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Preface to the Second Edition

In the quarter century since the first edition of the Principles appeared, many branches of

electron optics have been developed considerably, often driven by the success of aberration

correction in the 1990s. At the end of the 1980s, we echoed the general opinion that

quadrupole�octopole correctors had been given their chance, notably in Darmstadt and

Chicago, but had failed to reach their goal. But the germs of the revolution in aberration

studies that began in the next decade were already present: the degree of correction attained

in Scherzer’s project was impressive and Harald Rose had outlined a promising corrector

based on sextupoles in 1981. What was missing were the indispensable diagnostic tools and

fast feedback control circuitry that would turn these complicated systems into working

correctors. These became available in the 1990s and the various correctors that have

emerged are now examined in detail here. A different type of aberration corrector based on

electron mirrors has also gained importance, especially in the low-energy-electron

microscope (LEEM) and the photoemission electron microscope (PEEM). The chapters on

the optics of electron mirrors have therefore been expanded to include the work of Dirk

Preikszas and the parallel studies of the Russian school.

The third-order geometrical aberrations of round lenses were very fully covered in the first

edition but aberration integrals for the fifth-order aberrations were not included. Such

formulae had been published by one of us but a much improved set of aberration integrals

has subsequently been derived by Zhixiong Liu. These are reproduced in Chapter 24, The

Geometrical Aberrations of Round Lenses. The chapter on parasitic aberration too has

needed much revision. We have preferred to retain the simple explanations in the first

edition and then add new material covering recent work on the subject.

Another topic that has been extensively studied is electron emission, especially in the hands

of Kevin Jensen, Christopher Edgcombe and Richard Forbes. We have incorporated some

of their work and included many references covering aspects not discussed here. In

particular, we describe the recommendations of Forbes and Deane for reformulating the

Fowler�Nordheim theory.
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In some cases, we have felt justified in removing material. Thus computer algebra, which

was not very familiar in 1989, is now in routine use and several packages are available to

perform it.

In the wake of aberration correction, monochromators have gained in importance. With the

correction of spherical aberration, some way of reducing the effect of chromatic aberration

was needed in order to benefit fully from the potential improvement in resolution.

Certainly, correctors of chromatic aberration were known and have been implemented in

practice but they introduce a further degree of complexity into microscope design. The

alternative, much preferred by commercial microscope manufacturers, is to reduce the

energy spread of the beam emerging from the source. Monochromator optics has therefore

been perfected and we give some account of this in Part X. The optics of Wien filters was

covered very superficially in the first edition. A new Chapter (38, The Wien Filter) now

provides a much fuller treatment. In the case of topics still in rapid development, we have

included only short accounts and many references. Ultrafast electron microscopy and

multiple-beam systems for high-throughput electron lithography and scanning electron

microscopy are the main examples of these.

Some material is admittedly of antiquarian interest only! This is particularly true of the

many field models examined at length in Chapters 35 and 36, Electrostatic Lenses and

Magnetic Lenses. We have nevertheless decided to retain them for they were a valuable

feature of electron optics in the precomputer years when the mathematical skills that

produced them were essential and they are thus part of the history of our subject.

There are innumerable minor changes and additions, not worth mentioning here

individually. One important addition is Section 47.7, in which an unpublished extension of

brightness theory to include the effect of aberrations is presented. Many new references

have been added and titles are now included in the lists of references.

In the Preface to the first edition, we claimed that Principles was the first attempt to cover

the whole subject since Glaser’s Grundlagen der Elektronenoptik appeared in 1952. A few

substantial books on the subject have appeared since 1989, notably Geometrical Charged-

particle Optics by Harald Rose and Modern Map Methods in Particle Beam Physics by

Martin Berz as well the later volume by Berz, Kyoko Makino and Weishi Wan, An

Introduction to Beam Physics, but none of these attempts the broad coverage of the present

volumes. Nevertheless, they are essential complements to our text in that they deal with

some subjects in greater detail or from a very different standpoint. Thus Rose, in a virtuoso

performance, uses the eikonal theory systematically throughout and brings out clearly the

importance of system symmetries, while Berz relies on the differential algebra that he has

developed for charged-particle optics in several areas, notably accelerator optics as well as

microscope optics. An introduction to this is included in Chapter 34, Numerical Calculation

of Trajectories, Paraxial Properties and Aberrations.
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Preface to the First Edition (Extracts)

The last attempt to cover systematically the whole of electron optics was made by the late

Walter Glaser, whose Grundlagen der Elektronenoptik appeared in 1952; although a revised

abridgement was published in the Handbuch der Physik 4 years later, we cannot but

recognize that those volumes are closer to the birth of the subject, if we place this around

1930, than to the present day.

Furthermore, electron optics have been altered dramatically during these intervening

decades by the proliferation of large fast computers. Analytic expressions for the aberration

coefficients of superimposed deflection and round magnetic lens fields, for example, have

been derived only recently, partly because the latest generation of microlithography devices

required them but also because they could only be evaluated by numerical methods: the

earlier practice of seeking models permitting hand calculation could never have served here.

Again, computer calculations have shed considerable light on electron gun behaviour, as the

length of Part IX testifies convincingly; in 1952, Glaser was able to condense his account of

gun theory into four pages!

The growth of electron optics is not, however, solely due to the computer. Many systems

that had not been thoroughly explored have now been analysed in detail and, in many cases,

we have had to renounce the attempt to reproduce in detail new results, however

interesting, to keep the number of pages within reasonable limits. This work should

therefore be regarded as both a textbook and a source-book: the fundamentals of the subject

are set out in detail, and there the student should find everything needed to master the basic

ideas or to begin the analysis of some class of systems not yet explored; the principal

electron optical components are likewise dealt within great detail. Where optical elements

that are not quite so common are concerned, however, we have felt at liberty to direct the

reader to original articles and reviews, or specialist texts, to leave space for topics of wider

interest.

The following chapters are, moreover, limited to geometric optics: wave optics is to be

covered in a companion volume. With the Schrödinger equation as starting point, we shall

examine the propagation of electron waves in electrostatic and magnetic fields and study

image formation and resolution in the principal electron optical instruments. This demands

some discussion of electron specimen interactions. A chapter will be devoted to the four
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broad themes of image processing: discretization and coding; enhancement; restoration; and

analysis, description and pattern recognition. In another, we shall give an account of the

steadily growing field of electron holography. Finally, we shall return to the optics of

electron sources in order to understand the concept of coherence and we shall show how the

notions of brightness, partial coherence and various associated spectral functions are

interconnected.

Students of electron optics have been fortunate in that many excellent textbooks on the

subject have appeared over the years, the first when the subject was still young (Brüche and

Scherzer, 1934; Myers, 1939; Klemperer, 1939; Picht, 1939); these were followed in the

1940s by the encyclopaedic Zworykin et al. (1945), Cosslett (1946) and Gabor (1945).

Many books on the subject appeared in the 1950s, of which the texts by Glaser already

mentioned, Sturrock (1955), Grivet et al. (1955, 1958) and Kel’man and Yavor (1959) are

the most important for our present purposes. Subsequently, however, the flow has shrunk to

a trickle, new editions and short introductory texts dominating, with the exception of the

multiauthor volumes edited by Septier (1967, 1980, 1983); conversely, monographs on

limited topics have become more common. Although certainly ‘standing on the shoulders of

giants’, the present volumes do differ considerably from their many predecessors in that the

developments of the past 20 years are accorded ample space.

For whom is this work intended? A knowledge of physics and mathematics to first degree

level is assumed, though many reminders and brief recapitulations are included. It would be

a suitable background text for a postgraduate or final year course in electron optics, and

much of the material has indeed been taught for some years in the University of Tübingen;

a course in the University of Cambridge likewise covered many of the principles. Its real

purpose is, however, to provide a self-contained, detailed and above all modern account of

electron optics for anyone involved with particle beams of modest current density in the

energy range up to a few mega-electronvolts. Such a reader will find all the basic equations

with their derivations, recent ideas concerning aberration studies, extensive discussion of

the numerical methods needed to calculate the properties of specific systems and guidance

to the literature of all the topics covered.

Composition of volumes such as these puts us in debt to a host of colleagues: many have

permitted us to reproduce their results; the librarians of our institutes and the Librarian and

Staff of the Cambridge Scientific Periodicals Library have been unflagging in their pursuit

of recondite and elusive early papers; Mrs Ströer has uncomplainingly word-processed

hundreds of pages of mathematical and technical prose; Mrs Maczkiewicz and Mr Inial

have taken great pains with the artwork as have Mrs Bret and her colleagues with the

references; Academic Press and Prof. Dr K.-H. Herrmann, Director of the Institut für

Angewandte Physik der Universität Tübingen, have generously supported this work; the

Zentrum für Datenverarbeitung has provided the text-editing facilities needed for TEX. To

all of these we are extremely grateful.
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CHAPTER 35

Electrostatic Lenses

35.1 Introduction

We have derived a host of formulae for various characteristics of electrostatic lenses but

have so far given no indication of the behaviour of these quantities in practice: their typical

orders of magnitude and their dependence on the excitation and geometry of the lens. Our

purpose in this chapter and its successor on magnetic lenses is to add some flesh to the bare

bones so far presented. The literature on electrostatic lenses is so voluminous that we

cannot attempt to provide formulae or tables or even graphs for all the designs that have

been studied. The present chapter should therefore be regarded as a directory, indicating

sources of further information, rather than a self-contained account. The subject has been

surveyed by Lencová (1997, 2009).

As well as the many measurements of cardinal elements and aberration coefficients, there

is a growing body of calculated data; in the earlier days, considerable efforts were made

to find simple analytical expressions for the axial potential in each of the various types of

lenses, with the aid of which the optical characteristics could be established and lens

design curves plotted. In the best of all cases, these models even allowed the aberration

integrals to be evaluated in closed form. Nowadays, it is not difficult to calculate the axial

potential for any geometry of interest and these potential models have therefore lost much

of their appeal for predicting the properties of any specific lens accurately. Conversely,

they remain invaluable for acquiring an understanding of trends in lens behaviour, in

particular of the variation of the numerous quantities of interest with geometry and

electrode potential. We therefore give some account of the principal potential models and

of the results they yield. They were superseded by such flexible interactive systems as

CIELAS (Hill and Smith, 1980, 1981, for magnetic lenses) and ELOP-GELOP

(van Oostrum, 1985) and these in turn have given way to the powerful and continually

evolving program suites mentioned elsewhere in these books, Nevertheless, we feel that

they will always have a role to play in establishing broad design principles and in

providing a check on other numerical results.

The variety of electrostatic lenses is very wide, ranging from an opening in a single plate to

the multielectrode accelerator structure that separates the low-voltage electron gun from the

column of a high-voltage electron microscope. They may even consist of a conductive
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coating on the wall of a cylindrical tube (Tang, 1991, Fig. 35.1A); round lenses and

multipoles can be created in this way. The principal division is between lenses that cause an

overall acceleration (or deceleration) of the electron beam and those that do not. The former

may consist of any number of electrodes and only the simpler kinds lend themselves to

Figure 35.1
(A) Tube-wall electrodes. E1, E3 and E5 produce round-lens fields while E2 and E4 create octopole
distributions. (After Tang (1991) Courtesy Wissenschaftliche Verlagsgesellschaft.) (B) Potentials in a

three-electrode einzel lens. The outer electrodes E1 and E3 may have different shapes but both are
held at the same potential, commonly earth potential like the anode of the gun (or final electrode
of any accelerating structure). The central electrode E2 is held at some other potential φL, which
may be positive, in which case the lens first accelerates electrons and then decelerates them, or

negative, in which case the order is reversed.
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systematic study; they have come to be known as immersion lenses by analogy with the

light optical usage for lenses that have one face in air and the other immersed in a fluid,

typically of high refractive index. A word of warning is needed here. We shall refrain from

using the term ‘immersion’ when the object or emissive cathode is ‘immersed’ in an

electrostatic field, but shall then speak of cathode lenses; the latter are, however, not

infrequently referred to as immersion objectives, and they do undeniably have much in

common with their optical counterparts.

Electrostatic lenses that do not impart any net acceleration to the beam can of course in

principle consist of many electrodes but, in practice, the vast majority consist of three

electrodes, the outer two at the same potential as that of the anode of the gun, the central

one at some other potential. The variable parameters are thus this central potential, the

separations between the electrodes and their shape and the radii of the openings in them.

Such lenses are known as einzel1 or unipotential lenses (Fig. 35.1B).

The field between the first outer electrode (E1 in Fig. 35.1B) and the central electrode E2

may be accelerating (φL. 0) or decelerating (φL, 0); in the latter case, the axial potential

must not drop below the accelerating voltage of the gun, as the lens would then turn into a

mirror, reflecting the electrons back towards the source. Mirrors are dealt with separately,

in Sections 37.1 and 37.2. Lenses operating close to the lens-mirror transition are, however,

of some interest as high-pass electron energy filters or monochromators; one can arrange

that only the fastest electrons pass through the lens, the remainder being turned back at the

potential barrier. A highly monochromatic beam can thus be extracted from a beam of

electrons.

The practical properties of cylindrical lenses are not very different from those of round

lenses; they are therefore included in Section 35.6.

35.2 Immersion Lenses

35.2.1 The Single Aperture

Electrons passing through a round opening in a plate that separates two regions of unequal

electric field will be deviated. Such a structure is, however, different from all the lenses we

shall consider below in that it is not the potential that is uniform outside the lens region but

the electric field (Fig. 35.2). This is therefore a rare situation in which only the osculating

1 It is usually said in English texts that the prefix ‘einzel’ indicates that a single voltage is required but this

appears not to have been the original sense: “Die elektrische Einzellinse ist eine der Glaslinse entsprechende

elektrische Elektronenlinse, die einzeln im Raum steht und zu deren beiden Seiten der Brechungsindex gleich

ist” (from the glossary in Ramsauer, 1941).
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cardinal elements have any meaning. However, the single aperture is of practical interest

mainly as a means of focusing a beam on a target and is usually characterized by the high

magnification or high demagnification cardinal elements and aberration coefficients, which

are the same as the osculating quantities (Section 17.2).

Figure 35.2
Equipotential surfaces around a single electrode with a circular opening. (A) Equal and opposite
fields on either side of the electrode. The equipotential lines in the electrode plane intersect at an

angle 2 arctan
ffiffiffi
2

p
or 109�280. (B) The image space of the electrode is field-free.
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The potential around a thin electrode in which a hole of radius R is pierced is given by

Φ r; zð Þ5φ0 2
E11E2

2
z1

E1 1E2

π
zj j arctanμ1

1

μ

� �
(35.1a)

where

μ5
z21r22R2

2R2
1

1

2

4z2

R2
1

z2

R2
1

r2

R2
21

� �2( )1=2
2
4

3
5
1=2

(35.1b)

so that on the axis

φ zð Þ5φ0 2
E1 1E2

2
z1

E12E2

π
R

�
z

R
arctan

z

R
1 1

�
(35.2)

(Fry, 1932; Glaser and Henneberg, 1935; Ollendorff, 1955; Durand, 1966). This expression

is equivalent to that given in Section 10.3.1. A rough estimate of the optical effect of the

aperture may be obtained by supposing its effect to be concentrated in the plane of the

aperture and neglecting the curvature of the emergent electron rays, incident parallel to the

axis (Davisson and Calbick, 1931, 1932). Integrating (Gans, 1937) the paraxial equation

�
φ1=2r0

�0 52
φv

4φ1=2
(35.3)

we deduce that

r01ð Þ2 r02ð Þ52
φ01ð Þ2φ02ð Þ

4φ
r5

E2 2E1

4φ
r (35.4)

For a beam incident parallel to the axis, therefore, r0(�)5 0 and so r0(1)5 (E22E1)r/4φ;
the emergent beam would intersect the axis at Fi, zFi5 4φ/(E12E2). The aperture lens will

thus be divergent if E12E2, 0, which may occur in different ways (cf. Hanszen and

Lauer, 1967): if both fields are accelerating (E1 and E2 negative for electrons), then we

require that |E1|. |E2|; if both are retarding, then E1,E2; while if E1, 0 and E2. 0, the

lens is always divergent.

Unless E25 0, the neglect of the emergent ray curvature renders this approximation very

crude, however. Correction factors and calculations of spherical and chromatic aberration

coefficients are to be found in Guckenberger and Heil (1972), see Fig. 35.3. The effect of

finite electrode thickness is considered by MacNaughton (1952) and that of hole diameter

by Hoeft (1959).
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The extreme situation in which electrons pass through a hole so small that they experience

a force due to the image charge is examined by Birkhoff et al. (1980). A similar situation

had been considered earlier by Hubert (1949), a tube replacing the perforated plate, as a

means of overcoming spherical aberration (Chapter 41, Aberration Correction).

35.2.2 The Two-Electrode Lens

The electrodes of these lenses are typically cylinders or plates. They are invariably analysed

on the assumption that the space on both sides of the lens is field-free; otherwise, allowance

must be made for ray curvature outside the lens zone.

Figure 35.3
Electron optical properties of a single opening. (A) The focal length ff as a function of φa/ED,

where φa is the potential at the electrode, E the electric field on the target (image) side and D the
diameter of the opening (the object space is field-free). The broken curve (D.C.) shows Davisson
and Calbick’s approximate value. Note that ff is the ‘fictitious’ focal length, obtained by neglecting

the effect of the uniform field E. (B) Cs/D and Cc/D as functions of ff /D.
After Guckenberger and Heil (1972), Courtesy Institute of Physics.
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35.2.2.1 Adjacent cylinders

For cylinders of equal radius R separated by a gap S that is negligible in comparison with R,

the potential distribution can be written down in closed form but the paraxial equations can

be solved only numerically. The true potential proves to resemble a tanh function but the

situation is scarcely improved and it is in general more satisfactory to compute the optical

properties from the exact potential. Nevertheless, a very good idea of the optical behaviour of

such a lens can be acquired by an ingenious manipulation of model potentials, devised by

Grivet and Bernard (1951, 1952a,b); here, the true φ0=φ, or its representation in terms of

hyperbolic functions, is replaced by a function that yields paraxial quantities and aberration

coefficients in closed form.

When the gap between the cylinders is negligible (S{R) and the latter are held at

potentials φ1 and φ2 (Fig. 35.4), the potential can be written

Φ r; zð Þ5 φ11φ2

2
1

φ22φ1

π

ðN
0

I0 trð Þ
I0ðtRÞ

sin tz

t
dt (35.5)

I0 being the zero-order modified Bessel function, so that on the axis

φ zð Þ5 φ1 1φ2

2
1

φ2 2φ1

π
F zð Þ (35.6a)

where

F zð Þ5
ðN
0

sin tz

I0 tRð Þ
dt

t
(35.6b)

(Gray, 1939; Durand, 1966). This distribution is very similar to a simple tanh function

(Gray, 1939; Ollendorff, 1955)

Figure 35.4
Symmetric two-cylinder lens.
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φ zð Þ5 φ11φ2

2
11

12 γ
11 γ

tanhωz
� �

(35.7)

where

γ :¼ φ1

φ2

and ω :¼ 1

π

ðN
2N

dt

I0 tð Þ 5 1:318 (35.8)

The function that occurs in the reduced paraxial equation (15.38) is φ0=φ and for Eq. (35.7)

φ0

φ
5

2 12 γð Þω exp 2ωz
exp 2ωz1 1ð Þ exp 2ωz1 γð Þ (35.9)

which passes through a maximum value of 22ω tanh (ωzm) at zm5 ln γ/4ω. This function
is bell-shaped and is well represented by a function of the form

f zð Þ5 Tm

11 Z=a
� �2 (35.10a)

or

f zð Þ5 Tm sech Z=b
� �

(35.10b)

where we have shifted the origin to the point zm, Z5 z2 zm, about which φ0=φ is

symmetric. The constants a and b are chosen so that the areas under the curves for (φ0=φ)2

are the same for the model field and for the tanh distribution. This requirement ensures that

the focal lengths coincide in the weak-lens approximation (Section 17.4) and implies that

a52
1

πω
11γ1=2

12γ1=2

� �2
11 γ
12 γ

ln γ1 2

� �
(35.11)

The first model (35.10a) has the great attraction that not only can the paraxial equation be

solved in closed form but even the aberration integrals can be evaluated explicitly. We shall

examine it in detail in Section 36.2; here we simply note that the cardinal elements are

given by

fi5
akγ21=4

sin kπ
fo 5

akγ1=4

sin kπ

zFi5 ak cot kπð Þ2 1

2
ωa2 tanh ωzmð Þ

zFo 52 ak cot kπð Þ2 1

2
ωa2 tanh ωzmð Þ

(35.12)
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where

k5 11
3

4
a2ω2 tanh2ωzm

 !1=2

a5 0:483 coth2 x=2
� �

x coth x2 1ð Þ x522zmω

(35.13)

If we write γ1=2 � 11 ε, then k� 11 0.0675ε2γ21=2, a� 0.644(11 0.1ε2) and
fo� 3.036γ3/4/ε2. The agreement with measurement is very good.

35.2.2.2 Cylinders separated by a small gap

We now suppose that the gap S is not negligible but still much smaller than the radius R.

The potential between the electrodes is modelled as a linear change from φ1 to φ2. The

potential can now be written

Φ r; zð Þ5 φ1 1φ2

2
1

φ2 2φ1

πS

ðN
0

I0 trð Þ
I0 tRð Þ

sin tzð Þ
t

sin tS=2
� � dt

t
(35.14)

and on the axis

φ zð Þ5 φ1 1φ2

2
1

φ2 2φ1

πS

ðN
0

sin tzð Þ sin tS=2
� �

I0 tRð Þ
dt

t2
(35.15)

which of course collapses to Eq. (35.6) as S-0. The integral in Eq. (35.15) can be

expressed in terms of F(z) (35.6b) thus:

ðN
0

sin tzð Þ sin tS=2
� �

I0 tRð Þ
dt

t2
5

1

2

ðN
0
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(35.16)

If F(ζ) is replaced by a tanh function, the integral can be evaluated in closed form, giving

φ zð Þ5 φ1 1φ2

2
11

12 γ
11 γ

� 1

ωS
� ln coshω z1 S=2

� �
coshω z2 S=2

� �
( )

(35.17)
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35.2.2.3 Two cylinders separated by an arbitrary distance

Several model potentials have been proposed to represent this general case; we mention

most of these only briefly, lingering longer on the studies of Kanaya et al. (1972) and

Kanaya and Baba (1977).

An early proposal was the distribution

φ zð Þ5φ0 exp k arctanðz=a� �� �
(35.18)

(Hutter, 1945), for which

φ0 zð Þ
φ zð Þ 5

k=a

11 z=a
� �2 (35.19)

The reduced paraxial equation (15.38) can then be solved in terms of circular functions

(see Section 36.2), and explicit formulae are found for the cardinal elements and aberration

coefficients. We shall not pursue this model further, for its predictions are not especially

reliable and, moreover, it conflicts with the requirements of electrostatics. Distributions

such as Eq. (35.18) are of limited utility because they cannot be cast into the form

φðzÞ5φ0 1
P

iφ
ið Þ
L fiðzÞ, in which φ ið Þ

L are electrode voltages and fi(z) are arbitrary functions

(cf. Part II); this is explained in detail by Glaser (1952), who points out that any attempt to

transfer magnetic field models to electrostatic lenses by setting φ0=φ proportional to B

(15.39) is intrinsically unsatisfactory. The result, a potential of the form

φ zð Þ5φ0 exp k

ðz
0

B ζð Þdζ
8<
:

9=
; (35.20)

can never have the necessary linear dependence on the electrode potentials.

Despite this, the shape of φðzÞ given by Eq. (35.18) is a fair representation of the true

distribution and has been used to model the optics of an accelerator structure for a

high-voltage microscope (Kanaya et al., 1965).

Another model, for which the paraxial equation is again soluble in terms of tabulated

functions, is that proposed by Glaser and Robl (1951), which does not conflict with the

laws of electrostatics:

φ zð Þ5φ11 φ2 2φ1

� �
12

1

π
arccot

z

a

	 
� �
(35.21)

A series of substitutions transforms the paraxial equation into an equation of the form

xv1
x0

z
1 12

1

16z2

� �
x5 0 (35.22)
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the solutions of which are x(z)5 J61/4 (z). For further details, see the original paper or

Glaser (1952) or Ollendorff (1955), where the calculation is set out in great detail. It is

interesting to note that Grinberg (1953) arrived at Eq. (35.21) as one of a family of

potential models giving paraxial solutions in terms of Bessel functions by seeking those

functions φðzÞ for which the equation

υv1
φ000

2φ0 2
3

4

φv
φ0

� �2

1
1

4
2 ν2

� �
φ0

φ

� �2

1φ02
( )

υ5 0 (35.23)

has the same form as the reduced equation (15.38), since Eq. (35.23) has the general

solution

υ zð Þ5 φ
φ0

� �1=2

Jν φ zð Þð Þ (35.24)

(Kamke, 1977, yC.2.162, Eq. 14; Whittaker and Watson, 1927, Q7 at end of Chapter 17).

The special case ν25 1/16 leads to a potential of the form (35.21) and to solutions in terms

of J61/4 (φ), φ5A1B arctan (Cz), where A, B and C are constants, in agreement with

Glaser and Robl (1951). We note that the paper by Glaser and Robl (1951) also contains a

detailed analysis of the model

φ zð Þ5φ1 1
φ22φ1

2
11

z=a

11 z=a
 

 !
(35.25)

None of these models is entirely satisfactory but we pause rather longer over two improved

models due to Kanaya et al. (1972) and Kanaya and Baba (1977). In the first of these, the

axial potential is represented by

φ zð Þ5φ0 exp k arctan sinh z=a
� �� �� �

(35.26)

which can be matched very closely to calculated values. For this distribution,

φ0 zð Þ
φ zð Þ 5

k

a
sech z=a

� �
(35.27)

Setting φ(2N)-φ1 and φ(N)-φ2, we see that

k5
1

π
ln
φ2

φ1

and φ2
0 5φ1φ2 5φ2 0ð Þ (35.28)

The reduced paraxial equation takes the form

12μ2
� � d2υ

dμ2
2 2μ

dυ
dμ

1 n n1 1ð Þυ5 0 (35.29)
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where

μ52tanh z=a
� �

; n n1 1ð Þ5 3

16
k2 (35.30)

which is the same as that encountered for the Grivet�Lenz model for magnetic lenses

(Section 36.2). We give more details of the analysis there; here we simply quote the results.

Eq. (35.29) has as solutions the Legendre functions Pn(μ) and Qn(μ). Sets of curves for the
(real) cardinal elements and high-magnification spherical and chromatic aberration

coefficients can then be plotted. The focal lengths agree with the experimental values

obtained by Kanaya et al. (1965) and Bas et al. (1959). It finally remains to relate the

characteristic length a to the gap (S) and the radius (R); Kanaya et al. use an approximate

formula derived by Wang (1945) to obtain this relation.

A further improvement is the model introduced by Kanaya and Baba (1977) with the aid of

which virtually all the optical properties of these bipotential lenses are analysed. The new

model (yet again unrealistic in the sense explained earlier) has the form

φ μð Þ :¼ φ1exp k0 arccosμð Þ

2
z

a
¼:
ðμ
0

12λ2
� �2m

dλ
(35.31)

The various models already mentioned correspond to different values of m: for m5 3/2, we

have Eq. (35.18), for m5 1, (35.26) and for m5 1/2, φ0/φ is constant and hence φ(z) varies
exponentially with z. For Eq. (35.31), we have in general

φ0 zð Þ
φ zð Þ 5

k0

a
12μ2
� �m21=2

(35.32)

It is convenient to write

k5
ffiffiffi
3

p k0

4
5

ffiffiffi
3

p

4π

� �
ln

φ2

φ1

� �
(35.33)

Fig. 35.5 shows φ(z) and φ0(z)/φ(z) for a range of values of m. Substituting into the reduced

paraxial equation, we obtain

12μ2
� � d2υ

dμ2
2 2mμ

dυ
dμ

1 k2υ5 0 (35.34)

722 Chapter 35



and setting μ ¼: 2ζ2 1,

ζ 12 ζð Þ d
2υ

dζ2
1m 12 2ζð Þ dυ

dζ
1 k2υ5 0 (35.35)

The general solutions of this equation may be written as hypergeometric functions:

υ μð Þ5AF α; β; γ;
12μ
2

� �
1B

12μ
2

� �12γ

F γ2α; γ2β; 22 γ;
12μ
2

� �
(35.36)

where

α1β1 15 2m; γ5m; αβ52k2 (35.37)

or

α; β5
1

2
2m2 1ð Þ 16ωð Þ; ω5 11

4k2

2m21ð Þ2
� �1=2

(35.38)

The real foci must be found from the zeros of the appropriate hypergeometric function, and

the real focal lengths can then be calculated from

Figure 35.5
The potential distribution φ(z/ah) as a function of z/ah, for various values of the parameter m (left
ordinate). The symmetric curves also included show φ0(z/ah)/φ(z/ah), normalized to unity at z5 0

(right ordinate). After Kanaya and Baba (1977), Courtesy Wissenschaftliche Verlagsgesellschaft.
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f 0i
a
5

γ exp k=
ffiffiffi
3

p� �
arccosμi

� �
k22m21 12μi

� �m
F γ2α; γ2β; γ1 1;

12μi

2

 !

f 0o
a
5

fi

a
exp 22k=

ffiffiffi
3

p	 

arccosμi

n o (35.39)

in which μo and μi are the values of μ corresponding to the object and image foci. The

asymptotic foci and focal lengths are given, for m. 1, by

zFi

a
52

zFo

a
52

Γ γ2α2βð ÞΓ αð ÞΓ βð Þ
22m21Γ 12 γ1α1βð ÞΓ γ2αð ÞΓ γ2βð Þ (35.40a)

fi

a
52

Γ αð ÞΓ βð Þexp kπ=
ffiffiffi
3

p� �
22m21Γ 2 γð Þ (35.40b)

fo

a
5

fi

a
exp
�
22kπ=

ffiffiffi
3

p
Þ (35.40c)

or, for m, 1, by

zFi

a
5 2

zFo

a
5

ffiffiffi
π

p
2

Γ 12mð Þ
Γ

32 2m

2

� � 2
Γ γ2α2βð ÞΓ αð ÞΓ βð Þ

22m21Γ γð ÞΓ γ2αð ÞΓ γ2βð Þ (35.40d)

Kanaya and Baba plot these quantities for a range of values of m as a function of the

voltage ratio, measured by k; the minimum focal lengths are also plotted as a function of m.

A convenient normalizing length is the half-width of the curve φ0(μ)/φ(μ) for the
appropriate value of m. Denoting this by ah, we have

ah

a
¼: λ5

ðarcsin μh

0

cosαð Þ122mdα

μh 5 12 1=2
� � 2

2m21ð Þ
( )1=2

(35.41)

Kanaya and Baba find that

f 0i
ah

 !
min

5 1:52; for which
f 0o
ah

5 0:215 with k5 1:08

f 0o
ah

 !
min

5 1:52; for which
f 0i
ah

5 0:215 with k521:08

(35.42)
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with λ5 1.754 and m5 0.58 (the apparent contradiction here is explained by the different

values of k and hence of m). For the same values of λ and m, the asymptotic focal lengths

likewise pass through minima:

fi

ah

� �
min

5
fo

ah

� �
min

5 2:952

fo

ah
5 0:243 for k5 0:538

fi

ah
5 0:243 for k520:538

8>>>><
>>>>:

(35.43)

The minimum real focal lengths are of academic interest only, for it is unlikely that a real

object would be placed between the electrodes, and these minimum values do in fact

correspond to such an object position. For the same reason, the curves showing the

spherical and chromatic aberration coefficients as a function of m plotted by Kanaya and

Baba (1977, Fig. 4) are not of great practical use.

It still remains to relate the gap S and radius R to the quantity a occurring in Eq. (35.31).

This can be done by matching the electric field midway between the electrodes to that

obtained when it is assumed that the potential changes linearly across the gap. This requires

Eqs (35.15) and (35.31)

φ1 2φ2

Sπ

ðN
0

cos tzð Þsin tS=2
� �

I0 Rtð Þ
dt

t
5

ffiffiffiffiffiffiffiffiffiffi
φ1φ2

p
ln φ2=φ1

� �
aπ

(35.44)

in which we have used the boundary conditions φ(z -2N, μ5 1)5φ1,
φ(z -N, μ521)5φ2 to establish that

k0 5
1

π
ln

φ2

φ1

� �

Eq. (35.44) may be rewritten

a

S
5

φ1φ2

� �1=2
φ1 2φ2

� � ln φ2=φ1

� �
T S=D
� � D5 2R (35.45)

where

T S=D
� �

5

ðN
0

cos 2tz=D
� �

sin tS=D
� �

I0 tð Þ
dt

t
(35.46)

The function T(S/D) is tabulated by Bertram (1942). Given the potential ratio

φ2/φ1 and the gap-to-bore ratio S/D, a/S can be obtained; Kanaya and Baba plot

ðπa=SÞðφ1 2φ2Þ=ðφ1φ2Þ1=2 lnðφ2=φ1Þ as a function of S/D.
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Several special cases are of interest. For m5 1/2, the potential varies exponentially with z;

the paraxial solutions can be expressed in terms of Chebyshev polynomials in μ and hence

as products of sinusoidal and exponential functions of z. Explicit formulae are given by

Kanaya and Baba for the real and asymptotic cardinal elements and for the spherical and

chromatic aberration coefficients. For m5 0.58, the real focal length is smallest but the

specimen must be placed at the centre of the lens.

The case m5 0.95 accurately represents a lens consisting of a cylinder and an aperture in a

plate, studied earlier by Kanaya et al. (1972) when analysing an accelerator. Curves for

cardinal elements and the spherical and chromatic aberration coefficients are given, the

latter for several finite values of the magnification as well as for M-N.

For m5 1, we recover the model discussed earlier (35.26); explicit formulae can now be

obtained for the cardinal elements:

real focal lengths

f 0i
a
5

exp k=
ffiffiffi
3

p
Þarccosμi

� �
k2 12μi

� �
F

�
12ω
2

;
11ω
2

; 2;
12μi

2

�

f 0o
a
5

exp k=
ffiffiffi
3

p Þarccos 2μo

� �� �
k2 11μo

� �
F

�
12ω
2

;
11ω
2

; 2;
11μo

2

�
(35.47)

fi

a
52

1

2
Γ
�
11ω
2

�
Γ
�
12ω
2

�
exp

�
kπffiffiffi
3

p
�

asymptotic

cardinal

elements

fo

a
52

1

2
Γ
�
11ω
2

�
Γ
�
12ω
2

�
exp

�
2

kπffiffiffi
3

p
�

zFi

a
5

π
2
cot πνð Þ1ψ νð Þ1 γe 52

zFo

a

(35.48)

where γe is Euler’s constant, γe5 0.577216, ψ(ν)5 (d/dν) ln Γ (ν1 1), ν5 (ω2 l)/2,

ω5 (11 4k2)1/2 and ah /a5 1.3169.

Finally, m5 3/2 corresponds to Eq. (35.18); in terms of the hypergeometric function, the

cardinal elements take the following form:

real focal lengths

f 0i
a
5

exp k=
ffiffiffi
3

p Þarccosμi

� �
k2

ffiffiffi
2

p
12μi

� �3=2
F

�
12 2ω

2
;
11 2ω

2
;
5

2
;
12μi

2

�

f 0o
a
5

exp k=
ffiffiffi
3

p
Þarccos2μo

� �� �
k2

ffiffiffi
2

p
11μo

� �3=2
F

�
12 2ω

2
;
11 2ω

2
;
5

2
;
11μo

2

�
(35.49)
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asymptotic cardinal elements

fi

a
52

1

π
Γ 11ωð ÞΓ 12ωð Þexp

�
kπffiffiffi
3

p
�

fo

a
52

1

π
Γ 11ωð ÞΓ 12ωð Þexp

�
2

kπffiffiffi
3

p
�

zFi

a
52

zFo

a
5

π1=2Γ 11ωð ÞΓ 12ωð Þ
2Γ
�
12 2ω

2

�
Γ
�
11 2ω

2

�
(35.50)

35.2.2.4 Cylinders of different radius

This extra degree of complexity makes it difficult to establish universal curves analogous to

those for cylinders of equal radius. An early study by Ehinger (1954a) suggested that the

lens should be separated into two regions, the dividing line being the plane through the

axial point at which the potential has its point of inflexion and hence @Ez(0, z)/@z5 0; close

to the axis, Er�21
2
r@Ez/@z also vanishes. In each region, the potential is then represented

by a function of the form (35.15); with the notation of Fig. 35.6, continuity of φ(z)
implies that

z1

R1

5
z2

R2

; z15
R1S

R1 1R2

; z2 5
R2S

R1 1R2

and φm5
φ1R2 1φ2R1

R1 1R2

(35.51)

An extensive discussion using the tanh model is to be found in Ollendorff (1955, yIV.10).

An analytical expression for the potential in such a system has been obtained by Lebedev

and Skalskaya (1960), who find (Fig. 35.7)

Figure 35.6
Unsymmetric two-cylinder lens.
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φ zð Þ
φa

5 12
XN
m51

exp 2 γmz=a
� �

γ1J1 γm
� �

K iγm=a
� � 0# r# a; z. 0

φ zð Þ
φa

5
1

ln b=a
� �XN

m51

K iγm=b
� �

exp γmz=b
� �

γ2mJ
2
1 γm
� � J0

γma
b

 !
0# r# b; z, 0

(35.52)

in which the γm are the zeros of the zero-order Bessel function, J0(γm)5 0. The zeros of

J0
aδ

b2 a

� �
Y0

bδ
b2 a

� �
2 J0

bδ
b2 a

� �
Y0

aδ
b2 a

� �
5 0

are denoted by δm. The function K is conveniently written in terms of a new function k(x):

K iγm=a
� �

5 k

�
b2 a

a
γm

�
; K iγm=b

� �
5 k

b2 a

b
γm

� �
(35.53)

where

k xð Þ5
P

bx

b2 a

� �
exp 2

x

π
πS1

1

b2 a

� �� �

P
ax

b2 a

	 

Q xð Þ

(35.54a)

and

P xð Þ5L
N

1

11 x=γm
� �

exp 2x=γm
� �

Q xð Þ5L
N

1

11 x=δm
� �

exp 2x=δm
� �

S5
XN
1

1=δm2 1=γm
� �

(35.54b)

Figure 35.7
The unsymmetric two-cylinder lens geometry analysed by Lebedev and Skalskaya. Note that the

larger cylinder encloses the smaller cylinder in the half-space z . 0.
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Rapidly converging series for ln P, ln Q and ln S are given by Lebedev and Skalskaya, who

plot φ(z) for several values of a/b. Numerical calculations based on this potential have been

made by El-Kareh and El-Kareh (1970).

The potential in lenses consisting of two cylinders of different radius has been obtained by

an analogue method (a resistance network) by Firestein and Vine (1963), who tabulate

cardinal elements and spherical aberration coefficients for a range of values of potential and

radius ratios. See also Gundert (1941). The effect of the lens geometry on the optical

properties has been reconsidered by Al-Khashab and Ahmad (2012) and Al-Khashab and

Al-Abdullah (2013a,b).

35.2.2.5 A unified representation

Ura (1998, 1999) has established a unified representation of the cardinal elements and

spherical aberration coefficients of a range of bipotential lenses. Fig. 35.8A shows the

eleven geometries examined. Model B-0 is the analytical model (35.7). The optical

properties are normalized with respect to an ‘effective diameter’, De, defined by

De 5D=λ

Figure 35.8
(A) The eleven bipotential lenses studied. (B) Unified presentation for the lenses B-1, B-5, B-9 and B-0;
the curves for the other lenses are very similar. After Ura (1999), Courtesy Japanese Society of Microscopy.
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and the lens excitation is now measured by Ve,

Ve 5μ
V2

V1

2 1

� �

The scaling factors λ and μ are obtained by requiring that the curves for lenses B-2 to B-11

fit those for B-1 as closely as possible. Table 35.1 shows the appropriate values for this

case and for einzel lenses (Section 35.3.1.7). The unified curves are reproduced in

Fig. 35.8B. Ura also shows how well these results agree with the thin-lens approximation

discussed at the end of Chapter 25 of Volume 1 and returns to this approximation in a later

paper (Ura, 2003). An alternative normalization is also examined. The magnification

dependence of the coefficients had been considered earlier (Ura, 1994).

35.2.3 Three or More Electrodes

The literature on such immersion lenses is distinctly less voluminous. It falls into two

categories: numerical studies, few in number, of immersion lenses with three or more

electrodes possessing some specific characteristic, such as the zoom lenses of Cross et al.

Table 35.1: Values of λ and μ for the various bipotential and einzel lens models.

For the latter, R signifies retarding�accelerating and A, accelerating�retarding

Model μ λ
B-1 1 1
B-2 1 0.88
B-3 0.98 0.67
B-4 0.99 0.88
B-5 1 0.7
B-6 0.92 0.93
B-7 0.9 0.87
B-8 1.05 0.74
B-9 1.2 0.54
B-10 0.98 0.87
B-11 1 0.68
B-0 1 1

UR-1 1.05 1.1
UR-2 1.2 0.72
UR-3 1 1
UR-4 1.1 0.62
UR-0 0.84 0.52
UA-1 1.1 1.09
UA-2 1.08 0.92
UA-3 1 1
UA-4 1.1 0.64
UA-0 1 0.38
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(1967) and the afocal five-electrode lens of Heddle (1971); and studies of accelerators in

which the potential distribution is the same at each accelerating gap and the number of

these gaps is large, typically 10 or more.

35.2.3.1 Zoom lenses

In studies involving low-energy electrons, it proves convenient to be able to vary the ratio

of the final electron energy to that of the incident electrons without altering the positions of

the conjugate planes. This condition can be satisfied with three-element immersion lenses,

by suitably varying the two voltage ratios, φ3/φ1 and φ2/φ1. Such lenses have been studied

by Cross et al. (1967), Imhof and Read (1968), Read (1970a) and Harting and Read (1976).

Although the conjugates remain fixed as the overall voltage ratio, φ3/φ1, is altered, the
magnification will change; if two conditions are to be satisfied—fixed conjugates and

constant magnification—an extra free parameter must be introduced. This can be achieved

by adding a fourth electrode, so that by simultaneously adjusting φ2/φ1 and φ3/φ1 as φ4/φ1

is varied, both conditions can be satisfied. Four-cylinder systems have been studied as zoom

lenses by Kurepa et al. (1974) and, as a special case of a method intended for complex

systems in general, by Fink and Kisker (1980, cf. Kisker, 1982, where the ray-tracing

method employed is described). They have also been analysed in some detail by Wannberg

and Sköllermo (1977), who calculate all the aberration coefficients. The paraxial

properties and spherical aberration coefficient of four-cylinder zoom lenses are presented by

Martı́nez and Sancho (1983) and Martı́nez et al. (1983). Lenses with five or more elements

are studied by Wilska et al. (1970), Heddle and Papadovassilakis (1984) and by Trager-

Cowan et al. (1990a,b). Zoom-lens designs have been examined by Sise (2014, 2015) and

Sise et al. (2007a,b, 2009) and by Isik (2016), who used artificial neural network theory.

35.2.3.2 Accelerators

Multielectrode structures for accelerating electrons to energies of a few hundred keV or a

few MeV may be conveniently regarded as immersion lenses. Beyond this energy range,

different methods prove more convenient; these are beyond the scope of this volume and

we refer to such standard texts as Lapostolle and Septier (1970), Lawson (1977, 1988),

Humphries (1986), Wiedemann (2015) and the work of Berz et al. (2015).

Although there are some earlier studies of accelerator optics (Bas et al., 1959; Bas, 1960;

Taoka et al., 1967; Galejs and Rose, 1967; Fink and Kessler, 1963; Kessler, 1961; Koltay

and Czeglédy, 1965; Mileikowsky and Paul, 1952; Timm, 1955), in particular Morikawa

(1962a,b; 1963a,b,c) who obtained practical working formulae assuming that each gap acts

as a thin lens, the most thorough analyses are those of Glikman et al. (1973a,b) and

Glikman and Nurmanov (1976). These authors studied lenses with N electrodes of equal

radius (R), separated by a negligible gap, for three electrode lengths: R/2, R and 2 R;

N5 2, 3, 4, 8, 16 and 32. The voltages of adjoining electrodes are either such that the ratio

Electrostatic Lenses 731



φn11=φn is the same for every pair or such that the difference φn112φn is constant. Both

cardinal elements and the spherical aberration coefficient are calculated.

A selection of their results is reproduced in Fig. 35.9. In their later paper, Glikman and

Nurmanov (1976) give approximate formulae for the cardinal elements:

Constant voltage ratio
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� � cot
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(35.55)

Constant voltage difference

zFo5 2 Le
1

2
1

4

3

3 φN=φ1

� �1=2
2 1

φN=φ12 1
� �

φN=φ1

� �1=2
2 1

n o
2
4

3
5

zFi5 2 zFo 1
4

3
Le

12 φN=φ1

� �1=2
11 φN=φ1

� �1=2
fi5 2

8

3
Le

φN=φ1

φN=φ12 1
� �

φN=φ1

� �1=2
2 1

n o
(35.56)

For N$ 8, the expressions for constant voltage ratio are accurate to within 6% (2% for

N5 32); those for constant voltage difference are distinctly less useful. The effective length

Le is related to N as follows:

N 2 3 4 8 16 32

ðLe 2 LÞ=R 2:4 1:9 1:9 1:5 1:5 1:0

35.2.3.3 Other studies

Three-electrode immersion lenses are further studied by Adams and Read (1972b), Berger

and Baril (1982), Bobykin et al. (1976), Heddle et al. (1982), Heddle and Kurepa (1970)

and Saito et al. (1979), who examine the cardinal elements and spherical and chromatic

aberration coefficients of an unusual geometry in which the first and third electrodes have
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Figure 35.9
The optical properties of N-electrode accelerators. (A) Notation. (B)�(E) Constant voltage ratio.
(B) Front focal length of an accelerating structure and rear focal length of a retarding structure.
(C) Rear asymptotic focus of an accelerating structure and front asymptotic focus of a retarding
structure. (D) and (E) Spherical aberration coefficient Cs (magnifying case, disc radius5M Csα

3)
and B (demagnifying case, disc radius5Br3a ). In (D), the lens is retarding for B and accelerating for
Cs; in (E) the situation is reversed. (F)�(I) Constant voltage difference. (F) and (G) Real and virtual
foci measured relative to the first (object foci) or last (image foci) gap. In (F) the front (image) foci

correspond to an accelerating structure and the back (object) foci to a retarding structure; in
(G) the opposite situation is shown. (H) The coefficient B for accelerating structures and Cs for

retarding structures. (I) The coefficients Cs for accelerating structures and B for retarding structures.
In all these, the parameter is N, the number of electrodes, and dashed curves correspond to

λ5 0.5R, full curves to λ5R and dot-dashed curves to λ5 2R. After Glikman and Nurmanov (1976).



different radii and the central electrode contains a step from one radius to the other. An

attempt to find general expressions for the focal length and coefficients of spherical and

chromatic aberration has been made by Crewe (1991), who used the following model

potential:

T :¼ φ0

φ
5 lnφ1ð32z2 96z2 1 64z3Þ1 ln φ0ð210z1 42z22 32z3Þ

This was chosen to ensure that T5 0 at z5 0 and z5 1 and that φð0Þ5 1 and φð1Þ5φ0;
z5 0 and z5 1 are the end-points of the lens. At the midpoint of the model lens, φ5φ1:
Crewe finds approximate expressions for the focal length and aberration coefficients, which

agree with the exact values to within a factor 3 (except for few extreme cases).

Some five-electrode lenses are considered by Cross et al. (1967) and Heddle (1971) and a

seven-electrode geometry by Chutjian (1979) and Boesten (1988). A method for the rapid

calculation of trajectories in multielement lenses is described by Fink and Kisker (1980)

Figure 35.9
(Continued)
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Figure 35.9
(Continued)
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and applied to four-element zoom lenses. Ulu et al. (2007) have analysed the properties of a

seven-element gun and Sise et al. (2005, 2007a,b) have studied numerous multielectrode

designs. For related studies, see Chou et al. (1987), Bernius et al. (1988), Sellidj and

Erskine (1990), Sakae et al. (1990), Ohye et al. (1993), Morita et al. (1995), Yavor et al.

(1999), Escher et al. (2002), Colman and Legge (1994), Al-Khashab and Al-Shamma

(2009a,b) and Zouros et al. (2015).

35.3 Einzel Lenses

The class of three-electrode lenses that have no overall accelerating or retarding effect on

the electrons has been widely studied. Since the outer electrodes are tied to the nearest

adjoining electrodes and are in practice almost invariably earthed, there is only one free

potential, that of the central electrode; such lenses are commonly known as einzel (‘single’)

or unipotential lenses.2 Although there is no reason why electrostatic lenses consisting of

four or more electrodes, the outer two earthed and the inner ones at arbitrary potentials,

should not be built, there are very few such designs in the literature and systematic studies,

even of highly symmetric arrangements (such as five-electrode lenses with both electrical

and geometric symmetry about the midplane), are just as rare.

Figure 35.9
(Continued)

2 A verbal distinction is sometimes made between lenses in which the voltage applied to the central electrode is

variable and those in which it is the same as the cathode voltage. We shall regard the latter merely as a

special case.
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We first examine the principal potential models and then list the numerous sources of

information on lenses of this type.

35.3.1 The Principal Potential Models

35.3.1.1 Regenstreif ’s model

The earliest model, to which later studies frequently refer, is that proposed by Regenstreif

(1951), which is excellent for predicting the behaviour of such lenses, though as usual some

caution is needed before using the absolute values of the various quantities. Regenstreif

considers in detail three-plate lenses and, as an extension of this work, similar lenses in

which the central electrode is thick. The potential is represented by a linear superposition of

three potentials of the form (35.1, 35.2), each representing that of a plate with a circular

opening, and the weights attached to each potential are chosen in such a way that

φ15φ(2N)5φ(N)5φ2 for R1.R2,, S. The axial potential thus has the general form

φ zð Þ5A1B z1 Sð Þarctan z1 S

R2

� �
1 z2 Sð Þarctan z2 S

R2

� �
2 2z arctan

z

R1

� �� �
(35.57)

with

A5φ12 2B R1 1 S arctan
S

R2

� �� �
(35.58a)

B5 φ12φ2

� �
= 2R1 1 2S arctan

�
S

R1

�
1R21 2S arctan

�
S

R2

�
2 2S arctan

�
2S

R2

�( )

(35.58b)

and if S/R2 is large ($3),

B � φ1 2φ2

2R11 2S arctan S=R1

� � (35.58c)

In the latter case, the potential at the origin is given by

φ 0ð Þ5φ1 1
φ22φ1

11 S=R1

� �
arctan S=R1

� � (35.59)

showing the importance of the parameter S/R1. The axial potential at the outer electrodes,

where z5 S, is given by

φ Sð Þ5φ1 1 φ22φ1

� �
12

R2=2R1

11 S=R1

� �
arctan S=R1

� �
( )

(35.60)
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(again assuming that S/R2 is large) so that φ(6S) is a function of S/R1 ¼: s and of R2/R1.

Finally, we note that φ(0)/φ(S), which occurs frequently in later formulae, is given by

φ 0ð Þ
φ Sð Þ ¼: x5 φ1 1 φ22φ1

� �
11s arctan sð Þ21

φ1 1 φ22φ1

� �
12 11s arctan sð Þ21R2=2R1

� � (35.61)

and that

x φ1 5 0
� �

5 11s arctan s2R2=2R1

� �21 � 2R1

π S2R2ð Þ (35.62)

The derivation of (35.58) is unsatisfactory, as has been pointed out by Glaser (1952) and

Lenz (1956), and the expressions for A and B given by Lenz are to be preferred since φðzÞ
then always tends to the correct value as z - 6N: these are

A5φ21
2ðφ2 � φ1Þ R1 � R2ð Þ

πS
; B5

φ12φ2

πS
;

Nevertheless, Regenstreif’s model gives reasonable results within an error of roughly 8%.

It is not possible to solve the paraxial equation explicitly for Eq. (35.57) and Regenstreif

therefore replaced this axial potential by three parabolic segments, joining at the points of

inflexion of Eq. (35.57), which occur at z562S/3 for R15 2R2 and are assumed to occur at

this point for all other values of interest. Such a procedure has little attraction today when

numerical ray tracing is so straightforward but his explicit formulae for the asymptotic

cardinal elements remain useful for teaching purposes and we list them here for this reason.

For a thin central electrode, Regenstreif finds

zF

S
2 152

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 12 xð Þ

p � 9 cosh2 2βo21
� �1=2

sin 2αo1 arctan 2
ffiffiffi
2

p
coth 2βo

� �� �
3 cosh2 2βo 2 2
� �

sin 2αo2 arctanβ1ð Þ
1

f
5β

�
3

2
cosh2 βo 2 1

�
sin 2αo 2 arctanβ1ð Þ

(35.63)

in which

n :¼ 3

2

φ Sð Þ2φ 0ð Þ
S2

βo5
1ffiffiffi
2

p arcsin

�
βS
3

�

β5 2n=φ Sð Þ� �1=2 αo5
1ffiffiffi
2

p arcsinh

�
2αS
3

�

α5 n=φ 0ð Þ� �1=2 β15
2
ffiffiffi
2

p
tanhβo

12 2 tanh2 βo

(35.64)
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When the central electrode is thick, Regenstreif models it by two plane thin electrodes held

at the same potential φ1. The cardinal elements are now given by

1

f
5

1

f1
1

1

f2

1

f1
5

β
λ
ffiffiffi
2

p cosh2βo1λ2sinh2βo

� �
sin 2αo 2 arctan

2λ tanhβo

12λ2 tanh2βo

0
@

1
A

1

f2
52

αβk1S
λ

cos2αo cosh
2βo tanαo2λ tanhβoð Þ2

(35.65)

in which

λ5

ffiffiffiffiffiffiffiffiffiffiffiffi
k2 k1

12 k

s
k15 ζ1=S k5 ζ=S

αo5
1ffiffiffi
2

p arcsinh αS k2 k1ð Þ� �

βo5
1ffiffiffi
2

p arcsin βS 12 kð Þ� �

α5
1

S

�
12x

12k1ð Þ k2k1ð Þx

�1=2

β5
1

S

�
12x

12k1ð Þ 12kð Þ

�1=2

(35.66)

and the quantities ζ , ζ1 denote the boundaries between the parabolic or linear segments of

potential. Likewise,

zF

S
5 11

1ffiffiffi
2

p
βS

ffiffiffi
2

p
αk1SI1 Jffiffiffi

2
p

αk1SM1N

I5 sin2αo 2λ2cos2αo

� �
sinh 2βo2 arctanh

�
2λ tanαo

λ2 1 tan2αo

�8<
:

9=
;

J5 4λ21 λ211
� �2

sinh2 2βo

n o1=2
sin 2αo 1 arctan

�
2λ

λ2 2 1
coth 2βo

�8<
:

9=
;

M52cos2 α0 cosh
2 βo tanαo2λ tanhβoð Þ2

N5
λ
ffiffiffi
2

p

βfo

(35.67)

Electrostatic Lenses 739



If the approximations ζ1� z1/2, ζ � z11 2(S2 z1)/3, k1� ν/2, k� (21 ν)/3 are made, with

ν :¼ z1/S, we have

λ � 42ν
2 12νð Þ

 !1=2

βS5
6 12xð Þ

22νð Þ 12νð Þ

( )1=2

αo5
1ffiffiffi
2

p arcsinh
42 νð Þ 12 xð Þ
3 22 νð Þx

( )

βo 5
1ffiffiffi
2

p arcsin
22 νð Þ 12 xð Þ
3 22 νð Þ

( )
αS5

12 12xð Þ
22νð Þ 42νð Þx

( )1=2

(35.68)

and the cardinal elements become functions of x5φð0Þ=φðSÞ and ν5 z1/S.

We shall not pursue Regenstreif’s work further, into the domain of aberrations; his results

are expressed not in terms of the conventional aberration coefficients but in terms of

(curved) principal surfaces and focal surfaces, as in some earlier experimental work (Heise

and Rang, 1949; Heise, 1949) with which Regenstreif compares his results and finds good

agreement. We note that Regenstreif also considers briefly lenses in which the central

opening is first slightly elliptical, and second slightly misaligned (see Chapter 31 of

Volume 1).

35.3.1.2 Schiske’s model

A second model, which has been extensively studied (Schiske, 1953; Glaser and Schiske,

1954, 1955; Kanaya et al., 1966), is that generated by setting out from the paraxial equation

(15.12) and transforming it as already mentioned briefly in Section 17.2. For generality, we

retain magnetic and electrostatic terms, and substituting

z ¼: a cotψ (35.69)

in Eq. (15.12), we obtain

φ̂
1=2 d

dψ
φ̂
1=2 du

dψ

� �
1 2φ̂ cotψ

du

dψ
1

1

4
€φ1 2 _φ cotψ
� �

11 2εφð Þ1 η2a2B2 cosec4ψ
� �

u5 0

(35.70)

where

_φ5 dφ=dψ (35.71)

Fig. 35.10 shows how z and ψ are related. We now set

r ψð Þ :¼ u sinψ (35.72)
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whereupon Eq. (35.70) becomes

φ̂
d

dψ
φ̂
1=2

r_
	 


1 φ̂ 1
1

4
φ€ 11 2εφð Þ1 1

4
η2a2B2cosec4ψ

� �
r5 0 (35.73)

Finally, we replace ψ by

ζ :¼ φ̂
1=2

0

ð
dψ

φ̂
1=2

(35.74)

so that Eq. (35.73) becomes

d2r

dζ2
1

1

φ̂0

φ̂1
1

4
€φ 11 2εφð Þ1 1

4
η2a2B2cosec 4ψ

� �
r5 0 (35.75)

This has solutions in terms of circular functions if the coefficient of r(ζ) is a constant, that
is, if we consider fields B(z) and potentials φðzÞ for which

1

4
€φ 11 2εφð Þ1 φ̂1

1

4
η2a2B2cosec4ψ5ω2φ̂0 (35.76)

with a free parameter ω or, with B(ψ)5B0 sin
2 ψ and setting

k2m :¼ η2B2
0a

2

4φ̂0

(35.77)

those for which

€φ 11 2εφð Þ1 4φ̂5 4φ̂0 ω2 2 k2m
� �

(35.78)

Solving for φðψÞ and hence for φðzÞ in the nonrelativistic case, we obtain

φ ψð Þ5 ω2 2 k2m
� �

φ01C1cos 2ψ1C2sin 2ψ

5φ0 12κ2sin2ψ
� �

1C2sin 2ψ
(35.79)

Figure 35.10
The transformation (35.69). As the z-axis is followed from very large positive values to zero and
thence to large negative values, ψ advances from zero (z-N) through π/2 (z5 0) towards

π(z -2N).
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in which we have used the boundary condition φ(π)5φ0 and written

κ25 2 12ω21 k2m
� �

(35.80)

In terms of the original variable z, therefore,

φ zð Þ5φ0 12
k2

11 z=a
� �2

 !
1

2C2

a

z

11 z=a
� �2 (35.81)

The choice B(ψ)5B0 sin
2 ψ is known as Glaser’s bell-shaped field and is examined in

detail in Section 36.2.

The potential distribution (35.81) has the proper form φ(z)5φ01φL f(z). We now consider

the symmetric case, C25 0, and assume for simplicity that there is no superimposed

magnetic field: km5 0, and so

ω2 5 12
κ2

2
(35.82)

Of course, ω2 need not be less than unity but if ω2. 1, clearly κ2 becomes negative; we

deal with the two ranges of ω2 separately, writing

κ2 :¼ 2κ2 5 2ðω22 1Þ when ω2 . 1 (35.83)

From Eqs (35.74) and (35.79), we see that

ζ5
ðψ
0

dθ

12κ2sin2θ
� �1=2 5F ψ;κð Þ ω2, 1

or

ζ5
ðψ
0

dθ

ð11κ2sin2 θÞ1=2
ω2 . 1 (35.84)

in which F(ψ, κ) is an elliptic integral of the first kind; the inverse, ψ5ψ (ζ , κ), is known
as the amplitude:

ψ5 am ζ;κð Þ (35.85)

Eq. (35.75) now reduces to

d2r

dζ2
1ω2r5 0 (35.86)
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with solutions of the form
cos

sin
ðωζÞ so that returning to the original paraxial equation,

typical solutions are

u1 zð Þ5 cosωF ψ;κð Þ
sinψ

u2 zð Þ5 sinωF ψ;κð Þ
sinψ

(35.87)

with z5 a cot ψ. Conjugate planes will thus occur at zeros of the sinusoidal function in

u2(z); the planes corresponding to ψo and ψi will be conjugate if

ωF ψi;κ
� �

5ωF ψo;κ
� �

2 nπ (35.88)

where n is an integer. Solving for ψi with the aid of (35.85),

ψi5 am Fðψo;κ
� �

2 nπ=ω;κÞ (35.89)

and hence

zi5 a cot ψi5
cn Fðψo;κÞ2 nπ=ω
� �

sn Fðψo;κÞ2 nπ=ω
� � (35.90)

where cn and sn denote the Jacobi elliptic functions cn(x) :¼ cos (am x), snx :¼ sin (am x).

Simple addition theorems are known for cn(a1 b) and sn(a1 b), from which we

deduce that

zi

a
5

zocn nπ=ω
� �

1 ah zoð Þdn nπ=ω
� �

acn nπ=ω
� �

dn nπ=ω
� �

2 zoh zoð Þ (35.91)

where

h zoð Þ5 a21z2o2κ2a2

a21z2o

� �1=2
(35.92)

and

dnðxÞ :¼ 12κ2sn2x
� �1=2

(35.93)

By considering the extreme cases zo -2N and zi-N, the real foci are seen to occur for

F ψ0
Fo;κ

� �
5 nπ=ω or ψ0

Fo 5 am nπ=ω;κ
� �

F ψ0
Fi;κ

� �
5F π;κð Þ2 nπ=ω or ψ0

Fi 5 am f π;κð Þ2 nπ=ω;κ
� � (35.94)
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The osculating focal lengths (17.24) are found to be

φ1=2
o

fo
5

φ1=2
i

fi
5

φ1=2
0

a
sinψocosψi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12κ2sin2 ψi

q
2 cosψo sinψi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12κ2sin2ψo

q� �
(35.95)

from which the ordinary real focal lengths may be written down immediately by letting

ψi-0 for f 0o and ψo-π for f 0i :

f 0o
a
5

�
φFo

φ0

�1=2
cosecψFo 5

12κ2sin2ψFo

� �1=2
sinψFo

f 0i
a
5

�
φFi

φ0

�1=2
cosecψFi5

12κ2sin2ψFi

� �1=2
sinψFi

(35.96)

and since ψFo5π � ψFi, f
0
o 5 f 0i as expected.

For the asymptotic cardinal elements, we find

zFo

a
52ω cot ωF π;κð Þð Þ

a

f
5

sin ωF π;κð Þð Þ
ω

(35.97)

The spherical aberration coefficient corresponding to an object at ψ5ψo and an image at

ψ5ψi is given by

Cs

a
5

12κ2sin2ψo

� �3=2
2sin4 ψo

(
Eo 2En

κ2 12κ2ð Þ 2
nπ
ω

1

κ2
1

82κ2

16ω4

 !

2
1

2 12κ2ð Þ

 
sin 2ψo

12κ2sin2 ψo

� �1=2 2
sin 2ψn

12κ2sin2ψn

� �1=2
!) (35.98a)

the high-magnification expression for which is

Cs

a
5

12κ2sinψo

sin4ψo

Eo

κ2 12κ2ð Þ 2
nπ
ω

1

κ2
1

82κ2

16ω4

 !
2

sin 2ψo

2 12κ2ð Þ 12κ2sin2ψo

� �1=2
8<
:

9=
;

(35.98b)

� 1

2κ2

f

a

� �3
0#κ2 # 1 (35.98c)
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In these formulae, E denotes the elliptic integral of the second kind:

Eo5
Ðψo

0

12κ2sin2φ
� �1=2

dφ and likewise for En. For the chromatic aberrations,

Cc

a
5

12κ2 sin2ψo

� �1=2
ω sin2ψo

(
π
2ω2

1
ω Ei2Eoð Þ
2 12κ2ð Þ

1
ωκ2

4 12κ2ð Þ

 
sin 2ψo

12κ2sin2ψo

� �1=2 2
sin 2ψi

12κ2sin2ψi

� �1=2
!) (35.99a)

M-N
�������- 12κ2sin2ψo

� �1=2
2sin2ψo

π
ω3

2
Eo

12κ2
1

κ2sin 2ψo

2 12κ2ð Þ 12κ2sin2ψo

� �1=2
8<
:

9=
; (35.99b)

� 2f

a

11κ2=4

12 3κ2=4
(35.99c)

and

CD M-Nð Þ52
ω

2sin 2ωk
Eo

12κ2
2

π
ω3

2
κ2

2 12κ2ð Þ
sin 2ψo

12κ2sin2ψo

� �1=2
8<
:

9=
;

� 32

3πκ2 12κ2=4
� �

(35.100)

The approximate formulae are accurate to within about 10% over the whole range of κ.

The meaning of the integer n, which occurs in all the real formulae but not in the asymptotic

expressions, can be understood from the sinusoidal nature of the solutions (35.87). Consider a

ray incident from object space parallel to the axis. Such a ray will, for low excitation,

intersect the axis at ψ5ψFi and emerge with negative gradient. As the lens strength is

increased, the point ψ5ψFi retreats towards the symmetry plane of the lens, reaching

ψ5π/2 when F(π, κ)2F(π/2, κ)5π/ω. Writing F(π, κ)5 2
Ðπ=2
0

ð12κ2sin2ψÞ21=2dψ ¼: 2K,
this corresponds to K5π/ω or ω5π/K. The same ray will now emerge parallel to the axis

(the asymptotic focal length becomes infinite). As the excitation is increased further,

the first point of intersection of the ray with the axis retreats into the region for which

π/2,ψ,π and the ray now intersects the axis afresh in the region π/2.ψ. 0: there

are now two image foci (and of course two object foci).

For K,π/ω, 2K, there is thus a single focus, for 2K/3,π/ω,K, there are two, and in

general, for 2K/(n1 1),π/ω, 2K/n, there are n intersections. Meanwhile, the modulus of the

asymptotic focal length varies from its minimum value, |f |/a5ω, to infinity in each interval.
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In the case ω2. 1, we write κ25 2ðω22 1Þ and obtain (Kanaya et al., 1966) the following

expressions:

ζ :¼
ðψ
0

dθ

11κ2sin2θ
� �1=2 ¼: F0 ψ;κð Þ

5
1

11κ2
� �1=2

ðψ0

0

dθ

12κ02sin2θ
� �1=2 5

1

11κ2
� �1=2 F ψ0;κ0ð Þ

(35.101)

in which

κ0 5κ= 11κ2
� �1=2

(35.102)

ψ0 5 arctan 11κ2
� �1=2

tanψ
n o

(35.103)

The real focus and focal length are now given by

ψ0
Fo 5 am

 
π
ω

11κ2
� �1=2

;
κ

11κ2
� �1=2

!

f 0

a
52

11κ2
� �1=2

sn

 
π
ω

11κ2
� �1=2

;
κ

11κ2
� �1=2

! (35.104)

and the asymptotic quantities by

zFo

a
52ω cot

ωF π;κ0ð Þ
11κ2
� �1=2

8<
:

9=
;

f

a
5ω cosec

ωF π;κ0ð Þ
11κ2
� �1=2

8<
:

9=
;

(35.105)

It only remains to relate a and κ2 to the geometry and electrode voltage. Suitable formulae

are to be found in Kanaya et al. (1966), for lenses of all practical configurations.

Regenstreif’s models are used to establish these approximate relations.

Finally, we mention that paraxial formulae corresponding to einzel lenses with a very thick

central electrode, modelled by two bell-shaped curves with different half-widths, are also to

be found in Kanaya et al. (1966).
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35.3.1.3 The model of Kanaya and Baba

We continue with a brief account of the very flexible model proposed by Kanaya and Baba

(1978),

φ z=a
� �

5φ 0ð Þexp K0 arctan z=a
� �m� �

(35.106)

Setting φ(z -2N)5φ0, we see that

K05
2

π
ln

φ0

φ 0ð Þ

� �
(35.107)

Substituting Eq. (35.106) into the paraxial equation in reduced coordinates, we obtain

μ 12μð Þ d
2υ

dμ2
1

2m1 1

2m
2 2μ

� �
dυ
dμ

1 k2υ5 0 (35.108)

where

k :¼
ffiffiffi
3

p

8
K0 5

ffiffiffi
3

p

4π
ln

φ0

φ 0ð Þ

� �
; μ :¼ 1

11 z=a
� �m (35.109)

The differential equation (35.108) has solutions of the form

υ5AF1 μð Þ1BF2 μð Þ (35.110)

where F1(μ) denotes the hypergeometric function,

F1 μð Þ5F α;β; γ;μð Þ (35.111a)

and

F2 5μ12γF α2 γ1 1; β2 γ1 1; 22 γ;μð Þ (35.111b)

with

ω2 5m2 11 4k2
� �

; α;β5
m6ω
2m

; γ5
2m1 1

2m
(35.112)

The cardinal elements can be written down explicitly, with the aid of the rays G(z) and GðzÞ:

G zð Þ5 exp
2kffiffiffi
3

p π
2
2 arctan z=a

� �m	 
� �
F1 μð Þ (35.113a)

G zð Þ5 exp
2kffiffiffi
3

p π
2
2 arctan z=a

� �m	 
� �
AF1 μð Þ1BF2 μð Þð Þ (35.113b)
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for 2N# z=a# 0 and

G zð Þ5 exp
2kffiffiffi
3

p π
2
2 arctan z=a

� �m	 
� �
AF1 μð Þ1BF2 μð Þð Þ (35.113c)

G zð Þ5 exp
2kffiffiffi
3

p π
2
2 arctan z=a

� �m	 
� �
F1 μð Þ (35.113d)

for 0# z=a#N, in which

A52
1

2sin2 π=2m
� � cos

�
π
m

�
1 11 2cos

�
ωπ
m

�( )

B5
Γ 2 1=2m
� �

cos ωπ=2m
� �

msin π=2m
� �

Γ m1 11ωð Þ=2m� �
Γ m1 12ωð Þ=2m� �

(35.114)

The real focal length is given by

f 0

a
52

F1 μFi

� �
B

exp 2
2kffiffiffi
3

p π
2
2 arctan zFi=a

� �m	 
� �
(35.115)

and the asymptotic cardinal elements by

f

a
52

msin π=2m
� �

Γ m1 11ωð Þ=2m� �
Γ m1 12ωð Þ=2m� �

Γ 2 1=2m
� �

cos ωπ=2m
� �

zFi

a
5A

f

a

(35.116)

Kanaya and Baba plot the real and asymptotic cardinal elements as functions of k for

various values of m. Their scaling factor is ah, the half-width of φ(z), that is, the value of z
for which

1

2
12

φ 0ð Þ
φ0

� �
5 12

φ ahð Þ
φ0

and hence

ah

a
:¼ λ5 tan

πln 11φ0=2φ 0ð Þ� �
2ln φ0=φ 0ð Þ� �

( )" #1=m
(35.117)

The parameter m is a measure of the shape of the potential distributions. Fig. 35.11 shows

a number of distributions, the value of k chosen to give the minimum asymptotic focal

length.
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The spherical and chromatic aberration coefficients cannot be written in closed form.

Kanaya and Baba plot the variation of these coefficients with excitation for various values

of m and for both infinite and several finite magnifications.

35.3.1.4 The theory of Wendt

We now briefly recapitulate the work of Wendt (1951), who noticed an interesting pattern

in the principal potential models. For a two-electrode lens consisting of two adjacent plates,

the potential takes the form

φ zð Þ5κ1
z

11z2ð Þ1=2
¼: κ1 s zð Þ (35.118)

Figure 35.11
Potential distributions in three-electrode lenses characterized by different values of m, normalized

to unity at z5 0 and to zero for large values of |z|. The excitations shown correspond to
minimum asymptotic focal length. After Kanaya and Baba (1978), Courtesy Institute of Physics.
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where κ is a constant and the hole radius is the unit of length. Inverting s(z), we see that

z sð Þ5 s

12s2ð Þ1=2
5

1

2

11s

12s

 !1=2

2
1

2

12s

11s

 !1=2

z0 sð Þ5 1

12s2ð Þ3=2
(35.119)

For the tanh model, φ(z)5κ1 tanh z, we have s(z)5 tanh z and hence

z sð Þ5 arctanh s5
1

2
ln

�
11 s

12 s

�

z0 sð Þ5 1

12 s2

(35.120)

This led Wendt to enquire whether lenses corresponding to

z0 sð Þ5 1

12s2ð Þn (35.121)

have some special significance and he discusses the case n5 5/4, which gives funnel-

shaped electrodes. Of more interest, however, is his study of einzel lenses. For

φ zð Þ5κ2
1

11 z2
¼: κ2 s (35.122a)

we find

z sð Þ5 12s

s

 !1=2

z0 sð Þ52
1

2s3=2 12sð Þ1=2
(35.122b)

and for

φ zð Þ5κ2 sech2 z ¼: κ2 s

z sð Þ5 arccosh s21=2 5 ln
11 12sð Þ1=2

s1=2

( )

z0 sð Þ52
1

2s 12sð Þ1=2

(35.123)
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Wendt therefore examined the class of lenses for which

z0 sð Þ52
1

2sn 12sð Þ1=2
(35.124)

For n5 5/4, a funnel-shaped lens is again obtained.

These relations between z and s can be used to transform the paraxial equations; for two-

electrode immersion lenses (in the accelerating mode), we write

dz5 12s2
� �n

ds (35.125)

giving

s1κð Þ s2 2 1
� �

uv1
4n1 1

2
s2 1 2nκs2

1

2

� �
u0 1

ns

2
u5 0 (35.126)

the solutions of which can be expressed in terms of Riemann functions (see discussions of

Heun’s equation in texts on analysis). For einzel lenses, we write

dz52
ds

2sn 12sð Þ1=2
1# n# 3=2
� �

(35.127)

and find

s s1κð Þ s2 1ð Þuv1 n1 1ð Þs21 n1
1

2

� �
κ2 1ð Þs2 nκ

� �
u01

2n1 1

8
s2

n

4

� �
u5 0

(35.128)

which again has Riemann function solutions.

Wendt discusses in some detail cases in which these differential equations collapse to that

satisfied by the hypergeometric function. He also examines the case

z0 sð Þ5A s2að Þn; A; a; n constants (35.129a)

for which

φ zð Þ5 a1
n11

A
z2Bð Þ

� �1=ðn11Þ
B constant (35.129b)

Finally, he generalizes the two-electrode case to include two-tube lenses of different radius

by writing

z5
1

2
α ln 11 sð Þ2β ln 12 sð Þ� �

(35.130)
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instead of Eq. (35.125), which again leads to a differential equation satisfied by Riemann

functions.

35.3.1.5 Shimoyama’s contribution

We continue this account of the various models with a reference to a paper that goes further

than Grinberg (1953) in the methodical search for models; in this, Shimoyama (1982) sets

out from the paraxial equation in the form

uv1
f 0

2f
u01

f v
4f

u5 0; (35.131)

with f(z)5φ(z)/a and a, a suitable scaling factor. He writes υ :¼ f1/4 u and y :¼ {g0 (z)}1/2υ,
where g is for the moment arbitrary. Writing x5 g(z), the paraxial equation becomes

d2y

dx2
1Ny5 0 (35.132)

where

N5
3

16

f 0 zð Þ
f zð Þg0 zð Þ

� �2

1
3

4

gv zð Þ� �2
g0 zð Þ� �4 2

gw zð Þ
g0 zð Þ� �3 (35.133)

Shimoyama enquires what potentials are obtained if

N5C0 1C1x
σ 1C2x

22; C0;C1;C2 arbitrary σ 6¼ 0 or 22 (35.134)

for various forms of g(z). We reproduce his table of axial potentials and their corresponding

paraxial solutions (Table 35.2).

35.3.1.6 Crewe’s model

Crewe (1991a,b) suggests that the approximate formulae

f 5 1:06
L

lnðφ1=φÞ

Cs5
20f 3

L2

Cc 5 2f

where L is a measure of the length of the lens and φ1 is the central voltage, give useful

estimates of the values of these quantities.
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Table 35.2: Some examples of the axial potential distribution and the corresponding general solutions of the paraxial ray

equation

x5 g(z) C0 C1 C2 General Solution y(x) Examples of f (z)

0 0 1

4
1 ν2 x1=2 A1sin ν log x

� �
1A2cos ν log x

� �� �
6 a0z1a1ð Þ61=

ffiffiffi
m

p
;

6

�
a1

z1a0
1a2

�1= ffiffiffimp

; m. 0ð Þ

a0 exp

�
2ffiffiffiffiffiffiffi
mj jp tan21 a1z1 a2ð Þ

�
; m, 0ð Þ

a0 exp a1zð Þ; a0exp

�
a2

z1 a1

�
; m5 0ð Þ

m5 3=42 4ν2n2

{f (z)}n 0 0 2ν ν2 1ð Þ A1x
ν 1A2x

2ν11 ν 6¼ 1=2
� �

x1=2 A1 1A2log x
� �

ν5 1=2
� � 6 a0z1a1ð Þ61=

ffiffi
m

p

;

6

�
a1

z1a0
1a2

�1= ffiffiffimp

;

m5 3=41 2ν21ð Þ2n2

β2 0 1

4
2 ν2 x1=2 A1 Jν βxð Þ1A2J2ν βxð Þ½ � ν 6¼ integer

� �
x1=2 A1 Jν βxð Þ1A2Nν βxð Þ½ � ν5 integer

� � 6
1

β
tan21ða0z1a1Þ1a2

� �1=n

; n2 5
3

4ð12 4v2Þ
�β2 0 1

4
2 ν2 x1=2 A1Iν βxð Þ1A2I2ν βxð Þ� �

ν 6¼ integer
� �

x1=2 A1Iν βxð Þ1A2Kv βxð Þ� �
ν5 integer
� � 6

�
1

2β
log

z1a1
z1a0

1a2

�1=n
;

6

�
1

2β
log z1a0j j1a1

�1=n
;

n2 5 3=4 12 4ν2
� �

exp(αz) β2 0 1

4
A1 J0 βxð Þ1A2N0 βxÞð

exp

�
6

4ffiffiffi
3

p βexp αzð Þ
�



35.3.1.7 Ura’s unified representation

We have mentioned Ura’s unified representation of the properties of bipotential lenses in

Section 35.2.2. In the same paper (Ura, 1999), a similar representation was advanced for

einzel lenses. The geometries examined are shown in Fig. 35.12A; UR-0 and UA-0

correspond to the analytical model (35.81 with C25 0). The decelerating and accelerating

situations are examined separately. We again have De5D/λ; for the effective potential,

Ve5 k
V2

V1

2 1

� �
for

V2

V1

. 1

and

Ve5
kx

12 kx
; x :¼ 12

V2

V1

for
V2

V1

, 1

The values of the factor k, extracted from the calculations of Renau and Heddle (1986a),

are as follows: k 5 0.57 (U-1), k 5 0.86 (U-2), k 5 0.51 (U-3) and k 5 0.73 (U-4). The

unified curves are reproduced in Figs 35.12B (decelerating�accelerating lens) and 35.12C

(accelerating�decelerating lens). The thin-lens situation is again examined.

35.3.2 Measurements and Exact Calculations

We have already mentioned the limitations of the use of models. In this section, we draw

attention to einzel lens data obtained either by measurement or by calculating both the

potential distribution and the trajectories numerically (or occasionally by an analogue

technique).

The first collection of einzel lens properties was published by Bruck and Romani (1944),

who considered only the special case in which the central electrode is at cathode potential,

but for several geometries; the potential was obtained by an analogue method (electrolytic

tank) and the cardinal elements by calculation; approximate formulae gave the spherical

and chromatic aberration coefficients. The properties of such lenses were then measured by

Heise and Rang (1949) and Lippert and Pohlit (1952, 1953, 1954). Data for asymmetric

einzel lenses are to be found in the work of Everitt and Hanszen (1956) and Hanszen

(1958a,b; 1964), who collected all this together in a survey (Hanszen and Lauer, 1967) and

of Fitzgerald et al. (2012b). Further tables or graphs, describing the variation of the cardinal

elements and aberration coefficients with geometry and excitation, are to be found in the

following: Adams and Read (1972a,b), Ahmad (1998, 1999, 2010), Ahmad and Juma

(1999), Ahmad et al. (1998, 1999, 2002, 2007, 2010), Al-Mudarris et al. (2006), Aničin

et al. (1976), Archard (1956), Ashley (1971, 1972), Berger and Baril (1982), Bonjour

(1979a,b), Bruck and Romani (1944), Chanson (1946, 1947), Chanson et al. (1945), Ćirić

et al. (1976a,b), Der-Shvarts and Makarova (1966, 1969, 1971), Ehinger (1954), Ehinger
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and Bernard (1954), El-Kareh and Sturans (1971a,b, 1972), Everitt and Hanszen (1956),

Fert (1952), Gillespie and Brown (1997), Glaser and Schiske (1954, 1955), Glikman et al.

(1974), Gobrecht (1941, 1942), Grivet (1950, 1951), Hamad et al. (2005), Hanszen (1958a,

b, 1964), Hanszen and Lauer (1965/66), Heise (1949), Heise and Rang (1949), Jacob and

Figure 35.12
(A) The four einzel lens geometries. (B) Unified representation for the decelerating�accelerating

configuration. (C) Unified representation for the accelerating�decelerating configuration.
After Ura (1999), Courtesy Japanese Society of Microscopy.
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O’Sullivan (1973), Jasim et al. (2001, 2010), Johannson and Scherzer (1933), Juma et al.

(2000, 2002), Kochanov (1963), Laplume (1947), Liebmann (1949), Lippert and Pohlit

(1952, 1953), Mahl (1940, 1947), Mahl and Recknagel (1944), Parks (1971), Rang (1948),

Read (1969b, 1978, 1979), Regenstreif (1949, 1950a�c, 1951), Rempfer (1985, 1999,

examined below), Riddle (1978), Saito and Sovers (1977), Saito et al. (1973), Seeliger

(1948), Septier and Ruytoor (1959a,b), Septier (1960), Shah and Jacob (1951), Shimizu and

Kawakatsu (1974), Slodzian and Figueras (1978), Tsumagari et al. (1988), van der Merwe

(1978a,b), Vine (1960), Werner (1971), Yamazaki (1973, 1977, 1979), Yaseen Al�Ali

et al. (2002) and Yassin et al. (2012). In the papers by Rempfer, the conventional

definitions of the aberration coefficients are not adopted and the notion of principal surfaces

(rather than principal planes) is employed. Rempfer’s claim that there are fewer

independent terms in the polynomial form of the asymptotic spherical aberration coefficient

than was believed is not justified. The relation that she believed to be generally true is

correct only in the thin-lens approximation (Hawkes and Lencová, 2002). Nomura (1998,

1999) examines the properties of four- and five-electrode einzel lenses.

The paper by Glikman et al. (1974) is unusual in that the properties of multielectrode

nonimmersion lenses are calculated. The authors state that the spherical aberration

coefficient is ‘almost always’ least when the tube radii (all equal and denoted by R) and the

length of each tube (λ) are the same, and examine this case in detail (a) for equal voltage

ratio and (b) for equal voltage difference. For (a), the potential φk on the k-th electrode of

an N-electrode lens (N odd) is given by

φk 5φ1q
k21; k5 1; 2; . . . N1 1ð Þ=2; q :¼ φc

φ1

� �2=ðN21Þ
(35.135)

where φc is the potential at the central electrode, φc5φ(N11)/2; for k5 (N1 1)/2, . . . N, we
have φN�k5φk. For the case of equal voltage difference, (b), the potentials are given by

φk 5φ11 k2 1ð ÞΔφ; Δφ :¼ 2 φc 2φ1

� �
N2 1

(35.136)

for the first half of the lens and again, φN�k5φk, for the second half.

Glikman et al. also consider a third situation in which the axial potential is given by

φk zð Þ5 16
m2

11 zk � L=2
� �2

=a2
k5 1; 2; . . .N (35.137)

where m and a are constants, L is the distance between the outer electrodes and

zk :¼ 2L/21 (k2 1)λ. Thus zk is the coordinate of the centre of the k-th electrode,

measured from the gap between the first two electrodes. The spherical aberration proves to

be smallest for L/a5 4 and Glikman et al. give details of this case only.
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Another special case of interest is the ‘hyperbolic lens’, introduced by Rüdenberg (1948) and

subsequently studied by Septier (1960), Septier and Ruytoor (1959a,b) and, as an energy

filter, by Der-Shvarts and Belen’kii (1962). Rüdenberg had argued that a potential distribution

of the form Φ(r, z)5 p(z22 r2/2) would be capable of producing a sharp image even for rays

steeply inclined to the axis, since it would be free of spherical aberration. Such a field would

require hyperbolic electrodes (Fig. 35.13A), which might in reality be constructed as shown

in Fig. 35.13B and C. The perfect focusing property is lost when openings are made for the

passage of the electrons but Septier’s measurements suggest that the geometry is

advantageous. A careful study of the potential distribution, cardinal elements and coefficients

of spherical and chromatic aberration of two-dimensional hyperbolic lenses has been made by

Yokota and Kishi (1970), Yokota and Nagami (1978) and Yokota et al. (1975). Fraser et al.

(1971) considered an analogous geometry in connection with guns.

This work on hyperbolic lenses leads us to enquire what is the optimum shape for the

electrodes of an einzel lens, with some well-defined condition for optimality (cf.

Section 33.7). We have already mentioned the work of Septier and Ruytoor (1959a,b) and

Septier (1960), who examined a range of geometries (Fig. 35.14) and showed the advantage

of asymmetry, confirmed by Hanszen (1958a). More recently, Shimizu (1983) introduced a

practical figure of merit for symmetric and asymmetric einzel lenses, which provides a

useful guide to their relative performance, in particular as probe-forming lenses for ion

microprobe devices. Adding the aberration disc diameters arising from spherical and

chromatic aberration in quadrature gives a beam spread D of

D5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

s 1D2
c

q Ds5
1

2
Csα3

Dc5Cc Δφ=φ
� �

α

(35.138)

Figure 35.13
The hyperbolic lens. (A) Electrodes shaped to create a hyperbolic field directly. (B) By choosing

the ring potentials suitably, a hyperbolic distribution can be synthesized. (C) The desired
distribution is only crudely produced here. In each case, the distribution is hyperbolic in the zone

D, which diminishes relative to the lens length L as we go from (A) to (C).
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Figure 35.14
Einzel lens geometries studied by Septier and Ruytoor. The spherical aberration decreases sharply

as we go from (A) to (D), all other conditions remaining unchanged.
After Septier and Ruytoor (1959b), Courtesy Académie des Sciences, Paris.



where α is the semiangle at the probe. Regarding the working distance w and the angle α as

fixed constraints, we write

D

w Δφ=φ
� �

α
5

Cc

w

α2Cs=Cc

2 Δφ=φ
� �

( )2

11

2
4

3
5
1=2

(35.139)

The free parameters on the right-hand side are Cc/w and Cs/Cc. For a lens such as that

shown inset in Fig. 35.15A, where the aberration coefficients and focal length are plotted

against lens strength, Cs/w and Cc/w vary with R/w as shown in Fig. 35.15B; Fig. 35.15C

shows how Cc/w is related to Cs/Cc for minimum D/w(Δφ=φ)α. The figure of merit

D� introduced by Shimizu is this minimum:

D� :¼
�

D

w Δφ=φ
� �

α

�
min

(35.140)

and is a different function of the predetermined quantity 2ðΔφ=φÞ=α2 for each geometry.

A convenient approximation is obtained by choosing Cs/Cc so that the effects of the two

types of aberration are equal; this gives

Cs=Cc

� �
opt

� 2 Δφ=φ
� �

=α2 (35.141)

and hence

D� �
ffiffiffi
2

p
Cc=w (35.142)

Shimizu uses these ideas to compare four asymmetric lenses (Figs 35.16A and B);

Fig. 35.16C and D show D� for various geometries with the lens operating in the

decelerating (C) and accelerating (D) modes. We note that D� is distinctly smaller in the

accelerating mode, a point emphasized by Slodzian and Figueras (1978) and confirmed by

the various model calculations; in practice, though, it may not be convenient to provide

the necessary voltage supply. The properties of asymmetric einzel lenses are also

discussed by Read (2015).

The foregoing discussion tacitly demonstrates that most electrostatic lens optimization has

been achieved by systematic investigation of rather few configurations, with a view to

establishing the dependence of the optical properties on a small number of geometrical and

electrical variables. A quite different approach, which would approach more closely to

genuine optimization but for one major obstacle, is that of Szilágyi who, in a series of

papers (Szilágyi, 1977, 1978a, 1983; Szilágyi et al., 1984), has developed procedures for

revealing particularly advantageous electrostatic and magnetic lens distributions. The first

two papers rely on a ‘dynamic programming’ search, described in more detail in
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Section 36.4.3 on magnetic lenses. The axial electric field is approximated by a series of

linear segments, so that Eq. (36.172) is replaced by

φ zð Þ5 a0 1 a1z1 a2z
2=2 (35.143)

Figure 35.15
Einzel lenses and probe formation. (A) For the lens geometry shown, f/R, Cc/R, Cs/10 R and w/R
are plotted as functions of lens strength k, defined by k5 12φ(0)/φ0, where φ(0) is the potential

in the centre of the lens and φ0 is the potential at the outer electrodes. (B) Cs/w and Cc/w as
functions of R/w. (C) Cc/w as a function of Cs/Cc for minimum D*. After Shimizu (1983), Courtesy

Japanese Journal of Applied Physics.
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but as in the magnetic case, the method suffers from the drawback, emphasized in Section 33.7,

that it yields not a lens but an axial potential distribution. Many examples of searches for

immersion lenses with minimum spherical aberration are to be found in Szilágyi (1978a). The

dynamic programming is relatively slow and Szilágyi has subsequently returned to a simpler

technique (Szilágyi, 1983; Szilágyi et al., 1984), of the type mentioned in Section 33.7. We note

that his findings confirm that lenses in which the first part of the field has an accelerating action

are advantageous, a result obtained by many earlier investigators. For some electrostatic lens

designs of high quality, see Szilágyi (1984a,b, 1985, 1986, 1987a,b) and Szilágyi and Szép

(1988) and for criticism of some of these designs, see Glatzel and Lenz (1988).

As a final example of the search for perfect image formation, we draw attention to Glaser’s

discussion (1948) of the electron optical equivalent of Maxwell’s fish-eye lens (cf. Born

and Wolf, Section 4.2.2; Ingarden, 1957; Luneberg, 1964, Section 28 and, for the more

general Luneberg lens, Section 29; and also note [25] in Glaser, 1952).

Figure 35.16
(A)�(B) Configurations analysed by Shimizu. (C) and (D) The figure of merit D* as a function of
2(Δφ/φ)/α2. In (C), the incident beam is first decelerated then accelerated while in (D) the order
is reversed. Dotted curves correspond to 35.14A, full curves to 35.14B for various values of n.

After Shimizu (1983), Courtesy Japanese Journal of Applied Physics.
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35.3.3 Miniature Lenses

Miniature electrostatic lenses and columns have been the subject of numerous studies. Here

we simply direct the reader to sources of information as the optics is not very different from

that of larger lenses. Miniature columns based on permanent-magnet lenses are mentioned in

Section 36.6.3. See Chang et al. (1990), Crewe et al. (1992, 1996), Feinerman et al. (1992,

1994a,b, 2002, 2004a,b), Perng et al. (1992), Kern and Chang (1994), Koops et al. (1995),

Burstert et al. (1996), Feinerman and Crewe (1997, 2002), Bubeck et al. (1999), Muray et al.

(2000, 2006, 2014), Khursheed (2001), Ambe et al. (2002), Schubert et al. (2002), Syms

et al. (2003), Saini et al. (2005, 2006), Spallas et al. (2006, 2016), Rochow et al. (2008) and

Sinno et al. (2010). An unusual miniature SEM and variable-pressure SEM project is

associated with space exploration. Designs for such instruments to be landed on the moon

and on Mars are described by Edmunson et al. (2016, 2017), Gaskin et al. (2009, 2010,

2012), Loyd (2015), Loyd and Gregory (2016), Loyd et al. (2017) and Thaisen et al. (2009).

35.4 Grid or Foil Lenses

The earliest grid lens is also one of the earliest electron lenses, for a ‘screen lens’ is

considered by Knoll and Ruska (1932). This was an attempt to mimic the form of a glass

lens with electron-transparent foils or gauze. Sporadic interest in electrostatic lenses in

which one or more of the openings were covered by a grid was shown during the 1930s but

these lenses were thoroughly studied only after it was realized that they offered a way of

circumventing Scherzer’s theorem: such lenses can be divergent, and their spherical

aberration can be cancelled. Here, therefore, we describe their optical properties and

indicate sources of detailed information; we shall return to their aberrations in Chapter 41,

Aberration Correction. Grid lenses are special cases of lenses in which a stable cloud of

space charge is somewhere maintained, and here we list formulae for the various aberration

coefficients in the presence of space charge in general. We consider space charge

distributions that can be represented by the series expansion

ρ r; zð Þ5 ε0
XN
n50

21ð Þnr2n
22n n!ð Þ2 ρ2n zð Þ

5 ε0ρ0 zð Þ2 ε0
4
r2ρ2 zð Þ1?

(35.144)

so that the electrostatic potential in a rotationally symmetric lens with space charge present

becomes

Φ r; zð Þ5φ zð Þ2 1

4
r2 φv1 ρ0
� �

1
1

64
r4 φ 4ð Þ1 ρvo 1 ρ2
� �

(35.145)

762 Chapter 35



The spherical and chromatic aberration coefficients may be written in various equivalent

forms. Hoch et al. (1976) use

Cs5
1

64

ðzi
zo

φ zð Þ
φo

� �1=2
α0h

4 1α1h
3h0 1

16ρ0
φ

h2h02
� �

dz (35.146)

in which
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(35.147)

and

F zð Þ :¼ φ0=φ zð Þ (35.148a)

so that

F0 zð Þ5φv=φ zð Þ2F2 zð Þ (35.148b)
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Typke (1968/69) gives the alternative expression
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If the space charge is concentrated on a plane foil or gauze at z5 zG, we write

ρ z; rð Þ5σ rð Þδ z2 zGð Þ (35.150)

whereupon the spherical aberration coefficient separates into two parts:

Cs ¼: C Gð Þ
s 1C0

s (35.151)

where
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and I is the integrand in Eq. (35.149).

If the gauze or foil is not plane but spherical, with radius R, concave towards the object, the

coefficient Cs ¼: C 1ð Þ
s 1C 2ð Þ

s becomes (Hoch et al., 1976)
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The quantity δφ(n) denotes the abrupt change in φ(n) at the gauze:

δφ nð Þ :¼ φ nð Þ12φ nð Þ2 (35.154)
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and

Δnφ0 :¼ φ01� �n
2 φ02ð Þn� �

=φn
G; n5 1; 2; 3 (35.155)

Finally Φrr :¼ @2Φ/@r2|r50.

For the chromatic aberration, Typke gives
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in agreement with Hoch et al. who give the last (integrated) term in the formðzi
zo

φo=φ
� �1=2 ρ0=4φ

� �
h2dz. When the foil is spherical, this last term becomes

2 φo=φa

� �1=2
h2GΔ1φ0=4.

A third set of formulae has been derived by Munro and Wittels (1977) for all the aberration

coefficients of magnetic and/or electrostatic lenses containing plane foils. They find
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in which
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(35.158)

and (see 15.7)

wg5 g zð Þ exp iθð Þ
wh5 h zð Þ exp iθð Þ
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We have added primes to the aberration coefficients C0
s. . .D

0 since Munro and Wittels

define their coefficients in terms of the fixed coordinates w5X1 iY. Likewise, chromatic

aberration coefficients are given by
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(35.159)

Formulae for the third- and fifth-order spherical aberration coefficients are to be found in a

series of Japanese papers (Hibino and Maruse, 1976; Hibino et al., 1978; Kuzuya et al.,

1982; Hanai et al., 1982). In the first two papers, the conventional rotating coordinates are

used and explicit expressions obtained for the third- and fifth-order spherical aberration

coefficients of probe-forming lenses. In the third paper, where magnifying conditions are

considered, the coefficients are recalculated in fixed coordinates, as in the paper by Munro

and Wittels.

35.5 Conical Lenses and Coaxial Lenses

Two unconventional lens geometries have been studied in detail by the Saint-Petersburg

group: coaxial lenses (Ovsyannikova and Fishkova, 1997, 1998, 1999a,b; Fishkova,

2009, 2010, 2013) and conical lenses (Baranova et al., 1989a,b, 1990; Yavor and

Baranova, 1990).

Coaxial lenses consist of two or more coaxial cylinders held at different potentials. A

conical beam passes between the inner and outer cylinders. Fig. 35.17A and B shows two

of the geometries studied. Curves representing the electron optical properties of several

such lenses are to be found in the references cited.3

Conical lenses consist of conical frusta (Fig. 35.18A) or a series of cones, each pierced by a

single slit (Fig. 35.18B). In the first case, the conical beam passes between the two sets of

conical surfaces and the potentials may be chosen to give einzel-like lenses or

multielectrode lenses. In a meridional plane, the paraxial trajectory equation takes the form

yv1
φ0

2φ
y01

1

2φ
φv1

φ0

x

� �
y5

φ\

2φ

3 These curves are readily available as the Russian journals are open access. The English translations can be

found on SpringerLink from 1997 onwards.
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in which φðxÞ is the potential distribution along the x-axis midway between the conical

frusta; φ\ denotes the derivative of the potential with respect to y at the axis.

In the second configuration, the lens consists of a series of cones with the same cone-angle,

displaced as shown. The lens action is provided by slits in the cones, which define an ‘optic

axis’ perpendicular to the surfaces of the cones. For many details of the optical properties

of these lenses, we refer to the works cited.

Figure 35.17
Two types of coaxial lens.
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35.6 Cylindrical Lenses

There is no large body of information available on cylindrical lenses comparable with that

listed above for round lenses, for the good reason that cylindrical lenses are used for very

specific purposes and there is no dominant simple design to play the role of the symmetric

einzel lens, for example. A family of devices that regularly use multielectrode electrostatic

cylindrical lenses comprises electron bombardment ion sources (Fig. 35.19) for mass

spectrometry. Here an electron beam arrives perpendicular to the ion optic axis and ionizes

the gas to be analysed. The resulting ions are accelerated and focused by the sequence of

electrodes leading to the spectrometer. Such lenses are also employed in beta-ray

spectrometers.

It is easy to calculate the properties of such systems provided that the electrodes can be

modelled by rectangular profiles or, as is commonly done, by planes. The

Schwarz�Christoffel conformal transformation can then be used to derive sets of equations,

which implicitly describe the potential distribution as a function of the geometric

parameters of the system. Although these equations are nonlinear, methods of solving them

have been available for many years (e.g., Durand, 1961; Wallington, 1970, 1971). Once the

field is known, the optical properties are established either by solving the paraxial equations

and evaluating the aberration integrals or, particularly if large angles are involved, by

solving the exact equations of motion and drawing conclusions about the optics of the

system from the results.

Figure 35.18
Conical lenses. (A) A set of conical frusta. (B) Parallel pierced cones. After Yavor and Baranova

(1990), Courtesy Elsevier.
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Sets of curves showing the variation of the cardinal elements and some aberration

coefficients are available for a few simple geometries: the symmetric three-electrode

structure (Laudet, 1953; Archard, 1954; Yokota and Kishi, 1987; Yokota and Nagami,

1987); the two-electrode immersion lens (Glikman et al., 1967b), extended to a three-

electrode immersion lens with equal plate separation in Glikman et al. (1967c) where the

conditions for telescopic operation are given.

Detailed field calculations are to be found in Archard (1954), Laudet (1953) and in the work

of Boerboom (1959, 1960a,b) and Wallington (1970, 1971, see Mulvey and Wallington,

1973). A model field based on the use of elliptic coordinates has been introduced by Grümm

(1956b), a particular case of the family of fields (Grümm, 1956a) for which the equations of

motion have explicit solutions. This field, φ(z)5φo{11 k2z/(11 z2)1/2}, has paraxial

solutions expressible in terms of circular and hyperbolic functions; see also Grümm and

Spurny (1956, 1957).

For further information, see Glikman et al. (1967a), who show that electrostatic cylindrical

lenses can never be divergent, Glikman and Yakushev (1967), who calculate the field of a

general three-electrode cylindrical lens, Harting and Read (1976), who give detailed data on

two two-electrode slit lenses and two three-electrode slit lenses, Hibi et al. (1967), who give

the cardinal elements of five geometries, and Vukanić et al. (1976a,b) and Ćirić et al. (1976a,

b), who analyse the fields and cardinal elements of a range of ‘unipotential’ cylindrical lenses.

For a five-electrode design for use with an unusual energy analyser, see Kishi et al. (1987a,b).

The calculation of the parameters occurring in the Schwarz�Christoffel transformation has

been reconsidered by Boerboom and Chen (1984), who have devised an accurate and

rapidly converging iterative method for this purpose.

Figure 35.19
Very schematic representation of an electron bombardment ion source. The electron beam arrives

perpendicular to the plane of the diagram in the same zone as the gas input.
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CHAPTER 36

Magnetic Lenses

36.1 Introduction

Like their electrostatic counterparts, magnetic lenses take a great many different physical

forms, but optically, they fall into a few categories only. In the vast majority of cases,

magnetic lenses are devices that produce a rather intense field within a small volume, and

the superficial differences arise from the design and nature of the windings, yoke and

polepieces employed to create this field. The traditional magnetic lens (Fig. 36.1A)

produces a field distribution B(z) by means of an iron yoke terminated by polepieces of

higher permeability, enclosing a current-carrying coil. In a well-designed lens, the flux

remains within the yoke or coil region, except between the polepieces. Such lenses are

characterized by the gap, invariably denoted by S, and the bore diameter D, if the lens is

symmetric, or the front and back bores, D1 and D2, otherwise. We emphasize that magnetic

lenses are said to be symmetric if the field B(z) is symmetric about a centre-plane; taking

the latter as the origin, B(2z)5B(z) in a symmetric lens. The lens may be physically far

from symmetric, with the polepieces at one end for example (Fig. 36.1B). A lens is said to

be unsymmetric only if D1 6¼ D2 or if the shapes of the upper and lower polepieces are

different (e.g., Fig. 36.40). The polepieces are usually made of one of the cobalt-iron alloys,

such as Permendur or Vacoflux 48, as these have a particularly high saturation

magnetization. For the remainder of the yoke, an unalloyed soft iron such as Hyperm O

may be employed or a 48% nickel�iron alloy (Alloy 48 or Supran); the latter saturates at

about 1.8 kT and exhibits less hysteresis than pure iron.

Not all lenses belong to this category, however, the exceptions being lenses with more than

one gap, notably permanent magnet lenses, the various unconventional designs introduced

by Mulvey and colleagues in which asymmetry is taken to extreme limits and side-gap

lenses, and some superconducting designs. The advantages of exploiting the properties of

superconductors in electron lens design were first recognized in the 1960s (Laberrigue and

Levinson, 1964; Fernández-Morán, 1965, Boersch et al., 1966; Ozasa et al., 1966; Siegel

et al., 1966; Kitamura et al., 1966) and numerous superconducting lens designs have since

been studied (Hardy, 1973; Dietrich, 1976; Hawkes and Valdrè, 1977). In some of these,

only the coil is superconducting, giving almost perfect current stability; in others, the entire

lens is cooled and the high saturation magnetization of the rare earths holmium and

dysprosium is exploited to produce a very strong lens without excessive saturation.

771
Principles of Electron Optics: Applied Geometrical Optics.

DOI: http://dx.doi.org/10.1016/B978-0-12-813369-9.00036-1

© 2018 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/B978-0-12-813369-9.00036-1


The interest of using high-temperature superconductors has been investigated by Adriaanse

(1994) and Adriaanse et al. (1991a, b). In the ‘shielding cryolens’ introduced by Dietrich

and colleagues (Dietrich et al., 1969; Weyl et al., 1972; Dietrich, 1976), the field, produced

directly by the coil and not conveyed by yoke and polepieces, is confined within a small

volume by superconducting cylinders, into which flux cannot penetrate by virtue of the

Meissner�Ochsenfeld effect. Although these superconducting designs require a different

technology from conventional lenses, they are optically indistinguishable. Only the shielding

lens is accorded a special section, therefore (36.7.2), the others being covered in the

appropriate paragraphs of Sections 36.2 and 36.3. The superconducting microscope project

of Laberrigue was intended to reduce the dimensions of the huge high-voltage microscopes

of the 1960s (Laberrigue and Levinson, 1964; Laberrigue and Séverin, 1967; Laberrigue

et al., 1967, 1971, 1973, 1976; Génotel et al., 1967a,b, 1971; Séverin et al., 1971)

Coils

S

D1 D2

S

D1 D2

Pole
Pieces

Yoke

Optic
axis

Optic
axis

(A)

(B)

Figure 36.1
Cross-sections of typical magnetic lenses. Both are said to be symmetric if D15D2.
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From these remarks, we see that magnetic lenses may be excited by windings, at room

temperature or in the superconducting state, or the field may be created by employing a

permanent magnet. In the former case, it is in practice almost invariably preferable to avoid

magnetic saturation in the yoke and polepieces, though there may be good theoretical reasons

for tolerating saturation. In the absence of saturation, the flux density at any point is

proportional to the number of ampère-turns in the winding, which we denote by J :¼ IN,

where N is the number of turns in the coil and I the current flowing. (J has the dimensions of

a current but excitations are always quoted in ampère-turns or A-t, to prevent

misunderstanding.) As J is increased, saturation eventually sets in and the proportionality fails.

The various forms of the ray equation or the paraxial equation show clearly that the

quantity characteristic of a magnetic lens is ηB/φ̂
1=2

, which has the dimensions of reciprocal

length. If, therefore, L is some convenient length associated with the lens, ηBL /φ̂
1=2

will

be dimensionless. On scaling the lens dimensions uniformly, therefore, without changing

ηBL /φ̂
1=2

, lens properties having the dimensions of length such as the focal length and the

spherical and chromatic aberration coefficients will likewise scale as L. Thus f/L, Cs /L and

Cc/L will be invariant under such a scale change.

From these general observations, we may anticipate that magnetic lens properties should be

presented in terms of some function of ηBL /φ̂
1=2

for different values of some other function

of S and D (or D1 and D2). For some quantities, a single ‘universal’ curve represents this

dependence for all conventional lenses operating in conservative conditions.

Another convenient notion is the form factor. If we set B(z) ¼: B0 f(z), where f(z) rises to a

maximum value of unity, and apply Ampère’s circuital theorem (Fig. 36.2),

ðN
2N

B zð Þdz5B0

ðN
2N

f zð Þdz5μ0NI5μ0J (36.1)

1

z

S

D/2

Bp

2
3

Figure 36.2
Ampère’s circuital theorem. Integration around curve 3 yields Eq. (36.1). If the reluctance of the

yoke is negligible, integration around circuits 1 and 2 tells us that B0

Ð
f ðzÞdz5 SBp 5μ0J.
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we have

B0 5
μ0J

AL
; A :¼ 1

L

ðN
2N

f zð Þdz (36.2)

The excitation parameter ηB0L/φ̂
1=2

may thus be written

ηB0L

φ̂
1=2

5
ημ0J

Aφ̂
1=2

(36.3)

The dimensionless quantity A is known as the form factor of the lens (Lenz, 1952) and

provided that the lens remains unsaturated, f(z) and hence A are characteristic of each lens

geometry. As J is raised, the polepieces eventually saturate, f(z) broadens and A changes;

A may likewise be affected if the yoke is so badly designed that ‘parasitic’ lenses appear

along the bore: some typical situations are illustrated in Fig. 36.3.

36.1.1 Modes of Operation

Magnetic lenses are of course employed both as objective or probe-forming lenses, in

which case the real cardinal elements and aberration coefficients are required, and as

projectors, condensers or other beam transport lenses, in which case it is the asymptotic

0
2

2.5

A

S/D

1,4 and 5

2

2 and 4

1

5

3

1 2 3

Figure 36.3
The form factor A as a function of S/D for various unsaturated lens models. 1. Exact calculation.
2. Lenz’s model (see 36.84). 3. (36.87). 4. Convoluted Gray’s model (36.84). 5. Convoluted

Grivet�Lenz model (36.85). After Lenz, 1982, Courtesy Springer Verlag.
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quantities that are needed. In the first case, it is nowadays usual to immerse the specimen or

target deep within the field whenever high resolution is demanded and the lens is then fully

characterized by two sets of real quantities, those belonging to the space before the

specimen or target and those to the space beyond it. In such conditions, we speak of a

condenser�objective. The reduction in Cs to be gained by placing the specimen in the

centre-plane of an objective was pointed out as long ago as 1941 (Glaser, 1941a) but

practical lenses operating in or close to this symmetric mode are often referred to as

Ruska�Riecke condenser�objectives, after the scientists who first deliberately set out to

exploit the predicted advantage (Riecke and Ruska, 1966; see Riecke, 1982); even before

that, however, a number of microscopes had been operated with the specimen well within

the field region. If the lens is still stronger, one of the object foci retreats even further

towards image space for there are now two planes conjugate to an infinitely distant image

(Fig. 36.4). In a second-zone objective, the specimen is placed at the focus in the second or

positive half of the lens (Suzuki et al., 1968; Tochigi et al., 1969; Akashi et al., 1970). A

special case of the latter is the telescopic-condenser mode (Francken, 1972; Francken and

Heeres, 1973; Kamminga, 1976), in which the condenser part of the objective acts as a

telescope.

36.1.2 Practical Design

There is a great deal more to designing a lens than just evaluating cardinal elements and

aberration coefficients. The gap S and bore D must be of suitable sizes to accommodate the

specimen-stage mechanism, the objective aperture holder and anticontamination equipment;

provision for both top-entry and side-entry stages may be required, and here the top bore

must be large enough to receive the former and the gap wide enough to allow the latter to

be introduced and manœuvred. For metallurgists especially, the space around the specimen

should be capable of housing all the appliances of their mini-laboratory, as Valdrè has

explained (1975), which again reflects on the choice of the inner dimensions. The needs of

environmental electron microscopy impose new demands on the specimen region.

Design of the polepieces too is a complex task: they normally have the form of truncated

cones (Fig. 36.1A), and the choice of cone-angle and the length of the conical section are

both important design parameters. The lens core, that is, the part of the yoke nearest to the

optic axis, must likewise be designed in such a way that no flux leaks into the bore, where

it would create a weak parasitic lens. Even the remainder of the yoke requires careful

thought, to ensure that the amount of metal is sufficient but not excessive and to provide

good magnetic contact between the different parts. We shall not discuss these topics here,

but refer the reader to a very detailed account by Riecke (1982) and to the survey of Tsuno

(2009). Fig. 36.5 shows a detailed drawing of a conventional electron microscope objective

as a reminder of the complexity that results from the need to squeeze so many moving parts
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Figure 36.4
Lens operating modes. (A) Condenser�objective mode. (B) Second-zone mode. (C) Conventional

mode. (D) and (E) Second-zone mode for fixed-beam operation and for STEM operation.
EP: Entrance pupil; SP: specimen; OA: objective aperture; CI: crossover image. After Riecke (1982),

Courtesy Springer Verlag.
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into so small a volume, under vacuum conditions. Furthermore, every new development in

electron microscopy brings new problems: in high-voltage microscope objectives, there is

ample space but the lenses are so large that delicate movements must all be performed at

the end of a control rod perhaps 1 m in length; in dedicated STEMs the constraints of ultra-

high vacuum must be accepted; in analytical instruments, where many signals are generated

� by X-rays, secondary electrons, back-scattered electrons, luminescence and beam-induced

currents, and this list is not complete � space must be made available for all the

corresponding detectors, and furthermore the magnetic circuit must leave a clear path

between the specimen and each detector, often a very demanding requirement.

Such constraints, although continually being added to, are familiar, in the sense that lens

designers are accustomed to them and satisfactory solutions are known and have been

incorporated into commercial instruments, at least in most cases. There are, however, more

egregious demands on lens design that have not yet found definitive solutions. An example

is the type of lens that will be needed if three-dimensional reconstruction is to be automated

Beam deflectors

Specimen height

Objective stigmators

Image deflectors

Minicondenser coil
Objective coils

Minicondenser lens gap

Lens polepieces

Figure 36.5
The objective lens area of the FEI Talos electron microscope. Courtesy Dr Ondrej Shanel, FEI.
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as highly as it is in the field of X-rays (e.g., Hoppe and Typke, 1979; Hoppe and Hegerl,

1980); for an idea of the new difficulties that arise, see Typke et al. (1976, 1980), Plies and

Typke (1978), Plies (1981) and Typke (1981).

36.1.3 Notation

We shall repeatedly encounter the paraxial equation of motion, so it is convenient to define

standard forms of this equation. The fundamental expression is

uv1
η2B2

4φ̂
u5 0 (36.4)

As before, we write

B zð Þ5B0f zð Þ f zð Þ# 1 (36.5)

and introduce a length unit, L, whereupon Eq. (36.4) becomes

d2u

dζ2
1 k2f 2u5 0; k2 :¼ η2B2

0L
2

4φ̂
; ζ :¼ z=L (36.6)

This definition of k2 is the same as that used by Glaser for his bell-shaped field

(Section 36.2.1) if L is set equal to the half-width a. Alternatively, we may substitute

B05μ0J/AL (36.2), giving

d2u

dζ2
1

π2κ2f 2

A2
u5 0; κ2 :¼ η2μ2

0L
2

4π2ϕ̂
(36.7)

The constant π2 is introduced so that for the Glaser field, for which AL5πa, κ2 and k2 are

the same (Lenz, 1950c).

36.2 Field Models

Magnetic lens design studies have followed much the same path as those for electrostatic

lenses: first, heavy reliance on simple models of the axial field B(z) supported by

calculations based on analogue techniques for establishing B(z), gradually supplanted by

computer modelling, progressively more exact as sophisticated numerical techniques have

become widely available.

In this section, we give some account of the principal models; we stress once again that

these remain useful for studying lens behaviour as a function of the various parameters of

the model but that they should always be supplemented and corrected by exact calculation

whenever possible.
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36.2.1 Symmetric Lenses: Glaser’s Bell-Shaped Model

36.2.1.1 Paraxial properties

In 1941, Glaser (1941a) introduced the field model

B zð Þ5 B0

11 z2=a2
(36.8)

This is a good enough approximation to the field in symmetric lenses to give an

acceptable idea of the variation of the lens properties with B0 and a, though it falls to

negligible values far more slowly than real fields; it has the great attraction that all the

optical properties � cardinal elements and aberration coefficients, real and asymptotic �
can be expressed in closed form in terms of circular functions.

Substituting Eq. (36.8) in the paraxial equation (36.4) and replacing z by the angle ψ,

z ¼: a cot ψ (36.9)

(Fig. 35.10), we find

d2u

dψ2
1 2cot ψ

du

dψ
1

η2B2
0a

2

4φ̂
u5 0 (36.10)

Writing

u ψð Þ ¼: r ψð Þ
sin ψ

(36.11)

gives

d2r

dψ2
1 11

η2B2
0a

2

4φ̂

� �
r5 0 (36.12)

Setting

ω2 :¼ 11
η2B2

0a
2

4φ̂
¼: 11 k2 (36.13)

the solutions are thus of the form

u1 5
cos ωψ
sin ψ

; u2 5
sin ωψ
sin ψ

(36.14)

The rays G (z) and GðzÞ (16.1), which, we recall, satisfy the boundary conditions

lim
z-2N

G zð Þ5 1; lim
z-N

G zð Þ5 1
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are thus

G ψð Þ52
sin ω ψ2πð Þ

ω sin ψ
(36.15a)

G ψð Þ5 sin ωψ
ω sin ψ

(36.15b)

while the rays g(z) and h(z), satisfying g(zo)5 h0(zo)5 1, g0(zo)5 h(zo)5 0 (15.42), are

g ψð Þ5 sin ψo

sin ψ
sin ω ψ2αð Þ
sin ω ψo 2α

� � (36.16a)

where

α5ψo 2
1

ω
arctan ω tan ψo

� �
(36.16b)

and

h ψð Þ52
a sin ω ψ2ψo

� �
ω sin ψo sin ψ

(36.16c)

In systems with real apertures, the rays s(z) and t(z) are also needed, s(zo)5 t(za)5 1,

s(za)5 t(zo)5 0. These are given by

s ψð Þ5 sinψo

sin ω ψa 2ψo

� � sin ω ψa2ψ
� �
sin ψ

(36.17a)

t ψð Þ5 sinψa

sin ω ψo 2ψa

� � sin ω ψo2ψ
� �
sin ψ

(36.17b)

From Eq. (36.16c), we see that the plane(s) conjugate to z5 zo occur at

ψi5ψo 2 n
π
ω

(36.18)

For ψ05π, there will be only one such plane, ψi5ψo2π/ω, if ψi lies between ψ5 0 and

ψ5π/2 and hence if ω lies between 1 and 2; this is commonly the case. For stronger

lenses, there will be two (or more) planes conjugate to ψo. The magnification is given by

g(ψi) and from Eqs (36.16a) and (36.18) we see that

g ψi

� �
5M5 21ð Þn sin ψo

sin ψi

(36.19)
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From G(ψ) and GðψÞ, we can read off the real (high-magnification) foci:

ψFo5
nπ
ω

; ψFi5π1
nπ
ω

(36.20)

Likewise

dG

dz

�����
z5zFo

5
21ð Þn sin nπ=ω

� �
a

dG

dz

�����
z5zFi

52
21ð Þn sin nπ=ω

� �
a

so that the real focal length is

f 0 5 21ð Þn a cosec nπ=ω
� �

(36.21)

But since ψi5ψo2 nπ/ω and z5 a cot ψ we see that

zo5 a cot ψo5 a cot ψi1 nπ=ω
� �

5 a
cot ψi cot nπ=ω

� �
2 1

cot ψi1 cot nπ=ω
� �

or

zo 2 a cot nπ=ω
� �� �

zi2 a cot nπ=ω
� �� �

52 a2 cosec2 nπ=ω
� �

Thus

zo2 z0Fo
� �

zi2 z0Fi
� �

52 f 02 (36.22)

where

z0Fo5 a cot ψFo ; z0Fi5 a cot ψFi (36.23)

Thus Glaser’s bell-shaped field is a Newtonian field (Section 17.2), real image formation

when neither conjugate is at infinity being characterized by fixed (not object-dependent)

cardinal elements.

The asymptotic cardinal elements are obtained by calculating limz-N G(z) or limz-2N GðzÞ.
We have

lim
z-2N

G zð Þ5 zG0 2Nð Þ1 lim
z-2N

G2G0 z
� �
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But

lim
z-2N

G2G
0
z

	 

5

1

ω
lim
ψ-π

sin ωψ
sin ψ

1ω cos ψ cos ωψ2
cos2 ψ
sin ψ

sin ωψ

 !

5
1

ω
lim
ψ-π

sin ψ sin ωψ1ω cos ψ cos ωψð Þ

52 cos ωπ

and

G
0
2Nð Þ52

1

aω
sin ωπ (36.24)

Hence (16.5�16.7)

f 5 aω cosec ωπ (36.25a)

zFo52 zFi52 aω cot ωπ (36.25b)

The rotation between real object and image is given by

θoi 5
η

2φ̂
1=2

ðzi
zo

B dz5
nπ k

ω
(36.26)

When object and image are both asymptotic, the rotation is equal to kπ.

36.2.1.2 Aberrations

All the aberration integrals can be evaluated in closed form (Glaser, 1941a; Glaser and

Lammel, 1943; Kanaya, 1949a,b, 1951a,b,c,d, 1954, 1955). We reproduce the resulting

formulae. Since the field is Newtonian, the real coefficients can be written partially as

polynomials in reciprocal magnification as well as the asymptotic coefficients (Hawkes,

1968a,b, 1970, 1974) and we recast the formulae to bring out this dependence.

a. Real aberrations, expressed in terms of object and aperture coordinates1

C5
1

4a2
sin3 ψa

sin ψosin
3ω ψo 2ψa

� � πk22
4ω2 2 7

4ω2 2 1
ω3 sin

π
ω
cos ψo 1ψi

� �( )

-
M-N

1

4a2
sin3 ψa

sin π=ω
� �

sin3 ωψa

πk22
ω3

2

4ω22 7

4ω22 1
sin 2π=ω
� � ! (36.27�C)

1 A few errors in the expressions given by Glaser (1952) have been detected (Jandeleit and Lenz, 1959); the

formulae given here are of course the corrected expressions.
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A5
1

4a2
sin ψosin ψã

sin3 ω ψo 2ψã

� � �πk2 cos 2ω ψã 2ψo

� �

2
ω2

4ω2 2 1
sin π=ω
� ��

ω 4ω2 2 7
� �

cos ψo 1ψi

� �
cos 2ω ψa2ψo

� �

2 3 sin ψo 1ψi

� �
sin 2ω ψo2ψa

� ��

-
M-N

1

4a2
sin π=ω
� �

sin ψa

sin3 ωψa

�
π k2 cos 2ωψa

2
ω2

4ω2 2 1
sin π=ω
� ��

ω 4ω2 2 7
� �

cos π=ω
� �

cos 2ωψa1 3 sin π=ω
� �

sin 2ωψa

�

(36.27�A)

~a5
k

2a2
sin ψosin ψa

sin2 ω ψa 2ψo

� � �2 π
2ω

2ω2 2 1
� �

cos ω ψa2ψo

� �

1
ω
k2

sin π=ω
� �n

ω22 2
� �

ω cos ψo 1ψi

� �
cos ω ψa 2ψo

� �

1 sin ψo 1ψi

� �
sin ω ψa 2ψo

� �o�

-
M-N

k

2a2
sin π=ω
� �

sin ψa

sin2 ωψa

�
π
2ω

2ω2 2 1
� �

cos ωψa

2
ω
k2

sin π=ω
� �n

ω22 2
� �

ω cos π=ω
� �

cos ωψa1 sin π=ω
� �

sin ωψa

o�

(36.27�a)

2A2F5
ω k2

a2
sin ψo sin ψa

sin ω ψa2ψo

� � π
ω
2 sin π=ω

� �
cos ψo1ψi

� �( )

-
M-N

ω k2

a2
sin π=ω
� �

sin ψa

2sin ωψa

sin
2π
ω

2
2π
ω

 ! (36.27�Petzval)
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D5
k

4a2
sin2ψo

sin3 ω ψa 2ψo

� � � π2ω sin π=ω
� �

cos ψo 1ψi

� �� �
cos ω ψa 2ψo

� �

1
ω2

k2
2ω2 1 1

4ω2 2 1
sin π=ω
� �

cos ψo1ψi

� �
cos 3ω ψa 2ψo

� �

2
3

k2
ω2

4ω2 2 1
sin π=ω
� �

sin ψo 1ψi

� �
sin 3ω ψa2ψo

� ��

-
M-N

k2

8a2
sin2 π=ω

� �
sin3 ωψa

�
ω sin 2π=ω

� �
2 2π

� �
cos ω ψa2π=ω

� �

1
ω
k2

2ω2 1 1

4ω2 2 1
sin 2π=ω
� �

cos 3ωψa 2
6

k2
ω2

4ω22 1
sin2 π=ω
� �

sin 3ωψa



(36.27�D)

d5
k

4a2
sin2ψo

sin2 ω ψo2ψa

� � � π
2ω

2ω22 1
� �

2ω2sin π=ω
� �

cos ψo 1ψi

� �

1
ω
k2

sin π=ω
� ��

ω cos ψo 1ψi

� �
cos 2ω ψo 2ψa

� �

1 sin ψo1ψi

� �
sin 2ω ψo 2ψa

� ��

-
M-N

k

8a2
sin2 π=ω

� �
sin2 ωψa

�
π
ω

2ω2 2 1
� �

2ω2 sin 2π=ω
� �

1
ω2

k2
sin 2π=ω
� �

cos 2ωψa 2
2ω
k2

sin2 π=ω
� �

sin 2ωψa



(36.27�d)

K5
1

4a2
sin2 ψa

sin3 ω ψa2ψo

� � �π k2 cos ω ψa 2ψo

� �

2
ω2

4ω2 2 1
sin πω

�
4ω2 2 7
� �

ω cos ψo 1ψi

� �
cos ω ψa2ψo

� �

1 3 sin ψo 1ψi

� �
sin ω ψa 2ψo

� ��

-
M-N

1

4a2
sin2 ψa

sin3 ωψa

�
π k2 cos ωψa 2

ω2

4ω2 2 1
sin π=ω
� �

3 4ω2 2 7
� �

ω cos π=ω
� �

cos ωψa 1 3 sin π=ω
� �

sin ωψa

� ��

(36.27�K)
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~k5
k

4a2
sin2 ψa

sin2 ω ψa2ψo

� � π
2ω

2ω221
� �

2
ω2 ω222
� �
k2

sin π=ω
� �

cos ψo1ψi

� �( )

-
M-N

k

8a2
sin2 ψa

sin2 ωψa

π
ω

2ω221
� �

2
ω2 ω222
� �
k2

sin 2π=ω
� �( ) (36.27�k)

The anisotropic astigmatism and coma are here denoted by ~a and ~k to prevent

confusion with a and k.

The coma-free aperture position is obtained by solving the equation K5 0, for which

tanω ψa2ψo

� �
5
1

3
πk2

4ω221

ω2
cosec π=ω

� �
2 4ω227
� �

ω cos ψo1ψi

� �( )
cosec ψo1ψi

� �
(36.28)

This is easily shown to give the same result as (24.134).

A similar equation obtained by setting A5 0 yields two real aperture planes for

which the isotropic astigmatism vanishes, but these never coincide with the solution of

(36.28). Likewise, planes for which D and ~a vanish can be found, whereas ~k and d

do not vanish for any aperture position.

For the chromatic aberrations, we find

CC 5
sin ψa

sin ψo

π k2

2ω2
cosec ω ψa 2ψo

� �

CD5
π k2

2ω2
cot ω ψa 2ψo

� � (36.29)

b. Real aberrations in terms of position and gradient in the object plane

CS

a
5

π k2

4ω3
2

4k22 3

4 4k21 3ð Þ cos 2ψo2π=ω
� �

sin π=ω
� �( )

cosec 4ψo

¼: C4m
41C3m

3 1C2m
21C1m1C0

-
M-N

π k2

4ω3
2

4k22 3

8 4k2 1 3ð Þ sin 2π=ω
� �( )

cosec 4 π=ω
� �

(36.30a)

The coefficients Cj are obtained by setting

cot ψo 5m cosec π=ω
� �

1 cot π=ω
� �

(36.31)
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giving

C4 5C0 5
π k2

4ω3
2

4k22 3

8 4k2 1 3ð Þ sin 2π=ω
� �( )

cosec 4 π=ω
� �

C3 5C1 5
π k2

ω3
cot π=ω
� �

2
4k2 2 3

4 4k2 1 3ð Þ 31 cos 2π=ω
� �� �( )

cosec 3 π=ω
� �

C2 5
π k2

2ω3
11 3 cot2 π=ω

� �� �
2

3 4k2 2 3
� �
2 4k21 3ð Þ cot π=ω

� �( )
cosec 2 π=ω

� �
(36.30b)

The coma can likewise be written exactly as a polynomial in m. Each of the other

aberrations has a polynomial structure plus a term in sin ψo and cos ψo. The results are

as follows:

A5
X2
0

Ajm
j1A; F5

X2
0

Fjm
j1F

K5
X3
0

Kjm
j; D5D1m1Do 1D

(36.32)

where

A2 5 p=a sin2 π=ω
� �

A1 5 2 p cos π=ω
� �

2 q1 rð Þsin2 π=ω
� �� �

=a sin2 π=ω
� �

A0 5 p cot2 π=ω
� �

2 2 q1 rð Þcos π=ω
� �

2 sω2
� �

=a

A5
4k2 1 5

4k2 1 3

ω2k2

2a
sin π=ω
� �

cos ψo cos ψi

F2 2A5 k2 π2ω sin π=ω
� �

cos π=ω
� �

1 2ω sin ψo sin ψo 2π=ω
� �

sin π=ω
� �� �

=aω

K3 52 p cosec 3 π=ω
� �

K2 52 3p cos π=ω
� �

2 q1 2rð Þ sin2 π=ω
� �� �

cosec 3 π=ω
� �

K1 52 p 2cos2 π=ω
� �

1 1
� �

2 r sin 2π=ω
� �� �

cosec 3 π=ω
� �

K0 52 p cos π=ω
� �

1 q sin π=ω
� �� �

cosec 3 π=ω
� �

D1 52 p=a2 sin π=ω
� �

D0 52 p=a2 tan π=ω
� �

1 3q1 2rð Þ sin π=ω
� �

=a

D52
k2

a2
2k2 1 1

4k2 1 3
sin2 ψo cos ψo sin ψo 2π=ω

� �
sin π=ω
� �

2
k2

a2
p sin ψo cos ψo 2

5k2 sin2 ψo sin
2 π=ω
� �

4a2 4k21 3ð Þ
(36.33)
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and

p :¼
2π k2 2

4k22 3

4k21 3
ω3 sin

2π
ω

 !

