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PREFACE

This book addresses the subject of turbine aerodynamic design and analysis fol-
lowing the same basic approach used in my previous books on compressor aero-
dynamics [1, 2]. All three books are written specifically for the aerodynamicist
seeking detailed information and practical guidance on the effective applica-
tion of modern technology to turbomachinery aerodynamic design and analy-
sis. When I started working in this field thirty-five years ago, there were several
excellent books of that type available, but their modern equivalents simply don’t
exist. The expanded roles of the computer and of proprietary industrial research
and development have become so pervasive that books offering a comprehensive
description of modern turbomachinery aerodynamic design and analysis tech-
nology have become rather impractical. Musing over this unfortunate lack of
modern information on this subject led me to consider a different type of book
to meet this need. Since a general description is no longer practical, a detailed
description of a specific aerodynamic design and analysis system might be a
viable alternative. So I decided to write a book of that type on centrifugal com-
pressor aerodynamics and managed to find a publisher willing to take a chance
on this unconventional approach [1]. Feedback from its readers confirmed that
there is a definite interest in this type of book as well as a significant audience.
That encouraged me to apply the same approach to axial-flow compressor aero-
dynamics [2]. This book applies the same approach to the remaining types of
turbomachinery for which I have developed comprehensive aerodynamic design
and analysis systems.

This approach does involve some inherent limitations. A thorough descrip-
tion of methods I have found to be effective does not provide equal coverage to
alternative approaches. While I do cite references to the significant alternatives
of which I am aware, that obviously does not provide the same detailed treat-
ment to those alternatives. Readers should recognize that many of the basic
functions accomplished by the methods described here have been approached
in different ways by other investigators. Nor is the effectiveness of an approach
totally independent of the applications for which it is intended. My experience is
with industrial turbomachinery, which has undoubtedly influenced my choices
of the design and analysis procedures used.

I decided to treat both axial-flow and radial-inflow turbines in a single book
primarily because it is practical to do so. But it is also considered beneficial
for other reasons. Unlike compressors, it is often far from obvious whether an
axial-flow or radial-inflow turbine is the better choice for a specific application.
Both types are capable of comparable efficiency levels, except as impacted by
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xiv ¢ PREFACE

manufacturing limitations. Consideration of cost, mechanical integrity, manu-
facturing issues and suitability to the specific application should be the basis of
selecting the type of turbine to be used. But it is far more common to choose the
turbine type based on an organization’s expertise, experience and confidence,
which almost always strongly favors one of the two types. My initial involve-
ment with developing radial-inflow turbine design and analysis procedures
was prompted by a former employer’s somewhat arbitrary perception that this
type was almost mandatory for certain geothermal energy applications. By the
time viable procedures had been developed, validated and applied, commercial
interest in those applications had dramatically diminished. The organization
promptly returned to its axial-flow turbine comfort zone. Periodic special needs
for the new radial-inflow turbine technology consistently confirmed that it was
exceptionally effective and reliable. During the same period, evidence mounted
to cast doubt on the axial-flow turbine aerodynamic technology then in use. But
the paradigm shift needed to seriously consider the radial-inflow turbine as an
alternative to the axial-flow turbine proved to be too great an obstacle. An im-
portant objective of this book is to demonstrate that either turbine type can be
designed and analyzed with confidence and to provide viable technology to do
it. I hope this may lead to better choices and fewer missed opportunities.

Development of an aerodynamic design and analysis system is an evolution-
ary process, which establishes what capabilities should be included, how to use
them effectively and how they can interact efficiently to support the overall pro-
cess. Organizing and applying basic technology in a working design and analy-
sis system is a very complex process involving many decisions and false starts.
All developers expend time and effort formulating virtually identical models
for phenomena that are fundamental to the process. These critical details are
quite important to aerodynamicists who seek to develop, maintain or improve
an aerodynamic design and analysis system. Like my previous books on com-
pressor aerodynamics, this book presents comprehensive aerodynamic design
and analysis systems for both turbine types in sufficient detail that readers can
implement all or part of these systems.

Considerable care is taken to provide complete and detailed descriptions of
these aerodynamic design and analysis systems. The basic principles of ther-
modynamics and fluid mechanics required are presented in a form particularly
well suited to turbomachinery applications. Well-defined empirical models are
used to augment these basic principles to address the essential problem areas
of performance analysis, stage preliminary design, detailed component design
and internal flow analysis. Descriptions of numerical methods used are includ-
ed as well as other critical considerations important to readers who choose to
apply these methods in their own design and analysis system. In a few cases
where methods common to both my compressor and turbine design and analy-
sis systems are used, I refer to my previous books rather than repeat some rather
lengthy and detailed descriptions intended only as supplemental guidance for
readers who choose to implement those specific methods.

All of the design and analysis methods described in this book have been im-
plemented and applied on personal computers. Indeed, a personal computer of
rather modest capability by today’s standards is quite adequate for this purpose.
For example, my own aerodynamic design and analysis system was developed
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on a seven-year-old Pentium IT PC and is regularly applied on the same com-
puter. The methodology used is sufficiently efficient to make this quite accept-
able even when dealing with the complex multiple choked blade-row cases and
nonideal working fluids often encountered in multistage industrial turbines.

Three-dimensional viscous flow computational fluid dynamics (CFD) is an
important technology in modern turbomachinery fluid dynamics that is not
specifically covered in this book, although it is cited often as a means to effec-
tively compensate for the impact of approximations inherent in the conventional
fluid dynamics analyses. There are several excellent commercially available CFD
codes in use today. Most turbomachinery development groups now use one or
more of them in the design process. Although viscous CFD technology has not
yet attained the illusive status of an exact solution, it can add a substantial level
of refinement to the methods described in this book when applied wisely. I had
the good fortune to benefit from collaboration with some excellent CFD analysts
in recent years. They were aware of the capabilities and limitations of the codes
they used and they carefully assessed the impact of necessary approximations
imposed by computer limitations. But I also encountered several significant tur-
bomachinery development failures directly traceable to the misuse of CFD. One
common cause is application of viscous CFD to configurations poorly suited to
the application. A sophisticated CFD analysis can not compensate for solving
the wrong problem. In one case, a conventional performance analysis showed
that a stage development program would be a dismal failure and clearly identi-
fied why it would have to fail. But the fundamentals were ignored so this expen-
sive and unnecessary failure occurred anyway. Two other major development
programs were severely compromised by the failure to recognize the impact
of inherent limitations of current CFD technology and of subtle but important
differences between the CFD models formulated and the actual turbomachin-
ery components developed. In both cases, conventional turbomachinery fluid
dynamics technology could have and should have warned the investigators that
viscous CFD was not being properly applied. Indeed, the sophistication of many
CFD codes in use today is sufficient that the expertise of the analyst often be-
comes their most critical limitation. Nevertheless, it is now well established that
evaluation and refinement of well-designed turbomachinery components by a
skilled viscous CFD analyst can substantially reduce uncertainties and iden-
tify valuable performance enhancement opportunities not recognized by the
conventional design and analysis techniques described in this book. As with all
emerging technologies, the engineer’s major task is to contain the early exuber-
ance and establish the engineering discipline needed to use it effectively. For-
tunately, the industry seems to be maturing in its approach to the use of this
important technology.

Ronald H. Aungier
Greensburg, PA
June 2005
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Chapter 1

INTRODUCTION

Axial-flow turbines and radial-inflow turbines are the two most common types
of dynamic turbines. The flow streamlines through the blade rows of an axial-
flow turbine have essentially a constant radius, whereas there is a substantial
reduction in radius through the radial-inflow turbine. A less common type
of dynamic turbine is the radial-outflow turbine, where there is a substantial
increase in radius through the blade rows. Since the work done on the fluid
depends directly on the change in fluid angular momentum across the rotor,
the radial-outflow turbine has a substantial disadvantage relative to the radial-
inflow turbine due to its lower rotor inlet radius. Indeed, radial-outflow turbine’s
higher rotor discharge radius places it at a substantial disadvantage relative to
both the axial-flow turbine and the radial-inflow turbine. This writer’s experi-
ence with the radial-outflow turbine is limited to a single case. A combination
of the methods described in this book appeared to be reasonably effective in
estimating its performance, but the questionable accuracy of the experimental
performance data available introduced too much uncertainty to recommend a
design and analysis procedure for that type. Hence, this book will address only
the axial-flow and radial-inflow turbine types, where sufficient experimental
data has been available to validate the procedures recommended.

NOMENCLATURE

A = characteristic passage area

a =sound speed

C = absolute velocity

¢, = specific heat at constant pressure
¢, = specific heat at constant volume
Cy = spouting velocity

D = characteristic diameter

H =total enthalpy

h = enthalpy

k =ratio of specific heats = ¢,/c,
M = Mach number
m = meridional coordinate
m = mass flow rate

N =rotation speed, rpm

P =pressure
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2 * TURBINE AERODYNAMICS

Pg = pressure ratio

Q = volume flow

r =radius

U = blade speed = r~
W = relative velocity

z = axial coordinate

o = absolute flow angle
o’ =relative flow angle

7 = efficiency

6 = tangential coordinate

v =velocity ratio = U/CO

p = fluid density

o = rotation speed (radians/sec)

Subscripts

1 = parameter at the nozzle inlet
2 = parameter at the nozzle exit and rotor inlet
3 = parameter at the rotor exit
id = an ideal, isentropic condition
m = meridional component
r=radial component
p = prototype test condition
t = total thermodynamic condition
z = axial component
6= tangential component
* = condition corresponding to sonic flow

1.1 Basic Turbine Configurations

Figures 1-1 and 1-2 illustrate the basic configuration of a radial-inflow turbine
stage. The flow enters the stage through an inlet volute or scroll, whose cross-
sectional area is progressively reduced circumferentially as the fluid exits the
volute in the radial direction. In some cases, a constant cross-section inlet
passage is used rather than a volute. In either case, the fluid enters the inlet
in the circumferential direction to provide substantial angular momentum
relative to the rotor. Usually the flow next passes through a nozzle row, which
accelerates the flow to add additional fluid angular momentum. Sometimes
the nozzle row may be omitted or it may act primarily to guide the fluid
rather than substantially increase the fluid angular momentum. Then the
fluid passes through the rotor, which removes some or all of the fluid angular
momentum to produce the turbine output power. The fluid then passes
through an exhaust diffuser, which converts some of the fluid kinetic energy
to static pressure to improve the stage efficiency.

Figure 1-3 shows an axial-flow turbine stage viewed on a cylindrical surface
(commonly called the blade-to-blade view). The flow accelerates through a
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4 o TURBINE AERODYNAMICS

Nozzle Row

Rotor Row

Ficure 1-3. Axial-Flow Turbine Blade-to-Blade View

typically passes through an exhaust diffuser, which converts some of the fluid
kinetic energy to static pressure to improve the turbine efficiency.

Figure 1-4 shows a side view of the diaphragm-disk arrangement commonly
used for industrial axial-flow turbines. The rotor blades are mounted on a disk
attached to the shaft. The nozzles are attached to the casing and include the
diaphragm extension between disks. Seals along the shaft and the disk are
often used to minimize leakage flows in the clearance gaps. Figure 1-5 shows
an alternate style commonly called a drum-rotor or solid-rotor. Here, the rotor
blades are attached directly to the shaft and the nozzle blades do not require
the diaphragm extension.

Blade rows may include a shroud band connecting the blades on the clear-
ance end, or may be unshrouded. Both configurations are shown in figure 1-5.

... BA

Rotor Row
(Shrouded)

Ficure 1-4. Diaphragm-Disk Axial-Flow Turbine
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. Clearance
-~
[~ Lashing
Wire
Nozzle Row Rotor Row
(Shrouded) (Unshrouded)

Shroud
Seals ﬁ

Figure 1-5. Drum-Rotor Style Axial-Flow Turbine

Shrouds are often used for reasons of mechanical integrity and to control clear-
ance gap leakage losses when it is impractical to maintain very small clearances.
Often the shroud band will include seal fins to reduce leakage losses. These seal
fins are thin enough to avoid serious damage to the rotor, casing and blades if a
rotor excursion causes them to contact the shaft or casing. Basically the seal fins
will be sacrificed if this occurs, but other damage will be minimal. If mechanical
stress levels do not permit a shroud band on the rotor row, industrial turbines
sometimes use lashing wire to tie the blades together to avoid resonance prob-
lems, as illustrated in figure 1-5. Sometimes balance holes through the rotor disk
may be used to reduce axial thrust forces, as illustrated in figure 1-4.

1.2 Radial-Inflow and Axial-Flow Turbine Features

The basic radial-inflow turbine configuration is not well suited to multistage
applications unless the downstream stages are axial-flow stages. Unlike the
centrifugal compressor, there is no well-established design procedure for
components to transition the flow between two radial stages. Overhung shaft
arrangements, suchasintegral-geared units, canusesimple piping connections
between stages if the arrangement permits without unacceptable losses. There
are a few multistage radial-inflow turbines commercially available, but single-
stage applications are far more common. By contrast, the axial-flow turbine is
easilyapplied inmultistage arrangements. Thatadded flexibility isasignificant
advantage enjoyed by the axial-flow turbine over the radial-inflow turbine.
Radial-inflow turbines are particularly attractive for small units such as
turbochargers and micro-turbines, where maintaining the blade profile
accuracy level required for high-efficiency axial-flow turbines may be
impractical or prohibitively expensive. The radial-inflow turbine is less
sensitive to blade profile tolerance issues and it requires far fewer blades
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Ficure 1-6. Stage Efficiency Comparison

per blade row, which can offer a significant cost advantage, particularly in
the smaller sized units.

Figure 1-6 shows a comparison of predicted efficiencies for the two types of
turbine. The stages selected are both tested designs reported by the National
Aeronautics and Space Administration (NASA), which are predicted very
accurately by the performance analysis methods presented in this book. Since
the two stages were designed for different applications, some caution is needed
when drawing conclusions from this comparison. Hence, the efficiency based
on inlet and discharge total thermodynamic conditions is shown as a function
of the ratio of the rotor speed to the optimum speed. The same turbine inlet
total thermodynamic conditions and discharge static pressure are used for
the two predictions. It is seen that the peak efficiency levels for the two stages
are nearly identical with the axial-flow turbine showing a slight advantage. The
rotor tip diameter of the axial-flow stage is 30 inches versus 6 inches for the
radial-inflow stage. This size difference accounts for the most of difference seen
in the peak efficiencies. The need to turn the flow 90° through the radial-inflow
rotor will have some adverse effect, but it is relatively insignificant in a well-
designed stage. Note that the axial-flow stage’s efficiency is much less sensitive
to changes in speed for these constant pressure-ratio cases. This is a significant
difference in the performance characteristics of the two-stage types.

Figure 1-7 shows the same efficiency data plotted as a function of the ratio
of rotor inlet blade speed to the spouting velocity. That ratio is a commonly
used dimensionless parameter that will be discussed later in this book. For
the present discussion, it is sufficient to recognize that the spouting velocity
is identical for the two stages. This shows that the optimum efficiency for the
radial-inflow stage corresponds to a higher blade speed than for the axial-flow
stage. This can be a disadvantage if mechanical integrity is an issue. It can also
be an advantage in terms of the work-per-stage capability. Stages optimized
to single-stage duty normally attempt to minimize the rotor exit fluid kinetic
energy. In these cases, axial-flow and radial-inflow stages typically achieve about
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Ficure 1-7. Efficiency as a Function of Blade Speed

the same work coefficient. The work coefficient is the ratio of stage work to the
square of the blade speed. Hence, the radial-inflow stage has the potential for
greater work per stage at optimum efficiency. That is a well-known advantage of
the centrifugal compressor stage over the axial-flow compressor stage. But the
absence of diffusion limits in accelerating flow make it much less significant for
turbine stages, particularly since the axial-flow stage can readily be used in a
multistage arrangement if needed.

Figure 1-8 compares the mass flow per unit frontal area for the two stages.
The rotor tip diameter is used to define the axial-flow stage’s frontal area,
while the nozzle outer diameter is used for the radial-inflow stage. Similar
to compressors, flow capacity per unit frontal area of the axial-flow stage is
significantly greater than for the radial-inflow stage.
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Ficure 1-8. Flow Capacity per Unit Frontal Area
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8 ¢ TURBINE AERODYNAMICS

It can be concluded that the two stage types offer comparable efficiency
potential. Hence, this will not normally be the deciding factor in choosing
one type over the other. If flow capacity per unit frontal area is important, the
axial-flow stage is clearly superior. The axial-flow stage is also much better suited
to multistage applications. In other cases, production cost, mechanical integrity,
manufacturing constraints and suitability to the specific application are more
likely to determine which type will be the better choice.

1.3 Velocity Diagrams for a Stage

The construction of velocity diagrams or velocity triangles is a fundamental
tool for all turbomachinery aerodynamic design and analysis. Since successive
blade rows alternate between stationary and rotating, it is necessary to be able
to view the velocity vectors in both stationary and rotating coordinate systems
at any location. For generality to either axial-flow or radial-inflow turbines,
the velocity triangles will be constructed in stream surfaces passing through
the machine. By definition, a stream surface has no mass flow crossing it and
no fluid velocity component normal to it. An orthogonal coordinate system
(m, ) is used where 6 is the polar angle of a cylindrical coordinate system.
For an ideal axial-flow stage, the meridional coordinate, #1, is identical to the
axial coordinate, z. The same is true at the rotor exit of an ideal radial-inflow
stage. Upstream of the rotor in an ideal radial-inflow stage, m, is identical to the
radial coordinate, . In the more general case, m has both a radial and an axial
component, i.e.,

(dm)* =(dz)* +(dr)’ (1-1)
Figure 1-9 shows the velocity diagrams on a stream surface for the nozzle inlet

and discharge locations. Subscript 1 refers to the nozzle inlet station, subscript 2
to the nozzle exit or rotor inlet station and subscript 3 to the rotor exit station. The

a
C\JUS

Ficure 1-9. Nozzle Velocity Diagrams
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velocity in the stationary coordinate system (the absolute velocity) is designated
as C. The velocity in the rotating coordinate system (the relative velocity) is des-
ignated as W. The meridional velocity component combines the axial and radial
velocity components, which are identical in either coordinate system, i.e.,

W, =C, =C?+C? 1-2)

If wis the angular velocity of the rotating coordinate system, the local blade
speed is rw. Then the absolute and relative tangential velocity components
are related by

W,=C,-or (1-3)

The overall velocities are given by

C=,C:+C; (1-4)
W=C? +W? (1-5)

The flow angle with respect to the tangential direction in the stationary frame
of reference, o, is given by

tana=C, /C, (1-6)

Similarly, he flow angle with respect to the tangential direction in the rotating
coordinate system, o', is given by

tano/ =C,, /W, (1-7)

Given the inlet velocity diagram, the nozzle’s performance determines the
absolute velocity diagram at the nozzle exit. Then Egs. (1-3), (1-5) and (1-7)
complete the velocity diagram to include the velocity components and flow
angle in a rotating coordinate system, i.e., the relative velocity data at the
rotor inlet. Figure 1-10 uses this velocity diagram as rotor inlet conditions.
The inlet relative velocity diagram and the rotor’s performance determine
the relative velocity diagram at the rotor exit. Then Eqgs. (1-3), (1-4) and
(1-6) complete this velocity diagram to include the velocity components and
flow angle in the stationary coordinate system, i.e., the absolute velocity data
at the next nozzle inlet. This simple velocity diagram construction process
is a fundamental technique used by the turbomachinery aerodynamicist to
convert between absolute and relative flow conditions. Indeed, in the early days
of the science, it was the key step in the design process, requiring designers
to construct dozens of velocity diagrams to design a turbomachine. Now
that computerized design and analysis is the norm, manual construction is
relatively rare. But knowledge of the process remains essential to an effective
understanding of what those computerized methods are actually doing.
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10 ¢ TURBINE AERODYNAMICS

Ficure 1-10. Rotor Velocity Diagrams

1.4 Similitude and Performance Characteristics

Similitude or similarity is another concept fundamental to turbomachinery
aerodynamics. Two turbomachines are completely similar if the ratios of cor-
responding dimensions, velocity components and forces are all equal [3]. By
properly defining equivalent performance parameters, it is possible to develop a
general performance map for a specific turbomachine that will apply to all simi-
lar turbomachines. This greatly expands the number of applications that can be
achieved from a development program for a single turbomachine or for a com-
ponent of a turbomachine such as a stage. It permits the designer to scale the
design to different sizes or even apply it to different working fluids without re-
peating the development process. Similitude is an essential concept, but it is also
a very dangerous concept. In truth, complete similarity is really never achieved.
If the deviations from perfect similarity are not recognized, serious application
errors can result. Applying equivalent performance parameters from one field
of turbomachinery to another is another fairly common error that can lead to
serious mistakes. Misuse of similitude is probably more common in industrial
turbines than any other type of turbomachine. The industrial turbine is often
applied with a working fluid quite different from that used on the baseline de-
velopment program. Also, working fluids often exhibit substantial nonideal gas
behavior. In these cases, different operating conditions can compromise simi-
larity almost as much as using different working fluids. It is essential that the
turbine aerodynamicist recognize unacceptable deviations from similarity and
either avoid them or apply suitable corrections to compensate for them.

An obvious requirement for similarity is that the two turbomachines
have similar velocity diagrams. But to achieve similar velocity diagrams
while satisfying conservation of mass, the two turbomachines must achieve
a similar variation in gas density through the machine. The most common
way to achieve that is to require that the Mach number distribution be the
same in both machines. This is commonly referred to as Mach number
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similarity. This can be shown to be a reasonable criterion if the two ma-
chines use the same working fluid and that fluid satisfies the perfect gas
equation of state. There may still be deviations due to Reynolds number
effects, but these can often be neglected or accounted for with a suitable
correction procedure. Mach number similarity is sufficient for some in-
dustrial turbines. For example, turbocharger turbines often operate on air
with minor concentrations of fuel components. To a very good approxima-
tion, they use the same working fluid and the fluid follows the perfect gas
equation of state. But industrial turbines applied to steam or hydrocarbon
mixtures often fail to meet those requirements due to different working
fluids or to nonideal gas behavior. Even here, similarity can often be used
to advantage with appropriate care. Mach number similarity can usually
provide a reasonable approximation for a turbine stage, even when it isn’t
sufficient for the multistage turbine. This allows known stage performance
characteristics to be used to estimate the performance in a different ap-
plication so long as it is applied to individual stages and combined into
an overall performance estimate. It also allows correction of performance
data from a development program accomplished on one working fluid to
applications with a different working fluid.

To develop suitable Mach number equivalence performance parameters
for turbines, several thermodynamic and fluid dynamic parameters are re-
quired. They will be familiar to most readers and will be used here without
rigorous development, recognizing that they are covered in detail in chapters
2 and 3. First, consider the meridional Mach number. It can be represented
in the form

M, =C, /ac=/(paA) (1-8)
where A is the passage area, a is an appropriate sound speed and p is

an appropriate gas density. The blade rotational Mach number can be repre-
sented by

M, =or/a=ND/a (1-9)
where N is the rotation speed and D is an appropriate diameter. The tangen-
tial Mach number equivalence also needs to be represented. The rotor work

provides a means to accomplish this. The well-known Euler turbine equation
defines the enthalpy change across the rotor in the form

AH = (r,Cyy — 1,Cy) (1-10)

Since My will be used to establish Mach number equivalence on rw, equiva-
lence on tangential Mach number can be established by a parameter designated
as M H

M, =AH/d (1-11)
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12  TURBINE AERODYNAMICS

Hence, Mach number equivalence exists for two turbomachines having equal
values of M,,, My and My. It remains to establish what values of density and
sound speed should be used in these equivalence parameters. Usual practice
is to use the inlet total conditions for this purpose. That is a suitable choice
so long as the working fluids involved are not too different and the Mach
numbers involved are well below unity. Turbines often involve cases where
this is not a good choice. It is quite common for turbines to operate with one
or more blade rows choked, where Mach numbers exceed unity. It is often
convenient to test a turbine stage in one working fluid (e.g., air) but apply it
to a much different working fluid (e.g., steam). The weakness of using total
sound speed can be illustrated for two working fluids that obey the perfect
gas equation of state, i.e.,

P=pRT (1-12)

and whose ratio of specific heats, k, are both constant. Assume k and the gas
constant, R, are both different for the two applications. Also assume the two
turbines are geometrically identical. Designating the known conditions from a
prototype test with a subscript, p, and total thermodynamic conditions with a
subscript, ¢, the mass flow for the new application can be computed using simi-
larity on M,,,.

v =rnap,/(a,p,) (1-13)
Consider the special case where the prototype mass flow corresponds to the

onset of choke. Using a subscript, *, to designate parameters corresponding to
sonic flow conditions and neglecting losses, this requires

m, =p.aA, (1-14)
where A,, is the critical passage area where choke first occurs (e.g., the nozzle

throat area). But for a perfect gas, it can be shown that
k+1

M_[ 2 :|2<k—1)
pa, |k+1 (1-15)

Egs. (1-13) through (1-15) yield o

2(k, 1)
= p1azAcr |:L:|

k,+1 (1-16)
But Egs. (1-14) and (1-15) must also apply for the new application, i.e.,
k+1
= pad 2 Jaen
n= ptat cr k +1 (1_17)
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Clearly, the only way the similarity condition of Eq. (1-13) can correctly estimate
the choke flow for the new application is if k, = k. Hence, use of total density
and total sound speed in the equivalence relations is not a good choice. The
sonic density and sound speed are a much better choice. This choice results in
exact similarity in mass flow at both zero mass flow and the choke mass flow.
Although exact similarity for other mass flows is not guaranteed when the work-
ing fluids are significantly different, this will certainly yield more accurate simi-
larity than the choice of total conditions. The validity of this choice has been
demonstrated by Kofskey and Holeski [4]. They report experimental results for
a turbine tested in both air and argon. Although these fluids have quite different
values of k and R, similarity of the performance maps is demonstrated. They
chose to include an additional correction parameter to reference performance
to the inlet total pressure, which can be expressed in analytical form so long as
the perfect gas equation of state applies to both fluids. An analytical investiga-
tion by Whitney and Stewart [5] has shown that k has no significant influence
on equivalent performance over a range of values from 1.2 to 1.67. But many
working fluids used in turbines are not perfect gases. For the general case, the
fundamental equivalent performance parameters are

m__ ND AH
Apa’ a ' a (1-18)

Other equivalent performance parameters can be calculated from these basic
parameters by assuming that the efficiency is unchanged between equivalent
operating conditions. In effect, efficiency is also considered to be an equivalent
performance parameter. The ideal or isentropic enthalpy change across the tur-
bine is defined as

AH, =AH /7 (1-19)

Hence, equivalence on AH;; follows the same equivalence relation as AH. The
ratio of the rotor blade speed to the spouting velocity shown in figure 1-7 is a
commonly used performance parameter. The spouting velocity is a fictitious
velocity corresponding to AHy, i.e.,

C, = \2AH, (1-20)

The local blade speed, U = rw, is defined at an appropriate radius, such as the
rotor inlet mean radius. Then the velocity ratio is defined by

v=U/C, (1-21)

This can be expressed as an equivalent performance parameter using Egs. (1-9),
(1-11), (1-19) and (1-20). This shows that the sonic velocity should be used to
normalize both U and Cy, which cancel in Eq. (1-21). Hence v is also a basic
equivalent performance parameter that does not require correction to be used on
an equivalent performance map. Pressure ratio is a commonly used parameter
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14 « TURBINE AERODYNAMICS

for performance maps. But pressure ratio is a direct equivalent performance
parameter only if the working fluid is perfect gas and is the same for all cases.
Otherwise, an equivalent pressure ratio must be calculated from the map
reference inlet conditions, efficiency and the equivalent AH to be graphed on an
equivalent performance map.

Hence, the fundamental equivalent performance parameters that can be
used directly on an equivalent performance map are

n » @; ﬁz; AHzid) g) v,n (1_22)
Ap*a* a, a, a, a,

To use other performance parameters, they need to be calculated from these ba-
sic equivalent performance parameters and the reference inlet thermodynamic
conditions assigned to the map. Although reference inlet thermodynamic con-
ditions corresponding to sonic flow are the most direct, it is often more useful
to use alternate values, such as inlet total conditions. If that is done, additional
corrections will be needed such that the basic equivalence parameters of Eq.
(1-22) are preserved.

Figures 1-11 and 1-12 show basic formats that might be used for general
equivalent performance maps. Except for the equivalent pressure ratio, all
parameters are direct results from the turbine test data or the performance
predictions used to generate the maps. In the general case, the equivalent pres-
sure ratio is a calculated parameter. This is easily illustrated for working fluids
that follow the perfect gas equation of state. In chapter 2, it will be shown that
any isentropic process (no losses) of a perfect gas with constant specific heats
satisfies the following equation.

PR =(TR)k_1 (1'23)

=

a N3D/a.

=

& NoD /2.
NiD/a.

Equivalent Pressure Ratio

Ficure 1-11. An Equivalent Mass Flow Map
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N;D/a.

NoD/a.

Efficiency, n

N3D/a.

Velocity Ratio, v

Ficure 1-12. An Equivalent Efficiency Map

Pr and Ty are the ratios of total pressure and total temperature, respectively.
This can be shown to yield

k
2(k—1) AH |
PR:|:1+ (k+1)az:| (1-24)

where the sonic velocity is defined at the inlet. Hence, if k is constant, pressure
ratio can be regarded as a direct equivalent performance parameter. However,
if the value of k for the source of the performance data differs from the value
of k assigned to the map, pressure ratio must be calculated from the equivalent
ideal enthalpy change using Eq. (1-24). The same conclusion applies to nonideal
working fluids, but the correction from one working fluid to another is a nu-
merical process rather than the analytical expression in Eq. (1-24). Hence, if
turbine test performance data are used to generate an equivalent performance
map for a different working fluid, the equivalent pressure ratio for the map must
be calculated. Note that it is not necessary to assign a specific working fluid
to the equivalent performance maps if fundamental equivalent performance
parameters are used. In that case, the maps will apply to any working fluid. But
the use of pressure ratio in figure 1-11 inherently restricts the map to a specific
working fluid. Given the inlet total thermodynamic conditions, discharge total
pressure, N, D, A and the appropriate equation of state, we can calculate Pg,
AH,, a., p- and v to apply the equivalent performance maps to other working
fluids. However, the pressure ratio calculated is not compatible with values plot-
ted in figure 1-11. It is necessary to employ equivalence on AH;; or C, to calculate
the equivalent pressure ratio appropriate to the working fluid assumed for the
map. Hence, complications encountered with equivalent performance maps are
often unnecessary problems that are created by the desire to use parameters
that are not fundamental equivalence parameters, to reference the maps to a
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16 ¢ TURBINE AERODYNAMICS

specific working fluid or to use reference thermodynamic conditions other than
the sonic flow conditions. That is certainly acceptable practice if care is taken to
properly conform to the fundamental similarity parameters. But failure to use
extreme care can easily result in invalid application of the similarity concept
with the possibility of serious errors in performance estimates.

So far, the development of similarity concepts has dealt with performance
based on inlet and discharge total thermodynamic conditions. This is usu-
ally referred to as total-to-total performance. It is often more appropriate to
consider performance based on inlet total thermodynamic conditions and dis-
charge static pressure, i.e., total-to-static performance. If the isentropic change
in enthalpy between these end conditions is designated as A/, all of the above
similarity parameters apply if Ak, is substituted for AH;; and pressure ratio is
defined as the ratio of inlet total pressure to discharge static pressure.

