 2% = ot
SOLUTION If €2* = ¢*t1 then2x = x + 1, andx = 1.
4. ¢!” = o413
SOLUTION If ef” = e4'=3 thent2 = 4t —30r12 — 4t +3 = (¢ —3)(t — 1) = 0. Thus,s = 1 or¢ = 3.
5. 3% = (L)**!
soLUTION  Rewrite(3)*+! as (371)**! = 37¥~1 Then3* = 37*~!, which requiresc = —x — 1. Thus,x = —1/2.
6. (v/3)* =125
SOLUTION Rewrite(v/3)* as (5!1/2)¥ = 5%/2 and 125 a$3. Then5*/2 = 53, sox/2 = 3 andx = 6.
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7. 47 =2xHl
SOLUTION Rewrite4™ as(22)™* = 272%, Then2—2* = 2¥*1 which requires-2x = x + 1. Solving forx givesx = —1/3.
8. b* = 1012

SOLUTION b* = 10!2 is equivalent td* = (103)* sob = 103. Alternately, raise both sides of the equation to the one-fourth
power. This give$ = (1012)1/4 = 103.

9. k3% =27
SOLUTION  Raise both sides of the equation to the two-thirds power. This giveg27)2/3 = (271/3)2 =32 =9,
10. (B2)** =p~6
SOLUTION Rewrite(h2)*t1! asp2*+D_ Then2(x + 1) = —6, andx = —4.
In Exercises 11-26, calculate without using a calculator.
11. logs 27
SOLUTION log; 27 = log; 33 = 3log; 3 = 3.

12. logs 5

SOLUTION logs 2—15 =logs5 2 = —2logs 5 = —2.
13.In1

SOLUTION In1=0.
14. logs(5%)

SOLUTION logs(5%) = 4logs 5 = 4.

15. log, (25/3)

5 5
SOLUTION log, 2°/3 = 31002 = 3.

16. log, (85/3)
5
soLUTION log, (8%/3) = 3 log, 2° = 5log, 2 = 5.
17. logg, 4
1/3 1 1
SOLUTION loggs 4 = l0gg 64°/° = 3 l0gg, 64 = 3

18. log,(49?)
SOLUTION log; 49?2 = 2log; 72 = 2-2-log; 7 = 4.

19. logg 2 + log, 2

SOLUTION logg 2 + log, 2 = logg 8!/ + log, 41/2 =

ANl W

W -
N —

20. logys 30 + log,s 2

5 5
SOLUTION  log,s 30 + log,s 5= 00,5 (30~ g) =10g,525=1.
21. log, 48 —log, 12
48
SOLUTION log, 48 —log, 12 = log, = logy 4 = 1.

22. In( /e - e7/%)

SOLUTION In(ve -e7/%) = In(e!/2 - e7/%) = In(e!/217/5) = In(e19/10) = %.

23. In(e?) + In(e*)
SOLUTION In(e3) +In(e*) =3 +4=7.

24. log, 3 + log, 24

4 4
SOLUTION  log, 3 +10g; 24 = log, (5 ~24) = log, 32 = log, 2° = 5l0g, 2 = 5.
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25. 71°97(29)

SOLUTION 7'997(29) — 29,

26. §31093(2)

SoLUTION  831088(2) — glogg(2%) _ glogg(8) _ g1 _ g,

27. Write as the natural log of a single expression:

(@) 2In5+3In4 (b) 5In(x1/2) 4+ In(9x)
SOLUTION

(@ 2In54+3In4=1n5%2 4+1n43 =n25+ In64 = In(25 - 64) = In 1600.
(b) 5Inx/2 +1n9% = INx>/2 +In9x = In(x>/2 - 9x) = In(9x7/2).
28. Solve forx: In(x2 + 1) —3Inx = In(2).
SOLUTION Combining terms on the left-hand side gives
2 2 3 x2 41
INnx“+1)—3Inx =In(x*+1)—Inx> =In —-
X
2
1
Therefore,%
X
equation, we find

=2o0r2x3—x2—-1=0; x = 1is the only real root to this equation. Substituting= 1 into the original

IN2—-3Inl=In2-0=1In2
as needed. Hence,= 1 is the only solution.
In Exercises 29-34, solve for the unknown.

29. 7¢°' = 100

soLuTION Divide the equation by 7 and then take the natural logarithm of both sides. This gives

100 1 100
5t =In| — o t=-=In{—].
7 5 7
30. 6e 4 =2

SOLUTION Divide the equation by 6 and then take the natural logarithm of both sides. This gives
1 In3
—4t =1In| = o t=—.
3 4
31, 2%°72% = g

SOLUTION  Since8 = 23, we havex2 —2x —3 =0or(x —3)(x + 1) = 0. Thus,x = —1 orx = 3.
32 €2t+1 — 9e1—t

SOLUTION Taking the natural logarithm of both sides of the equation gives
2%4+1=1In (9e1—’) —IN9+Mne'™ =InN9+ (1—1).

Thus,3r = In9orz = 1 In9.

33. In(x*) —In(x?) =2
4
x2

SOLUTION  In(x*) —In(x2) = In (x ) =In(x2) =2Inx.Thus,2Inx = 2 orlnx = 1. Hencex = e.

34. log; y + 3log;(y?) = 14

SOLUTION 14 = log; y + 3log;(y?) = log; y + logs; y® = log; y7. Thus,y” =314 ory =32 =09,
35. Use a calculator to compute sintand coshx for x = —3, 0, 5.

SOLUTION
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36. Compute sinfin 5) and tanlg3 In 5) without using a calculator.

SOLUTION

In5 —In5
— 5—-1/5 24/5
sinh(In5) = ¢ ; = / = 2/

= 12/5;

3In5 —3In5
sinh(3lns) € 53153 56

tanh3In5) = = = = .
hG3Ins) cosh(31n5) M 5341753 5641

37. Show, by producing a counterexample, thaul is not equal tqina)(Inb).
SOLUTION Leta = ¢2 andb = e3. Thenab = ¢° and Inab) = In(e®) = 5; however,

(Ina)(Inb) = (Ine?)(Ine3) = 2(3) = 6.
38. For which values ok arey = sinhx andy = coshx increasing and decreasing?

SOLUTION The graph ofy = sinhx is shown below on the left. From this graph, we see that siishincreasing for alk. On the
other hand, from the graph of = coshx shown below on the right, we see that casis decreasing fox < 0 and is increasing
for x > 0.

39. Show thaty = tanhx is an odd function.

e™¥ — (=) e X —e* e¥ —e™*
SOLUTION tanh—x) = = =— = —tanhx.
e X fe—(=X)  e™¥ ¥ eX +e7*

40. The population of a city (in millions) at time (years) isP(r) = 2.4e%-9? wherer = 0 is the year 2000. When will the
population double from its size at= 0?

. In2
SOLUTION Population doubles wheh8 = 2.4¢%-9¢% Thus,0.06r = In2or¢ = 006~ 11.55 years.

41. The Gutenberg—Richter Law states that the numbe¥ of earthquakes per year worldwide of Richter magnitude at least
M satisfies an approximate relation |ggV = a — M for some constant. Find @, assuming that there is one earthquake of
magnitudeM > 8 per year. How many earthquakes of magnitdde> 5 occur per year?

SOLUTION Substitutingv = 1 andM = 8 into the Gutenberg—Richter law and solving foyields
a=8+loggl =8.

The numberV of earthquakes of Richter magnitudé > 5 then satisfies
logjg N =8—-5=3.

Finally, N = 103 = 1000 earthquakes.

42. The energyE (in joules) radiated as seismic waves from an earthquake of Richter magadifudegiven by the formula
(a) ExpressE as a function of\/ .

(b) Show that when\/ increases by 1, the energy increases by a factor of approximately 31.6.

SOLUTION
(a) Solving log,y E = 4.8 + 1.5M for E yields

E — 10*8+1.5M

(b) Using the formula from part (a), we find

E(M +1) 1048+t1.5(M+1)  1(6.3+1.5M

- — 1015 o
E(M) —  104+8+15M _104.8+1.5M_10 ~ 31.6228.
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43. & Refer to the graphs to explain why the equation sir¥h ¢ has a unique solution for everyand why coshx = ¢ has
two solutions for every > 1.

SOLUTION From its graph we see that simhis a one-to-one function wnth_) limsinhx = —oc0 and I|m sinhx = oo. Thus,

for every real number, the equation sink = ¢ has a unique solution. On the other hand, from its graph we see that osbt
one-to-one. Rather, it is an even function with a minimum value of 8eshl. Thus, for every > 1, the equation cosh = ¢ has
two solutions: one positive, the other negative.

44. Compute cosh and tanhc, assuming that sinh = 0.8.

SOLUTION  Using the identity coshx — sint? x = 1, it follows that cosf x — (£)2 = 1, so that coshx = 31 and

V41
coshx = —.
5
Then, by definition,
sinh 4 4
tanhx = AN S
coshx J;T J41
45. Prove the addition formula for cosh
SOLUTION
XY 4 o= (x+y) 20Xty 4 o= (x+y)
coshix + y) = =
2 4
eXTY Lo X Y L pX=Y 4 o= (X V) pxHY e XAy _ Xy o o= ()
= +
4 4

_ (ex ze—x) (ey Ze—y) N (ex _2€_x) (ey _ze_y)

= coshx coshy + sinhx sinhy.

46. Use the addition formulas to prove
sinh(2x) = 2 coshx sinhx

cosh(2x) = coslt x + sink? x

SOLUTION sinh(2x) = sinh(x + x) = sinhx coshx + coshx sinhx = 2coshx sinhx and cosl2x) = coshx + x) =
coshx coshx + sinhx sinhx = cost? x + sink? x.
47. An (imaginary) train moves along a track at velocityBionica walks down the aisle of the train with velocityin the

direction of the train’s motion. Compute the velocityof Bionica relative to the ground using the laws of both Galileo and Einstein
in the following cases.

(@) v =500 m/s andu = 10 m/s. Is your calculator accurate enough to detect the difference between the two laws?
(b) v =107 m/s andu = 10° m/s.

SOLUTION Recall that the speed of lightisa 3 x 108 m/s.
(a) By Galileo’s law,w = 500 + 10 = 510 m/s. Using Einstein’s law and a calculator,

500 10
tani ! Y = tani ! 22 4 tani ! — = 1.7 x 1075;
C C C
sow = ¢ - tanh(1.7 x 107%) & 510 m/s. No, the calculator was not accurate enough to detect the difference between the two laws.
(b) By Galileo’s law,u + v = 107 + 10° = 1.1 x 107 m/s. By Einstein’s law,
107 10°
tant ! 2 = tanh- 1 +tanh! ——— ~ 0.036679,
c 108 3 x 108
sow & ¢ - tanh(0.036679) ~ 1.09988 x 107 m/s.
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Further Insights and Challenges
48. Show that log b log, a = 1 for all a, b > 0 such thatr # 1 andb # 1.

Inb Ina Inb Ina
SOLUTION | b= —andl = —.Thuslog, b - | = —.— =
% Inaan 0% ¢ Inb us10g 0 -10gp 4 Ina Inb
|
49. Verify the formula log, x = Igg“; fora,b > 0 suchthau # 1,5 # 1.
a
log, x
SOLUTION Lety =log, x. Thenx = Y and log, x = log, b¥ = ylog, b. Thus,y = log, b’
a

50. (a) Use the addition formulas for sinhand coshx to prove

tanhu + tanhv

tan =
hu +v) 1 + tanhu tanhv

(b) Use (a) to show that Einstein’s Law of Velocity Addition
[Eqg. (3)] is equivalent to

u-—+v
w =
1+ uv
c2
SOLUTION
@

sinh(u + v) _ sinhu coshv + coshu sinhv
coshu +v)  coshu coshv + sinhu sinhy

tanh(u + v) =

sinhu coshw + coshu sinhv  1/(coshu coshw)  tanhu + tanhv
coshu coshv + sinhu sinhv  1/(coshu coshw) 1 + tanhu tanhv

(b) Einstein’s law states: tanl (w/c) = tanh~! (u/c¢) + tanh 1 (v/c). Thus

tanh(tant 1 (v/c¢)) + tanhtanh ! (u/c))
1 + tanhtant 1 (v/c)) tanhtanb~! (u /¢))

v tanh(tanh‘l(u/c) + tanh! (v/c)) =
C

ete _ /ot

u
vcu uv
1+EE 1+c_2

Hence,

_ u-+v
1+43°

w

51. Prove that every functiorf (x) can be written as a surfi(x) = f4+(x) + f—(x) of an even functiorf (x) and an odd function
f—(x). Expressf(x) = 5¢* + 8¢~ in terms of cosh and sinhx.

SOLUTION  Let f4 (x) = L&ESCD ang £ (x) = LEZSED Then £, 4 £ = 218 — 7(x). Moreover,

SE)+ (=) _ )+ S

fr(x) = 5 5 = f+ (),
SO f4(x) is an even function, while
fo(ex) = S(=x) —.21’(—(—X))
_ f(—X)z— &) () —2f<—x)) P
SO f—(x) is an odd function.
For f(x) = 5¢* + 8¢™*, we have
f+(x) = se? + 87 ;Se_x + 8e” = 8coshx + 5coshx = 13 coshx
and
Fy = 28T =5 —8eT o iy — 8 sinhy = —3 sinhix.

2
Therefore,f(x) = f4+(x) + f=(x) = 13 coshx — 3 sinh.x.
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1.7 Technology: Calculators and Computers

Preliminary Questions
1. Is there a definite way of choosing the optimal viewing rectangle, or is it best to experiment until you find a viewing rectangle
appropriate to the problem at hand?

SOLUTION Itis best to experiment with the window size until one is found that is appropriate for the problem at hand.
2. Describe the calculator screen produced when the fungtien3 + x2 is plotted with viewing rectangle:
(@) [-1.1]x[0,2] (b) [0,1] x [0, 4]

SOLUTION
(a) Using the viewing rectangle-1, 1] by [0, 2], the screen will display nothing as the minimum valug/cE 3 + x2 is y = 3.
(b) Using the viewing rectanglf, 1] by [0, 4], the screen will display the portion of the parabola between the p@ngs and
(1.4).

3. According to the evidence in Example 4, it appears th@t) = (1 + 1/n)" never takes on a value greater ttsafor n > 0.
Does this evidencprovethat f(n) < 3 forn > 0?

SOLUTION No, this evidence does not constitute a proof tfiét) < 3 forn > 0.
4. How can a graphing calculator be used to find the minimum value of a function?

SOLUTION  Experiment with the viewing window to zoom in on the lowest point on the graph of the functiony-Eberdinate
of the lowest point on the graph is the minimum value of the function.

Exercises
The exercises in this section should be done using a graphing calculator or computer algebra system.

1. Plot f(x) = 2x* + 3x3 — 14x% — 9x + 18 in the appropriate viewing rectangles and determine its roots.

SOLUTION Using a viewing rectangle d&4, 3] by [—20, 20], we obtain the plot below.

LA

-4 _v_'llol N~ 3

-20

Now, the roots off'(x) are thex-intercepts of the graph of = f(x). From the plot, we can identify the-intercepts as-3, —1.5,
1, and 2. The roots of (x) are thereforee = =3, x = —1.5,x = I, andx = 2.

2. How many solutions does® — 4x + 8 = 0 have?

SOLUTION  Solutions to the equation® — 4x + 8 = 0 are thex-intercepts of the graph of = x3 — 4x 4 8. From the figure
below, we see that the graph has anmtercept (between = —4 andx = —2), so the equation has one solution.

y

3. How manypositivesolutions does:3 — 12x + 8 = 0 have?

SOLUTION The graph ofy = x3 — 12x + 8 shown below has twa-intercepts to the right of the origin; therefore the equation
x3 — 12x + 8 = 0 has two positive solutions.

60
40

+ + + X
-
-40

-60
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4. Does cos + x = 0 have a solution? A positive solution?

SOLUTION The graph ofy = cosx + x shown below has one-intercept; therefore, the equation cos- x = 0 has one
solution. The lonex-intercept is to the left of the origin, so the equation has no positive solutions.

5. Find all the solutions of sin = /x for x > 0.

SOLUTION Solutions to the equation sin= ./x correspond to points of intersection between the graphs ef sinx and
y = 4/x. The two graphs are shown below; the only point of intersection is at 0. Therefore, there are no solutions of
sinx = /x forx > 0.

6. How many solutions does cas= x2 have?
SOLUTION  Solutions to the equation cas= x2 correspond to points of intersection between the graphs ef cosx and
y = x2. The two graphs are shown below; there are two points of intersection. Thus, the equatios adshas two solutions.
y

3
2

—ey{—l_l}[ N X

7. Let f(x) = (x — 100)2 4 1000. What will the display show if you grapli(x) in the viewing rectanglg-10, 10] by [-10, 10]?
Find an appropriate viewing rectangle.
SOLUTION Becauseg(x — 100)2 > 0 for all x, it follows that f(x) = (x — 100)2 + 1000 > 1000 for all x. Thus, using a
viewing rectangle of—10, 10] by [—10, 10] will display nothing. The minimum value of the function occurs whe#s: 100, so an
appropriate viewing rectangle would [, 150] by [1000, 2000].
8x +1

8. Plot f(x) = Sx y
p—

in an appropriate viewing rectangle. What are the vertical and horizontal asymptotes?

8 1 . . .
SOLUTION From the graph of = s shown below, we see that the vertical asymptote is % and the horizontal asymp-

. 8x —4
tote isy = 1.

_ «
-2 -1 1 2
-2

-4

9. Plot the graph off (x) = x/(4 — x) in a viewing rectangle that clearly displays the vertical and horizontal asymptotes.

SOLUTION From the graph of = % shown below, we see that the vertical asymptote is 4 and the horizontal asymptote
— X

isy =—1.
ZV
-8 -4
> X

4 8 12 16
-2
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10. lllustrate local linearity forf(x) = x2 by zooming in on the graph at= 0.5 (see Example 6).

SOLUTION The following three graphs displagi(x) = x2 over the interval§—1, 3], [0.3, 0.7] and[0.45, 0.55]. The final graph
looks like a straight line.

N A O

S 0+ ——+——+——+——+—x 01— x
-1 1 2 035 045 055 065 046 0.48 05 052 0.54

11. Plot f(x) = cogx?)sinx for 0 < x < 2x. Then illustrate local linearity at = 3.8 by choosing appropriate viewing
rectangles.

SOLUTION The following three graphs displagi(x) = cos(x?) sinx over the intervalgo, 2x], [3.5, 4.1] and[3.75, 3.85]. The
final graph looks like a straight line.

1 1 0.4
0.2
X X
1 25 36 .37 38 39 4 -
376 378 38 3.82 3.84
-1 -1 -0.2

N
12. If Py dollars are deposited in a bank account payitiginterest compounded monthly, then the account has \Iail(d + %)
after N months. Find, to the nearest integér the number of months after which the account value doubles.
SOLUTION  P(N) = Po(1 + %%)N . This doubles wheP(N) = 2Py, or when2 = (1 + %%)N . The graphs of = 2 and

y=>0+ %)N are shown below; they appear to interseciVat= 167. Thus, it will take approximately 167 months for money

earningr = 5% interest compounded monthly to double in value.

y
2.2
2

1.8
1.6

14 e
150 155 160 165 170 175

In Exercises 13-18, investigate the behavior of the funasnor x grows large by making a table of function values and plotting
a graph (see Example 4). Describe the behavior in words.

13. f(n) =nl/n
SOLUTION The table and graphs below suggest that gsts largep /" approaches.

n nl/n

10 | 1.258925412
102 | 1.047128548
103 | 1.006931669
10* | 1.000921458
10° | 1.000115136
10 | 1.000013816

X
0 2 4 6 8 10 0 200 400 600 80QLOOO

4n + 1
6n —>5

14. f(n) =



SOLUTION

15. f(n) = (1 + %)n

The table and graphs below suggest that gsts large f(n) tends towardo.

SOLUTION

16. /(x) = (

SOLUTION

xX+6
x—4

2

y

o B N W b
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10,00

2100
2000
1900
1800
1700

2

(1+3)

The table and graphs below suggest that gets Iarge,i’;—t; approaches%.
4n +1
" 6n—>5
10 | 0.7454545455
102 | 0.6739495798
103 | 0.6673894912
10* | 0.6667388949
10° | 0.6666738889
10° | 0.6666673889
y y
4
3
2
1
} X 0+
0 4 6 8 10 0 20 40 60 80 100

10 13780.61234
102 1.635828711 x 1043
103 1.195306603 x 10434
10* | 5.341783312 x 104342
105 | 1.702333054 x 1043429
10% | 1.839738749 x 10434294
y
1x10%
2 4 6 8 10 *

0 20 40 60 80 100

x+6\*
x—4

X

10 | 18183.91210
102 | 20112.36934
103 | 21809.33633
10* | 22004.43568
10° | 22024.26311
106 | 22025.36451
107 | 22026.35566

16000+
0

50

X
100 150 200

2200
2100
2000
1900
1800
1700
16000+

The table and graphs below suggest that agts large,f (x) roughly tends toward 22026.

X
0 200 400 600 800 1000

61
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17. f(x) = (x tanl)x
X

SOLUTION The table and graphs below suggest that gets large f(x) approaches 1.

1 X
X (x tan—)
X

10 | 1.033975759
102 | 1.003338973
103 | 1.000333389
10* | 1.000033334
10° | 1.000003333
106 | 1.000000333

y y
15 15
14 1.4
13 1.3
1.2 1.2
11 1.1
1 1
¥ ; ; ; — X E 2 ; ; ; ; X
5 10 15 20 20 40 60 80 100

2

18. f(x) = (x tanl)x
X

SOLUTION The table and graphs below suggest that aets large f(x) approaches 1.39561.

1 X
X (x tan —)
X

10 | 1.396701388
102 | 1.395623280
103 | 1.395612534
10* | 1.395612426
10° | 1.395612425
10 | 1.395612425

2

y y
1.52 1.52
1.48 1.48
1.44 1.44
14 14
: : ‘ ‘ ‘ — X ‘ ‘ ‘ ‘ ‘ — X
0 2 4 6 8 10 0 20 40 60 80 100

19. The graph off(f) = Acosf + Bsing is a sinusoidal wave for any constamtsand B. Confirm this for(4, B) = (1, 1),
(1,2), and(3, 4) by plotting 1 (6).
SOLUTION The graphs off () = cosf + siné, f(6) = cost + 2sind and f(6) = 3 cosf + 4sind are shown below.

O AW (WY
VARV AVAREY RV

(A,B)=(1,1) (A,B)=(1,2) (A,B)=(3,4)

I~
N

N

20. Find the maximum value of'(6) for the graphs produced in Exercise 19. Can you guess the formula for the maximum value
in terms of4 andB?

SOLUTION Ford=1andB =1, max~ 1.4 ~ /2
ForA =1andB = 2, maxa 2.25 ~ /3
ForA =3andB =4, maxa 5 = +/32 + 42
Max = ~/A2 + B2
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21. Find the intervals on whiclf'(x) = x(x + 2)(x — 3) is positive by plotting a graph.

SOLUTION The function f(x) = x(x + 2)(x — 3) is positive when the graph of = x(x + 2)(x — 3) lies above ther-axis.
The graph ofy = x(x + 2)(x — 3) is shown below. Clearly, the graph lies above thaxis and the function is positive for
x € (=2,0) U (3,00).

y

AL
/:iil\/

22. Find the set of solutions to the inequality? — 4)(x2 — 1) < 0 by plotting a graph.

SOLUTION To solve the inequalityx? — 4)(x2 — 1) < 0, we can plot the graph of = (x2 — 4)(x2 — 1) and identify
when the graph lies below the-axis. The graph of = (x2 — 4)(x2 — 1) is shown below. The solution set for the inequality
x2—4)(x2—1) < Oisclearlyx € (—2,—-1) U (1,2).

Further Insights and Challenges

23. A5 Let fi(x) = x and define a sequence of functions iy 1(x) = % (fu(x) + x/fu(x)). For example f>(x) =

%(x + 1). Use a computer algebra system to compfitéx) for n = 3, 4, 5 and plotf;, (x) together with,/x for x > 0. What do
you notice?

SOLUTION  With fi(x) = x and f2(x) = % (x + 1), we calculate

2
f3(x):%<%(x+1)+1(xx ):x +6x+1
2

+1) 4x+1
f(x)_l x2+6x+1 x _ x* 4 28x3 +70x2 +28x + 1
TUT T+ T 2xextt | T T 81+ x)(1+6x +x2)
4(x+1)

and

1+ 120x + 1820x2 + 8008x3 + 12870x* + 8008x> + 1820x°% + 120x7 + x8

J5(x) = 16(1 + x)(I + 6x + x2)(1 + 28x + 70x2 + 28x3 + x4

Aplot of f1(x), f2(x), f3(x), fa(x), f5(x) and/x is shown below, with the graph Qfx shown as a dashed curve. It seems as
if the f, are asymptotic tq/x.

20 40 60 80 100
24. Set Py(x) = 1 and P;(x) = x. TheChebyshev polynomialguseful in approximation theory) are defined inductively by the
formula P, 41(x) = 2xPy(x) — Pp—1(x).
(a) Show thatP,(x) = 2x2 — 1.
(b) ComputeP,(x) for 3 < n < 6 using a computer algebra system or by hand, andRl¢k) over[—1, 1].

(c) Check that your plots confirm two interesting properties:Kajx) hasn real roots in[—1, 1] and (b) forx € [—1, 1], Py (x)
lies between-1 and 1.