8ω3

q :¼ 3 sin π=ω
� �

4k21 3

r :¼ 4k21 3

4 4k22 3ð Þ sin
π
ω

 !

s :¼
2π k21

4k22 3

4k21 3
ω3 sin

2π
ω

 !

8ω3

(36.34)

The anisotropic coefficients may be derived straightforwardly from the anisotropic

members of (36.27) but their structure in reciprocal magnification is of little interest, as

only the coma ( ~k) has a pure polynomial form:

~k ¼: k2m21 k1m1 k0

k2 5 k0 5
π k 2k2 1 1
� �
8ω3

cosec 2ðπ=ωÞ2 k2 2 1

4k
cot ðπ=ωÞ

k1 5
π k 2k21 1
� �
4ω3

cosec ðπ=ωÞ cot ðπ=ωÞ k
2 2 1

2k
cosec ðπ=ωÞ

~a52
kπ 2k2 1 1
� �
4aω3

cot ψo 2
sin ðπ=ωÞ sin 2ψo 2π=ω

� �
2ak

1
k2 2 1

2ak
cot ψo sin ðπ=ωÞ cos 2ψo2π=ω

� �

d5
πk 2k21 1
� �
8a2ω2

11 k2 sin2 ψo

� �

1
sin ðπ=ωÞ
4a2k

sin 2ψo sin 2ψo 2π=ω
� �

2 k22 1
� �

cos2 ψo 1ω4 sin2 ψo

� �
cos 2ψo 2π=ω
� �� �

(36.35)
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For the real chromatic aberrations, we have

Cc

a
5

π k2

2ω3
cosec 2ψo

5
π k2

2ω3
m2cosec 2 π=ω

� �
1 2m cosec π=ω

� �
cot π=ω
� �

1 cosec 2 π=ω
� �� �

-
M-N

π k2

2ω3
cosec 2 π=ω

� �

CD

a
5

π k2

2ω3
cot ψo

5
π k2

2ω3
m cosec π=ω

� �
1 cot π=ω

� �� �

-
M-N

π k2

2ω3
cot π=ω
� �

(36.36)

(The anisotropic term is as usual equal to half the image rotation.)

A number of useful predictions concerning Cs may be drawn from Eq. (36.30a).

The variation of the high-magnification value with k2 (Fig. 36.6) indicates that Cs

passes through a shallow minimum near k25 7, where Cs/a5 0.252. For the value of k2

corresponding to the shortest focal length, obtained by setting sin(π/ω)5 1 so that

ω5 2 or k25ω22 15 3, we find Cs/a5 0.294. We can also enquire which object

position gives the smallest value of Cs for each value of k2 but the result is of little

0
0

0.2
0.4
0.6
0.8
1.0Cs

a

1.2
1.4
1.6
1.8

0.6 1.2 1.8 2.4 3.0
k2

3.6 4.2 4.8 5.4 6.0

Figure 36.6
Variation of Cs/a with k2 for Glaser’s bell-shaped model. After Glaser (1952), Courtesy Springer Verlag.
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interest since the corresponding minimum of Cs/a hardly varies with k2. A more

interesting question is the best choice of the half-width a; on substituting a5 2φ̂
1=2

k=B0

in Eq. (36.30a), we find that Cs is smallest for given φ̂
1=2

/B0 when k25 2.8 or in

practical units,

Cs min=mm5 3:43 1023
φ̂=V
	 
1=2
B0=T

(36.37)

for which

aopt=mm5 1:133 1022
φ̂=V
	 
1=2
B0=T

(36.38)

and

Cs min

aopt
� 0:3 (36.39)

The axial chromatic aberration, Cc, may be analysed in a similar fashion. For every

value of k2, Cc is smallest when the object is placed at the centre of the lens. For high

magnification, Cc/a varies as shown in Fig. 36.7; it passes through a very shallow

minimum around k25 4, where Cc/a5 0.577. If we seek the half-width that gives the

smallest Cc, we find

Cc min=mm5 5:853 1023
φ̂=V
	 
1=2
B0=T

(36.40)

0

0.2

1.0

1.8

1 2 3 4 5
k2

6 7 8 9 10

Cc
a

Figure 36.7
Variation of Cc/a with k2 for Glaser’s bell-shaped model. After Glaser (1952), Courtesy Springer Verlag.
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at

aopt=mm5 7:43 1023
φ̂=V
	 
1=2
B0=T

(36.41)

and

Cc min

aopt
� 0:8 (36.42)

c. Asymptotic aberration coefficients

Since the asymptotic coefficients may be expressed in many different ways, we

simply list the fundamental integrals from which all the different forms can be built up

with the aid of (25.28�25.31).

For the isotropic aberrations, we need
ÐN
2N ΛmG

pG
q
dz, p1 q5 4, and

ðη2=φ̂Þ ÐN2N B2dz; where Λm is given by (25.32) and G and G by (36.15).

We find

ðN
2N

ΛmG
4 dz5

ðN
2N

ΛmG
4
dz5

1

8a3ω2
2k2 π2

sin 2ωπ
ω

1
k2

4k21 3

sin 4ωπ
ω

� �
(36.43)

ðN
2N

ΛmG
3Gdz5

ðN
2N

ΛmGG
3
dz5

1

32a3ω2
28k2π cosωπ1

16k2115

4k213

sinωπ
ω

1
3

4k213

sin3ωπ
ω

� �

(36.44)

ðN
2N

ΛmG
2G

2
dz5

1

24a3ω2
2k2π 21cos2ωπð Þ23

2k213

4k213

sin2ωπ
ω

� �
(36.45)

The following auxiliary quantity also occurs in some formulae:

η2

φ̂

ðN
2N

B2 dz5
2π k2

a

For the anisotropic coefficients, the integrals
ÐN
2N ΛaG

pG
q
dz, p1 q5 2, are required,

where Λa is defined by (25.32).

ðN
2N

ΛaG
2 dz5 2

ðN
2N

ΛaG
2
dz52

1

8a2ω2k
π k2 112k2

� �
1 21 k2
� � sin 2ωπ

2ω

� � �
(36.46a)
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ðN
2N

ΛaGG dz5
1

8a2ω2k
πk2 112k2
� �

cos ωπ2 21k2
� � sin ωπ

ω

� 
(36.46b)

Some high-magnification expressions are listed by Lenz (1956b, 1957).

36.3 Related Bell-Shaped Curves

Some attention has also been paid to the bell-shaped curves of the form

B zð Þ5 B0

11z2=a2
� �n (36.47)

(Glaser, 1941a; Svartholm, 1942; Glaser and Lenz, 1951) and in particular to the cases

n5 3/2, the field of a single turn (Hutter, 1945; Lenz, 1952; Kanaya, 1955), n5 2 (Glaser,

1952; Lenz, 1952) and n-N, for which the distribution becomes Gaussian with

suitable weighting (Lenz, 1950c, 1952). In this model, a is no longer the half-width at half-

height, ah, which is now given by

ah 5 a 21=n21
	 
1=2

(36.48)

The form factor (36.2) is given by

A5
1

L

ðN
2N

dz

11z2=a2
� �n

5
1

L

ðN
2N

dz

11 z2=a2h
� �

21=n21
� �� �n

5
ah

L

Γ n2 1=2
� �

Γ 1=2
� �

21=n21
� �1=2

Γ nð Þ

(36.49)

As n becomes very large, the field (36.47) goes over into a Gaussian distribution:

B zð Þ5B0 exp 2z2=a2
� �

(36.50)

for which the half-width is

ah 5 a ln 2ð Þ1=2 (36.51)
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and

A5
ah

L

π
ln 2

	 
1=2
5 2:13 for ah 5 L (36.52)

(Lenz, 1952).

36.3.1 The Grivet�Lenz Model

Glaser’s bell-shaped model has the drawback of falling to zero much more slowly than real

fields, far from the lens centre. In 1951, Grivet and Lenz separately proposed a different

model (Lenz, 1951; Grivet, 1951, 1952a,b), which tends exponentially to zero for large

values of |z| and should describe the field in unsaturated lenses with cylindrical bores

satisfactorily. This Grivet�Lenz model has the form

B zð Þ5B0 sech z=a
� �

(36.53)

and by writing

s52 tanh z=a
� �

(36.54)

the paraxial equation becomes

12 s2
� � d2u

ds2
2 2s

du

ds
1 ν ν1 1ð Þu5 0 (36.55)

where

ν ν1 1ð Þ5 η2a2B2
0

4φ̂
(36.56)

or using (36.2)

ν ν1 1ð Þ5 η2μ2
oJ

2

4φ̂π2
(36.57)

Eq. (36.55) is satisfied by the Legendre functions, Pν and Qν, and has the general solution

u sð Þ5K1Pν sð Þ1K2Qν sð Þ (36.58)

The ray G(z) is now

G zð Þ5Pν 2tanh
z

a

	 

(36.59)
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from which the real focus and focal length may be obtained. As z-N, we find that

G zð Þ-2
2z sin πν

aπ
1 cos πν1

2 sin πν
π

ψ νð Þ1 ~γð Þ (36.60)

where ψ(ν)5 (d/dv) ln Γ (v1 1) and ~γ5 0:5772 is Euler’s constant. The asymptotic focal

length and foci are therefore given by

a

f
5

2 sin πν
π

5 0:4413 sin πν (36.61)

and

zFi

a
5

2 sin πν ψ νð Þ1 ~γ
� �

1π cos πν
2 sin πν

5ψ νð Þ1 ~γ1
π
2
cot πν

(36.62)

The Grivet�Lenz distribution is not a Newtonian field but the spherical aberration

coefficient can be nevertheless written as a polynomial in object position to a very good

approximation (Hawkes, 1970).

36.3.2 The Exponential Model

The other models that lead to a paraxial equation soluble in terms of tabulated functions are

of less interest. We mention the exponential field (Rebsch, 1938; Glaser and Lenz, 1951;

Worster, 1975) since this has been found useful for ‘single-pole’ lenses (Section 36.6.1;

Marai and Mulvey, 1974; Mulvey, 1982). The field is here described by

B zð Þ5B0 exp 2z=a
� �

(36.63)

so that for a conventional lens, the field is useful only for objectives with the specimen well

beyond the centre of the gap. Writing

ah :¼ a ln 2 u :¼ u=ah ζ5 z=ah (36.64)

and (36.6)

k2 5
η2B2

0a
2
h

4φ̂
; ah5 L (36.65)

the paraxial equation becomes

d2u

dζ2
1 k2 exp 22ζ ln 2ð Þu5 0 (36.66)
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We substitute

ξ5
k

ln 2
exp 2ζ ln 2ð Þ (36.67)

and obtain the equation satisfied by zero-order Bessel functions,

d2u

dξ2
1

1

ξ
du

dξ
1 u5 0 (36.68)

The G-ray takes the form

G zð Þ5 J0 ξð Þ5 J0
k

ln 2
exp 2z ln

2

ah

� �� �
(36.69)

and the real image focus therefore occurs at the zero of J0; for single imaging,

z0Fi5
ah

ln 2
ln

k

1:667
(36.70)

The corresponding focal length is given by

ah

f 0
5 ξ1J1 ξ1

� �
ln 25 0:8653 (36.71)

where ξ15 2.405 is the first solution of J0(ξ)5 0. The chromatic aberration coefficient is

given by

Cc

ah
5

1

2 ln 2
5 0:72 or

Cc

a
5

1

2
(36.72)

For this model, therefore, the high-magnification focal length and chromatic aberration

coefficient are independent of the lens-strength parameter, k2. The same is true of the

spherical aberration coefficient:

Cs

ah
5

1

4 ln 2
5 0:36 or

Cs

a
5

1

4
(36.73)

(These values of Cs and Cc were first calculated by Lenz and rediscovered by Worster

(1975), whose value for Cs is wrong; for a strong lens with multiple foci, the values of Cs

and Cc are the same at each focus.)

36.3.3 The Power Law Model

Gianola (1952) and Hänsel (1964) have pointed out that the paraxial equation can be solved

in terms of Bessel functions if B(z) has the form

B zð Þ5B0=z
n (36.74)
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where n may be any positive or negative number, not necessarily an integer, except unity.

As for the exponential field, this model is useful for lenses, such as strong probe-forming

and objective lenses, in which only the decreasing (n. 0) or only the increasing (n, 0)

part of the field is employed. The case n5 3 has been used by Alshwaikh and Mulvey

(1977) to model single-polepiece lenses (Section 36.6.1).

Substituting

u zð Þ5 z1=2R zð Þ (36.75)

in the paraxial equation, we obtain

Rv1
R0

z
1

1

4

η2B2
0

φ̂ z2n
2

1

z2

� �
R5 0 (36.76)

By writing

ζ5
ηB0z

12n

2φ̂
1=2

n2 1ð Þ
n. 1 (36.77)

or

ζ5
ηB0z

12n

2φ̂
1=2

12 nð Þ
n, 1

(36.76) becomes

d2R

dζ2
1

1

ζ
dR

dζ
1 12

ν2

ζ2

� �
R5 0 (36.78)

with

ν2 5 1=4ðn21Þ2 (36.79)

This is Bessel’s differential equation and the paraxial imaging can be investigated in some

detail using the properties of Bessel functions. For further details we refer to the original

papers cited above, to Lenc (1992) and to Crewe and Kielpinski (1996), Crewe (2001,

2003) and Hawkes (2002), culminating in a discussion by Crewe (2004), who considers

n5 2, 1, 0, 21, 22, 23 and 24 (cf. Hawkes, 2004); we note that for n521, the solution

is not expressed in terms of Bessel functions. The case n5 0 (uniform field) was also

considered separately by Crewe (1993, 1995). It can be shown that the real object focal

length is equal to (for n5 2) or proportional to the coordinate of the real object focus: The

chromatic aberration coefficient is proportional to the focal length, Cc=f 5 1=2ðn2 1Þ, cf.
Alamir (2004, 2011). The spherical aberration coefficient is also proportional to the focal
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length but the constant of proportionality is less simple (Lenc, 1992; Hawkes, 2002). Other

aspects have been considered by Alamir (2003a,b,c, 2005, 2009a,b).

The linear case

B zð Þ5B0 1B1z (36.80)

has also been analysed, as it provides a method of modelling any field shape by linear

segments; for details, see Szilágyi (1969, 1970).

36.3.4 The Convolutional Models

Models that are accurate for very small values of S/D can be extended to larger values by

assuming that the magnetostatic potential, ψ, H52grad ψ, varies linearly across the gap at

the bore radius: ψ (D/2, z)52Jz/S for |z|# S/2. H(z) can then be obtained by convolving

the field corresponding to S/D-0, H(0) say, with a rectangular function equal to 1/S in the

gap and zero elsewhere (Lenz, 1982):

H zð Þ5 1

S

ðS=2
2S=2

H 0ð Þ z2 ζð Þdζ

5
1

S
ψ 0ð Þ z2 S=2
� �

2ψ 0ð Þ z1 S=2
� �� � (36.81)

Typical forms of H(0) and ψ(0) are Gray’s model (1939, see Eqs 35.10 and 35.37),

H 0ð Þ zð Þ5 ωJ
D

sech 2
	 2ω z

D



; ω5 1:318

ψ 0ð Þ zð Þ52
J

2
tanh

	 2ω z
D


 (36.82)

and the Grivet�Lenz model,

H 0ð Þ zð Þ5 2α1J

πD
sech

	 2α1z

D



; α15 2:405

ψ 0ð Þ zð Þ52
2J

π
arctan

	
tanh

	α1z

D



 (36.83)
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Applying Eq. (36.81), the first of these yields

H zð Þ5 J

S

sinh 2ω S=D
� �

cosh 2ω S=D
� �

1 cosh 4ω z=D
� � (36.84)

(Bertram, 1940), which is identical with a model proposed by Lenz (1950b) except that

there, α1 appears rather than 2ω; this was further examined by De (1962). For Eq. (36.83),

we find

H zð Þ5 2J

πS
arctan

sinh α1S=D
� �

cosh 2α1z=D
� �

 !
(36.85)

Finally, if we apply the convolution formula (36.81) to the field of a single turn,

H 0ð Þ zð Þ5 J R2

2 R21z2ð Þ3=2

ψ 0ð Þ zð Þ52
J z

2 R21z2ð Þ1=2
(36.86)

we obtain the ‘equivalent solenoid lens’,

H zð Þ5 J

2S

z1 S=2

R21 z1S=2
� �2n o1=2

2
z2 S=2

R21 z2S=2
� �2n o1=2

2
64

3
75 (36.87)

extensively studied by Durandeau (1956a,b, 1957). For the latter, H(0)5 J/(S21 4R2)1/2 and

Durandeau finds that this is a good approximation for a lens (S, D) provided that R5D/3,

at least in the range 0.5# S/D# 2. The characteristic length L, defined by

L :¼ S214R2
� �1=2

5 S214D2=9
� �1=2 � S210:45D2

� �1=2 (36.88)

proves to be a very suitable scaling unit when presenting electron optical properties in a

unified fashion. Durandeau finds that the field half-width ah is quite well represented by

ah5 0:485L (36.89)

We may also apply Eq. (36.81) to the magnetic equivalent of (35.5), which corresponds to a

lens for which

B D=2; z
� �

5
μ0J=S zj j, S=2

0 zj j. S=2

�
(36.90)
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Setting

ψ 0ð Þ zð Þ5 J

π

ðN
0

sin tzð Þ
tI0 tD=2
� � dt (36.91)

we obtain

H zð Þ5 2J

πS

ðN
0

sin t S=D
� �

cos 2tz=D
� �

tI0 tð Þ dt (36.92)

36.3.5 A Generalized Model

The range of field shapes in the above models is comparatively narrow, a fact that led

Kanaya et al. (1976) to introduce a more flexible model that nevertheless allows many of

the optical properties to be expressed analytically. In this, the magnetic flux is written

B z=a
� �

5B0 12μ2
� � 2m21ð Þ=2

dμ
d z=a
� �52 12μ2

� �m (36.93)

This includes the Grivet�Lenz model (36.53), m5 1 and Glaser’s bell-shaped field (36.8),

m5 3/2. Various other models are closely represented by other values of m: thus the 3/2

power model (36.47 with n5 3/2) corresponds to m5 1.1, the Gaussian model (36.50) to

m5 0.84 and the model (36.92) to the range 0.75#m & 1.

The paraxial equation takes the form

12μ2
� � d2u

dμ2
2 2mμ

du

dμ
1 k2u5 0; k5

aη B0

2φ̂
1=2

(36.94)

and setting

μ ¼: 2ξ2 1 (36.95)

gives

ξ 12 ξð Þ d
2u

dξ2
1m 12 2ξð Þ du

dξ
1 k2u5 0 (36.96)
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which is a form of the differential equation satisfied by the hypergeometric function 2F1,

which we denote F:

u5AF α; β;m; ξð Þ1Bξ12mF α1 12m; β1 12m; 22m; ξð Þ
α1β1 15 2m; αβ52 k2

(36.97)

The real focal length and the asymptotic focal length and focal distance can be written

down explicitly:

f 0

a
5

2m

αβ2m 12μi

� �m
F m2α; m2β; m1 1; 12μi

� �
=2

� � (36.98)

in which μi corresponds to the real image focus,

f

a
52

Γ αð ÞΓ βð Þ
22m21Γ 2 mð Þ (36.99)

zFi

a
52

Γ m2α2βð ÞΓ αð ÞΓ βð Þ
22m21Γ 12m1α1βð ÞΓ m2αð ÞΓ m2βð Þ m. 1 (36.100a)

or

zFi

a
5

π1=2

2

Γ 12mð Þ
Γ 3=22m
� � 2 Γ m2α2βð ÞΓ αð ÞΓ βð Þ

22m21Γ mð ÞΓ m2αð ÞΓ m2βð Þ m, 1 (36.100b)

We note that Eq. (36.97) implies

α; β5 m2 1=2
� �

16ωð Þ

ω :¼ 11
4k2

2m21ð Þ2

8<
:

9=
;

1=2
(36.101)

Figs 36.8 and 36.9A show the field distribution and μ as a function of z/a for various values

of m and the corresponding cardinal elements as functions of ω. It is also useful to measure

the focal lengths in units of half-width, ah; these are shown in Fig. 36.9B, in which

α :¼ ah=a (36.102)

is also plotted. Two other quantities are likewise shown there. The first is the form factor

(36.2), A5μ0 J/B0ah, L5 ah, and

A5 2:5=α (36.103)
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since

ðN
2N

Bdz=B05πa. The other is

ν :¼
B0

ðN
2N

B zð Þdz

ðN
2N

B2 zð Þdz
5

ðN
2N

f zð Þdz

ðN
2N

f 2 zð Þdz
5

π1=2Γ m1 1=2
� �
Γ mð Þ (36.104)

Much of the paper by Kanaya et al. (1976) is concerned with the case in which the real

object focus lies at the centre of the lens, z0Fo5 0 corresponding to μ5 0. It can be shown

that for this case, k and hence ω are related in a very simple way to m. For, consider the ray

incident parallel to the axis in object space,

G zð Þ~ F α;β;m; 12μð Þ=2� �
; α;β5 m2 1=2

� �
16ωð Þ (36.105)
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Figure 36.8
The field distribution analysed by Kanaya et al. expressed in terms of μ or H(z/a)/H0. After Kanaya

et al. (1976), Courtesy Wissenschaftliche Verlagsgesellschaft.
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Figure 36.9
(A) Real and asymptotic cardinal elements as a function of the parameter ω for several values of m.
Full line: f/a; ---:f 0=a; -- � : z0Fi=a - � -: zFi/a. (B) Real and asymptotic focal lengths together with

A :¼ J/H0ah, α5 2.5/A and σ :¼ H0

ÐN
2N H zð Þdz = ÐN2N H2 zð Þ dz as a function of m.

After Kanaya et al. (1976), Courtesy Wissenschaftliche Verlagsgesellschaft.
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If this ray is to intersect the axis at μ5 0, then

F α; β;m; 1=2
� �

5 0 (36.106)

But from Eq. (36.97) we see that m5 (α1β1 1)/2, and for this case the hypergeometric

function may be written as

Γ
	α1β1 1

2



Γ
	 1
2



Γ
	α1 1

2



Γ
	β1 1

2



or

Γ mð ÞΓ 1=2
� �

Γ
2m1 11 2m2 1ð Þω

4

� �
Γ

2m1 12 2m2 1ð Þω
4

� �

The gamma function has simple poles when its argument is equal to a negative integer or

zero and so Eq. (36.106) is satisfied if

2m1 12 2m2 1ð Þω5 0

or

ω5
2m1 1

2m2 1
(36.107a)

or again

k25 2m (36.107b)

For this case, Kanaya et al. find that Cs and Cc can be evaluated explicitly:

Cs

ah
5m

23 2m21ð ÞΓ 2 3mð Þ
2α 6m1 1ð ÞΓ 6mð Þ

34m2 1

3m2 1
1 5

2m2 1

3m2 2

 !

Cc

ah
5m

22m21Γ 2 mð Þ
α 2m1 1ð ÞΓ 2mð Þ

(36.108)

As m-N, Cs /ah-0.291 but Cs(m) does not pass through a minimum: there is no optimum

value of m so far as Cs is concerned. Cs /ah does, however, pass through a minimum at

m5 0.62, the value for which the minimum projector focal length is also least: (f/ah)min5 0.95

for m5 0.62. Unfortunately, the corresponding field shape is hardly realistic.

In the remainder of this paper, Kanaya et al. plot trajectories as a function of z and cardinal

elements and the principal aberration coefficients as functions of excitation for numerous

values of m: m5 1/2, the rectangular or top-hat field; m5 0.62; m5 0.75, corresponding to
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Eq. (36.92); m5 0.84, the Gaussian field; and m5 2, a broad field corresponding to a

saturated lens. For the case m5 1/2, however, they obtain a finite value for Cs, which

cannot be correct since for the rectangular model, B0(z) reduces to a pair of δ-functions, and
these are not square-integrable. (The behaviour of the rectangular model has indeed been an

intermittent source of confusion. Thus Lenz (1950a), for example, wrote ‘Eine Berechnung

von Cö/d war für die Kastenkurve nicht möglich, da das Integral [for Cs � Cö] in diesem

Fall über alle Grenzen wächst’2 and confirmed this (Lenz, 1950d) by evaluating Cs for a

trapezoidal field (Fig. 36.10). But in 1957, Durandeau stated ‘Le calcul effectué pour un

champ uniform aboutit aux resultats suivants: pour ωL.π/2, Cc5Cs, pour ωL,π/2,
Cc5Cs sin

2 ωL. Les valeurs qui en résultent ne concordent pas avec les valeurs

calculées. . .’.3 The correct result is again stated by Tretner (1959: ‘. . .ist die
Öffnungsfehlerkonstante gleich Unendlich . . .’.4) and Hawkes (unpublished) has shown that

for a rectangular field terminated by half-bells, Cs-N as the half-widths of the latter are

reduced to zero. For more discussion, see Dodin and Nesvizhskii (1980)).

36.3.6 Unsymmetric Lenses

The only model that can be extended to unsymmetric lenses while allowing the trajectory

equation to be solved explicitly is Glaser’s bell-shaped field with different half-widths for

z, 0 and z. 0 (Glaser, 1941a; Dosse, 1941a). Although this poses no problem so far as the

paraxial quantities are concerned, care is needed when evaluating the aberration integrals

because the second and higher order derivatives of B(z) are discontinuous at the origin. For

full details, we refer to the original articles or to Glaser (1952, Section 106). Fig. 36.11 shows

Cs and Cc as functions of the excitation parameter k25 η2B2
0a

2
i =4φ̂;BðzÞ5B0=ð11 z2=a2i Þ

for z. 0. These curves are misleading, however, for the ‘pinhole’ lens (Liebmann, 1955a;

Yanaka and Watanabe, 1966; Yada and Kimura, 1982), in which D1{D2, has a rather low

spherical aberration for given excitation since the condenser-side polepiece creates a ‘mirror

θ
z

B0

B (z)

Figure 36.10
The trapezoidal model, which tends to the rectangular model as θ-π/2.

2 Calculation of Cö/d for the rectangular model is not possible since the integral [for Cs � Cö] increases beyond

all bounds for this case.
3 A calculation using the rectangular model leads to the following results: for ωL.π/2, Cc5Cs, for ωL,π/2,
Cc5Cs sin

2 ωL. The resulting values do not agree with the calculated values.
4 The spherical aberration constant becomes infinite.
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field’. Yada and Kawakatsu (1976) have tested such lenses experimentally in a methodical

study of very asymmetric lenses, in which the cases D1.D2 and D1,D2 are both explored.

When D2 is smaller than D1, they find that Cs decreases with D2 for fixed D1 and given

excitation until a minimum is reached, beyond which Cs increases rapidly (Fig. 36.12A).

When the bore D1 is the smaller, Cs falls with excitation and the smaller the value of D1, the

more rapid is the initial decrease of Cs (Fig. 36.12B); among a number of extremely small
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Figure 36.11
The asymmetric bell-shaped model. (A) Cs/a as a function of k2. (B) Cc/a as a function of k2.

The parameter q is equal to ao/ai, where ao and ai are the object- and image-side values of a, and
k2 corresponds to ai. After Glaser (1952), Courtesy Springer Verlag.
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Figure 36.12
Measured and computed values of f 0, Cs and Cc for strongly asymmetric lenses, characterized by
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Kawakatsu (1976), Courtesy Japanese Society of Electron Microscopy.



lenses studied, the geometry D15 1 mm, S5 1.5 mm, D25 2 mm gave the low value of

Cs� 0.3 mm at 100 keV, J=φ̂
1=2

5 23.4 A-t/V1/2.

Various other models mentioned earlier in this section can be modified to represent

asymmetric fields. Thus Eq. (36.87) (Durandeau, 1957) can be replaced by

B zð Þ5 μ0J

2S

z1 S=2

D2
1=91 z1S=2

� �2n o1=2
2

z2 S=2

D2
2=91 z2S=2

� �2n o1=2

2
64

3
75 (36.109)

and (36.84) by

B zð Þ5κ 11 tanh
α1S

2D1

11
2z

S

� �� 
11 tanh

α1S

2D2

12
2z

S

� �� � �
(36.110)

in which κ is chosen so that

ðN
2N

B dz5μ0J; the approximation

κ5
μ0J

2S

12 exp 22α1S=D
� �

11 0:379 D1 2D2ð Þ= D1 1D2ð Þ� �
exp 2α1S=D
� � (36.111)

is accurate to within 0.6% for all values of S, D1 and D2. However, the simpler model

(Lenz, 1982)

B zð Þ5 μ0J

2S
tanh

α1S

2D1

2z

S
1 1

� �� 
2 tanh

α1S

2D2

2z

S
2 1

� �� � �
(36.112)

is indistinguishable from Eq. (36.110) as Fig. 36.13 shows.

36.3.7 Hahn’s Procedure

We have already mentioned the theory proposed by E. Hahn, in which the Cartesian

coordinate z along the optic axis is replaced by a new variable ω, defined in terms of a pair

of linearly independent solutions of the paraxial equations. The optic axis is thereby

mapped into a finite range of ω, and in his fundamental paper, Hahn (1965a) gives a full

study of the cardinal elements and aberration coefficients of magnetic and electrostatic

lenses. It transpires that the Glaser bell-shaped field Eq. (36.8) is the simplest of the model

fields to which this theory leads, though the theory is in no sense confined to this model. In

a related paper (Hahn, 1965b), these ideas are applied to magnetic lenses explicitly, and in

particular to the bell-shaped field and to the distribution (36.90) corresponding to a uniform

field across the gap at the bore radius (the Stufenfeld). We now rehearse the main steps of

Hahn’s reasoning, though the theory seems to be of more use in the otherwise difficult

situations that occur in mirrors and cathode lenses.
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We set out from the paraxial equation (36.4), which it is convenient to write as Eq. (36.6)

d2u

dζ2
1 k2f 2 ζð Þu5 0

ζ :¼ z/L, ζm :¼ zm/L and B(ζ)/Bm ¼: f(ζ) where L is an arbitrary length and zm is the plane

in which B(ζ) reaches its maximum value. Let p(ζ) be a positive-definite quadratic form in

two linearly independent solutions of (36.6), such that p(ζm)5 1 and p0ðζmÞ5 0. We now

introduce the transformation upon which all Hahn’s work reposes:

ω ζð Þ :¼ μL

φ̂
1=2

ð
2N

dζ
p ζð Þ 2

π
2

ω Nð Þ :¼ π=2

(36.113)

so that

π5
μL

φ̂
1=2

ðN
2N

dζ
p ζð Þ (36.114)

The value of the normalizing constant μ will be defined later. We also introduce a function y(ζ),

y2 5 1=p (36.115)

0
–1.5 –0.5 0.5 10

1
2

3

z/S
–1

5

μoJ
B (z) S

Figure 36.13
Comparison of field models for an asymmetric lens with S/D5 1, D2/D15 1.5, D5 (D11D2)/2.

1: Glaser’s bell-shaped model with different half-widths. 2: Durandeau’s model (36.109).
3: Lenz’s model (36.112). The dots are the result of an exact calculation. After Lenz (1982),

Courtesy Springer Verlag.
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and write

f ζð Þ ¼: H ωð Þ dω
dζ

5
μL

φ̂
1=2

H ωð Þy2 (36.116)

After some calculation, it can be shown that the paraxial equation implies that y(ω) must

satisfy the equation

d2y

dω2
1

λ2

μ2
2 k2H2 ωð Þ

� 
y5 0 (36.117)

with the boundary conditions

y 2π=2
� �

5 y π=2
� �

5 0 (36.118)

This is an eigenvalue equation; y(ω) and the eigenvalue (λ/μ)2 are uniquely determined by

the conditions

y ωmð Þ5 1; y ωð Þ. 0 for 2π=2,ω,π=2 (36.119)

We know that f(ζm)5 1 and if we impose the condition H(ωm)5 1, Eq. (36.116) determines

the normalization constant μ:

μL=φ̂
1=2

5 1 (36.120)

It remains to establish p(ζ) and λ. If u1(ζ) and u2(ζ) are two linearly independent solutions

of (36.6) such that u1(ζm)5 du2=dζ
� �

ζm
5 0 and du1=dζ

� �
ζm
5 u2(ζm)5 1, then Eqs (36.113)

and (36.120) yield

u1 ζð Þ5 μ
λ
p1=2 sin λ ω2ωmð Þ=μ� �

u2 ζð Þ5 p1=2 cos λ ω2ωmð Þ=μ� � (36.121)

from which we see that

p ζð Þ5 u222
λ2

μ2
u21 (36.122)

We shall not reproduce the reasoning that gives λ but simply state the result. Writing

λ0π
μ0 :¼

ðN
2N

dζ
u211 u22

; λ0 :¼ φ̂
1=2

=L (36.123)
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it can be shown that for λ0μ0 equal to an integer n, then λ5 nμ; if n,λ0/μ0 , n1 1, then

λ/μ likewise lies between n and n1 1, and the exact value of λ must be found from a not

unduly complicated transcendental equation.

Suppose now that H(ω)5 1, the simplest possible hypothesis. Then

d2y

dω2
1 k2 2λ2=μ2
� �

y5 0 (36.124)

and the conditions (36.118) will be satisfied only if

y ωð Þ5 cos ω; λ=μ5 11k2
� �1=2

(36.125)

Hence

ζ5 tan ω (36.126)

and so

p ωð Þ5 sec2 ω; p ζð Þ5 11 ζ2 (36.127)

and finally

f ζð Þ5 1

11 ζ2
(36.128)

Thus H(ω)5 1 corresponds to the Glaser bell-shaped field. More original is the field for

which

f zð Þ5

1

12 2T S=D
� � T

	 2z1 S

D



2 T

	 2z2 S

D


( )
2N# z# 2 S=2

1

12 2T S=D
� � 12 T

	 2z1 S

D



2 T

	 2z2 S

D


( )
2S=2# z# S=2

1

12 2T S=D
� � T

	 2z2 S

D



2 T

	 2z1 S

D


( )
S=2# z#N

8>>>>>>>>>>><
>>>>>>>>>>>:

(36.129)

where

T xð Þ :¼
XN
k51

J0 λkD=2
� �
λkJ1 λkð Þ e2λk xj j (36.130)

corresponding to a uniform field at the gap. The function H(ω) must now be obtained

numerically; some examples of H(ω) and y(ω) are reproduced in Fig. 36.14 for various

values of S/D.
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Figure 36.14
Hahn’s procedure. (A) H(ω) and (B) y(ω) for the case D5 0. (C) H(ω) and (D) y(ω) for S/D5 1.

(E) H(ω) and (F) y(ω) for S/D5 2. The parameter is (11 k2)1/2. After Hahn (1965b),
Courtesy Deutscher Verlag der Wissenschaften.
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The asymptotic cardinal elements can be written down directly (Hahn, 1965a):

μ

φ̂
1=2

f 52
λ=μ
� �

cosec λπ=μ
� �

_y 2π=2
� �

_y π=2
� �

and

μ

φ̂
1=2

zF 2 z�ð Þ5 λ=μ
� �

cot λπ=μ
� �

_y2 π=2
� � (36.131)

in which _y denotes dy/dω. For the bell-shaped field, _y(2 π/2)52 _y(π/2)5 1,

λ/μ5 (11 k2)1/2 and μL/φ̂
1=2

5 1. For other symmetric and normalized field functions

H(ω), we need to know the three ‘correction functions’ λ/μ(11 k2)1/2, _y2(π/2) and z�.
Hahn has calculated these as functions of (11 k2)1/2 for a range of values of S/D.

36.3.8 Other Models

In an attempt to find a unified representation of the many values of the spherical aberration

coefficient, Crewe (1991) considered the parabolic lens, BðzÞ5B0ð12 4z2=L2Þ and the

cosine lens BðzÞ5B0cosðπz=LÞ as well as the exponential and bell-shaped models. For the
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Figure 36.14
(Continued).
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parabolic lens, L denotes the distance between the zeros of B(z) and for the cosine model,

B(z) is zero outside the zone jzj# L=2. Crewe proposes

Cs5 5f
f

L

� �2
1 ρ3 f

f

L

� �
1 ρ4 f 1 ρ5

where the factors ρi are shape factors.

36.4 Measurements and Universal Curves

36.4.1 Introduction

Useful as these various models may be for gaining a preliminary understanding of lens

behaviour, the next stage in practical lens design must be the calculation or measurement of

the characteristics of interest of real lenses. For methods of measuring these, we refer to the

textbooks of Grivet (1972) and Klemperer and Barnett (1971) and to Kunath and Riecke

(1965/66), Heinemann (1971) and Hanai et al. (1986). For lenses of conventional design,

suffering from little or no saturation in the yoke and polepieces, a considerable body of

calculated and measured data is now available and most of the details of the lens behaviour

can be reliably predicted on the basis of this information. Nevertheless, it is always wise to

recalculate the properties once a design has been selected if the lens is to be used in any but

the most conservative mode of operation. This is particularly necessary in the case of strong

objective or probe-forming lenses, in which the specimen or target is immersed deep within

the lens, which must hence be characterized by two sets of optical properties: those of the

part of the field preceding the specimen, which belongs to the condenser system in the

image-forming mode or is the final demagnifying lens in the probe-forming mode; and

those of the part of the field beyond the specimen, which is the objective lens in the first

case or part of the intermediate-projector sequence in a transmission probe-forming

instrument such as a STEM. Such a calculation is a wise precaution too if, as is usually the

case, some parts of the magnetic circuit are close to saturation.

It is distinctly less easy to present unified information for lenses in which the polepieces

have deliberately been allowed to saturate. In the absence of saturation, quite reliable

universal curves can be obtained, but once saturation sets in, the situation is very different.

We can make general remarks and a reasonable amount of accurate computed information

has now been published but unless the lens of interest closely resembles one of those

already studied, it is prudent to make a fresh calculation.

36.4.2 Unsaturated Lenses

Curves showing f 0/D and z0F=D for objective lenses and f/D for projectors as a function of

J2=φ̂ for a wide range of values of S/D, based on measured field distributions, were
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published as early as 1947 by van Ments and Le Poole (reproduced in Hawkes, 1982,

Appendix I), but the first extensive sets of magnetic lens design curves did not appear until

the early 1950s (Liebmann and Grad, 1950, 1951; Liebmann, 1955b); the latter relied on

fields given by an analogue device (a resistance network, see Francken (1967) for an

account of these). Their results were widely used until computers became available,

whereupon more accurate values were established (see Mulvey and Wallington (1969, 1973)

for much discussion of this). However, Liebmann’s curves are important in that he

established that ‘universal’ curves can be found for many of the optical properties. By scaling

the focal lengths, focal distances and Cs with respect to (S1D) or {S1 (D11D2)/2},

he managed to ‘unify’ the resulting curves with reasonable success.

Not long after, Durandeau and Fert (1957) and Dugas et al. (1961) published two detailed

accounts of magnetic lens design, the first confined to symmetric lenses, the second

covering both symmetric and unsymmetric geometries. Their design curves show the real

and asymptotic focal lengths and focal distances as functions of J/J0, where J0 is the

excitation corresponding to the minimum projector focal length, which is chosen as the unit

of length. A separate curve relates this minimum focal length to J0 and to S/D; this

demonstrates that although scaling with respect to S1D, as adopted by Liebmann, gives a

constant value of focal length for D/S. 1, the scaling factor L (36.88) is better, giving a

constant value of f/L for 0.5,D/S,N, in which range it is equal to 0.5. In the same

range, J0/φ̂
1=2

is also constant and equal to 13.5 A-t/V1/2. Durandeau and Fert (1957) also

plot Cc/fmin and Cs/fmin for D5 S as functions of J/J0 and mention that their results do not

agree with those given by the rectangular model, B(z)5μ0J/L, |z|, L/2, B(z)5 0 otherwise.

As explained earlier, this model cannot be used to calculate Cs. These curves are extended

in Dugas et al. (1961) to cover a wider range of values of D/S for Cs and to include

unsymmetric lenses, D1 6¼D2. Some of this work is surveyed by Fert and Durandeau (1967).

The real field distributions in unsymmetric lenses below saturation have been very

thoroughly investigated by Juma and Yahya (1984). From among their many results, we

mention their confirmation of Dugas’s empirical formula for the maximum axial field,

Bm5μ0 J/L where L5 {S21 0.45(D11D2)
2/4}1/2, for a wide range of asymmetry. We also

give their expressions for the half-widths (a1, a2) of the two halves of the field distribution:

a1

a2
5
	D1

D2


0:55
for s$D1=D2$ 0:5

a1

a2
5 1:3

D1

D2

for
D1

D2

, 0:5

Useful though these curves are, they can be misleading if not used with care for the lens

must not be allowed to run into saturation. The necessary conditions that must be satisfied

are clearly stated in Durandeau and Fert (1957) but a distinct improvement in the

presentation of the lens properties was made in 1968 by Kamminga et al. (1968, 1968/69)

Magnetic Lenses 813



and Brookes et al. (1968), who incorporated the maximum magnetic flux between the

polepieces (not that on the axis, B0). Writing

Bm :¼ μ0J=S; K :¼ J2=φ̂ (36.132)

Kamminga et al. plot the objective cardinal elements, Cs and Cc, scaled with respect to D,

as functions of S/D for various values of K. Setting

Cs

D
¼: g K; S=D

� �
(36.133)

and replacing D by

D5
μ0φ̂

1=2
K1=2

Bm S=D
� � (36.134)

we find

Cs5
μ0φ̂

1=2

Bm

g K; S=D
� �K1=2

S=D
(36.135)

and the resolution parameter (see Section 66.4 in Volume 3),

d :¼ Csλ3
� �1=4

(36.136)

becomes

d5
g K; S=D
� �

K1=2

φ̂Bm S=D
� �

( )1=4

(36.137)

For the highest resolution, therefore, φ̂ and Bm should be as high as is compatible with the

physical limits while g(K, S/D)K1/2 D/S should be as small as possible. It is therefore

extremely convenient to display the function

CsBm

μ0φ̂
1=2

� g K; S=D
� �

K1=2

S=D
(36.138)

as a function of S/D for various values of K. This function is shown in Fig. 36.15A, while

Fig. 36.15B shows contours of constant {g(K, S/D)K1/2 D/S}1/4, to which d is proportional,

in the K2 S/D plane. Having selected a suitable region of the latter, K and S/D can be

chosen in such a way that Cc is also small and that the illumination is as it should be.

This presentation is superior to more conventional analyses in that the real field Bm occurs

rather than the maximum axial field B0. If the relation between these is taken into account,
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the results are of course the same. Kamminga et al. give the following values for

this relation:

S/D 0.25 0.5 0.75 1 1.5 2 3
B0/Bm 0.32 0.57 0.73 0.83 0.93 0.96 0.97
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Figure 36.15
(A) The dependence of CsBm/μ0φ̂

1/2 on S/D for various values of K :¼ J2/φ̂. (B) Contours of
constant (CsBm/μ0φ̂

1/2)1/4 in the S/D-K plane. In the shaded region, (Cs Bm/μ0φ̂)
1/4# 1.5.

The dotted lines a and b indicate values of S/D and K for which the illumination is correct.
After Kamminga et al. (1968/9), Courtesy Wissenschaftliche Verlagsgesellschaft.
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Similar information is presented graphically by Zelev (1982), who measured B0 as a

function of J/S for 11 different sets of values of S and D (or D1 and D2); the

polepieces were for the most part of Permendur, though some examples of

Permalloy are included. Curves showing B0 as a function of S/D for various values

of J/S, for Permendur and two varieties of Permalloy are also presented, together

with graphs of the half-width of the field, ah, plotted against S/D for values of S

ranging from 1 to 10 mm. The latter are obtained from the extended bell-model

(Section 36.3 and Glaser, 1952, Eq. 81.7):

ah

S
5

1

f1 νð Þtanh αS=2D
� � (36.139)

where α is the first zero of the zero-order Bessel function J0 and

f1(ν)5 {π/(21/22 1)}1/2 Γ (n2 1/2)/Γ (n); n is defined in Section 36.3. The few

measured values included by Zelev agree well with his analysis.

An alternative representation, which is also very convenient in practice, uses as abscissa not

the absolute excitation but the ratio of J to J0, where J0 is the excitation for which the

relative projector focal length, f/S, is smallest. Figs 36.16A�E form a most useful set of

working curves for practical lens design, while Fig. 36.16F shows how the minimum values

of CsBm/φ̂
1=2

and CcBm/φ̂
1=2

vary with S/D.

All these questions have been re-examined by Lenz (1982), who gives sets of curves for the

various paraxial quantities as well as the chromatic and third-order geometric aberration

coefficients. Here Durandeau’s unit of length L5 (S21 0.45D2)1/2 is adopted as scaling

factor, raised to an appropriate power (Cs/L, for example, but FL and AL for field curvature

and astigmatism, and DL2 for distortion). The abscissa is κ/κt, where κ is defined by

Eq. (36.7) and κt is the value of κ for which the projector lens action is telescopic, or in

other words the projector focal length becomes infinite. These curves are reproduced as

Figs 36.17A�D.

Also during the 1960s, the values of the spherical aberration coefficient were established

for finite magnification for a wide range of S/D by Der-Shvarts and Makarova (1966, with

major corrections in 1976). These findings were subsequently extended to include the other

geometric aberrations (Der-Shvarts and Makarova, 1972). The same authors have obtained

convenient approximate formulae for the aberration coefficients as a function of

magnification (Der-Shvarts and Makarova, 1967, 1972, 1973; Der-Shvarts, 1970, 1971);

these expressions are analysed in some detail in Hawkes (1980b) and listed in Hawkes

(1982) and are not reproduced here. The coefficients that appear in the polynomial

expressions for the asymptotic aberration coefficients are considered by Heritage (1971,

1973), Maclachlan (1972) and Hawkes (1973).
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Figure 36.16
Magnetic lens properties. (A) Projector properties: fBm/φ̂

1/2 as a function of J/J0, where J0 is the
value of J corresponding to the minimum of f, for several values of S/D. (B)�(F) Objective

properties. (B) z0FoBm/φ̂
1/2 as a function of J/J0. (C) f

0Bm/φ̂
1/2 as a function of J/J0. (D) Cs Bm/φ̂

1/2

as a function of J/J0. (E) CcBm/φ̂
1/2 as a function of J/J0. (F) Minimum values of CsBm/φ̂

1/2 and the
resulting value of CcBm/φ̂

1/2 as functions of S/D; the appropriate value of J/φ̂1/2 is also shown.
3 : S/D5 0.2; Δ: 0.6; x: 1; &: 2; 1 : N. The units are mm.mT.V�1/2. After Mulvey and Wallington

(1973), Courtesy Institute of Physics.
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The fact that the optical properties vary rapidly with accelerating voltage has led first Lenz

(1952) and later Schiske (1977) to examine the inverse problem, in which one seeks to

obtain information about the field (or potential) distribution from the variation of the

cardinal elements with accelerating voltage. The reader interested in the behaviour of these

cardinal elements in the neighbourhood of the values of accelerating voltage corresponding

to telescopic operation will find an analysis in Schiske’s paper.

36.4.3 Saturated Lenses

Satisfactory studies of lenses in which saturation has become important had to wait for

adequate computing power, although an early application of Southwell’s relaxation method

in electron optics was the calculation of the fields of saturated lenses by Hesse (1950). The

work of Bauer (1968) showed that the latter merited much fuller investigation than they had

yet been accorded and several studies followed soon after. Munro (1973, 1974, 1980)

applied the finite-element method to various lenses at high excitation; the corresponding

program formed one of a suite capable of analysing magnetic lenses with and without

saturation and electrostatic lenses (Munro, 1975b). Kamminga (1976), using the same

method, calculated the axial field for three values of S/D, D5 2 mm and five values of Bm:

2.32, π, 2π, 3π and 4π T (Figs 36.18A�C). The aberration coefficients are not published;

instead, Kamminga plots the theoretical resolution (cf. 36.136), here defined by

dth :¼ 0:43 Csλ3
� �1=4

(36.140)
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where the wavelength λ is given (Eq. 55.11 in Volume 3) by

λ5 h= 2em0φ̂
	 
1=2

(36.141)

or λ/Å� 12.25/(φ̂/V)1/2, and a stability criterion ST, defined by

ST5 1025 Csφ̂
21=2

C22
c

	 
1=2
(36.142)

against S for S/D5 0.6, 1 and 2. The values of J and Bm are also plotted for the same range.

Two situations are considered: the condenser�objective mode, in which, we recall, the

entire lens operates as a telescope and the specimen is placed at the centre; and a

telescopic-condenser mode (Francken and Heeres, 1973), in which the condenser part of the

lens acts as a telescope and which requires even higher excitation. The results are

reproduced as Figs 36.18D and E. Chen (1988) calculates the effect of saturation on Cs

and Cc.

The fullest studies are those of Cleaver (1978, 1980, 1981). In the first of these, the paraxial

properties and chromatic and spherical aberration coefficients and certain characteristic

angles are presented for a series of symmetric lenses with Permendur polepieces, for all of
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(A)�(C) The axial magnetic induction in three magnetic lenses with D5 2 mm and (A) S/D5 1,
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Courtesy Wissenschaftliche Verlagsgesellschaft.
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which S5 10 mm but 2.5 mm,D ,10 mm. The excitation J is varied from 10 to 28 kA-t,

except for the case D5 5 mm, for which values of J as high as 90 kA-t are considered.

For lenses functioning in the condenser�objective mode (that is, with the specimen plane

at the centre of the gap) and the image plane distant 20 cm from the specimen plane,

Cleaver shows how Cs and Cc vary with φ̂ (φ̂ is used in preference to J since the magnetic

circuit has a finite reluctance and it is convenient to compare lenses at the same value of

φ̂). The position of the real back-focal plane is also plotted for various values of D.

If the specimen is not exactly at the centre of the lens, the relation between the various

planes can be expressed by an empirical formula of the form

zo � 2k Jð Þ 1

za 1 a Jð Þ 1
1

zi2 a Jð Þ

� 
(36.143)

in which the coefficients k(J) and a(J) are given graphically by Cleaver. For this situation,

the aberration coefficients Cc and Cs, the position of the real and asymptotic back-focal

planes and the principal angular quantities (see Fig. 36.19) are plotted in Fig. 36.20A�C.

The relation between J/φ̂1/2 and φ̂ for various object and image positions is shown in

Fig. 36.20D. For a given value of S/D, it is also of interest to see how Cs and Cc vary with

S at a given accelerating voltage; Fig. 36.20E shows this for φ̂5 1 MV and it can be seen

that the minima of the two curves, though not sharp, occur for different values of S.
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Figure 36.19
Notation used by Cleaver to characterize condenser�objective operation of a lens. After Cleaver

(1978, 1980), Courtesy Wissenschaftliche Verlagsgesellschaft.
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In his later papers, Cleaver (1980, 1981) has attempted to provide a unified treatment of

lens behaviour from which the most suitable design for given operating conditions can be

selected. The unification is obtained by establishing the curve relating Cs and φ̂ for each

lens geometry considered, the excitation J and the specimen plane zo being adjusted to

minimize Cs; a similar curve can be established for Cc. The symmetric condenser�objective

then corresponds to a point on this curve, with conventional operation on one side and

second-zone operation on the other. Four asymmetric and four symmetric lenses are studied

by Cleaver (Fig. 36.21); we first consider lens S2 (symmetric, S5 5, D5 3 mm) in detail

and then extend the results to the remainder.

It is convenient to classify the operating modes in terms of the ratio of αc/αo; for

conventional operation, in which the prefield is negligible, αc/αo� 1, for a

condenser�objective 0,αc/αo{1 and for the second-zone mode, 21,αc/αo, 0

(Fig. 36.22A). The boundaries adopted by Cleaver are shown in Fig. 36.22B, where the

bounds on the regions occupied by the conventional and second-zone modes have been

determined by setting αc/αo5 6 0.2.
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(Continued).
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If now Cs and Cc are plotted against φ̂ for various values of zo, families of curves are

obtained (Fig. 36.23A and B), each of which proves to define an envelope, different parts of

which correspond to the different operating modes. These envelopes are included in

Fig. 36.22B; for a condenser�objective, for example, the best Cs value can be seen to be

obtained for φ̂5 1.7 MV, whereas the best Cc value occurs at φ̂5 0.56 MV.

The effect of a scale change can easily be included, for if the lens size is increased by some

factor k, then J, Cs and Cc will likewise increase as k provided that saturation remains

constant, while φ̂ increases as k2, to maintain equivalent trajectories. By using logarithmic

plots for Cs and Cc against φ̂, the envelope curves can simply be translated, one step up for

every two across.

These ideas are then applied to the family of lenses shown in Fig. 36.21. We cannot do

justice to Cleaver’s meticulous discussion here but we reproduce his figures which

summarize his findings conveniently. Fig. 36.24A and B show the Cs and Cc envelopes and

Fig. 36.25A shows how B0 varies with J; Fig. 36.25B shows J as a function of φ̂ for

A1 S1

A2 S2

A3 S3

A4 S4

50 mm

Figure 36.21
Lenses studied by Cleaver and considered in Figs 36.22�36.26. In the asymmetric lenses,

S5 15 mm, D15 20 mm and D25 3 mm. Coordinate origin at face of small-bore polepiece. In
the symmetric lenses, S5 5 mm, D5 3 mm and the coordinate origin is at the centre of the gap.

The external cone semi-angles are initially 45� or 67�. After Cleaver (1978, 1980),
Courtesy Wissenschaftliche Verlagsgesellschaft.
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minimum Cs, and the corresponding specimen position is plotted in Fig. 36.25C. For the

same condition, Fig. 36.26A shows the magnification for fixed object-image distance (1 m),

Fig. 36.26B the position of the back-focal plane and Fig. 36.26C the ray-height in this plane

for a ray that intersects the axis at zo and zi. In Cleaver (1981), the off-axis aberrations are

likewise studied in full detail.
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Figure 36.25
(A) Dependence of peak axial field on the polepiece shape. The circles indicate conditions
corresponding to the condenser�objective points on the minimum-Cs envelope curves.

(B) Excitation parameter in A-t.V�1/2 as a function of electron beam voltage, for conditions
corresponding to the minimum-Cs envelope curves. (C) Specimen height as a function of electron
beam voltage, for conditions corresponding to the minimum-Cs envelope curves. The axial scale

origin is in the plane of the image-side polepiece face. After Cleaver (1978, 1980), Courtesy
Wissenschaftliche Verlagsgesellschaft.
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Verlagsgesellschaft.
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Before leaving Cleaver’s studies, we draw attention to his conclusions about the use of

materials with lower saturation flux density than Permendur. Cleaver’s curves (36.26)

showing the Cs and Cc envelopes for one symmetric and one asymmetric lens for

Permendur and for soft-iron polepieces are sufficiently close to encourage designers to

accord such qualities as remanence, homogeneity and ease of machining at least as much

importance as the B�H curve.

The field distribution of asymmetric lenses, potential candidates for the objective of a very

high resolution high-voltage microscope, has been studied by Tsuno and Honda (1983)

close to the onset of saturation. The paraxial properties and principal aberration coefficients

are shown, as well as the field distributions on the axis and throughout the lens region.

Superconducting lenses with conventional yokes (as opposed to shielding cryolenses,

Section 36.6.2) are almost invariably operated with some degree of saturation; it was to

circumvent the worst effects of this that holmium and dysprosium were introduced as

polepiece materials since these rare-earth elements have a high saturation magnetization at

low temperature. Lenses with rare-earth polepieces have been thoroughly studied by

Bonjour and Septier (1967a,b, 1968; Bonjour, 1969, 1974; Septier, 1972); in their earlier

designs, saturation was so high that the axial field exhibited wide sloping shoulders (this

was partly due to the limited size of commercially available holmium ingots) but in their

later proposals (Bonjour 1975a,b,c, 1976) this is largely corrected. Thus in the designs

described in Bonjour (1975a�c) the field has the familiar bell-shape and the various

aberration coefficients calculated are low for high-voltage operation; these designs are in

principle capable of yielding resolutions below 0.2 nm at 3 MV. The cardinal elements and

aberration coefficients of a similar experimental lens have been obtained from the

measured axial field by Bonjour (1975b) and substantially confirm these predictions; the

polepiece shape for the experimental lens allows more broadening of the axial field,

however. A lens design in which the polepieces are saturated and the superconducting

winding contributes substantially to the axial field has been proposed by Yin and Mulvey

(1987). For further work on saturation, see Chen (1988), Hodkinson and Tahir (1995) and

Lencová (2015).

36.5 Ultimate Lens Performance

36.5.1 Tretner’s Analysis

The theorem of Scherzer (1936b) tells us that the spherical and chromatic aberration

coefficients cannot change sign, and experiment and intuition combine to suggest that there

must be limiting values of these quantities that cannot be surpassed in real lenses, in which

physical considerations limit the maximum magnetic field. These limiting values were

established by Tretner in a series of publications (1950, 1954, 1955, 1956) culminating in
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his survey of the Existenzbereiche of rotationally symmetric electron lenses (Tretner, 1959).

His conclusions have been confirmed by later investigators in the sense that no lens has

been found that does not fall within his domains (see, e.g., Mulvey and Wallington, 1973).

The only claim that such a lens existed (Glaser, 1956a) proved to be a false alarm

(Glaser, 1956b).

We follow Tretner in considering electrostatic and magnetic fields together. The problem to

be solved may be stated as follows: what are the lower and upper bounds, if any, on the

real spherical and chromatic aberration coefficients, Cs and Cc, when the object focal length

f 0 for magnification M, the potential at object and image plane, φo and φi, the maximum

potential φm and the maximum electric field, |φ0|m, the maximum magnetic flux density Bm

or the maximum relative flux gradient, |B0/B|m, are regarded as variables. In order to

eliminate trivial solutions, the coefficients are normalized with respect to some convenient

length; Tretner introduces three such lengths:

L1 5
2φ1=2

o

η Bj jm

L2 5
1

B0=B
�� ��

m

for M-N

9>>>>=
>>>>;

for magnetic lenses (36.144)

L45
φo

φ0�� ��
m

for electrostatic lenses

The fields must therefore satisfy

2
2φ1=2

o

ηL1
#B#

2φ1=2
o

ηL1

2
1

L2
#

B0

B
#

1

L2

or

�φo

L4
#φ0 #

φo

L4

(36.145)

We shall not repeat here the ensuing variational calculus, fully set out in Tretner (1959), but

reproduce the results in some detail.

36.5.1.1 Chromatic aberration, electrostatic case

The axial potential that gives the smallest value of Cc/L4 is linear with abrupt changes in

gradient (Fig. 36.27); at the object plane, the gradient changes from φ052|φ0|m to
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φ05 |φ0|m and subsequently the potential abruptly becomes constant, φ5φm. The minimum

value of Cc/L4 is found by eliminating x and y between the equations

Cc
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p
xffiffiffi

3
p

1x
� �2 2Q yð Þ 11

1

x2

 ! ffiffiffi
3

p
x1 1

� �
x2

ffiffiffi
3

p� �3
ffiffiffi
3

p
x2 1

� �
x1

ffiffiffi
3

p� �3
8<
:

9=
;

φm

φo

5

ffiffiffi
3

p
x21ffiffiffi
3

p
y21

y2
ffiffiffi
3

p

x2
ffiffiffi
3

p x1
ffiffiffi
3

p

3x1
ffiffiffi
3

p
0
@

1
A

2
(36.146)

where

Q yð Þ5 3y2
ffiffiffi
3

p
y2 1ffiffiffi
3

p
2y

� �3 π
2
2 arctan y

	 

(36.147)

Tretner finds that for φm/φo. 100,

Cc

L4

����
min

-11
7:26

φm=φo

� �1=2 2
11:9

φm=φo

� �3=4 (36.148)
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Solution for φm/φo = 1.3

φ=±/φ/m

Solution for φm/φo = 1

φ
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1

z/L4

2 3 4

Figure 36.27
The axial potential in electrostatic lenses that gives the smallest chromatic aberration. After Tretner

(1959), Courtesy Wissenschaftliche Verlagsgesellschaft.
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and that for φm/φo, 100, the following expression is a good approximation to the exact

solution:

Cc

L4

����
min

� 2:8

φm=φo

� �1=6 (36.149)

Cc/L4 has no finite upper limit. The electrostatic lens domain, for Cc/L4, is shown in

Fig. 36.28 in which the region occupied by the Glaser�Schiske field (Section 35.3.1b) is

shown (retarding case only).

36.5.1.2 Spherical aberration, electrostatic case

The potential that gives the smallest value of Cs/L4 is shown in Fig. 36.29; it consists of a

straight zone, φ5φo(12 z/L4) up to the point z/L45 0.484, beyond which it gradually

flattens out, tending asymptotically to (4z/L4)
21.15. The corresponding minimum is

Cs

L4

����
min

5 0:23 (36.150)

For comparison, Fig. 36.29 also shows the field model φ=φo 5 0:571 0:47 tanh(1.6�2.15z/

L4), for which Cs/L4|min� 1.2.

Cs/L4|max is unbounded so that finally

N$Cs=L4$ 0:23 (36.151)

0

Cc/L4

0

+
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4
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φm/φo

2 4 6 8 10

Figure 36.28
The limiting value of Cc/L4 for electrostatic lenses as a function of (φm/φ0)

1/2. The values for the
Glaser�Schiske field (35.81 with C5 0) are shown as a broken curve. After Tretner (1959), Courtesy

Wissenschaftliche Verlagsgesellschaft.
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36.5.1.3 Spherical aberration, magnetic case, L1

The lower limit of Cs/L1 is shown in Fig. 36.30; the curve has the approximate form

Cs

L1

����
min

� 0:068

f=L121
� �1=2 (36.152)

0
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0.5

1
1

2

3

0.485 1
z/L4

2

φ
φo

Figure 36.29
The potential in electrostatic lenses that gives the smallest spherical aberration. 1. Model field of
Ramberg (1942). 2. Linear part of potential. 3. Nonlinear part of potential. After Tretner (1959),

Courtesy Wissenschaftliche Verlagsgesellschaft.
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Figure 36.30
The lower limit of Cs/L1 in magnetic lenses as a function of f 0/L1. Glaser’s bell-shaped curve is

included for comparison. After Tretner (1959), Courtesy Wissenschaftliche Verlagsgesellschaft.
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along the vertical branch, and tends to

Cs

L1

����
min

-0:33 (36.153)

as f/L1-N. It will be seen that the bell-shaped field comes close to this minimum value.

Cs/L1|max is unbounded and the corresponding magnetic lens domain is thus as shown in

Fig. 36.30.

36.5.1.4 Spherical aberration, magnetic case, L2

The optimum field is now the exponential distribution

B zð Þ5B0 exp 2z=L2
� �

(36.154)

The coefficient Cs is described by

Cs

L2

����
min

5 0:252 0:48μ

f

L2
5 0:81 0:15μ ln 1=μ

� �
9>>>>=
>>>>;

0#μ{1 (36.155)

In the vicinity of the point corresponding to the shortest focal length,

f=L2 min5 0:8; we have Cs=L25 0:25
�� (36.156)

(Rebsch, 1938; Lenz, 1951).

For large focal length,

Cs

L2

����
min

5 0:239 for f=L2c1 (36.157)

The coefficient now does have an upper limit, which asymptotically tends to

Cs

L2

����
max

-0:5 f=L2
� �2

(36.158)

The magnetic lens domain for Cs/L2 is thus as shown in Fig. 36.31; the ‘corner’ occurs at

the point found by Rebsch already mentioned, where Cs/L25 0.25 and f/L25 0.8.

36.5.1.5 Chromatic aberration, magnetic case L1

The lower limit of Cc/L1 is given by

Cc

L1

����
min

5
π
4

(36.159)
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for all focal lengths. For large values of f/L1, it has an upper limit of the form

Cc

L1

����
max

B
f

L1
2

1

6f=L1
(36.160)

In the vicinity of the point of shortest focal length,

f=L1 min5 1 and Cs=L1 min5π=4
���� (36.161)

The domain is shown in Fig. 36.32.

36.5.1.6 Chromatic aberration, magnetic case L2

As in case (e), the lower limit is simply

Cc

L2

����
min

5 0:5 (36.162)

independent of focal length until the latter reaches its minimum value, f/L2|min5 0.8.

Beyond this, the upper limit takes over, and when f/L2c1,

0
f�/L2

1

0.239

1

Cs

L2

2

3

Bell-shaped
field

Rebsch,
(0.8/0.25)

2

Figure 36.31
Limiting value of Cs/L2 for magnetic lenses as a function of f 0/L2. Glaser’s bell-shaped field is

shown for comparison. The value found by Rebsch falls at the corner. After Tretner (1959), Courtesy
Wissenschaftliche Verlagsgesellschaft.
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Cc

L2

����
max

B
f

L2
2

1

8
(36.163)

The domain is shown in Fig. 36.33.

36.5.2 Earlier Studies

As we have indicated in passing, Tretner’s was not the first attempt to establish the smallest

values of Cs and Cc. Thus in 1936, Scherzer had sought the weak einzel lens with the

least spherical aberration by minimizing
ÐN
2N φv2dz keeping

ÐN
2N φ02dz and

ÐN
2N z2φ02dz

(i.e., focal length and distance) constant; he found φ5φ0{11A exp(�Bz2)} and suggested

an electrode configuration to produce it (Scherzer, 1936a). Rebsch and Schneider (1937)

examined a number of fields to find the ‘best corrected’, in the sense that their measure G,

G :¼ r3ab

rifl2
(36.164)

was least, where the ‘lens-length’ l is defined by

l

2

� �2

:¼

ð
z2

3

16

φ02

φ2
1

η2B2

4φ

� �
dzð

3

16

φ02

φ2
1

η2B2

4φ

� �
dz

(36.165)
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Figure 36.32
Limiting value of Cc /L1 as a function of f 0/L1 for magnetic lenses. The bell-shaped lens is shown

for comparison. After Tretner (1959), Courtesy Wissenschaftliche Verlagsgesellschaft.
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ra is the aperture radius and b is the image distance. Setting (l/2)25 fh, where h is the focal

distance, they find

Gel 5
3

5

ð
φ02 dz

� �2
ð
z2φ02 dz

ð
φv2 dz

Gmag 5
1

2

ð
B2 dz

� �2
ð
z2B2 dz

ð
B02 dz

(36.166)

For Scherzer’s lens (1936a), G5 0.267; for a simple ring, φ5φ0(a
21 z2)21/2, G5 0.119;

for a ring inside a plate, φ5φ0 /(a
21 z2), G5 0.2; for φ5φ0 /(a

21 z2)n, G5 2(2 n1 3)

(4 n2 1)/15(4 n1 1)(n1 1). They likewise investigated various magnetic fields: B5B0

exp(2kz2), for which G5 2; and a rotation-free lens, B(z)5B0z exp(2kz2), G5 0.222. For

a combined lens, they found

Gcomb5Gel

11λ2fel=fmag

� �2
11λ2 ri mag=ri el
� �

11λ2 fel=fmag

� �
l2mag=l

2
el

	 
n o (36.167)
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Figure 36.33
Limiting value of Cc/L2 as a function of f 0/L2 for magnetic lenses. The bell-shaped lens is shown

for comparison. After Tretner (1959), Courtesy Wissenschaftliche Verlagsgesellschaft.
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where λ is the relative weight of the electrostatic and magnetic contributions (λ5 0, pure

electrostatic and λ-N, pure magnetic). The combined value of G always lies between

Gel and Gmag.

Riedl (1937) and Gratsiatos (1937) obtained formulae for the aberration coefficients of

weak electrostatic einzel lenses and magnetic lenses respectively. Rebsch (1938) and

Scherzer (1941) calculated the minimum focal length and minimum spherical and chromatic

aberrations of magnetic lenses; for B(z)5B0 exp(z /a), z, 0, Rebsch found Cs /a5 0.252

and Lenz (1951) subsequently showed that the correct value is 0.25. For the same field,

Cc /a5 0.5 while a/f5αnJ1(αn), J0(αn)5 0. Plass (1942) described electrodes capable of

generating Scherzer’s best weak symmetric lens (1936a) much less complicated than those

proposed by Scherzer himself, and Ramberg (1942) studied the variation of Cs and Cc with

lens strength for three electrostatic geometries (two einzel, one immersion) and one

magnetic lens. In 1956, Schiske found

Cc$
π
2

ηφ̂
1=2

B0

11 1=M
� �

(36.168)

Meanwhile Glaser (1940a) had enquired what field is obtained by setting the integrand in

the formula for Cs, in the form
Ð
f (B)h4 dz, equal to zero. This yields a differential equation

for B(z) but the resulting distribution is not suitable as an imaging field, being convex

towards the axis (Rebsch, 1940; Recknagel, 1941; Glaser, 1940c). This field has, however,

found a use in β-ray spectroscopy (Siegbahn, 1946) and can be represented by a field

model closely related to Glaser’s bell-shaped distribution, namely

B zð Þ5 6
B0

12 z2=a2
zj j 6¼ að Þ (36.169)

studied by Sturrock (1951). This model was employed by Glaser (1956a,b), who found that

even if the central region only is employed, and hence the fact that the field tends to

infinity as z-6 d disregarded, the minimum values of Cs /L1 and Cs /L2 are in accord with

Tretner’s rules; specifically, for fixed magnification (M) and B0 /Bm-0,

Cs5
7

4
L1 11M22
� �

or Cs 5
7

2
L2 11M22
� �

while for high magnification and fixed B0/Bm, we have Cs5 7/L1/4 or Cs5 7L2/2. See too

Marton and Bol (1947). The magnetic lens with smallest spherical aberration was also

calculated by Sugiura and Suzuki (1943), who arrived at a very asymmetrical design

(cf. Suzuki et al., 1982). Recknagel (1941) applied Glaser’s idea, of setting the Cs integrand

equal to zero and solving for φ(z), to electrostatic lenses but the conclusions are similar.

The integral expression for the spherical aberration of a combined electrostatic and

magnetic lens seems to indicate that there is nothing to be gained by superimposing an
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electrostatic field on that of a magnetic lens. The integral expression can be deceptive,

however, for it is true that a combined lens is worse than either of the individual lens types

only if the paraxial solutions are the same in all three cases, which is extremely unlikely.

Yada (1986) has shown that, in fact, the spherical aberration coefficient of a magnetic lens

can be appreciably reduced by adding a suitably designed electrostatic field (Fig. 36.34).

N

(A)

(B)

200 100 200 300
V

0

0.2

0.4

0.6

Δ l/l
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–0.4

–0.6
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1
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Figure 36.34
(A) Incorporation of an electrostatic lens within the field of a magnetic lens. (B) Variation of the

spherical aberration coefficient, expressed in terms of the diffracted beam shift (Δl/l), with
applied voltage (V). For positive voltages, the spherical aberration diminishes but the curves

gradually flatten out. Curve 1: symmetric magnetic lens, S/D5 4/7; electrode separation 0.2 mm.
Curve 2: asymmetric lens, D15 7 mm, D25 2 mm, S5 3 mm; electrode separation 0.1 mm. After

Yada (1996), Courtesy Japanese Society of Electron Microscopy.
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36.5.3 Optimization

Tretner’s work had established limits on Cs and Cc in a systematic fashion but it was still

not known which polepiece shapes and electrode configurations would approach these

limits most closely, particularly if additional practical constraints � the need for a top-entry

specimen stage, for example, or for negligible magnetic field at the specimen � were

imposed. Some success in this direction has been achieved by Moses, using sophisticated

variational calculus and by Szilágyi, using dynamic programming.

It must, however, be stressed that all these attempts at optimization yield a function B(z),

not a lens geometry. A more practical approach to lens design, which may not yield a

strictly optimal design but reveals more about the intricate relation between lens geometry

and optical performance and excellence, is that adopted by Hill and Smith (1980, 1982) and

further developed by Tsuno and Smith (1985, 1986, 1987), who computed the field

distribution and optical properties for a given geometry and varied the latter methodically

until the desired characteristics were obtained; the procedure is interactive, geometry,

trajectories and numerical values of the optical quantities being displayed on a screen as

the search proceeds. A similar procedure is described by Tsuno and Harada (1983a)

and there is related work by Gu and Chen (1984), Gu and Shan (1984) and Taylor and

Smith (1986).

Calculus of variations. Moses applied techniques originally developed for quadrupoles

(Moses, 1970, 1971a,b) to the design of magnetic round lenses having as little spherical

aberration as possible and at the same time free of isotropic and anisotropic coma (Moses,

1972, 1973; Rose and Moses, 1973; Moses, 1974). Several fields, both round and

cylindrical, were found that satisfy these conditions and create negligible magnetic field at

the specimen. (The cylindrical lenses were also free of rotation.) Moses showed that it is

advantageous to use an asymmetric field distribution, as already known from systematic

lens studies, falling off slowly on the image side. Kodama (1982) enquired how these

findings are modified if the bore radius of the polepieces is regarded as a variable.

Dynamic programming. A very different technique has been explored by Szilágyi (1977a),

who has combined the search routines developed for ‘dynamic programming’ with a very

simple electrostatic or magnetic lens model. The method generates vast numbers of field

distributions corresponding to a minimum of some quantity, typically the spherical

aberration coefficient. From among these, distributions can be selected that satisfy some

practical constraint: that the magnification must take some preset value, for example.

The function to be minimized, S, will be in the form of an integral between two values of z,

which we now denote zn and z0. We divide the distance zn2 z0 into n equal regions, so that

zn2 z0 ¼: nΔz and write
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S ¼:Δz
Xn
1

Fk (36.170)

where

Fk :¼
1

2
F zk21ð Þ1F zkð Þ� �

(36.171)

and S represents

ðzn
zo

Fdz The field function h(z) :¼ ηB(z)/2φ̂
1=2

is replaced by a sequence of

linear segments

h zð Þ5H0 1H1 z (36.172)

for which the paraxial ray equation can be solved explicitly in terms of

Bessel functions (Szilágyi, 1969):

rk
r0k

� �
¼: r rk21

r0k21

� �
¼: π H0 H01H1Δzð Þ� �1=2

2
ffiffiffi
2

p
H1

R
rk21

r0k21

� �
(36.173)

The elements of the 23 2 matrix R are as follows:

R115 6H0 J3=4 w0ð ÞJ1=4 wð Þ1 J23=4 w0ð ÞJ21=4 wð Þ� �
R125 J21=4 w0ð ÞJ1=4 wð Þ2 J1=4 w0ð ÞJ21=4 wð Þ
R215 H0 1H1Δzð ÞH0 J3=4 w0ð ÞJ23=4 wð Þ2 J23=4 w0ð ÞJ3=4 wð Þ� �
R225 6 H01H1Δzð Þ J21=4 w0ð ÞJ23=4 wð Þ1 J1=4 w0ð ÞJ3=4 wð Þ� �

(36.174)

with

w05H2
0=2 H1j j; w5 H01H1Δzð Þ2=2 H1j j (36.175)

Simpler expressions, listed by Szilágyi (1977a), are obtained for the special cases H05 0

and H15 0. In Eq. (36.174), the plus signs are to be used when H1 is positive, the minus

signs when it is negative.

Denoting the maximum value of h(z) by hm, we divide the total range over which the field

can vary into steps Δh, so that

MΔh5 hm (36.176)

The value of h(z) at the point zk5 kΔz is then characterized by a matrix element hik such

that

h zkð Þ5 hik 5 iΔh (36.177)
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where i may take any integral value such that 2M# i#M. It is to be emphasized that the

suffices of hik characterize very different quantities: field (i) and distance along the optic axis

(k). From Eq. (36.172) it is immediately clear that, for the axial zone between zk21 and zk,

Ho 5 hj;k21 5 jΔh (36.178a)

H15
hik 2 hj;k21

Δz
5 i2 jð ÞΔh

Δz
(36.178b)

As for i, 2M# j#M.

The ray r(z) can now be calculated across the kth axial zone, assuming that the preceding

zones have already been evaluated, using the matrix R. This will generate two new arrays of

values, one for r and one for r0, corresponding to the (2M1 1) values of i and j. Eq. (36.171)

is then used to calculate the array of possible values of the integrand for the kth axial zone:

Fkð Þij5
1

2
F rk21ð Þij; r0k21

� �
ij
; jΔh; i2 jð ÞΔh

Δz

 !

1
1

2
F rkð Þij; r0k

� �
ij
; iΔh; i2 jð ÞΔh

Δz

 ! (36.179)

If Gj,k21 denotes the optimum field configuration for the first k2 1 axial zones, therefore, we

obtain Gik, the optimum for the first k zones, by varying j until (Fk)ij1Gj,k21 is minimized:

Gik 5min Fkð Þij1Gj;k21

� �
(36.180)

Setting out from z0, this process is performed iteratively until the endpoint zn is reached.

The result is a set of optimum values of H0 and H1 which may be represented graphically

as line segments as we shall illustrate below. For each axial zone, zk21# z# zk, an

optimum pair (H0, H1) is associated with each initial value of h, h5 iΔh, that is, with each

value of h in the plane z5 zk21. Fig. (36.35) shows the optimum linear field segments for

24# h/Δh# 4 and 0# z/Δz # 4. We see that for each value of z5 kΔz, a field line sets

out from each value of h5 iΔh. These are the optimum field segments for each axial zone

as a function of the value of the field at the beginning of the axial zone in question.

Our choice from among these numerous optima is guided by boundary conditions �
requirements on rn and r0n, for example � and by practical considerations. The field must

not exhibit variations that cannot be produced to a reasonably good approximation by

means of polepieces of acceptable shape.

This procedure has been applied to magnetic lenses (Szilágyi, 1977b) and electrostatic

immersion lenses (Szilágyi, 1978a), in both cases with a view to minimizing the

spherical aberration (see also Szilágyi, 1978b). The choice of M, n, and δ5Δh/Δz is

important in obtaining the full range of possible solutions, as Szilágyi (1977b)
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discusses and illustrates in considerable detail. Among the physically interesting

special cases that emerge are the type of field found by Glaser by solving the

differential equation obtained by setting the integrand of Cs equal to zero

(Section 36.4.2) and a distribution with high field at the object, low field at the image

and very small spherical aberration. The advantages of such condenser�objective

operation have long been known but Szilágyi’s approach might enable us to establish

the optimum rate of fall-off of the field (though not how to create this in practice).

Later work by this author is described in Szilágyi (1984a,b). Many other references are

listed in Section 34.7 on optimization.

Calculus of variations reconsidered; direct search. Preikszas and Rose (1995) have re-

examined the ways of searching for compound electrostatic�magnetic lenses with well-

defined desirable properties. They first revisited the approach employed by Moses,

mentioned above, based on the calculus of variations. A set of Euler equation was derived,

forming a coupled set of nonlinear differential equations including two Lagrange

multipliers. The difficulty of obtaining solutions of these is such that Preikszas and Rose

dismissed this approach. Instead, they adopted a method of successive approximations that
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Figure 36.35
The pattern of branching lines shows how minimum values of the integral under consideration are

generated for various values of the field as the distance advances step by step. The heavy line
shows a relatively smooth, and hence physically realistic, distribution. After Szilágyi (1977a),

Courtesy Wissenschaftliche Verlagsgesellschaft.
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generates realistic field distributions known as ‘direct search’ or ‘pattern search’ (Hooke

and Jeeves, 1961). The axial components of the electric field and magnetic induction.

EðzÞ52φ0ðzÞ and B(z), are expressed as linear combinations of analytic functions

EðzÞ5
XN21

0

EnenðzÞ; BðzÞ5
XN21

0

BnbnðzÞ

The basis functions bn(z) are chosen to be the fields of circular currents situated at z5 nd

and of radius r5 rB. For the electrostatic field5, the basis functions are the fields generated

by apertures of radius rE:

bnðzÞ5
r2Bd

2 r2B1ðz2ndÞ2� �3=2
enðzÞ5

r2Ed

2 r2E1ðz2ndÞ2� �3=2
The search then proceeds as follows. Each member of the set {En} is varied and constrained

in order to ensure that the potential satisfies the condition φe5φ0 1
PN21

0

End. For high

magnification, the h-ray is required to emerge parallel to the optic axis and this is achieved

by adjusting the values of Bn. Variations that reduce the total aberration are retained; when

they do not, the sign of the variation is reversed and if this too is unsuccessful, the step-size

of the variation is reduced. As in all iterative methods, the sequence is repeated until no

further changes are obtained.

Preikszas and Rose then describe several lens designs obtained in this way and compare the

properties of optimized compound lenses with those of purely electrostatic or purely

magnetic lenses. In all cases, the radii are chosen to be rE5 1.5 mm and rB5 2 mm; the

separation d5 0.4 mm.

The first case studied is a low-voltage immersion lens with a high value of φe=φ0:

φ0 5 500 V and φe 5 10 kV. Adding a magnetic field and requiring that the magnetic field

at the object plane be low has little effect on the properties of the optimum lens apart from

a reduction of Cs from 4.13 to 2.93 mm. If however a high magnetic field can be tolerated

at the specimen, Cc can be reduced to 0.56 mm (from 1.63 mm) and Cs to 0.63 mm. The

three situations are illustrated in Fig. 36.36A�C. Preikszas and Rose then enquire whether

a magnetic lens can be improved by superimposing an electrostatic field. Whether or not

the specimen can tolerate a high magnetic field, the addition of an electrostatic field has

little effect. Figs 36.36D and E show the field-free case.

5 The set ~en 5 (z 2 nd)en would provide a closer match to the physical contraints.
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Figure 36.36
Field and potential distributions optimized by direct search (A) Optimum potential φðzÞ and

electric field EðzÞ52φ0ðzÞ of an immersion lens. The h-ray is also shown. (B) As (A) but with a
magnetic field added, negligible field at the specimen. (C) As (B) but with a high field at the

specimen. (D) Optimum induction B(z) in a magnetic lens with negligible field at the specimen.
(E) As (D) but with an electrostatic field added and again, negligible field at the specimen.

After Preikszas and Rose (1995), Courtesy Wissenschaftliche Verlagsgesellschaft
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36.6 Lenses of Unusual Geometry

36.6.1 Mini-Lenses, Pancake Lenses and Single-Polepiece Lenses

The traditional magnetic lens geometry, consisting of a pair of polepieces connected by an

iron yoke enclosing a coil of approximately rectangular cross-section, has remained

essentially unaltered since it was introduced by Ruska and von Borries in the early 1930s.

Technologically, it has been vastly improved and modified to permit a host of important

elements access to the gap region but its role remains the same: creation of a high, axially

symmetric, magnetic field along a short stretch of the optic axis. A first departure from this

design was the mini-lens (Le Poole, 1964; Fontijn et al., 1969; Cooke and Duncumb, 1969),

consisting of a multi-layer wire-wound conical solenoid. Typically 5 cm long, the mean

lens diameter is only a few millimetres and the current density between 50 and 100 A/mm2.

The resulting heat is carried away by a water-cooled copper jacket and there is no yoke: the

lens field is the solenoid field.

The practical usefulness of such lenses (e.g., Troyon and Laberrigue, 1977; Podbrdský,

1980, 1982, 1983, 1984, 1987) led Mulvey and colleagues to consider a variety of lens

designs in which the coil carried an unusually high current; original methods of dealing

with the resulting heat were tested (Mulvey and Newman, 1972, 1973; Mulvey, 1974). Thus

a boiling-water lens was subsequently tested by Crewe (1976), for use in a high-voltage

instrument. The first practical results of these ideas were the various miniature lenses that

emerged from Mulvey’s laboratory (surveyed in Mulvey, 1982a,b, 1984); the doublet of

Juma and Mulvey (1974, 1975, 1978) is free of overall rotation since the rotation due to

one member cancels that of the other (see also Stabenow, 1935; Becker and Wallraff, 1940;

Der-Shvarts and Rachkov, 1965; and Section 36.6.1).

Another extreme, high-current density design is the pancake lens, a thin helical coil

resembling a gramophone record or ‘vinyl’ (Bassett and Mulvey, 1969a,b; Mulvey, 1971;

Mulvey and Wallington, 1973; Mulvey and Newman, 1974). The axial field can be written

explicitly:

B zð Þ5 μ0J

2l
cos α12 cos α21 ln

11 cos α2

11 cos α1

D2 cos α1

D1 cos α2

 !( )
(36.181)

where the various parameters are defined in Fig. 36.37 and l5 (D22D1)/2. Since

B 0ð Þ5 μ0J

l
ln

D2

D1

� �1=2( )

the maximum flux density can be raised by increasing D2/D1 though in practice of course

D1 cannot be too small nor D2 too big. As D2/D1 is increased, the full-width at half-height
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(2h) decreases for constant excitation J, since
ÐN
2N Bdz must remain constant. Some typical

figures are as follows:

D2/D1 5 10 25 100 200 1000 106

ln {(D2/D1)
1/2} 0.80 1.15 1.60 2.30 2.65 3.45 12.9

2h/Dm 0.56 0.47 0.29 0.15 0.09

Dm denotes (D21D1)/2. The spherical aberration of such lenses has been studied as a

function of lens thickness (S) and the ratio D2/D1 by Marai (see Mulvey, 1982a). Provided

that S/Dm is not greater than 0.1, the spherical aberration parameter (Eq. 36.138)

CsBmax/φ̂
1=2

falls to about 3 mT/kV1/2 for D2/D15 20 and changes little as D2/D1 is further

increased; this is a very good value. Some further properties are illustrated in Fig. 36.38.

At comparatively high excitations, only half of the lens field will be used if the lens is

acting as an objective or forming a probe, and it is therefore sensible to add an iron backing

plate to the lens, in practice extended to provide some magnetic screening as shown in

Fig. 36.39. From this idea sprang the family of iron-shrouded pancake lenses, which

evolved into the snorkel lens and into a range of geometries known generically as single-

polepiece lenses, for only one polepiece is near the optic axis. The exponential and power

field models prove to represent the axial flux distribution in these lenses quite well (Marai

and Mulvey, 1974; Alshwaikh and Mulvey, 1977; Al-Hilly and Mulvey, 1981), as the

calculations of Mulvey and Nasr (1979, 1981), Nasr et al. (1981), Nasr (1982), Al-Khashab

z

D2

D1

f+

P

+WD –WD

θ

α1
α2

f–

Figure 36.37
Notation used in connection with a thin helical coil (pancake lens). After Mulvey (1982), Courtesy

Springer Verlag.
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(1983) and later Al-Khashab and Abbas (1991) show. For further calculations, see Lencová

(1980), Lencová and Lenc (1982, 1984, 1986), Hill and Smith (1982) and Lenc and

Lencová (1984). See also El-Shahat et al. (2014)

These lenses are of interest in instrument design for various reasons. They permit the

projector lens system of electron microscopes to be improved in ways that are difficult if

not impossible to implement with the bulkier traditional type of lens. The avoidance of

image rotation and of spiral distortion is examined in Juma and Mulvey (1974, 1975, 1978),

Lambrakis et al. (1977), El-Kamali and Mulvey (1977, 1979, 1980), Marai and Mulvey

(1977), Al-Hilly and Mulvey (1981) and Alshwaikh (1982). The optical properties of

single-polepieces lenses in general are explored in Marai and Mulvey (1975), Juma and

Mulvey (1979, 1980), Juma and Alshwaikh (1979), Juma and Faisal (1981), Christofides

and Mulvey (1980), Kordas (1982), Al-Nakeshli et al. (1983, 1984), Juma et al. (1983a,b),

Alshwaikh (1983, 1984), Al-Nakeshli and Juma (1985), Juma (1986) and El-Shahat et al.

(2014) and in the surveys of Mulvey (1971, 1972, 1974, 1976, 1978, 1980, 1982a,b, 1984,

1986). A single polepiece, with or without an axial bore, offers a possible means of

superimposing a magnetic focusing field on the tip of a field-emission gun or of bringing

such a field close to the anode (Cleaver, 1978/79, 1979; Stokes, 1980; Venables and

Archer, 1980; cf. Troyon and Laberrigue, 1977; Troyon, 1980a,b; Shimoyama et al., 1982,
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Figure 36.38
Focal properties of flat helical lenses (full curves) for various values of D1/D2. The broken curves
correspond to long solenoids. 1: f/fmin. 2: f

0/fmin. 3: z
0
Fo/fmin. After Mulvey (1982), Courtesy Springer

Verlag.
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1983). A scanning electron microscope incorporating a single-polepiece lens is described by

Crewe and Kapp (2003).

The surveys of Mulvey (1982a,b, 1984, 1986) and Tsuno (2009) contain a wealth of

additional details. Side-gap lenses, an extreme form of the single-polepiece arrangement,

are mentioned in Section 36.7.6.

36.6.2 Laminated Lenses

In conventional magnetic lenses, the flux within the iron circuit is distributed far from

uniformly; since the yoke must be designed to ensure that the regions in which the flux

density is highest do not saturate, much of the yoke is far from saturation. In terms of

weight and volume, this is a very wasteful situation and it is therefore interesting to enquire

Iron

Polepiece

Wire coils
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4 

m
m
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4 

m
m

30
 m

m

(A)

Figure 36.39
Single-polepiece lenses. (A) An unpierced design with spherical pole. (B) A lens with a bore and

flat poleface. After Mulvey and Wallington (1969), Courtesy Institute of Physics.
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whether the yoke can be redesigned to ensure that the iron is everywhere quite near to

saturation. This is the question that prompted Balladore and Murillo (Balladore and Murillo,

1977; Murillo, 1978; Balladore et al., 1977, 1981, 1984) to replace the homogeneous iron

yoke by a set of laminated silicon-iron transformer stampings; this material is magnetically

highly anisotropic, very permeable parallel to the surface of the yoke but of low

permeability perpendicular to it. Thus if the magnetic flux is distributed uniformly over the

whole cross-section of the yoke at the polepieces, it remains uniformly spread in the

remainder of the circuit. The work is surveyed in Murillo et al. (1987ab).
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(Continued).
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36.7 Special Purpose Lenses

In this closing section, we examine a selection of lens types, indicating their properties and

sources of further information. From the numerous candidates, we have selected (i)

unsymmetrical round lenses; (ii) the shielding cryolens of Dietrich and colleagues (Dietrich

et al., 1969; Weyl et al., 1972); (iii) permanent-magnet lenses; (iv) double-gap, and hence triple-

polepiece projectors; (v) the objective specially designed for the observation of ferromagnetic

specimens by Tsuno and Harada (1983b); (vi) probe-forming lenses for low-voltage scanning

electron microscopes; (vii) the twin-lenses permitting hybrid operation of a transmission

electron microscope as a conventional fixed-beam instrument or as a scanning device (STEM)

employed in Philips/FEI microscopes; and (viii) multibeam lenses, the lotus-root lens. Other

novel designs have been introduced by Tescan, notably the hybrid electrostatic–magnetic lens

that provides wide-field optics in the MIRA3 and Brightbeam scanning electron microscopes

(Sytar and Zavodny, 2017) and the very original triple-objective employed in a SEM and FIB–

SEMs (Jiruše et al., 2016, 2017). These are illustrated in Section 36.7.6.

36.7.1 Unsymmetrical Round Lenses

Lenses in which the shapes of the upper and lower polepieces are different, whether or not

the bore radii are equal, have been thoroughly investigated in the search for optimum

Optic
axis

Lower
polepiece

Upper
polepiece

Figure 36.40
Dimensions and angles of lenses that are varied during optimization.
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performance. The numerous parameters that characterize the geometry are indicated in Fig

36.40. Kato and Tsuno (1990) have attempted to find an optimal design by means of the

simplex procedure of Nelder and Mead (1965), which is a direct-search method. In earlier

papers (Tsuno and Harada, 1983a,b; Tsuno and Honda, 1983; Tsuno et al., 1983), several

such asymmetric designs had been explored. Here we first concentrate on a later study by

Tsuno (1993), in which a symmetric and an asymmetric design are studied in detail,

including the role of saturation in the yoke and in the polepieces (Fig. 36.41).

D1

θ1

θ2
B2

D2
D

S z

AsymmetricalSymmetrical

Electron beam

B
θ

S z

B1

Figure 36.41
Symmetric and asymmetric models of polepieces. After Tsuno (1993), Courtesy Elsevier.
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The reduced spherical aberration coefficient Ĉs as a function of reduced specimen height ẑs for
three values of the reduced gap Ŝ (symmetrical lens). (200) indicates the value for φ05 200 kV.

After Tsuno (1993), Courtesy Elsevier.
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Symmetric lens. Fig. 36.42 shows the dependence of the reduced spherical aberration

coefficient Ĉs5Cs=φ̂
1=2

0 on the reduced specimen position ẑs5 zs=φ̂
1=2

0 , where zs is measured

from the centre of the gap. These curves are extremely revealing since they show in what

circumstances a condenser�objective or a second-zone lens is desirable and why. Fig. 36.43

shows the relation between the reduced gap, Ŝ5 S=φ1=2
0 and the values of Ĉs when the

specimen is placed at the centre of the gap (Ĉs0) and when it is placed in the plane for which

it is smallest (Ĉsm). These curves correspond to bore diameters B̂5 D̂5 Ŝ=2 and θ5 703.

Tsuno next illustrates the dependence of the aberration coefficient on Ŝ for a range of bore

diameters (Fig. 36.44). Before turning to the asymmetric lens, Tsuno examines the important

role of saturation; his findings are encapsulated in Figs 36.45A and B and 36.46.

Asymmetric lens. Fig. 36.42 shows that the smallest value of Ĉs is obtained with a

symmetric lens when the specimen is placed not in the centre of the gap but close to the

upper polepiece; there, however, the flux density is lower than in the centre of the lens and

asymmetry is a way of remedying this. Fig. 36.47 shows the minimum value of Ĉs and the

corresponding specimen plane ẑs as functions of Ŝ. The bores B1 and B2, the diameters of

the pole faces D1 and D2 and the angles θ1 and θ2 are now such that B1 ,B2; D1,D2

and θ1, θ2. The exact values of these were chosen to give the best values of Ĉs. Tsuno

found that the smallest value of Ĉs, 0.63 μm/V1/2, corresponded to Ŝ5 1.3 μm/V1/2. This

minimum value (in μm/V1/2) is related to the saturation flux density, Bs, by

Ĉsm;m5 1:34=Bs
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Figure 36.43
(A) The relation between Ŝ and Ĉs for two values of specimen height ẑs 5 0 (specimen in the

centre of the gap), denoted Ĉs0, and ẑsm, the position for which Ĉs is smallest (Ĉsm). (B) ẑsmas a
function of Ŝ (symmetrical lens).



All these results are discussed critically in the paper cited; the figures also show the values

of the various quantities for φ05 200 kV. Tsuno and Jefferson (1997, 1998) have made a

study of the chromatic aberration coefficient, to which we refer for similar curves and

punctilious discussion.

These are not the only features of magnetic lenses that can affect its imaging properties.

Al-Khashab and colleagues in the University of Mosul have investigated the effect of

several geometrical changes of the polepieces and neighbouring yoke and also of the coil

geometry. Coil shape is studied by Al-Khashab and Al-Khashab (1988); polepiece angle by

Al-Khashab and Al-Obeidy (2000) and Al-Khashab and Ahmad (2005); projector lens

design is examined in detail by Al-Khashab (2010), Al-Khashab and Ahmad (2002, 2004,

2005) and Al-Khashab and Al-Hialey (2009); snout shape is considered by Al-Khashab

and Al-Abdullah (2006); the Gemini lens configuration is studied by Al-Khashab and

Hujazie (2011).

36.7.2 Superconducting Shielding Lenses or Cryolenses

Of the many proposals for the design of superconducting lenses (reviewed by Septier, 1972;

Hardy, 1973; Bonjour, 1976; Dietrich, 1976, 1978; Hawkes and Valdrè, 1977;
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Figure 36.44
Dependence of Ĉs0 (above) and Ĉsm (below) on Ŝ for various values of the reduced bore diameter

(symmetrical lens). After Tsuno (1993), Courtesy Elsevier.
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Riecke, 1982), only the shielding lens introduced by Dietrich et al. (1969) survived, though

the use of holmium or dysprosium as polepiece material in a lens of more traditional design

was found promising (Bonjour, 1975a�c; see Section 36.3, saturated lenses). The shielding

lens creates a high field within a small region of the optic axis by means of a

superconducting coil enclosed within a metal shield also in the superconducting state.

Magnetic flux cannot enter the latter and the coil field is therefore confined to the gap

between the lips of the shield (Fig. 36.48). The evolution of this type of lens may be traced

through the work of Dietrich and colleagues (Dietrich et al., 1970, 1972a,b, 1973, 1974,
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The effect of saturation. (A) Ĉs0 as a function of Ŝ for four values of the saturation value of the
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(symmetrical lens). After Tsuno (1993), Courtesy Elsevier.
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Figure 36.48
Superconducting lens of the shielding type, or cryolens. (A) Design. (B) Field distribution in the
gap. (C) Axial field distribution with shielding cylinders made of a sintered niobium-tin material.

For the maximum induction of B05 7.3 T, it is found that f 0 5 2 mm, Cc5 1.5 mm and
Cs5 1.3 mm at 1500 kV for condenser�objective operation. After Lefranc et al. (1982), Courtesy

North Holland Publishing Co.
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1975, 1976, 1977, 1980; Weyl et al., 1972; Knapek, 1975, 1976; Lefranc and Nachtrieb,

1979; Lefranc and Müller, 1981; Lefranc et al., 1981, 1982); it has culminated in practical

designs that could replace the normal objective in commercial microscopes for

accelerating voltages up to 0.5 MV, and the extension to higher voltages presents no

particular problem (Lefranc et al., 1982; Iwatsuki et al., 1986). Such an objective is shown

with its cryostat in Fig. 36.49, where the focal length and principal aberration coefficients

are also listed. A 400 kV microscope with a superconducting objective was tested up to

250 kV by Dietrich et al. (1977). After many improvements, this instrument (known as

SULEIKA,6 SUpraLEItende KryoApparat; Zemlin, 1992) was used by Baldwin et al.

(1988) to obtain images of purple membrane at 2.8 Å resolution and by Henderson et al.

(1986, 1990) who studied purple membrane and rhodopsin. A small weakness of

SULEIKA was detected by Frank et al. (1993). A new instrument has been constructed

(Zemlin et al., 1996, 1999) by incorporating a shielding lens in a Philips CM20 electron

microscope with a field-emission gun (SOPHIE, Superconducting Objective in a PHIlips

Electron microscope).

Side-entry
specimen
holder Correction

systems
Shielding
objective

Intermediate
lens with
iron circuit

20 mm

Figure 36.49
Detailed drawing of a cryolens with cryostat. After Lefranc et al. (1982),

Courtesy North Holland Publishing Co.

6 Like speaker, not hiker (Max Beerbohm).
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The narrow field distribution on the axis is essentially achieved by a subtraction, since

currents flow on the surface of the shielding material to ensure that the boundary conditions

governing the field at the interface are satisfied, and the observed field is the difference

between these and the coil field. This has the practical consequence that any misalignment

of the shielding cylinders causes a substantial parasitic aberration and that a considerable

explosive force is exerted on the lens casing. It is, however, not difficult to correct the

effects of any slight misalignment.

36.7.3 Permanent-Magnet Lenses

Much thought was given at one time to the design of electron microscopes using

permanent-magnet lenses (von Borries et al., 1940, 1953, 1956a,b; von Borries, 1949,

1952; von Borries and Lenz, 1956; von Borries and Langner, 1956; Müller, 1956, 1957;

Müller and Ruska, 1958, 1968; Müller et al., 1969; Ruska, 1951, 1952; Reisner, 1951;

Reisner and Dornfeld, 1950; Reisner and Zollers, 1951; Kimura, 1956, 1959a,b, 1962;

Kimura and Idei, 1957; Kimura and Kikuchi, 1958, 1959; Kimura and Katagiri, 1959) and

sporadic proposals for such instruments continued to appear. A detailed account of the

technical aspects of permanent-magnet lens design is to be found in Riecke (1982). Here

we draw attention to a model that represents ‘magnetic einzel lenses’ as Lenz (1956a)

styles them, quite satisfactorily, and to a more elaborate model devised by Baba and

Kanaya (1979); neither model is confined to permanent-magnet lenses but it was these that

prompted Lenz’s study.

Since there is no current-carrying coil in a permanent-magnet lens,
ÐN
2N BðzÞdz5 0 and so

B(z) must have both positive and negative parts; the same is true of E(z) (or φ0(z)) in an

einzel lens, where
ÐN
N EðzÞdz5 0, whence the name in the magnetic case. In the model

introduced by Lenz, the field B(z) is symmetric about the midplane of the lens and is

represented by

B zð Þ5 Cz

11 z4=a4
(36.183)

The corresponding paraxial equation can be cast into the form satisfied by the

hypergeometric function, namely

r 12 rð Þ d
2u

dr2
1

5

4
2 2r

� �
du

dr
1 k2u5 0 (36.184)
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where r :¼ 1/(11 z2/a2) and k :¼ ηaC/8φ̂
1=2

. The general solution is then

u5AF
21w

4
;
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w :¼ 4 11 4k2
� �

; ζ5 z=a

(36.185)

A more complicated expression is needed in the range 21# ζ# 1. The asymptotic focal

length and focal distance can be written down explicitly:

f

a
52

Γ 31wð Þ=4� �
Γ 32wð Þ=4� �

2
ffiffiffi
2

p
cos wπ=4
� �

Γ 5=4
� �

Γ 1=4
� �

zF

a
52

Γ
�
31wð Þ=4�Γ 32wð Þ=4� �ð11 2cos wπ=2

� ��
2
ffiffiffi
2

p
Γ 5=4
� �

Γ 1=4
� �

cos
�
wπ=4

� ��
(36.186)

This model is extended by Baba and Kanaya (1979) to the more general form

B zð Þ5 B0C z=a
�� ��m21

11 z=a
�� ��2m (36.187)

which reduces to Eq. (36.183) for m5 2. The paraxial equation is again soluble in terms of

the hypergeometric function. The real focal length is given by

f 0

a
52

1

B
F

m1w

2m
;
m2w

2m
; 11 1=2m; 1= 11 ζ2mFi

� �� �

with

B :¼ Γ 2 1=2m
� �

cos wπ=2m
� �

m sin π=2m
� �

Γ p1ð ÞΓ p2ð Þ (36.188)

and

p1 :¼
m1 11w

2m
; p2 :¼

m1 12w

2m
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where ζFi corresponds to the image focus. The asymptotic cardinal elements are given by

f

a
52

m sin π=2m
� �

Γ p1ð ÞΓ p2ð Þ
Γ 2 1=2m
� �

cos wπ=2m
� �

zFi

a
52

zFo

a

5
m cos π=m

� �
1 11 2cos wπ=2m

� �� �
Γ p1ð ÞΓ p2ð Þ

2sin π=2m
� �

cos wπ=2m
� �

Γ 2 1=2m
� �

k :¼ ηaCB0

4mφ̂
1=2

and w2 :¼ m2 11 4k2
� �

(36.189)

Fig. 36.50 shows B(z) for various values of m and the various cardinal elements as

functions of k2 for values of m between 1.5 and 10. Lengths are measured in units of amax,

the maximum half-width:

α :¼ amax

a
5

m21

m11

� �1=2m
(36.190)

Real and asymptotic aberration coefficients are likewise plotted for the case m5 3 and

infinite magnification; the authors give formulae for all the coefficients, though the

integrals cannot be evaluated in closed form.

Baba and Kanaya also give full formulae for a modified model that closely represents the

field in lenses with S/D$ 3/4, for which the basic model is inadequate. Here (36.187)

represents the field in the zone |z|# amax but outside this, the model discussed in

Section 36.3.5 (36.93) is used:

zj j# amax; B zð Þ5 B0Cζm121

11 ζ2m1
ζ :¼ αz=amax 5 z=a

zj j$ amax; B zð Þ5B0 12ζ2
� � 2m221ð Þ=2

(36.191)

Two specific cases are discussed in detail, a lens described by m5 3 and a wide-gap lens, for

which m15 2.78 and m25 0.72; the latter describes a design for which S/D5 1.2 and

T/D5 1.6, where T is the thickness of the central polepiece. We refer to the original paper

for details of these and draw attention to the sets of curves that form design charts for

magnetic einzel lenses. For (S1 T)/D5 1 and 2, the authors present the principal lens

parameters as functions of J/φ̂
1=2

for several values of S/D and indicate the values of J/φ̂
1=2

for which the Finsterwalder condition is satisfied (24.135). Although Baba and Kanaya do not

discuss the simultaneous elimination of isotropic and anisotropic distortion, their curves have

much the same form as those of Tsuno and Harada (1981a,b; Section 36.7.1), though the

different presentation of the results makes it difficult to compare the anisotropic coefficients.
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Attempts to construct miniature scanning electron microscopes have revived interest in

permanent-magnet lenses. For detailed proposals and related material, see Tsuno and

Nakayama (1976), Adamec et al. (1995), Khursheed (1998, 2000), Khursheed et al. (1997,

1998, 2001a,b, 2006), Buijsse (2003), Rochow et al. (2008), Nelliyan and Khursheed

(2011), Chang and Chen (2016) and especially Khursheed (2001).

Delong and colleagues have been developing miniature transmission electron microscopes

incorporating permanent-magnet lenses for many years, initially at the Institute of Scientific

Instruments in Brno (Delong, 1992, 1993, 1994). Later, the company Delong Instruments was

formed and a miniature low-voltage TEM was released, the LVEM-5. Like the prototype,

this 5 kV instrument has a Schottky gun, followed by permanent-magnet condenser and

objective lenses. The intermediate and projector lenses are electrostatic. Between these is a

versatile unit consisting of three octopoles, capable of acting as a stigmator, assuring

alignment and providing suitable fields for the scanning mode (Hlalil and Delong, 1994).

A light microscope magnifies the very small fluorescent screen (Delong et al., 1998, 2000;

Coufalová and Delong, 2000; Štěpán and Delong, 2000). The column was subsequently

modified to allow scanning and scanning transmission imaging (Delong et al., 2002).

A new design has been introduced to permit imaging up to 25 kV without altering the basic

conception, the LVEM-25 (Coufalová et al., 2015a,b, 2017; Sintorn et al., 2014).

36.7.4 Triple-Polepiece Projector Lenses

We have already mentioned the problem of distortion in the projector lenses of electron

microscopes, which has been a perennial preoccupation of lens designers (Hillier, 1946;

Mulvey and Jacob, 1949; Liebmann, 1952; Wegmann, 1953, 1954; De and Saha, 1954;

Kynaston and Mulvey, 1962, 1963) and has more recently been investigated and to some

extent solved by Mulvey and colleagues using first double-gap lenses and later single-

polepiece lenses (see Section 36.6.1 and surveys by Mulvey, 1982, 1984). The work of

Juma and Mulvey on double-gap lenses has been extended by Tsuno and Harada who

investigated both experimentally and by computation symmetric and asymmetric double-

gap designs (Tsuno and Harada, 1981a,b, 1982; Tsuno, 1984). For symmetric permanent-

magnet lenses (Fig. 36.51A), they first measured the field and found that the full-width at

half-height for one of the gaps, a, the gap, S, the thickness of the middle polepiece, T (here,

3 mm), and the distance from the centre of the latter to the field maximum, h, are related by

h 5 0:8S1 0:07T2

a 5
ðS14Þ1=2 for T $D

S for T ,D

� (36.192)

For two particular geometries S5 5 mm and S5 3 mm, D5 T5 3 mm, Fig. 36.51B shows the

projector focal length and the isotropic (radial) and anisotropic (spiral) distortion as functions
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of aB0/φ̂
1=2

. For low magnification,M5M1, f has a minimum at 8.8 mm for aB0/φ̂
1=2

5

0.2 mm T/kV1/2 and at higher magnification,M5M2, f has a second minimum at 1.0 mm for

an excitation of 0.6 mm T/kV1/2. The isotropic distortion passes through zero when the focal

length attains its first minimum, as already noted by Juma and Mulvey, but the anisotropic

coefficient never vanishes. If T and S are altered, keeping D5 3 mm, the excitation at which

the focal length is smallest and the radial distortion vanishes for low magnification is linearly

related to T 2/S. For h, 4.5 mm, the minimum focal length is equal to 2h. The anisotropic

coefficient at minimum focal length increases linearly with T 2/S. The properties of triple-

polepiece coil lenses are extensively illustrated in Tsuno and Harada (1981b).

Clearly, the anisotropic distortion does not vanish in this symmetrical design but

examination of the sources of the contributions to the aberration integrals suggests that by

rendering the lens asymmetric, it can be reduced to zero. This proves to be correct (Tsuno

and Harada, 1981b) and Fig. 36.52A shows that there is a value of the ratio of the first and

second gaps (S1 and S2) for which both distortions vanish simultaneously, namely

S1/S25 3.3. A similar result is obtained if the first and last bores are different (Fig. 36.52B).

Tsuno and Takaoka (1983) and Tsuno and Inoue (1984) have used the lens shown in

Fig. 36.53A to observe magnetic specimens placed in a zone almost free of magnetic field.

A systematic study of double-polepiece lenses has been made by Kadhem (2015), which

leads to several possible polepiece configurations with predetermined properties. The

method employed is described by Kadhem and Al-Obaidi (2013); cf. Al-Jubori (2001) and

Al-Obaidi (1995). See too Chandran and Biswas (2015).

36.7.5 Objective Lens With Low Magnetic Field at the Specimen Capable
of Good Resolution

It is not easy to study ferromagnetic specimens at high resolution since the specimen plane

must be situated in a region where the lens field is low. If the specimen is shielded from the

field of the lens (Shirota et al., 1976; Chapman and Jakubovics, 1981), the resolution is

poor. In an attempt to improve the situation, Tsuno and Taoka (1982, 1983) have studied

asymmetric lenses in which the upper bore D1 is very small close to the gap and the

specimen is inserted into this upper bore through a hole cut in the polepiece (Fig. 36.54).

Their paper describes their design strategy in detail and explains with admirable and rare

clarity how they were led to their final design. Here we merely indicate the principal points

of interest. Their various models all have a large lower bore (D2) and small upper bore

(D1); it is found that for small Cs, the specimen should be as close to the face of the upper

polepiece as possible (L small in Fig. 36.54) and that the diameter of the face of the upper

polepiece (Δ1) should be smaller than D2: Cs decreases linearly with Δ1/D2. Although L

must be small, it cannot be reduced indefinitely because the lens field at high excitation

will be too high and the nearness to the gap of the hole through which the specimen holder

passes creates excessive astigmatism. Conversely, the thickness (t) of the upper polepiece
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(A) Cross-sections of a conventional objective lens (left) and a double-polepiece objective for
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magnetic field at the specimen is cancelled. After Tsuno and Taoka (1983), Courtesy the Japanese

Society of Applied Physics (A) and Kohno et al. (2017a), Courtesy the authors (B).
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before the bore is widened must be kept small as Cs is doubled by an increase of 1 mm

(from 2.2 to 3.2 mm) in a typical design. The solution is to increase S, and Tsuno and

Taoka arrive at a design in which L5 6 mm, h5 5 mm, Δ1/D25 0.7, S5 12 mm,

t5 3.5 mm, f5 13 mm, Cs5 19 mm, Cc5 11 mm and at 200 kV, J5 3.6 kA-t; the flux

density at the specimen is only 0.35 mT (Fig. 36.55). The authors present a number of

micrographs obtained with such a lens, indicating a resolution of 0.7 nm. For a slightly
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different solution, mentioned in Section 36.7.4, see Tsuno and Inoue (1984). A very

different way of removing any magnetic field at the specimen is to enclose the latter

between two oppositely wound lenses (Fig. 36.53B), as described by Kohno et al.

(2017a,b). See also the work of Preikszas and Rose summarized in Section 36.5.3.

36.7.6 Probe-Forming Lenses for Low-Voltage Scanning Electron Microscopes

Tsuno (1999, 2009) has suggested a convenient classification for such lenses, shown

schematically in Fig. 36.56: the in-lens geometry, where the specimen is inside the lens (e.g.,

Nakagawa et al., 1991); single-polepiece lenses (Section 36.5.1); side-gap (or radial-gap)

lenses; conventional or ‘axial-gap’ lenses. The side-gap lenses, introduced by Tang and Song

(1990) and used by Sato et al. (1993) are very unusual in that the gap is placed on the outer

surface of the magnetic circuit (Fig. 36.57A). The resulting field is highly asymmetric but has

a relatively small half-width. Tang and Song model the field, when the lens bore is small, by

BðzÞ52
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lnðrb=raÞ
rb2ra

2rarb
11
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Figure 36.56
Various probe-forming lens geometries. After Tsuno and Taoka (1983), Reproduced by permission of

Taylor & Francis Group LLC, a division of Informa plc.
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and

BðzÞ52
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z
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The notation is defined in Fig. 36.57B. The main optical properties are plotted as a function

of NI=φ1=2
0 in Fig. 36.57C. Hybrid electrostatic–magnetic lenses have been studied thoroughly
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in this context by Tsuno et al. (1995, 1996), following earlier work by Frosien et al. (1989)

and Müllerová and Lenc (1992). In the first paper (Tsuno et al., 1995), existing lens designs

are examined critically, after which a family of new designs is analysed in detail. One such

lens (Fig. 36.58) is re-examined in the later paper (Tsuno et al., 1996) and compared closely

with a radial-gap lens. The aberration coefficients of the lens are computed and their

dependence on lens geometry and on accelerating voltage is plotted.
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objective lens
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Figure 36.58
Hybrid electrostatic�magnetic lens (A) and radial-gap lens (B). (C) Hybrid lens employed in

Tescan scanning electron microscopes. (D) Triple objective providing three operating modes. After
Tsuno et al. (1996), Courtesy Society of Photo-optical Instrumentation Engineers (A and B), and

Courtesy Tescan (C and D).
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Inside the hybrid electrostatic–magnetic lens employed in the Tescan Brightbeam SEM is a

tube held at high potential. The magnetic structure furnishes two magnetic lens fields, one

above the scanning coils, the other close to the target (Fig. 36.58C). An even more extreme

design is the Trilens, which combines three magnetic lenses in a single structure, The first

lens, a traditional magnetic lens, offers a wide field of view; the central ’analytical’ lens

permits field-free studies in analytical work and the final lens close to the specimen is used

when high-resolution is required. A battery of detectors completes the instrument.

For related work, see Shao and Lin (1989), Plies and Schweizer (1987), Chmelı́k et al.

(1989), Nakagawa et al. (1991), Lenc (1992), Ximen et al. (1993), Miyokawa et al. (1995),

Frank (2016) and especially Beck et al. (1995).

36.7.7 Hybrid TEM�STEM Operation: the Twin and Super-Twin Geometries

The scanning transmission mode has many attractions (Pennycook and Nellist, 2011) but

it is often convenient to be able to examine the same specimen in both the conventional

fixed-beam mode and in the scanning mode. Moreover, commercial realities have made it

imperative to offer the two modes in a single instrument. The transfer from the types of

illumination needed for conventional microscopy, typically illumination of a specimen

area of variable size with a beam closely parallel to the axis at the specimen plane, to the

formation of a fine probe at this same specimen plane, needed for STEM, makes severe

demands on the optics of the condensers and objective. As an illustration of the response

of lens designers to such problems, we briefly describe the twin-lens geometry adopted by

the Philips company for this task (van der Mast et al., 1980; Thompson, 1983; Bormans

and Hagemann, 1986; Otten, 1989; Otten et al., 1989). The problem to be solved was as

follows: a good choice for a lens intended for both fixed-beam and scanning operation is

clearly a symmetrical design with the specimen plane at the centre, the Ruska�Riecke

condenser objective (Riecke and Ruska, 1966). In standard TEM operation, the strength of

the second condenser (C2, Fig. 36.59A) should be chosen so that a parallel beam strikes

the specimen, but the possible variation of the illuminating conditions is thereby

somewhat restricted. The Ruska�Riecke arrangement is nevertheless an excellent way of

providing the STEM probe (Fig. 36.59B). In order to circumvent the TEM problem, a

small auxiliary lens is added just above the upper polepiece of the objective (Fig. 36.5),

which very considerably increases the flexibility. Fig. 36.59C and D show two TEM

illumination modes with the auxiliary lens in action, demonstrating that the C2 lens

strength is now a free parameter because the combination of the new auxiliary lens and

the objective prefield (that is, the part of the objective lens field above the specimen)
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(A) To provide uniform illumination in the TEM mode, the second condensr C2 must focus
the crossover image onto the front focal plane of the condenser part of the objective.

(B) By decreasing the strength of C2, the crossover image can be focused on the specimen,
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(C)�(G) Twin-lens modes.
(C) TEM microprobe mode. Auxiliary lens on. A small specimen area is illuminated normally.
(D) TEM microprobe mode. Auxiliary lens on. Convergent-beam illumination at the specimen.

(E)�(G) Auxiliary lens disabled by reversing the lens current. (E) and (F) Alternative
nanoprobe modes. (G) STEM mode. Courtesy M.N. Thompson.
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acts as a telescope: an incident beam parallel to the axis emerges as a parallel beam,

only its radius is changed. The other ray diagrams (Figs 36.59E�G) show modes of

operation in which the effect of the auxiliary lens is removed, including standard

STEM operation.7

36.7.8 The Lotus-Root Multibeam Lens

The use of a large number of sub-beams for electron lithography is mentioned in

Section 50.6. A magnetic lens designed to separate the primary beam into sub-beams has

been described by Haraguchi et al. (2002) and subsequent developments can be followed

in Yasuda et al. (2004, 2008, 2009), Yamada et al. (2008) and Takizawa et al. (2011).
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Figure 36.60
Four lotus-root lenses forming a multicolumn cell exposure unit. Reproduced from Haraguchi et al.

(2002) with the permission of the American Vacuum Society.

7 The combination has been patented by the Philips company under the name of the Twin lens, subsequently

improved to give the Super-twin lens.
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Flat magnetic plates of very high permeability, each perforated with regularly placed

circular holes, are inserted into the bore of a magnetic lens. These openings are aligned

and form local magnetic lenses that guide the corresponding sub-beams towards the target.

A four-plate version is shown in Fig. 36.60.

Magnetic Lenses 879



CHAPTER 37

Electron Mirrors, Low-Energy-Electron
Microscopes and Photoemission
Electron Microscopes, Cathode Lenses
and Field-Emission Microscopy

This short chapter is to be regarded as no more than an indication of sources of further

information about instruments incorporating an electron mirror, cathode lenses and emission

microscopes. Although these are of importance in specific areas, mirrors and cathode lenses

are not quite so widespread as the magnetic and electrostatic lenses examined earlier and

the quadrupoles and deflectors that follow. In a final section, we mention the rapidly

expanding subject of ultrafast electron microscopy, pioneered by Oleg Bostanjoglo some

30 years ago. As in low-energy-electron microscopy and photoemission electron

microscopy, the electron beam is generated by bombarding a cathode.

There is a practical difference between mirrors in which the incident beam is nearly normal

to the ‘surface’ of the mirror and this surface is approximately plane and mirrors in which

the angle of incidence is large. In light optics, it is usual to treat these two situations

together, but in particle optics, they require a different treatment because the optic axis in

the first case is straight and the paraxial properties and aberrations are those of a system

with a straight axis, often with rotational symmetry about this axis. In the second case,

however, the optic axis is a curve in space and the optical properties are those of systems

of lower symmetry, examined in Part X. Several kinds of energy analyser belong to this

second category. In this chapter, we consider only the case of mirrors with a straight optic

axis and hence near-normal incidence.

Electron mirrors are encountered in the electron mirror microscope and in certain types of

energy analyser and filter lens. They are an essential part of modern low-energy-electron

and photoemission electron microscopes, where they provide aberration correction.

37.1 The Electron Mirror Microscope

The mirror microscope is a device in which an electron beam approaches a nearly flat

specimen surface normal to the latter but is reflected by a retarding electric field just before

881
Principles of Electron Optics: Applied Geometrical Optics.

DOI: http://dx.doi.org/10.1016/B978-0-12-813369-9.00037-3

© 2018 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/B978-0-12-813369-9.00037-3


reaching it. From the experimental point of view, it thus has the attraction that the beam

electrons do not attack the specimen directly. The relief of the specimen surface and any

local fields will perturb the uniformity of the retarding field that reverses the direction of

motion of the beam, and the returning beam will therefore carry information about the local

structure of the specimen surface and its electrical and magnetic character.

The properties of electron mirrors were first studied theoretically and experimentally in the

1930s by Henneberg and Recknagel (1935), Recknagel (1936), Hottenroth (1936), Nicoll

(1938), Picht (1939) and Mahl and Pendzich (1943), who used Nicoll’s two-tube arrangement

as a projector. Many of the early studies of einzel lenses contain information about the mirror

properties of these devices when the central electrode creates a high enough potential barrier

to repel the electrons. The most detailed model study is that of Regenstreif (1951).

The 1950s and 1960s saw much activity in mirror microscope design, including the

introduction of scanning into mirror microscopy, leading to the provision of a mirror

attachment for a scanning electron microscope (Witzani and Hörl, 1976). The principal

publications on instrumental development and image formation are those of Orthuber (1948),

Bartz et al. (1954), Bartz and Weissenberg (1957), Mayer (1955, 1956, 1957a,b, 1959a,b,

1961, 1962), Mayer et al. (1962), Wiskott (1956), Spivak et al. (1955, 1959a,b, 1960, 1961,

1962, 1963, 1978, 1983), Bethge et al. (1960), Bok et al. (1964, 1971), Bok (1968, 1978),

Forst and Wende (1964), Artamonov et al. (1966), Schwartze (1966, 1967), Barnett and Nixon

(1967), Someya and Watanabe (1968a,b), Garrood and Nixon (1968), Sedov (1968a,b, 1970a,b),

Luk’yanov et al. (1968, 1973, 1974), Artamonov and Komolov (1970a�c), Bethge and

Heydenreich (1971, 1982, 1987), Witzani and Hörl (1981), Shern and Unertl (1987) and Foster

et al. (2011). For a review describing mirror microscopes up to the mid-1990s, see Godehardt

(1995). Kleinschmidt and Bostanjoglo (2000) have designed a high-speed mirror microscope

(see also Bostanjoglo, 2002). Fig. 37.1 shows the Delft microscope (Bok, 1968, 1978; Bok et al.,

1971). Rich sources of applications are the textbooks of Bethge and Heidenreich (1982, 1987)

and many are included in Hawkes (2012). For more recent developments, see Nepijko and

Sedov (1997), Schönhense et al. (2006) and Nepijko and Schönhense (2011).

37.2 Mirrors in Energy Analysis

The energy distribution of a beam of charged particles may be analysed by confronting the

latter with a potential barrier, which can be raised to the point at which slower particles are

reflected. By increasing the height of such a barrier, the energy distribution of the beam can

be established. In early designs (Boersch, 1947, 1948, 1949, 1953), a grid covered the

central opening of an einzel lens but this grid was subsequently dispensed with (Möllenstedt

and Rang, 1951; Möllenstedt, 1955; Lippert, 1955a,b; Forst, 1966; Boersch and Miessner,

1962; Heinemann and Möllenstedt, 1967; Vertsner and Shchetnev, 1967; Stolz and

Möllenstedt, 1971; Stolz, 1978/79, 1979). A five-electrode device was introduced by
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Figure 37.1
Ray diagram for the mirror electron microscope constructed by A.B. Bok in the Technische

Hogeschool (now Universiteit) Delft. Courtesy A.B. Bok.
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Simpson and Marton (1961) and used by Kessler and Linder (1964). Other designs are

described by Brack (1962), Boersch and Schweda (1962), Hartl (1964, 1966) and Stenzel

(1971). For further discussion, see Simpson (1961) and Steckelmacher (1973).

A very different form of device is the Castaing�Henry analyser (Fig. 18.1), first considered

by Paras (1961) and developed by Castaing and Henry (1962, 1963, 1964), in which a

magnetic prism (see Part X) is used to turn a beam through 90�; this beam is then reflected

from an electrostatic mirror and returns to the prism, where it is turned through a further 90�.
The beam thus emerges from the device travelling along the prolongation of the optic axis of

the incident beam. Such a device has the interesting property of possessing two pairs of

stigmatic conjugate planes, one real, the other virtual. Furthermore, the imagery between the

virtual planes is achromatic (to first order). By arranging that the virtual planes are conjugate

to the specimen plane of a transmission electron microscope and the real stigmatic planes to

the back-focal plane, it is possible to form an energy-filtered image, that is, an image to

which only electrons with energies within a certain narrow range contribute. For full details

of the optics of this device and the various operating modes, we refer to Metherell (1971).

Subsequently, interest in this device was revived (Ottensmeyer, 1984; Egle et al., 1984), and

it has been incorporated into a commercial microscope, the Zeiss EM902.

The theory developed for cathode lenses is applicable, after making any necessary scale

changes, to a number of very common devices in which electron emission is provoked by

some incident radiation that would otherwise be difficult to detect or record; image

converters and image intensifiers are typical examples.

37.3 Cathode Lenses, Low-Energy-Electron Microscopes
and Photoemission Electron Microscopes

One of the many methods of studying surfaces is to provoke the emission of electrons or

ions from the specimen surface and use these to furnish an image of the latter. The

specimen surface may be approximately plane or only gently curved and quite large, in

which case the electrons (or ions) are confined by a wehnelt electrode and accelerated by an

anode, exactly as in a thermionic gun (see Part IX, where the roles of such electrodes are

analysed in great detail); in this case, we speak of cathode lenses. At the other extreme, the

emitter may be approximately spherical with a very small radius and the electrons fly out

radially towards the detector, accelerated by suitably placed electrodes; this is the principle

of the field-emission microscope. Numerous experimental and instrumental details are to be

found in Grivet (1965) and Möllenstedt and Lenz (1963). An extremely full account of

early work is given by Myers (1939).

The principle goes back to the early years of electron microscopy when Brüche (1932;

Brüche and Johannson, 1932a,b) and Zworykin (1933) obtained images of surfaces
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bombarded with photons and electrons respectively. At the same date, Johannson analysed

the optical properties of three- and four-electrode ‘immersion objectives’, the object

forming the first electrode (Johannson, 1933, 1934). Other early contributions were made

by Savchenko (1938, 1939), Sushkin (1941), Recknagel (1941, 1943) and Artsimovich

(1944). Theoretical and experimental studies continued of the lens parameters in the two

main families of lenses: those in which a simple electrode structure provided both focusing

and acceleration, and those in which these two functions are separated. Of the earlier

studies, we draw attention in particular to those of Septier (1952a,b, 1953a,b, 1954a,b),

Möllenstedt and Düker (1953), Duchesne (1949, 1953), Kas’yankov (1953), Spivak and

Dubinina (1953), Huguenin (1954, 1957), Prilezhaeva et al. (1955), Vorob’ev (1956), Wu

(1956, 1957a,b), Fert and Simon (1956, 1957), Ximen (1957), Hahn (1958a,b, 1959), Soa

(1959), Dubinina et al. (1959), Gardez (1959), Düker and Illenberger (1962) and Bonshtedt

(1964).

More recently, the optical properties of cathode lenses have been extensively studied,

particularly in Russia. We draw attention to the work of Zolina and Shapiro (1972) and

Zolina and Flegontov (1978, 1982) on the aberrations of flat and curved cathodes; of

Kel’man et al. (1973a�d, 1974) on the use of the transform discussed in Chapters 18 and

28; of Kulikov, Monastyrskii and Smirnov on various aspects of aberration theory (Kulikov,

1966, 1971, 1972, 1973, 1975; Kulikov et al., 1964, 1978; Monastyrskii, 1978, 1980;

Monastyrskii and Kulikov, 1976, 1978; Smirnov et al., 1979); and of Dodin and Nesvizhskii

(1981) who give a critical discussion of earlier attempts to establish aberration coefficients

for cathode lenses. For connected accounts, see Yakushev and Sekunova (1986) and

Yakushev (2013). Detailed calculations of the aberration coefficients have also been made

by Zhou et al. (1983), Zhou (1984), Ximen (1957, 1981), Li and Ximen (1982) and Ximen

et al. (1983, 1985). See too Bimurzaev and Yakushev (2004).