Chapter 8 provides additional background on similitude and its limitations
by applying it to the development of axial-flow turbine stage performance rating
curves. Rating curves provide a means of using predetermined stage performance
to configure multistage industrial turbomachines for a wide range of applications.
In this way, accurate performance data obtained from prototype testing or from
the best available prediction methods can be used for any operating conditions
required by a specific application. Multistage industrial turbomachines are often
one-of-a-kind units configured to a specific customer’s application. With no dupli-
cate units to share in absorbing development costs, it is essential that application
procedures be both accurate and cost-effective. Rating curves based on similitude
provide a practical approach that is consistent with those requirements.

1.5 Units and Conventions

This book assumes consistent units throughout, such that the reader may use any
set of consistent units preferred. For historical reasons, many turbomachinery
organizations do not use consistent units, often using different units for different
disciplines such as aerodynamics and thermodynamics. For example, it is not
uncommon to find energy terms, fluid velocity and equation-of-state parameters
expressed in inconsistent units, necessitating conversion factors in expressions
such as Eq. (1-11). Tt will be left to the reader to recognize the need for those con-
version factors. Following steam turbine practice, flow angles and blade angles
will be measured from the tangential direction. The swirl velocity components
Coand Wy, are considered to be positive in the direction of rotation. While the no-
menclature is reasonably consistent throughout, the wide range of topics covered
does not permit unique symbols for every parameter. Consequently, each chapter
will include its own list of nomenclature to avoid confusion.
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Chapter 2

THERMODYNAMICS

This chapter reviews fundamental concepts from thermodynamics that are
essential to the aerodynamic design and analysis of turbines. Thermodynamics
provides the basis for defining and evaluating the energy transfer processes. It
also contributes the equation of state for the working fluid, which is one of the
governing equations of fluid flow through turbomachinery. The requirements
for the equation of state are particularly demanding for turbines. The com-
monly used ideal gas equation of state does have applications, such as some
turbocharger and gas turbine applications. But many industrial turbines are
applied to nonideal working fluids such as steam and various hydrocarbons.
This writer’s general ideal/nonideal equation of state model is suitable for this
purpose [1, 2, 6, 7]. The previous descriptions of this model addressed compres-
sor aerodynamics applications. Unlike compressors, two-phase flow is not at
all uncommon in turbines. Some extensions to that model are needed to treat
cases where liquid is present.

NOMENCLATURE

A = Helmholtz energy, dA = —PdV

a = sound speed and gas constant defined in Eq. (2-32)
b = gas constant defined in Eq. (2-33)

C =velocity

¢ = gas constant defined in Eq. (2-34)

¢, = specific heat at constant pressure and pressure recovery coefficient
¢, = specific heat at constant volume

H = total enthalpy

h = enthalpy

k = ratio of specific heats = ¢,/c,
M = molecular weight
iz = mass flow rate

n = exponent in Eq. (2-35)

P = pressure

Q = quality

q = specific heat transfer

¢ = heat transfer rate
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18 ¢ TURBINE AERODYNAMICS

R = gas constant
Ry =universal gas constant
s = specific entropy
T =temperature
u = specific internal energy
V = specific volume
w = specific work input
w = power input rate
z = compressibility factor
AHv= heat of vaporization
n = efficiency
U = gas viscosity
p = gas density
= acentric factor
& = parameter defined in Eq. (2-76)
@ = loss coefficient

Subscripts

ad = adiabatic-reversible (isentropic) process
¢ = critical point parameter
d = discharge condition
i = inlet condition
p = polytropic process
r =reduced parameter (normalized by its critical point value)
ref = reference condition
t = total condition
1 = condition ahead of a nozzle blade row
2 = condition ahead of a rotor blade row
3 = condition following a rotor blade row

Superscript

0 = condition where the ideal gas model applies

2.1 First and Second Laws of Thermodynamics

The first law of thermodynamics is the basic principle of conservation of energy.
For an open system such as a turbine, the first law can be applied, but only if the
flow is steady. If w is the power output from the turbine and ¢ is the heat transfer
between the turbine and its surroundings, the first law of thermodynamics
requires

q-W=MA[u+;C2+P/p] @-1)
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where m is the mass flow rate, u is the specific internal energy, C is
velocity, P is pressure, p is density and the effect of gravitational force is
neglected. The term specific indicates the value of a parameter per unit
mass. The terms in brackets include the internal energy, kinetic energy
and the flow work, P/p. Flow work is the work necessary to move the fluid
across the boundaries of the system. When steady flow crosses the system’s
boundaries, P/pprovides a direct measure of the flow work, which restricts
Eq. (2-1) to the steady flow case. The normal practice in fluid dynamics is
to combine the internal energy and flow work terms into a single parameter
called the enthalpy, A.

h=u+Plp 2-2)

The above thermodynamic conditions are simple state variables or static con-
ditions. It is useful to introduce a special class of thermodynamic conditions
referred to as total or stagnation conditions. A total thermodynamic condition
is defined as the value of a parameter that will exist if the fluid is brought to rest
with no transfer of heat or external work, i.e., all kinetic energy is completely
recovered. Total conditions will generally be designated with a subscript, .
Total enthalpy occurs so often that an exception will be made and H will be
used instead of /,. Total enthalpy is given by

H:h+%C2 2-3)

If heat transfer is neglected, the flow is called adiabatic and Egs. (2-1) through
(2-3) combine to yield

w =m(H; — Hy) (2-4)

where the subscripts i and d refer to the turbine’s inlet and discharge condi-
tions, respectively. Eq. (2-4) is the basic energy equation for steady, adiabatic
flow through a turbine.

The second law of thermodynamics introduces the concept of a revers-
ible process. A process is reversible if the system and its surroundings can be
returned to their original states after the process has occurred. If that is not
the case, the process is called irreversible. Processes influenced by heat transfer
or friction effects are common examples of irreversible processes. The specific
entropy, s, is defined as

— dqrev
ds= T (2_5)

where T is the temperature, g is the specific heat transfer and the subscript,
rev, designates a reversible process. The second law of thermodynamics can be
expressed as

As>0 (2-6)
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20  TURBINE AERODYNAMICS

Hence, an adiabatic, reversible process is also a constant entropy or isentropic
process. Indeed, it is fairly common practice in turbomachinery to use the terms
adiabatic and isentropic interchangeably, although the latter is clearly the more
precise term. Entropy provides a fundamental measure of the irreversibility of a
process, i.e., the inefficiency or losses associated with the process. If the first law
of thermodynamics is applied to a fluid element in a closed system,

dq),,, =Tds = du+dw = du+ PdV -7

where w is the specific work and V = I/pis the specific volume. Egs. (2-2) and
(2-7) provide a fundamental thermodynamic equation for entropy that is valid
for any process, i.e.,

Tds = dh - VdP 2-8)

2.2 Efficiency

The aerodynamic quality of a turbine or a turbine component is evaluated by its
efficiency, which is a measure of actual performance relative to an ideal perfor-
mance that would be achieved by some reversible process. Figure 2-1 illustrates
a typical enthalpy-entropy diagram for a turbine or a portion of a turbine that
includes at least one rotor row, such that work has been extracted from the fluid.
The inlet conditions are designated as P, T3, s; and H;. The turbine extracts work
from the fluid to produce discharge conditions P, Ti4, s¢ and H,. Since static

h
p= P
H; T ?
AH 44 AH
s 1
P= Pu
5; Sd s

FiGure 2-1. An Enthalpy-Entropy Diagram
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and total conditions are, by definition, related by a reversible process, there is
no difference between total and static entropy so the subscript, ¢, can be omit-
ted for s. One measure of efficiency is to compare the actual process to an ideal
adiabatic (isentropic) process. As seen in figure 2-1, an isentropic process could
produce an enthalpy drop AH,, from the change in total pressure. The actual pro-
cess produces an enthalpy drop of AH = H;—H,. Since lines of constant pressure
always diverge on an 4-s diagram, AH is always less than AH,, for a nonisentropic
process. Hence, the turbine adiabatic or isentropic efficiency, 1.4, is defined as

S 5.9
ad AHad ( - )
From Eq. (2-8), AH, is given by
By
A, =B s=5) (2-10)
» P

This development of efficiency has considered a turbine operating between
inlet and discharge total conditions. Hence it is often called the total-to-
total adiabatic efficiency. It is often the case that the fluid kinetic energy at the
turbine discharge serves no useful purpose to a specific application. In that
case, P, may be replaced by the static pressure, P;, in Eq. (2-10) to yield the total-
to-static adiabatic efficiency. The additional substitution of P; for P, yields the
static-to-static adiabatic efficiency. Some care is required to understand which
basic definition is being used when interpreting efficiency data. It is not uncom-
mon for the term adiabatic efficiency to be used for any of the above three types
without qualification.

Adiabatic efficiency is the most common definition used for turbines. But it
has a definite weakness as a means of evaluating the aerodynamic quality of
a design. As illustrated in figure 2-1, constant pressure lines diverge on an /-s
diagram. This means that two turbines having the same basic aerodynamic
design quality, but operating at different pressure ratios, will have different
adiabatic efficiencies. Hence, adiabatic efficiency is not particularly useful to
an aerodynamic designer seeking to evaluate the true aerodynamic quality of
a turbine or a stage design. Polytropic efficiency is a more useful definition,
which eliminates this undesirable thermodynamic effect. It is often used to
evaluate compressors but is seldom used for turbines even though it offers
the same advantage to all types of turbomachines. Polytropic efficiency is
sometimes referred to as the “small-stage” or “true aerodynamic” efficiency.
Instead of using a path of constant entropy as the reversible path, polytropic
efficiency uses a path of constant efficiency defined by

_1dp
p dh
where 1, is defined such that the path passes through the two end points of

the process, e.g., (P;, H;) and (P, Hy). This is straightforward in principle, but
less so in practice. For many years, common practice was to approximate a

n, -11)
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22 « TURBINE AERODYNAMICS

polytrope by a path defined by P/p® = constant. This approximation is appropri-
ate for ideal gases, but can introduce large errors for nonideal gases. Shultz [8]
and Mallen and Saville [9] have reported models for polytropic efficiency using
nonideal gases. Huntington [10] studied the problem in detail and showed that
the Mallen-Saville model yields excellent accuracy. Huntington proposed a
slightly better model by including an intermediate point on the path, but this
had the disadvantage of requiring a numerical method to use it conveniently.
Hence, this writer employs the Mallen-Saville model in all cases. This model
uses an empirical path defined by

T j—; = constant (2-12)

Egs. (2-8) and (2-12) can be combined to yield the polytropic head, AH,, as
AH, =AH +(s; = s (T, —T,)/In(T,, / T}) (2-13)
Then the total-to-total polytropic efficiency, n,, is defined as

n,= N (2-14)

r

Extension of Eq. (2-13) to total-to-static and static-to-static efficiency is analo-
gous to adiabatic efficiency as previously discussed. Basically, it is now possible
to employ polytropic efficiency with no more difficulty than adiabatic efficiency.
It is only necessary to have an appropriate equation of state to use either model.

2.3 Fluid Equation-of-State Fundamentals

Thermodynamics also contributes the equation of state, which is one of the
fundamental governing equations for turbine aerodynamic design and analy-
sis. There are actually two equations of state required. The first is the thermal
equation of state, which supplies a relationship among the fundamental state
variables, typically in the functional form P=P(p, T). The second is the caloric
equation of state, which relates the energy content of the fluid to state variables,
typically in the functional form 4=A(T, P) or u=u(T, P). These equations of state
may be derived from kinetic theory or statistical mechanics, or they may be
developed empirically from experimental data.

A fluid is considered to be an ideal or thermally perfect gas if P, T and p can
be related by the simple linear thermal equation of state

P=pRT (2-15)

where R is the gas constant for the fluid. R is computed from the universal gas
constant, Ry, and the fluid’s molecular weight, M
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FiGURE 2-2. A Pressure-Enthalpy Diagram

R=R,/M (2-16)

where Ry = 8314 Pa-m’/(kmole-°K) in metric units. All working fluids exhibit
nonideal behavior under some conditions. Figure 2-2 is a schematic of a
pressure-enthalpy diagram for any working fluid. It is seen that the fluid may
be liquid, vapor or both at various state points. Clearly, a thermally perfect gas
equation of state cannot model all possible state points. This is true even when
the equation is restricted to the vapor phase. The highest temperature at which
liquid and vapor can coexist defines the fluid’s critical point as illustrated in
figure 2-2. Experimental measurements of critical-point properties (7;, P., p.)
for many fluids are available in the literature and almost never conform to
Eq. (2-15). The thermally perfect gas equation of state can be expected to pro-
vide a reasonable approximation if T is much greater than 7. and P is much less
than P.. At pressures well above P, the fluid is said to be in the supercritical
regime. Again, experimental data show that supercritical fluids almost always
show nonideal gas behavior.

Yet the role of the thermally perfect gas equation of state is far more
significant than just providing a useful approximation. Indeed, at sufficiently
low values of density, all fluids follow the thermally perfect gas law. Under condi-
tions where the gas is thermally perfect, it can be shown that the energy content
of a fluid is independent of pressure, i.e., h’=h’(T) and u’=u’(T), where the
superscript 0 designates conditions where the fluid is thermally perfect. This
means that the caloric equation of state can always be specified as a function of
only one state variable. This provides a dramatic simplification to the process
of modeling nonideal gases and greatly reduces the gas property data that must
be supplied for the fluid. The equation of state requirements for turbines are
often much more demanding than for compressors. Since compressors are
rarely intentionally applied to two-phase flows, this writer’s previous cover-
age of this topic [1, 2] has largely ignored that aspect of the problem. But
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excursions into the wet region are not at all uncommon for industrial turbines.
For example, the wet expansion line in figure 2-2 illustrates an expansion pro-
cess across a turbine or a turbine stage that results in two-phase flow at the
discharge. The liquid and vapor saturation lines are boundaries to the fluid’s wet
region as shown in figure 2-2. Between those two limits, the fluid undergoes a
phase change with a corresponding enthalpy change at constant temperature,
AHy, equal to the fluid’s heat of vaporization. Hence, an equation of state suit-
able for general turbine aerodynamics applications must specifically address the
two-phase flow problem.

2.4 The Caloric Equation of State

Since all fluids follow the thermally perfect gas law at sufficiently low values of
density, the caloric equation of state can be specified in a general form for use
in either an ideal or nonideal gas model. When the fluid is thermally perfect, the
specific heats at constant pressure and at constant volume are defined as

AT = [% l (2-17)
0 ou’
c,(T) =[8T]V (2-18)

For a thermally perfect gas, it can be shown that
c)(T)-c)(T)=R (2-19)

The caloric equation of state can be specified by supplying either ¢)(T) or c(T)
and using Egs. (2-17) through (2-19), i.e.,

h(T)=h’T,,)= } cN(T)dT

Tref

(2-20)

u'(1)=u’(T,) = [ XD)dT (2-21)

re]
T

where /#° and u° can be assigned any desired values at a reference state point
(T, Prf). Specific heat correlations as a function of temperature are readily
available for most fluids of interest, e.g., Ried et al. [11, 12] and Yaws [13]. For
the special case where the specific heats are constant, the gas is referred to as a
calorically perfect gas. In that case, Egs. (2-20) and (2-21) can be directly inte-
grated to yield analytical equations, i.e.,
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R(T) = h°(T,)) + (T - T,;) 2-22)
u’(T)=u’(T,,)+c(T-T,,) (2-23)

Most books on turbomachinery aerodynamics limit attention to thermally
and calorically perfect gases. This conveniently reduces some concepts to simple
analytical forms. This writer avoids that practice because it can result in some
unfortunate and unintended consequences. Even experienced turbomachinery
engineers have occasionally applied these simplified concepts beyond their limits
of validity, resulting in some invalid conclusions. It has also encouraged develop-
ers of computerized aerodynamic analyses to incorporate special thermodynamic
relations that are limited to this special class of fluids. That provides no real ben-
efit to the numerical analysis but makes it very difficult to generalize the analysis
later, should that become necessary. It is quite possible to have hundreds of such
relations scattered throughout an analysis, all of which must be generalized.

2.5 Entropy and the Speed of Sound

An entropy equation is fundamental to turbomachinery aerodynamic design
and analysis. The efficiency definitions introduced previously in this chapter all
require an entropy equation. Even the simplest aerodynamic analyses require
an entropy equation to convert between total and static thermodynamic con-
ditions. This conversion is an isentropic process, accomplished by imposing a
change in enthalpy (the kinetic energy) at constant entropy. An entropy equation
is also required to impose a nonisentropic loss mechanism such as a total pres-
sure loss. It is useful to develop the entropy equation consistent with the caloric
equation of state defined for a thermally perfect gas. This will be needed for the
nonideal gas model described later in this chapter. For any pressure where the
gas is thermally perfect, the specific entropy is given by Eq. (2-8), i.e.,

c(T)

s°(T,P)=s"(T,;,P,)) + j

Tt

dT -RIn(P/P,,) (2-24)

where s” can be assigned any desired value at any reference state point (T, Pr).
For a calorically perfect gas, this simplifies to

$%T,P)=s"(T,,,P,)+cIn(T/T,)~ RIn(P/P,) (2-25)

The speed of sound is also an essential parameter governing the performance
of any turbomachine. From fundamental thermodynamics, the speed of sound,

a, for any gas is given by
=[P =i P (226)
E)p Jap),

where k is the ratio of specific heats.
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k=c,lc, (2-27)

For a thermally perfect gas, this yields

a’ =kRT (2-28)

2.6 The Thermal Equation of State for Real Gases

The general thermal equation of state for any fluid is

P/(pRT) =z(T,P) (2-29)

where z is the compressibility factor. The thermally perfect gas is a special
case, where z =1. For many years the compressibility factor was obtained from
generalized tabular data, e.g., Nelson and Obert [14] and Pitzer et al. [15]. But
modern practice is to employ one of the many excellent real gas equations of
state that are available. Real gas equations of state can provide the many other
thermodynamic parameters required and normally yield better accuracy
and superior computational speed when used in numerical analyses. One
of the simple two-parameter equations of state is a good choice for general
aerodynamic design and analysis. These models offer good accuracy, excellent
computational speed and easy access to the required gas property data for
almost any working fluid or fluid mixture. The Redlich-Kwong equation
[16] and various modifications to it (Aungier [7], Barnes [17], Soave [18] and
Wilson [19]) are among the most accurate of the two-parameter equations.
Aungier [5] evaluated these five equations of state in considerable detail for
twelve different compounds over a wide range of temperatures and pressures.
Specific emphasis was placed on covering a wide range of accentric factors, o,
since that parameter is used by the various modified Redlich-Kwong equations
to improve the prediction accuracy. Accentric factor is defined by Pitzer
et al. [15] as

w=-log,(P,/P)-1; T/T.=0.7 (2-30)

where P, is pressure on the vapor saturation line and the subscript ¢ designates
a critical point property (figure 2-2). The compounds investigated and their
accentric factors are listed in Table 2-1. It was concluded that only the original
Redlich-Kwong equation and Aungier’s modified Redlich-Kwong equation
are suitable for general turbomachinery aerodynamic design and analysis.
The modified equations of Barnes, Soave and Wilson all showed improved
accuracy over the original equation for the types of compounds and
thermodynamic property ranges for which they were developed. But they were
found to have serious deficiencies for <0, and they exhibited reduced accuracy
for supercritical fluids (i.e., P >P,, figure 2-2). Consequently, only the original
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Table 2-1. List of Compounds

Compound [0)

Ammonia 0.2550
Carbon dioxide 0.2250
Ethylene 0.0868
Helium -0.464
Hydrogen -0.220
I-Butane 0.1848
Methane 0.0080
N-Pentane 0.2539
Nitrogen 0.0400
Propane 0.1520
Refrigerant R134a 0.3254
Steam 0.3440

Redlich-Kwong equation and Aungier’s modified form will be described here.
The original Redlich-Kwong equation [16] is

RT a
P= - 2-31
V-b V(V+b)\T, 23D
where T,=T/ T. is referred to as the reduced temperature, and
a=0.42747R°T? /P, (2-32)
b=0.08664RT,/P, 2-33)

Egs. (2-32) and (2-33) are derived from the thermodynamic stability con-
dition, which requires that the first and second partial derivatives of P with
respect to V must both equal zero at the critical point. This equation requires
only the critical temperature and critical pressure for the fluid and the caloric
equation of state data for its application. It offers very good accuracy over a wide
range of thermodynamic conditions. It has one well-known deficiency near the
critical point for the fluid. For any fluid, this equation yields z =1/3 at the critical
point, which is not typical of most fluids. Hence, this equation should never be
used for points close to the critical point.
Aungier’s modified Redlich-Kwong equation of state [7] is

p= RT a
V-b+c V(V+b)T'

(2-34)

where a and b are given by Egs. (2-32) and (2-33), respectively, # is given by
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n=0.4986+1.17350+0.4754 &’ (2-35)

The constant, ¢, is calculated directly by applying Eq. (2-34) at the critical
point with all critical point properties specified. It is included to remove the
deficiency in the original equation for points near the critical point. This
equation of state requires two more specified parameters than the original
equation, i.e., w and either V. or z.. Note that if ¢ =0 and n=0.5, Aungier’s
equation reduces to the original equation. If a=b=c=0, the thermally perfect
gas equation of state is obtained. This makes it very easy to develop a comput-
erized equation of state package for use in any aerodynamic analysis, which
can offer all three equations of state.

Figure 2-3 shows a comparison of the prediction accuracy of Aungier’s
modified Redlich-Kwong equation with the original form. About 25% of the
data points considered in [7] are included on this figure. Tabular P-V-T data from
the literature were used for this comparison. The two equations of state were
used to predict P from the tabular values of T and V. The results were compared
to the tabular value of P to compute the error for each model. It is seen that
Aungier’s model provides significantly better prediction accuracy for a vast
majority of the points considered. Aungier [7] notes that this model resulted in
about a 50% reduction in the root-mean-square error for the complete set of
data considered. This writer uses Aungier’s model for all nonideal gas problems,
while maintaining the original model as a viable alternative. No equation of
state is infallible, so it is good practice to have an alternative available. Either
of the above equations of state can be used if the accentric factor and the
critical point properties are known. This is a major advantage since those data

T T T
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l | | i
I I |
I I |

T
I
I
I
I
4F------ o= - F-———=- A= -

I Original Model ! |
, More Accurate | e |
| I

Aungier's Model
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Percent Error - Aungier's Model

Percent Error - Original Redlich-Kwong Model

Ficure 2-3. State-Point Prediction Accuracy
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are readily available for virtually any compound likely to be encountered in
turbomachinery applications. Reid et al. [11, 12] and Yaws [13] are good sources
for the required gas property data.

Egs. (2-31) and (2-34) can also be applied to gas mixtures. If the subscript,
i, designates the ith compound in a mixture of N compounds and x; is its mole
fraction, the constants for the mixture are given by

Ja= ixi@ (2-36)

b= zxibi (2-37)
i=1

N

Zc = zxizci (2-38)
i=1
N

o= xo, (2-39)
i=1
N

M=YxM, (2-40)
i=1
N

¢, =2 XC, (2-41)

The gas constant for the mixture is given by R = Ry/M. The effective values of T
and P. for the mixture can be computed from a, b and R, using the definitions
in Egs. (2-32) and (2-33). Then ¢ can be computed from Eq. (2-34). Note that
Eq. (2-41) requires that ¢, be the specific heat per mole rather than per unit mass.
For the original Redlich-Kwong equation, ¢ =0, and Egs. (2-38) and (2-39) are
not used.

After some manipulation, Eq. (2-34) can be reduced to the form

22 +(PC-1)7? +(P°)CB-P’B’-PB+PA)7+PA(PC-PB)=0  (2-42)

A=al[RT*™M] (2-43)
B=b/(RT) (2-44)
C=c/(RT) (2-45)
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These equations are also valid for Eq. (2-31) when n = 0.5 and ¢ =0. They
provide a means to calculate z as a function of T'and P. The standard solution
for the roots of a cubic equation is given in standard mathematics handbooks
and similar references. When two phases of the fluid exist, the equation will
have threeroots. The smallest root will be the liquid-phase value and the largest
root will be the vapor-phase value. Otherwise, the single, positive real root is
the vapor-phase value. Hence, in principle, the above nonideal gas models can
be applied to the general two-phase flow problem. In practice, the accuracy
of the models becomes somewhat suspect for conditions near or to the left of
the vapor saturation line. This writer prefers to restrict the equation of state to
the vapor phase and address the effect of any liquid phase contribution with
generalized empirical models described subsequently in this chapter. Indeed,
a mixture equation of state formed as described above must be limited to the
vapor phase. This follows from the fact that the composition of the two phases
may be different and may vary with state-point conditions. This is rarely
a problem for industrial turbines, since most two-phase flow applications
involve a single component fluid such as steam or a pure hydrocarbon. But,
if a mixture involving two-phase flow must be treated for some reason, it
should be recognized that the phase-change modeling described in this book
is not rigorous for those cases. It is worth noting a special case of two-phase
flow that is often encountered in centrifugal compressors. When intercoolers
are located between stages, some mixture components may liquefy and drop
out of the mixture. This is commonly referred to as liquid-knockout, and
can be modeled by an equilibrium flash calculation. That calculation is not
discussed in this book, since it is unlikely to be needed for turbines. Aungier
[1] describes the equilibrium-flash calculation using the equations of state
presented here, should the reader have need of that capability.

Hence, the real-gas equations of state will only be used for vapor phase
calculations. This requires definition of the vapor saturation line illustrated
on figure 2-2. Ried and Sherwood [20] note that the vapor saturation pressure,
P,, varies proportional to 1/T. The gas property specifications required for
Aungier’s model include two points on the vapor saturation line shown in
figure 2-2. One point is the critical point, while the other follows from the
definition of the accentric factor in Eq. (2-30). Thus, the vapor saturation
pressure can be approximated by

log,,(P,/P)=7(1+»)(1-T./T)/3 (2-46)

This equation can easily be inverted to predict the vapor saturation temperature
as a function of pressure. These relations can be used to limit the relevant
independent thermodynamic conditions in all calculations intended only for the
vapor phase. Eq. (2-46) has been used effectively for compressor applications
[1, 2], but has since been modified to provide better estimates for turbines
operating at very low pressures. The modified form imposes a correction to
Eq. (2-46) based on Ried et al. [12] but specifically adjusted to match low-pressure
steam vapor pressure data.
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This equation is also easily inverted to predict the vapor saturation temperature
as a function of pressure. But it is necessary to limit 7'/ T;. > 0.06 to avoid the sin-
gularity in Eq. (2-47). That is not significant, since vapor pressures will be close to
zero at values less than this limit. Figure 2-4 shows a comparison of results from
the two empirical equations. Clearly, they yield virtually identical results except
at extremely low pressures and temperatures. Indeed, it was necessary to plot the
logarithmic form shown for the difference to be visible in figure 2-4.

2.7 Thermodynamic Properties of Real Gases

The caloric equation of state (%° or u°) has been specified as a function of tem-
perature for state points where the fluid is thermally perfect. For nonideal fluids,
h and u are also functions of pressure. Ried et al. [11] introduce the concept of
departure functions for the calculation of the thermodynamic properties of a
nonideal fluid. Departure functions are defined as the difference between the
actual value of a parameter and its value under conditions where the fluid is
thermally perfect, e.g., the quantity /1 —/" is the enthalpy departure function.
This requires specification of the pressure at which the fluid can be considered
to be thermally perfect, P°. This is somewhat arbitrary so long as it is a low
(but nonzero) value where the thermally perfect gas approximation can be
considered to be valid. From Eq. (2-15), the corresponding specific volume is
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V°=RT / P°. If A is the Helmholtz energy, Ried et al. [11] show that the relevant
departure functions are

A-A° =—T(P—RT/V)dV—RT1n(V/V°) (2-48)
o_ [0(A-A") i

s—s’= (—BT l (2-49)

h-h"=(A-A")+T(s—s")+RT(z-1) (2-50)

u-u’=(A-A"+7T(s-s" (2-51)

For the Aungier’s modified Redlich-Kwong equation of state, the departure
functions are

h-K =PV —-RT - L(n+ 0T h{v”’} (2-52)
b %4
e RIH[LOV—_W]_21:1 IH[V”’} (2-53)
1% 1% bT 1%

These also apply to the original Redlich-Kwong equation of state if ¢ =0 and
n =0.5. Basic thermodynamics provides the other parameters commonly re-
quired for an aerodynamic analysis, i.e.,

(o :
c, - (aT ) (2-54)
d | J
) A o
o [2P) __keRT :
“ _k[apl_l—f(aaé)r 0

2.8 Thermally and Calorically Perfect Gases

A fluid is thermally and calorically perfect if ¢,, ¢, and k are constants and z=1.
Equation of state calculations are greatly simplified for this class of fluids.
Designating an arbitrary reference state point (T.; P.s), the corresponding
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enthalpy and entropy, /.; and s, can be assigned arbitrary values. Then Egs.
(2-22) and (2-25) can be written

h=h, +c,(T-T,) (2-57)

s=s,+c,In(T/T,)-RIn(P/P,) (2-58)

Combining Egs. (2-3) and (2-53) the total and static temperatures are
related by

c,(T,-T)= %CZ (2-59)

For an isentropic or adiabatic-reversible process Eq. (2-58) requires

k-1

TIT,=(PIP,)* =(p/ p)*" (2-60)

Egs. (2-59) and (2-60) provide simple analytical expressions to relate total
and static conditions. Similarly, the efficiency calculations in Egs. (2-9) and
(2-14) simplify to

k-1
_ (B /B -1

M = (2-61)

_k-1In(P,/P,)

'~k InT,/T,) (-6

Reduction of these thermodynamic relations to simple analytical form can yield
substantial reductions in computation time for computerized aerodynamic
analyses. If the fluid is calorically imperfect, numerical integration of
Egs. (2-20) and (2-21) will be necessary. For thermally imperfect fluids, the
departure functions of Egs. (2-52) and (2-53) must also be applied. In either
case, numerical iteration will be required for isentropic processes to satisfy the
constant entropy condition. This is the primary source of increased computation
time. An aerodynamic analysis can be expected to perform a massive number
of isentropic calculations to relate total and static conditions and to relate
conditions in rotating and stationary coordinate systems. A calorically
imperfect, thermally perfect fluid requires nearly as much computation time as
a general nonideal gas. Hence, the thermally and calorically perfect gas model
offers significant advantages when it can be employed.

2.9 The Pseudoperfect Gas Model

Aungier [1, 2, 6] introduce the concept of a pseudoperfect gas model. This is a
very useful concept that often provides all of the benefits of the thermally and
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calorically perfect gas model for cases where that model is not adequate. Use
of this model requires that the aerodynamic analysis be formulated to avoid
use of any state relations that assume the relationships between ¢,, ¢,, R and k
expressed in Egs. (2-19) and (2-27). This really does not complicate the analysis
but is required to take advantage of the pseudoperfect gas model. The concept
is to use fictitious values of ¢,, ¢,, R, and k in an otherwise standard thermally
and calorically perfect gas model. Using an overbar to designate the fictitious
constants, they can be calculated from any two state points, designated by sub-
scripts 1 and 2.