64 CHAPTER 1 | PRECALCULUS REVIEW
SOLUTION
(@) With Pg(x) = 1 and P1(x) = x, we calculate
Po(x) = 2x(P1(x)) — Po(x) = 2x(x) — 1 = 2x% — 1.
(b) Using the formulaPy, 4+1(x) = 2xPp(x) — Pp—1(x) withn = 2, 3,4 and 5, we find
P3(x) =2x(2x2 — 1) —x = 4x3 —3x
Pa(x) =2x(4x3 —3x)—2x2—1) = 8x* —8x% + 1
Ps(x) = 16x° —20x3 + 5x
Pe(x) = 32x% — 48x* + 18x2 — 1

The graphs of the functions;, (x) for 0 < n < 6 are shown below.

Y y
0.8
0.6 0.5
0.4 X
0.2 -1 -0 55 05 1
X -1
-1 -05 05 1
Po(X) Py(x)
y y

NI
_VO_SN/ 0.5\/1

(c) From the graphs shown above, it is clear that for eadhe polynomialP, (x) has precisely. roots on the intervgl-1, 1] and
that—1 < P,(x) < 1forx € [-1,1].

CHAPTER REVIEW EXERCISES

1. Expresg4, 10) as asefx : |[x —a| < ¢} for suitables andc.
SOLUTION The center of the intervait, 10) is # = 7 and the radius i# = 3. Therefore, the intervgH, 10) is equivalent
to the sef{x : |x — 7| < 3}.
2. Express as an interval:
@) {x:|x—=5] <4} (b) {x:|5x +3] <2}
SOLUTION

(a) Upon dropping the absolute value, the inequdlity- 5| < 4 becomes-4 < x —5 <4orl <x <9.Thesefx : |[x —5| < 4}
can therefore be expressed as the intefi/a9).

(b) Upon dropping the absolute value, the inequality + 3| < 2 becomes-2 < 5x +3 <2o0or—1 < x < —%. The set
{x :|5x + 3| < 2} can therefore be expressed as the interval —%].
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3. Express{x : 2 < |x — 1| < 6} as a union of two intervals.

SOLUTION The set{x : 2 < |x — 1| < 6} consists of those numbers that are at least 2 but at most 6 units from 1. The numbers
larger than 1 that satisfy these conditions arec x < 7, while the numbers smaller than 1 that satisfy these conditions are
—5<x <—1.Thereforg{x : 2 < |x — 1| <6} = [-5,—-1] U [3,7].

4. Give an example of numbers y such thaix| + |y| = x — y.
SOLUTION Letx =3andy = —1.Then|x|+|y|=3+1=4andx—y =3—(-1) = 4.
5. Describe the pairs of numbexs y such thafx + y| = x — y.

SOLUTION First consider the case when+ y > 0. Then|x + y| = x + y and we obtain the equation+ y = x — y. The
solution of this equation iy = 0. Thus, the pairgx,0) with x > 0 satisfy|x + y| = x — y. Next, consider the case when
x4+ y <0.Then|x + y| = —(x + y) = —x — y and we obtain the equatiocax — y = x — y. The solution of this equation is
x = 0. Thus, the pairg0, y) with y < 0 also satisfylx + y| = x — y.

6. Sketch the graph of = f(x + 2) — 1, where f(x) = x? for -2 < x < 2.

SOLUTION The graph ofy = f(x 4+ 2) — 1 is obtained by shifting the graph of = f(x) two units to the left and one unit
down. In the figure below, the graph of= f(x) is shown as the dashed curve, and the graph ef f(x + 2) — 1 is shown as
the solid curve.

In Exercises 7-10, lef(x) be the function shown in Figure 1.

0 X
1 2 3 4

FIGURE 1

7. Sketch the graphs of = f(x) +2andy = f(x + 2).

SOLUTION The graph ofy = f(x) + 2 is obtained by shifting the graph of = f(x) up 2 units (see the graph below at the
left). The graph ofy = f(x + 2) is obtained by shifting the graph of= f(x) to the left 2 units (see the graph below at the right).

y y

P N W s~ O
/N ow s~ O

/ x

1 12 3 4 -2 -1 1 2 3 4
f(x) +2 fx+2)
8. Sketch the graphs of = 1 f(x) andy = f(3x).

SOLUTION The graph ofy = %f(x) is obtained by compressing the graphyof f(x) vertically by a factor of 2 (see the graph

below at the left). The graph of = f(%x) is obtained by stretching the graph pf= f(x) horizontally be a factor of 2 (see the
graph below at the right).

y y
3 3
2 2
1 1t/
/
X X

2 4 6 8 2 4 6 8
f(x)/2 f(x/2)
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9. Continue the graph of (x) to the interval—4, 4] as an even function.

SOLUTION To continue the graph of (x) to the interval—4, 4] as an even function, reflect the graphfafr) across the -axis
(see the graph below).

X
-4 -3 -2 -1 1 2 3 4

10. Continue the graph of (x) to the interval—4, 4] as an odd function.

SOLUTION To continue the graph of (x) to the interval[—4, 4] as an odd function, reflect the graph 6fx) through the origin
(see the graph below).

N

-4 -3 -2 -1 1 2.3 .4

-2
-3

In Exercises 11-14, find the domain and range of the function.

11. f(x) =X +1

SOLUTION  The domain of the functiorf(x) = +/x + 1is{x : x > —1} and the range i§y : y > 0}.

12. f0) =@

SOLUTION  The domain of the functiorf(x) = is the set of all real numbers and the ranggis 0 < y < 4}.

x4 +1

13. f(0) = 37—

SOLUTION  The domain of the functiorf(x) = % is{x :x # 3}and therangei§y : y # 0}.
— X

14. f(x) =+/x2—x+5

SOLUTION Because

xZ—x+5= xz—x—l—l +5—l— x—l 2—1—9
- 4 4 2 4’

xX2—x+4+5> % for all x. It follows that the domain of the functioffi(x) = +/x2 — x + 5 is all real numbers and the range is
iy >+19/2}.

15. Determine whether the function is increasing, decreasing, or neither:

_ 1
(@ f(x)=37* (b) f(x)= 2l
() gt)=1>+1¢ d) g(t)y=13+1
SOLUTION

(a) The functionf(x) = 37* can be rewritten ag'(x) = (%)x. This is an exponential function with a base less than 1; therefore,
this is a decreasing function.

(b) From the graph of = 1/(x2 + 1) shown below, we see that this function is neither increasing nor decreasingsfdttatiugh

itis increasing forx < 0 and decreasing for > 0).
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(c) The graph ofy = 1% + ¢ is an upward opening parabola; therefore, this function is neither increasing nor decreasing for all
By completing the square we find= (¢t + %)2 — %. The vertex of this parabola is thensat= —1, so the function is decreasing

1 ; ; 1
fort < —5 andincreasing for > —5.

(d) From the graph of = 3 + ¢ shown below, we see that this is an increasing function.

16. Determine whether the function is even, odd, or neither:

@ fix)= x*—3x2

(b) g(x) =sin(x + 1)

© flx) =27

SOLUTION

(@) f(=x) = (—x)* —3(—x)? = x* — 3x2 = f(x), so this function is even.

(b) g(—x) = sin(—x + 1), which is neither equal tg(x) nor to—g(x), so this function is neither even nor odd.
©) f(=x)=2"%% = 2% — £(x), so this function is even.

In Exercises 17-22, find the equation of the line.

17. Line passing througli-1, 4) and(2, 6)
SOLUTION The slope of the line passing throughl, 4) and(2, 6) is

6—4 2
m=_———=—.
2—(-1) 3
The equation of the line passing throu@ht, 4) and(2, 6) is thereforey — 4 = %(x + 1) or2x —3y = —14.
18. Line passing througli-1, 4) and(—1, 6)

SOLUTION The line passing througt-1, 4) and(—1, 6) is vertical with anx-coordinate of-1. Therefore, the equation of the
lineisx = —1.

19. Line of slope6 through(9, 1)

SOLUTION Using the point-slope form for the equation of a line, the equation of the line of slope 6 and passing (9tdydh
y—1=6(x—9)or6x —y = 53.

20. Line of slope—3 through(4, —12)

SOLUTION Using the point-slope form for the equation of a line, the equation of the line of sk%mnd passing through
(4.—12)isy + 12 = =3 (x —4) or 3x + 2y = —12.

21. Line through(2, 3) parallel toy = 4 — x

SOLUTION The equationy = 4 — x is in slope-intercept form; it follows that the slope of this line-i$. Any line parallel to
y = 4 — x will have the same slope, so we are looking for the equation of the line of sldpend passing througf2, 3). The
equation of thislineiy —3 =—(x —2)orx + y = 5.

22. Horizontal line through(—3, 5)
SOLUTION A horizontal line has a slope of 0; the equation of the specified line is therefer& = 0(x 4+ 3) or y = 5.

23. Does the following table of market data suggest a linear relationship between price and number of homes sold during a one-ye
period? Explain.

Price (thousands of $) 180 | 195 | 220 | 240
No. of homes sold 127 | 118 | 103 | 91




68 CHAPTER 1 | PRECALCULUS REVIEW

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of

18 —127 9 3

195—180 15 5

while the second pair of data points yields a slope of

)

103—-118 15 3

220-195 25 5
and the last pair of data points yields a slope of
91 — 103 12 3

240-220 20 5
Because all three slopes are equal, the data does suggest a linear relationship between price and the number of homes sold.

24. Does the following table of revenue data for a computer manufacturer suggest a linear relation between revenue and time?
Explain.

Year 2001 | 2005 | 2007 | 2010
Revenue (billions of $)| 13 18 15 11

SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of
18—13 5
2005 — 2001 ~ 4’
while the second pair of data points yields a slope of
15-18 3
2007 —2005 2
and the last pair of data points yields a slope of
1n-15 4
2010 —2007 = 3’
Because the three slopes are not equal, the data does not suggest a linear relationship between revenue and time.
25. Find the roots off (x) = x* — 4x2 and sketch its graph. On which intervalsfigx) decreasing?

SOLUTION The roots of f(x) = x* — 4x? are obtained by solving the equatisfi — 4x2 = x2(x — 2)(x + 2) = 0, which
yieldsx = —2, x = 0 andx = 2. The graph ofy = f(x) is shown below. From this graph we see tlf&k) is decreasing fox
less than approximatehy1.4 and forx between 0 and approximately 1.4.

20

10
‘ -1 1 ‘
-3 _é\/ \/2 3

X

26. Leth(z) = 2z% + 12z + 3. Complete the square and find the minimum valugé@f.
SOLUTION Leth(z) = 2z2 + 12z + 3. Completing the square yields

h(z) =2(z2 +6z) +3=2(z>+6z+9) +3—18=2(z+3)2—15.

Becausdz + 3)2 > 0 for all z, it follows thath(z) = 2(z 4+ 3)% — 15 > —15 for all z. Thus, the minimum value df(z) is —15.

27. Let f(x) be the square of the distance from the pgitl) to a point(x, 3x + 2) on the liney = 3x + 2. Show thatf(x) is a
quadratic function, and find its minimum value by completing the square.

SOLUTION Let f(x) denote the square of the distance from the p@nt) to a point(x, 3x + 2) on the liney = 3x + 2. Then
F)=(x—22+0Cx+2-1)2=x2 —dx + 4+ 9x2 + 6x + 1 = 10x2 + 2x + 5,

which is a quadratic function. Completing the square, we find

2
fx)=10 2l Lyyso L opofxs L) 4+ 2
5 100 10 10 10

Becausdx + %)2 > 0 for all x, it follows that f(x) > % for all x. Hence, the minimum value of(x) is %.



28. Prove thatc? + 3x + 3 > 0 for all x.
SOLUTION Observe that

9
4

9
x2+3x+3:(x2+3x+z)+3——:

Thus,x? + 3x +3 > 2 > Oforall x.

In Exercises 29-34, sketch the graph by hand.

29. y =14
SOLUTION y
1
0.8
0.6
0.4
0.2
X
-1 -05 0.5 1
30.y=1¢°
SOLUTION
0
3l. y=sn—
Y 2
SOLUTION y
1
\ 0.5 /
+ u u X
5 5 10
-0.
1
32.y=10"%
SOLUTION y
\ X
-1 -05 0.5 1
33. y= X173
SOLUTION y
2
l /
u + + u + + + u X
;j o
-2
1

(

x+3
2

)+

&~ w
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SOLUTION y

X
-1 -05 0.5 1

35. Show that the graph of = f(%x — b) is obtained by shifting the graph of = f(%x) to the right3b units. Use this
observation to sketch the graphyt= | 1x —4].

SOLUTION  Letg(x) = f(3x). Then
gx=3b)=f (%(x—%)) =f (%x—b).

Thus, the graph of = f(%x — b) is obtained by shifting the graph of= f(%x) to the right3b units.
The graph ofy = |§x — 4| is the graph of = |%x| shifted right 12 units (see the graph below).

y

4
3
2
1

X
0 5 10 15 20

36. Leth(x) = cosx andg(x) = x~1. Compute the composite functiohgg(x)) andg(h(x)), and find their domains.

SOLUTION Let/(x) = cosx andg(x) = x~!. Then
h(g(x)) = h(x~1) = cosx L.

The domain of this function is # 0. On the other hand,

1
g(h(x)) = g(cosx) = ooy = Secx.

The domain of this function is

x # w for any integen.

37. Find functionsf andg such that the function

flg@) = (12t +9)*
SOLUTION One possible choice if(r) = r* andg(r) = 12¢ + 9. Then

fgt) = f(12t +9) = (121 + 9)*
as desired.

38. Sketch the points on the unit circle corresponding to the following three angles, and find the values of the six standard trigono-
metric functions at each angle:

2 T T
a) — b) — c) —
(@ 3 (b) - © ¢
SOLUTION
21 V3 27 1
sin— = — COS— = ——
3 2 3 2
@ 2 27 V3
tan— = —+/3 cot— = ———
3 V3 3 3
27 21 243
sec— = -2 —_— =

csc
3 3 3
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I «/5 T \/E
ST T

4 2
b
(®) tan7— =-1 cot— = —1
4 4
T T
sec— = /2 csc—- = -2
T 1 T V3
sin— = —— COS— = ———
6 2 6 2
(c) T V3 T
tan— = — cot—— = /3
</ S
T 2.3 T
seC— = ——— csC— = —2
6 2 6

39. What is the period of the function(f) = sin26 + sing?

SOLUTION  The function sir26 has a period ofr, and the function sif®/2) has a period ofrz. Becauselr is a multiple ofr,
the period of the functiog(f) = sin26 + sinf/2 is4x.

40. Assume that sifi = £, whererr/2 < 6 < x. Find:
. 0
(a) tand (b) sin26 (c) cscE

SOLUTION Ifsinf = 4/5, then by the fundamental trigonometric identity,

2
co§9:1—sin29:1—(i) =2.
5 25

Becauser/2 < 6 < =, it follows that co®) must be negative. Hence, dbs= —3/5.
sinf 4/5 4

(a) tand = — = L =—-.
cosf  —-3/5 3

4 3 24
(b) sin(20) = 2sinfcosh =2-— - —— = ——.
5 5 25
(c) We first note that
0 1-— —(-
sin(2) = \/ cost _ \/1 (-3/5) :2£’
2 2 2 5
Thus,
(5)-%
cscl = | = —.
2 2
41. Give an example of values b such that
(a) coda + b) # cosa + cosbh (b) cos #* cosa

SOLUTION
(a) Takea = b = = /2. Then coga + b) = cosm = —1 but

005a+cosb:cos%+cos% =04+0=0.

(b) Takea = 7. Then
wos(§) =e(3) 0

0Sa cosm —1 1

but

2 2 2°
42. Let f(x) = cosx. Sketch the graph of = 2f %x — %) for0 < x < 6m.

N\
N

SOLUTION
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43. Solve sirkx + cosx =0for0 < x < 2x.

SOLUTION Using the double angle formula for the sine function, we rewrite the equatibsias cosx + cosx = cosx (2 sinx +
1) = 0. Thus, either cos = 0 or sinx = —1/2. From here we see that the solutions are- n/2, x = 7n/6, x = 3x/2 and
x = llx/6.

44. How doesh(n) = n2/2" behave for large whole-number values:i@®Doesh () tend to infinity?

2
SOLUTION The table below suggests that for large whole number values/of:) = Z—n tends toward O.

n h(n) = n2/2"

10 0.09765625000
102 7.888609052 x 10727
103 9.332636185 x 107296
10* | 5.012372749 x 10~3003
10° | 1.000998904 x 10—30093
108 | 1.010034059 x 10—301018

45. Use a graphing calculator to determine whether the equatien e 5x2 — 8x* has any solutions.

SOLUTION The graphs ofy = cosx andy = 5x2 — 8x* are shown below. Because the graphs do not intersect, there are no
solutions to the equation cas= 5x2 — 8x*.

y =C0S X

-1 1

-14 y=5x2-8x*

46. Using a graphing calculator, find the number of real roots atidhate the largest root to two decimal places:
@ fix)= 1.8x* — x> —x

(b) g(x) = 1.7x* —x°> —x

SOLUTION

(@) The graph ofy = 1.8x* — x> — x is shown below at the left. Because the graph has thrietercepts, the functiorf (x) =
1.8x* — x> — x has three real roots. From the graph shown below at the right, we see that the largesfagt-efl.8x* — x> — x
is approximatelyr = 1.51.

y

2
1 1515
X ‘ : : X
4 7 \2 1.505 1‘?1\
-2

(b) The graph ofy = 1.7x* — x® — x is shown below. Because the graph has only ofietercept, the functiory' (x) = 1.7x* —
x> — x has only one real root. From the graph, we see that the largest rg@idf= 1.7x* — x° — x is approximately: = 0.

47. Match each quantity (a)—(d) with (i), (ii), or (iii) if possible, or state that no match exists.
2a
asb
(a) 243 (b) 3_b
(C) (2d)b (d) 2a—b3b—a

(i) 29 (i) 69+b iy (2)*°
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SOLUTION
(a) No match. (b) No match. (©) (i): (29)b = 29,

(d) (iii): 2¢~b3b—a = pa-b (%)a_b = @)H.

48. Match each quantity (a)—(d) with (i), (i), or (iii) if possible, or state that no match exists.

() o

(c) ena—n® (d) (Ina)(Inb)

() Ina +Inb (i) Ina—Inb (iii) %
SOLUTION

@) (ii):In(g) —Ina —Inb.

(b) No match.

(©) (iii): elna—lnb —ena_—_ _

(d) No match.

49. Find the inverse off (x) = v x3 — 8 and determine its domain and range.
SOLUTION To find the inverse off (x) = v/x3 — 8, we solvey = v/x3 — 8 for x as follows:

yz—x3—8
x3:y2+8
x=/y2+38

Therefore,f ~1(x) = Y/xZ ¥ 8. The domain off ~l is the range off , namely{x : x > 0}; the range off ~! is the domain off ,
namely{y : y > 2}.

-2
50. Find the inverse off (x) = x—l and determine its domain and range.
X

soLuTION  To find the inverse off (x) = =2, we solvey = 2=2 for x as follows:

x=2=yx—-1=yx—y

X—yx=2-y

2—y

X =—

I—y

Therefore,

_ 2—x x—2
) = = :
1—x x—1

The domain off ~1 is the range off , namely{x : x # 1}; the range off ! is the domain off, namely{y : y # 1}.
51. Find a domain on which(r) = (¢ — 3)? is one-to-one and determine the inverse on this domain.
SOLUTION  From the graph ok (¢) = (¢ — 3)? shown below, we see thatis one-to-one on each of the intervals 3 andr < 3.

y

h(t) = (t = 3)

NN 0

e ————

We find the inverse o () = (r — 3)2 on the domair{z : ¢ < 3} by solvingy = (t — 3)2 for z. First, we find

VY =4yt =3)2=1-13|
Having restricted the domain{o : 1 < 3}, |t —3| = —(t —3) =3 —1t. Thus,
Jy=3-t
t=3-y.
The inverse function is~1(r) = 3 — /7. Fort > 3, i1 (t) = 3 + V1.
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52. Show thatg(x) = Ll is equal to its inverse on the domdin: x # 1}.
X —
soLUTION  To show thatg(x) = %5 is equal to its inverse, we need to show thatfg¥ 1,

g(g(x)) = x.

First, we notice that fox # 1, g(x) # 1. Therefore,

_ x_%_ X _ X _
g@@»_gg_ly-ﬁ%_l—x_@_D—T—*

53. Suppose thag (x) is the inverse off (x). Match the functions (a)—(d) with their inverses (i)—(iv).

@ fx)+1 (b) f(x+1) (€) 4/(x) (d) f(4x)
(i) g(x)/4 (i) g(x/4) (i) g(x—1) (iv) g(x)—1
SOLUTION

(a) (iii): f(x) 4+ 1andg(x — 1) are inverse functions:
fgx—)+1=x-1)+1=x;
g/ +1-1D=g(f(x) =x.
(b) (iv): f(x + 1) andg(x) — 1 are inverse functions:
S(x)=1+1) = f(g(x)) = x:
gfx+ D) —-1=Cx+D)-1=x
(c) (ii): 4f(x) andg(x/4) are inverse functions:
4f(g(x/4) = 4(x/4) = x;
gf(x)/4) = g(f(x)) = x.
(d) (i): f(4x) andg(x)/4 are inverse functions:
f4-g(x)/4) = f(g(x)) = x:
18(0) = 140 = x.

54. [GU| Plot f(x) = xe™ and use the zoom feature to find two solutions'éf) = 0.3.

SOLUTION The graph off (x) = xe™* is shown below. Based on this graph, we should zoom innear0.5 and neax = 1.75
to find solutions off (x) = 0.3.

021

—0.6 T

From the figure below at the left, we see that one solutioff@@f) = 0.3 is approximatelyx = 0.49; from the figure below at the
right, we see that a second solution fifr) = 0.3 is approximatelyx = 1.78.

A 0315 -1
032 ] N
ol 0310 I

031 » -3 N
030 0305
0.29 d ™

. P 0.300 Sy
0.28 0.295
0.27 -1 N

: 0.290

0.40 0.45 0.50 0.55 1.65 1.70 1.75 1.80
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2.1 Limits, Rates of Change, and Tangent Lines

Preliminary Questions
1. Average velocity is equal to the slope of a secant line through two points on a graph. Which graph?

SOLUTION Average velocity is the slope of a secant line through two points on the graph of position as a function of time.
2. Can instantaneous velocity be defined as a ratio? If not, how is instantaneous velocity computed?

SOLUTION Instantaneous velocity cannot be defined as a ratio. It is defined as the limit of average velocity as time elapsed shrink
to zero.

3. What is the graphical interpretation of instantaneous velocity at a mamen?

SOLUTION Instantaneous velocity at time= ¢ is the slope of the line tangent to the graph of position as a function of time at
t=1y.

4. What is the graphical interpretation of the following statement? The average rate of change approaches the instantaneous r
of change as the intervatg, x1] shrinks toxg.

SOLUTION The slope of the secant line over the interigl, x1] approaches the slope of the tangent line at x.

5. The rate of change of atmospheric temperature with respect to altitude is equal to the slope of the tangent line to a graph. Whic
graph? What are possible units for this rate?

SOLUTION The rate of change of atmospheric temperature with respect to altitude is the slope of the line tangent to the graph ¢
atmospheric temperature as a function of altitude. Possible units for this rate of chafif¢faoe °C/m.

Exercises
1. A ball dropped from a state of rest at time= 0 travels a distance(r) = 4.9:2 min¢ seconds.
(a) How far does the ball travel during the time inter{&|2.5]?
(b) Compute the average velocity ojer 2.5].
(c) Compute the average velocity for the time intervals in the table and estimate the ball's instantaneous velecity at

Interval | [2,2.01] | [2.2.005] | [2,2.001] | [2,2.00001]

Average
velocity

SOLUTION
(a) During the time interval2, 2.5], the ball travelsAs = 5(2.5) — 5(2) = 4.9(2.5)%2 — 4.9(2)2 = 11.025 m.
(b) The average velocity ovg2, 2.5] is
As 525 —s(2)  11.025
At 25-2 05

= 22.05m/s.

(©)

timeinterval | [2,2.01] | [2,2.005] | [2,2.001] | [2,2.00001]
average velocity| 19.649 | 19.6245 | 19.6049 | 19.600049

The instantaneous velocity at= 2 is 19.6 nj's.

2. Awrench released from a state of rest at time 0 travels a distance(r) = 4.92 m ins seconds. Estimate the instantaneous
velocity atr = 3.

SOLUTION To find the instantaneous velocity, we compute the average velocities:

time interval | [3,3.01] | [3,3.005] | [3,3.001] | [3,3.00001]
average velocity| 29.449 | 29.4245 | 29.4049 | 29.400049

The instantaneous velocity is approximately 29 /4m
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3. Letv = 20+/T as in Example 2. Estimate the instantaneous rate of changevith respect ta” whenT = 300 K.

SOLUTION
T interval [300, 300.01] [300, 300.005]
average rate of change  0.577345 0.577348
T interval [300,300.001] | [300,300.00001]
average rate of change  0.57735 0.57735

The instantaneous rate of change is approximately 0.57735-1K).

4. ComputeAy/Ax for the interval[2, 5], wherey = 4x — 9. What is the instantaneous rate of change @fith respect tor at
x =27

SOLUTION Ay/Ax = ((4(5) —9) — (4(2) — 9))/(5 — 2) = 4. Because the graph of = 4x — 9 is a line with slope 4, the
average rate of change pfcalculated over any interval will be equal to 4; hence, the instantaneous rate of change atithaiso
be equal tat.

In Exercises 5 and 6, a stone is tossed vertically into the air from ground level with an initial velo¢ynos Its height at time
ish(r) = 15t —4.912 m.