In practice, cathode lens optics is usually studied with the aid of a simple model, such as a

uniform field between the cathode and anode and an aperture lens representing the anode

itself (Müllerová and Lenc, 19921; Lenc and Müllerová, 1992a, where the inadequacy of

earlier estimates is pointed out; Müllerová and Frank, 2003). A magnetic lens may be added

(Lenc and Müllerová, 1992b; Konvalina and Müllerová, 2011; Frank et al., 2011).

The instrument now universally known as a low-energy-electron microscope or LEEM is

not, as its name suggests (since it is usually written low-energy electron microscope), a

transmission or scanning electron microscope operating at a lower voltage than usual.

A LEEM is an instrument in which a specimen is bombarded with electrons or ions and

emits electrons at low energy, whence its name. These are accelerated by a cathode lens

and conveyed to a recording medium of some kind. It is a close relative of the

1 This article contains a review of many earlier instruments with numerous diagrams.
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photoemission electron microscope (PEEM), where the electron emission is provoked by

photons, ranging from ultraviolet light to x-rays. PEEM and LEEM operation are frequently

combined in a single instrument, which may also permit mirror electron microscopy.

These instruments were gradually improved until it became clear that any further progress

required correction of the aberrations of the cathode or ‘immersion objective’ lens. The

history of these developments is presented at length with a very complete bibliography by

Bauer in Chapters 1 and 3 of his Surface Microscopy with Low Energy Electrons2 (Bauer,

2014; see also Bauer, 2008, 2018 and the book by Oura et al., 2003). An extremely

complete classified bibliography of the earlier literature has been compiled by Pfefferkorn

and Schur (1979). This is accompanied by a long study of the physics of emission

microsocopy by Schwarzer (1979) and a short comment on the history of the subject by

Pfefferkorm (1979). In the early 1990s, Skoczylas et al. (1991, 1994) built an electron

optical bench as a prototype LEEM or PEEM or mirror electron microscope. Subsequent

designs fall into three groups: PEEM instruments with a hyperbolic mirror and three

deflection magnets (Könenkamp et al., 2008, 2010), which ensure that the incident and

reflected beams are parallel; LEEMs with a four-magnet beam separator as incorporated in

SMART, the SpectroMicroscope for All Relevant Techniques (Rose and Preikszas, 1982;

Engel et al., 1996; Fink et al., 1997; Wichtendahl et al., 1998; Hartel et al., 1998, 2000,

2002) and PEEM3 (Feng et al., 2004, 2005, 2007; Wu et al., 2004, Feng and Scholl, 2008,

2018; Macdowell et al., 2007); and a LEEM in which the beam separation at the specimen

is separated from that at the mirror (Tromp et al., 2010, 2013). Another design has been

proposed by Tsuno et al. (2009). Yet another variant is the double-beam LEEM, in which a

second incident beam is employed to prevent charging. This is the MAD�LEEM of

Mankos (Mankos et al., 2007, 2008a,b, 2010, 2012, 2013; Mankos, 2011). In all of these,

electron mirror action provides aberration correction; this is considered in Section 41.4.2,

where figures illustrating these instruments are to be found. The aberrations of cathode

lenses and their correction have been studied in depth by Tromp (2011, 2015a,b) and

Tromp et al. (2012), using model field distributions. A spin-polarized LEEM with multiple

sources is described by Wan et al. (2017). For scanning LEEM, see Müllerová and Frank

(2003) and Müllerová et al. (2003) and on low-voltage scanning electron microscopes in

general, Müllerová and Lenc (1992) and Müllerová et al. (1998). Other papers of interest

are Blackburn (2008, PEEM), Osterburg and Khursheed (2008, PEEM), Tsuno et al. (1996,

low-voltage scanning electron microscope), Tsuno et al. (1995, LEEM) and Müller et al.

(1996b, PEEM�LEEM).

2 This book is strongly recommended as all the topics mentioned only briefly here are covered at great length

with numerous illustrations.
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37.4 Field-Emission Microscopy

The study of a very small specimen by applying a high electric field and examining the

resulting emission pattern was initiated by Müller (1936a,b, 1937a,b) and the development

of the subject may be followed in the surveys written by Milyutin (1949), Müller (1951,

1953, 1960, 1975, 1976, 1978a,b), Good and Müller (1956), Dyke and Dolan (1956),

Gomer (1961, 1994), Montagu-Pollock (1972) and Turner et al. (1972).

Both ion and electron emission are employed; further information may be found in Maly

(1973), Müller and Tsong (1969, 1974), Müller (1975), Okano et al. (1976), Oshima et al.

(1983) and Gibson and Thomas (1985). Müller’s achievement is assessed by Drechsler

(1978). The bibliography of emission microscopy, mirror electron microscopy, LEEM and

PEEM compiled by Griffith et al. (1991) is useful for earlier work, Khursheed (2002)

describes a time-of-flight (TOF) emission microscope.

37.5 Ultrafast Electron Microscopy

The possibility of illuminating the specimen for a very short time is attractive for several

reasons. It would permit dynamic observation, whereby rapid changes in the specimen

structure could be followed in situ; it might be possible to record an image of a fragile

specimen before radiation damage altered the structure.

Considerable progress in the design and application of high-speed electron microscopes was

made by Bostanjoglo, the leading pioneer in this area, in the Optisches Institut of the Berlin

Technical University. This is described in detail in three long review articles (Bostanjoglo,

1989, 1999, 2002) and in Bostanjoglo et al. (2000), King et al. (2008) and Campbell et al.

(2018) and is therefore mentioned only briefly here. The instrument was a photoemission

electron microscope, the short electron pulses being generated by bombarding the emitter with

very short laser pulses. In short-time exposure imaging, sets of three successive pulses, 7�20 ns

long and separated by a time varying from 20 ns to 2 μs, were generated at the laser-pulsed
photocathode. The peak current in the pulses was of the order of milliampères and the

semi-angular aperture was 7 mrad. The instrument was used in the pump�pulse mode, in which

changes in the specimen structure are provoked by a second laser pulse; the evolution of the

specimen structure is followed by varying the time-difference between the gun pulse and the

specimen pulse. Another early contribution was made by Hosokawa et al. (1978a,b). See too

Fujioka and Ura (1983), Thong et al. (1987), Thong and Nixon (1990), Fehr et al. (1990).

Numerous attempts to perform ultrafast electron microscopy have been made subsequently

and the subject is in rapid development. Thus Zewail has implemented a stroboscopic

method, baptized single-electron imaging, in which a very small number of electrons reach

the specimen at any one time and the image is built up by launching a sequence of such
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very short pulses (Zewail and Thomas, 2009; Zewail, 2010; Shorokhov and Zewail, 2016).

The other projects mentioned below all use single-shot imaging, in which the entire image

is created by a single pulse, like the image created by the continuous beam in a

transmission electron microscope.

The problems to be overcome are set out very clearly by Browning et al. (2012b). In order to

generate a usable image, each pulse must contain a sufficiently large number of electrons,

typically 109, and at the same time the convergence angle at the specimen plane must be

limited (or in the language of coherence (Section 66.2 and Part XVI), the spatial coherence

must be as high as possible). At the same time, the energy spread of the electrons in the pulse

must be very narrow, as in any electron source (high temporal coherence). From this, it

emerges that the mean brightness must be 107 A cm22 sr21 at the very least and the beam

current must be in the milliampère range. In order to reduce the energy spread in the electron

pulses, van Oudheusden et al. (2007, 2010) have suggested passing the pulses through a

radiofrequency cavity; the entry phase is chosen in such a way that slower electrons catch up

the faster ones. (We recall that high-frequency fields have been investigated for aberration

correction but at that date it was not possible to produce very short tight pulses, see

Section 41.6.) Grzelakowski and Tromp (2013) suggest that a capacitor consisting of two

concentric spheres (the α-spherical deflector analyser or α-SDA, Grzelakowski, 2012) could
achieve the same end. Coulomb interactions are discussed by Cook and Kruit (2016).

The subject is evolving so rapidly that we conclude this short section with a brief account,

certainly not exhaustive, of some current projects. The survey by King et al. (2008), which

gives a good idea of the situation at that date, has been updated by Campbell et al. (2018).

Time-resolved PEEM is surveyed by Siefermann and Neff (2017). See too Lee et al.

(2017), Petruk et al. (2017) and Williams et al. (2017).

At the Lawrence Livermore National Laboratory, the dynamic transmission electron

microscope (DTEM) is based on a modified JEOL instrument. See Armstrong et al. (2007),

Reed et al. (2010), Lagrange et al. (2008, 2012b) and for broad surveys, Browning et al.

(2012a,b) and LaGrange et al. (2012a).

At SLAC, the advantages of operating at high voltage (in the megavolt range) are being

explored, first for electron diffraction (Weathersby et al., 2015) and subsequently for

electron microscopy (Li and Musumeci, 2014; Piazza et al., 2014; Cesar et al., 2016;

Musumeci et al., 2017; Musumeci and Li, 2018).

In Europe, Ropers and colleagues in the University of Göttingen have developed an

ultrafast electron microscope in which the pulses are generated by localized photoemission

from a Schottky emitter. The focused beam diameter can be as small as 9Å in diameter

with an energy spread of 0.6 eV and a pulse length of 200 fs (Ropers et al., 2007; Gulde

et al., 2014; Bormann et al., 2015; Feist et al., 2014, 2015, 2016, 2017; Storeck et al., 2017).

Bücker et al. (2016a,b) in Strasbourg have constructed a pump�probe instrument and
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Houdellier et al. (2016) in Toulouse have brought together a commercial femtosecond laser

source and a modified Hitachi HT2000 electron microscope with a cold field emission gun.

A high-voltage instrument (2�5 Mev) is in operation in Hamburg (Manz et al., 2015, 2016).

Schelev et al. (2013) have made a thorough study of streak cameras, very relevant to this

subject.

In Japan, Kuwahara and colleagues are developing a spin-polarized pulse-TEM (Kuwahara

et al., 2011a,b, 2012a,b, 2013, 2014, 2016a,b).

At the beginning of this section, we mentioned that ultrafast electron microscopy might

make it possible to outrun radiation damage in an electron microscope, by which we mean

record the image before any damage has been inflicted. The subject is surveyed in depth by

Egerton (2015), who draws attention to the numerous obstacles, of which Coulomb

repulsion of the electrons tightly packed into pulses seems the most intractable, and by

Spence (2017). An alternative configuration is proposed by Spence et al. (2015), who

suggest that the use of hollow-cone illumination might offer a way round such difficulties.
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CHAPTER 38

The Wien Filter

The Wien filter is a device in which transverse electric and magnetic fields are present.

In its basic but unrealistic form, the field distributions are such that the transverse forces on

an electron of a given energy balance each other and the electron is not deflected; for all

other energies, the electrons are deflected and can hence be removed from the beam. A

Wien filter can be used as a monochromator or as an energy analyser or even as an

aberration corrector.

We consider a system in which a rotationally symmetric electrostatic field, electrostatic and

magnetic quadrupole, sextupole and octopole components and transverse fields

characterized by F1 for the electrostatic field and B2 for the magnetic field (Eqs. 7.36�37,

7.46�48) may all be present. In the non-relativistic approximation, the paraxial equations

of motion take the form
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(38.1)

The deflection terms on the right-hand side of Eq. (38.1) vanish if

F1 5 2φ1=2ηB2 (38.2)

or

F15 υB2 (38.3)

where υ denotes the velocity (2.22)

υ5 2φ1=2η (38.4)

Eqs (38.2) and (38.3) are forms of the Wien condition (Wien, 1897/8, 1898). When this

condition is satisfied, (38.1) simplify to

891
Principles of Electron Optics: Applied Geometrical Optics.

DOI: http://dx.doi.org/10.1016/B978-0-12-813369-9.00038-5

© 2018 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/B978-0-12-813369-9.00038-5


xv1
φ0

2φ
x0 1

φv
4φ

1
F2
1

4φ2
2

p2

2φ
1

ηQ2

φ1=2

0
@

1
Ax5 0

yv1
φ0

2φ
y0 1

φv
4φ

1
p2

2φ
2

ηQ2

φ1=2

0
@

1
Ay5 0

(38.5)

These bear a close resemblance to the paraxial equations of quadrupoles and, like them, the

Wien filter does not have the same strength in the x�z and y�z planes. For the system to

provide stigmatic focusing, another condition must be satisfied:

F2
1

4φ
2 p21 2φ1=2ηQ2 5 0 (38.6)

Inclusion of electrons with slightly different energies (Δφ) from that of the reference

particle adds a further term to Eq. (38.5):
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in which

κ5Δφ=φ0: (38.8)

The electrostatic potential φ is usually assumed to be constant within Wien filters so that

finally, we have
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W2x and W2y consist of terms of the next higher order in x, y and their derivatives, from

which the primary geometrical aberrations will be derived. First however, we write down

the paraxial solutions obtained from Eq. (38.9) after setting W2x5W2y5 0:

xð1ÞðzÞ 5 xogxðzÞ1 x0ohxðzÞ1κxκðzÞ
yð1ÞðzÞ 5 yogyðzÞ1 y0ohyðzÞ

(38.10)
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in which
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dζ (38.11)

Suppose now that the system forms a stigmatic image in some plane z5 zi even though the

stigmatic focusing condition may not be satisfied. On retaining the perturbation terms W2x

and W2y, we have

xiðzÞ5 xð1ÞðziÞ1ΔxðziÞ
yiðzÞ5 yð1ÞðziÞ1ΔyðziÞ

(38.12)

in which
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(38.13)

The aberration coefficients as derived by Liu and Tang (1995) using the trajectory method,

are as follows (referred back to the object plane):
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(38.15)

Liu and Tang also give the terms of third rank to be added to the right-hand side of

Eq. (38.9). They analyse a device consisting of four Wien filters in series, and show that all
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second-rank aberrations can be eliminated by exploiting the symmetry of the configuration

(Fig. 38.1); the g-ray is symmetric about the midplane of the quadruplet and antisymmetric

about the midplanes of the first and last Wien doublets while the reverse is true of the

h-ray. Numerous Wien quadruplets have been investigated by Plies and Bärtle, one of

which is particularly attractive as a monochromator (Plies and Bärtle, 2003). Here, the

focusing sequence is CNNC in one section and NCCN in the other, where C denotes

‘converging’ and N, ‘neutral’; the axial and field rays are shown in Fig. 38.2.
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Figure 38.2
The Plies�Bärtle quadruplet intended for use as a monochromator. After Plies and Bärtle (2003),

Courtesy Cambridge University Press.

Figure 38.1
The quadruplet of Wien filters studied by Liu and Tang for aberration correction. After Liu and

Tang (1995), Courtesy Elsevier.
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A very general theory of systems that include Wien filters was developed by Plies and Typke

(1978) and this was used by Rose (1987, 1990) to study the aberration coefficients of Wien

filters by the eikonal method. Although the aberration coefficients are not given explicitly by

Rose, they can be deduced easily from any of his forms of the eikonal function. Formulae

from which all derivatives of the field functions and the paraxial solutions have been

eliminated are listed below. Note that these are not immediately comparable with Eq. (38.14)

as not only is a certain amount of partial integration needed to make them identical but the

stigmatic focusing condition must also be imposed on Eq. (38.14).
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Ctx 5 2
Ð
3fðK1 1K2Þghwκ1 ðK3 1K4Þghgdz

Cty 5 2
Ð ðK22 3K1Þghwκ 1 ðK42K3Þghgdz

(38.16)

in which

K1 5
2ηφ1=2Q3 2 p3

12φ
1

F1p2

16φ2
2

F3
1

64φ3

K2 5
F1

16φ
p2

φ
2

F2
1

φ2

0
@

1
A

K3 5
1

8

p2

φ
2

F2
1

φ2

0
@

1
A

K4 5
F2
1

8φ2
1

1

16
3
φ02

φ2
1

2η2B2

φ

0
@

1
A

(38.17)

In his first paper, Rose (1987b) lists the conditions for which the geometrical terms

(second-order aberrations) vanish. The residual chromatic aberrations are then analysed and
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practical designs proposed. In his second long paper on the general subject of Wien filters,

Rose (1990a) enquires whether the design parameters can be selected in such a way that the

device acts as a corrector of spherical and chromatic aberration. Electrostatic and magnetic

round lens terms are retained here, because the device is intended for use as a corrector but

these fields do not overlap those of the Wien filter. Rose goes on to establish the conditions

in which the filter is nondispersive and free of second-rank aberrations. Finally, he

investigates the third-rank aberrations; the integrand of the next higher order contribution to

the eikonal function is given and the aberration integrals for the aperture aberrations are

listed and evaluated in the sharp cut-off (SCOFF) approximation, in which the fields are

assumed to fall abruptly to zero and there are no fringing fields. Rose proposes a possible

corrector design, which was exploited in the low-voltage transmission electron microscope

of Delong and Štěpán (2006).

A contribution by Scheinfein (1989) gives all the second-rank aberration coefficients in the

SCOFF approximation and also estimates the contributions to these coefficients arising

from the fringing fields.

The extensive work of Ioanoviciu, Tsuno and Martı́nez, much of which antedates the

papers cited above, is considered last because the SCOFF approximation is employed

throughout. Ioanoviciu (1973) considers the model fields that correspond to a cylindrical

condenser and a (magnetic) wedge field. The ‘refractive index’ is expanded for these

fields and second-rank aberration coefficients are listed explicitly, including approximate

formulae for the fringing fields. Among the many publications of Tsuno, we draw

attention to his important paper of 1991, an extension of and improvement on the earlier

studies of Tsuno et al. (1988a�c, 1990). In real Wien filters, the Wien condition is most

unlikely to be satisfied exactly and this is recognized explicitly here; see also Tsuno

(1992, 1993). The paraxial equations and second-rank aberrations are calculated without

assuming that the Wien and stigmatic focusing conditions are satisfied. The SCOFF

approximation is adopted and the contribution from the fringing fields is also estimated.

Later, Tsuno and Martı́nez, who had published papers on the numerical analysis of Wien

filters (Martı́nez and Tsuno, 2002, 2004a,b, Tsuno and Martı́nez, 2002, 2004a,b), made

very full studies with Ioanoviciu of Wien filters (Ioanoviciu et al., 2004; Tsuno et al.,

2003, 2005) and we now recapitulate these in some detail. Wien filters are the subject of a

volume by Tsuno and Ioanoviciu (2013) and are examined in an earlier review by

Ioanoviciu (1989).

We shall adopt a compact notation, well-suited to the SCOFF approximation. The cyclotron

radius R,

R5
φ1=2
0

ηB2

(38.18)
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is used systematically as unit of length:

u5 x=R; υ5 y=R; w5 z=R (38.19)

and the various field components are scaled with respect to the basic deflection functions,

F1 and B2:

e2 52 p2R=2F1

b2 52Q2R=2B2

e3 5 p3R
2=6F1

b3 5Q3R
2=6B2

e4 52p4R
3=24F1

b4 52Q4R
3=24B2

(38.20)

The equations of motion Eq. (38.9) take the form

uv1 k2u 5Fr1 1Fr21Fr3

υv1 p2υ 5Fυ21Fυ3
(38.21)

in which

k25 2e22 2b2 1 1

Fr1 5κ=2
Fr2 5 r1u

2 1 2uuv1 u02=21 r2uκ2 uvκ2κ2=81 r3υ2 2 υ02=2
Fr3 5 r4u

3 1 r5uuv1 r6uu
021 r7u

2κ
1 r8uκ21κ3=161 3u02κ=41 r9uυ2

1 r10uυ02 1 r11u
0υυ0 1 u0υ0υv

1 r11uvυ22 uvυ021 r12υ2κ1 3υ02κ=4

(38.22)

and

r1 5 23e31 3b3 2 2b2 2 e2 2 1=2

r2 5 b2 1 1=2

r3 5 e2 1 3e32 3b3

r4 5 24e41 4b4 2 3b3 2 e3 2 b2 2 e22 2b2e2 2 1=2

r5 5 2e2

r6 5 22e21 3b2 2 3=2

r7 5 3b3=31 b2 1 e2=21 3=4

r8 5 2b2=42 3=8

r9 5 12e4 2 12b41 3b3 1 3e31 2e2b2 1 e2

r10 5 3b22 4e2 2 3=2

r11 5 22e2

r12 5 23b3=22 e2=2

(38.23)
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Similarly,

p252 2e2 1 2b2

Fυ2 52 h2υκ2 υvκ1 h1uυ1 2uυv1 u0υ0

Fυ3 5 h2υ3 1 h3υυ02 1 h4υvυ2 1 h5υκ2 1 h6uυκ
1 h7u

2υ2 h4u
2υv2 h4uu

0υ0 1 h8u
02υ2 u02υv1 u0uvυ0

(38.24)

with

h1 5 6e3 2 6b3 1 2b2

h2 524e4 1 4b4 2 2b2e2

h3 5 2e2 2 3b2

h4 522e2

h5 5 b2=4

h6 523b3 2 b2

h7 5 12e4 2 12b4 1 2b2e21 b21 6b3

h8 5 4e2 2 3b2

(38.25)

In the SCOFF approximation, we have

Fr25m0 1m1cos kw1m2 sin kw1m3cos
2ðkwÞ1m4sin kw cos kw (38.26)

and

Δu 5 p0 1 p1 cos kw1 p2 sin kw1 p3w cos kw1 p4w sin kw1 p5 cos
2 kw1 p6 sin kw cos kw

Δυ 5 q0 1 q1 cos kw1 q2 sin kw1 q3w cos kw1 q4w sin kw1 q5 cos
2 kw1 q6 sin kw cos kw

(38.27)

in which

p0 5 ðm0 1 2m3=3Þ=k2
p1 52ðm0 1m3=3Þ=k2
p2 5 ðm2=21m4=3Þ=k2
p3 52m2=2k

p4 5m1=2k

p5 52m3=3k2

p6 52m4=3k2

(38.28)
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where

m0 5 ðuo2κÞ2=41 2α2ðr12 1Þ2 υ2o=41 2β2r3 1κ2ðr11 r22 1=8Þ
m1 5κðuo2κÞð2r11 r22 1=2Þ
m2 5ακð2r11 r2 2 1=2Þ=k
m3 5 ðr1 2 5=4Þ ðuo2κÞ2 2 2α2

� �
1 ðr3 1 1=4Þðυ2o2 2β2Þ

m4 5 αðuo2κÞð2r1 2 5=2Þ1 υoβð2r3 1 1=2Þ� �
=k

(38.29)

and

q0 5 ðn01 2n3=3Þ=k2
q1 52ðn01 n3=3Þ=k2
q2 5 ðn2=21 n4=3Þ=k2
q3 52n2=2k

q4 5 n1=2k

q5 52n3=3k2

q6 52n4=3k2

(38.30)

where

n0 5 ðuo 2κÞυo=21 2αβðh1 2 1Þ
n1 5 υoκðh1 2 b2 2 1=2Þ
n2 5 βκðh12 b22 1=2Þ=k
n3 5 ðh1 2 3=2Þ ðuo 2κÞυo2 2αβ

� �
n4 5 ðh1 2 3=2Þ ðuo 2κÞβ1αυo

� �
=k

(38.31)

and α; β denote u0o; υ
0
o:

For stigmatic focusing, we must have

e2 2 b2 521=4 (38.32)

which implies

k5 1=
ffiffiffi
2

p
(38.33)

For kw5 2π, where there is no energy dispersion, we have

Δu 5 p01 p1 1 2πp2=k1 p5

Δυ 5 q01 q1 1 2πq3=k1 q5
(38.34)
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But p01 p11 p5 and q01 q1 1 q5 vanish and hence all the second-rank aberrations

vanish at w5 2π=k or z5 2πR=k if p3 and q3 also vanish, which implies that m2 and n2
must be zero. If we require that only the geometrical aberrations vanish, then it is

sufficient to set

p35 q3 (38.35a)

or

12ðe3 2 b3Þ1 4b21 2e2 1 1=25 0 (38.35b)

This is the second-order geometric-aberration-free condition. Stigmatic focusing requires that

e2 52
m1 2

8
; b2 52

m

8
(38.36)

(where m is arbitrary) whereupon condition (38.35b) becomes

e3 2 b3 5
m

16
: (38.37)

Returning to the expressions (38.34) for Δu and Δυ, we find

Δuðz5 2πR=kÞ 52
ακ
8k2

ðm2 2Þ

Δυðz5 2πR=kÞ 52
βκ
8k2

ðm2 2Þ
(38.38)

and so the second-order terms all vanish for

m5 2 (38.39a)

which implies

b3 2 e3 521=8; b2 521=4; e2 521=2: (38.39b)

Note that this is not the same as the value proposed by Rose (1987), which corresponds to

m5 6 ðe252 1; b2 523=4; e32 b35 3=8Þ.
In their later paper (Tsuno et al., 2005), expressions for the third-rank aberrations are given

for two planes: the first focus z5 z
ð1Þ
i , at which z5πR, and the second focus z5 z

ð2Þ
i , at

which z5 2πR. There will be both second- and third-rank aberrations at the first plane
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z5 z
ð1Þ
i but only third-rank aberrations at the second plane, z5 z

ð2Þ
i . The results are as

follows:

uðz 1ð Þ
i Þ52u0 1 2κ1Auuu

2
01Audu0κ1Aaaα2

1Aadακ1Addκ21Aυυυ201Abbβ2

1Auuuu
3
01Auuau

2
0α1Auudu

2
0κ1Auaau0α2

1Auadu0ακ1Auddu0κ21Auυυu0υ20

1Auυbu0υ0β1Aubbu0β2 1Aaaaα31Aaadα2κ

1Aaddακ21Aaυυαυ201Aaυbαυ0β

1Aabbαβ2 1Adddκ3 1Adυυκυ20 1Adυbκυ0β1Adbbκβ2:

υðzð1Þi Þ5 �υ0 1Aυuυ0u0 1Aυdυ0κ1Abaβα1Abdβκ

1Aυυυυ301Aυυbυ20β1Aυbbυ0β21Aυddυ0κ2

1Aυduυ0κu01Aυdaυ0κα1Aυuuυ0u20 1Aυuaυ0u0α

1Aυaaυ0α2 1Abbbβ31Abddβκ21Abduβκu0

1Abdaβκα1Abuuβu201Abuaβu0α1Abaaβα2:

(38.40)

uðz 2ð Þ
i Þ5 u0 � 2Aadακ1A2uuau

2
0α1A2uudu

2
0κ

1A2uadu0ακ1A2uddu0κ21A2uυbu0υ0β

1A2aaaα3 1A2aadα2κ1A2addακ21A2aυυαυ20

1A2abbαβ21A2dddκ3 1A2dυυκυ20

1A2dυbκυ0β1A2dbbκβ2:

υðzð2Þi Þ5 υ0 � 2Abdβκ1A2υυbυ20β1A2υddυ0κ2

1A2υduυ0κu0 1A2υdaυ0κα1A2υuaυ0u0α1A2bbbβ3

1A2bddβκ2 1A2bduβκu0 1A2bdaβκα1A2buuβu20

1A2baaβα2:

(38.41)
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in which

i. π-filter, x-direction

Auu 5 m2 4ð Þ=4
Aud 52 m2 4ð Þ=2
Aaa 5m� 6

Aad 5πk m2 2ð Þ=2
Add 5 m2 1ð Þ=2
Aυυ 5 m2 12ð Þ=12
Abb 5 m2 6ð Þ=3
Auuu 52 m24ð Þ2=16
Auua 523 π=k

� �
b311 t1ð Þ1π 9m22 64m1 64

� �
= 256kð Þ

Auud 522 7b311 8t1ð Þ1 3m22 20m1 40
� �

=16

Auaa 5 m2 12ð Þ m2 6ð Þ=4
Auad 5 6 π=k

� �
b311 t1ð Þ1π 7m22 96m1 192

� �
= 128kð Þ

Audd 5π2 m22ð Þ2=321 4 7b311 8t1ð Þ2 2m22 9m1 12
� �

=8

Auυυ 5 25m21 72m2 144
� �

=144

Auυb 5 3 π=k
� �

b311 2t1ð Þ1 3πm2= 128kð Þ
Aubb 52 m2 6ð Þ m1 12ð Þ=36
Aaaa 526 π=k

� �
b311 t1ð Þ1π 9m22 64m1 64

� �
= 128kð Þ

Aaad 528 7b311 8t1ð Þ1 m2 1 8m2 60
� �

=4

Aadd 523 π=k
� �

4b31 1 t1ð Þ2π 11m22 240m1 480
� �

= 256kð Þ
Aaυυ 5 3π=2k

� �
b31 1 2t1ð Þ1π 25m2 2 192m1 192

� �
= 768kð Þ

Aaυb 5m m2 6ð Þ=6
Aabb 5 9 π=k

� �
b311 2t1ð Þ1π 43m22 192m1 192

� �
= 384kð Þ

Addd 52 π2=32
� �

m22ð Þ2 2 8 3b311 4t1ð Þ1 m2 2 2m1 2
� �

=8

Adυυ 5 2 b31 1 8t1ð Þ1 17m22 36m1 72
� �

=144

Adυb 523 π=k
� �

b311 2t1ð Þ1πm 7m2 32ð Þ= 384kð Þ
Adbb 5 8 3b311 8t1ð Þ1 19m2 2 24m2 36

� �
=36

(38.42a)
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ii. π-filter, y-direction

Aυd 52m=6
Aυu 5m=6

Aba 5 2 m2 6ð Þ=3
Abd 5πk m2 2ð Þ=2
Aυυυ 52m m2 12ð Þ=144
Aυυb 523 π=k

� �
t1 � π 13m2 1 192m2 192

� �
= 768kð Þ

Aυbb 5m m2 6ð Þ=36
Aυdd 5π2=32 m22ð Þ22 4 3b311 8t1ð Þ2m 16m2 3ð Þ=72
Aυdu 5 4 3b311 8t1ð Þ1m 17m2 12ð Þ=72
Aυda 52 3π=k

� �
b311 2t1ð Þ1π 7m2 2 224m1 384

� �
= 384kð Þ

Aυuu 52m 5m2 12ð Þ=144
Aυua 5 3 π=k

� �
b311 2t1ð Þ1 3πm2= 128kð Þ

Aυaa 52 m2 6ð Þ m1 24ð Þ=36
Abbb 526 π=k

� �
t12π 13m2 1 192m2 192

� �
= 384kð Þ

Abdd 5 3 π=k
� �

3b31=21 5t1
� �

1π 101m2 1 208m2 672
� �

= 768kð Þ
Abdu 523 π=k

� �
b311 2t1ð Þ � π 9m21 32m2 192

� �
= 384kð Þ

Abdu 5 8 6b311 16t1ð Þ1 5m2 1 8m2 60
� �

=6
Abuu 5 3π=2k

� �
b311 2t1ð Þ1π 25m22 192m1 192

� �
= 768kð Þ

Abua 5 m2 12ð Þ m2 6ð Þ=6
Abaa 5 9 π=k

� �
b311 2t1ð Þ1π 43m2 2 192m1 192

� �
= 384kð Þ

(38.42b)

iii. 2π-filter, x-direction

A2uua 5 3π=k
� �

b311 b321 t11 t2ð Þ1 π=k
� �

29m2=1281m=22 1=2
� �

A2uud 5 2 7 b312 b32ð Þ1 8 t1 2 t2ð Þ� �
A2uad 5 πm=k

� �
9m=642 1
� �

2 π=k
� �

6 b311 b321 t1 1 t2ð Þ � 1
� �

A2udd 52 2π=8
� �

m22ð Þ2 2 4 7 b31 2 b32ð Þ1 8 t12 t2ð Þ� �
A2uυb 523πm2= 64kð Þ2 3π=k

� �
b311 b321 2 t11 t2ð Þ� �

A2aaa 5 6π=k
� �

b311 b321 t11 t2ð Þ1 π=k
� �

29m2=641m2 1
� �

A2aad 5 8 7 b312 b32ð Þ1 8 t1 2 t2ð Þ� �
A2add 5 3π=k

� �
4 b31 1 b32ð Þ1 5 t11 t2ð Þ� �

1 π=k
� �

221m2=1281 5m=82 1=4
� �

A2aυυ 5πm= 2kð Þ 225m=1921 1
� �

2 π=k
� �

3=2
� �

b31 1 b32ð Þ1 3 t11 t2ð Þ1 1=2
� �

A2abb 52 9π=k
� �

b311 b321 2 t1 1 t2ð Þð Þ1π=k 243m2=1921m2 1
� �

A2ddd 5 8 3 b312 b32ð Þ1 4 t1 2 t2ð Þ� �
1π2 m22ð Þ2=8

A2dυυ 52 2 b312 b321 8 t1 2 t2ð Þ� �
A2dυb 5 3πm2= 64kð Þ1 3π=k

� �
b311 b32 1 2 t11 t2ð Þ� �

A2dbb 528 3 b312 b32ð Þ1 8 t1 2 t2ð Þ� �

(38.43a)
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iv. 2π-filter, y-direction

A2υυb 5πm= 2kð Þ 13m=1921 1
� �

1 π=k
� �

3 t11 t2ð Þ2 1=2
� �

A2υdd 5 4 3 b312 b32ð Þ1 8 t12 t2ð Þ� �
2π2 m22ð Þ2=8

A2υdu 524 3 b312 b32ð Þ1 8 t12 t2ð Þ� �
A2υda 5 3πm2= 64kð Þ1 3π=k

� �
b311 b321 2 t1 1 t2ð Þ� �

A2υua 523πm2= 64kð Þ2 3π=k
� �

b311 b321 2 t1 1 t2ð Þ� �
A2bbb 5 6π=k t11 t2ð Þ1π=k 13m2=1921m2 1

� �
A2bdd 52 3π=k

� �
3 b311 b32ð Þ=21 5 t1 1 t2ð Þ� �

1 π=k
� �

2133m2=3841 5m=82 1=4
� �

A2bdu 5 πm=k
� �

25m=1922 1
� �

1 3π=k
� �

b311 b321 2 t1 1 t2ð Þ1 1=3
� �

A2bda 5216 3 b312 b32ð Þ1 8 t1 2 t2ð Þ� �
A2buu 5πm= 2kð Þ 12 25m=192

� �
2 3π= 2kð Þ b311 b32 1 2 t11 t2ð Þ1 1=3

� �
A2baa 52 9π=k

� �
b311 b321 2 t1 1 t2ð Þ� �

1π=k 243m2=1921m2 1
� �

(38.43b)

We recall that k5 1/O2.

The field component b3 is selected as an independent parameter and e3 has been replaced

by b31m/16 (38.37). The sextupole and octopole components of the π-filter and the second

half of the 2π-filter are shown separately; thus, b31 denotes b3 of the π-filter and b32
denotes b3 of the second half of the 2π-filter and likewise for the other terms. For the

octopole components e4 and b4, we have written

t1 5 e41 � b41
t2 5 e42 � b42
t5 t11 t2

(38.44)

It is interesting to see that some coefficients vanish when b315 b32 and t15 t2, while other

coefficients are cancelled when b3152b32 or t152t2.

These results can be exploited to find configurations with particularly desirable properties.

For full discussion, the reader is referred to the original papers; here, we simply point out

some highlights. Consider the third-order axial aberration (analogous to spherical

aberration) at the plane z5 z
ð2Þ
i ; for this to vanish, we require

A2aaa5A2bbb5 0 (38.45a)

for which

b35 b311 b325 5m2=144 (38.45b)

and

t5 t1 1 t2 52
13m2=1921m2 1

6
(38.45c)
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Ioanoviciu et al. plot the corresponding aberration figures for five values of the free

parameter m: 22 (magnetic quadrupole only), 0 (electrostatic quadrupole only), 2 (all

second-rank aberrations absent at z5 z
ð2Þ
i ), 4 (no particular properties) and 6 (second-order

aberrations all vanish at z5 z
ð1Þ
i ).

To obtain a round beam, we need

A2aaa5A2bbb (38.46)

which gives the conditions (38.45b, c) and to this we add

A2aaa5A2abb ð� A2baaÞ (38.47a)

which ensures that the beam has the same radius in the planes midway between the x- and

y-axes. This yields

t5 t11 t252
29

1152
m2 (38.47b)

For what value of m does A2bbb vanish? For this,

m22 12m1 125 0 (38.48a)

and so

m5 66 2
ffiffiffi
6

p
(38.48b)

Tsuno et al. point out that the Wien filter can be used as an aberration corrector, since

negative values of the chromatic and aperture aberration coefficients are easily obtained;

their design appears to be preferable to the earlier arrangements proposed by Mentink et al.

(1999) and Steffen et al. (2000).

For other work on Wien filters, see Ioanoviciu (1973, 1974), Ioanoviciu and Cuna (1974),

Smith and Munro (1986), Tang (1986a,b), Hurd (1987), Kato and Tsuno (1990), Tsuno

(1994), Sakurai et al. (1995), and Tsuno and Rouse (1996), Martı́nez and Tsuno (2007),

Horáček et al. (2008), as well as the earlier work of Andersen (1967) and Andersen and Le

Poole (1970). We also remind the reader of the work of Plies and Bärtle on the design of

monochromators based on Wien filters, already mentioned earlier. Numerous Wien

quadruplets were studied and a most interesting configuration emerged, the properties of

which are described in (Plies and Bärtle, 2003). The history of the Wien filter is retraced by

Plies et al. (2011). The whole subject has been reconsidered in depth by Tsuno and

Ioanoviciu (2013).
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CHAPTER 39

Quadrupole Lenses

39.1 Introduction

For particle energies in the range of tens or hundreds of kilovolts up to a few megavolts,

quadrupole lenses are used, if at all, as components in an aberration-correcting unit or as

devices that produce a line focus. It is mainly at higher energies, where rotationally

symmetric lenses are too weak, that their strong focusing ability is exploited to provide the

principal focusing field. As well as in particle accelerators, they are to be found in high-

energy ion microprobe devices, intended for elemental analysis.

In all these fields � aberration correction, accelerator optics and ion microprobe analysis �
detailed reviews and textbooks are available (Strashkevich, 1959, 1966; Hawkes, 1966,

1970, 1980; Steffen, 1965; Banford, 1966; Septier, 1966; Yavor, 1968; Lawson, 1977;

Wollnik, 1987; Grime and Watt, 1984; Watt and Grime, 1987; Humphries, 1986). This

chapter is therefore confined to the principal models and geometries encountered in

quadrupole studies, and to the most important combinations. Aberration correctors that use

quadrupoles and octopoles are examined in Chapter 41, Aberration Correction.

Electrostatic and magnetic quadrupoles are comparatively open structures and it is intuitively

obvious that the field function characterizing a quadrupole lens, p2(z) or Q2(z), will have a

roughly bell-shaped distribution if the poles or electrodes are short; if, on the other hand, they

extend far along the axis relative to the bore radius, we may expect the distribution to exhibit

a rather flat central plateau terminated by bell-shaped end-fields, the half-width of which may

even be negligible leaving us with a rectangular field distribution. The three principal models

correspond to these various situations: in the bell-shaped field model, we write

q zð Þ5 1

11z2=d2
� �2 (39.1)

In the rectangular field model,

q zð Þ5 1 zj j, L=2
0 zj j. L=2

�
(39.2)

where q(z) is defined in Eq. (29.26). A hybrid model in which these are combined has likewise

been used. These models have the double advantage of possessing analytical solutions in terms
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of circular and hyperbolic functions, permitting evaluation of the aberration integrals in closed

form, and of representing the true field distribution rather accurately. This is fortunate, for the

task of computing the field distribution is distinctly more laborious in a quadrupole than in a

round lens.

If a line focus is to be formed, a single quadrupole may be sufficient or a doublet may be

used to give a measure of flexibility. If a probe is required or stigmatic imaging between a

pair of planes, even a doublet is normally much too restrictive and the simplest practical

system is the quadruplet and in particular, the antisymmetric or ‘Russian’ quadruplet, so

named because it was introduced by the Leningrad group led by S. Ya. Yavor, who have

contributed extensively to quadrupole studies.

For correction of round lens spherical and chromatic aberration, the situation is even more

complicated, for the quadrupole fields must be combined with octopole fields, and to

achieve simultaneous correction of all the resolution-limiting aberrations, elements with

other symmetries are also needed (see Chapter 41, Aberration Correction). In the present

section, we give some indication of the variation of the optical characteristics of individual

quadrupoles and the more common systems, referring for details to Hawkes (1966, 1970)

and Yavor (1968). Although some efforts have been made to classify and analyse the

parasitic aberrations of quadrupoles, the results are of limited practical use, a disappointing

situation for it is highly desirable to have some reliable theoretical estimate of the

constructional tolerances that must be respected in real systems. The solution, as we have

emphasized in Chapter 33, The Aberrations of Deflection Systems, is exact ray-tracing, the

results being presented as spot diagrams or ‘scatter-plots’, several examples of which are to

be found in Grime and Watt (1984).

In the following sections, we first consider the two main models and then examine briefly the

simpler quadrupole combinations. In connection with the latter, a few specialized terms have

come into use, of which the most useful is ‘regular’: a quadrupole system is said to be regular

if it produces a sharp undistorted paraxial image of an object for all positions of the object

plane, just like a round lens. If the magnifications Mx and My are unequal, the system is said to

be anamorphotic; when they are equal, it is orthomorphic or distortion-free. If the system

produces point-to-point imagery only for isolated locations of the object plane, it may be called

pseudo-stigmatic. (See also Scherzer, 1965 and the glossary at the end of Hawkes, 1970.)

39.2 The Rectangular and Bell-Shaped Models

For both of these models (39.1, 39.2), the paraxial equations (19.5, 6) are soluble in closed

form in terms of circular and hyperbolic functions. Expressions for the cardinal elements

can then be written down immediately. We list only the asymptotic quantities, which are

those more often needed, but their real counterparts are easily found.
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In the absence of any round-lens component, Eq. (19.5) take the form

d

dz
φ̂
1=2

x0
� �

2
γp2 2 2ηQ2φ̂

1=2

2ϕ̂1=2
x5 0

d

dz
φ̂
1=2

y0
� �

1
γp2 2 2ηQ2φ1=2

2φ̂
1=2

y5 0

(39.3)

and introducing the convenient notation of Eqs (29.26, 29.27), these become

xv1β2qx5 0

yv2β2qy5 0
(39.4)

It is immediately obvious that for the rectangular model (39.2), for which q(z) is unity for

|z|, L/2 and zero elsewhere, Eq. (39.4) have solutions in terms of sin βz, cos βz, sinh βz
and cosh βz. Writing

θ :¼ βL (39.5)

the asymptotic cardinal elements are given by

z
xð Þ
Fi

L
52

z
xð Þ
Fo

L
5

cot θ
θ

1
1

2

z
yð Þ
Fi

L
52

z
yð Þ
Fo

L
52

coth θ
θ

1
1

2

f xð Þ

L
5

1

θsin θ
f yð Þ

L
52

1

θsinh θ

(39.6)

The ‘effective length’ L, defined by L :¼ ÐN
2N q zð Þ dz, has been found experimentally to be

related to the length l and radius a of quadrupoles of simple shape (cylindrical rods parallel

to the axis, for example) by

L � l1 1:1a (39.7a)

(Grivet and Septier, 1958, 1960), which agrees well with the theoretical estimate of

Reisman (1957),

L5 l1 π2 2ð Þa (39.7b)

The excitation parameter β25β2
M 2β2

E is related to the potential 6U on the electrodes or

the excitation J (A�turn/pole) as follows:

β2
E 5

γU
a2φ̂0

β2
M 5

μ0ηJ

a2φ̂
1=2

0

(39.8)
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Explicit formulae for the coefficients that occur in the aperture aberration, distortion and

chromatic aberration polynomials in mx and my are known and are set out in full in Hawkes

(1970), where numerous tables of their values are to be found. Formulae for various

aberration coefficients for this model are also to be found in Dymnikov et al. (1965a,b),

Ovsyannikova and Yavor (1967), Fishkova et al. (1968), Ovsyannikova (1968), Lee-

Whiting (1970) and Szilágyi et al. (1973, 1974); the long study by Smith (1970) should be

used in conjunction with Lee-Whiting (1972).

For the bell-shaped model (39.1), the paraxial equation in the converging plane has exactly

the same form as that for a round magnetic lens when the Glaser bell is used, and the

solutions are hence identical. In the diverging plane, the solutions are obtained by replacing

β by iβ. Writing

ω2
x 5 11β2d2

ω2
y 5 12β2d2

σ2
y 5β2d2 2 1

(39.9)

we find that the asymptotic cardinal elements are given by

fx

d
52

ωx

sin πωx

fy

d
52

ωy

sin πωy

β2d2 , 1
� �

fy

d
52

σy

sinh πσy

β2d2. 1
� �

z
xð Þ
Fi

d
5 2

z
xð Þ
Fo

d
5ωx cot πωx

z
yð Þ
Fi

d
5 2

z
yð Þ
Fo

d
5ωy cot πωy β2d2 , 1

� �
5σy coth πσy β2d2. 1

� �
(39.10)

The excitations are related to U and J by the approximate formulae (Hardy, 1967):

β2
E 5

γU
a2φ̂0

12
a2

3d2

 !

β2
M 5

μ0ηJ

a2φ̂
1=2

0

12
a2

3d2

 ! (39.11)

For the short lenses for which this model is intended, a� d so that 12 a2/3d2� 0.67, in

agreement with Deltrap’s experimental findings (1964).
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We note that for weak lenses, for which β2d2{1,

fx

d
5 2

fy

d
� 2

πβ2d2

For this model, L5
Ð
q(z)dz5πd/2 so that

fx

L
5 2

fy

L
� 1

β2L2

in agreement with Eq. (39.6). This weak-lens approximation is frequently encountered in

the accelerator literature.

The polynomial coefficients for the aberrations are known for the bell-shaped model

(see Hawkes 1967a,b; Hawkes and Hardy, 1967; Hawkes and Cham, 1967). For other

expressions and further studies, see Glaser (1955), Dymnikov et al. (1965a�d), Tanguy

(1965a,b) and Szilágyi et al. (1973, 1974). Other models have been proposed, such as

the asymmetric bell-shaped distribution, intended to represent quadrupoles in which the

electrode surfaces are tilted in conical fashion towards the axis, and the triangular

model; for details and references, we refer to Hawkes (1970). Of more interest is the

bell-shaped model for an electrostatic round-lens potential superposed on a quadrupole

distribution (Dušek, 1959; Schiske, 1966/67). In the paper by Schiske, the more general

case in which a round magnetic field is also present but orthogonality is preserved is

analysed.

Ura (1991) has shown that a unified representation of the cardinal elements and chromatic

and aperture aberration coefficients of electrostatic quadrupoles can be found for the

principal field models: rectangular, bell-shaped and a combination of these. The cardinal

elements and aberration coefficients are scaled with respect to the minimum focal length

in the converging plane and the excitation is scaled with respect to the value

corresponding to the minimum focal length. Ura plots curves for the rectangular model

and the bell-shaped model and suggests how the values for the combined model can be

deduced from them.

39.3 Isolated Quadrupoles and Doublets

Isolated quadrupoles are capable of stigmatic but not distortion-free imagery (Junior and

Antony-Spies, 1967), and both conjugates cannot of course be real.

With doublets, we meet the notion of the antisymmetric multiplet: a multiplet of an even

number of quadrupoles is said to be antisymmetric if it is geometrically symmetric about a

midplane but electrically antisymmetric. In the case of a doublet, this would mean that the

two members have equal excitations (β2) of opposite polarity (Fig. 39.1). We have seen that
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Figure 39.1
Quadrupole quadruplets. (A) Notation used when studying antisymmetric quadruplets by means
of the rectangular and bell-shaped models. (B) Quadruplet consisting of two identical doublets

rotated through 90� relative to each other. (C)�(G) Antisymmetric quadruplets. (C) Load
characteristic for L15 L2, s5 0; rectangular model. (D)�(G) Load characteristic for four

configurations; bell-shaped model.
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the focal lengths in the two principal sections are equal for antisymmetric multiplets and the

system will therefore be regular if one other condition (z
xð Þ
Fi 5 z

yð Þ
Fi for example) is satisfied.

Since we have two free parameters, the distance D between the quadrupoles and their

common excitation β2, we can establish the curve D5 f (β2) for which the system is regular

(Glaser, 1955; Dušek, 1959; Dhuicq, 1961).

If the doublet is not antisymmetric, it is not possible to make it regular for a continuous

range of the three free parameters (D, β2
1 and β2

2) since three conditions would now have to

be satisfied (fx5 fy; z
xð Þ
Fo 5 z

yð Þ
Fo, z

xð Þ
Fi 5 z

yð Þ
Fi ). It is, on the other hand, relatively easy to make the

doublet stigmatic but not orthomorphic for given separation and object distance; for

references, see Hawkes (1966, 1970). Such an arrangement has been used by Crewe et al.

(1967) to form a probe for a scanning microscope, though subsequently abandoned.

Doublets have been employed to form line images in scanning and mirror instruments by

Le Poole (1964), Bok et al. (1964) and Bok (1968).
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39.4 Triplets

Triplets cannot of course be antisymmetric. The symmetric triplet has a considerable

literature, mainly for use in particle accelerators, and has also been used to convert a virtual

image into a real image with unit magnification. Foster (1968) considered employing a

symmetric triplet in a lens spectrometer operating on the focal separation principle. Juma

et al. (2007) have reconsidered the symmetric electrostatic triplet.

If all symmetry is abandoned, only one special case has been explored in detail, that in

which the first two members of the triplet create a stigmatic image of a stigmatic object and

the third member, a very strong quadrupole, converts this into a real image (Antony-Spies

and Junior, 1967). Otherwise, the general case with numerous geometric and electrical

degrees of freedom must be analysed. We have examined the conditions for regularity in

some detail by setting two excitations (β1 and β2, say) and then calculating the third

excitation and the two spacings for which the triplet is regular; the resulting curves

(unpublished) varied so rapidly that any practical system of this kind would be acutely

unstable and of negligible interest. In this context, see Ueda (1975), Ueda and Nagami

(1975), Ueda et al. (1969, 1970, 1971, 1973) and Juma et al. (2007). The chromatic and

aperture aberrations of stigmatic triplets have been studied by Baranova and Read (1998).

Crewe and Gorodezky (2006) noticed that a quadrupole triplet can be combined with a

rotationally symmetric magnetic lens to create the flat ribbon-like beam that is required at

the entrance to a high-energy synchrotron.

Finally, we note that a number of ion microanalysers used quadrupole triplets to form

the probe; detailed accounts of the triplet systems employed at Harwell, Oxford, Bochum

and Rossendorf are available (Cookson et al., 1972; Watt et al., 1981, 1982; Bischof

et al., 1982; von Gersch et al., 1982) and are compared in Grime and Watt (1984) and

Cookson (1979).

39.5 Quadruplets

Quadruplets have attracted much more attention than any other multiplet. The symmetric

arrangement resembles a symmetric triplet in requiring only two independent excitations

but has the central spacing as an additional degree of freedom. The antisymmetric

arrangement has the attractive feature (common to all antisymmetric multiplets) that only

one condition (typically z
xð Þ
Fo 5 z

yð Þ
Fo) need be satisfied for regularity. For a given geometry,

therefore, the regularity condition will impose a functional relationship between the

excitations β1 and β2. This function, β25 f (β1), is known as the load characteristic and as

the geometry is altered, a family of such load characteristics will be generated. A number of

possible quadruplet arrangements are illustrated in Fig. 39.1 and some load characteristics
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obtained using the rectangular model (Dymnikov et al., 1965a,b) and the bell-shaped model

(Dymnikov et al., 1965c,d; Hawkes, 1970) are also reproduced there. The configuration of

Fig. 39.1B, studied by Meads (see Hawkes, 1966), is automatically orthomorphic.

The fifth-order aberrations of three quadruplets have been studied by Baranova (2000): the

basic antisymmetric quadruplet, with and without octopoles, and a ’mid-acceleration’

quadruplet in which an acceleration potential is added to the central elements. The latter is

advantageous at higher gradients where the fifth-order effects become appreciable.

At the time when replacement of the round objective or probe-forming lens in a microscope

by a quadrupole multiplet corrected for spherical aberration seemed a real possibility, the

antisymmetric quadruplet was the favourite candidate. The extensive literature is listed in

Hawkes (1966, 1970) and Yavor (1968). The antisymmetric or Russian quadruplet has been

employed in numerous ion microprobe devices (Grime and Watt, 1984).

39.6 Other Quadrupole Geometries

The quadrupoles discussed in the preceding sections were essentially ‘pure’ quadrupoles,

possessing no round lens or octopole component. Other means of producing quadrupole

fields in which the latter are accompanied by rotationally symmetric and octopole

components have been examined, notably electrostatic designs with three, four or five

electrodes in the form of arcs, crossed lenses, biplanar lenses, transaxial lenses and

astigmatic tube lenses. Baranova and Read (1999) have made a thorough study of multiplets

of electrostatic quadrupoles and octopoles consisting of two, three, four and five elements.

An original feature is the inclusion of ’mid-acceleration’, that is, addition of a (rotationally

symmetric) accelerating potential to one or more of the inner electrodes. The aperture and

chromatic aberration coefficients of the various configurations are critically compared.

39.6.1 Arc Lenses

Electrodes in the form of arcs, usually enclosed in a cylinder (Fig. 39.2) can be used to

create combined round lens, quadrupole and octopole fields, and the choice of radius and

arc-length governs the relative strengths of these. Their properties were analysed in some

detail at one time (Szilágyi et al., 1968; Baranova et al., 1968, 1972; Koltay et al., 1972;

Bosi, 1974; Ovsyannikova et al., 1972; Petrov et al., 1972, 1974; Petrov and Shpak, 1975)

but interest in them has faded.

39.6.2 Crossed Lenses

Crossed lenses are sets of parallel plates, perpendicular to the optic axis, in which holes

have been cut, as in some kinds of electrostatic round lens. Here, however, the holes are not
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circular but rectangular or more complicated in shape, always possessing planes of

symmetry however. The sides of the rectangles (or the symmetry planes) in successive

electrodes are parallel but there need in principle be no other restriction on the dimensions

of the openings, though in practice some degree of symmetry is imposed on the electrode

sequence (Fig. 39.3).

The first crossed lenses studied were symmetric three-electrode einzel lenses, in the sense

that the outer electrodes were at the same potential as the final gun electrode and the central

electrode at a different potential (Yavor, 1970; Petrov, 1976, 1977; Petrov and Yavor, 1975,

1976; Petrov et al., 1978; Baranova et al., 1978a,b, 1982). From the symmetry, it is clear

that, except when the rectangles degenerate to squares, the triplet will act like a

superposition of an electrostatic einzel lens, a symmetric quadrupole triplet and a symmetric

octopole triplet. In view of the presence of all these fields, it is not surprising that

combinations of rectangle dimensions and excitations can be found for which the aperture

aberration coefficient in (angle)3 in the converging plane vanishes (Petrov and Yavor, 1975,

1976). Subsequent work has been concerned with the aperture aberrations of doublets of

such einzel lenses, consisting of five or six electrodes (in the former, the central electrode is

common to both einzel lenses). For details we refer to Petrov (1977), Petrov et al. (1978),

Baranova et al. (1978a,b, 1982, 1986, 1987b), Afanas’ev et al. (1979, 1980, 1981),

Ovsyannikova and Shpak (1982) and the review article of Baranova and Yavor (1984a).

An additional degree of complexity is introduced if the lens has an overall accelerating or

decelerating effect, as discussed by Gritsyuk and Lachashvili (1979); another accelerating

Figure 39.2
Arc lens, capable of generating round, quadrupole and octopole components.
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quadrupole design is described by Fishkova et al. (1984). Baranova and Read (1994) study

a four-electrode lens in which the apertures in the outer electrodes are square while those in

the inner electrodes are rectangular. The chromatic and aperture aberrations are examined

afresh by Baranova et al. (1993, 1996).

39.6.3 Biplanar Lenses

As their name suggests, these quadrupoles consist of a pair of parallel planes, each broken

up into zones held at different potentials. A possible design is illustrated in Fig. 39.4. The

field has been modelled by Afanas’ev (1982) and calculations of the focusing properties of

such lenses and simple combinations of them are to be found in Afanas’ev and Sadykin

Figure 39.3
Crossed lenses. (A) A three-electrode crossed lens, excited like an einzel lens. (B) and (C) Crossed-

lens doublets consisting of five or six electrodes.

918 Chapter 39



(1982, 1983, 1984) and Afanas’ev et al. (1982). Among the various potential applications of

such lenses mentioned by Afanas’ev (1982) are multichannel systems, since the lens can be

extended periodically in the y-direction (Fig. 39.5) and could be made extremely small.
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Figure 39.4
Biplanar lenses. (A) A single biplanar lens requiring two excitations, one applied to the pair of
electrodes 1, the other to the four electrodes 2. (B) and (C) Variation of the focal lengths as a
function of β25V2/U, where U is the accelerating voltage and V1,2 are the potentials applied to
electrodes 1, 2. Full curves correspond to focusing in the x�z plane, dashed curves, in the y�z
plane. The various curves correspond to different values of β15V1/U. 1: β15 0; 2: β15 1/16;
3: β15�1/16; 4: β15 1/8; 5: β15�1/8; 6: β15 1/4; 7: β15�1/4. (D) Variation of the focal

lengths as a function of β1 for β25 0. (E) Variation of the principal spherical aberration
coefficients with β1 for fixed values of the focal length. Curves 1, 2, 3 correspond to focal
lengths of 50, 100 and 125 mm in the y�z plane; curves 4, 5, 6 correspond to the same

focal lengths in the x�z plane. (F) Variation of the focal lengths of a particular biplanar lens
geometry, for which the quadrupole component of the lens action should be independent of
V2: πb5 2x0 ln{coth (πa/4x0)} where 2x0 is the separation of the two planes, 2a is the width of
the central electrode and 2b is the width of the lens. The focal length is plotted in the x�z plane
(1�3) and in the y�z plane (4�6) for various fixed values of V1 as a function of β25V2/U, where
V1,2 are again the potentials applied to electrodes 1, 2 and U5 2.5 kV is the accelerating voltage.
1: V152585 V; 2: V152405 V; 3: V152295 V; 4: V15 610 V; 5: V15 410 V; 6: V15 297 V.
(G) The principal spherical aberration coefficients in the x�z and y�z planes of the same lens

(numbering as above).
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39.6.4 Astigmatic Tube Lenses

An old idea of Klemperer (1953, patented 1942�45) has been revived by Andreev,

Glikman and Iskakova, who have explored the properties of two-tube astigmatic

electrostatic lenses. These consist of two coaxial rotationally symmetric tubes, separated by

a narrow gap that is not perpendicular to the common axis of the tubes but nevertheless

leaves the system with quadrupole symmetry. In the case studied by Andreev et al. (1975a,

b), the line of separation is defined by a third cylinder, or rather cylindrical arc, the axis of

which is perpendicular to the lens axis (Fig. 39.6). The curve of intersection of this cylinder

and a cylinder centred on the optic axis defines the gap. The paraxial properties and

aberrations for various values of the voltage ratio and of the ratio of the radii of the

cylinders are studied in the papers of Andreev et al. (1975a,b). In two later papers, Glikman

and Iskakova (1976) tabulate object-independent parameters characterizing the aperture

aberration coefficients for various geometries and excitations. For further studies, see

Iskakova (1978) and Glikman and Iskakova (1982).

The analogous design in which the electrodes are not cylinders but square tubes is

considered by Glikman and Sekunova (1981).
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39.6.5 Transaxial Lenses

These lenses, first explored many years ago by Strashkevich (1962), are so named

because a rotationally symmetric field is present but the optic axis is no longer the

symmetry axis. Instead, the particles travel approximately normal to the latter, as

explained in Chapter 19, with the result that the system symmetry is lower: there are

planes of symmetry but no longer an axis of symmetry, so that the optical properties are

those of a quadrupole with round lens and octopole effects superimposed (Fig. 39.7). The

optics of a number of configurations have been established; see Brodskii and Yavor
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(A) A biplanar doublet. Electrodes with the same number have the same excitation. (B)�(C)

Stigmatic focusing conditions. Electrodes 1 and 3 have equal and opposite excitations, the values
of which are 60.1U (Curves 1), 60.2U (2) and 60.3U (3), where U denotes the accelerating
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to electrodes 2 and those (β22) to be applied to electrodes 4 to achieve stigmatic imaging at a
distance g; β represents (applied voltage)/U. (D)�(E) show the corresponding magnifications.
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(1970, 1971), Karetskaya et al. (1970, 1971), Glikman et al. (1971) and the review by

Baranova and Yavor (1984). A transaxial cathode lens is analysed by Ibraev and

Sapargaliev (1981).

39.6.6 Radial Lenses

Two types of ‘radial lenses’ have been studied, one having a conical appearance, the other

being more sphenoidal (Fig. 39.8A and B). Such devices were first considered as prisms

Figure 39.6
Astigmatic tube lenses. (A) A two-electrode structure. (B and C) A three-electrode structure

excited like an einzel lens.
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(Glikman et al., 1973a,b, 1976a,b, 1977a,b); their lens action was subsequently analysed by

Yavor (1984), Baranova and Yavor (1984b) and Baranova et al. (1984, 1985a,b, 1986a�d,

1987a�c), who also considered using the radial design as a combined lens and deflector.

The common feature of the potentials of such lenses, which may be electrostatic or

magnetic, is that they are independent of the radial coordinate, measured from the apex of

the cone or the edge of the wedge.

Figure 39.7
A transaxial lens.

Figure 39.8
Radial lenses. (A) Conical design. (B) Sphenoidal design.
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CHAPTER 40

Deflection Systems

40.1 Introduction

In Chapters 32 and 33, Paraxial Properties of Deflection Systems and The Aberrations of

Deflection Systems, we have already given some general information, which will not be

repeated here. Hitherto, we have treated the different types of deflection units separately,

but this is by no means always adequate since the design problems of individual elements

can often be solved only in the context of the whole device in question and the design will

depend strongly on the particular purposes of this and on the requirements imposed by the

intended applications. A vast amount of technical knowledge has been accumulated into

which we cannot go in much detail.

The traditional applications of electric deflectors consisting of pairs of condenser plates

(Figs 32.1 and 32.5) are cathode-ray tubes (CRT), while magnetic hybrid deflectors

(Fig. 32.4) are employed in the older types of television tubes. Magnetic double deflection

systems (Fig. 40.1) are common in scanning electron microscopes (SEM) and scanning

transmission electron microscopes (STEM). A common feature of all these devices is that

the deflection units are clearly separated from the lens system. This is a major

simplification as we can apply the analysis of Chapter 32, which refers to pure deflection

systems. We shall therefore discuss these devices only very briefly.

Figure 40.1
Schematic view of a prelens double deflection system in which a crossover. S is focused onto a
target plane T. The deflection centre C remains fixed. The deflection angle α is exaggerated here.
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In CRTs and old television tubes, the deflectors are located downstream from a weak

electrostatic lens system, the purpose of which is to focus the beam to a small spot on the

viewing screen. The most important aberrations are deflection distortions, which can be kept

small by appropriate shaping of the condenser plates or the coils and the ferrite former (see

Figs 32.1 and 32.2). In a CRT, additional post-acceleration is necessary in order to increase

the sensitivities of the deflectors. This means that while passing through the latter, the beam

velocity corresponds to a comparatively low acceleration voltage of a few kilovolts. This is

then increased to about 25 kV immediately in front of the screen. The post-acceleration field

is clearly separated from the deflecting fields, sometimes by a fine grid. The aberrations

caused by the post-acceleration have been studied in great detail; we shall not repeat this here

and refer to the corresponding publications (Lenz, 1979; Franzen, 1984).

In the SEM and STEM, a very small electron probe is formed by successive

demagnifications of the crossover produced by an electron gun. In the SEM, the diameter of

the final probe is rarely smaller than about 0.5 nm and essentially determines the resolution

limit of the instrument. This small probe is now scanned in a raster pattern over the area of

the specimen to be examined. The secondary and backscattered electrons are then collected

by a suitable arrangement of detectors and converted into voltage signals, which are fed to

a monitor. This technique, though very important, does not affect the design of the

deflectors and will hence not be discussed here. The deflectors have to be designed in such

a way that the aberrations caused by them do not degrade the probe diameter significantly.

This is achieved in the arrangement shown in Fig. 40.1. The beam passes paraxially through

the first deflector, which thus produces very little aberration. The second deflector is

operated with the same excitation current but reversed in sign and with double the number

of turns, so that the principal ray always intersects the optic axis at a fixed point C, the

deflection centre. In the second deflector the off-axis distances become larger; they remain,

however, so small that they are not critical. The deflection centre C is adjusted to coincide

with the entrance nodal point of the lens; the direction of the principal ray hence remains

unaltered by the lens and the beam stays close to the axis in the domain of strong lens field.

The probe diameter is thus essentially determined by the spherical aberration and the axial

chromatic aberration of the lens and by diffraction at the aperture. Moreover, some

deflection aberrations can be corrected dynamically, as will be explained in connection

with more sophisticated designs. Since the really severe design problems in the SEM and

the STEM concern the electron gun and the lenses, but not the deflectors, the foregoing

explanations should suffice.

A technology of great importance is electron-beam lithography (EBL), which has a long

pre-history (e.g., Möllenstedt and Speidel, 1960). Here, the electron beam is used to write

patterns on a silicon wafer. This causes chemical reactions on those parts of the wafer

exposed to the beam, after which, by suitable processing not discussed here, materials are

deposited in the exposed areas. The final result is the desired structure, typically a

926 Chapter 40



microcircuit for electronics. In order to compete with and surpass light optical lithography,

the requirements for electron-beam lithography are extremely demanding, with the result

that the devices that have been developed are highly sophisticated. Typical requirements are

a stable resolution of 10 nm or better over an area of 1 mm3 1 mm and a reliable and high

throughput of at least 20 wafers per hour and preferably many more.

Owing to the great technological importance of electron-beam lithography, there is an intense

ever-growing activity in this field; we confine our attention to a few contributions. Good

background reviews of the early years of the subject are given by Munro (1980b) and Koops

(1980), who deal with the various technological problems in electron-beam lithography that

must be solved simultaneously under the conditions of industrial production; Chapter 2 of the

SPIE Handbook of Microlithography, Micromaching and Microfabrication (McCord and

Rooks, 1997) gives clear accounts of many aspects of the subject as does the chapter by

Lucas et al. in Greer et al. (2003). A long chapter is devoted to lithography using electrons in

the book by Cui (2017). Among the more recent work we shall concentrate extensively on the

achievements of the IBM laboratories in the USA, since these were very impressive; we shall

also deal with the publications of Munro and Chu (Munro and Chu, 1982a,b; Chu and Munro,

1982a,b). We shall not consider mere projection systems without deflection, since such

devices are not likely to prove to be important.

The ever more exacting demands on accuracy impose strong constraints on the design of

every component of an electron-beam lithography machine. Here we are only concerned

with the integrated system of lenses, deflectors and correctors. Fig. 40.2 shows schematically

various arrangements, among which those with in-lens deflection produce least aberration.

None of these simple arrangements is satisfactory, however, since the deflected principal ray

does not land orthogonally on the target. In the case of a warped wafer this causes

unacceptably large aberrations as is shown in an example given by Munro (see Fig. 40.3).

The tolerance limit for the landing angle is about 5 mrad. An arrangement satisfying this

additional constraint is the ‘variable-axis lens’ concept, proposed by Ohiwa et al. (1971),

investigated theoretically by Goto and Soma (1977) and successfully developed and built by

Pfeiffer and his coworkers at IBM. This concept is represented schematically in Fig. 40.4.

The theoretical background of this scheme is so sophisticated that it is presented in a

separate section (Section 40.3). Here our intention is only to point out the necessity for such

complicated arrangements.

The subsequent presentation is ordered in the following way. In Section 40.2, we shall deal

with some models for the numerical calculation of magnetic deflection fields. These models

are quite useful, significantly reducing the amount of computation necessary, and with

respect to the driving field they are indispensable. In Section 40.3 the theoretical

background and the practical realization of the variable-axis lens concept are presented.

In Section 40.4 we discuss some other advantageous configurations, essentially the
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Figure 40.2
Various ways of combining a magnetic lens (L) and deflectors (D, D1, D2). Planes through z5 zo
and z5 zi are conjugate. (A) Conventional postlens deflection; (B) prelens double deflection, with
the yoke D2 rotated if necessary; (C) double deflection with the yoke D2 inside the lens; (D) in-
lens single deflection; (E) in-lens double deflection. According to Munro (1980), configuration

(C) gives the smallest aberrations, while (E) is the second best.
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dual-channel systems investigated by Munro and Chu. A new aspect here is the

consideration of impedance effects, which exclude magnetic deflectors at high scanning

frequencies. Section 40.5 deals with different methods of enhancing the speed of exposure

in electron-beam lithography machines. This is an essential aspect of the problem for the

industrial application of this technique. It will be shown how the throughput of such

machines can be made very high.

40.2 Field Models for Magnetic Deflection Systems

Although the electric or magnetic deflection fields in many practical devices have such a

complicated structure that the field calculation obliges us to use the sophisticated numerical

Figure 40.3
Error associated with warping of the wafer (W). (A) Arrangement in which the beam deflected

at D is incident obliquely on W. There is a significant landing error. (B) The use of two
deflectors at D1 and D2 renders the incident beam normal to the ideal wafer surface. The

landing error is greatly reduced.

Figure 40.4
Optical analogue of the concept of a moving objective lens (L2). When the deflectors D1 and D2

are suppressed, the beam is telescopic. When the deflectors are active, as shown here, the beam
remains telescopic if the second lens is shifted laterally: the new position is indicated by the

broken lens contour. In electron optics this shift is performed magnetically.
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techniques outlined in Part II, there are some simple cases in which an analytic field model

can be quite useful: for instance, the field calculations for toroidal and saddle coil systems

having the simple geometric structures shown in Figs 40.5 and 40.6, respectively. These

have been investigated in detail by Munro and Chu (1982a). The results of these

calculations will be presented briefly later. A very full analysis has also been made by

Hanssum (1984, 1985, 1986).

Moreover, the field H0(r) of the coil system in the absence of any magnetic materials is

important, being the driving field needed when the boundary-element method (BEM) is

employed to compute the total field H(r). We shall therefore discuss here the

determination of H0(r) in a more general context, after which we shall outline some

simple field models.

Figure 40.5
Perspective view of a toroidal coil system with four rectangular conducting loops showing

the notation adopted. The hatched area indicates one of the four domains of
integration considered in Section 40.2.3.

Figure 40.6
Perspective view of a pair of saddle coils, showing the notation used.
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40.2.1 Field of a Closed Loop in Free Space

For reasons of simplicity we first consider a closed loop L which consists of N

neighbouring thin wires, each conducting the electric current I, so that J :¼ NI is the

number of ampère-turns. Though in some contexts the finite cross-section of the current

distribution is of importance, we replace the latter by an infinitely thin wire, a line

conductor. This simplification is justified if the distance of the reference point r from the

line conductor is much larger than the diameter of the cross-section. The integral form of

Biot�Savart’s law now becomes

H0 rð Þ5 J

ð
L

r0 2 rð Þ3 dr0

4πjr0 2 rj3 (40.1)

Apart from a very few special cases, this integration can be carried out only numerically.

One such exceptional case is a straight wire of finite length (Fig. 40.7). Let r05 rj (j5 1, 2)

denote the two endpoints of the wire and dj5 rj2 r the vectors directed from the reference

point r to these endpoints. The result of the elementary integration can then be brought into

the following convenient form:

H1;2 rð Þ5 J

4π
1

d1
1

1

d2

� �
d1 3 d2ð ÞF (40.2a)

with d15 |d1|, d25 |d2| and:

F5 d1d21d1Ud2ð Þ21 for d1Ud2 $ 0; (40.2b)

F5 d1d2 2 d1Ud2ð Þ= d1 3 d2ð Þ2 for d1Ud2# 0 (40.2c)

Figure 40.7
Notation used to discuss the magnetic field at an arbitrary reference point P. The straight

conductor is shown as a thick line.
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After some elementary trigonometric manipulations it is found that

H1;2 rð Þ
�� ��5 J

4π
1

d1
1

1

d2

� �
tan

γ
2

(40.3)

γ being the angle subtended at r, as shown in Fig. 40.7. This makes Eq. (40.2) easier to

interpret.

The magnetic field due to any closed polygonal loop with corners r1, r2, . . . rN and

rN115 r1 is now given by

H0 rð Þ5
XN
j51

Hj; j11 rð Þ (40.4)

This procedure is very economic since, for each corner rj, the most time-consuming part of

the calculation, the determination of the distance dj5 |dj|, has to be carried out only once.

Hence for toroidal coil systems, built up entirely from polygonal loops (Fig. 40.5), this

procedure is most favourable.

For curved parts of the loop the integration (40.1) is by no means elementary.

Special formulae can be derived for circular arcs; the resulting expressions contain

incomplete elliptic integrals of the first and second kinds. Since such expressions are

rather inconvenient and since the integration loop may deviate from a circular arc,

it can be favourable to approximate the true loop by a suitable polygon, so that

(40.4) can still be used. For three points on a circular arc this approximation is

shown in Fig. 40.8.

Figure 40.8
Replacement of a circular arc by a suitable polygon that produces the same magnetic field at the

centre of curvature C. The semiangle γ is exaggerated for clarity.
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It is convenient to assume constant azimuthal differences ϕ32ϕ25ϕ22ϕ15 γ relative to

the centre of curvature C. Furthermore, it is advantageous to keep the endpoints r1 and r3
fixed, so that the polygon joins continuously to any straight or curved neighbouring line

element. The point r2, however, need not necessarily be located on the circular arc; by a

suitably chosen displacement, a part of the discretization error can be compensated. If we

allow a radial shift of the point r2, the application of (40.3) to the field at the centre of

curvature C of the arc results in

H1;3

�� ��5 J

4π
1

d1
1

2

d2
1

1

d3

� �
tan

γ
2

with d15 d35R (radius of curvature) and d2.R. On the other hand the exact value of the

field strength is given by

H1;3

�� ��5 Jγ=2πR

The two expressions for |H1,3| are equal if

γ
R
5

1

R
1

1

d2

� �
tan

γ
2

We hence obtain the condition

d25R
tan γ=2

γ2 tan γ=2
5R 11 γ2=61O γ4

� �� �
(40.5)

Since the centre of curvature is usually located in the vicinity of the optic axis and since the

paraxial field is the most important, this choice of the polygon is well suited to the

requirements of electron optical design problems. Moreover, this approximation gives good

results as long as the distance between the point (r) of reference and the arc element is

large compared with the lateral shift between arc and corresponding polygon.

40.2.2 Approximate Treatment of Ferrite Shields

We now consider a current-conducting loop in the vicinity of a ferrite yoke. For reasons of

simplicity we start with a straight conducting wire parallel to the axis of a cylindrical tube;

the cross-section through this configuration is shown in Fig. 40.9. We provisionally assume

that the length in the axial direction is infinite so that the field is independent of the axial

coordinate z. Though the permeability μ of the tube material is often very high, it is

necessary to assume a finite value from the outset in order to avoid confusion.

The field calculation problem, specified in this way, can be solved by the familiar inversion

method. This means that a second wire, the ‘image conductor’, is introduced which

describes phenomenologically the influence of the shielding tube on the vacuum field.

Deflection Systems 933



The off-axis distance of this second wire must be a0 5R2/a (see Fig. 40.9). With an image

current J0 the vacuum field is then given by

HV
x 5 2 Jy=D2 J0y=D0

HV
y 5 J x2 að Þ=D1 J0 x2 a0ð Þ=D0 (40.6a)

with the denominators

D5 2π x2að Þ2 1 y2
� �

; D05 2π x2a0ð Þ21 y2
n o

(40.6b)

The field in the tube wall is built up from that of two wires, one again chosen at the true

singularity (x5 a, y5 0), the other at the cylinder axis; this field is hence given by

HM
x 5 2 Jvy=D2 J0y=D0

HM
y 5 Jv x2 að Þ=D1 J0x=D0

(40.7a)

with

D0 5 2π x21 y2
� �

(40.7b)

and Jv is the corresponding image current (see Fig. 40.9, lower part). In order to formulate

and satisfy the boundary conditions at the inner tube surface, it is convenient to introduce

polar coordinates and components:

x 5 r cos ϕ; y5 r sin ϕ
Hr 5Hx cos ϕ1Hy sin ϕ
Hϕ 52Hx sin ϕ1Hy cos ϕ

Figure 40.9
(A) Cross-section through part of a shielding tube and the notation employed. (B) Locations and

strengths of the model currents needed for simulation of the magnetic fields; the symbols in
parentheses represent the strengths of the currents flowing in the z-direction.
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For r5R we then find the special relations:

D 5 2π R2 2 2Ra cos ϕ1 a2
� �

; D0 5DR2=a2

D0 5 2πR25DR R1
a2

R
22a cos ϕ

 !21

HV
ϕ 5D21 J R2 a cos ϕð Þ1 J0

a2

R
2 a cos ϕ

 !( )

HM
ϕ 5D21 Jv R2 a cos ϕð Þ=D1 J0 R1

a2

R
2 2a cos ϕ

 !( )

HV
r 52D21 J1 J0ð Þa sin ϕ

HM
r 52D21Jva sin ϕ

The interface conditions

HV
ϕ 5HM

ϕ ; μ0H
V
r 5μHM

r

now lead to the linear relations

J1 J0
a2

R2
5 Jv1 J0 11

a2

R2

 !

J1 J05 Jv1 2J0; μ0 J1 J0ð Þ5μJv

with the solution

J0 5 J0 5 J
μ2μ0

μ1μ0

; Jv5
2μ0J

μ1μ0

(40.8)

which turns out to be independent of R and a. It is easy to verify that Ampère’s law is

satisfied:

J01 Jv5 J5

ð2π
0

RHϕdϕ

So far we have tacitly assumed that the outer tube radius is infinite. Under certain realistic

conditions, it is possible to give an approximate treatment of the case in which the outer radius

R0 is finite. These conditions are: (i) The wall thickness must be so large that a0 , (R1R0)/2
and that R0 2 a is not much smaller than R0. (ii) The tube permeability must be very high:

μcμ0.

Inspection of (40.8) shows that now J0 5 J05 J, |Jv|{|J|. We can hence neglect the terms in

Jv in (40.7a) and inside the tube wall we obtain the circular field of a current J flowing

along the cylinder axis. For this field, having only an azimuthal component Hϕ5 J/2πR0,
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the continuity condition is automatically satisfied at the outer boundary. This implies that

the finite outer radius R0 has practically no influence on the field on the inner vacuum side.

In a similar way, the case of a wire outside a shielding tube can be treated. We shall not do

this here, since this case is of little interest as we are mainly interested in the field in the

vicinity of the optic axis (r5 0). We merely state briefly some results. In the outer vacuum

domain, the field is strongly perturbed by the ferromagnetic cylinder; when the wall is

thick, this field is essentially a superposition of the fields due to the wire itself, the ‘image

wire’ conducting the same current J and an axial wire conducting the current 2J. In the

ferromagnetic tube the field is highly concentrated on the side that is closest to the wire,

while in the inner vacuum part of the tube the field is strongly shielded. This shielding

effect is well known and often exploited in practice.

We now apply these considerations to systems of saddle-coils and toroidal coils. On the

inner vacuum side of the shielding tube, the total field is easily obtained. For each inner

wire the corresponding ‘mirror wire’ of the inversion theorem is to be introduced and must

conduct the same current J, while outer wires are to be omitted owing to the shielding

effect. The required magnetic field is then simply the vacuum field of this configuration

and can be calculated by the method of the previous section.

On the outer vacuum side of the yoke the outer conductors are likewise complemented by

their mirror-lines and a common axial wire. The latter conducts the total oriented current of

the coil system, which vanishes owing to the construction of the device. For the same

reason the net contribution of all the inner parts of the windings vanishes, though the field

of each inner wire is unscreened, if considered separately.

This approximation is sketched in Fig. 40.10. It is valid in domains far distant from the front

planes of the yoke, but runs into difficulties in the vicinity of the latter, since there a clear

separation between ‘inner’ and ‘outer’ vacuum side is impossible. Fortunately this problem is

not too serious in electron optical applications. Here we are mainly interested in the paraxial

field domain, where the ‘inner’ solution is to be employed, even in the fringe field zone. In the

vicinity of the optic axis, the field contributions of the circular hoops of saddle coil systems

are weak. We shall therefore introduce little error if we subject the hoops to the inversion

procedure, that is, introduce ‘image hoops’ obtained by reflection at the front planes, which

again gives closed loops; for toroidal coils a similar procedure cannot be justified. If the

windings in saddle coils run very close to the ferrite surface, we can make the extreme

simplification of shifting the model wires to the surface itself and doubling their currents.

The dependence of the shielding effect on the permeability has been investigated by Scherle

(1983), who performed a rigorous field calculation by means of the boundary-element

method, outlined in Part II. Fig. 40.11 shows the result for the axial deflection field strength

in a saddle-coil system and Fig. 40.12 the corresponding results for a toroidal system with
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Figure 40.10
Schematic presentation of the domains D of application of the field model. (A) Complete real
configuration of toroidal windings; (B) internal domain D and internal windings; (C) external

domain D and external windings.

Figure 40.11
Normalized axial deflection field strength in a system of saddle coils for values of μ, the relative

permeability of the shield material, ranging from 1 to 105.

Figure 40.12
Normalized axial deflection field strength in a system of toroidal coils for the same range of values

of μ as in Fig. 40.11. The enhancement of By with increasing μ is more pronounced than for
saddle coils.
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the same yoke geometry. The field strength in a saddle-coil system is almost doubled

(error 10%) by an increase of the relative permeability from one to infinity. In toroidal

systems the increase of the axial field strength as μ - N is much stronger. This effect is

due to the shielding of the outer parts of the windings.

40.2.3 The Axial Harmonics

In electron optical calculations, a power series expansion of the magnetic field in

the form of (7.46�7.48) is needed, which can be evaluated if the axial distributions

B(z), B1(z), B2(z), Pj(z), Qj(z) (j5 2, 3, 4), the axial harmonics, are known. Usually

these are determined by a rigorous field calculation using the methods outlined in

Part II. A suitable model for deflection systems in the absence of any magnetic

material has been worked out by Munro and Chu (1982a). We shall not reproduce

their derivation of the formulae here; we describe only briefly the basic ideas and the

final results.

Munro and Chu have evaluated the integral representation (8.11) of the scalar magnetic

potential for the configurations shown in Figs 40.5 and 40.6 (and also in Fig. 8.5). In

toroidal systems the rectangular planar areas, confined by single windings, were chosen as

domains of integration; in saddle-coil systems, the corresponding cylindrical areas were

chosen. The integration was simplified by series expansion of the integrand with respect to

the transverse coordinates of the reference point r.

For conciseness, we consider only the pair of coils producing the magnetic deflection

field in the x-direction; the other pair for the field component in the y-direction can be

treated analogously. The scalar potential χ(r), given generally by Eq. (7.42), now

specializes to

μ0χ rð Þ52B1 zð Þcos ϕ1
r3

8
Bv1cos ϕ2

r3

6
P3 zð Þcos 3ϕ1O r5

� �
(40.9)

which differs from the expression in the paper of Munro and Chu only in the notation

adopted and the sign. The coefficients in Eq. (40.9) are related to their coefficients d1 and

d3 by B15μ0d1, P35 6μ0d3.

For a configuration consisting of single toroidal windings with the azimuths 6θ, 6(π � θ)
(see Fig. 40.5), these coefficients are given by

B1 zð Þ 5 μ0J

π
sin θ f22 2 f212 f12 1 f11ð Þ

P3 zð Þ 5 μ0J

π
sin 3θ g222 g212 g121 g11ð Þ

(40.10)

938 Chapter 40



where as usual J :¼ NI and

fij :¼
H2

i 1R2
j

	 
1=2
HiRj

gij :¼
8H6

i 1 12H4
i R

2
j 1 3H2

i R
4
j 1 2R6

j

4H3
i H

3
j H2

i 1R2
j

	 
3=2
(40.11)

with Hi :¼ z 7 l=2, l being the length of the coil system. For H15 0 or H25 0, (40.11)

break down but the coefficients B1 and P3 can be cast in another form that remains finite.

For a pair of saddle coils with single windings and coaxial circular hoops of radius R the

corresponding results are given by

B1 zð Þ5 μ0J

πR
sin θ g322 2g2

� �
2 g312 2g1
� �� �

P3 zð Þ5 μ0J

4πR3
sin 3θ 5g72 2 18g521 25g322 20g2

� �
2 5g712 18g51 1 25g31 2 20g1
� �� � (40.12)

with the abbreviations gj :¼ Hj= R21H2
j

	 
1=2
(j5 1, 2). For a pair of saddle coils with

windings running very close to the surface of a cylindrical ferromagnetic shield, the

influence of the latter can be considered approximately by doubling the values of the

coefficients B1 and P3.

Inspection of (40.10) and (40.12) shows that for θ5 60� the third axial harmonic P3(z)

vanishes. Since the corresponding term in the field strength causes mainly deflection

aberrations, it seems to be favourable to choose θ5π/3. A slightly different value, chosen

so that different aberration terms compensate one another, may be still more favourable.

This problem can be solved only by rigorous numerical calculations. Moreover, deflection

systems with more than the minimum number of windings can be still better.

This question can be investigated in the following way. Following Munro (1980b), we

expand the density w(θ)5 dN/dθ of the winding distributions (shown in Fig. 40.13) as a

Fourier series with respect to θ:

w θð Þ5 dN

dθ
5 a1 sin θ1 a3 sin 3θ1 a5 sin 5θ1 . . . (40.13)

Suppose now that such a distribution consists of n groups of wires, each group

characterized by the azimuth θi with 0 , θi , 90� and the number Ni of turns. The Fourier

coefficients are then given by

ak 5
4

π

Xn
i51

Ni sin kθi; k5 1; 3; 5; . . . (40.14)
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The freedom in the choice of the n parameters (Ni, θi, i5 1 . . . n) is to be used in such a

manner that the device is simple and that a35 a55 0. For example, n5 2, N15N2 leads to

θ15 48� θ25 72�. Returning to (40.10�40.12) with the corresponding abbreviations, we notice

that the coefficients f and g depend only on the axial coordinate z and on the parameters l, R1,

R2, R, which have the same value for all groups of windings. Hence Eqs. (40.10) and (40.12)

can be further generalized by replacing J sin θ by Ia1 and J sin 3θ by Ia3.

40.3 The Variable-Axis Lens

As already mentioned in the introduction, it is necessary to deflect the beam in electron

beam lithography devices into regions far from the axis in such a way that the principal ray

is parallel to the optic axis at the target (normal incidence or ‘vertical landing’). This is

shown in Fig. 40.4. The requirements for the correction of electron optical aberrations are

very exacting: a resolution of at least 10 nm at an off-axis distance of a few mm is

necessary and can now be reached.

Figure 40.13
Front views of various types of deflection coil system, all producing a magnetic field in
the horizontal (x) direction. (A)�(C) toroidal systems; (D)�(F) analogous saddle-coil
systems. (A) and (D) have a single group of windings at 60� while (B) and (E) have two
groups at 48� and 72�. In (C) and (F) there are many groups approximating a sinusoidal

distribution.
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The aberrations could be kept very small if the beam remained on the lens axis throughout

the whole lens field. Ohiwa et al. (1971) established the condition that must be satisfied

if the lens axis is subjected to an effective lateral shift, as shown in Fig. 40.4. Goto and

Soma (1977) later investigated this concept theoretically, calling it the ‘moving objective

lens’ (MOL); Ohiwa (1978) described electron-beam scanning systems based on the moving

objective lens scheme. Pfeiffer and his coworkers at IBM (e.g. Pfeiffer and Langner, 1981;

Pfeiffer et al., 1981) developed a similar concept, which they named ‘variable-axis lens’

(VAL), and succeeded in demonstrating the practicability of this concept under industrial

conditions (Pfeiffer, 2000; Pfeiffer and Stickel, 1995). We now briefly describe this MOL/

VAL concept; our presentation is somewhat different from those given by Goto and Soma

(1977) and Pfeiffer and Langner (1981).

40.3.1 Theoretical Considerations

We set out from the paraxial series expansion for the scalar magnetic potential in a round

lens as a special case of (7.41), with W :¼ μ0χ:

WL rð Þ 52

ð
Bdz1

1

4
x2 1 y2
� �

B0 zð Þ

2
1

64
x21y2
� �2

Bw zð Þ1O 6ð Þ
(40.15)

We now assume that the optic axis is somehow shifted from x5 0, y5 0 to x5 xo, y5 yo
and hence introduce new variables u, υ by writing u5 x2 xo, υ5 y2 yo; these are lateral

coordinates relative to the new axis. Introducing these into Eq. (40.15), we are led to define

the following rotational invariants:

r2 :¼ x21 y2; w2:5 u2 1 υ2; r2o :¼ x2o 1 y2o
c1 :¼ xou1 yoυ5 row cos α
c2 :¼ x2o 2 y2o

� �
u2 2 υ2
� �

1 4xoyouυ5 r2ow
2 cos 2α

(40.16)

α :¼ arctan υ/u � arctan yo/xo being the difference in azimuths. We find

r2 5 r2o 1w21 2c1
r4 5 r4o 1 4r2ow

2 1w41 4c1 r2o 1w2
� �

1 2c2

and hence

WL rð Þ 52

ð
Bdz1

c1

2
B01

B0

4
r2o 1w2
� �

2
c1

16
Bw r2o 1w2
� �

2
1

64
Bw r4o 1 4r2ow

2 1w41 2c2
� � (40.17)
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Among the terms on the right-hand side is the group

WL :¼2

ð
Bdz1 B0

4
w2 2 Bw

64
w4 (40.18)

which describes the potential of a lens with shifted optic axis in the absence of any

deflection aberrations. Our aim is to arrange that only these terms survive in WL(r) and we

now try to eliminate the other terms by superimposing appropriate multipole fields.

The first term in c1, which is linear in u and υ, can be eliminated by adding a

suitable deflection potential WD, the lowest order terms of which are given by

WD52uB1 zð Þ2 υB2 zð Þ52
1

2
xouB

0 zð Þ2 1

2
yoυB0 zð Þ

We notice immediately that the deflection field strengths B1 and B2 must satisfy

B1 zð Þ5 xo

2
B0 zð Þ; B2 zð Þ5 yo

2
B0 zð Þ (40.19)

These are the MOL conditions proposed by Ohiwa et al. (1971). In order to satisfy them in

practice, the currents producing these fields must be proportional to the shift coordinates,

Ix ~ xo, Iy ~ yo, as is the case in double-deflection systems. The third-order terms of the

deflection potential are given by

WD52
1

2
xxo1 yyoð Þ B0 2

1

8
x21 y2
� �

Bw
� �

(40.20)

The power series expansion in the vicinity of (xo, yo) gives

WD52
1

2
r2o 1 c1
� �

B0 1
1

16
r4o 1 2r2ow

2 1 c1 3r2o 1w2
� �

1 c2
� �

Bw

Superimposing this expression on (40.17) and recalling (40.18), we find

WL 1WD 5WL 2
1

4
B0r2o 1

c1

8
Bwr4o

1
1

64
Bw 3r4o 1 4r2ow

2 1 2c2
� � (40.21)

Some of the remaining terms can be eliminated by the superposition of a suitable dynamic

focusing field; this is a round magnetic field, the axial potential of which just compensates

the second term on the right-hand side of Eq. (40.21):

WF r5 0ð Þ5 1

4
B0r2o 52

ð
BFdz
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The axial focusing field strength is thus

BF zð Þ52
1

4
Bv zð Þr2o (40.22)

Since this field strength must be proportional to r2o, the paraxial series expansion for the

potential is sufficient:

WF 52

ð
BFdz1

1

4
B0
F x21 y2
� �

5
1

4
B0r2o 2

1

16
Bw r4o 1 r2ow

2 1 2c1
� � (40.23)

Adding this to Eq. (40.21) and introducing the abbreviation

WS :¼ 2
1

32
Bwc252

Bw
32

x2o 2 y2o
� �

u2 2 υ2
� �

1 4xoyouυ
� �

(40.24)

we now obtain

WL 1WD1WF 1WS5WL 2
1

64
Bwr4o (40.25)

The term WS, being quadratic in u and υ, can be generated approximately by a dynamic

magnetic quadrupole-stigmator:

VS5
1

2
x2 2 y2
� �

P2 zð Þ1 xyQ2 zð Þ (40.26)

with the quadrupole strengths

P2 zð Þ 52
1

16
Bw zð Þ x2o2 y2o

� �
Q2 zð Þ 52

1

8
Bw zð Þxoyo

(40.27)

Expanding (40.26) in the vicinity of (xo, yo), we obtain (40.24) plus some minor

perturbation terms. We find

WL5WL 1WD1WF 1WS1WP (40.28)

where WP denotes the resulting weak perturbations which are to be neglected or, if

necessary, partially corrected. Eq. (40.28) means that, at least in theory, the lens axis can be

shifted electronically by suitable arrangements of dynamic multipole fields. Here the word

‘dynamic’ means that the multipole strengths must be functions of the deflection signals

Ix ~ xo, Iy ~ yo. The electrostatic analogue has been considered by Thomson (1996).
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The theory has been re-examined by Zhao and Khursheed (1999a�c), who set out from a

general form of the paraxial ray equation (32.4 without quadrupole terms):

wv1
φ0

2φ
2 iη̂B

� �
w0 1

1

2

φv
2φ

2 iη̂B0
� �

w52
FT

2φ
2 iη̂BT (40.29)

(As in Section 51, we write η̂5 η=φ1=2:) A ray is incident on an object plane at

w0 5 xo 1 iyo at an angle θ :¼ w0
o: If the combined effect of the focusing fields

φðzÞ and BðzÞ and deflection fields FT and BT is such that this ray passes straight through

them, it will be the new ’moved’ optic axis, which we denote w1(z). For this, we have

w1ðzoÞ5wo; w0
1ðzoÞ5 θ; wv1 5 0 for zo # z# zi

and so

w1ðzÞ5 θðz2 zoÞ1wo (40.30)

Substituting this into (40.29) gives

φ0

2φ
2 iη̂B

� �
θ1

1

2

φv
2φ

2 iη̂B0
� �

θðz2 zoÞ1wo

� �
52

FT

2φ
2 iη̂BT (40.31)

This very general condition reduces to the various moving objective lens configurations as

special cases. If all electrostatic terms are omitted, we arrive at the ’swinging objective

lens’ described by Chen et al. (1983). By removing all magnetic terms, an analogous

electrostatic swinging lens is obtained. If both sets of terms are present, a hybrid swinging

lens results.

When the complex gradient θ is set equal to zero in (40.31), so that

φv
2φ

2 iη̂B0
� �

wo52
FT

φ
2 2iη̂BT (40.32)

we recover the general moving objective lens condition. Zhao and Khursheed identify four

configurations:

magnetic lens with magnetic deflectors: BT 5
1

2
B0ðzÞwo

electrostatic lens with electrostatic deflectors: FT 52
1

2
φvðzÞwo

magnetic lens with electrostatic deflectors: FT 5 iηφ1=2B0ðzÞwo 5 iη̂φB0ðzÞwo

electrostatic lens with magnetic deflectors: BT 5
i

ηφ1=2
φvðzÞwo5

i

η̂
φvðzÞ
φ

wo
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40.3.2 Practical Design

The theory outlined above gives us some idea of which types of field should be employed

in a high-quality deflection system, but in this primitive form it cannot be put directly into

practice. It is almost impossible to find forms of polepieces and of coil systems that

produce accurately the required multipole fields proportional to B0(z), B" and B0v. Moreover,

it is not necessary to satisfy these very severe conditions. It would be quite sufficient if the

principal ray stayed in the vicinity of the shifted optic axis and the deflection aberrations

were compensated globally. This can be achieved in realistic designs but the latter can be

found only with the aid of the computer. Such designs have been developed by Pfeiffer and

his coworkers, who were able to demonstrate experimentally the high resolution of the new

devices. We cannot describe the details here, but only some of the results.

Fig. 40.14 shows schematically the entire VAL configuration, consisting of a telecentric

lens system, a pre-lens double deflection system, an in-lens double deflection system, a

dynamic stigmator and four dynamic focus coils. Fig. 40.15 shows the variable-axis

field correction concept practically realized in the final lens with its in-lens deflectors.

Figure 40.14
The elements of a variable-axis lens (VAL). After Sturans and Pfeiffer (1984), Courtesy Academic Press.
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Fig. 40.16 demonstrates the importance of the dynamic focusing. Figs 40.17 and 40.18

show a later design, the ‘variable axis immersion lens’ (VAIL) configuration, built by

Pfeiffer and his coworkers (Sturans and Pfeiffer, 1983; Kern et al., 1985; Pfeiffer, 1995).

The lower half of the final lens, one field-correction yoke and two dynamic focus coils, can

be eliminated by introducing a thick shielding plate into the symmetry plane; moreover, this

arrangement eliminates stray fields from the target area. Fig. 40.19 illustrates the results of

measurements of the transverse field compensation, which indicate that the idea of an

electronically shifted lens axis can be realized to a certain degree of accuracy. Sturans and

Pfeiffer (1983) measured a resolution limit of 0.2 μm over a 10 3 10 mm2 field.

Ura (2016) has considered the role of the moving objective lens in a three-dimensionally

imaging electron microscope.

Figure 40.15
Field correction in the variable-axis design. After Sturans and Pfeiffer (1984), Courtesy Academic Press.
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40.4 Alternative Concepts

Any good design for an electron-beam lithography system must be such that the coma and

the transverse chromatic aberration can be neglected, since these aberrations cannot be

corrected. If astigmatism, curvature of field and distortion are corrected dynamically, which

is always possible, there remain only the spherical and the axial chromatic aberrations of

the lens system, but these can be kept small enough for practical purposes. The working

distances between the final lens and the target must be kept very small in order to minimize

the blurring of the writing spot due to electron�electron interactions.

The MOL/VAL concept is only one possible way of satisfying these requirements in

electron-beam lithography devices. For non-specialists it has the advantage of being easy to

understand. Other solutions may be of the same quality if the warping of the target is not

Figure 40.16
Dynamic focus correction in the variable-axis design. After Sturans and Pfeiffer (1984), Courtesy

Academic Press.
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too great. There have been many proposals, all the result of computer-aided design (CAD)

programs. It is customary to present the results in the form of tables listing the blurring radii

resulting from the different types of aberrations and the total mean square radius. Some

typical examples of designs studied by Kern (1984) are presented in Table 40.1. Here, four

systems are compared: single in-lens deflection; double deflection; the MOL system with

ideal predeflection, that is, assuming that all aberrations behind the first deflector vanish; and

the real MOL system with all aberrations present. It emerges that for a 53 5 mm2 field, the

double-deflection system may be superior, especially in the absence of dynamic correction.

The data presented in such tables are easier to appreciate than to calculate, since they are

the final output of complicated CAD routines, such as those dealt with in Chapter 33, The

Aberrations of Deflection Systems. We cannot go into the details of such procedures here.

So far we have mostly considered purely magnetic systems. Although magnetic deflectors

can be designed to produce very small aberrations, they are not quite satisfactory in every

respect. Their essential drawback is the limitation of the scanning speed by inductance

effects. Scherle (1983) found the upper limit of the scanning frequency of a sawtooth

current-signal to be 53 10�3R/L, R being the resistance and L the self-inductance of the

Figure 40.17
The immersion lens concept in the VAL system. After Sturans and Pfeiffer (1984), Courtesy Academic Press.
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Figure 40.18
The elements of a variable-axis immersion lens (VAIL). After Sturans and Pfeiffer (1984), Courtesy

Academic Press.

Figure 40.19
The compensating field effect in a VAIL as measured by a Hall probe. After Sturans and Pfeiffer

(1984), Courtesy Academic Press.
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coils. This relation has been confirmed experimentally. In order to decrease the self-

inductance, saddle coils with very few windings and without ferromagnetic shields are

favourable, but this does not suffice. Electric deflectors may be expected to be superior,

since their very low impedance allows the scanning frequency to be very high.

The problem of designing electron-beam lithography machines with electric deflectors has

been investigated in great detail by Munro and Chu. Their numerical analysis is published

in four parts (Munro and Chu, 1982a,b; Chu and Munro, 1982a,b). Part I deals with the

methods for computing magnetic deflection fields, while part II is concerned with electric

deflection fields. Unfortunately, no simple analytic models for the latter are known, so that

a rigorous field computation technique, such as the surface charge method or the finite-

element method, is necessary but this is no great obstacle, particularly in view of the fact

that extensive computing of trajectories and aberration coefficients is needed later. Part III

presents a complete aberration theory for systems built up from round magnetic and electric

lenses and magnetic and electric deflectors. This theory is highly complex: Munro and Chu

found 27 relevant geometric aberrations of third order and three chromatic aberrations of

first order. The authors renounced the use of the rotating frame. We shall not reexamine

this theory here, some account of which is given in Chapter 33, The Aberrations of

Deflection Systems.

Table 40.1: Typical values of the aberrations produced by different deflection systems

Beam voltage 25 kV

Energy spread 2.5 eV

Scan field 53 5 mm2 103 10 mm2

Beam aperture 5 mrad

Single
deflection

Double
deflection

Real MOL ideal
predeflection

Real MOL real
predeflection

Spherical aberration 0.01 0.01 0.02 0.02

Axial chromatic aberration 0.04 0.03 0.05 0.05

Field curvature 1.68 0.56 10.15 9.11

Astigmatism 0.60 0.22 4.29 4.32

Coma 0.07 0.00 0.00 0.00

Transverse chromatic aberration 0.15 0.05 0.00 0.08

Landing angle 47 42 1.7 1.4

Total without dynamic correction 1.79 0.60 11.01 10.09

Total with dynamic correction 0.17 0.06 0.05 0.09

The units are μm, except for the landing angle (mrad).
After D. Kern, 1984.
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The arrangements investigated theoretically and numerically by Munro and Chu are

represented schematically in Fig. 40.20. The underlying idea is that of a dual-channel

deflection system. The magnetic deflectors are to perform the main beam deflections over

fairly large angles and at low scanning speed, while the electric components are required

to produce a superimposed high-speed deflection over small angles. Part IV of the series

of papers deals with the development of an optimization routine, as outlined in

Chapter 33, and with its application to dual-channel electron-beam lithography systems.

Their program allowed axial shifts and rotations of deflectors, as well as alterations of the

geometric scales and of the coil currents and electrode voltages, but no modification of

the geometric shapes. The result of the optimization is that � with respect to aberrations �
dual-channel systems can compete with MOL/VAL devices. Moreover, they are capable

of high-speed deflections, whereas MOL/VAL devices are not. Another result of the

investigations is that a retarding electric lens field between the final magnetic lens and

the target may be favourable. Of course, the increased number of components renders the

alignment of dual-channel systems more complicated.

40.5 Deflection Modes and Beam-Shaping Techniques

The traditional deflection mode is the raster scan in a TV-like fashion over the entire

target area. This is the natural choice in all kinds of scanning microscopes, where

information from each target image element (pixel) is needed though other scanning

patterns may be advantageous if subsequent signal processing is envisaged. In this

deflection mode eddy current errors are repeatable and can be compensated by

introducing appropriate time delays.

Figure 40.20
Principle of a focusing and dual-channel deflection system. E1,2: electric deflectors; M1,2: magnetic
deflectors; L1: magnetic round lens; L2: round electrostatic retarding lens; zo, zi: axial object and

image coordinates.
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In electron-beam lithography devices the raster scan is far from favourable, since all the

time during which the beam is addressed to unexposed target areas and hence blanked out

is wasted. The throughput is far lower than in light optical lithography devices as it is for

all single-beam systems.

A first improvement is the vector scan technique (Speth et al., 1975), shown in Fig. 40.21.

Here the beam is moved vectorially to the starting point of each pattern element, which is

then exposed with a sequence of appropriate line scans. The blanking time between two

subsequent patterns can be considerably reduced but great care is now necessary to

eliminate eddy current errors and to minimize the beam settling times. Instead of writing in

a zigzag line, a suitable framing scan may be favourable in order to obtain an intensity

profile with a sharper edge, as is shown in Fig. 40.22.

Figure 40.21
The vector scan technique.

Figure 40.22
The framing scan technique. (A) Normal closure sequence and (B) modified closure sequence.

The resulting electron density distributions are shown below.
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In spite of all these improvements, the electron-beam lithography technique was still

inferior to its light optical rivals, in that the target is exposed sequentially, pixel after pixel,

whereas in light optical projections the entire wafer used to be exposed at once. In order to

overcome this disadvantage, Pfeiffer et al. developed beam-shaping techniques, by means of

which larger zones of the target can be exposed simultaneously. A review of these

procedures is given by Pfeiffer (1979, 1983). The fixed shaped-beam technique, in which

only squares of constant side can be used, is too rigid in practice, as is obvious from

Fig. 40.23: if the contour of the pattern to be produced does not fit onto a square-shaped

grid, one can make double exposures of some areas, as is shown in one figure, but this

causes overexposure and thus irregularities in the subsequent processing. For this reason

only the variable shaped-beam technique which is shown on the right-hand side of

Fig. 40.23 is satisfactory in practice. The sizes and the positions of the rectangular domains

can be chosen in such a way that no irregular exposure occurs in the vicinity of inner

boundaries and that the outer contour corresponds to 50% exposure.

The corresponding electron-beam lithography machine developed at IBM and named EL3 is

presented schematically in a simplified manner in Fig. 40.24. The essential new

components are the square-shaped apertures and an electric deflector. By appropriate

deflections and filtering out of unnecessary parts of the beam, a variety of rectangular

Figure 40.23
Variable spot shaping. The area illustrated requires 120 exposures to a standard round
beam (A) but only five exposures to a fixed-shape beam (B) and two exposures to a

variably shaped beam (C).
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compound spots can easily be obtained. In the EL3 configuration, the dual-channel

principle is employed; below the second aperture, a lens combined with a magnetic

deflector system is present, not shown in the figure. Fig. 40.25 shows EL3 in more detail.

A further development is electron-beam lithography by cell projection. A mask is brought

into the beam, which contains various openings in the forms of different characters. Any

required combination of characters can be written on the target if the deflectors shift the

beam in the appropriate manner to the corresponding openings. This was implemented in

the SCALPEL instrument (Bell Laboratories/Lucent Technologies); Here, a patterned mask

was illuminated by a large square uniform electron beam; the mask moved across the beam,

Figure 40.24
Dual-aperture shaping method. After Pfeiffer (1979), Courtesy IEEE.
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causing the pattern to be projected onto a wafer, which moved in synchronism with the

mask (Liddle et al., 1995; Waskiewicz et al., 1997). At IBM, a similar scheme was

developed, (PREVAIL); the beam was now scanned over the mask (Pfeiffer and Stickel,

1995; Pfeiffer, 2000; Dhaliwal et al., 2001).

Figure 40.25
Linked-beam trace for variable-spot shaping. After Pfeiffer (1979), Courtesy IEEE.
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In order to avoid crossovers, where Coulomb forces spread the beam, Cheng and Tang

(2000a,b, 2001) suggested that a combined electrostatic�magnetic lens with the cathode

inside the magnetic field could be beneficial. This idea was pursued by Zhao et al. (2012b),

who made a detailed study of the electron trajectories in the vicinity of curved optic axes

coinciding with trajectories leaving the cathode. This is an unusual application of the

general theory presented in Chapter 50, Complete Electron Guns. In a companion paper,

Zhao et al. (2012a) had described a possible rotation-free design.

With all these technical refinements the throughput of electron-beam lithography machines

was increased to such an extent that these devices could compete with light optical systems,

at least for special purposes such as mask fabrication. They had the great advantage over

the latter that their performance could be easily automated and controlled and directed by a

computer, since the electronic deflection signals could be manipulated straightforwardly in

various ways. Progress can be followed in the proceedings of the regular SPIE meetings

specialized in this subject, in those of the Electron, Ion and Photon Beam Technology

conferences (published in J. Vac. Sci Technol. B), the Micro- and Nanoengineering

conferences (published in Microelectronic Engineering) and of the Japanese Microprocesses

and Nanotechnology conferences (published in the Japanese Journal of Applied Physics).

See surveys by Ura and Fujioka (1989), Levinson (2010), Tennant and Bleier (2011) and

Suzuki (2018).

The present trend is towards multibeam devices, which are discussed in Section 50.6.
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CHAPTER 41

Aberration Correction

41.1 Introduction

The resolution of fixed-beam and scanning transmission electron microscopes is ultimately

limited by the spherical and chromatic aberrations of the objective lens, which alone are

unaffected by the distance of object points from the optic axis. For this reason, Scherzer’s

demonstration in 1936 that the corresponding integrands can be cast into the form of a sum

of squared terms was received with dismay and even incredulity. By the same token, his

proposals for correcting these aberrations by relaxing one or other of the assumptions on

which the earlier proof reposed are at the heart of a large body of work on aberration

correction. The various methods of correction lead us to consider electron optical elements

that, with the exception of multipoles and mirrors, do not merit detailed analysis in their

own right and we therefore discuss them together here. We shall examine correction of the

other aberrations when first the primary spherical aberration and later the chromatic

aberration have been eliminated.

We have seen that all the attempts, and in particular those of Glaser, to find a loophole in

Scherzer’s proof were finally shown to be vain by Tretner’s work, which established lower

limits on Cs and Cc for all realistic lens geometries and excitations. We recall too that the

field distribution that resulted from Glaser’s idea of setting the Cs integrand equal to zero to

obtain a differential equation for the ideal B(z), a model if over-optimistic example of

lateral thinking, has proved useful in other domains, β-ray spectrometry in particular (Slätis

and Siegbahn, 1949). A few authors continue to search for counter-examples to Scherzer’s

result (Garg, 1982, see Scherzer, 1982; Nomura, 2008, see Hawkes, 2009b).

The positive-definite form of the integrand correctly represents the real spherical aberration

coefficient Cs provided that the lens is rotationally symmetric and produces a real image of

a real object (this is implicit in the fact that we are considering the real coefficient), that the

fields are static, that space charge is negligible, that φ(z) and φ0(z)/φ(z) are continuous and
that the lens is not replaced by a mirror. By relaxing any of these requirements, it might be

possible to find a lens for which the spherical and chromatic aberration coefficients vanish

and in 1947, Scherzer sketched a number of ways of achieving this. All have been pursued,

some in greater detail than others, and we now know which methods finally proved

successful.
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We consider the various ways of correcting spherical and chromatic aberration in turn.

The former was usually the more important in practice (except in the very early years) as

the sources of electron-energy and lens-current spread could be contained and energy losses

in the specimens used for high-resolution work are typically small. But once primary

spherical aberration has been corrected, close attention must be paid to the chromatic

aberration. The effect of this can be reduced either by means of a corrector element or by

limiting the energy spread of the beam with a monochromator (see Section 52.9). A very

different solution is to use a time-dependent field to invert the velocity distribution in the beam.

Departure from rotational symmetry leads us to systems involving quadrupoles and

octopoles or sextupoles or all of these. The presence of space charge can in principle create

an axial potential distribution for which Cs vanishes. The discontinuity caused by closing

the bore of a lens with a gauze or a thin foil highly transparent to electrons can have the

same effect. Electron mirrors can generate spherical aberration opposite in sign to that of

rotationally symmetric lenses. Electrodes may be placed on the axis, giving more control

over the potential distribution but obscuring the axial zone. Finally, the electron beam may

be pulsed and the static lens replaced by a microwave cavity, which can be shown to act as

a convergent or divergent lens with positive or negative spherical aberration, depending on

the part of the high-frequency cycle encountered by the electrons.

Of all these approaches to aberration correction, only two survive today: the use of non-

rotationally symmetric elements and the incorporation of electron mirrors, though there is

renewed interest in the introduction of an axial electrode.

The history of aberration correction is traced in Hawkes (2009a) and in Rose (2008, 2009b).

41.2 Multipole Correctors

41.2.1 Quadrupoles and Octopoles

Systems of quadrupoles and octopoles can be designed to be free of spherical and chromatic

aberrations either alone or in conjunction with round lenses. This can be deduced from the

form of the aberration integrals listed in Chapter 29, The Aberrations of Quadrupole Lenses

and Octopoles, and understood by recalling that isolated quadrupoles form line foci. We

therefore expect that a quadrupole triplet with two intermediate line foci could be used as a

corrector by placing an octopole at each line focus, thereby cancelling or over-correcting

one aperture aberration coefficient at each, and a third octopole in some other plane to

correct the remaining aperture aberration coefficient. This is not at all a practical

configuration but the elementary principle, whereby quadrupoles destroy the rotational

symmetry of the beam and three octopoles cancel or over-correct the three aperture
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aberration coefficients, remains valid in any such corrector. Clearly, alarmingly high

demands will be made on the accuracy and performance of the quadrupole�octopole unit,

since it is required to correct a lens already presumably of high quality by introducing

rather large new aberrations and then correcting the total.

Systems based on cylindrical lenses and octopoles for correcting the spherical aberration of

a round lens were proposed by Scherzer (1947), and an experimental system was built and

investigated soon after by Seeliger (1948/49, 1949, 1951, 1953) and Möllenstedt (1954,

1956), cf. Scherzer (1949, 1950). Meanwhile Burfoot (1953) had found a theoretical answer

to the problem of designing a corrected electrostatic lens with as few electrodes as possible.

His four-electrode design assigns round-lens potentials to the first three electrodes, an

octopole component to the second electrode and quadrupole components to all but the

second electrode. The shapes required to generate the desired potentials were estimated by

Burfoot, who found complicated profiles and very high tolerances; his estimates have not,

unfortunately, been repeated with the vastly more powerful tools available today. The next

advance came from Archard (1954a,b), who pointed out that the complicated arrangement

of Seeliger could be simplified by replacing the cylindrical lenses by quadrupoles; in the

following year, he suggested ‘Two new simplified systems for the correction of spherical

aberrations . . .’ (Archard, 1955a). The first was essentially a quadrupole triplet; the four

elements created successively a pure quadrupole field, an octopole field and two mixed

quadrupole�octopole fields. The other system described was in essence the combination

that for many years seemed the most likely to succeed: an antisymmetric quadrupole

quadruplet, the second and third members of which produced octopole as well as

quadrupole components, plus an additional octopole (located in Archard’s design between

the second and third elements) to give the necessary number of independent correctors.

For subsequent work by this author, see Archard (1955b, 1958, 1960) and Archard et al.

(1960). The early 1960s saw the design and construction of a corrector unit for a probe-

forming lens by Deltrap (1964a,b); at that time, the advantages of antisymmetry, so

obvious with hindsight, were not appreciated and Deltrap’s designs seem unnecessarily

complicated but, despite this, his telescopic system (the Archard�Deltrap telescopic

corrector) acted as an important catalyst for later work. Fig. 41.1A shows the ray diagram

in his experimental design, which consisted of four magnetic elements all capable of

producing both quadrupole and octopole components, and Fig. 41.1B�E indicate the

degree of correction attained.

Although most of the investigations of the 1960s were concentrated on spherical aberration

(e.g., Dhuicq, 1968a,b; Dhuicq and Möller, 1970; Dhuicq and Septier, 1966a,b, 1968c;

Septier, 1957, 1958, 1963; Septier and van Acker, 1960a,b; Thomson, 1966, 1967; and the

many publications of the Leningrad group cited in Chapter 29) an important result was the

finding by Kel’man and Yavor (1961) that a combined electrostatic�magnetic quadrupole
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can be free of primary chromatic aberration for a suitable choice of excitation. This was

later re-established by Septier (1963), generalized by Hawkes (1964, 1965b) and

extensively studied experimentally by Hardy (1967).

A large body of information about quadrupoles was accumulated as the decade proceeded,

which is briefly recapitulated in Chapters 19, 29 and 39 and in more detail in Hawkes

(1966, 1970), Septier (1966), Strashkevich (1966) and Yavor (1968). A few determined

attempts were made to design correctors, many based on the Russian quadruplet, which has

a plane of geometric symmetry and electrical antisymmetry (Fig. 39.1A) and hence equal

Figure 41.1
(A) Ray diagram in the correction unit investigated by Deltrap. (B) Longitudinal aberration as a

function of angle for the round lens alone and for the combination of round lens and
quadrupoles. (C)�(E) Various degrees of correction.
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focal lengths in the initially converging and initially diverging planes (Dymnikov et al.

1963, 1964a,b, 1965a�d; Dymnikov and Yavor, 1963). Among the more thoroughgoing

attempts to build such a corrector is that of Crewe, who tried to use a quadruplet to reduce

the probe-size in a scanning transmission microscope (Crewe et al., 1968; Thomson, 1972;

Beck and Crewe, 1974, 1976; Parker et al., 1976a,b; Beck, 1977, 2011; Crewe, 1978, 2009;

Shao et al. 1988). Their efforts appear to have been frustrated by anisotropy in the magnetic

circuit, despite the great care taken over all aspects of the construction, and by the

unfortunate choice of polepiece material (mumetal).

It occurred to Scherzer and Typke (1967) to enquire whether a single octopole can be

beneficial in conjunction with a round lens; they concluded that, under certain

circumstances, such an arrangement could be advantageous.

The other major attempt to combine non-rotationally symmetric elements with a round lens

to correct the resolution-limiting aberrations is the Darmstadt microscope (Scherzer, 1978).

The aim of this long-term project was to build a microscope capable of a resolution of the

order of 50 pm, for which it is necessary to correct the primary chromatic aberration and

the third- and fifth-order spherical aberration and to correct or balance the coma and any

threefold astigmatism (Fig. 41.2). The progress of the project may be followed through the

papers of Reichenbach and Rose (1968/69), Rose (1970, 1971a), Bastian et al. (1971), Pöhner

(1976, 1977), Bernhard and Koops (1977), Koops et al. (1977), Koops (1978a,b), Kuck

(1979), Pejas (1978), Bernhard (1980), Fey (1980), Haider et al. (1982) and Hely (1982a,b).

Many more informal details are to be found in the historical articles of Rose (2009b) and

Marko and Rose (2010). The practical development of this complex system reached the

point at which it was shown that the chromatic correction worked perfectly satisfactorily

and that computer control of the very numerous components raised no great difficulties.

Work on the project was, unfortunately, suspended with Scherzer’s death in 1982 (Rose,

1983, 2009c). Looking back, it is apparent that the corrector would not have been usable in

practice in the absence of the fast diagnostic and control tools that became available only in

the 1990s. A cutaway illustration of the microscope is reproduced in Hawkes (2015).

Meanwhile, work continued on the design of new quadrupole lens types with a view to

simplifying correction. The many papers on crossed lenses already cited in Chapter 29, The

Aberrations of Quadrupole Lenses and Octopoles, are the main example (surveyed by

Baranova and Yavor, 1984, 1986, 1989). A proposal by Okayama and Kawakatsu (1982) to

use an electrostatic quadrupole terminated after a small gap by plates containing circular

openings has the same object; the overlapping round and quadrupole fields create octopole

components.

In the 1990s, three multipole-corrector projects were launched, two involving quadrupoles

and octopoles, the third, sextupoles. The last is described in Section 41.2.2. In the European

Molecular Biology Laboratory (EMBL) in Heidelberg, a four-element quadrupole�octopole
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Figure 41.2
(A) Cross-section of the corrector of the Darmstadt microscope. Each of the five elements is a
hybrid electrostatic�magnetic quadrupole. (B) Principal ray and nodal ray in the quintuplet.
After Hely (1982a), Courtesy Wissenschaftliche Verlagsgesellschaft (A) and after Rose (2009b), Courtesy

Oxford University Press (B).
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corrector was successful in improving the resolution of a scanning electron microscope

from 5.6 nm to 1.8 nm (Fig. 41.3). Both spherical and chromatic aberration were corrected;

the inner two quadrupoles of the quadruplet were mixed magnetic�electrostatic elements as

in Hardy’s studies (1967). The progress of this work can be followed in Zach and Rose

(1987), Zach (1989a,b) and Zach and Haider (1994, 1995a,b). During the same period, a

project to improve the resolution of a STEM by means of quadrupoles and octopoles was

launched in the Cavendish Laboratory, Cambridge (Krivanek et al., 1996, 1997a,b). The

six-element corrector (Fig. 41.4) was installed in a very early commercial STEM (a VG

HB5, dating from 1974; see Wardell and Bovey, 2009, especially the Postscript) and in

1998, Krivanek et al. were able to show that the performance of the instrument had been

improved, in the sense that fine fringes of graphitized carbon (002 planes) could be seen at

a much smaller defocus than in the absence of the corrector (Krivanek et al., 1998, 1999a,b,

2000; Lupini et al., 2001). This encouraging result led Krivanek and colleagues (now

established in Kirkland (WA) where Krivanek and Dellby had created the Nion company)

to design an improved corrector consisting of four quadrupoles with octopoles (Fig. 41.5),

with which a real gain in resolution was achieved (Batson et al., 2002; Batson, 2003a,b);

Figure 41.3
Incorporation of a quadrupole�octopole corrector in a low-voltage scanning electron microscope.

After Zach and Haider (1995), Courtesy Wissenschaftliche Verlagsgesellschaft.
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this was confirmed by Nellist et al. (2003, 2004). Many such correctors were retrofitted to

VG STEMs. It was becoming clear that any further improvement in resolution required

correction of higher-order spherical aberration as well as certain other third-order

aberrations and of course, the parasitic aberrations. For this, a new corrector was designed,

composed of two quadrupole�octopole quintuplets (Fig. 41.6).

We shall see in Section 41.2.2 that, for several years, conventional transmission electron

microscopes have been corrected by means of sextupole devices, inspired by the design

of Rose (1990). In order to reach very high resolution, however, chromatic aberration

had to be corrected as well as the geometric aberrations. The use of

quadrupole�octopole correctors for conventional transmission electron microscopes was

therefore revived.

It will prove convenient to examine the various quadrupole�octopole correctors

chronologically, bringing out the optics of each. We shall concentrate on the physical

principles whereby correction is achieved. These correctors are analysed in very great detail

by Rose (2012) and we refer to his book and that of Erni (2010, 2015) and to the surveys of

Figure 41.4
The first quadrupole�octopole corrector installed by Krivanek et al. in a VG STEM. After Krivanek

et al. (1996), Courtesy of the authors.
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Krivanek et al. (2008a,b, 2009a,b, 2015) and Hawkes and Krivanek (2018) for more ample

information.

The Darmstadt corrector. Although this project could not be brought to a successful

conclusion, very considerable progress was made. Rose (1971b) had shown that a

symmetric telescopic quadrupole quintuplet can be made free of coma and free of the

Figure 41.5
The structure of the Nion improved STEM aberration corrector. After Krivanek et al. (1999),

Courtesy Elsevier.

Ray in x-z plane

Quadrupoles Combined quadrupole-octopoles Octopole

Ray in y-z plane

Figure 41.6
Quadrupole�octopole corrector consisting of two quadrupole�octopole quintuplets and a

separate octopole. After Krivanek et al. (2003), Courtesy Elsevier.
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twofold chromatic aberration of simpler configurations. The various elements of the

quintuplet and the axial and field rays in the x�z and y�z planes can be seen in Fig. 41.2B;

the symmetry or antisymmetry of the individual elements about the midplane of the long

central quadrupole is essential to eliminate the coma and the chromatic aberration. In a first

stage, it was shown that the inner three mixed quadrupoles were able to provide chromatic

correction (Kuck, 1979), after which the outer quadrupoles were added, as well as extra

coils to combat the many parasitic aberrations (Bernhard, 1980). From this, it emerged that

an unacceptably large fifth-order aberration was created by the central

quadrupole�octopole element; this was reduced by replacing the central element by a

dodecapole, which is capable of generating the desired fields with quadrupole and octopole

symmetry free of the dodecapole component that was at the origin of the unwanted fifth-

order aberration (Haider et al., 1982). Hely (1982a,b) gives a detailed description of the

instrument with many diagrams. But after this, with Scherzer’s death in 1982, the project

was abandoned.

The Chicago corrector. We shall not say more than a few words about the Chicago STEM

corrector, which consisted of a magnetic antisymmetric quadrupole�octopole quadruplet.

It proved impossible to align the mechanical and electrical centres satisfactorily and this

project too was abandoned. It is described in detail by Crewe (2009) and its progress can be

followed in the long report reproduced there.

The Zach�Haider corrector for a low-voltage scanning electron microscope. At low

voltages, the performance of a SEM is limited by chromatic aberration and a project was

launched in the European Molecular Biology Laboratory in Heidelberg to design a

suitable corrector, a quadrupole�octopole quadruplet incorporating two mixed quadrupoles

to provide chromatic correction (Fig. 41.3). In the first design, the first and last

quadrupole�octopoles were magnetic but this proved unsatisfactory, alignment could not be

achieved. Zach therefore replaced them with electrostatic elements and the resolution of the

SEM was appreciably improved (Zach, 1989a,b; Zach and Haider, 1994, 1995a,b). Such a

corrector has been integrated into the JEOL JSM-7700F scanning electron microscope

(Kazumori et al., 2004a,b: Uno et al., 2005; cf. Erdman and Bell, 2013). Hitachi too employ

such a corrector (Kawasaki et al., 2009; Nakano et al., 2011; Hirose et al., 2011).

The Cambridge and Nion correctors. In 1994, funding was obtained for the construction of

a quadrupole�octopole corrector for the scanning transmission electron microscope

(Krivanek et al., 1996). The first design used a quadrupole sextuplet and differed in

significant ways from its predecessors. In order to avoid the interactions between the

quadrupole and octopole fields that had bedevilled the first model of the Zach�Haider

corrector, the quadrupoles and octopoles were excited independently. By this date,

computer technology had advanced to the stage at which misalignment could be rapidly

diagnosed, notably with the aid of the Ronchigram (Section 41.2.4) and the appropriate

currents could then be fed back to the alignment coils. We note in passing that this was

probably the factor that made correction a reality in the 1990s. By 1997, Krivanek et al. had
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shown that their corrector could reduce the probe-size of the elderly VG HB5 STEM (a

1974 model) in which it had been installed and soon after, they showed that their test

object, graphitized carbon, could be imaged at a much smaller defocus than in the absence

of the corrector. This, coupled with the interest shown by Philip Batson at the IBM Watson

Research Centre, encouraged Krivanek and his partner, Niklas Dellby, to construct an

improved corrector. This was a quadruplet with three octopoles; installed in a VG HB501

STEM, it enabled Batson to attain a resolution better than 1 Å in 2001 (Batson et al., 2002;

see Hawkes 2015 for historical details). These first correctors were installed in VG STEMs

but this revealed weaknesses of these modified instruments, notably their sensitivity to

mechanical and electrical perturbations. Nion therefore embarked on the design and

construction of a new STEM, incorporating a corrector of many third- and fifth-order

geometrical aberrations as well as several engineering improvements (Krivanek et al.,

2008b; Dellby et al., 2011). The corrector now consisted of three quadrupole quadruplets

and three quadrupole�octopole elements (Fig. 41.7). An additional quadrupole triplet

coupled the corrector to the coma-free plane (24.134) of the probe-forming lens. If we

denote the quadruplets by Q4 and the quadrupole�octopole elements by QO, the sequence

is Q4�QO�Q4�QO�Q4�QO�Q4; the first quadrupole of the fourth Q4 is part of the

preceding QO and the remaining three form the triplet. Two modes of operation have been

studied: a ‘symmetric’ mode (Fig. 41.8A) in which the overall structure displays the

mechanical symmetry and electrical antisymmetry of a Russian multiplet (Section 19.1) and

an ‘antisymmetric’ mode (Fig. 41.8B). Both configurations are capable of eliminating

third- and fifth-order geometrical aberrations with the result that geometrical aberrations

of the next higher order become the limiting factors. For the symmetric mode, this is C7,4

Figure 41.7
The sequence of elements in the Nion third-generation corrector, showing the three

quadrupole�octopole units. Quadrupole quadruplets are situated before, between and after
these. The first component of the final quadruplet is part of QO-3, the remainder thus forms a
triplet between QO-3 and the probe-forming lens. After Krivanek et al. (2008a), Courtesy Elsevier.
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(in Krivanek’s notation, see Section 31.6) while for the antisymmetric mode, it is C7,8. The

antisymmetric configuration has the advantage that any chromatic aberration is smaller (see

Dellby et al., 2008, for values of the various coefficients).