R=R\zz, (2-63)

¢, =(h,—h)IT,-T) (2-64)
g, = (u, ~u) (T, ~T,) (2-65)
k =1n(P,/P)/In(p,/p,) (2-66)

When using the pseudoperfect gas model, this writer selects the inlet total
conditions and the conditions corresponding to sonic flow as the two state
points to define the fictitious constants. The full nonideal gas model is used to
compute the constants. Then the pseudoperfect gas model is used in the actual
analysis.

Eq. (2-66) yields the fluid’s isentropic exponent, which can be quite different
from the ratio of specific heats for a nonideal gas. The pseudoperfect gas model
is generally adequate as long as the values of z; and z, are not too different. This
is almost always true for compressor components operating on a nonideal fluid.
Indeed, it can usually be applied to multistage compressor performance analy-
sis, simply by recomputing the fictitious constants between stages or between
blade rows. This writer has used it extensively for industrial compressor perfor-
mance analysis. No compressor analysis problem has been encountered to date
where the pseudoperfect gas model yields results significantly different from a
full nonideal gas model for compressors.

Unfortunately, the same cannot be said for turbine performance analysis.
There it is quite common to find that the values of z; and z; are too different to
achieve sufficient accuracy. This writer’s practice is to limit use of the pseudo-
perfect gas model for turbines to detailed internal flow field analysis in support
of component design applications. While it can sometimes be used in a broader
context, it usually requires more time and effort to confirm its validity than to
simply use a more general equation of state.

2.10 Liquid-Phase Properties

A turbine aerodynamic performance analysis must be capable of addressing
two-phase flow problems such as the wet expansion illustrated in figure 2-2. The
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phase change corresponds to a change in enthalpy and density from the satu-
rated vapor values that occurs at constant temperature and pressure as illus-
trated in figure 2-2. Eq. (2-47) defines the saturation pressure, P,, as a function of
temperature. It is easily inverted to define the saturation temperature, T,, as a
function of pressure. The saturation vapor enthalpy, /v, is given by the basic
nonideal gas equation of state as a function of the saturation temperature and
pressure. As illustrated in figure 2-2, the saturated liquid enthalpy, 7, is given by
hi=h,—AH,, where AH, is the heat of vaporization. Chen [21] has published a
generalized correlation for the heat of vaporization.

AH, =T[7.9T. -7.82-7.11log,,(P)1/[M(1.07 -T.)] (2-67)

The subscript, #, designates reduced values (i.e., normalized by the critical point
value). Eq. (2-67) departs from this book’s normal practice of avoiding specif-
ic units. Here, the units of AH, are cal/gm or, equivalently, btu/lbm. Ried and
Sherwood [20] suggest that Eq. (2-63) can be expected to be accurate within
about 2.5%. Ried et al. [11], p. 60, recommend a correlation for the saturated
liquid specific volume, V;, attributed to Gunn and Yamada [22]

V,=V V,(1-0l) (2-68)

where
V.=RT.(0.292-0.0967w)/P, (2-69)
I'=0.29607 —0.090457, —0.048427T" (2-70)

V,=0.33593(1-T,)+1.51941T> _—
~2.025127° +1.11422T*%; T.<0.8
V,=1+13/1-T log,,(1-T,)-0.50879(1-T)

i 2-72)
~0.91534(1-T)); T.20.8

Defining the flow quality, Q, as

Q=(h-h)/AH, (2-73)

For turbine aerodynamic analysis the fully condensed fluid case is the limit
of our interest, so the limits 0 <Q <1 are imposed on Eq. (2-73). Note that Q =0
corresponds to 100% liquid while Q = 1 corresponds to 100% vapor. Hence, when

Q<1
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V=V,+(V,-V)Q (2-74)

Since the phase change occurs at constant pressure and temperature, Eq. (2-8)
yields

s=s,+(Q-1AH, /T, (2-75)

2.11 Gas Viscosity

Gas viscosity is often required for aerodynamic analysis. A generalized estima-
tion method compatible with the previous equation of state models is provided
by Dean and Stiel [23], and is reviewed by Ried and Sherwood [20]. It is nec-
essary to depart from this book’s practice of maintaining independence from
specific units in this case. The Dean and Stiel model predicts viscosity in centi-
poises and employs a dimensional parameter defined by

&= TC/‘/é /(\/MPC%) (2-76)

where T is in degrees Kelvin and P. is in atmospheres. The low-pressure fluid
viscosity is given by

pE=34-10M7"% T <15 (2-77)

1% =0.001668(0.1338T, —0.0932)"; T.>1.5 (2-78)
Then, the viscosity at any pressure is defined by a departure function
(u-u")E=(1.08-10"*)[exp(1.439p,) —exp(-1.111p}**) (2-79)

Ried and Sherwood [20] indicate that accuracy within 5% can be expected for
nonpolar molecules, with somewhat larger errors possible for polar molecules.
This viscosity estimation method is quite compatible with the equation of state
models previously recommended in this chapter as long as the fluid is in the
vapor phase. In principle, the real gas equations of state apply to the liquid or
two-phase fluid also, but this viscosity model does not. The critical point data
needed for Aungier’s modified Redlich-Kwong equation of state are sufficient for
this gas viscosity model also, but appropriate care is required to adjust the units
of T. and P. in Eq. (2-76) and of the predicted viscosity.

2.12 Component Performance Parameters

The adiabatic and polytropic efficiencies introduced previously in this chapter
can be used to evaluate the performance of a turbine, a turbine stage or even a
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Ficure 2-5. A Diffuser h-s Diagram

single rotor blade row. But they have no meaning for stationary turbine compo-
nents, since total enthalpy is constant for those components. Yet, it is useful to
be able to evaluate a stationary component’s performance against some ideal,
reversible process. Most components in a turbine serve to accelerate the flow.
But there is usually an exhaust diffuser that seeks to diffuse the flow to con-
vert kinetic energy into static pressure. One method of evaluating a diffusing
component is known as the diffuser efficiency. Its definition is really quite simi-
lar to the adiabatic efficiency introduced previously, except that static enthalpy
is used as its basis. Figure 2-5 presents a schematic of an /-s diagram for a
diffuser. Flow enters the diffuser with a velocity, C;, and exits the diffuser with
a lower velocity, C,. Since the total enthalpy, H, is constant, Eq. (2-3) can be
used to compute the static enthalpy at the inlet, /;, and at the discharge, 4,. It is
seen from figure 2-5 that this process results in an increase in static enthalpy of
Ah. Since irreversible losses such as friction occur, the entropy increases from
s; to s4. Now, trace the line of constant pressure for the discharge pressure back
to the inlet entropy. This shows that the static enthalpy increase required for
an adiabatic, reversible process to produce the same pressure increase is Al
Therefore, a diffuser efficiency can be defined as

Mgy (2-80)

Nugy = v

A more common parameter used to evaluate the performance of a diffuser
is the static pressure recovery coefficient, c¢,. This expresses the ratio of the
static pressure rise to the available kinetic energy at the inlet. Usually, the avail-
able kinetic energy is expressed as a “velocity pressure,” which is the difference
between the total and static pressure.
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FiGure 2-6. A Nozzle h-s Diagram

P,-P
= . 2-81
=5 (2-81)

i

Hence, ¢, is the fraction of the available kinetic energy that has been recovered
as static pressure by the diffuser.

Turbinesare basically expanding machinesthat accelerate the flow. Expanding
components can be evaluated using the nozzle efficiency. Figure 2-6 illustrates
the parameters used to define it. The flow accelerates from the inlet velocity,
C;, to a higher discharge velocity, C;. Due to irreversible processes such as wall
friction, the entropy increases from s; to s; and the total pressure decreases
from P,; to P,. If the flow is adiabatic (no heat transfer), the total enthalpy, H,
is constant for this process. Eq. (2-3) relates H, & and C at the inlet and the
discharge. This is illustrated in figure 2-6, along with the ideal discharge veloc-
ity, C.s, which would be produced by an isentropic process between the actual
inlet pressure, P; and discharge pressure, P;. A nozzle efficiency can be defined
as the ratio of the actual increase in kinetic energy to the increase in kinetic
energy corresponding to the isentropic process, i.e.,

Nhoe = GG 2-82
noz de _CiZ ( '8 )

Occasionally, a simpler definition is used: It employs the velocity pressure,
P,-P, in place of C* as the measure of the kinetic energy and uses P, —P; as the
ideal (no loss in total pressure) discharge kinetic energy. Simple substitution of
these alternate kinetic energy terms into Eq. (2-82) yields
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P,-P,

11 1

_R,—

Mo =1 (2-83)

-

The most fundamental measure of irreversibility is the increase in entropy.
But an entropy increase is difficult to interpret, so total pressure loss is more
commonly used. If Eq. (2-8) is applied to total conditions, with total enthalpy
constant,

AP _P,-P

=28 d = TAs
5 P (2-84)

It is known from observation that total pressure loss is usually proportional to
kinetic energy, so a logical definition of loss coefficient can be obtained by divid-
ing by % C?, i.e., the loss coefficient can be defined as

AP
®= oC (2-85)
2

Experience has shown that use of velocity pressure as a measure of kinetic en-
ergy provides a better definition, i.e.,

AP
0= (2-86)
t

It is found that the second definition is much less sensitive to changes in the
Mach number. This is very important in any turbomachinery performance
analysis. Typically, blade row performance is predicted with empirical loss co-
efficient models derived from low-speed cascade tests, but applied to blade rows
with relatively high inlet Mach numbers. The flow is essentially incompressible
(Mach number essentially zero) in the low-speed cascade tests, so the two defi-
nitions of loss coefficient are basically identical. But when empirical loss coef-
ficient models are applied to predict losses in higher Mach number blade rows,
Eq. (2-86) is found to yield substantially better results.

Egs. (2-85) and (2-86) are ambiguous with regard to what kinetic energy is
to be used in the denominator. The usual practice is use of the largest kinetic
energy relevant to the component. For diffusing components, such as diffusers
and compressor blade rows, the inlet kinetic energy is usually employed. For
accelerating components, such as turbine blade rows, the discharge kinetic
energy is usually employed. The formulation for loss coefficient assumed
constant total enthalpy, which is far from true for rotor blade rows. But
chapter 3 will show that total enthalpy viewed in a frame of reference rotating
with the blades (the relative total enthalpy) is constant for axial flow. So, the above
definitions can be used for rotors in that context. There is a subtle thermodynamic
effect present when applying empirical loss coefficient models to rotating blade
rows. In fact, the flow is not usually precisely axial, i.e., there is usually some

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



40 ¢ TURBINE AERODYNAMICS

change in radius as a streamline passes through a rotor. Consequently, even the
relative total enthalpy is not usually constant through the blade row. For axial-flow
turbomachines, this effect is so small that it can be neglected in virtually
all cases. The situation is quite different in radial-flow and mixed-flow
turbomachines, where consideration of this thermodynamic effect may be
essential. Aungier [1] develops a correction procedure to apply empirical loss
coefficients torotating blade rows with a significant change in radius from inlet
to discharge.The difficulty arises when a total pressure loss is calculated at one
location (e.g., at the impeller inlet) but is applied at a different location (e.g., at
the impeller discharge). In that case, Eq. (2-8) must be employed to account
for the relative total enthalpy change such that the correct entropy increase is
applied. Since most turbine losses are calculated and applied at the blade row
exit, this effect is less important for radial-inflow turbines than for centrifugal
compressors. But it will be seen that the impeller performance analysis for
radial-inflow turbine will require this type of correction for a few loss models.

2.13 A Computerized Equation of State Package

One of the most useful tools for the developer of turbomachinery design and
analysis software is a computerized equation of state package that can be used
as a module in any other analysis to handle all equation-of-state input, out-
put and thermodynamic calculations. Some useful features to include are the
following.

¢ Provide the nonideal gas, ideal gas (with variable specific heats) and pseu-
doperfect gas as options always available to the user. Provision should be
made to automatically select the pseudoperfect gas for analyses that re-
quire it, or to prohibit it for analyses that shouldn't use it. For a basic ideal
gas, the pseudoperfect gas model functions directly as a thermally and
calorically perfect gas model. Include the capability to specify pseudoper-
fect gas data directly, or to have these data computed from the equation
of state and the specified gas mixture.

¢ Maintain a database of gas property data for compounds needed.
Establish the capability to set up any of the equation of state models from
these data simply by selecting compounds in the mixture and supply-
ing their mole fractions. For the models described in this chapter, the
data needed are M, P,, T;, V. (or z.), @ and ¢,(T). This writer uses a third-
order polynomial fit of ¢, as a function of 7, consistent with Ried et al.
[11] which is a good source of all the data required for a very wide range
of compounds. Note that setup of the pseudoperfect gas model from the
equation of state must be requested by the main analysis when appro-
priate thermodynamic conditions are known, as described previously in
this chapter. Include a routine to accomplish this on demand.

¢ Include logic to save and recover gas property data so that input files of
other programs maintain a common format for all aerodynamic soft-
ware. It is a good idea to include the logic for basic checks on data validity
to be sure the equation of state is complete. Reserve a special code for the
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equation of state model to signal to the program using this module that
data are lacking or invalid.

¢ It is useful to include a standard output routine that can be used to insert
a description of the mixture and the equation of state in use in output files
for other programs.

¢ Include routines for the basic thermodynamic calculations needed in
aerodynamic analysis. Standard functions likely to be needed include
WV(T, P), P(T, V), T(V, P), a(T; P), h(T, P), s(T, P), nu(T;, P, Ty, Ps) and
n,(T;, P, T, Ps). A routine to compute the isentropic change in P and T for
a specified change in / is essential to for conversion between static and
total thermodynamic conditions and between rotating and stationary co-
ordinate systems. A routine to compute the speed of sound at sonic flow
conditions for known total conditions is often useful.

¢ Include the capability to edit the thermodynamic model to modify the
compounds in the mixture, their mole fractions and the equation of state
model to be used.

¢ The Dean and Stiel [23] viscosity estimation model can be included to
treat all gases and gas mixtures formed from the gas property database.
If pseudoperfect gas data are specified rather than calculated from the
equation of state, viscosity data will also need to be specified.

Using this approach, development of aerodynamic design and analysis soft-
ware will involve minimal logic related to the equation of state. In general,
the equation of state calculations should be limited to the vapor phase using
the constraint expressed in Eq. (2-47), supplemented where necessary by the
empirical liquid phase models described in this chapter.
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Chapter 3

FLUID MECHANICS

Fluid mechanics and thermodynamics are the fundamental sciences used
for turbine aerodynamic design and analysis. This chapter highlights some
fundamental concepts from fluid mechanics to complement the concepts
from thermodynamics covered in chapter 2. The governing equations will be
developed in forms suitable for the various aerodynamic analyses commonly
employed for turbines. Detailed solution procedures will be covered in
subsequent chapters. The content of this chapter is quite similar to this writer’s
previous coverage of this topic for compressor aerodynamics [1, 2], but is
specifically adapted to be more relevant to turbine aerodynamics.

Several types of fluid dynamic analysis are useful for this purpose. The
through-flow analysis is widely used in axial-flow turbine performance analysis.
This involves solving the governing equations for inviscid flow in the hub-to-
shroud plane at stations located between blade rows. The flow is normally
considered to be axisymmetric at these locations, but still three-dimensional
because of the existence of a tangential velocity component. Empirical models
are employed to account for the fluid turning and losses that occur when the
flow passes through the blade rows. By contrast, hub-to-shroud through-
flow analysis is not very useful for the performance analysis of radial-flow
turbomachines such as radial-inflow turbines and centrifugal compressors.
The inviscid flow governing equations do not adequately model the flow in the
curved passages of radial turbomachines to be used as a basis for performance
analysis. Instead, a simplified “pitch-line” or “mean-line” one-dimensional flow
model is used, which ignores the hub-to-shroud variations. These also continue
to be used for axial-flow turbine performance analysis, but are no longer
particularly relevant to the problem. Computers are sufficiently powerful today
that there is really no longer a need to simplify the problem that much for axial-
flow turbomachinery. More fundamental internal flow analyses are often useful
for the aerodynamic design of specific components, particularly blade rows.
These include two-dimensional flow analyses in either the blade-to-blade or
hub-to-shroud direction, and quasi-three-dimensional flow analyses developed
by combining those two-dimensional analyses. Wall boundary layer analysis is
often used to supplement these analyses with an evaluation of viscous effects.

Viscous computational fluid dynamics (CFD) solutions are also in use for
turbines. These are typically three-dimensional flow analyses, which consider
the effects of viscosity, thermal conductivity and turbulence. In most cases,
commercial viscous CFD codes are used although some in-house codes
are in use within the larger companies. Most design organizations cannot
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commit the dedicated effort required to develop these highly sophisticated
codes, particularly since viscous CFD technology is changing so rapidly that
any code developed will soon be obsolete unless its development continues as an
ongoing activity. Consequently, viscous CFD is not covered in this book beyond
recognizing it as an essential technology and pointing out some applications
for which it can be effectively used to supplement conventional aerodynamic
analysis techniques.

NOMENCLATURE

a =sound speed

b = stream sheet thickness
C = absolute velocity

E =entrainment function
€ =unit vector

f =body force
H =total enthalpy

h = static enthalpy

I =rothalpy
m =meridional coordinate
m = mass flow rate

n =normal coordinate

P =pressure

r =radius
7 =position vector in space
s =entropy

T =temperature

u = velocity in x direction

V =a general vector

v =velocity in y direction
W =relative velocity

W = power

x = coordinate along a wall

y = coordinate normal to a wall

z =axial coordinate

6 =Dboundary layer thickness
6" = displacement thickness

6 = tangential coordinate and momentum thickness
K =curvature

v = force defect thickness

p = gas density

T =torque and shear stress

¢ = streamline slope with axis and a general function
® =rotation speed

Subscripts

e =boundary layer edge condition
m = meridional component
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n =normal component

r =radial component

t =total thermodynamic condition
w = parameter at a wall

1 =blade inlet parameter and meridional defect parameter
11 = meridional defect parameter
12 =tangential flux defect parameter

2 =blade exit parameter and tangential defect parameter
22 =tangential defect parameter

0 =tangential component

Superscript

’ = a relative value in the rotating coordinate system

3.1 Flow in a Rotating Coordinate System

It is convenient to analyze the flow in rotating blade rows in a coordinate
system that rotates with the blade. The flow conditions in a rotating coordinate
system are referred to as the relative conditions. If a blade row is rotating with
an angular velocity, o, the relative tangential velocity in a coordinate system
rotating with the blade, W, is related to the absolute tangential velocity, Ce, by
W, =C,-or (-1

The axial and radial velocity components are independent of the rotation, i.e.,

W, =cC, (3-2)

W =C (3-3)

But it is more convenient to work with the meridional velocity component, W,,,,

defined as
W, =W +W? =C, (3-4)

W, is the velocity component lying in the meridional (constant ) plane and in a
stream surface. A stream surface is defined as a surface having no fluid velocity
component normal to it and, therefore, no mass flow across it. Thus, a defining
characteristic of a stream surface is that the mass flow rate between it and the
hub contour surface is constant everywhere. The meridional coordinate, 1, is
measured along the stream surface and in a meridional plane, i.e.,

(dm)* =(dr)’ +(dz)’ (3-5)
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r Stream Surface

FiGure 3-1 Schematic of a Stream Surface

It is almost always reasonable to assume stream surfaces in turbines are
axisymmetric. That assumption will be used throughout this book. Figure 3-1
illustrates a schematic of a stream surface and unit vectors for the meridional
and polar coordinates. Normal to these unit vectors, and to the stream sur-
face, is the third coordinate of interest, the normal coordinate, 1, as shown in
figure 3-2. It is convenient to develop the governing equations of fluid mechan-
ics in this “natural” coordinate system (6, 11, 1), where by definition

w,=C,=0 (3-6)

Stream Surfaces

J z

FiGure 3-2 Natural Coordinate System
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Now consider the flow through a thin stream sheet, i.e., a thin annular passage
bounded by two stream surfaces. The torque, 7, acting on the fluid between me-
ridional stations 1 and 2 is given by conservation of angular momentum.

7 =11(r,Cyp —1,C,y) (3-7)
This torque must balance the power input, i.e.,
w=wt=0nm(C,-1C,) (3-8)

Combining Egq. (3-8) with Eq. (2-4) yields the well-known Euler turbine
equation

H,-H = w(rzcez _rlCe]) 3-9)

This is the general energy equation relating the total enthalpy change produced
by a transfer of mechanical energy between the fluid and a rotating blade row.
It is convenient to introduce the rothalpy, I, defined by

I=H-orC, (3-10)

Introducing Eq. (3-10) into Eq. (3-9), it can be seen that rothalpy is constant
on a stream surface. Hence, rothalpy is the basic parameter expressing energy
conservation for a rotating blade row. It is also valid for a stationary blade row,
since I = H in that case and Eq. (3-9) requires that H be constant in the absence
of energy transfer with a rotating blade row.

Turbine aerodynamic analysis involves alternately solving the governing equa-
tions in stationary coordinates (nozzles) and rotating coordinates (rotors). Hence,
we need to relate the relative total enthalpy, H’, in a rotating coordinate system
to the absolute total enthalpy, H, in a stationary coordinate system. Noting that
static thermodynamic conditions are identical for either coordinate system,

hem-twrog_le (3-11)
2 2

The relative velocity, W, follows from Egs. (3-1), (3-4) and (3-6)
W= W+ w; (3-12)
Egs. (3-1), (3-10), (3-11) and (3-12) combine to yield
H =H-orC, +%(a)r)2 =I+%(a)r)2 (3-13)

Noting that entropy is identical for total and static conditions, and therefore
identical for rotating and stationary coordinate systems, Eq. (3-13) can be used
to relate thermodynamic parameters in the two coordinate systems. For exam-
ple, the change in all other relative total thermodynamic conditions between the
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two coordinate systems can be calculated from an appropriate equation of state
as a function of (H, H’, s). This requires calculation of the isentropic change in
the parameter of interest for a specified change in enthalpy. Hence, Eq. (3-13) is
an important relation that allows us to relate all thermodynamic parameters be-
tween the stationary and the rotating coordinate systems. Also, since rothalpy is
constant on a stream surface, Eq. (3-13) allows calculation of H” at all points on
a stream surface when one value is known, e.g., at the inlet.

3.2 Adiabatic Inviscid Compressible Flow

Adiabatic compressible inviscid flow analysis is commonly used in turboma-
chinery. This flow model assumes that the effects of fluid viscosity and thermal
conductivity can be neglected. Basic conservation of mass, momentum and en-
ergy, supported by a suitable equation of state, govern the flow. It is useful to de-
rive the governing equations in a rotating coordinate system, noting that these
equations will also be valid for a stationary coordinate system if wis set to zero.
The vector form of the momentum equation can be written (Novak [24], Vavra
[25], and Wu [26])

%=_%vp=%+2(@xw)+@><(@x?) (3-14)

The last two terms in Eq. (3-14) are the Coriolis and centrifugal accelerations
imposed by the rotating coordinate system, and the time derivative is the sub-
stantial derivative, i.e.,

dw oW - - -
T L (WVW 3-15
dt ot +W-V) ( )

Hence, the momentum equation in rotating coordinates is

%—TQ/+(WV)W+2(&)><W)+6)X(@X?):—E (3-16)
p

Using standard vector identities, this equation can also be written as

%—Wx(?xﬂ/+2@)—rwzér+%§wz=—

@ (3-17)

where é, is a unit vector in the radial direction. On introducing Egs. (2-3), (2-8),
(3-10) and (3-11) an alternate form of Eq. (3-17) is obtained.

%_wx(vxwﬁa):m_w (3-18)
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The continuity and energy equations in vector form are

P15 .(pW) =0 (3-19)
ot
ol 10P
s (W-VI=0 3-20
e AU (3-20)

Egs. (3-16) through (3-20) are vector equations, which are valid in any coor-
dinate system. To express the equations in the natural coordinates (6, m1, n),
standard curvilinear coordinate transformations are used. These can be found
in most advanced calculus books, which cover vector field theory. Appendix A of
Vavra [25] provides specific and detailed derivations of the vector operators and
governing equations in natural coordinates. For general reference, the impor-
tant vector operators are provided without derivation at the end of this chapter.
The resulting governing equations are

%*%[argg a’;‘g/]m pW, =0 (3-21)

% ma;:;' WT%_SJ%(p[WG+wr]2=—%§—Z (3-22)
Mo, Do Loy W sndpyy, zm]—-g—}; (3-23)
0, W2+ S22, 4 o = %3—Z (3-24)

ol 10P ol WaI

o _19P gy 9L 0
% poa mom o0 (3-25)

The curvature of the stream sheet, «,,, and of the normal surface, x,, are related
to the angle ¢ shown in figure 3-2.

c __99
=5 (3-26)
9 _10b
27
T T bom (3-27)

Parameter b in Eq. (3-27) is the thickness of a stream sheet bounded by two
stream surfaces, as shown in figure 3-2. Hence, the curvature «, is related to
the meridional divergence or convergence of the stream surfaces. That form
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is useful in some applications of these governing equations, particularly when
analyzing the two-dimensional flow in a blade-to-blade stream surface. Egs.
(3-22) through (3-24) can be expressed in an alternate form using Eq. (3-18).

W, +%{8Wm_a(rW9+wr2):| I oI

m :T___ _
a v | o8 o am am (3-28)

00 om

ow, w, |oW, J(W,+wr’) _pos_dl
- e (3-29)

m

+%8(rwg +a)r2)+w ow, ol . 9s (3-30)
R on " om om  on

Since there are only two velocity components (i.e., W, = 0), one of the three
momentum equations is redundant. The redundant equation has been replaced
by the assumption that the stream surfaces are known or can somehow be de-
termined as part of the solution. If the meridional surfaces are not stream sur-
faces, the governing equations must be modified to include a normal velocity
component, W,. This will not be required for analyses described in this book,
although there is no reason why a flow analysis could not be accomplished in
an arbitrary (6, m, n) coordinate system. Aungier [1] includes the more general
form of the governing equations appropriate for that type of analysis.

3.3 Adiabatic Inviscid Compressible Flow Applications

The governing equations are applied in a variety of analyses in the aerodynamic
design and analysis of turbines. Most analyses employ the time-steady form
of the governing equations, although the unsteady form does find application
when the fluid velocity exceeds the sonic flow velocity. One of the most common
applications is to determine the flow in the meridional plane. This application
normally restricts the solution to stations outside of the blade rows, using
empirical models to impose the influence of blade rows between stations in
terms of fluid turning and total pressure loss correlations. These analyses
treat the flow as axisymmetric while requiring conservation of mass, normal
momentum and energy. Various simplifications may be employed in these
analyses. If stream surface curvature is neglected (x,, = 0) and the gradient of
entropy across the passage is assumed to be zero, the analysis is referred to as
a “simple normal equilibrium” solution. If the gradient of entropy is included,
the analysis is referred to as a “simple nonisentropic normal equilibrium”
solution. When curvature and entropy are both included, the term full normal
equilibrium is often used. Advances in computer technology and numerical
analysis techniques have reduced the role of simple normal equilibrium
solutions to cases where the entropy gradient cannot be properly defined,
such as for a general-purpose stage design for arbitrary inlet conditions.
Simple nonisentropic normal equilibrium is useful in basic blade row or
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stage design, where the streamline curvatures to be encountered in the actual
application are not known. Indeed, simple nonisentropic normal equilibrium
analysis is often quite sufficient for actual axial-flow turbines, where stream
surface curvatures may be negligible. When the stream surface curvature
can be ignored, a dramatic reduction in computation time is realized, since
the analysis becomes a simple marching solution. This follows from the fact
that the flow at any axial station is not dependent on the flow at downstream
stations. A simple variant used by this writer [2] is to approximate stream
surface curvatures from end-wall contours by simple linear interpolation.
This allows the advantages of a simple nonisentropic normal equilibrium
analysis, yet can approximate curvatures imposed by end-wall contour
design.

Solutions for the two-dimensional flow in the meridional plane within
blade passages are also fairly common. These usually seek to predict the
average flow in the passage from the hub to the shroud as a two-dimensional
flow problem. In the more general case, these hub-to-shroud analyses may
solve for the two-dimensional flow on specific stream surfaces from hub to
shroud. In both cases, either the flow angle or W, distributions throughout
the blade passage must be supplied to replace solution of the tangential
momentum equation.

Analysis of the flow passing through a blade row and lying on a stream
surface is also common in turbine design and analysis. These two-dimensional
flow analyses are commonly called blade-to-blade flow analyses. Typically, the
stream surface geometry is specified along with the distribution of the stream
sheet thickness, b. Then, conservation of mass, energy, tangential momentum
and meridional momentum can describe the flow. If the flow is assumed to
be isentropic, it is seen from Egs. (3-28) and (3-29) that one of the momentum
equations is redundant, resulting in a simpler problem. This is fairly
common practice for subsonic flow problems and is referred to as potential
flow or irrotational flow. This results in a classical boundary value problem
of an elliptic equation. Indeed, the governing equations for inviscid flow are
elliptic in form as long as W < a throughout the flow field. When supersonic
flow is encountered (W > a), the governing equations become hyperbolic in
mathematical form, which requires a marching type solution—such as the
method of characteristics—rather than a boundary value problem solution.
Cases where the flow is supersonic throughout are rare. Usually mixed
subsonic-supersonic flow is involved. Then the time-steady governing equations
are elliptic in some regions and hyperbolic in others, requiring two different
solution techniques that must be matched together in some fashion. It is now
fairly common practice to employ the time-unsteady equations for these cases.
The advantage of that approach is that the unsteady equations of motion are
hyperbolic in form for both subsonic and supersonic flow. This allows a single
numerical method to be used for the mixed subsonic-supersonic flow case.
This approach is commonly called the “time-dependent” or “time-marching”
method of solution.

Hub-to-shroud and blade-to-blade flow analyses may also be combined
to form a “quasi-three-dimensional” flow analysis within blade passages. A
hub-to-shroud analysis can supply the stream surface geometry and stream
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sheet thickness distribution required for a blade-to-blade flow analysis.
Similarly, a blade-to-blade flow analysis can supply the distribution of flow
angle or tangential velocity required for a hub-to-shroud flow analysis. Thus
an iterative solution solving these two two-dimensional flow problems with
interaction between them can provide an approximate three-dimensional
flow analysis. This approach was originally suggested by Wu [26] and is a
commonly used analysis technique for compressors. It is somewhat less
useful for turbines due to its inability to handle the wide range of Mach
number levels involved. Its main use in turbines is to evaluate impeller designs
for radial-inflow turbines, where the quality of the impeller design can be
evaluated at more moderate Mach numbers. In principle, it can be used the
same way to evaluate an axial-flow turbine blade row design. But in practice,
it provides little more benefit than a simpler two-dimensional blade-to-blade
flow analysis for that case.

Analysis of the complete three-dimensional inviscid flow problem is seldom
used today. The additional information supplied relative to the simpler and
faster quasi-three-dimensional flow analysis is relatively minor. Also, the evolu-
tion of three-dimensional viscous CFD analysis techniques has discouraged use
of a three-dimensional inviscid flow analysis. As discussed at the beginning of
this chapter, most turbomachinery design groups use one of the many excellent
commercially available viscous CFD codes when a more detailed and funda-
mental analysis is needed.