5. Compute the stone’s average velocity over the time intdfva) 2.5] and indicate the corresponding secant line on a sketch of
the graph ofi(z).
SOLUTION The average velocity is equal to
h(2.5) —h(0.5)

0.3.
2

The secant line is plotted with(z) below.

h

[

0

8
6
4
2

1
| 05 1 15 2 25 3

6. Compute the stone’s average velocity over the time intefals01], [1, 1.001], [1, 1.0001] and[0.99, 1], [0.999, 1], [0.9999, 1],
and then estimate the instantaneous velocity-atl.

SOLUTION  With A(r) = 15t — 4.9¢2, the average velocity over the time interyal, ,] is given by

Ah_ h(t2) —h (1)
At -t

time interval [1,1.01] | [1,1.001] | [1,1.0001] | [0.99,1] | [0.999,1] | [0.9999, 1]
average velocity| 5.151 5.1951 5.1995 5.249 5.2049 5.2005

The instantaneous velocity at= 1 second is 5.2 nfs.

7. With an initial deposit of $00, the balance in a bank account aftgrears isf(¢) = 100(1.08)" dollars.
(@) What are the units of the rate of changefaf)?
(b) Find the average rate of change of@0.5] and|0, 1].
(c) Estimate the instantaneous rate of change=at).5 by computing the average rate of change over intervals to the left and right
oft =0.5.
SOLUTION

(a) The units of the rate of change ¢fz) are dollargyear or $yr.
(b) The average rate of change 6fr) = 100(1.08)" over the time interval; , z3] is given by

Af _ f)—f )

At h—1n

time interval [0,.5] | [0,1]

average rate of change 7.8461 8
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(©)
time interval [0.5,0.51] | [0.5,0.501] | [0.5,0.5001]
average rate of change 8.0011 7.9983 7.9981
time interval [0.49,0.5] | [0.499,0.5] | [0.4999,0.5]
average rate of change 7.9949 7.9977 7.998

The rate of change at= 0.5 is approximately $8/yr.

8. The position of a particle at timeis s(¢) = 1> + . Compute the average velocity over the time intefvad] and estimate the
instantaneous velocity at= 1.

SOLUTION The average velocity over the time interyal4] is

s@-s) _68-2
4-1 3

To estimate the instantaneous velocity at 1, we examine the following table.

time interval [1,1.01] | [1,1.001]

4.0030

[1,1.0001]
4.0003

[0.99, 1]
3.9701

[0.999, 1]
3.9970

[0.9999, 1]
3.9997

average rate of changg 4.0301

The rate of change at= 1 is approximately 4.

9. & Figure 1 shows the estimated numidérof Internet users in Chile, based on data from the United Nations Statistics
Division.
(a) Estimate the rate of change &fatt = 2003.5.
(b) Does the rate of change increase or decreasénaseases? Explain graphically.
(c) Let R be the average rate of change of28101, 2005]. ComputeR.
(d) Is the rate of change at= 2002 greater than or less than the average R2eExplain graphically.

N (Internet users in Chile in millions)

~

45 o

4.0 =

3.5 =

1 (years)
2001 2002 2003 2004 2005

FIGURE 1

SOLUTION

(a) The tangent line shown in Figure 1 appears to pass through the 26 3.75) and (2005, 4.6). Thus, the rate of change of
N att = 2003.5 is approximately

4.6 -3.75

—— =0.283
2005 — 2002

million Internet users per year.

(b) Ast increases, we move from left to right along the graph in Figure 1. Moreover, as we move from left to right along the graph,
the slope of the tangent line decreases. Thus, the rate of change decredseseases.

(c) The graph ofN(¢) appear to pass through the poir&01, 3.1) and (2005, 4.5). Thus, the average rate of change over
[2001, 2005] is approximately

45-3.1

=——=035
2005 — 2001

million Internet users per year.

(d) For the figure below, we see that the slope of the tangent line=a2002 is larger than the slope of the secant line through the
endpoints of the graph df(¢). Thus, the rate of changeat 2002 is greater than the average rate of chaRge
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3.0

+ + + + +— X
2001 2002 2003 2004 2005

10. The atmospheric temperature T (in °C) at altitude. meters above a certain point on earth7is= 15 — 0.0065% for
h < 12,000 m. What are the average and instantaneous rates of chaffgeitth respect td:? Why are they the same? Sketch the
graph ofT for h < 12,000.

SOLUTION The average and instantaneous rates of changewith respect to: are both—0.0065°C/m. The rates of change
are the same becaugeis a linear function of: with slope—0.0065.

Y Temp (°C)

i

2000

Altitude (m)
8000 12,000
+ . —x
10,000

4000
6000

In Exercises 11-18, estimate the instantaneous rate of ehantpe point indicated.

11. P(x) =3x%2 -5, x=2

SOLUTION
x interval [2,2.01] | [2,2.001] | [2,2.0001] | [1.99,2] | [1.999,2] | [1.9999,2]
average rate of changg 12.03 12.003 12.0003 11.97 11.997 11.9997
The rate of change at = 2 is approximately 12.
12. f()=12t -7, t=—4
SOLUTION
¢ interval [—4,-3.99] | [—4,-3.999] | [-4,—3.9999]
average rate of change 12 12 12
t interval [—4.01,—4] | [—4.001,—4] | [—4.0001, —4]
average rate of change 12 12 12
The rate of change at= —4 is 12, as the graph of = f(¢) is a line with slope 12.
1
13. = —; =2
y) =< eI
SOLUTION
x interval [2,2.01] | [2.2.001] | [2,2.0001] | [1.99,2] | [1.999,2] | [1.9999, 2]
average rate of changg —0.0623 —0.0625 —0.0625 —0.0627 | —0.0625 —0.0625
The rate of change at = 2 is approximately-0.06.
14. yt) = V3t +1;, t=1
SOLUTION
¢ interval [1,1.01] | [1,1.001] | [1,1.0001] | [0.99,1] | [0.999,1] | [0.9999, 1]
average rate of changg 0.7486 0.7499 0.7500 0.7514 0.7501 0.7500

The rate of change at= 1 is approximately 0.75.
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15. f(x)=e*; x=0
SOLUTION

x interval [<0.01,0] | [-0.001,0] | [-0.0001,0] | [0,0.01] | [0,0.001] | [0,0.0001]

average rate of changg 0.9950 0.9995 0.99995 1.0050 1.0005 1.00005

The rate of change at = 0 is approximatelyl.00.
16. f(x) =e*; x=c¢e
SOLUTION

x interval [e —0.01,¢] | [e —0.001, ] | [e — 0.0001, ¢] | [e,e + 0.01] | [e, e + 0.001] | [e, e 4+ 0.0001]

average rate of change 15.0787 15.1467 15.1535 15.2303 15.1618 15.1550

The rate of change at = e is approximatelyi5.15.
17. f(x)=Inx; x=3
SOLUTION

x interval [2.99,3] | [2.999,3] | [2.9999,3] | [3.3.01] | [3.3.001] | [3.3.0001]

average rate of changp 0.33389 | 0.33339 0.33334 0.33278 | 0.33328 0.33333

The rate of change at = 3 is approximately.333.

18. f(x)=tam!x; x :%
SOLUTION
x interval [Z —0.0LZ]|[Z —0.001, Z]|[% —0.0001. Z]|[%.Z +0.01] | [%. Z +0.001] | [%. Z + 0.0001]
average rate of change 0.6215 0.6188 0.6185 0.6155 0.6182 0.6185

The rate of change at = Z is approximately).619.

19. The height (in centimeters) at timdin seconds) of a small mass oscillating at the end of a spria¢f)s= 8 cog12x¢).
(a) Calculate the mass’s average velocity over the time intefoafs1] and[3, 3.5].
(b) Estimate its instantaneous velocityrat 3.

SOLUTION
AR h() ~h(1)

(a) The average velocity over the time interyal, z2] is given byE PR
2—1

time interval [0,0.1] [3,3.5]

average velocity| —144.721 cm/s | 0 cm/s

(b)

time interval | [3,3.0001] | [3,3.00001] | [3,3.000001] | [2.9999,3] | [2.99999,3] | [2.999999, 3]
average velocity| —0.5685 —0.05685 —0.005685 0.5685 0.05685 0.005685

The instantaneous velocity at= 3 seconds is approximately O ¢fs.
20. The numberP(¢) of E. colicells at timer (hours) in a petri dish is plotted in Figure 2.

(a) Calculate the average rate of changePgf) over the time intervall, 3] and draw the corresponding secant line.
(b) Estimate the slope: of the line in Figure 2. What does represent?

P(t)
10,000 /
8,000
6,000
/
4,000
2,000
1,0001
1 2 3
t (hours

FIGURE 2 Number ofE. colicells at timer.
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SOLUTION
(a) Looking at the graph, we can estima®¢1) = 2000 and P (3) = 8000. Assuming these values &f(¢), the average rate of
change is
P(3)— P(1) _ 6000
3-1 2

= 3000 cells/hour.

The secant line is here:

P(t
10000 /
8,000
6,000
4,000

2,000
1,0001

1 2 3
t (hours

(b) The line in Figure 2 goes through two points with approximate coordi@at@900) and(2.5, 4000). This line has approximate
slope

4000 — 2000 4000
T 25-1 3

cells/hour.

m is close to the slope of the line tangent to the grapt? @f) att = 1, and som represents the instantaneous rate of change of
P(¢t) att = 1 hour.

21. & Assume that the perio@ (in seconds) of a pendulum (the time required for a complete back-and-forth cycle) is
T = %ﬁ whereL is the pendulum’s length (in meters).

(@) What are the units for the rate of changefoivith respect ta.? Explain what this rate measures.

(b) Which quantities are represented by the slopes of lihead B in Figure 3?

(c) Estimate the instantaneous rate of chang® efith respect ta. whenZ = 3 m.

Period (s)

Length (m)

FIGURE 3 The periodT is the time required for a pendulum to swing back and forth.

SOLUTION

(a) The units for the rate of change dfwith respect tal. are seconds per meter. This rate measures the sensitivity of the period
of the pendulum to a change in the length of the pendulum.

(b) The slope of the lind represents the average rate of chandgg from L = 1 mto L = 3 m. The slope of the lind represents
the instantaneous rate of changeloft L = 3 m.

(©

time interval | [3,3.01] | [3,3.001] | [3,3.0001] | [2.99,3] | [2.999,3] | [2.9999, 3]
average velocity| 0.4327 0.4330 0.4330 0.4334 0.4330 0.4330

The instantaneous rate of changd.at 1 mis approximately 0.4330/s.

22. The graphs in Figure 4 represent the positions of moving particles as functions of time.

(a) Do the instantaneous velocities at timest,, t3 in (A) form an increasing or a decreasing sequence?
(b) Is the particle speeding up or slowing down in (A)?

(c) Is the particle speeding up or slowing down in (B)?
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Distance
Distance

Time

(8)
FIGURE 4

SOLUTION

(a) As the value of the independent variable increases, we note that the slope of the tangent lines decreases. Since Figure 4
displays position as a function of time, the slope of each tangent line is equal to the velocity of the particle; consequently, the
velocities aty, 15, t3 form a decreasing sequence.

(b) Based on the solution to part (a), the velocity of the particle is decreasing; hence, the particle is slowing down.

(c) If we were to draw several lines tangent to the graph in Figure 4(B), we would find that the slopes would be increasing.
Accordingly, the velocity of the particle associated with Figure 4(B) is increasing, and the particle is speeding up.

23. An advertising campaign boosted sales of Crunchy Crust frqueza to a peak level afy dollars per month. A
marketing study showed that aftemonths, monthly sales declined to

1
S(t) = Sog(t), whereg(t) = .
(1) = Sog () g (1) N
Do sales decline more slowly or more rapidly as time increases? Answer by referring to a sketch of the gtaptogéther with
several tangent lines.

SOLUTION We notice from the figure below that, as time increases, the slopes of the tangent lines to the graphatome
less negative. Thus, sales decline more slowly as time increases.

24. The fraction of a city’s population infected by a flu virus is plotted as a function of time (in weeks) in Figure 5.
(a) Which quantities are represented by the slopes of lihaad B? Estimate these slopes.

(b) Is the flu spreading more rapidly at= 1, 2, or 3?

(c) Is the flu spreading more rapidly at= 4, 5, or 6?

Fraction infectel
0.3+ s
B 2
024 g
7
/|
A7 i
0.1+ Al |
s i
s 1
7 |
: i
+ + + + + Weeks
1 2 3 4 5 6

FIGURE 5

SOLUTION

(a) The slope of lined is the average rate of change over the intefp¥ab], whereas the slope of the ling is the instantaneous
rate of change at = 6. Thus, the slope of the lind ~ (0.28 — 0.19)/2 = 0.045/week, whereas the slope of the life ~

(0.28 — 0.15)/6 = 0.0217/week.

(b) Among timest = 1, 2, 3, the flu is spreading most rapidly at= 3 since the slope is greatest at that instant; hence, the rate of
change is greatest at that instant.

(c) Among timest = 4,5, 6, the flu is spreading most rapidly at= 4 since the slope is greatest at that instant; hence, the rate of
change is greatest at that instant.
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25. The graphs in Figure 6 represent the position§moving particles as functions of timeMatch each graph with a description:
(a) Speeding up

(b) Speeding up and then slowing down

(c) Slowing down

(d) Slowing down and then speeding up

s s s s
L///////[ \////////r L///////t L///////r
(A) (B) ©) (D)

FIGURE 6

SOLUTION When a particle is speeding up over a time interval, its graph is bent upward over that interval. When a patrticle is
slowing down, its graph is bent downward over that interval. Accordingly,

¢ In graph (A), the particle is (c) slowing down.

¢ In graph (B), the particle is (b) speeding up and then slowing down.

¢ In graph (C), the particle is (d) slowing down and then speeding up.

¢ In graph (D), the particle is (a) speeding up.
26. An epidemiologist finds that the percentayyér) of susceptible children who were infected on dagluring the first three
weeks of a measles outbreak is given, to a reasonable approximation, by the formula (Figure 7)

100¢2
N@t) =

t3 + 52 — 100z + 380

% Infected
20

15
10

2 4 6 8 1012 1416 182C
Time (days
FIGURE 7 Graph of N(¢).

(a) Draw the secant line whose slope is the average rate of change in infected children over the {dtefvatsd[12, 14]. Then
compute these average rates (in units of percent per day).

(b) Is the rate of decline greaterat 8 ort = 16?
(c) Estimate the rate of change &f(¢) on day 12.

SOLUTION

@ % Infected
20

15
10

5

5 10 15 2

Time (days)
The average rate of change 8fr) over the interval between day 4 and day 6 is given by
AN  N(@6)—-N#) 0
AL 64 = 3.776%/day.

Similarly, we calculate the average rate of chang& @) over the interval between day 12 and day 14 as

AN _ N(14)-N(12) .
T o = 0-7983%/day.
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(b) The slope of the tangent line at= 8 would be more negative than the slope of the tangent line=at16. Thus, the rate of
decline is greater at= 8 than att = 16.

(©)
time interval [12,12.5] | [12,12.2] | [12,12.01] | [12,12.001]
average rate of changg —0.9288 —0.9598 —0.9805 —0.9815
time interval [11.5,12] | [11.8,12] | [11.99,12] | [11.999, 12]
average rate of change —1.0402 | —1.0043 —0.9827 —0.9817

The instantaneous rate of changeNaf) on day 12 is-0.9816%/day.

27. The fungusFusarium exosporiunnfects a field of flax plants through the roots and causes the plants to wilt. Eventually, the
entire field is infected. The percentagé ) of infected plants as a function of timé€in days) since planting is shown in Figure 8.

(@) What are the units of the rate of changefaf) with respect ta? What does this rate measure?

(b) Use the graph to rank (from smallest to largest) the average infection rates over the ifeh2j]420, 32], and[40, 52].

(c) Use the following table to compute the average rates of infection over the intgi9ad9], [40, 50], [30, 50].

Days 0 10 20 30 40 50 60
Percentinfected O 18 56 82 91 96 98

(d) Draw the tangent line at= 40 and estimate its slope.

Percent infected-90 L
80 /
60

40

20

10 20 30 40 50 6
Days after planting

FIGURE 8

SOLUTION
(a) The units of the rate of change ¢fr) with respect ta are percentday or %/d. This rate measures how quickly the population
of flax plants is becoming infected.

(b) From smallest to largest, the average rates of infection are those over the invaes3, [0, 12], [20, 32]. This is because the
slopes of the secant lines over these intervals are arranged from smallest to largest.

(c) The average rates of infection over the interJads 40], [40, 50], [30, 50] are 0.9, 0.5, 0.7 %, respectively.

(d) The tangent line sketched in the graph below appears to pass through the(p@isty and (40, 91). The estimate of the
instantaneous rate of infectionzat 40 days is therefore

91 — 80 11
— — =0.55%)/d.
40 — 20 20
100
L
80 7

o/
40 /
20

10 20 30 40 50 6

28. & Let v = 20+/T as in Example 2. Is the rate of change wfwith respect tol' greater at low temperatures or high
temperatures? Explain in terms of the graph.

SOLUTION

v (m/s)
350
300

200
150
100

50

T (K)
50 100 150 200 250 300
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As the graph progresses to the right, the graph bends progressively downward, meaning that the slope of the tangent lines becomes
smaller. This means that the rate of change wfith respect tdl" is lower at high temperatures.

29. & If an object in linear motion (but with changing velocity) @gAs meters inA¢ seconds, then its average velocity is
vo = As/At m/s. Show that it would cover the same distance if it traveled at constant velgaityer the same time interval. This
justifies our callingAs/Ar theaverage velocity

SOLUTION At constant velocity, the distance traveled is equal to velocity times time, so an object moving at constantwyglocity
for At seconds travelsg§t meters. Sinceg = As/At, we find

As
distance travelee- vyét = (A—;) At = As

So the object covers the same distanseby traveling at constant velocityp.

30. & Sketch the graph of (x) = x(1 — x) over|[0, 1]. Refer to the graph and, without making any computations, find:
(@) The average rate of change oy@rl1]

(b) The (instantaneous) rate of changer at %

(c) The values ofx at which the rate of change is positive

SOLUTION

0.25
0.2
0.15
0.1
0.05
| 02 04 06 08 1.

(@ f(0) = f(1), so there is ho change betweer= 0 andx = 1. The average rate of change is zero.
(b) The tangent line to the graph ¢f(x) is horizontal atx = %; the instantaneous rate of change is zero at this point.

(c) The rate of change is positive at all points where the graph is rising, because the slope of the tangent line is positive at these
points. This is so for alk betweeny = 0 andx = 0.5.

31. & Which graph in Figure 9 has the following property: Foralthe average rate of change oyerx] is greater than the

instantaneous rate of changexaExplain.
X X

(A) (B)
FIGURE 9

SOLUTION The average rate of change oJ@rx] is greater than the instantaneous rate of change é). The graph in (B)
bends downward, so the slope of the secant line thredgh and(x, f(x)) is larger than the slope of the tangent lin€at f (x)).

Further Insights and Challenges
32. The height of a projectile fired in the air vertically with initial velocity m/s is
h(t) = 25t — 4.9t m.

(@) Computei(1). Show thati(¢) — h(1) can be factored witky — 1) as a factor.
(b) Using part (a), show that the average velocity over the intdtva] is 20.1 — 4.9z.

(c) Use this formula to find the average velocity over several interdald with ¢ close tol. Then estimate the instantaneous
velocity at timer = 1.
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SOLUTION
(@) With h(r) = 25t — 4.91%, we havei(1) = 20.1 m, so
h(t) = h(1) = —4.91% + 25t — 20.1.
Factoring the quadratic, we obtain
h(t) — h(1) = (t — 1)(—4.9¢ + 20.1).
(b) The average velocity over the intenjal 7] is

h(t) = h(1) _ (t — 1)(—4.9 + 20.1)
r—1 r—1

=20.1 —4.9t.

(c) t 1.01 1.001 1.0001 1.00001
average velocity ovel, ¢] | 15.151 | 15.1951| 15.19951| 15.199951

The instantaneous velocity is approximately 15,2nPluggingt = 1 second into the formula in (b) yield9.1 —4.9(1) = 15.2
m/s exactly.

33. Let O(r) = 2. As in the previous exercise, find a formula for the average rate of changewér the interva[l, r] and use it
to estimate the instantaneous rate of change=atl. Repeat for the intervd®, t] and estimate the rate of change at 2.

SOLUTION The average rate of change is

o -0 _ -1

r—1 r—1

Applying the difference of squares formula gives that the average rate of chafige-id)(t — 1))/(t — 1) = (¢t + 1) for¢t # 1.
Ast gets closer td, this gets closer td + 1 = 2. The instantaneous rate of change is 2.
Forto = 2, the average rate of change is

01)—0(2) _1>—4

t—2 t—2

)

which simplifies tor + 2 for r # 2. Ast approaches 2, the average rate of change approaches 4. The instantaneous rate of chang
is therefore 4.

34. Show that the average rate of changeféf) = x3 over[l, x] is equal to
2+ x+1.

Use this to estimate the instantaneous rate of changéfatx = 1.

SOLUTION The average rate of change is

f) =) _ xP—1

x—1 x—1"

Factoring the numerator as the difference of cubes means the average rate of change is

x=D&2+x+1)
x—1

=x2+x+1
(for all x # 1). The closerx gets tol, the closer the average rate of change getéte- 1 + 1 = 3. The instantaneous rate of

change is 3.

35. Find a formula for the average rate of changeféf) = x3 over[2, x] and use it to estimate the instantaneous rate of change
atx = 2.

SOLUTION The average rate of change is

JS(x)— f(2) _X3—8
x—=2 T ox=2"

Applying the difference of cubes formula to the numerator, we find that the average rate of change is

(P42 + 4 -2 _

x2+2x+4
x—=2

for x # 2. The closen gets ta2, the closer the average rate of change geféte 2(2) + 4 = 12.
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36. & LetT = %ﬁ as in Exercise 21. The numbers in the second column of the following table are increasing, and those
in the last column are decreasing. Explain why in terms of the gragh & a function ofL. Also, explain graphically why the
instantaneous rate of changelat= 3 lies between 0.4329 and 0.4331.

Average Rates of Change Bfwith Respect td.

Average rate Average rate
Interval of change Interval of change
[3,3.2] 0.42603 [2.8, 3] 0.44048
[3,3.1] 0.42946 [2.9,3] 0.43668
[3,3.001] 0.43298 [2.999, 3] 0.43305
[3,3.0005] 0.43299 [2.9995, 3] 0.43303

SOLUTION  Since the average rate of change is increasing on the intgf:dl$ as L get close t®3, we know that the slopes of

the secant lines between points on the graph over these intervals are increasing. The more rows we add with smaller intervals, the
greater the average rate of change. This means that the instantaneous rate of change is probably greater than all of the numbers in
this column.

Likewise, since the average rate of changddsreasingon the intervalgL, 3] asL gets closer t3, we know that the slopes
of the secant lines between points over these intervals are decreasing. This means that the instantaneous rate of change is probably
less than all the numbers in this column.

The tangent slope is somewhere between the greatest value in the first column and the least value in the second column. Hence,
itis betweerD.43299 and0.43303. The first column underestimates the instantaneous rate of change by secant slopes; this estimate
improves ad. decreases towarl = 3. The second column overestimates the instantaneous rate of change by secant slopes; this
estimate improves ak increases toward = 3.

2.2 Limits: A Numerical and Graphical Approach

Preliminary Questions
1. What is the limit of f(x) = 1 asx — n?

SOLUTION limy—, 1 =1.
2. What is the limit ofg(¢) =t ast - n?
SOLUTION lim;—y;t = 7.

3. Is lim 20 equal tol0 or 20?
x—10

SOLUTION  limy—1020 = 20.
4. Can f(x) approach a limitas — ¢ if f(c) is undefined? If so, give an example.

SOLUTION Yes. The limit of a functionf asx — ¢ does not depend on what happetis = ¢, only on the behavior of as
x — ¢. As an example, consider the function

x2—1

J(x) =

x—1"
The function is clearly not defined at= 1 but

2

. . -1 .
Iim f(x)= lim al = limx+1) =2.
x—1 x—>1 x—1 x—1

5. What does the following table suggest about ligi(x) and Iim f(x)?
x—>1— x—1+

x 0.9 099 099 1.1 1.01 1.001
f(x) | 7 25 4317 3.0126 3.0047 3.00011

SOLUTION The values in the table suggest that}im;_ f(x) = co and limy_ 1+ f(x) = 3.

6. Can you tell whether Iigwf(x) exists from a plot off (x) for x > 5? Explain.
x—

SOLUTION No. By examining values of'(x) for x close to but greater than 5, we can determine whether the one-sided limit
limx_s54+ f(x) exists. To determine whether lim,5 f(x) exists, we must examine value ¢fx) on both sides ok = 5.
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7. If you know in advance that Iignf(x) exists, can you determine its value from a plotfa) for all x > 5?
x—

SOLUTION Yes. Iflimy_,5 f(x) exists, then both one-sided limits must exist and be equal.

Exercises
In Exercises 1-4, fill in the tables and guess the value of the limit.
. x3-1
1. lim f(x), wheref(x) = 5 .
x—1 xc—1
x fx) x fx)
1.002 0.998
1.001 0.999
1.0005 0.9995
1.00001 0.99999
SOLUTION
x 0.998 0.999 0.9995 | 0.99999 | 1.00001 | 1.0005 1.001 1.002

f(x) | 1.498501| 1.499250| 1.499625| 1.499993| 1.500008| 1.500375| 1.500750| 1.501500

The limitasx — 1is 3.