Chromatic correction in the conventional transmission electron microscope. If chromatic

correction is not required, correctors based on sextupoles are preferable for conventional

transmission electron microscopes (Section 41.2.2). When it is essential to cancel the

chromatic aberration, however, quadrupoles cannot be avoided and sophisticated correctors

have been designed for this purpose, for the Transmission Electron Aberration-corrected

Microscope (TEAM) project (Kisielowski et al., 2008; Dahmen et al., 2009), for the PICO

microscope in Jülich, for the Sub-ångström Low-voltage Electron Microscope (SALVE,

Kaiser et al., 2009, 2011; Rose and Kaiser, 2012; Linck et al., 2016a,b; Müller et al., 2016)

and for the Japanese CCC instrument (Sawada et al., 2011).

Two strategies are possible: either a hybrid quadrupole corrector is placed in tandem with a

regular sextupole corrector or an elaborate quadrupole�octopole sequence is designed to

Figure 41.8
The two modes of operation of the corrector of Fig. 41.7. (A) Symmetric mode. (B) Asymmetric

mode. After Dellby et al. (2001), Courtesy Oxford University Press.
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provide all the required types of correction. For a transmission electron microscope, off-axis

geometrical aberrations must be corrected as well as the spherical aberration, with the result

that many quadrupoles are necessary. The first solution is illustrated in Fig. 41.9B. All the

correction elements consist of dodecapoles, which are capable of generating the quadrupole

fields of the chromatic aberration corrector and the sextupoles of the geometric aberration

corrector (Section 41.2.2). The chromatic correction is assured by means of an

antisymmetric hybrid quadrupole doublet (Fig. 41.9A) and the geometric aberration

corrector is the delta corrector described below.

If all the necessary correction is to be provided by quadrupoles and octopoles,

complemented by other multipole fields to eliminate parasitic effects, the number of

individual elements increases considerably. The device must not only be capable of

cancelling the chromatic and spherical aberrations but must also be free of aberrations that

are linear in the off-axis coordinates (comas). Furthermore, the remaining third-order

geometrical aberrations, astigmatism and field curvature, which can usually be neglected,

must not be large enough to contribute to coma of fifth order. (We recall that there are two
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Figure 41.9
Chromatic and geometrical aberration correctors in tandem. (A) Chromatic correction provided by
an antisymmetric quadrupole doublet with negative focal length. (B) The complete corrector.OL,
objective lens; TL, transfer lens; OM, objective minilens. After Sawada et al. (2011), Courtesy Elsevier.
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contributions to fifth-order aberration coefficients, one coming from M(5), the other obtained

by substituting the third-order solution in M(2).) Quadrupoles and octopoles have many

more intrinsic aberrations than round lenses so it is clearly highly desirable to find

configurations possessing symmetries for which these additional aberrations cancel out.

Systems with this property are the doubly symmetric configurations. These are quadrupole

multiplets consisting of two identical subunits. The quadrupoles that make up each subunit

are symmetric about the midplanes of the subunit. The subunits may be excited

symmetrically or antisymmetrically. In the first case, the excitations of the various

quadrupoles are symmetric with respect to the centre-plane of the whole device; in the

second case, the excitations are antisymmetric about this plane.

We have already seen that antisymmetric or Russian quadruplets have attractive features

and by assembling two such quadruplets in tandem, we obtain the symmetric configuration

(Fig. 41.10). The sequence is as follows

first quadruplet: (Q)2 (QE1QM1O1)2 (�QE2QM1O1)2 (2Q)

centre-plane: O2

second quadruplet: (2Q)2 (2QE2QM1O1)2 (QE1QM1O1)2 (Q)

For clarity, we have written 6QE6QM1O1 but in practice these are hybrid dodecapoles,

capable of generating all the desired field components. The separation between the two

Figure 41.10
Achromatic semi-aplanat employing two symmetrically excited multipole quadruplets. The

required fields are created by dodecapoles. After Rose (2012), Courtesy Springer Verlag.
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quadruplets is chosen in such a way that the image principal plane (or nodal plane, the

nodal and principal planes coincide here) of the first quadruplet and the object principal

plane of the second quadruplet coincide. It can be shown that this arrangement satisfies all

the desired conditions, in particular, cancellation of the chromatic and third-order aperture

aberrations; the octopoles do not create any field aberrations.

The alternative antisymmetric configuration proposed by Rose consists of two quadrupole

sextuplets. Here, the excitation of each sextuplet is symmetric about its midplane.

Conversely, the excitations of the second sextuplet are the reverse of those of the first

sextuplet: the whole device is thus antisymmetric, as in a Russian multiplet. Octopoles are

placed in the midplanes of the sextuplets and a third octopole (with a different excitation) is

placed outside the main structure. How can such a corrector be used in conjunction with an

objective lens without introducing coma? In the solution found by Rose, two adaptor lenses,

L1 and L2, enclose the twin-sextuplet device in such a way that the image focal plane of L1

coincides with the object focal plane of the corrector element. Likewise, the object focal

plane of L2 coincides with the image principal (or nodal) plane of the corrector. And

finally, the third octopole (O2 in Fig. 41.11) is placed at the image focus of L2 and suitably

rotated. These two round lenses form a telescopic doublet. By replacing four of the

quadrupoles with hybrid electrostatic�magnetic quadrupoles, chromatic correction is

obtained as well as correction of the geometric aberrations; these hybrid quadrupoles

replace the basic quadrupoles on either side of the octopoles O1.

Examination of Fig. 41.11 suggests that each octopole O1 can be combined with the

adjacent mixed quadrupoles, thus reducing each sextuplet to a quintuplet. A slightly

modified version of this double-quintuplet device is employed in the TEAM instrument;

ZM

hx

hy

gy

gx

Q1 Q2 Q1 Q1 Q2 Q1 Q1 Q2 Q1O1 Q1 Q2 Q1O1

N2N1

Figure 41.11
Telescopic doubly symmetric quadrupole�octopole corrector. An octopole is situated between
each of the outer two symmetric quadrupole triplets. After Rose (2012), Courtesy Springer Verlag.
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here, a telescopic round-lens transfer doublet is introduced to couple the quintuplets.

Anisotropic coma is eliminated by placing four skew octopoles symmetrically about the

midplane of the corrector.

A simpler arrangement, also capable of correcting the spherical and chromatic aberrations,

has been adopted for the SALVE project in the University of Ulm. A quadrupole doublet is

now situated at each extremity of the device. Between these are two mixed quadrupoles and

a central octopole. Two more octopoles are combined with the inner members of the

quadrupole doublets (Fig. 41.12).

If we are willing to use still more quadrupoles and octopoles, a device that can correct all

the primary geometrical and chromatic aberrations can be devised. This is Rose’s

ultracorrector (Rose, 2003, 2004). Four quadrupole quadruplets are required and thirteen

octopoles. Fig. 41.13 shows how these are disposed. The fundamental rays are included

in Fig. 41.13A and B. The rays shown in Fig. 41.13C are the fundamental pseudorays,

defined by
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These show the midplane symmetry: uω and uη are symmetric about the midplane while uω
and uη are antisymmetric. We refer to Rose’s article for details of the correction procedure

and in particular for the choice of geometry and excitations that enables correction to be

attained systematically.
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Figure 41.12
The configuration adopted for the SALVE microscope. The boxes indicate schematically the

quadrupole strengths. After Rose (2012), Courtesy Springer Verlag.
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Figure 41.13
Rose’s ultracorrector. (A) The positions and strengths of the quadrupoles in the first half of the
device. (B) The complete ultracorrector. (C) The positions of the octopoles. The rays shown here

are the fundamental pseudorays. After Rose (2008), Courtesy Institute of Physics Publishing.
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Scherzer’s all-electrostatic chromatic aberration corrector. Another of Scherzer’s

suggestions for aberration correction was inspired by the form of the chromatic aberration

coefficients of combined electrostatic round lenses and quadrupoles. We have
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which can be transformed into1
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2
φ0

4φ

 !2

2
φ02

8φ2

8<
:

9=
;h2ydz

(41.1b)

This transformation is best performed using Seman’s procedure. The general form of the Cc

integrand is obtained by considering the terms generated by

d

dz

� �
h2 φ21=2

which are hh0φ21=2 and h2φ0φ23=2: Differentiating these and eliminating hv, we find

h02 2
hh0φ0

φ
2

h2φv
4φ

6
h2p2

4φ
5 0

2
hh0φ0

φ
2

3h2φ02

2φ2
1

h2φv
φ

5 0

(The plus sign corresponds to Ccx and the minus sign to Ccy; h denotes hx in Ccx and hy in

Ccy.) These identically zero quantities are multiplied by arbitrary weights λ and μð Þ and
then added to the basic expressions for Ccx and Ccy. The weights are chosen to eliminate

terms in p2 and φv: λ522 and μ521=2: From this, Eq. (41.1b) emerge.

We can ensure that both coefficients are negative by requiring that

h0x
hx

5
φ0

4φ

1 Since p2(z) has been eliminated, the signs of the terms in Ccx and Ccy are the same.
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or

hxðzÞ5
φðzÞ
φ0

� �1=4
(41.2)

and likewise for hyðzÞ. From the paraxial equations

hvx 1
φ0

2φ
h0x 1

φv2 p2

4φ
hx 5 0

hvy 1
φ0

2φ
h0y 1

φv1 p2

4φ
hy 5 0

we deduce that p2ðzÞ must take the form

p2ðzÞ5
φv
2

2
φ02

16φ
(41.3)

as derived by Scherzer (1947). Such a field distribution can be created by means of a

quadrupole triplet but although this will function as desired in one of the principal sections,

it will have an unwanted focusing effect in the other. In order to obtain a true corrector,

more quadrupoles must be added. Fig. 41.14 shows a suitable arrangement and the form of

p2(z); the ideal form of p2(z) that would satisfy the Scherzer condition exactly is also

shown. A second set of quadrupoles is needed to achieve correction in the other principal

section; the polarity is the reverse of that in the first corrector. For a suitable separation

between the two parts, the complete corrector does not introduce any chromatic distortion,

coma or aberration with twofold symmetry (Weißbäcker and Rose, 2000, 2001a,b). Rose

observes that such a corrector is more suitable for ions than for electrons.

41.2.2 Sextupole Optics and Sextupole Correctors

Correction of the spherical aberration of a round lens requires a device with an aperture

aberration similar to that of the lens but of opposite sign. The fact that a sextupole has such an

aberration has long been known (Hawkes, 1965a) but its consequent potential for aberration

correction passed unnoticed until 1979 when Beck suggested that a sextupole doublet might

make a good corrector (Beck, 1979, 2011). Crewe and Kopf (1980a,b) took up the suggestion

and used a simple model to show that a triplet consisting of two identical sextupoles on either

side of a weak round lens (Fig. 41.15) would make a suitable corrector for a high-quality

probe-forming lens for a STEM. Further studies followed (Crewe, 1980, 1982, 1984; Shao,

1988a,b), all of which confirmed the earlier predictions, and Ximen and Crewe (1985) have

enquired whether the other aberrations of such a corrector could be compensated satisfactorily.

Ximen et al. (1985) have considered the correction in wave-optical terms and Ximen (1988) has

obtained expressions for all the aberration coefficients of a system containing magnetic round

lenses and sextupoles.

Aberration Correction 977



Sextupole 2Sextupole 1

Weak
lens

Objective
lens

Figure 41.15
The sextupole corrector proposed by Crewe and Kopf. After Crewe and Kopf (1980a), Courtesy

Wissenschaftliche Verlagsgesellschaft.

Figure 41.14
Scherzer’s electrostatic corrector (ECO). (A) Fundamental rays in the entire corrector.

(B) Axial potential φðzÞ in one half of the corrector. (C) Real quadrupole distribution p2(z) (full
line) and the ideal form of p2(z) (dotted line) in kV/mm2. (D) Fundamental rays. After Weißbäcker

and Rose (2001), Courtesy Oxford University Press.
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The aberrations of sextupole systems have also been extensively analysed by Rose (1981), for

sextupole field components had been needed in an earlier project (Rose and Plies, 1973; Plies,

1973, 1974). On the basis of his aberration theory, Rose arrived at a system in which round lens

fields separate two sextupoles and it is on his detailed proposal (Rose, 1990) that the later

sextupole correctors are based. Similar designs emerge from the Lie algebra approach (Dragt and

Forest, 1986). Funding for a project to incorporate a sextupole corrector based on Rose’s design

in a transmission electron microscope was obtained in 1992 by Max Haider, Harald Rose and

Knut Urban (Haider, 1996; Uhlemann et al., 1996). The basic design is shown in Fig. 41.16.

The first results were published in 1998 (though submitted to both Nature and Science in 1997)

(Haider and Uhlemann, 1998; Haider and Zach, 1998; Haider et al., 1998a�c; Rose et al.,

1998). The company CEOS (Corrected Electron Optical Systems), launched by Haider and Zach

in 1996, supplied many such correctors. The development of the CEOS sextupole correctors is

recorded in the following publications: Haider et al. (1994, 1995, 2008a�c, 2009), Haider

(2000), Müller et al. (2008, 2010, 2011, 2012) and Haider and Uhlemann (2014). See Hawkes

(2009a, 2015) and Rose (2008, 2009b) for many additional references and historical details.

We note that analyses of sextupoles in connection with ion optics had been made

by Boerboom (1972), Taya and Matsuda (1971, 1972), Taya (1978) and Matsuo

et al. (1982).

Sextupole optics. The function M(3) takes the form

Mð3Þ52
γφ̂

1=2

12

p3xðx2 2 3y2Þ1 q3yð3x22 y2Þ
φ̂

2
1

6
η P3yð3x2 2 y2Þ2Q3xðx22 3y2Þ� �

(41.4)

Field
ray

Axial
ray

Corrector

Round-lens
doubletSextupole Sextupole

z

N2N1

f f2f

Figure 41.16
The basic element of a sextupole corrector. After Rose (2002), Courtesy Springer Verlag.
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We shall be interested in systems consisting of a round magnetic lens followed (or preceded

in the case of probe-forming lenses) by one or more sextupoles. We allow for this

combination by writing the paraxial ray arriving at the sextupole as

wð1Þ5 uð1Þexpð2 iθÞ (41.5)

We shall need the ‘sextupole function’ S(z), defined by

SðzÞ52e23iθ 1

6

φ̂
φ̂0

 !1=2
γ
2

p3 1 iq3

φ̂
1 i

η
φ̂0

ðP3 1 iQ3Þ
8<
:

9=
; (41.6)

From Eq. (41.1), we find that the second-order effect of the sextupole is of the form

uð2Þ5ω2u111ωρu121 ρ2u22 (41.7)

where we have written

uðzÞ5 x1 iy5 ρgðzÞ1ωhðzÞ (41.8)

We leave the exact forms of g(z) and h(z) undefined for the moment but we shall be

associating them with rays satisfying the same conditions as the field ray g(z) and the axial

ray h(z) in Chapter 15, Systems With an Axis of Rotational Symmetry, (15.6). We find

u115 3 hS1 2 gS0ð Þ
u125 6 hS2 2 gS1ð Þ
u225 3 hS3 2 gS2ð Þ

(41.9)

in which

S05

ðz
z0

SðζÞ h3dζ

S15

ðz
z0

SðζÞg h2dζ

S25

ðz
z0

SðζÞ g2hdζ

S35

ðz
z0

SðζÞ g3dζ

(41.10)

Our objective is to use these expressions to help find sextupole combinations that have no

second-order effect. They will thus be promising devices for correcting the spherical aberration
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of the round lens since only their third-order effects will be present, and we have seen that

these are of the same nature as those of a round lens but not necessarily of the same sign.

Clearly, S1, S2 and S3 cannot all vanish in a single sextupole. In a doublet, however, we can

arrange that the rays h(z) and g(z) exhibit symmetries that make it possible to cancel all three

quantities. Suppose that one of these rays, h(z), is symmetric about the central plane of the

doublet and about the midplane of each individual sextupole and that the other ray, g(z), is

antisymmetric about these planes. Then terms linear in h(z) will be the same in each sextupole

while terms linear in g(z) will make equal and opposite contributions. By introducing a round

lens doublet between the two sextupoles, the integrals involving h(z) will also cancel out, and

we arrive at a configuration such as Fig. 41.16. The round (magnetic) lenses must have the

same excitation but be wound in opposite directions to cancel the rotation.

Sextupole corrector design. We have thus found a sextupole arrangement free of quadratic

effects. How can we use this to cancel some or even all of the third-order geometric

aberrations of a round lens? We shall show that suitable sextupole systems can be found and

that these become progressively more complex as the number of aberrations to be eliminated

increases. Rose has analysed such systems with the aid of a simple model of the sextupole

function S(z) and we too adopt this strategy, following his reasoning closely (Rose, 2012,

Chapter 9). The model is similar to the rectangular model for quadrupoles (39.2):

SðzÞ5 S0 z2 L=2# z# z1 L=2

0 elsewhere

(
(41.11)

where z5 z is the centre of the sextupole. Provided that no round lens field overlaps the

sextupole zone, the paraxial rays g(z) and h(z) are straight lines:

gðzÞ5 z2 zN

fo
hðzÞ5 fo (41.12)

where fo is the focal length of the lens to be corrected and zN is the (object) nodal plane of the

corrector. The aberration coefficients of the sextupole (subscript S) are found to be as follows:

C3S 526S20L
3f 4o

F3S 52A3S 5
3

5
S20L

5 (41.13)

Coma and distortion both vanish. (We have included the subscript ‘3’ as a reminder that these

are of the same nature as the third-order aberrations of round lenses. The choice of symbols is

also the same, C denoting spherical aberration, F field curvature and A astigmatism.)

From these formulae we see that a sextupole device can correct spherical aberration since

the sign of C3S is negative. The field curvature, however, has the same sign as that of a

round lens and cannot be removed by this simple scheme.
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The next important aberration is coma, being linear in the off-axis coordinate. The coma of

a round lens can be avoided by arranging that the crossover at the source is conjugate to the

coma-free point of the lens but the sextupoles introduce isotropic coma and also a threefold

coma. Fortunately, these can be eliminated when the symmetries described earlier are

respected. For this, the coma-free point of the round lens and the object nodal point of the

corrector must coincide or be conjugates. The coma-free point is immersed in the lens and

these points are therefore rendered conjugate by introducing further round lenses (a transfer

doublet) between the round lens and the corrector. The resulting arrangement, known as a

semi-aplanat, is shown in Fig. 41.17; the prefix ‘semi’ is a reminder that round lens coma

has an isotropic and an anisotropic part and that the present system cannot correct the

anisotropic part. Fortunately, this is often so small that it can be tolerated but we shall see

below that it can be removed if necessary by increasing the complexity of the system.

The next aberrations that need consideration are field curvature and astigmatism. These too

can be cancelled by increasing the number of sextupoles. A suitable configuration is shown

in Fig. 41.18; we shall not reproduce the reasoning that leads to this arrangement, it is

presented very clearly by Rose (2012, Section 9.2.5). Note that the orientation of the

sextupoles S1 and S5 is not the same as that of S2 and S4 and that the polarity of S2 and S4 is

the opposite of that of sextupoles S15 S5 and S3. We reproduce Rose’s expressions for the

aberration coefficients of this device (using the rectangular model) as they reveal that only

the spherical aberration depends on the ‘telescopic magnification’ and hence on the position

of the device relative to the round lens. The position of the corrector or planator, subscript

P, can therefore be chosen to ensure that the spherical aberration is still corrected.

N1

8f
2f2f ff

N2

Field
ray

Axial
ray

SextupoleSextupole
Transfer
doublet

Magnetic
objective

lens

Object
plane

Coma-free
plane =

nodal plane N0 

Corrector

Round-lens
doublet

z

Figure 41.17
The basic element of Fig. 4.16 coupled to a round lens to form a semi-aplanat. After Rose (2012),

Courtesy Springer Verlag.
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(41.14)

The focal length f is defined in Fig. 41.18.

Finally we return to the coma. If it proves necessary to eliminate the anisotropic coma as

well as the isotropic part, the symmetry that has proved so effective so far must be relaxed. A

suitable arrangement is shown in Fig. 41.19. This consists of seven sextupoles in all.

The basic structure or skeleton consists of two pairs of sextupoles S1 and the first half of S3

S4=S2 S5=S1

zm

l2 l22l1

l1
l1

S3S2S1

z

2ff f2f 2f

Figure 41.18
Sequence of sextupoles and round lenses for which third-order astigmatism and field curvature

are cancelled. After Rose (2012), Courtesy Springer Verlag.

S3=2S1–S2S2 –S2S2S1 S1

zm

2f ff

1 2 2 2 1
1

2 2

ff f f

z

Figure 41.19
Sequence of sextupoles and round lenses for which third-order astigmatism, isotropic and

anisotropic coma are cancelled. After Rose (2012), Courtesy Springer Verlag.
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followed by the second half of S3 and S75 S1. In between each pair of these sextupoles is

placed a round-lens doublet, which itself encloses two more sextupoles, S2 and 2 S2. The

latter breaks the overall symmetry as required. Rose finds

C3S5212 f 40
��S1��2L311 3

7

L72
f 4

��S2��2
 !

K3S5 3L1L
2
2 f

2
0 f 12S1S

�
22 S

�
1S2

L21L
2
2

f 4

 !

A3S52
3

5
7
��S1��2L512 18

��S2��2L52	 


F3S52
24

5

��S1��2L511 6
��S2��2L52	 


D3S5 12iℑðS�
1S2Þ

L31L
2
2 f

f 20

(41.15)

The last terms in C3S and K3S will normally be negligible since f is at least double the

length of a sextupole; S1 can be chosen to be real. We therefore require that

Cs52C3S and K52K3S

and hence that

S15 S
�
1 �

1

2f 20 L1

Cs

3L1

 !1=2

S2 52
K2 ik

6L22 f

L1

3Cs

 !
(41.16)

Since

S2

S1

����
���� � Kj j

3Cs

f 20 L
2
1

fL22

S2 will be much weaker than S1 so that correction of coma will fortunately not have much

effect on the spherical aberration correction. Once coma has been corrected, it is no longer

necessary to make the coma-free point of the lens and the nodal point of the corrector

conjugate; this degree of freedom allows us to shift the image of the coma-free point

(z5 zK) away from the nodal point (z5 zN) by a distance λ say. This creates a coma,

K5Csλ=f 20 and a fifth-order spherical aberration, C5 5 3K3Cs. The coma can be cancelled

and we thus have a means of varying the fifth-order spherical aberration.

Rose completes his account of sextupole correctors by showing that the round lens can be

designed in such a way that the system is reasonably insensitive to energy variations.
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The asymmetric Cs corrector and the delta corrector. Once the roles of sextupoles in

aberration correction and of the attendant symmetries have been understood, it is natural to

enquire whether any unexplored variants on the basic design offer improvements.

Hosokawa et al. (2006, 2013) and Sawada et al. (2009, 2010) have pursued this route. In a

first extension, sextupole-based STEM and TEM correctors were considered in which the

lengths and excitations of the multipole elements were different. Each multipole element is

a dodecapole capable of generating the dominant sextupole field and supplementary dipole,

quadrupole and octopole fields. Fig. 41.20A shows the corrector in detail and Fig. 41.20B

depicts a configuration with STEM and TEM correction. The transfer lenses TL1 and TL2

now have different focal lengths (fS and fL in Fig. 41.20A). This asymmetry contributes to

the demagnification of the source at the probe by a factor fS/fL and helps to reduce parasitic

aberrations by a factor fS=fL
� �m21

, where m (.1) is the order of the corresponding

aberration. Any increase in Cc is also limited.

If we denote the lengths of the correctors MP1 and MP2 by ZS and ZL, these quantities must

satisfy the condition

ZL 5 ZSa
2

Source

STEM corrector TEM corrector
Specimen

CL CM1
CM2 OM1

OM2 PCL

OL OL

aMP = fL/fS= 1.2 aCM= fCM2/fCM1 = 2.3

SpecimenSource

CL

MP1 MP2

CM1
CM2 OL

TL1

fS fS fL fL

TL3
ZS ZLTL2

fCM1 fCM1 fCM2 fCM2 fo

(A)

(B)

Figure 41.20
Modified corrector with lower symmetry (A). The elements of the corrector. (B) The corrector

incorporated in a microscope, TEM and STEM modes. After Hosokawa et al. (2013),
Courtesy Oxford University Press.
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where

a :¼ fL=fS

The excitations of MP1 and MP2, denoted by NIS and NIL, are related by

NIL5NIS=a
5

The correction power of MP1 is then defined by

Csc5
6f 4Z3

Sμ
2
0NI

2
S

a4R2b6M4

in which R5 φ̂=η, b is the bore radius of MP1 and M is the magnification between MP2

and the probe-forming (objective) lens OL.

The focal lengths of the round lenses that form the doublet between MP2 and the probe-

forming lens are again different and the magnification between the image principal plane

(or nodal plane) of the multipole and the coma-free plane of the probe-forming lens,

M5 acM, is greater than one. In consequence, the third-order correcting power of the

corrector is reduced by a factor 1=a4cM: This reduction is compensated by the smaller bore

radius and higher excitation of MP2.

This corrector suffers from a sixfold astigmatism and to eliminate this, Sawada et al. (2010)

designed a system consisting of three dodecapoles. This is the Delta (Dodecapole ELement

Triple Aberration) corrector (Fig. 41.21). The azimuth of the sextupole field can be chosen

by suitable excitation of the poles and Hosokawa et al. (2013) explain how to choose the

relative azimuths in such a way that the magnitudes of the astigmatism and three-lobe

aberration (R5 in Table 31.1) are acceptable. See also Morishita (2017a) and Sasaki et al.

(2017). An extremely careful study of certain higher-order aberrations, the sixth-order

three-lobe aberration in particular, is to be found in Morishita et al. (2017b). By

counterbalancing the fourth-order and sixth-order aberrations of this type, resolutions better

than 100 pm were obtained at accelerating voltages as low as 15 and 60 kV.

Sextupole fields created by line currents. An n-fold symmetric set of line currents will

generate the same magnetic field pattern as a 2n-fold element (Nishi et al., 2014); this

observation led Hoque et al. (2016) to design a spherical aberration corrector based on the

arrangement shown in Fig. 41.17 but free of magnetic material. Problems of hysteresis and

inhomogeneity would thus be avoided. Three line currents are disposed parallel to the optic

axis with threefold symmetry (Fig. 41.22A). In reality, the circuit of each line current will be

closed by bending it into a ring but the behaviour of the device can be modelled more easily

and with reasonable accuracy by considering rectangular coils (Fig. 41.22B). Hoque et al.

analyse the properties of the corrector analytically by making the following approximations:

only the currents in the wires close to the optic axis (AB in Fig. 41.22B) are considered; the

flux density is assumed to be zero beyond the ends of the wires; the magnetic potential inside
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the wire zone is assumed to be generated by infinitely long wires. (In their numerical

calculation, this last assumption is not made as the Biot�Savart law is employed.) Fig. 41.23

shows the corrector of Fig. 41.17, line currents replacing the original sextupoles. Hoque et al.

give approximate expressions for contribution of the line-current sextupole to the total

spherical aberration and compare these with values furnished by the differential algebraic

Figure 41.22
Sextupole fields created by line currents (A) Perspective view of the device. (B) Positions of the

wires. After Hoque et al. (2016), Courtesy Elsevier.

(A) STEM Delta corrector system

CL
Aperture Dodecapole Dodecapole Dodecapole

CL Pre-
Corrector

lens

TL TL TL TL CM CM OL
(pre-field)

SPC

(B) TEM Delta corrector system

SPC

OL
(post-field)

OM OM TL TL TL TL Post-
Corrector

lens

Dodecapole Dodecapole Dodecapole

Figure 41.21
The Delta corrector. (A) STEM configuration. (B) TEM configuration. After Sawada et al. (2011),

Courtesy Elsevier.
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method (Section 34.8). They also consider more elaborate arrangements, notably a dodecapole

with six line currents (Fig. 41.24). See also Nishi et al. (2017), Hoque et al. (2017a�c).

Sophisticated Pile of Apertures with NOnCircular Holes (SPANOCH). For miniature

microscope columns or multicolumn arrays, the correctors described earlier are too bulky

and complex. Janzen (2010, 2011) has suggested that the required fields (sextupole or

Figure 41.23
Ray diagram corresponding to the corrector of Fig. 41.20. After Hoque et al. (2016),

Courtesy Elsevier.

Figure 41.24
Generalizations of the corrector of Fig. 41.22. After Hoque et al. (2016), Courtesy Elsevier.
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quadrupole�octopole) should be created by means of apertures with polygonal boundaries

(octagonal, hexagonal, square) or other shapes, see Fig. 41.25. Thus an all-electrostatic

chromatic corrector (Eq. 41.3) has been studied, using three triplets of shaped apertures. A

satisfactory configuration emerged from the calculations (Janzen et al., 2013).

41.2.3 Practical Designs

In the previous sections, the optical properties of the various multipole correctors were

analysed. In this short section, we say a few words about the models that have been

developed by the CEOS and Nion companies and the variants developed for certain

Japanese projects. Many more details are to be found in the references, long lists of which

are included in the survey by Hawkes (2015).

CEOS (Corrected Electron Optical Systems) has supplied sextupole correctors to the leading

manufacturers of electron microscopes. At first, conventional transmission microscopes were

privileged. Soon, however, modified models suitable for the STEM mode were introduced,

notably for a JEOL microscope with two correctors, thus allowing both modes of operation in

a corrected instrument. CEOS has also provided specialized correctors for the American

TEAM project and the German SALVE, PICO and SATEM ventures.

For the conventional transmission electron microscope, the CETCOR corrector consists of a

transfer doublet of round lenses to image the (inaccessible) coma-free plane of the lens to

be corrected onto the first sextupole, as already shown in Fig. 41.17. A similar design

(CESCOR) corrects the STEM mode. For the TEAM 0.5 microscope (without chromatic

correction), the corrector (D-COR) cancelled fifth-order spherical aberration and sixfold

astigmatism (as well as aberrations of lower order). Chromatic aberration was also corrected

in the next instrument (TEAM 1).

The history of Nion divides into two periods. In the first, correctors were retrofitted to VG

STEMs. Subsequently, a new STEMwas developed, the UltraSTEM; this is equipped with an

advanced quadrupole�octopole corrector, though in practice these elements are of course

multipoles. It also incorporates the Nion monochromator, described in Section 52.9.6 (Krivanek

et al., 2008a,b, 2009a,b; Batson, 2008; Dellby et al., 2011; Hawkes and Krivanek, 2018).

After early attempts to produce an in-house corrector (Maas et al., 2001; Mentink et al.,

2003), FEI (Philips) adopted the CEOS correctors. An FEI microscope is at the heart of the

American TEAM project, the aim of which was to make available a transmission

microscope with a resolution of 0.5 Å. A first model (TEAM 0.5) included only Cs

correction; it was followed by TEAM 1 in which Cc correction was included (Dahmen, 2009).

An FEI microscope is likewise used in the PICO instrument (Ernst-Ruska-Centrum, Jülich),

which has Cs and Cc correction as well as a monochromator.
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Figure 41.25
Apertures with which round lens, quadrupole and (weak) octopole fields can be created.

(A) Aperture shapes with increasing eccentricity. (B) Position of the aperture in an einzel lens.
(C) The quadrupole strength on the axis for each value of the eccentricity. From the centre
outwards, the eccentricity in μm is 15, 20, 30, 40, 50, 60 and 70. Courtesy Roland Janzen.
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In Japan, modified correctors have been introduced by JEOL for the R005 (Resolution

0.05 nm) and the Triple C (Cs correction, Cc correction, Carbon materials) projects. In the

first stage, an asymmetric configuration was studied and this was followed by the delta

corrector, with three dodecapole elements.

The SALVE project already mentioned was originally centred around a Zeiss Libra electron

microscope. Zeiss, however, withdrew from the project and the new industrial partner is

FEI. The SALVE III instrument is based on an FEI Themis electron microscope and CEOS

correctors. See Kaiser et al. (2011), Linck et al. (2016a,b) and van Cappellen et al. (2017)

for details.

41.2.4 Measurement of Aberrations

The long saga of aberration correction was brought to a successful conclusion largely

thanks to the development of fast diagnostic tools allied to powerful control circuitry.

Krivanek et al. (2015) gives a vivid idea of the resulting complexity. Several ways of

measuring aberration coefficients are in use, of which the most common are based on

the Zemlin tableau and on the far-field image obtained with a defocused probe, known

as a Ronchigram. The methods of Meyer et al. (2004) and of Saxton (1995a,b, 2000,

2015; Saxton et al., 1994) are also valuable ways of obtaining some of the desired

information.

Zemlin tableaux. In order to understand this method, we must anticipate Chapter 66 in

which the notion of electron microscope transfer functions is introduced. The phase-

contrast transfer function relates the spatial frequency spectrum or Fourier transform of

the image of a weakly scattering specimen to the corresponding spectrum at the object.

The spatial frequency spectrum of an amorphous specimen in the presence of third-order

spherical aberration and defocus is governed by the function

sin
2π
λ
W ; W 5

1

4
Cs

��θ��41 1

2
C1

��θ��2 in which λ denotes the electron wavelength (55.11);

C1 denotes the defocus in the notation of Uhlemann and Haider (1998, see

Section 31.6.2). The angle θ is here treated as a complex quantity, θ5 θx 1 iθy: For this
ideal case, therefore, a series of concentric circles, the Thon rings (Fig. 66.6 in Volume

3), is seen, the dark rings corresponding to the zeros of the sine function. If other

isoplanatic (axial) aberrations such as coma and astigmatism are present, additional

terms will appear in the function WðθÞ. When first-order astigmatism is the only parasitic

aberration present, WðθÞ also contains a term in
1

2
ℜðθ�2A1Þ. The circles become elliptical

and the spatial frequency spectrum, or ‘diffractogram’, contains the information needed

to deduce the defocus, the spherical aberration coefficient and the astigmatism.
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By tilting the beam incident on the specimen and recording the diffractogram for a series of

values of the tilt angle and azimuth, enough information can be retrieved to calculate all the

parasitic aberration coefficients, as we now show.

Not all the terms in W affect the diffractogram. It is easy to see that only even terms will

survive; we denote these by We. When the beam is tilted, the aberration function W

becomes Wτ

Wτðθ; τÞ :¼
1

2
Weðθ1 τÞ1 1

2
Weð2 θ1 τÞ2WeðτÞ (41.17)

in which τ denotes the (complex) tilt angle. In this expression, there are terms proportional

to θθ
�
and to θ

�2, which we identified with defocus and astigmatism in the untilted

formula. We call the new values of defocus and astigmatism after tilting the beam the

effective defocus and effective astigmatism. They are related to the untilted coefficients as

follows:

C1ðτÞ5C1ð0Þ1 4ℜðτB2Þ1 2ττ�C3 1 6ℜðτ2S3Þ
1 12ℜðτ2τ�B4Þ1 8ℜðτ3D4Þ1 3ðττ�Þ2C5 1?

A1ðτÞ5A1ð0Þ1 2τB�
2 1 2τ�A21 τ2C3 1 6ττ�S�3

1 3τ�2A3 1 2τ3B4 1 6τ2τ�B�
4 1 12ττ�2D4

1 4τ�3A4 1 2τ3τ�C51 5τ�4A51?

(41.18)

From a set or tableau of diffractograms taken at different tilts, all the coefficients can be

extracted. Off-axis aberration coefficients can also be obtained by generating Zemlin

tableaux from zones not centred on the optic axis.

Such tableaux can also be used to measure aberrations in probe-forming instruments,

though in practice Ronchigrams are preferred. This use of tableaux was first described by

Zach in a patent application and a very full description is given in Uno et al. (2005),

which we follow closely. The method employs two defocused images, above and below

the Gaussian image plane. Each image is digitized and N radial line profiles are acquired

at constant angular steps; the k-th line profile corresponds to the angle α5 kπ/N. For each
line profile, the width (σ), asymmetry (μ) and curvature (ρ) are recorded. These are

defined by

σ5

P
j2pjP
pj

0
@

1
A

1=2

μ5

P
jpjP
pj

ρ5
σ2P
p2j

X
j6¼0

pj2 p0
� �

pj

jjj (41.19)

where pj; j5 0; 6 1; 6 2;? are the intensity values measured along the line profiles. j5 0

corresponding to the centre of the probe. The aberration coefficients of Eq. (41.18) up to

third order are then extracted from the following formulae:

992 Chapter 41



C15
1

N

X
ðσn;k 2σ0;kÞ

A15
2

N

X
ðσn;k 2σ0;kÞ expð2iαkÞ

B25
2

N

X
ðμn;k 1μ0;kÞ expðiαkÞ

A25
2

N

X
ðμn;k 1μ0;kÞ expð3iαkÞ

C35Cs5
1

N

X
ðρn;k 2 ρ0;kÞ

S35
2

N

X
ðρn;k 2 ρ0;kÞ expð2iαkÞ

A35
2

N

X
ðσn;k 2σ0;kÞ expð4iαkÞ

(41.20)

We note that Uno et al. also describe a complete protocol for implementing aberration

correction. Errors in the values of aberration coefficients obtained from Zemlin tableaux

have been estimated by Lentzen et al. (2004).

Shadow images or Ronchigrams. If a small probe is brought to a focus close to a specimen, the

aberrations of the probe-forming lens will affect the current distribution in the vicinity of the

Gaussian focus and in turn, the distribution in the far-field downstream from the specimen. This

observation has been used for many years to characterize the defects of glass lenses by obtaining

the shadow image of a grating close to the focus of the lens (see Ronchi, 1964, where references

to his pioneering work in the early 1920s are to be found). A similar method based on the

shadow of a grid was used by Sakaki and Maruse (1954), Kanaya et al. (1959b), Kanaya and

Kawakatsu (1960), Deltrap and Cosslett (1962), Deltrap (1964a,b) and Hardy (1967) to measure

quadrupole aberrations and by Rempfer (1985) to measure those of einzel lenses.

Such shadow patterns have come into use for studying STEM imaging (Cowley, 1979a,b; Lin

and Cowley, 1986) and the resemblance to Ronchi’s work led Cowley to describe them as

‘electron Ronchigrams’ (Cowley, 1980). They are now used routinely to measure and then

cancel aberrations in aberration-corrected STEMs. Here, we present the underlying theory and

indicate how the results are used in practice. For very complete studies, see Lupini (2011),

which includes much of his earlier work (Lupini, 2001) and Sawada (2015b). These are to some

extent complementary; Sawada, for example, gives the mathematical details explicitly.

Fig. 41.26 shows an electron beam being focused by a lens from which it is clear that the

shadow of the specimen will be distorted by the various aberrations of the lens. A ray

characterized by p15 (p1, q1) at the lens will strike the specimen at xo5 (xo, yo),
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xð1Þo 5rWðp1Þ1R1 (41.21a)

in which R1 denotes the probe position in the specimen plane. For a second ray,

xð2Þo 5rWðp2Þ1R2 (41.21b)

so that

xð2Þo 2 xð1Þo 5rWðp2Þ2rWðp1Þ1R22R1 (41.22)

For rays for which the difference between p1 and p2 is very small, we write p2 5 p1 1Δp

and hence

rWðp2Þ5rWðp1 1ΔpÞ
5rWðp1Þ1ΔpUrðrWðp1ÞÞ

(41.23)

Thus

Δx :¼ xð2Þo 2 xð1Þo 5ΔpUrðrWðp1ÞÞ1ΔR

¼: HpΔp1ΔR
(41.24)

and on expanding the derivatives, we obtain

Hp5

@2W

@p2
@2W

@p@q

@2W

@p@q

@2W

@q2

0
BBBB@

1
CCCCA

p

(41.25)

In the far field or shadow-image plane, we can identify the position coordinates with the

angular quantities (p, q) and this in turn allows us to regard Δp as the magnification of Δx.

Inverting Eq. (41.24), we have

Δp5H21
p Δx2ΔRð Þ (41.26a)

For a single object point, Δxo 5 0, therefore,

Δp52H21
p ΔR (41.26b)

This is the basis of one of the ways of obtaining the aberration coefficients that appear in

the Hessian matrix Hp. The shadow-image plane is divided into small patches, in each of

which Δp is measured and ΔR is known; the elements of Hp can hence be extracted

(Fig. 41.26b). This is the method used to measure aberrations in the Nion instruments

(Dellby et al., 2001; Krivanek et al., 1999a).

Kimoto and Ishizuka (2017) show that the low-order aberration coefficients can be

extracted rapidly and conveniently from the Fourier transform of two Ronchigrams of a

crystalline specimen. This has the advantage that it is not necessary to invert the matrix Hp

994 Chapter 41



Sample

Lens

Electrons

Aperture

x
p p

Shadow
image

(A)

Electrons
(B)

Aperture

Sample

Ronchigram

T

Figure 41.26
The Ronchigram. (A) Formation. (B) Division into small patches. After Lupini (2001),

Courtesy of the author.
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of Eq. (41.25). The theoretical basis of the method is given in full by Kimoto and Ishikawa

together with examples. The method yields values of the defocus, axial (twofold)

astigmatism, axial coma and threefold astigmatism.

Other methods. The method of Meyer et al. (2002, 2004) is based on focal series and has

the attraction that the specimen can be crystalline. As in the case of a Zemlin tableau, tilt

series are collected but here, a set of such series is recorded, one for each member of a

focal series. Formulae from which the lower order axial aberration coefficients can be

calculated are given explicitly by Meyer and are not reproduced here.

Saxton (1995a,b, 2015) exploits the shape and orientation of the patterns observed in

diffractograms recorded under many different tilt arrangements. Image shift is examined

separately. Explicit expressions are given in closed form for the axial aberration coefficients

of the lowest orders; many different tilt patterns, classified by symmetry, are analysed in

full detail. Saxton’s earlier suggestion (2000) that the orientation of the diffractogram can

be used to evaluate the aberration coefficients is likewise re-examined.

Lupini et al. (2016) have drawn attention to a way of using a pixelated detector in a STEM

to measure aberration coefficients very rapidly. The scattering distribution is recorded for

each position of the probe and the resulting four-dimensional data set yields an array of

real-space images. By cross-correlating these, the gradient of the aberration function and

hence the aberration coefficients can be obtained. The accuracy is excellent and the method

is not limited to aberrations of the lowest order.

We note that other methods have been proposed by Koster and de Jonge (1991), Koster and

de Ruijter (1992), Ishizuka (1994), Typke and Dierksen (1995), Stenkamp (1998),

Steinecker and Mader (2000), Ramasse and Bleloch (2005), Mitsuishi et al. (2006), Akima

and Yoshida (2014) and Sawada et al. (2017). A very ingenious method, in which two

narrow beams are selected simultaneously by means of a plate contains two apertures, was

devised by Nakagawa (1977). The pair of beams is scanned across a mesh (in a SEM) and

the aberration coefficients are extracted from the resulting double image.

In the early years of the subject, Becker and Wallraff (1938) and Mahl and Recknagel

(1944) devised methods of measuring aberrations. Seeliger (1948) obtained the third- and

fifth-order spherical aberration coefficients by measuring the displacement of a beam

incident on the lens at different angles of incidence. Table 41.1 illustrates his results.

41.3 Foil Lenses and Space Charge

41.3.1 Space Charge Clouds

The introduction of a space charge cloud into the path of a beam can in principle be

beneficial: if the charge distribution is such that the density increases approximately
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quadratically with the off-axial distance, an electrostatic lens free of spherical aberration

can be designed. The problem is to maintain such a cloud ‘stationary’, in order to avoid the

frosted-glass effect to be expected if the medium is fluctuating, and of course to create the

desired variation with radial distance. Various suggestions have been made, by Gabor

(1945a,b, 1947) and Scherzer (1947), and experiments were later performed by Ash (1955),

Ash and Gabor (1955) and by Haufe (1958). These were not sufficiently encouraging to

attract any successors apart from an isolated study by Le Poole (1972); in the latter, slow

electrons were injected at about 30� to the axis of a long magnetic lens in which they spiral

down the field, creating a supposedly beneficial space charge potential. The technique did

not, alas, live up to its inventor’s hopes.

The theory of space-charge lenses has also been examined in considerable detail. The

chromatic aberration and the thin-lens approximation to Cs are studied by Sturrock (1955; see

corrections by Typke, 1968/69) and expressions for all the geometric aberration coefficients

were established shortly after by Yao (1957a,b, 1958). The expression for the spherical

aberration coefficient in the presence of space charge obtained by Typke, (1968/69) was

reproduced in (35.149). Correction of Cs by means of space charge was subsequently studied

very thoroughly by Typke (1972a,b), who showed how the terms in ρ0 and ρ2 (7.54) in the

space-charge contribution could be used to cancel the familiar round-lens term.

There has been little further work on space-charge correction of electron lenses, apart from

a discussion by Meinel and Janssen (1985) of the homogeneous sphere of charge for which

Table 41.1: Focal length and spherical aberration coefficients in mm of some electrostatic lenses

Projector

Normal

Objective

Unsymmetrical

Objective

Objective with Thick

Central Electrode

Unsymmetrical

Objective

Immersion

Objective

f 30 6.1 6.0 6.8 8.8 6.6 3.9
C3 820 61.8 51.3 47.0 61.5 23.5 38.2
C5 ,2500 ,180 ,200 ,200 5400 ,200 ,250

For the first four lenses, the central electrode is at cathode potential. For the last three, the potential is 80%, 95% and 95%
of the cathode potential respectively. After Seeliger (1948).
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the spherical and chromatic aberration coefficients and focal length can be calculated

exactly. In ion optics, however, the use of space charge has aroused interest (Wang,

1995a�c; Tang (1996); Tang et al., 1996a,b; Chao et al., 1997; Orloff, 1997).

41.3.2 Foil Lenses

Despite the danger that the insertion of a foil into the path of the beam may create problems

comparable with those the corrector is intended to obviate, the associated methods of

correcting spherical aberration attracted attention for many years. In the earlier studies, very

thin foils were not available and it was thought preferable to use gauze, since scattering in

the foil would have been too great. The advantages and disadvantages of placing a fine

gauze across the path of the beam, thereby creating a discontinuity in φ0(z), were very
thoroughly analysed by Bernard (1952, 1953), Seman (1952), Verster (1963), Rus (1965)

and Barth (1967). The small holes in the gauze perturb the lens field (e.g. Bernard, Verster)

but, as the calculations and preliminary experimental results of Rus (1965) showed, this

perturbation can be tolerated if the gauze lens is designed to have negative spherical

aberration and is used to cancel the positive spherical aberration of a conventional lens. The

penetration of an electric field through a gauze has been calculated more recently by

Williams et al. (1995) and Read et al. (1999). Barth (1967) demonstrated that the adverse

effects of the holes in the gauze can be reduced by the use of several gauzes. Dekkers and

Le Poole (1968) then had the idea of using a superconducting coil carrying a persistent

current; this idea was very thoroughly explored by Dekkers (1969), who found that the foil

thickness necessary to carry sufficient persistent current for correction was probably

excessive. Conversely, a superconducting zone plate, designed so that the persistent

current improved the shape of the phase-contrast transfer function (Eqs 65.30 and 65.6 of

Volume 3) in the open rings, seemed very promising. The difficulties associated with both

foils and zone plates might be avoidable by using superconducting gauze. Dekkers’ work

concludes with an account of his measurements of the aberrations of a lens equipped with

current-carrying superconducting gauze: for different currents, he was able to obtain

overcorrection and undercorrection.

Since the beginning of the century, there has been a revival of interest in electron phase

plates, which may be physical films in the path of the beam (Zernike or Hilbert phase plates)

or local fields (Boersch phase plates, Boersch, 1947). We mention them here, though their

proper place is in Volume 3, because it is now realized that, since an aberration corrector

alters the phase of the beam, it can be thought of as a ‘phase plate’ (Typke, 2010; Clark

et al., 2013). Readers interested in this aspect of aberration correctors are referred to Danev

and Nagayama (2001, 2011), Danev et al. (2001, 2009), Nagayama (2005), Schultheiss et al.

(2006, 2010), Gamm et al. (2010), Dries et al. (2011, 2016), Edgcombe (2012, 2017a,b),

Edgcombe and Loudon (2012), Edgcombe et al. (2012), Perry-Houts et al. (2012),
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Verbeeck et al. (2012), Guzzinati et al. (2015) and Minoda et al. (2015, 2017). Another way

of employing a gauze for aberration correction has arisen in connection with multibeam

scanning electron microscopes (Section 50.6). In these, an electron beam is rendered parallel

by a condenser lens or collimator before falling on a perforated plate that creates many sub-

beams (van Bruggen et al, 2006a,b). These authors show that this perforated plate could play

the role of a gauze and hence help to correct the aberrations of the collimator. The papers of

Sannomiya et al. (2014), Linck et al. (2014, 2017), Shiloh et al. (2016) and Tavabi et al.

(2016) are of interest in this connection.

Typke’s study of space charge mentioned in Section 41.3.1 naturally led him to study

gauze and foil lenses (1972a,b). Some results and the design analysed are shown in

Fig. 41.27. A paper by Hoch et al. (1976) supplements this work, in that the primary

spherical aberration and paraxial chromatic aberration of electrostatic foil lenses with

curved foils are calculated numerically. Fig. 41.28 shows the axial potential distribution

and its first three derivatives in the vicinity of plane and curved foils; the radius of

curvature of the curved foil is 21.875 mm in their example; the bore diameter of the

inner electrode is 0.5 mm and of the outer electrodes of the symmetric einzel lens

studied, 1 mm. The centre of the outer electrodes is 4 mm from the symmetry plane.

There proves to be an optimum voltage ratio, for which Cs vanishes, for each value of the

radius of curvature of the foil. Since it is usually not possible to choose the radius, which is

determined by the electrical and mechanical forces acting on the foil in any given case, these

results allow us to estimate the sensitivity of the device when used for aberration correction.

In 1980, Scherzer described a spherically corrected foil-lens design that he believed

beneficial for phase-contrast electron microscopy: ‘Phase-contrast images should be possible

with a limit of resolution far below 1 Å’. The idea dated back to 1933, when Ernst Brüche

had suggested (in a conversation with Scherzer) that images could be formed with

‘lighthouse lenses’ (Leuchtturm-Linsen), in which the thickness distribution of the lens is

chosen astutely (cf. Scherzer, 1948). Thon and Willasch, unaware of Brüche’s suggestion,

created a phase plate with such a thickness variation (1970); see Section 66.5.3 and

Edgcombe (2017) for related endeavours. Scherzer gives a complete analysis of the optics of

his design (Fig. 41.29) and of its contrast-transfer properties.

During much the same period, Maruse, Ichihashi and others in the University of Nagoya

were also studying spherical correction by means of thin conducting foils. In their first

paper (Maruse et al., 1970a,b), they suggest that the undesirable effects of scattering in the

foil could be avoided by using the specimen itself or the supporting grid as the corrector,

and they present measurements of Cs for a hemispherical foil and for a plane foil close to a

small aperture, in conjunction with a magnetic lens. Much more detailed results, indicating

that the spherical aberration of the magnetic lens can be successfully compensated over a

wide angle, were presented by Ichihashi and Maruse (1971). The further theoretical studies

of Ichihashi and Maruse (1973) have been extended by Hibino and Maruse (1976), who
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discuss in detail the configuration of Fig. 41.30. They found that the third- and fifth-order

spherical aberrations were not corrected at the same foil potential with the result that

compensation of the third-order aberration of the magnetic lens slightly increased its fifth-

order aberration. The latter is, however, negligible up to angles of 25 mrad. Furthermore,

Figure 41.27
(A) A corrector grid located between the polepieces of a magnetic lens. (B) The focal length and

spherical aberration coefficient of the lens (A) as functions of the grid voltage NU, where U
denotes the accelerating voltage. The curves are normalized with respect to the value at N5 0 and

correspond to three different geometries. (C) Variation of the correction voltage N0U and the
voltage on the ring electrodes K0U with ring width l for various values of magnetic lens excitation
k2; l denotes the width of the ring electrodes and D their bore radius, r0 the distance of the field-
free point on the foil from the axis and h the half-width of the magnetic field. After Typke (1972a),

Courtesy Wissenschafliche Verlagsgesellschaft.
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the residual fifth-order spherical aberration varies with the geometry, and the authors believed

that it should be possible to find a configuration for which the angle can be appreciably

increased. Conversely, the chromatic aberration is slightly worse with the foil corrector in

action. The simultaneous correction of third- and fifth-order spherical aberration is shown by

Hibino et al. (1977), who contemplated using a foil corrector in a 400 kV STEM.

Subsequent developments may be traced in the papers of Hibino et al. (1978, 1981), Hanai

et al. (1982, 1984, 1994, 1995, 1998), Kuzuya et al. (1982, 1984), Hanai and Hibino (1984)

and Hibino and Hanai (1986), in which the emphasis is on the reduction of the probe-size

in scanning instruments. Fig. 41.31 shows the arrangement of foil lens and objective

employed by Hanai et al. (1984) in a STEM with encouraging results. Scattering in the foil

was studied simultaneously by Sugiyama et al. (1984). Kato and Sekine (1995, 1996) have

examined the properties of spherical meshes instead of plane grids and found that,

depending on the geometry, negative spherical aberration can be obtained. Correction of a

four-electrode lens was simulated. In their second paper, the adverse effect of the holes in

the mesh is calculated. Their approach was reconsidered by Matsuda et al. (2005), who

showed that an ellipsoidal mesh performs better than a spherical shape.

Figure 41.28
Correction of spherical and chromatic aberration by means of charged foils. Distribution of
potential φ and its derivatives close to the foil. After Typke (1972a), Courtesy Wissenschafliche

Verlagsgesellschaft.
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Figure 41.29
The foil-lens corrector designed by Scherzer. After Scherzer (1980), Courtesy Wissenschaftliche

Verlagsgesellschaft.

Figure 41.30
The foil-lens corrector studied by Hibino and Maruse. In their experiments, R5 0.25 mm and

t5 0.1 mm. After Hibino and Maruse (1976), Courtesy Japanese Electron Microscopy Society.



The use of aspherical meshes had already been considered by van Gorkum (1983) and van

Gorkum and Beirens (1986), who explored mesh or foil shapes based on the zero-order

Bessel function J0. An experimental lens incorporating such a foil was constructed and

performed as predicted.

The properties of a double-foil corrector, first examined long ago by Gianola (1950a,b),

have been estimated by Thomson and Jacobsen (1971) and Thomson (1973), who planned

to use such a corrector in a high-resolution Auger electron microscope (King et al., 1978).

For further information on double-foil structures, see Meisburger and Jacobsen (1982).

For their studies on electrostatic and magnetic lenses containing charged foils, Munro and

Wittels (1977) derived a convenient unified expression for the aberration coefficients of

Figure 41.31
The arrangement used by Hanai et al. to reduce probe-size with the aid of a foil. (A) Cross-section

and (B) ray diagram. After Hanai et al. (1984), Courtesy Japanese Electron Microscopy Society.
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round lenses; these have already been mentioned in Section 35.4. Wittels (1975) and

Wittels and Jacobsen (1975, 1976) had tested an einzel lens, the outer electrodes of which

were closed with electron-transparent foils consisting of carbon films about 12 nm thick; the

measurements were not very accurate but they did show that the sign of the spherical

aberration coefficient could be reversed. Many properties of foil lenses have been studied

theoretically by van der Merwe (1978a�c, 1979a,b, 1981a,b).

A very different way of using thin foils for correction has been investigated by van Aken

(2005; van Aken et al., 2002a,b, 2004, 2010). Here, the unexpected finding of Seah and

Dench (1979) that the mean free path of electrons in metals increases at very low energies

is exploited. The corrector consists of a thin metal foil sandwiched between two plane

electrodes, the role of which is to retard the electrons to an extremely low energy in front

of the foil and then to accelerate them after they have passed through it; the system is

shown schematically in Fig. 41.32. If the foil is sufficiently thin, the electrons pass through

ballistically. The optics of the device is described in detail in the papers cited. The authors

point out that it is prudent to use the primitive form of Cs (24.46) in calculations, before

any partial integration has been performed.

The treatment of discontinuities is studied by Dodin (1983).

Figure 41.32
The van Aken foil corrector. (A), Basic design. (B) The position of the corrector in a microscope.

After van Aken (2002a), Courtesy Elsevier.
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41.4 Axial Conductors

The presence of conductors on the axis of a lens has the obvious drawback that the axial

zone is excluded from the image-forming process and the beam must form a hollow cone.

Gabor (1946) proposed a system subsequently studied in detail by Dungey and Hull (1947)

that provided some measure of zonal correction. This contained three axial conductors.

The suggestion was taken up by Wilska (1961) and Lenz and Wilska (1966, 1966/67) and

by Kunath (1968, 1970, 1972, 1976, 1976/77). A simpler version with a single axial

element, which could equally be used to carry current and hence produce a magnetic field,

has also been considered (Dupouy et al., 1964; Marais, 1970; Communay and Marais,

1971). Lenses with one or more axial elements have been reconsidered, with high-energy

ions in mind, by Krejcik et al. (1979, 1980a,b) and Krejcik (1980), cf. Liebl (1979) and

Ovsyannikova and Pasovetz (1987). The optics of conical-beam systems was studied by

Noven (1963, 1964, 1965). See also van der Merwe (1981c). An image-processing

technique based on hollow-cone illumination may be found in the work of Kitade et al.

(2008), Taya et al. (2008) and Takai et al. (2008).

In the early days of electron tomography, Hoppe (1972) described a three-dimensionally

imaging electron microscope, which included a lens with an axial electrode. The optics of

such a lens was studied in detail by Typke (1981) and Plies (1981). Such core-lenses were

reconsidered by Nishi and Takaoka (2012a,b) and Takaoka et al. (2015) for situations in

which large tilts are required. Khursheed and Ang have returned to Scherzer’s suggestion

that the presence of an axial electrode would make aberration correction possible

(Khursheed and Ang, 2015, 2016a,b). Their design for a corrector for a probe-forming lens

is shown in Fig. 41.33; Fig. 41.33A shows the general layout and Fig. 41.33B and C show

possible designs for an electrostatic and a magnetic corrector. If both electrostatic and

magnetic fields are included, chromatic aberration can also be corrected in principle.

Khursheed and Ang point out that it will not be easy to create the necessary excitations in

the chromatic corrector. A possible configuration is shown schematically in Fig. 41.34. The

use of an annular beam for aberration correction has also been revived by Kawasaki et al.

(2015, 2016a,b, 2017a,b) in their annular-circular-electrode (ACE) corrector. The device

consists of two plane electrodes separated by a thin insulator. The first electrode has a

circular opening while the second has an annular slit (Fig. 41.35). The latter acts as a

diverging lens and the overall spherical aberration coefficient can be negative; any image

will be formed by a cone beam. The dimensions of the device are shown in Fig 41.36A and

details of its construction in Fig. 41.36B. The corrector has been tested in a Hitachi STEM,

where it was attached to the regular aperture-holder. Annular dark field images of CeO2 are

very promising. See also Oguni et al. (2017), Yoshida et al. (2017) and Lee et al. (2017).

The parasitic aberrations arising from ellipticity of a ring electrode have been studied by

Kasper (1968/69b).
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41.5 Mirrors

When the direction of motion of the electrons is reversed, as it is in an electron mirror, the

angle of inclination of the beam to the optic axis rises to π/2 and Scherzer’s theorem is no

longer applicable. Since electron mirrors can be convergent or divergent, it should be

possible to find combinations of lens and mirror for which the spherical aberration is

cancelled and a number of low-energy-electron microscopes and photoelectron emission

microscopes have indeed been corrected in this way. One early design was discussed by

Zworykin et al. (1945) and again by Septier (1966) but this had the double disadvantage
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Figure 41.33
The Khursheed�Ang on-axis corrector. (A) The spherical aberration corrector and probe-forming

lens. (B) Electrostatic version. (C) Magnetic version. After Khursheed and Ang (2015), Courtesy
Cambridge University Press.

1006 Chapter 41



that the object or target lay in a strong electric field and very little space was available to

the beam. This idea was revived by Słowko (1973, 1975). A rather different arrangement

(Fig. 41.37) uses the rotation within a magnetic lens to separate the incoming and outgoing

parts of the beam (Kasper, 1968/69b; see also Hawkes, 1980). Neither system has been

tested in practice.

Mirror studies have been revolutionized by the growing interest in LEEM and PEEM. The

evolution of these is briefly described in Section 37.3 and at length by Bauer (2014); here

we describe the optics of mirror correctors, and especially those designed for the SMART
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The Khursheed�Ang on-axis corrector. (A) Chromatic aberration corrector. (B) A practical design.

After Khursheed and Ang (2015), Courtesy Cambridge University Press.

Incident 
electron beam

Figure 41.35
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instrument, PEEM-3, the MAD-LEEM of Mankos and Shadman (2013) and that designed

by Tromp et al. (2010, 2013). Pioneering studies had been made by Rempfer and Mauck

(1985, 1986, 1992), Rempfer (1990a) and Rempfer et al. (1997) and by Shao and Wu

(1989, 1990a,b), who considered four-element mirrors (cf. Rempfer, 1990b). Tsuno et al.

(2009) also describe a mirror corrector for a LEEM.

The central element of the SMART LEEM�PEEM is the magnetic beam separator shown in

Fig. 41.38. Fig. 41.39A shows how it could be incorporated in a transmission electron

microscope, where a tetrode mirror (Fig. 41.39B) provides the aberration correction. A mirror

with fewer than four electrodes cannot provide the flexibility needed to vary the spherical and

chromatic aberration coefficients and the focal length independently. In the complete SMART

(Fig. 41.39C), electron and X-ray sources are present for LEEM or PEEM operation (Rose and

Preikszas, 1992; Preikszas and Rose, 1994, 1995, 1997; Fink et al., 1997; Wichtendahl et al.,
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Figure 41.36
The ACE corrector. (A) Dimensions of the device. (B) Assembly of the different parts. After

Kawasaki et al. (2016a), Courtesy Wiley.
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1998; Müller et al., 1999; Preikszas et al., 2000; Hartel et al., 2000, 2002; Schmidt et al.,

2002, 2007; Rose et al., 2004; Bauer, 2008, 2018). This elegant configuration is too complex

for routine instruments and simpler arrangements (Figs 41.40 and 41.41) have been described

by Tromp et al. (2010, 2013) and Mankos (Mankos et al., 2012; Mankos and Shadman, 2013).

At a LEEM�PEEM congress in 2006, Thomas Schmidt showed a schematic diagram of the

unusual arrangement of the instrument built by Elmitec. This was reproduced by Bauer (2014)

and is included here as Fig. 41.42. Another highly perfected design is PEEM-3 at the

Figure 41.37
Correction of spherical aberration by combining an electron lens and a mirror. (A) Arrangement
of electrodes and polepieces and the corresponding field and potential distributions. The object is

placed at O (r5 0, z5 a). (B) Separation of the incident beam from the returning beam. The
rotation due to the coil twists the incident beam away from H* to H, after which the beam

traverses the object and is reflected by the mirror. An intermediate image is formed at O0 and the
returning beam is twisted from H0 back to H*, after which it retraces its original path and enters

the projector system. After Kasper (1968/69a), Courtesy Wissenschaftliche Verlagsgesellschaft.
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Advanced Light Source in Berkely, CA (Fig. 41.43). Here too, correction is provided by a

tetrode mirror. For a clear account of the optics, see Feng and Scholl (2008, 2018). The

progress of the instrument can be followed in Wan et al. (2004, 2006), Wu et al. (2004),

Feng et al. (2005) and Schmid et al. (2005). A new design that will permit ultrafast operation

and the use of a spin-polarized beam is described by Wan et al. (2017); the many elements of

the instrument can be seen in Fig. 41.44.

A novel design has been proposed by Dohi and Kruit (2017), the S-corrector, illustrated in

Fig. 41.45. This is much more compact than the other instruments mentioned here. An

alternative geometry is also included in Fig. 41.45. This compact design should be capable

of correcting the objective aberrations of scanning electron microscopes.

Crewe has suggested that the properties of a uniform magnetic field and a mirror field

could be combined to make an unusual type of corrected image-forming instrument, in

which the beam traverses the specimen to which it returns free of spherical aberration after

reflection at the mirror (Crewe, 1992; Crewe et al., 1995, 2000; Tsai, 2000).

Figure 41.38
The SMART beam separator. After Hartel et al. (2002), Courtesy Elsevier.
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Finally, we mention a design by Yakushev and Aldiyarov (2014) in which a corrected

(virtual) image is formed in a plane very close to the uncorrected image and extracted by

means of a magnetic deflector.

41.6 High-Frequency Lenses

41.6.1 Spherical Correction

Interest in electron lenses with time-varying fields goes back to the 1930s and, in particular,

to the work of Neßlinger (1939), who examined the behaviour of an einzel lens excited by

connecting not a static voltage but a high-frequency supply to the central electrode.

A deflection system chopped the incident beam into pulses and Neßlinger showed, on the

basis of a simple model, how the focal length of the lens would vary with the phase of the

r.f. cycle when the electron pulse arrives and with the transit time. The focal length may be

positive or negative and for a particular choice of transit time and entry phase, the lens will

be achromatic for a narrow range of entry phases about the central value. It is therefore to
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Figure 41.40
The IBM LEEM with spherical and chromatic correction. MPA: multiprism array; M and P are

magnetic lenses. After Tromp et al. (2010), Courtesy Elsevier.
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Neßlinger that we owe the important notion of the phase condition, the condition for which

a high-frequency lens will be least sensitive to entry phase and hence provide the highest

current in the sense that the pulses need not be excessively narrow. Later proposals

involving high-frequency lenses that do not respect this condition are thus of little value;

this is the case for the correctors described by Zworykin et al. (1945) and by Kompfner

(1941), who consider a system in which an electron pulse sets out from a point on the axis;

electrons that remain close to the axis arrive sooner than those that travel nearer the

periphery so that if the lens strength is reduced, the effect of spherical aberration on the

outer electrons can in principle be reduced. This simple picture may help to explain why

the high-frequency lens came to be regarded as capable of correction but the true behaviour

cannot be understood without considering both entry phase and transit time (or in other

words, the part of the cycle traversed by the electron pulse). Fig. 41.46 shows Neßlinger’s

system and focal length curves.

Figure 41.41
The monochromatic, aberration-corrected, dual-beam, low-energy-electron microscope (MAD-

LEEM) of Mankos and Shadman. After Mankos and Shadman (2013), Courtesy Elsevier.
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Figure 41.43
The X-ray photoemission electron microscope PEEM-3. After Feng et al. (2005), Courtesy Institute of

Physics Publishing.

1014 Chapter 41



The need to satisfy the phase condition in any attempt to defeat spherical aberration was

clearly realized by Scherzer (1946, 1947), who discussed the design illustrated in

Fig. 41.47. The working conditions that he estimated are indeed such that the condition

is satisfied and there is no reason to believe that his lens would not behave as

predicted (subject to some improvement in the shape of the cavity for operation in

the gigahertz range.).

Several theoretical works followed, by Gabor (1950a), Sturrock (1955), Gallagher (1969)

and Butler (1970). The work of Sturrock is particularly noteworthy in that a method of

studying the theory of image formation in such systems is set out very fully. In Butler’s

paper, it seems that the phase condition is not respected. The proposal of Gallagher is to use

a cavity excited in the TE mode (the other suggestions implicitly or explicitly use the TM

mode); this would be attractive, since TE-mode cavity lenses can be much less sensitive to

the entry phase than TM-mode cavities, were it not for the fact that the power required to

achieve a short focal length is prohibitive.

Figure 41.44
Layout of an aberration-corrected, ultrafast, spin-polarized LEEM. MPA: multiprism array; CL
condenser lens; TL: transfer lens; MTL: magnetic transfer lens; OBJ: objective; ETL: electrostatic

transfer lens. After Wan et al. (2017), Courtesy Elsevier.
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During the 1970s, four distinct lines of research can be identified: a series of attempts by

Vaidya and colleagues to correct the spherical aberration of a magnetic lens by means of a

‘synklysmotron2’, a combination of two cavities, one acting as a buncher, the other as a

2 Synklysmotron is derived from a Greek word meaning ‘washing together on a beach’. The name

‘synklysmotron, therefore, stands for a process of washing the electron waves by means of electromagnetic

waves, so as to clean them of aberrations’ (Vaidya, 1972).

Figure 41.45
Novel corrector designs of Dohi and Kruit. (A) S-corrector. (B) K-corrector. After Dohi and Kruit

(2017). Courtesy the Japanese Society of Microscopy (A) and P. Kruit (B).
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corrector (Vaidya and Hawkes, 1970; Vaidya, 1972, 1975a,b; Garg and Vaidya, 1974;

Vaidya and Garg, 1974; Pandey and Vaidya, 1975, 1977, 1978); derivation of formulae for

many of the aberration coefficients by Matsuda and Ura (1974a,b) and Hawkes (1983a,b); a

thorough study of the fields inside re-entrant cavities and of their paraxial properties by

Oldfield (1971, 1973a,b, 1974, 1976); and a proposal for a high-voltage electron

microscope incorporating high-frequency lenses and superconducting lenses (Dietrich et al.,

1975; Passow, 1976a,b,c; Dietrich, 1976, 1978). The last proposal is a natural development
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of the experimental attempts of Watanabe et al. (1974) and Anazawa et al. (1975) to couple

a pulsed field-emission gun to a linear accelerator for microscopy in the 5�10 MV range.

The progress made by Vaidya and colleagues in the design of synklysmotron lenses for

various applications � electrostatic or magnetic objective and probe-forming lenses �
culminated in a proposal for a corrected high-voltage system to be placed between the final

condenser and the objective of a 5 MV microscope (Pandey and Vaidya, 1977). Oldfield

(1973a) had pointed out that some of their earlier estimates may have been over-optimistic.

By far the most complete study of microwave cavities as electron lenses is that of Oldfield.

This is based on full calculation of the field in the cavity by means of an iterated relaxation

technique. The variation of the space and time cardinal elements is discussed at length and

illustrated with numerous graphs and tables. These show clearly, in the frequency range

considered (around 3 GHz), the conditions in which cavity lenses will be divergent and

convergent and the sensitivity of the various characteristics to changes. A rotationally

symmetric chopper capable of providing picosecond pulses was designed on the basis of

this (Oldfield, 1976). The beam choppers then in use were criticized by Menzel and

Kubalek (1978) on the grounds that each was only suitable for its own particular

application. A more versatile system was proposed and its performance analysed; a much

improved chopper was later described by Fehr et al. (1990). Fig. 41.48 shows how a

microwave cavity could be used to correct a magnetic lens.

Finally, we turn to the very ambitious project described by Dietrich et al. (1975) and further

discussed by Passow (1976a�c), Dietrich (1978) and Strojnik and Passow (1978a,b). The

suggestion here is that the technology already developed in the field of particle accelerators

Figure 41.47
Scherzer’s high-frequency einzel lens for elimination of spherical aberration. After Scherzer (1947),

Courtesy Wissenschaftliche Verlagsgesellschaft.

1018 Chapter 41



(e.g. Hartwig and Passow, 1975) should be combined with work on superconducting lens

design (Dietrich, 1976, 1978; Bonjour, 1976; Hawkes and Valdrè, 1977) to produce a very

high-voltage pulsed-beam electron microscope. (The paper by Strojnik and Passow (1978a)

considers what conventional lenses for such a microscope would be like.) This projected

instrument (Fig. 41.49) is discussed briefly in the context of other new or avant-garde

machines by Riecke (1977), Herrmann (1978) and Cosslett (1978). There has been no

further work on this proposal; one reason for this may be that the restrictive relation

between geometry, microwave frequency and accelerating voltage is undoubtedly a major

inconvenience.

41.6.2 Chromatic Correction

The ideal corrector of chromatic aberration would redistribute the energies of the beam

electrons in such a way as to reduce the range of energies present. A way of achieving this

has been proposed by Schönhense and Spiecker (2002a,b, 2003), with LEEM and PEEM

(Section 37.3) in mind. The trigger that provokes emission of electrons by the specimen is

now pulsed. The electrons are accelerated and collimated as usual before entering a drift

space, in which the faster electrons draw away from the ‘field’, like racehorses or Formula

One cars. Beyond this drift space is a pulsed accelerator segment, which is switched on

when the faster electrons have already passed; the slower electrons are speeded up and

Figure 41.48
Oldfield’s design incorporating a microwave cavity in the gap of a magnetic lens. After Oldfield

(1973a), Courtesy the author.
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acquire more energy than the faster ones. The beam energy has thus been redistributed and

the chromatic aberration of the subsequent lens should generate a smaller spot than in the

absence of the device. The principle is shown in Fig. 41.50. Schönhense and Spiecker

suggest that a similar device could be used to correct the spherical aberration of an

electrostatic lens. Here, a pulsed beam is again used and the lens strength is changed

abruptly when the pulse reaches the centre of the lens. The field encountered by the

electrons is thus discontinuous and Scherzer’s theorem does not apply.

Khursheed (2005) has also suggested a means of achieving dynamic correction of chromatic

aberration in low-voltage scanning electron microscopes, based on his design for a low-

voltage time-of-flight electron emission microscope (Khursheed, 2002). Here again, the

beam electron pulses traverse a drift space after being decelerated to a very low energy

(typically 5�20 eV); on emerging, they are accelerated but while in the drift space, they

will have become dispersed in space and time. The objective lens now consists of both

polepieces and electrodes. The voltage on the latter is ramped in synchronism with the gun

Figure 41.49
The ultrahigh-voltage microscope proposed by Dietrich et al., incorporating a microwave
accelerator and superconducting lenses. After Dietrich et al. (1975), Courtesy Wissenschaftliche

Verlagsgesellschaft.
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pulses so that electrons arriving at different times with different energies are all focused at

the same plane. This could be achieved by means of a triangular waveform (Fig. 41.51).

For many more details, see Khursheed (2005).

41.7 Other Aspects of Aberration Correction

Perhaps the most celebrated proposal for aberration correction is absent from the foregoing

accounts, not because it has failed but because its explanation requires wave optics, which

is the subject of Volume 3. The method in question is holography, which Gabor originally

introduced (1948, 1949) as a means of eliminating the effect of spherical aberration from a

micrograph recorded with an uncorrected microscope. This technique properly belongs with

the various geometrical optics correction techniques already described, therefore. Although

holography is no longer regarded as an aberration-correction technique, it is gratifying to

note that Tonomura et al. (1979), Franke et al. (1987), Lichte (1991, 1993, 1995) and Fu

et al. (1991) have shown that Gabor’s original plan does work. Today electron holography

is often performed on corrected microscopes.

Otherwise, there have been a number of suggestions for aberration correction that do not fit

into the earlier sections. Proposals such as those of Kas’yankov (1950, 1952, 1955), Dutova

and Kas’yankov (1963), Taganov and Kas’yankov (1964, 1965, 1967), Taganov (1966) and

Gurbanov and Kas’yankov (1966, 1968) for minimizing various aberration coefficients have

Figure 41.50
Inversion of the electron energy distribution as a means of overcoming chromatic aberration.
(A) Cross-section of the device. (B) The electron energy distribution before and after passage
through the corrector. After Schönhense et al. (2002), Courtesy the American Institute of Physics.
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lost much of their interest in the face of more powerful computer-aided design techniques

such as that introduced by Moses (1971, 1973) and applied by him to various problems

(Rose and Moses, 1973; Moses, 1974). The use of a compound lens consisting of a strong

lens with the object beyond the focus and hence producing a virtual image followed by a

weak lens to convert the latter into a real image (Marton, 1939; Marton and Bol, 1947) is

no longer attractive now that condenser-objective and even second-zone lenses are in

routine use.

An egregious system with negative chromatic aberration was devised by Gabor (1950b,

1951), who considered systems with helical optic axes. The necessary fields could be

created by helical electrodes with the same pitch or even by coaxial cylinders. He showed

that, subject to certain conditions, electrons perform a ‘radial, simple harmonic oscillation’

about the helical axis. For a suitable choice of the pitch of the helix, an electron beam will

exhibit no lateral chromatic aberration at the sequence of image planes along the helix.

An electrode design for a helical lens is shown in Fig. 41.52.

The needs of ion optics have led Dalglish (1981) and Dalglish et al. (1983a,b) to examine

the behaviour of two pairs of rods, each forming a deflector (the so-called ‘Caledonian

quadruplet’); this is mentioned by McKee and Smith (1989).

41.8 Concluding Remarks

From this account of the many ways of correcting spherical and chromatic aberration in

electron microscopes and related instruments, it is clear that correction of the coefficients of

lowest order, Cs and Cc, is only a first step towards any real improvement in their resolution

ΓO

Γi

Φ/ΦO=3.55 1 0

0.455

Figure 41.52
Electrode design for a helical lens. After Gabor (1951), Courtesy Institute of Physics Publishing.
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unless the uncorrected instrument is not operating at its highest performance. The other

third-order aberrations, parasitic aberrations and higher-order aberrations must all be kept

under control. This point has been recognized and addressed by the designers of modern

sextupole and quadrupole�octopole correctors and mirror correctors but is not taken into

account in the other approaches to aberration correction. It is therefore not likely that any of

these will become real rivals of the types of corrector that have proved their worth in the

past few years.

Other types of corrector, in particular those with curved optic axes, are examined in

Chapter 52, Sector Fields and Their Applications.

We have not discussed here the stability of the correction process. This important aspect is

considered by Schramm et al. (2012), Barthel and Thust (2013), Tromp and Schramm

(2013) and Kisielowski et al. (2015).
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CHAPTER 42

Caustics and Their Uses

42.1 Introduction

Hitherto we have considered the aberrations in electron optical systems mainly as a

geometric effect in the sense that we have focused our attention on the geometric shifts

between real and ideal image coordinates. Another important branch of the electron optical

imaging process is concerned with the intensity distribution in the vicinity of a recording

plane. Surfaces exist over which the electron intensity is very high; these surfaces are

characterized by the fact that neighbouring rays intersect one another on them. Such

surfaces, known as caustics, are of great interest in practice, since their intersections with

the recording plane are seen as lines of very high current density.

The intensity distributions in electron beams will be dealt with in some detail in

Chapter 47, Brightness, but the theory of brightness outlined there is developed mainly

with electron guns in mind. Here we shall make some simplifications, since the study of

the influence of aberrations on the intensity distribution otherwise becomes too

complicated.

42.2 The Concept of the Caustic

In the following account we shall essentially follow Glaser (1952). Caustics have also been

studied by Kanaya and Kawakatsu (1960a, 1960b), Kanaya et al. (1959a, b. 1990), Lenz

and Hahn (1953), Scheffels et al. (1953), Lenz (1956) and Tavabi et al. (2015). Kimoto

et al. (2003) have used caustic figures for coma-free alignment.

Let us consider all trajectories that start from a fixed object point Po with coordinates

ro(xo, yo, zo). Each particular ray is then uniquely defined by a set of three additional

parameters (α, β, U), where α and β are, for instance, initial slopes or coordinates of

intersection with a given aperture plane, while U is a measure of the energy. Thus

x5 x ro;α; β;U; zð Þ; y5 y ro;α; β;U; zð Þ (42.1)

For reasons of conciseness we shall omit parameters that are kept fixed; here these are the

coordinates xo, yo, zo and the energy U. We now consider two neighbouring rays, given by
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x1 5 x α;β; zð Þ y1 5 y α; β; zð Þ
x2 5 x α1Δα; β1Δβ; zð Þ y2 5 y α1Δα; β1Δβ; zð Þ

For very small increments Δα and Δβ, x2 and y2 can be expanded as Taylor series, which

are then truncated after the linear terms:

x25 x11
@x

@α
Δα1

@x

@β
Δβ

y25 y11
@y

@α
Δα1

@y

@β
Δβ

The condition for the two rays in question to intersect takes the form

@x
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Δβ5 0
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@y
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Δβ5 0

This system of equations has nonzero solutions for Δα and Δβ only if the determinant of

the coefficients vanishes:

D α; β; zð Þ :¼ @x

@α
@y

@β
2

@x

@β
@y

@α
5 0 (42.2)

This is the essential condition for the existence of a caustic, since together with (42.1),

(42.2) describes a surface in the three-dimensional space. A two-dimensional section

through a caustic has already been seen in Fig. 5.5.

The mathematical representation of the caustic can take different forms. We can, for

example, solve Eq. (42.2) for z, which gives a number n of different roots:

z5 zj α; βð Þ; j5 1 . . . n (42.3a)

These can be introduced into (42.1) in order to determine

x5 xj α;βð Þ; y5 yj α; βð Þ; j5 1 . . . n (42.3b)

These relations now form a parametric representation of n different surfaces: these are the n

different branches of the caustic. They may be separate, tangent to each other or intersect

each other. In general, the whole caustic will thus have a very complicated structure: some

typical examples will be presented below. The above representation is the most general, but

is not always very convenient. In many practical cases there is a field-free image space

behind the system in question. Both the recording plane z5 zi and the plane z5 za of the

exit pupil are then located in this space. We now identify the parameters α5 xa and β5 ya
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with the Cartesian ray coordinates referring to the aperture plane z5 za. The rays, being

straight lines in field-free space, can be written

x5 xa1 z2 zað Þ p xa; yað Þ; y5 ya 1 z2 zað Þ q xa; yað Þ (42.4)

where p and q denote their slopes. With the abbreviations

σ5
1

z2 za
; A115

@p

@xa
; A12 5

@p

@ya

A215
@q

@xa
; A22 5

@q

@ya

���������
(42.5)

the caustic condition (42.4) can be put into the convenient form

σ1A11 A12

A21 σ1A22

����
����5σ2 1σ A111A22ð Þ1A11A222A12A215 0 (42.6)

This can be interpreted in the following two ways.

i. We may prescribe reasonable values for xa and ya; Eq. (42.6) is then a quadratic

equation for the reciprocal distance σ at which the particular ray is tangent to the

caustic. There are no more than two such points.

ii. We may prescribe a fixed reference plane z5 const 6¼ za and hence σ5 (z2 za)
2l.

Eq. (42.6) is then a condition from which the values of the coordinates xa and ya may

be found. This may be considered as the equation of a curve in the (xa, ya)-plane, called

the basis-curve (Glaser, 1952). It has the following concrete meaning: all rays that are

tangent to the caustic in the reference plane (z) intersect the aperture plane along the

basis-curve. A typical example is shown in Fig. 42.1.

For practical purposes, (42.6), having the form f(xa, ya, σ)5 0, is inconvenient. It is better

to introduce an additional parameter τ and write the solution in the form

xa 5 xa z; τð Þ; ya 5 ya z; τð Þ (42.7)

Introducing this into Eq. (42.4), we obtain the caustic equations in a hybrid Cartesian-

parametric form x5 x(z, τ), y5 y(z, τ). Since the caustic consists of different branches, the
same must, of course, hold for the basis-curves.

42.3 The Caustic of a Round Lens

We study first � as a comparatively simple example � the caustic of a round lens at high

magnification M. For reasons of simplicity we assume that the corresponding object point is

located on the optic axis and quite near to the focal point on the object side of the lens.

Without loss of generality we may choose the image principal point as the origin of the
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axial scale and also as the centre of the aperture, so that za5 0. The asymptotic

representation of a ray starting with an aperture angle α and passing through a lens with

focal lengths fo and fi and spherical aberration coefficient Cs is then given by

r z;αð Þ5α fo 1
zfo

Mfi
2

α2Csz

fi

� �
1O α5

� �
(42.8)

The reciprocal magnification M�1 may pass through zero and change sign, but |M�1| will be

so small that we need not consider the variation of Cs with M.

The second parameter β is the azimuth ϕ round the optic axis; thus (42.1) takes the form

x z;α;ϕð Þ5 fo1 zfo=Mfi2α2Csz=fi
� �

α cosϕ

y z;α;ϕð Þ5 fo1 zfo=Mfi2α2Csz=fi
� �

α sinϕ
(42.9)

ya

xa
z

y

z

Aperture plane

Beam axis

x

ϕ

Reference plane

Figure 42.1
Basis-curves in the aperture plane and lines of intersection of the caustic with the corresponding

reference plane. After Glaser (1952), Courtesy Springer Verlag.
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The caustic condition (42.2) now becomes

fo 1 zfo=Mfi2 3α2Csz=fi
� �

r z;αð Þ5 0

One possible root is r(z, α)5 0 which yields the axial singularity of the caustic. The more

interesting root results from the vanishing of the other factor:

z αð Þ5 fofi

3α2Cs2 fo=M
(42.10a)

Introducing this into (42.8), we obtain the radial caustic coordinate:

r αð Þ5 2α3foCs

3α2Cs2 fo=M
(42.10b)

and with this the lateral coordinates

x α;ϕð Þ5 r αð Þ cosϕ; y α;ϕð Þ5 r αð Þ sinϕ (42.10c)

The caustic is clearly a rotationally symmetric surface, as it must be in the present example.

It is hence sufficient to investigate an axial section through the caustic. A study of the

basis-curves is not particularly illuminating here. It is clear that the basis-curve referring to

a plane z5 const and located in the principal plane za5 0 must be a circle. Its radius is

rB5αfo, α5α(z) being a solution of (42.10a) for α.

When discussing the geometric shape of the caustic, we have to distinguish between two

essentially different cases, in one of which the caustic has an axial cusp while in the other

the caustic has an off-axis waist. The first case arises when 3α2
MCs, fo|M|�1, αM being the

maximum aperture angle. The denominator in Eq. (42.10a,b) can then never vanish. For the

following discussion the sign of M is irrelevant, so that the same formulae are valid for real

and virtual focusing alike.

The position of the cusp is obtained from Eq. (42.10a):

α5 0; zs :¼ z 0ð Þ52Mfi (42.11)

In practice it is usually sufficient to study only the vicinity of this point; it is then

permissible to carry out a power series expansion with respect to α and truncate this after

the nontrivial terms of lowest order; we obtain

z αð Þ52Mfi2 3α2M2Csfi=fo1O α4
� �

r αð Þ5 2MCsα31O α5
� � (42.12)
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It is now easy to eliminate the parameter α, giving

r zð Þ5 2Cs

M2

f0 zs2zð Þ
3fiCs

� �3=2
; z# zsð Þ (42.13)

This is the familiar Neile parabola for the spherical aberration, which is shown in Fig. 42.2.

Since |α|#αM, the caustic occupies only a finite part of this curve.

The caustic with a waist will be obtained if the denominator of Eq. (42.10) has a zero. The

caustic then extends to infinity in the positive and negative directions. One part of it has an

axial cusp, as in the former case, and corresponds to pure virtual focusing. The other part

may form a waist, as shown in Fig. 42.3. The position of the waist is found by writing

dr/dα5 0 in (42.10b); for M . 0, we find

αw5

ffiffiffiffiffiffiffiffiffi
fo

MCs

r
; zw 5

1

2
Mfi; rw5 foαw (42.14)

The curvature of the waist is given by

d2r

dz2

� �
w

5
rw

3z2w
. 0 (42.15)

r

z

Figure 42.2
Caustic for a round lens. In this example, the caustic consists of a real branch terminating in a

cusp and a virtual branch with a waist.
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A structure like that shown in Fig. 42.3 occurs in all devices in which the electron beam is

as nearly as possible parallel.

42.4 The Caustic of an Astigmatic Lens

This question has been investigated in great detail by Glaser (1952). The astigmatism may

be caused by imperfections of the rotational symmetry or by skew propagation of the beam

through the lens.

For a fixed off-axis object point the coma can always be eliminated by means of a suitably

placed off-axis circular aperture and the distortion by a lateral shift of the image

coordinates. It is then favourable to introduce a curved and deflected beam axis passing

through the given object point, the centre of the aperture, and through the image point

shifted by distortion. Relative to this beam axis, the remaining aberrations can be

considered as those of an isoplanatic approximation. This approximation, dealt with in

detail in Chapter 31, Parasitic Aberrations, will be made here so that the lateral coordinates

are now measured relative to the beam axis.

In the isoplanatic case we consider the defocus, the axial chromatic aberration, the two-fold

astigmatism and the spherical aberration. For simplicity we shall assume that the space

between the aperture and the reference or recording plane is field-free, so that it is

permissible to deal with ray-asymptotes.

Lens
(zw , rw)

r

z

Figure 42.3
Caustic for a round lens. In this example, the caustic consists of a real branch terminating in a

cusp and a virtual branch with a waist.
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Without loss of generality we again identify the centre of the aperture with the origin of the

coordinate system. Furthermore, by a suitable rotation round the beam axis (here the z-

axis), the transverse coordinate axes can be oriented parallel to the symmetry directions of

the astigmatism. Let s be the distance between the aperture plane and the Gaussian image

plane; the asymptotic ray equations are then

x5 xa 12
z

s

 !
1 Δzi1C0

c

ΔU

U
2C0

A

 !
xaz

s2
2

C0
s

s4
z x2a 1 y2a
� �

xa

y5 ya 12
z

s

 !
1 Δzi1C0

c

ΔU

U
1C0

A

 !
yaz

s2
2

C0
s

s4
z x2a 1 y2a
� �

ya

(42.16)

Here xa and ya again denote the ray coordinates in the aperture plane, so that

γ5 (x2a1 y2a)
1/2/s is the slope of the aberration-free ray in the image space. The positive

coefficients C0
c, C

0
A and C0

s of the axial chromatic aberration, astigmatism and spherical

aberration, respectively, refer to the image side; their meaning is clear from the

formula for the angle γ; Δzi denotes the defocus and ΔU/U a specified relative energy

variation.

The explicit appearance of many constants in Eq. (42.16) renders the formulae unwieldy.

Following Glaser, we cast them into a concise form by introducing suitable reduced

coordinates. We write

ξa 1 iηa ¼: ρaeiψ5 xa 1 iyað Þs21
ffiffiffiffiffiffiffiffiffiffiffiffi
C0
s=C

0
a

q
(42.17a)

ξ1 iη52 x1 iyð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0
s=C

0
a
3

q
(42.17b)

for the transverse coordinates and

ζ5 z2 z0i
� �

=C0
a (42.17c)

for the axial coordinate with

z0t :¼ s1Δzi1C0
cΔU=U (42.17d)

These have now to be substituted into Eq. (42.16). Moreover, the simplifications arising

from |C0
a ζ |{s and from |z0i2 s|{s are always justified in practice. After some elementary

calculation, we obtain the normalized equations

ξ5 ρa ζ1 ρ2a1 1
� �

cos ψ

η5 ρa ζ1 ρ2a2 1
� �

sin ψ
(42.18)
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This is the reduced representation of a two-parameter manifold of straight lines ξ5 ξ(ζ), η5 η(ζ),
the parameters being ρa and ψ. The caustic condition is again the vanishing of the determinant:

D0 :¼ @ ξ; ηð Þ
@ ξa; ηa
� � � 1

ρa

@ ξ; ηð Þ
@ ρa;ψ
� � (42.19)

which leads to

D0 � 3ρ4a 1 2ρ2a 2ζ2 cos 2ψð Þ1 ζ2 2 15 0 (42.20)

This is a quadratic equation for ρ2a as a function of ζ and ψ, its two roots being given by

ρ21;25
1

3
cos 2ψ2 2ζð Þ6 cos 2ψ22ζð Þ213 12ζ2

� �
 �1=2h i
(42.21)

Since ρa and ψ have been introduced as the reduced polar ray coordinates in the aperture

plane, Eq. (42.21) is a representation of the basis-curves referring to the aperture plane and

to the recording plane ζ5 const. For ζ. 1 there are no real solutions of (42.21), for

21# ζ# 1 exactly one and for ζ, 21 two separate solutions. Fig. 42.4 shows some

basis-curves, already published by Glaser.

ζ  = −1

ζ  = −2

ζ  = −5

ξ B

1

η B

ξ B

ξ B

Figure 42.4
Basis-curves in various cross-sections through the caustic. After Glaser (1952),

Courtesy Springer Verlag.
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The equations for the caustic itself are obtained by introducing Eq. (42.21) for ρa into
(42.18). The two possible solutions represent the two different surfaces of the caustic,

which have a fairly complicated structure. Simple equations are obtained for the two axial

sections through the caustic with ψ5 0 and ψ5π/2, respectively. For ψ5 0, η5 0, we find

ρ21 5 12 ζ; ρ2252 11 ζð Þ=3

ξ1 5 6 2
ffiffiffiffiffiffiffiffiffiffiffi
12 ζ

p
; ζ25 6 2

21 2ζ
3

 !3=2
(42.22a)

and in the other case, ψ5π/2, ξ5 0, we have

ρ21 5 12 ζð Þ=3; ρ22 5212 ζ

η1 5 6 2
12ζ
3

 !3=2
η2 5 6 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
212 ζ

p (42.22b)

These curves are shown in Fig. 42.5 (in Glaser’s original publications the coordinates ξ and

η were accidentally interchanged in this figure).

Still more important are the cross-sections ζ5 const through the caustic, since these can be

observed experimentally; such curves are shown in Fig. 42.6 (again the labelling of the axes

has been corrected). Curves as sharp as these are not observed in practice for various

reasons, which will be discussed later.

In the paraxial approximation, the plane ζ511 corresponding to z5 z0i 1 C0
a contains a

line focus in the x-direction, while the plane ζ5�1 corresponding to z5 z0i2C0
a contains a

line focus in the y-direction; the circle of least confusion is characterized by ζ5 0, z5 z0i
and by its radius r5C0

aγ. Owing to the spherical aberration, this circle is not a cross-

section through the caustic.

42.5 Intensity Considerations

The caustic is a surface of very high electron intensity. We now examine the intensity

distribution in the neighbourhood of the caustic, a question also analysed by Glaser (1952).

The following account does not go into much detail as this is a subject to which we shall

return in Chapter 47, Brightness.

We set out from a differential or incremental expression for the current density I, which we

write

dI5KdΩ0dA0dU5 dJzdA (42.23)
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dΩo being an element of solid angle and dAo an element of area, both in the object plane,

while the element of area dA refers to the recording plane; dJz is then the element of

current density in the latter. The factor K is usually a slowly varying function of the

position (xo, yo) and the slope coordinates; in the following discussion, this factor K and the

element dAo are of little importance.

Between the element of area dA5 dxdy in the recording plane and the (very small) initial

slopes αo and βo in the object plane the following relation holds:

dA5 dxdy5
@ x; yð Þ

@ αo;βoð Þ dαodβo � DdΩo (42.24)

−5

−10
+2+1−1−2−3−4−5−6−7−8

+10

+5

−5

η

ζ

ζ

+10

+5

0

ξ

10

Figure 42.5
Meridional and sagittal sections through the caustic. After Glaser (1952), Courtesy Springer Verlag.
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where dΩo5 dαodβo, and D is the corresponding Jacobian. This is identical with (42.2) if

we identify α with αo and β with βo. Introducing (42.24) into (42.23) we obtain:

Jz x; yð Þ5
ð ð

KD21dAodU (42.25)

which is essentially the same as Glaser’s formula. The integrand becomes singular at the

caustic, but the double integration over this singularity gives a finite result. Physically,

this is understandable in terms of the blurring of the caustic by chromatic aberration and

of the convolution over a finite object domain. Nevertheless Eq. (42.25) is not without

problems, since the singularity that arises when D21-N reveals the breakdown of the

classical mechanical description of the electron beam. In the more correct wave-

mechanical approximation, this singularity disappears. Even for the artificial situation of

a point source emitting monochromatic electrons, the caustic is a surface of very high,

ξ
ζ = +1

η

ζ = 0

ζ = −1

ζ = −1.5

ζ = −2

ζ = −5

ζ = −7

ζ = −8

0 1 2 3 4 5

Figure 42.6
Cross-sections through the caustic. After Glaser (1952), Courtesy Springer Verlag.
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but finite, current density. The subsequent considerations are therefore only approximately

valid.

We now attempt to evaluate (42.25) for the model treated in the last section. Since the

aberrations will be small, it is sufficient to employ the paraxial relations between (αo, βo)

and (xa, ya) in the calculation of D, so that

αo 1 iβo 52Mn xa1 iyað Þ=s
M being the lateral magnification and n5 fi / fo the refractive index of the image space

relative to the object. The Jacobian in Eq. (42.25) then transforms according to

D � @ x; yð Þ
@ αoβoð Þ 5

s

Mn

� 2 @ x; yð Þ
@ xa; yað Þ

Using the linear transforms (42.17a,b) together with (42.19) (but with D0 6¼ 0), we obtain

D5
C0
A

Mn

� �2 @ ξ; ηð Þ
@ ξa; ηa
� � � C0

A

Mn

� �2
D0

Introducing this into (42.26) we arrive at the relation

Jz x; yð Þ5 Mn

C0
A

� �2 ð ð
K

D0 dAodU

Since D0 depends on the parameter U via the reduced coordinate ζ (42.21), it is convenient

to express dU in terms of dζ; from Eq. (42.17c,d) we find

dU5Udz0i=C
0
c 52U C0

A=C
0
c

� �
dζ

It is also convenient to refer the aberration coefficients C0
A and C0

c to the object side:

C0
A5CAM

2n, C0
c5CcM

2n. The refractive index thus cancels out and we obtain

Jz x; yð Þ52
U

M2CACc

ð ð
K

D0 dζdAo (42.26)

with the expression (42.20) for D0, if D0 6¼ 0.

In this expression the only rapidly varying factor is the determinant D0 in the denominator.

The lines of constant value of Jz, which are known as lines of equidensity or isophotes, are

hence simply the lines D05 const. Such lines were first determined by Grümm (1952) and

are reproduced in Glaser (1952). Some of these line distributions are shown in Fig. 42.7. In

such cross-sections through the caustic, there may be overlapping domains. In these cases

the intensities, originating from different branches and referring to the same reference point,

are simply to be added before determining the lines of equidensity.
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42.6 Higher Order Focusing Properties

In electron optics, paraxial focusing is usually dominant, since the various kinds of

aberrations are so severe that the beam must be confined to the paraxial domain. There are,

however, systems in which this is not the case. An example is provided by beta-ray

spectrometers, in which the paraxial domain is blocked off by a shield and the particles

must pass through an annular aperture with a fairly large inner radius. The object and its

image still lie in the vicinity of the axis of rotational symmetry. A schematic representation

of such arrangements is shown in Fig. 42.8.

Since the familiar concepts of focusing and aberrations are inadequate in such cases, Lenz

(1957) developed a more general theory, which is outlined below. This theory gave rise to

more detailed theoretical and experimental investigations, the object of which was to find

new types of electron optical systems with superior focusing properties. These investigations

are dealt with in the next section. Despite all this effort, such annular systems remained

impractical, since no solution emerged to the problems caused by deviation from rotational

ζ = −1
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∝

∝
∝

Figure 42.7
Equidensity lines in different recording planes. Left: ζ521 (second caustic tip); centre: ζ5 0

(plane of least confusion); right: ζ5 1 (first caustic tip). After Glaser (1952),
Courtesy Springer Verlag.
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symmetry, to which annular systems are very sensitive. For this reason, we shall outline the

corresponding theory only briefly.

We again assume that the object point is situated on the axis at z5 zo. Since the aperture

angles may become fairly large (about 20� and more), we now have to distinguish clearly

between the aperture angle αo and the corresponding slope s :¼ tan αo5 r0o; the latter is

more suitable as a ray parameter. Since the azimuth is of no importance in the present

context, we write the ray equation in the form

r5 r z; sð Þ with r zo; sð Þ5 0 (42.27)

It is convenient to allow r to take negative values, so that r0 remains continuous at the axis.

The caustic condition now simplifies to

@r z; sð Þ
@s

5 0 (42.28)

Together with Eq. (42.27) this provides a parametric representation r5 r(s), z5 z(s) of the

rotationally symmetric caustic surface. The latter will generally have a very complicated

structure; further examples are given below.

We now investigate the possible focusing properties of annular systems; for this, we

introduce a power series expansion of (42.27) in terms of the slope difference Δs5 s � sk,

sk being some fixed value of s; z5 zk is an arbitrary, but fixed, reference plane in image

space. We have (with rk :¼ r(zk, sk)5A
0ð Þ
k )

r zk; sð Þ5
XN
n50

1

n!
A

nð Þ
k Δsð Þn; A

nð Þ
k :¼ @nr zk; sð Þ

@sn

� ������
sk

(42.29)

O

L A

I

L

S

Figure 42.8
Schematic representation of an annular electron optical system with a double magnetic lens.

S: shielding block; O: object; A: aperture; I: image.
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In practice, this expansion can be truncated after the first nonvanishing term. Let this be the

term in (Δs)N11; we then speak of N-th order focusing with respect to the slope s, and the

remaining terms are a measure of the electron optical aberration.

The familiar paraxial focusing (subscript k - p) is characterized by N5 2 and:

sp 5 0; rp 5A 1ð Þ
p 5A 2ð Þ

p 5 0; A 3ð Þ
p 5 6MCs (42.30)

z5 zp here being the Gaussian image plane. Lenz (1957) has also introduced the following

less familiar types of foci:

1. line focus (k - l, N5 1)

rl 6¼ 0; A
1ð Þ
l 5 0; A

2ð Þ
l 6¼ 0; (42.31)

2. cone focus (k - c, N5 1)

rc 5 0; A 1ð Þ
c 5 0; A 2ð Þ

c 6¼ 0; (42.32)

3. blade focus (k - b, N5 2)

rb 6¼ 0; A
1ð Þ
b 5A

2ð Þ
b 5 0; A

3ð Þ
b 6¼ 0; (42.33)

4. cross focus (k - x, N5 1)

rx 6¼ 0; A 1ð Þ
x1

5A 1ð Þ
x2

5 0; A 2ð Þ
x1

6¼ 0 6¼ A 2ð Þ
x2
; (42.34)

5. cone-edge focus (k - e, N5 2)

re 5 0; A 1ð Þ
e 5A 2ð Þ

e 5 0; A 3ð Þ
e 6¼ 0; (42.35)

The line focus is an ordinary circle on the caustic with no additional special properties.

The cross focus is characterized by the fact that the line-focus conditions (42.31) are

satisfied simultaneously for two different slopes sx1 6¼ sx2. Since (42.28) is satisfied for all

different types of foci, all of them are located on the caustic, but at different positions. This

is presented schematically in Figs 42.9 and 42.10, where the foci are marked by the

corresponding subscripts. Fig. 42.9 also shows the caustic waist (subscript w) of

Section 42.3. Noven (1965) was able to observe all these complicated structures in a simple

symmetric double-lens system.

The cone-edge focus is of special theoretical interest, since it gives a very high intensity

concentration. Provided that it is permissible to employ third-order aberration theory, the

lateral aberration is given by

Δr5MCs s2seð Þ3 (42.36)
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w

b

l

z

Figure 42.9
Meridional section through the kind of rotationally symmetric caustic that may occur in an

annular system. The letters indicate the different types of focus described in the text; w denotes
waist. After Noven (1964), Courtesy the author.

b

b  cc

e

b

b

(A) (B) (C)

Figure 42.10
The cone-edge focus e (B) as a degenerate case of a pure blade focus b (C) and a double-cone

focus cc (A). After Noven (1964), Courtesy the author.
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The cone-edge focus is superior to the ordinary paraxial focus in that, for the same semi-

aperture angle α5Max|s � se|{1, the solid angle subtended is increased from πα2 to

2παse, where secα. The cone-edge focus is therefore suitable for devices in which a high

intensity concentration in one small spot is required. For imaging, the cone-edge focus is,

however, less suitable, as the off-axis aberrations are invariably larger than in conventional

lens systems.

A still higher intensity concentration should be obtained with a suitable cross focus.

Fig. 42.10 shows the cone-edge focus as a degenerate case between cone foci and blade

foci. In the case of four intersecting caustic branches (Fig. 42.10A and B), a circle of least

confusion can be defined as the cross focus, shown in Fig. 42.11. The ring radii of the

annular aperture can be chosen in such a way that the rays with greatest slopes intersect this

circle on the opposite side. This is quite analogous to the definition of the optimal defocus

in conventional lens systems. Theoretically, a very small focus with extremely high

intensity concentration can be achieved in this way, but there are difficulties in practice, as

will become obvious later.

b

c

x

x

c

b
a

a

Figure 42.11
Enlargement of the double-cone focus of Fig. 42.10A, showing the circle of least confusion xx; the

rays labelled a are those of greatest slope. After Noven (1964), Courtesy the author.
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42.7 Applications of Annular Systems

Annular systems are electron optical devices with an axial stop and a ring-shaped aperture,

as sketched in Fig. 42.8. A first successful device of this type was a beta-spectrometer built

by Slätis and Siegbahn (1949), see Fig. 42.12. This arrangement motivated Lenz’s early

investigations. Lenz (1957) showed that, as a result of the symmetry properties of the

spectrometer (Fig. 42.13), a caustic waist is formed in the vicinity of the symmetry plane,

and this is already sufficient for the formation of a cone-edge focus in the vicinity of the

counter (recording plane). Lenz also showed that third-order aberration theory is clearly

insufficient for the calculation of such a focus; nevertheless, in later investigations on

annular systems, aberrations of fifth order have mostly been ignored for simplicity.

Later, Noven (1965) investigated experimentally the caustics in symmetric double lenses,

both electrostatic (Fig. 42.14A) and magnetic (Fig. 42.14B). He observed all the different

types of foci shown in Figs 42.9 and 42.10, but he also found that such systems are

extremely sensitive to deviations from rotational symmetry caused by imperfect machining,

misalignments and vibrations. This is not at all surprising, since the electrons travel long

distances far from the axis, where such perturbations are often much stronger than in the

paraxial domain.

Detector Source

Figure 42.12
General appearance of a spectrometer of the Siegbahn�Slätis type, operating on the focal

separation principle.
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Figure 42.13
The caustic waist at z5 zw and the cone-edge focus at z5 zi in a symmetric double-lens system.
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Figure 42.14
Symmetric double-lens systems. (A) Electrostatic and (B) magnetic arrangements.
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Another interesting proposal was an annular electron microscope (Lenz and Wilska, 1966,

1966/67). Fig. 42.15 shows schematically a device in which a condenser lens and a

magnetic objective, both equipped with an annular electrostatic lens, are combined in one

symmetric system. A partial compensation of the spherical aberration should be possible

with the central electrodes of the electrostatic lenses positively biased, since the latter then

produce a converging force that decreases with increasing distance from the optic axis.

This, together with the stronger than linearly increasing focusing by the magnetic lenses,

can exert a nearly linear converging effect on the beam. In spite of this possibility, such a

system has not been built, mainly because of constructional difficulties and the anticipated

very high sensitivity to misalignments. Moreover, it is doubtful whether such annular

microscopes can give a better resolution than conventional ones, since the chromatic

aberrations and diffraction at the annular apertures may well become serious.

The problem of a suitable stigmator for annular systems was investigated theoretically by

Kasper (1968/69), who came to the conclusion that such a stigmator should have the shape

shown in Figs 42.16A and B. The central electrode, which must have a varying diameter, is

surrounded by two rings of outer electrodes. Theoretically, all astigmatisms of twofold and

threefold symmetry can be compensated, as in conventional lens systems, but in practice

Condenser

1 cm

Magnetic
polepiece

Object plane
correcting system

Inner electrode

1 mm

Shield

Outer electrode at
negative potential

Gap

Image

(A) (B)

Figure 42.15
A magnetic condenser-objective lens with an electrostatic corrector. (A) Complete system

and (B) electrostatic correction device. After Lenz and Wilska (1966/67),
Courtesy Wissenschaftliche Verlagsgesellschaft.
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the appropriate adjustment of such a stigmator in conditions demanding long-term stability

would be highly complicated.

Systems of two and three magnetic round lenses without a central core have been

investigated by Kunath (1976/77). He found that at least three such lenses are necessary to

achieve a dispersion-free cone-edge focus. In principle, a resolution of 0.1 nm is possible,

but some of the off-axis aberrations, which cannot be corrected, will be so large that the

useful image field becomes too small for practical purposes.

The computer-aided reconstruction of a three-dimensional object requires a set of images

corresponding to very different directions of the illumination incident on the object.

Usually the direction of the incident beam is kept fixed and the object is tilted

mechanically (Fig. 42.17A). Since this is a very slow procedure with a limited accuracy,

Hoppe (1972) suggested keeping the object fixed and tilting the beam electronically

(Fig. 42.17B). The beam then has to pass in sequence through the openings in a tubular

lens. The latter can be considered as a system of minilenses with different curved optic

axes. Such systems have been investigated theoretically by Plies and Typke (1978), Typke

(1981) and Plies (1981). The structure of such a system and the shape of the trajectories

passing through it is shown in Fig. 42.18. Theoretically, a dispersion-free cone-edge focus

with a resolution of 1.4 nm is possible. The problems that arise with such devices are

practical ones: sufficiently accurate machining and alignment and adequate compensation

of the various forms of astigmatism.

Po

E1
Q

E2

Z1 Z2

Lens system

Axial section

Stigmator

Ring system

Cross section

Z

Q

Figure 42.16
Electrostatic 24-pole stigmator for the correction of annular systems. The cross-section

corresponds to the plane indicated by QQ. E1 and E2 denote the sector-shaped ring electrodes.
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Figure 42.17
The two-dimensional projections needed for three-dimensional image reconstruction can be

obtained by (A) mechanical tilting of the object or (B) electron optical tilting of the illuminating
and imaging rays. On the right, the lens regions occupied by electrons are indicated for
(A) conventional electron microscopy and (B) three-dimensional electron microscopy

with ‘ring-zone segment imaging’. After Plies (1981), Courtesy Elsevier.
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Figure 42.18
Trajectories and aberrations in an electrostatic multitubular core-lens, which gives dispersion-free

cone-edge focusing. After Plies (1981), Courtesy Elsevier.



A simple device with a cone-edge focus is the cylindrical mirror analyser (Fig. 42.19). This

is none other than an annular round lens formed by the radial electrostatic field between

two coaxial cylinders. The beam passes through two round gaps in the inner electrode

which produce weak fringe fields. These have only a very small influence on the focus; this

effect is negligible since here the resolution requirements are far less stringent than in

annular systems designed as objective lenses.

In conclusion, we observe that so severe are the practical problems that the more

sophisticated types of annular systems have not yet found widespread application. The role

of annular systems in connection with aberration correction has been mentioned in

Section 41.4.

R2

R1

zo
zi z

ΔU

ϕ

r

θ

Figure 42.19
Cone-edge focusing in the cylindrical mirror analyser. The figure shows two pencils of rays,
one corresponding to the nominal energy, the other departing from the latter by eΔU.

After Plies (1981), Courtesy Elsevier.
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CHAPTER 43

General Features of Electron Guns

The study of electron sources is a major and important task in electron optics. Electron

sources in the widest sense are all devices in which electrons are released from material

surfaces or gas phases by some physical emission process. The complexity of this whole

subject is, however, so great that we have to confine it reasonably.

One purpose of producing electron emission is the imaging of the emitting surface, which

is itself the object of the investigation. This is achieved in emission microscopes of all

kinds and in image converters. In the design of such devices the reduction of image

aberrations is the most important task. This is so different from the problems dealt with in

the present chapter that we have excluded this topic here. We have mentioned emission

microscopes and image converters in Chapter 37, Electron Mirrors, Low-energy-electron

Microscopes and Photoemission Electron Microscopes, Cathode Lenses and Field-Emission

Microscopy.

Another important function of electron sources is to provide the intense, well-focused

electron beam needed in devices such as electron microscopes, interferometers and older

oscillographs and television tubes. Here it is not the imaging of the cathode surface that is

required but maximum intensity and stability of the emission. Electron sources designed for

this purpose are called electron guns. The investigation of these requires several new

concepts, which do not fit into the familiar physics of focusing and aberrations; these

concepts form the main theme of the present Part. In this Chapter, we shall give only a

short introductory survey in order to acquaint the nonspecialist with the problems and

terminology; more details will be found in the subsequent chapters.

In electron guns, virtually every possible process for releasing electrons from material

surfaces or from gas phases can be employed. In fact, the first successful electron sources

relied on gas discharge. Induni (1947, 1955) designed these guns in such a manner that

their operation was stable and easily controllable. They were also considered by

Möllenstedt and Düker (1953). Nowadays guns of this type have been abandoned, mainly

because the energy spectrum of the electrons emitted is too broad for practical purposes.

The photoelectric effect can be employed to release electrons from cold cathodes, but this

process has the disadvantage that the efficiency is very low. This effect is therefore of

importance only in special conditions; the main devices that rely on the photoelectric effect
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are image converters and photoemission electron microscopes (PEEM), described briefly in

Chapter 37. Another application is ultrafast electron microscopy and diffraction, in which

extremely short pulses of electrons are created by bombarding the emitter with short bursts

of photons from a laser or synchrotron. In this way, dynamic processes in the specimen can

be followed; this too was mentioned in Chapter 37.

Here, we shall concentrate on thermionic emission, Schottky emission and cold field

electron emission. In thermionic emission, the electrons are liberated by heating; in

Schottky emission, this is increased by a moderate electric field; and in cold field emission,

the emitter is not heated, the electrons are extracted by a strong electric field. A detailed

knowledge of these processes is necessary to understand the technical properties of electron

guns and we summarize the corresponding theories in Chapter 44, Theory of Electron

Emission. The subsequent chapters are devoted to specific aspects and modes of operation

of electron guns. In the following sections, we briefly introduce the various types of guns.

43.1 Thermionic Electron Guns

Thermionic guns are the simplest type and are still in widespread use though they have

been superseded in microscopes designed for high resolution by Schottky or cold field-

emission guns. In thermionic emission, electrons are released from materials by heating. In

tungsten cathodes, for example, at T5 2600 K a considerable fraction of the conduction

electrons gain so much kinetic energy that they can surmount the potential barrier at the

cathode surface. This still occurs if the local electric field vanishes or even repels the

electrons; an electric field is only necessary to accelerate the electrons already emitted. So

long as this is essentially confined to the space between the cathode and the closest positive

electrode, we shall call this acceleration the ‘extraction’ process.

The simplest arrangement consists of the cathode and a second electrode in front of it, the

anode. This anode must always be at a positive potential with respect to the cathode and

must have a small opening through which the extracted electron beam passes. Such a device

is, however, very impractical, since many of the emitted electrons hit the anode and heat it

strongly. Moreover, for a constant acceleration voltage, the emission current can be altered

only by a corresponding alteration of the cathode temperature, and this acts only very

slowly. For all these reasons Wehnelt (1903) introduced a third electrode, held at a negative

potential with respect to the cathode (see also Wehnelt and Jentsch, 1909). This electrode,

frequently called the grid, the control electrode or simply the wehnelt, is situated between

the cathode and the anode; it prevents the electron beam from striking the anode and also

has a strong focusing effect on the beam.

The essential structure of such an electrode system, a triode gun (Fig. 43.1B), and the shape

of the electron beam emitted are presented in a simplified and exaggerated manner in
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Figure 43.1
Thermionic triode electron gun. (A) Terminology and typical trajectories. The width of the pencils
of rays and the magnitude of the aberrations are considerably exaggerated. (B) A more realistic

view. Courtesy of Philips, Eindhoven.
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Fig. 43.1A. In reality, the asymptotic slopes relative to the optic axis are so small that they

cannot be depicted to scale. The emission area at the cathode surface is essentially confined

by the equipotential at cathode potential, the zero-volt line in the axial section. The strong

influence of the wehnelt on the electron beam is due to the intimate dependence of the

shape of this line on the wehnelt potential. Raising this potential enlarges the emission area,

while a reduction of the potential drop diminishes it. At a certain value of the wehnelt

potential, the cutoff potential, the emission area vanishes completely and the emission is

then suppressed. The effect of varying the wehnelt potential is shown in Fig. 43.2. It is

clear that the beam intensity can be altered quite easily without changing the anode

potential or the cathode temperature.

This triode configuration has, however, a serious drawback. Since the electrons are

travelling very slowly in the vicinity of the zero-volt surface, they are strongly bent there.

This causes large aberrations, which are indicated in Fig. 43.1 and will be studied in more

detail in later sections. Moreover, the weak electric field cannot remove the electrons

quickly enough from the vicinity of the cathode surface, with the result that a dense cloud

of negative space charge builds up and reduces the electron emission. This drawback is an

inevitable consequence of the lateral confinement of the emission domain by an

equipotential surface and is therefore common to all such thermionic guns, regardless of

their particular geometry. The determination of the space-charge distribution and of the

corresponding electric potential is a highly sophisticated task, even with the powerful

computers now available. Nevertheless, this task is of great importance and will be dealt

with in considerable detail in Chapter 46, Space Charge Effects.

A wide variety of designs has been used, differing in the choice of cathode material, the

method of heating and the shape of the electrodes. It would be wearisome to describe them

all; we mention briefly only some familiar forms. For easy adjustment and simplicity of

construction, the cathode is almost always heated electrically. In electron microscopes and

similar instruments, the cathode is usually a fine tungsten tip, welded on a hairpin-shaped

tungsten filament. The latter conducts the heating current; its temperature is about 2600 K.

For historical reasons, this design is known as a pointed filament, to distinguish it from the

unadorned hairpin that was used in the distant past. Another shape was a flat pointed blade,

which was known as a ‘lancet cathode’ (Fig. 43.3A and B). In old television tubes and

cathode-ray tubes, the cathode had a plane front surface and the emitting material was then

a layer of an alkali-earth carbonate, prepared by a special processing technique; the

temperature was substantially lower, about 1500 K. Today, however, LCD flat-screen

displays have largely supplanted the older types of tube.

A later development is the lanthanum hexaboride (LaB6) cathode, first built by Broers

(1967) (see Fig. 43.3C and D), though the idea of using boride emitters goes back to

Lafferty (1951). The emitter is here a small rod of LaB6 with a very fine tip and was
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originally heated indirectly by a small coil. The advantage is that the emission is much

higher as a result of the low work function (see Chapter 44, Theory of Electron Emission).

A technological problem, which was not easy to overcome, was the suppression of chemical

reactions between the LaB6 rod and the cathode support. Since the early design of Broers

Figure 43.2
Equipotentials in the vicinity of a plane cathode for different values of the wehnelt potential and

in the absence of space charge. (A) Emission mode. (B) Saddle-point at the centre of the
cathode. (C) Emission suppressed, a negative potential minimum forms a barrier in front of the

cathode. After Kamke (1956), Courtesy Springer Verlag.
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Figure 43.3
Types of filament. (A) Hairpin filament. (B) Pointed filament. (C) and (D) LaB6 emitters. Courtesy

of Balzers Union AG.
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appeared, many other solutions have been published. The properties of the various forms of

LaB6 guns have been reviewed by Hohn (1985). Cerium hexaboride is also in use and the

properties of gadolinium hexaboride have been investigated by Saito et al. (2014). LaB6

cathodes are now available commercially in many shapes and on different supports. These

can be found illustrated with their properties on the manufacturers’ websites.

In addition to these thermionic emitters that are in widespread use and available

commercially, a number of other materials have been investigated, for instance carbon

emitters with a glassy structure (Lea, 1973; Heinrich et al., 1977, 1978; Essig and Geiger,

1981; Speidel et al., 1984). These are, however, operated in a transition regime between

thermionic and field electron emission.

43.2 Schottky Emission Guns

The electrons are extracted from a Schottky emission source by the combined effect of

heating and a moderate electric field. The gun typically consists of three elements: the

emitter itself, a suppressor electrode which effectively screens the shank of the cathode and

the extraction electrode. The suppressor, like the wehnelt of a triode gun, is held at a

negative potential relative to the cathode and the extraction electrode is of course at a high

positive potential. The cathode takes the form of a single-crystal tungsten wire, of the order

of 1 mm in length and 125 µm in diameter; one end is etched down to a facet about 1 µm in

diameter. A reservoir of zirconium oxide is attached to the wire and the elements reach the

{100} planes of the heated tungsten wire and reduce the work function of the {100} plane

that forms the emissive facet. Dokania and Kruit (2009) have argued that a Schottky gun

can be operated without a suppressor electrode. The potential at the extraction electrode can

then be reduced while the electrons emitted by the shank do not seriously degrade the

properties of the gun.

An extremely detailed account of Schottky sources is to be found in Bronsgeest (2014);

See also Swanson and Schwind (2009) and the earlier publications of Bronsgeest, Kruit

and others (Bronsgeest and Kruit, 2006, 2008, 2009; Bronsgeest et al., 2007) as well

as Kim et al. (1995, 1997a, b), Kawasaki et al. (2009), Yada and Saito (2014) and

Emura et al. (2014).

43.3 Cold Field Electron Emission Guns

In cold field electron emission (CFE) guns (Fig. 43.4), the electrons escape from the

cathode by penetrating through the narrow potential barrier in front of the cathode surface

by means of a quantum mechanical tunnelling effect. This requires a very high local

electric field strength F B108 Vcm21 (to prevent confusion, it is usual in the literature on

electron guns to denote the field strength by F and the particle energy by E, and we shall
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follow this common practice). In order to achieve a high field strength, the cathode takes

the form of a very small tip on a slim shank, the radius of curvature at the apex usually

being about 100 nm or less.

With increasing distance from the apex, the field strength decreases so rapidly that the

emission is strong only in the vicinity of the apex. There is hence no need to confine this

area artificially, and this makes the design of CFE guns comparatively simple despite the

complicated theory of the tunnelling process. The next electrode downstream is always

positive relative to the cathode. Its aperture is so narrow that any further electrodes have no

influence on the high extraction field in the vicinity of the cathode; the electron probe

current passing through this aperture is hence determined by the potential of this electrode

alone. The terminology of CFE guns is not yet standard; this electrode is often called the

first anode, which implies that others will follow, or the extraction anode. In this volume

we call any electrode that is designed to adjust the electron probe current passing through

its aperture, by appropriate variation of its potential (regardless of the polarity), the wehnelt.

In this sense, the first anode of a CFE gun is the wehnelt, and we reserve the term anode

for the next electrode, which determines the asymptotic kinetic energy of the electrons. The

terminology is then the same as for thermionic triode guns. If there is more than one

electrode after the wehnelt, as is often the case, we shall speak of intermediate electrodes.
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Figure 43.4
General appearance of a field-emission gun: this design has been used in Philips electron

microscopes. Courtesy of Philips, Eindhoven.
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As already mentioned, the influence of the anode on the extraction process can be

neglected. We can thus deal with the diode formed by the cathode and the wehnelt

separately. We shall see that this device forms a virtual point source. The latter is then

focused by the subsequent electrodes and lenses. All this is presented schematically in

Fig. 43.5A and B. The diode approximation, an extreme but still valid simplification, is

dealt with in Chapter 45, Pointed Cathodes without Space Charge, while the focusing is

treated in Chapter 50, Complete Electron Guns. The reason for this separation is that the

electron optical properties of the diode approximation have some general significance,

while those of the focusing parts depend essentially on details of the design. For instance,

the diode approximation also holds for thermionic guns with LaB6 cathode and positive

wehnelt and for the hybrid emission gun designed by Kang et al. (1983), described in

Section 50.3.

The assumption that a CFE electron gun can be usefully separated into a diode, producing

a virtual crossover at V (Fig. 43.5), and a focusing lens, generated by the electric field

between the wehnelt and the anode, is quite common. It is already implicit in the very

early successful designs of Butler (1966), Crewe et al. (1968) and Munro (1973). In

Chapter 50, Complete Electron Guns, we shall give a detailed justification of this

simplification.

In comparison with thermionic sources, CFE guns have several advantages and also some

disadvantages. Their main advantage is the fact that the lateral extension of the virtual source

at V (Fig. 43.5) is extremely small, so that the maximum current density in the focus can be

Figure 43.5
Field-emission triode electron gun. (A) Axial section through the system. In the diode formed by
the cathode and the wehnelt, the rays are bent in such a way that they appear to have emerged
from a virtual point source V; they form a real crossover at F. (B) Corresponding optical ray

construction using the principal planes P1 and P2.
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very high if the anode lens has very low aberrations. The brightness of field-emission guns is

high; this concept is analysed in Chapter 47, Brightness. The main disadvantage of such guns

is the fact that the total probe current in the crossover is too small for many important

purposes, electron beam lithography in particular. This was predicted by Cosslett and Haine

(1954), long before Crewe et al. (1968) built the first scanning electron microscope with a

CFE source, but for these instruments the requirement of high brightness is far more

important than that of high probe current. A second drawback of field-emission guns is that

the vacuum pressure must be exceedingly low: for stable operation, a vacuum better than

1027 Pa is necessary, but this technological problem has now been solved. We recall that

thermionic guns operate satisfactorily at about 1023 Pa.

There is an extensive literature concerning the technological features of electron guns,

especially the preparation and stable operation of cathodes. For reasons of space we have

had to exclude all these topics, important though they are; the general purpose of this

chapter is to explore the underlying principles. The volume edited by Hawkes (2009)

contains a wealth of information on the subject.

For very small (‘nanoscopic’) field emitting surfaces, Kyritsakis and Xanthakis (2015) have

derived a generalized form of the theory that takes the shape of the tip into account. We

return to this in Chapter 44, Theory of Electron Emission.

43.4 Beam Transport Systems

The study of electron guns is not confined to the physical processes in the vicinity of the

cathode, but also includes the behaviour of the electron beam further away from the emitter.

Since the specific differences between the emission processes are then no longer important,

general concepts governing beam formation can be introduced. In particular these are the

concepts of brightness and emittance, which are analysed in Chapters 47 and 48

respectively. These concepts permit us to establish general rules for the spatial intensity

distribution in the beam. Although this is a quite general concern in electron optics, the

concepts of brightness and emittance are mostly applied to guns and beam transport systems.

An important physical phenomenon that appears in intense electron beams, mainly in

the vicinity of foci, is the Boersch effect. This effect, which is dealt with in

Chapter 46, Space Charge Effects, is an anomalous broadening of the energy

distribution and of any crossovers due to (statistical) Coulomb interactions between

pairs of electrons.

The optics of electron guns requires a different approach from that we have employed for

lenses. The theories proposed by Fujita and Shimoyama and by Rose are the subjects of

Chapter 49, Gun Optics.
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In Chapter 50, Complete Electron Guns, we give some guidelines for the design of guns

and transport systems. Since the optimum shape of a system is essentially determined by

the particular purpose to which it is to be put, the discussion remains general in order to

avoid too wide a diversification. We also examine multibeam devices and the extremely

small emitters based on carbon nanotubes.
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CHAPTER 44

Theory of Electron Emission

In this Part we shall deal mainly with the emission of electrons from clean metallic

surfaces. Emission from dirty surfaces and from semiconductors is not discussed, since the

processes involved are rather numerous and all cannot be treated within the framework of

this volume. Emission from carbon nanotubes is briefly considered in Chapter 50, Complete

Electron Guns.

44.1 General Relations

The theory of electron emission from metallic surfaces is based on two main assumptions:

that the Sommerfeld�Bethe (1933) model represents the electronic states in the metal and

that the Fermi�Dirac distribution describes all thermionic functions.

In the Sommerfeld�Bethe model, the metal is regarded as a box with a constant inner

potential V, lower than that of the adjacent vacuum domains. At the surface, the potential

rises sharply, thus forming a steep wall as shown in Fig. 44.1. In the metal, the electrons of

the conduction band are assumed to form a free gas, their charges being neutralized by

those of the atomic cores. The quantum mechanical motion of each conduction electron is

described by a standing wave with nodes at the surfaces. Beginning with the ground state,

all the quantum mechanical one-particle states are filled up according to the Pauli exclusion

principle. At zero absolute temperature this process is complete at the Fermi level, having

an energy ζ0 with respect to the ground state (the lower edge of the conduction band). If the

temperature T is nonzero, the upper edge is replaced by a smooth curve determined by the

Fermi�Dirac statistics; the corresponding thermal distribution is then given by

f E;Tð Þ5 11exp
E2ζ
kT

� �� �21

(44.1)

E being the constant energy of the corresponding one-particle motion and k Boltzmann’s

constant. The Fermi level ζ , defined by f(ζ, T)5 1/2, depends on the bias of the energy

scale and is slightly temperature-dependent. This dependence on T can be neglected, so that

ζ5 ζ02V0 (44.2)

V0 being a free constant for the origin of the energy scale.
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All the quantities of interest concerning the emission of electrons can be calculated by

appropriate integrations over the particle density ρ�(r�) in the one-particle phase space.

We shall mark quantities referring to the phase space by asterisks, whenever this is

necessary. Thus the six-dimensional space vector r� is defined by

r� :¼ r; pð Þ5 x; y; z; px; py; pz
� �

(44.3)

p being the canonical momentum. The phase density ρ�(r�) is then given by

ρ�ðr�Þ5 2

h3
f E;Tð ÞD r�ð Þ (44.4)

h being Planck’s constant and D a transmission factor. The latter is defined as the ratio of

the wave-mechanical intensity after passing the potential barrier and the incident intensity.