3.4 Boundary Layer Analysis

Adiabatic inviscid flow analyses, such as those described in the previous
sections, are commonly augmented by boundary layer analysis techniques
to evaluate viscous effects that are not considered by those analyses. The
basic premise of boundary layer theory is that viscous effects are confined
to a thin layer close to the physical surfaces bounding the flow passages
[27, 28]. This is by no means always the case in turbomachinery, but selective
use of boundary layer analysis has been found to be very effective in many
applications. As with the discussion of three-dimensional inviscid flow
analysis in the previous section, practical trade-off with fully viscous flow
analyses must be considered. Boundary layers in turbomachinery always
involve significant three-dimensional character. Yet, there is little merit to a
fully three-dimensional boundary layer analysis today, when commercially
available viscous CFD codes can treat the problem much more accurately.
Rather, it is the simplified boundary layer analysis techniques that are most
effective in augmenting the inviscid flow analyses discussed in the previous
section. Indeed, it is little short of remarkable that boundary layer analysis has
been used so effectively in turbomachinery design and analysis, considering
the fact that the fundamental boundary layer approximations are almost
always violated to some degree and very often to a substantial degree. There
are two important types of boundary layer analysis commonly used in
turbomachinery aerodynamics. These involve boundary layers on the blade
surfaces and those on the end-wall contours.
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Two-dimensional boundary layer analysis is a useful approximation for blade
surface boundary layers, particularly in blade design. The primary goals of
blade design are really governed by viscous effects, namely minimizing viscous
losses and avoiding or delaying flow separation. Two-dimensional boundary
layer analysis provides at least a qualitative assessment of these effects, yet adds
very little complexity or computational time to the overall analysis. Indeed,
conventional practice for blade design is to design blade sections in the context
of simple two-dimensional cascades, where two-dimensional boundary layer
analysis is directly applicable. These blade sections are then “stacked” to
create the actual three-dimensional blade. When applied to the actual blade
surface boundary layers, two-dimensional boundary layer analysis provides
only qualitative results, since three-dimensional effects not considered by the
analysis often become significant.

By contrast, end-wall boundary layers are necessarily three-dimensional,
due to the presence of the swirl velocity component and tangential blade forces.
Axisymmetric, three-dimensional boundary layer approximations have been
used effectively to model a variety of end-wall boundary layer problems. This
model is quite rigorous when applied for an internal flow and aerodynamic
performance analysis of swirling flows in annular passages with no blades or
vanes present, such as inlets and diffusers, e.g., Aungier [29], Davis [30] and
Senoo [31]. It has also been used effectively to predict end-wall boundary layers
in axial-flow compressors as an essential part of an aerodynamic performance
analysis, e.g., Balsa and Mellor [32] and Aungier [2]. In this context, it is applied
at stations between blade rows where the axisymmetric flow assumption is a
reasonable approximation. When a blade row lies between successive computing
stations, the axisymmetric assumption is violated within the blade passage. That
requires use of supplemental empirical models to address the influence of the
blade rows. Horlock [33] and Aungier [1, 2] have used this model to treat end-
wall boundary layers within blade passages. While these boundary layers are far
from axisymmetric, this model is used to provide an evaluation of the average or
mean boundary layer behavior between the blades along the end-wall contours.

Boundary layer analysis offers substantial benefits for compressor
aerodynamic design and analysis. The diffusing flow in compressors requires
close attention to boundary layer separation or stall characteristics in most
components. This can strongly influence the compressor’s limit of stable
operation or surge. Similarly, end-wall boundary layer analysis is essential
to obtaining an accurate prediction of the performance of axial-flow
compressors. The benefits offered by boundary layer analysis are far more
modest when applied to the accelerating flow in turbines. Indeed, effective
turbine component designs can and have been developed without support from
boundary layer analysis. Viscous effects are certainly important to turbine
performance. But, in contrast to compressors, the boundary layers in turbines
are relatively thin, well behaved and less likely to result in a catastrophic break
down in performance.

The basic boundary layer equations relevant to these two types of boundary
layers will be developed in the remainder of this chapter. Specific applications of
these governing equations will be discussed as required in subsequent chapters
to support the various inviscid flow analyses.
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3.5 Two-Dimensional Boundary Layer Analysis

Basic conservation of mass and momentum provide the governing equations for
two-dimensional boundary layer flow over an adiabatic wall.

opbu N dpbv _

= Py 0 (3-31)

ou du 10P 19t
u—-+ —_— =

ox "oy pox pay (3-32)

where tis the shear stress. The coordinates (x, y) and velocity components (z,
v) are illustrated in figure 3-3, along with a typical boundary layer velocity
profile. The stream sheet thickness, b, has been included in Eq. (3-31) since
it is often a function of x in turbomachinery applications, i.e., streamlines
often converge or diverge. This directly affects conservation of mass. The
basic assumption of boundary layer theory is that the pressure is constant
across the boundary layer, i.e., P is a function of x only. Boundary layer
analysis in turbomachinery is most conveniently accomplished by applying
the governing equations in integral form. Eq. (3-31) can be integrated across
the boundary layer, using the Liebnitz rule to interchange the order of
integration and differentiation, to yield

S
2 [bpudy=bp,u, 22 ~bpv, = L lbpu,(5-5)] (3-33)
ox X ox

The subscript e denotes inviscid flow conditions at the boundary layer edge, &
is the boundary layer thickness and 6" is called the displacement thickness or
mass defect thickness, defined as

S5
pu8 = [[pu,—puldy (3-34)
0

Eq. (3-34) can be rewritten as

S5
j pudy =pu[5-5'] (3-35)
0

The displacement thickness is a fictitious thickness that can be used to cor-
rect the mass balance relative to the inviscid flow solution. As seen from
Eq.(3-35), if the inviscid boundary layer edge or “free stream” conditions are
applied within the boundary layer and the thickness " is assumed to have zero
mass flow, mass conservation will be corrected for viscous effects. Egs. (3-31) and
(3-32) can be combined to express the momentum equation in conservation
form. This yields
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Analogous to the displacement thickness, the momentum thickness or momen-
tum defect thickness, 0, is defined as

s
pul6= [ pulu,—uldy (3-37)
0
Egs. (3-35) and (3-37) combine to yield
5
[puidy = pull5—& —6] (3-38)
0

If the free stream conditions are applied within the boundary layer with no flow
in the thickness 8" and, in addition, no momentum in the thickness 6, momen-
tum conservation will be corrected for viscous effects. Hence, if §"and 6 can be
predicted, we have a simple method to correct the known inviscid free stream
mass and momentum flux for viscous effects. This is really the basis of integral
boundary layer analysis methods. Integrating Eq. (3-36) across the boundary
layer, again using the Liebnitz rule, and noting that P = P, is constant across the

boundary layer yields
9%, ,08 oP,
a—x‘([bpl/l dy—peuea—x+peueve+5a—x=—‘rw (3-39)

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



56 ¢ TURBINE AERODYNAMICS

Combining Egs. (3-33), (3-38) and (3-39) yields

19 : u, d oP,
——|bpu (-6 -0)|-—=—I[b 6-6)]+6—2=- 3-40
b9 [ ( )] p ax[ pu,( )1+ =T (3-40)
Eq. (3-40) can be rearranged to yield
10bpu’e . ou oP ou
Bl wdae” e_7 = e e 3-41
5 +8'pu, T 1) » +p,u, o (3-41)

By applying Eq. (3-32) at the boundary layer edge, where the gradients of u
and 7in the y direction are zero, it is easily seen that the right-hand side of Eq.
(3-41) is identically zero. Hence, Eq. (3-41) reduces to the well-known momen-
tum integral equation.

10bpu’0 . ou
~PPUT | 5 e = 3-42
b ox TOPM, 0x b ( )

In the special case of two-dimensional, axisymmetric flow, it can be noted
that b is proportional to radius, , and the momentum integral equation
becomes

10drp,uz6

+8pu o, _ . (3-43)
r  ox

e eax w

The momentum integral equation is valid for both laminar and turbulent
boundary layers. Laminar boundary layer analysis usually employs specific
boundary layer flow profile assumptions to permit direct integration of the
momentum integral equation. Turbulent boundary layer analysis usually
employs several empirical models for solution, which may include specific
boundary layer flow profile assumptions. Usually, turbulent boundary layer
analysis employs a second conservation equation, such as conservation of mass,
energy or moment of momentum. Rotta [34] provides a very concise summary of
a number of alternate choices for this purpose. This writer prefers conservation
of mass as the second equation, commonly called the entrainment equation. This
is the well-known and widely used entrainment method of turbulent boundary
layer analysis suggested by Head [35, 36]. In this case, Eq. (3-33) is written in
the form

ai[bpeug(B 5] =bpuE (3-44)
X

The parameter E is called the entrainment function, which specifies the rate at
which free stream fluid is entrained into the boundary layer at the boundary
layer edge. To employ this model, an empirical correlation for E is required,
which must be derived from experiment. Combining Egs. (3-33) and (3-44), it is
seen that the entrainment function is given by

E=2_v (3-45)
ox u,

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Fluid Mechanics « 57

Indeed, entrainment is governed by the gradient of the shear stress at the bound-
ary layer edge. Hence, entrainment should depend on the shape of the boundary
layer profiles, which is the usual basis for empirical models.

3.6 Axisymmetric Three-Dimensional Boundary Layer Analysis

Eq. (3-43) describes axisymmetric boundary layers where the flow field is two
dimensional, i.e., there is no tangential velocity component. When a tangential
velocity component is present in an otherwise axisymmetric flow field, the
meridional and tangential components of the boundary layer profiles develop
differently, resulting in a three-dimensional flow problem. The analysis of these
problems is referred to as axisymmetric three-dimensional boundary layer
analysis.

The governing equations for axisymmetric three-dimensional boundary lay-
er flow in a rotating coordinate system in natural coordinates (6, n1, y) are

pW
1M+L

=0 (3-46)
r om ay
W, oW, W oW, _sing¢ (W, + or)? = BP arm (3-47)
om 7 dy r dy
W, oW, n oT,
W, S W, S > Slr Sw W, +2a)r)_—[f9—$”} (3-48)

A rotating coordinate system is needed for turbomachinery applications, since
end-walls may be either rotating or stationary. The coordinate system should
rotate with the end-wall to simplify imposing the boundary condition that all
velocity components are identically zero at the wall. The terms, f,, and fs, in
Egs. (3-47) and (3-48) are body force terms used to account for blade forces act-
ing on the flow. The blade forces at the boundary layer edge can be evaluated
directly by applying Egs. (3-47) and (3-48) to the inviscid flow at the boundary
layer edge, where all inviscid free stream conditions are known and where W,
and the shear stress terms are identically zero. Hence,

f =P, D S SN oy (349
m m
oW, sing p arC,
f pl me & +— Wne (W + 2(0 ) —e—me (3 _50)
om r am

The boundary layer equations are converted to integral form in the same fash-
ion as described earlier. The algebra is more tedious and several additional
defect thicknesses are required. The resulting integral equations are
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O LW (5-5)]=rp,W.E (3-51)
om
aim [rpewnieell] + 61*1’/)81/1/”16 a(—‘;:’:m Sln¢ |: + 022) + 2607’5 :| - V T + fme vm]

(3-52)

im [7°p,W, W,0,]+rs p,W,, [r % +sing (W, + er):| =17[1,, + [4V,)

(3-33)

The various mass, momentum and force defects used in these equations are
defined as follows.

mn6 J (pe me pW ) dy (3_54)
peereell = J.me (Wme - Wm ) dy (3'55)
0
oW, W, 6, _jp (W, —W,) dy (3-56)
W, 6, = j (p.W,, = pW,) dy (3-57)
0
8
PWi0s, = [ PW,(W,, = W) dy (3-58)
0
)
vmfme = j(fma _fm) dy (3_59)
0
)
Vofoo = [ (o = 1) d (3-60)
0

The momentum integral equations can be simplified by assuming that the blade
forces are constant through the boundary layer. This would certainly be con-
sistent with the usual boundary layer approximations, but it is now known that
this is often not true for end-wall boundary layers within blade passages. Mellor
and Wood [37] advanced compelling arguments for the existence of blade force
defects. Smith [38], Koch and Smith [39] and Hunter and Cumpsty [40] report
experimental measurements of blade force defects. For vaneless annular pas-
sages, these body force terms will normally vanish, but Aungier [29] uses them
to advantage to treat cases where the boundary layers merge to form fully devel-
oped viscous flow profiles.
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3.7 Vector Operators in Natural Coordinates

The development of the governing equations in an axisymmetric natural
coordinate system presented in this chapter requires use of several standard
vector operators. Appendix A of Vavra [25] provides detailed derivations of these
operators. Here, the various operators are presented for reference purposes,
without derivation. The gradient of any function ¢ is given by

%é +@é +la¢*

Vo= 3-61
¢ om " om " rog’ (3-61)
where € is a unit vector. The divergence of any vector ¥/ is given by
V-V= aer OV e, x,V, +x,V, (3-62)
om on 960

The curl of any vector V is given by

VxV = [BV —aV’”+KV KV :|

<

on 00 00 om

(3-63)

am an n-n m - om

[arV av] 1[an arVB:l_
e, +—| —2%— €

The Laplacian of any function ¢ is given by

om’> o’ |rom "|om |rom on

Vip = %a—(b % +az¢+[1 or +K }qu |:1 8r+Km:|a¢ (3-64)

In evaluating the convective derivative in Eq. (3-15), the following vector identity
is useful.

(V-9)V =V V)=V x(VxT) (3-65)
Eq. (3-65) is usually written as

(V-VW==VV2-Vx(VxV) (3-66)

where V7 is the square of the magnitude of the vector |/ as given by the dot
product.
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Chapter 4

EMPIRICAL PERFORMANCE
MODELS FOR AXTAL-FLOW
TURBINE BLADE ROWS

This chapter presents empirical models used by this writer for predicting the
fluid turning and the total pressure losses in axial-flow turbine blade rows. This
is the logical starting point for the discussion of this class of turbines, since
all aerodynamic design and analysis procedures are governed by these basic
performance characteristics. Ainley and Mathieson [41] published a design and
off-design performance system for axial-flow turbines in 1951. Dunham and
Came [42] published a series of improvements to the Ainley-Mathieson system
in 1970. This modified system is commonly referred to as the AMDC perfor-
mance system. Kacker and Okapuu [43] suggested further refinements to the
AMDC system in 1981. The performance system described in this chapter is
derived from these three references, but with several modifications.

The original performance systems were all developed for use in one-
dimensional or mean-line performance analyses. The present performance
system is intended for use in the more general hub-to-shroud or multiple-
streamline performance analysis of chapter 5. A hub-to-shroud performance
analysis provides the benefit of more detailed fluid dynamic data that mean-
line methods must seek to estimate from the mean-line flow data. But it also
requires addressing the more severe off-design operating conditions that are
often encountered near the end-walls. A number of practical modifications
were necessary to generalize the original methods to the intended application
and to achieve a performance system that is reliable under severe off-design
operating conditions. Several extensions to the original methods were found
necessary to treat modern high-pressure steam turbines. The methods for
including Reynolds number effects required extension to consider the effects
of surface finish, which has become essential for the high-Reynolds-number
applications encountered today. It was also necessary to consider cases where
the flow is diffusing through the blade row. This condition can be encountered
near the hub stream surface under off-design operating conditions. It can
result in a total breakdown of some of the original mean-line models. Many
of the original performance models are provided in graphical form. In
keeping with the objective of this book to provide complete descriptions, the
empirical equations developed to apply the graphical models are provided
and compared with the original graphical models.
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While derivatives of the AMDC performance system are probably the most
widely used methods, a number of alternative methods have been published.
Among the best-documented alternatives are those of Craig and Cox [44],
Traupel [45] and Stewart [46]. The method of Craig and Cox is particularly
significant and unique in regard to its thorough treatment of Reynolds
number effects, including the effect of surface finish. In that context, it
influenced the development of the present performance system by providing
independent confirmation of the approach used.

NOMENCLATURE

a = sound speed
b = stream sheet thickness
b. = axial chord length
C = absolute velocity
Cp = drag coefficient
C;, = lift coefficient
Cu = disk torque coefficient
¢ =chord
cr = skin friction coefficient
D = diameter
e = peak-to-valley surface roughness
erms = rms surface roughness
Far = aspect ratio correction factor
H = total enthalpy
h = static enthalpy; also, blade height or span
I = rothalpy
i =incidence angle
K = various correction factors defined in section 4.4
M = Mach number
m = meridional coordinate
m =mass flow rate
N =number of blades, lashing wires or balance holes
o = throat width
P = pressure
p = seal pitch
Q = quality
R, = suction surface radius of curvature at the blade trailing edge
Re = Reynolds number

r =radius
Se = flow angle sign correction factor
s = pitch

T = temperature
t = seal fin thickness
tmax = maximum blade thickness
t, = trailing edge blade thickness
W = relative velocity
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Y = total pressure loss coefficient
Ycr = blade clearance loss coefficient
Yex = supersonic expansion loss coefficient
Yww = lashing wire loss coefficient
Y, = profile loss coefficient
Y1 = nozzle profile loss coefficient
Y2 = impulse blade profile loss coefficient
Y: = secondary flow loss coefficient
Ysu = shock loss coefficient
Yre = trailing edge loss coefficient
Z = Ainley loading parameter
z = axial coordinate
o = flow angle with respect to tangent
B = blade angle with respect to tangent
B¢ = gauging angle = arc sin(o/s)
A = clearance gap width
AH = various parasitic losses defined in section 4.3
0 = deviation angle; also, blade tip or seal clearance
€ = arc of admission
6 = polar angle
U = viscosity
p = gas density
T = torque or shear stress
& =(90° - B1)/(90° — 03)
o = blade row rotation speed
¢ =rotor shielding arc

Subscripts

m = meridional component or mean value

t = total thermodynamic condition

1 =blade row inlet parameter

2 =blade row exit parameter

0 =tangential component

x = value of a parameter at sonic flow conditions

Superscript

’ = a relative value in the rotating coordinate system

4.1 Blade Row Geometry

Figure 4-1 shows the basic nomenclature used to specify the geometry of
a blade row in a form suitable for the AMDC performance system. These
parameters are supplied at a series of radii for use in the hub-to-shroud per-
formance analysis described in chapter 5. Hence, the number of blades, N, is
specified and used to compute the blade pitch, s, at any radius by
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Ficure 4-1. Blade Row Geometry

s=2mr/N 4-1)
The throat opening, o, and the pitch define the well-known gauging angle, f3,.
sinf, =o/s (4-2)

Hence, either o or f5; can be supplied. The AMDC system requires both the
blade maximum thickness, tmax, and trailing edge thickness, ,. Also required
are the blade chord, ¢, axial chord, b,, and the parameter R., which is the
average suction surface radius of curvature between the throat and the trail-
ing edge. Although not shown, the root-mean-square surface finish, e,,;, is
also required. The actual (peak-to-valley) surface roughness, ¢, is estimated
by assuming a sin-wave form.

e=e, /0.3535 (4-3)

Similarly the blade must be specified as either shrouded or unshrouded
and the corresponding blade clearance or seal geometry must be supplied.
Following traditional steam turbine practice, the inlet and discharge blade
angles, fi and f3,, are defined with respect to the tangential direction.

When calculating the blade row performance with the models present-
ed in this chapter, it is necessary to use velocity components relative to the
blade, which may be rotating or stationary. This requires some care in con-
verting between the flow field velocity triangles and the flow angles, o4 and
0z, to be consistent with the blade angle convention. As previously noted
in chapter 3, the relative tangential velocity, W, is related to the absolute
tangential velocity, Co, by

W,=C,-or (4-4)
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where Cp and W, are positive in the direction of the turbine’s rotation and
o is the rotation speed of the blade row under consideration. To convert be-
tween the flow field and the blade angle conventions, define Sy = 1 for station-
ary blades and Sy = -1 for rotor blades. The inlet flow angle consistent with
the blade angle convention is

cotof =-S,W,/C, (4-5)

The blade row performance system provides the discharge flow angle in the
blade angle convention. To convert back to the flow field convention, Wy, is
given by

w,, =S,C,,,cotd, (4-6)

m2

4.2 Fluid Deviation Angle

The primary function of any turbine blade row is to impart fluid turning to
change the angular momentum of the fluid passing through it. Nozzle rows
accelerate the fluid to increase the angular momentum. Rotor rows then re-
duce the fluid angular momentum to extract work from the fluid. Hence, the
fluid discharge angle prediction is an essential step in performance analysis.
A useful reference value is provided for the case where the discharge relative
Mach number, M’, is one. In this case, the blade row must be choked, so the
throat Mach number is also one. It is reasonable to assume that losses be-
tween the throat and the discharge have negligible effect on the gas density.
Designating the value of a parameter at sonic flow conditions by a subscript,
%, conservation of mass requires

p*WO = p*CmZ‘S (4'7)
sino, =C,,/W, =o/s (4-8)

Combining with Eq. (4-2) this states that a’ = B, when M" = 1. Hence, the
gauging angle is a fundamental reference discharge angle. It is common
practice to reference the discharge flow angle to the gauging angle by defin-
ing the deviation angle, &, as

o=0,-p, (4-9)

Hence, §= 0 when M, = 1.

Subsonic deviation angle correlations typically indicate essentially con-
stant values for M’ < 0.5, e.g., Ainley and Mathieson [41] and Lee [47]. These
correlations are in general agreement with regard to trends. Low subsonic
deviation angle increases with f3,, starting with 6 =0° at §, = 10 to 20° and
reaching values of 6 = 5 to 6° at 8, = 50°. Variation of deviation angle for M"
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between 0.5 and 1.0 seems to be more or less a matter of convenience, ranging
from simple linear variation to more complex variations with an inflection
point. This writer developed the correlation illustrated in figure 4-2, follow-
ing similar trends and guided by comparison of stage performance predic-
tions with experimental data. In this case, the variation of deviation angle
with M’ for M, between 0.5 and 1.0 is definitely a matter of convenience.
Convergence of the numerical analysis is substantially improved when the
slope of the deviation angle versus Mach number curves approaches zero at
’y = 1. Defining the deviation angle at M’,=0 as

8, = arc sin{(o/s)[1+(1-0/s)(B, 190)*7} - B, (4-10)

The subsonic deviation is given by

§=6,; M,<05 (4-11)
5 =25,[1-10X° +15X* -6X°]; M;>0.5 (4-12)
X =2M, -1 (4-13)

These equations were used to generate the curves shown in figure 4-2.
When M’ > 1, the local stream sheet in the hub-to-shroud analysis is

choked. Hence, supersonic deviation angles are calculated directly from

conservation of mass based on sonic flow conditions at the throat.

o0 =arcsin[(o/s)p.W. /(p,W,)]- B, (4-14)
6 T T T T T T T T T
By = 50°
sk ]
Pl ]
< 4 40°
Ed
< 3t J
ko
=
s L L 30° 4
5 2
25°
1r .
15°

1 1

%.0 01 02 03 04 05 06 07 08 09 1.0
Discharge Mach Number

Ficure 4-2. Subsonic Deviation Correlation
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Some care is required in specifying the sonic flow conditions used in
Eq. (4-14). The overall numerical analysis for the flow field at the blade row
exit can experience severe convergence problems unless the subsonic and
supersonic deviation angle models yield inconsistent results when M’ = 1.
In this case, the analysis may alternate between these two models on suc-
cessive iterations. Hence, it is important that Eq. (4-14) yield results con-
sistent with § = 0 when M, = 1. This can be accomplished if the sonic flow
conditions are calculated based on the discharge total pressure and total
enthalpy, but with any supersonic expansion loss removed. As will be seen
subsequently in this chapter, the supersonic expansion loss is specifically
associated with M’ > 1. That loss occurs downstream of the throat, so it
is not relevant to the local stream sheet choke limit. When this process
is followed the subsonic and supersonic deviation angle models yield con-
sistent results when the discharge Mach number approaches unity from
either direction.

It can be noted that the ratio o/s is a key parameter in the deviation angle
prediction. The specified blade geometry data provides a value, (0/s):4, for an
ideal, two-dimensional flow case. This requires some adjustment to be ap-
propriate for the real flow case being considered. The adjusted value of this
ratio that is used to predict the deviation angle is given by

o/s=(0/$),FxFp (4-15)

Far is a correction for any variation in stream sheet area across the blade
row. It is assumed that the throat lies at about 80% of the blade passage me-
ridional length. Computing the stream sheet area ratio from conservation of
mass yields.

F,,=0.8+0.2(p,C,,)/(pC,,) (4-16)

Fre is a rather minor correction to account for the effect of the trailing edge
loss. This loss occurs downstream of the trailing edge, so it is not relevant
to a mass balance between the throat and the trailing edge. Since this loss
occurs at all values of M%, it can not be handled in the same fashion as the
supersonic expansion loss without compromising the desired consistency
between the subsonic and supersonic deviation angle models. If Y7z is the
trailing edge loss coefficient, Frz is estimated by

Fr =1+Y,,(P}, - P,)/P,, (4-17)

4.3 Overview of the Loss System

The loss system for predicting the performance of a turbine blade row
must consider the total pressure loss, parasitic loss and leakage mass flow.
The total pressure loss accounts for the direct loss in total pressure due to
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irreversible processes as the flow passes through the blade row. The parasitic
loss accounts for wasted work due to disk friction, shear forces and partial
admission. It also accounts for the reduced work due to moisture losses and
leakage flow that bypasses the blade row. These are reflected in an increase
in total enthalpy of the discharge flow relative to the value produced when the
flow passes through the blade row. This results in a reduction in efficiency
but does not affect the total pressure. Although leakage flows are not really
losses, they affect the power produced by the turbine and the discharge swirl
relative to the value produced when the flow passes through the blade row.

The total pressure loss coefficient, Y, is defined in terms of the discharge
velocity pressure in the form

Y = (P, PP, D) (4-18)
The total pressure loss system used can be represented as
Y=Y, +Y +Y, +Y +Y, +Yg, +Y, (4-19)

The component loss coefficients are

Y, = the profile loss coefficient

Y; = the secondary flow loss coefficient

Y. = the blade clearance loss coefficient

Y& = the trailing edge loss coefficient

Yex = the supersonic expansion loss coefficient
Ysu = the shock loss coefficient

Y1w = the lashing wire loss coefficient (rotors)

The parasitic loss is defined in terms of a discharge total enthalpy increase,
AH,,,

AH,, =AH

adm

+AH, +AH,,, +AH,, +AH, (4-20)

The component parasitic losses are

AH 4, = partial admission work (rotors)

AHpr = disk friction work (diaphragm-disk rotors)

AH,,= leakage bypass loss (shrouded rotors and rotor balance holes)

AH,,, = clearance gap windage loss (shrouded blades and nozzle of dia-
phragm-disk rotors)

AH, = moisture work loss (rotors)

The remainder of this chapter provides detailed descriptions of the various
component loss models.
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4.4 Profile Loss Coefficient

The profile loss coefficient is a modified form of the Ainley-Mathieson [41]
model. It can be represented as

Y, =K, K, KKK (Y, +E,,-Y, )15, /c) —AY,) (4-21)

mod ™ inc

K..0a is an experience factor suggested by Kacker and Okapuu [43] to adjust
the Ainley-Mathieson model to account for the superior performance of mod-
ern designs due to improved design technology. They suggest a value of 1.0
for older designs and 0.67 for modern, highly optimized designs. The Ainley-
Mathieson model includes the trailing edge loss specifically assuming that
t,=0.02s. Since the trailing edge loss is treated separately in the present mod-
el, AYrx subtracts the trailing edge loss coefficient computed by the present
trailing edge loss model for #, = 0.02s. The term involving #y.« corrects the
loss from the Ainley-Mathieson source data, which had t.x/c = 0.2. The other
terms in Eq. (4-21) are

Kin. = correction for off-design incidence effects

Ky = correction for Mach number effects

K, = correction for compressibility effects

Krr = correction for Reynolds number effects

Y,1 = profile loss coefficients for nozzle blades (81 = 90°)
Y,» = profile loss coefficients for impulse blades (o = 1)
&=(90° - B1)/(90° — ax5)

Figure 4-3 shows the nozzle blade profile loss coefficient, Y,;, as a func-
tion of the pitch-to-chord ratio, including the Ainley-Mathieson graphi-
cal correlation and an empirical model that accurately approximates that
correlation in analytical form. Note that the empirical model extrapolates
beyond the limits of the graphical correlation so that it is usable over a
wider range of applications. The location of the minimums of the curves is
approximated by

(s/¢)pin =046+ 05 /77; o <30° (4-22)

min

(s/¢)pin =0.614+ 0, /130; of >30° (4-23)

The loss coefficient is approximated by

Y, =A+BX'+CX’; o) <30° (4-24)

Y, =A+BIX[; o >30° (4-25)
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Ficure 4-3. Nozzle Blade Profile Loss Model

The parameters used in this empirical model are defined as follows

X=slc=(s/c), (4-26)
n=1+a,/30 (4-27)
A=0.025+(27-,)/530; o) <27° (4-28)
A=0.025+(27-0a5)/3085; o >27° (4-29)
B=0.1583 -0 /1640; o;<30° (4-30)

C =0.08[(ct,/30)* -1 (4-31)

Figure 4-4 shows the impulse blade profile loss coefficient, Y,,, as a
function of the pitch-to-chord ratio, including the Ainley-Mathieson graph-
ical correlation and an empirical model that accurately approximates that
correlation in analytical form. Again, the empirical model extrapolates be-
yond the limits of the graphical correlation so that it is usable over a wider
range of applications. The location of the minimums of the curves is ap-
proximated by

(s/c),. =0.224+1.575(c,/90) —(cf, /90) (4-32)

min

The loss coefficient is approximated by

Y,, = A+BX*-CX° (4-33)
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FiGURe 4-4. Impulse Blade Profile Loss Model
The parameters used in this empirical model are
X=slc—(s/c),
A=0.242-¢,/151+(c,/127)?
B=0.3+(30-0;)/50; o <30°
B=0.3+30-c)/275; o >30°
C=0.88—c,/42.4+(c,/72.8)

(4-34)
(4-35)
(4-36)
(4-37)

(4-38)

Figure 4-5 shows the off-design incidence correction factor, K., as
a function of the ratio of the incidence angle, i, to the stalling incidence
angle i;, including the Ainley-Mathieson graphical data and an empirical
model that accurately approximates that data in analytical form. Note that
the empirical model extrapolates beyond the limits of the graphical corre-
lation so that it is usable over a wider range of applications. The empirical

equations are
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Ficure 4-5. Off-Design Incidence Correction Factor

K, =1+(i/i)*; 0°<ili <1.7° (4-42)
K, =6.23-9.8577(i/i,-1.7); ili 21.7° (4-43)

An upper limit of K, <20 is required. The stalling incidence angle is a func-
tion of o, & and s/c, where

§=(90-p5)/(90-05) (4-44)

It is computed from a reference value, i, (3, £), corresponding to s/c = 0.75
and a correction term, Ai (o3, s/c), to adjust it to other values of s/c, i.e.,

i, =1i,(c,,&)+Ai(c,s/c) (4-45)

Figure 4-6 shows the stalling incidence for s/c = 0.75 as a function of the

ratio of &3 and & including the Ainley-Mathieson graphical data and an em-

pirical model that accurately approximates that data in analytical form. Note

that the empirical model extrapolates beyond the limits of the graphical cor-

relation so that it is usable over a wider range of applications. The empirical
equations for oz < 40° are

i(0},E)=i,+A-BE +CE +DE; o <40° (4-46)

i,=20—(E+1)/0.11 (4-47)
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Ficure 4-6. Stalling Incidence for s/c = 0.75

A=61.8-(1.6-c/165)c, (4-48)

B=71.9-1.69¢, (4-49)
C=7.8-(0.28-0/320)c, (4-50)
D=14.2-(0.16+0,/160)a, (4-51)

The empirical model includes an extrapolation of the Ainley-Mathieson
graphical data for oz > 40°, which can be encountered on occasion. This case
is approximated by

isr (aé’ é) = isO + ‘ isr (40'6) - isO

55-05|/15; o >40° (4-52)

Figure 4-7 shows the correction term, Ai;(a, s/c), including the Ainley-
Mathieson graphical data and an empirical model that accurately approxi-
mates that data in analytical form. The empirical equations are

X=s/c-0.75 (4-53)
Ai, =-38X -53.5X2-29X% s/c<0.8 (4-54)

Ai, =2.0374—(s/c—0.8)[69.58 — (cr; /14.48)*']; s/c>0.8 (4-55)
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Ficure 4-7. Stalling Incidence Correction Factor

Figure 4-8 shows the Mach number correction to the profile loss coeffi-
cient, Ky, as a function of the discharge relative Mach number, M, and the
ratio of the pitch to the suction surface radius of curvature, s/R.. Both the
Ainley-Mathieson graphical data and an empirical model that accurately ap-
proximates that data in analytical form are included. There is no correction

5.5

O Ainley-Mathieson l
sor Empirical Model M', = 1.0
45 o
0.6<M',<1.0
4.0 d
350 .