. cost — 1 . .
2. t“moh(t)’ whereh(t) = 2 Note thati(z) is even; that ish(t) = h(—t).
—
t 40.002 | £0.0001 | £0.00005 | £0.00001
h(1)
SOLUTION
t 40.002 +0.0001
h(t) | —0.499999833333 | —0.499999999583
t +0.00005 40.00001
h(t) | —0.499999999896 | —0.500000000000

The limitast — 0is—1.

2
. ye—y-=2
3. lim ,wh = .
y' 2.f()’) eref(y) 21 y—6

y ) y )

2.002 1.998
2.001 1.999
2.0001 1.9999

SOLUTION

y 1.998 1.999 1.9999 2.0001 2.001 2.02
f(»y) | 0.59984| 0.59992| 0.599992| 0.600008| 0.60008 | 0.601594

The limitasy — 2is 3.
4. lim f(x), wheref(x) = xInx.
x—>0+

x 1|05 0.1{ 005 0.01|0.005| 0.001
J(x)
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SOLUTION

X 1.0 0.5 0.1 0.05 0.01 0.005 0.001

f(x) | 0 | —0.34657 | —0.23026 | —0.14979 | —0.04605 | —0.02649 | —0.00691

The limit asx — 04+ is0.

5. Determine lim f(x) for f(x) asin Figure 1.
x—0.5

o5 N

FIGURE 1

SOLUTION The graph suggests tha{x) — 1.5 asx — 0.5.

6. Determine lim g(x) for g(x) as in Figure 2.
x—0.5

05 \ !

FIGURE 2

SOLUTION The graph suggests thatx) — 1.5 asx — 0.5. The valueg(0.5), which happens to bg, does not affect the limit.
In Exercises 7 and 8, evaluate the limit.

7. lim x
x—>21

SOLUTION Asx — 21, f(x) = x — 21. You can see this, for example, on the graptyef) = x.

8. lim /3

x—4.2
SOLUTION  The graph off(x) = +/3 is a horizontal linef(x) = +/3 for all values ofx, so the limit is also equal t¢/3.
In Exercises 9-16, verify each limit using the limit definition. For example, in Exercise 9, shddnthal2| can be made as small
as desired by taking close to4.
9. lim 3x =12
x—>4
SOLUTION |3x — 12] = 3|x — 4|. |3x — 12| can be made arbitrarily small by makingclose enough td, thus makingx — 4|
small.
10. Iim 3=3

x—>5
SOLUTION | f(x) — 3] = |3 — 3] = 0 for all values ofx so f(x) — 3 is already smaller than any positive numberas- 5.
11. Iim (5x +2) =17
x—3
SOLUTION |(5x 4+ 2) — 17] = |5x — 15| = 5|x — 3|. Therefore, if you makéx — 3| small enough, you can mak&x + 2) — 17|
as small as desired.
12. lim (7x —4) =10
x—2
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SOLUTION As x — 2, note that|(7x —4) — 10| = |7x — 14| = 7|x —2|. If you make|x — 2| small enough, you can make
[(7x — 4) — 10| as small as desired.

13. lim x2 =0

x—0

SOLUTION Asx — 0, we havelx? — 0| = |x + 0||x — 0|. To simplify things, suppose thét| < 1, so that|x + 0[|x — 0| =
|x||x| < |x|. By making|x| sufficiently small, so thatx + 0]|x — 0] = x2 is even smaller, you can make? — 0| as small as
desired.

14. lim 3x2-9) = -9
x—0
SOLUTION  [3x2 — 9 — (=9)| = |3x2| = 3|x2|. If you make|x| < 1, |x2| < |x], so that makindx — 0| small enough can make
|3x2 — 9 — (—9)| as small as desired.
15. lim (4x2 +2x +5) =5
x—0
SOLUTION Asx — 0, we haveldx? 4+ 2x + 5 — 5| = |[4x2 + 2x| = |x||4x + 2|. If |x| < 1, [4x + 2| can be no bigger thaf

so|x||4x + 2| < 6|x|. Therefore, by makingx — 0| = |x| sufficiently small, you can makdx? + 2x + 5 — 5| = |x||4x + 2| as
small as desired.

16. lim (x> 4+ 12) = 12
x—0

SOLUTION  |(x3 4+ 12) — 12| = |x3]. If we make|x| < 1, then|x3| < |x|. Therefore, by makingx — 0| = |x| sufficiently small,
we can maké(x3 + 12) — 12| as small as desired.

In Exercises 17-36, estimate the limit numerically or state that the limit does not exist. If infinite, state whether the one-sided limit:
are oo or —oo.

17, 1im Y* !

x—>1 X —

SOLUTION

X 0.9995 | 0.99999 | 1.00001| 1.0005
f(x) | 0.500063| 0.500001| 0.49999| 0.499938

The limitasx — 1is 3.

. 2x2 -3
18. lim 2 —°7
x—>—4 Xx+4

SOLUTION

x —4.001 —4.0001 —3.9999 —3.999
f(x) | —16.002 | —16.0002 | —15.9998 | —15.998

The limit asx — —4 is —16.
2
. -6
x—>2 X% —x—2

SOLUTION

X 1.999 1.99999 | 2.00001 2.001
f(x) | 1.666889| 1.666669| 1.666664 | 1.666445

The limitasx — 2is 3.
3_2x2-9

20. lim ==X~
x—>3 x2-2x-3

SOLUTION

X 2.99 2.995 3.005 3.01
f(x) | 3.741880| 3.745939| 3.754064| 3.758130

The limit asx — 3is3.75.
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. sin2
21. lim al
x—0 X

SOLUTION

The limitasx — 0is 2.

. sin5
22, lim 2%
x—0 X

SOLUTION

The limitasx — 0is5.

23. i
9@0 0

SOLUTION

cosf — 1

The limitasf — 0is 0.

. sinx
lim —
x—>0 Xx

24.

SOLUTION

X 001 | —0.005 | 0.005 0.01
f(x) | 1.999867| 1.999967 | 1.999967| 1.999867
X —0.01 | —0.005 | 0.005 0.01
f(x) | 4.997917| 4.999479| 4.999479| 4.997917
0 ~0.05 | —0.001 | 0.001 0.05
£(6) | 0.0249948 | 0.0005 | —0.0005 | —0.0249948
X ~0.01 ~0.001 | —0.0001 | 0.0001 | 0.001 0.01
F(x) | —99.9983 | —999.9998 | —10000.0 | 10000.0 | 999.9998 | 99.9983

The limit does not exist. As — 0—, f(x) — —oo; similarly, asx — 0+, f(x) — oo.

25. lim

SOLUTION

— X

26. lim

x—>1-x—1

SOLUTION

x—4 (x —4)3

Asx — 1—, f(x) > —oc.

27. lim

SOLUTION

x—>34+x2-9

X 3,99 | 3.999 | 3.9999 | 4.0001| 4.001 | 4.01
f(x) | =106 | —10° | —10'%2 | 10!2 10° | 10°
The limit does not exist. As — 4—, f(x) — —oo; similarly, asx — 4+, f(x) — oo.
X 0.99 0.999 0.9999 | 0.99999
f(x) | =201 | —2001 | —20001 | —200001
X 3.01 3.001 3.0001 3.00001
f(x) | —16.473 | —166.473 | —1666.473 | —16666.473

Asx — 34, f(x) - —oo.
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h

h

28. lim
h—0

SOLUTION

h —0.05 —0.001 | —0.0001 | 0.0001 0.001 0.05
f(h) | 1.06898| 1.09801| 1.09855 | 1.09867 | 1.09922 | 1.12935

The limit ash — 0 is approximately 1.099. (The exact answer i3.)n

29. lim sinh cosl
h—0 h

SOLUTION

h —0.01 —0.001 —0.0001 0.0001 0.001 0.01
f(h) | —0.008623 | —0.000562 | 0.000095| —0.000095 | 0.000562| 0.008623

The limitasih — 0is 0.

1

30. lim cos—

h—0 h
SOLUTION

h +0.1 £0.01 | £0.001 | =£0.0001
F(h) | —0.839072 | 0.862319 | 0.562379 | —0.952155

The limit does not exist since ck/ ) oscillates infinitely often a8 — 0.
31. lim |x|¥
x—0

SOLUTION

X —0.05 —0.001 —0.00001 | 0.00001 0.001 0.05
f(x) | 1.161586| 1.006932| 1.000115| 0.999885| 0.993116| 0.860892

The limitasx — 0is 1.
sec!x
32. lim
x—>14+ /x —1

SOLUTION

X 1.05 1.01 1.005 | 1.001
f(x) | 1.3857 | 1.4084 | 1.4113| 1.4136

The limit asx — 1+ is approximatelyl .414. (The exact answer ig/2.)

33. lim
t—elnt —1

SOLUTION

r e—0.01 | e—0.001 | e—0.0001 | e+ 0.0001 | e+ 0.001 | e+ 0.01
f() | 2713279 | 2.717782| 2.718232 | 2.718332 | 2.718782 | 2.723279

The limit ast — e is approximately 2.718. (The exact answer.js
34. lim (1 +r)V/7
r—0

SOLUTION

r —0.01 —0.001 —0.0001 0.0001 0.001 0.01
f(r) | 2731999 2.719642| 2.718418| 2.718146| 2.716924| 2.704814

The limit asr — 0 is approximately 2.718. (The exact answer.}s
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. tanlx
35. lim I
x—>1—cos~ ! x

SOLUTION

x | 0.999 | 0.9999 | 0.99999 | 0.999999| 0.9999999
f(x) | 17.549 | 55.532| 175.619| 555.360 | 1756.204

The limit asx — 1— does not exist.

 tanlx—x
x=>0sSIn” " x —x
SOLUTION

X —0.01 —0.001 0.001 0.01
f(x) | —1.999791 | —2.000066 | —2.000066 | —1.999791

The limit asx — 0 is approximately-2.00. (The exact answer is2.)

37. Thegreatest integer functionis defined by{x] = n, wheren is the unique integer such that< x < n + 1. Sketch the graph
of y = [x]. Calculate, for an integer:

@ lim [ (0 fim [x]

SOLUTION Here is a graph of the greatest integer function:

2 ——o0
1 ——o0
X
-1 1 2 3

(a) From the graph, we see that, foan integer,
xl_l)nﬂ]_[x] =c—1
(b) From the graph, we see that, foan integer,
lim [x] =c.

x—>c+

38. Determine the one-sided limits at= 1, 2, and 4 of the functiog (x) shown in Figure 3, and state whether the limit exists at
these points.

Lo

1 2 3 4 5
FIGURE 3

SOLUTION

e At ¢ = 1, the left-hand limit isx_l)ign_ g(x) = 3, whereas the right-hand limit ixs_)lliJrrng(x) = 1. Accordingly, the two-sided
limit does not exist at = 1.

e At ¢ = 2, the left-hand limit isx_l)ign_ g(x) = 2, whereas the right-hand limit ixs_)zliJl;ng(x) = 1. Accordingly, the two-sided
limit does not exist at = 2.

e At ¢ = 4, the left-hand limit isx_ljm g(x) = 2, whereas the right-hand limit Ls_)ﬂng(x) = 2. Accordingly, the two-sided
limit exists atc = 4 and equals 2.
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In Exercises 39-46, determine the one-sided limits numerically or graphically. If infinite, state whether the one-sided ltits are
or —oo, and describe the corresponding vertical asymptote. In Exercisgxfi& the greatest integer function defined in Exercise
37.
sin
39. lim -
x—0+ |x|

SOLUTION

X —-0.2 —0.02 0.02 0.2
f(x) | —0.993347 | —0.999933 | 0.999933| 0.993347

The left-hand limitis lim f(x) = —1, whereas the right-hand limitis limf(x) = 1.
x—>0— x—>0+
40. lim |x|'/*
x—0+

SOLUTION

x —02 | —0.1 0.15 0.2
f(x) | 3125.0| 10!° | 0.000003| 0.000320

The left-hand limit is IiBn f(x) = oo, whereas the right-hand limit is (I)iJrrnf(x) = 0. Thus, the linex = 0 is a vertical asymp-
X—>0— x—>

tote from the left for the graph of = |x|!/*.

. x —sin|x|
41. lim — =
x—>0% X
SOLUTION

X —0.1 —0.01 0.01 0.1
S(x) | 199.853| 19999.8| 0.166666| 0.166583

The left-hand limit is lim f(x) = oo, whereas the right-hand limit is limf(x) = —. Thus, the linex = 0 is a vertical
x—0— x—>0+ 6

asymptote from the left for the graph of= %lel
a2, tm X1
x—>4+ x — 4

SOLUTION The graph ofy = fc—*_'i for x near 4 is shown below. From this graph, we see that

. x+1 . . x+1
lim = —oo while lim =
x—>4— X — x—>4+ x — 4
er — 4 ; . x+1
Thus, the linex = 4 is a vertical asymptote for the graph pf= 3.

4x2 +7

43. im —
x—>—2+ x3 438

SOLUTION The graph ofy = 4x"2+87 for x near—2 is shown below. From this graph, we see that

33
4x2 47 . . 4x2 +7
im ——— =—oco while lim ———— =00
x—>—2— x3+8 x—>—2+ x3+38
Thus, the linex = —2 is a vertical asymptote for the graph pf= 4;‘32%.

+ 4 + T — X
-3.0 -25 0 -15 -10
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2

. X
44, lim NGRS
x——3+ x*—9

2 . .
SOLUTION The graph ofy = x§—9 for x near—3 is shown below. From this graph, we see that
. x2 . ) x2
lim ——— =00 while lim ——— = —o0.
x—>—3—x2-9 x—>—3+x2 -9

Thus, the linex = —3 is a vertical asymptote for the graph pf= %.

5
. -2
x—>1+ x24+x -2

SOLUTION The graph ofy = % for x nearl is shown below. From this graph, we see that

. X2 +x-2
lim S =2
x—>1+ x*+x—-2

46. lim_ cos(%(x - [x]))

x—>2

SOLUTION The graph ofy = cos(%(x — [x])) for x near2 is shown below. From this graph, we see that

lim cos(%(x—[x]))zo while  lim cos(%(x—[x])):l.

xX—>2— x—>2+

\

y
05 10 15 20 25

47. Determine the one-sided limits at= 2, 4 of the functionf(x) in Figure 4. What are the vertical asymptotesf@k)?

)~

FIGURE 4

o

SOLUTION
e Forc =2,wehave lim f(x) =occand lim f(x)= oc.
x—>2— x—>2+

e Forc =4,wehave lim f(x) =—occand lim f(x) = 10.
x—>4— x—>4+

The vertical asymptotes are the vertical lines- 2 andx = 4.
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48. Determine the infinite one- and two-sided limits in Figure 5.

SOLUTION
. limf(x)
* x—le1+f(X)
o lim f(x) =

+ Jm, /0 =

)

FIGURE 5

= —00

=0

(0]

—o0

The vertical asymptotes are the vertical lines- 1, x = 3, andx = 5.

In Exercises 49-52, sketch the graph of a function with the given limits.

9 Jm fw) =2, f00 =0 i fs) =3

SOLUTION

0. Jim /) =, i f0) =0, I fw) = o

SOLUTION

1. Jim, /(9=

SOLUTION

12 =3,

95
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2. I, fo) =, lm_fs) =3, Jim 1) = -o0

SOLUTION

10

53. Determine the one-sided limits of the functigitx) in Figure 6, at the points = 1,3, 5, 6.

y

L Y I NV}
——

1 1 2\3 4 5/6\7 8)C

FIGURE 6 Graph of f(x)

SOLUTION
- lim f) = lim f(x) =3
. Iin;_ f(x) =—00
* xlrg-i- f(X) =4
- lim f(x) =2
* xirg+ S0 =-3
- lim S = lim /() =oo

54. Does either of the two oscillating functions in Figure 7 appear to approach a limita®?

X AV%|,&AX
VAV

FIGURE 7

(A)

SOLUTION (A) does not appear to approach a limitas> 0; the values of the function oscillate wildly as— 0. The values of
the function graphed in (B) seem to settldtasx — 0, so the limit seems to exist.

In Exercises 55-60, plot the function and use the graph tonesé the value of the limit.

sin50

. m .

9—0 Sin26
SOLUTION
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sin56 I .
From the graph of = S0 shown above, we see that the limitas> 0 is %
12* —1
56. lim ——
x—0 4* —1
SOLUTION

X

12* —1 - . . .
From the graph ofy = yTITE shown above, we see that the limit as— 0 is approximately 1.7925. (The exact answer is

4x —
In12/1In4))
. 2¥ —cos
57. lim R
x—0 X
SOLUTION

0.6940;

0.6935/
0.6925;

0.6920;

The limit asx — 0 is approximately 0.693. (The exact answer i2.)n

sin? 40

58. i
9—0 cosf — 1

SOLUTION

-30.0

The limit asf — 0is—32.
59 lim €c0os76 — cos56
0—0 02

SOLUTION

cos76 — cos56

72 shown above, we see that the limités— 0 is —12.

From the graph o =

60, lim sin? 26 — 6 sin46
0—0 94
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SOLUTION

sin2 26 — 6 sin46

0 shown above, we see that the limit@s— 0 is approximately 5.333. (The exact answer

From the graph of =
is1f)

61. Letn be a positive integer. For whichare the two infinite one-sided limits Iiﬂrtnl/x” equal?
x—0

SOLUTION First, suppose that is even. Then:” > 0 for all x, andxi,, > 0 for all x # 0. Hence,

. 1 . 1
Iim — = lim — =o0.
x—0— x" x—>0+ x"
1
x}’l

Next, suppose that is odd. Thenxl—,, > 0forall x > 0but = < 0forall x <0. Thus,

. 1 . 1
lim — = —o0 but lim — = o0.
x—0— x" x—0+ x"

Finally, the two infinite one-sided limits are equal whenevés even.

62. Let L(n) = xllﬂwl 1oy ﬁ) for n a positive integer. Investigate(n) numerically for several values af, and then
guess the value of df(n) in general.
SOLUTION

e We first notice that forn = 1,

1 1

1-x 1—x ’

soL(1) =0.
¢ Next, let's tryn = 3. From the table below, it appears tha3) = 1.

X 0.99 0.999 1.001 1.01
f(x) | 1.006700| 1.000667| 0.999334| 0.993367

e Forn = 6, we find

X 0.99 0.999 0.9999 1.0001 1.001 1.01
f(x) | 2.529312| 2.502919| 2.500392| 2.499375| 2.497082| 2.470980

Thus,L(6) = 2.5 = 3

i _ n—1
From these values, we conjecture tiigh) = “5—.

63. |[GU| In some cases, numerical investigations can be misleadiog,/Px) = cosZ.
(a) Does lim f(x) exist?
x—0
(b) Show, by evaluating/(x) atx = % %, %, ..., that you might be able to trick your friends into believing that the limit exists
and is equal td. = 1.
(c) Which sequence of evaluations might trick them into believing that the linfitis —1.

SOLUTION Hereis the graph of (x).
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(@) From the graph off(x), which shows that the value of(x) oscillates more and more rapidly as— 0, it follows that
Iim0 f(x) does not exist.
xX—>

(b) Notice that

T
+ = C0S+— = cos+2x7 = 1;
4 ( ) 1/2 "

1
2
1 T
fl£- ) =cost— = costdr = 1;
4 1/4
1
6

1+ = cosil = cos+6mr = 1;
1/6

and, in generalf(i%) = 1 for all integers:.
(c) Atx = £1,+1 +1 .. the value off (x) is always—1.

Further Insights and Challenges

64. Light waves of frequency. passing through a slit of width produce aFraunhofer diffraction pattern of light and dark

fringes (Figure 8). The intensity as a function of the artgle
B sin(R sinf) \2
16) = Im (W)

whereR = wa/A andI,, is a constant. Show that the intensity function is not definéd-at0. Then choose any two values fBr
and check numerically thdt0) approacheg,, as¢ — 0.

I

Incident
light waves

Slit Viewing Intensity
screen pattern

FIGURE 8 Fraunhofer diffraction pattern.

SOLUTION If you plug in6 = 0, you get a division by zero in the expression
sin (R sin 9)
Rsnd

thus, 7(0) is undefined. IfR = 2, a table of values a& — 0 follows:

0 —0.01 —0.005 0.005 0.01
1(0) | 0.998667[,, | 0.9999667,, | 0.9999667I,, | 0.9998667I;,

Thelimitasd — 0isl- I, = Iy.
If R = 3, the table becomes:

0 —0.01 —0.005 0.005 0.01
1(0) | 0.9997007,, | 0.999925,, | 0.999925[,, | 0.999700/,,

Again, the limitasd — 0is 1/, = I.

sinnf

65. Investigate@ lim numerically for several values af Then guess the value in general.
—0

SOLUTION

e Forn = 3, we have

0 —0.1 —0.01 —0.001 0.001 0.01 0.1

Sinnd | 5 955202 | 2.999550 | 2.999996 | 2.999996| 2.999550 | 2.955202
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The limitasf — 0is 3.
e Forn = —5, we have

0 —0.1 —0.01 —0.001 0.001 0.01 0.1
sinnf
g —4.794255 | —4.997917 | —4.999979 | —4.999979 | —4.997917 | —4.794255
The limitasf® — 0is—5.
. . . sinnf
¢ We surmise that, in general, |Im9— =n
b*
66. Show numerically that ||m— for b = 3,5 appears to equal By In5, where Inx is the natural logarithm. Then make a
conjecture (guess) for the value |n general and test your conjecture for two additional vabues of
SOLUTION
* x —0.1 —0.01 | —0.001 | 0.001 0.01 0.1
X _
> ! 1.486601| 1.596556| 1.608144| 1.610734| 1.622459| 1.746189
X
We have It ~ 1.6094.
X —0.1 —0.01 —0.001 0.001 0.01 0.1
X _
it 1.040415| 1.092600| 1.098009| 1.099216| 1.104669| 1.161232
X

We have I8 &~ 1.0986.

. b*—1
¢ We conjecture that lim———
x—0 X

= Inb for any positive numbeb. Here are two additional test cases.

x —0.1 —0.01 —0.001 0.001 0.01 0.1
(3)" -1
22— | —0.717735 | —0.695555 | —0.693387 | —0.692907 | —0.690750 | —0.669670
X
We have I} ~ —0.69315.
x —0.1 —0.01 | —0.001 0.001 0.01 0.1
X
—1
7 1.768287| 1.927100| 1.944018| 1.947805| 1.964966| 2.148140
X

We have IV ~ 1.9459.
xn

67. Investigate |lim
x—1 x™M

— 11 for (m, n) equal to(2, 1), (1,2), (2, 3), and(3,2). Then guess the value of the limit in general and
check your guess for two additional pairs.
SOLUTION

x 0.99 | 00999 | 1.0001 | 1.01
1
55— | 0.502513| 0.500025 | 0.499975 | 0.497512
The limitasx — 1is 3.
x | 0.99| 00999 1.0001| 1.01
x2 -1
- | 1.99 | 1.9899| 2.0001 | 2.01
o
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The limitasx — 1is 2.

X 0.99 0.9999 1.0001 1.01
x2 -1

3] 0.670011| 0.666700| 0.666633| 0.663344
3

The limitasx — 1is 2.

X 0.99 0.9999 1.0001 1.01
x3-1
o 1.492513| 1.499925| 1.500075| 1.507512

The limitasx — 1is 3.
oxt—1 n
e For generaln andn, we have lim = —.
x—>1 xM —1 m

X 0.99 0.9999 1.0001 1.01
-1
% 0.336689| 0.333367| 0.333300| 0.330022
The limitasx — 1is 3.
X 0.99 | 0.9999| 1.0001| 1.01
x3-1
1 2.9701 | 2.9997 | 3.0003| 3.0301
X —
The limitasx — 1is 3.
X 0.99 0.9999 1.0001 1.01
3
—1
;C7 1 0.437200| 0.428657 | 0.428486| 0.420058

The limitasx — 1is3 ~ 0.428571.

68. Find by numerical experimentation the positive intedessich thatxﬂ)rg%]?zx) exists.
SOLUTION
e Fork =1, we havexirgf(x) = Xlii)n0 m =0
x | —0.01 | —0.0001 | 0.0001| 0.01

f(x) | —0.01 | —0.0001 | 0.0001| 0.01

sin(sin?
e Fork =2, we have lim f(x) = lim sz) =1
x—0 x—=0

X —0.01 —0.0001 0.0001 0.01
f(x) | 0.999967| 1.000000| 1.000000| 0.999967

e For k = 3, the limit does not exist.

x | —0.01 | —0.0001 | 0.0001| 0.01
f(x) | —10% —10* 104 102

Indeed, asx — 0—, f(x) =

w — —oo, Whereas as — 0+, f(x) =

sin(sin? x)
x3 -
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sin(sin?
e Fork = 4, we have lim f(x) = lim (74)0 =0
x—0 x—0 X

x —0.01 | —0.0001 | 0.0001 | 0.01

f(x) | 10* 108 108 10*
e Fork = 5, the limit does not exist.

x —0.01 | —0.0001 | 0.0001 | 0.01

f(x) | =106 | —1012 1012 | 100

sin(sin? x) sin(sin? x)
- —— > 0

Indeed, asx — 0—, f(x) = — —o0, Whereas as — 0+, f(x) =

sin(sin?
e Fork = 6, we have lim f(x) = lim (76)0 =
x—0 x—0 X

x | —0.01 | —0.0001 | 0.0001| 0.01
f(x) | 108 1016 10t | 108

¢ SUMMARY

— Fork = 1, the limitis O.

— Fork = 2, the limitis 1.

— For oddk > 2, the limit does not exist.
— For evenk > 2, the limit isco.

x —
69. ) Plot the graph off (x) = 2 38_
X —
(&) Zoom in on the graph to estimafe= Iim3 f(x).
X—>

(b) Explain why
£(2.99999) < L < £(3.00001)

Use this to determiné to three decimal places.