Thus we have D5 1 for the free-electron gas in the metal and D, 1 as a result of energy

restrictions and tunnel effects in the emission process. Detailed formulae for the

transmission factor will be given below. In order to perform practical calculations,

the conservation law

E5H r�ð Þ5 1

2m
p1eA rð Þ� 	2

1VðrÞ (44.5)

for the Hamiltonian H is introduced into Eq. (44.4). In the vast majority of cases, magnetic

fields are not relevant in this context, hence A5 0; p5mυ is then simply the kinetic

momentum. There are also guns in which the electrostatic field is enclosed in a magnetic

field (see for example Troyon and Laberrigue, 1977; Troyon, 1980a,b, 1984a,b, 1989a,b;

Figure 44.1
Electronic potential variation V(z) in the vicinity of a cathode surface. L: lower edge of the

conduction band; ζ0: Fermi energy; W: work function (uncorrected). The negative slope of V(z)
in the vacuum zone is due to a weak electric field. The choice of the origin and hence of the

constant V0 is arbitrary.
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Shimoyama et al., 1982, 1983; Ura and Takaoka, 1986; Takaoka et al., 1989; Delong et al.,

1988, 1989; Saito and Uno, 1995; Saito et al., 1995; Kawasaki et al., 2000; Tamura et al.,

2008; and Kasuya et al., 2014a,b, 2016). The papers of Knell and Plies (1999), Jin et al.

(2002), Yonezawa et al. (2002), Khursheed and Karuppiah (2002) and Zhao et al. (2012)

are also relevant here.

From Eqs (44.4) and (44.5), the three-dimensional distribution F(r) associated with any

classical observable F�(r, p) can be obtained by integration:

F rð Þ5
ð ð ð

F� r; pð Þρ� r; pð Þd3p (44.6)

Practical examples are the expectation values of the electron charge density ρ with

F�52e:

ρ rð Þ52
2e

h3

ð ð ð
f E;Tð ÞD r�ð Þd3p (44.7)

and of the electric current density j; with F� 5 eυ5 ep/m we find

jðrÞ5 2e

mh3

ð ð ð
pf E;Tð ÞD r�ð Þd3p (44.8)

In Eq. (44.8) the sign of j has been chosen in such a way that this vector has the same

direction as the mean particle motion (not opposite to it), since e. 0. This is customary in

the literature.

44.2 Transmission Through a Plane Barrier

The surfaces of cathodes are generally curved, but the penetration of the potential wall

occurs in such a short zone that the curvature is considered negligible in a first

approximation. We therefore replace the real cathode surface by its local tangential plane.

The atomic structure of the metal is neglected in order to simplify the theory. Without loss

of generality we can choose a local Cartesian coordinate system (x, y, z) in such a way that

z5 0 is the surface and z. 0 the vacuum half-space. Consequently the potential is a

function V(z), independent of x and y. With the assumption A(r)5 0 we find the following

three conservation laws:

1

2m
p2x 1 p2y


 �
¼: Ut 5 const (44.9a)

1

2m
p2z 1V zð Þ ¼: Un 5 const (44.9b)
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Ut 1Un 5E5 const (44.9c)

the constants Ut, Un and E being the tangential, normal and total energy, respectively.

Owing to the assumptions made above, the motions in the three Cartesian directions are

independent of each other, the potential barrier acting only on the normal (z) component.

As will be shown later, D(r�) is then only a function of Un, D(Un), a fact which strongly

simplifies the calculations. Owing to the symmetries of the problem, the current density

(44.8) has only one nonzero component, jz(z).

In order to evaluate Eq. (44.8), we introduce cylindrical coordinates in the momentum

space. From Eq. (44.9a), we thus have

px 5
ffiffiffiffiffiffiffiffiffiffiffi
2mUt

p
cosϕ; py 5

ffiffiffiffiffiffiffiffiffiffiffi
2mUt

p
sinϕ

dpxdpy 5mdUtdϕ

The integration over ϕ is trivial. By introducing the differential dpz5mp21
z dUn, obtained

from (44.9b) for a fixed value of z, the integral (44.8) can be expressed in terms of Ut and

Un. From Eqs (44.1 and 44.8), we have

jz5
4πme
h3

ð ð
DðUnÞ

11 exp
UT 1Un2 ζ

kT

dUTdUn

5
4πme
h3

ð ð
DðUnÞexp 2UT=kT

� �
exp 2UT=kT
� �

1 exp
Un2 ζ
kT

dUTdUn

52
4πmekT

h3

ð
DðUnÞln expð2Un=kTÞ1 exp

Un 2 ζ
kT

( )
dUn

52
4πmekT

h3

ð
DðUnÞ ln exp

Un 2 ζ
kt

2 ln 11 exp
Un2 ζ

kt

 !( )
dUn

and so

jz 5
4πmekT

h3

ðN
2N

D Unð Þln 11 exp
ζ2Un

kT

� �� �
dUn (44.10)

With the assumptions introduced above, this formula is exactly valid in the sense that no

further simplifications were needed to derive it. The remaining integration, will, however,

be very complicated. In the general case, Eq. (44.10) can be evaluated only numerically

(Dolan and Dyke, 1954; El-Kareh et al., 1977).
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44.3 Thermionic Electron Emission

The evaluation of expectation values is quite easy in the case of purely thermionic electron

emission. In a first approximation, the external electric field in front of the cathode is so

weak that its influence on the potential barrier can be neglected. It is then reasonable to

replace the true potential V(z) by a step function:

V zð Þ5 2V0 :¼ 2 ðζ01WÞ for z, 0

0 for z$ 0

(

W here being the work function, a material property of the cathode. The particular choice of

the energy and potential scale is shown in Fig. 44.2; it implies that V05 ζ1W in

Eq. (44.2).

Since only electrons with Un $ 0 can be emitted, we have the transmission factor

D Unð Þ5 0 for Un, 0

1 for Un$ 0

(

Since both E and kT are then very small in comparison with W and ζ0, we may simplify

Eq. (44.1) by neglecting the unit term in the denominator:

f E;Tð Þ5 exp 2
E1W

kT

� �

Figure 44.2
Potential barrier and choice of the origin O in the case of thermionic emission. The potential drop

associated with the weak electric field has been omitted here.
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and consequently

ρ� r�ð Þ5 2h23exp 2
E1W

kT

� �
z. 0

E$ 0

�
(44.11)

The evaluation of Eq. (44.8) or (44.10) now results in the well-known

Richardson1�Dushman equation for the saturation current density:

js5A kTð Þ2exp 2
W

kT

� �
(44.12a)

with the constant

A5 4πmeh23 (44.12b)

Later studies that take quantum effects and the band structure of the emitter into account

show that this expression for A is an upper limit.

As well as the total current density, the energy and angular distributions of this quantity are

of practical interest. In order to calculate these distributions, it is necessary to introduce

polar coordinates in the momentum space by writing

pz5
ffiffiffiffiffiffiffiffiffi
2mE

p
cos γ

px5
ffiffiffiffiffiffiffiffiffi
2mE

p
sin γ cos ϕ

py5
ffiffiffiffiffiffiffiffiffi
2mE

p
sin γ sin ϕ

9>>=
>>; (44.13a)

so that γ is clearly the emission angle relative to the outward-directed surface normal.

The volume element in momentum space is then given by

d3p5 p2dpdΩ5m
ffiffiffiffiffiffiffiffiffi
2mE

p
sin γ dEdγdϕ (44.13b)

dΩ5 sin γ dγdϕ being the element of solid angle. The current density element can now be

easily expressed in polar coordinates:

d3j 5
ep cos γ

m
ρ�d3p

5
4me

h3
Eexp 2

E1W

kT

 !
sin γ cos γ dEdγdϕ

1 O.W. Richardson was awarded the Nobel Prize (Physics) in 1928 for his work on electron emission.
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It is convenient to introduce the function

S E;Tð Þ5 1

π
AEexp 2

E1W

kT

� �
(44.14a)

which will be called the spectral radiance of the cathode. Finally we obtain

d3j5 S E; Tð Þ cos γ dE dΩ (44.14b)

The total energy distribution is now found by integration over all allowed emission angles

(0#ϕ# 2π, 0# γ#π/2), the result being

dj5AE exp 2
E1W

kT

� �
dE (44.15)

Integration over E gives Eq. (44.12), as it must. It is helpful to introduce a normalized

distribution function by setting

g Eð Þ dE :¼ j21
s dj

g Eð Þ5 E

kTð Þ2 exp 2
E

kT

 !
(44.16)

This can be used for the calculation of statistical expectation values from

, f . :¼
ðN
0

f Eð Þg Eð ÞdE

In this way we obtain the mean energy ,E. 5 2kT and the standard deviation

ΔE5 ,E2 .2,E. 2
� �1=2

5 kT
ffiffiffi
2

p

An important quantity, which cannot be expressed as an expectation value, is the most

probable energy Em5 kT, corresponding to the maximum of the distribution. The function

g(E) is shown in Fig. 44.3. Its most important feature is its long tail of high-energy

electrons, which is undesirable in most practical applications.

The angular emission distribution is obtained by integration of Eq. (44.14b) over all

positive energies E, but with fixed angle, the result being

~B γð Þ :¼ dj

dΩ
5

1

π
jscos γ (44.17)

This is Lambert’s law, which is quite similar to the corresponding law for the thermal

emission of light (Born and Wolf, 1959, Eq. 4.8.8).
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The cosine law (44.17) refers to the angular emission distribution immediately after the

emission of electrons. However, this cannot be observed experimentally because the

electron beam is rapidly rendered parallel by the applied electric field. From this point of

view it is more favourable to introduce the transverse momentum distribution, since px and

py are conserved in all one-dimensional potential fields V(z). Writing the differential

current-density distribution in Cartesian momentum coordinates and recalling that

p cos γ5 pz and 2mE5 p2x 1 p2y 1 p2z ; we have

d3j5
2e

mh3
pz exp 2

W

kT

 !
exp 2

E

kT

 !

5
2e

mh3
exp 2

W

kT

 !
exp 2

p2x 1 p2y

2mkT

 !
pz exp 2

p2z
2mkT

 !

Integrating over pz gives

d2j5
2ekT

h3
exp 2

W

kT

� �
exp 2

p2x 1 p2y

2mkT

 !

or

d2j5
js

2πmkT
exp 2

p2x 1 p2y

2mkT

 !
dpx dpy (44.18a)

This distribution is rotationally symmetric and Gaussian, the average transverse energy

being given by

,Ut . 5
1

2m
, p2x 1 p2y . 5 kT (44.18b)

This result is of importance for the physics of thermionic guns with pointed cathodes, as

will become obvious in Chapter 45, Pointed Cathodes without Space Charge.

Figure 44.3
Energy spectrum of thermionic emission. The function has been normalized so that the area under

the curve is unity.
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44.4 The Tunnel Effect

We now investigate the influence of strong electric fields on the emission process. First, the

form of the potential wall will be considered in more detail.

Inside the metal (z, 0) we still assume that V(z)5 const, although this is a very crude

simplification, but taking into account the crystalline structure of the metal would complicate

the theory considerably. In the vacuum half-space, z. 0, we assume that a homogeneous

electric field, of field strength |E| ¼: F, is applied. In addition we consider the potential of

image charges. An electron at a distance z. 0 from the surface is associated with an image

charge of opposite sign in the mirror-symmetric position. This gives rise to a Coulomb

potential Vc52e2/16πε0z. The complete representation of the potential is then

VðzÞ5 0 for z, 0

W 2 eFZ 2 e2=16πε0z for z. 0

�
(44.19)

which implies that V0� ζ0, ζ � 0 in Eq. (44.2). This function V is shown in Fig. 44.4.

At z5 0, the formula is clearly wrong, but the potential at this point has no influence

on the tunnel effect described below. In any case, Eq. (44.19) is a very crude representation

of the potential. The most important effect of the image charge on the potential barrier

is that the maximum is lowered, the latter being given by

zm5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e=16πε0F

p
; δW 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e3F=4πε0

p
Vm :¼ VðzmÞ5W 2 δW

(44.20)

Figure 44.4
Potential barrier in the case of field emission. The origin O is set at the Fermi level. The hatched

area indicates the potential barrier for a given normal energy Un. The plane z5 z0 at which
V(z0)52ζ0 is a favourable reference plane for the start of classical trajectories.
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The quantum mechanical tunnelling probability at a given normal energy Un is essentially

governed by the part of the barrier for which V(z)$Un. The corresponding z-interval is

given by z1 # z # z2 with V(z1,2)5Un. This is shown in Fig. 44.4. In the

Wentzel�Kramers�Brillouin (WKB) approximation, the transmission factor D(Un) is given

by

D Unð Þ5 1

11 eG
(44.21)

with the familiar Gamow exponent

GðUnÞ5
2

h̄

ðz2
z1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðV zð Þ2UnÞ

p
dz (44.22)

It often happens that G(Un)c1 and the approximation D5 e2G is then valid. For the

potential (44.19), the integration in (44.22) can be carried out analytically and results in an

expression containing elliptic integrals. It is convenient to define two dimensionless

variables y and κ by

y :¼ δW
W 2Un

; κ5

ffiffiffiffiffiffiffiffiffiffiffi
12 y

11 y

s
(44.23a)

with values between 0 and 1. Furthermore, we introduce a so-called ‘correction’ function

υ yð Þ :¼
ffiffiffiffiffiffiffiffiffiffiffi
11 y

p
fE κð Þ2 yKðκÞg (44.23b)

K(κ) and E(κ) being the complete elliptic integrals of first and second kind, respectively.

The transmission factor is then given by

D Unð Þ5 exp 2
4

3eh̄F
2mðW2UnÞ3
� 	1=2

υðyÞ
� �

(44.24)

The function υ(y) describes the contribution of the image-charge potential; υ(y)5 1 would

correspond to an unsmoothed triangular potential barrier of height W2Un. Since υ(y) # 1,

the image charge increases D(Un) by lowering the potential barrier.

Although (44.24) is the correct result of the integration, it is too complicated for further

calculations. The exponent in (44.24) is therefore expanded as a Taylor series in the vicinity

of the Fermi level, where the electron emission is strongest. With the assumption |Un|{W,

this Taylor series can be truncated after the linear term, and we thus obtain

D Unð Þ5D0 exp Un=d
� �

(44.25)
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with D0 :¼ D(0) obtained by setting Un5 0 in (44.23), (44.24) and with

d :¼ eh̄F

2tðyÞ ð2mWÞ21=2 ¼: 1
2
eFλ̄ (44.26)

The function t(y) is defined by

tðyÞ :¼ υ2
2

3
yυ0 5

ffiffiffiffiffiffiffiffiffiffiffi
11 y

p
EðκÞ2 y

11 y
KðκÞ

� �
(44.27)

It varies only slowly, remaining close to unity.

The quantity d, given by Eq. (44.26), is an energy and plays a similar role in the physics of

field emission to the thermal energy in thermionic emission. This will be obvious later and

will prove to be very useful. The representation d5 eFλ̄=2 makes it clear that this quantity

d can be interpreted as an acceleration energy gained over a distance λ̄/2. Apart from the

unimportant factor t21B1, the quantity λ̄ 5λ/2π is a reduced de Broglie wavelength

corresponding to a momentum (2mW)1/2. The functions υ(y) and t(y) have been tabulated by

Good and Müller (1956). Eupper (1980) found that the simple approximation

υ yð Þ5 12 y1:69; t yð Þ5 11 0:1107y1:33 (44.28)

is sufficiently accurate for all practical purposes, so that it is no longer necessary to use

these tables.

When the emissive surface is extremely small, the expression for the current density

expression can be improved by modifying Eq. (44.19) thus (Kyritsakis and Xanthakis, 2015):

VðzÞ5W 2 eFz2
B

zð11 z=2RÞ 1
eF

R
z2 (44.29a)

in which

B5 e2=16πε0 � 0:36 eV:nm (44.29b)

and R is the radius of the inscribed circle at the apex of the tip, which need not be spherical

elsewhere; F is the local electric field at the apex. The Gamow exponent is then

G5 g

ðz2
z1

W2eFz2
B

zð11z=2RÞ1
eF

R
z2

� �1=2
dz (44.30a)

which can be transformed into

G5 g
W3=2

eF

ðζ2
ζ1

12ζ2
y2

4ðζ1xζ2=2Þ1xζ
� �1=2

dζ ¼: 2g
3

W3=2

eF
Ξðx; yÞ (44.30b)
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by setting

ζ5 eFz=W ; x5W=eFR; y5 2ðBFÞ1=2=W and g5 ð8mÞ1=2=h̄ (44.31)

To a linear approximation,

Ξðx; yÞ5
ðζ2
ζ1

12ζ2y2=4ζ
� �1=2

dζ1 x

ðζ2
ζ1

ζ2 1 y2=8

2ð12ζ2y2=4ζÞ1=2
dζ (44.32)

in which ζ1 and ζ2 are the roots of 12 ζ2 y2=4ζ. We can now calculate the current density, j:

j5
aF2

W tðyÞ1WψðyÞ=eFR� 	2 exp 2b
W3=2

F
υðyÞ1 W

eFR
ωðyÞ

� � �
(44.33)

in which

tðyÞ5 υðyÞ2 2

3
y
dυ
dy

� 11
y2

9
2

y2ln y

11

ψðyÞ5 5

3
ωðyÞ2 2

3
y
dω
dy

� 4

3
2

y2

500
2

y2ln y

15

(44.34)

and

υðyÞ5 3

2

ðζ2
ζ1

ð12ζ2y2=4ζÞ1=2dζ ωðyÞ5 3

4

ðζ2
ζ1

ζ21 y2=8

ð12ζ2y2=4ζÞ1=2
dζ

a5 e3=8h b5 8πð2mÞ1=2=3e

(44.35)

The functions t(y) and υ(y) are the same as those in the traditional form of the theory

(44.23b, 44.27) while the terms in ωðyÞ and ψðyÞ represent the corrections required for very

sharp tips.

44.5 Field Electron Emission

Field electron emission is the physical process that enables electrons to escape from a metal

by the quantum mechanical tunnel effect treated above. Pure field emission is obtained at

T5 0, and is hence an idealization. The more realistic emission process occurring at finite

temperatures is called cold field emission, to distinguish it from Schottky emission in which

the cathode is deliberately heated; the terms thermal-field (TF) emission and temperature-

and-field emission have also been used.
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The expression (44.25) for the transmission factor is simple enough for it to be possible to

perform the necessary integrations. Very little error is introduced by extending the lower

limit of integration from Un52ζ0 to Un52N. Evaluation of Eq. (44.10) then yields the

emission current density:

jT 5 jF
πp

sin πp
5

jF

sinc πp
; sinc x :¼ sin x

x
(44.36)

with

jF 5Ad2exp 2b
W

d

� �
(44.37)

p :¼ kT=d# 0:7 (44.38a)

b :¼ 2υ y0ð Þ
3t y0ð Þ � 0:6; y0 5

δW
W

(44.38b)

and A5 4πmeh23 as in (44.12b). Eq. (44.37) is the celebrated Fowler�Nordheim

equation (Fowler and Nordheim, 1928; Nordheim, 1928) for pure field emission.

Eq. (44.36) is named after Murphy and Good (1956) and after Young (1959; see also

Young and Müller, 1959). Obviously this equation breaks down as p - 1, so that the

restriction imposed in (44.38a) must be respected. For larger values of p no satisfactory

simple theory is known. Comprehensive theoretical investigations in the region between

TF emission and thermionic emission have been made by Christov (1966). The

structure of the Fowler�Nordheim equation is obviously similar to that of the

Richardson�Dushman equation (44.12) if d is replaced by kT. This correspondence will

be more evident later.

Once again we are interested in formulae for the distribution of energy, emission angle and

transverse momentum. Unlike the corresponding considerations in Section 44.3, a problem

is now created by the fact that the real cathode surface must not be used as a reference

plane. In front of the cathode is the potential barrier in which the longitudinal momentum pz
of the tunnelling electron is imaginary. We need, however, a classical description of the

particle motion, if we are not to leave the framework of geometric electron optics.

Following Kasper (1981), we choose the reference plane z5 const5 z0 such that

V(z0)52ζ0, as shown in Fig. 44.4. This plane is in practice at a distance z05 (W1 ζ0)/eF
from the true cathode surface. This distance is at once large enough for the classical

description of the electrons to be applicable and short enough for the effects of curvature

to be still very small for F$ 107 V/cm. One objection to this very simple choice is that the

Fermi energy ζ0 can hardly be measured, but this does not matter, since we shall see that ζ0
cancels out from the final formulae.
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It is convenient to introduce a polar representation of the momenta, but this differs from

(44.13a,b) in that the total energy E must now be replaced by the kinetic energy E2V,

since the potential does not vanish. Using Ut5 (E2V) sin2 γ and Un5E cos2 γ 1 V sin2 γ,
we can derive a spectral radiance S analogous to (44.14a) and (44.14b). We can even do

this for any plane z5 const beyond the barrier, provided that V5V(z) remains valid. With

ζ5 0 the result is

S5 S E;T ; z; γð Þ

5
4me

h3
E2VðzÞ

11 expðE=kTÞ exp
Ecos2γ1Vsin2γ2 bW

d

 !
(44.39a)

The inequalities |E|{W, d { W, γ{1 and the particular choice V52ζ0 bring some

simplification; we then obtain

S5
Aζ0
π

1

11 expðE=pdÞ exp
2 bW2 ζ0 sin

2γ1E

d

� �
(44.39b)

where (44.12a) and (44.38) have been used. Note that the origin of E is different from that

adopted in Section 44.3! Integration of S cos γ over all permitted emission angles yields the

total energy distribution G(E) with dj5G(E)dE:

GðEÞ :¼ jTgðEÞ5
Ad

11 expðE=pdÞ exp
E2 bW

d

� �
(44.40)

The function g(E) is again the normalized statistical distribution function. As mentioned

above, the Fermi energy ζ0 has disappeared in the integration.

Total energy distribution curves are shown in Fig. 44.5. They have an asymmetric form, the

tails for E - N extending very far for higher values of p5 kT/d. With the distribution

function g(E) of (44.40), the following expectation values can be derived:

,E. 5πpd cot πp5 d 12
π2p2

3
2

π4p4

45
1 . . .

� �
(44.41)

ΔE5 d
πp

sin πp
5 d 11

π2p2

6
1

7π4p4

360
1 . . .

� �
(44.42)

Recalling (44.36), we conclude that (Kasper, 1981)

ΔE

d
5

jT

j0
(44.43)

which means that the width of the energy spectrum increases with temperature in the same

way as the total current density. This relation shows why it is impossible to build a field
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emission gun with high current density and low energy width ΔE. This is impossible even

if no external heat is supplied to the cathode, since the intense emission process itself heats

the cathode (Nottingham effect). The maximum of the total energy distribution curve is

located at

Em5 kTfln p2 ln 12 pð Þg
This value is negative for p , 1/2 and positive for p . 1/2. This formula may be

helpful in determining the origin of the energy scale, which cannot be measured

directly.

By integration of (44.39), an angular emission distribution analogous to (44.17) can be

derived (Kern, 1978a,b; Kasper, 1982). In any reference plane z5 const, this is given by

~BðγÞ52
jT

πd
VðzÞcos γ exp

VðzÞsin2γ
d

� �
(44.44)

if 2V(z) c d. The formula then satisfies
Ð

~B(γ) dΩ5 jT for γ # π/2, as it should do.

Eq. (44.44) describes mathematically the strong parallelizing effect of the extraction field

on the electron beam: a significant contribution to the total current density is obtained only

for γ2,
~
d/ |V(z)|. This last quantity is already very small at the starting plane z5 z0, since

ζ05 10 eV, d5 0.1 eV are typical values.

Figure 44.5
Total energy distribution curves for thermal-field (TF) electron emission at various temperatures T;

E5 0 corresponds to the Fermi level. The vertical scale is in arbitrary units.
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The transverse momentum distribution can be calculated as in (44.18a,b). The integrations

are straightforward and result in

d2j5
jT

2πmd
exp 2

p2x 1 p2y

2md

 !
dpxdpy (44.45a)

and

,Ut . 5
1

2m
, p2x 1 p2y . 5 d (44.45b)

The analogy with (44.18a,b) for kT 2 d is quite obvious. The fact that emission

mechanisms as different as those treated here both have Gaussian transverse momentum

distributions may be considered as a justification of the heuristic assumption that beam

profiles are Gaussian, which is frequently made in theoretical studies.

In the foregoing derivations, we have followed the traditional route to (44.25) with the

usual definitions of υ(y) and t(y) in terms of the parameter y. In the past decade, however,

Forbes and others have re-examined the Fowler�Nordheim formula and shown

convincingly that it is preferable to reformulate it in terms of the variable s5 y2; we write

υðsÞ :¼ υðyÞ (44.46)

This has several advantages, both mathematical and physical. In their major paper, Forbes

and Deane (2007) have shown that υ satisfies the differential equation

sð12 sÞ d
2υ
ds2

5
3

16
υ (44.47a)

with

υð0Þ5 1 and lim
s-0

dυ
ds

2
3

16
ln s

� �
52

9

8
ln 2 (44.47b)

Eq. (44.47a) is a special case of the differential equation satisfied by the hypergeometric

function (Whittaker and Watson, 1927, Section 14.2). From an examination of the solutions

of this equation, set out in full by Forbes and Deane, it emerges that a good approximation

to the particular solution υðsÞ is
υðsÞ5 12αs1βs ln s

α5
3

16
6 ln 21 1ð Þ; β5

3

16

(44.48)

This expression, in the form υðsÞ5 12 s1 1
6
s lns had already been found by Forbes (2006);

the numerical factors are very close: α5 0.9673 and β5 0.1875 (1/65 0.1667). For very
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extensive discussion of this and comparison with other approximate expressions for υðsÞ or
υ(y), see Forbes and Deane (2007, 2010). It is interesting that the approximations found by

Eupper (1980),

υðyÞ5 12 y1:69 or υðsÞ5 12 s0:845

tðyÞ5 12 0:1107y1:33 or tðsÞ5 12 0:1107s0:665
(44.49)

are close runners-up to (44.48), as shown by Forbes and Deane (2010).

This short account is no more than an introduction to recent work in this area. For further

information, see Deane and Forbes (2008), Edgcombe (2005), Edgcombe and Valdrè

(2001), Edgcombe and de Jonge (2006, 2007), Forbes (1999a,b,c, 2004, 2006, 2008a,b,c,

2009, 2010), Forbes and Deane (2010), Forbes and Jensen (2001), Forbes et al. (2015),

Jensen (1999, 2001, 2012), Jensen and Ganguly (1993), Jensen et al. (2017) and Kolosko

et al. (2016).

44.6 Schottky Emission

The theory of Section 44.3 is extremely simplified. In practice, the influence of the field

strength F on thermionic emission cannot be neglected. Here we assume that, apart from

the image-charge term, the electric field is homogeneous for z . 0, which implies that

space charge effects are still excluded from the discussion; the latter will be dealt with in

Chapter 46.

One very simple improvement consists in replacing W by

WF :¼W 2 δW (44.50)

in the Richardson�Dushman equation, δW being given by (44.20). The result is enhanced

emission, which is known as the Schottky effect. This is, however, not quite satisfactory. It

is still essential to take into account the tunnelling process. The necessary approximations

are justified in the following manner: since the field strength is comparatively weak (about

100 V/cm), the potential barrier is broad and flat, so that tunnelling occurs essentially at

energies near the maximum of V(z). In the vicinity of this maximum, given by Eq. (44.20),

the function V(z) is approximated by a parabola V5Vm2α(z2 zm)
2; the integration in

(44.22) can then be carried out, the result being

GðUnÞ5 ðVm 2UnÞ=c (44.51)

with

c5
h̄

π
ffiffiffiffi
m

p ð4πε0eF3Þ1=4 5 h̄eF

π
ffiffiffiffiffiffiffiffiffiffiffi
mδW

p (44.52)
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It is now necessary to use Eq. (44.21) in its exact form. The formula remains valid when

Un.Vm, though (44.22) does not hold then. In fact

DðUnÞ5 11exp
Vm2Un

c

� �� �21

(44.53)

gives the correct results, D(Vm)5 1/2, D(N)5 1. Since the electron emission is most

probable in the vicinity of the maximum, and since WFckT, we may simplify the Fermi

function by writing

f ðE; TÞ5 exp 2
WF 1E

kT

� �
(44.54)

the origin of the energy scale being chosen here at the maximum Vm. The subsequent

calculations are now very similar to those of Section 44.5; we shall give only some

important results. The total current density is

js5AðkTÞ2exp 2
WF

kT

� �
πq

sin πq
(44.55)

with the dimensionless parameter

q5
c

kT
# 0:7 (44.56)

The transverse momentum distribution still satisfies (44.18a,b). The total energy distribution

is broadened and the formula

ΔE5
ffiffiffi
2

p
kT

πq
sin πq

(44.57)

is approximately valid, the last term expressing the broadening caused by the weak tunnel

effect. Comparing these formulae with those for field emission, it is seen that there is an

exchange-symmetry kT 2 d, q 2 p.

As mentioned earlier, a very complete account of Schottky emitters has been prepared by

Bronsgeest (2015).

44.7 Concluding Remarks

In the preceding sections we have outlined the theory of electron emission in its most

simplified version. This gives us some understanding of the physical processes that take

place in electron emission. The formulae obtained are useful for the preliminary design of

electron guns. We emphasize that numerous details have had to be omitted for reasons of

space. The reader will find a fuller discussion in the relevant literature of surface science,
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e.g. Swanson and Bell (1973) for earlier work and Swanson and Schwind (2009). The

reliable operation of an electron gun depends on a great many technological details, for

which no exact theory exists and which often cannot be fully investigated by experiments.

Thus a successful electron gun design requires much practical experience as well as a

knowledge of the underlying theory.
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CHAPTER 45

Pointed Cathodes Without Space Charge

In many electron gun designs, especially those with field electron emission, the cathode is

treated as a point source emitting electrons with an energy that corresponds to the

acceleration voltage of the wehnelt (extraction anode). The gun is then simply regarded as a

lens system focusing this electron beam. Such designs have, for instance, been made by

Butler (1966), Munro (1972) and Riddle (1978). This model can be very useful if it is

applied correctly. In order to understand its justification and its limitations, we study it in

some detail. We have generalized to some extent a presentation given by Kasper (1981),

which is otherwise followed closely. The term ‘pointed cathodes’ now includes a new

family of field emitters, the carbon nanotips. These are so small that they need to be studied

separately. We give an introduction to these emitters in Section 50.7.

45.1 The Spherical Cathode

A pointed cathode usually consists of a fine needle welded on a thicker supporting shank.

This device is not exactly axisymmetric but we shall nevertheless treat it as though it were

for reasons of simplicity. The wehnelt electrode (see Fig. 43.3) is positive with respect to

the cathode. This has the consequence that the field strength never vanishes at the cathode

surface. The importance of this restriction has already been pointed out in Chapter 43,

General Features of Electron Guns.

The electric field strength F is strongest in the vicinity of the apex of the needle, and thus

the electron emission is mainly confined to this domain. It is clear that the shape of the

needle, especially close to the apex, is of great importance for the operation of the gun.

Unfortunately this shape is rarely known exactly. For want of any more exact information,

therefore, we assume that the vicinity of the apex is spherical with a radius of curvature Rs.

This is a most reasonable assumption under the circumstances. An attempt to model the

evolution of the tip shape has been made by Iiyoshi (2011).

The notation used below is shown in Fig. 45.1. In the purely spherical field, the law of

conservation of angular momentum gives

L5mRsυt 5mRsυ0 sin γ5mυNb
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b here denoting both the minor semiaxis of the hyperbolic electron trajectory and the

distance of its asymptote from the centre of force, the ‘impact parameter’. The asymptotic

velocity υN in the accelerating Coulomb field is obtained from the conservation of

energy:

mυ2N
2

5
mυ20
2

1 eFsRs

The latter term is just the work done by the Coulomb field of field strength Fs at the cathode

surface. Usually, we can make the approximations mυ20=2{eFsRs and α{1 (see Fig. 45.1).

Eliminating υN, we find

b5 υt

ffiffiffiffiffiffiffiffiffiffi
mRs

2eFs

r
5

Rs

2
α (45.1)

The last term of this relation arises from the fact that � with the approximations made

above � the asymptote of each trajectory intersects the surface normal at approximately

R5Rs/2, as is shown in Fig. 45.1. The relation Eq. (45.1) is well known and frequently

encountered in the literature.

A consequence of the intersection of the asymptotes on a sphere of radius Rs/2 is that an

aberration figure is described in the vicinity of the centre C, as seen in Fig. 45.1. We are

not interested in one particular aberration radius b but in its mean square value ,b2. 1/2.

We therefore replace υt in Eq. (45.1) by ,υ2t .
1/2. Since Ut5mυ2t /2 is the tangential

energy, introduced in Section 44.2, we may conclude from Eq. (45.1) that

Figure 45.1
Notation employed in connection with the spherical cathode model; t is an arbitrary meridional

trajectory while n is the corresponding normal trajectory (for which υt5 0).
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ρ0 :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
, b2.

p
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
,Ut .Rs

eFs

r

Thus for thermionic cathodes, ,Ut. 5 kT gives

ρðTÞ0 5

ffiffiffiffiffiffiffiffiffiffi
kTRs

eFs

r
(45.2)

while for field-emission cathodes, for which ,Ut. 5 d,

ρðFÞ0 5

ffiffiffiffiffiffiffi
dRs

eFs

r
5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Rsλ̄=2

p
(45.3)

λ̄ being defined by Eq. (44.26). Since λ̄ is almost independent of the field strength Fs, the

same holds for ρðFÞ0 , so that it is impossible to decrease ρðFÞ0 by increasing the field strength.

45.2 The Diode Approximation

Although the main body of the needle and its support do not contribute to the emission of

electrons, the field between them and the wehnelt electrode acts on the electron beam

farther away from the tip. In order to simplify the discussion, we shall neglect any

deviations of the cathode support from rotational symmetry. This is clearly wrong in the

vicinity of this support, but the error is very small in the region occupied by the electron

beam. Until 1983, this was only an assumption, which seemed to be confirmed by

experimental observations, but in 1985, Eupper made a full calculation of the field in an

electron gun with a hairpin as the cathode support. The electron beam emitted by such a

gun does indeed have very little astigmatism, so that our assumption is justified.

The combination of the cathode and the (positive) wehnelt is called a diode. Beyond the

wehnelt, there is assumed to be an asymptotically field-free space at wehnelt potential ΦW

relative to the cathode. The entire electric field in the diode can be regarded as the

superposition of a spherical field and the field of a weak round lens. The reasons why this

lens is weak are as follows.

i. In the vicinity of the apex all deviations from the spherical symmetry of the field are,

in fact, very small. This is immediately obvious from an inspection of accurate plots of

equipotentials (Fig. 45.2).

ii. At larger distances from the cathode tip, the electric field is not at all spherical. In this

region, however, the electrons have gained so much kinetic energy that the curvatures

of the trajectories are very small.

The focusing effect caused by the total diode field is shown in Figs 45.3 and 45.4.

Trajectories starting perpendicular to the tip surface are bent in such a way that their
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Figure 45.2
Equipotentials in the vicinity of a hemispherical cathode. In the marked zone near the apex, the

field is practically spherical.

Figure 45.3
Diode model with real source at C and virtual source at V; θm is the maximum aperture angle.

Figure 45.4
Notation associated with an arbitrary normal trajectory n in the vicinity of the cathode in the

diode model.
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asymptotes intersect in a very small zone around a virtual source point V. That the

aberrations of this virtual focusing must be very small first became evident in

E.W. Müller’s field-emission microscopes (Müller, 1937, 1951), which form excellent

stereographic projections of the emitting surfaces.

In order to understand this, we introduce a refractive index and an angular magnification MA.

Since the electrons, starting with negligible initial velocity υ0, gain kinetic energy eFsRs in

the purely spherical field, a momentum p15 (2meFsRs)
1/2 is associated with this partial field.

In the field-free space outside the diode they have a kinetic energy eΦW and hence a

momentum p2 5 2meΦWð Þ1=2. The refractive index n is conventionally defined as p2/p1 and

we write

n :¼ p2

p1
5

ffiffiffiffiffiffiffiffiffi
ΦW

FsRs

r
¼: ffiffiffi

μ
p

(45.4)

Since the solution of the appropriate Dirichlet problem in the diode domain tells us that ΦW

is exactly proportional to Fs, the quantity μ is a purely geometric shape factor of the device.

Fig. 45.4 shows schematically a normal ray n, by which we mean a ray that leaves the

cathode in the direction of the local surface normal, its initial tangent hence intersecting

the optic axis at C. The focusing effect of the electric field can be understood as some kind

of stereographic projection of the cathode surface, the projection centre shifting from C to V.

In the paraxial approximation |θC|{1, there must hence be a simple proportionality of the

type θV5MAθC, MA being the constant angular magnification. We now generalize this to

include larger angles.

It can be shown that for a distortion-free projection, the sine condition

sin θV/sin θC5 const5MA must hold (see Section 15.4). From the exact numerical trajectory

calculations carried out by Kern (1978a,b) and Eupper (1980), it has been found that

MA5 θ21
C tan θV 5 const (45.5)

with a value of MA slightly larger than 0.5. This is, indeed, practically compatible with the

sine condition if MA5 321/25 0.577, as can be verified by expanding all the trigonometric

functions as power series. The terms of first and third order are then compatible. This is

better than in Gaussian dioptrics, where there is compatibility only in the first-order terms.

In this way we can understand why, in this particular case, Eq. (45.5) is the appropriate

definition of the angular magnification.

Since the tip radius Rs is much smaller than the geometrical dimensions of the diode lens, it

is reasonable to assume that MA is unaffected by small shifts of the order of Rs, and we thus

have the same value of MA for the virtual imaging of all the cathode surface, at least in the

neighbourhood of the apex. Combining Eqs (45.4) and (45.5), we can introduce the lateral
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magnification ML by means of the relation MLMAμ
1/25 1, which remains valid at least for

small values of θC; thus we find

ML 5
1

MA
ffiffiffi
μ

p �
ffiffiffiffiffiffiffiffiffi
3

μ

s
(45.6)

This enables us to find an approximate expression for the aberration radius ρV associated

with the diode lens:

ρV 5MLρ0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Rs

eFsμ
,Ut .

s
5Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3,Ut .

eΦW

r

In this relation, the form-factor μ has finally cancelled out. For thermionic diodes,

,U. 5 kT leads to

ρ Tð Þ
V 5Rs

ffiffiffiffiffiffiffiffi
3kT

eΦw

r
(45.7)

while for field-emission diodes, ,U. 5 d and d5 eFsλ̄ /2 (44.26) lead to

ρðFÞV 5

ffiffiffiffiffiffiffiffiffiffi
3Rsd

eFsμ

s
5Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Fsλ̄
2Φw

5

s ffiffiffiffiffiffiffiffiffiffiffi
3Rsλ̄
2μ

s
(45.8)

The consequences for thermionic guns and field-emission guns are different. From

Eq. (45.7) it is obvious that the aberration radius of a thermionic gun with positive wehnelt

(essentially a gun with a LaB6 cathode) can be decreased slightly by increasing the wehnelt

potential ΦW, and one should do this, within the limits of what is technically feasible. From

the last form of Eq. (45.8) it is obvious that in field-emission guns ρðFÞV is practically

independent of the field strength Fss and consequently of the potential ΦW. Since the form-

factor μ is always between 2.5 and 5, the radius ρðFÞV does not differ much from ρðFÞ0 and is

hence essentially determined by Rs and by the work function W, since λ̄ 5 ħ(2mW)21/2.

Practical evaluation shows that ρV is always much smaller than Rs. We can thus derive

approximate formulae for the asymptotic emission angles of arbitrary electron trajectories. Since

ρV {Rs, we now make the simplifying assumption that all asymptotes intersect at the virtual

source point V, as shown in Fig. 45.4. This implies that in the spherical field close to the tip, all

the trajectories are bent in such a way that they seem to have emerged from the centre C. This

clearly contradicts the construction shown in Fig. 45.1 but the error incurred is negligible.

For the angles shown in Fig. 45.4, we can draw the following conclusions from Eq. (45.5):

tan θV 5MAθC; tan ðθV 1βÞ5MAðθC 1αÞ
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Since |α|{1, |β|{1, while θV and θC may be large, we have then

β5MAαð11M2
Aθ

2
CÞ21 5MAα cos2 θV

We may calculate α from Eq. (45.1). Introducing the form-factor μ from Eq. (45.4), we

obtain

α5 υt

ffiffiffiffiffiffiffiffiffi
2mμ
eΦW

r
(45.9a)

and thus

β5
MA

11 θ2CM
2
A

υt

ffiffiffiffiffiffiffiffiffi
2mμ
eΦW

r
(45.9b)

Recalling that m ,υ2t . /25,Ut., we can easily find an expression for the mean square

value of β:

,β2 . 5
4M2

Aμ,Ut .

ð11θ2CM
2
AÞ2eΦW

(45.10)

with ,Ut. 5 kT or ,Ut. 5 d as appropriate. It is usually true that M2
Aθ

2
C{1 so that

,β2. is practically independent of θC. Since the distribution of tangential velocities υt is
Gaussian, as has been explained in Chapter 44, the same conclusion now holds for the

distribution of the angles β. These results will be very useful in Chapter 47, Brightness.

If we know the exact location of the virtual source V and if we assume that the curvatures

of the trajectories in the vicinity of the aperture of the wehnelt can be neglected, these

formulae enable us to determine whether a trajectory will pass through the aperture or not.

Since this can be done without explicit numerical ray-tracing, the foregoing formulae,

Eq. (45.5) especially, are very useful for the calculation of probe currents.

Finally we must emphasize that these arguments are clearly only an approximation to

reality, though a fairly good one. Of course, the asymptotes do not intersect exactly in a

point V, not even those corresponding to normal trajectories, as has been assumed in

Fig. 45.4. Furthermore, aberrations are introduced by the diode lens but there is as yet no

rigorous theory of these. Fortunately they are small.

45.3 Field Calculation in Electron Sources with Pointed Cathodes

This subject can be very troublesome for three different reasons. The first is the aggregation

of space charge in the path of the electron beam, which has an influence on the potential

distribution. This complication is dealt with in Chapter 46, Space Charge Effects.

The second reason is that the true shape of the tip is often unknown. The very strong
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electric field in field-emission sources may deform the tip, often in an

unpredictable manner. As long as this deformation remains unknown, a field calculation

that attempts to take it into account makes little sense; here, therefore, we assume that the

shape of the cathode is well known. Even then, problems arise for the third reason. The

differences between the geometric dimensions of the various parts of electron sources are so

large that conventional field computation techniques, such as the methods of finite

differences and finite elements, may break down, at least in their elementary forms. We

recall that Khursheed has introduced a form of the finite-element procedure adapted to this

situation (Chapter 12 of Volume 1).

Numerous attempts have been made to overcome these difficulties, so many that it is not

possible to comment on all the corresponding publications. Instead, we shall concentrate on

a few typical examples.

45.3.1 Analytic Field Models

One method of field calculation is based on the use of an appropriate analytic field model.

The earliest is the sphere-on-orthogonal-cone (SOC) model, which was used by Dyke et al.

as long ago as 1953. The basic idea is as follows. A rotationally symmetric solution of

Laplace’s equation in spherical coordinates R, ϑ;ϕ

@

@R
R2 @Φ

@R

� �
1

1

sin ϑ
@

@ϑ
sin ϑ

@Φ
@ϑ

� �
5 0

is obtained by separation of variables. The particular solution that satisfies the boundary

condition Φ5 0 over the sphere R5 a takes the general form

ΦðR;ϑÞ5
XN
j51

Aj

R

a

� �νj
2

a

R

� �11νj
� �

Pνjðcos ϑÞ (45.11)

The powers and subscripts νj, which are in general not integers, are determined by the

additional boundary conditions

Φ R;π2αð Þ5 0 for R$ a; Pνjð2cos ϑÞ5 0

on a cone of given semiaperture angle α, see Fig. 45.5. The calculation of these numbers νj
and the corresponding Legendre functions Pνj is highly complicated. The coefficients Aj are

determined by the boundary conditions at the other electrodes. For a long time, this

problem remained unsolved. Wiesner (1970; see Wiesner and Everhardt, 1973, 1974), for

instance, considered only the first term in Eq. (45.11), for which j5 1. In this way he could

describe the field in the vicinity of the cathode quite well but the asymptotic behaviour of

the potential was wrong; at least in the bore of the wehnelt this gave a totally wrong field.
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The first convincing solution was given by Kern (1978a,b); it is demonstrated in Fig. 45.6.

The SOC solution (45.11) with initially unknown coefficients Aj is confined to the vicinity

of the tip, essentially the domain Ga in Fig. 45.6 and the boundary points Qk (k5 1, . . . k)
marked by crosses. The series (45.11) is truncated after k terms so that the coefficients are

determined uniquely by the boundary values of the potential at the points Qk. In the domain

Gd (Fig. 45.6), the finite-difference method (FDM) was used. The necessary boundary

values at the points Ql, marked by dots, were calculated from Eq. (45.11). The whole

Figure 45.5
Equipotentials in the neighbourhood of a SOC structure. After Kern (1978a), Courtesy the author.

Figure 45.6
The regions Ga in which an analytic solution is employed and Gd in which the solution is obtained

by means of the finite-difference method. After Kern (1978a), Courtesy the author.
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system of equations was then solved iteratively. Analytic differentiation of (45.11) and the

application of numerical differentiation and interpolation techniques in the square-shaped

mesh grid then gave accurate values of the field throughout the domain Ga,Gd. By

solving the Lorentz trajectory equation in the form (3.12) numerically, Kern was able to

confirm Eq. (45.2).

In order to avoid the complicated evaluation of Eq. (45.11) and the application of the FDM,

Kasper (1979) proposed a simpler analytic field model. In the vicinity of the cathode tip,

the potential is modelled by a uniform line-charge distribution of density q for ϑ5π and a

point charge Qs52qλa at the origin:

ΦCðR;ϑÞ5 q ln
R

a

� �
1 2ln cos

ϑ
2

� �
1λ 12

a

R

� �� �
(45.12)

λ and a being free parameters, which can be fitted to the form of the cathode in the vicinity of

the apex. Eq. (45.12) satisfies ΦC(a, 0)5 0 at the apex. If λ� 2 is chosen and the length a is

then related to the radius of curvature at the apex Rs by a5Rs(λ1 0.5)/(λ1 1), a fairly good

representation of the shape of the cathode tip is obtained. In order to fit the model to given

boundary conditions at the surfaces of the wehnelt and any other electrodes, other line charges

for z, 2s (s is a free parameter) and a uniform charge distribution on a screening cylindrical

tube are introduced. The model was then combined with the boundary-element method (BEM),

which provided the appropriate charge distribution on the wehnelt and the anodes.

This method works fairly well while remaining comparatively simple. A detailed treatment

is to be found in Kasper (1982). The main objection to this model is that the shape of the

cathode shank far from the tip is oversimplified, since this part was regarded as

unimportant. Furthermore, in the vicinity of the apex, the cathode is assumed to be

hemispherical (as in the SOC model). In some modern developments, appreciable

deviations from hemispherical shapes are of interest. It is therefore necessary to consider

more flexible models. A suitable expansion of the potential field is given by

ΦCðR;ϑÞ5
XN
ν50

Aν
a

R

� �ν11

Pνðcos ϑÞ1
ð0
2L

qðzÞ z212zRcos ϑ1R2
	 
21=2

dz (45.13)

This is the superposition of an ordinary multipole expansion (ν is an integer) and of the

potential of a line-charge distribution with density q(z) on the optic axis. This continuous

distribution has to be made discrete, for instance by using piecewise linear functions joined

together continuously. The integration can then be carried out analytically, as has been

outlined in Section 10.4. The expansion (45.13) is then combined with the BEM. The many

degrees of freedom in this model can be used to adjust the potential at an appropriate

number of control points on the cathode surface.
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45.3.2 Rigorous Methods

We still assume that the cathode is rotationally symmetric, although this may often be too

strong a simplification. For the computation of axisymmetric fields, the FDM, the BEM and

the FEM can all be used. The FDM in cylindrical coordinates is not adequate. In order to

adjust the grid to the very large differences between the dimensions of different parts of the

gun, one has to alter the mesh-length so often while approaching the cathode that the

method breaks down. Hauke (1977) tried to overcome this difficulty by using a

discretization in prolate spheroidal coordinates, the centre of curvature of the tip being one

of the foci. This was plausible only for thermionic cathodes (Rs� 50 μm). Kang et al.

(1981, 1983) introduced a spherical grid with exponentially increasing mesh-length in the

radial direction. In this grid, they applied five-point formulae with a good measure of

success. If the necessary local refinements of the grid are chosen suitably, a high accuracy

is possible. Since this type of grid is a special case of those considered in Section 11.4, still

higher accuracy can be achieved by the use of appropriate nine-point formulae, wherever

this is possible. In any case, the laborious consideration of irregular mesh points in the

vicinity of boundaries cannot be avoided.

In principle, arbitrary curved boundaries, even with extreme differences in the geometric

dimensions, can be treated successfully by means of the BEM. High accuracy can be

achieved, at least with the method outlined in Section 10.2.3. The main problem with the

BEM is that, although the surface charge distribution may be known exactly, it is a major

task to set up procedures for the accurate and very fast computation of the field strength in

the vicinity of the singularities.

This difficulty can be overcome in different ways. Ozaki et al. (1981) obtained good results

with a suitable parametric transform, devised by Uchikawa et al. (1981). Their findings will

be discussed in the next section. Another possibility is to introduce a charged surface

located inside the cathode, as is shown in Fig. 10.7. It is then necessary to apply the spline

technique outlined in Section 10.2.3 to the charge distribution on this surface. This results

in very smooth and accurate fields; the necessary numerical integrations create no

problems.

For truly three-dimensional configurations like those shown in Figs 10.18 and 10.19, the

BEM in the version introduced by Eupper (1985) seems to be suitable. The software from

MEBS and SPOC offers routines for calculating gun properties.

We can safely assert that, even neglecting space charge effects, the accurate

computation of electric fields in electron sources is a complicated task. The situation

becomes even worse if space charge is considered, as we shall see in Chapter 46.
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45.4 Simple Models

The diode approximation, outlined in Section 45.2, already gives us a very good description

of the asymptotic properties of the electron beam in the space beyond the wehnelt.

Essentially, two pieces of information are still missing: the axial position of the virtual

source and the value of the correction parameter μ. The former can be estimated

reasonably: the virtual source is located at a distance equal to a few times the radius of

curvature Rs behind the centre of curvature C. Even if this estimate in terms of Rs is 100%

wrong, this is not serious, since RsB1024 mm is much smaller than the distance from the

wehnelt. A reasonable estimate for μ is not easy to guess but can be found with the aid of a

model, as we shall now see.

45.4.1 A Diode-Field Model

A simple field model for the approximation of fields in diode configurations has been

proposed by Kasper (1982). This is sketched in Fig. 45.7. The essential singularities of the

Figure 45.7
Computer simulation of a field-emission structure. (A) Half-axial section through a triode with

cathode (C), wehnelt (W) and anode (A). The heavy lines and dots indicate the assumed
singularities of the field. (B) Approximate simulation of the field in the left-hand part by means of

a mirror-symmetry operation.

1094 Chapter 45



field are chosen to be a point charge Qs located at the origin of the coordinate system, an

axial line charge with the (one-dimensional) density 2q, 0 for 2s# z# 0, an unbounded

axial line charge with density 2q0 , 2q for z, 2s, a coaxial screening tube with radius

RT and the opposite line-charge density 1q for z, s. This configuration has a net charge

Q5Qs2 qs and produces the potential ΦC described by Eq. (45.12) in the vicinity of the

apex. A good approximation for the potential at larger distances is given by

ΦCðz; rÞ5 qFðz; rÞ1 ðq0 2 qÞFðz1 s; rÞ2 q0Fðz1 s;RT Þ
1Qsðz21r2Þ21=21Oðr2Þ

(45.14a)

with

Fðz; rÞ :¼ ln ðz1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 1 r2

p
Þ=RT

n o
(45.14b)

It is now necessary to assume that the radius of the aperture in the wehnelt is negligible;

this is reasonable, since this aperture is always so small that it has practically no influence

on the field near the apex. The plane front of the wehnelt, located at z5DcRs and at

potential ΦW, is then easily simulated by mirror operations (see Fig. 45.7):

Φðz; rÞ5ΦCðz; rÞ1ΦW 2ΦCð2D2 z; rÞ (45.14c)

All the parameters of the model are now determined uniquely: Qs is related linearly to q, as

is outlined in Section 45.3.1, q0 is determined by the wehnelt potential and the asymptotic

radii b and RT in Fig. 45.7:

q05
0:5ΦW

lnðRT=bÞ
We thus have a linear condition qg1 q0g0 5ΦW with the factors

g :¼ λ1 ln
2Ds

ð2D1 sÞa

� �
(45.15a)

g0 :¼ ln
11 ð11R2=s2Þ1=2

11 11R2=ð2D1sÞ2� �1=2
2
4

3
5 (45.15b)

the quantities a and λ being those of Kasper’s model in Section 45.3.1. Hence

q5
ΦW

g
12

g0

2 lnðR=bÞ

� �

and the field strength at the apex becomes Fs5 q(11λ)/a. Finally the correction parameter μ,
introduced in Eq. (45.4), is found to be
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μ5
g λ1 1=2
	 

11λð Þ2 12

g0

2 ln RT=b
	 


( )21

(45.15c)

with λ� 2. A comparison with the results of exact numerical calculations for the same

configuration, but with a realistic aperture in the wehnelt, shows that the error is always

less than 1%. For practical purposes, therefore, this model is accurate enough if it is

possible to fit its free parameters adequately to the real geometric configuration. This may

be laborious, but does not require a large computer program. For more information we refer

to Kasper’s (1982) publication.

The problem of the influence of the cathode shank and of other electrodes on the field

strength Fs at the apex has been investigated in detail by a Japanese group (Ozaki et al.,

1981), who performed a rigorous field computation based on the boundary-element method.

They concluded that the shape of the shank does have a significant influence on the familiar

parameter βs :¼ Fs /ΦW, which is related to μ by βs5 (Rsμ)
21. A small difference between

the real and the assumed form of the shank close to the tip can cause an error of a few per

cent. On the other hand, remote parts of the electrodes have no significant influence on the

value of βs.

From these findings it is clear that really accurate results can be expected only if the

cathode geometry is known accurately; in practice, however, this is often not possible so

that estimates based on simple models may still be useful.

45.4.2 Thermionic Triode Guns

In the preceding sections we have dealt with diode guns with pointed cathodes and positive

wehnelt potentials relative to the cathode. The model outlined in Section 45.2 is fairly

accurate, since it can be shown experimentally and theoretically that the inherent errors are

slight. The situation becomes worse if the potential difference between wehnelt and cathode

is negative, as is commonly the case in thermionic triode guns, since the purpose of the

wehnelt is to confine the beam. The departure of the electric field from spherical symmetry

is then large even in the vicinity of the cathode tip. In spite of this difficulty, Lauer (1968,

1982) has developed an elementary model for such guns.

The basic ideas behind this model are illustrated in Figs 45.8A and B. The cathode surface

is again assumed to be spherical and the corresponding Coulomb field is extended to the

front plane z5 zW of the wehnelt. The accelerating field between the wehnelt and the anode

is assumed to be homogeneous. The resulting axial potential distribution φ(z) is shown in

Fig. 45.8A. Here, UC is the potential at the cathode surface, UA that at the anode, while U0
W

is the axial potential at the centre of the wehnelt. This latter potential is always more

positive than that of the wehnelt surface. At z5 zW and z5 zA, the assumed axial potential
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Figure 45.8
Paraxial model of electron gun. (A) Electrostatic potential on the optic axis. (B) Trajectories. Note

that the entrance pupil of the pencils of rays is situated at the centre of the cathode. (C) Ray
patterns (above) and shadow curves (below) for different operating conditions. The wehnelt
voltage is progressively more positive from left (close to cutoff) to right (second hollow beam

mode). The heavy dashed curve represents the caustic surface and the dotted line, the beam edge.
Only the shaded zone of the filament contributes electrons to the beam. After Lauer (1968) (A and

B) and Hanszen and Lauer (1969b) (C), Courtesy Verlag der Zeitschrift für Naturforschung.



φ(z) is not smooth. These unrealistic discontinuities of the field strength can be corrected by

appropriate weak-lens approximations.

Lauer’s model for the triode gun is now essentially a paraxial one. In the Coulomb field in

front of the cathode, the electron motion satisfies the relations derived in Section 45.1.

At the wehnelt, the electrons are focused by a thin, weak lens; in the homogeneous field

beyond this lens, the trajectories are parabolae, which are then continued as their exit

tangents after the anode. This is all depicted schematically in Fig. 45.8A and B.

Lauer considered only a single common kinetic energy WC5 e(UC2U0) � kT at the

cathode surface. In his notation (see Figs 45.8B and 45.9) he arrived at the following

results: the axial position p0 of the virtual (asymptotic) crossover and its radius ρ are

given by:

p0 52ðzA2 zW Þ
ðUA2U0Þ1=2 2 ðU0

W2U0Þ1=2
ðUA2U0Þ1=2 1 ðU0

W2U0Þ1=2

1 p 11
p

4ðzA2zWÞ
ðUA2U0

W Þ
ðU0

W2U0Þ

( )21
UA2U0

U0
W2U0

 !1=2 (45.16)

Figure 45.9
The aberrations of electron guns. Only for very small values of α will pencils of rays in the

neighbourhood of the axis pass exactly through the crossover. For larger values of α, the pencils
miss the latter altogether and suffer from an α-dependent transverse aberration (Δxp) and

longitudinal aberration (Δzp). After Lauer (1973), Courtesy Verlag der Zeitschrift für Naturforschung.
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ρ5 rc
ðUc2U0Þ
ðU0

W 2UCÞ
11

p

4ðzA2zWÞ
ðUA2U0

WÞ
ðU0

W2U0Þ

� �21

(45.17)

Here p52(rC1 b) is negative in the situation shown in Fig. 45.9.

From these equations it can be concluded that, in the paraxial approximation, the triode gun

acts like a thick immersion lens. Its action becomes telescopic if the expression in

parentheses is made zero by the appropriate choice of U
0ð Þ
W . For smaller values of U

0ð Þ
W than

the critical one, the triode lens has a converging effect on the beam, and for larger values of

U
0ð Þ
W , a diverging action. Experimentally, the potential U

0ð Þ
W cannot be determined directly.

In order to obtain working relations, Lauer therefore proposed the approximation

U
0ð Þ
W 5UC1UW2Ucutoff, in which UW is now the potential of the wehnelt surface and

Ucutoff the largest value of UW for which the emission current vanishes.

The results obtained with this model are in fairly good agreement with the corresponding

experimental ones, as far as the paraxial properties are concerned. Lauer also investigated

aberrations, but the model can now give only qualitative answers. The most important

aberration is plausibly conjectured to be spherical aberration, which is shown qualitatively

in Fig. 45.1. An exact determination requires extensive numerical calculations.

Experimental methods for the determination of gun aberrations are discussed in

Chapter 48, Emittance, and more information about gun optics is to be found in

Chapter 49, Gun Optics.
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CHAPTER 46

Space Charge Effects

Strictly speaking, space charge effects ought to be considered in all electron optical devices,

since the electron beam contributes to the sources of the electric field and thus modifies the

field itself. The electric potential should be the appropriate solution of the corresponding

Poisson equation.

The reason why space charge effects are usually disregarded is the enormous complication

they would cause, as will rapidly become obvious. Fortunately, in very many cases, the

local intensity of the electron beam is so low that the neglect of space charge causes very

little error. The situation is, however, quite different in many kinds of thermionic electron

guns and in transport systems for high current beams; the same is true of multibeam sources

and pulsed cathodes for ultrafast electron microscopy. In the first part of this chapter, only

collective space charge effects are considered. In the second part, we examine the Boersch

effect.

One new problem, then, is that Poisson’s equation must be solved instead of Laplace’s

equation but this is only the least of the difficulties since standard procedures are available

for this. The major problem is the fact that, prior to the rigorous self-consistent calculation,

the space charge distribution ρ(r) is unknown and has to be determined from the motion of

electrons in an initially unknown electric field. There are only very few exact analytic

solutions of this problem. One of them will be outlined in some detail, since it is the basis

of a successful computational technique.

46.1 The Spherical Diode

We now consider a thermionic electron emitter with a spherical cathode of radius r0 at zero

electric potential. It is surrounded by a concentric spherical anode with radius rA at a

potential ΦA. 0. The cathode temperature T may be high enough for strong thermionic

emission but the electric field strength in the vicinity of the cathode surface must be

sufficiently low for the Schottky effect to be negligible. This problem has been studied by

Porter et al. (1972) and later, Weyßer (1983) used the solution to obtain a local

approximation for the charge density ρ(r) in a realistic electron gun; this will be explained

later. Clearly a device with perfect spherical symmetry is quite unrealistic but we can learn
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much from the structure of the solution. The following account is based on a later

contribution by Kasper (1985).

For reasons of convenience, we shall denote the distance from the origin by r instead of R.

There is no danger of confusion, since in this section no other coordinates are used. In later

applications to realistic electron guns, this variable r is not always a radial coordinate but

may be the distance from the local centre of curvature of the cathode. The notation will

then be adjusted accordingly.

We recapitulate the expressions for the Fermi function f and the transmission factor D,

which are here given by

f 5 exp 2
W 1E

kT

 !
; D5

1 for pr0$ 0

0 for pr0, 0

�
(46.1)

pr0 being the radial component of the momentum at the cathode surface. Outside the

cathode the radial component pr may become negative, which means that the electrons are

reflected towards the cathode.

In a perfectly spherical field the angular momentum L is conserved and so is its magnitude L.

We can therefore write the Hamiltonian in the form

E5H5
p2r 1 L2r22

2m
2 eΦðrÞ5 const (46.2)

It is convenient to use pr and L as variables of integration in Eqs (44.7) and (44.8), while

the integration over the third coordinate, an azimuth, merely gives a factor 2π. We thus

obtain

d3p-2πr22LdLdpr

A further simplification is achieved by introducing

pr ¼:
ffiffiffiffiffiffiffiffiffiffiffiffi
2mkT

p
u; L ¼: r0

ffiffiffiffiffiffiffiffiffiffiffiffi
2mkT

p ffiffiffi
q

p
; w :¼ u2

Then, after some elementary calculations, the integral representations

ρðrÞ52j0M

ffiffiffiffiffiffi
2m

kT

r ð ð
exp 2u2 2Mq1

eΦ
kT

� �
dudq (46.3)

j rð Þ5 j0M

ð ð
exp 2w2Mq1

eΦ
kT

� �
dwdq (46.4)

are obtained, j0 being the Richardson�Dushman current density at the cathode surface and

M:¼(r0/r)
2 the divergence factor.
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The integrations over u and w can be carried out analytically, but the limits of integration

depend on q ~ L2 in a complicated manner. In order to establish these functions, it is

convenient to introduce the effective radial potential:

P r; Lð Þ :¼ 2eΦ rð Þ1 L2

2m

1

r2
2

1

r20

� �
52 eΦ2 kT 12Mð Þq

The radial starting energy U0 is then related to this function by

U0 :¼ p2r0=2m5 kTu2 1P r; Lð Þ (46.5)

A schematic graph of the effective potential is shown in Fig. 46.1. Here it is assumed that

the electric potential Φ(r) has a (negative) minimum in front of the cathode. Depending on

the value of L, the effective potential as a function of r may have a maximum at r2 and may

have a zero at r1 with r0, r1, r2. If no such zero at r1 exists, we set r15 r0. If no positive

local maximum exists, we set r25 0. For every value of L, we have now to distinguish

between three different cases.

i. The domain r. r2(L) can only be reached by those electrons with starting energy U0

higher than the maximum of the potential barrier P. Introducing U0$P(r2, L) into

Eq. (46.5), we find

u22 5
1

kT
P r2;Lð Þ2P r;Lð Þ� �

5
e

kT
Φ rð Þ2Φ r2ð Þ� �

1 q M r2ð Þ2M rð Þ� � (46.6)

Figure 46.1
Qualitative representation of the function P(r, L) for four fixed values of the angular momentum L,

increasing from curve a to curve d. The broken line indicates the maxima, r25 r2(L).
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as the square of the lower limit of integration, the upper being at infinity. These

electrons can have only positive values of pr and hence contribute once to the space

charge integrals. In this way we obtain

Q1 r; Lð Þ :¼ 2ffiffiffi
π

p
ðN
u2

expð2u2Þdu5 12 erfðu2Þ

erf(x) being the Gaussian error function. In the degenerate case r25 r0, there is no

reflecting potential barrier so that all electrons emitted can reach the anode.

ii. The domain r1(L) , r , r2(L) can be reached by all electrons that cross the barrier

and all those reflected from it. The latter group contributes twice to the space charge,

once before the reflection and a second time after it. This corresponds to the interval

2u2# u , N, hence

Q2 r;Lð Þ :¼ 2ffiffiffi
π

p
ðN

2u2

expð2u2Þ du5 11 erfðu2Þ

iii. In the domain r0 , r , r1(L) the situation is similar to that of case (ii), but P(r, L)

now becomes negative. Since both u2 and W0 must remain non-negative in Eq. (46.5),

the interval for the reflected electrons must be confined to u1# u# u2 with

u1 5
1

kT
P r;Lð Þ
�� ��� 	1=2

, u2

The corresponding integral is then given by

Q3 r; Lð Þ5 11 erf u2ð Þ2 2erf u1ð Þ
The degenerate case r15 r0 means that P(r, L) $ 0, so that case (iii) then does not occur.

Altogether we have

Q r; Lð Þ5
12 erf u2ð Þ; r$ r2

11 erf u2ð Þ; r1 # r# r2

11 erf u2ð Þ2 2erf u1ð Þ; r0 # r# r1

8><
>: (46.7)

At the abscissae r5 r1 and r2, this function remains continuous. Introducing Eq. (46.7) into

(46.3), we obtain the integral representation

ρ rð Þ52j0M

ffiffiffiffiffiffiffiffi
πm
2kT

r
exp

eΦ
kT

� � ðN
0

e2MqQ r;L qð Þð Þdq (46.8)
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This integration could be carried out numerically if Φ(r) were known, but unfortunately this

is not the case. In fact, Φ(r) is the solution of Poisson’s equation

r2Φ5Φv rð Þ1 2

r
Φ0 rð Þ52

1

ε0
ρ rð Þ (46.9)

satisfying the boundary conditions Φ(r0)5 0, Φ(rA)5ΦA. Starting with the solution of

Laplace’s equation, this problem can be solved iteratively by solving Eqs (46.8) and (46.9)

alternately. The special techniques required cannot be described here. Some results,

showing the essential physical features, are presented in Figs 46.2 and 46.3. With increasing

temperature, a negative minimum of the electric potential develops and becomes deeper.

This reduces the anode current, as we shall see below.

46.2 Asymptotic Properties and Generalizations

The model outlined above shows us the typical effect of space charge: in a weak field, the

electrons emitted can accumulate in front of the cathode. This cloud of negative charge

reduces the electric potential which, when a negative minimum is formed, partly repels the

emitted electrons. Qualitatively, this happens in front of any sufficiently strongly heated

cathode, regardless of whether its shape is spherical or not. It is therefore desirable to avoid

Figure 46.2
The potential ΦðrÞ in a spherical diode at different cathode temperatures (in kelvins); the radius r0

is 0.2 mm. After Weyβer (1983a), Courtesy the author.
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the assumption that the device is spherical. For this purpose, we study the asymptotic

character of the solution, which will suggest how the generalizations are to be made.

We first evaluate the integral expression (46.4) for the current density. This is only of

practical interest in the domain r.r2 beyond the potential barrier. The integration over the

variable w is now elementary and gives a factor exp 2u22

 �

. Substituting this in Eq. (46.4)

and using (46.6), we obtain

j rð Þ5 j0M rð Þ
ðN
0

exp
eΦ r2ð Þ
kT

2M r2ð Þq
� 	

dq

Since r2 is a very slowly varying function of q ~ L2, we can replace it by a suitable mean

value rm, which is very close to the coordinate of the potential minimum. The integration is

then elementary. Recalling the general definition M(r)5 (r0/r)
2 of the divergence factor and

writing Mm5 (r0/rm)
2, we obtain the final result in vector form:

j rð Þ5 j0
M rð Þ
Mm

exp
eΦm

kT

� �
t rð Þ r$ rmð Þ (46.10)

Figure 46.3
Normalized space charge distributions corresponding to Fig. 46.2. After Weyβer (1983a),

Courtesy the author.
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t(r) being the local tangent vector (here in the radial direction) and Φm5Φ(rm) the value of
the potential minimum. For a planar diode this is exactly true. Evidently (46.10) satisfies

the continuity equation rj5 0, as it should do. Since Φm # 0, the exponential factor

expresses a decrease of the emission current; this factor is the ratio of the asymptotic

current to the Richardson�Dushman current.

In order to gain further insight, we determine the energy flux densities. The flux density of

the total kinetic energy is defined by

S rð Þ5 2

h3
exp 2

W

kT

� �ð ð ð
υr

jpj2
2m

exp 2
E

kT

� �
d3p

υr5 pr /m being the radial velocity. Introducing the same substitutions and simplifications

as have been made for the current density integral, we obtain a very simple result, in vector

form given by

S rð Þ5 1

e
j rð Þ e Φ rð Þ2Φmð Þ1 2kT
� �

(46.11a)

Furthermore, we can determine the transverse contribution to this quantity, which in the

present case is the angular component:

S\ :¼ 2

h3
exp 2

W

kT

 !ð ð ð
υr

L2

2mr2
exp 2

E

kT

 !
d3p

5
1

e
j rð ÞkT r0

r

 !2

� jkTM rð Þ
e

(46.11b)

The associated energy term is hence

,Ekin\.5 kTM rð Þ (46.11c)

This result tells us that the transverse part of the kinetic energy decreases very rapidly

during the acceleration of the electron beam, a fact which is of great importance in

connection with the Boersch effect (see Section 46.4).

In the case of a weakly curved cathode (rm2 r0{r0) it is even possible to simplify the

formula (46.8) for the space charge density. In the vicinity of the cathode, the divergence

factors M in Eq. (46.6) are so small that the centrifugal terms cause only very small

perturbations. For large values of q, the exponential terms in Eq. (46.8) attenuate the

integrand very considerably. Thus in the domain of interest, u2 is very close to um, the latter

referring to the potential minimum. The approximation erfc(u2)5 erfc(um) exp u2m2 u22

 �

can then be made, erfc(u)5 12 erf(u) denoting the complementary error function.

In Eq. (46.6) we can write r2� rm, u
2
m 5 e{Φ(r)2Φm}/kT and u225 u2m1 q(Mm2M).
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Substituting all this into Eq. (46.7) for r$ rm and then into Eq. (46.8), we obtain � constant

factors apart � an elementary integral over q, which gives a factor M21
m 5 r2m=r

2
0. The case

r# rm can be treated analogously. The results can be cast into a very convenient form; with

s :¼ r2 r0; sm :¼ rm 2 r0; r5 r sð Þ5 r0 11 s=r0

 �

(46.12a)

r(s) describes a radially directed ray, whereupon

ρ rð Þ52j rð Þ
ffiffiffiffiffiffiffiffi
πm
2kT

r
exp wð Þ 12σð Þ Mm

MðrÞ 1σ erfc
ffiffiffiffi
w

p� 	
(46.12b)

with

σ :¼ sign s2 smð Þ5 6 1 (46.12c)

and

w :¼ e Φ rð Þ2Φm

� �
=kT (46.12d)

gives the space charge density along it. This is Langmuir’s (1923) formula, originally

derived for the planar diode, but here modified by a divergence factor Mm/M. In the limit of

vanishing curvatures r21
0 -0, r21

m -0, and with M-1, we do indeed obtain the well-known

formula for the planar diode. The omission of the divergence factor is the reason why so

many attempts to approximate a weakly curved cathode locally by a planar diode have been

unsuccessful; this factor causes a rapid decrease of the space charge density far from the

cathode surface.

In order to find a still more general formula, we investigate the asymptotic behaviour

of Eq. (46.12b). For w$ 1 the complementary error function is very accurately

approximated by

erfc
ffiffiffiffi
w

p
5π21=2exp 2wð Þ 1 1 w 2 0:4672 11wð Þ20:85

� �21=2

Recalling Eq. (46.12d), we can now write (46.12b) in the familiar form

ρ rð Þ52j rð Þ=υl rð Þ (46.13a)

with an average longitudinal velocity

υl rð Þ5 2kT

m
11w 2 0:4672 11wð Þ20:85
� �� 1=2

; ðw$ 1Þ (46.13b)

Asymptotically, for wc1, this corresponds to a kinetic energy

~Ekin5 e Φ rð Þ2Φm

� �
1 kT (46.14a)
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This result does not conflict with Eq. (46.11c); it simply means that since the distributions

of the scalar densities and the flux densities are different, the corresponding mean energies

may also be different. Eq. (46.14a) will prove to be important in the theory of brightness

(Chapter 47). The complete formula (46.13b) can be rewritten in the form

υl5

ffiffiffiffiffiffiffiffiffiffiffiffi
2

m
~Ekin

r
cos γ (46.14b)

with an angle given by

γ5 arcsin 0:4672kT= ~Ekin


 �0:925
(46.14c)

From these relations, we can see that the electron beam has a local mean angular spread γ
which decreases rapidly with increasing kinetic energy.

Although the formulae given above have been derived from the statistics for spherical

diodes, it is reasonable to generalize them to include any device with a weakly but

arbitrarily curved cathode surface. This can easily be done subject to certain conditions; the

general idea is illustrated in Fig. 46.4. We consider a bundle of electron trajectories leaving

the cathode surface normally with a given velocity υ0 specified below. These rays define a

beamlet with a beam axis. The latter can be identified with one of these orthogonal

trajectories, of which the one starting at the centroid of the corresponding element of area

on the cathode surface is the most suitable. Instead of Eq. (46.12a), we now identify the

parameter s with the arc-length along this beam axis, and Eq. (46.12b�d) with r5 r(s) then

describe the space charge density along it. The necessary divergence factor M(r) is obtained

from the increase of cross-sectional area A of the beamlet: M(r)5A(r0)/A(r), as shown in

Fig. 46.4. Since the electron that travels along the beam axis must have the asymptotic

kinetic energy ~Ekin given by Eq. (46.14a), its starting velocity must satisfy

Figure 46.4
A beamlet in the neighbourhood of a reference trajectory r(t) that leaves the cathode surface

orthogonally; V denotes the virtual cathode and rm the position of the local minimum.
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υ0 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 kT 2 eΦmð Þ=m

p
(46.15)

with Φ(r0)5 0.

It is now obvious that most of the relations derived above, especially Eqs (46.10), (46.11),

(46.12b�d), (46.13) and (46.14) remain valid, at least approximately. A minor complication

arises from the fact that the distance sm of the local potential minimum from the cathode

surface and the quantity Φm depend on the position (ro) of the selected element of area on

the cathode, but for numerical calculations this does not cause any serious problem. The

surface Φ(r)5Φm(r) obtained by joining together all the surface elements with a local

potential minimum is called the virtual cathode. This is the surface beyond which none of

the electrons is repelled towards the real cathode.

A more serious problem is the fact that the beamlets may intersect one other, contrary to

our tacit assumption of nonintersecting laminar flow. If there are such intersections, the

local element of area A(r) vanishes and hence the divergence factor M becomes singular.

The solution of this problem is deferred to the next section.

In practical calculations, the formulae (46.12b�d) for ρ(r) in the vicinity of the cathode and

(46.13), (46.14) for ρ(r) at greater distances are now to be combined with

r2Φ rð Þ52ρ rð Þ=ε0 (46.16)

and thanks to the introduction of the divergence factor M, the continuity condition rj5 0 is

satisfied approximately. In this way the field calculation strategy is clearly specified.

A dramatic and often used simplification is obtained if the thermal velocity distribution is

completely neglected. For T5 0 we obtain Φm5 0, γ5 0, υl5 υ5 (2eΦ/m)1/2. Poisson’s
equation then collapses to

r2Φ rð Þ5 1

ε0
j rð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m

2eΦ rð Þ
r

(46.17)

In the case of a planar diode, the solution of (46.17) is known as the Langmuir�Child law:

φ zð Þ5 9

4

j

ε0

ffiffiffiffiffi
m

2e

r� �2=3
z4=3 (46.18)

More generally, the solutions of (46.17) are used in the design of Pierce systems (see

Section 50.5).

In this section, we have derived a self-consistent approximation for space charge

distributions, simple enough to be useful for practical applications.
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46.3 Determination of the Space Charge

Here we shall confine the discussion to triode guns with negative wehnelt potential relative

to the cathode. Diodes with positive wehnelt potential have been investigated by Kang et al.

(1983) and by Hasker (1983) among others. In triodes, the negative wehnelt potential is

used to confine the emission area on the cathode surface. The shape and the location of the

zero-volt equipotential depend sensitively on the ratio of the wehnelt potential to the anode

potential. Figs 46.5 and 46.6 show the immediate neighbourhood of the cathode. The

electron emission is essentially confined to the region of the surface for which Φ$ 0. At the

surface, the field strength distribution is almost parabolic; in the vicinity of the zero-volt

line the field strength becomes very weak, so that there the influence of space charge will

be very strong. Fig. 46.7 shows some electron trajectories starting in the direction of the

surface normal. In the vicinity of the apex, these trajectories form a divergent beam which

can be roughly described as emerging from a virtual source point. This part of the total

electron beam forms a fairly small crossover, as shown in Fig. 43.2. The trajectories that

start in the vicinity of the zero-volt equipotential are, however, strongly bent there, where

they form a caustic. These rays suffer from very large aberrations and form a diffuse ring in

the plane of the crossover: a hollow beam thus surrounds the paraxial beam. This well-

known effect depends sensitively on the choice of the crossover plane, the wehnelt potential

and the cathode temperature.

One of the most exhaustive theoretical and experimental studies of triode guns is that

pursued for several years by Lauer, already mentioned in Section 42.4. His review article of

1982 describes the experiments and the interpretation of their results in terms of his model

in great detail, and we refer the reader to it for a full account. We just mention here that

space charge cannot be observed directly but only its influence on emittance diagrams; we

return to the latter in Chapter 48, Emittance.

Figure 46.5
Zero-volt line and distribution of surface field strength in a triode with a flat cathode.
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It has sometimes been argued that space charge is ‘visible’ in direct images of the cathode

surface, since the central part is imaged sharply while the marginal parts appear blurred.

The conclusion that this blurring must be a space charge effect is not at all convincing,

since geometric and chromatic aberrations can also cause blurring. Thus the only way of

determining space charge distributions is to undertake the appropriate numerical calculation.

Theoretical investigations of triodes with negative wehnelt potential and space charge have

been carried out in Tübingen. It has proved possible to achieve fairly good agreement with

Lauer’s measured emittance diagrams. There are essentially two different ways of

performing the calculations, the counting method and the semianalytic method.

Figure 46.6
Zero-volt line and surface field strength in a triode with hemispherical cathode. The wehnelt and
the anode are not shown. The dashed line gives an approximate idea of the extent of the space

charge cloud.

Figure 46.7
Schematic representation of electron trajectories close to a hemispherical cathode. The inner

trajectories appear to have come from a small virtual source V while the outer ones form a caustic
(dashed line). The dotted line represents the ‘virtual cathode’, the surface over which the

potential has a local minimum, φ5φm.

1112 Chapter 46



The counting method, combined with a Monte Carlo procedure, has been used by Hauke

(1977). The cathode surface was dissected into discrete emission areas Δai. The half-space

of emission directions relative to the local surface normal was dissected into rotationally

symmetric elements of solid angle ΔΩj5 2π sin γj Δγj. The emission energy E was

discretized in intervals ΔEk. Finally the space in front of the cathode was divided into a set

of discrete volume elements ΔVl. The space charge density at an arbitrary point r outside

the cathode is then given by

ρ rð Þ5
X

ΔE;ΔΩ;Δa

@2j

@E@Ω
ΔE ΔΩ Δa Δτ rð Þ

ΔV rð Þ (46.19)

in which we have dropped all subscripts. The expression @2j/@E@Ω5 S cos γ is the spectral

surface brightness, given by Eqs (44.14a) and (44.14b) for a thermionic gun. The quantity

ΔV(r) is the volume of the cell that contains the point r, and Δτ(r) is the time spent by a

particular electron trajectory (with the appropriate initial conditions) in this cell.

In order to keep statistical fluctuations sufficiently small, a very large number of trajectories

have to be traced. Even so, it is necessary to smooth the space charge distribution obtained.

Since the points r can be chosen as the nodes of a suitable curvilinear grid, the combination

of this method with the finite-difference method for the calculation of the potential is easy.

Even today, the whole procedure is exceedingly time-consuming.

In order to speed up the calculation, Weyßer (1983a,b) developed a semianalytic method on

the basis of diode models. In front of the cathode, laminar electron flow was assumed; in

the vicinity of a hemispherical cathode, this flow is practically radial. In order to apply the

diode models, Weyßer traced a number of ‘reference’ trajectories, starting in the direction

of the surface normal with a given velocity υ0. The space in front of the cathode was now

dissected into a set of ring-shaped volume elements bounded by the mantle surfaces through

the reference rays and by a set of conical surfaces orthogonal to these. In each such volume

element the laminar electron flow was approximated by that in a locally fitted spherical (or

planar) diode element. The necessary divergence factor was determined from the distances

and angles between neighbouring reference rays. Weyßer also developed an analytic

method of solving Poisson’s equation, which could be combined with the boundary-element

technique. It was found that a considerable amount of computation time could be saved in

this way. Some results of these investigations are shown in the equipotential plots in Figs

46.8 and 46.9. The most interesting new result is the skew angle of intersection of the zero-

volt line with the cathode surface. The influence of the potential barrier on the size of the

emitting area can be interpreted as a confinement by an ‘iris aperture’.

The main drawback of Weyßer’s method is that intersections of normal trajectories, as

shown in Fig. 46.7, have to be neglected. This drawback can be removed and the method
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can thus be improved considerably by making use of the approach described in the previous

section (Kumar and Kasper, 1985) and illustrated in Fig. 46.4. Since the relation (46.12b) is

essentially nonlinear, it is inevitably necessary to set up an iterative procedure. In the first

loop we assume that space charge is absent and hence that we have to solve Laplace’s

equation with Φm5 0, sm5 0; in later loops we solve Poisson’s equation with the newest

available values for the position and the depth of the potential minimum.

Figure 46.8
Equipotentials in the vicinity of a hemispherical cathode at different temperatures. (A) T - 0;
(B) T5 2800 K; (C) T5 2900 K. The electrode potentials are unaltered. After Weyßer (1983a),

Courtesy the author.
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In the electric field thus obtained, we have to trace normal trajectories with a starting

velocity given by (46.15). As already explained, these solutions define the curved

axes of electron bundles. A very suitable form of the ray equation is Eq. (3.12) in its

nonrelativistic form and with vanishing magnetic terms. This can be cast in the

compact form

€r τð Þ5F rð Þ (46.20)

where, disregarding a constant normalization factor, F(r) is the electric field strength. For a

perturbed ray we then have, in the linear approximation

€r1 δ€r5F r1 δrð Þ5F rð Þ1 δrUrð ÞF
After subtracting Eq. (46.20), we see that

δ€r5 δrUrð ÞF rð Þ (46.21)

Figure 46.9
More detailed version of Fig. 46.8C. The potential barrier created by the space charge confines

the emitting area like an iris aperture. After Weyßer (1983a), Courtesy the author.
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This can be solved at the same time as (46.20). At the cathode surface the initial vectors δr0
and δ _r0 must satisfy

δr0 5λ0t0; _r0 5 j_r0jδr0 R21
0 (46.22)

for a small transverse shift λ0, |_r0| being the initial velocity in the τ-scale and R0 the

radius of local meridional curvature; t0 denotes the unit vector of the meridional

surface tangent. After some elementary manipulations, the divergence factor is

obtained correctly as

M5 r0λ0r
21λ21

�� �� off the axis

M5λ2
0λ

22 on the axis
(46.23)

r0 and r being radial cylindrical coordinates and λ0, λ the perturbation components

perpendicular to the unperturbed ray. For λ we find

λ5
_zδr2 _rδzffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_z21 _r2

p (46.24)

If the sign of λ is retained, the overlapping of electron bundles can be detected. This takes

place for the first time if λλ0 , 0. At the caustic, where λ vanishes, some reasonable upper

bound for M is to be adopted.

In this way, the charge density ρ(r) along a set of normal trajectories can be determined and

the overlapping branches can be separated. It is now necessary to calculate the values ρik of
ρ(r) at the nodes of a two-dimensional grid, preferably a spherical one with exponentially

increasing mesh-length (see Section 11.4). This is to be done by interpolation, which must

be carried out for each branch separately, respecting the sign of λ. A correct though very

cumbersome method is to determine the point of intersection of the rays and the grid lines.

The values of ρ at these points are stored and interpolations along the grid lines can then be

carried out.

A slightly less accurate but very simple method is based on bilinear interpolation. In the

u�υ coordinate plane, the grid must be square-shaped, the grid lines being u5μh, υ5 νh
(μ, ν integers). If a trajectory point has the general coordinates (u, υ), we define weight

factors

gμν 5 12
u

h
2μ

�����
�����

 !
12

υ
h
2 ν

�����
�����

 !(
ju=h2μj# 1

jυ=h2 νj# 1

gμν 5 0 otherwise

(46.25a)

This implies that only the four corners of the cell containing the point (u, υ) have
nonzero weights. The procedure is then as follows. As the trajectory calculation
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proceeds, the weights gμν and the contributions ρμν5 gμνρ(u, υ) are computed and

summed for every point on the trajectory. If we encounter two overlapping domains, the

sums must be formed and stored separately according to the sign of λ. We thus have to

calculate and store

G 6ð Þ
μν 5

X
l

gμν lð Þ; ρ 6ð Þ
μν 5

X
l

Δρμν lð Þ (46.25b)

the label l indicating the successive trajectory points. Finally we obtain the required grid

values from

ρμν 5 ρ 1ð Þ
μν =G

1ð Þ
μν 1 ρ 2ð Þ

μν =G
2ð Þ
μν (46.26)

in which the accumulation of space charge due to the overlapping of electron bundles is

taken into account approximately.

This is all to be carried out for each pair (μ, ν) of subscripts. The procedure can be made

very fast and memory saving. Since we now know the values of ρ at the nodes of a grid, we

can apply a combination of the finite-difference method and the boundary-element method,

as explained in Chapter 10 of Volume 1.

Since the space charge distribution varies rapidly in the neighbourhood of the cathode

surface, it is necessary to choose very fine meshes in this most important domain. The mesh

size in the direction perpendicular to the cathode surface must be very small there. This

should then increase steeply but smoothly with increasing distance from the cathode surface.

The latter is often curved and the mesh system must then also be curved, to fit this surface.

The problem is now to find a suitable curvilinear orthogonal coordinate system (u, υ) in
which the line u5 0 represents the cathode surface and the lines u5 ih, (i5 1, 2, 3, . . .) are
at rapidly increasing distances from it, when measured in the (z, r) plane. It is always possible

to choose the transformation of scales such that the (u, υ) grid remains square-shaped, and for

easy application of the FDM this is also advisable. In the (z, r) plane we then have a

curvilinear orthogonal mesh system, which is not necessarily conformal. Nevertheless, the

five-point discretization explained in Chapter 11 is now easily applicable. Alternatively,

special nine-point discretizations can be employed in order to improve the accuracy of the

field calculation (Kumar and Kasper, 1985).

It has not been possible to include many important technical details here for reasons of

space. Although the correct determination of space charge is a difficult task, there is no

intrinsic obstacle that renders it impossible, as the work of Killes (1985, 1988)

demonstrates. Among the many other papers on Coulomb interactions, we draw attention to

Rouse et al. (1995, 2011), Stickel (1995), Radlička (2006), Radlička and Lencová (2008),

Marianowski et al. (2011), Verduin et al. (2011) and Zelinka et al. (2015) and, as always in

this context, to the monumental work of Jansen (1990).
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46.4 The Boersch Effect

46.4.1 Introduction

In his investigations on the energy distributions in beams emitted from thermionic electron

guns, Boersch (1954) found results that could not be brought into agreement with theory; he

observed the following effects:

a. In comparison with the Maxwell distribution, there is an anomalous broadening of the

energy distribution.

b. The energy distribution tends to become symmetric about its maximum.

c. The mean energy is shifted.

d. These effects become more pronounced with increasing beam current.

The anomalous broadening of the energy distribution is called the energetic Boersch effect.

Since 1954, this effect has been studied frequently and is now well confirmed

experimentally. Extensive lists of references are given by Hanszen and Lauer (1969a,b),

Anderson and Mol (1970), Ohno (1974) and Lauer (1982). In theoretical studies, the

energetic Boersch effect is assumed to be caused by residual stochastic Coulomb

interactions in the electron beam after subtraction of the mean Coulomb interaction, caused

by the space charge distribution. Major contributions to this theory have been made by

Loeffler (1969), Zimmermann (1969, 1970), Crewe (1978), Knauer (1979a,b, 1981), Rose

und Spehr (1980, 1983), van Leeuwen and Jansen (1983), Wiedenhausen et al. (1985), Tang

(1983, 1987, 1991, 1996), Jansen (1990), Shimoyama et al. (1993), Read and Bowring

(2002, 2003, 2004a�d) and Kruit and Jansen (2009). The work of Jansen is particularly

useful as it contains a balanced appraisal of earlier studies.

The shift of the mean energy can be explained by the classical theory of emission, as will

be explained in the next section. This is clearly to be distinguished from the anomalous

effects.

In electron lithography, high probe currents and very small probe diameters are required.

Attempts to satisfy these requirements have revealed another anomalous effect, the spatial

Boersch effect. This is manifested as an anomalous broadening of the probe diameter due

to stochastic Coulomb interactions. Again, the mean broadening due to space charge

(Section 47.4) must be distinguished from this. Several authors have tried to study the

spatial Boersch effect by means of Monte Carlo methods (e.g. Loeffler and Hudgin, 1970,

Groves et al., 1979, Kang et al., 1983). Unfortunately, different situations have been

simulated so that no reasonable comparison is possible. Soon after, Rose and Spehr

(1983) developed an analytical theory based on thermodynamic considerations; we shall

mainly follow this presentation, which also gives a good survey of earlier research into

the Boersch effect.
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46.4.2 The Shift of the Mean Energy

Here we concentrate our attention on those effects that can be explained satisfactorily and

are hence not to be regarded as anomalous. We have seen that the influence of space charge

can be modelled by replacing the true cathode by a ‘virtual’ cathode, which coincides with

the surface of the potential minimum Φ (r)5Φm(r) , 0 in front of the former. If no such

minimum exists, we set Φm5 0, and the virtual cathode then coincides with the real one.

The potential barrier filters out all electrons with a starting energy E0,|eΦm|, while

the kinetic energy of all the transmitted electrons is simply Ekin5E01eΦ (r), with a

Maxwell distribution for E0. We can thus treat the virtual cathode as though it were

the real one, provided that the origin of the energy scale is shifted to the value |eΦm|

in the original scale and that the Richardson current density j0 is replaced by jC :¼ j0
exp(eΦm/kT). In the shifted energy scale, the normal energy ~Un, the transverse energy
~Ut and the total energy ~E have the following expectation values and variances with

respect to the virtual cathode:

, ~Un .5, ~Ut .5
1

2
, ~E.5 kT (46.27a)

var ~Un5 var ~Ut 5
1

2
var ~E5 kTð Þ2 (46.27b)

This is not at all surprising and , ~E.5 2kT is in accordance with (46.11b). A new aspect

is that the temperature T, the work function W and the minimum potential Φm are no longer

constant but functions of the surface coordinates. A consequence of this is that jC and the

expressions given in (46.27a,b) depend on these coordinates. More seriously, the energy

distribution shifts with the variations of W(r)1e|Φm(r)|, since the Fermi level is the only

well-defined one. Since the spectra originating from different cathode surface elements are

superimposed in the crossover, the resulting spectrum can be altered considerably, as has

been observed by Speidel and Gaukler (1968).

A numerical calculation of this effect by the Monte Carlo method has been performed by

Hauke (1977). A typical example of the results is presented in Fig. 46.10. The spectrum in

the crossover is, in fact, considerably altered but we cannot accept Hauke’s conclusion that

the shift effect is alone sufficient to explain the experimentally observed spectra. For

simplicity, we shall disregard the shift effect in the following sections and deal exclusively

with stochastic effects.

46.4.3 Thermodynamic Considerations

The Boersch effects can be understood quite easily in a qualitative manner by applying

thermodynamic reasoning to the propagation of electron beams. This is valid in the vicinity
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of the cathode as well as in domains distant from the latter. Although the following

discussion is based on that of Rose and Spehr (1983), we have tried to generalize the theory

and have harmonized the notation with that employed here wherever necessary.

Locally we have to distinguish between three mutually orthogonal directions in space:

(i) the longitudinal direction (subscript 1 or ||), given by the tangent of a trajectory starting

from some point on the cathode normal to the surface with energy E05 2kT1 |eΦm|,

(ii) the transverse meridional direction (subscript 2 or t) normal to direction 1 and outward

from the optic axis, and (iii) the azimuthal direction (subscript 3 or a) orthogonal to the

others and positively oriented. Sometimes it is not necessary to distinguish between

transverse meridional and azimuthal quantities; we then use the subscript \. In the

literature only two degrees of freedom are commonly distinguished (|| and \), but this may

be too strong a simplification.

Although the propagation of electron beams bears little resemblance to a system in

thermodynamic equilibrium, it can still be advantageous to introduce local beam

temperatures thus:

kTi5
1

m
pi2, pi.ð Þ2� �

5
1

m
, p2i .2, pi.

2

 �

for i5 1; 2; 3 (46.28)

Here pi denote the corresponding components of the kinetic momentum mυ5 p and

the averaging is to be carried out with the (Gaussian) distribution for scalar

densities.

Figure 46.10
Energy distribution for an electron gun with a plane cathode (TELGUN) at T5 2200 K. Left:

energy distribution at the cathode surface; right: at the crossover.
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46.4.3.1 Transverse temperatures

For the transverse modes i 5 2, 3 we have , pi .5 0, whereupon Eq. (46.28)

simplifies to

1

2
kTi5

1

2m
, p2i . ¼: ,Ei. ði5 2; 3Þ (46.29)

This even holds relativistically provided that m is the relativistic mass, but for conciseness

we shall henceforward adopt the nonrelativistic approximation. At the cathode surface

(Φ5 0) we obtain T25 T35 TC, TC denoting the cathode temperature. This is not

surprising, since the transverse components of the momentum remain unaltered by the

passage through the potential wall. For field emission cathodes the Gaussian distribution

(44.36a) leads to T25 T35 d/k, d being given by (44.26).

Outside the cathode, the beam temperatures are rapidly lowered by the acceleration process.

This is most easily understood for spherical diodes. Owing to the conservation of angular

momentum, the transverse momenta must decrease as R2l, R denoting the distance from the

centre of curvature; thus T25 T35 T\ with (see also 46.11c)

R2T\5 const\ (46.30)

This is even approximately true for the diodes with pointed cathodes treated in Chapter 45.

Then R denotes the distance from the virtual source point V.

In an essentially aspheric but still axisymmetric device, T3 must be distinguished from T2.

From the conservation of axial angular momentum, we obtain

r2Ta 5 consta (46.31a)

r5 |R sin ϑ| denoting the distance from the optic axis. For the meridional component pt, the

Lagrange�Helmholtz relation tells us that ptλ5 const, λ being a measure of the meridional

divergence, introduced in Section 46.3.

Hence

λ2Tt 5 constt (46.31b)

It is sometimes helpful to introduce a mean transverse temperature T\ :¼ (TaTt)
1/2B(Ta1Tt)/ 2.

From Eq. (46.23), we find

MT\5 T\;C 5 const (46.31c)

M being the divergence factor introduced in the previous sections. These relations apply to

thermionic guns as well as field emission guns; they are quite generally valid. A practical
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consequence is that at every focus or crossover, these temperatures can become very high,

whereas in the apertures of diaphragms they are usually very low, since M is inversely

proportional to the cross-section of the beam. We notice that when Tt 6¼ Ta, the transverse

motions are not in equilibrium.

46.4.3.2 The longitudinal temperature

For the normal component, the situation is more complicated than in the other cases, since

, pjj. 6¼ 0. For reasons of space, we discuss only two simple special cases, the vicinity of

the cathode surface and the asymptotic domain.

In the absence of space charge, at the surface of a thermionic cathode we find

Tjj;C 5 TC 12
2

π

� �
5 0:43TC (46.32)

This result shows very clearly that Tjj is discontinuous at the surface. The reason for this

lies in the fact that outside the cathode material, the electrons are not in an equilibrium

state, since only an outward-directed flux is allowed. For field emission guns the

situation is still more complicated and has not yet been investigated. In both cases, we have

Tjj,C 6¼ T\,C.

The acceleration of the electron beam leads to a very rapid decrease in the longitudinal

temperature. Asymptotically, the following approximations are justified:

pjj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m0eΦT

p
1Δpjj5, pjj. 1Δpjj (46.33a)

with an acceleration potential

ΦT 5Φ2Φm1 2kTC=e (46.33b)

corresponding to the mean energy given by Eq. (46.11b). With |Δpjj|{, pjj. and

,Δpjj.5 0 we obtain from (46.28)

kTjj5
1

m
,Δp2jj. (46.34)

A more physically meaningful relation is found by introducing the energy difference

ΔE5
1

2m
p2 2, p2 .

 � � 1

m
, pjj .Δpjj1O Δp2


 �
(46.35)

Asymptotically, the contributions of the transverse motions, containing only quadratic

terms, can be neglected. We now form the corresponding standard deviation

δE ¼:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
,ΔE2 .

p
5

1

m
, pjj.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
,Δp2jj.

q
(46.36)
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Recalling the definition of Tjj and , pjj ., we find the important relation

δE5, pjj.
ffiffiffiffiffiffiffiffiffiffiffiffiffi
kTjj=m

q
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eΦTkTjj

p
(46.37)

The quantities ΔE and δE remain constant during the acceleration because the potential

terms cancel out from all the energy differences and so Tjj decreases as , pjj.
22. This

result essentially confirms those found by Rose and Spehr, although our derivation is

different. In the immediate vicinity of the cathode, Eq. (46.37) does not hold, since the

approximation in (46.35) is then unjustified. Despite all the simplifications, the correct

order of magnitude is nevertheless obtained with ΦT� 2kTC/e. Our derivation does not

involve an adiabatic expansion and no special distribution is assumed; moreover, it reveals

the underlying physics more clearly.

46.4.3.3 The thermodynamic limit

We can now understand the energetic Boersch effect qualitatively, indeed, we can even

derive a simple formula for the energy spread in thermodynamic equilibrium. The contents

of Eqs (46.31) and (46.37) are schematically presented in Fig. 46.11, which also shows their

connection with the shape of the beam. In front of the cathode, Tt and Ta decrease rapidly

with increasing z, have local minima in the plane of maximum beam cross-section, have

very high and practically equal maxima in the crossover and then decrease afresh. The

difference between Ta and Tt is only noteworthy in the vicinity of their minima: Tt,min5 0

whereas Ta,min does not vanish.

Figure 46.11
(A) Schematic representation of an electron beam. (B) Corresponding beam temperatures and the

axial potential φ as functions of z. Close to and beyond the crossover, Ta5 Tt5 T\.
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The longitudinal temperature has quite a different behaviour. Since Tjj is essentially
determined by the acceleration potential, it decreases rapidly with increasing Φ, faster than
Tt and Ta. At the end of the acceleration process, where Φ5 const, Tjj also remains constant

at a very low value. This all happens without any Boersch effect: interactions have not been

considered.

The Boersch effect can now be understood as a thermodynamic relaxation process in which

the system tends towards the equilibrium state by reducing the differences between the

temperatures. The reason for this relaxation is to be found in the stochastic elastic Coulomb

interactions between the electrons, which are usually not considered in electron optics. As is

obvious from Fig. 46.11, the energetic Boersch effect is strongest in the vicinity of the

cathode and of the crossover. In almost all practical cases, the flight time of the electrons in

the domains of close encounter is too short for thermodynamic equilibrium to be reached,

but the corresponding value δEtherm of the energy spread, given below, may be very useful

for the estimation of an upper limit.

At equilibrium, the electron beam has a mean temperature T 5 (Tt1 Ta1 Tjj)/3� (2T\1Tjj)/3.
At a focus, the value of Tjj without relaxation is negligibly small and so T � 2T\/3.

Introducing this into Eq. (46.37) in place of Tjj, we find

δEtherm 5, pjj.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3m
kT\

r
5

1

m
, pjj.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
, p2\.

r

using the interaction-free value of T\. If the angular intensity distribution in the beam is isotropic

within a cone of a small semiaperture angle α0, we have , p2\.�α2
0 ,pjj.

2 /2 and

δEtherm 5
α0 , pjj. 2

m
ffiffiffi
6

p 5

ffiffiffi
2

3

r
α0eΦ (46.38)

since ΦT5Φ is a good approximation far from the cathode. It is a surprising fact that

δEtherm depends neither on the beam current nor on the diameter of the focus. In reality this

upper limit may be too pessimistic by one or two orders of magnitude, since the beam is

always far from thermodynamic equilibrium.

46.4.3.4 The beam entropy

In order to understand the spatial Boersch effect and the influence of the Boersch effects on

the brightness, it is advantageous to introduce a beam entropy. This has been done by Rose

and Spehr (1983) but we shall not follow their argument as it is easily generalized.

The z-coordinate along the optic axis, or more generally the arc-length along a particular

trajectory defining the local axis of a narrow beamlet, is not treated as a dynamic variable,

but as a parameter, like the time in everyday thermodynamics. The definition of the entropy
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then refers to the four-dimensional phase space of the transverse motions. In the case of

paraxial beams, the latter is the phase space dealt with in Section 48.1.

We now dissect the phase space into a large number of hyperemittance volume elements

ΔE
�
i 5 p2iΔai ΔΩi5 2m0eΦ̂iΔai ΔΩi (46.39)

with elements of surface Δai and of solid angle ΔΩi. These hyperemittance elements are

invariants of the undisturbed motions. For each, we define occupation probabilities

(relativistically if necessary) by

P\
i :¼ RiΔE

�
i

2m0eI
5

BiΔaiΔΩi

I
5

ΔIi

I
(46.40)

Ri being the local normalized brightness, Bi5RiΦ̂i the ordinary brightness and I the total

current. From the definition of the brightness it is obvious that ΔIi is the current flowing in

the element considered and is hence an invariant of the undisturbed motion. We impose the

self-evident condition ΣP\
i 5 1. The definition of the transverse entropy is now

straightforward:

S\ :¼ 2 k
X
i

P\
i ln P\

i (46.41)

The invariance of this expression for the undisturbed motion, that is to say without Boersch

effects, has a simple physical meaning: the acceleration of the electron beam may be

regarded as an adiabatic process. In fact, (46.31a,b) can be recognized as the adiabatic

equations of one-dimensional gases, as can (46.37).

Another interesting aspect of this definition of the entropy is the requirement that the latter

tends towards its maximum value. As constraints, we have ΣP\
i 5 1 and the constancy of

the hyperemittances ΔE
�
i . The entropy S\ then reaches a maximum for uniform normalized

brightness R. The natural cell volume is ΔE�5 h2/2 (h being Planck’s constant), since two

electrons with opposite spins can be located in each element of volume h2. The entropy can

then be put into the form

S\52k ln
R

RI

� �
52k ln

B

BI

� �
(46.42a)

with the normalization constant

BI 5 Φ̂RI 5 2I=λ2 (46.42b)

λ :¼ h/p being the corresponding de Broglie wavelength. Except for the normalization

constant, this result agrees with that of Rose and Spehr. Our results in the next chapter,

Eq. (47.12) and (47.13), can now be seen in a new light: the constancy of these expressions
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means that the emission process maximizes the beam entropy, the beam current I being

unaltered.

It is now obvious without further calculations that the average brightness must be reduced

by the Boersch effects. Close to the cathode, the beam uniformly fills a finite volume E
�
C in

the four-dimensional phase space, the brightness B5BC having the theoretical value, while

the cells outside E
�
C are empty. Any scattering process, regardless of its nature, will

certainly force a part of the beam to occupy empty cells, hence E
�
C increases to E

�
say.

Since B/I must always be normalized over the whole phase space, the averaging over the

volume E�(.E
�
C) must result in a smaller value. As far as we know, this has not yet been

investigated quantitatively for realistic configurations.

The spatial Boersch effect can be understood as a special aspect of the broadening of the

brightness distribution. The square of the beam radius rm may reasonably be defined by

r2m5 2, r2. 5 2
X
i

P\
i r

2
i (46.43a)

Using Eq. (46.40) and replacing the summation by an appropriate integration, we obtain

r2m5 2I21

ð ð ð ð
x2 1 y2

 �

B x; y; x0; y0; zð Þdxdydx0dy0 (46.43b)

Hence rm can be evaluated if the alteration of B caused by scattering is known.

The entropy S\ is not the total entropy since the spectrum of the electrons in the beam

was not considered in its entirety. This is most obvious if (47.8) is introduced into

(46.42a): (47.8) is just one of the many integral expressions which can be formed by

integration over E. The more detailed exploitation of the information contained in

the energy spectrum gives rise to an additional term S||, since this information is

essentially 2Sjj/k. Let

Pjj
i 5GðEiÞΔE (46.44)

be the probability that the energy E lies in the range Ei#E#Ei 1ΔEi. The condition

ΣP
jj
i 5 1 must of course be imposed and

Sjj52 k
X
i

Pjj
i ln P

jj
i (46.45)

is then the associated contribution to the entropy. The variable E is here not the

kinetic energy but the total particle energy; this is an invariant of the corresponding

motion, as long as no inelastic scattering occurs. Hence, in the absence of the

Boersch effect, Sjj is also an invariant, the corresponding adiabatic law being

Eq. (46.37).
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In conclusion, we may state that the spatial Boersch effect essentially increases S\, while

the energetic Boersch effect increases Sjj. Of course, the sum S5 S\ 1 Sjj must increase in

either case. We can go no further without making special calculations.

46.4.4 Analytical Calculations

The energetic Boersch effect has frequently been studied in the past decades. Unfortunately

the present state of the theory is not quite satisfactory in every respect. The reason for this

is that, owing to the enormous complexity of the problem, many simplifying assumptions

have to be made, some of which are not really justified. Even neglecting this weakness, the

necessary calculations are still very tedious and only comprehensible if presented in great

detail. Both for reasons of space and because they are still imperfect, we do not feel

justified in giving a comprehensive account of the existing theories: the reader is referred to

the various publications. The present section is confined to some basic ideas and some

essential results.

The most highly perfected theories of the Boersch effect at present seem to be those of

Rose and Spehr (1980, 1983) and Jansen (1990). Like other authors, Rose and Spehr first

studied the energy transfer between two colliding particles in their centre-of-mass frame of

reference in the absence of any external forces. One of these two particles is chosen as the

reference particle and the change in its energy is determined in the laboratory frame. This is

a straightforward procedure, which results in

ΔE5
p2

m0

δ sin 2~θ sin ~ψ (46.46)

2δ being the angle between the asymptotes before the collision, 2~θ the angle of deflection

in the centre-of-mass frame and ~ψ the angle between the angular momentum vector and the

optic axis. The quantity p is the kinetic momentum in the laboratory frame before the

collision; for reasons of simplicity this momentum is assumed to be the same for both

particles. Since δ # 2α0, α0 being the semiaperture of the beam, the maximum energy

transfer is given by

ΔEmax 5
p2

m0

α0 (46.47)

even relativistically. Rose and Spehr normalized with respect to this constant; the

thermodynamic limit (46.38) is just 41% of this value.

The main problem now is to perform the necessary averaging over the angles δ, ~θ and ~ψ,
which is only possible with certain simplifications. The forms and the validity of the

different simplifying assumptions are a source of controversy in the literature. Knauer

(1979a,b) assumed that many weak interactions are experienced by a reference electron and
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that the velocity distributions of the transverse motions of the colliding partners are

Gaussian. With these assumptions and others, he derived the relation

d

dl
ΔE2
� �

5
2π3=2e3

4πε0ð Þ2
m

kTC

� �1=2
j ln Λt (46.48a)

with

Λt 5
4πε0kTC

e2
e

j

� �1=3
2eΦ
m

� �1=6
(46.48b)

for the derivative of the mean square energy spread ,ΔE2. 5 (δE)2 with respect to the

arc-length l along the beam, j being the current density. This formula can be applied to

diverging, parallel and converging round beams.

Knauer’s method has been criticized by Rose and Spehr (1980, 1983) who pointed out some

discrepancies. Their main argument is that, owing to the many simplifications, the range of

validity of Knauer’s theory does not exceed that of the single-scattering approximation.

In contrast to Knauer, Rose and Spehr assumed that at crossovers and foci � at low beam

currents � large-angle single-scattering processes are the most important for the energetic

Boersch effect. For this reason, they named their theory the ‘closest encounter approach’.

This theory is highly sophisticated. Unfortunately, in the general case, it does not lead

to compact simple formulae and we therefore refer to the corresponding publications.

Some of the numerical results are presented in Fig. 46.12. The variable κ is defined by

κ :¼ I(I0α2
0)
21, I being the beam current, α0 the semiaperture angle and

I05 3.43 104β3(12β2)23/2 A with β5 υ/c; λ is a parameter characterizing the

astigmatism, defined as the ratio of the diameter of the circle of least confusion to the

impact parameter at 90� deflection in the centre-of-mass frame. The value λ5 0 represents

the stigmatic focus. As a consequence of the single-scattering approximation, the results can

be valid only for small values of κ, κ# 1022, the true limit being unknown. In the very

simple case of a stigmatic focus, Rose and Spehr obtained the relation

ΔE2
� �

5 48β 12β2

 �21=2

I keVð Þ2=A� �
(46.49)

which, unlike the earlier results of Crewe (1978) and Loeffler (1969), does not depend on

the aperture. Among other proposals for the reduction of the energetic Boersch effect,

Rose and Spehr came to the conclusion that astigmatic foci should be employed instead of

stigmatic ones, whenever this is technically possible.

Rose and Spehr (1983) have also developed an analytical treatment of the spatial Boersch

effect. Their starting point is the transverse entropy S\. In the special case of constant

1128 Chapter 46



brightness B5 I/AcΩc, Ac being the local cross-section of the beam (denoted here by

subscript c) and Ωc its solid angle, Eq. (46.42a) can be rewritten

S\5 k ln
Ac

Ad

� �
with Ad 5

λ2

2Ωc

(46.50)

The quantity Ad can be interpreted as the area of the diffraction disc corresponding to an

aperture of area Ac. Rose and Spehr suggested that the increase dAc can be treated as

though it were due to a heat transfer dQ to the transverse motion:

dS\5 dQ=T\5 k dAc=Ac

This heat transfer stems mainly from parts of the beam that are far from the focus and is

caused by many weak Coulomb deflections in those domains. The formula obtained is fairly

complicated. The main result is that the probe diameter dc5 2(Ac/π)
1/2 increases as the square

root of the beam current I and is proportional to the distance l between focus and diaphragm.

The most important result for practical applications to emerge from the more recent theories

(Rose and Spehr, 1983; van Leeuwen and Jansen, 1983) is that the spatial Boersch effect

causes the radius of a small electron probe to increase linearly with the working distance

Figure 46.12
Mean quadratic energy broadening as a function of the normalized current κ5 I/I0α2

0 for three
values of the astigmatism parameter λ. A muffin-tin distribution is assumed for the transmitted

current density in the aperture plane. The dashed line indicates the thermodynamic limit.
After Rose and Spehr (1980), Courtesy Wissenschaftliche Verlagsgesellschaft.
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between the probe and the principal plane of the final lens. Consequently, in electron

lithography devices, this working distance should be made as small as possible subject to

any technical constraints. The energetic Boersch effect, being proportional to the square

root of the beam current in practice, gives rise to increased chromatic aberrations; the

consequent undesirable beam spreading can be reduced only by designing electron optical

systems with very low aberration coefficients.

The various theories have been compared in the light of dimensional analysis by Puretz

(1986). In spite of the importance of the Boersch effects in practical optics, and despite the

many experimental and theoretical investigations that have been devoted to them, our

present knowledge about their origin and behaviour is still incomplete. The fullest study to

date is contained in the work of Jansen already mentioned (Jansen, 1990; Kruit and Jansen,

2009). The discussion in Plies (1994) is also clear and scholarly.
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CHAPTER 47

Brightness

The concept of brightness in electron optics is very similar to the corresponding notion in

light optics. The brightness of an electron beam will prove to be a property that is invariant

with respect to the focusing action of lenses, provided that the latter have no net effect on

the accelerating voltage of the beam.

In the last 50 years there have been many experimental and theoretical investigations of the

brightness properties of electron beams, and although the aims and formulations often

appear quite different at first sight, the ideas are basically equivalent. Langmuir (1937)

investigated the brightness of thermionic electron guns and soon after, von Borries and

Ruska (1939) introduced an average brightness1 B, defined as the emission current ΔI per

element of area Δa normal to the beam and per element of solid angle ΔΩ, so that

B5ΔI=ΔaΔΩ (47.1a)

This definition is widely and understandably adopted by experimentalists. Nevertheless,

such a definition of B depends on the particular choice of Δa and ΔΩ, and Lenz (1957)

therefore replaced it by its appropriate mathematical limit, in Cartesian coordinates

given by

Bðx; y; z; x0; y0Þ5 lim
Δa-0

lim
ΔΩ-0

ΔI

ΔaΔΩ

� �
(47.1b)

Here Δa is the element of area ΔxΔy in the vicinity of the point (x, y, z); this element is

thus located in the appropriate coordinate plane z5 const. ΔΩ5Δx0Δy0 is the element of

solid angle in the vicinity of the direction given by the two components of gradient (x0, y0);
this implies that x021 y02{1. Lenz called this quantity B the brightness function. Later

Kasper and Lenz (1966) generalized this definition to include beams with an arbitrary

curved optic axis. Although (47.1b) is a more satisfactory definition than that of B, it still

leaves something to be desired. The first reason is that Eq. (47.1b) is essentially a paraxial

definition; this prevents it from being employed in the vicinity of cathode surfaces and,

furthermore, we shall not know whether any invariance properties that it may possess are

affected by aberrations. The second reason is that the presence of the limit-operation in

1 This quantity was originally called the Richtstrahlwert and this term has been widely used, not only in

German texts.
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Eq. (47.1b) makes it impossible to measure the brightness function directly; the latter can

only be obtained by numerical evaluation of sets of experimental data. Such numerical data

processing is, however, inevitable in order to overcome the arbitrariness in the choice of the

elements Δa and ΔΩ.

In order to escape the restriction of paraxiality, we introduce the definition

B r; tð Þ5 lim
Δa-0

lim
ΔΩ-0

ΔI

ΔaΔΩ

� �
(47.2)

which is very similar to Eq. (47.1b), but here t is a unit vector in an arbitrary given

direction, ΔΩ is an element of solid angle in the vicinity of this direction and Δa a surface

element normal to it. This is illustrated in Fig. 47.1. The vector t will usually be the local

tangent vector of an electron trajectory passing through the point r. We shall find that the

definition (47.2) has many interesting and useful properties. Whenever it is necessary to

distinguish between the different definitions, we shall refer to (47.2) as the generalized

brightness function.

For a useful discussion of the definitions of brightness and their use in practice, see Eades (1994).

With the growing interest in very small emitters, of which carbon nanotubes are the most

common, the notion of brightness needs to be reconsidered. Indeed, in some situations it

ceases to be a meaningful measure of the beam quality (Kruit et al., 2006). We comment

briefly on this situation in Section 50.7.

47.1 Application of Liouville’s Theorem

When particle interactions are negligible, the propagation of electron beams can be treated

very conveniently in a six-dimensional phase space. In this connection, we shall need the

definitions and relations given in Section 44.1 More generally, the Hamiltonian (44.5) will

Figure 47.1
Elements of area and solid angle employed in the definition of brightness. Δa is an element

of surface; ΔΩ is an element of solid angle, the axis of which coincides
with the unit vector t normal to the surface.
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be replaced by the relativistic expression (4.28) with Q52e, since we are also interested in

the brightness of electron beams outside the electron gun.

We first complete the definitions (44.3) and (44.4) by introducing the phase velocity:

υ� :¼ d

dt
r�5 _x; _y; _z; _px; _py; _pz

� �
(47.3)

and a phase current density:

j� :¼ ρ�υ� (47.4)

The canonical equations _r5 @H=@p, _p52 @H=@r(4.29, 4.30) can be rewritten in six-

dimensional form as

r�υ�5 0 (47.5)

which means that the six-dimensional velocity field is source-free; here r� denotes the
six-dimensional nabla-operator (div).

Since no particles are created or destroyed, the continuity equation

@ρ�

@t
1r�j� 5 0 (46.6)

must be satisfied. In the stationary case, the first term vanishes. Carrying out the necessary

differentiation and using Eq. (47.4), we obtain

dρ�

dt
5υ�Ur�ρ�ðr�ðtÞÞ5 0

which can be integrated to give

ρ�ðr�ðtÞÞ5 const (47.7)

This is Liouville’s theorem, which states that along each particle trajectory the phase

density ρ� is constant with respect to time and hence determined uniquely by the initial

conditions. Thus this theorem enables us to find relations between properties at different

positions on a trajectory and, in particular, to establish any invariance properties.

In order to find an expression for the generalized brightness B(r, t), we start from Eq. (44.8)

in differential form:

d3j5 eυρ� r�ð Þd3p
p5 g2 eA being the canonical momentum. The latter is rather inconvenient as a variable

of integration. At each fixed three-dimensional position r we have d3p5 d3g5 g2dgdΩ, dΩ
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being the element of solid angle in momentum space, which corresponds to the element of

solid angle of trajectory directions. Using υdg5 υtdg5 tdE, we obtain

d3j5 eρ� r�ð Þg2dEdΩt

Integration over all energies E results in

d2j5 et

ðN
2N

ρ� r�ð Þg2ðr;EÞdE
0
@

1
AdΩ

From the definition (47.2), it is obvious that d2j5 tBdΩ, since t lim(ΔI/Δa)5 j. Hence we

finally obtain the integral representation

B r; tð Þ5 e

ðN
2N

ρ� r�ð Þg2 r;Eð ÞdE (47.8)

which is always valid. One factor, g2, the square of the kinetic momentum, is easily

evaluated at any position r in space (see Eq. 2.13) with Q52e and E0 - E); the other

factor ρ� is most easily evaluated at the cathode surface.

47.2 The Maximum Brightness

We come now to the practical evaluation of (47.8). This is most straightforward for

thermionic guns, since for these ρ� depends only on E. In the factor g2(r, E) we may

neglect the very small quadratic term in E and so, with ε :¼ e/2m0c
2 as usual, we have

g2 r;Eð Þ5 2m0E 11 2εΦ rð Þ� �
1 2m0eΦ rð Þ 11 εΦ rð Þ� �

We recall that the expression Φ̂5Φ(11 εΦ) is the relativistic accelerating potential. In

(47.8) the integrals
Ð
ρ�dE and

Ð
Eρ�ðEÞ dE remain to be evaluated. With (44.11) this is

straightforward:

ðN
0

ρ� Eð ÞdE5
2kT

h3
exp 2

W

kT

 !

ðN
0

Eρ� Eð ÞdE5
2k2T2

h3
exp 2

W

kT

 !

Introducing all these expressions into (47.8) and using (44.12a,b), we can put the result into

a very concise form:

Bðr; tÞ5 ejs

πkT
Φ̂T rð Þ (47.9a)
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with

ΦT :¼ Φ1
kT

e
; Φ̂T 5ΦTð11 εΦTÞ (47.9b)

The dependence of B on the direction t has cancelled out in the integration. This is a

characteristic property of thermionic emission and in particular a consequence of Eq. (44.11)

in which t does not appear. Thermionic emission is just characterized by a transmission factor

D5 1 for all electrons with sufficient energy, regardless of the direction t. This property of

the brightness is again discussed at the end of Section 47.3.

At the cathode surface with Φ5 0 and kT { m0c
2, Eq. (47.9a) simplifies to B5 js /π. This is

the maximum value ~B(0) of the angular distribution function ~B(γ) in (44.17). Far from the

cathode, we can neglect the term kT/e in (47.9b), so that Φ̂T � Φ̂. We then obtain the familiar

result that the brightness B is proportional to the common accelerating potential Φ̂ðrÞ.
Eqs (47.9a) and (47.9b) can be generalized in two ways:

i. In the case of Schottky emission, the expression (44.42) for js is to be introduced.

Furthermore, expression (47.9b) for ΦT is to be replaced by ΦT ≔Φ1 (kT1 δW)/e,

since the potential barrier is lowered by δW/e.

ii. In the case of emission limited by space charge, the accelerating potential is to be

replaced by

ΦT 5
1

e
~Ekin5Φ2Φm1

kT

e
; Φ̂T 5ΦT 11 εΦTð Þ (47.10a)

and the saturation current density js is to be replaced by the reduced value at the minimum

of the potential barrier (r5 rm). The latter implies that the factor exp(eΦm/kT) must be

introduced so that now

B5
ejs

πkT
exp

eΦm

kT

� �
Φ̂T rð Þ (47.10b)

This formula is not widely known, though it is obvious that it is more correct than

Eq. (47.9a).

The expression for the brightness of field emission guns is slightly more complicated, since

the phase density ρ� in (47.8) is not a function of E alone. The full calculation requires a

knowledge of the transformation between the emission angle γ and the corresponding

inclination at the point r of reference; this is generally very complicated. The expression for

the maximum brightness, however, is fairly simple. From Eq. (44.35), this maximum is

given in the vicinity of the cathode by

~B 0ð Þ52
jT

πd
V rð Þ5Bmax (47.11a)
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Farther away from the cathode we must replace the accelerating energy eΦ by the

appropriate relativistic expression eΦ̂, giving

Bmax rð Þ5 ejT

πd
Φ̂ rð Þ (47.11b)

This expression resembles Eq. (47.9a): we have only to make the exchanges js 2 jT, kT 2 d,

a symmetry that has already been noticed in Chapter 44, Theory of Electron Emission.

Substitution of common values of the physical quantities into these formulae shows that in

thermionic systems B B 102 A cm22 sr21, in systems with strong Schottky emission (LaB6

cathodes) B B 104 A cm22 sr21 and in good field-emission systems values up to

109 A cm22 sr21 can be reached. The brightness can of course apparently be increased

indefinitely by increasing the voltage Φ, but in most practical cases Φ B 300 kV is an

upper limit; the higher brightness is noticeable in high-voltage microscopes operating in the

megavolt range.

The dependence of the brightness on the choice of the accelerating potential led Fink and

Schumacher (1975) and Schumacher (1976) to introduce a ‘normalized’ or reduced brightness

R :¼ B=Φ̂

If we neglect the term kT/e in (47.9b), we obtain the simple formula

RT 5
ejs

πkT
(47.12)

for thermionic guns. From Eq. (47.11) it is obvious that

RF 5
ejT

πd
(47.13)

is the maximum normalized brightness of field-emission guns. These formulae express

physical properties of the emitting surfaces alone. Since RFcRT, it seems obvious that

field-emission guns are preferable and in practice, cold field-emission guns or Schottky

guns are found in most modern electron microscopes, including scanning electron

microscopes. The benefits of high brightness override the need for a very high vacuum, the

instability of the emission when the pressure is not quite low enough and the disadvantage

of low total emission current as well as some purely technological problems.

Before we go over to the next topic, we emphasize that the maximum normalized

brightness RT (or RF) is the only truly invariant property of an electron emission source. It

does not depend on focusing properties or lens aberrations, but its value is reduced by the

Boersch effect (Section 46.4). The measurement of values lower than the theoretical limit,

in cases where the Boersch effect can be neglected, is clearly a consequence of the

averaging in the determination of B, see Eq. (44.1a).
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47.3 The Influence of Apertures

In the derivation of (47.8) and its special cases, we have tacitly assumed that all electrons

with trajectories running from the cathode surface to the point r of reference will reach this

point. Actually this is not the case, since some of these trajectories will be intercepted at

any aperture stops placed across the beam to reduce aberrations. For thermionic electron

guns, this question was first investigated by Langmuir (1937). Analogous considerations

are, of course, necessary for field-emission guns, but they will be more complicated, since

(44.30) is far more complicated than (44.14a). We therefore first present a simplified

derivation and then try to generalize the result.

The physical situation is sketched in Fig. 47.2. We consider an emitting surface element in the

vicinity of the apex. If we neglect aberrations, this surface element will be imaged as a magnified

(or demagnified) element in the corresponding conjugate plane z5 zi, ML5 |Δyi /Δyo| being

the lateral magnification. From Abbe’s sine condition we obtain a relation between the transverse

components of the momenta:

q :¼ p0 sin γ5 piML sin β (47.14a)

We now assume that M2
L sin2 β{1, which is justified for M# 10, β# 1022. The aperture

stop shown in Fig. 47.2 then confines the transmission of transverse momenta q, but does

not affect the longitudinal component. For larger values of M2
L sin2 β this is not true, but

such cases are of little interest. With β # θ we obtain the upper limit:

q# qm5 piML sin θ � piMLθ (47.14b)

We now return to the transverse distributions (44.18a,b) and (44.36a,b). Both are rotationally

symmetric Gaussian distributions. With q25 p2x 1 p2y we can put them into a common form:

dj5
j0

m0τ
exp 2

q2

2m0τ

� �
q dq (47.15a)

with j0 being given by Eq. (44.42) or by (44.27) and

τ5
kT for thermionic guns

d for field emission guns

�
(47.15b)

Figure 47.2
Imaging of an element of the cathode surface with the associated notation.
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An additional factor M22
L arises from the magnification; the current density in the image

element is thus given by

ji5
j0

m0τ M2
L

ðqm
0

exp 2
q2

2m0τ

� �
q dq5

j0

M2
L

12 exp 2
q2m

2m0τ

� �� 	

qm being given by Eq. (47.14b). With p2i 5 2m0eφ̂i, we obtain the relativistically correct

formula:

ji5 j0M
22
L 12 exp 2

eφ̂i

τ
M2

L sin
2 θ

 !( )
(47.16)

A still more exact formula, which contains (47.16) and Langmuir’s formula as special

cases, is

ji5 j0M
22
L 12 12M2

Lsin
2 θ

� �
exp 2

eφ̂iM
2
Lsin

2 θ
τ 12M2

Lsin
2 θ

� �
( )" #

(47.17)

An analogous formula can be derived for line foci:

ji5 j0M
21
L erf

λ2κ
12λ2

� �1=2
1λ exp κð Þ 12 erf

κ
12λ2

� �1=2( )" #

with λ ≔ ML sin θ, κ ≔ eφ̂i/τ.

We now examine the implications of Eq. (47.17) for two extreme cases.

i. Large apertures: the absolute value of the exponent is a large number and the whole

exponential term can therefore be neglected. The simplified relation ji5 j0M
22
L

expresses the obvious diminution of the intensity due to magnified imaging. This result

is to be expected if the aperture transmits all the electrons emitted from the surface

element on the cathode.

ii. Narrow apertures: if M2
Lθ

2{1 but eφ̂icτ, Eq. (47.16) should be used. In the extreme

case in which the exponent is a small quantity even though eφ̂icτ, we may expand

the exponential function as a power series and terminate the latter after the linear term.

This gives

ji5 j0 11 eφ̂i=τ

 �

sin2 θ � eφ̂iτ
21j0θ2

iii. With the aid of (47.9a) and (47.11), we can put the result into the more convenient form

ji5πBi sin
2 θ

Bi being the axial brightness in the image plane. This result is in agreement with that

obtained in the simpler case of a uniformly illuminated aperture.
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Recalling that the brightness was originally introduced as a distribution of current density in

a given direction per unit solid angle, we can find the expression for the brightness

corresponding to (47.17). If we replace the (maximum) semiaperture angle θ by the variable

β, Eq. (47.17) gives the fraction of the current density incident inside a cone of semiangle

β. The brightness is then obtained by differentiation:

B
�
i βð Þ :¼ 1

cos β
dji βð Þ
dΩβ

5
1

2πcos β sin β
dji βð Þ
dβ

5
j0

π
11

eφ̂i

τ 12M2
Lsin

2 β
� �

0
@

1
Aexp 2

eφ̂iM
2
Lsin

2 β
τ 12M2

Lsin
2 β

� �
0
@

1
A

(47.18)

In many practical cases M2
Lβ

2{1 and we then obtain the simpler formula

B
�
i βð Þ5Bi;max exp 2eφ̂iM

2
Lβ

2τ21

 �

(47.19)

from which we see that the angular distribution of the incident intensity is Gaussian.