Ficure 4-8. The Mach Number Correction
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when M’ < 0.6, i.e., Ky = 1. Also, the loss associated with M’ > 1 is handled
separately in the supersonic expansion loss. The empirical equation used is

K,, =1+[1.65(M; —0.6) + 240(M;, - 0.06)*1(s/ R, )i~ (4-56)

The Mach number range is limited to 0.6 < M% < 1 when applying Eq. (4-56).

Kacker and Okapuu [43] suggest including the compressibility correction
term, K, in Eq. (4-21) to account for the beneficial effects of Mach number
levels in excess of those present in low speed cascade tests. The effect of
compressibility in accelerating flow is to thin the boundary layers and suppress
flow separations. Since the Ainley-Mathieson profile loss model is based on
low speed cascade tests, it can be expected to be pessimistic when applied to
typical turbine stage applications. Kacker and Okapuu suggest the following
form.

K, =1-0.625[M; - 0.2+ M; -0.21] (4-57)
K, =1-(1-K)(M/ M)’ (4-58)

Note that K, = 1 when M% < 0.2. For normal turbine operating conditions,
this model works fairly well. But under unusual, yet feasible, conditions, this
can result in profile loss coefficients essentially zero, or even negative. Kack-
er and Okapuu were less likely to experience such conditions in their mean-
line analysis than is the case for the hub-to-shroud analysis of chapter 5.
Under off-design operation, and near the end-wall contours, it is quite pos-
sible for the passage to be diffusing rather than accelerating, which can yield
particularly absurd results. Hence, the Kacker and Okapuu model has been
revised as follows:

M; =[M; +0.566-10.566—M; 1/2 (4-59)
M =[M;+1-1M;-111/2 (4-60)

X =2M] [[M] + M, +| M, — M 1] (4-61)
K, =1-0.625[M; - 0.2+| M; -0.21] (4-62)
K,=1-(1-K)X’ (4-63)

Basically, this procedure limits M’ <1, M’; < 0.566 and X < 1. As a result, K,
is limited to values greater than about 0.5. For most typical turbine operat-
ing conditions, the revised model will yield results quite similar to that of
Kacker and Okapuu. But it avoids the potential for absurd results in severe
off-design operating conditions.
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The correction term, Kzg, in Eq. (4-21) adjusts the profile loss coefficient
for Reynolds numbers different from cascade tests upon which the model
is based. Reynolds number correction schemes in axial-flow turbines are
generally based on boundary layer skin friction models that relate to the
total drag force on a flat plate. These models are provided in most books on
boundary layer or viscous flow theory, e.g., Pai [48, 49]. The skin friction co-
efficients are functions of the Reynolds number, Re;. If L is the length of the
plate and u is the viscosity,

Re, =pCL/ (4-64)

The skin friction coefficient, ¢y, for laminar flow is given by

¢ = 1.328//Re, (4-65)
For turbulent flow, the best available model is

¢; =0.455/[log,, Re , I (4-66)

Eq. (4-66) assumes that the flow is turbulent over the entire length of the plate.
In practice, a portion of the flow will be laminar until the local Reynolds
number exceeds the transition value, Re,,.. Typically, Re, = 5 x 10° is used, but
that is really an approximate value. Boundary layer transition depends on
many factors, such as surface roughness, free-stream turbulence, pressure
gradient, etc. When Re;, is greater than Re,., the effective overall skin
friction coefficient must be computed as a weighted average of the laminar
and turbulent contributions. The skin friction coefficient attributed to the
laminar portion is given by

¢, =1.328/\Re,, (4-67)

The turbulent skin friction coefficient, ¢y, is given by (Eq. 4-66). For this
simple flat-plate case, the ratio Re,/Re; defines the fractional length of the
laminar portion. Hence, the effective skin friction coefficient is given by

¢, =¢p +ley—cp 1-Re , /Re ] (4-68)

Figure 4-9 shows the overall skin friction coefficients obtained from Egs.
(4-65), (4-66) and (4-68). The skin friction can also be influenced by surface
roughness. If e is the true (peak-to-valley) roughness height, a roughness
Reynolds number, Re,, can be defined as

Re, =pCelu (4-69)
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Ficure 4-9. Boundary Layer Skin Friction Coefficient

The skin friction coefficient for a fully rough turbulent boundary layer is
also well known.

¢, =[1.89+1.62log,,(L/e)]** (4-70)

Since, roughness has no effect on ¢;in the laminar portion of the bound-
ary layer, this value must be corrected to account for the laminar portion of
the boundary layer also. Hence,

¢ =cpt [cfe - cﬁ,,][l —Re,/Re,] (4-71)

Then the effective value of the turbulent skin friction coefficient is
the larger of the two values given by Egs. (4-68) and (4-71). Skin friction
coefficients for several roughness levels are shown in figure 4-9. Aungier
[2] notes that the fully rough skin friction coefficient can also be evaluated
from Eq. (4-66) using a value of Re; that yields a critical value of Re, in
the range of 60 to 100. Figure 4-9 shows the result of this approach when
Re, = 65 is used.

These models are adapted to the turbine blade row application. Reynolds
number corrections are normally based on the blade chord Reynolds num-
ber, Re,, evaluated at the discharge flow conditions.

Re, =p,W,e/p, (4-72)
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It is generally assumed that cascade empirical loss models apply to a Reyn-
olds number of about 200,000. This lies in transition region where the skin
friction models are too approximate to provide a good basis for a Reynolds
number correction. Similar to Kacker and Okapuu [43], Kre = 1 is assumed
in the transition region. The present method uses a transition region defined
by 1 x 10° <Re, <5 x 10°. When Re. <1 x 10°, Kz is based on the laminar skin
friction model, i.e.,

Ko =1 x 10°)/ Re, (4-73)

Similarly, when Re. > 5 x 10°, Kzz is based on the turbulent skin friction
model, i.e.,

K, =[log,,(5x10°)/log,,(Re,)]*** (4-74)

This model is extended to include surface roughness effects following
Aungier [1, 2]. Pai [49] notes that roughness effects become significant when
Re. > 100, where

Re, = p, Welu,

Now define a critical blade chord Reynolds number, Re,, above which rough-
ness effects become significant by

Re, =100c/e (4-75)

If Re, is used in Eq. (4-74), the resulting value of Kg is used when Re. > Re,.
But surface roughness has no effect for laminar flow, so a correction similar
to Eq. (4-71) is needed when Re, < Re,,, i.e.,

K, = 1+{[log,,(5 x 10°)/1og,,(Re,)I*** ~1)[1-(5 x 10°)/Re,] ~ (4-76)

Figure 4-10 shows basic results from this Reynolds number correction. This
model is similar to the method suggested by Kacker and Okapuu [43]. An
important difference is that Kacker and Okapuu do not consider surface
roughness effects. The AMDC [42] Reynolds number correction is propor-
tional to Re*? and referenced to Re = 2 x 10°. This is based on Ainley and
Mathieson [41], although that reference suggests a more severe correction for
Re <1 x 10°. The AMDC model also ignores the effects of surface roughness.
One of the few published Reynolds number corrections to consider surface
roughness effects is the method of Craig and Cox [44]. They note that turbine
blades with standard surface finish have values of c/e in the range of 10,000
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Ficure 4-10. The Reynolds Number Correction

to 20,000, which is consistent with this writer’s experience. As seen in figure
4-10, the present method will show much less Reynolds number influence for
very high Reynolds numbers than methods that ignore surface roughness.
It is encouraging to note that figure 4-10 shows values of Kzr comparable to
the Craig and Cox method when surface roughness effects are significant.
Indeed, any correction for Reynolds number that does not account for sur-
face roughness should be used with extreme caution. Some rather serious
high-pressure steam turbine performance deficiencies have been traced to
that oversight.

4.5 Secondary Flow Loss Coefficient

The secondary flow loss coefficient is quite similar to the AMDC model re-
ported by Dunham and Came [42] as revised by Kacker and Okapuu [43].
The lift coefficient is defined as

C, =2(cota; +cotal)s/c (4-77)

Eq. (4-77) may appear incorrect to some readers unless it is recalled that
the flow angles conform to the blade angle convention rather than the flow
field convention as discussed at the start of this chapter. The Ainley loading
parameter, Z, is defined as

Z=(C,c/s)’sin’ o, /sin’ o/, (4-78)

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



80 ¢ TURBINE AERODYNAMICS
The mean flow angle, o, is given by

o), =90° - arc tan[(cot(ey — cota)/2] (4-79)
A preliminary estimate of the secondary flow loss coefficient is calculated as

Y. =0.0334F,,Zsinc, /sin B, (4-80)

Far is an aspect ratio correction, based on the blade height or span, %, and
the chord.

F.=clh; hlc=2
F,.=0.52c/h)""; hic<2 (4-81)

Figure 4-11 shows a comparison of Far for i1/c < 2, with the original Dunham
and Came [42] form and a modified form suggested by Kacker and Okapuu
[43]. Kacker and Okapuu developed their modification to improve predictions
at low aspect ratios. Some predictions based on their form with aspect
ratios even lower than those they considered were again found to be slightly
pessimistic. Hence the modified form in Eq. (4-81) is currently used.

Use of this mean-line model in a hub-to shroud analysis can result in
excessive values of this loss coefficient at extreme off-design conditions near
the end-wall contours. Although this rarely occurs, it was found necessary to
impose an asymptotic upper limit on the preliminary estimate of about 0.365

7 T 7 T T T T T T T T
[
A
\‘ H _ 0.7
6r it —— FaAr=0.52c/h) 1
" ‘ --------- Dunham and Came
1 B Kacker and Okapuu 1
s
2
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Ficure 4-11. Aspect Ratio Effect on Secondary Loss
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to permit an analysis under those extreme conditions. Hence, the secondary
flow loss coefficient is given by

Y, =K, K\JY?/(1+7.5Y2) (4-82)

Kz is the same Reynolds number correction as used for Y, and K; is a modi-
fied form of the compressibility correction suggested by Kacker and Okapuu
[43].

K, =1-(1-K,)(b,/h)* [1+(b, 1 h)*] (4-83)

The parameter b, is the axial projection of the chord length. K, differs from
the original formulation in two respects. First, K, is a modification as dis-
cussed previously in this chapter. Second, the term in the denominator of Eq.
(4-83) is not present in the original model. It was added to prevent excessive
values of K, for extreme cases where b,/h is very large. For the vast majority
of cases, this model will yield values of K, comparable to the original Kacker
and Okapuu model.

4.6 Trailing-Edge Loss Coefficient

The trailing-edge loss coefficient is computed as a classical expansion loss
due to an abrupt area enlargement, e.g., see Benedict et al. [50]. If W, is the
velocity after mixing and the flow angle is approximately equal to the gaug-
ing angle, the effective passage width after mixing is (s sinf3,). The effective
passage width before mixing is reduced by the trailing edge thickness to
yield (s sinf, — ;). If density is approximately constant, the total pressure
expansion loss can be approximated by

1 . :
AP =Epl/|/22[ssmﬂg /(ssin B, —1,) -1]* (4-84)

Hence, the trailing-edge loss coefficient is

Y, =2AP/(pWy ) =[t,/(ssin B, —1,)] (4-85)

4.7 Shock Loss Coefficient

Kacker and Okapuu [43] introduced the concept of a shock loss associat-
ed with shock waves that form near the hub stream surface. Their model
seeks to estimate this hub stream surface behavior from mean-line flow
data. Since the present loss system is intended for use in a hub-to-shroud
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performance analysis, their model required considerable modification for
this application. Overall flow diffusion across the blade row is a signifi-
cant loss source that has been ignored by all published loss systems. That
is not too surprising since overall diffusion is rarely encountered in a per-
formance analysis conducted along the mean stream surface. But it does
occur in a more complete hub-to-shroud performance analysis, particu-
larly near the hub stream surface at far off-design operating conditions.
Both of these loss sources are modeled in the shock loss coefficient in the
present loss system. The shock loss contribution is based on the parameter

Xi, defined by
X,=0; M;<0.4

X, =M/-0.4; M >0.4 (4-86)

The diffusion loss contribution is based on the parameter X5, defined by

X,=0; M,<M,

(4-87)
X,=M//M,-1; M >M,
A preliminary estimate of the shock loss coefficient is computed by
Y, =0.8X}7 + X? (4-88)

The actual shock loss coefficient is computed by imposing an asymptotic up-

per limit of 1.0, i.e.,
Y, =Y, 11+ Y2) (4-89)

4.8 Supersonic Expansion Loss Coefficient

When the flow at the discharge of a blade row is over-expanded to super-
sonic discharge Mach numbers, shock waves form to produce additional
losses, commonly referred to as supersonic expansion losses or supersonic
drag losses. Dunham and Came [42] suggested a model for this loss contri-
bution, imposed as a multiplier on the AMDC profile loss coefficient. They
note that their model is a rather arbitrary correction factor based on very
limited information. Indeed, this writer has had little success using that
approach. Kacker and Okapuu [43] also comment on the weakness of this
AMDC model, but do not offer an alternative. The present loss system im-
poses a supersonic expansion loss that is independent of the profile loss.
Indeed, there appears to be little reason to expect that the supersonic ex-
pansion loss should depend on the profile loss. When M; > 1, the supersonic
expansion loss is calculated as

Yy =[(M}, - 1)/ M, (4-90)

Of course, Yey =0 when M5< 1.
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4.9 Blade Clearance Loss Coefficient

The blade clearance loss coefficient for unshrouded blade rows is computed
directly from the method of Dunham and Came [42]. If § is the clearance
between the blade tip and the end-wall and Z is the Ainley loading parameter
of Eq. (4-78), the clearance loss coefficient is given by

Y., =0.47Z(c/h)(8/c)™ (4-91)

Dunham and Came estimate leakage losses in shrouded blade rows using
a modified form of Eq. (4-91). The present loss system uses a more funda-
mental seal leakage calculation that is discussed in section 4.11. The overall
total-pressure loss across the blade row due to the shroud seal leakage is
simply the seal pressure drop times the ratio of leakage mass flow to the total
mass flow. The shear work due to the rotating wall in the seal is considered in
section 4.14. Seal leakage affects rotor rows much different from stationary
rows, since no useful work is extracted from the leakage flow through rotors.
This is also considered in section 4.11.

4.10 Lashing Wire Loss Coefficient

Occasionally, lashing wire is used to bind steam turbine blades together for
reasons of mechanical integrity. The loss introduced by the presence of these
lashing wires can be calculated from well-known drag coefficients, Cp, for
the flow over circular cylinders. These can be found in many references, e.g.,
Kreith [51]. It is assumed that the fluid velocity at the position of the wires is
approximately equal to C,,,. If the lashing wire diameter is denoted as D, the
governing Reynolds number is computed from

Re=p,C,,D/pu, (4-92)

m2

Cp =~ 1.0 if Re £ 5 x 10’ and Cp = 0.35 if Re > 5 x 10°. If N is the number of
wires, the lashing wire loss coefficient is

Y,, = NC,DC2, [(hW}) (4-93)

m2

4.11 Leakage Bypass Loss

Figure 4-12 illustrates the basic geometry of a labyrinth seal. These seals are
used in many locations in a typical industrial turbine. In terms of blade row
performance, the labyrinth seals on blade shrouds and the nozzle shaft seals
in a diaphragm-disk arrangement require consideration. The leakage flow
through these seals bypasses the blade row and mixes with the blade row
through-flow to directly influence the overall discharge flow. In the case of a
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Ficure 4-12. Labyrinth Seal Geometry

rotor row, no useful work is extracted from the leakage flow, which directly
affects the turbine’s power output. Typically seal fins are attached to the
shroud band or nozzle diaphragm to reduce the clearance gap leakage flow,
yet protect the turbine from serious damage in the event that a rotor excur-
sion should cause the shaft or casing to come in contact with the shroud or
nozzle diaphragm. The seal allows use of larger base clearances between the
shroud band or nozzle diaphragm and the end-wall without causing exces-
sive leakage flows. If contact occurs, the seal strips will be sacrificed, but the
more expensive components should be undamaged.

The leakage mass flow through the labyrinth seal can be computed by the
method of Egli [52], who expresses the seal leakage mass flow in the form

M = 2ﬂrsea150C1CcCrp “RT (4-94)

sea

The density and temperature in Eq. (4-94) are evaluated on the high-
pressure side of the seal, ... is the seal radius and § is the seal clearance.
Aungier [1] provides general empirical equations to approximate the coef-
ficients in Eq. (4-94), developed from Egli’s graphical data. The contrac-
tion ratio, C, is a function of § and the fin width, ¢. Figure 4-13 shows the
contraction ratio as approximated by

1

C =1- a3 P
3+ [ (4-95)

r

Egli shows a direct dependence of C, on ¢ as well as on 6/t. It seems highly
questionable that a dimensional parameter can be used to compute a dimen-
sionless parameter. Indeed, other sources available to this writer suggest
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Ficure 4-13. The Seal Contraction Ratio

that the lower of Egli’s two curves should be used for all values of ¢, which
is the basis for Eq. (4-95). The throttling coefficient, C, is a function of
the ratio of the lower pressure to the higher pressure across the seal, Pz,
and the number of seal fins, N. Figure 4-14 shows the throttling coefficient
approximated by

_2.143In(N)—-1.464

Ct
N-4.322

(0.375P;)
[1-F] (4-96)

FiGure 4-14. The Seal Throttling Coefficient
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Ficure 4-15. The Seal Carryover Coefficient

The carryover coefficient, C,, is a function of the seal clearance and the seal
pitch, p. Figure 4-15 shows the carryover coefficient as approximated by

N X,[6./p—X,In(1+6/p)]

C.=1 1-X, (4-97)

IfN <12,
X, =15.1-0.05255exp[0.507(12 — N)] (4-98)
X, =1.058+0.0218N (4-99)

N> 12,
X, =13.15+0.1625N (4-100)
X,=1.32 (4-101)

Eq. (4-97) yields a maximum when &/p = X>—1. This represents a poor seal
design, which exceeds the range of Egli’'s model. It is rarely encountered,
but it is wise to require 6/p < X, — 1 when applying Eq. (4-97). In some cases
labyrinth seals in turbines are stepped, i.e., the seal radius is different for
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successive seal fins. In that case, there is no carryover influence, so C. = 1
should be used.

Another source of rotor bypass leakage is the use of balance holes as illus-
trated in figure 1-4. Balance holes are used to reduce the axial thrust force
on the rotor. Balance hole leakage can be estimated from a simple orifice
flow model. If N is the number of balance holes and D is the diameter of the
balance holes, the approximation used is

it = NED2B = B) T p (4-102)

Leakage flow always results in a difference between the blade row through-
flow and its final discharge flow. In the case of rotors, it also reduces the
overall work done by the rotor. It is useful to include this in the parasitic
losses, although it is not really wasted energy. This is just a convenient way
to correct the total enthalpy at the blade row discharge to account for the
bypass effect. Hence, the leakage bypass loss is given by

AHleak = (m +mBH)(H1 _Hz)/m (4'103)

seal

Note that AH... = 0 for stationary blades since H, = H;. Occasionally the
rotor leakage flow will be reversed to flow from discharge to inlet. Consid-
ering that case greatly complicates the rotor performance analysis. Since
leakage flows will be rather small in those cases, AH, is simply set to
zero.

4.12 Partial Admission Loss

Partial admission refers to operation with a portion of the total arc of the
annulus blocked off as illustrated in figure 4-16. The flow through the nozzle
row is restricted to a fraction, €, of the total arc, referred to as the active arc.
This results in wasted energy in the downstream rotor row as some of the
flow through the active blade passages in the rotor reenters inactive passages
to produce windage losses. In addition, rotor passages crossing the ends of
the active arc may be only partially filled to operate at reduced mass flow,
resulting in more wasted energy often referred to as the end of sector loss.
Sometimes rotor shielding is used to reduce the windage losses. This involves
blocking a fraction of the annulus, ¢, at the rotor exit and within the inactive
arc to reduce the recirculation into the inactive blade passages. The effect of
partial admission losses is to produce an increase in total enthalpy, AHgm,
which consumes some of the useful work accomplished by the rotor blades.
About the best available model for this loss is that of Suter and Traupel [53]
which has been adapted from the description in Horlock [54]. Designating
parameters evaluated at the average rotor exit radius with a subscript m1, the
windage loss, AH,, is given by
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Rotor Shielding

Ficure 4-16. Partial Admission Arrangement

AH  =0.057p,D, U2 h(1—e—{12)/ 1 (4-104)

m-m

The end of sector loss, AH,,., is given by

AHsec = OlSNb U, Clwnoz /(Dmg) (4'105)

z-m

N is the number of active sectors comprising the overall active arc and v,
is the nozzle velocity coefficient defined by

l//noz = Cl/ 2(IJI - h],is) = Cl /Cl,is (4-106)

The subscript, is, designates nozzle exit (or rotor inlet) data assuming isen-
tropic flow through the nozzle to the actual static pressure, P;. The overall
partial admission loss is

AHadm = AHW + AHsec (4'107)

4.13 Disk Friction Loss
The diaphragm-disk type rotor of figure 1-4 requires consideration of the
disk friction loss to account for the power consumed by an enclosed rotat-

ing disk. If 7 is the torque, r is the disk radius and p is assumed constant,
the disk torque coefficient, Cy, is defined as

C, =t/(pa’r’ (4-108)
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The power consumed by the disk is w7. Hence, the disk friction loss, AHpy, is
AH,, =C,p»’r’ | (4-109)

Daily and Nece [55, 56] provide an excellent model for the torque coefficient
that is well qualified against experiment. Aungier [1] developed empirical
equations to implement their model. Daily and Nece identify four flow re-
gimes that may occur in the enclosed rotating disk.

1. Laminar, merged boundary layers
2. Laminar, separate boundary layers
3. Turbulent, merged boundary layers
4. Turbulent, separate boundary layers

The torque coefficient for smooth disks is a function of the disk-housing
clearance, A, and the Reynolds number

Re=pwr’/u (4-110)

The torque coefficients for the four flow regimes are

Cc = 2r
M= A/ Re (4-111)
Co < 3.7(A /)™
w2 = e (4-112)
_0.08
M (AL ) Re (4-113)
o _0.102(a/r)"
MATT RO (4-114)

These four torque coefficients are all calculated for the specific values of
A and Re. The relevant flow regime is identified by the torque coefficient
equation that yields the largest value. Similar to the previous discussion of
boundary layer skin friction, at sufficiently high values of Re, surface rough-
ness may become significant. If e is the peak-to-valley roughness height, the
fully rough torque coefficient is given by

1/,/C,, =3.8log,,(r/e)—2.4(A/r)** (4-115)

Daily and Nece provide equations to define the Reynolds numbers bound-
ing the transition zone from smooth to fully rough torque coefficients. The
Reynolds number where roughness first becomes significant is given by

Re/C,, =1,100(e/r)** (4-116)

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



90 ¢ TURBINE AERODYNAMICS

1.1 T T T T
: le/r = 0.001 |
Lo S S
l | | |
0.9 iy
| ] 1 |
:_ 1e/r = 0.0005
0.8 —
S
[l
o 0.7
&
-

[N i

0.5

0.4 !

0'35.0 52 54 56 58 60 62 64 66 68 7.0

log(Re)
FiGure 4-17. Rotating Disk Torque Coefficient

Since roughness is significant only for turbulent flow, Eq. (4-116) is com-
bined with Eq. (4-113) or (4-114) as appropriate to solve for Re;. The Daily
and Nece equation for the fully rough limit appears questionable based on
the experimental data presented. Aungier [1] replaced their equation with
the following.

Rer =1,100(+/e) — 6 x 10° (4-117)
Between the limits of Re, and Re,, the torque coefficient is estimated from
c,=C,, +(,, —C,.)]log(Re/Re)/log(Re, /Re,) (4-118)

Figure 4-17 shows torque coefficient curves generated with these empirical
equations for a specific value of A/r.

4.14 Clearance Gap Windage Loss

Shear forces on the rotating wall associated with the clearance gap over a
shrouded blade are another source of wasted energy. This also occurs for the
nozzle diaphragm of the diaphragm disk type rotor of figure 1-4. Fluid in
the clearance gap between a rotating and a stationary wall produces viscous
shear forces on both walls. In the case of the rotating wall, work is done,
which consumes some of the useful work done by the turbine. Figure 4-12
shows the basic geometry involved if the labyrinth seal is ignored. The two
walls are separated by the base clearance, A. The mean rotation speed of the
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fluid in the gap is assumed to be half of the turbine rotation speed. Well-
known pipe friction factor models provide a reasonable approximation to the
wall skin friction coefficient if the pipe diameter is replaced by A. If r is the
radius of the rotating wall, the governing Reynolds number is

Re=proA/2u) (4-119)
If Re < 2,000, the flow is laminar and the skin friction coefficient is given by
¢, =16/Re (4-120)

If Re > 2,000, the flow is turbulent and the skin friction coefficient can be
approximated by the well-known Blasius formula

¢ =0.0791/Re"* (4-121)

If Am is the meridional length of the clearance gap, the shear force applied
to the rotating wall is

f=%cfp(%rw) (27rAm) (4-122)

From Eq. (3-8), the power consumed is given by o times the torque on the
rotating wall, so the parasitic work is

AH,, = ﬂpcfr4w3Am/(4n'1) (4-123)

4.15 Moisture Loss

Moisture loss is associated the reduction in stage efficiency when some of
the working fluid condenses to the liquid phase. Although the mechanism
is not completely clear, it seems likely that it is associated with reduced ro-
tor work rather than a total pressure loss. Like the seal leakage bypass loss,
this is probably reduced work rather than wasted energy. Nevertheless, it is
convenient to include it as a parasitic loss. The most likely mechanism is that
liquid particles are generally unable to follow the streamline pattern of the
gas phase. Hence, the fluid turning calculated for the nozzle and rotor rows
is simply not fully realized for the liquid phase. It is assumed that, the actual
rotor work is approximately equal to the calculated work times the rotor’s av-
erage flow quality. Expressed as a parasitic loss to be added to the calculated
work, the rotor row moisture loss is

AH, = %(z— 0,-Q,)(H, - H,) (4-124)
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This writer formulated this fairly simple model many years ago in response
to an unexpected need to consider moisture losses in radial-inflow turbines.
Lacking familiarity with the subject and time to research it, this was just
an educated guess at a moisture loss model. Subsequently, it was a pleasant
surprise to find a close similarity to other moisture loss models that are
based on performance observations. For example, the model by Baumann
[57] is commonly cited. Baumann proposes a one-percent loss in stage
efficiency for each 1 percent of moisture. The present moisture loss model
is essentially equivalent to Baumann’s approximation and it is much easier
to apply in a performance analysis. Hence, this writer continues to use it for
lack of anything better.
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Chapter 5

AERODYNAMIC PERFORMANCE
ANALYSIS OF AXTAL-FLOW
TURBINES

An aerodynamic performance analysis is essential for nearly all aspects of axial-
flow turbine aerodynamic design and application. The most common approach
is the one-dimensional or mean-line method, which analyzes the performance
along a mean stream surface. As noted in chapter 4, most published blade row
performance systems [41-44] were specifically developed for use in a mean-line
method. If applied to well-designed stages, the mean-line performance may be
considered to be representative of the overall performance, at least near the
turbine’s design operating conditions. This approach is more questionable for
off-design performance prediction. In those cases, blade incidence angle match-
ing, blade loading levels, Mach number levels, etc. may vary dramatically at
different locations along the blade span, such that the mean-line performance
is no longer representative of the overall performance. In off-design operation,
the extremes in incidence angle, Mach number and reaction will almost always
occur on the hub or the shroud contours. Some one-dimensional methods
include approximate calculations at the hub-and-shroud contours to provide
additional guidance to the user and to better evaluate tip clearance losses and
shroud seal leakage effects.

A more general approach is to conduct the performance analysis for a
series of stream surfaces from hub to shroud. These methods are referred
to by various names, such as streamline methods, through-flow methods,
streamline-curvature methods or three-dimensional methods. Hub-to-shroud
performance analysis is a more accurate term, which is used in this book.
Most hub-to-shroud performance analyses for axial-flow turbomachines rely
on the full normal equilibrium equation given in Eq. (3-30). This approach is
much less reliable than the mean-line method and requires substantially lon-
ger computer times. These issues are significant problem areas for axial-flow
compressor performance analysis. They are far more serious for axial-flow tur-
bine performance analysis. The need to analyze turbines operating with one
or more blade rows choked requires highly sophisticated numerical methods.
The diffusing flow in compressors normally dictates use of smooth end-wall
contours. By contrast, it is not uncommon to see discontinuous step-changes
along turbine end-wall contours. In those cases the stream surface curvature
term is undefined, requiring some rather arbitrary stream-surface smoothing
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approximations. Many turbine performance analyses require a much more
complex equation-of-state model than a typical axial-flow compressor analysis.
As noted in chapter 2, section 2.9, simplified nonideal fluid equations of state
that are quite effective for compressors have been found to be rather unreli-
able for turbines. Turbines often involve two-phase flow when the working fluid
condenses, which is rarely encountered in a compressor. Indeed, turbine perfor-
mance analysis is a very formidable problem involving many complications not
encountered in compressor performance analysis.

Aungier [2] introduced an approximate normal-equilibrium model for axial-
flow compressor performance analysis, which yields performance predictions
that are virtually identical to the full normal equilibrium model. This approxi-
mate model offers excellent reliability and very modest computation times as
compared to the more exact formulation. Its recent application to the more
formidable problem of axial-flow turbine performance analysis provided even
more dramatic benefits. The hub-to-shroud performance analysis described in
this chapter is based on this approximate normal equilibrium model.