SOLUTION

@

5.565;
5.5551 2%-8
5.54

5.535¢

5.5251

x=3

(b) Itis clear that the graph of rises as we move to the right. Mathematically, we may express this observation as: whenever
u <v, f(u) < f(v). Because

2.99999 <3 = lim f(x) < 3.00001,
x—3
it follows that
£(2.99999) < L = |im3 f(x) < f(3.00001).
xX—>

With £(2.99999) &~ 5.54516 and f(3.00001) = 5.545195, the above inequality becomés54516 < L < 5.545195; hence, to
three decimal placed, = 5.545.

i e A
70. The functionf(x) PRV

(a) Investigate lim f(x)and lim f(x) numerically.
x—>0+ x—>0—

21/x _2—1/x
is defined forx # 0.

(b) Plot the graph off and describe its behavior near= 0.
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SOLUTION

@

X —0.3 —0.2 —0.1 0.1 0.2 0.3
f(x) | —0.980506 | —0.998049 | —0.999998 | 0.999998 | 0.998049| 0.980506

(b) Asx — 0—, f(x) — —1, whereas as — 0+, f(x) — 1.

0.5

-1 -05 0.5 1
-0.5+

103

2.3 Basic Limit Laws

Preliminary Questions
1. State the Sum Law and Quotient Law.

SOLUTION  Suppose lim—. f(x) and limy_. g(x) both exist. The Sum Law states that
Iim (f(x) +g(x)) = lim f(x) + lim g(x).
Provided lim;—¢ g(x) # 0, the Quotient Law states that
lim fx)limye f(x)

x=e g(x)  limyseg(x)’
2. Which of the following is a verbal version of the Product Law (assuming the limits exist)?
(@) The product of two functions has a limit.
(b) The limit of the product is the product of the limits.
(c) The product of a limit is a product of functions.
(d) A limit produces a product of functions.

SOLUTION The verbal version of the Product Law(is): The limit of the product is the product of the limits.

3. Which statement is correct? The Quotient Law does not hold if:
(a) The limit of the denominator is zero.
(b) The limit of the numerator is zero.

SOLUTION Statementa) is correct. The Quotient Law does not hold if the limit of the denominator is zero.

Exercises
In Exercises 1-24, evaluate the limit using the Basic Limit Laws and the !!'rl)ﬁgsﬂ/q = cPla andeiLnC k=k.
1. lim x
x—9

SOLUTION |im x = 9.
x—>9

2. lim 14

x—>—3
SOLUTION lim 14 = 14.
x——3

3. lim x*

1
x—>%

4
SOLUTION  lim x* = (—) = —.

1
x—>3
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4. lim z2/3

z—27
SOLUTION  lim z2/3 =272/3 — 9,
z—>27
5. lim ¢!
t—2
. _1 _1 1
SOLUTION |lim ¢ =27" = —.
t—2 2
2

6. lim x™
x—>5

. _ _ 1
SOLUTION lim x 2 =52=_—.
x—5 25

7. lim (3x +4)
x—>0.2
SOLUTION Using the Sum Law and the Constant Multiple Law:
im Bx+4)= lim 3x+ lim 4
x—0.2 x—0.2 x—0.2

=3 lim x4 lim 4=3(0.2)+4=4.6.
x—0.2

x—0.2

8. lim (3x3 +2x?)

x—>3
SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:
lim (3x3 4+ 2x2) = lim 3x3 + lim 2x?
x—>1 x—>3 x—>1

=3 lim x3+2 lim x2

x—>% x—>%
=3 ! 3+2 N _1
T U\3 3) 3

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

9. lim (3x* —2x3 + 4x)
x—>—1

lim (3x*—2x3 +4x) = lim 3x*— lim 2x3+ lim 4x

x——1 x—>—1 x—>—1 x—>—1

=3 lim x*=2 lim x3+4 lim x
x—>—1 x—>—1 x—>—1

=3(-D*=2(-1)3 +4(-1)=3+2—-4=1.
10. lim 3x2/3 —16x71)
x—>8

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim 3x2/3 — 16x~1) = lim 3x2/3 — lim 16x7!
x—8 x—8 x—8

=3 lim x2/3 — 16 lim x7!
x—8 x—8

=38)23 —16(8)"! =3(4) -2 = 10.
11. Iim2(x +1)(3x2-09)

SOLUTION Using the Product Law, the Sum Law and the Constant Multiple Law:
lim (x + 1) (3x2—9) - (Iim X+ lim 1) (Iim 3x2 — lim 9)
x—>2 x—2 x—2 x—2 x—2
= (z+1)(3 lim x2—9)
x—>2
=332)>-9 =9

12. lim (4x + 1)(6x — 1)

x—>%
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SOLUTION  Using the Product Law, the Sum Law and the Constant Multiple Law:
lim (4x +1D(6x—1) = ( lim (4x + 1)) ( lim (6x — 1))
x—>1/2 x—>1/2 x—>1/2

lim 4x 4+ Iim 1)( lim 6x— lim 1)
x—>1/2 x—>1/2 x—>1/2 x—>1/2

( lim x4+ lim 1) (6 Iim x— lim 1)
x—>1/2 x—>1/2 x—>1/2 x—>1/2

1 1
43+ )(6-5—1):3(2):6.

SOLUTION  Using the Quotient Law, the Sum Law and the Constant Multiple Law:

3t—14
13. lim
t—4 t+1

314 Jm G-y 3limi—limis 54w 2
t—>4 t+1  lim@+1) ~ lime¢+liml ~ 4+1 5
t—4 t—4 t—4
14, tim Y=
z—9z—2
SOLUTION  Using the Quotient Law, the Powers Law and the Sum Law:
lim lim
lim «/E — z—>9f z—>9f E
z—>9z—2 I|m(z—2) I|m z—Ilim2 7
z—9 —9 z—9

15. lim (16y + HEyY? +1)

y_)4

SOLUTION Using the Product Law, the Sum Law, the Constant Multiple Law and the Powers Law:

lim (16y + DEyY2+1) = ( lim (16y + 1)) ( lim @y'? + 1))

y_)4 y_)4 y_)4
= (16 lim y 4+ lim 1) (2 lim y'/2 4+ lim 1)
y—>1 y—>1 y—>1 y—>1

(o)) ) )

SOLUTION Using the Product Law and Sum Law:

16. lim x(x + 1)(x +2)
x—>2

)!il_1)12x(x +Dx+2) = ()!sz) ()!il_?z(x + 1)) (}!il_?z(x + 2))

—2(Iim x4+ lim 1) (Iim x + lim 2)
x—>2 x—2 x—2 x—2
=22+ 1)(2+2) =24

17. Iim ——
y—>4 «/6y +1

SOLUTION Using the Quotient Law, the Powers Law, the Sum Law and the Constant Multiple Law:

1 1 1
lim = — = -
y—4 /6y + 1 lim /6y +1 \/6 lim y+1
y—4 y—>4

_ 1 1

Ve +1 5
o NJw+24+1
18. lim ="

w—=>7 Jw—-3-—1
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SOLUTION  Using the Quotient Law, the Sum Law and the Powers Law:

N R GG S
w7 Jw—3-—1 im (vVw—-3-1)
w—7

[T (w+2) + 1
- [lim =31
IR RS
-t -

19. lim —————
x——1x3 + 4x

SOLUTION Using the Quotient Law, the Sum Law, the Powers Law and the Constant Multiple Law:
. X Jm ~1 1
lim = — - = =—.
x——1x3 + 4x lim x3 44 |Im1x (=3 +4(-1) 5
xX—>—

x—>—1

. 2 +1
im ————————
t——1 (3 4+2)t* + 1)
SOLUTION Using the Quotient Law, the Product Law, the Sum Law and the Powers Law:

20.

lim 2+ lim 1

: 12 + 1 x—>—1 x—>—1
LU v i
o (Ilm 3+ lim 2)( lim 4+ lim 1)
x—>—1 x—>—1 x—>—1 x—>—1
(-D2+1 2

1.

P EED OO
31t

. lim
1—25 (¢t —20)2

SOLUTION Using the Quotient Law, the Sum Law, the Constant Multiple Law and the Powers Law:

3 [1Tm -1 lim ¢
3Wi—4t  TyVisas T 3isast 35)-1025) 2

21

lim =
t—25 (t — 20)2 (

2 52 5
lim t—zo)
t—>25
22. lim (18y% — 4)*
y—>1

SOLUTION Using the Powers Law, the Sum Law and the Constant Multiple Law:

4
lim (18y% —4)* = (18 lim y2—4) =@2-4*=16.
y—>1 y—>1
23. lim (412 + 81 —5)3/2
t—>%

SOLUTION Using the Powers Law, the Sum Law and the Constant Multiple Law:

3/2
lim (462 4+ 8 =532 = (41lm 2 +81limr—5] =©O+12-5)32=¢4.
t—3 t—3 t—3
1/2
!
. lim 7( +2)
17 (¢t + 1)2/3

SOLUTION Using the Quotient Law, the Powers Law and the Sum Law:

1/2
i (22 ()1“7”2) oz 3

=7 (1 + 1)2/3 2/3 7 g2/3 T 4’
(Iim t+ 1)
t—>7
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25. Use the Quotient Law to prove thatxif_>lciryr(x) exists and is nonzero, then
lim L _ !
xe f(x)  lim f(x)

SOLUTION Since im f(x) is nonzero, we can apply the Quotient Law:
p c

1):((4@61) _ 1

li = — .
xe (f(x) lim 700) /00

26. Assuming that lim f(x) = 4, compute:
x—>6

(@ lim f (x)? (b) lim

1 .
lm < © lim x/7x)

SOLUTION
(a) Using the Powers Law:

2
lim f(x)? = (Iim f(x)) =42 = 16.
xX—6 x—6
(b) Since Iirr61 f(x) # 0, we may apply the Quotient Law:
x—>

P B B
6 T im 70 @

(c) Using the Product Law and Powers Law:

1/2
lim /7 (x) = (Iim6x) (Iim6 f(x)) =642 =12.

In Exercises 27-30, evaluate the limit assuming tHeh  f(x) =3 and lim g(x) = 1.
x—>—4 x—>—4
27. lim  f(x)g(x)
x—>—4
SOLUTION  lim f(x)g(x) = Ilim f(x) lim g(x)=3-1=3.
x—>—4 x—>—4 x—>—4

28. lim 4(2f(x) +3g(x))

SOLUTION
lim 2f(x)+3g(x))=2 lim f(x)+3 lim g(x)
x—>—4 x—>—4 x—>—4
=2-343.-1=6+3=09.
29. lim &;C)
x—>—4 X
SOLUTION  Since Iim4 x2 # 0, we may apply the Quotient Law, then applying the Powers Law:
xX——
lim
lim ix) _ x—>—4g(x) _ 1 _ i
x—>—4 x2 lim x2 ) 2 16
x—>—4 ( lim x)
x—>—4
1
x—>—43g(x)—9
SOLUTION
f+1 Mm@+ dim sy

x—>-43g(x)—9 3 lim gx)— lim 9 3.1-9 -6 3
x—>—4 x—>—4

. . sinx .
31. Can the Quotient Law be applied to evaluateollm—? Explain.
x—> X
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o . . . sinx . L i,
SOLUTION  The limit Quotient Lawcannotbe applied to evaluate Ibm— since |II‘T})x = 0. This violates a condition of the
X—> X X—>
Quotient Law. Accordingly, the ruleannotbe employed.

32. Show that the Product Law cannot be used to evaluate the Iimit/ (im— 5) tanx.
x—>m/2

SOLUTION The limit Product Lawcannotbe applied to evaluate Ii/m(x — /2) tanx since Iin} tanx does not exist (for
x—m/2 x—>m/2
example, ax — 7/2—, tanx — 00). This violates a hypothesis of the Product Law. Accordingly, the calenotbe employed.

33. Give an example where lirof (x) + g(x)) exists but neither limf(x) nor lim g(x) exists.
x—0 x—0 x—0

SOLUTION Let f(x) = 1/x andg(x) = —1/x. Then lim (f(x) + g(x)) = lim 0 = 0 However, limf(x) = lim 1/x and
x—0 x—>0 x—0 x—0

lim g(x) = lim —1/x do not exist.

x—0 x—0

Further Insights and Challenges

34. Show that if bothxh)rpf(x)g(x) and x“—>nl g(x) exist andxﬂ)nc]g(x) # 0, then xll_r)rg f(x) exists.Hint: Write f(x) =
S(x)g(x)

g(x)
SOLUTION  Given thatx|_l)n;1 f(x)g(x)=1L andxll_)rrl g(x) = M # 0 both exist, observe that

im 700 = fim g _ ARS8
x—c x—>c  g(x) lim g(x) M
xX—>C
aso exists.
35. Suppose that limg(z) = 12. Show that limg(z) exists and equak
t—3 t—3
SOLUTION We are given that Iigng(t) = 12. Since Iin;t = 3 # 0, we may apply the Quotient Law:
t— t—
limtg(t)
. . tg(t 12
lim g(r) = lim ) >3 12,
t—3 t—>3 t lim ¢ 3
t—3

36. Prove that |f Ilmh(’) = 5,then limh(r) = 15.
—3 t—3

()

SOLUTION Given that I|m = 5, observe that Iir3n = 3. Now use the Product Law:
t—

I|m h(t) = I|m t —= () (Iim t) (Iim ﬂ) =3.5=15.
t—3 t—3

37. & Assuming that Iirgl@ = 1, which of the following statements is necessarily true? Why?
xX—>

(@ f(0)=0 (b) lim f(x)=0
x—0

SOLUTION

0
(a) Given that I|m f( ) _ = 1, itis not necessarily true thaf(0) = 0. A counterexample is provided bf(x) = )SC x 7 0

, X =
(b) Given that |II‘2 f( ) = 1, itis necessarily true that Ilnf(x) = 0. For note that Ilr(hx = 0, whence
X—>
lim f(x) = lim x ZAC (Iim x) (Iim f(x)) =0-1=0.
X x—0 x—>0 X

38. Prove that |fx|_|>n2 fx)=L#0 andxll_hg g(x) =0, then the I|m|txl_|>ng 263 does not exist.
f(x)

SOLUTION Suppose that lim—— exists. Then
x—>c g(x)

f() IImg()limf(x):O Ilmf() 0.

( ) x—c x—>c g(x) x—c g(x)

L= Jim f(x)= lim g(x)-

. . .. J(X .
But, we were given thak # 0, so we have arrived at a contradiction. Thug, I»%% does not exist.
x—>c g(x
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39. & Suppose that limg(h) = L.
h—0
(a) Explain Whyhlim g(ah) = L for any constan # 0.
—0
(b) If we assume instead thgt lim(h) = L, is it still necessarily true the;lt ling(ah) = L?
—1 —1
(c) lllustrate (a) and (b) with the functiofi(x) = x2.
SOLUTION
(@) Ash — 0,ah — 0 as well; hence, if we make the change of variable= ah, then
lim g(ah) = lim g(w) = L.
h—0 w—0
(b) No. Ash — 1, ah — a, so we should not expect ling(ah) = lim g(h).
h—1 h—1
(c) Letg(x) = x2. Then
lim g(h) =0 and lim g(ah) = lim (ah)? = 0.
h—0 h—0 h—0
On the other hand,
lim g(h) =1 while lim g(ah) = lim (ah)?® = a2,
h—1 h—1 h—1

which is equal to the previous limit if and onlydf= +1.
X

exists for alla > 0. Assume also that lima* = 1.

x—0

(a) Prove thatlL(ab) = L(a) + L(b) fora,b > 0. Hint: (ab)* — 1 = a*(b* — 1) + (a* — 1). This shows thaL (a) “behaves”
like a logarithm. We will see that (a) = Ina in Section 3.10.

(b) Verify numerically thatZ(12) = L(3) + L(4).

40. Assume that.(a) = lim a
x—>0

SOLUTION
(@) Leta,b > 0. Then

. b)* —1 . *(b* -1 X -1
L(ab) = lim @) -1 _ lim & ( )+ )
x—0 X x—0 X
. . X —1 . *—1
= lim a* - lim + lim a
x—0 x—0 X x—0 X

1- L)+ L(a) = L(a) + L(b).
(b) From the table below, we estimate that, to three decimal plda@3$,= 1.099, L(4) = 1.386 and L (12) = 2.485. Thus,

L(12) = 2.485 = 1.099 + 1.386 = L(3) + L(4).

X —0.01 —0.001 —0.0001 0.0001 0.001 0.01

3B*-1)/x 1.092600| 1.098009| 1.098552| 1.098673| 1.099216| 1.104669
4* -1)/x 1.376730| 1.385334| 1.386198| 1.386390| 1.387256| 1.395948
(12¥ —1)/x | 2.454287| 2.481822| 2.484600| 2.485215| 2.488000| 2.516038

2.4 Limits and Continuity

Preliminary Questions

1. Which property off(x) = x3 allows us to conclude that Ii2nx3 =8?
x—

SOLUTION We can conclude that ligns» x3 = 8 because the functian® is continuous ak = 2.

2. What can be said about(3) if f is continuous and Iignf(x) = %?
x—

SoLUTION  If fis continuous and lig,3 f(x) = 1, then f(3) = 1.
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3. Suppose thaf'(x) < 0 if x is positive andf (x) > 1 if x is negative. Cary' be continuous at = 0?

SOLUTION Since f(x) < 0 whenx s positive andf'(x) > 1 whenx is negative, it follows that
lim <0 and lim > 1.
I, @ = Sz

Thus, lim,_,¢ f(x) does not exist, sbcannot be continuous at= 0.
4. Is it possible to determing'(7) if f(x) =3 forall x < 7 and f is right-continuous at = 7? What if f is left-continuous?

SOLUTION No. To determinef(7), we need to combine either knowledge of the valueg @f) for x < 7 with left-continuity or
knowledge of the values of (x) for x > 7 with right-continuity.

5. Are the following true or false? If false, state a correct version.

(@) f(x)is continuous at = « if the left- and right-hand limits off (x) asx — a exist and are equal.

(b) f(x)is continuous akt = « if the left- and right-hand limits off (x) asx — a exist and equaf ().

(c) Ifthe left- and right-hand limits off (x) asx — a exist, thenf has a removable discontinuity at= a.

(d) If f(x)andg(x) are continuous at = «, then f(x) + g(x) is continuous at = a.

(e) If f(x)andg(x) are continuous at = a, then f(x)/g(x) is continuous at = a.

SOLUTION

(a) False. The correct statement i§(x) is continuous ak = a if the left- and right-hand limits off (x) asx — a exist and equal
fla)”

(b) True.

(c) False. The correct statement is “If the left- and right-hand limitg ©f) asx — a are equal but not equal tf(a), thenf has a
removable discontinuity at = a.”

(d) True.

(e) False. The correct statement is “fi{x) andg(x) are continuous at = a andg(a) # 0, then f(x)/g(x) is continuous at
x=a’

Exercises

1. Referring to Figure 1, state whethg(x) is left- or right-continuous (or neither) at each point of discontinuity. Dfes) have
any removable discontinuities?

~ o
, | -

11 .

I 2 3 4 5 6
FIGURE 1 Graph ofy = f(x)
SOLUTION

e The functionf is discontinuous at = 1; it is right-continuous there.
e The functionf is discontinuous at = 3; it is neither left-continuous nor right-continuous there.
e The functionf is discontinuous at = 5; it is left-continuous there.

However, these discontinuities are not removable.

Exercises 2—4 refer to the functigrix) in Figure 2.

U5 3 45 6
FIGURE 2 Graph ofy = g(x)
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2. State whetheg (x) is left- or right-continuous (or neither) at each of its points of discontinuity.

SOLUTION

e The functiong is discontinuous at = 1; it is left-continuous there.
e The functiong is discontinuous at = 3; it is neither left-continuous nor right-continuous there.
e The functiong is discontinuous at = 5; it is right-continuous there.

3. At which pointc doesg(x) have a removable discontinuity? How shogl@) be redefined to makg continuous ak = ¢?

SOLUTION Because lim—3 g(x) exists, the functiorz has a removable discontinuity at= 3. Assigningg(3) = 4 makesg
continuous at = 3.

4. Find the pointc; at which g(x) has a jump discontinuity but is left-continuous. How shoglld;) be redefined to make
right-continuous at = ¢ ?
SOLUTION The functiong has a jump discontinuity at = 1, but is left-continuous there. Assigniggl) = 3 makesg right-
continuous ak = 1 (but no longer left-continuous).

5. In Figure 3, determine the one-sided limits at the points of discontinuity. Which discontinuity is removable and howfshould
be redefined to make it continuous at this point?

FIGURE 3

SOLUTION  The functionf is discontinuous at = 0, at which Iir(p f(x) = 0o and Iir(;Lr f(x) = 2. The functionf is also
x—>0— xX—>
discontinuous at = 2, at which Iir;w f(x)=6and IianJr f(x) = 6. Because the two one-sided limits exist and are equal at
x—>2— x—
x = 2, the discontinuity ak = 2 is removable. Assigning'(2) = 6 makesf continuous ak = 2.
6. Suppose thaf'(x) = 2 forx < 3 and f(x) = —4for x > 3.
(@) Whatis f(3) if f is left-continuous ak = 3?
(b) Whatis f(3) if f isright-continuous at = 3?
SOLUTION  f(x) =2for x <3 and f(x) = —4 for x > 3.
e If f isleft-continuous akt = 3, then f(3) = limy_3— f(x) = 2.
e If f isright-continuous at = 3, then f(3) = limx—o+ f(x) = —4.

In Exercises 7-16, use the Laws of Continuity and Theorems 2 and 3 to show that the function is continuous.
7. f(x) =x +sinx
SOLUTION  Sincex and sinx are continuous, so is + sinx by Continuity Law (i).
8. f(x) = xsinx
SOLUTION  Sincex and sinx are continuous, so issinx by Continuity Law (jii).
9. f(x) =3x+4sinx
SOLUTION  Sincex and sinx are continuous, so afex and4 sinx by Continuity Law (ii). Thus3x + 4 sinx is continuous by
Continuity Law (i).
10. f(x) = 3x3 + 8x% — 20x
SOLUTION

« Sincex is continuous, so are® andx?2 by repeated applications of Continuity Law (jii).
 Hence3x3, 8x2, and—20x are continuous by Continuity Law (ii).
* Finally, 3x3 + 8x2 — 20x is continuous by Continuity Law (i).

1

A R S |
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SOLUTION

« Sincex is continuous, so is2 by Continuity Law (iii).
« Recall that constant functions, such as 1, are continuous. Fhys!1 is continuous.

e Finally, poanY is continuous by Continuity Law (iv) becausé + 1 is never 0.
X

x2 — cosx

12. =
Jx) 3 + cosx
SOLUTION

« Sincex is continuous, so is2 by Continuity Law (iii).
¢ Since cox is continuous, so is- cosx by Continuity Law (ii).
e Accordingly,x2 — cosx is continuous by Continuity Law (i).
¢ Since 3 (a constant function) and coare continuous, so 3+ cosx by Continuity Law (i).
, x2 —cosx | ) o . .
¢ Finally, ———— is continuous by Continuity Law (iv) becau3et cosx is never 0.
3 + cosx
13. f(x) = cogx?)

SOLUTION  The function f(x) is a composite of two continuous functions: aoandx2, so f(x) is continuous by Theorem 5,
which states that a composite of continuous functions is continuous.

14, f(x) = tan 1 (4%)

SOLUTION  The functionf(x) is a composite of two continuous functions: Tanc and4*, so f(x) is continuous by Theorem 5,
which states that a composite of continuous functions is continuous.

15. f(x) = e* cos3x

SOLUTION ¢* and cos3x are continuous, se* cos3x is continuous by Continuity Law (iii).
16. f(x) = In(x*+1)

SOLUTION

« Sincex is continuous, so is* by repeated application of Continuity Law (jii).
« Since 1 (a constant function) and are continuous, so is* + 1 by Continuity Law (i).
« Finally, because* + 1 > 0 for all x and Inx is continuous for > 0, the composite function [@* + 1) is continuous.

In Exercises 17—-34, determine the points of discontinuity. State the type of discontinuity (removable, jump, infinite, or none of these)
and whether the function is left- or right-continuous.

17, () =~

SOLUTION The functionl/x is discontinuous at = 0, at which there is an infinite discontinuity. The function is neither left-
nor right-continuous at = 0.

18. f(x) = x|
SOLUTION The functionf(x) = |x| is continuous everywhere.
-2

19. f(x) = ——=

|x — 1]
SOLUTION The function |x 1 is discontinuous at = 1, at which there is an infinite discontinuity. The function is neither

x —

left- nor right-continuous at = 1.

20. f(x) = [x]
SOLUTION  This function has a jump discontinuity at= n for every integen. It is continuous at all other values of For every
integern,

im [x]=n
x—>n+

since[x] = n for all x betweerm andn + 1. This shows thafx] is right-continuousat x = n. On the other hand,

M b=

since[x] = n — 1 for all x betweem — 1 andn. Thus|[x] is not left-continuous.
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1
21. ==
1@ =[]
SOLUTION The function[%x] is discontinuous at even integers, at which there are jump discontinuities. Because
lim —x|=n
x—>2n+ | 2
but
. 1
lim -x|=n-1,
x—2n—|2

it follows that this function is right-continuous at the even integers but not left-continuous.

1

22. g(1) = 2.1

. 1 1 L . . e
SOLUTION The function f(z) = " is discontinuous at = —1 ands = 1, at which there are infinite

1 U-De+ 1)
discontinuities. The function is neither left- nor right- continuous at either point of discontinuity.
x+1

23 J) =13

x+1 1

SOLUTION  The function f(x) = 3 is discontinuous at = 7, at which there is an infinite discontinuity. The function is

4x —
neither left- nor right-continuous at= %

1-2z

1-2z 1-2z

2.6 (z+2)(z—3)
discontinuities. The function is neither left- nor right- continuous at either point of discontinuity.