Without explicit proof, we mention that the same conclusion also holds for the virtual

imaging treated in Section 45.2. This is clearly true since in both cases only Abbe’s sine

condition has been used. We recall that the diode model furnished the relation

ML 5 1=MA
ffiffiffi
μ

p
, MA and μ being defined in Section 45.2.

The conclusions reached so far in this section hold only for a single emitting cathode spot,

for reasons of simplicity assumed to be at the apex; for this reason we have introduced the

notation B
�
i ðβÞ instead of Bi(β). Eq. (47.19) is useful if the emission from the cathode

surface is so non-uniform that small single spots can be clearly distinguished. In reality, the

brightness B(r, t) at a fixed point r and in a fixed direction t results from the contributions

of many surface elements. Note that in Eq. (47.8) an integration is made over all energies

E! This implies that electrons with different initial conditions at the cathode surface can

reach the same final configuration (r, t) and thus contribute to the integral. From

Eq. (47.9a) we notice that the resultant brightness is independent of the direction t. This is a

fundamental consequence of Lambert’s law (44.17). The corresponding law is well known

in light optics (where it is found to be a consequence of the definition of the photometric

brightness and of the assumption that the emitting surface is plane and the radiation

isotropic: see Born and Wolf, Section 4.8.1).

For thermionic sources the relation between Eqs (47.19) and (47.9a) is quite simple. Since

τ � kT{eφ̂i the maximum value Bi,max5 j0(11 eφ̂i/τ)/π in Eq. (47.19) is in practice

identical with Eq. (47.9a) at r5 ri. The superposition is hence of such a kind that the
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maximum value (47.9a) is obtained everywhere on the equipotential Φ(r)5 const. For field-

emission sources a similar conclusion can be drawn (Kasper, 1982), but this is only

approximately valid since field emission does not obey Lambert’s law.

47.4 Lenz’s Brightness Theory

A brightness theory that is very useful for the mathematical investigation of electron beams,

even at large distances from the cathode, was developed by Lenz (1957) and later generalized

by Kasper and Lenz (1966). Although it can be very helpful, it has not found widespread

application, probably because experimentalists cannot measure the brightness function directly.

This difficulty will be dealt with later. We first present here the theory for paraxial relativistic

motion in rotationally symmetric electrostatic fields including the influence of space charge.

We then explain how the theory can be generalized to arbitrary paraxial systems, in which the

optic axis may be curved. See also Section 48.3, where the emittance is related to brightness.

47.4.1 Rotationally Symmetric Electrostatic Fields

The paraxial ray equation is given by

u001
γ
2

φ0

φ̂
u01

γ
4φ̂

φ001
1

ε0
ρ0 zð Þ

� 	
u5 0 (47.20)

where u(z)5 x(z)1 iy(z), φ(z) is the axial potential and ρ0(z) the axial space charge density.

It is convenient to work in terms of the reduced brightness, R:

B r; tð Þ5R x; y; x0; y0; zð Þ Φ̂ rð Þ (47.21)

From Eq. (47.8) and Liouville’s theorem together with the conservation of energy, we

conclude that R must be constant along each trajectory, this constant value depending on

the initial conditions; hence we have exactly

dR

dz
5

@R

@x
x0 1

@R

@y
y0 1

@R

@x0
x001

@R

@y0
y001

@R

@z
5 0

Eliminating the derivatives of second order by means of (47.20), we obtain in the paraxial

approximation

@R

@x
x0 1

@R

@y
y02

γ
2

φ0

φ̂
@R

@x0
x01

@R

@y0
y0

 !

2
γ

4φ̂
φ00 1

ρ0 zð Þ
ε0

 !
@R

@x0
x1

@R

@y0
y

 !
1

@R

@z
5 0

(47.22)
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A solution of this homogeneous linear partial differential equation is an exponential

function with a quadratic exponent. Since we are seeking a rotationally symmetric solution,

we substitute an expression of the form

R5R0 exp 2

ffiffiffiffiffiffiffiffi
φ̂ zð Þ
φ̂0

s n
a zð Þ x2 1 y2
� �

1 2b zð Þ xx0 1 yy0ð Þ1 c zð Þ x021 y02
� �o" #

(47.23)

into Eq. (47.22), R0 and φ̂0 being free constants and a(z), b(z), c(z) functions to be

determined. By treating x2 1 y2, 2(xx0 1 yy0) and x02 1 y02 as linearly independent functions

of z and noting that φ̂0=φ̂5 γφ0=φ̂, we obtain three ordinary coupled differential equations

for a, b and c:

a01
γ
2

φ0

φ̂
a2

γ
2φ̂

φ001
ρ0
ε0

� �
b5 0 (47.24a)

b01 a2
γ
4φ̂

φ001
ρ0
ε0

� �
c5 0 (47.24b)

c02
γ
2

φ0

φ̂
c1 2b5 0 (47.24c)

One constant of integration is given by the discriminant:

Δ :¼ a zð Þc zð Þ2 b2 zð Þ5 const . 0 (47.25)

The solutions of (47.24a�c) are uniquely determined by the initial values a0, b0, c0 in a

starting plane z5 z0; there, of course, Δ5 a0c02 b20. The system (47.24) is only linear in

the absence of space charge, as we shall see below.

The practical value of the theory lies in the fact that, once the reduced brightness R(x, y; x0,
y0; z) has been calculated, it can be used to determine expectation values. In this connection,

it is sufficient to make the approximation Φ̂ðrÞ � φ̂ðzÞ in Eq. (47.21).

The most important expectation value is the local current density:

j rð Þ :¼ φ̂ zð Þ
ðN

2N

ðN
2N

R x; y; x0; y0; zð Þ dx0dy0

for which we obtain the Gaussian distribution:

j rð Þ5
πR0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
φ̂0φ̂ zð Þ

q
c zð Þ exp 2

ffiffiffiffiffiffiffiffi
φ̂ zð Þ
φ̂0

s
Δ
c zð Þ x21 y2

� �( )
(47.26)
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A further integration yields the total beam current:

I5

ðN
2N

ðN
2N

j rð Þ dxdy5 π2R0φ̂0

Δ
5 const (47.27)

which is conserved as it must be. Eq. (47.26) also enables us to determine the space charge

density. In the paraxial approximation we have

j5 jz; υ5 υz5
1

γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e

m0

φ̂ zð Þ
r

; ρ52
jz

υz
52

j

υ

where as usual γ5m/m05 11 2εφ.

From Eq. (47.26) we then obtain

ρ rð Þ5 ρ0 zð Þexp 2

ffiffiffiffiffiffiffiffi
φ̂ zð Þ
φ̂0

s
Δ
c zð Þ x21 y2

� �( )
(47.28a)

with the axial space charge density:

ρ0 zð Þ52
πR0γ
c zð Þ

ffiffiffiffiffiffiffiffiffiffiffi
m0φ̂0

2e

s
52

γ IΔ
πc zð Þ

ffiffiffiffiffiffiffiffiffiffi
m0

2eφ̂0

r
(47.28b)

Introducing this into Eq. (47.24), we see that this system of differential equations is

nonlinear.

Another distribution function of interest is that describing the directions in the beam:

F x0; y0; zð Þ :¼ φ̂ zð Þ
I

ðN
2N

ðN
2N

R x; y; x0; y0; zð Þ dxdy (47.29a)

It is normalized so that
Ð Ð

Fdx0dy0 5 1 and hence F may be interpreted as the directional

probability density. Evaluation of (47.29a) results in the Gaussian distribution:

F x0; y0; zð Þ5 Δ
πa zð Þ

ffiffiffiffiffiffiffiffi
φ̂ zð Þ
φ̂0

s
exp 2

ffiffiffiffiffiffiffiffi
φ̂ zð Þ
φ̂0

s
Δ
a zð Þ x021 y02

� �( )
(47.29b)

This result is in accordance with Eq. (47.19), since β2 5 x021 y02. This may help to attach a

physical meaning to the somewhat abstract form of (47.23).

A very interesting feature of this theory is that it shows us how to analyse the focusing of

an extended electron beam. The narrowest cross-section, the crossover, lies in the plane
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z5 zc, in which the radial width of (47.26) has its minimum. This means that c=φ̂
1=2

must

pass through a minimum which implies that c0=c5 φ̂0=2φ̂. Introducing this into Eq. (47.24c)

we find that b(zc)5 0. Since the term in b(z) causes the coupling between x, y and x0, y0 in
Eq. (47.23), b(zc)5 0 means that in the plane of the crossover the brightness function

separates into a product

B x; y; x0; y0; zcð Þ5 j x; y; zcð ÞF x0; y0; zcð Þ (47.30)

Furthermore, the crossover can be defined as the ‘optimum’ case of an uncertainty relation.

Let r0(z) and s0(z) be those widths, for which the distributions (47.26) and (47.29a),

respectively, have decreased to e21 of their axial values; we then haveffiffiffiffiffiffiffiffiffiffi
φ̂=φ̂0

q
r0s0 5

1

Δ
ffiffiffiffiffi
ac

p � 1

Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ1 b2

p
$

1ffiffiffiffi
Δ

p (47.31)

and so b(zc)5 0 is the only case in which the equality holds.

Still another interesting aspect of Lenz’s theory is its application to electron beams with

high perveance. For reasons of simplicity we assume that there is no external electric field.

Since the space-charge field is mainly in the radial direction, φ(z)5 const5φ0 is a good

approximation. Introducing (47.28a) into (47.24), we notice that the dimensionless constant

P :¼ Iγ2

2πε0

ffiffiffiffiffiffiffiffiffiffi
m0

2eφ̂
3

0

s
(47.32)

appears in the theory. The perveance is usually defined to be Iφ̂
23=2

0 , but since the latter

always appears in the above combination, we shall refer to P as the perveance. This

expression is of great importance in equipment using high-intensity beams, since it is a

qualitative measure of the influence of space charge on the focusing of the beam; with high

perveance, the focus is broadened by the Coulomb forces acting in the beam. Equations

(47.24) now take the form

a0 52PbΔ=c; b0 52 a2PΔ=2; c0 522b

These can be reduced to a quadrature formula. We assume that the initial values are a0, b0, c0
at z5 z0. We see that

a0 5
1

2
PΔ

c0

c
-a5 a01

1

2
PΔln

c

c0

� �

Since Eq. (47.25) is still valid, the next step is

b2 5 b20 1 ac2 a0c0 5 b201 a0 c2 c0ð Þ1 1

2
PΔln

c

c0

� �
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Introducing this into c0 522b, we obtain a differential equation for c(z), which can be

formally solved after some rearrangement. In order to bring out the physical meaning of the

solution, we introduce the distribution widths of (47.26) and (47.29a), respectively:

r0 zð Þ5
ffiffiffiffiffiffiffiffi
c zð Þ
Δ

r
; s0 zð Þ5

ffiffiffiffiffiffiffiffi
a zð Þ
Δ

r
(47.33)

There is no loss of generality if the plane z5 z0 is chosen to coincide with a crossover. We

then have Δ5 a0c0, b05 0, and the initial values of r0 and s0 are

r0 z0ð Þ ¼: ρ0 5
1ffiffiffiffiffi
a0

p ; s0 z0ð Þ ¼: σ0 5
1ffiffiffiffiffi
c0

p

Introducing the dimensionless variable of integration u5 c(z)/c0 with 1 # u # r20 zð Þ=ρ20,
we finally obtain

z2 z0 5 6
ρ0
2σ0

ðr0=ρ0ð Þ2

1

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 11

1

2
Pσ22

0 u ln u

r (47.34)

The inverse function is the required beam profile r05 r0(z). This is symmetric about the

crossover plane: r0(z0 1 ζ)5 r0(z02 ζ) for all values of ζ.

We now discuss two limiting special cases, which illustrate the meaning of Eq. (47.34).

i. Vanishing perveance P: the integration and inversion are now elementary and result in

r0 zð Þ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ20 1σ2

0 z2z0ð Þ2
q

; s0 zð Þ5σ0 5 const

The profile of a beam free of space charge is hyperbolic and the angular distribution in

it is independent of z.

ii. Extremely high perveance P: we are justified in retaining only the logarithmic term in

the denominator of (47.34); with u ¼: exp(2y2), we obtain the representation

z2 z0 5 6
2ρ0ffiffiffi
P

p
ðffiffiffiffiffiffiffiffiffiffiffiffiffiffiln r0=ρ0ð Þ

p

0

exp ðy2Þdy

This integral is not elementary. A good approximation for small values of |z2 z0| is

z2 z05 6 2:09 ρ0P
21=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r0

ρ0
2 1

s
;

r0

ρ0
# 2

This leads to a quadratic beam profile in the vicinity of the crossover:

r0 zð Þ5 ρ01 0:229 Pρ21
0 z2z0ð Þ2 r0# 2ρ0

� �
and P is then proportional to the curvature r000 of the beam waist.
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Fig. 47.3 shows the width-function r0(z) for two electron beams with the same

initial conditions in a plane z5 z1 but different perveances. With increasing perveance,

the crossover increases in size and shifts towards the starting plane z5 z1. These results

are essentially the same as those obtained by Watson (1927), but in Lenz’s theory

Watson’s unrealistic assumption that the boundary of the beam is sharp has been

removed.

47.4.2 The Generalized Theory

In the preceding section, the theory was presented in such a way that experimental results

could be compared with its previsions. The theory has in fact been generalized by Kasper

and Lenz (1966) for arbitrary paraxial systems, even those with curved optic axes.

A theory of such generality can, of course, lead only to very formal results. Furthermore,

the formalism is still paraxial; a brightness theory including aberrations is unknown to the

authors.

Since the brightness is of most interest close to the curved axis of a system consisting of an

electron gun and deflecting elements, we denote the arc-length along this axis by z.

A straight optic axis is then a special case. The coordinates normal to the optic axis are

denoted by x and y as usual. The construction of such a coordinate system is explained in

Chapter 51, General Curvilinear Systems. If a magnetic field, rotationally symmetric about

the axis, is present, the resulting Larmor rotation is denoted by θ(z). For such a magnetic

field to be present, there must be a straight section of the axis before the beam reaches any

deflecting elements.

Figure 47.3
Electron beam profiles in axial section. Two beams are shown with different perveances but with
identical initial conditions in the plane z5 z1. Quantities labelled with an asterisk refer to the

beam with vanishing perveance.
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Since linear deflection terms cannot appear on the axis, the paraxial functional takes the

general form

Mð2Þ5PðzÞ 11
x021 y02

2

� 	
1

1

2
F2;0ðzÞx2 1 2F1;1ðzÞxy1F0;2ðzÞy2
� �

2 eBðzÞ xy
02 x0y
2

(47.35)

P(z) denoting the kinetic momentum g5mυ on the axis. A factor h, appearing in the line-

element of the curved coordinate system (Eq. 51.4), contributes only to terms of third and

higher orders and can hence be ignored here.

The canonical momenta ξ and η are given by

ξ5
@Mð2Þ

@x0
5PðzÞx01 1

2
eBðzÞy

η5
@Mð2Þ

@y0
5PðzÞy02 1

2
eBðzÞx

(47.36)

The trajectory equations are then of the form

ξ0 5
@Mð2Þ

@x
5Q1ðzÞx1Q2ðzÞy2 θ0η

η0 5
@Mð2Þ

@y
5Q2ðzÞx1Q3ðzÞy1 θ0ξ

(47.37)

with the new coefficients

θ0ðzÞ5 eBðzÞ=2PðzÞ
Q1ðzÞ5F2;0ðzÞ2PðzÞθ02ðzÞ Q25F1;1ðzÞ Q3ðzÞ5F0;2ðzÞ2PðzÞθ02ðzÞ (47.38)

These coefficients correspond to a focusing effect superimposed on an axial astigmatism.

Any space charge term is included with equal weight in Q1 and Q3.

The general solution of this set of differential equations is a linear combination of four

linearly independent partial solutions. It is now convenient to introduce the four-

dimensional phase space and the vector υ and its associate ~υ:

υ5 ðx; y; ξ; ηÞT ; ~υ5 ðξ; η;2x;2yÞT (47.39)

where T denotes transpose as usual and hence υ and ~υ are column vectors. For any pair of

solutions, the commutator

½υm;υn�5 ξmxn 2 ξnxm1 ηmyn 2 ηnym 5 ð ~υm;υnÞ (47.40)
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is constant; the last term is just the scalar product of the two vectors, ~υmUυn: These
commutators, invariant with respect to rotation about the z-axis, are generalizations of the

familiar Wronskian determinant.

The differential equations (47.36) and (47.37) can be expressed compactly in terms of these

vectors. It can easily be seen that

υ0ðzÞ5 CðzÞυðzÞ ~υ0ðzÞ5 2CðzÞ ~υðzÞ (47.41)

in which

CðzÞ5
0 2 θ0 P21 0

θ0 0 0 P21

Q1 Q2 0 2 θ0

Q2 Q3 θ0 0

0
BB@

1
CCA (47.42)

Since all the diagonal elements are zero, the motion in phase space is source-free:

div υ05
@x0

@x
1

@y0

@y
1

@ξ0

@ξ
1

@η0

@η
5TraceðCÞ5 0 (47.43)

It is convenient to combine the four fundamental solutions υ1,. . ., υ4 into a matrix of rank 4:

WðzÞ5 ðυ1;υ2;υ3;υ4Þ5
x1 x2 x3 x4
y1 y2 y3 y4
ξ1 ξ2 ξ3 ξ4
η1 η2 η3 η4

0
BB@

1
CCA (47.44)

The four differential equations then assume the matrix form W 0 5CW. For the initial

conditions, a very favourable choice is to set Wi,k5δi,k in the starting plane, z5 z0; W(z0) is

then the unit matrix. A general solution with initial vector υ0 is given by

υðzÞ5WðzÞυ0

Other favourable consequences of this choice are that det W(z)5 1 and there are six

fundamental commutators:

½υ1;υ2�5 0; ½υ1; υ3�52 1; ½υ1; υ4�5 0

½υ2;υ3�5 0; ½υ2; υ4�52 1; ½υ3; υ4�5 0
(47.45)

Some consequences of the ray equations can be derived as a generalization of Eq. (47.20).

We now return to the derivation of the brightness and in particular, to the reduced brightness

Rðx; y; ξ; η; zÞ :¼ Bðx; y; ξ; η; zÞ=Φ̂ðrÞ (47.46a)
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in which Φ̂ðrÞ5P2ðzÞ=2m0e is the relativistic accelerating voltage. This definition is similar

to Eq. (47.21) but here the canonical momenta have been introduced. Liouville’s theorem

takes the form

dR

dz
5

@R

@z
1 x0

@R

@x
1 y0

@R

@y
1 ξ0

@R

@ξ
1 η0

@R

@η
5 0 (47.46b)

from which we conclude that R5R05 const along each trajectory. Just as for Eq. (47.23),

we now try to solve (47.46b) in terms of an exponential function

Rðυ; zÞ5R0 exp 2
X4
i51

X4
k51

Ai;kðzÞ ~υi ~υk

 !
(47.47)

The coefficients Ai,k satisfy the differential equations

A0
i;k 5

X4
n51

CinðzÞAn;kðzÞ1CknðzÞAn;iðzÞ
� �

(47.48)

and are uniquely determined by their initial values Ai,k(z0). The quadratic form in the

exponent must be strictly negative so that the function R can be normalized and the norm

must be equal to the total current, I:

ðN
2N

ðN
2N

ðN
2N

ðN
2N

Rðυ; zÞ dxdydξdη5 I (47.49)

The current density in the axial direction then becomes

jðx; y; zÞ5
ðN

2N

ðN
2N

Rðυ; zÞ dξdη (47.50)

and the normalized distribution of momenta is

Fðξ; ηÞ5
ð ð

Rðυ; zÞ dxdy (47.51)

In the absence of an axial magnetic field (B(z)5 0), this is essentially the distribution of

directions in the beam. So far, quite general relations have been derived. More specific

results require specialization. The most important case, rotational symmetry, has already

been dealt with in detail in Section 47.4. We now investigate two other cases: orthogonal

systems and conjugate planes.

Orthogonal systems. These are systems in which motion in the x-direction is independent

of that in the y-direction. This is possible even with a curved optic axis but not with a

general one: the axis must lie entirely in a plane, the x�z plane say, so that the torsion
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vanishes. Moreover, axial magnetic fields must be excluded as they cause torsion.

Finally, the coefficient Q2(z) must vanish since it causes coupling between the motion in

the x- and y-directions.

With these assumptions, the matrices W and A simplify to

WðzÞ5
x1 0 x3 0

0 y2 0 y4
ξ1 0 ξ3 0

0 η2 0 η4

0
BB@

1
CCA AðzÞ5

A11 0 A13 0

0 A22 0 A24

A31 0 A33 0

0 A42 0 A44

0
BB@

1
CCA (47.52)

and the brightness function then separates into a product of the form

Rðυ; zÞ5R0 exp 2Exðx; ξÞ
� �

exp 2Eyðy; ηÞ
� �

(47.53)

in which Ex and Ey are positive quadratic polynomials in their arguments.

Conjugate planes. These are now defined as planes zc5 const in which R(υ, z) separates
into a product of functions, the arguments of one of which are only coordinates and those

of the other are only momenta. For this condition, it is not necessary to assume

orthogonality, it can be satisfied in more general cases. The normalization can be chosen in

such a way that this product becomes

Rðυ; zcÞ5 jðx; y; zcÞFðξ; η; zcÞ (47.54)

A necessary and sufficient condition for this separation is that the coefficients causing

coupling between coordinates and momenta vanish at zc:

A135A145A235A245 0 z5 zc (47.55)

One such plane is the surface of a thermionic cathode, as explained in Section 47.4. The

separation assumed in Eq. (47.54) means that the distribution of momenta in such a

plane is the same for all points (x, y, zc). It can be shown that another such plane is

close to a plane in which the crossover is smallest and this is almost the same as the

usual meaning of the imaging of conjugate planes. One such case is seen in Eq. (47.30)

and the following equations. In the general case, however, the crossovers will be elliptic

and astigmatic.

A possible way of determining the brightness function including the effect of aberrations is

numerical ray tracing. According to Liouville’s theorem, R is constant along each trajectory

and it is therefore possible to launch a set of trajectories with the appropriate initial

conditions, including the correct brightness R(υ0, z0). In this way, the brightness at the end-

point has the same value. The drawback of this approach is that it furnishes a large volume

of data but outside the mathematical context (rather like the use of differential algebra in

aberration studies in Section 34.8).
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47.5 Measurement of the Brightness

The techniques for measuring the brightness all reduce to the measurement of beam

currents. By a suitable arrangement of lenses, apertures and detectors, finite areas Δa and

solid angles ΔΩ are defined and the corresponding current ΔI is measured. The quantity

ΔIΔa21 ΔΩ21 is a reliable measure of the average brightness B only if all apertures are

illuminated uniformly, a requirement that is difficult to satisfy in practice.

Detailed investigations on this problem have been made by Lauer (see Lauer, 1982), who

employed two different techniques, the two-aperture method and the lens method.

i. Two-aperture method: two coaxial apertures are brought into the path of the beam. The

first, closer to the cathode, confines the element of solid angle ΔΩ subtended at the

centre of the second aperture. The second aperture defines the area Δa. This method

works satisfactorily only if the diameter of the crossover is appreciably larger than the

region corresponding to the area Δa. Since the crossovers of modern field-emission

guns are too small to satisfy this requirement, this method is then not suitable.

ii. Lens method: this is shown in Fig. 47.4. The first aperture is now located in the

principal plane of a lens. This lens produces a magnified image of the crossover in the

plane of the second aperture. By a suitable choice of the magnification, it can be

ensured that the area Δa is always uniformly illuminated. The aperture angle

Figure 47.4
Lens method for the measurement of brightness. The lens images the crossover

into the aperture plane. The aperture in the lens defines the solid angle subtended.
(For simplicity, a thin lens is shown.)
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θ5 (ΔΩ/π)1/2 is, however, limited by the requirement that the spherical aberration disc

referred back to the object must be appreciably smaller than the crossover. Hence a

very good lens is needed.

Lauer has also investigated the systematic errors of the measurement. For thermionic guns,

he derived (47.17) and (47.19) in the special case ML5 1. Of decisive importance is the

fact that the angular distribution in the beam is Gaussian. This knowledge can be used to

eliminate the systematic errors of the measurement. In this context, Lenz’s theory is very

helpful.

Since the area Δa is located in an image plane z5 z0 of the crossover, (47.30) holds; the

brightness is then given by

B5B0 z0ð Þ exp 2
x2 1 y2

ρ20

� �
exp 2

x02 1 y02

σ2
0

� �
(47.56)

If the semiaperture angle behind the lens is θ, we have x02 1 y02 # θ2; furthermore we

have x2 1 y2 # ρ2a, ρa being the radius of the second aperture. The measured part of the

beam current is then

ΔI5

ð
x2 1 y2 # ρ2a

ð
x02 1 y02 # θ2

B dxdydx0dy0

With Eq. (47.56) this integration is elementary; introducing polar coordinates, we find

ΔI5π2B0σ2
0ρ

2
0 12 exp 2

ρ2a
ρ20

� �� 	
12 exp 2

θ2

σ2
0

� �� 	
(47.57)

The average brightness is then given by

B5B0

12 exp 2ρ2a=ρ
2
0

� �
ρ2a=ρ

2
0

12 exp 2θ2=σ2
0

� �
θ2=σ2

0

5B0 12
ρ2a
2ρ20

 !
12

θ2

2σ2
0

 !
1 higher order terms

(47.58)

The axial brightness B0 and the constants ρ0 and σ0 can be determined from the results of

three (or more) independent measurements with different choices of ρa and θ.

The results of truly reliable measurements of the brightness are often in disagreement with

the theoretical predictions. Disappointing though this may be, we should not be surprised.

We must bear in mind that the theory, in spite of its complexity, contains all too many

simplifying assumptions, which are never satisfied in practice. The cathode surface is rarely
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clean and never smooth. Even its macroscopic shape is often not known accurately.

Moreover, the semiclassical theory of electron emission is an oversimplification. There

are thus unjustified assumptions in the reasoning and the brightness is very sensitive to

these. The great merit of the theory is that it enables us to understand the dependence of

the brightness on the various geometrical and electrical parameters. Even though the

absolute values may not be predicted accurately, the qualitative behaviour and trends are

correct.

A comprehensive analysis of various concepts related to the brightness and the associated

measurement techniques is given by Lejeune and Aubert (1980); these topics are dealt with

in the next chapter, where more recent references will be found.

47.6 Coulomb Interactions and Brightness

In a series of papers and dissertations, Kruit, Cook, Verduin and colleagues have examined

the effect of Coulomb interactions in the beam emitted by sources of various kinds on the

virtual source size and hence on the brightness (Bi et al., 1997, 1998; Fransen et al., 1999;

van Veen et al., 2001; Bronsgeest et al., 2007; Cook et al., 2009, 2010, 2011; Verduin

et al., 2011; Cook, 2013; Cook and Kruit, 2016; Verduin, 2017). Here we concentrate on

two of these studies. In the case of field-emission guns, Verduin et al. (2011) demonstrate

by simulation of two gun models that the effect of Coulomb interactions, though

complicated, can be understood in physical terms. The authors plot curves showing the

dependence of mean reduced brightness on extraction voltage and on the electric field at the

tip (radius 10 nm in their model). The maximum brightness and beam energy spread are

also plotted against tip radius. The former is a U-shaped curve, suggesting that there is not

much difference between the behaviour of sources with tip radii of 1 μm and 1 nm. In their

second model, emission from a small thin protrusion is studied and the interplay between

protrusion length and electric field is analysed. It is clear that brightness is governed by

Coulomb interactions and that these depend on the time spent by the beam electrons in the

gun zone.

Cook and Kruit (2016) have considered the role of Coulomb interactions in ultrafast

electron microscopy (Section 37.5). They show that for a gun in which a laser provokes

emission from a sharp tip immersed in a strong electric field (1 V/nm or more), Coulomb

interactions can indeed adversely affect the energy spread and the brightness.

47.7 Aberrations in the Theory of Brightness

The theory of Lenz (Section 47.4) is essentially paraxial. This limitation is clearly

unsatisfactory, as it implies that the intensity distribution in any beam cross-section is

Gaussian. Thus a hollow-cone distribution appearing near a crossover cannot be described
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by this theory. We now generalize it to include the primary geometric aberrations. In this

account, only rotationally symmetric electrostatic fields are considered; the inclusion of

magnetic fields is straightforward.

The theory is developed on the basis of three rotational invariants

Q1ðzÞ ¼ x2ðzÞ þ y2ðzÞ
Q2ðzÞ ¼ 2fxðzÞx0ðzÞ þ yðzÞy0ðzÞg
Q3ðzÞ ¼ x02ðzÞ þ y02ðzÞ

(47.59)

and their derivatives

Q0
1ðzÞ ¼ Q2 Q0

2 ¼ 2Q3 þ Q4 Q0
3 ¼ Q5 (47.60)

with

Q4 ¼ 2ðxx00 þ yy00Þ Q5 ¼ 2ðx0x00 þ y0y00Þ (47.61)

In Lenz’s theory, only the linear terms are retained when substituting for x00 and y00; here
we retain terms of third order, corresponding to aberrations. With u :¼ xþ iy the trajectory

equation can be written

u00ðzÞ þ pðzÞu0ðzÞ þ qðzÞuðzÞ þ Sðz; u; u0Þu0ðzÞ þ Tðz; u; u0ÞuðzÞ ¼ 0 (47.62)

The coefficients, all real, are defined by

VðzÞ ¼ φ̂

φ̂0

 !1=2

(47.63a)

pðzÞ ¼ V 0ðzÞ
VðzÞ ¼

γφ0ðzÞ
2φ̂ðzÞ

(47.63b)

qðzÞ ¼ γ
φ00ðzÞ þ ε0ρðzÞ

4φ̂ðzÞ
(47.63c)

The terms Su0 and Tu result from the third-order perturbation calculus:

Sðz; u; u0Þ ¼
X3
n¼1

SnðzÞQn Tðz; u; u0Þ ¼
X3
n¼1

TnðzÞQn (47.64)

The functions Sn and Tn can be extracted from Chapter 24. We introduce

pT :¼ pþ S qT :¼ qþ T (47.65a)

so that

x00 ¼ 2 pTx
0 2 qTx y00 ¼ 2 pTy

0 2 qTy (47.65b)
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On substituting these expressions into Eq. (47.61) and then into Eqs (47.59) and (47.60), we find

Q0
1 ¼ Q2

Q0
2 ¼ 2Q3 2 pTQ22 2qTQ1

Q0
3 ¼ 2 qTQ2 2 2pTQ3

(47.66)

We have thus found a set of functions Qn, the derivatives of which are combinations of the

functions themselves. These are suitable for use in the theory of brightness. The general

form of Lenz’s condition for the constancy of the reduced brightness Rðz; u; u0Þ is
dR

dz
¼ @R

@z
þ x0

@R

@x
þ y0

@R

@y
þ x00

@R

@x0
þ y00

@R

@y0
¼ 0

and with Eqs (47.65), this gives

@R

@z
þ x0

@R

@x
þ y0

@R

@y
2 ðpTx0 þ qTxÞ

@R

@x0
2 ðpTy0 þ qTyÞ

@R

@y0
¼ 0 (47.67)

We seek a solution of the form

R ¼ R0 exp 2VðzÞ aðzÞQ1 þ bðzÞQ2 þ cðzÞQ3 þWðz; u:u0Þ� � �
(47.68)

in which the last term is of fourth order and contains the aberrations. We find

2
1

RV

dR

dz
¼ pðaQ1 þ bQ2 þ cQ3Þ þ a0Q1 þ b0Q2 þ c0Q3 þ aQ0

1 þ bQ0
2 þ cQ0

3 þ pW þ dW

dz

After eliminating the Q0
n and reorganizing, we find

Q1 a0 þ pa2 2ðqþ TÞb� �þ Q2 aþ b0 2 Sb2 ðqþ TÞcÞ� �
þQ3ðc02 pcþ 2b2 2ScÞ þ dW

dz
þ pW ¼ 0 (47.69)

Since the functions Qn are considered to be linearly independent, quadratic terms cannot be

compensated by those of higher order. Eq. (47.69) must therefore be satisfied for the

second-order and fourth-order terms separately. For the second order, we recover the set of

homogeneous linear equations found by Lenz:

a0 ¼ 2 paþ 2qb; b0 ¼ 2 aþ qc; c0 ¼ 2 2bþ pc (47.70)

It is easy to confirm that the discriminant Δ ¼ ac2 b2 is a constant. After subtraction of

(47.70) from (47.69), the remaining terms

2 2bTQ1 2 ðSbþ TcÞQ2 2 2ScQ3 þ
dW

dz
þ pW ¼ 0 (47.71)
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contain all the aberration terms of fourth order. This equation can be solved in terms of

products of the rotational invariants, which it is convenient to combine as a six-dimensional

vector F with components Fn:

F ¼ ðQ2
1; Q1Q2; Q

2
2; Q1Q3; Q2Q3; Q

2
3Þ (47.72)

The individual components are to be regarded as linearly independent. Although their

derivatives are based on Eq. (47.66), we can adopt the approximation pT ¼ p; qT ¼ q since

the terms that have been omitted would generate sixth-order aberrations. The derivatives are

now again linear combinations of the functions themselves. We represent them in

matrix�vector form, F0 ¼ DF, in which

D ¼

0 2 0 0 0 0

2 2q 2 p 1 2 0 0

0 2 4q 2 2p 0 4 0

0 2 q 0 2 2p 1 0

0 0 2 q 2 2q 2 3p 2

0 0 0 0 2 2q 2 4p

0
BBBBBB@

1
CCCCCCA

(47.73)

The function Wðz; u; u0Þ is now best expanded in terms of the components Fn, the

coefficients of which form a vector w(z):

W ¼ wF ¼
X

wnðzÞFnðz; u; u0Þ (47.74)

On differentiating with respect to z, we find

dW

dz
þ pW ¼ ðw0 þ pwÞFþ ðDTwÞF (47.75)

The transposed matrix DT is obtained by reordering the double products in F. It only

remains to reorganize the term G,

G :¼ 2bTQ1 þ ðSbþ TcÞQ2 þ 2TcQ3 ¼: gF (47.76)

For this, Eqs (47.64) for S and T are substituted in Eq. (47.76), which leads to products of

Q-functions, which are the components of F. From this, the elements of the coefficient

vector g can be extracted straightforwardly, yielding

g1 ¼ 2bT1; g2 ¼ 2bT2 þ bS1 þ cT1; g3 ¼ bS2 þ cT2;
g4 ¼ 2bT3 þ 2cS1; g5 ¼ bS3 þ cT3 þ 2cS2; g6 ¼ 2cS3

(47.77)

Bringing all this together, we obtain the scalar product

ðw0 þ pwþ DTw2 gÞF ¼ 0
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equivalent to Eq. (47.71). The components of F are linearly independent and the expression

in parentheses must therefore vanish:

w0 ¼ 2 pw2DTwþ g (47.78a)

or explicitly,

w0
nðzÞ ¼ 2 pðzÞwnðzÞ2

X6
m¼1

Dm;nðzÞwmðzÞ þ gnðzÞ; n ¼ 1?6 (47.78b)

This is an inhomogeneous linear system of differential equations. It is solved as follows.

First, a starting plane z = zo and reasonable initial values of a(zo) =: ao, bo and co in this

plane are chosen. Eqs (47.70) are then solved up to some ‘image plane’, z = zi, and the

results stored. Now, an initial vector wo ¼ wðzoÞ is chosen. In each step of the integration of

Eq. (47.78), the vector g(z) is determined and substituted into Eq. (47.78). The integration

then proceeds step by step until the terminal value at z = zi is attained. Alternatively, the

whole system of differential equations can be solved simultaneously in a single stride from

zo to zi. The resulting vector w then enables us to determine the perturbation W in Eq.

(47.74). The required reduced brightness is then given by Eq. (47.68).

The effort required for this method is comparable with that needed to trace four electron

trajectories. But the latter provide only local information whereas the information coded in

the function R permits us to determine the intensity distribution in the whole beam at any

position. This new method (Kasper, 2017, unpublished) merits more extensive study.
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CHAPTER 48

Emittance

In Chapter 47, Brightness, we have introduced the brightness B as a function of position (r)

and direction (t). In Section 47.4, we showed in particular that the concept of brightness is

very useful for describing the intensity distribution in an electron beam. One might

conjecture that the brightness is only one of a family of functions that are useful in

connection with beams. Another is the emittance, which is the subject of the present chapter.

48.1 Trace Space and Hyperemittance

The six-dimensional phase space considered in Sections 44.1 and 47.1 is inconvenient for

practical purposes, since canonical momenta are not observable quantities and kinetic

momenta are extremely difficult to measure directly. Unlike the latter, directions, characterized

by slope coordinates x0 :¼ dx/dz, y0 :¼ dy/dz, can be determined easily by bringing appropriate

arrangements of diaphragms into the beam. It is thus advantageous to introduce a

four-dimensional trace space with the corresponding position vector q :¼ (x, y; x0, y0).
These four variables refer to the intersection of an arbitrary electron trajectory with a given

plane z5 const. Different values of z may be considered, but z is then treated as a mere

parameter, not as a variable of the trace space.

We now seek a four-dimensional equivalent of the six-dimensional form of Liouville’s

theorem. This is exactly possible in the four-dimensional phase-subspace built up by x, y

and px, py. We recall that Liouville’s theorem is a consequence of Hamilton’s canonical

equations and it is therefore logical to look for a four-dimensional form of the latter. This is

easily found even for systems with curved optic axes, but we shall not do this here, since

this axis will usually be straight.

A suitable Lagrangian is already given by Eq. (4.35); in trace notation

M z; qð Þ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 x02 1 y02

p
g rð Þ1Q x0Ax1 y0Ay 1Az

� �
(48.1)

g(r) being the magnitude of the kinetic momentum and Q the charge of the particle. As in

Eq. (3.16), we write

ρ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 x021 y02

p
(48.2)
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It is not necessary to assume x02 1 y02{1 in this expression. The canonical momentum is

given by

px 5
@M

@x0
5

gx0

ρ
1QAx (48.3a)

py 5
@M

@y0
5

gy0

ρ
1QAy (48.3b)

pz5
g

ρ
1QAz (48.3c)

Though Eq. (48.3c) is valid, it cannot be derived from the four-dimensional Lagrange

formalism. The equations of motion are (4.36) but these are not needed here. The

Hamiltonian, to be found, is given by a Legendre transform:

K z; x; y; px; py
� �

:¼M z; x; y; x0; y0ð Þ2 x0 px 2 y0 py (48.4)

On eliminating x0 and y0 from Eq. (48.4) by means of (48.3a,b), we obtain

K5QAz1 g22 px2QAxð Þ22 py2QAy

� �2n o1=2
(48.5)

It can be shown that the square root term is equal to g/ρ and hence K and pz are the same. It

can be proved quite generally that the solutions of the canonical equations

x0 52
@K

@px
; y0 52

@K

@py
; p0x5

@K

@x
; p0y 5

@K

@y
(48.6)

are identical with those of the corresponding Lagrange equations. Using these equations we

can also prove that the four-dimensional divergence of q0≔(x0, y0, p0x, p0y) vanishes:

r4Uq0 �
@x0

@x
1

@y0

@y
1

@p0x
@px

1
@p0y
@py

5 0 (48.7)

in which the role of the time has now been taken over by the parameter z. This is the four-

dimensional form of Liouville’s theorem.

In order to interpret this in physical terms, we consider an arbitrary but closed domain ~D in

the (x, y, px, py)-space, the corresponding hypersurface being formed by four-dimensional

trajectory positions. The enclosed volume is then defined by

E� ~D
� �

:¼
ð ððð

~D

dxdydpxdpy (48.8a)
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and is known as the hyperemittance of ~D. Eq. (48.7) now tells us that E�( ~D) is invariant
with respect to z: if the reference plane (z5 const) is shifted and during this shift the

surface of ~D is always formed by the same trajectories, then E�( ~D) does not vary.

In this form the invariance theorem is not particularly helpful; to improve matters, we eliminate

px and py by means of Eqs (48.3a,b) and (48.2). The corresponding Jacobian takes the form

@ px; py
� �
@ x0; y0ð Þ 5

1

ρ4
g2 rð Þ

and from Eq. (48.8a) we now obtain

E� Dð Þ5
ð ððð

D

g2 rð Þρ24dxdydx0dy0 (48.8b)

D being the corresponding domain in the trace space. Although this expression is still

exactly valid, it remains too complicated for practical applications. We therefore proceed to

the paraxial approximation x02 1 y02{1 and g2(r)5 2m0eφ̂(z), φ̂(z) being the relativistic

axial potential. We finally obtain, with d4q5 dxdydx0dy0

E� Dð Þ5 2m0eφ̂ zð Þ
ð ððð

D

d4q (48.8c)

Often even the constant factor 2m0e is omitted.

The hyperemittance E�(D) is only one of many integral invariants. Another is the fraction

of the beam current flowing through D. In the paraxial approximation we have

I Dð Þ5
ð ððð

D

Bd4q5 φ̂ zð Þ
ð ððð

D

R z; qð Þ d4q (48.9)

This is a generalization of Eq. (47.27) for arbitrary domains.

48.2 Two-Dimensional Emittances

In very many cases of practical interest, the devices in question have two planes of

symmetry, which intersect each other orthogonally along the straight optic axis. There is no

loss of generality in choosing these to be the coordinate planes x5 0 and y5 0. In the

paraxial approximation the motions x5 x(z) and y5 y(z) are decoupled. It is then natural to

introduce two-dimensional emittances:

εx :¼
1

π

ðð
Dx

dxdx0; εy :¼
1

π

ðð
Dy

dydy0 (48.10)
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Apart from the factor π21 in the definition, these are the areas of the domains Dx and Dy

obtained by projecting D onto the corresponding subspaces. Lejeune and Aubert (1980)

mention other definitions, which differ from Eq. (48.10) by various normalization factors;

these will not be listed here but it is important to realize that many slightly different definitions

of εx and εy are to be found in the literature and the definition should always be checked.

48.2.1 General Emittance Ellipses

For simplicity the domains Dx and Dy are assumed to be tilted ellipses, each with uniform

brightness distribution; one such ellipse is shown in Fig. 48.1. This assumption is justified

whenever a paraxial approximation suffices. Owing to the linearity of the equations of

motion, the projections of the general six-dimensional motion onto the corresponding two-

dimensional phase-subspaces are then ellipses. This is analogous to the familiar case of the

harmonic oscillator. Since the arguments are exactly similar for both ellipses Dx and Dy,

we shall deal with only one of them, namely Dx. The contour of Dx can be represented by

a general quadratic form

aðzÞx21 2bðzÞxx01 cðzÞx02 5 dðzÞ; ac. b2 ad. 0 (48.11)

With suitable scaling, the functions a(z), b(z), c(z) and d(z) are the Twiss parameters. For

reasons that will be obvious later, it is not favourable to assume the normalization

d � 1, though this is permissible. The angle θ of tilt is given by tan 2θ5 2b/(a2 c).

The semiaxes μ1, μ2 of the ellipse are obtained by diagonalization of the quadratic form

and are given by

μ22
1;2 5

1

2d
a1 c7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2cÞ21 4b2

q� �

Figure 48.1
An emittance ellipse and the associated notation.
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The emittance εx is then given by

εx 5μ1μ25 d ac2b2
� �21=2

(48.12)

In the two-dimensional (x, x0) trace subspace, the motion from a starting plane at zo to the

reference plane at z is given by a ‘transfer’, represented by a linear transform

x5Axo 1Bx0o; x0 5Cxo 1Dx0o (48.13a)

the coefficients A, B, C and D being functions of zo and z. The quadratic form (48.11) is

form-invariant with respect to this transform, its coefficients in the starting plane being

denoted by ao, bo, co and do. It is well-known from the Lagrange�Helmholtz relation that

the transfer determinant satisfies

AD2BC5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φ̂o=φ̂ðzÞ

q
(48.13b)

and hence

εx5
dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ac2 b2
p 5

ffiffiffiffiffi
φ̂o

φ̂

s
doffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aoco2 b2o
p 5 εx;o

ffiffiffiffiffiffiffiffi
φ̂o

φ̂ðzÞ

s
(48.14)

This means that acceleration of the electron beam decreases the emittance, mainly by

parallelizing the rays.

An interesting simple transformation is drift, which means the propagation of rays through

a field-free domain. A drift over an axial distance L is characterized by

x5 xo1 Lx0o; x05 x0o (48.15)

and so A5D5 1, B5 L, C5 0. The emittance ellipse is then sheared, see Fig. 48.2.

The coefficients in Eq. (48.11) are now given by

a5 ao; b5 bo 2 Lao; c5 co 2 2Lbo1 aoL
2; d5 do

By an appropriate choice of the length L, the tilt of the ellipse can be eliminated: b5 0

when L5 boa
21
o , and hence

L5
bo

ao
; a5 ao; c5 co 2

b2o
ao

; d5 do (48.16)

This minimizes the major semiaxis, but leaves the area of the ellipse, and thus the

emittance, invariant. In connection with electron guns, this particular drift-length is

of great importance since the plane z5 zo1 L is then that of a waist or narrowest

cross-section.
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Another important transfer is focusing in the x-direction: when the planes considered are

conjugate, x must be independent of x0o and the transfer matrix specializes to

A B

C D

� �
5

ML 0

2 f21
i MA

� �
(48.17)

ML andMA being the lateral and angular magnification, respectively, and fi the focal length on the

image side.MLMA5 φ̂0=φ̂i

� �1=2
according to Eq. (48.13a) is again the Lagrange�Helmholtz

relation. The requirement that the ellipse be untilted, b� 0, θ 5 0, imposes a condition on the

focal length:

1

fo
5

ffiffiffiffiffi
φ̂i

φ̂o

s
1

fi
52

bo

MLco
(48.18)

fo being the focal length on the object side. The length of the semiaxes of the ellipse may

alter, but only in accordance with Eq. (48.14).

48.2.2 Acceptance and Matching

The acceptance domain of a transport system is the largest region in phase space within

which all particles injected into the system can pass through it without striking the walls or

apertures. If the motions in the x- and y-directions are uncoupled, the acceptance domain is

the product of two independent two-dimensional subdomains in the (x, x0) plane and the

(y, y0) plane. We again consider the (x, x0) acceptance domain in a given reference plane

z5 const. Generally, this will not be elliptical in shape. In order to simplify the discussion,

Figure 48.2
Shearing of the emittance ellipse in a drift space; A1 and A2 are fixed points.
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we construct the largest ellipse that is contained entirely inside this domain, as

demonstrated in Fig. 48.3, and call it the acceptance ellipse.

A beam is clearly transmitted without interruption if the emittance domain is entirely

located inside the acceptance ellipse. Particles with trace-positions outside the acceptance

ellipse will be lost, as indicated in Fig. 48.3. On the other hand, an uneconomic situation

arises if the emittance diagram covers only a very small part of the acceptance diagram,

since this means that the dimensions of some of the optical elements are unnecessarily

large. The optimum situation occurs when the emittance diagram practically fills the

acceptance diagram in each plane of reference. The beam is then matched to the system.

This matching is achieved by the appropriate arrangement of focusing elements and drift

spaces; this is an optimization problem, which cannot be considered here. The matching is

most important in the design of particle sources for accelerators in nuclear and elementary

particle physics, which takes us beyond the scope of this volume. The reader who requires

further details is referred to the corresponding literature. An extensive list of earlier

references is given by Lejeune and Aubert (1980) and a modern treatment is given by Berz

et al. (2015) where references to several other texts on accelerator physics can be found.

48.3 Brightness and Emittance

Emittance and related concepts can be incorporated in Lenz’s theory of brightness

(Section 47.4) without difficulty, since in both theories quadratic forms appear.

Figure 48.3
Various domains of acceptance and emittance. A0: the acceptance domain of a system; A: the
acceptance ellipse that fits inside A0; E1: emittance domain too large, the particles outside A
(hatched area) will be lost; E2: unnecessarily small emittance domain. For a matched beam,

the emittance domain coincides with the ellipse A.
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It is no problem to generalize Lenz’s theory to astigmatic beams with independent motions

x5 x1(z), y5 x2(z). We use the notations (x, y) and (x1, x2) and hence (x0, y0) and (x01; x02)
interchangeably. With the assumption that the motion is independent in the x and y planes,

the brightness separates into a product

Bðr; tÞ5Roφ̂ðzÞL
2

j51

βj xj; x
0
j; z

� �
(48.19)

We now choose a particular model for the factors βj. By selecting exponentials, the

arguments of which are quadratic forms in xj and x0j, we obtain a representation of a

‘Gaussian’ beam with variable elliptic cross-section. The edges of the beam are not sharp

but fall off smoothly in both position and angle. We write

βj xj; x
0
j; z

� �
5 exp 2

ffiffiffiffiffi
φ̂
φ̂o

vuut ajx
2
j 1 2bjxjx

0
j1 cjx

0
j
2

� �8<
:

9=
;

aj. 0; ajcj. b2j for j5 1; 2

(48.20)

all the coefficients in these expressions being functions of z. The coefficients satisfy sets of

ordinary differential equations which are similar to Eq. (47.24) (Kasper and Lenz, 1966);

these will not be given here � their derivation is straightforward. Of course, a15 a2,

b15 b2, c15 c2 describes the round beam as a special case, as it must.

Since the reduced brightness R is an invariant of the motion, the same must be true of β1

and β2. We introduce new quantities ηj and dj by:

βj ¼: exp 2ηj
� �

¼: exp 2

ffiffiffiffiffiffiffiffi
φ̂ðzÞ
φ̂o

s
djðzÞ

 !
j5 1; 2 (48.21)

From Eqs (48.20) and (48.21) we then obtain two quadratic forms:

ajx
2
j 1 2bjxjx

0
j1 cjx

02
j 5 dj; j5 1; 2 (48.22)

The fact that these have exactly the same structure as Eq. (48.11) shows that the Gaussian

beam model adopted for βj (48.20) corresponds to the use of ellipses to represent the

emittance in the paraxial approximation. The initial conditions for the electron motion in

the beam can always be chosen such that the coefficients in Eqs (48.11) and (48.20)

become the same. We may therefore use (48.14) to define the two emittances:

εj5
djðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ajcj2 b2j

q 5
ηjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ajcj2 b2j

q
ffiffiffiffiffiffiffiffi
φ̂o

φ̂ðzÞ

s
; j5 1; 2 (48.23)
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As the generalization of Eq. (47.25), we now have two constant discriminants Δj5 ajcj2 b2j
(j5 1,2), hence dj5 dj(z) ~ φ̂21=2

. This explains why we did not use the normalization

dj � 1 in Eq. (48.22). From Eq. (48.23) we see that the hyperemittance E� ~ ε1ε2φ̂ zð Þ is
constant, as it should be. It is now a straightforward task to calculate the fraction of the

particle beam that flows through the four-dimensional product volume D5DxDy of the two

emittance ellipses given by (48.22). By using the product separation (48.19), transforming to

the principal axes of Dx and Dy, and then applying affine transformations to unit circles, we

can evaluate Eq. (48.9) by elementary methods. The final result is

I Dð Þ5R0φ̂0 L
2

j51

πffiffiffiffiffiffi
Δj

p 12 exp 2ηj
� �n o

(48.24)

With Δ15Δ25Δ and η15 η25N we again obtain Eq. (47.27), as we should.

The advantage of this theory is twofold. The first is that unrealistic sharp beam surfaces

have been removed and replaced by more realistic Gaussian distributions. The second is

that differential equations for the coefficients aj, bj and cj in the quadratic form can be

derived directly; in the case of a round beam we have Eq. (47.24). This makes the matching

easier, since it is not necessary to compute trajectories and then determine aj, bj and cj
afterwards from the results. Instead, the coefficients can be determined directly. In practice

it is necessary to accept reasonable tolerance limits for the loss of intensity during the

transport of the beam, ηj5 2, exp(2ηj)5 2%, or ηj5 2.5, exp(2ηj)5 0.2%, for example,

and to perform the matching with these.

48.4 Emittance Diagrams

A comprehensive review of the numerous and highly sophisticated methods for the

measurement of brightness and emittance is given by Lejeune and Aubert (1980). Rather than

repeat this review, we confine this account to one particular method, which has played a

major role in the investigation of electron guns. This is the variable-shadow method,

introduced by Hanszen (1964) and elaborated by Hanszen and Lauer (1967), for the

determination of emittance diagrams (see also Lauer’s review, 1982). In order to clarify the

meaning and the significance of emittance diagrams, we consider first a planar motion y5 y(z)

as a simple example. The complete graph of this motion, schematically presented in

Fig. 48.4A, gives a clear idea of it. On the other hand, the corresponding emittance diagram

shown in Fig. 48.4B is the trace-space representation with respect to a given and fixed

reference plane z5 z1. For a single particle, this is simply a point (y01, y1) in the (y0, y)
trace plane and thus contains less information about the motion. For the example chosen,

this is clearly disadvantageous. The situation is different if we choose a reference plane z5 z1
in field-free space. The data (y01, y1) are then sufficient to determine the whole asymptote

y(z)5 y11 y01(z2 z1). The advantage of the emittance diagram becomes obvious in the
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example shown in Fig. 48.5. In the conventional representation of focusing by a lens with

spherical aberration (Fig. 48.5, left), only a finite number of rays can be shown, whereas the

corresponding emittance diagram (Fig. 48.5, right) of the entire continuous electron bundle

consists of a single curve, which contains all the relevant information. In fact, if we represent

this curve analytically by

y5C1y
01C3y

03 � C1β1C3β3 β2 � y02,, 1
� �

we can determine the Gaussian image plane, which is located at zG5 z12C1, and the

coefficient Cs5C3 of spherical aberration.

The emittance diagram expresses very clearly the overlapping of electron bundles caused by

aberrations. An example is given in Fig. 48.6A and B. While the conventional graph in the

(y, z) plane is rather confusing on a first inspection, the corresponding emittance diagram

shows clearly (at least in the vicinity of the reference plane) that the part that bends

backward from the maximum belongs to the overlapping rays.

The experimental set-up for the determination of emittance diagrams with the shadow

method is shown in Fig. 48.7. A very small aperture at a distance p� from the virtual source

moves meridionally in the y-direction through the electron beam. A fine slit, parallel to the

direction of motion, collimates the beam in the x-direction. At a distance s� from the

aperture, the recording plate moves in synchronism in the x-direction at a fixed multiple m

of the aperture speed. The spatial coordinate of the shadow curve, here denoted y2, is

recorded directly. The corresponding slope y0 is given by y05 (y22 y1)/s
�; since y15 x2/m,

we have y0 5 (y22 x2/m)/s
�, x2 being the actual shift of the recording plate. At the same

time the distance p�5 x2/my
0 can be determined. The emittance diagram can now be

constructed in two equivalent ways: (a) referred to the plane of the diaphragm, as a graph

Figure 48.4
(A) Conventional representation of motion in the (y, z) plane and (B) trace-space representation

referred to a particular axial coordinate z5 z1.
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of y1 versus y
0; and (b) referred to the plane of the recording plate, as a graph of y2

versus y0. These graphs are related to each other by a shearing. Since the (virtual or real)

crossover of the gun has a finite size and is not a point, as has been assumed in Fig. 48.7,

the shadow curve and hence the (y2, y
0) diagram have a finite width Δy25 2ρp�/s� in the y2

direction, ρ being the effective radius of the crossover.

Similar curves can also be obtained theoretically. By means of the methods outlined in

Chapters 45 and 46, the fields in electron guns can be calculated. Electron trajectories can

Figure 48.5
Left: Conventional representation of an electron beam with spherical aberration.

Right: Corresponding trace-space representation in the plane z5 z1.
In field-free regions, y0 5 (y12 y0)/(z12 z0).

Figure 48.6
Conventional representation (A) and trace-space curve (B) of an overlapping electron bundle.

Ray 6 has the largest off-axis distance while ray 5 has the greatest slope.
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be traced very accurately through these fields. For a large number of meridional trajectories

with different starting conditions at the cathode surface, the radial coordinate r(z1) and the

corresponding slope r0 (z1) in a given reference plane are determined and plotted in an (r0, r)
diagram. A pattern can be imposed on this cluster of trace points by connecting points

belonging to the same starting point or to the same energy. Typical examples of such

graphs are presented in Fig. 48.8. The outer contours agree fairly well with those

determined from shadow curves measured for the same configuration. Typical examples of

this agreement are presented by Lauer (1982) and Weyßer (1983a). Emittance diagrams are

most informative if a shearing operation is performed in such a way that, in its central part,

the middle line of the diagram is close to the r0-axis, as in Fig. 48.9. The corresponding

reference plane then contains the crossover, and the central breadth of the diagram now

gives the diameter of the central crossover spot. If there are outer branches in the diagram,

these indicate the existence of a hollow beam. Fig. 48.9 also demonstrates that the trace

domain should then be confined by a suitable arrangement of diaphragms in order to

obtain a beam with low aberrations. This makes it necessary to cut off a major part of the

Figure 48.7
Experimental arrangement for determining emittance diagrams (shadow method). After Hanszen

(1964c), Courtesy Verlag der Zeitschrift für Naturforschung.
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Figure 48.8
Emittance diagrams calculated for various values of the emission energy: W/kT5 0.4, 1.3 and 4.0 (weak space charge, cathode

temperature 2600 K). After Lauer (1982), Courtesy Elsevier.



beam current, so that an emittance diagram with a pronounced S-shape is undesirable in

every respect.

Aberration coefficients can, we recall, be determined from emittance diagrams and Hanszen

and Lauer (1969) have attempted this. The problem that arises is that the exit asymptotes of

the electron trajectories must be traced back to the corresponding starting points at the

cathode surface, which requires the use of a suitable lens model for the electric field in the

gun. Following Hanszen and Lauer, the measured emittance diagrams can be represented in

the parametric form

r5C1α1C3α31C5α5; r05D1α1D3α3 1D5α5

the line-width being neglected. Here α is the angle of inclination with respect to the optic

axis referred back to the starting point. At least qualitatively, some useful insights can be

obtained with this model.

Quite generally, as the wehnelt potential in a thermionic electron gun is raised, the emission

area at the cathode increases, and those trajectories that start close to its margin suffer from

strong aberrations, as they are bent strongly in the electric field near the cathode. This leads

to multiple overlapping in parts of the beam. The details are discussed in the review article

by Lauer (1982), to which the reader is referred. The occurrence of strong aberrations in

conventional thermionic guns confirms our conjecture in Chapter 46, that the blurring of the

cathode image in its marginal zone is not necessarily a pure space charge effect, although

space charge may be important. Our understanding of aberrations in thermionic electron

guns, though incomplete, has been advanced by the studies of Fujita and Shimoyama and

Rose presented in Chapter 49.

Figure 48.9
Emittance diagram at a crossover of diameter D; the hatched area is useful as an acceptance

domain. The beam aperture is 2αm.
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CHAPTER 49

Gun Optics

The nature of the field distribution inside an electron gun is such that the familiar paraxial

equations and aberration theory that characterize lenses cannot be used. In the preceding

chapters, we have encountered some attempts to use the familiar concepts in the context of

electron guns. A modification of the usual approach introduced by Fujita and colleagues

makes it possible to establish a useful theory of gun optics. In Section 49.1, we present this

theory in some detail as it represents a real advance in gun studies. Another approach to

gun optics, based on the modified temporal theory used to study mirrors (Sections 18.2 and

28.1), has been made by Rose (2012). We summarize this in Section 49.2.

49.1 The Fujita�Shimoyama Theory

The important parameters are illustrated in Fig. 49.1. At the cathode, ξx and ξy measure

distance from the apex of the cathode � they are thus position coordinates. The gradient

coordinates are ux5 sin αx and uy5 sin αy, where αx and αy are the angles between the ray

in question and the normal to the surface. The aim of the theory is to establish the mapping

between ξ and u at the cathode and the corresponding variables at the crossover plane, ηc
and υ5 sin β (and similarly for the y-coordinates). This mapping is represented by the

canonical mapping transform (CMT) diagram, in which υ5 sin β is plotted as a function of

ηc for several values of u5 sin α. Fig. 49.2 shows a typical CMT diagram, corresponding to

a simple model of a triode gun (Fig. 49.3); the values of u range from 21 to 1.

Fujita et al. (2010a) set out from

ΔSI 5 pI2UΔx22 xI2UΔp2
� �

2 pI1UΔx12 xI1UΔp1
� �

(22.23) but no longer require that xI1 and pI1 vanish. In a first step, they assume that the cathode

is plane (z5 z1); the curvature of real cathodes is considered in a second step. They find

@SI

@x01

@SI

@x1

0
BBBB@

1
CCCCA5 2emφ̂2

� �1=2 2h2
0 h2

2g02 g2

 !
xI2

υIx

 !
2 2emφ̂1

� �1=2 2xI1

uIx

 !
(49.1)

1171
Principles of Electron Optics: Applied Geometrical Optics.

DOI: http://dx.doi.org/10.1016/B978-0-12-813369-9.00049-X

© 2018 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/B978-0-12-813369-9.00049-X


and

pI1x ¼: 2meφ̂1

� �
uIx; pI2x ¼: 2meφ̂2

� �
υIx (49.2)

From this, we obtain

xI2
υIx

� �
5

g2 h2
g02 h02

� �
xI1
uIx

� �
1

1

2meφ̂1

� �
2
@SI

@x01
@SI

@x1

0
BBBB@

1
CCCCA

8>>>><
>>>>:

9>>>>=
>>>>;

(49.3)

In a plane z5 z2, therefore, we have

ηx ¼: xðPÞ2 1 xI2 5 x1gðz2Þ1 x01hðz2Þ1 xI2

p2x 5 ð2meφ̂2Þ1=2υx ¼: pðPÞ2x 1 pI2x5 ð2meφ̂2Þ1=2 x1g
0ðz2Þ1 x01h

0ðz2Þ1 υIx
� 	 (49.4)

or

ηx
υx

� �
5

g2 h2
g02 h02

� �
ξx :¼ x1 1 xI1

ux :¼ x011 uIx

 !
1

1

ð2meφ̂1Þ1=2
2@SI=@x01
@SI=@x1

� �( )
(49.5)

(The index (P) denotes ‘paraxial’.) Fujita et al. argue that

ð2meφ1Þ1=2ux5 p1x (49.6)

and in the absence of a magnetic field,

ux5 sin α (49.7)

Figure 49.1
The variables employed in the canonical mapping transformation. After Fujita et al. (2010a),

Courtesy the authors and Oxford University Press.

1172 Chapter 49



Figure 49.2
(A) The axial potential distribution and the fundamental paraxial trajectories for the model gun of
Fig. 49.3; a real crossover is seen just in front of the wehnelt. (B) CMT diagram calculated by the
generalized paraxial trajectory method in the third-order polynomial approximation. The small

circles are the result of direct ray tracing, which should ideally coincide with the grid intersections.
After Fujita et al. (2010a), Courtesy the authors and Oxford University Press.
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Figure 49.3
(A, B) The simplified triode gun model on which Fig. 49.2 is based and (C) comparison of

fundamental rays. After Fujita et al. (2008), Courtesy the authors and Elsevier.
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where α is defined in Fig. 49.1. How are ðξx; uxÞ related to ðx1; x01Þ? We can certainly

choose x15 ξx; y1 5 ξy: For the gradients, the authors justify selecting x015 ux; y01 5 uy: With

ξ5 ξx 1 iξy; u5 ux1 iuy; η5 ηx1 iηy; υ5 υx 1 iυy and r5 x1 iy, Eq. (49.5) becomes

η
υ

� �
5

g2 h2
g02 h02

� �
ξ
u

� �
1

2

ð2meφ̂1Þ1=2
2@SI=@r

0�
1

@SI=@r
�
1

� �( )
(49.8)

The geometrical aberrations are obtained by identifying SI with M(4) (24.1). (Fujita et al.

use ð2meÞ1=2Mð4Þ). We can now write

ð2meÞ1=2Mð4Þ5
X10
k51

CI
kðr1; r�1; r01; r

0�
1 ÞSIk gðzÞ; hðzÞ; θðzÞ� 	

(49.9)

The appropriate quantities to be inserted in this expression are listed in Table 49.1.

The chromatic aberrations may be calculated in the same way (26.3):

ð2meÞ1=2MðcÞ5
X10
k51

CC
k ðr1; r�1; r01; r

0�
1 ÞSCk gðzÞ; hðzÞ; θðzÞ� 	

Δφ1BC
k gðzÞ; hðzÞ; θðzÞ� 	

ΔðNIÞ=NI
 �
(49.10)

Table 49.1: Components of the geometrical perturbation characteristic function

k CI
kðr0;r�0;r00; r0�0 Þ r4 r2 x02 1 y02

� �
x021y02
� �2

r2 xy0 2 x0y
� �

1 r0
2r�20 g4 g2 g 02 1 θ02g2

� �
g 021θ02g2
� �2 θ0g4

2 r0r
�
0 r0r

0�
0 1 r�0r

0
0

� �
2g3h g2 g 0h0 1 θ02gh

� �
1 gh g 02 1 θ02g2

� � 2 g 02 1 θ02g2
� �
3 g 0h0 1 θ02gh
� � 2θ0g3h

3 ir0r
�
0 r0r

0�
0 2 r�0r

0
0

� � � θ0g2 gh0 2 g 0h
� �

2θ0 g 02 1 θ02g2
� �

3 gh0 2 g 0h
� � 1

2 g
2 gh0 2 g 0h
� �

4 r0r
�
0r

0
0r

0�
0 2g2h2 g2 h02 1 θ02h2

� �
1 h2 g 02 1 θ02g2

� � 2 g 02 1 θ02g2
� �
3 h02 1 θ02h2
� � 2θ0g2h2

5 r0r
0�
0 1r�0r

0
0

� �2 g2h2 gh g 0h0 1 θ02gh
� �

g 0h01θ02gh
� �2 θ0g2h2

6 r0r
0�
0 2r�0r

0
0

� �2 � � 2θ02 gh02g 0h
� �2 �

7 i r0
2r0�20 2 r�20 r002

� � � θ0gh gh0 2 g 0h
� �

2θ0 g 0h0 1 θ02gh
� �

3 gh0 2 g 0h
� � 1

2 gh gh0 2 g 0h
� �

8 r00r
0�
0 r0r

0�
0 1 r�0r

0
0

� �
2gh3 gh h02 1 θ02h2

� �
1 h2 g 0h0 1 θ02gh

� � 2 g 0h0 1 θ02gh
� �
3 h02 1 θ02h2
� � 2θ0gh3

9 ir00r
0�
0 r0r

0�
0 2 r�0r

0
0

� � � θ0h2 gh0 2 g 0h
� �

2θ0 h02 1 θ02h2
� �

3 gh0 2 g 0h
� � 1

2 h
2 gh0 2 g 0h
� �

10 r00
2r0�20

h4 h2 h02 1 θ02h2
� �

h021θ02h2
� �2 θ0h4

Each element of the geometrical perturbation characteristic function is shown. The second column gives the polynomial
forms of the trajectory parameters and the remaining columns show the quantities to be substituted for the terms in the
integral of Eq. (49.9).
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see Table 49.2. In all, therefore,

η
υ

� �
5

g2 h2
g02 h02

� �
ξ
u

� �
1

2

ð2meφ̂1Þ1=2
2@Mð4Þ=@r0

�
1

@Mð4Þ=@r
�
1

� �
1

2

ð2meφ̂1Þ1=2
2@MðcÞ=@r0

�
1

@MðcÞ=@r
�
1

� �( )

(49.11)

In the crossover plane, z5 zk, that is, the plane in which g(zk)5 0, the geometric aberrations

are given by

ηkðξ; uÞ5 f φ̂1=φ̂2

� �1=2
u1

X
i1 j1 k1 l5 3

aijklξiξ
�juku�l

υkðξ; uÞ52ξ=f 1mu1
X

i1 j1 k1 l5 3

bijklξiξ
�juku�l

(49.12)

The position of the crossover and hence the focal length can be defined in two ways. The

real crossover lies in the plane z5 ζk in which g(z)5 0, as stated above. The corresponding

focal length is given by

f 521=g0ðζkÞ (49.13a)

Alternatively, we may consider the asymptotic crossover, as seen from the image space of

the gun. If G(z) denotes the asymptote to g(z), the asymptotic crossover will lie in the plane

for which G(z)5 0, z5 ζ 0k The asymptotic focal length ~f will be given by

~f 521=G0ðζ 0kÞ (49.13b)

We have met a similar distinction in connection with objective lenses (Section 17.1). The

theory may be continued using either definition. In Eq. (49.12), ξ and u are the values at the

cathode. When no magnetic field is present, the x and y components can be treated

separately. The size of the crossover (the width of the diagram at υ5 0) is given very

accurately by this method, which justifies the use of sin α. Fujita et al. offer a theoretical
justification for this choice, not reproduced here.

Table 49.2: Components of the chromatic perturbation characteristic function

k CC
k r0; r0; r00; r

0
0

� �
r2 x02 1 y02 xy0 2 x0y

1 r0r
�
0 g2 g 02 1 θ02g2 θ0g2

2 r0r
0�
0 1 r�0r

0
0 gh g 0h0 1 θ02gh θ0gh

3 r00r
0�
0 h2 h02 1 θ02h2 θ0h2

4 i r0r
0�
0 2 r�0r

0
0

� � � θ0 gh0 2 g 0h
� �

1
2 gh0 2 g 0h
� �

Each element of the chromatic perturbation characteristic function is shown. The second column gives the polynomial
forms of the trajectory parameters and the third to fifth columns shows the quantities to be substituted for the terms in
the integral Eq. (49.10).
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We now list the most useful results of this theory. Formulae for the spherical and chromatic

aberration coefficients are given by Fujita et al. (Eqs 27c and 27d), not reproduced here, in

fixed (not rotating) coordinates. In the linear approximation,

ηx5 f φ1=φ2

� �1=2
ux υxðξx; uxÞ52ξx=f 1 ux=M

where M represents magnification. The focal length can also be written as

1

f
52

@sin β
@ξx

(49.13c)

In practice, the focal length is independent of the initial electron energy and this enables us

to estimate the crossover diameter (dk) and the current density (jk):

dk 5 2f kT=eφ2

� �1=2
jk 5 f 2j1

in which j1 is the current density at the cathode. The crossover diameter is the full-width at

1/e of the maximum current density.

In a later paper, Fujita et al. (2010b) generalize their analysis in order to accommodate the

curved cathodes of cold field emitters. First, they redefine g(z) and h(z):

gðz1Þ5 1 g0ðz1Þ5 1=ρ
hðz1Þ5 0 h0ðz1Þ5 1

(49.14)

The paraxial expression for the ray characterized by ξx and ux 5 sin α at the cathode is

xðzÞ5 ξxgðzÞ1 uxhðzÞ (49.15)

The effect of replacing a plane cathode by a curved cathode (here assumed to be spherical

with radius ρ) is included by calculating corrected expressions for ξx and ξy. A ray that

sets out along the normal to the cathode surface at ξx; ξy will intersect the plane that is

tangent to the cathode at its apex at a point

x15 ξx1Δx1; Δx1 5
ξ3x
3ρ2 (49.16)

For a ray that sets out at an angle α to the normal,

Δx1 5
ξ2xux
2ρ

(49.17)

In all, therefore,

Δx1 5
ξ2x
6ρ2

2ξx 1 3uxρ
� �

(49.18a)
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Similar arguments lead to

Δux 5
1

2ρ3
F1ρ
2φ1

2
1

3

� �
2

ξxux
2ρ2

ξx1 uxρ
� �

(49.18b)

in which F1 is the electric field at the cathode surface. The geometric aberrations are then

obtained by incorporating this correction in Eq. (49.8). For the chromatic aberrations, the

quantity ξxΔφ=2ρφ1 must be added to ux.

A program named G-Optk that simulates electron gun performance on the basis of this

theory has been written by the authors. Several examples of calculations are included in the

papers cited. See also Fujita and Shimoyama (2005a,b, 2006) and for an updated version of

the program, Nagasao et al. (2011).

Note. The use of sin α in the gradient variable was introduced by Takaoka and Ura (1987,

1990), inspired by the work of Kel’man et al. on cathode lenses (1973). Although the

present theory again uses sin α, the reasoning is quite different.

49.2 Rose’s Theory

The method used by Preikszas and Rose to study electron mirrors has been adapted by Rose

to explore the optics of field-emission guns (Rose, 2012). The cathode is assumed to be a

surface with rotational symmetry with its apex at z5 ζ0. Then with the notation of

Section 18.2 the longitudinal distance h(τ) at the cathode is given by

h0ðτ0Þ5 hðw0;w
�
0Þ5 z02 ζ0 5

XN
m51

h
ð2mÞ
0

h
ð2mÞ
0 5

1

2
Γ 2mðw0w

�
0Þ2m

(49.19)

in which the terms Γ 2m measure the curvature of the tip. For a pointed tip, the radius of

curvature at the apex, 21/Γ 2, is negative; higher order terms, Γ 2m, represent departures of

the tip shape from the basic parabolic form.

Here, a slightly different time scale is used from that used in Chapter 18 of Volume 1

(defined by 3.9):

d ~τ5
eφ

02
0

2mφA

 !1=2

dt (49.20)

in which φA is the anode potential. For an electron that emerges from the cathode with a

small energy ε̂, and initial velocity υ0, ε̂5mυ20=2, conservation of energy requires that
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_w _w�1 _ζ1 _h
� �2

5 4
φAφ
φ

02
0

1 2
mυ20φA

eφ
02
0

(49.21a)

or for the reference electron,

_ζ5 2
φφA

� �
φ

0
0

1=2

(49.21b)

With the new definition of the time, the paraxial equations take the form

€u1
φAφ001 η2B2φA

φ
02
0

 !
u5 0 (49.22a)

€h2 2
φAφ00

φ
02
0

h5 0 (49.22b)

In order to prevent any confusion with the notation of Chapters 18 and 28, we denote the

solutions of (49.22b) by hα and hγ; we shall see that hα and hγ are of the same nature as

the rays h(z) and g(z) of round lenses. We have

hγ _hα2 _hγhα 5 1 (49.23)

and set

hαðζ0Þ5 _hγðζ0Þ5 0 _hαðζ0Þ5 hγðζ0Þ 5 1 (49.24)

with the result that

hα ~τð Þ5 φ
φA

 !1=2

5
φ0
0

2φA

_ζ hγ ~τð Þ5 1

2
φφA

� �1=2 ð~τ
~τγ

d ~τ
φ (49.25)

The lower limit of integration is chosen in such a way that _hγ ~τ0ð Þ5 0. We write

υ0z5 υ0 cos θ0 υ0w :¼ υ0x1 iυ0y5 υ0eiθ0 sin θ0

and obtain

_w ~τ0ð Þ5λeiθ0 sin θ0 _h0 ~τ0ð Þ5λ cos θ0 (49.26)

with

λ5
υ0φ

1=2
A

ηφ
0
0
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We denote the solutions of (49.22a) by ~p ~τð Þ and ~q ~τð Þ, the tilde is a reminder that the initial

conditions are not the same as in Section 18.2:

~p ~τ0ð Þ5 _~q ~τ0ð Þ5 1
_~p ~τ0ð Þ5 ~q ~τ0ð Þ5 0

(49.27)

With

_u05 _w01 i _χ0u0 _χ05
ηB0φ

1=2
A

φ
0
0

(49.28a)

the paraxial solution adopts the familiar form

u ~τð Þ5 ~p ~τð Þu01 ~qð~τÞ _u0 (49.28b)

The Gaussian image of the cathode tip is formed in the plane in which ~q ~τð Þ vanishes; at the
crossover ζk

� �
; ~p ζk
� �

5 0. The radius of the crossover is thus

rk 5 ~q ζk
� �φ1=2

A

φ0
0

υ20;max

η2
1η2B2

0r
2
0

 !1=2

(49.29)

where r0 denotes the radius of the area of emission, u0,max. We see that the crossover is

smallest when there is no magnetic field at the tip.

Rose examines two classes of aberrations: the second-rank aberrations in the image and

crossover planes and the spherical aberration at the crossover. We shall not reproduce the

derivation of these aberration coefficients, given in full by Rose; here we simply list the

results.

For the second-rank aberrations, Rose finds

ûð2ÞðzÞ52wγ
φ0
0

2φA

_h0 _w0 1wα
φ00
0

φ0
0

_h0w0

52wγ
υ20

4η2φ0
0

eiθsin 2θ0 1wα
φA

η

 !1=2
φ00
0

φ02
0

w0υ0 cos θ0

(49.30)

The first term is purely chromatic, depending on the velocity but not on the position

coordinate. The second term is a mixture of υ0 and w0. The first term gives the familiar

chromatic aberration at the image plane conjugate to the cathode tip:

wð2Þðζ iÞ
wγðζ iÞ

52Cc

1

2
eiθ0sin 2θ0

� �
υ20

4η2φA

with Cc 5
2φA

φ0
0

(49.31)
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Since φA cancels out from this expression, the only way of diminishing the chromatic

aberration is by making φ0
0, the electric field at the cathode, as high as possible.

The mixed term vanishes in this image plane. It does however generate a second-rank

aberration at the crossover plane (ζk), where the first term vanishes.

For the spherical aberration at the crossover plane, Rose finds

ŵð3ÞðζkÞ5 ~Csw
2
0w

�
0wαk

~Cs5
1

4
w03
γk

ðζk
ζγ

φk

φ

 !1=2

dζ1
1

16φ0
0

ðζk
ζ0

φA

φ

 !1=2

φð4Þ2 4φ000 φ00

φ0
0

1
φ0
0

φA

_w2
γ

w2
γ

 !( )
w4
γdζ

(49.32)

At first sight, this appears to be a distortion and not a spherical aberration; this is, however,

normal because the cathode tip plane is not conjugate to the crossover; the aberrations there

are analogous to those in the diffraction plane (the plane conjugate to the source) of a

transmission electron microscope.

49.3 Matching the Paraxial Approximation to a Cathode Surface

There are two ways of determining electron trajectories starting from cathode surfaces, the

parametric method (Section 49.2) using a time-like curve parameter, and the Cartesian

method (Section 49.1). While the former is unproblematic, as all the variables remain

confined, the presence of singularities gives rise to difficulties in the second. Despite this,

the latter is frequently used since the paraxial approximation and the standard perturbation

theory can be employed. Lenz’s theory of brightness (Section 47.4) suffers from the same

problem.

The difficulty arises from the fact that, near the cathode, the accelerating potential and

hence the kinetic energy of the electrons vanish and the slopes of trajectories in the

Cartesian representation may become steep. There is no question of a physical singularity,

since the trajectories are well-behaved parabolic arcs; the problem arises from the choice of

the axial coordinate z as curve parameter. This implies that the slope r0 may become

singular as z21/2 close to the point of emission. This contradicts the basic assumption that,

close to the optic axis, the slopes and curvatures of trajectories are small enough for the

linearization to be well justified. Moreover, the aberrations must be small corrections, as the

perturbation calculus might otherwise diverge. We now explain how this difficulty can be

overcome.

The planar cathode. In this case, the appropriate initial condition can be determined

exactly. This model also indicates a way of treating more realistic cases. Without loss of
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generality, the plane cathode is taken to be the surface z5 0, all motion takes place in the

half-space z $ 0. Close to this surface (and especially near the apex when we come to

consider curved cathodes), it is sufficient to consider a homogeneous electrostatic field F.

The potential is then

ΦðrÞ5 0 ðz# 0Þ ΦðrÞ5Fz ðz$ 0Þ
At the cathode surface, the electron may have a kinetic energy, E5 eΦ0, and the total

acceleration potential is then ΦðrÞ5Φ01Fz. Since Φ00ð0; zÞ5 0, the nonrelativistic

trajectory equation for the radial coordinate r(z) simplifies to

d

dz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ01Fz

11 r02

r
r0ðzÞ

 !
5 0 (49.33)

and similarly for x0ðzÞ and y0ðzÞ. Since x and y are not present in these equations, the trivial

solutions are arbitrary constants, x5 x0; y5 y0: From Eq. (49.33) it is obvious that the

operand of the differential must be a constant, c. Hence

ðΦ0 1FzÞr02 5 c2ð11 r02Þ
from which we find

r0ðzÞ5 cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ0 1Fz2 c2

p ðc2 #Φ0Þ

rðzÞ5 2c

F

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ0 1Fz2 c2

p
1 const

The constant is chosen in such way that r(0)5 0 is the origin of the coordinate system.

We set

c ¼:
ffiffiffiffiffiffi
Φ0

p
sin α

The meaning of the angle α will become clear later. It is also convenient to introduce

the length L5Φ0=F, the distance in the z-direction in which the electron acquires the

energy eΦ0 by acceleration in the field. The solutions can then be written very

concisely as

r0ðzÞ5 sin αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z=L1 cos2 α

p (49.34a)

rðzÞ5 2z sin αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z=L1 cos2 α

p
1 cos α

(49.34b)
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This solution satisfies the initial conditions rð0Þ5 0; r0ð0Þ5 tan α: The argument α is thus

the angle of inclination with respect to the optic axis at the point of emission and

2π=2,α,π=2: The general solutions are

xðzÞ5 x0 1 rðzÞ cos ϕ; x0ðzÞ5 r0cos ϕ
yðzÞ5 y0 1 rðzÞ sin ϕ; y0ðzÞ5 r0sin ϕ

(49.35)

ϕ being the azimuth at the starting point. The problem of matching paraxial relations to the

cathode surface can now be solved in the following way. If the paraxial theory requires a

solution g(0)5 1, g0(0)5 0, then this is simply the constant g5 1 up to the matching point.

The second fundamental ray, with initial conditions h(0)5 0, h0(0)5 1 is given by r(z) in

Eq. (49.34b) with α5π/4. Again, this is valid only up to the matching point.

The homogeneous electric field has only a finite extent in the z-direction. The abscissa of

the matching point, zm, should be chosen far enough from the cathode for the slope h0(zm) to
have become small enough for paraxial calculations but close enough to be outside the

inhomogeneous field domain. At the junction, the values of the functions and their

derivatives must remain continuous. In the interval 0# z# zm no perturbation calculus is

needed because the results given above are exactly valid.

Formally, large emission angles do not present any problem, as is evident from the

expressions given above. However, the paraxial approximation also requires that linear

combinations of the fundamental solutions should be possible solutions. Here, however, this

is allowable only for small angles, jαj{1; while there is no such restriction for the

coordinates x and y. The results are invariant under transverse shifts, as they must be.

Spherical cathode surfaces. This approach can be generalized to the important case of the

spherical cathode. We shall find that the relations derived above are again useful here.

Fig. 49.4 shows the upper half of a spherical cathode with the corresponding notation.

Figure 49.4
Upper half of a meridional section through spherical cathode with radius R and coordinates (u, υ)

adapted to a surface point O0 from which a trajectory h sets out at an angle α relative to the
surface normal.
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A hyperbolic trajectory may set out from a surface point O0; the tangent t is inclined at an

angle α (positive or negative) relative to the surface normal. It is advantageous to introduce

new coordinates, (u, υ) as shown.

The potential of the cathode is set at 0 V and the electron energy is again E5 eΦ0; the
trajectory is thus completely defined. We now assume that the field immediately in front of

the cathode is a Coulomb field; deviations from this are neglected. The trajectory is then

part of a hyperbola and its second focal point is located at the centre of the sphere, M.

The subsequent calculations are elementary but tedious. We therefore consider the special

case α5π/2. The tangent t then coincides with the tangent to the surface and the point O0

is the vertex of the hyperbola. We adopt the standard notation for a hyperbola: semiaxes a

and p5 b2/a, eccentricity ε :5 e/a. 1. The hyperbola with vertex O0 is then given by the

familiar formula

υ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pu1 bu=a

� �2q
(49.36a)

Close to the vertex, we can assume that the field is locally homogeneous with strength F.

To a first approximation, we can use Eq. (49.34a) with α5π/2 giving

υ5
2uffiffiffiffiffiffiffiffi
u=L

p 5
ffiffiffiffiffiffiffiffi
4Lu

p
(49.36b)

The coefficients of these two representations must agree and hence

L5Φ0F5 p=25 b2=2a (49.36c)

This is the important connection between the mechanical and geometrical parameters. The

second condition is that the back focal point must coincide with the midpoint M, which

implies

a1 e5 að11 εÞ5 a1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 1 2aL

p
5R

All the parameters have now been determined and we find

a5
R2

2ðR1 LÞ ; b2 5 2pa5 4La; ε5 11
p

R
(49.37)

It is now favourable to rewrite Eq. (49.36a) as

υðuÞ5 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Luð11 kuÞ

p
(49.38)

with

k :¼ 1

2a
5

R1 L

R2
(49.39a)
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When the emission energy is very small, for which L{R, this simplifies to the familiar

case, a5R/2, k5 1/R.

In the case of skew rays, the ray vertex is shifted into the interior of the sphere. On the

surface, the radial part of the kinetic energy is T 5 eΦ0cos
2 α. In the field F, this gives rise

to a shift d5 L cos2 α: The effective radius of the cathode is then R05R2 d. The

calculations given above are now repeated with R0 instead of R, giving

k5
1

2a
5

R1 L sin2α
R2L cos2αð Þ2

L,R (49.39b)

which is obviously a generalization of Eq. (49.39a). For skew rays, the field is again

homogeneous close to the point O0 and so (49.34b) must be approximately valid for the

variables u and υ. It is sufficient to incorporate the factor 11 ku, where k is given by

Eq. (49.39b). Hence

υðuÞ5 2L sinα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uð11 kuÞ=L1 cos2α

p
2 cos α

n o
υ0ðuÞ5 L sinα ð11 2kuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

uð11 kuÞ=L1 cos2 α
p (49.40)

This is exactly valid for α5π/2 and fairly accurate for smaller angles. Considering the

simplicity and general applicability of these formulae, they are useful in practice.

For u5 0, these equations lead to υ5 0 and v0 5 tan α, as they should. Moreover, for α5 0,

we obtain υ(u)5 0 for all u; these are the trivial radial solutions. A further generalization is

obvious; in a spherical configuration there is no preferred direction. A plane containing the

optic axis is usually chosen, which is determined by the technical arrangement but this is

not really necessary. We may select any plane containing the midpoint M. This implies that

Eqs (49.40) remain applicable for arbitrary sagittal rays, provided that the coordinate

system is chosen appropriately.

There remains the matching of the coordinates u and υ to the cylindrical coordinates z and r.

This is a simple rotation through an angle β, as shown in Fig. 49.4, given by

z1 ir5 ðR1 u1 iυÞ expðiβÞ
It is obvious that as 1/R tends to 0, β also tends to 0 and thus βR5 const; the planar field is

a limiting case, as it should be.

The distance u from the cathode surface at which the matching is satisfactory depends on

the strength of the non-spherical field and is hence a matter of experience.
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Another interesting case is the concave cathode. The reasoning is then quite analogous with

the important difference that the trajectories are now elliptic arcs and the constant

k5 ðL2RÞ=R2 becomes negative, since L , R for ellipses.

A further extension of the method concerns domains near the cathode surface that are not

perfectly spherical. The coordinates must then be adapted to the local surface normal and

tangent and R will be the local radius of curvature. The domain of validity of this

approximation may be rather limited but still large enough to avoid the use of a

perturbation calculus with divergent terms. The space is then no longer isotropic and the

formulae will be valid only in meridional planes containing the optic axis.

An alternative approach is the theory of Fujita et al. (2010), summarized in Section 49.1.

There, the Cartesian representation of ray tracing is employed and, in the case of a convex

cathode, this requires the introduction of a ‘connecting space’, without which not all

domains occupied by electron rays can be reached. Fujita et al. developed a method of

mapping the cathode surface onto a plane.

In the theory of brightness (Chapter 47), the presence of large slopes x0o; y
0
o does not create

any difficulty since the Gaussian distributions always confine the corresponding functions

to small values. The continuation of the value of R into the paraxial region is ensured by

Liouville’s theorem. In this way, therefore, the limitation on Lenz’s theory close to the

cathode is overcome.

The main drawback of the foregoing calculations is that they do not provide a complete

theory of paraxial properties and aberrations in closed form but only some data, however

important, that relate the cathode space to the rest of the instrument. For computing

purposes, however, this is sufficient.
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CHAPTER 50

Complete Electron Guns

In the previous chapters of this Part we have dealt with different aspects of the physics of

electron sources but we have not yet considered an entire electron gun. In the operation of

electron guns, three functions must be clearly distinguished: (a) the extraction of the beam

from the cathode and the provision of the desired emission current I to the system beyond

the gun; (b) the acceleration of the beam to a given kinetic energy Ekin5 eΦa; and (c) the

focusing of the beam in a probe or virtual source plane. Very often these three functions are

coupled but devices in which they are practically independent are clearly advantageous,

since such guns can be adjusted very easily.

In the past decades a great many different electron gun designs have been published.

It would serve no useful purpose to describe them all and the list would never be complete.

Moreover, a successful design is one that is well adapted to the purpose of the device:

a field-emission gun designed for an electron interferometer is not a suitable source for an

electron lithography machine and vice versa. Great care is needed even when comparing

guns of a similar type, as Barth (1988) has shown. We make no attempt to give a complete

review, therefore, but instead, we try to bring out the principles underlying gun design and

draw attention to various ideas which may be helpful in the development of new designs.

50.1 Justification of the Point Source Model

In Chapter 45, Pointed Cathodes Without Space Charge, we studied the details of a diode

system, consisting of a cathode and an extraction electrode, the (positive) wehnelt. We

found that such a system forms a virtual point source with very low aberrations. In almost

all theoretical and experimental investigations on field-emission guns (an exception is the

work of Kang et al., 1983), the whole system has been more or less tacitly split into a point

source in a locally field-free space and a subsequent lens system for acceleration and

focusing, for want of any more detailed information about the interaction between the two

parts. The lens system is then treated by means of the familiar theory of focusing and

aberrations. Experiment has long since shown that this simplification gives a good

approximation but it was not until 1978 that Kern could demonstrate its validity by

comparison with guns calculated as a single entity. The understanding thus provided of the

decoupling into two successive lens systems may also be very helpful in other design

problems.
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The basic ideas of the approximation, expressed qualitatively in Kasper (1982), are

presented schematically in Figs 50.1A�C and 50.2. Fig. 50.1 illustrates the procedure.

In the first step (Fig. 50.1B), the space beyond the wehnelt is assumed to be field-free and

at wehnelt potential. The asymptotes concur at the point V and the associated kinetic energy

is eΦw. In the second step (Fig. 50.1C), the cathode is ignored and the space in front of the

wehnelt is assumed to be field-free and at potential Φw. The electrons leaving the point

source at V are then assumed to set out with energy eΦw, so that the rays are straight until

they reach the first fringe field. Note that the aperture of the wehnelt electrode appears in

both figures (B) and (C); in reality this aperture is very small. Fig. 50.2 illustrates more

clearly the idea underlying this approximation. In both steps there is a strong field (E1,2) on

one side of the diaphragm, a comparatively weak fringe field domain (S1,2) in the vicinity

of the bore and an asymptotically field-free space on the other side. In each domain, the

real electric field is the sum of the individual contributions. The approximation that consists

in tracing the trajectories through the cathode field, determining their virtual intersection at

V and then tracing the electrons through the wehnelt field treats the strong fields correctly

and the weak fringe fields approximately. Indeed, the trajectory passing through the

aperture is bent by both fringe field contributions, though not simultaneously, as it should

be, but in two separate steps. The error remains small if two conditions are satisfied: (i) the

diaphragm separating the two zones must be thin and the aperture small, so that the fringe

fields are confined to a very small spatial domain; (ii) the electrons must be fast enough for

their trajectories to be bent only weakly as they pass through the fringe fields.

Figure 50.1
Division of a complete electron gun in subsections. (A) Complete gun; (B) ‘extraction’ system
with field-free anode space. (C) Acceleration and focusing system with field-free cathode space.
K: cathode with tip at C; V: virtual source; W: wehnelt; A: anode; M: magnetic lens; S: crossover.
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In the common designs of field-emission electron (FEE) guns, these conditions are satisfied,

since the aperture is made very small in order to reduce aberrations in the subsequent part

of the gun. Theoretical and experimental tests have been made by Kern et al. (1978/9).

Some typical results of these investigations are shown in Fig. 50.3. These demonstrate that

the errors are indeed small.

A consequence of these findings is that in all comparable cases, where the appropriate

conditions are met, a complex system can be safely split up into simpler subsystems. These

can then be treated by tracing the exit asymptotes from each part and treating them as the

entrance asymptotes for the next part. By following this strategy, the design of complex

systems can be facilitated considerably.

50.2 The Lens System in Field-Emission Devices

We now disregard the cathode and assume that a point source V emits electrons of energy

eΦw into field-free space. This source may have a finite but very small radius given by

Eq. (45.7) or (45.8). The electron beam supplied by this source is then accelerated and

focused by a compound system of electrostatic and magnetic lenses. Numerous field-

emission structures have been designed in this way, too many for all to be listed here.

Figure 50.2
Schematic representation of the separation method. (A) Strong electric field (E1) on the left-hand
side of a diaphragm, weak fringing field in the region S1 and asymptotically field-free space on the
right-hand side. The asymptotes of trajectories starting at C intersect at V. (B) Reverse situation,
with the strong electric field (E2) now on the right-hand side. Note that it is not the trajectories

themselves but their asymptotes that are used to specify the entrance conditions.
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Once the shapes of the lenses and the excitation currents and voltages have been specified,

the cardinal elements and aberration coefficients of the lens system are determined.

Investigations of this kind have been published by Butler (1966), Munro (1973), Kern et al.

(1978/79), Roques et al. (1983a,1983b) and Denizart et al. (1981) among others. These

differ from studies of ordinary lens systems, intended for use as objectives or projector

lenses, in that the following facts must be considered.

a. There is necessarily one electrostatic acceleration lens in the compound system, since

the energy eΦw � 1 keV is usually too small to be the final kinetic energy. The

electrostatic lens field between the wehnelt and the anode may cause large aberrations.

b. The virtual source radius ρυ is extremely small, often ρυB1 nm, and hence

considerable care must be taken to prevent the aberration disc of the lens system from

greatly exceeding the magnified image of the virtual source. This often entails

searching for a suitable (optimum) magnification.

c. The brightness of field-emission guns is very high (about 108 A cm22 sr21 or more),

but the total probe current is rather low, about 1 μA. This is too low for some purposes

so that thermionic or Schottky guns may be more suitable.

These particular difficulties with cold field-emission guns were studied long ago, by

Cosslett and Haine (1954) and by Veneklasen (1972), for example. Usually the plane z5 zc
of the crossover, the voltages Φw and Φa, and the maximum acceptable crossover radius ρc
are prescribed; the aperture angle θm of the beam supplied by the diode and the

magnification M of the lens system can generally be varied for the purposes of

Figure 50.3
Measured and calculated positions of the crossover as a function of the voltage ratio Φa/Φw, and
of the coordinate d of the apex. Broken lines: acceleration subsystem; full lines: total system for

d5 4.7 mm; crosses: measured values also for d5 4.7 mm.
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optimization. Commonly the radii of the different contributions to the aberration disc are

squared and summed up leading to the condition

ρ2 5M2 ρ2υ1C2
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The five contributions come from first the virtual source, then any small but unavoidable

defocus (C0 � Rs), then the chromatic and the spherical aberration and finally the

diffraction disc. Although this procedure is not rigorously correct, it is fairly reliable and

quite simple. The correct expression for the size of the probe size is given by

Barth and Kruit (1996):

d2p 5 d1:3s 1 d4d1d4Cs
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1 d2Cc

in which dp is the diameter of the spot that contains 50% of the current (FW50) and ds, dd,

dCs
and dCc

are the FW50 values for the source image, the diffraction disc, the spherical

aberration disc and the chromatic aberration disc, respectively; Kruit (2016) observes that

the correct expression for an aberration-corrected instrument had not yet been derived.

The coefficients Cc and Cs depend on M so that Eq. (50.1) is in reality a very complicated

relation. The task is now to maximize θm by varying M and some of the lens parameters

subject to the constraint ρ5 ρc at z5 zc (it makes little sense to look for solutions ρ, ρc if
the size ρc is acceptable). This problem is necessarily solved by computer. Since the beam

current increases as θ2m, the solution found will also correspond to maximum beam current.

An important point when estimating the performance of a field-emission gun is the effect of

Coulomb interactions on the virtual source size and hence on the brightness (cf. Chapters

46 and 47). Simulations by Verduin et al. (2011) using two field-emission gun models show

that the effect of Coulomb interactions is complicated but can be understood in physical

terms as mentioned in Section 47.6. They plot curves showing the dependence of mean

brightness on extractor voltage for a given geometry and the electric field at the tip (radius

10 nm in their simulation).

Rather than discuss all the many proposals to be found in the literature, we concentrate on a

few special ones which seem to be advantageous. Figs 50.4A and 50.4B show the

electrostatic and magnetic equipotentials, respectively, of a compound system, in which the

wehnelt electrode is simultaneously one pole of a magnetic lens (Eupper, 1980). The bore

of the magnetic lens is narrowed by a piece of non-magnetic material in order to obtain a

reasonable aperture. The electrostatic field between the cathode and the wehnelt produces

only a virtual projection of the cathode surface with very low aberrations (see Chapter 45).
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If the necessary focusing of the beam is performed with magnetic lenses instead of

electrostatic ones, the aberrations can be kept small. Such systems have thus the attraction

that the properties of the beam are not deteriorated right at the beginning; Cs � 5 mm and

Cc � 2 mm are realistic values for the aberration coefficients of the compound system.

This was by no means the first attempt to incorporate magnetic focusing in a field-emission

Figure 50.4
An electron gun with both magnetic and electrostatic fields. (A) Electrostatic field and

(B) magnetic field in the cathode space.
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gun as we saw in Section 44.1. The attractions of a type of unconventional lens introduced

by Mulvey (see Chapter 36, Magnetic Lenses) were recognized by Cleaver (1978/79, 1979)

and such combinations have been investigated by Troyon and Laberrigue (1977) and

Troyon (1980a,b, 1984a,b).

As Veneklasen (1972) and Veneklasen and Siegel (1972b) pointed out, the aberrations in

the necessary electrostatic accelerator lens can be kept small if the beam is focused onto the

entrance nodal point of this lens and hence emerges asymptotically undeflected from the

corresponding exit nodal point. This is shown schematically in Figs 50.5A and B. The

reason for the very low aberrations lies in the fact that in the region in which the electric

field is strong, the beam remains essentially paraxial. Veneklasen and Siegel also pointed

out that the positions of the nodal points are relatively insensitive to changes of the ratio

κ :¼ Φa/Φw. This means that the effect of the focusing lenses and that of the accelerator are

clearly separated. The field just in front of the cathode and an accelerator of this type are

the only really necessary electric fields in the whole device.

The general ideas of Veneklasen and Siegel and their main experimental findings have been

confirmed theoretically by numerical ray-tracing through the exact fields in such electron

guns (Eupper, 1980; Kasper, 1982).

The brightness of field-emission and Schottky-emission sources when a probe with a high

beam current (I) is required has been examined carefully by Fujita and Shimoyama (2005b).

Figure 50.5
(A) Schematic representation of an electron gun with cathode apex at C, wehnelt electrode,

magnetic round lens and accelerating lens. The electrostatic potential is zero at the cathode and
Φw. 0 at the wehnelt, through the magnetic lens and at the first electrode of the accelerating
lens; at the second electrode and beyond it, Φa.Φw. The system forms a real crossover at S.
(B) The corresponding construction using ray-asymptotes. The entrance asymptotes emerge
from the virtual point source V; P1 and P2 denote the principal planes of the magnetic lens

and N1, N2 the nodal planes of the accelerating lens.
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The gun aberrations lead to a fall in brightness below the low-current value. As a

result, the probe size at first remains constant, then enters a brightness-limited region

in which the probe size increases as I3/8; finally, it enters an angular-current-limited

region, in which the probe size increases rapidly as I3/2. In their analysis, Fujita and

Shimoyama show that the important parameter is the electron gun focal length

introduced in Chapter 49, Gun Optics. They examine two sets of gun models, one with

a Schottky emitter, the other with a tungsten emitter (Fig. 50.6), the characteristics of

which are summarized in Table 50.1. For the configuration illustrated in Fig 50.7, the

resulting reduction in apparent brightness is shown as a function of beam current in

Fig. 50.8.

Figure 50.6
Gun models on which the calculation of brightness reduction is based. (A) Schottky emitter.

(B) Thermionic emitter. After Fujita and Shimoyama, (2005b), Courtesy by the authors and the Japanese
Society of Microscopy.

Table 50.1: Comparison of electron gun parameters

Gun Type

Focal

Length/mm

Spherical Aberration/mm Chromatic Aberration/mm Current

Density/

A cm22Emitter Lens Total Emitter Lens Total

Schottky emitter

l5 100mm 22:073 1023 0.037 2040 2040 0.098 24.3 24.4 10,000
l5 50mm 22:073 1023 0.037 376 376 0.098 13.5 13.6 10,000
l5 0 mm 22:073 1023 0.037 7.21 7.24 0.098 3.13 3.23 10,000
W-triode 2.17 10:23 103 7:043 103 17:23 103 8:153 103 112 8:263 103 3.0

Gun Type Crossover Size/nm Angular Current Intensity/mA sr21 Axial Brightness/A m22 sr V

Schottky emitter 24.7 0.43 2:053 108

W-triode 17:33 103 140 3:983 104
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50.3 Hybrid Emission

Field-emission guns have for many years been operated with some degree of cathode

heating, thereby combining thermionic and field emission. A very successful design

for such a hybrid source was developed by Kang et al. (1983), who investigated it in

great detail, both theoretically and experimentally. The basic shape of this gun is

Figure 50.7
Left. Electrostatic accelerator lens model. The regions to the left of the extractor (wehnelt) and to
the right of the anode are assumed to be field-free. Right. Magnetic condenser lens model, at a
distance l from the electrostatic unit. Bore 24 mm and gap 5 mm. After Fujita and Shimoyama,

(2005b), Courtesy by the authors and the Japanese Society of Microscopy.

Figure 50.8
Reduction of apparent brightness βapp in A/mm2 sr V as a function of beam current for three
values of the separation l. The angular current density is denoted JΩ. After Fujita and Shimoyama,

(2005b), Courtesy of the authors and the Japanese Society of Microscopy.
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shown in Fig. 50.9. The emitter is a fine needle of zirconiated tungsten at the tip of

an almost conical shank. The wehnelt (first anode) has a potential VA� 7.5 kV relative

to the cathode; a suppressor electrode, held at 0.04 VA, strongly reduces the

thermionic emission from the shank. By a field build-up process, the cathode assumes

a faceted shape with a (100) crystal plane as its frontal surface. The corresponding

work function is only 2.6 eV so that at a temperature of 1800 K, Schottky emission is

already making an appreciable contribution to the local current density. In the

transition range between field and Schottky emission, the current density is obtained

by numerical integration of Eq. (44.10) using (44.21). At the edge of the frontal facet,

strong field emission occurs; this increases the local current density and a hollow

beam is created, see Fig. 50.10.

Figure 50.9
(A) Electrode configuration studied by Kang et al. (1983). The insert shows an expanded view of the
emitter, apex radius r, for the round and faceted cases. (B) Calculated trajectories near the faceted
emitter including (solid lines) and neglecting (dashed lines) space charge. The emitter is Zr/W,
T5 1800 K, Φ5 2.6 eV, r5 0.2 μm, f/r5 0.3, axial current density J05 0.082 A/μm2, axial field

factor β05 0.04 μm21. After Kang et al. (1983), Courtesy Wissenschaftliche Verlagsgesellschaft.
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The presence of the frontal facet narrows the emission distribution pattern, see Fig. 50.11;

in comparison with the rounded cathode, the angular aperture is roughly halved. The

beam compression causes an increase in the space charge density in front of the cathode.

Kang et al. (1981, 1983) therefore determined the space charge distribution by solving

Poisson’s equation using the finite-difference method with radially increasing mesh size

(SCWIM) followed by ray-tracing. They found that the charge is concentrated in the

vicinity of the cathode, the radial extent being about one cathode radius. At the cathode

surface the field strength F is lowered but never becomes repulsive, so that no potential

minimum develops in front of the real cathode. Kang et al. also found that the planar

diode model is inapplicable, but this is not surprising since the divergence factor in

Eq. (46.12b) was not considered.

On tracing back ‘cold’ electrons, that is, those leaving the cathode surface with zero

velocity, the electron bundle is found to be subject to spherical aberration with an

aberration coefficient C3� 0.5 mm. This is very low, and thus the faceted cathode structure

does not cause a significant increase of the aberrations. This spherical aberration is, of

course, to be superimposed on any others, essentially the chromatic aberration.

Figure 50.10
Angular intensity distribution for a faceted Zr/W emitter with r5 1.5 6 0.5 μm

and β � 590 cm21; the full solid angle of the current probe is 3.1 mrad. The anode voltage
increases in 100 V steps from curve A (5500 V) to I (6300 V). After Kang et al. (1983), Courtesy

Wissenschaftliche Verlagsgesellschaft.
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Summarizing, we see that intense electron emission with an average emission current

density of 0.04 A cm22 at the cathode and an axial angular intensity of about

1.73 1023 A sr21 can be achieved. This seems to be an excellent design. Since the

aberrations are very low, the separation into a point source domain and a subsequent lens

system, as outlined in the previous section, is still justified.

50.4 Conventional Thermionic Guns

All guns in which the wehnelt electrode is positive with respect to the cathode and hence

not used for confining the area of emission are excluded from the following discussion.

Figure 50.11
Emission distribution patterns (above) and SEM micrographs (below) for a Zr/W emitter.

(A) Thermally annealed end-form and (B) field-built-up end-form. After Kang et al. (1983), Courtesy
Wissenschaftliche Verlagsgesellschaft.
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All such guns, for instance those with laser-heated cathodes (Le Poole, 1981; Lau, 1981;

van der Mast, 1983; van der Mast et al., 1974), LaB6 cathodes (Elinson and Kudintseva,

1962; Kudintseva et al., 1967; Broers, 1967, 1969) or hybrid Schottky and field emission

(Kang et al., 1983), behave essentially like field-emission guns, see Section 46.3.

Conventional thermionic electron guns with a pointed cathode welded on a hairpin-shaped

carrier with direct electric heating (see Fig. 50.12) are quite simple devices, which can be

operated straightforwardly. They are in widespread use, usually equipped with an automatic

bias circuit for stabilization (Fig. 50.12). In this case the negative wehnelt potential relative

to the cathode is generated by the voltage drop created along a resistor R of a few MΩ,
when an emission current flows through the device. Since an increase in this current causes

a corresponding increase in the voltage drop, this acts as a stabilizing feedback loop.

However, according to our general statements in Sections 43.2 and 46.3, it is clear that we

cannot expect the very highest electron optical performance from such guns.

Since the electric field of the anode penetrates through the aperture in the wehnelt up to the

cathode, the separation method outlined in Section 50.1 cannot be employed and this makes

the analysis of conventional guns surprisingly complicated. Lauer’s (1982) model of a

thermionic gun (see Sections 45.4.2 and 47.5) is necessarily oversimplified in many

respects, since the true properties of thermionic guns can only be obtained at the price of

very tedious numerical calculations. We recommend it, however, for it provides an

understanding of the behaviour of such guns without these long calculations.

Depending on the shapes of the electrodes and on the distance between the apex of the

cathode and the front plane of the wehnelt, the gun may behave in very different ways;

we are led to distinguish between short-focus guns and telefocus guns, as presented

Figure 50.12
Conventional thermionic triode gun with automatic bias (‘autobias’), the anode being earthed.

(The shapes are highly simplified.)
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schematically in Figs 50.13A and B. Quite generally, in short-focus guns, the cathode is

separated by a small gap from the wehnelt opening, so that the wehnelt exerts a strong

screening effect on the field generated by the anode. In telefocus guns, on the other hand,

the wehnelt usually has a conical shape and the cathode tip protrudes into the bore; the

screening effect is thus much weaker.

In short-focus guns, the size of the emission area � roughly confined by the line of

vanishing field strength on the cathode surface � and hence the emission current are more

sensitive to small variations of the wehnelt potential. The complicated dependence of the

gun performance on the many electrical and geometrical parameters was studied by Haine

and Einstein (1951, 1952) and Haine et al. (1958), see Haine and Linder (1967). It is easier

to adjust the intensity than in telefocus guns but the formation of a first crossover after a

short distance implies strong bending of the trajectories and hence high aberrations. More

seriously, each unnecessary crossover contributes to an avoidable increase of the energetic

Boersch effect, as we have seen earlier. From this point of view, the telefocus guns are

clearly superior.

Since the early designs of telefocus guns appeared (Bricka and Bruck, 1948; Steigerwald,

1949; Braucks, 1958, 1959) many different forms have been explored, and there is an

extensive literature on this topic. Further information is to be found in all the major books

on instrumental electron optics (e.g. Grivet, 1972; Klemperer and Barnett, 1971) and in the

proceedings of many of the conferences on charged particle optics.

Today conventional thermionic guns have lost some of their earlier pre-eminence, since

they are inferior to guns with field emission, with hybrid emission or with LaB6 cathodes,

so far as virtual spot size, brightness (only 102 A cm22 sr21) and mean energy spread

Figure 50.13
(A) Short-focus and (B) telefocus guns.
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(about 2 eV) are concerned. Conversely they are clearly superior to cold field-emission

guns in one respect: their total emission current can reach 50 μA and more. Moreover, their

vacuum requirements are modest and their emission is stable. Altogether, the choice of the

most suitable gun for a given purpose can be made only after careful consideration of all

the particular requirements and constraints.

50.5 Pierce Guns

In many fields of application, in plasma physics and high-energy physics in particular,

extremely intense electron beams are required. The aim of gun design is then not the

production of a narrow crossover but the formation of a parallel or only slightly divergent

beam. The radially outward directed forces in the beam caused by the space charge must be

balanced by external electrostatic or magnetic forces. This can be achieved by shaping the

electrodes or polepieces suitably. The first design of this kind was made by Pierce (1949),

after whom such guns are named.

Usually, the thermal motion is neglected in the numerical treatment of such systems since it

would contribute only a minor correction: hence Eq. (46.17) is to be solved in combination

with the continuity equation. Unfortunately, there are very few exact analytic solutions of

this problem, one of them being that given by Pierce (1949).

The configuration in question is presented in Fig. 50.14. A broad electron beam is emitted

by a flat cathode and we wish it to propagate as a parallel laminar flow with sharp planar or

cylindrical surfaces. The problem is to find the appropriate shape of the electrodes in the

vacuum domain outside the beam. For simplicity, we consider a two-dimensional

configuration independent of the Cartesian coordinate x, though this is an unrealistic

Figure 50.14
Planar Pierce systems.
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assumption. Furthermore, we confine our consideration to the upper half-plane y$ 0 of the

configuration, since the lower half is symmetric.

Inside the beam, for y# a, with the above assumptions, we find j5 const and the

Langmuir�Child solution (46.18), φ(z)~ z4/3. At the beam surface the potential must be

continuous and so Eq. (46.18) also gives us the boundary values for the solution of

Laplace’s equation in the vacuum domain. We now have to find a reasonably simple

electrode configuration that is consistent with this requirement. An appropriate solution of

r2Φ5 0 is given by a fractional power law in plane polar coordinates:

Φ z; yð Þ5Cℜ z1i y2að Þ� �4=3
5Cr4=3cos 4ϕ=3

� 	
(50.2)

with the relations

z5 r cosϕ; y5 a1 r sinϕ; 0#ϕ,π=2

and the constant C is given by
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Obviously, this solution satisfies Eq. (46.17) for y5 a. The equipotential Φ5 0 is given by

ϕc5 3π/85 67.5�; the cathode must therefore be prolonged by plates, inclined at this angle,

as shown in Fig. 50.14. The surface of the anode coincides with the equipotential:

Φ5Cr4=3sin 4ϕ=3
� 	

5Φa5 const

This solution is the prototype of all advanced solutions for Pierce guns. More sophisticated

solutions for systems with round beams are possible in cylindrical and spherical

coordinates. The zero-volt electrode, which is a continuation of the cathode, will then

generally be curved in the meridional section too, but as in the foregoing solution, the angle

at the edge of the cathode must be 67.5�. A design with a spherically curved cathode is

shown in Fig. 50.15. It is impossible to obtain a beam that converges to a point focus; such

a solution can be realized only approximately in domains with fairly large beam diameter.

As soon as the diameter becomes very small, we cannot improve on a parallel beam,

obtained by compensating the outward directed forces of the space charge.

The design of such systems is highly complicated and requires extensive numerical

computation. Many designs of Pierce guns are reviewed by Brewer (1967) and very full

accounts are to be found in Kirstein et al. (1967), Sushkov and Molokovskii (1972), and

Nagy and Szilágyi (1974). A suitable computer program package has been developed by

Herrmannsfeldt (1979) at SLAC (Stanford Linear Accelerator Center), based upon a finite-

difference method for the solution of Poisson’s equation; for more details we refer to the
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proceedings of the conferences on charged particle optics listed at the end of the book and,

in particular, to Herrmannsfeldt (1981, 1987).

50.6 Multi-electron-beam Systems

For many years, electron beam lithography was limited by the low throughput of

instruments designed to generate patterns at high resolution (Chapter 40, Deflection

Systems). Among the ways of accelerating the process, we have already mentioned the

SCALPEL1 and PREVAIL2 projects. Here we consider the use of multibeam arrangements,

first suggested by O’Keeffe and Handy (1967). Over the years, four configurations have

been examined: (i) Multiaxis systems (Fig. 50.16A), in which several separate miniature

columns form an array (Chang et al., 1992); (ii) multisource, single-column systems

(Fig. 50.16B); here, many beams are generated either by an array of sources or by laser-

beams directed onto a photocathode (Schneider et al., 1996). (iii) Single-source, single-

column systems (Fig. 50.16C), in which the beam from a single source is split into many

subbeams before entering the column (Newman et al., 1983; Yasuda et al., 1993). (iv)

Single-source, multiple-column systems (Fig. 50.16D), in which the beam from a single

source is again split into subbeams as in (iii) but now, each subbeam travels along its own

column (Kruit, 2007; Slot et al., 2008; references to other devices operating in this mode

are cited separately below).

Figure 50.15
Pierce system with spherically curved cathode.

1 SCattering with Angular Limitation Projection Electron-beam Lithography.
2 Projection Reduction Exposure with Variable-axis Immersion Lenses.
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Each of these configurations has a large literature, in which the optics and constraints on

the performance are examined in depth. This is reviewed in great detail by Zhang (2008).

Here, we can consider them only very briefly.

Despite many efforts, the multisource, multiaxis systems have never proved entirely

satisfactory. Even the digitally addressable field emitter array (DAFEA) of Baylor et al.

(2002), in which the electrons are emitted by carbon nanofibres, was frustrated by the need

for stable emission and a long lifetime. The same problem arises with arrangement (ii).

The need for an array of sources is avoided in the single-source, single-column and

single-source, multiple-column devices (iii and iv). In the first case, the device consists of a

source, such as an LaB6 emitter, a collimator lens, an aperture array and finally a beam-

blanker array with individual control of the members of the array. A simplified version of

the rather complicated arrangement of Muraki and Gotoh (2000) was proposed by van

Bruggen et al. (2005, 2006b) and van Someren et al. (2006), who used a Schottky emitter; at

the blanker plane, an aperture array and a microlens array were also introduced. However, it

was not possible to reduce the aberrations of the collimator lens to an acceptable level. This

brings us to the single-source, multiple-column configuration (Fig. 50.16D), in which

Coulomb interactions are avoided by keeping the beams separate. This is employed in the

Dutch MAPPER instrument, intended for maskless lithography with a much higher

throughput than the rival arrangements. The electron beam originates in a Schottky source

and is directed, as in (iii), onto an array of apertures followed by an array of beam blankers.

Beyond this plane, each beam now has its own optics (diaphragm, deflector and projector

lens), independent of the other beams. In this way, off-axis aberrations of the projector lens

are negligible and there are no crossovers. This is the ‘shower-beam concept’ of van der

Mast et al. (1985). Further aspects of the system are discussed by Zhang and Kruit (2007)

and Zhang et al. (2008). Further developments can be followed in a series of publications in

Proc. SPIE, of which we list only Wieland et al. (2009, 2010a,b), van den Berg et al. (2011),

Belledent et al. (2013) and Lattard et al. (2017).

Figure 50.16
Multiple-beam configurations. (A) Multiple-axis system. (B) Multiple source, single column.
(C) Single source, single column. (D) Single source, multiple column. After Zhang (2008),

Courtesy Yanxia Zhang.
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A high-throughput multibeam mask writer, developed by IMS Nanotechnology (now in

collaboration with JEOL) is described by Klein and Platzgummer (2016). their column

provides 5123 512 5 262,144 programmable beams, each 20 nm in size. The current

density can be varied up to 1 A/cm2 with a total beam current of 1 μA. On emerging from

the electron gun, the electrons are rendered parallel by the condenser lens and travel

towards two electrostatic lenses enclosing a programmable aperture plate, which they

traverse at relatively low energy (5 keV). They are then accelerated to 50 keV and the beam

is demagnified by 2003 before they reach the target. Multipoles and a magnetic lens are

included for minor adjustments. The evolution of the project can be followed in the

following publications: Platzgummer (2010), Platzgummer et al. (2012a,b), Klein et al.

(2012a,b) Klein and Platzgummer (2016).

In another project, each of the beams of a multibeam device can be given a different shape.

This is the multishaped-beam (MSB) instrument described by Slododowski et al. (2009,

2010a,b, 2011), Gramms et al. (2010) and Weidenmueller et al. (2010) at Vistec Electron

Beam GmbH. In this structure (Fig. 50.17), not only is the beam provided by the gun

divided into subbeams (83 85 64 or 163 165 256) but the shape of each of these can be

Figure 50.17
Paths of the beams in a multishaped-beam instrument. (A) Original design. (B) Improved design
in which the beams are incident normal to the aperture diaphragms MAD1 and MAD2. After
Slodowski et al. (2011), Courtesy the authors and the Society of Photo-Optical Instrumentation Engineers.
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chosen separately. In the original version (Fig. 50.17A), the subbeams traversed the

aperture diaphragms at oblique angles; in the improved version (Fig. 50.17B), the

illumination is ‘telecentric’: the subbeams are travelling parallel to the optic axis when

they arrive at the aperture diaphragms. The future of multibeam devices is discussed

by Lee et al. (2016).

Progress on the development of a massively parallel electron-beam direct-writing system

is charted by Kojima et al. (2014, 2016, 2017a,b). Yet another design is described by

Du et al. (2016).

Multiple beams are not only of interest for lithography. In scanning electron microscopy, the

high throughput of a multibeam instrument would be extremely beneficial: Ren and Kruit

(2016) suggest that an experiment that would otherwise require 400 days could be

accomplished in one or two days without sacrificing the quality of the image. Multibeam

scanning electron microscopy has been attempted by Mohammadi-Gheidari and Kruit (2011),

Mohammadi-Gheidari et al. (2010), Enyama et al. (2014, 2016), Iida et al. (2014), Keller et al.

(2014), Eberle et al. (2015) and Kemen et al. (2015). Ren et al. (2014), Ren and Kruit (2016)

and Zuidema et al. (2016) describe transmission imaging in the Delft multibeam scanning

electron microscope (196 beams), which is an attractive mode for biological specimens.

Various aspects of these multicolumn devices have been treated by Spindt et al. (1976, 1983),

Forman (1983), Chang et al. (1995, 2001), MacDonald et al. (1995), Munro (1999), Muray

et al. (2000, 2006, 2014) and Thiel et al. (2014). Van Bruggen et al. (2004, 2005, 2006a) have

considered including a foil aberration corrector in a multibeam instrument.

A magnetic lens modified to produce multiple beams has been built by Takizawa et al.

(2011); this is described in Section 36.6.8.

50.7 Carbon Nanotube Emitters

The very small dimensions and mechanical strength of carbon nanotubes make them

attractive candidates for field-emission cathodes. When the end of the tube is closed and the

emissive surface is clean, the emission proves to be stable. Procedures for capping the tube

and cleaning the cap are described by de Jonge (2009, 2010) and by Heeres et al. (2011). The

work function is found to be 5.1 eV (Groening et al., 2000; de Jonge, 2004). and the current

density obeys the Fowler�Nordheim equation (44.28), suitably modified to allow for the

very small radius R of the emitting cap, assumed to be hemispherical. The total current I will

be given by I5 2πR2J (Edgcombe and de Jonge, 2007). The energy spread ΔE (FWHM) of

the beam emitted is given to a reasonable approximation in the range 100 , T ,1000 K by

ΔE � 3:13 1024T 1 0:72d
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where T denotes temperature and d is given by (44.26). De Jonge suggested that the

reduced brightness is given to an acceptable approximation by

Br � 0:04JðF; φÞ
where F is the field at the tip. For an improved understanding of the emission optics, it is

necessary to know where the electrons are emitted. This question is studied by Heeres et al.

(2012), who also summarize earlier findings on the emission sites. A field-emission

microscope (see Section 37.4) was used to record the emission patterns from closed

multiwalled carbon nanotubes, the tips of which were imaged in a transmission electron

microscope. They found that electrons are emitted from localized sites about 1.6 nm in

diameter and separated by a few nanometres.

There has been much work on these emitters, from which we have a much clearer picture

of their properties and potential uses (Rinzler et al., 1995; Saito, 2010; Lin et al., 2014,

2015; Houdellier et al., 2012, 2015; Mamishin et al., 2017). An important point was raised

by Kruit et al. (2006), who examined the concept of brightness and the useful beam current

attainable for carbon nanotube sources. They point out that for such small sources, the

spread of the electron wavefunction may be larger than the geometrical size of the tip � in

the language of coherence, the source then behaves as though it were (spatially) coherent.

The usual theory that describes probe size and probe current is no longer applicable and the

effect of the aberrations of the electron gun becomes appreciable, which is not the case for

other guns. A revised theory is proposed by Kruit et al., who comment that the notion of

mean brightness loses its relevance in these extreme conditions.

A recent proposal by Jensen et al. (2017) for modelling such emitters lists related

calculations.

50.8 Further Reading

Throughout Part IX we have been concerned mainly with the theoretical aspects of electron

guns. The enormous complexity of this subject is such that there could be no question of

presenting final solutions here; instead we have attempted to point out the basic principles

and ideas. We are conscious of the fact that this account is very incomplete, as all the

extensive technological knowledge and practical experience that have been accumulated

over the years have been excluded. Important though this material is, it is far too vast to be

covered in this volume; moreover, the techniques are developing so rapidly that any review

rapidly becomes dated.
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CHAPTER 51

General Curvilinear Systems

The feature of particle optics that distinguishes it from particle dynamics in general is the

family behaviour of trajectories that remain in the vicinity of some plane or skew curve in

space, which we call the optic axis. In the simplest case, this axis is a straight line but there

are many devices, spectrometers with magnetic deflecting prisms for example, and some

monochromators in which it is a plane curve, often a circular arc. Optic axes in the form of

a skew curve are rare but cannot be excluded completely.

It is clearly advantageous to match the choice of coordinates to the optic axis. Numerous

attempts to establish and study the equations of electron optics in the most general case of

an arbitrary skew axis have been made but, as we might expect, the equations rapidly

become unmanageable and it is possible to draw only very general conclusions. The

analogous situation in which light propagates through a medium with an arbitrarily variable

refractive index was studied in some detail by the mathematical ophthalmologist Allvar

Gullstrand, who established the various categories of first-order behaviour (e.g., Gullstrand,

1900, 1906, 1915, 1924), and later by Constantin Carathéodory (1937), who used

mathematical tools more familiar to the reader of today. In electron optics, the paraxial

equations for a general system were first explored briefly by Cotte (1938), most of whose

work was concerned with systems in which the axis is a plane curve. In 1941 and 1943, the

nature of the paraxial imagery to be expected from the various types of systems � general,

orthogonal and rotationally symmetric� was discussed by MacColl. Meanwhile, Grinberg

(1942, 1943) published his ‘General theory of the focusing action of electrostatic and

magnetostatic fields’, using the trajectory method; this work was subsequently re-examined and

completed by numerous Russian authors, in particular by Strashkevich and Pilat (1951, 1952)

and Strashkevich and Gluzman (1954), who attempted to extend Grinberg’s work to include

primary aberrations in their calculation of the second-order aberrations (cf. Section 51.6). Some

points in Grinberg’s work were criticized by Kas’yankov, who devoted an entire book to

systems with curved axes (1956), and a lively polemic ensued. A very full study of the

aberration question was made at about the same period by Vandakurov. On these matters, see

Tsukkerman (1954), Kas’yankov (1956, 1957, 1958a,b), Grinberg (1957a,b) and Vandakurov

(1955, 1957), and the textbooks of Strashkevich (1959) and Kel’man and Yavor (1959, 1968).

Returning to the 1940s, the paraxial properties of systems with curved axes were analysed

afresh by Wendt (1942/3), many of whose findings are reproduced by Hutter (1948); Wendt
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gives the expression for the third-order terms in the expansion of the refractive index but

does not exploit it. Note that the vector drerivatives are not correct in Wendt’s article and

hence in that of Hutter, as pointed out by Tsukkerman (1954). Both paraxial properties and

primary aberrations were analysed by Marschall (1944), in connection with mass-

spectrograph design.

The Russian work on very general systems was all based on the trajectory method and

Vandakurov justified this by his claim, which we do not believe well founded, that this

method is less laborious than that of characteristic functions. The optics of systems with

curved axes has been investigated in considerable detail by the method of characteristic

functions by Sturrock (1952), who expands the function M (4.35) as a series of polynomials

in suitable off-axis coordinates of increasing order and is thus able to derive the primary

and secondary geometric aberrations and chromatic aberrations by differentiation. Sturrock

gives explicit expressions for M(2) and M(3) and the corresponding quantities from which the

chromatic aberrations may be derived. The condition that the optic axis must be a possible

ray is expressed by requiring that M(1) vanish identically; M(2) then yields the paraxial

trajectory equations, also given explicitly by Sturrock and in the Russian papers. The term

M(3) then yields the primary (second-order) aberration coefficients. Sturrock considers in

more detail systems for which the paraxial equations separate; these are usually known as

orthogonal systems. The whole question of electron motion in the general case has been

re-examined by Zhou (1984) and Zhou et al. (1987, 1988a,b).

In all these studies, an appropriate curvilinear coordinate system is needed, essentially

based on the tangent to the optic axis at some point and on the normal and binormal at this

point. Such coordinates are employed by Glaser (1956) and later used by Kasper (1965),

Plies and Rose (1971) and Plies and Typke (1978), among others; we now describe such a

system in detail.

51.1 Introduction of a Curvilinear Coordinate System

We denote conventional Cartesian coordinates by (X, Y, Z) and shall be led to introduce

more suitable coordinates (x, y, z) as described below. The first step is illustrated in

Fig. 51.1; the optic axis is defined in parametric form:

r0 zð Þ5X0 zð Þ ix1 Y0 zð Þ iy1 Z0 zð Þ iz (51.1)

z being chosen as the arc-length along the optic axis. Differentiation with respect to z

(denoted by primes) thus gives the tangential unit vector to:

t0 5 r00ðzÞ (51.2a)
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Further differentiation yields the curvature κ(z) and the unit vector along the principal

normal, n(z):

κ5 r000
�� �� n5κ21r000 (51.2b)

The unit vector along the binormal, b, is defined by

b5 t0 3 n5κ21r00 3 r000 (51.2c)

An arbitrary position vector r could be written r5 ro(z)1 ~xn(z)1 ~yb(z), as shown in

Fig. 51.1; ~x and ~y would then be Cartesian coordinates in the plane defined by the point ro
and the vectors n and b. With such a representation, the metric element ds is not orthogonal

and to avoid this inconvenience, we twist the system about the optic axis. The local rotation

about the tangent vector t0 is shown in Fig. 51.2, where to is perpendicular to the plane of

the diagram. It is convenient to introduce a complex transverse coordinate u:

u5 x1 iy :¼ ~x1 i ~yð Þexp iψ zð Þ� �
(51.3a)

Figure 51.1
Introduction of a coordinate system adapted to a curved optic axis.