NOMENCLATURE

A = stream sheet area
a = sound speed
b = stream sheet thickness
C = absolute velocity
F = general function; also total blade force
f = general function; also blade force per unit length
H = total enthalpy
h = static enthalpy; also, blade height or span
I = rothalpy
Mach number; also blade bending moment
= meridional coordinate
= mass flow rate
number of blades and rotation speed (rpm)
= number of quasi-normals
normal coordinate
= pressure
= radius
entropy
= temperature; also rotor thrust force
W = relative velocity
Y = loss coefficient
y = coordinate along a quasi-normal
z = axial coordinate
o = flow angle with respect to tangent
B = blade angle with respect to tangent
€= 0 — A; deviation of quasi-normal from a true normal
K = stream surface curvature

Z33IR
I

No

=
|

Nu x9S
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A = quasi-normal angle

¢ = stream surface angle with axial direction
6 = polar angle

p = gas density

= rotation speed (radians/sec)

Subscripts

¢ = value of a parameter on the reference stream surface
eq = Mach number equivalence parameter
hub parameter
meridional component or mean value
shroud parameter
total thermodynamic condition
= axial component
1 = blade row inlet parameter
2 = blade row exit parameter
0 = tangential component

I

Superscript

’ = arelative value in the rotating coordinate system

5.1 The Meridional Coordinate System

Figure 5-1 illustrates the meridional coordinate system used in the through-flow
analysis. The annular passage is divided into a series of stream sheets bounded
by stream surfaces. By definition, a stream surface has no velocity component
normal to it and no mass flow across it. Hence, the mass flow in any stream
sheet is constant. The annulus end-wall contours are always stream surfaces.
But the location of other stream surfaces requires knowledge of the flow field.
Hence, the stream surface construction is part of the solution procedure. A se-
ries of fixed, linear quasi-normals are located before and after the blade rows.
Construction of the quasi-normals is fairly arbitrary, but they should be selected
to be approximately normal to the stream surfaces. The distance along a quasi-
normal measured from the hub is designated as y. The distance along a stream
surface measured from the first quasi-normal is the meridional coordinate, 1.
The third coordinate is the usual polar angle of a cylindrical coordinate system,
6. Hence, this (6, m1, y) coordinate system is axisymmetric.

Figure 5-1 illustrates this coordinate system for a very simple axial-flow
turbine stage. But the coordinate system is applicable to far more complex
passage geometry, including rather general hub and shroud contour slopes
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FiGure 5-1. Meridional Coordinate System

and curvatures. Figure 5-2 illustrates the quasi-

more general end-wall contour shapes. The quasi-normal is defined by the
(z, r) coordinates on the two end-wall contours. The quasi-normal angle, 4,

oor
is given by
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From figure 5-2 it is easily seen that a normal to the quasi-normal makes an
vangle A with the axial direction. Hence, the local angle between a quasi-normal
and a true stream surface normal is

e=¢-A (5-3)

Although the construction of quasi-normals is fairly arbitrary, it is good practice
to maintain fairly small values of € to minimize numerical inaccuracies in the
solution process. This suggests that € should be about equal in magnitude but
opposite in sign on the two end-wall contours. For the vast majority of cases in
axial-flow turbines, simple radial quasi-normals such as shown in figure 5-1 will
be quite adequate.

Katsanis [58] suggested the use of quasi-normals as a means of simplifying
the through-flow analysis in turbomachines. This basic coordinate system is
particularly well suited to the governing equations developed in chapter 3 for
the (0, m, n) natural coordinate system. It is easily shown that the derivatives
with respect to the normal coordinate, n, can be replaced by

i= 1 i+sina3i
on cose|dy om (5-4)

The numerical analysis is greatly simplified by use of the fixed coordinate y to
avoid the need to compute n as part of the solution procedure.

5.2 The Approximate Normal Equilibrium Model

The flow profiles along quasi-normals are modeled as an adiabatic, inviscid flow
problem. The general form of the governing equations in the natural coordinate
system are developed in chapter 3 as Egs. (3-21), (3-25), (3-29) and (3-30). A
performance analysis is clearly a steady flow problem, so these equations can
be simplified to their time-steady form. If the flow is also assumed to be locally
axisymmetric, a solution in the meridional (constant 6) plane can completely
characterize the flow field. Clearly, the flow is far from axisymmetric within the
blade passages. But it is usually considered to be a reasonable approximation
along quasi-normals, since they always lie outside of the blade passages. This
is the basis of the well-known meridional through-flow analysis that is com-
monly used in the performance analysis of axial-flow turbomachines. It is more
convenient to express conservation of mass in integral form rather than using
Eq. (3-21). This can be expressed as

= ZET rpC, cosedy (5-5)
0

The tangential and normal momentum equations are given by Egs. (3-29) and
(3-30), reduced to their time-steady, axisymmetric form.
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oW, +r’w) _ orC, -0 (5-6)
om om
2
e o2 g WoduWo+r°@) . 9C, 9l .0 (5-7)
ey on " om  on on

K. 1s the stream surface curvature given by Eq. (3-26), i.e.,

__99 (5-8)

om

m

Conservation of energy follows directly from Eq. (3-26), reduced to its time-
steady, axisymmetric form.

o
om

Substitution of Egs. (5-6) and (5-9) into Eq. (3-25) yields

0 (5-9)

I _ (5-10)
om

Egs. (5-6) and (5-10) may seem inappropriate, since it is clear that angular
momentum and entropy do vary along stream surfaces through an axial-flow
turbine. But these equations only state that the meridional gradients of these
parameters are locally zero on quasi-normals. They do not preclude changes
in these parameters between quasi-normals, which certainly do occur when a
blade row lies between them. Substituting Eq. (5-4) into Eq. (5-7) and simplify-
ing the result using Egs. (5-6), (5-9) and (5-10) yields the normal equilibrium
equation in the (0, m, y) coordinate system.

G, %ﬂLKmen cose-C,, sineacm +%—arc" =Q—Té (-11)
dy om r dy oy dy

It is often useful to express this equation in terms of the relative flow angle, o,
rather than W,. Noting that W, = C,, cot o, yields

C, 9y +k,C> cose—C, sin sa&
ay om
L Cucot o’ I(rC, cota/ ~r’w) _al _ 79 (5-12)
r dy dy Oy
After some tedious algebra and trigonometric substitutions, Eq. (5-12) can be

simplified to
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Cc, oC, 5 oC C2 cota’ d(rcot )
n_—— 4k C cose—C, sine—* ”’
sina’ dy am r oy (5-13)
+2C, wcota’cosA = g —T§
dy 9y

The third term in Egs. (5-11) through (5-13) is not well suited to a numerical
solution. When blade rows lie between quasi-normals, a numerical estimate
of the meridional gradient of C,, is of questionable validity. Novak [24, 59]
removed this uncertainty using the differential form of the continuity equa-
tion as given in Eq. (3-21). For axisymmetric, time-steady flow, this equation
reduces to

9PC) Ly rpc. =0 (5-14)
om

Combining Egs. (3-27) and (5-14) and expanding the result yields

La&_’_la_p_'_w*_aﬁ:o (5-15)
C,om pom r on

Eq. (5-10) shows that entropy is locally conserved along stream surfaces. Hence
Eq. (2-26) can be used to expand the meridional gradient of density to yield

1op 10Pfdp) __1 oP (5-16)
pom pom|dP ) pa om
Combining Eq. (5-16) with the tirne-steady, axisymmetric form of Eq. (3-22)
yields
1op _1[Gsing . dC, (5-17)
pom a’ r " om

Combining Egs. (5-15) and (5-17) yields

Cl aac (1-M3) =~(1+ M) 228 gz (5-18)
where
M, =C,la (5-19)
M,=C,/a (5-20)
Substituting Egs. (5-4) and (5-8) into Eq. (5-18) yields
LGy M2)=—(1+ M )Smd’—iai’—x tane (5-21)

C om Cos€ dy
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Eq. (5-21) provides an expression for the meridional gradient of C,, in Egs. (5-11)
through (5-13) that is independent of the solution on other quasi-normals. Some
precaution is necessary to avoid a singularity for M,, = 1. This writer imposes
the following constraint when solving Eq. (5-21).

1- M2 20.1 (5-22)

The approximate normal equilibrium model achieves its advantage over the
full normal equilibrium model by decoupling the solution on a quasi-normal
from the flow field on all downstream quasi-normals. This permits a simple
marching numerical solution such that the solution is completed on each quasi-
normal before starting solution of the next one. That eliminates the major itera-
tion loop that is the primary source of convergence problems and consumes
most of the computer time required for the full normal equilibrium model.
Review of Egs. (5-11) and (5-13), supplemented by Eq. (5-21) shows that ¢ and
K. are the only terms that can depend on the downstream flow field. Both of
these parameters can be calculated for the hub and shroud end-wall contours,
since they do not depend on the flow field analysis. The approximate normal
equilibrium model assumes that ¢ and «,, vary linearly along the quasi-normal
between the known values at the end-walls. Aungier [2] demonstrated that this
approximation results in no significant loss of accuracy for typical axial-flow
compressor performance analyses.

Axial-flow turbine performance analysis requires a little more care to allow
for the possibility of discontinuous changes in the end-wall contour coordinates
and slopes along the end-wall contours. This is not uncommon for industri-
al turbines and can lead to very inaccurate numerical estimates of ¢ and ..
Figure 5-3 shows a simple example, where both the hub and shroud end-wall
contours are discontinuous between the third and fourth quasi-normals. At
least two quasi-normals should be used between blade rows as illustrated in

FiGure 5-3. End-Wall Contour Discontinuities
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figure 5-3 to better define the geometry for the critical stations at the inlet and
discharge of the blade rows. Provision should be made to permit the user of the
analysis to flag points either just before or just after a contour or contour slope
discontinuity. Then the numerical approximations for the derivatives in Egs.
(5-2) and (5-8) can be restricted to be based on points on only one side of the
discontinuity. In this simple example, the derivatives at the third quasi-normal
would be based on upstream points only. Similarly, only downstream points
would be used to calculate the derivatives at the fourth quasi-normal.

5.3 Inviscid Adiabatic Flow on a Quasi-Normal

Egs. (5-11) and (5-13) are the two forms of the normal equilibrium equation
to be solved along a quasi-normal. Eq. (5-13) is the appropriate form for the
quasi-normals immediately downstream of a blade row where the relative flow
angle is known from the empirical models described in chapter 4. For other
quasi-normals, Cy and Wy are known from conservation of angular momentum.
Either form may be used at the first quasi-normal, depending on the type of
inlet flow profile specification provided. The normal equilibrium equation can
be expressed as

ac, ) i
W =f(»C, +£,()+ ﬂc_y (5-23)
When Cp and W; are known, the functions in Eq. (5-23) are
ing dC
f,(») =, cose+ o (5-24)
(=0 (5-25)
ol os W, d(rC,)
f=2-r® Fe ) -
3 9y » r oy (5-26)
When o’ is known, the functions are
Lo, to/ 0 to’ ine dC
f,(y)=sin’ o |:—Km cos€— coroc (rcac; o) + s;ne an: } (5-27)
f,(¥) =—2wcosasinoccos A (5-28)
. 5 | oI )
fi(y)=sin’ & [5 - Tgs] (5-29)
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Numerical integration of Eq. (5-23) is straightforward since f;, f> and f are func-
tions of y only. However, this equation will become singular if C,, = 0. Aungier
[1, 2] avoids that problem by using conservation of mass in a stream tube in the
form

Arii=pC,AA (5-30)
The stream tube area term is given by

AA= 2xrcos eAy (5-31)

Typically, all stream tubes are assumed to contain equal mass flows, although
alternate definitions can certainly be used. Now introduce the function, f4, given

by

- AA
0= LM+ A0S (532)

Then, Eq. (5-23) can be written as

%%(y)cm () (533)

The solution of this linear differential equation can be found in almost any text-
book on differential equations as

€, (5)=C, (OF () + FG) ’;((y)’ (5-34)

where the function F(y) is given by

F<y>=exp[fﬂ(y>dy] (535)

The meridional velocity on the hub contour, C,,(0), is the constant of integra-
tion for Eq. (5-33). The constant of integration does not have to be specified
on the hub contour. Indeed, that is not a particularly good choice, since the
most extreme variation in operating conditions almost always occurs at that
location. A more reliable numerical analysis is obtained by choosing a differ-
ent reference stream surface for specifying the constant of integration, e.g., the
mean stream surface. Designating conditions on the reference stream surface
by the subscript, ¢, C,.(0) can be directly related to the alternate constant of
integration, C,,. = C,.(y.), through Eq. (5-34).
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€0 =C, IF(3)- | ’;((y)) (5-36)

In most cases C,. can be determined from conservation of mass through Eq.
(5-5). Egs. (5-33) and (5-5) are solved in an iterative numerical scheme, succes-
sively improving the estimate of C,,. until mass is conserved and the normal
momentum equation is satisfied. This requires calculation of thermodynamic
properties such as p and a, using an appropriate equation of state from chapter
2. At any point, the relative total enthalpy is given by Eq. (3-13), i.e.,

' =1+2(0) (5-37)
The local static enthalpy is given by

he H’—%Wz (5-38)

Then static thermodynamic conditions are computed from relative total ther-
modynamic conditions for the change in enthalpy, (% — H’), while holding en-
tropy constant.

Figure 5-4 shows the mass flow predicted by Eq. (5-5) as a function of C,.
from an analysis of a typical nozzle blade row. Mass flow increases with C,.,
passes through a maximum and then starts to decrease. The maximum mass
flow that can pass through the annulus for the specified inlet total thermody-
namic conditions and swirl velocity or flow angle is referred to as the choked

1.2 T T T T

1.0 —]

0.8 1

Mass Flow / Choked Mass Flow

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Cyne/ Choked Gy

FIGURE 5-4. Mass Flow Variation with C,,
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flow. For a mean-line analysis, this can be directly associated to the sonic flow
condition at the blade row throat or with the sonic value of C,, in the case of
flow in an annular passage with no blades. In the context of the present hub-to-
shroud analysis, a more general choked flow condition is required. It is neces-
sary to identify the maximum mass flow predicted by Eq. (5-5) as a function of
Che, 1.€.,

I _, (5-39)
o,

It is essential that numerical analysis be able to recognize choked flow in the
general context of Eq. (5-39). One way to identify choke is to compare mass flow
rates calculated from Eq. (5-5) for two different values of C,.. If the calculated
mass flow and C,,,. vary in opposite directions, the higher value of C,. is beyond
the choke limit. An iteration scheme can be used to converge on the actual chok-
ing value of C,... Once the choke limit is reached, Eq. (5-5) ceases to be usable
to compute the constant of integration. For a compressor performance analysis
such as Aungier [2], that is not a problem since the choke limit is also the limit
of the compressor’s useful operation. But turbines must often operate with one
or more blade rows choked to achieve the discharge static pressure imposed on
the turbine. When the flow is choked at a quasi-normal, it is more convenient
to seek convergence on static pressure, P, rather than C,,.. The selection of the
appropriate value of P. is discussed later in this chapter. With an appropriate
equation of state from chapter 2, the local entropy, s., and P., can be used to
calculate the static enthalpy, /.. From Egs. (5-37) and (5-38) the corresponding
constant of integration is given by

C,. =+2[H —h]sina, (5-40)

This permits an iterative solution to converge on the desired value of P.. The
solution must also yield the mass flow equal to the choked flow. In principle, the
supersonic deviation-angle correlation of chapter 4 attempts to accomplish that.
But in practice a solution for P, less than the choked value will also result in dif-
ferent blade row loss coefficients. It may also yield subsonic relative Mach num-
bers over a significant portion of the annulus height. Hence, a minor adjustment
to all relative flow angles is usually required to obtain the correct mass flow.

5.4 Linking Quasi-Normals

Prediction of the flow profiles with the normal equilibrium equations requires
known total thermodynamic conditions and tangential velocity or flow angle
profiles on the quasi-normal. It also requires known stream surface coordinates,
slopes and curvatures. None of these are actually known in advance, since they
all depend on the flow profiles to be predicted. Hence, an iterative solution tech-
nique is necessary to progressively improve the estimates of the unknowns until
a self-consistent solution is achieved. This section describes techniques needed
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to link successive quasi-normals together so that this iterative flow analysis can
be conducted on all quasi-normals.

To start the process, boundary conditions are needed for the first quasi-
normal. The usual process is to supply specifications of the distributions of the
inlet flow angle or absolute tangential velocity and inlet total thermodynamic
conditions (e.g., P; and T;) along the first quasi-normal. Values of these param-
eters on the stream surfaces of the first quasi-normal are determined by inter-
polation from these profile specifications. Then the procedures of the previous
section can be used to compute the inlet flow profiles.

For all quasi-normals after the first one, the process required is to link the
quasi-normal being analyzed to the upstream quasi-normal, where all flow data
are known. Subscript 1 will be used to designate known data on the upstream
quasi-normal, and subscript 2 will be used to designate conditions on the quasi-
normal being analyzed, where both apply to the same stream surface. The sim-
plest case is successive quasi-normals in a simple annular passage with no blade
row between them. In this case, Egs. (5-6), (5-9) and (5-10) provide the linking
relations, i.e.,

(rC,), =(rC,), (5-41)
I,=H,-0(C,),=1,=H, - o(C,), (5-42)
5, =S (5-43)

From Egs. (5-41) and (5-42), it is seen that H, = H, is the true linking condition
implied by Eq. (5-42). Hence, all data needed are known for the quasi-normal
flow analysis using the current stream surface pattern.

When a blade row lies between the two quasi-normals, the empirical models
of chapter 4 are used to estimate the influence of the blade row. The process will
be described in the rotating frame of reference, recognizing that it is applied to a
stationary blade by simply setting @ = 0. The empirical models of chapter 4 sup-
ply the blade row total pressure loss coefficient and discharge relative flow angle.
But the empirical models require knowledge of the discharge meridional velocity,
which is not yet known. Hence, blade row performance estimates must be contin-
ually improved as part of the iterative solution procedure. Typically the process
is started by assuming that C,,, = C,; on all stream surfaces. The inlet relative
conditions are computed from the known upstream absolute flow conditions.

I =H, - 0@Cy), (5-44)

Wy =G — 10 (5-45)

W, =C,, + W, (5-46)
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H =h+ 1w
1 =mrs W (5-47)
Other relative total conditions (e.g., P% and T%;) can be computed from the equa-

tion of state and the known values of entropy and relative total enthalpy. At the
discharge station, conservation of rothalpy requires

L=1 (5-48)

, 1
H,=1I,+ E(rzw)z (5-49)

Discharge velocity and static enthalpy are computed from the predicted dis-
charge relative flow angle and the current estimate of C,,,.

W,=C,,/sind (5-50)
’ 1 2
h,=H; _EWZ (5-51)

The ideal (no loss) discharge relative total pressure, P4, is computed from the
equation of state, using the known discharge relative total enthalpy and the inlet
entropy. Other discharge static thermodynamic conditions are obtained from
the equation of state and the current estimate of the discharge entropy. Then
the actual discharge relative total pressure is computed from the total pressure
loss coefficient.

P, =[P, +YP]/M1+Y] (5-52)

The empirical models of chapter 4 for Y and «; are dependent on the discharge
flow conditions. Hence, the presence of an upstream blade row requires use of
an iterative procedure to achieve convergence on the blade row performance
data and discharge flow conditions.

5.5 The Flow Profiles on a Quasi-Normal

After linking the solution to the upstream quasi-normal, the normal equilib-
rium equation can be solved to update the C,, distribution on the quasi-normal.
Egs. (5-50) and (5-51), the current entropy distribution and the equation of state
can be used to update the discharge static conditions. Then Eq. (5-5) is solved
to calculate the current mass flow on the quasi-normal. Use of the approximate
normal equilibrium model allows the stream sheet pattern to be updated as
part of the iterative solution on a quasi-normal. The new flow profile will gen-
erally not be consistent with the stream surface geometry used to predict it.
The variation of mass flow along any quasi-normal can be easily determined in
functional form using a modified form of Eq. (5-5).
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m(y) = ZEerCm cosedy (5-53)
0

The interior stream surfaces must be repositioned to yield the correct fraction
of the mass flow calculated for the shroud stream surface using Eq. (5-53). The
actual mass flow is not used so as to avoid any influence from numerical errors
in conservation of mass. This numerical calculation is governed by a specified
convergence tolerance but will not yield an exact result. The correct locations of
the interior stream surfaces for the computed flow field can be obtained by in-
terpolation from this function to yield the values of y that correspond to the cor-
rect fraction of the mass flow function at y,. These computed values of y yield the
stream surface coordinates (z, 7) for all stream surfaces on all quasi-normals.

‘W=z, +(z,-z) =)/, - ) (5-54)

r(y) =1+ —1)y=y)/(y, =) (5-55)

Then the estimated values of ¢ and k,, are updated by interpolation. This is a
major simplification provided by the approximate normal equilibrium model.
If the full normal equilibrium equation were used, the flow field throughout
the turbine must be determined before stream surface slopes and curvatures
are updated. This adds a major outer iteration loop that requires very sophis-
ticated numerical damping procedures, substantially increases the computer
time required and is the most common source of convergence failures. Aungier
[2] shows that this more complicated approach provides virtually no benefit in
terms of performance prediction accuracy.

Next C,. is updated to converge on the assigned mass flow or the assigned P..
The entire quasi-normal profile analysis is repeated until converged. In the as-
signed mass flow case this iteration process may also terminate with the conclu-
sion that the flow is choked at the quasi-normal and provide the choked mass
flow. When this iteration is completed, the absolute discharge flow parameters
along the quasi-normal can be computed from

Cy, =W, +r,0=C,, cotc, + 1,0 (5-56)
H,=1,+0(rC,), (5-57)

G = \/Cyznz + ng (5-58)

The assigned mass flow case is by far the more complicated numerical prob-
lem. The objective is to converge on the assigned mass flow or to establish the
choking mass flow. In the absence of an upstream blade row, this flow profile
iteration procedure is quite straightforward. But the solution at a blade row
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discharge presents a rather complex numerical problem. This solution is always
required and usually must be performed many times at each blade row exit
station. Convergence on the choked flow condition is a particularly challenging
convergence problem. Figure 5-5 shows a basic flow chart for an iteration pro-
cedure that has been found to be effective for this purpose. The basic problem is
to find a value of C,.. on the mean stream surface that yields the specified mass
flow rate or to establish the mass flow at which the quasi-normal is choked.
In principle, Eq. (5-39) provides the choke criterion. In practice, that criterion
can result in severe numerical instability problems. The basic problem is that
there are a number of imbedded solution procedures that are very nonlinear
and are governed by convergence criteria rather than being exact. These include
the blade row performance calculations as well as the normal equilibrium and
mass balance calculations. Under these conditions, estimates of the derivative
in Eq. (5-39) can be quite erratic in the vicinity of choke. Results on successive
iterations may contradict each other due to numerical errors, making it almost
impossible to establish a reliable numerical method to converge on the funda-
mental choke criterion. This situation is really somewhat academic but very
troublesome relative to convergence on the choke condition. If the flow is not
choked, the solution procedure converges to the specified mass flow quite rap-
idly. What is needed is a more stable choke criterion to be used when a possible
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choke is indicated. An effective criterion has been found to be local blade pas-
sage choke at the mean stream surface. From the performance models of chap-
ter 4, the corresponding value of C,,. is

C,.=W,o0ls (5-59)

For any predicted discharge flow profile, mass flow that can pass through the blade
row cannot exceed the sum of the individual stream sheet choked mass flows. If b
is the stream sheet thickness and N is the number of blades in the blade row, the
performance models of chapter 4 yield a maximum possible mass flow of

i, =N (pW).bo!s (5-60)

It can be seen from figure 5-5 that the criterion of Eq. (5-59) is employed when
the specified mass flow exceeds this maximum. Although this criterion is not
rigorous, it can be seen from figure 5-4 that the variation of mass flow with C,,..
in the vicinity of choke is very small, so the error in the estimate of the choked
mass flow should be negligible. That is the only useful output from this iteration
procedure in the case of a choked blade row. A few comments may be helpful in
understanding the flow chart of figure 5-5.

¢ The parameter C,,, is initialized to zero. If successive estimates show mass
flow and C,,. varying in opposite directions, C,, is set to the higher of the
two values of C,,.. That value is known to be beyond the choke limit per
Eg. (5-39). When C,.. > 0, choke is probable and the alternate choke crite-
rion of Eq. (5-59) is used.

¢ Values of mass flow and C,. from the previous iteration (initialized to
zero) are saved. If there is no danger of a singularity, they are used to gen-
erate the next estimate of C,,. by linear extrapolation. Otherwise, the C,,.
correction is a simple ratio of the specified-to-calculated mass flow.

¢ When the calculated mass flow is within 5% of the maximum mass flow
of Eq. (5-60), the simple ratio corrections to C,,. result in extremely slow
convergence, as can be anticipated from figure 5-4. Hence, the correction
is doubled in those cases.

In the case where there is no blade row immediately upstream of the quasi-
normal, the flow chart of figure 5-5 can also be applied with a few simplifica-
tions. In that case, the blade row performance calculation is not required. The
maximum possible mass flow at the quasi-normal can be estimated from the an-
nular passage choke condition that C, is equal to the local speed of sound, i.e.,

i, =212 (pba) (5-61)

Although annular passage choke is rare, it is necessary to consider that possibility.
The only choke logic required for this case is to require the mass flow not exceed
this maximum value. Hence, the logic to update C,. is greatly simplified.
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FiGURE 5-6. Assigned P Iteration Flow Chart

Figure 5-6 shows a flow chart for the simpler case where convergence on an
assigned P. is the objective. This case occurs only when the flow is choked at the
quasi-normal. A previous solution with the assigned mass flow logic will have
determined the mass flow and the value of C,,. that produced it. That value of
Con is used for the first iteration. The calculated static pressure at v, is compared
to the assigned P, and C,,,. is updated using Eq. (5-40) until the process converg-
es. When convergence is achieved, a final update of the relative flow angles is
required to match the known choked mass flow. The supersonic deviation angle
correlation of chapter 4 attempts to accomplish this, but a small additional cor-
rection is usually required. It is also prudent to impose the annular passage
choke limit in the final correction. This is unlikely to ever be encountered, but it
certainly is not impossible.

When a blade row lies upstream of the quasi-normal, a final update to
the discharge flow profile is generally required. At this point, the discharge
flow analysis has accounted for the blade row fluid turning and total pres-
sure loss, but it has not accounted for the leakage flows or parasitic loss
contributions outlined in chapter 4. Parasitic losses contribute an increase
in total enthalpy, AH. Seal leakage and balance hole leakage may contrib-
ute an increase in mass flow relative to the blade row discharge solution.
The leakage flows also will contribute a change in angular momentum.
Leakage flow can be expected to have an absolute tangential velocity equal
to about half of the rotation speed, ro, of the rotating wall at the seal radius
for seal leakage or at the hub contour radius for balance hole leakage. Note
that any change in total enthalpy due to rotor bypass leakage was included
in AH as outlined in chapter 4. The blade row discharge flow is corrected for
any seal leakage by

1L =11, + 1, + Wiy (5-62)

sea
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The total enthalpy and angular momentum are corrected on all stream
surfaces by

H=H,+AH (5-63)

CG = I:ri/erZC‘(?Z + (msealrseal + mBHrhub)w/ 2] /(r2m) (5'64)

Then the final discharge flow profile is computed from conservation of mass
and the normal equilibrium equation, with Cs and H treated as the known pa-
rameters in Eq. (5-23). This final update also requires an iterative solution simi-
lar to the blade row discharge solution, but it converges rapidly and presents no
numerical difficulties. There is a remote possibility of an annular passage choke
that needs to be considered in the iteration procedure, but this writer has never
actually encountered one in this final flow profile update. Eq. (5-39) provides
a criterion to check for choked flow that is valid for an annular passage choke
also.

5.6 Turbine Performance Analysis

The numerical procedures described for the quasi-normal flow profile analy-
sis may be applied in a variety of ways when analyzing the performance of an
axial-flow turbine. A performance analysis for an assigned turbine mass flow
has a limited range of application. Basically it is limited to turbine discharge
pressures greater or equal to the value that results in choke at one quasi-
normal. Since the turbine may be operated with discharge pressures lower than
this value, the analysis must also be capable of operating with an assigned dis-
charge static pressure or assigned total-to-static pressure ratio. As the turbine
discharge pressure is reduced, the turbine will reach its choke limit where the
flow is choked at some blade row in the turbine. With further reduction of the
discharge pressure, the turbine may also choke at other blade rows. Hence, an
effective turbine performance analysis must be capable of analyzing the flow
through a turbine with several blade rows operating in choke.

This is undoubtedly the most formidable numerical analysis problem
encountered in turbomachinery performance analysis. Indeed, that is the main
reason why most multistage turbine performance analyses are one-dimensional
or mean-line methods. More general hub-to-shroud through-flow meth-
ods have been formulated and used effectively. One approach is to employ a
Newton-Raphson iteration technique to progressively improve estimates of P.
on all quasi-normals while matching the assigned discharge pressure and re-
quiring that the mass flows match on all quasi-normals throughout the tur-
bine. This results in a large number of correction equations that are solved by
a matrix method. Numerical stability is a major issue, particularly for a large
number of stages or when attempting to handle the various leakage flows that
are commonly encountered in axial-flow turbines. Perera [60, 61] succeeded in
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establishing an effective performance analysis using this approach. His analysis
has been used extensively for many years with considerable success. Its substan-
tial computer running time and reduced reliability for a large number of stages
tend to limit its use on multistage turbine problems. But its major limitation is the
occasional numerical failures encountered. Like most matrix methods, the
cause of the numerical failure is usually unknown and the average user has no
hope of resolving the problem. Indeed, even a user highly skilled in the specific
numerical analysis and computer code may be unable to resolve the problem
without a substantial software upgrade effort.

The approximate normal equilibrium model used here allows a more prag-
matic approach that virtually eliminates the weaknesses of the more elegant
matrix methods. Indeed, this model offers most of the simplifications enjoyed
by mean-line methods while still providing the improved accuracy of a hub-to-
shroud method. Since the flow analysis on a quasi-normal is basically indepen-
dent of downstream profiles, a simple marching type solution is possible. To be
sure, an iterative process will be needed to match an assigned discharge pres-
sure, but that is a fairly trivial numerical problem.

Figure 5-7 shows a flow chart of an analysis using the approximate normal
equilibrium model. The purpose is to complete an analysis for quasi-normal
numbers I; through L. This allows for the case where all quasi-normals up-
stream of I; have already been analyzed and the analysis is to stop at quasi-
normal L. The approximate normal equilibrium model allows this segmented
analysis so long as all upstream quasi-normals have been analyzed. This allows
an efficient modularized analysis structure where the module of figure 5-7 can
be invoked whenever needed. The module proceeds through the quasi-normals
in sequence using the flow profile analysis methods previously described in
this chapter. The analysis can be accomplished for either assigned mass flow
or assigned P.. The latter option will be used only if the specific quasi-normal
is choked. At each quasi-normal, a check is made to see if the flow exceeds the
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Flow Analysis For
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FiGuRre 5-7. Flow Chart of the Basic Analysis
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FiGURE 5-8. Flow Chart of the Choked Flow Iteration

maximum mass flow (i.e., the estimated choked mass flow). This check is omit-
ted for the assigned P. option, since the flow is already choked for that case and
the choked mass flow is being used. Choked flow causes an exit from the module
after defining which quasi-normal choked and its estimated maximum (choked)
mass flow. Otherwise, a normal exit is made after all desired quasi-normals
have been successfully analyzed.