25. f(x) = 3x2/3 —9x3
SOLUTION The functionf(x) = 3x2/3 — 9x3 is defined and continuous for all
26. g(r) = 372/3 — 943

SOLUTION The functiong(¢) = 3172/3 — 943 is discontinuous at = 0, at which there is an infinite discontinuity. The function
is neither left- nor right-continuous at= 0.

SOLUTION  The functionf(z) = is discontinuous at = —2 andz = 3, at which there are infinite
z

x—=2
— X #2
27. f(x) =4 [x =2
—1 x=2
x—2 (x—=2) . . . L
SOLUTION Forx > 2, f(x) = ﬁ = 1.Forx <2, f(x) = T = —1. The function has a jump discontinuity.at= 2.
X — — X
Because
lim f(x)=-1=f(2)
xX—>2—
but

lim =1 2),
Jim ) =14 /@)
it follows that this function is left-continuous at= 2 but not right-continuous.

1
28. f(x) = cos; x#0

x=0

SOLUTION The function co{%) is discontinuous at = 0, at which there is an oscillatory discontinuity. Because neither
lim Xx) hor lim X
x—>0— f( ) x—>0+ f( )

exist, the function is neither left- nor right-continuousvat 0.
29. g(r) = tan2t¢

i sin2t . . :
SOLUTION The functiong(¢) = tan2t = o is discontinuous whenever cds = 0; i.e., whenever

2
:(n—f—l)rr or t:(2n+1)n7
2 4
wheren is an integer. At every such value othere is an infinite discontinuity. The function is neither left- nor right-continuous at
any of these points of discontinuity.

2t
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30. f(x) = csqx?)

SOLUTION The function f(x) = csqx?) = is discontinuous whenever gi?) = 0; i.e., whenever? = nx or

1
sin(x2)
x = +.4/nm, wheren is a positive integer. At every such valueothere is an infinite discontinuity. The function is neither left-
nor right-continuous at any of these points of discontinuity.

31. f(x) = tan(sinx)
SOLUTION The function f(x) = tan(sinx) is continuous everywhere. Reason: siis continuous everywhere and tars

;:ontipuous or(—%, %)—and in particular on-1 < u = sinx < 1. Continuity of tarisinx) follows by the continuity of composite
unctions.

32. f(x) = cogx[x])

SOLUTION The function f(x) = cogx[x]) has a jump discontinuity at = » for every integem. The function is right-
continuous but not left-continuous at each of these points of discontinuity.

1
BIW ==

SOLUTION  The functionf(x) = ——— IS discontinuous at = 0, at which there is an infinite discontinuity. The function is
er —e
neither left- nor right-continuous at= 0.

34. f(x) =In|x — 4|

SOLUTION The functionf(x) = In|x — 4| is discontinuous at = 4, at which there is an infinite discontinuity. The function is
neither left- nor right-continuous at= 4.

In Exercises 35-48, determine the domain of the function and prove that it is continuous on its domain using the Laws of Continuity
and the facts quoted in this section.

35. f(x) = 2sinx + 3 cosx

SOLUTION The domain of sinx + 3 cosx is all real numbers. Both sinand cosc are continuous on this domain, 3sinx +
3 cosx is continuous by Continuity Laws (i) and (ii).

36. f(x) = vx2+9

SOLUTION  The domain ofy/x2 + 9is all real numbers, as® 4+ 9 > 0 for all x. Since,/x and the polynomiak? + 9 are both
continuous, so is the composite functiefx2 + 9.

37. f(x) = /xsinx

SoLUTION This function is defined as long as> 0. Since/x and sinx are continuous, so ig/x sin x by Continuity Law (iii).

)
B I0 =

SOLUTION This function is defined as long as> 0 andx + x1/4 # 0, and so the domain is all > 0. Sincex is continuous,
so arex? andx + x1/4 by Continuity Laws (iii) and (i); hence, by Continuity Law (iv), sois%.

39. f(x) = x2/32%
SOLUTION The domain ofc2/32% is all real numbers as the denominator of the rational exponent is odd.B6trand2* are
continuous on this domain, s@/32* is continuous by Continuity Law (iii).

40. f(x) = x'/3 4 x3/4

SOLUTION The domain ofx!/3 + x3/4is x > 0. On this domain, both!/3 and x3/4 are continuous, sa!/3 + x3/4 is
continuous by Continuity Law (i).

41. f(x) =x"*3

SOLUTION This function is defined for alt # 0. Because the function*/3 is continuous and not equal to zero for 0, it
follows that

is continuous forr # 0 by Continuity Law (iv).
42. f(x) =In©9—x?)

SOLUTION The domain of Ii9 — x2) is all x such tha® — x2 > 0, or |x| < 3. The polynomial — x2 is continuous for all real
numbers and In is continuous forx > 0; therefore, the composite function(th— x2) is continuous fotx| < 3.
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43. f(x) =tar? x

SOLUTION The domain of tafix is all x # +(2n — 1)7/2 wheren is a positive integer. Because taris continuous on this
domain, it follows from Continuity Law (iii) that tahx is also continuous on this domain.

44. f(x) = coq2¥)

SOLUTION The domain of co@”) is all real numbers. Because the functions. x@sd2* are continuous on this domain, so is
the composite function c¢z").

45. f(x) = (x* +1)°/?
SOLUTION The domain ofx* + 1)3/2 is all real numbers as* + 1 > 0 for all x. Becauser3/2 and the polynomiak* + 1 are
both continuous, so is the composite functiaff + 1)3/2.
46, f(x) =e*
SOLUTION The domain 06—*" is all real numbers. Becaugé and the polynomial-x? are both continuous for all real numbers,
S0 is the composite functiarm>°.

2
co
47. ey = S5

x<—1

SOLUTION  The domain for this function is alk # +1. Because the functions cosand x2 are continuous on this domain, so
is the composite function c@s?). Finally, because the polynomiaP — 1 is continuous and not equal to zero for# =1, the
cogx2)
x2 -1
48. f(x) = 9@
SOLUTION The domain ob®@"¥ is all x # +(2n — 1)7/2 wheren is a positive integer. Because tamnd9* are continuous on
this domain, it follows that the composite functigid"* is also continuous on this domain.

49. Show that the function

function

is continuous by Continuity Law (iv).

x243 forx<l1
f(x)=310—x forl<x<2
6x —x2 forx>2

is continuous forx # 1, 2. Then compute the right- and left-hand limitswa& 1, 2, and determine whethef(x) is left-continuous,
right-continuous, or continuous at these points (Figure 4).

y=10-x

9+

>

y=x+3

FIGURE 4

SOLUTION Let’s start withx # 1,2.

 Becauser is continuous, so is2 by Continuity Law (iii). The constant function 3 is also continuousx3et+ 3 is continuous
by Continuity Law (i). Thereforef(x) is continuous for < 1.

e Becausex and the constant function 10 are continuous, the fundtibs x is continuous by Continuity Law (i). Therefore,
f(x) is continuous fol < x < 2.

* Becausex is continuousx? is continuous by Continuity Law (iii) andx is continuous by Continuity Law (ii). Therefore,
6x — x2 is continuous by Continuity Law (i), s§(x) is continuous for: > 2.

At x = 1, f(x) has a jump discontinuity because the one-sided limits exist but are not equal:
lim = lim (x? 4+3) =4, lim = lim (10—x)=09.
x—>1— S ) x—)l—(x +3) x—>1+ /() x—>1+( *)
Furthermore, the right-hand limit equals the function vafi(@) = 9, so f(x) is right-continuous at = 1. At x = 2,
lim = lim (10—x) =38, lim = lim (6x —x?) =8.
xXx—>2— f(x) x—>2—( x) x—>2+ f(X) x—>2+( v )

The left- and right-hand limits exist and are equalft@), so f(x) is continuous at = 2.
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50. Sawtooth Function Draw the graph off(x) = x — [x]. At which points isf discontinuous? Is it left- or right-continuous at
those points?

SOLUTION Two views of the sawtooth functioff(x) = x — [x] appear below. The first is the actual graph. In the second, the
jumps are “connected” so as to better illustrate its “sawtooth” nature. The function is right-continuous at integer values of

LN A

3 2 -1 23 =2-1 | 1 2 3

In Exercises 51-54, sketch the graphfdfr). At each point of discontinuity, state whethgiis left- or right-continuous.

2

X forx <1

51. = -
/() 2—x forx>1

SOLUTION

The function f is continuous everywhere.
x+1 forx <1

2= forx > 1
- x>
X

SOLUTION

The functionyf is right-continuous at = 1.

2
x“—=3x+2
_ 2
53. f) =1 w—2 7
0 x=2

SOLUTION

5
4
3
2
1
+ * + +— X
-2 ‘IJf N 4 6
The functionf is neither left- nor right-continuous at= 2.
X341 for—-co<x <0
54. f(x) =4—x+1 foro<x <2

—x24+10x—15 forx>2
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SOLUTION

The functionf is right-continuous at = 2.

55. Show that the function

2

x“—16

- 4
fo=1">%"g *7

10 x =4

has a removable discontinuity at= 4.

SOLUTION To show thatf(x) has a removable discontinuity at= 4, we must establish that
lim f(x)
x—>4

exists but does not equgi(4). Now,

Xz—

6

I = li 4)=8+#10= f(4);

Jim ——=lm+4)=8% ACOK

thus, f(x) has a removable discontinuity at= 4. To remove the discontinuity, we must redefifigl) = 8.

56. (GU| Define f(x) = xsind 4 2 forx # 0. Plot f(x). How shouldf(0) be defined so thaf is continuous at = 0?

SOLUTION

y

3.0+
W
1.5+

1.0t
051

3 2 -1 12 3
From the graph, it appears thAt0) should be defined equal to 2 to makKecontinuous ak = 0.

In Exercises 57-59, find the value of the constanb( or ¢) that makes the function continuous.

x2—¢ forx<5

57. =
S ) 4x +2¢ forx>5

SOLUTION Asx — 5—,we havex?2 —¢ — 25— ¢
L= Ror25—c =20+ 2cimpliesc = 3.

L. Asx — 5+, we havedx + 2¢ — 20 + 2¢ = R. Match the limits:

2x +9x~1 forx <3
—4x + ¢ forx >3

58. f(x) =

SOLUTION Asx — 3—, we have2x + 9x~! — 9 = L. Asx — 3+, we have—4x + ¢ — ¢ — 12 = R. Match the limits:
L =Ror9=c—12impliesc = 21.

x~1 forx < —1
59. f(x) ={ax+b for —1<x<1
-1 1
X forx > 5
SOLUTION Asx — —1—, x~1 > —1whileasx - —1+,ax +b - b —a. For f to be continuous at = —1, we must

therefore havé —a = —1. Now, asx — 41—, ax + b — 1a + b while asx — J+, x~! — 2. For f to be continuous at = 1,
we must therefore havga + b = 2. Solving these two equations farandb yieldsa = 2 andb = 1.
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60. Define

x+3 forx <-—1
gx) = Jcx for —1<x<2
x+2 forx>2

Find a value ot such thatg(x) is
(a) left-continuous (b) right-continuous
In each case, sketch the grapheaf).

SOLUTION
(a) In order forg(x) to be left-continuous, we need
Iim gx)= Im (x+3)=2
x—>—1— x—>—1—
to be equal to
lim = i = —c.
x—>—1+ g(x) x—>—1+ o ¢

Therefore, we must have= —2. The graph of (x) with ¢ = —2 is shown below.

y

6 /
4
+ + + + + + + + X
,4(37271_21[\2 345

(b) In order forg(x) to be right-continuous, we need

lim = lim =2
x—>2—g(X) xX—>2— e ¢
to be equal to
lim x) = lim (x +2)=4.
x—>2+ g( ) x—>2+( )

Therefore, we must have= 2. The graph ofg(x) with ¢ = 2 is shown below.

i 1 ) . . .
61. Defineg(t) = tan! (ﬁ) fort # 1. Answer the following questions, using a plot if necessary.

(@) Cang(1) be defined so that(¢) is continuous at = 1?
(b) How shouldg (1) be defined so that(¢) is left-continuous at = 1?

SOLUTION

(a) From the graph of(t) shown below, we see thagthas a jump discontinuity at= 1; thereforeg(a) cannot be defined so that
g is continuous at = 1.

(b) To makeg left-continuous at = 1, we should define

— i S S W
SURNL R COES
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62. Each of the following statementsfiglse For each statement, sketch the graph of a function that provides a counterexample.
(@ If Iim f(x) exists, thenf(x) is continuous ak = a.
X a

(b) If f(x) has a jump discontinuity at = a, then f(«) is equal to either lim f(x) or lim f(x).
x—>a— x—>a+

SOLUTION Refer to the two figures shown below.

(a) The figure at the left shows a function for Whigtl)‘li_rﬁ(x) exists, but the function is not continuousxat= a because the
function is not defined at = a.

(b) The figure at the right shows a function that has a jump discontinuity-ata but f(«) is not equal to eithe;_)lirp f(x)or

lim  f(x).

x—a+

=

In Exercises 63—66, draw the graph of a function[@yb] with the given properties.

63. f(x)isnotcontinuous at = 1, but lim f(x)and lim f(x) existand are equal.
x—>1+ x—>1—

SOLUTION

N P S

64. f(x) is left-continuous but not continuous.at= 2 and right-continuous but not continuousxat 3.

SOLUTION

41
34
2 -—
-

65. f(x) has a removable discontinuity at= 1, a jump discontinuity at = 2, and

Jm =l f9 =2

SOLUTION

y
14+
31 e /
21
—_—T0—0
2\
+ + + X

1é\345

66. f(x) is right- but not left-continuous at = 1, left- but not right-continuous at = 2, and neither left- nor right-continuous at
x = 3.
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SOLUTION

+m
|
|

In Exercises 67—-80, evaluate using substitution.
67. lim (2x3—4)
x—>—1
SOLUTION  lim (2x3 —4) =2(-1)3 — 4 = —e.
x—>—1
68. lim (5x — 12x72)
x—>2

SOLUTION  lim (5x — 12x72) =502) - 12272) = 10— 12(}) = 7.
x—>

2
69. lim —~ 1=
x—3 x2 4+ 2x

x+2 342 5 1

SOLUTION |im = = =
x—3 x2 4+ 2x 3242.3 15 3

70. lim sin(% — n)

Sy o
SOLUTION xlinn sin(z —m) = sin(-3) = —1.

71. Iimﬂ tan(3x)

x—Z

SOLUTION  lim tan(3x) = tan3- %) = tan(3F) = —1
x—>Z

T
i
72. lim
X—>m COSX
. 1 1 1
SOLUTION Iim —= — = — = —1
x—m cosx cosmt  —1
73. lim x7/2
x—>4

SOLUTION  lim x™5/2 = 475/2 = __
x—4 32
74. lim v/x3 + 4x
x—>2
SOLUTION Iim2 Va3 +4x = 4/23 +4Q2) = 4.
x—

75. lim (1 —8x3)3/2
x—>—1

SOLUTION  lim (1 —8x%)3/2 = (1-8(=1)%)*/2 = 27.
x—>—1

. 7 2\2/3
76. lim ( X )
x—=>2\ 4—x
(Tx+2\? 70) +2)\?/3
SOLUTION lim === _= = 4.
x—>2\ 4—x 4-2

77. lim 10%° 2%

x—>3

soLUTION  lim 10%° 2% = 103°~20) = 1000.

x—3

78. lim 3Sn¥

.
xX—> >



SECTION 2.4 | Limits and Continuity 121

. ; . 1
SOLUTION  lim 38N — 3sin(-7/2) — _
x—>—-Z 3

79. lim sin! (%)

x—4

. L1 X - . X 1 4 b
SOLUTION  lim sin (—) =sin lim — ) =sin ==
x—4 4 x—4 4 4 2
80. lim tan!(e%)
x—0
SOLUTION lim tar!(e*) = tan! (Iim ex) —tan ! =tan'1="
x—0 x—0 4
81. Suppose thaf'(x) andg(x) are discontinuous at = c¢. Does it follow thatf(x) + g(x) is discontinuous at = ¢? If not,

give a counterexample. Does this contradict Theorem 1 (i)?

SOLUTION Even if f(x) andg(x) are discontinuous at = c, it is not necessarily true that(x) + g(x) is discontinuous at

x = c. For example, supposg(x) = —x~! andg(x) = x~!. Both f(x) andg(x) are discontinuous at = 0; however, the
function f(x) + g(x) = 0, which is continuous everywhere, including= 0. This does not contradict Theorem 1 (i), which deals
only with continuous functions.

82. Prove thatf(x) = |x| is continuous for alk. Hint: To prove continuity at = 0, consider the one-sided limits.
SOLUTION Letc < 0. Then

lim |x| = Iim —x = —¢c = |c|.
xX—>C xX—>C
Next, letc > 0. Then

lim |x| = lim x =¢ =|c|.
X—>C xX—>C

Finally,
im |x|= lim —x=0,
x—>0— x—>0—
im |x|= lim x=0
x—0+ x—>0+

and we recall thaf0| = 0. Thus,|x| is continuous for alk.
83. Use the result of Exercise 82 to prove thag {f) is continuous, therf(x) = |g(x)| is also continuous.

SOLUTION Recall that the composition of two continuous functions is continuous. M@w) = |g(x)| is a composition of the
continuous functiong (x) and|x|, so is also continuous.

84. Which of the following quantities would be represented by continuous functions of time and which would have one or more
discontinuities?

(a) Velocity of an airplane during a flight

(b) Temperature in a room under ordinary conditions

(c) Value of a bank account with interest paid yearly

(d) The salary of a teacher

(e) The population of the world

SOLUTION
(@) The velocity of an airplane during a flight from Boston to Chicago is a continuous function of time.

(b) The temperature of a room under ordinary conditions is a continuous function of time.

(c) The value of a bank account with interest paid yearlyasa continuous function of time. It has discontinuities when deposits

or withdrawals are made and when interest is paid.

(d) The salary of a teacherimta continuous function of time. It has discontinuities whenever the teacher gets a raise (or whenever
his or her salary is lowered).

(e) The population of the world isota continuous function of time since it changes by a discrete amount with each birth or death.
Since it takes on such large numbers (many billions), it is often treated as a continuous function for the purposes of mathematic
modeling.

85. & In 2009, the federal income ta&X(x) on income ofx dollars (up to $82,250) was determined by the formula
0.10x for0 < x < 8350

T(x) = 40.15x —417.50  for 8350 < x < 33,950
0.25x —3812.50 for 33,950 < x < 82,250

Sketch the graph df (x). DoesT (x) have any discontinuities? Explain why,Tif(x) had a jump discontinuity, it might be advan-
tageous in some situations to edeasmoney.
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SOLUTION  T'(x), the amount of federal income tax owed on an income dbllars in 2009, might be a discontinuous function
depending upon how the tax tables are constructed (as determined by that year's regulations). Here is algrgpforothat
particular year.

y
15,000

10,000

5000

+ + t + X
20,000 40,000 60,000 80,000

If T(x) had a jump discontinuity (say at= c), it might be advantageous to earn slightly less income th@sayc — ¢) and be
taxed at a lower rate than to earor more and be taxed at a higher rate. Your net earnings may actually be more in the former case
than in the latter one.

Further Insights and Challenges

86. & If f(x) has aremovable discontinuityat= c, then itis possible to redefing(c) so thatf(x) is continuous at = c.
Can this be done in more than one way?

SOLUTION Inorder for f(x) to have a removable discontinuityat= c, xl@ﬂ f(x) = L must exist. To remove the discontinuity,
we definef(c) = L. Thenf is continuous at = ¢ sincexing f(x) = L = f(c). Nowassumehat we may defing'(c) = M #

L and still havef continuous atx = c. Thenx[r)rg f(x) = f(c) = M. ThereforeM = L, a contradiction. Roughly speaking,
there’s only one way to fill in the hole in the graph 6f

87. Give an example of functiong(x) andg(x) such thatf(g(x)) is continuous bug (x) has at least one discontinuity.

SOLUTION Answers may vary. The simplest examples are the functjfi@gx)) where f(x) = C is a constant function, and
g(x) is defined for allx. In these caseg,(g(x)) = C. For example, iff(x) = 3 andg(x) = [x], g is discontinuous at all integer
valuesx = n, but f(g(x)) = 3 is continuous.

88. Continuous at Only One Point Show that the following function is continuous only,at= 0:

X for x rational
—x for x irrational

fx) =

SOLUTION Let f(x) = x for x rational andf(x) = —x for x irrational.

e Now f(0) = 0 since O is rational. Moreover, as — 0, we have|f(x) — f(0)] = |f(x)—0] = |x| — 0. Thus
Iim0 f(x) = f(0)and f is continuous ak = 0.
xX—>

e Letc # 0 be any nonzero rational number. et , x5, ...} be a sequence of irrational points that appragdle., as: — oo,
the x, get arbitrarily close te. Notice that as: — oo, we have| f(x,) — f(¢)| = |—xn —c¢| = |xn +¢| = |2¢| # 0.
Therefore, it isnot true that im f(x) = f(c). Accordingly, f is not continuous atc = ¢. Sincec was arbitrary,f is

X c

discontinuous at all rational numbers.

e Letc # 0 be any nonzero irrational number. let;, x5, ...} be a sequence of rational points that appragéle., asn — oo,
the x,, get arbitrarily close te. Notice that as: — oo, we havel| f(x,) — f(c)| = |xn — (=¢)| = |xn +¢| = |2¢| # 0.
Therefore, it isnot true thatxirrcl f(x) = f(c). Accordingly, f is not continuous atc = c. Sincec was arbitrary,f is

discontinuous at all irrational numbers.
e CONCLUSION: f is continuous at = 0 and is discontinuous at all points# 0.

89. Show thatf(x) is a discontinuous function for atl where f(x) is defined as follows:

1 for x rational
—1 for x irrational

f(x) =

Show thatf(x)? is continuous for alk.

SOLUTION IiLn f(x) does not exist for any. If ¢ is irrational, then there is always a rational numbearbitrarily close toc
X—>C
so that| f(c) — f(r)| = 2. If, on the other hand; is rational, there is always drrational numberz arbitrarily close tac so that

If(0) = f(@)]=2.

On the other handf (x)? is a constant function that always has valyavhich is obviously continuous.
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2.5 Evaluating Limits Algebraically

Preliminary Questions
1. Which of the following is indeterminate at= 1?

x2—|—1 x2 -1 x2 -1 x2+1
x—1" x+2’ Jx+3-2 Jx+3-—

SOLUTION At x = 1, \/7 > is of the form ; hence, this function is indeterminate. None of the remaining functions is
+1 _x24+1

indeterminate at = and W) are undefined because the denominator is zero but the numerator is not—y@e

is equal to 0.

2. Give counterexamples to show that these statements are false:
(a) If f(c)isindeterminate, then the right- and left-hand limitstas> ¢ are not equal.
(b) If Iim f(x) exists, thenf(c) is not indeterminate.

X—>C

(c) If f(x)is undefined ak = c, then f(x) has an indeterminate form at= c.

SOLUTION
(@) Let f(x) = _1 .Atx = 1, f isindeterminate of the forr§ but
. x2 -1 . 2_1
lim = lim x+D)=2= Ilm (x+1)= lim
x—>1— x —1 x—1— x—1+ x—>1+ x—1°
(b) Again, let f(x) = _1 .Then

lim f(x) = lim ~ —limx+1)=2
x—>1 x—>1 — x—>1

but (1) is indeterminate of the forrﬁ.

(c) Let f(x) = % Then f is undefined at = 0 but does not have an indeterminate fornx at 0.

3. The method for evaluating limits discussed in this section is sometimes called “simplify and plug in.” Explain how it actually
relies on the property of continuity.

SOLUTION If f is continuous ak = c, then, by definition, lim—. f(x) = f(c); in other words, the limit of a continuous
function atx = c is the value of the function at = ¢. The “simplify and plug-in” strategy is based on simplifying a function
which is indeterminate to a continuous function. Once the simplification has been made, the limit of the remaining continuous
function is obtained by evaluation.

Exercises

In Exercises 1-4, show that the limit leads to an indeterminate form. Then carry out the two-step procedure: Transform the functiol
algebraically and evaluate using continuity.