Figure 51.2
Local rotation of the coordinate system in a plane z5 const normal to the tangent t0 to the axis.
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An elementary calculation in differential geometry shows that this twist angle ψ must be

ψ zð Þ5
ð
τ zð Þ dz (51.3b)

in order to obtain orthogonality, τ(z)5 2n � db/dz being the torsion of the optic axis. When

db/dz5 0, b is constant and is the normal to a plane surface. The line element is given by

ds2 5 dx2 1 dy21 h2 x; y; zð Þdz2 (51.4)

with

h x; y; zð Þ5 12κ nU r2 r0ð Þ
� 12κ1x2κ2y

(51.5a)

and

κ1 :¼ κ cosψ κ2 :¼ κ sinψ (51.5b)

The quantities κ1 and κ2 are the components of the curvature vector κ5κn in the local

system (x, y).

In very many practical cases, the optic axis remains entirely in a plane of symmetry. The

torsion τ then vanishes and hence ψ is constant. With no loss of generality, we can set

ψ5 0 or ψ5π and Y0(z)5 0, whereupon Y and y become identical. Eqs (51.5b) simplify to

κ15 6κ5 6R�1 and κ25 0 so that

h5 17κ=R (51.6)

R being the local radius of curvature. In Chapter 52, Sector Fields and Their Applications,

we shall adopt this particular simplification.

51.2 Series Expansion of the Potentials and Fields

The general form of the trajectory equations tells us nothing about the optical properties of

a system. Rather, we must derive paraxial and higher order approximations from which we

can draw conclusions about the behaviour of families of rays. The potentials and fields

must hence be expanded in power series, as in Chapter 7 of Volume 1, but since the

number of terms is very large, we shall deal mainly with the paraxial approximation. The

tensor form of the Laplace equation, gijΦi,j5 0 where gij is the metric tensor and Φi,j is the

second covariant derivative,

Φi;j5
@Φi

@xj
2

t

ij

� �
Φt
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here collapses to the simpler form

r2Φ � h21 @

@x
h
@Φ
@x

� �
1

@

@y
h
@Φ
@y

� �
1

@

@z

1

h

@Φ
@z

� �� �
5 0 (51.7)

using the metric Eq. (51.4). A possible solution is found by introducing a general series

expansion

Φ x; y; zð Þ5
XN
m50

XN
n50

am;n zð Þxmyn (51.8)

into Eq. (51.7). This yields infinite sequences of recurrence relations. Up to the second

order we obtain

Φ x; y; zð Þ5φ zð Þ2 xE1 zð Þ2 yE2 zð Þ

2
α zð Þ
2

x2 1 y2
	 


1
f1 zð Þ
2

x22 y2
	 


1 f2 zð Þxy (51.9)

Apart from α(z) all the coefficients on the right-hand side can be chosen independently,

each having a concrete physical meaning: φ(z) is the axial potential, E1 and E2 are the

transverse components of the axial field strength E0, and f1 and f2 are the coefficients

characterizing quadrupole fields. The coefficient α(z) of the ‘rotationally symmetric’ term

must satisfy

α zð Þ5 1

2
φ00 1κ1E1 1κ2E2ð Þ5 1

2
φ00 1κUE0ð Þ (51.10)

As well as the vector notation, a complex representation is often convenient and we

therefore introduce

~E0 :¼ E1 1 iE2; ~κ :¼ κ11 iκ2; ~f :¼ f1 1 if2 (51.11)

the tilde acting as a reminder that these quantities are complex. Eqs (51.9) and (51.10) then

take the form

Φ5φ2ℜ ~E0u
�	 

2

1

2
αuu

�
1

1

2
ℜ ~f u

�2	 

(51.12)

α5
1

2
φ001

1

2
ℜ ~E0 ~κ

�	 

(51.13)

When the series expansion Eq. (51.8) is extended to higher order, we find that the

coefficients involve linear combinations of multipole terms of all lower orders. In contrast

to the case of systems with straight optic axes, the presence of the curvatures κ1 and κ2
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generates linear relations between the multipole coefficients of different orders; a simple

example of this is Eq. (51.10).

It is almost invariably permissible to assume that the domain occupied by the particle beam

does not encircle any external electric currents, which means that we are at liberty to

calculate the magnetic flux B from a scalar potential χ or a vector potential A at will.

The explicit representation of B52μ0rχ5r3A takes the form

Bx 52μ0

@χ
@x

5 h21 @

@y
hAzð Þ2 @Ay

@z

� �
(51.14a)

By 52μ0

@χ
@y

5 h21 2
@

@x
hAzð Þ1 @Ax

@z

� �
(51.14b)

Bz52μ0h
21 @χ

@z
5

@Ay

@x
2

@Ax

@y
(51.14c)

The series expansion for χ is quite similar to Eq. (51.12) and is hence not given here. The

vector potential is not unique and any particular definition is associated with additional

constraints. It is convenient to assume that

div A5 h21 @

@x
hAxð Þ1 @

@y
hAy

	 

1

@Az

@z

� �
� 0 (51.15)

We may equally prescribe the longitudinal component B(z) and the transverse components

B1(z), B2(z) on the optic axis and the magnetic quadrupole strengths g1(z) and g2(z). By

analogy with Eq. (51.11) we define complex coefficients

~B0 5B11 iB2; ~g5 g11 ig2 (51.16)

which will be useful later. The vector potential itself is better expressed in real form:

Ax52
1

2
By 11κ1x1

κ2

2
y

 !
2B0

1xy1 . . .

Ay5
1

2
Bx 11

κ1

2
x1κ2y

 !
1B0

2xy1 . . .

hAz52B2x1B1y2 g1xy1
1

2
g2 x22 y2
	 


1
1

2
κ1B2x

2 1 κ2B2 2κ1B1ð Þxy2κ2B1y
2

� �
1 . . .

(51.17)
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This particular choice satisfies A5 0 on the optic axis and, furthermore, div A5 0 up to the

linear terms. The linear approximation to the magnetic field obtained by differentiation is

found to be

Bz5B zð Þ 11κ1x1κ2yð Þ1B0
1x1B0

2y1 . . . (51.18a)

Bx 1 iBy5 ~B0 zð Þ1β zð Þu2 ~g zð Þu�
1 . . . (51.18b)

with

β zð Þ5 1

2
2B0 1κ1B11κ2B2ð Þ52

1

2
B0 1

1

2
ℜ ~B0 ~κ

�	 

(51.19)

This last definition is closely analogous to Eq. (51.13). Generally speaking the analogy

between electric and magnetic quantities is reflected in the following exchanges:

Ei2Bi; ~E02 ~B0; Φ2μ0χ; φ022B

α2β; fi2gi; ~f2 ~g

Apart from minor changes in the notation of the quadrupole terms, the formulae given in

Chapter 7 are special cases of those presented here if κ15κ25 0 and if higher order terms

are neglected.

51.3 Variational Principle and Trajectory Equations

The appropriate variational principle is again the time-independent form of Hamilton’s

principle (4.33). We can cast this into a form quite similar to Eqs (4.33a), (4.34) and (4.35)

if x, y and z are understood to be the coordinates introduced in the previous section. The

presence of the factor h2 in Eq. (51.4) slightly modifies our earlier expression for the

tangent to a trajectory: instead of (3.15) and (3.16), we now have

r0 � ρt5 x0ix1 y0iy 1 hiz (51.20)

ρ :¼ r0
�� ��5 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2 1 x021 y02
p

(51.21)

Furthermore, we must allow for the fact that, owing to the curvature of the optic axis, the

unit vectors ix, iy and iz � t0 of the coordinate system depend on z. In view of Eqs (51.20)

and (51.21), the variational principle now takes the form

S5

ðz1
z0

M x; y; z; x0; y0ð Þ dz5 extr: (51.22)

with the Lagrangian

M5 g rð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 1 x021 y02

p
1Q x0Ax1 y0Ay1 hAz

	 

(51.23)
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The corresponding Euler equations again have the standard form (4.36). It is not advisable

to evaluate them because the longitudinal component of the magnetic field causes a

complicated coupling between these differential equations. This coupling is better

eliminated in the Lagrangian itself. We shall keep the presentation quite general, since the

results obtained are more frequently applied in ion optics than in electron optics; we adopt

the notation of Chapter 2. On the optic axis itself, the kinetic momentum is given by

ga zð Þ5 2m0 W2Qφ zð Þ� �
11

W2Qφ zð Þ
2m0c2

� �� 1=2
¼:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m0

��Q��φ̂ zð Þ
q

(51.24)

in which the acceleration potential φ̂ is defined to be a non-negative quantity; ga and φ̂ are

related to the total energy W, which is of great importance in the physics of energy

spectrometers, but we shall not introduce this dependence explicitly until we need it. The

velocity on the optic axis is given by

υa zð Þ5 ga zð Þ=m0γ zð Þ (51.25)

with the relativistic mass-ratio

γ zð Þ5 m

m0

� �
x5y50

5 11
W 2Qφ zð Þ

m0c2
(51.26)

The next stage of the calculation is quite elementary but very lengthy and we therefore

describe it without reproducing the detailed mathematics. As the first step we have to

introduce Eqs (51.4) and (2.13) together with (51.9) and (51.17) into (51.23) and then carry

out the ensuing series expansions. In the paraxial approximation, we truncate this expansion

after the terms of second order. The final result has the general structure

M5 ga zð Þ 11
1

2
x021 y02
	 
 !

1
1

2
QB zð Þ xy0 2 x0yð Þ

1a1x1 a2y1 b11x
21 2b12xy1 b22y

2

The axial flux density B(z) causes a coupling, as is obvious from the corresponding term in

M. We can eliminate this by twisting the coordinate system round the optic axis. The

appropriate new coordinate will be

x1 iy :¼ x1 iyð Þexp iθ zð Þ� �
(51.27)

with the additional twist angle

θ zð Þ5
ð
QB zð Þ
2ga zð Þ dz (51.28)

1218 Chapter 51



which is quite familiar from the physics of round magnetic lenses. In terms of these new

coordinates, the Lagrangian takes the form

M5 ga zð Þ 11
1

2
x02 1

1

2
y02

 !
1 ε1 zð Þx1 ε2 zð Þy

1
1

2
c11 zð Þx2 1 c12 zð Þx y1 1

2
c22 zð Þy21?

(51.29)

The paraxial trajectory equations, the corresponding Euler equations, are now

d

dz
gax

0ð Þ5 ε11 c11x1 c12y

d

dz
gay

0ð Þ5 ε21 c12x1 c22y

(51.30)

This linear system of ordinary differential equations is self-adjoint and in general

inhomogeneous. The presence of nonvanishing deflection coefficients ε1ðzÞ, ε2ðzÞ, defined
in complex form by

~ε :¼ ε1 1 iε25 eiθ 2 ~κga1Q ~E0=υα1 i ~B0

	 
� �
(51.31)

means that the optic axis is not a possible trajectory. When ~κ 6¼ 0, the condition ~ε � 0,

necessary for the optic axis to be a possible trajectory, can only be satisfied for one well-

specified energy W0, so that dispersion is unavoidable with a polychromatic beam.

The linear homogeneous terms on the right-hand side of Eq. (51.30) describe focusing

effects and axial astigmatism. The coefficients will not be given here explicitly, for they are

lengthy expressions and the theory is rarely needed in so general a form. The reader

interested in these is referred to the specialized literature (e.g., Sturrock, 1952; Glaser,

1956; Strashkevich, 1959). In the homogeneous case (~ε � 0), one integration constant of

Eq. (51.30) is easily found. For any two linearly independent pairs of solutions, (xj; yj) and
(xk; yk), the quantity

Cjk 5 g0 zð Þ xjx
0
k 2 xkx

0
j1 yjy

0
k 2 yky

0
j

� �
(51.32)

is a constant of motion (Kasper, 1965), as can be easily verified by differentiation, recalling

(51.30). Furthermore, an elementary calculation shows that this constant Cjk is also

invariant with respect to the coordinate rotation (51.27), so that the bars may be omitted in

(51.32). This is a generalization of the Lagrange�Helmholtz relation.

Apart from such basic observations, it is difficult to extract practical results from so general

a form of the theory. Some further classification of systems is possible according to the

General Curvilinear Systems 1219



behaviour of the line foci corresponding to a point object on the axis as this object is

moved from one end of the axis to the other; the three types of behaviour are discussed in

the work of Gullstrand and Carathéodory already cited. Concrete evaluation of the paraxial

theory is highly dependent on the individual circumstances and the theory of aberrations is

extremely tedious. A rare case in which these can reasonably be studied is a system with a

helical axis, proposed by Gabor (1951) and analysed by Sturrock (1952). In the remainder

of this chapter, therefore, we confine the discussion to realistic systems with a number of

simplifying characteristics.

51.4 Simplifying Symmetries

Adjustment is easier and the aberration terms are fewer in number if some symmetry

conditions are imposed on the configuration. As already mentioned briefly, we assume that

the optic axis lies in the plane Y5 0; we assume too that there are other permitted

trajectories that remain in this plane. These assumptions impose strong symmetry conditions

on the fields. For any trajectory satisfying y(z) � 0, Y � 0, the electromagnetic force must

remain in the symmetry plane, which requires that EY, BX and BZ disappear in this plane.

The electrostatic potential Φ must hence be an even function of Y and the magnetic scalar

potential χ an odd one. It is advantageous to derive Taylor series expansions with respect to Y.

If the two-dimensional Laplacian is denoted by

r2
2 � Δ2 :¼

@2

@X2
1

@2

@Z2
(51.33)

and Δn
2 denotes repeated application of Δ2; these series expansions take the form

Φ rð Þ5
XN
n50

21ð Þn
2nð Þ! Δ

n
2ΦS X; Zð ÞY2n

5ΦS X; Zð Þ2 Y2

2
Δ2ΦS1

Y4

24
Δ2

2ΦS7?

(51.34)

2μ0χ rð Þ5
XN
n50

21ð Þn
2n1 1ð Þ!Δ

n
2BS X; Zð ÞY2n11

5 YBS X; Zð Þ2 Y3

6
Δ2BS1

Y5

120
Δ2

2BS7?

(51.35)

as can be verified easily by performing the appropriate differentiations. The coefficient

functions ΦS and BS have a concrete physical meaning: ΦS is the electrostatic potential in

the symmetry plane while BS is the magnetic flux density in this plane.

1220 Chapter 51



The curvilinear coordinate system (x, y, z) can always be orientated in such a way that the

coordinates y and Y are identical. Depending on the orientation of the principal normal n,

this requires that ψ5 0 or ψ5π. For conciseness we shall confine the following

considerations to the case ψ5π, h5 11κx, which means that the positive x-axis has the

outward direction, as shown in Fig. 51.3. This corresponds to the usual choice in

applications to devices with a circular optic axis.

Since y � Y, Eqs (51.34) and (51.35) are already the series expansions with respect to y.

Calculation of the power series expansion with respect to x is facilitated by the fact that

h5 11κ(z)x does not depend on y and so

r2
2 5Δ2 5 h21 @

@x
h
@

@x

� �
1

@

@z

1

h

@

@z

� �� �
(51.36)

In order to apply this to Eqs (51.34) and (51.35), we have to expand ΦS and BS as power

series with respect to x. For reasons of space, we shall terminate these after the third

order in x:

ΦS 5φ zð Þ1 xF0 zð Þ1 x2

2
F1 zð Þ1 x3

6
F2 zð Þ (51.37)

On evaluating the expression Δ2ΦS and introducing this into Eq. (51.34), we obtain

Φ rð Þ5φ zð Þ1 xF0 zð Þ1 x2

2
F1 zð Þ1 x3

6
F2 zð Þ

2
y2

2
F1 1κF0 1φ00ð Þ

2
xy2

2
F21κF12κ2F0 2 2κφ00 2κ0φ0 1F00

0

	 

(51.38)

Figure 51.3
Choice of curvilinear coordinate system (x, y, z) when the optic axis lies in a plane. The vector n is

always directed towards the local centre of curvature while the x-axis points in the opposite
direction. It is sometimes necessary to change the orientation so that y-2 y in order

to arrange that y5 Y
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The notation for the coefficients differs slightly from that in Eq. (51.9), in that F052E1,

F15 f12α; the notation of (51.38) reveals the structure better.

The expression for the scalar magnetic potential up to third order is quite simple. With a

power series expansion for BS of the form

BS x; zð Þ5G0 zð Þ1 xG1 zð Þ1 x2

2
G2 zð Þ (51.39)

we obtain Δ2BS 5G21κG11G00
0 and hence

2μ0χ5 y G0 1 xG1 1
x2

2
G2

� �
2

y3

6
G00

0 1κG1 1G2

	 

(51.40)

This gives the flux density components

Bx 5 y G11 xG2ð Þ (51.41a)

By5G01 xG11
x2

2
G2 2

y2

2
G00

0 1κG1 1G2

	 

(51.41b)

Bz5 y G0
0 1 xG0

1 2κxG0
0

	 

6 . . . (51.41c)

In order to evaluate Eqs (51.22) and (51.23) in the third-order approximation, we must find

a vector potential that yields the field (51.41). The symmetry properties of the field require

that Ay be an odd function of y, while Ax and Az must be even functions. The following

considerations lead to a very simple gauge.

The Euler equations resulting from Eq. (51.23) will be simplest if as many low-order terms

as possible are eliminated from Ax and Ay. The condition div A5 0 may sometimes be

convenient but not always and is certainly not really necessary. Instead, we now assume

that Ay � 0. The condition

Bx5
@Az

@y
5 y G11 xG2ð Þ

is then readily integrated to give

Az5
1

2
y2 G1 zð Þ1 xG2 zð Þ� �

1 az x; zð Þ

az(x, z) being an arbitrary differentiable function. Similarly, the condition

Bz52
@Ax

@y
5 y G0

0 1 xG0
1 2κxG0

0
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is integrated to give

Ax 52
y2

2
G0

0 1 xG0
12κxG0

0

	 

1 ax x; zð Þ

The condition (51.14b) in conjunction with (51.41b) is still not sufficient to determine az
and ax uniquely; we are at liberty to choose ax � 0 and az(0, z)5 0. We then find

az52xG0 1
x2

2
κG02G1ð Þ1 x3

6
23κ2G01 2κG1 2G2

	 

It is convenient to calculate hAz instead of Az itself; bringing all this together, we obtain

Ax 5 � 1

2
y2 G0

0 1 x G0
12κG0

0

	 
� �
(51.42a)

Ay � 0 (51.42b)

hAz52xG0 2
x2

2
G1 1κG0ð Þ2 x3

6
G2 1κG1ð Þ

1
y2

2
G1 1

xy2

2
G21κG1ð Þ

(51.42c)

It is obvious that in the case of constant curvature κ and constant coefficients G0, G1, G2,

the component Ax vanishes and div A5 @Az /@z is indeed equal to zero. Since the optic axis

is then a circle with z5Rϕ, this means that the familiar circular vector potential is a special

case of our particular gauge.

51.5 Trajectory Equations for Symmetric Configurations

Once the series expansions are known, we are in a position to evaluate the Lagrangian

equation (51.23) in the third-order approximation; this is a straightforward procedure. The

first step is to introduce Eq. (51.38) into the general expression for the kinetic momentum g:

g rð Þ5 2m0 W2QΦ rð Þ� �
11

W2QΦ rð Þ
2m0c2

� �� 1=2
(51.43)

the expression ga(z), given by Eq. (51.24), being its axial value. In order to facilitate the

task of series expansion, we introduce the abbreviation ΦðrÞ ¼: φðzÞ1ΦðrÞ, the term Φ
containing all off-axis terms. Using Eq. (51.24) and (51.26), we obtain the exact formula

g2 5 g2a 2 2m0γQΦ1Q2Φ2
=c2
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The series expansion of g(r) is now given by

g5 ga 12 γζ � ζ2

2
2 γ

ζ3

2

� �
1O ζ4

	 

(51.44a)

in which ζ is the dimensionless quantity:

ζ :¼ m0QΦ=g2a (51.44b)

In this series expansion, the particular structure of the off-axis term Φ has not been

exploited and so (51.44a,b) are quite generally valid. The next task is to introduce

Eq. (51.38) into (51.44a), after which we collect up the terms of different orders, truncating

the series after the third-order terms. We shall not reproduce this in full, merely listing the

final results.

For the square root term in Eq. (51.23), the approximation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 1 x021 y02

p
� 11κx1

1

2
x021 y02
	 
ð12κxÞ

is sufficient. Bringing all the various series expansions together and organizing the terms by

order, we finally obtain

M5 ga zð Þ1 1

2
ga 1 c1xð Þ x021 y02

	 

2

c2

2
y2x0

2 a1x2
a2

2
x2 2

a3

6
x31

b2

2
y2 1

b3

2
xy2

(51.45)

with the coefficients

μ1 zð Þ :¼ m0γQg21
a ; μ2 zð Þ :¼ m2

0Q
2g23

a

c1 zð Þ52κga 2μ1F0; c2 zð Þ5QG0
0

a1 zð Þ52κga 1μ1F01QG0

a2 zð Þ5μ1 F1 1 2κF0ð Þ1μ2F
2
0 1Q G11κG0ð Þ

a3 zð Þ5μ1 F2 1 3κF1ð Þ1 3μ2F0 F11κF0 1
μ1

ga
F2
0

 !
1Q G2 1κG1ð Þ

b2 zð Þ5μ1 F1 1κF0 1φ00ð Þ1QG1

b3 zð Þ5μ1 F2 1 2κF11F00
0 2κφ002κ0φ0	 


1μ2F0 F11κF0 1φ00ð Þ1Q G2 1κG1ð Þ

(51.46)
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The canonical momenta arising from Eq. (51.45) are given by

px5
@M

@x0
5 ga 1 c1xð Þx0 2 c2

2
y2 (51.47a)

py 5
@M

@y0
5 ga1 c1xð Þy0 (51.47b)

The corresponding Euler equations are then

p0x 5
@M

@x
5

c1

2
x021 y02
	 


2 a1 2 a2x2
a3

2
x2 1

b3

2
y2 (51.48a)

p0y 5
@M

@y
52c2yx

01 b2y1 b3xy (51.48b)

On examining the second-order terms, we see that these equations are coupled in such a

manner that Eq. (51.48a) contains only terms in y2 and y02, while Eq. (51.48b) is linear in y

and yu. The assumed mirror symmetries of the fields are consequently satisfied by these

equations, as of course they must be. This means that if (x(z), y(z)) is a permitted solution

of (51.48a,b), so too is (x(z), 2 y(z)).

51.6 Aberration Theory

The coupled system of trajectory equations derived above can be solved by means of the

standard perturbation techniques, and from their solutions the aberrations can then be

determined. Unlike systems with straight optic axes, dispersion effects here play so

important a role that they must be considered from the very beginning. For conciseness, we

shall deal mainly with magnetic systems and discuss electric systems only very briefly in

Section 53.2.

51.6.1 Magnetic Systems

We assume here that, for some fixed nominal value g0 of the kinetic momentum, the optic

axis is a possible trajectory. This assumption can always be satisfied, since along each

trajectory g is constant. (In Section 52.6 the optic axis will be the extended fringing field

(EFF)-axis.) Setting ga5 g0, x � 0 and y � 0 in Eqs (51.47) and (51.48), we find the

necessary condition a1(z, g0) � 0. In view of this, we now have to expand (51.45) and

(51.46) in terms of deviations δ from the nominal value of g0:

ga :¼ g0 11 δð Þ (51.49)
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This relative deviation δ is a small quantity, |δ|{1, and hence the series expansion of M

can be terminated after the third-order terms in x, xu, y, yu and δ.

With vanishing electric terms, ga appears explicitly only in the coefficients c1 and a1;

expansion of c1 with respect to δ is unnecessary, while evaluation of a1 gives

a1 52κg0δ with κg0 5QG0 (51.50)

It is convenient to introduce new field coefficients:

qi5QGi zð Þ=g0 for i5 0; 1; 2; q0 zð Þ5κ zð Þ (51.51)

We can then normalize the Lagrangian and put it into the simple ordered form

N :¼ g21
0 M2 ga
	 
 ¼: N 2ð Þ1N 3ð Þ (51.52)

where the paraxial term N (2) is given by

N 2ð Þ5
1

2
x021 y02
	 


2
q1

2
x2 2 y2
	 


2
κ
2
x21κxδ (51.53a)

and the perturbation term N(3) by

N 3ð Þ52
κ0

2
x0y2 1

1

2
δ2κxð Þ x021 y02

	 

2

1

6
q2 1κq1ð Þ x32 3xy2

	 

(51.53b)

The paraxial ray equations now take the form

x001 q1 1κ2
	 


x5κδ (51.54a)

y002 q1 zð Þy5 0 (51.54b)

In a given object plane z5 zo we may prescribe initial values xo; x0o and yo; y0o. The
corresponding solutions are then

x zð Þ5 xos1 zð Þ1 x0os2 zð Þ1 δ s5 zð Þ (51.55a)

y zð Þ5 yos3 zð Þ1 y0os4 zð Þ (51.55b)

in which s1 and s2 are solutions of (51.54a) with δ5 0, s3 and s4 are solutions of (51.54b)

and s5 is a solution of (51.54a) with δ5 1. The initial conditions are

s1 5 s3 5 s02 5 s04 5 1

s01 5 s03 5 s2 5 s4 5 s5 5 s05 5 0

)
at z5 zo (51.56)
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The paraxial solutions (51.55) and their derivatives are now introduced into the perturbation

eikonal, defined as the integral over N(3) from zo to the image coordinate zi. This is then a

function of the initial conditions:

L 3ð Þ xo; x
0
o; yo; y

0
o; δ

	 

5

ðzi
zo

N 3ð Þ x; x0; y; y0; zð Þdz (51.57)

The ordering with respect to the initial coordinates results in:

2L 3ð Þ5
1

6
A11x

3
o1 3A12x

2
ox

0
o1 3A21x

0
o
2xo 1A22x

0
o
3

	 

1

xo

2
B1;33y

2
o1 2B1;34yoy

0
o 1B1;44y

0
o
2

	 

1

x0o
2

B2;33y
2
o1 2B2;34yoy

0
o 1B2;44y

0
o
2

	 

1

δ
2

C1;11x
2
o1 2C1;12xox

0
o 1C1;22x

0
o
2

	 

1

δ
2

D33y
2
o 1 2D34yoy

0
o 1D44y

0
o
2

	 


1
δ2

2
C2;15xo1C2;25x

0
o

	 

1

1

6
δ3C3;55

(51.58)

The numbering of the coefficients adopted here is easily understood if the initial

coordinates (xo, xuo, yo, yuo, δ) are regarded as being numbered from one to five. The

coefficients can be expressed very concisely by introducing the wholly symmetric auxiliary

quantities Ek,mn and Fk,mn defined by

Ek;mn :¼
ðzi
zo

q2 1κ q1ð Þsksmsn dz (51.59a)

Fk;mn :¼
ðzi
zo

κ s0ks
0
msn 1 s0ksms

0
n 1 sks

0
ms

0
n

	 

dz (51.59b)

For the appropriate values of the subscripts k, m and n, we then have

Amn 5Em;mn 1Fm;mn (51.60a)

Bk;mn 52Ek;mn1

ðzi
z0

κsks0ms
0
n1κ0s0ksmsn

	 

dz (51.60b)
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Ck;mn 5Ek;mn 1Fk;mn 2 k

ðzi
z0

s0ms
0
n dz (51.60c)

Dmn 52E5;mn1

ðzi
z0

κs5s0ms
0
n1κ0s05smsn2 s0ms

0
n

	 

dz (51.60d)

Notice that these coefficients are symmetric with respect to the subscripts m and n. It is not

essential to use different letters, A, B, C and D, since the coefficients can already be

distinguished by the values of their suffixes, but this notation brings out the meaning very

clearly: the sets A and C refer to the x-direction only, while the sets B and D involve the

motion in the y-direction; the sets A and B refer to dispersionless contributions, while C and

D denote dispersions. The first suffix k in Eq. (51.60c) is the order of the corresponding

dispersion term.

We now examine the special case in which there is stigmatic imaging in first order. This

requires that sj(zi)5 0 for j5 2, 4.

The lateral geometric aberrations, referred back to the object plane, are simply given by

Δxo5
@

@x0o
L 3ð Þ; Δyo 5

@

@y0o
L 3ð Þ (51.61)

since the corresponding Wronskians are equal to unity. So far as Eq. (51.61) is concerned,

all terms in (51.58) that are independent of x0o and y0o are irrelevant; they could have been

omitted but we have preferred to retain them since the complete form of (51.58) reveals the

even symmetry with respect to yo and y0o more clearly.

We defer discussion of the possible types of aberrations to Chapter 52, where sector fields

are investigated. For further discussion of the general case, see Vandakurov (1957), Rose

and Plies (1973), Rose (1978a) and especially Plies and Typke (1978) and the very

complete study of Plies (2002), which we now examine.

51.6.2 Compound Systems

51.6.2.1 Aberrations of second rank

A very thorough study of the optics of combined electrostatic and magnetic systems was

made by Plies and Typke (1978), who even included the terms with which parasitic

aberration coefficients could be derived. This was subsequently improved and completed by

Plies (2002), who not only examined the third-rank aberrations but also indicated the best
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way of calculating the corresponding coefficients in practice. We now give an account of

this work, which complements the analysis in the preceding sections. Although Plies

requires that the curved part of the axis remains in a plane, he retains the rotationally

symmetric terms in the magnetic flux and only requires that this round magnetic lens field

and the deflection fields nowhere overlap. This is useful in practice as the various energy

analysers in which the axis is curved will be used in conjunction with magnetic lenses.

The reader who wishes to pursue this further and perhaps include the formulae in a

computer program will find it necessary to consult the 1978 article, since the very long

expressions for the terms in the eikonal expansion given there are not reproduced here. We

have therefore preferred to retain the notation used by Plies and Typke for the field and

potential expansions � this can easily be translated into the notation used consistently

above and elsewhere in these volumes with the aid of Table 51.1. We do however give all

the material needed to evaluate the second-rank aberrations and the present account is

therefore self-contained. Otherwise, the Plies�Typke notation has been replaced by our

standard conventions. In particular, note that η denotes ðe=2m0Þ1=2 as usual and not

ðe=2m0φ̂0Þ1=2. However, in the present context it is certainly convenient to absorb φ̂
1=2

0 into

η and we therefore write

η̂ :¼ ðe=2m0φ̂ 0Þ1=2 5 η=φ̂
1=2

0 (51.62)

Table 51.1: Potential expansions used by Plies and Typke

Φ5ℜ �φ
�φ5φ0 1φ1w

� 1φ2w
�2 1

1

4
φ1Γ

� 2φ00
0

	 

ww� 1φ3w

�3

1
1

8
2φ2Γ

� 2φ00
1 1

3

2
ℜ φ1Γ

�	 

Γ 2

5

2
φ00
0Γ 2φ0

0Γ
0

8<
:

9=
;ww�2 1φ4w

�4

1
1

4
φ3Γ

� 2
1

3
φ00
2 1

5

12
φ2ΓΓ

� 2
3

8
φ00
1Γ 2

1

6
φ0
1Γ

0 1
5

16
ℜ φ1Γ

�	 

Γ2 2

11

16
φ00
0Γ

2 2
13

24
φ0
0Γ

0Γ

8<
:

9=
;ww�3

1
1

32
3φ2Γ

�2 2 3φ00
1Γ

� 2 2φ0
1Γ

0� 2
1

2
φ1Γ

00� 1
9

4
φ1ΓΓ

�2 1
1

2
φ00 00 2

19

4
φ00
0ΓΓ

� 2
7

2
φ0
0Γ

0�Γ

0
@

1
Aw2w�2

φ0 5φ�
0 5φ0cðzÞ :¼ φ; φn 5φnðzÞ5φncðzÞ1 iφnsðzÞ for n$ 1

For the scalar magnetic potential, it is only necessary to replace φn by Ψn in the expansion for Φ and
B5BðzÞ52Ψ 0

oðzÞ. In the case described here, based on Plies (2002), the curvature is given by

κ5
Λφ1c

2φ̂
2 η̂Ψ1s 5Γ 5Γ �
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(To prevent confusion with the remainder of these books, we continue to use φ where

Plies�Typke use Φ. The suffix ‘G’ (Gegenstand5 object) is replaced by ‘o’ and ‘B’

(Bild5 image) by ‘i’.) We follow Plies and Typke in writing

Λ :¼ 11 2εφ (51.63)

The Gaussian trajectory equations now take the general form

x001
Λ
2

φ0

φ̂
x01 η̂By0 1

 
2Λ

φ2c

φ̂
1

3Λ2 1 2

8

φ2
1c

φ̂
2
1

Λ
4

φ00

φ̂
2

5Λ
4

φ1c

φ̂
η̂Ψ1s1 2η̂Ψ2s1 η̂2Ψ2

1s

!
x

1
η̂B0y
2

5

 
2
Λ2 1 1

2

φ1c

φ̂
1Λη̂Ψ1s

!
φo

2φ̂
δ

(51.64)

y001
Λ
2

φ0

φ̂
y0 2 η̂Bx01 Λ

φ2c

φ̂
2

Λ2

8

φ2
1c

φ̂
2
1

Λ
4

φ00

φ̂
1

Λ
4

φ1c

φ̂
η̂Ψ1s 2 2η̂Ψ2s

 !
y2

η̂
2
B0x5 0

As in the preceding section, δ is a measure of the chromatic variation: δ5Δφ/φo. In

regions in which the deflector fields ðφ1c; Ψ1sÞ are present, B must vanish. Conversely,

when B 6¼ 0; the functions φ1c and Ψ1s must be zero and Eq. (51.64) collapse to the

familiar equations

x001
Λ
2

φ0

φ̂
x0 1 η̂By01 2Λ

φ2c

φ̂
1

Λ
4

φ00

φ̂
1 2η̂Ψ2s

0
@

1
Ax1

η̂
2
B0y5 0

y001
Λ
2

φ0

φ̂
y0 2 η̂Bx01 Λ

φ2c

φ̂
1

Λ
4

φ00

φ̂
2 2η̂Ψ2s

0
@

1
Ay2

η̂
2
B0x5 0

(51.65)

Introduction of the rotating coordinate system for this case

θ5
1

2

ðz
zo

η̂Bdζ (51.66)

converts these to

u001
Λ
2

φ0

φ̂
u0 1

1

4
Λ
φ00

φ̂
1 η̂2B2

� �
u2 Λ

φ2c

φ̂
2 2η̂Ψ2s

� �
e22iθu

�
5 0 (51.67)

Plies notes that the Picht transformation can be used to eliminate the second term

if desired.
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As we saw in Section 51.6.1, the paraxial solutions for B5 0 are expressed in terms of

five fundamental solutions, s1,. . .s5; there we imposed the initial conditions (51.56):

s15 s35 s025 s045 1

s015 s035 s25 s45 s55 s055 0

�
at z5 zo

Now, however, we define the fundamental solutions in terms of their values at z5 zo and an

aperture plane, z5 za:

sxðzoÞ5 syðzoÞ5 1 sxðzaÞ5 syðzaÞ5 0

txðzoÞ5 tyðzoÞ5 0 t0xðzoÞ5 t0yðzoÞ5 1
(51.68)

sδðzÞ � s5ðzÞ5 txðzÞ
ðz
za

rsxdζ2 sxðzÞ
ðz
zo

rtxdζ

rðzÞ5 2
1

4
Λ2 1 1
	 
φ1c

φ̂
1

1

2
Λη̂Ψ1s

8<
:

9=
; φo

φ̂φ̂o

� �1=2
(51.69)

The s- and t-rays correspond to the following rays in Plies (2002):

sx2xγ sy2yδ tx2xα ty2yβ sδ2xε (51.70)

We shall see that in dispersive devices, there are four key planes: the object plane, the

aperture plane (usually conjugate to the source and hence in a diffraction plane), the image

plane (conjugate to the object plane) and the energy-selection plane (conjugate to the

aperture plane). These are illustrated in Fig. 51.4.

The Gaussian or ‘paraxial’ trajectory is therefore of the form

wðzÞ5 x0otxðzÞ1 xosxðzÞ1 δs5ðzÞ1 i y0otyðzÞ1 yosyðzÞ
� �

(51.71)

The dispersion ray sδ tells us the effect of energy spread in the image plane, z5 zi and in

the energy-selection plane z5 zs, conjugate to the source. The coefficients are obtained by

choosing the upper limits of the integrals in Eq. (51.69) appropriately. In the image plane,

sδðziÞ52sxðziÞ
ðzi
zo

txrdz (51.72a)

and in the energy-selection plane,

sδðzsÞ5 txðzsÞ
ðzs
za

sxrdz (51.72b)
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The second-rank aberrations are of three kinds: terms quadratic in position and gradient, a

single term quadratic in δ and mixed terms (linear in δ and one other coordinate). Here

again, the aberrations are of interest in the image plane and the selection plane. The

aberration coefficients are obtained in the usual way by differentiating the associated

eikonal function,

Δwð2Þ5 tx
@

@xo
2 sx

@

@x0o

� �
1 i ty

@

@yo
2 sy

@

@y0o

� �� �
W ð2Þ

υ ðzÞ (51.73)

The function W ð2Þ
υ ðzÞ is given explicitly in Plies and Typke (1978, see Eqs 47, 48 and 55).

This yields

Δxð2ÞðzÞ5 x0o
2xαα 1 y0o

2xββ 1 xox
0
oxαx1 yoy

0
oxβy 1 x2oxxx1 y2oxyy

1 x0oδxαδ 1 xoδxxδ 1 δ2xδδ
Δyð2ÞðzÞ5 x0oy

0
oyαβ 1 x0oyoyαy 1 xooy

0
oyβx1 xoyoyxy1 y0oδyβδ 1 yoδyyδ

(51.74)

Figure 51.4
Ray diagram and the important planes in an in-column imaging filter. The object plane z5 zo is
conjugate to the image plane, z5 zi; the aperture or diffraction plane z5 za is conjugate to the

energy-selection plane, z5 zs.
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in which the second-rank fundamental rays are as follows;

Axial rays

xαα52sxAααα1 txAααx

xββ 5
1

2
2sxBαββ 1 txBxββ
	 


yαβ 52syBαββ 1 tyBαβy

(51.75a)

Mixed rays

xαx 5 2ð2sxAααx1 txAαxxÞ
xβy 52sxBαβy1 txBxβy

yαy 52syBαβy1 tyBαyy

yβx 52syBxββ 1 tyBxβy

(51.75b)

Field rays

xxx52sxAαxx1 txAxxx

xyy5
1

2
2sxBαyy1 txBxyy

	 

yxy52syBxβy1 tyBxyy

(51.75c)

Axial chromatic rays

xαδ 52sxCααδ 1 txCαxδ

yβδ 52syCββδ 1 tyCβyδ
(51.75d)

Field chromatic rays

xxδ 52sxCαxδ 1 txCxxδ

yyδ 52syCβyδ 1 tyCyyδ
(51.75e)

Dispersion ray

xδδ 52sxCαδδ 1 txCxδδ (51.75f)

From these very general expressions, much simpler formulae can be derived for the most

important special cases. In a stigmatic image plane z5 zi, we put txðziÞ5 tyðziÞ5 0; the

integrals run from zo to zi. Thanks to the use of the eikonal, two relations among the

aberration coefficients emerge: the coefficient of β2 in Δxð2ÞðziÞ is half the coefficient of
αβ in Δyð2ÞðziÞ and the coefficient of βy in Δxð2ÞðziÞ is the same as the coefficient of

General Curvilinear Systems 1233



αy in Δyð2ÞðziÞ. For practical purposes, note that the magnifications in the x- and y-

directions are different. In the selection plane, z5 zs, sxðzsÞ5 0; the integrals now run from

za to zs.

The coefficients A, B and C are now listed in compact form. The suffices may take the

following values

λ; μ-α; x or δ
π; ρ-α or x

σ; τ-β or y

(51.76)

and we use the mapping between xα, ... and sx, given in Eq. (51.70).

Aλμπ5

 
φ̂

φ̂0

!1=2

3g11g2ð Þ x0λ
xλ
1
x0μ
xμ
1
x0π
xπ

 !
13g3

( )
xλxμxπ

2
4

3
5
z

zν

1

ðz
zν

 
φ̂
φ̂0

!1=2

g51g6ð Þ x0λx
0
μ

xλxμ
1
x0λx

0
π

xλxπ
1
x0μx

0
π

xμxπ

 !
1 3g71g8ð Þ x0λ

xλ
1
x0μ
xμ

1
x0π
xπ

 !
13ðg91g10Þ

( )

3xλxμxπdζ

Bλστ52

 
φ̂
φ̂0

!1=2

g1
x0λ
xλ
1
y0σ
yσ
1
y0τ
yτ

 !
1g2 3

x0λ
xλ
2
y0σ
yσ
2
y0τ
yτ

 !
1g3

( )
xλyσyτ

2
4

3
5
z

zν

12

ðz
zν

 
φ̂
φ̂0

!1=2

G23g91g10ð Þxλyσyτdζ

G5g5
x0λy

0
σ

xλyσ
1
x0λy

0
τ

xλyτ
2
y0σy

0
τ

yσyτ

 !
1g6

y0σy
0
τ

yσyτ
1g7

x0λ
xλ

1
y0σ
yσ

1
y0τ
yτ

 !
1g8 3

x0λ
xλ

2
y0σ
yσ

2
y0τ
yτ

 !
(51.77)

CππΔ52AΔπρ12
φ̂
φ̂0

0
@

1
A

1=2

g4xπxρ

2
64

3
75
z

zν

12

ðz
zν

φ̂
φ̂0

0
@

1
A

1=2

g11
x0πx

0
ρ

xπxρ
1
1

2
g12

x0π
xπ

1
x0ρ
xρ

 !
1g131g14

( )
xπxρdζ
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CπΔΔ5AΔΔπ12
φ̂
φ̂0

0
@

1
A

1=2

g4xπxΔ

2
64

3
75
z

zν

1

ðz
zν

φ̂
φ̂0

0
@

1
A

1=2

g15xπdζ

12

ðz
zν

φ̂

φ̂0

0
@

1
A

1=2

g11
x0πx

0
Δ

xπxΔ
1
1

2
g12

x0π
xπ

1
x0Δ
xΔ

 !
1g131g14

( )
xπxΔdζ

CστΔ5BΔστ12
φ̂
φ̂0

0
@

1
A

1=2

g4yσyτ

2
64

3
75
z

zν

12

ðz
zν

φ̂
φ̂0

0
@

1
A

1=2

g11
y0σy

0
τ

yσyτ
1
1

2
g12

y0σ
yσ

1
y0τ
yτ

 !
2g131g14

( )
yσyτdζ

The potential functions g1, . . ., g15 are as follows:

g1 5
Λ
16

φ1c

φ̂
g252

η̂
8
Ψ1s

g3 52
Λ
16

φ0
1c

φ̂
2

Δ2 1 1

32

φ1cφ0

φ̂
2

1
Λ
16

φ0

φ̂
η̂Ψ1s g45

φ0φo

16φ̂
2

g5 52
Λ
8

φ1c

φ̂
1

η̂Ψ1s

4
g65

Λ
4

φ1c

φ̂
2

η̂Ψ1s

2

g7 5
Λ21 1

16

φ1cφ0

φ̂
2

2
Λ
16

φ0

φ̂
η̂Ψ1s g8 52

Λ
16

φ0

φ̂
η̂Ψ1s

g9 5
Λ
2

φ3c

φ̂
2

3Λ2 1 2

16

φ2cφ1c

φ̂
2

1
Λ 2Λ21 5
	 

128

φ3
1c

φ̂
3

1 η̂ 2Ψ3s1
Λ
8

φ2c

φ̂
Ψ1s1

7Λ
24

φ1c

φ̂
Ψ2s2

Λ2 1 1

24

φ2
1c

φ̂
2
Ψ1s

0
@

1
A

2 η̂2
1

12
Ψ2s1

Λ
16

φ1c

φ̂
Ψ1s

0
@

1
AΨ1s1

1

16
η̂3Ψ3

1s

(51.78)
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g1052
3Λ21 2
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φ2cφ1c
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1
Λ 6Λ2 1 13
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φ̂
2

1

8
η̂Ψ1s

0
@

1
Aφ2

o

φ̂
2

51.6.2.2 Third-rank aberrations

Second-order perturbation theory, as presented in Chapter 22 of Volume 1, is needed to

establish third-rank aberration coefficients. For curved-axis systems, this is a complicated

and very laborious task, even using computer algebra, and Plies (2002) proposes a simpler

approach with which useful information about the magnitudes of the coefficients can be

obtained with a reasonable expenditure of effort. Here we present in qualitative language

the main steps in his argument, mathematical details of which are given in the article cited.

The starting point is an expression for w(z) up to third-order terms in which only single

derivatives of a suitable eikonal function appear (whereas multiple derivatives occur in the

general form of the perturbation calculus). It is assumed that the potentials have been

calculated by one of the methods described in Part II and that the second-rank fundamental

rays (51.75) have also been calculated and stored. For the next stage of the calculation, the

derivatives of the terms in the eikonal function denoted by F, F1g, F2g and F11c (Eqs 9�14

of Plies and Typke, 1978) are required. Explicit formulae for these are given by Plies

(Eq. 45ff). All the information needed to evaluate the integrals occurring in the second-rank
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trajectories, for a chosen set of values of α, β, xo, yo and δ, is thus available. The third-rank
aberrations for the chosen conditions can now be evaluated in the image plane and the

selection plane (and indeed in any other plane though it seems unlikely that such

information would be wanted).

The foregoing calculation is designed to provide information for bundles of rays of

immediate practical interest: axial rays (xo5 yo5 0) for example, or field rays

(α5 β5 δ5 0). In order to calculate the other aberrations, Plies notes that the trajectory

equation can be recast in the form

w00 1 hzΓ 1Re Γ 0w
�
1 2Γw0�	 
w0

hz
5

11 2εΦ
2Φ̂

h2z 1w0w0�	 

2Ew1

w0

hz
Ez

 !

1 iηΦ̂
21=2

h2z1w0w0�	 
1=2
2hzBw 1w0Bz2

w0w0�

2hz
Bw1

w02

2hz
B

�
w

 ! (51.79)

which lends itself well to numerical evaluation. We note in passing that the accuracy is

better when the coordinates (x, y, z) are used instead of the primitive coordinates (X, Y, Z),

as pointed out by Kasper (1987). When the torsion τ5 0, so that Γ 5κ and hz5 12κz,
Eq. (51.79) becomes

x00 1κð12κxÞ1 ðκ0x1 2κx0Þ x0

12κx

5
11 2εΦ

2Φ̂
12 2κx1κ2x2 1 x021 y02
	 


2Ex1
x0

12κx
Ez

 !

1
η

Φ̂
1=2

122κx1κ2x21x021y02
	 
1=2

12κxð ÞBy 2 y0Bz1
x0

12κx
x0By2 y0Bx

	 
( )

y00 1 ðκ0x1 2κx0Þ y0

12κx

5
11 2εΦ

2Φ̂
12 2κx1κ2x2 1 x021 y02
	 


2Ey1
y0

12κx
Ez

 !

1
η

Φ̂
1=2

122κx1κ2x21x021y02
	 
1=2

2 12κxð ÞBx 1 x0Bz1
y0

12κx
2y0Bx 1 x0By

	 
( )

(51.80)
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The fact that the optic axis is a ray implies that

κ5
Λ
2φ̂

φ1c2 η̂Ψ1s and
Λ
2φ̂

φ1s52 η̂Ψ1c (51.81)

Numerical integration of Eq. (51.80) for a range of values of α, β, xo, yo and δ yields a set

of values of x(z) and y(z) correct up to third rank from which the aberrations in the image

and selection planes (or elsewhere) can be deduced.
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CHAPTER 52

Sector Fields and Their Applications

52.1 Introduction

Magnetic and electrostatic sector fields, and indeed combinations of both, are used as

dispersive elements. By this we mean that particles setting out from the same object point

and in the same direction but with different values of momentum or energy or different

masses will intersect some given recording plane at different points. In a well-designed

device, the different families of particles will be widely separated, and to achieve this, we

must arrange that all particles starting from a common object point in different directions

but having the same momentum, energy and mass are focused in the recording plane; the

latter is then known as the image plane. Focusing is indispensable in the symmetry plane at

least, as illustrated in Fig. 52.1; in the general case, a line focus will then be formed in the

y-direction perpendicular to the symmetry plane. A device that behaves in this way is said

to provide single focusing.

It often happens that it is not sufficient to create a large dispersion and radial focusing: in

addition, an image of the object is required, with the particles separated according to their

different energies. An example of such a device is the combination of magnetic prism and

electrostatic mirror introduced by Castaing and Henry (1962, 1964); see Fig. 18.1 and the

full account in Metherell (1971). The necessary focusing in the axial direction,

perpendicular to the plane of the diagram, is achieved by tilting the sector boundaries with

respect to the optic axis. A device with this property is said to provide double focusing.1

The resolution of focusing prisms will clearly be superior if the particles are focused not

only in a first-order (linear) approximation but to the next higher order: in other words, it is

advantageous to correct the primary (second order) aberrations. Various ways of achieving

such correction are known, involving shaping the sector boundaries, exploiting the

symmetry properties, or adding multipole correction elements at the ends of the sector.

A word is necessary here about the nomenclature associated with prism optics. The

properties of magnetic and electrostatic sector fields have been studied for widely different

1 This is not the only meaning of the term ‘double focusing’. It is the usual meaning in particle spectroscopy

and in ion momentum analysis, but in the mass spectrometer literature, a double focusing device is one in

which a single image is formed of particles with one of the masses present in the beam, irrespective of angle

and velocity at the source (to the usual approximation).
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purposes and with very different energy ranges in mind. There is thus much duplication in

the literature and a distinction that must be drawn with care in one situation may be

irrelevant in another. Moreover, the vocabulary that is commonly used among the high-

energy physics community is not obviously appropriate when discussing energy analysis for

electron microscopy. In particular, the radial and axial directions, as we have defined them

above, are often called the horizontal and vertical directions in the accelerator literature

(e.g., Enge, 1967), though with the wide availability of large, standard, particle optics

codes, there is a trend away from this terminology (e.g., Brown, 1968; Brown and

Servranckx, 1985). We attempt to remain neutral, since the results are applicable to ion

optics and electron optics and over a wide energy range.

52.2 Magnetic Devices with a Circular Optic Axis

We now consider magnetic fields that exhibit rotational symmetry about an axis x52R,

at least over a sector. At the ends of the sector, the fringing fields may well have a rather

complex structure and, for the present, we neglect these fields. Fig. 52.2A shows a

meridional section through a magnet with tapered poles and Fig. 52.2B, the corresponding

axial or horizontal section. Since the system has rotational symmetry, all the coefficients

in Eq. (51.46) are independent of the azimuth θ5 z/R; they must hence be constant and

c2 � 0. The field component expansions of Eq. (51.41) are now

Bx 5 yðG1 1 xG2Þ

By 5G0 1 xG1 1
1

2
x2G22

1

2
y2ðκG11G2Þ

Bz5 0

(52.1)

Figure 52.1
Focusing in the symmetry plane of a magnetic prism. The figure shows pencils of rays from two
object points O1 and O2. For the latter, the effect of dispersion is also shown (broken lines), the

dispersed particles having a momentum below the nominal value.
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A fairly suitable and widely used field model is given by

Byðx; 0; 0Þ5B0ð11κxÞ2n (52.2)

where 0 # n , 1; B0 denotes the constant magnetic field strength along the optic axis. For

this field, we see that

G0ðzÞ5B0;G152 nκB0 and G2 5 nð11 nÞκ2B0 (52.3)

The equilibrium condition (51.50), κg05QG0, takes the familiar form

B05 g0=RQ5mυ0=RQ (52.4)

Figure 52.2
Sector magnet with tapered poles. (A) Meridional section: the arrows indicate the magnetic field,
which decreases in the outward direction. (B) Symmetry plane, Y5 0: the deflection corresponds

to a negatively charged particle.
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m being the mass corresponding to g0. Certain values of the parameter n are associated with

particular poleface shapes. The simplest case is the homogeneous field created between

plane parallel faces, for which n5 0; the other two shapes that are amenable to exact

analysis, toroidal and conical poles (Fig. 52.3), cannot be matched to Eq. (52.2) exactly but

the conical field is quite well modelled by values of n close to unity for appropriate values

of the cone angle (α). More generally, we find

G1 52G0=Rm G2 5 2=R2
m (52.5)

for the conical field

By

G0

5
1

11 x=Rm

(52.6)

where Rm is the gap between the polepieces at the optic axis multiplied by cot α. For the
case of toroidal poles, for which

By

G0

5
d

d1Rm2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
m2 x2

p (52.7)

where d is the gap between the polepieces at their closest point and Rm is the radius of the

circular section of each torus, we find

G15 0 G252 1=2dRm (52.8)

Returning to the model (52.2), the coefficients introduced in Sections 51.5 and 51.6 take the

particular values

a1ðz; g0Þ5 c2 5 0; c1 52κg0
a2ðz; g0Þ5 ð12 nÞκ2g0; b2 52 nκ2g0

a3ðz; g0Þ5 b3 5κ3n2g0

q0 5κ; q152 nκ2; q2 1κq1 5 n2κ3

(52.9)

Figure 52.3
Toroidal electrodes (left) and magnetic polepieces (right). Note that the optic axis passes midway
between the electrodes but does not necessarily lie in the cylindrical surface in which the poles are

closest.
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The paraxial ray equations simplify to

xv1κ2ð12 nÞx5κδ (52.10a)

yv1κ2ny5 0 (52.10b)

The corresponding homogeneous equations, which we examine first, are known as the

Kerst�Serber equations (Kerst and Serber, 1941). From these, it is obvious that oscillatory

solutions are obtained only for 0 , n , 1 and that the frequencies of oscillation are equal

for n5 1/2. The Kerst�Serber equations are of importance for questions of stability in

circular particle accelerators, where particles revolve very many times around the axis of

the device before being deflected towards the target. We note in passing that Courant et al.

(1952) pointed out that the amplitudes of the oscillations in the x and y directions can be

very markedly reduced by arranging that G1(z) is a periodic function of z; the resulting

guiding field is said to provide ‘strong focusing’ or focusing by alternating gradients and is

very important in accelerator optics.

In many spectrometers and spectrographs, the magnet polefaces are plane-parallel, since the

introduction of more complex surfaces such as cones or tori is often not really necessary

and renders the machining much more complicated. In the following sections, therefore, we

explore the case of the homogeneous magnetic field, for which n5 0 in Eq. (52.2), in more

detail than the inhomogeneous situation. The ray equations then simply describe a flat helix

in a curvilinear coordinate system. In this simple special case, it is often easier to use the

Cartesian representation of the helix directly, especially in the calculation of aberrations.

The general case, in which G1 and G2 in Eq. (52.1) may have any form, will be examined

in Section 53.3, in which we present a unified theory of ion optical focusing and deflecting

elements.

52.3 Radial (Horizontal) Focusing for a Particular Model Field

We again adopt the field model of (52.2) and first consider the motion in the symmetry

plane; the coordinate system adopted is shown in Fig. 52.4. (The notation is different from

that employed in the widely used account of Enge, 1967.) The angles α and β
characterizing the tilt of the endplanes of the magnet are taken to be positive in the

orientation shown in Fig. 52.4. Our task now is to establish the linear relations between

(xo, x
0
o) and (xi, x

0
i).

The case of a perpendicular entrance plane corresponds to α5 0 and we have

x1 5 xo 1 L1x
0
o; x015 x0o (52.11)
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Any tilt of the entrance plane (α 6¼ 0) has the same effect as a deflecting prism, as shown in

Fig. 52.5. Since the path-length through such a prism at a distance |x1| from the optic axis is

approximately equal to |x1 tan α| and since |x1|{R, a weak deflection δx0 5 (x1/R) tan α is

produced. When the face is tilted, therefore, the effective entrance coordinates are given by

x1 � x1 5 xo 1 L1x
0
o; x015 x0o1κx1 tan α (52.12)

These are now the initial conditions for the solution of (52.10a). The solution and its

derivative are thus

xðzÞ5 x1 cos λðz2 z1Þ1λ21x01 sin λðz2 z1Þ
x0ðzÞ52λx1 sin λðz2 z1Þ1 x01 cos λðz2 z1Þ

in which λ :¼κ(12 n)1/2. In a fixed exit plane, z5 z25 z1 1 Rϕ, ϕ being the deflection

angle, we find the exit values

x2 5 x1 cos ϕx1Rε21
x x01 sin ϕx (52.13a)

Figure 52.4
Focusing in the symmetry plane of a magnetic prism (radial focusing) and associated notation.

For clarity, only one focused pencil is shown. The angles α and β will be positive in this situation.

Figure 52.5
Deflection by a short magnetic prism; tan γ5 x tan α/R. The signs indicate the direction of By

for a negatively charged particle.
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x 0252 εxR21x1 sin ϕx1 x 01 cos ϕx (52.13b)

in which

εx5λR5 ð12nÞ1=2; ϕx 5 εxϕ5 ð12nÞ1=2ϕ (52.14)

These refer to a perpendicular exit plane; as with Eq. (52.12), any tilt (β) of this plane
causes an additional deflection, now given by

x2 5 x2; x02 5 x 02 1κx2 tan β (52.15)

The coordinates in the image plane are then finally

xi5 x2 1 L2x
0
2; x0i5 x02 (52.16)

The relation between (xo , x
0
o) and (xi , x

0
i) is represented most concisely in terms of transfer

matrices. From the steps (52.11) to (52.16) we can extract the corresponding matrices. The

result is represented best in dimensionless form:

κxi
x0i

� �
5 Tx κxo

x0o

� �
(52.17)

Tx5
1 κL2
0 1

� �
1 0

tan β 1

� �

3
cos ϕx εx21sin ϕx

2 εxsin ϕx cos ϕx

� �
1 0

tan α 1

� �
1 κL1
0 1

� � (52.18)

The explicit forms of the elements of this matrix product are not given here.

The condition for single focusing is now the disappearance of the matrix element Tx
12. For

the important special case of a homogeneous magnetic field within the sector, n5 0, εx 5 1,

this takes the comparatively simple form

sin ϕ1κL1
cosðϕ2αÞ

cos α
1κL2

cosðϕ2βÞ
cos β

2κ2L1L2
sinðϕ2α2 βÞ
cos α cos β

5 0 (52.19)

In the ultimate special case α5 β5 0 this simplifies further to Barber’s rule (Barber,

1929�34):

L15R tan ε1; L2 5R tan ε2 and hence ϕ1 ε1 1 ε2 5π (52.20)

This implies that the object point Po, the edge of the sector and the focus position Pi

are located on a straight line, as is shown in Fig. 52.6A. A similar rule has been devised by

Judd (1950) for the case in which 0 , n , 1; as shown in Fig. 52.6B, the edge of the

sector and the points P
�
o and P

�
i are collinear when the sector angle is taken to be
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(12 n)1/2ϕ and the distances to P
�
o and P

�
i to be (12 n)l/2L1 and (12 n)1/2L2. In the axial

direction, n1/2 replaces (12 n)1/2 in the above construction.

52.4 The Linear Dispersion

We now have to consider the same transfer chain for a kinetic momentum g deviating from

the nominal value of g0. The deviation is best written in the dimensionless form

Figure 52.6
(A) Barber’s rule. For normal incidence, the point source Po, the edge C and the focus Pi lie on
a straight line. There is no axial focusing! (B)�(C) Judd’s rule. When 1 . n . 0, a similar
diagram relates scaled object and image distances, L0:¼(12 n)1/2L, and the scaled deflection

angle ϕ0:¼(12 n)1/2ϕ, in the radial direction. The same is true in the axial direction
for Lv:¼n1/2L, ϕv:¼n1/2ϕ.
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δ :¼ Δg

g0
5

ΔR

R
(52.21)

already introduced Eq. (51.49). In the linear approximation we can neglect all terms

involving the products xδ, x0δ, which may be regarded as of second rank. Eqs (52.11),

(52.12), (52.15) and (52.16) are thus unaltered. The only new aspect is the appearance of an

inhomogeneous term in the Kerst�Serber equation:

xv1κ2ε2xx5κδ (52.22)

The solution Eq. (52.13a,b) must now be replaced by inhomogeneous relations, therefore; in

matrix notation, these have the form

κx2
x02

� �
5

cos ϕx ε21
x sin ϕx

2εxsin ϕx cos ϕx

� �
κx1
x01

� �
1 δ

ε22
x ð12 cos ϕxÞ
ε21
x sin ϕx

 !

The transfer matrices can be extended to rank 3 (e.g., Enge, 1967), so that only a single

matrix-vector product appears on the right-hand side but we prefer the more compact

(and less sparse) rank 2 form. After including the remaining transfer matrices,

we finally obtain

κxi
x0i

� �
5 Tx κxo

x0o

� �
1 δ Dl

Da

� �
(52.23)

in which Dl denotes the linear dispersion and Da the angular dispersion. These dispersions,

which are given by the matrix product

Dl

Da

� �
5

1 κL2
0 1

� �
1 0

tanβ 1

� �
ε22
x ð12 cos ϕxÞ
ε21
x sin ϕx

 !
(52.24)

refer to relative variations δ5Δg/g0 of the kinetic momentum. Sometimes it is not these

but variations of the total energy W0, of the charge Q or of the mass m0 that are of interest.

The corresponding relations are obtained by evaluating (51.43) for constant electric

potential Φ. Differentiation of (51.43) with respect to W gives

Δg5 υΔW ; υ5
g

m
(52.25)

υ being the velocity and m the relativistic mass of the particle. The energy dispersion is

then given by

Δxi5RDlm
21ΔW (52.26)
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Another quantity of interest for spectrometers is the resolving power. This is defined as the

reciprocal relative momentum variation g0 /Δg5: δ21
m , necessary to separate the images of

an entrance slit with given width Δxo. From

Δxi5RDlδm5MxΔxo

Mx 5 Tx
11 being the radial magnification, we obtain

1

δm
5

RDl

MxΔxo
(52.27)

for a single sector magnet. A formula given by Wollnik (1971, 1980) shows that the

resolving power is proportional to the area covered by the projection of the particle beam

on the symmetry plane within the sector.

52.5 The Axial (Vertical) Focusing

In the previous sections, we have tacitly assumed that the field boundaries are sharp. In

reality there are smooth fringing fields in the vicinity of the endplanes. Whereas these

furnish only minor contributions to the radial focusing, which will be dealt with later

(Section 52.6), they essentially determine the axial focusing. Fortunately, a complete

knowledge of the fringing field distribution is not necessary, as will soon become

obvious.

We now set out from Eq. (51.54b). Since we intend to apply Eq. (51.41) directly, it is

convenient to return to the original coefficients. With b25QG2 and Eq. (52.3), we have

yv5Qg21
0 G1ðzÞyðzÞ5κB21

0 G1ðzÞyðzÞ
Since the fringing field is very short and y(z) is a slowly varying function, we may replace

y(z) by its entrance value y1. On integrating with respect to z, we find that the ray-gradient

alters by an amount

Δy01 5κB21
0 y1

ð
G1 dz (52.28)

From Eq. (51.41b), we see that G15 @By/@x for x5 y5 0. If the front-plane is inclined at

an angle α to the optic axis (see Fig. 52.5), the local fringing field can depend only on the

variable σ :¼ (z2 z1) cos α2 x sin α normal to the boundary. Hence

@By

@x
52

@By

@σ
sin α52

@By

@z
tan α
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Integrating now over the whole fringing field region from the field-free space outside into

the domain of the unperturbed deflection field By5B0, we findð
G1dz52 tan α

ð
@By

@z
dz52B0 tan α

Substituting this into Eq. (52.28), we finally obtain

Δy01 52κy1 tan α (52.29)

Combining this with Δx015κx1 tan α, we see that the fringing field of a pole boundary,

tilted through an angle α, acts like a short quadrupole lens of focal length f5 6R cot α.

The transfer relations for the axial focusing are thus seen to be quite analogous to Eqs

(52.17) and (52.18):

κyi
y0i

� �
5 Ty κyo

y0o

� �
(52.30)

with

Ty 5
1 κL2
0 1

 !
1 0

2 tan βy 1

 !

3
cos ϕy ε21

y sin ϕy

2 εysin ϕy cos ϕy

 !
1 0

2 tan αy 1

 !
1 κL1
0 1

 ! (52.31)

and

εy5
ffiffiffi
n

p
; ϕy5 εyϕ; αy � α; βy � β (52.32)

The differences αy2α, βy2β are small corrections, which will be dealt with later.

When the field inside the sector is homogeneous (n5 0), we have εy5 0, ϕy5 0 and

lim (ε21
y sin ϕy)5ϕ. The matrix involving ϕy and αy then degenerates to

1 κL
0 1

� �
with L5Rϕ

which indicates that, so far as the axial motion is concerned, the sector acts as a drift space

of length L. The condition for axial focusing, T
y
125 0, now takes the comparatively simple

form

L1 L1 1 L2 2κL1ðL21 LÞ tan αy 2κL2ðL11 LÞ tan βy

1κ2LL1L2 tan αy tan βy5 0
(52.33)
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This equation and (52.19) are therefore the conditions for double or stigmatic focusing in

first order when the field is homogeneous (n5 0).

52.6 Fringing Field Effects

The theory presented in the preceding sections is incomplete in two respects: we have not

yet considered aberrations and we have neglected the effect of fringing fields on the radial

focusing. In this section we consider the latter in a simple way. References to more

sophisticated treatments are to be found in the Notes and References for Part X.

Fig. 52.7 shows an axial section through a sector magnet in a direction normal to the exit

surface and the corresponding field component By(s), s being a coordinate in this normal

direction. Exact analysis of such a field requires extensive numerical calculation and so, in

order to simplify the design procedures, certain approximations are commonly adopted.

In the ‘sharp cutoff fringing field’ approximation (SCOFF), the smooth curve By(s) is

replaced by a step function of equal area (see Fig. 52.7). We normalize all the variables

as follows:

s :¼ ðz2 zaÞ cos β1 x sin β
� �

D21 (52.34)

where D is the gap-width in the magnet, and

hðsÞ :¼ B21
0 ByðsÞ (52.35)

h0ðsÞ :¼
1 for s , 0

0 for s . 0

�
(52.36)

Figure 52.7
Axial section through the exit zone of a magnet fitted with a shield plate (only the upper half,
y $ 0, of the symmetric arrangement is shown). The SCOFF approximation is denoted by h0(s)

while h(s) is the normalized field strength By/B0; the hatched areas must be equal.
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The condition of equal areas,

ðN
2s1

hðsÞds5
ðN
2s1

h0ðsÞds5 s1 for s1c1

defines the position of the jump at s5 0 or, in other words, defines the virtual field

boundary. In a real design, it is not the physical boundary of the prism that is used in the

first-order approximation but the virtual field boundary, which intersects the axis at z5 z2.

The virtual field boundary on the entrance side is defined in a similar manner; the

approximation is represented schematically in Fig. 52.8.

A more refined treatment is provided by the ‘extended fringing field’ approximation (EFF),

in which the variation of the reduced field function h(s) is considered more closely. In the

symmetry plane, the optic axis must deviate from that assumed in the SCOFF

approximation since near the exit plane inside the sector, the EFF (52.35) already starts to

decrease. The condition that the integrals be equal implies that the asymptotic direction of

the optic axis cannot alter and the latter must therefore be shifted, as shown in Fig. 52.8.

According to Enge (1967), the entrance and exit shifts are given by

Δx15κD2 I1

cos2α
; Δx2 5κD2 I1

cos2β
(52.37)

with

I1 :¼
ðN
2s1

ðs
2s1

h0ðs0Þ2 hðs0Þ� �
ds0

2
4

3
5ds (52.38)

Figure 52.8
Difference between the SCOFF and the EFF approximations. The field boundaries are the virtual
ones (s5 0). The origins of the coordinates x1 and x2 are situated on the SCOFF axis. The broken

lines indicate roughly the extent of the fringing field zone.
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In the fringing field domain, the angle of inclination ~β between the optic axis and the

boundary normal is a function of s. This in turn influences the axial focusing, the force

causing which is proportional to h0(s) tan ~β ðsÞ. In the fringing field, where the derivative

h0(s) is greatest, ~βðsÞ has not yet reached its asymptotic value β and the effective angle βy is

hence smaller than β (Enge, 1967):

tan βy 5 tan β2
DI2ð11 sin2βÞ

R cos3β
(52.39)

tan αy5 tan α2
DI2ð11 sin2αÞ

R cos3α
(52.40)

with

I2 :¼
ðN

2N

hðsÞ h0ðsÞ2 hðsÞ� �
ds (52.41)

These expressions are to be introduced into Eqs (52.31) and (52.33). These effects should

not be regarded as aberrations but merely as corrections to the oversimplified SCOFF

approximation.

There have been several more sophisticated attempts to include the effects of fringing fields

(Hoffstätter and Berz, 1995; Müller et al., 1996; Huber and Plies, 1999). Hartmann et al.

(1990) have used differential algebra (Section 34.8) to obtain numerical values of the many

coefficients. The most complete theoretical study of motion through the fringing field of a

homogeneous bending magnet is that of Hartmann and Wollnik (1994). We cannot give all

the details of their lengthy calculations but we do reproduce the matrix elements for the

entrance fringing field (from which those for the exit fringing field can be written down

immediately). Note that this article supersedes those of Matsuda and Wollnik (1970a,b) and

Sakurai et al. (1989). Hartmann and Wollnik define

a :¼ px=p0 b :¼ py=p0 L :¼ υ0ðt2 t0Þ P :¼ ðp2 p0Þ=p0
t5 tan ε c :¼ 1=R c0 :¼ cos ε h5 1=ρ0

(Fig. 52.9A) and find

First-order elements:

ðx; xÞ512chI1a
t

c0
ð213t2Þ

ðx; aÞ522h
t

c20
I1a

ðx; PÞ5 h

c20
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ða; xÞ5 th1chI1a
t

c0
ð213t2Þ

�
c

c0
2ht

�

ða; aÞ5122h2
t2

c20
I1a1chI1a

t

c0
ð213t2Þ

ða; PÞ5 ht

c0
I1a

�
h

c0
2ct

�

ðy; yÞ512h2I1b
112t2

c20
1chtI1a

213t2

c0

ðy; bÞ52h
t

c20
I1a

Figure 52.9
(A) Trajectory of the reference particle in a fringing field. The ideal and real paths coincide inside
the magnet. The fringing field shifts the real path a distance Δx and tilts it through an angle Δϕ.
(B) Sector magnet with cylindrically curved virtual entrance and exit boundaries. Convex surfaces

correspond to positive curvature and concave surfaces to negative curvature, so that in this
example, R1. 0, R2, 0. After Hartmann and Wollnik (1994), Courtesy Elsevier.
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ðb; yÞ52 th2h2
112t2

c0
I4a2

ht

c0
I1b

0
@

1
A1h3I9

t

c20
ð7110t2Þ2chI1a

t

c0
ð213t2Þ th1

c

c0

0
@

1
A

1ch2I1b
t2

c0
ð516t2Þ

ðb; bÞ5122h2I1a
t2

c20
1h2I1b

112t2

c20
2chtI1a

213t2

c0

ðL; xÞ52ch
t2

c0
I1a

ðL; aÞ52hI1a
1

c20

Second-order elements:

ðx;xxÞ52
1

2
ht2

ðx;yyÞ5 h

2c20
1h2tI4a

516t2

2c0

ða;xxÞ5 ch

2c30

ða;xaÞ5ht2

ða;yyÞ5 1

2
h2tð112t2Þ2 ch

2c30
1h3I4a

t2

2c0
ð7110t2Þ2h2cI4a

t

2c20
ð516t2Þ

ða;ybÞ52ht22h2I4at
112t2

c0

ðy;xyÞ5 t2h1h2tI4a
112t2

c0

ðb;xyÞ52
ch

c30
2ch2tI4að5111t216t4Þ

ðb;xbÞ52 t2h2h2tI4a
112t2

c0

ðb;ayÞ52
h

c20
2h2tI4a

516t2

c0

ðb;ypÞ5h2I4a
112t2

c0

ðL;yyÞ5 h2I4a

2c0
ð112t2Þ
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Third-order elements:

ðx; xxxÞ52
cht

2c30

ðx; xxaÞ52 ht3

ðx; xyyÞ52
1

2
h2t2ð11 2t2Þ1 3hct

2c30

ðx; xybÞ5 htð11 2t2Þ

ðx; xxPÞ5 1

2
ht2

ðx; ayyÞ5 ht

c20

ðx; yyPÞ52
h

2c20

ða; xxxÞ5 c2ht

2c40

ða; xxaÞ5 3cht

2c30

ða; xaaÞ5 ht3

ða; xaPÞ52 ht2

ða; xyyÞ5 h2c
11 6t2

2c30
2

3hc2t

2c40

ða; xybÞ5 h2t2ð11 2t2Þ2 3ht
c

c30

ða; xbbÞ52 t3h

ða; ayyÞ5 1

2
h2t2ð51 6t2Þ2 3ht

c

2c30

ða; aybÞ52 htð11 2t2Þ

ða; yyPÞ52
1

2
h2tð11 2t2Þ

ða; ybPÞ5 ht2

ðy; xxyÞ5 3cht

2c30

ðy; xxbÞ5 ht3

ðy; xayÞ5 htð11 2t2Þ
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ðy; xyPÞ52 ht2

ðy; yyyÞ5 h2
11 6t2

6c20
1 2h2I6

11 2t2

3c20
2

cht

2c30

ðy; yybÞ52
th

c20

ðb; xxyÞ52 ht
3c2

2c40

ðb; xxbÞ52 ht
3c

2c30

ðb; xayÞ52 3ht
c

c30

ðb; xabÞ52 htð11 2t2Þ

ðb; aayÞ52
ht

c20

ðb; xbPÞ5 ht2

ðb; ayPÞ5 h

c20

ðb; yyyÞ52 2h2
11 2t2

3c20
ðI5c0 1 htI6Þ1

2

9
h3tð11 t2Þð21 3t2Þ1 2h3tI10

91 14t2

3c20

2 h2c
116t2

6c30
2 2h2ct2I6

516t2

3c0
1 ht

c2

2c40

ðb; yybÞ5 ht
2c

3c30
2 h2

11 2t2

2c20
ð11 4I6Þ

ðb; ybbÞ5 ht

c20

ðL; xxxÞ52
1

6
h2t3

ðL; xxaÞ52
1

2
ht2

ðL; xyyÞ52
1

2
h2t3

ðL; xybÞ5 ht2

ðL; ayyÞ5 h

2c20
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The quantities I1a . . . I10 denote various integrals of h(s), for which Hartmann and Wollnik

give the following approximate values:

I1aBG2
0; I1bBG2

0; I4aBG0; I5B1=G0; I6B1; I9BG2
0; I10B1

52.7 Aberration Theory: The Homogeneous Magnetic Field (n5 0)

It is convenient to treat the aberrations of sector fields thoroughly in the general case of

electrostatic and magnetic fields and we defer this to Section 53.3. Here we concentrate on

the conceptually simpler case of the homogeneous magnetic sector field, from which it is

possible to gain much insight into the nature and correction of the various primary (second

order) aberrations. In particular, we can show how the aberrations depend on the shape of

the sector boundaries. Although curving these boundaries introduces additional terms in the

expressions for the aberration coefficients, the effort is worthwhile since the most important

second-order aberrations can be corrected by a suitable choice of the endface curvatures. It

is usual and in most cases sufficient to assume that these endfaces are cylindrical, with radii

R1 and R2 on the entrance and exit sides respectively, as shown in Fig. 52.9B. It will prove

convenient to introduce the dimensionless curvature parameters C1 and C2:

C1 :¼ R=R1cos
3α C25R=R2cos

3β (52.42)

We shall not reproduce here the full derivation of the resulting coefficients; for additional

details see Brown et al. (1964), Brown (1965) and Enge (1967). The results are listed in

Tables 52.1 and 52.2, in which a certain amount of novel notation is employed:

i. The weighted partial derivatives of any differentiable function f(u, υ) are denoted by

ðf jumυnÞ :¼ 1

m!n!

@m1nf

@um@υn

� �
u5υ50

(52.43)

Table 52.1: Nonzero Transfer Coefficients of First Order for a Uniform-

Field Magnetic Sector

ðujuÞ5 cosðϕ2αÞ sec α
ðuju0Þ5 sin ϕ
ðujδÞ5 12 cos ϕ
ðu0juÞ52 sinðϕ2α2βÞ sec α sec β
ðu0ju0Þ5 cosðϕ2 βÞ sec β
ðu0jδÞ5 sin ϕ1 ð12 cos ϕÞ tan β
ðυjυÞ5 12ϕ tan αy

ðυjυ0Þ5ϕ
ðυ0jυÞ52 tan αy 2 tan βy 1ϕ tan αy tan βy

ðυ0jυ0Þ5 12ϕ tan βy
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Table 52.2: Focusing Coefficients of Second Order

uju2� 	
5 u0juð Þsin ϕ2α1βð Þsec α sec β1C1sin ϕ
� �

=2

ujuu0ð Þ5 ujuð Þtan α1 sin ϕ2αð Þsec α sec2 β cos ϕ1 tan α tan2 β

ujuδð Þ5 11 ujuð Þ tan2 β2 sec2 β cos ϕ
� 	

uju02� 	
5 cos ϕ2 u0ju0ð Þcos ϕ1βð Þsec β� �

=2

uju0δð Þ5 ujδð Þsec2 β sin ϕ

ujδ2� 	
5 ujδð Þ2tan2 β2 sin2 ϕ
� �

=2

u0ju2� 	
5 2 u0juð Þ2tan β1C1 u0ju0ð Þ1C2 ujuð Þ2
n o

=2

u0juu0ð Þ5 u0juð Þ tan α2 u0ju0ð Þtan βð Þ1C2 ujuð Þsin ϕ

u0juδð Þ52 u0juð Þ sec2 β1 sin ϕ2βð Þsec β tan β
� 	

1C2 ujuð Þ ujδð Þ

u0ju02� 	
5 2sin ϕ2 βð Þsec β2 u0ju0ð Þ2tan β1C2sin

2 ϕ
n o

=2

u0ju0δð Þ52 u0ju0ð Þ u0jδð Þ tan β1C2 ujδð Þsin ϕ

u0jδ2� 	
5 2 u0jδð Þ 21 u0jδð Þtan βð Þ1C2 ujδð Þ2� �

=2

ujυ2� 	
5 ujuð Þsec2 α1 sin ϕ tan3 α2 ujδð Þtan2 α2 υjυð Þ2sec2 β2C1sin ϕ
� �

=2

u


υυ0� 	

5 u


δ� 	

tan α2 u


u0� 	

tan2α2
�
υ


υ	 υ



υ0� 	
sec2β

u


υ02� 	

52 u


δ� 	

1 υ


υ0� 	2

sec2 β
n o

=2

u0


υ2� 	

5 u0juð Þsec2α1 u0ju0ð Þtan3 α2 u0jδð Þtan2 α1 2 υjυð Þ υ0jυð Þtan2 β1 υjυð Þ2tan3 β2C1 u0ju0ð Þ2C2 υjυð Þ2� �
=2

u0jυυ0ð Þ5 u0jδð Þtan α2 u0ju0ð Þtan2 α1 υjυ0ð Þ υ0jυð Þ1 υjυð Þ υ0jυ0ð Þ� �
tan2 β1 υjυð Þ υjυ0ð Þtan3 β2C2 υjυð Þ υjυ0ð Þ

u0jυ02� 	
5 υjυ0ð Þ2tan3 β1 2 υjυ0ð Þ υjυ0ð Þtan2 β2 u0jδð Þ2C2 υjυ0ð Þ2
n o

=2

υjuυð Þ5 u0juð Þtan α1 ujuð Þ υ0jυð Þtan β2C1ϕ

υjuυ0ð Þ5 υjυð Þtan α1 ujuð Þ υ0jυ0ð Þtan β2 u0juð Þ
υju0υð Þ52ϕ sec2 α2 12 u0ju0ð Þ� �

tan α1 uju0ð Þ υ0jυð Þtan β

υju0υ0ð Þ5 12 u0ju0ð Þ1 uju0ð Þ υ0jυ0ð Þtan β

υjυδð Þ5 u0jδð Þtan α1 ujδð Þ υ0jυð Þtan β

υjυ0δð Þ5ϕ2 u0jδð Þ1 ujδð Þ υ0jυ0ð Þtan β

υ0juυð Þ5 u0juð Þ υjυð Þsec2 β2 tan α tan β
� �

2C1 υ0jυ0ð Þ2C2 ujuð Þ υjυð Þ
υ0juυ0ð Þ5 u0juð Þ ϕ sec2 β1 tan β

� 	
1 υ0jυð Þtan α2C2ϕ ujuð Þ

υ0ju0υð Þ5 u0ju0ð Þ υjυð Þsec2 β2 υ0jυ0ð Þsec2 α1 12 u0ju0ð Þ� �
tan α tan β2C2 υjυð Þsin ϕ

υ0ju0υ0ð Þ5 u0ju0ð Þ ϕ sec2 β1 tan β
� 	

2 tan β2C2ϕ sin ϕ

υ0jυδð Þ5 u0jδð Þ υjυð Þsec2 β2 tan α tan β
� �

2 υ0jυð Þ2C2 υjυð Þ ujδð Þ
υ0jυ0δð Þ5 u0jδð Þ ϕ sec2 β1 tan β

� 	
2C2ϕ ujδð Þ

After Enge (1967)
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The Taylor series expansion of f(u, υ) thus takes the simple form

f ðu; υÞ5 f ð0; 0Þ1 ðf juÞu1 ðf jυÞυ1 ðf ju2Þu21 ðf juυÞuυ1 ðf jυ2Þυ2
1 third and higher order terms

(52.44)

ii. In Tables 52.1 and 52.2, only the transfer through the field is considered, not that from

the object plane to the entrance plane z5 z1 and from the exit plane z5 z2 to the image

plane. In our notation x2, y2, x
0
2; y

0
2 are expressed as functions of x1, y1, x

0
1; y

0
1 and δ.

iii. The results are given in dimensionless form, all distances and coordinates being

normalized with respect to the radius R:

u5 x=R; υ5 y=R; ζ5 z=R (52.45)

The slopes are then invariant; for instance x0�dx/dz5 u0 5 du/dζ. (Note that these
quantities u and υ are the same as those denoted by y and z respectively in Enge

(1967).)

iv. The coefficients (a|b) tabulated relate the contribution associated with the second

element b to the first element a. For example

u2 5 ðujuÞu1 1 ðuju0Þu011 ðujδÞδ
1 ðuju2Þu211 ðujuu0Þu1u011 ðuju02Þu02

1 1 :::

and similarly for υ2, u02 and υ02.

The coefficients listed in Table 52.1 are to be introduced into the expressions collected in

Table 52.2. It is immediately clear that the number of nonzero coefficients is already quite

large and so there is little incentive to go beyond the second-order aberrations for this

model field.

52.8 Optimization Procedures

So numerous are the possible aberrations of magnetic prisms that some means of designing

such devices with as few aberrations as possible is clearly most desirable. Many ways of

achieving this end are to be found in the literature, which depend very intimately on the

purpose of the instrument. We must refer the reader to the specialized literature, therefore,

and here we simply discuss the single prism, which is of interest in the electron microscope

energy range, and the use of symmetries for certain more complex situations. Many

references from the mass spectrometry literature are listed in the bibliography of this Part.

The book of Livingood (1969) remains an excellent introduction and the later texts of

Kel’man et al. (1979, 1985), Afanas’ev and Yavor (1978), Wollnik (1987a) and Carey

(1987b) describe many practical devices, as does the text of Berz et al. (2015).
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52.8.1 Single Deflection Prisms

For a single magnetic prism, optimization procedures have been published by Parker et al.

(1978) and Shuman (1980). These authors recognize that it is unlikely that all the

aberrations can be cancelled and they therefore attempt to identify and correct only the

more important, subject to certain instrumental assumptions: (i) The area of the specimen to

be imaged is very small; the isoplanatic approximation is adequate and only the aberrations

that affect the axial region (xo � 0, yo � 0) need be investigated. (ii) The resolution is

more important in the radial (x) direction than in the axial (y) direction. Second-order radial

focusing is therefore necessary whereas first-order axial focusing is sufficient.

With these assumptions, the surviving terms in the series expansion for the coordinate xi are

as follows:

κxi5A1x
0
o1D1δ1A2x

02
o 1B2y

02
o 1D2δ21E2x

0
oδ (52.46)

The conditions to be satisfied are here A15A25B25E25 0 with Eq. (52.33) for the axial

focusing. The coefficients in Eq. (52.46) may be expressed as linear combinations of

Enge’s focusing coefficients; for instance

A1 5 ðuju0Þ1κL1ðuju0Þ1κL2ðu0ju0Þ1κ2L1L2ðu0juÞ
which is identical with the left-hand side of Eq. (52.19). Similar expressions may be

derived for A2, B2 and E2.

Inspection of Table 52.2 shows that all the coefficients depend linearly on the curvatures C1

and C2; this certainly simplifies the subsequent optimization. We now proceed as follows.

i. The radius R, the deflection angle ϕ and the object distance L1 are chosen in

accordance with the experimental requirements and kept fixed during the calculations.

ii. Some initial estimate is adopted for α . 0, after which Eqs (52.19) and (52.33) are

solved for L2 and β, taking (52.39) and (52.40) into account. Usually, β . 0 gives a

high dispersion.

iii. The coefficients in

A25A201A21C11A22C2

B25B201B21C11B22C2

E25E20 1E22C2

can now be determined after which C1 and C2 are calculated by setting A25B25 0.

iv. The second and third steps are repeated with different values of α until a value is

found for which E2 vanishes. Usually, there is one solution for which C1 . 0 and

C2 , 0.
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The remaining shortcomings are of different kinds. First, there are the uncorrected

aberrations of second order, especially those affecting the axial focusing and those arising

from the lateral extent of the source. A second class consists of the numerous aberrations of

third and higher order. Finally, there still remain some aberrations of first order; at first

sight, this may seem surprising but we emphasize that the theory of fringing fields, outlined

in Section 52.6, is an approximation.

The remaining aberrations can best be determined by tracing Lorentz trajectories through

the exact magnetic field, computed by solving the appropriate boundary-value problem.

Strictly speaking, the latter is fully three-dimensional but, for well-shielded magnets,

sufficiently broad in the x-direction, a two-dimensional approximation is accurate enough if

the fringing fields are assumed to be rotationally symmetric about the axis of local

cylindrical curvature. Such calculations have, for example, been made by Killes (1983).

Fig. 52.10 shows aberration discs computed in this way. These demonstrate that the axial

focusing is indeed less perfect than the radial focusing. They also reveal that the results of

the optimization routine outlined above are not quite optimal, as a small shift of the image

plane considerably reduces the radial aberrations. In practice, this is not serious for it is

Figure 52.10
Typical examples of aberration figures in the image plane of a single-sector spectrometer for four
different values of the aperture angle at the object point. (A) Image plane obtained from the
optimization routine. (B) Defocusing of Δz5 2.1 mm at R5 25 cm and L25 72 cm. Note the

different scales in the radial and axial directions.
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always necessary to include a multipole lens system outside the sector magnet to correct

aberrations caused by imperfect machining and other sources of parasitic errors.

52.8.2 Use of Symmetries

Procedures that exploit symmetries are of interest in multicomponent systems. In the

accelerator literature, attention is concentrated on the chromatic aberrations whereas it is the

geometric aberrations that are of more interest at lower energies for energy filters and

analysers: see the survey by Brown and Servranckx (1985) and the papers of Rose and

colleagues (Rose and Plies, 1973, 1974; Rose, 1978; Rose and Pejas, 1979), especially

those of Lanio (1986) and Lanio et al. (1986). A typical situation is shown in Fig. 52.11.

Here, the configuration has an additional plane of symmetry and external multipole

elements, which are adjusted in such a way that the paraxial rays are either positively or

negatively mirror-symmetric with respect to this second symmetry plane. All the integrals

for the aberration coefficients (51.60) then cancel out and hence such an arrangement is free

of second-order aberrations. For more details we refer to the papers listed above, where the

Figure 52.11
A magnetic, imaging energy filter free of second-order aberration. The boundaries are those of the

effective fields in the SCOFF approximation.
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necessary multipole correction systems are also dealt with extensively, and to Section 52.9

as well as to the relevant papers mentioned in the Notes and References for Part X. A paper

by Zeitler (1990) is relevant here, since the Lanio design is re-examined using matrix

methods and relations between the many coefficients are exploited. Symmetry is an

important feature of time-of-flight and multipassage mass spectrometers; see for example

Campana (1987a,b), Matsuo et al. (1987), Wollnik et al. (1987a,b) and Berger and Baril

(1987). The history of time-of-flight mass analysers is traced by Wollnik (2013) and many

references to these devices, in which there has been a resurgence of interest, are included in

Chapter 53, Unified Theories of Ion Optical Systems.

52.9 Energy Analysers and Monochromators

52.9.1 Introduction

With the exception of Wien filters, electron energy analysers have curved axes and, as we

shall see, numerous combinations of magnetic prisms or occasionally electrostatic prisms

have been investigated.

For the highest microscope resolution, chromatic aberration must be combated; two

approaches are current: limitation of the energy spread of the illuminating beam by means

of a monochromator and incorporation of a chromatic-aberration corrector in the column, in

conjunction with the corrector of geometric aberrations. We examine the optics of some

monochromators here but for detailed studies of these highly perfected devices the reader

must return to the original publications. Methods of designing energy analysers are

described by Gurov et al. (2015).

52.9.2 In-column Energy Analysers

Introduction. The first imaging analyser to be incorporated in the column of an electron

microscope was the prism�mirror combination of Castaing and Henry (1962), described at

length by Henry (1964) and reviewed by Metherell (1971), already mentioned in Sections

18.1 and 37.3. An analyser of this type was installed in a Siemens 1A microscope by

Henkelman and Ottensmeyer (1974a, Ottensmeyer, 1984); the mirror is described in

(Henkelman and Ottensmeyer, 1974b). For the intermediate-voltage and high-voltage

microscopes that came into operation in the 1960s, it was not reasonable to use a mirror

and designs in which a magnetic field replaced the latter were proposed (Rose, 1974).

These were the early members of the family of Ω-filters, so called from their resemblance

to this Greek letter. Thus Zanchi et al. (1975, 1977a,b; Sevely et al., 1977) adapted a three-

prism Ω-filter to the 1-MeV electron microscope in Toulouse. At JEOL, Oikawa et al.

(1986) added such a filter to a 200 kV instrument (JEM-200CX). A B-type Ω-filter has
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been installed in one of the new generation of high-voltage microscopes by Omoto et al.

(2008) at Kyushu University.

Wien filters have also been incorporated in the microscope column. Their optics is

presented in Chapter 38, The Wien Filter. For convenience, we indicate sources of

information about their use in practice in this section, even though the axis is not curved.

An example of a very sophisticated design is the multipole Wien filter incorporated in an

X-ray photoemission electron microscope by Marx et al. (1997).

Nomenclature. Before describing the various geometries that have been studied, we make a

short digression to introduce the vocabulary of the subject. As shown schematically in

Fig. 52.12, there are several devices with the basic Ω structure and two α configurations. In

all of these, there is mechanical symmetry about a midplane. In Ω-filters, the polarity of the

magnets in the second half is the reverse of that in the first half and the sum of the

deflection angles is zero. In the α-filters, the polarity is not reversed and the sum of the

deflection angles is 2π.

The four Ω devices shown in Fig. 52.12 differ in the symmetry behaviour of the ray ty(z), in

the symmetries present and in the shape of the poles (ty(z) is the same as yβ zð Þ in the

notation employed by Scherzer and used consistently in the publications of the Darmstadt

school, Tsuno and others). In the A-type filter, the axial ray ty(z) is antisymmetric about the

midplane (Lanio, 1986) while in the B-type, it is symmetric (Tsuno et al., 1998). The

‘symmetric’ Ω design introduces an important new symmetry property: the device is

mechanically symmetric not only about the midplane but also about the 120� planes shown.
In the mandoline2 filter, the most highly perfected member of the family, the magnetic

fields are no longer homogeneous, as explained below. Kujawa and Krahl (1988) compare

the A- and B-type Ω-filters.

The A- and B-type α-filters again differ in the behaviour of the axial ray ty(z); for the

B-type α-filter, see Taya et al. (1996).

By enclosing an Ω-filter between deflecting magnets, we obtain the family of W-filters.

These are still in-column devices but the column is now turned through 180� by the filter,

thus reducing its overall height and increasing its mechanical stability. The original version

was incorporated in the SESAM instrument (Koch et al., 2006). A variant was considered

by Tsuno.

This does not exhaust the configurations of possible interest. Tsuno has investigated an

S-filter and an N-filter.; here again, the sum of the deflection angles is different, as in the

2 The filter is so named because of its resemblance to the musical instrument and also because the word forms

an acronym: Magnetic Aberration-free Noticeably Dispersive Omega-Like INhomogeneous Energy. But the

usual spelling of the musical instrument is ‘mandolin’; ‘mandoline’ is the kitchen utensil.
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Figure 52.12
The optic axis and fundamental rays in imaging filters. (A) Ω-filter, A-type. (B) Ω-filter, B-type. (C)
Infinity (N) filter. (D) Mandoline filter. (E) α-filter, A-type. (F) α-filter, B-type. (G) Φ-filter. (H)
S-filter. (I) Twin-column W-filter. (J) Variant of the W-filter (Courtesy Dr Katsushige Tsuno).
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case of the Ω- and α-filters. Unlike the latter, magnets are now present on both sides of the

optic axis. A last design is the Φ-filter, proposed by Souche and Jouffrey (1998), which is

different from all the others in that the dispersion magnet is situated in a plane

perpendicualr to the axis of the microscope column, which is thus hardly any longer than in

its unmodified state.

This diversity can be understood by considering the points of importance in filter design

(Tsuno, 2001):

i. Symmetry or antisymmetry of the dispersion ray about the midplane.

ii. Relative magnet polarity.

iii. Homogeneity of the magnetic fields: parallel pole faces (homogeneous) or conical pole

faces (inhomogeneous).

iv. Symmetry or antisymmetry of the axial rays tx(z) and ty(z) about the midplane.

v. Direction of dispersion.

Altering one or more of these choices generates a new filter.

52.9.3 Details of the Various Filters

We now give a little more information about each of these filters.

Ω-filters. The optics of the first Ω-filters was investigated in depth in the papers by Zanchi

et al. (1977a,b). The next important contribution was made by Lanio (1986), who looked

for the best design of Ω and α devices with as few magnets as possible. His designs are

illustrated in Fig. 52.13, where the fundamental rays are also shown. However, the

aberrations of these models are still too large for high-resolution work. An improved but

more complicated filter was designed by Rose and Pejas (1979); this consisted of four

magnets with curved pole faces and included three sextupoles, which provided further

correction. The curved pole faces created multipole fields, which could be used for

aberration correction. However, the presence of the curved faces generated uncontrollable

parasitic aberrations and the curved surfaces had to be replaced by flat surfaces. Seven

sextupoles were now needed to compensate for the absence of the fields associated with the

curved faces (Lanio et al., 1986).

The final stage in the evolution of filters of the Ω type is the mandoline filter (Uhlemann

and Rose, 1994), shown schematically in Fig. 52.14. Here, the inner magnets are no longer

homogeneous, the polepieces being conical or ‘tapered’. The resulting dispersion is higher

than that of any earlier filter and about twice that of the best post-column filters. The optics

of the mandoline filter is presented in great detail by Uhlemann and Rose and in Rose’s

book (2012, Section 13.2.2), and is not reproduced here.
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W-filters. Every new element lengthens the column of an electron microscope, which is

not only inconvenient but also affects its mechanical stability adversely. These

problems can be alleviated by use of a twin-column design. One column contains the

source and its monochromator if present, condenser lenses, the specimen chamber, the

objective lens and the aberration corrector. The second column, parallel and of course

adjacent to the first, contains the projector lenses and detector. The two columns are

connected by the energy filter consisting of an Ω-type device enclosed between sector

magnets designed to guide the beam from the first column into the filter and

subsequently direct it up into the second column. It is desirable to arrange that the

(astigmatic) images of the object and diffraction planes lie in the midplane of the

Ω-element. For this,

s0xðzmÞ5 syðzmÞ5 txðzmÞ5 t0yðzmÞ5 0

Figure 52.13
Positions of the magnets and fundamental trajectories (relative to a straightened optic axis) in

(A) an Ω-filter and (B) an α-filter. After Rose and Krahl (1995), Courtesy Springer Verlag.
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Two of these four conditions can be satisfied by suitable choice of the lengths a and 2g

shown in Fig. 52.15: the other two are satisfied by choosing the cone-angle (θ) of the pole-
faces correctly. This angle is frequently expressed in terms of the field index ν,

ν :¼ 2R

D
tan θ

� �1=2

where D is the distance between the pole faces at the optic axis, of radius R. The angle θ
measures the tilt of each pole face relative to the x-coordinate. Sextupoles are inserted

between the bending magnets to cancel any remaining second-order geometrical

aberrations.

An alternative form of the W-filter (Fig. 52.12J) has been studied by Tsuno (2004), who

describes its optical properties and compares its performance with those of a B-type Ω-filter
and the S-filter.

Figure 52.14
Details of the Mandoline filter After Rose (2012), Courtesy of Springer Verlag.
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S- and N-filters. These two designs are unusual in that the space through which the beam

travels extends on both sides of the column. This has the advantage of distributing the

weight of the filter evenly. In both cases, four magnets are required and the two central

magnets must have opposite polarity. If the first two magnets have the same polarity (and

Figure 52.15
The W-filter. (A) Arrangement of the conical bending magnets. (B) The filter incorporated in an
analytical transmission electron microscope (SESAM). After Rose (2012), Courtesy of Springer Verlag.
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thus the opposite of that of the last two magnets, NNSS say, we have the N configuration.

When the polarity of the first two magnets is not the same (NSNS), we have the S-filter. In

each case, there is an A-type and a B-type. In the former, the rays tx and ty intersect the axis

n times, where n is even � typically n5 4. In the B-type, if tx intersects the axis n times,

then ty intersects it n2 1 times. Fig. 52.16 shows the fundamental rays for an A-type

S-filter (52.16a) and for a B-type N-filter (52.16b). It is not practical to use homogeneous

fields and the poles are therefore tilted. For a particular choice of tilt angle, the fundamental

rays are the same: tx(z)5 ty(z) and likewise for sx and sy; this is known as the round-lens

focus condition (shown in Fig. 52.16A) but it does not provide the highest dispersion. We

refer to Tsuno (2001), where many examples are illustrated and the corresponding

dispersion is given. Some possible arrangements are shown in Fig. 52.17.

52.9.4 The Möllenstedt and Ichinokawa Analysers

A large dispersion can be obtained by allowing the beam to enter an electrostatic lens not along

the optic axis but through a slit placed at a certain distance from the latter. In the original

model (Möllenstedt, 1949), a round lens was used but it is preferable to use a cylindrical lens

(Chapter 20 of Volume 1). The optics of such a device is presented in full detail by Metherell

(1971), with many early references. The mode of operation can be understood from Fig. 52.18.

tx

tx

ty

ty

sy

sy

sx

sx

(A)

(B)

Figure 52.16
Fundamental rays in the S-filter. (A) A-type. (B) B-type. Two dispersion rays are also shown. After

Tsuno (2001), Courtesy Society of Photo-optical Instrumentation Engineers.
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A magnetic version for use at higher voltages was proposed by Ichinokawa (1965, 1968;

Ichinokawa and Kamiya, 1966) and a cylindrical magnetic analyser of this type was installed

in the Cambridge 750 kV electron microscope (Considine and Smith, 1968; Considine, 1969).

Two pairs of polepieces are staggered relative to one another (Fig. 52.19) and the ray paths

resemble those in the electrostatic version, modified of course by the rotation.

52.9.5 Postcolumn Spectrometers

These consist of a magnetic prism, together with multipoles to improve the imaging quality.

Here, we mention some of the stages through which these devices have passed and indicate

the improvements that have been made to their optics. A very complete account is available

in Egerton (2011) and a useful survey is to be found in Krivanek et al. (2013). Darlington

(1980) recapitulates the optics of these prisms lucidly.

The first attempt to correct the second-order aberrations of the basic prism (Brown, 1965,

1968; Enge, 1967; Livingood, 1969; Liebl, 2008) was made by Crewe et al. (1971), who

needed an improved spectrometer for the first STEM. Several related papers followed

(Crewe, 1977; Parker et al., 1978; Shuman, 1980; Tang, 1982a�c; Isaacson and Scheinfein;

1983). The performance of Krivanek’s uncorrected spectrometer (1979) was greatly

Figure 52.17
Several S-filter configurations for different bending angles. (A) Dispersion at slit plane

(Ds)5 4.17 μm/eV, dispersion at the midplane (Dm)5 0.901 μm/eV. (B) Ds5 4.509 μm/eV,
Dm5 0.838 μm/eV. (C) Ds5 4.271 μm/eV, Dm5 1.301 μm/eV. (D) Ds5 4.693 μm/eV,

Dm5 1.968 μm/eV. After Tsuno (2001), Courtesy Society of Photo-optical Instrumentation Engineers.
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improved by the addition of correcting elements (Krivanek and Swann, 1981). These efforts

culminated in the highly perfected GIF [Gatan Imaging Filter] ‘Quantum’ of Gubbens et al.

(2010), illustrated in Fig. 52.20. See also Pearce-Percy et al. (1976) and Krahl et al. (1978).

52.9.6 Monochromators

Monochromators installed immediately after the electron gun may resemble Ω-filters or
exploit the properties of Wien filters (Tsuno, 2011; Kimoto, 2014). In the first case, they

are usually electrostatic. A first Ω-type design was described by Plies (1978; Huber et al.,

Figure 52.18
The Möllenstedt analyser After Metherell (1971), Courtesy Elsevier.
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Figure 52.19
The Ichinokawa analyser. (A) Field lines in a practical model. (B) Rays traversing the analyser for

increasing values of the analyser current. After Metherell (1971), Courtesy Elsevier.



2004; Bärtle and Plies, 2008) and later by Rose (1999) and studied in detail by Kahl (1999;

Kahl and Rose, 1998a,b, 2000). Fig. 52.21 shows the disposition of the electrodes. Many

technical details of the model adopted by Zeiss for the SESAM instrument (a Zeiss Libra

200 MC) are given by Essers et al. (2010). The SALVE monochromator is discussed by

Mohn et al. (2017).

For the Nion UltraSTEM, a highly perfected α-type design was adopted (Krivanek et al.,

2012, 2013; Hawkes and Krivanek, 2018). Fig. 52.22A shows the site of the device in the

Nion microscope and Fig. 52.22B indicates the numerous elements of which it is composed:

three magnetic prisms (one of which is traversed twice), 16 multipoles and the slit in the

midplane. The multipoles are capable of generating quadrupole, sextupole and octopole

fields and weak dipole fields when required. The central prism turns the beam through 75�

in each passage; it creates a uniform magnetic field and hence has a focusing effect only in

Figure 52.20
The Gatan Imaging Filter [GIF] Quantum. (A) The different elements of the device (D denotes

dodecapole). (B) General appearance of the filter. (C) Axial rays starting from the image plane of
the microscope. (D) The beam envelope and energy dispersion. Distances along the optic axis are

in metres. After Gubbens et al. (2010), Courtesy Elsevier.
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Figure 52.21
An Ω-shaped monochromator (A), section through the device. (B) Fundamental rays relative to

the straightened optic axis. After Kahl and Rose (1998), Courtesy Springer Verlag.

Figure 52.22
The Nion monochromator. (A) The column of the Nion UltraSTEM showing the position of the
monochromator. (B) Cross-section of the monochromator. After Krivanek et al. (2013), Courtesy

Oxford University Press.



the dispersion plane. The other two prisms turn the beam though 105� and focus it in both

directions. The optics is described in full detail in Krivanek (2013) and discussed by Dellby

et al. (2014). For information about the sophisticated energy-loss spectrometer developed

by Nion, see Lovejoy et al. (2017).

The second group of monochromators employs Wien filters. The dispersion of these filters is

rather low but can be augmented by reducing the energy of the beam before it enters the

filter and increasing it again when it emerges. A Wien filter enclosed between a retarding

lens and an accelerating lens was first tested by Legler (1963) and by Boersch et al. (1964)

who used two such filters, one as a monochromator, the other as an energy analyser. Essig

et al. (1986) describe an improved model (see also Essig, 1981). The optics of Wien filter

monochromators was reconsidered in depth by Rose (1987b), who concluded that the

necessary conditions could best be satisfied by means of a mixed, electrostatic�magnetic

octopole (Fig. 52.23). The inner surfaces of the combined electrode�polepieces are circular

arcs and all subtend the same angle at the axis. Rose explains how the excitations should be

chosen to produce the desired optical properties. Like all Wien filters, the fringing fields

are a source of errors but Rose argues that these can be kept acceptably small. A dodecapole

Wien filter is described in detail by Marx et al. (1997), for use in a high-resolution X-PEEM.

Figure 52.23
A retarding Wien filter incorporated into a TEM column wk is the dispersion ray. After Rose (1987),

Courtesy Wissenschaftliche Verlagsgesellschaft.
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Several other Wien filter monochromators have been developed. Tiemeijer (1999) discussed

the possible operating modes of a Wien filter placed just after a field-emission gun. In later

papers, Tiemeijer et al. (2012a,b) analyse very carefully the relation between the action of

such a monochromator and the resolution of the host microscope as this monochromator

was to be installed in the TEAM 0.5 electron microscope; the results obtained are presented

in the second paper (Fig. 52.24). Later improvements to the monochromator employed in

FEI Themis electron microscopes are mentioned by Freitag and Tiemeijer (2017).

Mook and Kruit have described a fringe-field monochromator, so called because the

filter is so short (4 mm) that its effect is largely due to its fringing fields (Mook, 2000;

Mook and Kruit, 1997, 1988, 1999a�c, 2000a,b). It is placed just after the gun (a

Schottky emitter in their first model, a cold field-emission gun in an improved version;

Mook et al., 1999a,b; Mook and Batson, 1999). The fields are created by means of

eight (later reduced to six) stainless steel electrodes inside two Ni�Fe poles

(Fig. 52.25).

Figure 52.24
Optics of a Wien monochromator. After Tiemeijer (1999), Courtesy Elsevier.
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Figure 52.25
The fringing-field monochromator. (A) The optics of the monochromator with a field-emission
gun. (B) Details of the environment of the monochromator. (C) View of the device. The coils
provide a dipole field and the electrodes create an electric field perpendicular to the magnetic

field. After Mook and Kruit (2000), Courtesy of Elsevier.

1278 Chapter 52



By placing two Wien filters symmetrically about the selection slit, the overall dispersion

can be cancelled. This arrangement is employed by Mukai et al. (2014a,b) in a double

aberration-corrected JEOL microscope which includes an Ω-type analyser.

Ogawa et al. (2015a,b, 2016) describe a monochromator in which offset slits are used to

produce the filtering effect.

An original design is described by Mankos et al. (2016) in which an electron mirror is

combined with a magnetic prism sequence and a knife-edge (Fig. 52.26). Some of the

electrons with energy less than the nominal energy are intercepted when they arrive at the

knife-edge while a part of those with energy greater than the nominal value are intercepted

on their return journey after reflection at the mirror. Fig. 52.27 shows the mirror and typical

Figure 52.26
Monochromator based on an electron mirror and a knife-edge. After Mankos et al. (2016), Courtesy

the authors and the American Vacuum Society.
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axial and field rays. First tests showed that the energy spread of the beam from a Schottky

emitter could be reduced from about 0.7 eV to 0.18 eV for an exit beam current better than

1 nA and to 0.1 eV for a current of 50 pA.

Figure 52.27
(A) Equipotentials in the mirror region of Fig. 51.26. (B). Reflection of axial rays, which retrace
their path. (C) Reflection of a field ray with energy greater than the nominal value. After Mankos

et al. (2016), Courtesy the authors and the American Vacuum Society.
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CHAPTER 53

Unified Theories of Ion Optical Systems

53.1 Introduction

The properties of the numerous types of optical element employed in ion optics have been

studied in considerable detail over the years; expressions for the focusing properties and

aberrations, including the effects of fringing fields, are available for electrostatic and

magnetic sector fields, quadrupoles, sextupoles and higher order multipoles. Since these

elements are frequently used in combination, computer programs have been developed for

performing the necessary matrix multiplications and the subsequent search for optimum

configurations. Such programs are complicated by the fact that although each of the

individual members may be well understood, an effort of interpretation is still needed on

the part of the user owing to the different formalism associated with the different elements.

In an attempt to overcome this difficulty, unified theories, in which the various optical

elements are regarded as special cases of an all-purpose element represented by very

general transfer matrices, have been developed.

We present one such theory (Nakabushi et al., 1983b, 1983/84) in Section 53.3. First,

however, we say a few words about electrostatic prisms to avoid including distracting

explanations in Section 53.3.

53.2 Electrostatic Prisms

The literature of electrostatic prisms is nearly as voluminous as that devoted to magnetic sector

fields but we discuss the former only briefly here, for various reasons. First, the general

methods of study and the optical properties are not very different from those encountered in

Chapter 52, Sector Fields and Their Applications; it therefore seems more sensible to regard

electrostatic prisms as just one of the special cases included in the unified theory presented in

Section 53.3. Furthermore, electrostatic prisms are not so commonly used as their magnetic

counterparts for energy analysis, owing to the high voltages required except with low particle

energies; they are, on the other hand, routinely used in mass spectrometer design.

Electrostatic prisms are capacitors with curved plates; a typical example is illustrated in

Fig. 53.1. The plates may be cylindrical, spherical or toroidal and the optical properties are

of course different in each case. Within the field region, the optic axis coincides with an
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effectively circular trajectory along which the potential has a constant value φ. The three-
dimensional potential is described by an expansion of the form

Φ5φ1F0 x1
y2

2ρ
2

x2

2

1

ρ
1

1

R

� �
1

1

6
x3

11 ρ0

ρ2
1

2

R2
1

2

Rρ

� �
?

� �
(53.1)

in which R denotes the radius of curvature of the optic axis and ρ that of the curve in which

the equipotential surface Φ5φ intersects a plane z5 const (perpendicular to the optic axis);

ρu5 (dρ/dx)x50. On comparing Eq. (53.1) with (51.38), we see that

F1 5 2 R21 1 ρ21
� �

F0

If a particle has the nominal energy W0, the condition a15 0 in Eq. (51.46) yields the

following expressions for a2 and b2:

a25
g0

R

2

R
2

1

ρ

� �
; b2 52

g0

Rρ

The paraxial ray equations then take the form

x001
2

R2
2

1

ρR

� �
x5 0; y00 1

1

ρR
y5 0 (53.2)

These are not valid in the fringing field domain where a SCOFF approximation can be

made. There are two interesting special cases of Eq. (53.2), the cylindrical capacitor and the

spherical capacitor.

The cylindrical capacitor is characterized by ρ - N. Eqs (53.2) then simplify to

x001 2R22x5 0; y005 0 (53.3)

Figure 53.1
Axial section through an electron deflection prism with a focused pencil. If the capacitor is

spherical, the arrangement is rotationally symmetric about the z-axis.
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There is hence no axial focusing, while in the radial direction, focusing occurs at an angle

Δϕ5Δz/R5π/
ffiffiffi
2

p
5 127.3�. The strong astigmatism, which must be corrected outside the

prism, is a disadvantage of this device.

The spherical capacitor is characterized by ρ5R and ρu5 1. Setting κ :¼ 1/R, we have

x00 1κ2x5 0; y001κ2y5 0 (53.4)

It is obvious that there is stigmatic focusing for any deflection angle ϕ. The focusing
properties are illustrated in Fig. 53.1. The point source S1, the centre C of the spherical

capacitor plates and the image point S2 form a straight axis which can be considered as

though it were the axis of rotational symmetry of a round lens. In fact, the spherical prism

can be considered as an azimuthal sector of a round lens.

Such devices do of course have aberrations, like any other spectrometer. The main

geometric aberration is the spherical aberration of the corresponding round lens while the

dispersion is essentially the axial chromatic aberration of this lens. An elementary

calculation gives

Δr5 R 12 cos ϕð Þ1 L2 sin ϕ
	 
 ΔU

Usin ε2
(53.5)

(see Fig. 53.1), in which U is the voltage equivalent of the kinetic energy of the particle

and ΔU the deviation from its nominal value.

The analysis of electrostatic prisms passes through exactly the same stages as that of

magnetic prisms. First, the linear focusing properties of the pure sector field are

established by solution of linear ray equations, the boundary conditions being those

appropriate to the SCOFF approximation already described in the magnetic case. It is

again convenient to introduce dimensionless coordinates u, υ, ζ as in Eq. (52.45), R being

as usual the radius of curvature of the optic axis. Including the dispersion term, Eq. (53.2)

then take the form

u001 ð22 cÞu5 δ υ001 cυ5 0 (53.6)

where primes now denote derivatives with respect to ζ and

c :¼ R=ρ (53.7)

Integration of Eq. (53.6) between the ideal field boundaries ζ5 ζ1,2 yields expressions that
can be cast into the form of transfer relations:

u2

u02

 !
5

cos ϕx ε21
x sin ϕx

2εxsin ϕx cos ϕx

 !
u1

u01

 !
1 δ

ε22
x 12 cos ϕx

� �
ε21
x sin ϕx

 !

υ2
υ02

 !
5

cos ϕy ε21
y sin ϕy

2εysin ϕy cos ϕy

 !
υ1
υ01

 ! (53.8a)
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with the abbreviations

εx 5
ffiffiffiffiffiffiffiffiffiffiffi
22 c

p
; εy5 c1=2; ϕx 5 εxϕ; ϕy 5 εyϕ (53.8b)

These are analogous to the corresponding relations for magnetic prisms.

In the next stage, fringing field effects are examined. Unlike the case of their magnetic

counterparts, electrostatic prisms are usually designed in such a way that the angles α and β
of incidence and emergence (see Fig. 52.4) are zero since obliquity causes large aberrations.

The fringing fields therefore leave the paraxial transfer matrices unaltered but affect higher

order terms (see Wollnik (1967a) for an extremely detailed analysis of these effects). It is

therefore only necessary to multiply the matrices (53.8a) by those representing the object

and image drift spaces; the resulting matrix products are not given here � their formulation

is straightforward.

The final stage is the determination of the possible aberrations. This is a very lengthy task,

since the number of permitted aberrations is large and the formulae for the individual

coefficients are voluminous. Space does not permit us to give these in full and we therefore

refer the reader to the comprehensive investigations of Wollnik, Matsuda and others, full

references to which are to be found in the Notes and References for Part X.

It is customary to incorporate all the aberrations into the transfer matrices, which hence

become huge. The advantage of doing this is that complex systems consisting of a sequence

of simpler subsystems can be treated by matrix multiplication. Owing to the fact that there

are so many aberrations and that the fringing field effects can be incorporated only very

crudely, this procedure is not always satisfactory. An alternative approach, which may be

simpler and should certainly be more accurate, is the numerical determination of aberrations

from computed exact Lorentz trajectories, as outlined in Chapter 34 in Volume 1. The

methods presented in Sections 34.5 and 34.8 are especially well suited to situations in

which the optic axis is curved. The axis is then the only trajectory that must be calculated

by solving the Lorentz equation in its full form. Other trajectories can be determined from

the incremental form, which gives higher accuracy. There is then in principle no need for a

transfer-matrix formalism: in the progressive study of complex systems, the initial

coordinates and velocities of the particles at the entrance to each particular subsystem are

simply the final values found by tracing through the preceding parts. In view of the

considerable progress in techniques for computing fields and trajectories, this method is

now in widespread use. Even when the matrix formalism is preferred for the insight it gives

into the relative importance of the contributions of individual subsystems and into the effect

of modifying or replacing the latter, more accurate values of the matrix elements can be

obtained by these exact ray-tracing techniques than by a SCOFF approximation modified by

appropriate fringing field matrices.
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53.3 A Unified Version of the Theory

The range of optical elements employed in spectrometers and beam-transport systems is

wide: electrostatic and magnetic prisms with a range of field configurations, electrostatic

and magnetic quadrupoles, sextupoles and higher order multipoles. Electrostatic and

magnetic dipole fields may be superposed to form a ‘crossed-field’ analyser, a special case

of which is the Wien filter (Chapter 38). Each of these elements has a voluminous literature

devoted to the needs of ion optics in particular, which differs from the electron optical

analysis in that it is usually adequate to study transfer by a very simple ‘ideal’ field,

terminated by fringing fields. The latter are invariably regarded as thin lenses and

expressions of general applicability can hence be derived to represent their effect.

It would clearly be very attractive, for the purposes of computer-aided design in particular,

to unify all these separate efforts, that is, to derive a single set of transfer matrices capable

of representing all these various components. A unified theory of this kind has been

developed by Nakabushi et al. (1983b, 1983/84); it is not quite as general as we might

desire, since only the first-order approximation is considered in the axial direction and the

second-order approximation in the radial direction, but this is nevertheless sufficient to

explore many situations of practical interest. We therefore reproduce the main formulae

here. In the Notes and References for this Part, we list the principal publications in which

more detailed investigations of individual components are to be found.

We set out from the field and potential expansions of Chapter 51, General Curvilinear

Systems, into which we introduce a convenient scaling. For magnetic fields, we write

Eq. (51.41)

Bx5 y G1 1 xG2ð Þ ¼: B0y g1 1 xg2ð Þ

By5G0 1 xG1 1
1

2
x2G2 2

1

2
y2 G00

0 1κG1 1G2

� �

¼: B0

�
g01 xg1 1

1

2
x2g2 2

1

2
y2 g000 1κg1 1 g2
� ��

Bz5 y G0
0 1 xG0

1 2κxG0
0

� �
5B0y g001 xg012κxg00

� �
Ax52

1

2
B0y

2 g00 1 x g01 2κg00
� �	 


Ay5 0

hAz5B0

�
2xg0 2

1

2
x2 g1 1κg0ð Þ2 1

6
x3 g21κg1ð Þ1 1

2
y2g11

1

2
xy2 g2 1κg1ð Þ

�

(53.9a)
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(and as usual h5 11 κx). The electrostatic potential is given by

Φ5φ1 xF0 1
1

2
x2F1 1

1

6
x3F2

2
1

2
y2 F11κF01φ00ð Þ

2
1

2
xy2 F21κF1 2κ2F02 2κφ002κ0φ0 1F00

0

� �

¼: φ1E0

(
xf0 1

1

2
x2f11

1

6
x3f2

2
1

2
y2 f1 1κf01φ00=E0

� �

2
1

2
xy2 f2 1κf1 2κ2f01 f 000 2 2κφ00=E0 2κ0φ0=E0

� �

(53.9b)

Since the theory is designed to be applicable to beams of particles with different energies,

masses and charges, we set the origin of potential at the optic axis within the element in

question. Thus φ is constant and equal to zero in Eq. (53.9b). All particle properties are

measured relative to those of a nominal particle having kinetic energy Q0U0, charge Q0 and

rest-mass m
ð0Þ
0 . We must now add a suffix to ε and γ:

ε0 :¼ Q0=2m
0ð Þ
0 c2 γ05 11 2ε0U0 5 11Q0U0=m

0ð Þ
0 c2 (53.10a)

and we introduce fractional mass and energy deviations as follows:

m0

Q
¼: m

0ð Þ
0

Q0

11 pð Þ

U ¼: U0 11 qð Þ
(53.10b)

All these definitions and expressions are now used to expand the refractive index M

(51.23), scaled so that M(0)5 1. We find

M 1ð Þ5 κ2 g0Hm1 f0Heð Þx

M 2ð Þ52
1

2
g11κg0ð ÞHm2 f11 2κf0ð ÞHe 1κ2H2

e=γ
2

	 

x2

1
1

2
g1Hm2 f11κ f0ð ÞHe

	 

y2

1
1

2
x02 1 y02
� �
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M 3ð Þ52
1

3

1

2
g2 1κg1

 !
Hm2

1

2
f2 1 3κf1ð ÞHe1

3

2γ2
f1 1κf0ð Þ f0H2

e 2
3

2γ2
f 30H

3
e

( )
x3

1
1

2
g21κ0g1ð ÞHm2 f2 1 2κf1ð ÞHe1 f1 1κf0ð Þ f0H2

e=γ
2

	 

xy2

1
1

2
f0He2κð Þx x02 1 y02

� �
(53.11)

in which

Hm5 ηB0=Û
1=2

He 52
γE0

2Û

(53.12)

and as usual Û5U(l1 εU). For the nominal particle, we write

hm :¼ Hm U5U0;Q5Q0;m0 5m
0ð Þ
0

� �
5 η0B0=Û

1=2

0

he :¼ He U5U0;Q5Q0;m05m
0ð Þ
0

� �
52γ0E0=2Û0

(53.13)

and find that Hm5 hm(11 . . .), He5 he(11 . . .), the series containing terms in γ0, p and q;

these series are given explicitly by Nakabushi et al.

This formalism is general enough to include all the devices mentioned earlier: Table 53.1

shows how the parameters should be set to obtain a particular structure.

We are now in a position to write down and solve the paraxial and second-order equations.

The latter will be considered only in the radial direction, however. The condition that the

optic axis must be a trajectory gives

κ5 g0hm2 f0he (53.14)

The equations of motion take the form

x001 kxx 5 x 2ð Þ

y00 1 kyy5 0
(53.15)

(neglecting aberrations in the axial direction), where

kx5 h11κ κ2 f0heð Þ1 h2e f
2
0 =γ

2
0

ky52 h11κhef0
(53.16)
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with

h15 hmgi2 hef1 (53.17)

The inhomogeneous term in the equation for x(z) has the form

x 2ð Þ5Cpp1Cqq1Dxxx
21Dxpxp1Dxqxq

1Dx0x0x
02 1Dppp

2 1Dpqpq1Dqqq
2 1Dyyy

21Dy0y0y
02 (53.18)

in which

Cp5
γ0κ1 f0he

γ0 11 γ0
� � ; Cq5

γ20κ2 f0he

γ0 11 γ0
� �

Table 53.1: The values of the parameters κ, he, . . . g2 for a wide range of devices (Fig. 53.2)

κ he f0 f1 f2 hm g0 g1 g2

Electrostatic sector

Cylindrical κ κ 2 1 κ 22κ2 0 0 0 0
Spherical κ κ 2 1 2κ 26κ2 0 0 0 0

Toroidal κ κ 2 1 (53.1) 0 0 0 0

Magnetic sector

Homogeneous κ 0 0 0 0 κ 1 0 0

Conical κ 0 0 0 0 κ 1 (52.5)
Toroidal κ 0 0 0 0 κ 1 (52.7)

Electric

Quadrupole 0 3 0 3 0 0 0 0 0
sextupole 0 3 0 0 3 0 0 0 0
Multipole 0 3 0 3 3 0 0 0 0

Magnetic

Quadrupole 0 0 0 0 0 3 0 3 0
sextupole 0 0 0 0 0 3 0 0 3

Multipole 0 0 0 0 0 3 0 3 3

Achromatic quadrupole 0 3 0 3 0 3 0 3 0

Wien filter

Homogeneous 0 2 hm 21 0 0 2 he 1 0 0
Inhomogeneous 0 2 hm 21 1/re 2 2/r2e 2 he 1 2 1/rm 2/r2m

Crossed-field analyser

κ κ 21 (53.1) κ 1 (52.7)

In some cases, the values are to be found in the equations indicated and for multipoles, we simply show which coefficients
are nonzero (3 ); the explicit expressions may be extracted from the potential expansions or trajectory equations. For the
inhomogeneous Wien filter, we introduce separate electrostatic and magnetic radii, re and rm, analogous to the radius R
appearing in Eq. (53.1), see Fig. 53.2. For the crossed-field analyser we have he1 hm5κ.
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Dxx52h2 2
1

2
κ 2h12 f1heð Þ2 3h2ef0

2γ20
f1 1κf0 2 hef

2
0

� �
2 κ2 f0heð Þkx

Dxp 5 3κCp 1
1

11 γ0
h11

hef1

γ0
1 12

3

γ0
1

2

γ20

 !
h2ef

2
0 2 h2mg

2
0

( )

Dxq 5 3κCq 1
γ0

11 γ0
h12

hef1

γ20
1 11

5

γ20

 !
h2ef

2
0 2 h2mg

2
0

( )

Dx0x0 5
1

2
κ2 hef0ð Þ52Dy0y0

Figure 53.2
Wien filter with inhomogeneous fields; the lower diagram shows the notation.
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Dpp5
1

2γ0 11γ0
� �2 4 γ0 2 1

� �
hef0 2 3γ0hmg0

	 


Dpq5
1

γ0 11γ0
� �2 2 γ021

� �2
hef02 γ0 2γ02 1

� �
hmg0

n o

Dqq5
1

2 11γ0
� �2 2 γ201 3

� �
hef0 2 2γ20 1 1

� �
hmg0

	 


Dyy5 h2 1
1

2
κ h12 hef1ð Þ1 h2ef0

2γ20
f11κf0ð Þ

(53.19)

We have already defined the quadrupole term h1 (53.16); the undefined term h2
characterizes any sextupole contribution,

h2 :¼
1

2
hmg22 hef2ð Þ (53.20)

The solutions of (53.14) consist of paraxial terms x(p), y(p), and in the radial direction,

aberrations; as usual, we write the coefficients in the form (x | � ), the second term

characterizing the aberration in question (e.g. (x | x2)x2o). We find

x pð Þ5Cxo1 Sx0o 1
12C

kx
Cpp1Cqq
� �

x0 pð Þ52 kxSxo 1Cx0o 1 S Cpp1Cqq
� �

y pð Þ5Cyyo 1 Syy
0
o

y0 pð Þ52 kySyyo1Cyy
0
o

(53.21)

The functions C, Cy, S and Sy are defined in Table 53.2.

The aberration coefficients are linear combinations of the functions

Table 53.2: Definitions of the functions appearing in Eq. (53.21)

kx, ky Positive Negative Small

S sin
ffiffiffiffi
kx

p
z

� �
=
ffiffiffiffi
kx

p
sinh

ffiffiffiffiffiffiffiffiffiffi
2 kx

p
z

� �
=
ffiffiffiffiffiffiffiffiffiffi
2 kx

p
z 12 kxz

2=61 k2x z
4=120

� �
C cos

ffiffiffiffi
kx

p
z

� �
cosh

ffiffiffiffiffiffiffiffiffiffi
2 kx

p
z

� �
12 kxz

2=21 k2x z
4=24

Sy sin
ffiffiffiffi
ky

p
z

� �
=
ffiffiffiffi
ky

p
sinh

ffiffiffiffiffiffiffiffiffiffi
2 ky

p
z

� �
=
ffiffiffiffiffiffiffiffiffiffi
2 ky

p
z 12 kyz

2=61 k2y z
4=120

� �
Cy cos

ffiffiffiffi
ky

p
z

� �
cosh

ffiffiffiffiffiffiffiffiffiffi
2 ky

p
z

� �
12 kyz

2=21 k2y z
4=24
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Dab defined above (53.18). We find

xjx2
xjxx0
xjxp
xjxq
xjx02
xjx0p
xjx0q
xjp2
xjpq
xjq2

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

5 Tx
1

Dxx

Dx0x0

Dxp

Dxq

Dpp

Dpq

Dqq

1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

xjy2
xjyy0
xjy02

0
B@

1
CA5 Tx

2

Dyy

Dy0y0

� �

(53.22)

where

Tx
1 5

x2jx2 x02jx2 0 0 0 0 0 0

x2jxx0 x02jxx0 0 0 0 0 0 κS
x2jxp x02jxp x j x 0 0 0 0 0

x2jxq x02jxq 0 xjx 0 0 0 0

x2jx02 x02jx02 0 0 0 0 0 0

x2jx0p x02jx0p xjx0 0 0 0 0 0

x2jx0q x02jx0q 0 xjx0 0 0 0 0

x2jp2 x02jp2 xjp 0 1j1 0 0 0

x2jpq x02jpq xjq xjp 0 1j1 0 0

x2jq2 x02jq2 0 xjq 0 0 1j1 0

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

(53.23a)

and

Tx
2 5

y2jyy0 y02jyy0
y2jy02 y02jy02

� �
(53.23b)

The elements of the matrices Tx
1 and Tx

2 are listed in Table 53.3 in two forms, one general,

the other to be used when kx, ky are very small. Similar formulae for the gradient

aberrations are given by Nakabushi et al. (1983) but are not reproduced here.