When the flow chart of figure 5-7 exits due to choked flow, the choked mass
flow for the turbine must be determined. Figure 5-8 shows a flow chart for that
iteration process. I; and I, are set to treat all Noy quasi-normals for the turbine.
The mass flow that failed is known to be greater than choked mass flow and
is saved. A mass flow known to be less than the choked value is initialized to
zero. The iteration procedure systematically reduces the range between those
limits until a successful mass flow is achieved that is within an acceptable tol-
erance of a choked value. That successful mass flow is the desired choked flow
limit. The estimated maximum mass flow of figures 5-5 and 5-7 is also used to
accelerate convergence. If the performance analysis is being conducted for an
assigned mass flow, the final result from figure 5-8 completes the problem with
this choked solution. But if the analysis is conducted for an assigned discharge
pressure, Py, it is compared to the calculated discharge pressure, P, to deter-
mine whether the turbine is actually choked for the specified pressure. If it is not
choked, the calculated choked mass flow is saved so it can be used as an upper
limit on mass flow for additional iterations to converge on Py;. In either case,
there is never any reason to repeat this choked flow iteration procedure.

The analysis for an assigned discharge pressure requires identifying the mass
flow that yields the specified discharge pressure. This requires an initial guess
for the mass flow followed by an iterative process to improve that estimate until
convergence is achieved. A safe initial guess is far more important than an accu-
rate initial guess. A poor initial guess can result in immediate numerical failure
before the process even gets started. A good staring point is to estimate the flow
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coefficient at the exit of the first blade row, which is normally just upstream of
the first rotor row. Typical values of flow coefficients for the first rotor are about
0.4 for operation near optimum efficiency. Hence, the following estimate for C,,
at this location is used.

C, =0.4r0 (5-65)

The flow coefficient is evaluated at the hub radius to be conservative. It is also
wise to limit this estimate by

0.1<C, /a,<0.5 (5-66)

where a; is the inlet total sound speed. The initial guess for the mass flow is
calculated using this estimated C,,, the inlet total density and the local annulus
area. For generality, the lower limit in Eq. (5-66) is used if the rotation speed is
zero or if no blade row is present. This is an unlikely case, but it could occur if
the analysis is used for evaluating an inlet passage or the first nozzle row only.
Figure 5-9 shows a flow chart of the module this writer uses when the
discharge pressure is specified. It provides a complete analysis when the as-
signed discharge pressure is not less than the value that chokes the turbine. For
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lower discharge pressures, this module starts the process until it is clear that the
assigned discharge pressure is lower than the choked value. In that case, this
flow chart just shows an exit to another module to be discussed subsequently in
this chapter. The iterative process is based on using results for two successive
mass flow estimates. It starts with the known result that a discharge pressure
equal to the inlet total pressure will have a mass flow of zero. The analysis uses
a minimum mass flow that is known to produce a pressure higher than the
specified value, which is initialized to the same known result. The analysis also
uses a maximum mass flow that yields a pressure less than the specified value
is used. This is initialized to zero and is not used until some iteration produc-
es an appropriate value. The general procedure for improving the estimate for
mass flow is a simple two-point extrapolation modified by a damping factor, F.
This reduces the magnitude of the correction based on the overall turbine pres-
sure ratio. This is necessary for reliable convergence, particularly on multistage
turbines where the pressure ratio can be quite large. There are two alternate
correction procedures to avoid singularities or to handle situations that can
not produce a valid update with the basic correction procedure. If the iteration
procedure produces an indicated choke condition, control passes to the module of
figure 5-8 to determine the choked mass flow. If this indicates that the turbine
is not choked, it sets the maximum mass flow for the module of figure 5-9, so
that the choked flow calculation will not occur more than once. If the turbine
is choked, control exits from this module with the choked mass flow solution to
continue using logic discussed subsequently in this chapter.

The flow charts of figures 5-7 through 5-9 are sufficient to handle all cases
where mass flow is assigned and all cases where the assigned discharge pres-
sure does not choke the turbine. When the turbine is choked, the turbine mass
flow no longer changes with discharge pressure. To achieve the assigned dis-
charge pressure, a supersonic expansion at the exit to the choked blade row is
required. It is possible that this will force one or more downstream blade rows
into choke also, which may require several supersonic expansions before the
desired discharge pressure is produced. Use of the approximate normal equi-
librium model provides an immediate simplification. The choked flow solution
of figure 5-8 provides a complete solution for all quasi-normals upstream of
the choked quasi-normal. Hence, I, of figure 5-7 can be set to the choked quasi-
normal number as the starting point for subsequent iterations. The solution at
the choked quasi-normal will employ the assigned P. logic of figure 5-6. Down-
stream quasi-normals will use the assigned mass flow logic of figure 5-5. The
mass flow will be constant except as modified by leakage flows or mass flows
specifically inserted or extracted from the turbine. Hence, the solution can be
continued using the modules that are flow-charted in figures 5-6 and 5-7.

Figure 5-10 shows a flow chart of a module to treat this supersonic expansion
calculation. This is a generalized procedure capable of handling any choked
blade row, in case more than one blade row is choked. The logic of figure 5-8
defines the turbine’s primary choke location precisely. If the logic of figure 5-7
indicates another choke, it is not certain that it is a real choke. Further analysis
may show that the secondary choke indication is simply due to a poor estimate
of the expansion pressure for the choked blade row being treated. It may also
show that the secondary choke occurs in a blade row further downstream
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than the one first indicated. The latter issue means that it is possible that the
choked quasi-normal being treated by the logic of figure 5-10 may not actu-
ally be choked. The approach taken is to impose a pressure drop, AP, on the
reference stream-surface pressure, Py, which precisely causes the blade row
to choke. Since it is not certain that the blade row is choked, the procedure
must allow for negative values of AP. I; is set to the choked quasi-normal as the
starting point for the logic of figure 5-7. The pressure is extracted from the
choked solution, which will be available when starting this procedure. Initial
values are supplied to maximum and minimum limits for AP. These are ex-
treme values that clearly can not be exceeded, including the possibility of nega-
tive values. Initially, AP is set to zero, which corresponds to the resident solution
when this module is entered. Hence, the first iteration can bypass the logic of
figure 5-7. On subsequent iterations, station I; is treated with the assigned P.
logic. Other downstream quasi-normals are treated with the assigned mass flow
option, using the known choked mass flow. The maximum and minimum limits
for AP can be updated based on a comparison of the calculated and specified
values of the turbine discharge pressure. A new estimate is made for AP for the
next iteration, using a damped correction procedure that has been found to be
quite effective for this purpose. If no downstream choke is encountered, the
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logic of figure 5-10 completes the performance analysis by converging on the
specified turbine discharge pressure.

However, the logic of figure 5-7 may return an indication of a downstream
choke at quasi-normal number ... If that occurs, it is necessary to check for a
false choke indication on station I;. If this is not the primary choke and AP is
negative, this station is not actually choked. In other words, choke occurs at a
downstream blade row before it occurs in this one. In that case, [; is reset to
the upstream quasi-normal were choke was previously located. The procedure
then exits to determine if the downstream quasi-normal is actually choked. That
process will be referred to as a choke clearing operation. Figure 5-11 shows a
flow chart of that process. The purpose is to determine the value of AP at quasi-
normal [; that results in choke at the downstream quasi-normal. The down-
stream quasi-normal number is saved as K. On entry, the resident value of AP
choked quasi-normal K, which provides an initial value for the upper limit, AP,
It is also know that AP = 0 did not choke quasi-normal K, which is an initial
value for the lower limit, AP, If quasi-normal K is actually choked, the value
of AP that at the onset of choke is between these limits. A very simple iteration
procedure is used to systematically reduce the range between these limits to
converge on this value of AP. If the analysis of figure 5-7 results in choke, AP,
is reset to the current AP. If the choke occurred at quasi-normal K, the itera-
tion procedure continues. If the choke occurred downstream of K, that station
chokes before quasi-normal K, so K is reset before continuing the iteration pro-
cedure. If no choke is encountered, AP, is reset to AP and the iteration procedure
continues. When convergence is achieved, the current value of AP is essentially
the value at the onset of choke in quasi-normal K, but a complete solution for
the turbine has been generated. If the resulting value of the discharge pressure
exceeds the specified value, then quasi-normal K is choked and the solution for all
quasi-normals upstream of it is complete. I; is reset to K and control returns to
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the module of figure 5-10 to continue the iteration for the specified discharge
pressure. Otherwise, quasi-normal K is not choked and a new upper limit,
APy, is defined before returning to the discharge pressure iteration procedure of
figure 5-10. The logic of figures 5-10 and 5-11 provides the capability to converge
on the specified discharge pressure even when several blade rows are choked.

The flow charts in figures 5-5 through 5-11 provide a very systematic procedure
for the performance analysis of axial-flow turbines. In principle, the various
alternatives that may occur have been considered to provide rapid and reliable
convergence. In practice, there are some subtle reliability issues that need to be
considered. There are a very large number of iterative procedures involved in this
process. These procedures all are subject to conver-gence tolerances such that none
of them provide exact results. The cumulative effect of the many approximate
solutionsinvolved can produce unexpected and unpredictable numerical problems.
These will vary depending on how the various iterative procedures are nested,
what convergence tolerances are imposed and how those tolerances interact.
The development of a performance analysis following the process described in
this chapter is likely to require addressing some additional numerical reliability
issues that will be very dependent on the precise way the process is implemented.
Most of these issues are related to the process of identifying choke conditions.
The blade row analysis seeks to determine the value of C,,. that corresponds to
choke. Otherwise acceptable numerical errors can cause a false indication of a
negative slope on the mass flow curve of figure 5-4. This is not very significant
in an absolute sense, since figure 5-4 shows that mass flow is very insensitive
to variations in C,. around the choke condition. If the analysis is configured
to recognize these situations, some very annoying convergence failures can be
avoided. Some of the reliability issues to be expected are listed below, along with
general approaches that can be used in resolving them.

¢ Under appropriate conditions, annulus choking may preclude carrying
out the choked blade row logic outlined in this chapter. An obvious ex-
ample can be cited for the last blade row in the turbine. For a sufficiently
low specified turbine discharge pressure, an annulus choke after the last
blade row will preclude matching that pressure. This can also occur for
other blade rows, although that is less common. Annulus choking should
always be recognized as a possibility. It is much better to terminate the
solution with an annulus choke message than to encounter unexplained
convergence failures.

¢ Many of the iterative procedures outlined in this chapter rely on calculat-
ing specific limits to an acceptable range of values. It is always possible to
have interaction of numerical errors in the various nested iteration pro-
cedures that produce false values of these limits. When this happens, the
range of acceptable values will approach zero. This will require working
off of one of the limits in small steps (e.g., the local convergence tolerance)
while ignoring the other limit. It is usually obvious which limit should be
used and which one should be ignored. For example, when iterating on a
choke condition, maintain the choke limit to the range and back off from
it in small steps until an unchoked solution is obtained.

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Aerodynamic Performance Analysis of Axial-Flow Turbines ¢ 119

¢ The logic for imposing an expansion pressure shown in figure 5-10 should
always allow for the possibility of a negative AP. This is an effective way to
address the minor uncertainties with regard to the choke estimates. Since
the choked mass flow estimate will be quite accurate, simply allowing AP
to be negative will provide an acceptable approximation in those cases.

¢ When the discharge pressure is assigned and the choke logic of figure 5-8
indicates the flow is not choked, the upper mass flow limit is reset to pre-
vent encountering a second indication of choke. Again, numerical errors
can compromise this step when the turbine is operating very close to its
choke limit. This situation can be recognized by a repeat of the figure 5-8
logic and a second conclusion that the turbine is not choked. In this case,
define the last quasi-normal of the turbine as choked and complete the
solution. Since AP is allowed to be negative in the logic of figure 5-10, this
will properly complete the analysis.

¢ Under appropriate conditions, shroud seal or diaphragm shaft seal leak-
age across a blade row may be reversed to flow from the discharge to
the inlet. That produces a very unstable influence on the blade row per-
formance calculations. Leakage flows in the reverse direction have much
less influence on performance than the normal leakage flows. Indeed,
the numerical instability problems are associated with the leakage flow
changing direction on successive iterations. This writer simply ignores the
leakage effect on the blade row performance if the leakage flow is directed
upstream. It is not considered worthwhile to accept the strong tendency
toward instability considering the limited impact on performance.

¢ When the obvious reliability issues have been addressed, convergence fail-
ures will be very rare, but the possibility of numerical errors causing a
convergence failure cannot be totally eliminated. Often the problem can
be resolved by simply changing the solution’s path to convergence. Some-
times this is as simple as just immediately repeating the same problem.
Similarly, a very slight and insignificant change to the operating condi-
tions analyzed will often produce a stable solution.

The effectiveness of the performance analysis can be greatly enhanced by
including the following features and options.

¢ The iterative solutions outlined in figures 5-8 through 5-11 should sup-
ply a one-line summary on the monitor screen giving the iteration num-
ber, type of iteration and convergence status. It is also useful to provide a
one-line summary of the number of iterations, numerical errors and key
performance data from the most recent performance solution obtained at
each blade-row exit. These can be provided in separate windows such that
either is available to the user. These are extremely valuable while optimiz-
ing the analysis and addressing the numerical reliability issues discussed
previously. They also clarify any problems encountered if a converged so-
lution is not obtained.

¢ Specify a limit for the number of iterations for the analyses of figures 5-8
through 5-11. When one of these limits is exceeded, pause the solution so
the user can review the convergence history to decide whether to continue
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or terminate the performance analysis. The user should have the option
of modifying these limits and the convergence tolerances to be used. The
most recent entries should be stored by the computer to be used for future
runs. User specification of these data should be optional. It is also useful
to provide the user with the option to pause any of the various iterative
solutions after convergence to view the convergence history.

¢ Provision for output files to be viewed on the monitor screen or printed
are major enhancements. Absolute and relative data for all quasi-normals,
blade row performance data, stage performance data, blade force data and
overall turbine performance data are the typical output blocks that will
be needed. It is often preferred to generate these output files during the
analysis rather than store all the data in memory until the overall solution
is completed. Use of the approximate normal equilibrium model makes
this approach quite practical. A review of the procedures used shows that
it is always clear when the solution at a quasi-normal is complete. For
example, once it is known that a quasi-normal is choked, the solution at
all upstream quasi-normals is complete. It is only necessary to repeat the
solution of those quasi-normals, specifying that output is to be supplied.
That is simpler than might be expected. The result from the primary itera-
tion is already known (C,.. and possibly P.), so the solution process at a
quasi-normal becomes rather trivial. Also, output blocks will include data
not needed for the basic analysis, such as efficiencies, blade forces, etc.
Avoiding the need to generate those data during the basic analysis is likely
to more than compensate for the simplified repetition. Another benefit is
that results from all completed quasi-normals will be available for viewing
in the event that the overall analysis does not converge.

¢ A general performance map utility is a very valuable enhancement. The
user should have the option to save results from any performance analysis
conducted for use by the performance map utility. This should include a
caption to identify separate performance characteristics to be mapped.
Provision for the various desired alternative map styles should be includ-
ed. The user should also be able to input specific test data points when
available. The user will also need the option to delete or edit any points in
the map data. Map data can be saved in a separate map file or in the basic
input file for the case being considered. The user should be able to view
the maps on the monitor screen or print them. Development of the basic
map utility does require some effort, but the benefits easily justify that
effort. It can also be developed as a general module to be used for several
applications. This writer uses the same map utility module for centrifugal
compressors, axial-flow compressors, radial-inflow turbines and axial-
flow turbines.

e It is useful to provide for alternate specifications of the operating condi-
tions. Necessary alternatives include mass flow rate and discharge static
pressure or total-to-static pressure ratio. It is useful to specify a conver-
sion for an equivalent mass flow also. Providing the ratio of equivalent
mass flow-to-actual mass flow is recommended since many different defi-
nitions of equivalent mass flow are encountered. When discharge pres-
sure is supplied, the option to enter the mean total-to-static velocity ratio,
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v, is a useful alternative to specifying the rotation speed. It is useful to
specify a conversion for an equivalent speed, which can be handled simi-
lar to the mass flow conversion. This writer’s performance analysis ac-
cepts the equivalence ratios to be entered as zero to default to the true
sonic flow equivalence parameters discussed in chapter 1.

¢ The number of stream surfaces to be considered should be arbitrary. Itis a
good idea to restrict this specification to an odd number so that the mean
stream surface corresponds to 50% of the total mass flow. This provides
the best definitions for C,,. and P.. Options to use the approximate normal
equilibrium model or to simply ignore stream surface curvature effects
should be included.

¢ Provision to include labyrinth seals at the high and low-pressure ends
of the turbine is often useful. This must include the exterior seal pres-
sures and temperatures for computing the seal leakage flows. Provi-
sion to impose an inlet control valve pressure drop and an exhaust-end
total pressure loss coefficient are useful features that permit including
the effects of components not directly modeled by the performance
analysis.

5.7 Typical Performance Analysis Results

The available non-proprietary axial-flow turbine experimental performance
data is extremely limited, but a few examples have appeared in the open litera-
ture. Figures 5-12 and 5-13 show a comparison of predictions and experimental
performance for a turbine stage designed and tested at the Technical University
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FiGure 5-12. Hannover Stage Mass Flow Data
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FiGure 5-13. Hannover Stage Efficiency Data

of Hannover. The design and experimental data were obtained from Hirsch and
Denton [62], but originate from a doctoral dissertation by Groschup [63]. The
stage is basically a free-vortex design for a pitch line reaction of 50%, which re-
sults in a highly twisted rotor blade. The stage was tested using low-pressure air
as the working fluid. Test data are reported for nominally two different equiva-
lent speeds. The equivalence definitions used are summarized in figure 5-12.
The Mach number levels for all operating points are quite modest for this stage.
Hence, it would be expected that the equivalent mass flow verses pressure ratio
characteristics for the two equivalent speeds would be nearly identical, which is
consistent with the predictions. Agreement with experiment is reasonably good,
although the experimental trend with equivalent speed appears to be opposite
to the predictions and greater in magnitude. The predicted and experimental
efficiencies show excellent agreement at the higher equivalent speed, where the
stage operates reasonably close to its optimum conditions. The predicted effi-
ciencies at the lower equivalent speed show a larger deviation from experiment,
particularly at the far off-design point. Overall, the accuracy of the present per-
formance analysis is considered to be quite satisfactory for this turbine stage.
Figures 5-14 and 5-15 show comparisons of predicted and experimental
performance for a turbine stage reported by Lueders [64, 65]. This stage was
designed and tested by the Allison Division of General Motors for the NASA
Lewis Research Center. The intended purpose of this stage was for use as a
base line for subsequent experimental investigations of advanced concepts to in-
crease rotor blade loading (vortex generators, etc.). To this end, the stage design
features very high suction surface diffusion and negative reaction. Performance
data are presented using NASA equivalence format referenced to standard
sea level air conditions. Several equivalent speeds were tested, but the limited
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number of data points and the large data scatter makes it very difficult to iden-
tify meaningful trends with variations in equivalent speed. Hence, compari-
son is made for the design equivalent speed only. The mass flow comparison
in figure 5-14 was complicated by the need to rework the nozzle blades dur-
ing the test phase. This was accomplished after an experimental calibration of
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the nozzle flow capacity but before the performance tests were accomplished.
This resulted in a 4.2% increase in flow capacity that was attributed to nozzle
blade distortion [65]. To compensate for this, the design nozzle throat openings
were artificially increased by 4.2% for the predictions. Although an increase in
throat area of this magnitude undoubtedly occurred, it seems unlikely that the
increase was uniform along the entire blade span. Considering this uncertainty,
agreement between the predicted and experimental mass flow characteristics is
considered to be quite satisfactory. The comparison of efficiency data in figure
5-15 is obscured by the test uncertainty as evidenced by the substantial scatter
in the experimental data. An estimated test curve that is provided in Lueders
[65] is included in the figure. The predictions appear to consistently underesti-
mate the efficiency, but they do agree with the estimated test curve within about
one percentage point over the velocity ratio range it covers. The abrupt reduction
in predicted efficiency near the low end of the velocity ratio range is associated
with a second choke in the rotor row, such that both blade rows are choked.
Figures 5-16 and 5-17 show a comparison of predicted and experimental per-
formance for a two-stage turbine reported by Welna and Dahlberg [66]. The ex-
perimental performance curves are curve fits of experimental data points. These
curve fits are provided in figures 75 and 83 of reference [66]. This turbine devel-
opment program was a demonstration of a high-work, low-pressure fan-drive
turbine, featuring controlled-vortex designs with high aspect ratio, shrouded
rotor blades. This turbine successfully achieved about 50% higher work as well
as higher efficiencies than would be expected from a similar free-vortex design.
At design speed (N., = 245), the predicted primary turbine choke initially occurs
in the first stage nozzle but then switches to the second stage rotor as pressure
ratio increases. As seen in figure 5-16, the agreement between the predicted and
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FiGURE 5-16. Two-Stage Turbine Mass Flow Data
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experimental mass flow characteristics is well within 1% over the entire pres-
sure-ratio range. The overall agreement between the predicted and experimental
efficiency levels shown in figure 5-17 is reasonably good, considering that the test
data point scatter shown in the reference is on the order of 0.008. However, the
predicted and experimental efficiency characteristics differ with regard to their
trends with pressure ratio.

The prediction accuracy seen for these three turbines is typical of results that
have been observed on other comparisons of predicted and experimental perfor-
mance involving proprietary turbine stage designs. It is also worthy of note that
these three turbines emphasize design features quite different from the cascade
data and turbine data used as a basis for the development and validation of the
empirical performance models presented in chapter 4. Indeed, these three tur-
bines were developed with the intention of extending design technology beyond
the existing state of the art. This resulted in stage designs that deviated signifi-
cantly from design practices that were well established by past experience.

5.8 Diaphragm-Disk Rotor Leakage Flows

The diaphragm-disk style rotor construction requires special treatment with
regard to leakage flows. As shown in figure 5-18, there are potentially three leak-
age paths that communicate with the diaphragm-disk clearance gap. Each of
the three leakage flows can be calculated using methods presented in chapter 4
if the clearance gap pressure, P,, is known. When leakage flows are directed out
of the gap, the clearance gap total enthalpy, H,, is also required, since it affects
the gas stream that receives the leakage flow. The convention used for positive
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FiGure 5-18. Diaphragm-Disk Leakage

leakage for the three potential leakage flows is shown in figure 5-18. Since the
gap thermodynamic conditions depend on the combined effects of all leakage
flows, an iterative procedure is required to compute them. The net leakage flow
is given by

1, =y — 1, — 1y, (5-67)
An iterative procedure is required to calculate the gap thermodynamic condi-
tions that reduce this net leakage flow to zero (within an acceptable tolerance)

to conserve mass. The leakage flow models in chapter 4 all express leakage as
proportional to the relevant pressure difference. Hence

v, = K,(P,—P) (5-68)
i, = K,(P,~P,) (5-69)
i, = K,(P,— P) (5-70)

When leakage flows have been calculated from a resident value of P,, the con-
stants Kj, K,, and K; can be calculated from Egs. (5-68) through (5-70). Differen-
tiating Eq. (5-67) and simplifying with Egs. (5-68) through (5-70) yields

oy _ K +K,+K (5-71)
- ™ 2 3 -
9P,

This provides an estimate of the corrected gap pressure required by conserva-
tion of mass for use on the next iteration.

P, —»P —m, (K, +K;-K)) (5-72)
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The gap total enthalpy is given by a mass average of all leakage total enthalpies
for which leakage flows enter the clearance gap. Cases where there are no bal-
ance holes or no disk rim seals simplify the iteration procedure. So, some care
is required in formulating the iterative procedure to include provision for the
various simplifications that may exist.

Arigorous treatment of the influence of diaphragm-disk clearance gap leakage
effects on all blade rows would substantially complicate the performance analy-
sis to a point that it would become almost unmanageable. Fortunately, that is not
necessary if proper use is made of the flow profile update procedure discussed in
section 5.5 of this chapter using Egs. (5-62) through (5-64). The major effect of
gap leakage on turbine performance is to impose corrections on conservation of
mass and energy at key quasi-normals. It is possible to account for these correc-
tions by conducting the clearance gap iteration procedure along with the basic
performance analysis for quasi-normals at rotor row exits. The basic approach is
to ignore the shaft leakage while conducting nozzle row exit quasi-normal analy-
ses. For each rotor exit quasi-normal, the following steps are required:

¢ Perform a preliminary analysis ignoring gap leakage effects.

¢ Conduct the gap leakage iteration procedure including calculation of all
leakage flows. Balance hole leakage and total enthalpy from the upstream
rotor (if any) must be saved in memory and used to correct the shaft leak-
age total enthalpy.

¢ Next perform a flow profile update at the rotor inlet quasi-normal. Except
for the first stage, shaft leakage comes from the nozzle inlet, so remove it
from the rotor inlet mass flow before applying this update (which will add
it back in, along with the corresponding total enthalpy correction).

¢ Now repeat the analysis at the rotor exit with balance hole leakage
included.

Special handling of the first-stage analysis is required to account for the shaft
seal leakage. The turbine inlet seal leakage may not originate from the nozzle in-
let. Hence the shaft leakage flow and its total enthalpy may require special treat-
ment. Note that this approach involves a special use of the flow profile update
procedure discussed in section 5.5. That update procedure is always applied to
quasi-normals at all blade row exits, but here it is needed for a blade row inlet
quasi-normal. Hence, this update procedure should be programmed as a sepa-
rate routine rather than combined with the quasi-normal analysis.

5.9 Blade Forces and Rotor Thrust

A hub-to-shroud performance analysis is well suited for calculating aerodynam-
ic forces for use in evaluating the mechanical integrity of the blades and for
sizing thrust bearings. Forces and bending moments acting on blades are often
needed as well as the thrust force imposed on the rotor. The distribution of the
blade forces per unit length can be calculated from conservation of momentum
by noting that the blade force must balance the change in momentum. If Ngs
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is the number of stream surfaces from hub to shroud, the stream sheet mass
flow is

Arit =11 /(N g —1) (5-73)

If r is the stream sheet radius and €is the arc of admission, the local frontal area,
A, and radial height, b, of the stream sheet are given by

A=A /(pC,) (5-74)

b=A/Qnre)

If N is the number of blades in the blade row, the axial and tangential forces
per unit length on each blade in the arc of admission are given by

f. =2[Am(C, -C,)—PA, + BA +(P, + B)(A, — A)1/[eN(b, +b,)] (5-75)

fo =28m[C,, — Cy 1/[e N(b, + b,)] (5-76)
If 7o is the location where the bending moments are zero (e.g., the free end of

a cantilevered blade) and an overbar denotes an average of blade row inlet and
discharge values, the bending moments are given by

M, (7) = j 1.l —7ldr (5-77)

M,(F) = [ f,(OlF, ~F1dr (5-78)
The contribution of rotor blade axial forces to the rotor thrust force is given by

F = Nejﬂ(?)d? (5-79)

n

For diaphragm-disk style rotors, the thrust force contributions on the disk
faces must also be calculated. The active disk face area is given by

A=r (1 = 1) (5-80)

Assuming that the tangential velocity in the disk clearance gap region is equal
to one-half the local rotation speed, the pressure distribution along a disk face
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can be estimated from a simple forced vortex relation, i.e.,

%f - %p dr (5-81)

Hence, the average pressure on the disk face is given by

PP+ p (- 1)) (5-82)

If a disk rim seal is present, P, must be modified by the seal pressure ratio.
When dealing with a simple full-admission rotor without balance holes, the disk
force contribution to the rotor thrust is given by

AF, =PA - PA, (5-83)

The effect of balance holes is to ingest swirling fluid from the main stream
on the high-pressure side of the disk. The additional angular momentum and
the radial inflow will modify the pressure gradient in Eq. (5-81) to reduce the
average pressure on the high-pressure disk face. This is similar to the covered
impeller leakage flow problem in centrifugal compressors. Aungier [1] devel-
oped a model for that problem, where the clearance gap flow is axisymmetric.
However, this writer is unaware of any empirical model to account for this ba-
sic mechanism for the nonaxisymmetric balance hole problem. One approach
used is to impose an empirical multiplying factor on the disk force contribution
when balance holes are used. Clearly, this empirical factor will depend on the
organization’s specific design practice relative to balance holes. This writer is
not aware of a method to estimate this empirical factor that has sufficient vali-
dation to be recommended for general use.

Partial admission operation is another area of major uncertainty. Clearly, the
pressure difference across a blade row passage having no mass flow must be
essentially zero. It is by no means obvious how this alters the circumferential
pressure distribution in the clearance gap. The clearance gap pressure clearly
must match the hub pressure at the rim of the disk, so about the best that can
be done is to assume the pressure difference across the disk is zero over some
fraction of the inactive arc. An important exception to this approximation is
the case of rotor shielding as illustrated in figure 4-16. When rotor shielding is
present the assumption that there is no pressure difference across the rim of the
disk is no longer relevant, since a physical barrier is present to sustain a pres-
sure difference. In this case, the most logical assumption is that the pressure in
the upstream and downstream gaps will be circumferentially uniform. Hence,
if { is the rotor shielding arc, the disk contribution to the rotor thrust force can
be expressed as

AF, =KBH[ﬁ1A1 _I'_)zAz][l_Kadm(g_g)] (5-84)
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This writer uses K = 1 for lack of a better assumption, which is consistent
with the blade force model above. Kz is an empirical factor to account for bal-
ance hole effects. Kpy = 1 if balance holes are not used and Kzz <1 when balance
holes are present. In the absence of better guidance, the empirical model for
the centrifugal compressor covered impeller problem is about the only available
guidance. Considering the large with-rotation swirl typical of nozzle exit flows,
Kzy in the range of 0.5 to 0.7 might be reasonable choices when balance holes
are present. The total thrust force on the rotor is obtained by summing the
thrust forces on all rotor rows, i.e.,

T =Y (F.+AF,) (5-85)

Modern viscous flow computational fluid dynamics (CFD) codes are com-
monly used today to address uncertainties of the type encountered here. A CFD
investigation into partial admission would require a massive number of compu-
tational nodes. It would be necessary to model all blade passages and both disk
cavities. Considering the large number of blades in a typical axial-flow turbine
blade row, very few organizations have sufficient computer power to handle a
problem of that magnitude. This writer did authorize one serious CFD investi-
gation into the balance hole issue. After repeated attempts failed to produce a
converged solution, that investigation was finally abandoned. This writer also
participated in an effort to establish the empirical constants in Eq. (5-84) us-
ing thrust measurements from multistage turbines. This was unsuccessful due
to a lack of sufficient good-quality data to arrive at values with any reasonable
degree of confidence. Both of these issues require experimental investigation to
arrive at a more suitable model. It is likely that proprietary experimental inves-
tigations of that type have been conducted. But this writer has not had access
to any results of that type nor been able to locate anything relevant in the open
literature.