2
. —36
1. lim &
xX—>6 X —

x _26 we obtain the indeterminate for. Upon factoring the numerator and

SOLUTION When we substitutee = 6 into
simplifying, we find

2
. - 36 . -6 6
lim = _ im 39646 lim (x +6) = 12,
x—=>6 XxX—06 x—6 X —
9 — h?
2. lim
h—>3 h—3
SOLUTION When we substituté = 3 into 2 “—5 » We obtain the indeterminate fOI’I%I Upon factoring the denominator and
simplifying, we find
9—n? 3—-n)(3+h
lim — tim )(+)_Im —G+h) =—

h—3 h—3 h—3 h-3
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. x24+2x+1
3 lim ———
x——1 x+1
SOLUTION When we substitute = —1 into xz%ﬁ“ we obtain the indeterminate forgh Upon factoring the numerator and
simplifying, we find
242x+1 1)2
fim R DT k=0
x——1 x+1 x—>—1 x+1 x——1
. 2t—18
4. lim
t—>9 5t — 45
SOLUTION When we substitute = 9 into 2=18  we obtain the indeterminate forh Upon dividing out the common factor of

t — 9 from both the numerator and denominator, we find

i 218 209
t—>95t—45  t>95(—9) 1—9

2 2
5 5

In Exercises 5-34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

5. lim —~— 1
x—7 x2—49
. . x—17 . 1 1
SOLUTION |im =lm —=lm — = —.
x>7x2—49 x>7(x-7N(x+7) x>7x+7 14
2
— 64
6. lim =
x—>8 X —
. x2—64 0
SOLUTION  lim =—=0
x—>8 x—9 -1
. X2 +3x+2
7. lm ——M—
x—>—2 X +2
2
. 3 2 . 1 2 .
SOLUTION  lim Al li G+ DE+2) = lim (x+1)=-1.
x—>—2 X +2 x—>—2 X +2 x—=>—2
3
. — 64
8. lim = —°*
x—8 x—28
3
. — 64 . -8 8 .
SOLUTION  lim AL lim 7)(()( )x +8) = lim x(x + 8) = 8(16) = 128.
x—>8 x—28 x—8 x—8 x—8
2x2-9x -5
9. lim 2 72
x—5 x2-=25
o o2x2—9x—-5  (x=5@x+1) . 2x+1 11
SOLUTION |im = = = —.
x5 x2-25 x—>5 (x =5)(x+5) x—>5 x+5 10
(A +hm3-1
h—0 h
SOLUTION
o Q4+m3-1 . 143n+32+K3—1 . 3h+3n2 403
im ———~——— = lim = lim ———
h—0 h h—0 h h—>0 h
= lim 3+ 3h + h?) = 3+ 3(0) + 0% = 3.
h—0
2 1
11. lim 2x7+
x—>—1 2x% 4+ 3x +1
. 2x +1 . 2x +1 .
SOLUTION im ~————= lm ——————=lim =2.
x—>—14 2x% +3x +1 x—>—1 2x+DHx+1) x—>—1 X+ 1
2 _
12 lim 2 =2

x—>3x2-9
SOLUTION As x — 3, the numeratox? — x — 6 while the denominatox? — 9 — 0; thus, this limit does not exist. Checking
the one-sided limits, we find

. x2—x . x(x—=1)
lim = |lim ———~ = —
x—>3— x2 -9 x—3— (x — 3)()C =+ 3)
while
x2—x . x(x—1)

lim = lim —— =
X34 2—0  xo3t (r—3)x+3)
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2 _ _
13, fim 244
x—2 2x2-8
0 3x2—4x—-4 . (Bx4+2(x-2) 3x+2 8
SOLUTION  lim = = =_ =
x—>2  2x2-8 x=>22(x =2)(x +2) x—22(x+2) 8
3 _
14 jim Gt 27
h—0 h
SOLUTION
B4+ h3-27 274+27Th+9h%2 +h3—27 . 27Th + 9h% + K3
im ———— = lim = lim
h—0 h h—0 h h—0 h
= lim (27 4+ 9% + h?) = 27 + 9(0) + 0% = 27.
h—0
2t —~1
15. lim
t—0 47 —1
4P G (L | .
SOLUTION  lim = lim ( @+ _ lim (4" + 1) = 2.
tto0 47 —1 t 100 4t — 1 t—0
h+2)2—9h
1&”m£_il___
h—4 h—4
(h+2)2%—-9n W2 —5h+4 . (h=1D)(h—4 .
SOLUTION  lim (h+2) = lim te_ lim M = lim(Mh—-1)=3.
—4 h—4 h—4 h—4 h—4 h—4 h—4
, —4
17. lim VX
x—16 x — 16
—4 —4 1 1
SOLUTION  lim VX = lim VX = lim = —.
x—>16 x —16  x—16 (ﬁ+4) (\/_—4) x—>16 /x+4 8
18, lim 24
t—>—212 —3¢2
. 2t + 4 2(t +2) 1
SOLUTION |lm —— = — = lm — =_.
1>—212-312 15230 —-2)(t+2) t>—2-3r-2) 6
2 _
19. fim L *2 12
y—3 y3 — 10y + 3
2 _ _
SOLUTION  lim y_ +y-12 = O -3 +4 = & = l
y=>3y3—10y+3 y=3(y—=3)p2+3y—-1) y=>3(»2+3y—1) 17
1 1
—
o0, |im t27 4
h—0 h
SOLUTION
11 4—(h+2)? 4—(h2+4h+4) —h2—4h
2 2 2 2
lim #+2) 4 _ lim 4G0+2? i 4042 — lim 40+2)
h—0 h h—0 h—0 h h—o0 h
h —h—4
— lim 2+2)2 —h-4 _-4_ 1
h—0 h h—0 4(h + 2)2 16 4
21|m]iziﬁ:2
h—0 h
. Ah+2-2 .
SOLUTION  lim ————— does not exist.
h—0 h
Vi+2-2 (Wh+2-2)(Vh+2+2) h—2
e Ash — 04, we have = = - —
h h(Vh+2+2) h(Vh+2+2)
Vit2-2 (Vh+2-2)(Vh+2+2)  h-2

e Ash — 0—, we have

Vx—4-2

22.
x—38

lim
x—8

h B h(Vh +2+2)

T hWhtzt+2

125
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SOLUTION
lim Vx—4-2 — lim (Wx—4-2)(V/x—4+2) _ lim x—4—4
x—8 x—38 x>8  (x—8)(vVx—4+2) x—>8 (x —8)(v/x —4 +2)
= lim ! = ! —l
a8 x—4+2 JAt+2 4
. x—4
L Ry
SOLUTION
im x—4 — lim (x—4(/x+V8—x) — lim (x—4(/x+V8—x)
X4 X—B—x x4 (- VB-x) (VX +VB—x) x4 x—(8—x)

i GTHWEE VBT L (/A VB

T x4 2x—8 T x4 2(x —4)

_ jim (Wx+v8-x) «/Z+«/Z_2

T x4 2 - 2 T
24 fim Y2 —* 1

x—>4 2—./x
SOLUTION
fim 27X i (2L ) iy oy
¥4 2—Jx xoa\ 2—Jx —x+1) x> 2-m5s—x+1)
Q-VDC+VD o 24T

42— Dx ) doxtl

25')!@4(f1—2_xi4)
( 1 4 ): i /X 24 _ Jrx—2 1

SOLUTION  lim
x—>4

Jx=2 x-—4

G- (it T (a2 &

2. Jim (=)
" x—04+ \ /X /X2 + x

SOLUTION
im (1 1 )_ lim Vi+1-1 lim (Vx+T1-1)(Vx+T1+1)
0+ \Vx Va2 +x) a0+ SVx+ 1 x50+ JxVa+ (VxR 14+1)
— lim o — lim VX
a0+ X L(Va 1) x>0k a1 (Vr F L)
cot
27. lim —%
x—0 CSCx
. cotx . cosx .
SOLUTION  |lim = lim — -Sinx = cos0 = 1.
x—0 CSCx x—0 SINx
. cotd
28. lim ——
6% csch
. cotd . cosh . T
SOLUTION |lim —— = |lim —— -sinf = cos— = 0.
92 csco 6—>Z sinf
22 42t 90
20, lim == —20

t—>2 2t —4
o224t 20 (21452 —49)
SOLUTION lim = lim
t—2 20 —4 t—>2 20 —4

30, lim (—— - 2
x>1\1—x 1—x2

= lim@' +5 =09.
t—2
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. 1 2 . (14+x)-2 =1 1
SOLUTION  lim —— ] = lim ——— = |im = ——.
x—>1\1—-x 1-x2 =1 (1—x)(1+x) x>11+x 2

sinx — cosx

31. lim
x—)% tanx — 1
. Sinx —COSx COSx . (sinx — cosx) cosx T N2
SOLUTION lim . = lim - =C0S— = —.
x>z tanx — 1 cosx x—Z Sinx — COSx 4 2

32. lim (sect —tanf)
0—>%

SOLUTION
. . 1—sinf 1+snd _ 1—sn?9 _ cosf 0
lim (secfd —tanf) = lim s — = lim ———— = lm ——— =_- =0.
6—>% 6—>% cosf 14+sné 6—>% cosf (1 + sinf) 0—-Z 1+ sin6d 2
1 2
33. lim —
[ (tan@ -1 tarff - 1)
SOLUTION  lim ! 2 = i tanf+hH-2 _ iy 1
9>z \tanf —1 tart6—1/) ¢z (tanf + I)(tand —1) gz tanf+1 2’
. 2c0s® x +3cosx —2
34. lim Xt al
x-)% 2cosx — 1
SOLUTION
. 2008 x +3cosx —2 _ (2cosx — 1) (cosx + 2) ) T 5
lim = lim = lim cosx +2=cos— +2= .
x—)% 2cosx — 1 x—)% 2cosx — 1 x—)% 3 2
—4 . . . . .
35. Use a plot of f(x) = X" toestimate lim f(x) to two decimal places. Compare with the answer obtained
Jx— /8 —x x—>4
algebraically in Exercise 23.
_ _ x—4 ; ; ~ . ;
SOLUTION Let f(x) = Vi From the plot off(x) shown below, we estlmagce_)lzl‘m‘(x) 2.00; to two decimal places,
this matches the value @fobtained in Exercise 23.
¥
2.001
2.000
1.999
1.998
1.997
1.996
1.995 + + + + — X
36 38 40 42 44
= 1 4 . . . . .
36. Use a plot of f(x) = ﬁ >z to estimate Ile(x) numerically. Compare with the answer obtained alge-
X — X — xX—>
braically in Exercise 25.
SOLUTION Let f(x) = xl 5~ x4T4- From the plot of f(x) shown below, we estimate Izi‘nf(x) ~ 0.25; to two decimal
- x—>

places, this matches the value%)bbtained in Exercise 25.

y

0.2561
0.254
0.252

0.25
0.248
0.2461
0.244
0.242

X
36 38 4 42 44

In Exercises 37—-42, evaluate using the identity

a’l—b3 = (a—b)(a2 +ab + b?)
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3_

37. lim =
x—>2 X —
3 2
. -8 . xX=2)(x*+2x+4 .
soLuTion  lim X = lim =2 ) = lim (x2+2x+4> =12.
x—=2 x—2 x—2 x—2 x—2
3
. —-27
38. lim
x—>3 x*—9
ox3-27 o (x=3)(x?+3x+9) (¥ +43x+9) 27 9
SOLUTION  lim = lim = lim = — =-.
x—3 x2—-9  x-3 (x=3)(x +3) x—3 x+3 6 2
2
—5x +4
39. lim ’637)“'
x—>1 x> —1
. x2—5x+4 . x—Dx—-4 . x—4
SOLUTION  lim ———— = = — =1
x—>1  x3—1 x>l (x—D(x2+x+1) x—>1x2+x+1
3
8
40. lim _Hs
x—>—2x24+6x+8
. x3+38 (42 -2x+4) o xr—2x 44 12
SOLUTION  |lim ———— = = - = — =6
x>—2x24+6x4+8 x->—2 (x+2)(x+4) x—>—2 x+4 2
4
-1
41, lim =
x—>1 x> —1
SOLUTION
lim xt—1 im 2-DE2+1) =D+ D2+ (x+ D241 4
x>1x3 -1 x>1(x=DE24+x+1)  x>1 x=DE2+x+1)  x>1 24+x+1) 3
x —27
42, lim ————
x—>27x1/3—3
. - 27 : 13 _3)(x2/3 +3x1/3 1+ 9 .
soLution  fim =2 _ jim & 3 I i (x3/3 4+ 3x1/3 4 9) =27
x—>27 x1/3 -3 x>27 x1/3 -3 x—>27
4
. NM1+h—1 . ) .
43. Evaluateh I|m+. Hint: Setx = ¥/1 + & and rewrite as a limit as — 1.
—0

SOLUTION Letx = ¥T+h.Thenh=x*—1=(x—=1D(x+ )(x2+1),x > 1 ash — 0 and

T+ h-1 x—1 _ 1 1
lim X" " — |im =lm — =
=0 h x>l (x—DE+DE2+1) x>1(x+DZ2+1) 4
3
N1+ h=-1 . .
a4, Evaluateh Imﬁ. Hint: Setx = YT+ % and rewrite as a limitas — 1.
-0 +n—

SOLUTION Letx = YT+ h. ThendT+h—-1=x2-1=(@x-Dx+1), JI+h—-1=x3—-1=(x-DEZ+x+1),
x — lash — 0and

N+h-1 (x—Dx+1) . x+1 2
= lim = lim

im — = = - _Z
0 T+ h—1 x>1(x—-DE2+x+1) x>1x24+x+1 3

In Exercises 45-54, evaluate in terms of the constant
45. lim (2a + x)
x—0
SOLUTION  lim (2a + x) = 2a.
x—0
46. lim (4ah + 7a)
h—>—2
SOLUTION lim (4ah + 7a) = —a.
h—>—2
47. lim (4t —2at + 3a)
t—>—1
SOLUTION  lim (4t —2at + 3a) = —4 + 5a.
t—>—1

(3a + h)? — 94>

48. |lim
h|—>0 h
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 (Ba+h)?-92 . 6ah+h*
SOLUTION  lim M = lim bah + 17 _ lim (6a + h) = 6a.
h—0 h h—0 h h—0

2(a + h)? — 242

49, I|
h—0 h
2 2 — 24> 4ha + 2h?
SOLUTION  |lim ath)y —2a = lim fhatoh” lim (4a + 2h) = 4a.
h—0 h h—0 h h—0
24,2
50. lim O +a)” —4x”
x—a X —a
SOLUTION
(x4 a)? —4x2 . (x% 4 2ax +a?) — 4x? . —=3x% 4+ 2ax + a?
lim ——————— = lim = lim —
x—a X —a x—a XxX—a x—a X —a
_ (a—x)(a+ 3x)
_x—)aT == ||m( (a+3x)) ——
51. lim M
x—a X —a
. — . 1 1
SOLUTION | “/_ va = lim VX —a =lm ———=—.
—a x—a x%a(\/——\/ﬁ)(\/}+\/ﬁ) x=a /x +Ja 2a
52 fim Y4 2h—Va
h—0 /’l
SOLUTION
im Yet2h—va . (Va +2h — Ja) (Va + 2h + /a)
h—0 h h—0 («/a +2h + f)

2h 2 1
= lim = lim =—.
h—>0h(va+2h+a) h—>0a+2h+.Ja Ja

(x+a)3—d3

53. lim
x—>0 X
3 3 3 2 2 3 3
. x+a)’—a X 3x“a + 3xa a’ —a .
soLuTion  lim S HOT =@, + + = lim (x? + 3xa + 3a?) = 3d°.
x— X x—0 X x—0
1 1
54, lim L4
h—a —a
1 1 a—h
7T a . ah . a—h 1 =1 1
SOLUTION I|m = lim = lim = lim — = ——
ah—a h—sah—a h—oa ah h—a h—aah a?

Further Insights and Challenges

In Exercises 55-58, find all values©$uch that the limit exists.

2
—5x—6
55. lm » Y72
x—>c X —cC
x2—-5x—6 . . . . . . e
SOLUTION )!@C —— will exist provided thatx — ¢ is a factor of the numerator. (Otherwise there will be an infinite
X —
discontinuity atx = ¢.) Slncex —5x —6 = (x + 1)(x — 6), this occurs for = —1 andc = 6.
. 3 >
56, fim S F3x+c
x—1 x—1
2
. 3 . .
soLution  lim X HE oists as long agx — 1) is a factor ofx2 + 3x + c. If x2 +3x + ¢ = (x — 1)(x + ¢), then

x—1 x—1
q—1=3and—g = c. Henceqg = 4 andc = —4.

57. 1im (1 ¢
x—>1\x—1 x3-1

SOLUTION  Simplifying, we find

1 c XZ+x+1—c

x—1 -1 (x-DE2+x+1)"

In order for the limit to exist as — 1, the numerator must evaluate to Qa& 1. Thus, we must havgé — ¢ = 0, which implies
c=3.
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14 ex?—V1+x2
58. lim

x—0 x4

SOLUTION Rationalizing the numerator, we find

1+ex2—V1+x2 _ (A +cx? = VT+x2)(1 + cx? + V1 + x2) _ (A +cx®H?2—(1+x?)

x4 x4+ cex2 + V1 +x2) x4+ cex2 + V1 +x2)
_ Q2c— x? 4 c2x*
x4+ ex2 + VT4 x2)

In order for the limit to exist as — 0, the coefficient ofc2 in the numerator must be zero. Thus, we need- 1 = 0, which
impliesc = 1.

59. For which sign+t does the following limit exist?

. 1 1
im (- 4+ —
x—>0\x x(x—1)
SOLUTION
=D+ 1

1 1
e Thelimit lim { — + ——— ] = |lim — - _1.
x=>0\x  x(x—1) x>0 x(x—1) x—=>0x —1

1 1
e The limit lim (—
x—0

— ——— ] does not exist.
x x(x—=1)

1 1 —-1-1 -2
— Asx — 0+, we have— — :(X ) — — 00.
x x(x-—=1 x(x—1) x(x—1)
—ASx—>0—,Wehavel— _G-h-1_ x-2 = oo,
x x(x—=1) x(x—=1) x(x—1)

2.6 Trigonometric Limits

Preliminary Questions

1. Assume that-x* < f(x) < x2. What s Iin(])f(x)? Is there enough information to evaluate 1Iiyf(x)? Explain.
x— x—>3

SOLUTION  Sincelimy o —x* = limy_,¢ x? = 0, the squeeze theorem guarantees thatlim /(x) = 0. Since lim__ | —x* =
2

1677 = Ilmx_>% x<, we do not have enough information to determlnexlin% f(x).

2. State the Squeeze Theorem carefully.

SOLUTION Assume that forx # ¢ (in some open interval containing,
I(x) = f(x) = u(x)

and thatxﬂ)ncﬂ(x) = x“an u(x) = L. Thenxll_r)rg f(x) exists and

fim, 9= L.
in5h
3. If you want to evaluat% Ii%, itis a good idea to rewrite the limit in terms of the variable (choose one):
—
5h
(@) 6 =5h (b) 6 =3h (0)9:?

SOLUTION To match the given limit to the pattern of

it is best to substitute for the argument of the sine function; thus, rewrite the limit in terfax 6f= 5h.
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Exercises
1. State precisely the hypothesis and conclusions of the Squeeze Theorem for the situation in Figure 1.

Y u(x)

2 J)

1(x)

1 2
FIGURE 1
SOLUTION  Forallx # 1 on the open intervald, 2) containingx = 1, £(x) < f(x) < u(x). Moreover,
lim £(x) = lim u(x) = 2.
x—1 x—1
Therefore, by the Squeeze Theorem,
lim f(x)=2.
x—1
2. In Figure 2, isf(x) squeezed by (x) and/(x) atx = 3? Atx = 2?

y

FIGURE 2

SOLUTION Because there is an open interval containing 3 on which/(x) < f(x) < u(x) and Iin; l(x)= Iim3u(x), f(x)
x— x—
is squeezedy u(x) and/(x) atx = 3. Because there is an open interval containing 2 on which/(x) < f(x) < u(x) but
lim I(x) # lim u(x), f(x) istrappedby u(x) and/(x) atx = 2 but notsqueezed
x—2 x—2
3. What does the Squeeze Theorem say abou7t Sig) if Iim7 I(x) = Iim7u(x) = 6 and f(x), u(x), and/(x) are related as in
X—> xX—> Xx—>
Figure 3? The inequality’(x) < u(x) is not satisfied for alk. Does this affect the validity of your conclusion?

y
f(x)

u(x)
1(x)

i
FIGURE 3

SOLUTION The Squeeze Theorem does not require that the inequdlittgs< f(x) < u(x) hold for all x, only that the
inequalities hold on some open interval containing: c. In Figure 3, it is clear that(x) < f(x) < u(x) on some open interval
containingx = 7. Because Iir;m(x) = Iim7l(x) = 6, the Squeeze Theorem guarantees tha7t Jigy) = 6.

x—= x— x—

4. Determine Iier(x) assuming that cos < f(x) < 1.
xX—>
SOLUTION Because limcosx = lim 1 = 1, it follows that lim f(x) = 1 by the Squeeze Theorem.
x—>0 x—0 x—0
5. State whether the inequality provides sufficient information to determinleﬂ(m), and if so, find the limit.
X—>

(@) 4x—5< f(x) <x?
(b) 2x — 1 < f(x) < x?

(© 4x—x? < f(x) =x?+2
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SOLUTION
(a) Because Iirlr(4x -5 =-1#1= Iim1 x2, the given inequality doesot provide sufficient information to determine
xX—> x—>

limy—1 f(x).
(b) Because qu(Zx -1H=1= Iimlxz, it follows from the Squeeze Theorem that Jim; f(x) = 1.
xX—> xX—>

(c) Because qu(4x —x%)=3= Iiml(x2 + 2), it follows from the Squeeze Theorem that lim; f(x) = 3.
xX—> xX—>
6. Plot the graphs ofi(x) = 1 + |x — %| and/(x) = sinx on the same set of axes. What can you say about fi(w)
x—=Z

if f(x)is squeezed bj(x) andu(x) atx = 3?

SOLUTION

ux)=1+x-x/

I(x) =sin>

X

/2

lim u(x) = 1and lim /(x) = 1, so any functionf(x) satisfying/(x) < f(x) < u(x) for all x nearz/2 will satisfy
x—m/2 x—m/2

lim f(x)=1.
x—>m/2

In Exercises 7-16, evaluate using the Squeeze Theorem.

7. lim x?

1
COS—
x—0 X

L < x2 Because

SOLUTION  Multiplying the inequality—1 < cos1 < 1, which holds for allx # 0, by x? yields—x? < x2 cosi <

lim —x% = Iim x2 =0,
x—0 x—0

it follows by the Squeeze Theorem that

. 1
lim x2cos— = 0.
x—0 X

. 1
8. lim xsin —
x—0 X

SOLUTION  Multiplying the inequality‘sinxlz’ < 1, which holds forx # 0, by |x| yields’x sinxiz’ < |xlor—|x| < xsinL <

|x|. Because

lim —|x| = lim |x| =0,
x—0 x—0

it follows by the Squeeze Theorem that

. 1
lim xsin— = 0.
x—0 X

9. lim (x — 1) sin
x—1 X —

SOLUTION  Multiplying the inequality|sin<Z; | < 1, which holds forx # 1, by [x — 1] yields |(x — 1) sin:Z¢| < |x — 1| or
—|x = 1] = (x = 1) sinz% < |x — 1|. Because

lim —|x =1 = lim |x—1] =0,
x—1 x—1

it follows by the Squeeze Theorem that

lim (x — 1) sin—— =0
x—1 x—1

_3
10. lim (x2 — 9)—~
x—3 [x — 3]
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SOLUTION Forx # 3, % Ix 3| = +1; thus

2 -9 < (-9 < x2 9.

|x 3|
Because
lim —|x2 =9 = lim [x2—=9| =0,
x—3 x—3

it follows by the Squeeze Theorem that

-3

=0.
|x — 3|

lim
x—+3(x )
. P 1
11. lim (2" — 1) cos-—
t—0 t

SOLUTION  Multiplying the inequality‘cos}‘ < 1, which holds forz # 0, by |2 — 1] yields |(2" — 1) cost| < |2/ — 1| or
—[2f — 1] = (2" — 1) cos} < |2 —1|. Because

lim —2" — 1] = lim |2 = 1| =0,
t—0 t—0
it follows by the Squeeze Theorem that
. ¢ 1
lim (2 —1)cos— = 0.
t—0 t
12, lim  /x e/
x—>0+

SOLUTION Since—1 < cos% < l ande” is an increasing function, it follows that

< ¢0s7/x) < o and l\/f < ﬁecos(”/x) <eq/x.
e

Q| ==

Because

. 1 .

lim —x= lim ey/x =0,
x—>0+ e x—>0-+

it follows from the Squeeze Theorem that

lim /xe®s/%) — ¢,
x—>0+

. 1
13. I|m (t2 — 4)cos——
t—2

SOLUTION Multlplylng the |nequaI|ty’cos—‘ < 1, which holds forr # 2, by |¢2 — 4] yields|(t> — 4) cos; 25| < |12 — 4| or
—[t?2 — 4] < (1? —4)cos;L; < |1? —4|. Because

lim —|¢2 — 4] = lim |2 — 4| = 0,
t—>2 t—2
it follows by the Squeeze Theorem that

. 1
lim (12 — 4) cos—— = 0.
=2 t—2

1
14. lim tanx cos(sin —)
x—0 X

SOLUTION  Multiplying the inequality‘cos(sinl)‘ < 1, which holds forx # 0, by | tanx| yields‘tanx cos(sin%)‘ < |tanx|

or —|tanx| < tanx cos(sm ) < |tanx|. Because
lim —|tanx| = lim [tanx| =0,
x—0 x—0

it follows by the Squeeze Theorem that

1
lim tanxcos(sm ) 0.
x—0
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15. lim cosé coqtand)
0—>%

SOLUTION  Multiplying the inequality| cogtanf)| < 1, which holds for alld nearZ but not equal toF, by | cosf| yields
| cosf coqtanf)| < | cosh| or —| cosf| < cosh coqtand) < | cosh|. Because

I|m —|cosf| = lim |cosf| = 0,
-3 0—%

it follows from the Squeeze Theorem that

lim cosf coqtanf) = 0.

6—>%

16. I|m+ sinz tar 1(In7)

SOLUTION  Multiplying the inequality|tan—!(Inf)] < Z, which holds for allz > 0, by |sinz| yields |sinz tan~!(In¢)| <
Z|sint| or—Z|sin¢| < sinz tan~ Line) < Z|sint|. Because

lim —|sint| = I|m |sint| =0,
t—>0+

it follows from the Squeeze Theorem that

I|m+ sinz tan~I(In7) = 0.

In Exercises 17-26, evaluate using Theorem 2 as necessary.