A theory that disregards fringing fields is clearly inadequate. Nakabushi et al. remedy this

in a second paper (1983/84), in which it is shown that the effects due to these fields can be
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Table 53.3: Elements of the matrices defined in Eqs (53.23a) and (53.23b)

Normal Expression Expression for Small kx and ky

1j1 ð1=kxÞð12CÞ 1

2
z2 12

1

12
kxz

2 1
1

360
k2x z

4

� �

xjx 1

2
zS

1

2
z2 12

1

6
kxz

2 1
1
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k2x z

4

� �
xjx0 ð1=2kxÞðS2 zCÞ 1

6
z3 12

1

10
kxz

2 1
1

280
k2x z

4

� �

xjp ðCp=k2x Þ 12C2
1

2
zkxS

� �
1

24
Cpz

4 12
1

15
kxz

2 1
1
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k2x z

4

� �
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2
zkxS
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1
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4 12
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k2x z

4

� �
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1
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CpCqz

6 12
1

28
kxz

2 1
1

560
k2x z

4

� �

x2jq2 ðCq
2=3k3x Þf4ð12CÞ2 3zkxS1 kxS

2g 1

120
C2
q z

6 12
1

28
kxz

2 1
1

560
k2x z

4

� �



y2jy2 f1=ðkx 2 4kyÞg½f12 ð2ky=kxÞgð12CÞ2 kyS
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incorporated by pre- and postmultiplying the ideal transfer matrices given above by

suitable fringing field matrices. Full details of the derivation are given in the paper cited;

here we simply list the resulting matrix elements. The nonzero elements of the radial

transfer matrix are as follows:

xjxð Þ5 1

xjx2� �
52

1

2
hef01 hmg0t

2
� �

xjy2� �
5 hmg0=2c

2

x0jxð Þ5 hmg0t2 he f11κf0ð Þze 2 11 γ20
� �

h2ef
2
0 IE12 zeð Þ=γ20

2 he f0hmg0 t22 1
� �

IC12 jzeð Þ1 t2ze
	 


x0jx0ð Þ5 1

x0jpð Þ52
12 γ0

γ0 11 γ0
� � hef0ze

x0jqð Þ5 11 γ20
γ0 11 γ0
� � hef0ze

x0jx2� �
5 he f0=2Re1 hm g1t1 g0=2Rmc

3
� �

2 hehm f0g0t t2 2 3
� �

IC0 1 j2 1ð Þ=2
x0jxx0ð Þ5 hmg0t

2

x0jxpð Þ5 2 hmg0t= 11 γ0
� �

x0jxqð Þ52γ0hmg0t= 11 γ0
� �

5 γ0 x0jxpð Þ
x0jy2� �

5 � hef0=2Re 2 hm g1t1 g0=2Rmc
3

� �
1 h2mg

2
0t 11 2t2
� �

=2

1 hehm f0g0t 11 t2
� �

IC0 1 j2 1ð Þ=2
x0jyy0ð Þ52hmg0t

252 x0jxx0ð Þ

(53.24a)

In the axial direction,

yjyð Þ5 1

yjxyð Þ5 hmg0t
2

y0jyð Þ52hmg0t1 he f1 1κf0ð Þze 2 h2mg
2
0 11 2t2
� �

IM1

1 hehm f0g0 IC1 1 12 jð Þze
	 


=c2

y0jy0ð Þ5 1

y0jxyð Þ52he f0=Re2 hm 2g1t1 g0=Rmc
3

� �
2hehm f0g0t t22 IC01 jð Þ=c2	 
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y0jx0yð Þ52 hmg0=c
2

y0jypð Þ5 hmg0t= 11 γ0
� �

y0jyqð Þ5 γ0hmh0t= 11 γ0
� �

5 γ0 y0
yp� �

y0jxy0ð Þ5κ2 hmg0=c
2

(53.24b)

In these matrix elements, Re and Rm are the radii of curvature of the endfaces in the radial

plane for the electric and magnetic cases; any tilt of the normal to the magnetic endface

relative to the z-axis is characterized by an angle α (or β for an exit face), as in

Section 52.6 and

c :¼ cos α; t :¼ tan α (53.25)

The electric and magnetic endfaces may be different and we write

1

B0

ðzb
B zð Þdz5 zb

1

E0

ðzb
E zð Þdz5 zb � ze

(53.26)

where the integrals run from field-free space to a point zb in the uniform field inside the

component; the functions B(z) and E(z) are those that replace the constants B0 and E0 in the

fringing region. Finally, j5 1 if ze $ 0 and j5 0 if ze , 0 and the quantities preceded by I

denote the following integrals:

IE1 5
1

E2
0

ðzb
za

E2dz2 zb 2 zeð Þ

IM1 5
1

B2
0

ðzb
za

B2dz2 zb

IC0 5
1

E0B0

ðzb
za

BE0dz2 j

IC1 5
1

E0B0

ðzb
za

BEdz2 zb 1 jze

(53.27)

In its present form, this unified theory is still of rather limited application, since primary

aberrations are included only in the radial direction and secondary aberrations are not
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considered. Once it has been extended to include primary aberrations in the axial direction

and secondary aberrations in the radial direction, it should be of great help to designers, and

it is for this reason that we have presented it in some detail. We must, however, stress that

it represents only part of a larger activity in ion optics, designed to generalize the theory

and facilitate further development despite the complexity of the formulae to be

manipulated. A first large step forward was the ‘truncated power series algebra’ of Berz

(1987), with which differential equations for the elements of the transfer matrices could be

derived, and the special-purpose algebra language HAMILTON of Berz and Wollnik

(1987), with which the heavy algebra involved in calculating aberration coefficients could

be performed by computer. These have been superseded by the extensive work of Berz and

colleagues based on differential algebra (see Berz et al, 2015 and the many references listed

in Chapter 34).

53.4 The Literature of Ion Optics

It has been possible to give only a very superficial idea of the optics of magnetic and

electrostatic prisms and of the various multipoles that commonly accompany deflecting

magnets or condensers. We have attempted to compensate for this by providing lists of

references that are representative of the various families. In many ambiguous cases,

spectrometers that incorporate both electrostatic and magnetic prisms for example, we have

not always duplicated the references but rather included them in whichever list seemed more

appropriate. These lists are situated at the head of the Notes and References for Part X.

Despite their length, the lists of references for the two types of prisms are very far from

complete and hardly any papers on instrumental design in general or on the results obtained

are included; nevertheless, we believe that they give a reasonably faithful coverage of the

optics of these devices and hope that few major contributions have been overlooked.

Crossed-field devices, of which the Wien filter is the classic example, are grouped

separately as are quadrupoles, sextupoles and higher order multipoles. General theoretical

papers share a subsection with computer programs. Finally, we have listed some general

papers and review articles concerning energy analysers and descriptions of specific designs;

the Möllenstedt analyser and its magnetic counterpart, the Ichinokawa analyser are included

here as are further references to the Castaing�Henry device, its all-magnetic analogues, the

Ω and α imaging filters, and the one all-electrostatic Ω structure. This Part now includes a

section on energy analysers and monochromators (52.9) where other references to these

devices are to be found.

1296 Chapter 53



Notes and References

Part VII, Chapter 35

The following papers deal with two-electrode lenses: Kirkpatrick and Beckerley (1936), Gundert (1937, 1939),

Klemperer and Wright (1939), Goddard (1946), Archard (1957), Hamish and Oldenburg (1964), Read (1969a,

1971), Read et al. (1971), Kuyatt et al. (1972, 1973a,b, 1974), Natali et al. (1972a,b), Galejs and Kuyatt (1973),

DiChio et al. (1974a,b, 1975), Cook and Heddle (1976), Bonjour (1979a), Saito and Sovers (1979), Kodama

(1982) and Barton and Allison (1988). Additional information about einzel lenses is to be found in Ramberg

(1942), Tani et al. (1950), Rang and Weitsch (1956), Aberth et al. (1974), Marghitu et al. (1982), Rempfer

(1982, 1985), Kurihara (1985a) and Dunham et al. (1994). On immersion lenses, see Ramberg (1942), Bas and

Preuss (1963), Heddle (1969), Wardly (1972), Orloff and Swanson (1979a,b), Kurihara (1985b), Lei (1987), the

exchange of papers between Renau and Heddle (1986, 1987) and Hawkes (1987) and Lenc (1995). Accelerating

structures are discussed by Gyarmati and Koltay (1967), Szilágyi (1981), Joy (1990) and Tamura (2016) and in

connection with the LinacTEM project, by Nagatani et al. (2015, 2016, 2017). On grid lenses, see Bernard

(1951a�c, 1952, 1953) and on foil lenses see Verster (1963) and Meisburger and Jacobsen (1982). Cylindrical

lenses are considered in Afanas’yev et al. (1975) and in the earlier work of Laudet (1955, 1956) and Grümm

(1956c). Various theoretical points concerning potential calculations are raised by Berger (1981), Berger et al.

(1979, 1980), Boers (1973) and van der Merwe (1979), while Bedford (1934) reconsiders the papers of Davisson

and Calbick (1931, 1932), Bonshtedt (1955) discusses potential models for which analytical solutions are

available, van Gorkum and Spanjer (1986) and Burghard et al. (1987) compare certain magnetic and electrostatic

lenses, Kuyatt et al. (1971) and Lewis et al. (1986) examine the aberration polynomials, Read (1970b, 1983)

discusses design theory and Yan et al. (1984) calculate the aberration coefficients of particular geometries. An

early paper by von Ardenne (1939) is also concerned with electrostatic lenses and Spangenburg (1948) and

Spangenburg and Field (1943, 1944) published very useful sets of design curves. The use of electrostatic lenses

as velocity filters is proposed by Möllenstedt (1949) and Möllenstedt and Heise (1949), see also Stenzel (1971)

and Part X. The calculation of the electrode shapes that create a given axial potential was analysed by Berz

(1950) and other proposals are made by Vecheslavov and Kononov (1970) and Upadhyay (1967, 1972a,b). The

papers by Jiang and Kruit (1996), Kawanami and Ishitani (1999) and Read (1978, 1979) are of general interest.

Electrostatic microscopes are described by Brüche (1932) and Brüche and Johannson (1932, cf. Brüche and

Recknagel, 1941) [these are emission microscopes], Mahl (1939a,b, 1940a,b, 1942), Bachman and Ramo

(1943), Grivet (1946), Bruck and Grivet (1946a,b, 1947), Fleming et al. (1948), Grivet and Regenstreif

(1950), Rang and Schluge (1951), Recknagel (1952), Wegmann (1952), Schluge (1954), Guyenot (1955),

Hahn (1955), Mahl et al. (1956), Gribi et al. (1958, 1959), Schulze (1960, 1992), Wilska (1960, 1962, 1964a,

b, 1970), Fickler and Guyenot (1963), and Rempfer et al. (1972); for details of many of these instruments

with historic photographs, see Agar (1996) and the articles by Fukami et al. (1996), Ura (1996) and Yada

(1996). Overall column design is the subject of the papers by Mayer and Gaukler (1987), Aihara et al. (1988,

1989), Oku et al. (1988), Meisburger et al. (1992), Chalupka et al. (1994) and Gierak et al. (2006).
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pour des systèmes à symétrie de révolution composés de cylindres de même rayon et à charge d’espace
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Compagnie Générale de Télégraphie sans Fil. Onde Electrique 26, 217�227.
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P. Grivet and M. Bernard (1952a). Etude théorique de la lentille formée de deux cylindres coaxiaux de même
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For early measurements of lens properties and comparison with theory, see Dosse (1941b), who gives references

to related work. The spherical aberration of saturated objectives is discussed by Kunath et al. (1966) and

measurements of probe-lens aberrations are given by Hanai et al. (1986). Objective or probe-lens design is

considered by Honda et al. (1982), Sparrow et al. (1982), Yanaka (1986), Strojnik (1975, 1984), Greschner

et al. (1976) and by Craven and Buggy (1981) and Craven and Scott (1985) who use the Munro programs

to calculate the properties of a VG STEM; Koops (1969, 1972) and Koops et al. (1968/69) analyse lens

combinations for use in microlithography, see also the reviews by Koops (1980) and Munro (1980a,b) and

the study of a four-lens demagnifying system by Lenz (1988). Many aspects of magnetic lens design are

examined by Alamir (1992, 1995a,b, 2000, 2001, 2002, 2003, 2004; El-Shahat et al., 2014) and see Ahmad

et al. (2014) and Kadhem (2014). Cryo-lenses are the subject of papers by Lefranc et al. (1984), Iwatsuki

et al. (1986) and Uchida and Heide (1986). Huang and Lei (1981) and Huang and Cheng (1982) describe a

lens design with several coils, with which the axial field distribution can be shaped at will, which recalls the

proposal by Glaser (1941d) for choosing the winding density to generate particular axial fields. On coil

design, see Podbrdský (1988). Li et al. (1986) and Xie (1986) are concerned with field calculation. A gun

incorporating a single-polepiece lens is described by Newman et al. (1987). On triple-polepiece lenses, see

Anderson et al. (1975) for a condenser-objective design and Kubozoe et al. (1977) for a permanent-magnet

projector. Some high current density designs are considered by Lund (1967) and Parker et al. (1976). Grümm

(1956) pointed out that the analysis in Tretner’s earlier papers was not suitable for antisymmetric fields, such

as B(z)5B0z(11 z2/a2)22, for which Bu 6¼ 0, B5 0 at z5 0. An extreme lens design matched to an energy

filter is analysed by Richardson and Muray (1988). For completeness, we mention an earlier paper by Glaser

(1940b) dealing in general terms with the chromatic aberration and a patent protecting his lens with vanishing

spherical aberration (Glaser, 1959). Many of the themes of this chapter are surveyed in Hawkes (1980a) and

an extremely full bibliography with titles forms an appendix to Hawkes (1982). See also Lencová and Lenc

(1989, 1990) and especially the long surveys by Tsuno (1997, 2009).
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J. Dosse (1941b). Über optische Kenngrößen starker Elektronenlinsen. Z. Phys. 117, 722�753.
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R. Rebsch (1938). Das theoretische Aulösungsvermögen des Elektronenmikroskops. Ann. Phys. (Leipzig) 31

(423), 551�560.
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M. Szilágyi (1969). Electron motion in a stationary axially symmetric magnetic field varying linearly along the

axis. Periodica Polytech. Elec. Eng. 13, 221�233.
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Part VII, Chapters 37�40

Most of the supplementary references for mirrors (Chapter 37) are concerned with mirror microscope design

though a few are devoted to mirror properties alone. See Henneberg and Recknagel (1935), Recknagel

(1936, 1937), Spivak et al. (1955, 1959a,b, 1960, 1961, 1962, 1963, 1978, 1983), Spivak and Lyubchenko

(1959), Mayer (1961, 1962), Igras (1961), Premanand (1962), Brand and Schwartze (1963), Barnett and

Nixon (1964, 1966, 1967, 1967/68), Schwartze (1964, 1965), Igras and Warminski (1965), Heydenreich

(1966), Artamonov and Komolov (1966, 1970c), Artamonov et al. (1966), Artamonov (1968), Oman

(1969), Kel’man et al (1972a,b), Luk’yanov et al (1973), which contains 187 references, Henkelman and

Ottensmeyer (1974), Witzani and Hörl (1981) and Hamarat et al. (1984). Filter lenses are the subject of

papers by Schiekel (1952), Beaufils (1959), Hahn (1961), Der-Shvarts and Belen’kii (1962), Wilska (1970)

and Lenz (1973). A highly original proposal for using an electrostatic mirror as a data storage device is

made by Kasper and Wilska (1967).

Cathode lenses, frequently referred to as immersion objectives, have a vast literature, of which the following

references are only a modest sample, biased towards the theory of these devices: Brüche and Johannson

(1932a), Behne (1936a�c), Mecklenburg (1942), Jenkins (1942/43), Einstein and Jacob (1948), Duchesne

(1949, 1953), Jacob (1950), Ashworth (1951), Müller (1951), Clarke and Jacob (1953), Dolan and Dyke

(1954), Drechsler and Pankow (1954), Möllenstedt and Keller (1954), Bas (1956), Bonshtedt et al. (1956),

Good and Müller (1956), Vorob’ev (1956, 1959), Rozenfel’d (1959), Gobrecht (1961), Kas’yankov (1961),

Rozenfel’d and Zaitsev (1961), Aeschlimann and Bas (1962), Brand and Schwartze (1963), Düker (1964,

1968), Vlasov et al. (1964), Kulikov (1966, 1971, 1972, 1973, 1975), Der-Shvarts and Kulikov (1968),

Heinemann (1968), Heinemann and Lenz (1968), Müller and Tsong (1969), Bowkett and Smith (1970),

Vlasov and Shapiro (1971, 1974), Berger and Babout (1972), Shapiro (1972), Tsyganenko et al. (1972),

Berger and Bernard (1974), Schwarzer (1975/76a,b, 1979), Monastyrskii and Kulikov (1976, 1978),

Ignat’ev et al. (1979), Liebl (1979), Ivanov et al. (1983), Nesvizhskii (1984, 1985, 1986), Il’�ιn et al. (1984,

1987), Monastyrskii (1986), Monastyrskii and Korneeva (1986) and Kolesnikov and Monastyrskii (1988).

Low-energy-electron microscopes and photoemission electron microscopes (LEEM and PEEM) are also

included in Chapter 37. Recent review articles on these instruments are mentioned there and we refer to

those for additional literature. The same is true of Wien filters (Chapter 38).

In addition to the cited references in Chapter 39, we mention the book of Baranova and Yavor (1986b, 1989)

and the papers by Lobb (1970), Afanas’ev (1985), Nevinnyi et al. (1985), Baranova and Yavor (1986a),

Ovsyannikova (1986), Petrov and Khersonskaya (1986), Okayama (1988), Gaafer (2014) and, on parasitic

aberrations, Martin and Goloskie (1988) and Baranova and Read (2001). In a series of papers, Preston

(1968, 1969, 1970, 1972) analyses in great detail the field distribution in electrostatic quadrupoles in which

the pairs of opposite poles are at different distances from the axis, thereby creating round, quadrupole and

octopole components.

Finally, we draw attention to the following papers on deflection systems or on calculation of fields in such

systems or again on yoke design: Amboss (1975, 1976), Sheppard and Ahmed (1976), Karetskaya and

Fedulina (1977), Ohiwa (1977, 1978), Speidel et al. (1979/80), de Chambost (1980), Hosokawa (1980),

Munro (1980b), Pearce-Percy and Spicer (1980), Li (1981), Owen (1981), Li and Ximen (1982), Chen

et al. (1983), Goto et al. (1983), Hosokawa and Morita (1983), Idesawa et al. (1983), Hanssum (1983,

1984, 1985, 1986), Pfeiffer and Sturans (1984), Evdokimov (1985), Paik and Siegel (1985), Strong (1985),

Zhukov and Abraamyants (1986a,b), Alles et al. (1987), Baranova et al. (1987c, 1988), Zhou et al. (1988)

and Jiang (1988). Deflection systems were studied in great detail by K. Kanaya and colleagues in the

1960s. See Kanaya (1962), Kanaya and Kawakatsu (1961a,b, 1962), Kanaya et al. (1961, 1963, 1964) amd

Kawakatsu and Kanaya (1961); cf. Ito et al. (1954). Variable-axis lenses are mentioned by Schmid and

Rose (1998), Spehr (1998), Zhao and Khursheed (1999a�c) and Zhao et al. (2012a,b). Ren et al. (2002)

describe a rotating deflection field that matches the rotation of the electron beam.
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K. Bücker, M. Picher, O. Crégut, T. LaGrange, B. Reed, S.T. Park, D. Masiel and F. Banhart (2016a). Ultrafast

transmission electron microscopy reveals electron dynamics and trajectories in a thermionic gun setup.

EMC-16, Lyon. 1, 445�446.
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dynamics in graphite by ultrafast TEM. EMC-16, Lyon. 1, 330�331.

A. Feist, N. Bach, N. Rubiano da Silva, T. Danz, M. Möller, K. E. Priebe, T. Domröse, J. G. Gatzmann, S.
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C. R. Acad. Sci. Paris 249, 2034�2036.

J. R. Garrood and W. C. Nixon (1968). Scanning mirror electron microscopy. EUREM-4, Rome. 1, 95�96.

F. Gaydou (1961). Beitrag zur Theorie des Immersionsobjektivs. Dissertation, Zürich.
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Ultrafast low-energy electron diffraction in transmission resolves polymer/graphene superstructure

dynamics. Science 345, 200�204.

1344 Part VII, Chapters 37�40

http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19395
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19395
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19395
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19395
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19405
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19415
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19425
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19435
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19445
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19445
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19445
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19445
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19445
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19455
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19455
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19455
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19465
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19465
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19465
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19465
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19465
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19475
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19475
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19475
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19475
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19475
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19475
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19485
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19485
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19485
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19485
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19485
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19485
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19495
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19495
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19495
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19495
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19495
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19505
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref19515


E. Hahn (1958a). Zur numerischen Durchrechnung von elektrostatischen Immersionsobjektiven. Optik 15,

500�516.

E. Hahn (1958b). Berechnung der Kardinalelemente und Bildfehler bis zur 3. Ordnung des elektrostatischen

Immersionsobjektives. Jenaer Jahrbuch Pt. I, 184�202.

E. Hahn (1959). Numerische Untersuchungen an einem typischen elektrostatischen Immersionsobjektiv. Optik

16, 513�521.

E. Hahn (1961). Zur Theorie des elektrostatischen Geschwindigkeitsfilters. Jenaer Jahrbuch Pt. II, 325�399.

R. T. Hamarat, J. Witzani and E. M. Hörl (1984). Electron optical characteristics of a concave electrostatic

electron mirror for a scanning electron microscope. Scanning 6, 75�79.

H. Hanssum (1983). Exact solution of the Poisson equation for a DC current on a saddle-shaped Helmholtz coil.

J. Phys. A: Math. Gen. 16, 3385�3392.

H. Hanssum (1984). The magnetic field of saddle-shaped coils: I. Symmetry of the magnetic field around the

coil centre. J. Phys. D: Appl. Phys. 17, 1�18.

H. Hanssum (1985). The magnetic field of saddle-shaped coils: II. Transverse components. J. Phys. D: Appl.

Phys. 18, 1971�1978.

H. Hanssum (1986). The magnetic field of saddle-shaped coils: III. Improving the uniformity of |B| in a large

volume. J. Phys. D: Appl. Phys. 19, 493�501.

D. F. Hardy (1967). Combined magnetic and electrostatic quadrupole electron lenses. Dissertation, Cambridge.

P. Hartel, D. Preikszas, R. Spehr and H. Rose (1998). Test of a beam separator for a corrected PEEM/LEEM.

Recent Trends 6, 24�25.

P. Hartel, D. Preikszas, R. Spehr and H. Rose (2000). Performance of the mirror corrector for an ultrahigh-

resolution spectromicroscope. EUREM-12, Brno. 3, I.153�I.154.

P. Hartel, D. Preikszas, R. Spehr, H. Müller and H. Rose (2002). Mirror corrector for low-voltage electron

microscopes. Adv. Imaging Electron Phys. 120, 41�133.

W. A. M. Hartl (1964). Monochromatic fast electrons produced by a filter lens. Phys. Lett. 13, 133�134.

W. A. M. Hartl (1966). Die Filterlinse als Monochromator für schnelle Elektronen. Z. Phys. 191, 487�502.

P. W. Hawkes (1966). Quadrupole Optics (Springer, Berlin & New York).

P. W. Hawkes (1967a). Asymptotic quadrupole aberrations: the bell-shaped model. I. Optik 25, 439�449.

P. W. Hawkes (1967b). Asymptotic quadrupole aberrations: the bell-shaped model. III. Optik 26, 497�506.

P. W. Hawkes (1970). Quadrupoles in Electron Lens Design. Adv. Electron. Electron Phys. Suppl. 7.

P. W. Hawkes (1980). Methods of computing optical properties and combating aberrations in low intensity

beams. In Applied Charged Particle Optics (A. Septier, Ed.), 45�157 (Academic Press, New York &

London). ; Adv. Electron. Electron Phys. Suppl. 13A.

P. W. Hawkes (2012). Examples of electrostatic electron optics: the Farrand and Elektros microscopes and

electron mirrors. Ultramicroscopy 119, 9�17.

P. W. Hawkes and E. L. Cham (1967a). Asymptotic quadrupole aberrations: the bell-shaped model. IV. Optik

26, 507�552.

P. W. Hawkes and D. F. Hardy (1967b). Asymptotic quadrupole aberrations: the bell-shaped model. II. Optik

25, 450�458.

K. Heinemann (1968). Grenzauflösung der Emissionsmikroskopie mit einer Drei-Elektroden-Kathodenlinse für
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M. Horáček, I. Vlček and M. Zobać (2008). Wien filter electron optical characteristics determining using

shadow projection method. Recent Trends 11, 47�48.

T. Hosokawa (1980). Systematic elimination of third order aberrations in electron beam scanning systems. Optik

56, 21�30.

T. Hosokawa and H. Morita (1983). Electron beam optical system with large field coverage for submicron

lithography. J. Vac. Sci. Technol. B 1, 1293�1297.

T. Hosokawa, H. Fujioka and K. Ura (1978a). Generation and measurement of subpicosecond electron beam

pulses. Rev. Sci. Instrum. 49, 624�628.

T. Hosokawa, H. Fujioka and K. Ura (1978b). Gigahertz stroboscopy with the scanning electron microscope.

Rev. Sci. Instrum. 49, 1293�1299.
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Direktabbildung von Oberflächen 12 (2), 3�38.
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H. Becker and A. Wallraff (1938). Über die sphärische Aberration magnetischer Linsen. Arch. Elektrotech. 32,

664�675.
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H. Grümm (1952). Zur Frage der geometrisch-optischen Intensitätsverteilung im Bildraum von Elektronenlinsen.
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P. W. Hawkes and U. Valdrè (1977). Superconductivity and electron microscopy. J. Phys. E: Sci. Instrum. 10,

309�328.

H. Hely (1982a). Technologische Voraussetzungen für die Verbesserung der Korrektur von Elektronenlinsen.

Optik 60, 307�326.

H. Hely (1982b). Messungen an einem verbesserten korrigierten Elektronenmikroskop. Optik 60, 353�370.

K.-H. Herrmann (1978). The present state of instrumentation in high-resolution electron microscopy. J. Phys. E:

Sci. Instrum. 11, 1076�1091.

M. Hibino and T. Hanai (1986). Foil lens-correction of spherical aberration. ICEM-11, Kyoto. 1, 255�258.

M. Hibino and S. Maruse (1976). Correction of the spherical aberration of a magnetic lens with a foil lens.

J. Electron Microsc. 25, 229�236.

M. Hibino, S. Sugiyama, T. Hanai and S. Maruse (1977). Correction of the spherical aberration of a magnetic

lens using a foil lens. HVEM-5, Kyoto. 49�52.

M. Hibino, S. Sugiyama, T. Hanai and S. Maruse (1978). Characteristics of the foil lens for the correction of the

spherical aberration of the strongly excited magnetic lens. J. Electron Microsc. 27, 259�265.

M. Hibino, M. Kuzuya and S. Maruse (1981). Correction of the spherical aberration of the objective lens

in a conventional transmission electron microscope by means of a foil lens. Jpn. J. Appl. Phys. 20,

781�782.

K. Hirose, T. Nakano and T. Kawasaki (2011). Automatic aberration-correction system for scanning electron

microscopy. Microelectron. Eng. 88, 2559�2562.
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Objektivs. Optik 26, 564�573.

P. Schmid, J. Feng, H. Padmore, D. Robin, H. Rose, R. Schlueter and W. Wan (2005). Correction and alignment

strategies for the beam separator of the photoemission electron microscope 3 (PEEM3). Rev. Sci. Instrum.

76, 023302, 14 pp.

T. Schmidt, U. Groh, R. Fink, E. Umbach, O. Schaff, W. Engel, R. Richter, H. Kuhlenbeck, R. Schlögl, H.-J.
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M. P. Seah and W. A. Dench (1979). Quantitative electron spectroscopy of surfaces: a standard data base for

electron inelastic mean free paths in solids. Surf. Interface Anal. 1, 2�11.

R. Seeliger (1948). Ein neues Verfahren zur Bestimmung des Öffnungsfehlers von Elektronenlinsen. Optik 4,
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Part IX, Chapters 43�50

The following lists of references provide some guidance, certainly incomplete, to the abundant literature. Even,

here, we concentrate on papers dealing with gun properties and largely exclude those dealing with gun

technology. Pierce guns are not covered. Papers cited in the text are not repeated in these lists with the

result that the latter are not very different from those in the first edition.

General References

The following publications are of a general nature in the sense that they discuss gun properties without special

reference to a particular type, or are review articles, or compare several types of gun, or deal with methods

of calculation that can be applied to any gun: Al-Khashab and Al-Abdullah (2012), Alyamovskii (1966),

Amboss (1964), Büchsel et al. (1982), Fink and Schumacher (1974), Hamza (1966), Hamza and Kino

(1967), Hardy (1974), Herrmann (1957, 1958), Kamigaito (1964, 1965), Killes (1985, 1988), Miskovsky

and Cutler (1984), Miskovsky et al. (1984), Moss (1968), Mulvey (1980, 1984), Ohshita et al. (1973),

Orloff (1984a,b), Schumacher (1982), Strojnik and Scholl (1975), Taranenko (1964), Troyon (1984b),

Uchikawa et al. (1977, 1978), Wiesner (1973), Wiesner and Everhart (1969, 1970), Wolter et al. (1970)

and Zaima et al. (1984). Wilska (1970) describes a gun suitable for (spatially) incoherent beam formation.

Stoelinga et al. (1983) have designed a gun with a strongly heated tungsten cathode that advances

mechanically as it ‘burns down’.

Brightness is discussed by Worster (1969b) and Davey (1971).
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A special gun structure for the measurement of work functions is proposed by Klauser and Bas (1979).

Thermionic Emission

The literature of thermionic guns is vast. The following list is reasonably representative but the reader who

wishes to retrace their development in detail must go to the references cited in these publications and

follow up the clues thus unearthed: Andersen and Mol (1968, 1970), André (1967), Barber and Sander

(1959), Bas (1954), Bas and Gaydou (1959), Bas et al. (1967), Bradley (1961), Buchanan and Jacob

(1960), Castaing (1960), Davey (1973), Dedieu et al. (1970), Delâge amd Sewell (1984), Dolby and Swift

(1960), Dosse (1940), Drechsler et al. (1958), Ehrenberg and Spear (1951), Einstein and Jacob (1948), Ellis

(1947), Essig (1985, 1986), Everhart (1967), Hanszen (1962, 1964a,b,c), Hanszen and Lauer (1967, 1968),

Hasker (1966, 1972), Hibi (1954, 1956, 1962), Hibi and Takahashi (1959), Hibi and Yada (1964), Hibi

et al. (1962), Hillier and Baker (1945, 1946), Hillier and Ellis (1949), Hoffmann (1972), Holl (1968/69,

1969), Ichinokawa and Maeda (1978), Iiyoshi et al. (1986), Jacob (1948, 1950a,b), Johansen (1973),

Kamminga (1973), Kamminga and Francken (1971), Klemperer and Klinger (1951), Klemperer and Mayo

(1948), Komoda (1960), Kudintseva et al. (1966), Lauer (1973, 1974, 1975, 1976), Lauer and Hanszen

(1966, 1974), Law (1937), Linn and Pöschl (1968), Maloff and Epstein (1934), Maruse (1960), Ohno

(1971, 1972, 1974, 1975), Ohshita et al. (1977), Ohye and Uchikawa (1980, 1986), Ozaki et al. (1982),

Passow (1976), Pilod and Sonier (1961, 1968), Ploke (1951, 1952), Pugh and West (1977), Rauh and Kern

(1978), Reusse (1939), Reusse and Ripper (1940), Sakaki and Maruse (1958), Sakaki and Möllenstedt

(1956), Sakaki et al. (1956), Sewell (1980), Shimoyama et al. (1966, 1970, 1972, 1974, 1982), Someya

et al. (1966), Spear (1951), Speidel (1965/66), Sugata (1950), Sugata and Kischi (1950), Swift and Nixon

(1960, 1962), Tochigi et al. (1962), Troyon and Zinzindohué (1986), Uchikawa et al. (1977, 1978, 1983),

van den Broek (1986a,b),Vasin and Nevrovskii (1979), von Borries (1948), Winkler (1988), Wolter et al.

(1970), Woolf and Joy (1971), Worobjew and Shukov (1972), Worster (1970) and Yamazaki (1969).

Schottky Emission, Lanthanum Hexaboride Cathodes

Much of the literature related to LaB6 as a cathode material is concerned with the problems of producing

suitable crystals, of heating the point and of choosing the appropriate vacuum. The following papers are,

for the most part, concerned more with the optical properties of guns with LaB6 cathodes: Ahmed (1971,

1972, 1973), Ahmed and Broers (1972), Ahmed and Munro (1973), Ahmed and Nixon (1973), Ahmed

et al. (1972), Batson et al. (1976), Boussoukaya and Septier (1976), Broers (1970), Ferris et al. (1975),

Frosien et al. (1985), Futamoto et al. (1980), Gibson and Verhoeven (1975), Hohn (1982), Kang (1987),

Kanitkar et al. (1976), Kato et al. (1983), Khairnar et al. (1985), Kim et al. (1997a,b), Leung et al. (1986),

Loeffler (1970a,b), Nakagawa and Yanaka (1975), Nakasuji and Wada (1980), Noack et al. (1980), Parol’

et al. (1984), Roslyakov et al. (1974), Sewell and Delâge (1984), Takaoka and Ura (1986), Takigawa et al.

(1980, 1982), Tsukamoto et al. (1982), Vogel (1970), Vogt (1972), Watari and Yada (1986), Windsor

(1969), Wolter and Sanders (1970), Yamabe et al. (1984), Yamazaki et al. (1984), Yonezawa et al. (1977)

and Zaima et al. (1980).

Field Emission

Despite its length, the following list is confined to papers concerned with field electron emission sources,

although a few do consider field ion emission as well: Adachi (1985), Batson (1987), Bottoms and Haydon

(1977), Brock et al. (1992), Broers (1968), Brünger (1968, 1969), Burghard et al. (1987), Cleaver (1975a,

b), Cleaver and Smith (1972, 1973), Davydova et al. (1979), Delong (1982), Denizart et al. (1981), Dyke

and Dolan (1956), Eggenberger et al. (1968), El Gomati and Prutton (1985), El Gomati et al. (1985),

Elinson (1958), Engel and Sauer (1980), Engel et al. (1974), Garg et al. (1984), Gaukler et al. (1975),

Hadley et al. (1985), Hübner (1983), Hübner and Röhm (1988), Ichinokawa et al. (1982), Isakozawa et al.

(2016), Kanitkar et al. (1976), Katsuda et al. (1986), Kern (1978b), Kuo and Siegel (1976), Kurihara

(1985), Kuroda and Suzuki (1972a,b, 1974a,b, 1975), Kuroda et al. (1974a,b), Kurz (1979), Martin et al.

(1960), Matsuda et al. (1981), Mayer and Gaukler (1986), Menadue (1974), Morita et al. (1996), Mubanga-

N et al. (1986), Mundt (1973), Munro (1972), Ohiwa et al. (1981), Orloff (1986), Orloff and Swanson

(1979a,b, 1982), Orloff et al. (1985), Pitaval et al. (1973), Plomp (1972), Plomp et al. (1968), Röhm

(1986a,b), Samoto et al. (1985), Scheinfein (1986), Shimoyama et al. (1972a,b), Smith and Cumming
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(1978), Someya et al. (1972a,b), Speidel and Benner (1982, 1986), Speidel and Brauchle (1982, 1987),

Speidel and Hirschner (1988), Speidel and Kurz (1977), Speidel and Vorster (1975), Speidel et al. (1979,

1985), Stokes (1980), Swanson (1984), Swanson and Crouser (1969), Swanson and Tuggle (1981), Takaoka

and Ura (1984, 1985), Takaoka et al. (1986a,b), Tonomura and Komoda (1970), Trolan and Dyke (1958),

Troyon (1976, 1986), Troyon and Jiang (1984), Troyon et al. (1972, 1973, 1976), Ura and Takaoka (1982,

1986), van der Mast (1981, 1983), van Oostrom (1962), Vanselow (1973), Venables and Archer (1980),

Veneklasen (1973), Veneklasen and Siegel (1970), Worsham et al. (1972), Worster (1969a�d), Yamamoto

and Miyokawa (1998), Yonezawa et al. (1979), Zaima et al. (1978), Zinzindohué (1986), Zinzindohué and

Troyon (1986).

Field emission from extremely sharp tips is considered by Bleloch et al. (1992), Elswijk et al. (1995), Binh and

Garcia (1992), Binh et al. (1996), James et al. (1997), Kim et al. (1995, 1997a,b), Knápek et al. (2015),

Murata et al. (2001), Shimoyama et al. (2001), Qian et al. (1993), Read and Bowring, (2004), Scheinfein

and Spence (1993), Spallas et al. (2006) and Zhang et al. (2016).

Ion guns are not included in these lists, although some of the above publications devote some space to them. An

electrode structure intended for an ion source but of wider interest is described by Cleaver and Ahmed (1981).

Emission From Carbon Fibres and Other Unconventional Materials

A number of older studies were concerned with emission from carbon: Adler et al. (1985), Baker et al. (1972, 1974),

English et al. (1973), Ishizawa et al. (1986), Khatapova and Romanova (1982), Khatapova et al. (1985a,b),

Latham and Salim (1987), Osipov (1984), Prohaska and Fisher (1982), Yada (1982a,b, 1986) and Yada and

Shimoyama (1985). Recent publications on carbon nanotube and similar emitters are cited in Section 50.7.

Emission from silicon is studied by von Gorkom and Hoeberechts (1984, 1986a,b) and Lin et al. (2015). The

‘shower-beam concept’, introduced by van der Mast et al. (1985), for microlithographic purposes, depends

on arrays of such emitters. Such arrays had been developed earlier by Spindt et al. (1976, 1983) and

Forman (1983).

���
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C. J. Edgcombe and U. Valdrè (1998). Experimental and computational study of field emission from carbon

nano-tips grown on W minispheres. ICEM-14, Cancún. 1, 69�70.
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A. Kyritsakis and J. P. Xanthakis (2015). Derivation of a generalized Fowler�Nordheim equation for

nanoscopic field-emitters. Proc. R. Soc. (Lond.) A 471. 2014.0811.

J. M. Lafferty (1951). Boride cathodes. J. Appl. Phys. 22, 299�308.

D. B. Langmuir (1923). The effect of space charge and initial velocities on the potential distribution and

thermionic current between plane parallel electrodes. Phys. Rev. 21, 419�435.

D. B. Langmuir (1937). Theoretical limitations of cathode-ray tubes. Proc. Inst. Radio. Eng. 25, 977�991.

R. V. Latham and M. A. Salim (1987). A microfocus cathode ray tube using an externally stabilised carbon-

fibre field-emitting source. J. Phys. E: Sci. Instrum. 20, 181�188.

L. Lattard, I. Servin, J. Pradelles, Y. Blancquaert, G. Rademaker, L. Pain, G. de Boer, P. Brandt, M. Dansberg,

R. J. A. Jager, J. J. M. Peijster, E. Slot, S. W. H. K. Steenbrink, N. Vergeer and M. J. Wieland (2017).

Overlay performance assessment of MAPPER’s FLX-1200. Proc. SPIE 10144, 10144-0N.

B. Lau (1981). Untersuchungen an einer Elektronenquelle mit laserbeheizter Kathode. Dissertation, Tübingen.
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Part X, Chapters 51�53

Only a very small part of the relevant literature is cited in the text of Part X. The lists that follow give some

guidance to the field but we stress again that these are strongly biased in favour of theoretical papers at the

expense of publications on applications of these instruments.

Magnetic Prisms

For much additional information about the earlier literature, see Livingood (1969) and the books edited by

Siegbahn (1955, 1965). The papers listed here are mostly concerned with theoretical aspects of linear

image formation, aberrations and the effect of fringing fields in various types of prisms. Only a few

descriptions of full spectrometer designs are included, most of which are celebrated historical papers. In

some cases, such as the publications of the group formerly headed by the late V.M. Kel’man in the

Institute of Nuclear Physics in Alma-Ata, few original papers are listed because full lists are available in

recent books or review articles by the same authors.

The surviving references are as follows: Afanas’ev and Gol’dshtein (1968), Afanas’ev et al. (1963a,b),

Alekseevskii et al. (1955), Amadori and Wollnik (1971), Aspelund (1975), Aucouturier and Leboutet

(1970), Bainbridge (1949), Basargin (1966, 1967, 1968, 1969), Bastard and Lafoucrière (1958), Beiduk and

Konopinski (1948), Boerboom (1958, 1964, 1970), Boerboom et al. (1959), Bosi (1967, 1970), Bounin

(1967, 1971a, 1971b), Carey (1987a), Cartan (1937a,b, 1938), Coggeshall (1947), Cross (1951), Darlington

(1980), Dempsey (1955), Ehrenberg and Jennings (1952), Enge (1963), Fedoseev (1968a,b, 1970a,b,c,d),

Gall’ and Sachenko (1980), Glikman (1984), Glikman et al. (1977a,b, 1985), Grümm (1953/54), Herzog

(1950/51), Hintenberger (1948a,b, 1949, 1951), Hintenberger and König (1957, 1958), Hintenberger et al.

(1955), Hu (1987), Ikegami (1958), Ioanoviciu (1970, 1973b), Ioanoviciu et al. (1972, 1973), Ismagulova

and Rastorguev (1984), Jennings (1952), Johnson and Nier (1953), Judd and Bludman (1957), Kekk (1962),

Kel’man and Rodnikova (1951), Kerwin (1949), Kerwin and Geoffrion (1949), Khurgin (1939), König and

Hintenberger (1957, 1958), Korsunskii et al. (1944), Kosiara (1976), Krahl et al. (1981), Langenbeck

(1987), Lee-Whiting (1966a,b), Lee-Whiting and Taylor (1957), Leithäuser (1904), Ludwig (1967), Malov

(1985a,b), Malov and Trubacheev (1981), Malov et al. (1965a,b, 1975), Matsuda and Matsuo (1971),

Matsuda and Wollnik (1970), Matsuo and Matsuda (1971), Musumeci (1950, 1952), Nakai (1975, 1977),

Oikawa et al. (1986), Pavinskii (1954), Pearce-Percy (1976), Perez et al. (1975), Ploch and Walcher (1950),

Richardson (1947), Rosenblum (1950), Rüdenauer (1970), Rüdenauer and Viehböck (1965, 1966),
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Sachenko (1980), Sachenko and Fridlyanskii (1980), Saulit (1954, 1956), Scheinfein and Isaacson (1984),

Shanker (1987), Shull and Dennison (1947), Siegbahn and Svartholm (1946), Svartholm (1950), Syso(j)ev

and Samsonov (1970a,b), Takeshita (1966a,b,c, 1967), Tasman and Boerboom (1959, 1960), Tasman et al.

(1959, 1960), Tsoupas et al. (1987), Verster (1950), Voorhies (1955), Wachsmuth et al. (1959a,b), Walen

(1957), Wollnik (1965, 1967a,b), Wollnik and Ewald (1965), Wooster (1927), Ximen and Shao (1985) and

Yagi (1964, 1965, 1966). General relations between the primary aberration coefficients are derived by

Meinel and Thiem (1986).

Electrostatic Prisms

The number of papers devoted principally to the paraxial optics and aberrations of electrostatic prisms appears

to be smaller than that concerned with magnetic prisms from the list below but this is principally because

we have somewhat arbitrarily excluded most of the vast number of papers that deal with reflecting

structures. These are commonly referred to as mirrors but they are mirrors in which the angle of incidence

is large and the electron or ion speed never becomes very small. The problems raised in Chapters 18 and

28 hence do not occur. Such mirrors are surveyed in the textbook of Afanas’ev and Yavor (1978) and the

general optical properties are of course dictated by the overall symmetry, not by the particular electrode

configuration. The remaining references are as follows:

Afanas’ev and Yavor (1972a,b,c, 1975b), Albrecht (1956), Arnow (1976), Boerboom (1960, 1976, 1987a), Bosi

(1972, 1978), de Celles (1974), Chen and Boerboom (1982), Decreau et al. (1972, 1975), Ewald (1959a,b),

Ewald and Liebl (1955, 1957), Ewald and Sauermann (1956), Ewald et al. (1959), Frank (1976), Glikman

et al. (1973, 1976a,b, 1977a,b, 1978, 1985), Grümm (1953/54), Hafner et al. (1968), Herzog (1934, 1940),

Hintenberger and König (1957, 1958), Hughes and Rojansky (1929), Ioanoviciu (1982), Johnson and Nier

(1953), König and Hintenberger (1957, 1958), Kovalenko and Polenov (1974), Liebl (1958, 1976), Liebl

and Ewald (1957a,b, 1959a,b), Liebl and Wachsmuth (1959), Matsuda (1961, 1971, 1974, 1975), Matsuda

and Fujita (1975), Matsuo et al. (1972), Paolini and Theodoris (1967), Roy and Carette (1971), Sar-El

(1966, 1967, 1968, 1971, 1972), Takeshita (1966a�c, 1967), Theodoris and Paolini (1968, 1969), Wollnik

(1965, 1967a,c, 1968), Wollnik and Ewald (1965) and Young et al. (1987).

Crossed-Field Devices

The best-known of these devices is the filter introduced by Wien (1897) in which the particles that are intended

to pass through remain in the vicinity of a straight optic axis. More generally, however, the axis may be

curved, typically circular. The following list is limited to relatively recent studies of the optics of these

configurations. We recall that Chapter 38, The Wien Filter, is devoted wholly to these filters.

Andersen (1967), Andersen and Le Poole (1970), Andersen and Kramer (1972), Batson (1985, 1986), Boersch

et al. (1964), Collins (1973), Curtis and Silcox (1971), Holmlid (1975), Hurd (1987), Ioanoviciu (1973a,

1974), Ioanoviciu and Cuna (1974, 1977), Legler (1963), Nakabushi and Sakurai (1983), Nakabushi et al.

(1983a), Pearce-Percy (1978), Rose (1987b), Seliger (1972), Solovyev and Tolstoguzov (1987), Tang

(1986), Tsuno et al. (1988a,b, 1989), Ximen (1980) and Ximen and Chen (1982a,b). Wien filters are

surveyed in depth by Tsuno and Ioanoviciu (2013).

Multipoles

In ion optics, quadrupoles, sextupoles and higher-order multipoles are used mainly as correcting elements; the

corresponding fields may be produced by shaping the endfaces of prisms or by separate structures with

numerous magnetic poles or electrodes. The publications on these elements frequently consider more than

one family of multipoles and the following categories should therefore be regarded as only approximate.

For quadrupoles, we refer to the bibliographies of Chapter 19, 29 and 39 and to Boerboom et al. (1976),

Matsuda and Wollnik (1972), Matsuo et al. (1977) and Yagi (1964, 1965, 1966). Sextupoles are considered

by Boerboom (1972), Taya and Matsuda (1971), Evseeva and Yukhvidin (1980) and Guignard and Hagel

(1986). Other multipoles are analysed by Boerboom (1987b), Boerboom et al. (1985), Haider et al. (1982),

Matsuo et al. (1982), Nakabushi and Matsuo (1982), Tang (1982c), White et al. (1987) and Wollnik (1972).
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General Theory and Computer Programs

A number of rather general papers on the theory of systems with curved axes are more conveniently classified

apart. We draw attention in particular to the series of papers by Geerk (1966, 1975, 1984, 1985, 1986); an

early paper by Hutter (1945); surveys by Ioanoviciu (1988), Rose (1987a), Brown and Servranckx (1987)

and Servranckx and Brown (1987); and general papers by Malov (1985a,b), Rose and Petri (1971),

Ismagulova and Rastorguev (1984), Dormont (1959), Zhou (1984) and Zhou et al. (1987, 1988a,b). The

paper by Penner (1961) was one of the earliest to use a matrix formalism in this context.

Numerous computer programs have been and continue to be developed for ion optics, some of which have already

been cited. Of the earlier software, we mention TURTLE (see Carey, 1981, for earlier references),

TRANSOPTR (Heighway and Hutcheon, 1981), the algebra program HAMILTON (Berz and Wollnik, 1987)

to be used in conjunction with COSY 5.0 (Berz et al., 1987) and the GIOS�BEAMTRACE package

(Wollnik et al., 1987b), MARYLIE and MICROLIE (Dragt, 1987), RAYTRACE (Kowalski and Enge, 1987)

and the programs developed by Munro and colleagues (www.mebs.co.uk) and by Lencová (www.lencova.

com). We recall that TRANSPORT, with which later programs are frequently compared, is described in

Brown (1968). Programs that are still in use continue to be improved. Rather than give references that will

soon be out of date, we refer the reader to to the appropriate websites, which are easily found.

Energy Analysers

Section 52.5 is devoted to energy analysers and monochromators and this list is hence quite short. It has not

been possible to examine in detail the various types of electron energy analyser used at moderate energies

(up to a few hundred kilovolts, say) or the numerous mass spectrometer designs. In this concluding section,

therefore, we draw attention to general texts and review articles and also to some fundamental papers on

energy analyser design.

For broad surveys and review articles see Afanas’ev and Yavor (1975a, 1978), Klemperer (1965), Leckey (1987),

Matsuda (1983a,b, 1987), Matsuo and Wollnik (1975), Metherell (1971), Pearce-Percy (1978),

Steckelmacher (1973), Sysoev and Samsonov (1972) and Wannberg et al. (1974). Time-of-flight mass

spectrometers are covered by Matsuda et al. (1982), Matsuo (1984a,b), Matsuo et al. (1987), Sakurai et al.

(1985), Trötscher et al. (1990), Trötscher (1993), Wollnik (1987b) and Wollnik et al. (1987a). For the history

of mass spectrometry see Svec (1985) and Wollnik (2013). The revival of interest in time-of-flight mass

analysers is reflected in the papers of Wollnik and Casares (2001), Ishida et al. (2004), Wolf et al. (2013), Ito

et al. (2013), Makarov et al. (2014) and Schury et al. (2017), where many further references can be found.

The Castaing�Henry mirror-prism device is first described by Paras (1961) and is surveyed by Castaing et al.

(1967) as well as in the articles cited elsewhere. A similar arrangement is used as an electron

monochromator by Möllenstedt and Gruner (1968) and Gruner et al. (1971). The all-magnetic Ω design is

discussed by Senoussi (1971), Senoussi et al. (1971), Rose and Plies (1974), Wollnik et al. (1976), Plies and

Rose (1977), Zanchi et al. (1975, 1977a,b), Pearce-Percy et al. (1976) and Rose and Pejas (1979). A wholly

electrostatic energy filter and monochromator with an Ω-shaped axis has been proposed by Plies (1978). A

magnetic design in which the optic axis is α rather than Ω-shaped is examined by Perez et al. (1984).

A very different analyser was introduced by Möllenstedt (1949, 1952) and Möllenstedt and Heise (1949). Here,

the particles enter a cylindrical or round lens far from the axis and follow sinuous trajectories that vary

rapidly with energy (Möllenstedt and Dietrich, 1955; Gaukler, 1966; Aumüller, 1968). Later developments

are fully described by Metherell (1971). See also Tian and Fink (1987). A magnetic analogue was later

introduced by Ichinokawa and Kamiya (1966); a version of this was built for the Cambridge high-voltage

microscope (Considine and Smith, 1968; Considine, 1969).

Most of the papers dealing with magnetic prism analysers have been listed in Section Magnetic Prisms; here we

merely recall the early design of Wittry (1969) and the papers of Johnson (1979, 1980). Hemispherical

analysers have been re-examined by Zouros and colleagues (Benis and Zouros, 2008; Benis et al., 1998;

Martı́nez et al., 2016; Sise et al., 2010, 2016; Zouros, 2008; Zouros and Benis, 2002; Zouros et al., 2008).

The revival of interest in Bessel-box analysers (Allen et al., 1972, 1976) is demonstrated by Schiwiech et al.

(2015) and Suri et al. (2017).
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P. Allard and J.-D. Carette (1971). Spectromètres électrostatiques, Partie II. Can. J. Phys. 49, 2132�2137. Part 1 is

Y. Delage and J.-D. Carette, ibid. 49, 2118�2131; Part 3 is D. Roy and J.-D. Carette, ibid. 49, 2138�2159.

J. D. Allen, J. P. Wolfe and G. K. Schweitzer (1972). A new electron spectrometer design. Int. J. Mass

Spectrom. Ion Phys 8, 81�83.

J. D. Allen, J. D. Durham, G. K. Schweitzer and W. E. Deeds (1976). A new electron spectrometer design: II. J.

Electron Spectrosc. Related Phenom 8, 395�510.

R. Amadori and H. Wollnik (1971). Stigmatische Fokussierung mit homogenen magnetischen Sektorfeldern. Int.

J. Mass Spectrom. Ion Phys. 6, 347�360.

W. H. J. Andersen (1967). Optimum adjustment and correction of the Wien filter. Br. J. Appl. Phys. 18,

1573�1579.

W. H. J. Andersen and J. Kramer (1972). A double-focusing Wien filter as a full-image energy analyser for the

electron microscope. EUREM-5, Manchester. 1, 146�147.

W. H. J. Andersen and J. B. Le Poole (1970). A double wienfilter as a high resolution, high transmission energy

analyser. J. Phys. E: Sci. Instrum. 3, 121�126.

M. Arnow (1976). Electrostatic cylindrical spectrometers. J. Phys. E: Sci. Instrum. 9, 372�376.

O. Aspelund (1975). A fourth-order aberration theory for magnetic momentum-analysing systems. Nucl.

Instrum. Meth. 128, 73�92.
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J. Bärtle and E. Plies (2008). Energy width reduction using an electrostatic Ω-monochromator. Phys. Procedia

1, 479�483.

Notes and References 1417

http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26705
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26715
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26725
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26735
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26735
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26735
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26735
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26735
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26735
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26745
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26745
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26745
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26745
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26745
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26745
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26755
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26755
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26755
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26755
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26755
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref1
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref1
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref1
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref9802
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref9802
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref9802
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26765
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26775
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26775
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26775
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26775
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26775
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26775
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26785
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26785
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26785
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26785
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26785
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26795
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26795
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26795
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26795
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26795
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26795
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26805
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26805
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26805
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26805
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26805
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26810
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26810
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26810
http://refhub.elsevier.com/B978-0-12-813369-9.00062-2/sbref26810


Yu. G. Basargin (1966). Second-order chromatic aberrations in a magnetic sector analyser with radially

inhomogeneous field and curved boundaries. Zh. Tekh. Fiz. 36, 1075�1083. Sov. Phys. Tech. Phys. 11,

790�795.

Yu. G. Basargin (1967). Calculation of the second-order spherical aberrations in a magnetic sector analyser.

Zh. Tekh. Fiz. 37, 1360�1363. Sov. Phys. Tech. Phys. 12, 989�991.

Yu. G. Basargin (1968). Influence of the vertical motion on the horizontal aberrations of second order in a

magnet with inclined circular boundaries. Zh. Tekh. Fiz. 38, 1400�1402. Sov. Phys. Tech. Phys. 13,

1145�1147.

Yu. G. Basargin (1969). Some general properties of magneto-optical systems with a plane of symmetry. Zh.

Tekh. Fiz. 39, 241�248. Sov. Phys. Tech. Phys. 14, 171�175.

C. Bastard and J. Lafoucrière (1958). Formation de l’image d’un point dans un spectrographe magnétique

utilisant un champ en r�1. J. Phys. Radium 19, 674�676.

P. E. Batson (1985). A Wien filter energy loss spectrometer for the dedicated scanning transmission electron

microscope. Scanning Electron Microsc., 15�20.

P. E. Batson (1986). High-energy resolution electron spectrometer for 1-nm spatial analysis. Rev. Sci. Instrum.

57, 43�48.

P. E. Batson, H. W. Mook and P. Kruit (2000). High brightness monochromator for STEM. In Microbeam

Analysis 2000, Kailua-Kona, Hawaii. 213�214. Institute of Physics Conference Series No. 165.

F. M. Beiduk and E. J. Konopinski (1948). Focusing field for a 180� type spectrograph. Rev. Sci. Instrum. 19,
594�598.

E. P. Benis and T. J. M. Zouros (2008). The hemispherical deflector analyser revisited. II. Electron-optical

properties. J. Electron Spectrosc. Relat. Phenom. 163, 28�39. Part I is Zouros and Benis (2002).

E. P. Benis, K. Zaharakis, M. M. Voultsidou, T. J. M. Zouros, M. Stöckli, P. Richard and S. Hagmann (1998).
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des Streufeldes. Z. Naturforsch. 10a, 652�654.
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des Streufeldes. Z. Phys. 127, 274�288.

H. O. W. Richardson (1947). Magnetic focusing between inclined plane pole-faces. Proc. Phys. Soc. (Lond.) 59,

791�804.

H. Rose (1978). Aberration correction of homogeneous magnetic deflection systems. Optik 51, 15�38.

H. Rose (1987a). Hamiltonian magnetic optics. Nucl. Instrum. Meth. Phys. Res. A 258, 374�401.

H. Rose (1987b). The retarding Wien filter as a high-performance imaging filter. Optik 77, 26�34.

H. Rose (1994). Correction of aberrations, a promising means for improving the spatial and energy resolution of

energy-filtering electron microscopes. Ultramicroscopy 56, 11�25.
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microscope électronique à très haute tension. Thèse 3e Cycle, Paris�Orsay.

S. Senoussi, L. Henry and R. Castaing (1971). Etude d’un analyseur filtre de vitesses purement magnétique
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12. Problems of Theoretical and Applied Electron Optics [Problemyi Teoreticheskoi i Prikladnoi Elektronnoi

Optiki]

13. Related Meetings

The following list gives full publishing details of the series of International and Regional conferences on

Electron Microscopy. The South American (CIASEM) conferences are not listed as they contain little

optics. For the reader’s convenience, a few other meetings are included, in particular those on charged

particle optics, the Multinational Conferences on Electron Optics (now Multinational Conferences on

Microscopy), the Dreiländertagungen (now Microscopy Conferences) and the conferences organized by the

Electron Microscopy and Analysis Group (EMAG) of the British Institute of Physics. In the lists of

references, these are referred to by their acronyms and venue. The irregular, short-lived series of meetings

on high-voltage electron microscopy is identified by the acronym HVEM.

The list does not include the proceedings of the annual meetings of the Electron Microscopy Society of

America, which are identified in the reference lists by EMSA or MSA, venue and the meeting number until

publication as a Supplement to Microscopy and Microanalysis was adopted. Proceedings were first issued

for the 25th meeting (1967) and have been published ever since, at first in print and more recently on-line.

For full details, see the lists published by Hawkes in Advances in Imaging and Electron Physics, Vol. 117

(2003) 203�379 and Vol. 190 (2015) 143�175.

Many other national electron microscopy societies publish proceedings of their major meetings but few contain

much optics. A notable exception is the series of All-Union meetings held in Russia, the proceedings of

which are mainly published in Izv. Akad. Nauk (Ser. Fiz.), translated as Bull. Acad. Sci. USSR (Phys. Ser.),

though a few papers appear in Radiotekhnika i Elektronika (Radio Engineering and Electronic Physics and

later Soviet Journal of Communications Technology and Electronics). Brief details of these are given at the

end of the main list. The other noteworthly exception is Japan; abstracts of Japanese national meetings

were published regularly and rapidly in the Journal of Electron Microscopy and now appear in a

supplement to Kenbikyo.

Details of other related meetings are to be found in the articles by Hawkes mentioned above, notably the

International Congresses on X-ray Optics and Microscopy (ICXOM), the Low-energy Electron Microscopy

and Photoemission Electron Microscopy (LEEM, PEEM) meetings and Frontiers of Aberration-corrected

Electron Microscopy (PICO).

1. International Congresses on Electron Microscopy, later International Microscopy Congresses

ICEM-1, Delft, 1949: Proceedings of the Conference on Electron Microscopy, Delft, 4�8 July, 1949 (A. L.

Houwink, J. B. Le Poole and W. A. Le Rütte, Eds) Hoogland, Delft, 1950.

ICEM-2, Paris, 1950: Comptes Rendus du Premier Congrès International de Microscopie Electronique, Paris,

14�22 September, 1950. Editions de la Revue d’Optique Théorique et Instrumentale, Paris, 1953. 2 Vols.

ICEM-3, London, 1954: The Proceedings of the Third International Conference on Electron Microscopy,

London, 15�21 July 1954 (R. Ross, Ed.) Royal Microscopical Society, London, 1956.

ICEM-4, Berlin, 1958: Vierter Internationaler Kongress für Elektronenmikroskopie, Berlin, 10�17 September,

1958, Verhandlungen (W. Bargmann, G. Möllenstedt, H. Niehrs, D. Peters, E. Ruska and C. Wolpers, Eds)

Springer, Berlin, 1960. 2 Vols; on-line via SpringerLink.

ICEM-5, Philadelphia, 1962: Electron Microscopy. Fifth International Congress for Electron Microscopy,

Philadelphia, Pennsylvania, 29 August to 5 September, 1962 (S. S. Breese, Ed.) Academic Press,

New York, 1962. 2 Vols.

ICEM-6, Kyoto, 1966: Electron Microscopy 1966. Sixth International Congress for Electron Microscopy,

Kyoto, 28 August � 4 September 1966 (R. Uyeda, Ed.) Maruzen, Tokyo, 1966. 2 Vols.

ICEM-7, Grenoble, 1970: Microscopie Electronique 1970. Résumés des Communications Présentées au

Septième Congrès International, Grenoble, 30 August � 5 September 1970 (P. Favard, Ed.) Société

Française de Microscopie Electronique, Paris, 1970. 3 Vols.

ICEM-8, Canberra, 1974: Electron Microscopy 1974. Abstacts of Papers Presented to the Eighth International

Congress on Electron Microscopy, Canberra, 25�31 August 1974 (J. V. Sanders and D. J. Goodchild, Eds)

Australian Academy of Science, Canberra, 1974. 2 Vols.
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ICEM-9, Toronto, 1978: Electron Microscopy 1978. Papers Presented at the Ninth International Congress on

Electron Microscopy, Toronto, 1�9 August 1978 (J. M. Sturgess, Ed.) Microscopical Society of Canada,

Toronto, 1978. 3 Vols.

ICEM-10, Hamburg, 1982: Electron Microscopy, 1982. Papers Presented at the Tenth International Congress

on Electron Microscopy, Hamburg, 17�24 August 1982. Deutsche Gesellschaft für Elektronenmikroskopie,

Frankfurt, 1982. 3 Vols.

ICEM-11, Kyoto, 1986: Electron Microscopy 1986. Proceedings of the XIth International Congress on Electron

Microscopy, Kyoto, 31 August�7 September 1986 (T. Imura, S. Maruse and T. Suzuki, Eds.). Japanese

Society of Electron Microscopy, Tokyo. 4 Vols; published as a supplement to J. Electron Microsc. 35

(1986).

ICEM-12, Seattle, 1990: Electron Microscopy 1990. Proceedings of the XIIth International Congress for

Electron Microscopy, Seattle WA, 12�18 August 1990 (L. D. Peachey, and D. B. Williams, Eds).

San Francisco Press, San Francisco. 4 Vols. See also Ultramicroscopy 36 (1991) Nos 1�3, 1�274.

ICEM-13, Paris, 1994: Electron Microscopy 1994. Proceedings of the 13th International Congress on Electron

Microscopy, Paris, 17�22 July 1994 [B. Jouffrey, C. Colliex, J. P. Chevalier, F. Glas, P. W. Hawkes, D.

Hernandez�Verdun, J. Schrevel and D. Thomas (Vol. 1), B. Jouffrey, C. Colliex, J. P. Chevalier, F. Glas

and P. W. Hawkes (Vols 2A and 2B) and B. Jouffrey, C. Colliex, D. Hernandez�Verdun, J. Schrevel and

D. Thomas (Vols 3A and 3B), Eds]. Editions de Physique, Les Ulis, 1994.

ICEM-14, Cancún, 1998: Electron Microscopy 1998. Proceedings of the 14th International Congress on

Electron Microscopy, Cancún, 31 August�4 September 1998 [Memorias del 14to Congreso Internacional

de Microscopı́a Electrónica celebrado en Cancún (México) del 31 de Agosto al 4 de Septiembre de 1998]

(H. A. Calderón Benavides and M. J. Yacamán, Eds). Institute of Physics Publishing, Bristol and

Philadelphia 1998. 4 Vols. See also Micron 31 (2000), No. 5.

ICEM-15, Durban, 2002: Electron Microscopy 2002. Proceedings of the 15th International Congress on

Electron Microscopy, International Convention Centre, Durban, 1�6 September 2002 [R. Cross,

P. Richards, M. Witcomb and J. Engelbrecht (Vol. 1, Physical, Materials and Earth Sciences), R. Cross,

P. Richards, M. Witcomb and T. Sewell, (Vol. 2, Life Sciences) and R. Cross, P. Richards, M. Witcomb,

J. Engelbrecht and T. Sewell (Vol. 3, Interdisciplinary), Eds]. Microscopy Society of Southern Africa,

Onderstepoort 2002.

IMC-16, Sapporo, 2006: Proceedings 16th International Microscopy Conference, “Microscopy for the 21st

Century”, Sapporo, 3�8 September 2006 (H. Ichinose and T. Sasaki, Eds). Vol. 1, Biological and Medical

Science; Vol. 2, Instrumentation; Vol. 3, Materials Science. Publication Committee of IMC16, Sapporo 2006.

IMC-17, Rio de Janeiro, 2010: Proceedings IMC17, The 17th IFSM International Microscopy Congress, Rio de

Janeiro, 19�24 September 2010 (G. Solórzano and W. de Souza, Eds). Sociedade Brasileira de

Microscopia e Microanálise, Rio de Janeiro 2010.

IMC-18, Prague, 2014: Prague Convention Centre, 7�12 September 2014. Proceedings open-access at

www.microscopy.cz/proceedings/all.html, edited by P. Hozak.

IMC-19, Sydney, 9�14 September 2018.

2. European Regional Congresses on Electron Microscopy, later European Microscopy Congresses

EUREM-1, Stockholm, 1956: Electron Microscopy. Proceedings of the Stockholm Conference, 17�20

September, 1956 (F. J. Sjöstrand and J. Rhodin, Eds) Almqvist and Wiksells, Stockholm, 1957.

EUREM-2, Delft, 1960: The Proceedings of the European Regional Conference on Electron Microscopy, Delft,

29 August � 3 September 1960 (A. L. Houwink and B. J. Spit, Eds) Nederlandse Vereniging voor

Elektronenmicroscopie, Delft n.d. 2 Vols.

EUREM-3, Prague, 1964: Electron Microscopy 1964. Proceedings of the Third European Regional Conference,

Prague, 26 August � 3 September 1964 (M. Titlbach, Ed.) Publishing House of the Czechoslovak

Academy of Sciences, Prague, 1964. 2 Vols.

EUREM-4, Rome, 1968: Electron Microscopy 1968. Pre-Congress Abstracts of Papers Presented at the Fourth

Regional Conference, Rome, 1�7 September 1968 (D. S. Bocciarelli, Ed.) Tipografia Poliglotta Vaticana,

Rome, 1968. 2 Vols.
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EUREM-5, Manchester, 1972: Electron Microscopy 1972. Proceedings of the Fifth European Congress on

Electron Microscopy, Manchester, 5�12 September 1972 (Institute of Physics, London, 1972).

EUREM-6, Jerusalem, 1976: Electron Microscopy 1976. Proceedings of the Sixth European Congress on

Electron Microscopy, Jerusalem, 14�20 September 1976 (D. G. Brandon (Vol. I) and Y. Ben-Shaul (Vol.

II), Eds) Tal International, Jerusalem, 1976. 2 Vols.

EUREM-7, The Hague, 1980: Electron Microscopy 1980. Proceedings of the Seventh European Congress on

Electron Microscopy, The Hague, 24�29 August 1980 (P. Brederoo and G. Boom (Vol. I), P. Brederoo

and W. de Priester (Vol. II), P. Brederoo and V. E. Cosslett (Vol. III) and P. Brederoo and J. van Landuyt

(Vol. IV), Eds). Vols. I and II contain the proceedings of the Seventh European Congress on Electron

Microscopy, Vol. III those of the Ninth International Conference on X-Ray Optics and Microanalysis, and

Vol. IV those of the Sixth International Conference on High Voltage Electron Microscopy. Seventh

European Congress on Electron Microscopy Foundation, Leiden, 1980.

EUREM-8, Budapest, 1984: Electron Microscopy 1984. Proceedings of the Eighth European Congress on

Electron Microscopy, Budapest 13�18 August 1984 (A. Csanády, P. Röhlich and D. Szabó, Eds)

Programme Committee of the Eighth European Congress on Electron Microscopy, Budapest, 1984. 3 Vols.

EUREM-9, York, 1988: Proceedings of the Ninth European Congress on Electron Microscopy, York, 4�9

September, 1988 (P. J. Goodhew and H. G. Dickinson, Eds) Institute of Physics, Bristol and Philadelphia,

1988. Conference Series 93, 3 Vols.

EUREM-10, Granada, 1992: Electron Microscopy 92. Proceedings of the 10th European Congress on Electron

Microscopy, Granada, 7-11 September 1992 [A. Rı́os, J. M. Arias, L. Megı́as-Megı́as and A. López-

Galindo (Vol. I), A. López-Galindo and M. I. Rodrı́guez-Garcı́a (Vol. II) and L. Megı́as-Megı́as, M. I.

Rodrı́guez-Garcı́a, A. Rı́os and J. M. Arias, (Vol. III), Eds]. Secretariado de Publicaciones de la

Universidad de Granada, Granada. 3 Vols.

EUREM-11, Dublin, 1996: Electron Microscopy 1996. Proceedings of the 11th European Conference on Electron

Microscopy, Dublin, 26�30 August 1996, distributed on CD-ROM [defective]. Subsequently published in

book form by CESM, the Committee of European Societies of Microscopy, Brussels 1998. 3 Vols.

EUREM-12, Brno, 2000: Electron Microscopy 2000. Proceedings of the 12th European Conference on Electron

Microscopy, Brno, 9�14 July 2000 (L. Frank and F. Čiampor, General Eds); Vol. I, Biological Sciences (S.

Čech and R. Janisch, Eds); Vol. II, Physical Sciences (J. Gemperlová and I. Vávra, Eds); Vol. III,

Instrumentation and Methodology (P. Tománek and R. Kolařı́k, Eds); Vol. IV, Supplement (L. Frank and

F. Čiampor, Eds); Vols I�III also distributed on CD-ROM. Czechoslovak Society of Electron Microscopy,

Brno 2000.

EMC-13, Antwerp, 2004: Proceedings European Microscopy Congress, Antwerp, 23�27 August 2004.

(D. Schryvers, J.-P. Timmermans and E. Pirard, General Eds); Biological Sciences, (J.-P. Verbelen and

E. Wisse, Eds); Materials Sciences, (G. van Tendeloo and C. van Haesendonck, Eds); Instrumentation and

Methodology, (D. van Dyck and P. van Oostveldt, Eds). Belgian Society for Microscopy, Liège 2004.

EMC-14, Aachen, 2008: Proceedings EMC 2008, 14th European Microscopy Congress, Aachen, 1�5

September 2008. Volume 1, Instrumentation and Methods (M. Luysberg and K. Tillmann, Eds); Volume 2,

Materials Science (S. Richter and A. Schwedt, Eds); Volume 3, Life Science (A. Aretz, B. Hermanns�
Sachweh and J. Mayer, Eds). Springer, Berlin 2008.

EMC-15, Manchester, 2012: Proceedings EMC2012, 15th European Microscopy Congress, Manchester, 16�21

September 2012. Volume 1, Physical Sciences: Applications (D. J. Stokes and W. M. Rainforth, Eds);

Volume 2, Physical Sciences: Tools and Techniques (D. J. Stokes and J. L. Hutchison, Eds); Volume 3,

Life Sciences (D. J. Stokes, P. J. O’Toole and T. Wilson, Eds). Royal Microscopical Society, Oxford 2012.

EMC-16, Lyon, 2016: 28 August�2 September 2016. European Microscopy Congress 2016. Vol. 1:

Instrumentation and Methods (O. Stéphan, M. Hÿtch, B. Satiat�Jeunemaı̂tre, C. Venien-Bryan, P. Bayle-

Guillemaud and T. Epicier, Eds); Vols 2.1 and 2.2: Materials Science (O. Stéphan, M. Hÿtch and

T. Epicier, Eds); Vol. 3: Life Sciences (B. Satiat-Jeunemaı̂tre, C. Venien-Bryan and T. Epicier, Eds).

Wiley�VCH, Weinheim 2016.

EMC-17, Copenhagen, 23�28 August 2020.
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3. Asia-Pacific Congresses on Electron Microscopy, later Asia�Pacific Microscopy Congresses

APEM-1, Tokyo, 1956: Electron Microscopy. Proceedings of the First Regional Conference in Asia and

Oceania, Tokyo, 23�27 October 1956. Electrotechnical Laboratory, Tokyo, 1957.

APEM-2, Calcutta, 1965: Proceedings of the Second Regional Conference on Electron Microscopy in Far East

and Oceania, Calcutta 2-6 February 1965. Electron Microscopy Society of India, Calcutta.

APEM-3, Singapore, 1984: Conference Proceedings 3rd Asia Pacific Conference on Electron Microscopy,

Singapore, 29 August�3 September, 1984 (Chung Mui Fatt, Ed.) Applied Research Corporation,

Singapore.

APEM-4, Bangkok, 1988: Electron Microscopy 1988. Proceedings of the IVth Asia-Pacific Conference

and Workshop on Electron Microscopy, Bangkok, 26 July�4 August 1988 (V. Mangclaviraj,

W. Banchorndhevakul and P. Ingkaninun, Eds.) Electron Microscopy Society of Thailand, Bangkok, 1988.

APEM-5, Beijing, 1992: Electron Microscopy I and II. 5th Asia-Pacific Electron Microscopy Conference,

Beijing, 2�6 August 1992 (K. H. Kuo and Z. H. Zhai, Eds.). World Scientific, Singapore, River Edge NJ,

London and Hong Kong, 1992. 2 Vols. See also Ultramicroscopy 48 (1993) No. 4, 367�490.

APEM-6, Hong Kong, 1996: Proceedings of the 6th Asia�Pacific Conference on Electron Microscopy, Hong

Kong, 1�5 July, 1996 (D. Barber, P. Y. Chan, E. C. Chew, J. S. Dixon, and J. K. L. Lai, Eds). Chinetek

Promotion, Kowloon, Hong Kong, 1996.

APEM-7, Singapore, 2000: Proceedings of the 7th Asia�Pacific Conference on Electron Microscopy, Singapore

International Convention & Exhibition Centre, Suntec City, Singapore, 26�30 June 2000 (two volumes and

CD-ROM, Y. T. Yong, C. Tang, M. Leong, C. Ng and P. Netto, Eds). 7th APEM Committee, Singapore 2000.

APEM-8, Kanazawa, 2004: Proceedings 8th Asia�Pacific Conference on Electron Microscopy (8APEM),

Kanazawa, Ishikawa Prefecture, 7�11 June 2004. Full proceedings on CD-ROM, Japanese Society of

Microscopy, Tokyo 2004.

APMC-9, Jeju, 2008: Proceedings of the Ninth Asia�Pacific Microscopy Conference (APMC9) Jeju, Korea,

2�7 November 2008. (H.-c. Lee, D. H. Kim, Y.-w. Kim, I. J. Rhyu and H.-t. Jeong, Eds). Korean Journal

of Microscopy 38 (2008), No. 4, Supplement, on CD-ROM only.

APMC-10, Perth, 2012: Proceedings of the Tenth Asia�Pacific Microscopy Conference (APMC-10) Perth,

Australia, 5�9 February 2012 (B. Griffin, L. Faraone and M. Martyniuk, Eds). Held in conjunction with

the 2012 International Conference on Nanoscience and Nanotechnology (ICONN2012) and the 22nd

Australian Conference on Microscopy and Microanalysis (ACMM22).

APMC-11, Phuket, 2016: 11th Asia-Pacific Microscopy Conference (APMC-11) Phuket, Thailand, 23�27 May

2016. Held in conjunction with the 33rd Annual Conference of the Microscopy Society of Thailand (MST-

33) and the 39th Annual Conference of the Anatomy Association of Thailand (AAT-39). Selected articles

published in Siriraj Medical Journal 8(3), Suppl. 1 (2016) and Journal of the Microscopy Society of

Thailand.

APMC-12, Hyderabad, 2020.

4. Charged Particle Optics Conferences

CPO-1, Giessen, 1980: Proceedings of the First Conference on Charged Particle Optics, Giessen, 8�11

September, 1980 (H. Wollnik, Ed.) Nucl. Instrum. Meth. 187 (1981) 1�314.

CPO-2, Albuquerque, 1986: Proceedings of the Second International Conference on Charged Particle Optics,

Albuquerque, 19�23 May, 1986 (S. O. Schriber and L. S. Taylor, Eds) Nucl. Instrum. Meth. Phys. Res. A

258 (1987) 289�598.

CPO-3, Toulouse, 1990: Proceedings of the Third International Conference on Charged Particle Optics,

Toulouse, 24-27 April 1990 (P. W. Hawkes, Ed.) Nucl. Instrum. Meth. Phys. Res. A 298 (1990) 1�508.

CPO-4, Tsukuba, 1994: Proceedings of the Fourth International Conference on Charged Particle Optics,

Tsukuba 3�6 October 1994 (K. Ura, M. Hibino, M. Komuro, M. Kurashige, S. Kurokawa, T. Matsuo,

S. Okayama, H. Shimoyama and K. Tsuno, Eds) Nucl. Instrum. Meth. Phys. Res. A 363 (1995) 1�496.

CPO-5, Delft, 1998: Proceedings of the Fifth International Conference on Charged Particle Optics, Delft

14�17 April 1998 (P. Kruit and P. W. van Amersfoort, Eds). Nucl. Instrum. Meth. Phys. Res. A 427 (1999)

1�422.

Notes and References 1441



CPO-6, College Park, 2002: Proceedings of the Sixth International Conference on Charged Particle Optics,

Marriott Hotel, Greenbelt MD, 21�25 October 2002 (A. Dragt and J. Orloff, Eds). Nucl. Instrum. Meth.

Phys. Res. A 519 (2004) 1�487.

CPO-7, Cambridge, 2006: Charged Particle Optics. Proceedings of the Seventh International Conference on

Charged Particle Optics, Trinity College, Cambridge, 24�28 July 2006 (E. Munro and J. Rouse, Eds).

Physics Procedia 1 (2008) 1�572.

CPO-8, Singapore, 2010: Proceedings of the Eighth International Conference on Charged Particle Optics,

Suntec Convention Centre, Singapore 12�16 July 2010 (A. Khursheed, P. W. Hawkes and M. B.

Osterberg, Eds). Nucl. Instrum. Meth. Phys Res. A 645 (2011) 1�354.

CPO-9, Brno, 2014: Proceedings of the Ninth International Conference on Charged Particle Optics, Brno

31 August�5 September, 2014 (L. Frank, P. W. Hawkes and T. Radlička, Eds). Microsc. Microanal.

21 (2015) Suppl. 4.

CPO-10, Key West (FL), 17�21 October 2018.

5. High-Voltage Electron Microscopy Conferences

HVEM Monroeville, 1969: Current Developments in High Voltage Electron Microscopy (First National

Conference), Monroeville, 17�19 June, 1969. Proceedings not published but Micron 1 (1969) 220�307

contains official reports of the meeting based on the session chairmen’s notes.

HVEM Stockholm, 1971: The Proceedings of the Second International Conference on High-Voltage Electron

Microscopy, Stockholm, 14�16 April, 1971; published as Jernkontorets Annaler 155 (1971) No. 8.

HVEM Oxford, 1973: High Voltage Electron Microscopy. Proceedings of the Third International Conference,

Oxford, August, 1973 (P. R. Swann, C. J. Humphreys and M. J. Goringe, Eds) Academic Press, London

and New York, 1974.

HVEM Toulouse, 1975: Microscopie Electronique à Haute Tension. Textes des Communications Présentées au

Congrès International, Toulouse, 1�4 Septembre, 1975 (B. Jouffrey and P. Favard, Eds) SFME Paris, 1976.

HVEM The Hague, 1980 see EUREM-7, The Hague, 1980.

HVEM Berkeley, 1983: Proceedings of the Seventh International Conference on High Voltage Electron

Microscopy, Berkeley, 16�19 August, 1983 (R. M. Fisher, R. Gronsky and K. H. Westmacott, Eds).

Published as a Lawrence Berkeley Laboratory Report, LBL-16031, UC-25, CONF-830819.

6. EMAG [Electron Microscopy and Analysis Group of the Institute of Physics] Meetings

EMAG, 1971: Electron Microscopy and Analysis. Proceedings of the 25th Anniversary Meeting of the

Electron Microscopy and Analysis Group of the Institute of Physics, Cambridge, 29 June�1 July, 1971

(W. C. Nixon, Ed.) Institute of Physics, London, 1971. Conference Series 10.

EMAG, 1973: Scanning Electron Microscopy: Systems and Applications, Newcastle-upon-Tyne, 3�5 July, 1973

(W. C. Nixon, Ed.) Institute of Physics, London, 1973. Conference Series 18.

EMAG, 1975: Developments in Electron Microscopy and Analysis. Proceedings of EMAG 75, Bristol, 8�11

September, 1975 (J. A. Venables, Ed.; Academic Press, London and New York, 1976).

EMAG, 1977: Developments in Electron Microscopy and Analysis. Proceedings of EMAG 77, Glasgow, 12�14

September, 1977 (D. L. Misell, Ed.) Institute of Physics, Bristol, 1977. Conference Series 36.

EMAG, 1979: Electron Microscopy and Analysis, 1979. Proceedings of EMAG 79, Brighton, 3�6 September,

1979 (T. Mulvey, Ed.) Institute of Physics, Bristol, 1980) Conference Series 52.

EMAG, 1981: Electron Microscopy and Analysis, 1981. Proceedings of EMAG 81, Cambridge, 7�10

September, 1981 (M. J. Goringe, Ed.) Institute of Physics, Bristol, 1982. Conference Series 61.

EMAG, 1983: Electron Microscopy and Analysis, 1983. Proceedings of EMAG 83, Guildford,

30 August�2 September, 1983 (P. Doig, Ed.) Institute of Physics, Bristol, 1984. Conference Series 68.

EMAG, 1985: Electron Microscopy and Analysis, 1985. Proceedings of EMAG 85. Newcastle-upon-Tyne,

2�5 September, 1985 (G. J. Tatlock, Ed.) Institute of Physics, Bristol, 1986. Conference Series 78.

EMAG, 1987: Electron Microscopy and Analysis, 1987. Proceedings of EMAG 87, Manchester, 8�9

September, 1987 (L. M. Brown, Ed.) Institute of Physics, Bristol and Philadelphia, 1987. Conference

Series 90.
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EMAG, 1989: EMAG-MICRO 89. Proceedings of the Institute of Physics Electron Microscopy and Analysis

Group and Royal Microscopical Society Conference, London, 13-15 September 1989 (P. J. Goodhew and

H. Y. Elder, Eds.) Institute of Physics, Bristol and New York, 1990. Conference Series 98, 2 Vols.

EMAG, 1991: Electron Microscopy and Analysis 1991. Proceedings of EMAG 91, Bristol, 10�13 September

1991 (F. J. Humphreys, Ed.) Institute of Physics, Bristol, Philadelphia and New York, 1991. Conference

Series 119.

EMAG, 1993: Electron Microscopy and Analysis 1993. Proceedings of EMAG 93, Liverpool, 15�17 September

1993 (A. J. Craven, Ed.) Institute of Physics, Bristol, Philadelphia and New York, 1994. Conference Series

138.

EMAG, 1995: Electron Microscopy and Analysis 1995. Proceedings of EMAG 95. Birmingham, 12�15

September 1995 (D. Cherns, Ed.) Institute of Physics, Bristol, Philadelphia and New York, 1995.

Conference Series 147.

EMAG, 1997: Electron Microscopy and Analysis 1997. Proceedings of EMAG 97, Cavendish Laboratory,

Cambridge, 2�5 September 1997 (J. M. Rodenburg, Ed.); Institute of Physics, Bristol and Philadelphia,

1997. Conference Series 153.

EMAG, 1999: Electron Microscopy and Analysis 1999. Proceedings of EMAG 99, University of Sheffield,

25�27 August 1999 (C. J. Kiely, Ed.); Institute of Physics, Bristol and Philadelphia, 1999. Conference

Series 161.

EMAG, 2001: Electron Microscopy and Analysis 2001. Proceedings of the Institute of Physics Electron

Microscopy and Analysis Group Conference, University of Dundee, 5�7 September 2001 (M. Aindow and

C. J. Kiely, Eds); Institute of Physics Publishing, Bristol and Philadelphia 2002) Conference Series 168.

EMAG, 2003: Electron Microscopy and Analysis 2003. Proceedings of the Institute of Physics Electron

Microscopy and Analysis Group Conference, Examination Schools, University of Oxford, 3�5 September

2003 (S. McVitie and D. McComb, Eds); Institute of Physics Publishing, Bristol and Philadelphia 2004.

Conference Series 179.

EMAG�NANO, 2005. University of Leeds, 31 August�2 September 2005 (P. D. Brown, R. Baker and

B. Hamilton, Eds). J. Phys. Conf. 26 (2006).

EMAG, 2007: Caledonian University and University of Glasgow, 3�7 September 2007 (R. T. Baker, G. Möbus

and P. D. Brown, Eds). J. Phys.: Conf. 126 (2008).

EMAG, 2009: University of Sheffield, 8�11 September 2009 (R. T. Baker, Ed.). J. Phys.: Conf. 241 (2010).

EMAG, 2011: University of Birmingham (R. T. Baker, P. D. Brown and Z. Li, Eds). J. Phys.: Conf. 371 (2012).

EMAG, 2013: University of York, 3�6 September 2013 (P. Nellist, Ed.). J. Phys.: Conf. 522 (2014).

EMAG, 2015: Manchester, 29 June�2 July 2015, joint with the Microscience Microscopy Conference (Royal

Microscopical Society) (I. MacLaren, Ed.). J. Phys.: Conf. 644 (2015).

EMAG, 2016: Durham, 7�8 April 2016 (no publication).

EMAG 2017, Manchester, 3�6 July 2017, joint with the Microscience Microscopy Conference (Royal

Microscopical Society). J. Phys.: Conf. 902 (2017).

7. Multinational Congresses on (Electron) Microscopy (MCEM, MCM)

The first of these meetings brought together the Italian, Hungarian, Czechoslovak and Slovenian Societies. For

subsequent congresses, these were joined by the Austrian and Croatian societies.

MCEM-93. Multinational Congress on Electron Microscopy, Parma, 13�17 September 1993; Proceedings

issued as Supplement to 14 (2) of Microscopia Elettronica.

MCEM-95. Proceedings Multinational Conference on Electron Microscopy, Stará Lesná (High Tatra

Mountains), 16�20 October 1995. Slovak Academic Press, Bratislava 1995.

MCEM-97. Proceedings Multinational Congress on Electron Microscopy, Portorož (Slovenia), 5�8 October

1997. Part I, Microscopy Applications in the Life Sciences; Part II, Microscopy Applications in the

Material Sciences; Part III, Microscopy Methods and Instrumentation. J. Computer-assisted Microsc.

8 (1996) No. 4 and 9 (1997) Nos 1 and 2.

MCEM-99. Proceedings 4th Multinational Congress on Electron Microscopy, Veszprém (Hungary), 5�8

September 1999 (K. Kovács, Ed.). University of Veszprem 1999.
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MCEM-5. Proceedings of the 5th Multinational Congress on Electron Microscopy, Department of Biology,

University of Lecce (Italy), 20�25 September 2001 (L. Dini and M. Catalano, Eds). Rinton Press,

Princeton NJ 2001.

MCM-6. Proceedings of the Sixth Multinational Congress on Electron Microscopy, Pula (Croatia), 1�5 June

2003 (O. Milat and D. Ježek, Eds). Croatian Society for Electron Microscopy, Zagreb 2003.

MCM-7. Proceedings of the 7th Multinational Congress on Microscopy, Portorož, (Slovenia) 26�30 June 2005

(M. Čeh, G. Dražič and S. Fidler, Eds). Slovene Society for Microscopy and Department for Nanostructured

Materials, Jožef Stefan Institute, Ljubljana 2005.

MCM-8. Proceedings 8th Multinational Congress on Microscopy, Prague (Czech Republic), 17�21 June 2007

(J. Nebesářova and P. Hozák, Eds). Czechoslovak Microscopy Society, Prague 2007.

MC 2009 incorporating MCM-9. Microscopy Conference, Graz, Austria 30 August�4 September 2009.

Proceedings First Joint Meeting of Dreiländertagung & Multinational Congress on Microscopy. Volume 1,

Instrumentation and Methodology (G. Kothleitner and M. Leisch, Eds); Volume 2, Life Sciences (M. A.

Pabst and G. Zellnig, Eds); Volume 3, Materials Science (W. Grogger, F. Hofer and P. Pölt, Eds). Verlag

der Technischen Universität, Graz 2009.

MCM-10. Proceedings 10th Multinational Conference on Microscopy, Urbino, 4�9 September 2011

(E. Falcieri, Ed.). Società Italiana di Scienze Microscopiche (SISM), 2011.

MC-2013, Regensburg, 25�30 August 2013. Joint Meeting of Dreiländertagung & Multinational Congress on

Microscopy, together with the Serbian and Turkish Microscopy Societies. Proceedings can be downloaded

from www.mc2013.de. urn:nbn:de:bvb:355-epub-287343 (R. Rachel, J. Schröder, R. Witzgall and

J. Zweck, Eds).

MCM-12. Multinational Conference on Microscopy, Eger (Hungary) 23�29 August 2015. Webarchive.

MCM-13. Multinational Conference on Microscopy, Rovinj (Croatia), 24�29 September 2017. Abstracts at

mcm2017.irb.hr/programme. Selected papers published in Resolution and Discovery (2017).

MCM-14, Multinational Conference on Microscopy, Belgrade (Serbia), 15�20 September 2019.

8. The Dreiländertagungen (Germany, Austria, Switzerland) and Related Meetings

These conferences are organized in turn by the Austrian, German and Swiss Microscopy societies; originally

designed for German-speaking microscopists, they now tend to use English and attract a wider

participation.

Dreiländertagung für Elektronenmikroskopie: Konstanz, 15�21 September 1985. Optik (1985) Supplement 1 or

Eur. J. Cell Biol. (1985) Supplement 10. See also Beiträge zur Elektronenmikroskopische Direktabbildung

von Oberflächen 18 (1985).

Dreiländertagung für Elektronenmikroskopie: Salzburg, 10�16 September 1989. Optik 83 (1989) Suppl. 4 or

Eur. J. Cell Biol. 49 (1989) Suppl. 27.

Dreiländertagung für Elektronenmikroskopie: Zürich, 5�11 September 1993. Optik 94 (1993) Suppl. 5 or Eur.

J. Cell Biol. 61 (1993) Suppl. 39.

Dreiländertagung für Elektronenmikroskopie: Regensburg, 7�12 September 1997. Optik 106 (1997) Suppl. 7 or

Eur. J. Cell Biol. 74 (1997) Suppl. 45.

Dreiländertagung für Elektronenmikroskopie: Innsbruck, 9�14 September 2001. Abstracts book (168 pp.) not

published as a Supplement to Optik or Eur. J. Cell Biol.

MC-2003, Dresden 7�12 September 2003. Microsc. Microanal. 9 (2003) Suppl. 3 (T. Gemming, M. Lehmann,

H. Lichte and K. Wetzig, Eds).

Dreiländertagung für Elektronenmikroskopie: Microscopy Conference 2005. Paul Scherrer Institute, Davos,

25 August�2 September, 2005. Paul-Scherrer-Institute Proceedings PSI 05�01, 2005.

MC-2007, Saarbrücken, 2�7 September 2007. Microsc. Microanal. 13 (2007) Suppl. 3 (T. Gemming,

U. Hartmann, P. Mestres and P. Walther, Eds).

Microscopy Conference (MC 2009), Graz, 30 August�4 September 2009. First Joint Meeting of

Dreiländertagung & Multinational Congress on Microscopy. Volume 1, Instrumentation and Methodology

(G. Kothleitner and M. Leisch, Eds); Volume 2, Life Sciences (M. A. Pabst and G. Zellnig, Eds); Volume 3,

Materials Science (W. Grogger, F. Hofer and P. Pölt, Eds). Verlag der Technischen Universität, Graz 2009.
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MC-2011, Kiel, 28 August�2 September 2011. Joint meeting of the German Society (DGE), the Nordic

Microscopy Society (SCANDEM), and the Polish Microscopy Society (PTMi) with participation of

microscopists from Estonia, Latvia, Lithuania and St Petersburg, Russia. Proceedings published in

3 volumes by the German Society for Electron Microscopy and also distributed as a USB key (W. Jäger,

W. Kaysser, W. Benecke, W. Depmeier, S. Gorb, L. Kienle, M. Mulisch, D. Häußler and A. Lotnyk, Eds).

MC-2013, Regensburg, 25�30 August 2013. Joint Meeting of Dreiländertagung & Multinational Congress on

Microscopy, together with the Serbian and Turkish Microscopy Societies. Proceedings can be downloaded from

www.mc2013.de. urn:nbn:de:bvb:355-epub-287343 (R. Rachel, J. Schröder, R. Witzgall and J. Zweck, Eds).

MC-2015, Georg-August-Universität, Göttingen, 6�11 September 2015. Proceedings at www.mc2015.de.

MC-2017, Lausanne, 21�25 August 2017. Proceedings at epub.uni-regensburg.de/36143.

MC-2019, Berlin, 1�5 September 2019.

9. Recent Trends in Charged Particle Optics and Surface Physics Instrumentation (Skalský Dvůr)

1989: First Seminar, Brno, 4�6 September 1989 (no proceedings).

1990: Second Seminar, Brno, 27�29 September 1990 (no proceedings).

1992: Third Seminar, Skalský Dvůr (near Brno), 15�19 June 1992 (no proceedings).

1994: Fourth Seminar, Skalský Dvůr, 5�9 September 1994 (no proceedings).

1996: Fifth Seminar, Skalský Dvůr, 24�28 June 1996. (I. Müllerová and L. Frank, Eds). 92 pp.

1998: Sixth Seminar, Skalský Dvůr, 29 June�3 July 1998. (I. Müllerová and L. Frank, Eds). 84 pp. Published

by the CSEM (Brno 1998).

2000: 7th Seminar, Skalský Dvůr, 15�19 July 2000. No proceedings book.

2002: 8th Seminar, Skalský Dvůr, 8�12 July 2002. (L. Frank, Ed.). 96 pp1 Supplement, 6 pp. Published by the

CSMS (Brno 2002).

2004: 9th Seminar, Skalský Dvůr, 12�16 July 2004. (I. Müllerová, Ed.). Published by the CSMS (Brno 2004).

2006: 10th Seminar, Skalský Dvůr, 22�26 May 2006. (I. Müllerová, Ed.). Published by the CSMS (Brno 2006).

2008: 11th Seminar, Skalský Dvůr, 14�18 July 2008. (F. Mika, Ed.). Published by the CSMS (Brno 2008).

2010: 12th Seminar, Skalský Dvůr, 31 May�4 June 2010. (F. Mika, Ed.). Published by the CSMS (Brno 2010).

2012: 13th Seminar, Skalský Dvůr, 25 �29 June 2012. (F. Mika, Ed.). Published by the CSMS (Brno 2012).

2014: 14th Seminar, incorporated in CPO-9, Brno, see Section 5.1.

2016: 15th Seminar, Skalský Dvůr, 29 May�3 June 2016. (F. Mika, Ed.). Published by the CSMS (Brno 2016).

10. SPIE Proceedings

1. Charged Particle Optics, San Diego CA, 15 July 1993 (W. B. Thompson, M. Sato and A. V. Crewe, Eds).

Proc SPIE 2014 (1993).

2. Electron-beam Sources, and Charged Particle Optics, San Diego, 19�14 July 1995 (E. Munro and

H. P. Freund, Eds). Proc. SPIE 2522 (1995).

3. Charged Particle Optics II, Denver CO, 5 August 1996 (E. Munro, Ed.). Proc. SPIE 2858 (1996).

4. Charged Particle Optics III, San Diego CA, 27�28 July 1997 (E. Munro, Ed.). Proc. SPIE 3155 (1997).

5. Charged Particle Optics IV, Denver CO, 22�23 July 1999 (E. Munro, Ed.). Proc. SPIE 3777 (1999).

6. Charged Particle Beam Optics Imaging, San Diego CA, 30 July 2001. In Charged Particle Detection,

Diagnostics and Imaging (O. Delage, E. Munro and J. A. Rouse, Eds). Proc. SPIE 4510 (2001) 71�236.

11. Soviet All-Union Conferences on Electron Microscopy

The Proceedings of the Soviet All-Union conferences on electron microscopy are to be found in the volumes of

Izv. Akad. Nauk (Ser. Fiz.) or Bull. Acad. Sci. (Phys. Ser.) indicated:

1. Moscow 15�19 December 1950; 15 (1951) Nos 3 and 4 (no English translation).

2. Moscow 9�13 May 1958; 23 (1959) Nos 4 and 6.

3. Leningrad 24�29 October 1960; 25 (1961) No. 6.

4. Sumy 12�14 March 1963; 27 (1963) No. 9.

5. Sumy 6�8 July 1965; 30 (1966) No. 5.

6. Novosibirsk 11�16 July 1967; 32 (1968) Nos 6 and 7.

7. Kiev 14�21 July 1969; 34 (1970) No. 7.
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8. Moscow 15�20 November 1971; 36 (1972) Nos 6 and 9.

9. Tbilisi 28 October�2 November 1973; 38 (1974) No. 7.

10. Tashkent 5�8 October 1976; 41 (1977) Nos 5 and 11.

11. Tallin October 1979; 44 (1980) Nos 6 and 10.

12. Sumy 1982; 48 (1984), No. 2.

13. Sumy October 1987; 52 (1988) No. 7 and 53 (1989) No. 2.

14. Suzdal, October and November 1990; 55 (119) No. 8.

From now on, the names of the journal and its English translation are Izv. Ross. Akad. Nauk (Ser. Fiz.) and

Bull. Russ. Acad. Sci. (Phys.).

15. Chernogolovka, May 1994; 59 (1995) No. 2.

16. Chernogolovka, December 1996; 61 (1997) No. 10.

17. Chernogolovka, June 1998; 63 (1999) No. 7.

18. Chernogolovka, 5�8 June 2000; 65 (2001) No. 9.

19. Chernogolovka, 27�31 May 2002; 67 (2003) No. 4.

20. Chernogolovka, 1 June 2004; 69 (2005) No. 4.

21. Chernogolovka, 5�10 June 2006; 71 (2007) No. 10.

22. Chernogolovka, 2008; 73 (2009) No. 4; also Poverkhnost’ (2009), No. 10, J. Surface Invest. X-Ray

Synchrotron Neutron Techs 3 (2009) No. 5.

23. Chernogolovka, 2010; 75 (2011) No. 9; also Poverkhnost’ (2011), No. 10.

24. Chernogolovka, 2012; 77 (2013) No. 8.

25. Chernogolovka, 2014; 79 (2015) No. 11.

26. Chernogolovka, 2016; 81 (2017).

12. Problems of Theoretical and Applied Electron Optics [Problemyi Teoreticheskoi i Prikladnoi

Elektronnoi Optiki]1

1. Proceedings of the First All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow 1996. Prikladnaya Fizika (1996) No. 3.

2. Proceedings of the Second All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 25 April 1997. Prikladnaya Fizika (1997) No. 2�3.

3. Proceedings of the Third All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 31 March�2 April 1998. Prikladnaya Fizika (1998) Nos 2 and 3/4.

4. Proceedings of the Fourth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 21�22 October 1999. Prikladnaya Fizika (2000) Nos 2 and 3; Proc SPIE 4187 (2000), edited by

A. M. Filachev and I. S. Gaidoukova.

5. Proceedings of the Fifth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 14�15 November 2001. Prikladnaya Fizika (2002) No. 3; Proc SPIE (2003) 5025, edited by

A. M. Filachev.

6. Proceedings of the Sixth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 28�30 May 2003. Prikladnaya Fizika (2004) No. 1 and Proc SPIE 5398 (2004), edited by A. M.

Filachev and I. S. Gaidoukova.

7. Proceedings of the Seventh All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 25�27 May 2005. Prikladnaya Fizika (2006) No. 3 and Proc SPIE 6278 (2004), edited by A. M.

Filachev and I. S. Gaidoukova.

8. Proceedings of the Eighth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 29�31 May 2007. Prikladnaya Fizika (2008) No. 2 and Proc SPIE 7121 (2008), edited by A. M.

Filachev and I. S. Gaidoukova.

9. Proceedings of the Ninth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 28�31 May 2009. Prikladnaya Fizika (2010) No. 3, pp. 31�115, edited by A. M. Filachev and

I. S. Gaidoukova.

1 For Prikladnaya Fizika, see applphys.vimi.ru
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10. Proceedings of the Tenth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 24�26 May 2011. Prikladnaya Fizika (2012) No. 2, edited by A. L. Dirochka and A. M.

Filachev.

11. Proceedings of the Eleventh All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 28�30 May 2013. Uspekhi Prikladnoi Fiziki 1 (2013) No. 5, pp. 571�600.

12. Proceedings of the Twelfth All-Russia Seminar, Scientific Research Institute for Electron and Ion Optics,

Moscow, 10 December 2015. Uspekhi Prikladnoi Fiziki. Papers are not collected in a single issue, see

vol. 4, No. 1.

13. Related Meetings

Beijing, 1986: Proceedings of the International Symposium on Electron Optics, Beijing, 9�13 September, 1986

(J.-y. Ximen, Ed.) Institute of Electronics, Academia Sinica, 1987.

Gent, 1954: Rapport Europees Congrès Toegepaste Electronenmicroscopie, Gent, 7�10 April, 1954, edited and

published by G. Vandermeersche (Uccle-Bruxelles, 1954).

Ocean City, 1984: Electron Optical Systems for Microscopy, Microanalysis and Microlithography. Proceedings

of the 3rd Pfefferkorn Conference, Ocean City (MD), 9�14 April, 1984 (J. J. Hren, F. A. Lenz, E. Munro

and P. B. Sewell, Eds) Scanning Electron Microscopy, AMF O’Hare, IL.

Toulouse, 1955: Les Techniques Récentes en Microscopie Electronique et Corpusculaire, Toulouse, 4�8 April,

1955 (C.N.R.S., Paris, 1956).

Washington, 1951: Electron Physics. Proceedings of the NBS Semicentennial Symposium on Electron Physics,

Washington, 5�7 November, 1951. Issued as National Bureau of Standards Circular 527 (1954).

Corrigenda, Volume 1

p. 203, Fig. 12.10, caption. After Kubo et al. (2017), Courtesy Elsevier.

p. 698, Section 9, 2016, the correct dates are 29 May�3 June 2016.
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Note: Page numbers followed by “f ” refer to figures.
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Aberration coefficients, 893�894,

896�897, 1232�1234

Aberration correction, 959�1024

Aberration disc

prisms, 1261�1262

Aberration minimization,

1021�1023

Aberration theory, 1257�1259

Aberrations

of foil lenses, 762�763

of microwave cavity lenses, 1018

second-rank, 1228�1236

third-rank, 1236�1238

Accelerators, optics of, 730�731

Acceptance, 1162�1163

ACE (annular circular electrode)

corrector, 1005

Achromatic quadrupoles, 972f

Alpha filter, 1264, 1296

Alternating gradient focusing,

1243

Anamorphotic systems, 908

Angular emission distribution,

1069

Annular systems, 1038�1040,

1043�1048

Anode, 1052

Antisymmetric multiplets,

911�914

Aperture-lenses, 713�716

Apertures, influence on brightness,

1137�1140

Arc lenses, 916

Archard�Deltrap corrector, 961

Astigmatic tube lenses, 916

Asymmetric lens, 857�858

Asymptotic aberration coefficients

of magnetic lenses, 790�791

integrals for the bell-shaped

model, 782�785

Asymptotic cardinal elements

of electrostatic lenses, 724�729,

736f, 738�739, 744�749,

756

of magnetic lenses, 774�775,

779, 781�782, 792�793,

799, 801f, 811, 813, 823, 864

Asymptotic crossover, 1176

Asymptotic properties of

thermionic guns,

1105�1110

Average brightness, 1131, 1150

Axial conductors, 1005

Axial focusing (prisms),

1248�1250

Axial harmonic, 938�940

B

Barber’s rule, 1245, 1246f

Basis-curve, 1027, 1033

Beam choppers, 1018

Beam entropy, 1124�1127

Beam matching, 1163

Beam temperature, 1120

longitudinal, 1122�1123

transport systems, 1060�1061

transverse, 1121

Beam-shaping techniques,

951�956

Bell-shaped models, 791�812, 907

Bessel functions, 845

Bessel-box analyser, 1416

Beta-ray spectrometers, 768, 1038,

1043

Binormal, 1213

Biot�Savart law, 931

Biplanar lenses, 918�920

Blade focus, 1040

Boersch effect, 1060, 1118�1130

analytical calculations,

1127�1130

dimensional analysis, 1130

spatial Boersch effect, 1126

thermodynamic limit,

1123�1124

Boersch phase plate, 998�999

Boundary-element method, 1096

Brightness, 1060, 1131, 1386

and aberrations, 1152�1156

Coulomb interactions and, 1152

and emittance, 1163�1165

of field emission guns, 1190

influence of apertures,

1137�1140

Lenz’s theory, 1140�1149

maximum brightness,

1134�1136

measurement, 1150�1152

of thermionic guns, 1200�1201

Brightness function, 1131�1132,

1140

generalized, 1132

Brightness measurement

lens method, 1150�1151

two-aperture method, 1150

C

Caledonian quadruplet, 1023

Cambridge correctors, 968�970

Canonical equation, 1133, 1158

Canonical mapping transform

(CMT) diagram, 1171,

1172f, 1173f
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Canonical momentum, 1146, 1225

Carbon emitters, 1057, 1388

Carbon nanotube emitters,

1206�1207

Carbon nanotubes, 1132

Cartesian representation for

mirrors, 1181

Castaing�Henry analyser, 884,

1239, 1296

Cathode, 1052�1054

Cathode lenses, 711�713,

884�886, 1335

Cathode matching, 1181�1186

Cathode-ray tubes, 925

Caustic, 1025

of astigmatic lenses, 1031�1034

concept, 1025�1027

higher-order focusing,

1038�1042

intensity distribution,

1034�1037

of a round lens, 1027�1031

CEOS (Corrected Electron Optical

Systems), 979, 989, 991

Chicago corrector, 968

Chromatic aberration corrector, 976

Chromatic aberrations, 1175�1176

Chromatic correction, 970

Circular optic axis, 1240�1243

Closed current loops, 931�933

Coaxial lenses, 766�767

Cold field electron emission (CFE)

guns, 1057�1060

Coma-free lens, 844

Coma-free point, 782�785

Combined electrostatic and

magnetic systems,

1228�1229

Concave cathode, 1186

Condenser-objective, 774�775,

826

Cone focus, 1040

Cone-edge focus, 1040

Conformal mapping, 722

Conical lenses, 766�767

Conjugate planes, 1149

Control electrode, 1052

Convex cathode, 1186

Convolutional models

for magnetic lenses, 796�798

Coulomb interactions and

brightness, 1152

Crewe’s model, 752�753

Cross focus, 1040

Crossed lenses, 916�918

Crossed-field device, 1296, 1415

Crossover, 1142�1143

Cryolenses, 771�772, 858�863

Current loops, 931�933

with ferrite shield, 933�938

Curvature vector, 1214

Curvilinear coordinate systems,

1212�1214

Curvilinear systems, 1209

Cyclotron radius, 897�898

Cylindrical lens, 768�769

Cylindrical mirror analyser, 1048

D

Darmstadt project, 963

Deflection coil fields

axial harmonics, 938�940

saddle coils, 936

toroidal coils, 936

Deflection modes, 951�956

Deflection prisms, 1260�1262

Deflection systems, 925, 1335

alternative concepts, 947�951

in electron microscopes, 925

field models for magnetic

deflection, 929�940

magnetic system, 930

Delta corrector, 985�986, 987f

Differential algebra, 1252

Digitally addressable field emitter

array (DAFEA), 1204

Diode, 1059

Diode approximation, 1085�1089

Diode-field model, 1094�1096

Distortion

and triple-polepiece lenses,

867�868

Distortion of round lenses,

asymptotic

elimination, 867

Distortion-free orthogonal systems,

908

Divergence factor, 1102,

1107�1110

Double focusing, 1239

Dual-aperture shaping method,

954f

Dual-channel deflection systems,

951

Dynamic aberration correction,

1020�1021

Dynamic focusing and correction,

945�946

Dynamic programming, 759�761,

844�845

E

EBL. See Electron-beam

lithography (EBL)

EFF (Extended Fringing Field),

1251�1252. See also

Fringing field effects

Effective astigmatism, 992

Effective defocus, 992

Effective diameter, 729�730

Effective length

of a quadrupole, 909

Einzel lens, 713, 736�762, 1297

figure of merit, 757�759

hyperbolic lenses, 757, 757f

Kanaya�Baba model, 747�749

measurements and exact

calculations, 754�761

miniature lenses, 762

multielectrode lenses, 756

optimum design, 757�759

Regenstreif’s model, 737�740

Schiske’s model, 740�746

Shimoyama’s analysis, 752

Wendt’s theory, 749�752

EL3, 953�954

Electron bombardment ion sources,

768

Electron emission, 1051

field electron emission,

1074�1079

theory, 1063

thermionic emission,

1064�1065

Electron guns

design, 1187

field emission guns,

1059�1060, 1189�1194

1450 Index



general features, 1051

hybrid emission guns,

1195�1198

LaB6 guns, 1054�1057,

1200�1201

Lauer’s model, 1098

Pierce guns, 1201�1203

point source model, 1187�1189

seven-element, 734�736

thermionic guns, 1052,

1096�1099, 1198�1201

Electron lithography systems,

926�927, 947�948

Electron mirror microscope,

881�882

Electron mirrors, 881�882

and aberration correction,

1006�1007

in energy analysis, 882�884,

1239

Electron-beam lithography (EBL),

926�927

Electrostatic accelerator lens

model, 1195f

Electrostatic lenses, 709, 711�769

accelerators, 731�736

Crewe’s model, 752�753

einzel lenses, 736�762

hyperbolic lens, 757

immersion lenses, 713�736

Ura’s unified representations,

729�730, 754

zoom lenses, 731

Electrostatic microscope, 1297

Electrostatic potential, 892

Electrostatic prisms, 1281�1284,

1415

Emission microscope, 1052

Emittance, 1060

and brightness, 1163�1165

general concepts, 1157

two-dimensional, 1159�1163

Emittance diagram, 1165�1170

and aberrations, 1166, 1170

Emittance ellipses, 1160�1162

acceptance ellipse, 1162�1163,

1163f

drift, 1161

focusing, 1162

transfer, 1161

Emittance matching, 1162�1163

Energetic Boersch effect, 1118

Energy analysers, 1263�1280,

1416

filters, 1266�1270

in-column energy analysers,

1263�1266

Möllenstedt and Ichinokawa

analysers, 1270�1271

post-column spectrometers,

1271�1272

Energy analysis, 882�884

Energy filters, 713, 1262f,

1267�1268

Energy flux densities

in thermionic guns, 1107

Enge’s focusing coefficients,

linear combinations of,

1260

Entropy, and Boersch effect,

1124�1125

Equidensities, 1037

Equivalent solenoid model, 797

Euler equation, 847�848,

1222�1223

Euler�Lagrange equations, 1219,

1226

Exponential model

for magnetic lenses, 793�794

Extended fringing field. See EFF

F

FDM. See Finite-difference

method (FDM)

Ferrite shields, 933�938

Field calculation, 1110

electron sources with pointed

cathodes, 1089�1093

Field emission, 1387

Field emission, theory of,

1074�1079

Field emission gun, 1059�1060,

1189�1194

diode, 1085

field model, 1094�1096

Field index, 1268

Field-emission guns, 1178

Field-emission microscopy, 887

Field-free space, 1165�1166

Finite-difference method (FDM),

1090�1092, 1197

First-order elements, 1252�1254

Five-electrode lens, 734�736

Focus

blade focus, 1040

cone focus, 1040

cone-edge focus, 1040

cross focus, 1040

line focus, 1040

Foil lenses, 762�766, 996�1004

Forbes�Deane theory, 1078

Form factor of magnetic lenses,

773�774

Fowler�Nordheim equation, 1075,

1206�1207

Fringe-field monochromator, 1277,

1278f

Fringing field effects, 1248�1257

extended fringing fields,

1251�1252

Fringing fields, 1276

Fujita�Shimoyama theory,

1171�1178

G

Gamow exponent, 1072

Gas discharge electron sources,

1051�1052

Gaussian trajectory equations,

1230�1231

Gauze lenses, 762�763

Generalized brightness function,

1132

Generalized model

for magnetic lenses, 798�803

Geometric aberration

of systems with a curved optic

axis, 1228

Glaser�Robl model, 720

Glaser’s bell-shaped model

for quadrupoles, 910

for round lenses, 742, 778

G-Optk, 1178

Grid electrode, 1052

Grid lenses, 762�766

Grinberg’s model, 720�721

Grivet�Lenz model, 721�722,

792�793
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Gun optics, 1171

Fujita�Shimoyama theory,

1171�1178

matching paraxial approximation

to cathode surface,

1181�1186

Rose’s theory, 1178�1181

H

Hahn’s model, 806�811

HAMILTON, 1295�1296

Hamiltonian, 1064�1065, 1158

Helical lens, 1023, 1219�1220

Higher-order focusing, 1038�1042

High-frequency lenses, 1012�1021

High-voltage microscope

pulsed-beam proposal, 1018�1019

Hilbert phase plate, 998�999

Hollow beam, 1111, 1167�1170

Holography, 1021

Homogeneous magnetic field

(n5 0), 1257�1259

Hutter’s model, 720

Hybrid emission gun, 1059

Hyperbolic lens, 757, 757f

Hyperemittance, 1125�1126,

1158�1159

I

Ichinokawa analysers, 1270�1271,

1273f, 1296

Immersion lens, 711�736, 1297

single aperture, 713�716

three or more electrodes, 730�736

two-electrode lens, 716�730

IMS Nanotechnology, 1205

In-column energy analysers,

1263�1266

N-filters, 1264�1266

Intensity considerations for

caustics, 1034�1037

Inverse problem for magnetic

lenses, 818

Ion microprobes, 907, 916

Ion optics, unified theory, 1281

Nakabushi’s studies, 1285

N-filters, 1265f, 1269�1270

Isophotes, 1037

Isoplanatic approximation, 1031

J

Judd’s rule, 1245�1246, 1246f

K

Kanaya�Baba model

for bipotential lenses, 722

for einzel lenses, 747�749

Kasper’s diode model, 1095�1096

K-corrector, 1016f

Kerst�Serber equations, 1243

Khursheed�Ang corrector, 1005

Kinetic momentum, 1218,

1223�1224

L

Lagrange�Helmholtz relation,

1219

Lagrangian, 1157, 1217�1218

Lambert’s law, 1069

Laminated lenses, 853�854

Lancet cathode, 1054

Langmuir�Child law, 1110, 1202

Lanthanum hexaboride cathode,

1054�1057, 1387

Laplace’s equation, 1214�1215

Lateral aberration, 1228

Lateral magnification, 1087�1088

Lauer’s theory, 1111

Lauer’s triode model, 1098

LEEM. See Low-energy-electron

microscope (LEEM)

Legendre transform, 1158

Lens design. See also Electrostatic

lenses; Magnetic lenses

for analytical instruments,

775�777

for three-dimensional

reconstruction, 777�778

Lens system in field-emission

devices, 1189�1194

Lens�mirror transition, 713

Lenz’s brightness theory,

1140�1149, 1163�1164

effect of aberrations, 1152

generalized theory, 1145�1149

rotationally symmetric

electrostatic fields,

1140�1145

Liebmann’s curves, 812�813

Lighthouse lens, 999

LinacTEM project, 1297

Line focus, 1040

Line-current corrector, 986�988

Liouville’s theorem, 1132�1134,

1140, 1157

Load characteristic, 915�916

Longitudinal temperature,

1122�1123

Lorentz trajectories, 1261�1262

Lotus-root multibeam lens,

878�879

Low-energy-electron microscope

(LEEM), 884�886, 1335

Low-voltage scanning electron

microscopes, probe-forming

lenses for, 873�876

Luneberg lens, 761

M

MAD�LEEM, 1007�1008, 1013f

Magnetic condenser lens model,

1195f

Magnetic deflection systems

field models, 929�940

Magnetic lenses, 771�879

convolutional models, 796�798

exponential model, 793�794

field models, 778�791

form factor, 773�774

generalized model, 798�803

Glaser’s bell-shaped model, 778

GrivetLenz model, 792�793

Hahn’s mapping, 806�811

laminated lenses, 853�854

lens with low field at the

specimen, 868�873

lotus-root multibeam lens,

878�879

measurements and universal

curves, 812�833

saturated lenses, 818�833

unsaturated lenses, 812�818

mini-lenses, 850�853

modes of operation, 774�775

notation, 778

optimization, 844�849

other bell-shaped models,

791�812

pancake lenses, 850�853
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permanent-magnet lenses,

863�867

power-law model, 794�796

practical design, 775�778

probe-forming lenses, 873�876

rectangular model, 802�803

scaling rules, 773

single-polepiece lenses, 850�853

superconducting lenses,

771�772

super-twin lens, 876�878

symmetric, 771, 779

Tretner’s analysis, 833�834

triple-polepiece lens, 867�868

twin lens, 876�878

unconventional, 850

unsymmetric, 771, 803�806

Magnetic prisms, 1239, 1414

aberrations, 1257

axial focusing, 1248�1250

with circular axis, 1240f

dispersion, 1246�1248

focusing in first order, 1244f

fringing field effects,

1250�1257

optimization, 1259�1263

radial focusing, 1244f

Magnetic sector fields.

See Magnetic prisms

Mandoline filter, 1265f, 1266,

1268f

MAPPER, 1204

Mars, 762

Mass spectrometer, 1262�1263

Matrix formalism, 1284

Maximum brightness, 1134�1136

Maxwell’s fish-eye, 761

Mean energy, 1069, 1118�1119

Microwave cavity lenses, 1018

Miniature lenses, 762

Miniature microscopes, 762, 867

Mini-lenses, 850�853

Mirror electron microscope, 883f,

885�886

Mirrors, 881�882, 1006�1012,

1335

Möllenstedt analysers, 1270�1271,

1272f, 1296

Monochromators, 713, 1263,

1272�1280, 1275f

Monte Carlo method, 1113,

1118�1119

Moon, 762

Moving objective lens (MOL), 941

Multiaxis systems, 1203

Multielectrode lenses, 730�736

Multi-electron-beam systems, 855,

878�879, 1203�1206

Multipole correctors, 960�996

Multipole fields, 1215�1216

Multipole system, in ion optics,

1296

Multipoles, 1415

Multishaped-beam (MSB) instrument,

1205�1206, 1205f

Multisource, single-column

systems, 1203

Murphy�Good�Young equation,

1075

N

Neßlinger, 1012�1013

Neile parabola, 1030

Newtonian field, 781

Nion correctors, 968�970

Nion monochromator, 1275f

Nion UltraSTEM, 1274�1276

Nodal point, 1193

Normalized brightness, 1125, 1136

Nottingham effect, 1076�1077

Numerical ray tracing, 1149

O

Ω-filters, 1263�1264, 1265f, 1266,

1296

Ω-shaped monochromator, 1275f

Optimization procedures, 1190�1191

for axial distributions, 844�849

for magnetic prisms, 1259�1263

Orthogonal systems, 1148�1149,

1212

Orthomorphic systems, 908, 915�916

P

Pancake lenses, 850�853

Paraxial ray equations, 1282

Paraxial trajectory equations, 1219,

1231

PEEM. See Photoemission electron

microscope (PEEM)

PEEM3, 886

Permanent-magnet lenses, 773,

855, 863�867

Perturbation

eikonal, 1227

Perveance, 1143

Phase condition, for HF-lenses,

1012�1013

Phase plate, 998�999

Phase space, 1064�1065,

1124�1125, 1157

Photoemission electron microscope

(PEEM), 884�886, 1335

Picht transformation, 1230

PICO microscope, 970, 989

Pierce systems, 1110, 1201�1203

Pinhole lens, 803�806

Planar cathode, 1181�1182

Plies�Typke theory, 1228

Point source, 1187. See also

Virtual source

Pointed filament, 1054, 1083

Poisson equation

scalar form, 1101

Polepiece design, 775�777

material, 771, 833

Post-column spectrometers,

1271�1272

Potential barrier, 1064�1065

Potential minimum, 1103, 1110

Power law model for magnetic

lenses, 794�796

PREVAIL project, 1203

Principal normal, 1213

Probe-forming lenses, 873�876

Pseudo-stigmatic systems, 908

Pump�pulse mode, 887

Q

Quadrupole field models, 908�911

Quadrupole lens, 907

Quadrupole multiplets

anamorphotic, 908

distortion-free, 908

orthomorphic, 908

pseudo-stigmatic, 908

regular, 908
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Quadrupole-octopole correctors,

960�977

Quadrupoles, 1335

antisymmetric multiplets,

911�914

arc lenses, 916

astigmatic tube lenses, 916

biplanar lenses, 918�920

crossed lenses, 916�918

doublets, 914

ion microanalysers, 915

isolated, 911

load characteristic, 915�916

quadruplets, 915�916

radial lenses, 923�924

Russian quadruplet, 916

special geometries, 916�924

transaxial lenses, 922�923

triplets, 915

R

Radial focusing (prisms),

1243�1246, 1244f

Radial lenses, 923�924

Radial-gap lens, 873�874

Rare-earth polepieces, 833

Real cardinal elements, 781

Real crossover, 1176

Rebsch�Schneider measure of lens

performance, 840

Rectangular model

for magnetic lenses, 802�803

Reduced brightness, 1136, 1140,

1147�1148. See also

Normalized brightness

Refractive index, 897

Regenstreif’s model, 737�740

Regular systems, 908

Resolving power, 1248

Richardson�Dushman equation,

1075

Richtstrahlwert, 1131

Ronchigrams, 993

Rose’s gun theory, 1178�1181

Round-lens focus condition,

1269�1270

Ruska�Riecke lens, 774�775

Russian quadruplet, 916

S

Saddle coil systems, 936

SALVE project, 974

Saturated lenses, 818�833

Saturation, 773

SCALPEL project, 1203

Scanning electron microscope

(SEM), 925

Scatter-plots, 908

Scherzer’s foil-lens corrector, 999,

1002f

Scherzer’s theorem, 959

Schiske’s model, 740�746

Schottky emission, 1079�1080,

1135, 1387

Schottky emission guns, 1057

Schottky emitter, 1193�1194

S-corrector, 1010, 1016f

Second-order aberrations, 1257

Second-order elements,

1254�1255

Second-order perturbation theory,

1236

Second-order radial focusing, 1260

Second-rank aberrations, 1180,

1228�1236

Second-rank fundamental rays,

1232�1233

Second-zone objective, 774�775,

826

Sector fields, magnetic, 1239

Series expansions, 1220

with curved optic axis,

1214�1217

Seven-electrode lens, 734�736

Sextupole correctors, 977�989

Sextupole function, 980

Sextupole optics, 977�989

Sextupoles, 1268

S-filters, 1265f, 1269�1270, 1270f

Shaped-beam technique, 953

Sharp cutoff fringing field,

1250�1251

Sharp cut-off (SCOFF)

approximation, 896�897,

899�900, 1250�1251,

1250f, 1251f. See also

Fringing field effects

Shielding cryolens, 771�772

Shimoyama’s model, 752

‘Shower-beam concept’, 1204

Single aperture

field of, 713�714

optics of, 715

Single deflection prisms,

1260�1262

Single octopoles as corrector, 963

Single-polepiece lenses, 850�853

Single-source, single-column

systems, 1203

Skew optic axis, 1211

Skew rays, 1185

SLAC (Stanford Linear

Accelerator Center),

1202�1203

SMART, 886

SOC model. See Sphere-on-

orthogonal-cone (SOC)

model

Sommerfeld�Bethe model, 1063

Sophisticated Pile of Apertures

with NOnCircular Holes

(SPANOCH), 988�989

Space charge, 1054, 1101, 1135,

1142

and aberration correction,

996�1004

counting method, 1113

determination, 1111�1117

distribution, 1101, 1112�1113,

1117

semianalytic method, 1113

SPANOCH, 988�989

Spectral radiance, 1069

Sphere-on-orthogonal-cone (SOC)

model, 1090

Spherical aberration, 1181

Spherical aberration coefficient,

793

finite magnification, 816

the rectangular model, 803�806

Spherical cathode, 1083�1085

Spherical cathode surfaces,

1183�1184

Spherical diode, 1101�1105

Spot diagram, 908

Stigmator, 1045�1046
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Strong focusing, 1243

Stufenfeld, 806

Superconducting lenses, 771�772,

833, 858�863

zone plate, 998

Super-twin lens, 876�878

Symmetric lens, 857

Synklysmotron, 1016�1018

T

Tangential vector, 1212�1213

TEAM project, 970, 973�974, 989

Telefocus gun, 1199�1200

Telescopic-condenser mode,

774�775

Television tube, 925

Tescan lenses, 855, 875f, 876

Thermal-field (TF) emission, 1074

Thermionic electron guns,

1052�1057, 1134

conventional forms, 1052,

1198�1201

diodes, 1088

field model, 1094�1096

short focus, 1199�1200

telefocus, 1199�1200

triode guns, 1054, 1096�1099

Thermionic emission, 1073, 1387

Thermodynamics, and Boersch

effect, 1119�1127

Third-order elements, 1255�1257

Third-rank aberrations, 1236�1238

Time-of-flight (TOF) emission

microscope, 887

Time-of-flight (TOF) mass

analysers, 1262�1263

Toroidal coil systems, 936

Torsion, 1214

Total energy distribution, 1069,

1076

Trace space, 1157�1159,

1165�1166

Trajectory equations, 1146

in curvilinear systems,

1217�1220, 1225�1238

Transaxial lens, 922�923

Transfer matrices, 1245,

1247�1248

Transmission Electron Aberration-

corrected Microscope

(TEAM) project, 970

Transmission factor, 1064�1065,

1075

Transverse momentum distribution,

1070, 1080

Transverse temperature,

1121�1122

Tretner and ultimate lens

performance, 833�834

electrostatic lenses, 834

magnetic lenses, 840

Triode gun model, 1054,

1096�1099, 1171, 1174f

Triple-polepiece projector lenses,

867�868

Truncated power series algebra,

1295�1296

Tube-wall electrode, 712f

Tubular lens, 1046

Tunnel effect, 1057�1058,

1071�1074

Twin lenses, 876�878

Twiss parameters, 1160�1161

Two-electrode lenses, 716�730,

1297

U

Ultimate lens performance,

834�836

early studies, 840�843

Glaser’s aberration-free lens,

842

Tretner’s analysis, 834�836

Ultracorrector, 974

Ultrafast electron microscopy,

887�889

Unconventional lenses, 771�772,

850

Unipotential lens, 713, 736

Unsaturated lenses, properties,

812�818

Unsymmetric magnetic lenses,

properties, 803�806

Unsymmetrical round lenses,

855�858

Ura’s unified representation,

729�730, 754

V

van Aken corrector, 1004

Variable shaped-beam technique,

953

Variable-axis immersion lens

(VAIL), 945�946

Variable-axis lens (VAL), 927, 941

Variable-shadow method,

1165�1166

Variational principle

for trajectories with curved optic

axis, 1217�1220

Vector scan technique, 952

Vertical landing, 940

Virtual cathode, 1109f, 1110,

1112f, 1119

Virtual source, 1059�1060,

1085�1088, 1190�1191

W

Wehnelt electrode, 1052�1054,

1059

Wendt’s theory, 749�752

W-filters, 1265f, 1267�1268,

1269f

Wien condition, 891�892, 897

Wien filter, 891�906, 1264,

1276�1277, 1277f, 1279,

1285, 1296

Work function, 1067, 1195�1196

Y

Yada’s combined lens, 842�843

Yoke design, 775�777

Z

Zach�Haider corrector, 968

Zemlin tableaux, 991

Zernike phase plate, 998�999

Zoom lenses, 730�731
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