X tanx
17. lim ——
x—>0 X
. tanx . sinx 1 . sinx 1
soLuTioN  |Im —=1lm — — = lim — - lim — =1-1=1.
x—>0 X x—0 Xx COSx x—>0 X x—0 COSx
. sinxsecx
18. lim ———
x—0 X
. Sinx secx . sinx
SOLUTION |m —— = |lim — - limsecx =1-1=1.
x—0 X x—>0 Xx x—0
.13+ 9sing
19. lm ———
t—0 t
. 13 4+ 9sin¢ sint
SOLUTION |Im0f I|m Vi3 + I|m z  =J9.1=3.
t—
sir? ¢
20. lim ——
t—>0 t
_sin?t _sint sint ..
SOLUTION |lim —— = |lim — sint = lim — - limsint =1-0=0.
t—0 1 t—0 t—0 t—0
2
21. lim
x>0 sin? x
o x? _ 1 _ 1 1 11
SOLUTION  |lim — =lim —— = 1lm — - lim — =--- = 1.
x—0 si® x  x—0 Sinx snx x—0 Sinx 50 Sinx 1 1
X X X X
. 1—cost
22. lm ———
t—>%

.1 —cost . . . o
SOLUTION The functlonf is continuous ag; evaluate using substitution:

.1 —cost 1-0 2
im —— = —/—=—.
t—)% t 5 T
. secd —1
23. lm —
0—0 6
. secd —1 . 1—cosb . l—cosh . 1
SOLUTION lim ——— = |im = lim - lim =0-1=0.

6—0 0 6—0 0O cosb 6—0 0 §—0 COSH
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1 — cosé
24, lim ———
6—0 sSinf
SOLUTION
1 — cosé . 1 —cosf
im ———=1Ilm——-1lim—=0-1=0.
6—0 sSinf 6—0 0 6—0 Sind
sint
25. lim —
- 1
sint . . b4 N
SOLUTION - is continuous at = 7 Hence, by substitution
_sint 4 272
I|m - = =
t—)% t T b3
. cost —cos ¢t
26. lm ——
t—0 t
SOLUTION By factoring and applying the Product Law:
. cost—cogt . 1—cost
im —— = lim cost - lim =1(0) = 0.
t—0 t t—0 t—0
. sinl4x
27. LetL = lim
x—0 X
. . sind
(@) Show, by lettingg = 14x, thatL = lim 14——.
6—0 6
(b) ComputeL.
SOLUTION
(@) Letf = 14x. Thenx = % andf — 0asx — 0, so
. sSinldx . sing . sind
L=Im —— = |lim —— = |lim 14—
x—>0 X 6—0 (9/14) 6—0 0
(b) Based on part (a),
. sinf
L=141m 2% _ 4.
9—0 0O
. sin% . sin% 9\ (sin% Th
28. Evaluate Im?—.Hnnt: I— = (2) (22 — .
h—0 Sin7h sin7h 7 Oh sin7h
SOLUTION
sin9h . 9(sin%)/(9h) _ 9limy_,o(sinOh)/(Oh) 9

19
m = lim = = —2.-=2
Ao SinTh A0 7 @nThy/(Th)  Tlimuoe@nT () 7 17

In Exercises 29-48, evaluate the limit.

in9h
29. lim 21
h—0
. Sin9 . sin9h
SOLUTION lim ——— = lim 9 =0.
h—>0 h h—0 9h
sin4h
30. lim 2
h—0 4h

SOLUTION Letx = 4h. Thenx — 0 ash — 0 and

. sindh . sinx
lim =limx - 0—— =1.
h—0 4h X

135
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32. lim —
x—Z Sin3x

. 6
SOLUTION |im — = L = Z_
x—Z sin3x  sin(z/2) 6
sin76
. lim —
6—0 Sin30

SOLUTION We have

sin76 7 sin70 30
sin3d ~ 3\ 76 sin36

Therefore,
sin70 7 sin70 36 7 7
lim =—|{ lim lim — =—-()() ==
6—0 30 3 (9—)0 70 ) (9—>0 Sln39) 3( )V 3
tan4
34, lim St
x—0 O9x
. tandx .1 sindx 4 4
SOLUTION  lim = lim - - . = —.
x—0 9x x—09 4x cosdx 9
35. lim xcsc25x
x—0

SOLUTION Leth = 25x. Then

. . h 1 . h 1
lim xcsc25x = lim —csch = — |Iim —— = —.
x—0 h—0 25 25 h—0 Sink 25
tandt
36. lim
t—0 t Sect
. tandr . 4sin4t . 4cost sin4t
SOLUTION lim =lim———=Ilm —— — =4
t—>01sect t—04tcos(4t)sedt) t—0 Cos4t 41
sin2h sin3h
37. lm —————
h—0 h2
SOLUTION
im sin2h sin3h — lim sin2h sin3h — lim sin2h sin3h
h—0 h? T hs0  h-h T hso0 h h
. sin2h _sin3h . sin2h . sin3h
= |lim2——3—— = lim 2 lim3—— =2-3=6.
h—0 2h 3h h—0 2h h—o 3h
sin(z/3
38, lim Sn</3)
z—0 SInz
. sin(z/3 3 1 sin(z/3 1
SOLUTION  lim (.z/)__z/ = - (2/3) = -
z—0 Sinz z/3 z—03 sinz z/3 3
sin(—36
3. fim N30
6—0 Sin(46)
. sin(—30) . —sin(36) 3 46 3
SOLUTION |lim ————= = o =——.
6—0 Sin(40) 6—0 30 4 sin(40) 4
tan4
40. lim x
x—0 tan9x
. tandx . cos9x sindx 4  9x 4
SOLUTION lim = lim . = — = —.
x—0tan9x  x—0 Cc0S4x 4x 9 sin9x 9
csc8t
. lim
t—0 cscdt
. csc8t . sindr 8¢ 1 1
SOLUTION lim =lim — - —.-=—.
t—0Ccsc4t t—0sSin8t 4r 2 2
sin5x sin2
42, |im X SEX
x—0 Sin3x sin5x

3x

. sin5xsin2x . sin2x
SOLUTION |im m ==
sin3x

— =i
x—0 sin3xsin5x x—0 2x

Wl N
Wl N
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43, lim 5|n3).c5|n2x
x—0 xSn5x
. sin3xsin2 . sin3x 2 (sin2 2 6
SOLUTION lim wz lim (3 ! x~—(_ x) /(2x) = -
x—0 xSin5x x—0 3x 5 (sin5x)/(5x) 5
1 —cos2h
4, m ——
h—0 h
.1 —cos2h . 1 —cos2h . 1—cos2h
SOLUTION |Im ——— = Iim2— =2 |lim ———— =2-0=0.
h—0 h h—0 2h h—0 2h
45, lim sin(2h)(1 — cosh)
h—0 h2
. sin(2h)(1 — cosh) . sin(2h) . 1—cosh
SOLUTION |lim ————————~ = |lim lim =1-0=0.
h—0 h? h—>0 h h—0 h
1— 21
46. lim —— 250
t—>0  sin? 3¢

SOLUTION  Using the identity co8s = 1 — 2sin? ¢, we find

1—cos2t  2sit 2 (sint)2( 3t )2
si3r  si3r 9\ ¢ sin3r ) -

Thus,
_1—cos2t . 2(snt\*( 3t \* 2
im ———— = lim - { — — ) =Z.
t—0 sin? 3t t>09 \ ¢ sin3t 9
. €0S260 — cosf
47, Im ——
0—0 (2
SOLUTION
. €0Ss26 — cosf . (cos26 — 1) + (1 —cosh) . cos26 —1 . 1—cosf
im ——— = lim = lim + lim
6—0 0 6—0 0 6—0 0 6—0 0
.1 —cos26 .1 —cosd
= -2 lim + lim =-2.-0+0=0.
8—0 26 6—0 0
1 —cos3h
48. Im ——
h—Z

SOLUTION The function is continuous zg SO we may use substitution:

i l1—cos3h 1-cos37 1-0 2
h—)% h % % b
. sin
49. Calculate lim
x—>0— |x]|
SOLUTION
| sinx I sinx 1
x—0— |x|  x—0— —x
. _— . . ... sin36 —3sind
50. Use the identity siBf = 3 sind — 4sin® 6 to evaluate the Ilmlg IlmT.
—0

SOLUTION  Using the identity sig = 3sing — 4sin’ 6, we find

sin30—3sin(9__4 sing\ 3
93 a 6 )

Therefore,

i SN30 —3sine (sin9)3 41 = s
6—0 63 o 0—0 0 - - '

51. Prove the following result stated in Theorem 2:
1—cosf

lim — 0

6—0
1—cosf 1 1 —cos 6

Hint: = .
nt-—5 1+ cosb 9
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SOLUTION
im 1—cosf im 1 1-cogf - 1 sin? 6
6—0 0 0—>0 1+ cosh 0 e—>o 1+cosd 6
. 1 _ sito . 1
= lim —— - lim = lim —— - lim S|n9
9—»01+cosfd 9g—-0 6 6—0 1 +cosf 6—0
1 sin@ 1
= lim ——— - lim sin@ - I|m—:—~0~1:0.
9—0 1 4+ cosf -0 -0 0 2

h
numerically (and graphically if you have a graphing utility). Then prove that the limit is

. 1=
52. Investlgateh lim
—0

2
equal to%. Hint: See the hint for Exercise 51.

SOLUTION
h —0.1 —0.01 0.01 0.1
1 —cosh
T 0.499583 | 0.499996 | 0.499996 | 0.499583
|
The limitis 5.
05
ﬂ\
0.31
0.21
0.11
+ + + + X
2 1 2
Iiml cosh —iim —coh , (sinh 2 1 1
h—>0  h2 h—0 h2(1+cosh) h—>0\ & 1+cosh 2

In Exercises 53-55, evaluate using the result of Exercise 52.
cos3h — 1
53. lim ————
h—0 h2
SOLUTION  We make the substitutiofh = 34. Thenk = 6/3, and

im cos3h — 1 — lim cosf — 1 — 9 lim 1 —cosb 9
0 h2 g0 (0/3)2 gm0 62

N

cos3h — 1

o lim ——
h—0 COS2h — 1
SOLUTION  Write

cos3h—1 1—cos3h  (2h)2  9h?

cos2h—1  (3h)2  1—cos2h 4h2’
Then
i cos3h—1 9 lim 1 —cos3h . en* 91 1 9
h—0C0S2h —1  4h—>o (3h)2  h—ool—cos2h 4 2 1/2 4
55. Jim Y1~ %!
t—0 t

. «/1 — cost 1 cost V2 ~ /T—=cost
SOLUTION lim —; on the other hand, |IM— =
t—0+ t—>0+ 2 t—0— t

i l—cost 1_ f

t—>0—
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56. Use the Squeeze Theorem to prove thit—'jc lif(x)| = 0, thenxll_r)rl f(x)=0.
SOLUTION Suppos%c_ll)rp|f(x)| = 0. Then

Jim /GOl =~ lim | ()] = 0.
Now, for all x, the inequalities

/@)= f(x) = /()]

hold. Becausa_l}ircﬂf(xﬂ =0 andxli_>nl —|f(x)| = 0, it follows from the Squeeze Theorem tk)lca_twliyf(x) =0.

Further Insights and Challenges

57. Use the result of Exercise 52 to prove thatfot 0,

2

. cosmx —1 m

Iim —— = ——

x—0 x2 2

. . cosmx — 1 . u
SOLUTION  Substitutex = mx into ———We obtainx = ;2. Asx — 0, u — 0; therefore,
X

. cosmx—1 . cosu—1 . ,cosu—]1 o 1 m?
I|m72: 72:|Imm 72:"’1 —= = ——
x—0 X u—>0 (u/m) u—0 u 2 2

58. Using a diagram of the unit circle and the Pythagorean Theorem, show that
si? 6 < (1 — cosh)? + sin? 6 < 62
Conclude that sthd < 2(1 — cosf) < 62 and use this to give an alternative proof of Eq. (7) in Exercise 51. Then give an alternative

proof of the result in Exercise 52.
SOLUTION

¢ Consider the unit circle shown below. The trian@B A is a right triangle. It has bade— cosf, altitude sirf, and hypotenuse
h. Observe that the hypotenuses less than the arc lengthB = radius- angle= 1-6 = 6. Apply the Pythagorean
Theorem to obtairfl — cosf)? + sin? @ = h2 < 62. The inequality sih 0 < (1 — cos#)? + sin? § follows from the fact
that(1 — cos6)2 > 0.

@

e Note that
(1—cosh)? + sit @ = 1 —2cosf + cos’ O + si? § = 2 —2cosf = 2(1 — cosb).
Therefore,
sin? § < 2(1 — cosf) < 62.

¢ Divide the previous inequality b36 to obtain

sk 1—cosd 0
< — < —.
20 0 -2
Because
. sin*g 1 . sing 1
0IT>10 20 EelTJOT 'ell?osme o 5(1)(0) =0

6
and lim 5= 0, it follows by the Squeeze Theorem that

h—0

. 1 —cosf
im ——— =0
0—0 0
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¢ Divide the inequality

by 262 to obtain

si? @ < 2(1 — cosf) < 62

sild 1-—coshd 1
< < —.
202 — 92 -2
Because
sifg 1 sing\?2 1 1
lim =— = lim (=—) =-(1?% = -,
-0 202 29—)0( 0 ) 2( ) 2
1 1
and lim — = —, it follows by the Squeeze Theorem that
h—0 2
lim 1 —cosb 1
6—0 92 2
. . sinx — sinc . . _anm T Emm
59. (a) Investlgatexﬂ)nc‘l P numerically for the five values = 0, 5 4 373
(b) Can you guess the answer for general
(c) Check that your answer to (b) works for two other values.of
SOLUTION
(@)
X c—0.01 ¢ —0.001 c + 0.001 c 4+ 0.01
sinx —sin
el L 0.999983| 0.99999983| 0.99999983| 0.999983
X —C
Herec = 0 and cosc = 1.
X c—0.01 c—0.001 | ¢+ 0.001 c 4+ 0.01
sinx — sin
SO 7 IC | 0.868511| 0.866275| 0.865775 | 0.863511
X —C
Herec = Z and cosc = 4 ~ 0.866025.
X c—0.01 c—0.001 | ¢+ 0.001 c 4+ 0.01
sinx — sin
SO 7 INC | 0504322 0.500433 | 0.499567 | 0.495662
X —C
Herec = Z and cosc = 3.
X c—0.01 c—0.001 | ¢+ 0.001 c 4+ 0.01
sinx —sinc¢
Sinx —sShe 0.710631| 0.707460| 0.706753 | 0.703559
X —C
Herec = Z and cosc = 4 ~ 0.707107.
X c—0.01 ¢ —0.001 c + 0.001 c 4+ 0.01
sinx —sin
SO 7 IC | 0.005000| 0.000500 | —0.000500 | —0.005000
X —C
Herec = 5 and cosc = 0.
sinx — sin
() lim 2222 ose,
xX—>C X —
(©)
X ¢—0.01 ¢ —0.001 ¢ +0.001 ¢+ 0.01
sinx —sinc¢
— | —0.411593 | —0.415692 | —0.416601 | —0.420686
X —C

Herec = 2 and cosc = cos2 ~ —0.416147.




SECTION 2.7 | Limits at Infinity 141

X ¢—001 | ¢—0.001 | ¢+0.001 | ¢+ 0.01

S~ SNC | 0.863511| 0.865775| 0.866275 | 0.868511

X —cC

Herec = —% and cose = @ ~ 0.866025.

2.7 Limits at Infinity

Preliminary Questions
1. Assume that

xll_r)noo f(x)=L and xl_l)nl g(x) = o0

Which of the following statements are correct?

(@) x = L is a vertical asymptote gf(x).

(b) y = L is a horizontal asymptote @f(x).

(c) x = L is a vertical asymptote of (x).

(d) y = L is a horizontal asymptote gf(x).

SOLUTION

(a) Because _Ijrpg(x) = 00, x = L is a vertical asymptote ¢f(x). This statement is correct.
P

(b) This statement is not correct.
(c) This statement is not correct.
(d) Becausex_l)iorg f(x) = L,y = Lis ahorizontal asymptote of(x). This statement is correct.

2. What are the following limits?

a) lim x3 b) Iim x3 c) lim x*
— — —
P o0 pe —0o0 P —00
SOLUTION
(@) liMy_so0 X3 = 00
() liMyx—s—oo x3 = —c0
(©) liMx——oo x* = 0

3. Sketch the graph of a function that approaches a limit as- oo but does not approach a limit (either finite or infinite) as
X —> —0OQ.
SOLUTION

4. What is the sign of: if f(x) = ax3 + x + 1 satisfies

m 7 3) = oo?

SOLUTION Because lim x3 = —o0, @ must be negative to have limf(x) = oo.
X—>—00 X—>—00
5. What is the sign of the leading coefficiant if f(x) is a polynomial of degre@ such thatx_)li_ngo f(x) = 00?
SOLUTION  The behavior off (x) asx — —oo is controlled by the leading term; that is, Hm —oo f(x) = limy—_ooa7x’.

Becausex’ — —oo asx — —oo, a7 must be negative to have lim, _o, f(x) = oo.

6. Explain why lim sind exists but limsini does not exist. What is limsinL?
x—oo X x—0 * x—o00 X

SOLUTION Asx — 00, + — 0, so
. 1 .
lim sin— =sn0=0.
xX—>00 X
On the other handk — oo asx — 0, and ast — +oo, sin1 oscillates infinitely often. Thus
. 1
lim sin—
x—0 X

does not exist.



142 CHAPTER 2 | LIMITS

Exercises
1. What are the horizontal asymptotes of the function in Figure 1?

—20 20 40 60 80

FIGURE 1

SOLUTION Because
xﬂn_woo fx)=1 and xﬂ)ngo f(x)=2,

the function f'(x) has horizontal asymptotes of= 1 andy = 2.
2. Sketch the graph of a functiofi(x) that has botty = —1 andy = 5 as horizontal asymptotes.

SOLUTION

3. Sketch the graph of a functiofi(x) with a single horizontal asymptote= 3.

SOLUTION

4. Sketch the graphs of two functiong(x) andg(x) that have botty = —2 andy = 4 as horizontal asymptotes but
lim f(x)# lim g(x).
X—>00 X—>00

SOLUTION

3
5. [GU] Investigate the asymptotic behavior ffx) = 3x—+ numerically and graphically:
X X
(a) Make a table of values of (x) for x = +50, £100, £500, £1000.
(b) Plot the graph off (x).
(c) What are the horizontal asymptotes fofx)?

SOLUTION
(@) From the table below, it appears that

3
. X
lim — =1
x—>+o00 X° + X
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X +50 +100 +500 +1000
f(x) | 0.999600| 0.999900| 0.999996 | 0.999999
(b) From the graph below, it also appears that
3

lim

x—=oo x3 + x

(c) The horizontal asymptote of(x) isy = 1.

. . 12x + 1
6.[GU] Investigate lim ————
9 x—Foo /4x2 + 9
(a) Make a table of values of (x) x+1 for
X) = —— X
V4x2 +9

(b) Plot the graph off (x).
(c) What are the horizontal asymptotes ffx)?

SOLUTION
(@) From the tables below, it appears that

numerically and graphically:

= £100, £500, £1000, £10,000.

im 12x +1 —6 and lim Rx+1 6
x—=00 \/4x2 + 9 x——00 \/4x2 + 9 ’
X —100 —500 —1000 —10000
f(x) | —5.994326 | —5.998973 | —5.999493 | —5.999950
X 100 500 1000 10000
f(x) | 6.004325 | 6.000973 | 6.000493 | 6.000050
(b) From the graph below, it also appears that
i 2L 24l
x—=00 \/4x2 + 9 x—=>=00 \/4x2 + 9 :
y
6 ——
4
2
+ X
-5 _ 5
==—_1-6
(c) The horizontal asymptotes g¢f(x) arey = —6 andy = 6.
In Exercises 7—-16, evaluate the limit.
7. lim
x—>o00 x +9
SOLUTION
lim = Wy L
x—00 x + 9 _x—>oox—1(x+9) _x—>ool_|_% T 140
. 3x2420x
8. lm —s——
x—>oco 4x2 49
SOLUTION
i X2 420x L 2067 +20) 3+2 340 3
x—>00 4x2+4+9  x—o00 x2(4x249)  x—>004 4 2 T 440 4
X
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) 3x2 4+ 20x
9. lim ——~——
x—00 2x4 4+ 3x3 —-29

SOLUTION
2 42,2 3 4+2
3x% 4+ 20x . xX7*(3x7 + 20x) . 2t 53 0
————— = Iim = lim *—*—-=_=0.
x=00 2x4 +3x3 —29  x—ooxT4(2x* +3x3-29) xmoop4 3 % 2
10. lim
x—>oo x + 5
SOLUTION
-1 4
= @ _ x__%_,
x>0 x4+5 x>0 x—l(x+5) X—00 1+% 1
7x—9
11, lim —
x—>004x + 3
SOLUTION
m Tx—-9 im x_1(7x—9)_ i 7—%_7
x—>004x 43 x—oc0 x~L(4x +3) _x—>oo4_|_% T4
_ox2-2
12. lim
x—>00 6 — 29x
SOLUTION
im -2 _ ) S -2 oo -
x>006—29x  x>oox1(6-29x) x>o0 & _p9 29 7
o Ix2 -9
13, lim =
x—>—00 4x +3
SOLUTION
7x% — x1(7x2 -9) . Tx — %
im = = lim = —00
x—>—00 4x +3 X——00 x—1(4x + 3) X—>—00 4 4 %
. 5x -9
14. |Im ————m—
x—>—00 4x3 +2x + 7
SOLUTION
5x — 9 — im x3(5x—9) _ %—x% _0_0
x—>—004x3 4+ 2x +7  x—>—00 x3(4x342x4+7) x—>-004 4 x_22 + x7_3 T4
0 3x3-10
15. lim = —
x—>—o00 x+4
SOLUTION
33310 @310 3x2—lx—0_oo_oo
x>0 x+4  xw-oo xl(x+4) xo-oo |44 1
_2x% +3x% =31
16. lim 22X o —olx
x—>—00 8x4 —31x2 + 12
SOLUTION
. 2x° +3x* —31x . x~42x> +3x* = 31x) . 2x +3 - )3‘—% —00
im ——————— = = Iim — = =_—c0.
x—>—o00 8x4 —31x2 +12 x—>—oc0 x4(8x% —31x24+12) x—>—oc0g_ ;_% + % 8

In Exercises 17-22, find the horizontal asymptotes.
2x2 —3x

Vo f® =353
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SOLUTION First calculate the limits as — +o00. Forx — oo,
2w2-3x . 2-3 2 |
x—>00 8x< + &8 x—)oog_{_?
Similarly,
2x2 —3x . -3 2
Im ez g = m £ 5= 1
X 0o 8x< + X oo 8 + x_2
Thus, the horizontal asymptote ¢{x) isy = %.
8x3 — x2
18. fx) = ————
S ) 74 11x —4x4
SOLUTION First calculate the limits as — +o00. Forx — oo,
_ 8x3 _ x2 ) 8 _ 1
lim xix“: lim —= li‘z =0
x—>00 74 11x —4x x—>00x4+F_4
Similarly,
8 _ 1
8 3_,2 ) S _
lim X7x4: lim —= li‘z =0.
x—>—00 7+ 11x —4x x—>—oox_4+x_3_4
Thus, the horizontal asymptote ¢{x) is y = 0.
36x2 +7
19. f(x) = V3oxT+ 7
: 9x + 4
SOLUTION Forx > 0,x71 = [x71| = v/x72,s0
. 36x2 +7 o3tz 36 2
im —— = lim 7=—:—.
x—>o0 9x +4 X—>00 9_,.5 9 3
On the other hand, far < 0, x™1 = —|x7 1| = —v/x~2, s0
V36x2 +7 36+—__ 36 2
X—>—00 9x + 4 T x—>—00 9+% o 9 o 3"
Thus, the horizontal asymptotes fx) arey = 2 andy = —2.
36x4 +7
20, flx)= Y20+
' 9x2+4
SOLUTION Forallx # 0, x72 = [x 2| = Vx4, s0
im V36x* 47 ,/36 T V36 2
X—>00 9x2+4 x—>oo 9+ o 9 _3'
Similarly,
i Y36X 4T y3otsa V36 2
x—>—00 9x2 + 4 x—)oo 9+ T 9 T3

Thus, the horizontal asymptote ¢{x) is y = %
t

21 f(t) = ——
f0 ==
SOLUTION  With
. et 00
lim =" —
t—oo ]l 4e? 1
and

lim
t—>—oc0 1 4+ et

the functionf(z) has one horizontal asymptote = 0.
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(/3
(6412 + 9)1/6
SOLUTION Fors > 0, t~1/3 = |1=1/3| = (+72)1/6 50

2. f(t) =

t1/3 1 1

im —=|Im —————— = —,
t—>00 (6412 + 9)1/6  t—o00 (64 + %)1/6 2

On the other hand, far < 0, r=1/3 = —|r=1/3| = —(+2)1/6, 50
(173
im ———— = Im ———— =
t—>—00 (6412 + 9)1/6  1—>—0c0 —(64 + t%)l/s
Thus, the horizontal asymptotes f¢i(r) arey = 1 andy = —1.

In Exercises 23-30, evaluate the limit.
. Vx4 +3 2
X—>00 4x3 +1
SOLUTION Forx > 0,x73 = [x 73| = v/x 6, s0

—5

9 3 2
. 9x4 +3x +2 , Z2to 1t
o YETIE o VEEEES
X—>00 4x° +1 X—00 44 3
o A/x3 4+ 20x
24, lm ——
x—>oo 10x —2
SOLUTION Forx >0, x7 !