5.10 Concluding Remarks

This chapter provides a very efficient hub-to-shroud aerodynamic performance
analysis for axial-flow turbines. The approximate normal equilibrium model
has been used to decouple the local flow profile analysis at any axial computing
station from the downstream flow solution. This results in a hub-to-shroud per-
formance analysis offering computer running times and reliability comparable
to a mean-line performance analysis. It also retains the capability to consider
significant stream surface curvature effects imposed by the shape of the end-
wall contours. This approach permits the use of a very pragmatic numerical
approach that marches the solution through the turbine while systematically
addressing choked flow at any number of blade rows. The overall numerical
approach has been presented along with specific suggestions for optimizing a
specific computer code to deal with convergence issues that will depend on the
precise method of implementation.
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This approach greatly simplifies maintenance of a computer code when un-
anticipated situations produce convergence problems. If properly implemented,
users can track progress to convergence to immediately identify where the prob-
lem occurs and usually why it occurred. When maintenance is required, the
user’s corrective action centers on a very small portion of the overall analysis,
which follows a systematic procedure that is focused on the specific problem
area. Hence, effective maintenance activity can be accomplished without an
in-depth knowledge of the complete numerical analysis and computer code.
Although the vast majority of convergence issues can be resolved during the
optimization process, experienced analysts know that the unanticipated prob-
lem always occurs at the worst possible time. A significant advantage of this
approach is that the casual user can take effective corrective action when neces-
sary. Experience with more elegant and complex numerical approaches to this
problem has shown this to be a significant weakness. Too often they leave the
user with a failed solution on a critical problem with no practical means for
timely resolution.

Comparison of predicted performance with experimental data has shown
very good prediction accuracy on some rather challenging problems. It has been
applied to many proprietary turbine stages and multistage turbines with similar
success. This writer’s performance analysis is implemented for interactive use
on personal computers. The efficiency of a code optimized to the procedures
presented in this chapter is quite sufficient to support that implementation strat-
egy on almost any personal computer in use today.
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Chapter 6

PRELIMINARY AERODYNAMIC
DESIGN OF AXITAL-FLOW
TURBINE STAGES

The aerodynamic design of an axial-flow turbine stage can be conveniently
accomplished in a series of well-defined steps. First a preliminary design is
accomplished to define the basic stage characteristics such as the stage flow
coefficient, work coefficient, reaction and nozzle exit swirl vortex type. In this
phase, standard efficiency chart estimates are used to approximate the stage
performance. Flow profiles are computed using the simple normal equilibrium
model to identify the fluid turning required in the nozzle and rotor to achieve
the desired performance. When a preliminary design is configured, its geom-
etry is exported to an input file for the performance analysis of chapter 5 for a
more thorough evaluation of its performance characteristics. Some iteration
will normally be necessary to obtain a preliminary design that yields satis-
factory performance. Then the basic blade characteristics matching the fluid
turning requirements are exported from the preliminary design system to the
detailed airfoil design system of chapter 7 to design a series of constant-radius
airfoil sections and stack them to define the nozzle and rotor blades. The de-
tailed geometry of these blades is exported from the airfoil design system to
update the input file for the performance analysis to accomplish a more precise
performance analysis.

NOMENCLATURE

A = annulus area

a = sound speed

b, = blade axial chord
C = absolute velocity

C, = spouting velocity
¢ =chord

H = total enthalpy

h = static enthalpy and blade height
I =rothalpy

M = Mach Number

i1 = mass flow rate
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N =number of blades and rotation speed (rpm)
n =normal coordinate

o = blade passage throat width

P =pressure

R, = stage reaction
r =radius

7. = design radius
s =blade pitch and specific entropy

T = temperature; also rotor thrust force

Imax= blade maximum thickness

t, = blade trailing edge thickness

U =blade speed =rw

W = relative velocity

y = coordinate along a quasi-normal
z = axial coordinate

o = flow angle with respect to tangent

B =blade angle with respect to tangent

B = blade gauging angle with respect to tangent
0 = deviation angle; also blade tip or seal clearance
€= angle between a quasi-normal and a true normal
y=blade setting angle

7 = stage total-to-total efficiency

7)s = stage total-to-static efficiency
0= polar angle

A = blade tangential force coefficient
v =velocity ratio = U/C,
§= (90°- B1)/(90°- )

p = gas density

¢, = stage flow coefficient

y. = stage work coefficient

= rotation speed

Subscripts

¢ =value of a parameter at the design radius
h = hub parameter

m = meridional component or a mean value
n =nozzle row parameter
r =rotor row parameter
s = shroud parameter
t = total thermodynamic condition
z = axial component
1 =nozzle row or blade row inlet parameter
2 =nozzle row or blade row exit parameter
3 =rotor row inlet parameter
4 =rotor row exit parameter
0 = tangential component
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Superscript

’=relative value in a coordinate system rotating with the blade

6.1 Preliminary Aerodynamic Design Strategy

An effective preliminary design system will configure a basic stage to match
the desired performance characteristics specified by the user. This permits
the user to rapidly explore design alternatives before committing the time and
effort required for a detailed aerodynamic design. The preliminary design sys-
tem must yield sufficient definition to permit an evaluation of the design using
the performance analysis of chapter 5.

Figure 6-1 illustrates the basic stage configuration used for this purpose. The
stage performance will be specified in dimensionless form on a design radius,
r., which is chosen to be the nozzle inlet mean radius. Some dimensional data
are required to accomplish the preliminary design. The design radius and the
nozzle inlet blade height must be supplied to start the process. The axial chord
of the nozzle, b,,, and of the rotor, b,, must be supplied along with the axial
gap, Az, between them. The stage inlet total temperature and total pressure, the
rotation speed and the equation of state for the working fluid are also required.
The preliminary design system must determine the annulus heights at stations
2 through 4, generate flow profiles at the stations 1 through 4, and select blades
capable of producing those flow profiles.

Figure 6-2 illustrates the basic blade geometry to be generated by the prelimi-
nary design system. This is consistent with the blade geometry required for the
AMDC blade row performance models of chapter 4, but some simplifications
will be used for the preliminary design. It will be assumed that the suction
surface is linear between the throat and the trailing edge, i.e., that there is no

FiGuRE 6-1. Basic Stage Configuration
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FIGURE 6-2. Basic Blade Geometry

uncovered turning. Other required parameters can be approximated based
on the design organization’s normal design practice. Blade thicknesses are
approximated from standard values of #,,.x/c and t,/s. Similarly, blade tip and seal
clearances, 6, are approximated from standard values of 6/(r. +/,/2). Standard
values are used for surface finish and other seal geometry such as the number of
fins, fin thickness and pitch. This writer’s preliminary design system supplies de-
fault values for these standard values and allows the user to edit them for use on
all subsequent preliminary designs. This is normally quite sufficient for prelimi-
nary design activity and substantially reduces the input specifications required.

6.2 Velocity Triangles at the Design Radius

It is convenient to express the stage performance in terms of dimensionless pa-
rameters at the design radius. Defining the design blade speed as U. = .0, the
stage flow coefficient is defined as

¢c = lec /UL (6_1)

The stage work coefficient is defined in terms of the stage total enthalpy drop at
the design radius using Eq. (3-9), i.e.,

v.=AH/U! =(C,,,-C,,.)/ U, (6-2)

The stage degree of reaction is defined as the ratio of the static enthalpy drop to
the total enthalpy drop that occurs across the rotor blade at the design radius
[67], i.e.,
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Rc = (h3c - h4c) / AH (6'3)

If C,. is constant through the stage, Egs. (2-3), (3-9) and (6-3) yield
R =1-(C,,, +C,,.)/U, (6-4)
From Egs. (6-3) and (6-4) it is easily shown that
C,.=1-R +y./2 (6-5)

C,.=1-R —y. /2 (6-6)

Since there is no change in total enthalpy between stations 2 and 3, Eq. (3-9)
requires that Cg.=Ces,. Since C,. is constant through the stage, the specifica-
tion of ¢., ¥ and R, defines all velocity components on the design radius for
stations 2 through 4. A useful alternative to specifying R, is to specify the dis-
charge flow angle, o, and use it to calculate R.. Then,

Cos. /U, =9, cotay, (6-7)

Cos U, =Gy U+, (6-8)

When control of the discharge swirl velocity is important, this specification
avoids the need to guess a value of R, to produce the desired exit swirl. A typical
example is a single stage or a last-stage design where the designer may want to
design for no exit swirl to minimize losses in the exhaust diffuser and exhaust
end. It remains to define the swirl velocity at station 1. If the design is intended
as a general interior stage it is convenient to assume a repeating stage, i.e., the
velocity components at station 1 and 4 are identical. For a single-stage or a first-
stage design, it is useful to specify the inlet flow angle, o..

The velocity triangles at all stations on the design radius can also be expressed
in terms of the design performance parameters. Here they will be computed
assuming angles are positive in the direction of rotation. Note that these angles
will require adjustment to express them in the blade-oriented coordinates of
figure 6-2, where angles are measured as positive from the concave side of the
blade. The absolute flow angles are

cotoay, =C,,./ 9. (6-9)

coter,, =cota,, =[1-R +vy, /2]/ ¢ (6-10)
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coto,, =[1-R -y, /2]/¢, (6-11)
The relative tangential velocity is given by
We =G = U, (6-12)
Hence the relative flow angles at the rotor inlet and exit are

cotel, =[1-R +y./2-U1/4, (6-13)

cotar,, =[1-R, -y, /2-U,1/9¢, (6-14)

6.3 The Vortex Type and Swirl Velocity Distributions

This defines the velocity triangles at the design radius but does not define the
hub-to-shroud profiles. If the hub-to-shroud distributions of C, are specified,
a simplified form of the normal equilibrium equation given in Eq. (3-30) can
be used to solve for the C,, distributions. The swirl velocity distribution at the
nozzle exit can be specified by the general vortex equation suggested by Aungier

[2].

Con /U, =(1= R/ )" +(y, | 2)(r. /)" (6-15)

The vortex exponents, n and m, are to be supplied by the designer. When oy,
is specified, R. is easily calculated for use in Eq. (6-15). Note that Eq. (6-15) is
consistent with Eq. (6-5) at the design radius. It will be shown subsequently in
this chapter that this vortex equation offers considerable flexibility and includes
the vortex types most commonly used in axial turbine stages. The swirl velocity
distribution at station 3 is given by conservation of angular momentum. Hence,
Eq. (6-15) applies to station 3 also.

Cp, /U, =(A-R). /1) +(y, 12)(r, /)" (6-16)

Requiring constant work from hub to shroud provides the swirl velocity distri-
bution at station 4, i.e.,

UuC,,-C,,)=AH =Uly, (6-17)

Egs. (6-15) and (6-17) yield

C, /U, = (1= R 1) +(y, 12)(r. /)" — yr [ (6-18)
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If a repeating stage is being designed, Eq. (6-18) also supplies the swirl
distribution for station 1. When the stage inlet flow angle is specified, the flow
angle is assumed to be constant from hub to shroud.

The meridional velocity distribution at any station can be calculated from the
normal equilibrium equation.

" or r or

aC,, +g orC, ~0 (6-19)

This is just a simplified form of Eq. (5-11), neglecting stream surface curva-
ture effects and assuming total enthalpy and entropy are constant from hub to
shroud. If the absolute flow angle distribution is specified, similar simplifica-
tions applied to Eq. (5-13) yield

2 202 2
c a&_‘_ C,sin" o d(rcota)” _

0 6-20
" or 2r? or ( )

6.4 Stage Efficiency

An effective preliminary design system must produce candidate designs likely
to be confirmed by the performance analysis of chapter 5. If the performance
analysis shows that the candidate design does not achieve the desired perfor-
mance to within an acceptable approximation, it will be of limited value and
will be almost useless as means to investigate design alternatives. Hence, the
preliminary design system must include consideration of the stage efficiency.
The process could be started with a simple guess for stage efficiency, which
could be improved as feedback is obtained from the performance analysis. A
better approach is to provide a basis the initial guess in terms of a standardized
stage efficiency chart. This type of chart also provides the designer with a logi-
cal basis for selecting and adjusting the dimensionless performance parameters
during the design process.

There are a number of candidate stage efficiency charts available. Balje [68]
presents stage efficiency in terms of specific speed and specific diameter. Smith
[70] presents a stage efficiency chart in terms of ¢ and . This is basically a cor-
relation of experimental data corrected to zero tip clearance. This Smith chart
is widely accepted as a viable basis for axial-turbine design guidance. Fielding
[69] presents a series of stage efficiency charts based on basic Ainley-Mathieson
performance predictions. He considers representative 50% reaction interior
stages, last stages with zero exit swirl and single stages with zero inlet and exit
swirl. Kacker and Okapuu [43] provide a predicted efficiency chart that is quite
similar to the Smith chart. Indeed, the performance analysis of Kacker and
Okapuu is strongly influenced by their perceived need to achieve compatibility
with the Smith chart. This is considered to be the most applicable efficiency
chart for the present application. It shows good agreement with experimental
performance data. Hence, an empirical correlation of the Kacker and Okapuu
efficiency chart was developed. The stage total-to-total efficiency for zero blade
tip leakage is approximated by
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Mo =My — K (@, — 9, (6-21)

9., =0.375+0.25y, (6-22)

Mo =0.913+0.103y, —0.0854y? +0.0154 y/; v, <2.8 (6-23)
Ny =1.01-0.05y,; v, >2.8 (6-24)
K=0.375-0.125y,; y <22 (6-25)
K=022/y,; y>22 (6-26)

For any value of y;, 1, is the maximum efficiency and ¢, is the optimum
flow coefficient that yields the maximum efficiency. Figure 6-3 shows an
efficiency chart predicted with this empirical model. While this is not pre-
cisely the Kacker and Okapuu efficiency chart, it is in very close agreement
with it. For reference, contours of constant total-to-total velocity ratio, v, are
included. Note that the efficiency chart does not show any dependence on the
degree of reaction. This is a significant limitation that follows from the fact that
the chart is primarily based on 50% reaction stages. Another significant limita-
tion is that the chart is based on moderate to high aspect ratio stages. Based
on performance analysis results for a range of preliminary stage designs, it has
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FiGure 6-3. Interior-Stage Total Efficiency Chart

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Preliminary Aerodynamic Design of Axial-Flow Turbine Stages ¢ 141

been found beneficial to include an aspect ratio correction when b,/ h >0.4 +
0.5R.. Aspect ratio effects were found to be mildly dependent on stage reaction.
This is to be expected since low reaction is likely to result in negative reaction
near the hub contour at lower values of b, / h than for higher reaction designs.
The efficiency is also corrected for typical rotor clearance losses, based on an
empirical correlation by Kacker and Okapuu [43]. Let K = 6/(r. + 1 / 2) designate
the standard tip clearance approximation described previously in this chapter.
If X = (0.4 + 0.5R.) / b, and the constraint that X <1 is imposed, the corrected
efficiency is given by

N =n,[1-0.93K(r,/ h)(1+ 0.5k /r,)*] X *05 0045 (6-27)

In many cases, the designer is more concerned with the total-to-static stage
efficiency. The estimated total-to-total efficiency can be converted to the total-
to-static efficiency using the discharge velocity head at the stage exit.

(C, /U =¢>+(1-R, -y /2) (6-28)

n, =y, /ly,/n+0.5(C,, /U,)"] (6-29)

A turbine stage intended for use as the last stage in an industrial turbine is
often designed with zero stage exit swirl (Ces = 0) to minimize losses in the
diffuser and exhaust end. Figure 6-4 shows a total-to-static efficiency chart
developed from figure 6-3 and Eq. (6-29) for Ces= 0, ie., Cs = ¢.U.. For
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FIGURE 6-4. Last-Stage Static Efficiency Chart
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reference, contours of constant total-to-static velocity ratio, v, are includ-
ed. Clearly achieving high static efficiency requires relatively low stage flow
coefficients. This efficiency chart provides more useful guidance for stag-
es intended for the last-stage position in a turbine and for many standard-
ized industrial turbine stages. Practical application of standardized indus-
trial turbine stages usually dictates that the design exit swirl velocity be
low so they can match to other standardized stages and function well in a
last-stage position. Also, the matching of the end-wall contours for these
stages often must be compromised significantly based on available standard
diameters and blade heights. Hence, recovery of the stage discharge
velocity head between stages is often compromised. This will often prompt
the industrial turbine stage designer to emphasize stage total-to-static
efficiency. American practice for industrial steam turbines commonly empha-
sizes impulse stages (R.=0) to minimize rotor axial thrust forces. This also
allows somewhat higher work coefficients to reduce the number of stages
required. Figure 6-5 shows a total-to-static efficiency chart developed from
figure 6-3 and Eq. (6-29) for impulse stages. Again, relatively low stage flow
coefficients are required to achieve high static efficiency for impulse stages.
Also, it can be seen that optimum efficiency corresponds to higher work coeffi-
cients than indicated by either figure 6-4 or figure 6-5. It is common practice to
design industrial impulse stages with ¢. =0.5 and v, =0.5. Figure 6-5 is consis-
tent with experience, since it indicates this is a near-optimum choice. The only
generalized total efficiency plot for industrial impulse stages known to this
writer is a predicted chart by Craig and Cox [44]. This is presented without
supporting experimental evidence and includes a significant and poorly defined
Reynolds number influence. Although this writer does not use their chart

Stage Work Coefficient, y .

Stage Flow Coefficient, ¢ .

FiGURE 6-5. Impulse-Stage Static Efficiency Chart
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specifically, it is worth noting that it also indicates impulse stage designs
should emphasize relatively low flow coefficients on the order of 0.5.

Figures 6-3, 6-4 and 6-5 also show the optimum work coefficient, .. This
is simply the locus of best efficiency points for a specified flow coefficient. For
reference, empirical equations for these curves, given in the order of the figure
numbers, are

¥, =1.35 ¢ (6-30)
v, =2.825 9! (6-31)
v, =1.1+1.25¢ (6-32)

The static efficiency charts do not show the equivalent of ¢, from figure 6-3.
Static efficiency improves with reduced flow coefficient over the range shown.
There may be an optimum flow coefficient for a specified work coefficient, but it
is not well defined by the charts.

When stage performance specifications are being entered, this writer’s pre-
liminary design system displays @, W, 1 and 1, values whenever valid val-
ues of ¢. and . have been supplied. That provides guidance for refining the
specifications for ¢. and . and for specifying the stage efficiency estimate. The
efficiency charts showed in figures 6-3, 6-4 and 6-5 are also displayed on
demand for additional guidance.

6.5 The Optimum Pitch-to-Chord Ratio

The number of blades to be used in each blade row can be estimated from
empirical models for the optimum pitch-to-chord ratio. One popular estimate is
based on matching the Ainley-Mathieson [41] minimum profile loss coefficients
shown in figures 4-3 and 4-4. The optimum pitch-to-chord ratio for simple noz-
zle blades (1 = 90°) can be approximated by

(s/c), =0.427 + 0, /58— (0, /93)’ (6-33)

Similarly, for impulse blades,

(s/c), =0.224 +(1.575 -, /90)ct, /90 (6-34)
Defining

¢=(90-)/(90-a,) (6-35)

Then the optimum pitch-to-chord for the actual blade row is interpolated in the
same manner as used for the profile loss coefficient.
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FiGURE 6-6. The Ainley-Mathieson Optimum s/c

(s1¢),, =(slc)y +(s/c), = (s/c),11E1E (6-36)

The absolute value in Eq. (6-36) is used to include values of 8; >90°. For the pre-
liminary design, the blades will be selected to yield an incidence angle of zero,
i.e., Bi=au. Figure 6-6 illustrates the optimum pitch-to-chord ratio predicted by
Egs. (6-33) through (6-36).

Zweifel [71] developed an empirical model for the optimum pitch-to-chord
ratio based on the observation that minimum losses are approximately
associated with a particular value of the tangential force coefficient, 1. This
coefficient is the ratio of the blade actual-to-ideal tangential force. The original
reference is not easily located today, but Fielding [69] has provided a rather
detailed derivation of Zweifel’s tangential force coefficient. When expressed in
the blade-oriented angle convention of figure 6-2, the tangential force coefficient
can be expressed as

A = 2sin’o,[cotey+ cota,](s/c)/sina,, (6-37)

The usual estimate for the blade mean flow angle, e, in the present angle con-
vention is

coto,, =[cota, —cot f3,]/2 (6-38)
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Hence, from basic trigonometry,

sine, =1//1+cot’ e, (6-39)

Zweifel observed that A =0.8 for cascades with optimum spacing, although
more modern practice appears to be to use A =0.9 as an optimum value.
Figure 6-7 illustrates the optimum pitch-to-chord ratios predicted by Egs. (6-
37), (6-38) and (6-39) for A =0.9. Comparison of figures 6-6 and 6-7 clearly
shows that the two empirical models can produce quite different results,
particularly at the low and high ends of the inlet and exit flow-angle ranges.
Indeed, the optimum pitch-to-chord ratio from Eq. (6-37) is undefined when
the exit flow angle approaches zero. As a general rule, this writer has found the
Ainley-Mathieson model to be more consistent and reliable. Fielding [69] also
expresses a preference for the Ainley-Mathieson model. The optimum pitch-to-
chord ratio and chord at the mean radius can be used to estimate the optimum
number of blades.

N =2rr/[c(s/c),,] (6-40)

Of course, the result from Eq. (6-40) must be converted to an integer. This writ-
er’s preliminary design system displays the optimum number of blades com-
puted from these two models when blade data is being entered. The user has the
option to use either of these estimates or to specify the number of blades to be
used for each blade row.
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6.6 Initializing the Total Thermodynamic Conditions

The preliminary design calculations are accomplished assuming that all total
thermodynamic conditions, including entropy, are constant from hub to shroud
at all of the computing stations identified in figure 6-1. At station 1 the stage
inlet total temperature and total pressure specified by the user and the equation
of state define H; and s;. From conservation of energy and the definition of the
work coefficient,

H,=H,=H, (6-41)

H,=H -y U’ (6-42)

The stage total efficiency is provided from the empirical model illustrated in
figure 6-3 or the user may specify it directly. This defines the ideal (isentropic)
stage discharge total enthalpy, Hs ;s as

H,,=H+(H,-H)I/n (6-43)

The equation of state is used to compute the actual discharge total pressure, P,
as a function of H,;; and sy, the actual discharge entropy, s4, as a function of P,
and H, and the ideal (no loss) discharge total pressure, P4, as a function of H,
and s;. It is assumed that half of the total pressure loss occurs across the nozzle
row. Hence,

B,=F,=F, _(Pz4,id —-P,)/2 (6-44)

Since H, P; and s are known at all stations, the equation of state provides the
total temperature, T}, at all stations.

6.7 The Stage Inlet Flow Profiles

The stage inlet flow profiles can be immediately calculated from the basic de-
sign specifications. The hub and shroud radii can be calculated directly from
the specified mean radius and nozzle height.

Ha=1.—h/2 (6-45)

ra=1+ h1/2 (6-46)

A series of radii are distributed from hub to shroud. The number of radii to
be used is specified by the user, subject to the constraints that at least three
radii are required and an odd number must be used. Hence, one of the radii
will always be 7.. If a repeating stage is being designed, the inlet swirl velocity
distribution, Ce(r), is computed by applying Eq. (6-18) at the inlet station. The
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meridional velocity distribution, C,.(r), is computed by numerical integration of
Eq. (6-19), while matching the known value at the design radius. If the inlet flow
angle is being specified, the specified inlet flow angle is assumed constant from
hub to shroud. Numerical integration of Eq. (6-20) supplies the C,.:(#) distribu-
tion and the swirl velocity distribution is

C,,(r)=C,, (r)cote, (6-47)

The specified stage inlet total temperature, T, inlet total pressure, P,;, and the
equation of state for the working fluid supply the inlet total enthalpy, H;, and the
inlet entropy, si. Hence, the static enthalpy distribution is given by

h=H, - %[Cfm +C\ ] (6-48)

Then the density distribution p;(r) can be calculated form /;(r) and s;(r) using
the equation of state. The stage mass flow rate is given by numerical integra-
tion of

= 27rjrp C, cosedr (6-49)

"h

The angle ¢ is the angle between a true stream-surface normal and a quasi-
normal. For the present radial quasi-normals, this is the angle between a tan-
gent to the stream surface and the axial direction. It is used to correct for the
fact that C,, is usually not normal to the radial quasi-normals. As with the per-
formance analysis of chapter 5, €is assumed to vary linearly between the known
hub and shroud contour values. Initially it is assumed that £ = 0 on all stream
surfaces. This is corrected in an iterative fashion as annulus sizing at subse-
quent stations provides data to calculate € on the hub and shroud contours.

6.8 Sizing the Annulus

The next step in the preliminary design process is to size the annulus at stations
2 and 4, i.e., the nozzle and rotor exit stations. This involves calculating hub and
shroud radii that will pass the stage mass flow while imposing the design radius
velocity triangles and the appropriate vortex equation for the swirl velocity dis-
tribution. To accomplish this process, it is necessary to impose an additional
constraint sufficient to specify one radius at these stations. For generality, it is
useful to let the designer specify one radius that will be held constant through
the stage. The obvious alternate choices are the hub, mean or shroud radius.
Annulus sizing requires a fairly simple iterative solution. To start the process,
all radii at the station being sized are set equal to the known radii at station 1.
The swirl velocity distribution is computed from Eq. (6-15) for the nozzle exit or
Eq. (6-18) for the rotor exit. Eq. (6-19) is numerically integrated to compute the
radial distribution of C,,, while matching the known value at the design radius.
Then numerical integration of Eq. (6-49) provides the calculated mass flow rate,
11, for the resident annulus area. The annulus area is then corrected for any
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deviation between the calculated and actual mass flow rate. For the constant
hub radius option, this requires

2

12— (2 —n))il g, + 1 (6-50)

cal
Similar correction equations are easily developed for the constant mean or
shroud radius options. This process is repeated until adequate convergence on
the actual mass flow rate is achieved. If annulus sizing at either station fails to
produce a hub radius greater than zero, the process terminates with an error
message.

When the annulus has been sized at both stations 2 and 4, it is usually ap-
propriate to impose some constraints on the results. The precise constraints (if
any) will depend on the designer’s preferred design practice. This writer’s pre-
liminary design system includes user specifications of the maximum end-wall
flare angle (&, — &) for both the nozzle and the rotor and it requires

Ta STy (6-51)
Tha 2 Ta (6-52)

If these constraints require modifying the radii resulting from the annulus siz-
ing at stations 2 or 4, the flow field at those stations must be recalculated to
conserve mass. The swirl velocity distribution is recalculated from Eq. (6-15) for
the new set of station radii. Then an iterative mass balance procedure is used to
calculate a new value of C,,. that conserves mass. Since the swirl velocity distri-
bution conforms to the design specifications, energy conservation is not com-
promised, but the meridional velocity and velocity triangle distributions will
deviate somewhat from the design specifications. The iterative process is quite
similar to the annulus sizing, except that the geometry is now fixed and C,. is
the parameter being adjusted. Eq. (6-19) is numerically integrated to compute
the radial distribution of C,,, while matching the resident value of C,.. Then
numerical integration of Eq. (6-49) provides the calculated mass flow rate, #.,,
for the resident value of C,,... Then C,,. is then corrected for any deviation between
the calculated and actual mass flow rate.

Cmc - Cmcm / mcal (6_53)
The process is repeated until adequate convergence on the actual mass flow is
achieved.

The annulus geometry to be used at station 3 is also dependent on the
designer’s preferred practice. This writer’s preliminary design system imposes
linear interpolation of the end-wall contours between stations 2 and 4. Since
the axial chords for nozzle and rotor and the axial gap between them are
design specifications, the axial coordinates of all stations are known. This
permits calculation of the hub and shroud radii at station 3. Then the mass
balance procedure described in the previous paragraph is used to compute the
flow profiles at this station. Note that the swirl velocity distribution must be
calculated from Eq. (6-16) to satisfy conservation of energy consistent with the
design specification.
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An iterative procedure is required to define the stage mass flow rate and
annulus geometry including the effect of the angle . This is a fairly simple
prediction-correction iteration scheme since both end-wall contours consist of
linear segments. Hence, the values of € on the hub and shroud contours are
identical for stations 1 and 2. Similarly, they are identical for stations 3 and 4.
The only precaution required is to recognize that any change in the station 2
end-wall contours will also change the mass flow rate since the e distribution at
station 1 is also changed.

It is often useful to specify reaction at the rotor mean radius rather than at
the design radius. That option can easily be incorporated into the preliminary
design process. It is only necessary to include an iteration loop on the annulus
sizing process that updates the reaction at the design radius until the desired re-
action at the rotor mean radius is obtained. Assume R, equal to the rotor mean
reaction to start the iteration. Then add the deviation between the calculated
rotor mean reaction and the desire value to R. and repeat the process until con-
vergence is achieved.

6.9 Selecting the Blade Row Geometry

The nozzle and rotor blade geometry is selected to match the calculated velocity
triangles before and after the blade row. For this purpose, the flow angles must
be expressed consistent with the blade angle convention shown in figure 6-2.
This is accomplished with the following equations.

B, =a, =90° +arctan[C,,/C,,,] (6-54)

a, =90° —arctan[C,,/C, ] (6-55)

B, =a} =90° —arctan[(C,; - U,)/C, ,] (6-56)
o, =90° +arctan[(C,, -U,)/C,,] (6-57)

Note that the blade inlet angles are set equal to the blade row inlet flow angles
for operation with an incidence angle of zero. The gauging angles of the blade
rows are selected from the discharge flow angle, consistent with the fluid devia-
tion angle model described in chapter 4. Since all flow profile data are available
at this point in the process, the deviation angle can be computed for both blades.
When the blade exit flow is subsonic, this requires a simple iterative process,
since deviation angle is a function of the gauging angle. The gauging angle is
initialized to equal the exit flow angle and repeatedly updated using the devia-
tion angle model until converged. The throat-to-pitch ratio distributions for the
two blade rows are given by

(o/s), =F,,sin(a, — 8,) (6-58)

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



150 ¢ TURBINE AERODYNAMICS

(0/s), =F,,sin(a, - 8,) (6-59)

The parameter Fyr is the stream sheet correction term given in Eq. (4-16). The
gauging angles are given by

B,, =arcsin[(o/s),] (6-60)
B,, =arcsin[(o/s),] (6-61)

The blade stagger angles and chords for the nozzle and rotor blades are esti-
mated from these blade angles and the specified axial chords by

v, =[180°-B,+1.58,,1/2.5 (6-62)
¢, =b,/siny, (6-63)
v, =[180°-B, +1.58,1/2.5 (6-64)
¢, =b,/siny, (6-65)

The number of nozzle and rotor blades may be selected from the
Ainley-Mathieson or Zweifel empirical models using Eq. (6-40) or the user can
specify them directly. As noted previously, it is assumed that #,,.x = 0.2¢ and
t, = 0.02s and that there is no uncovered turning. Blade tip clearances and any
required seal geometry can be approximated following the design organization’s
normal design practice. In the case of a diaphragm-disk type rotor, the user
must also specify the shaft radius. Hence, all blade row geometry data required
for the aerodynamic performance analysis of chapter 5 have been defined.

6.10 A Computerized Preliminary Design System

This preliminary design procedure can easily be implemented in a very
efficient computerized preliminary design system. It is useful to constrain the
orderin which the user provides the design specifications and to automatically
carry out the preliminary design calculations to the extent possible with the
current specifications. Most situations that preclude completing the process
can be specifically identified to the user for guidance in correcting the design
specifications. Modern programming languages also permit error trapping
so that the preliminary design process can be stopped before it can terminate
with a fatal error. In that case, it is not possible to identify the problem to the
user explicitly. But if output files containing summaries of the preliminary
design progress are generated during the design process, the user will be able
to identify where the process failed. That is usually sufficient to suggest what
design specifications are likely to be inappropriate. It is simply necessary
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to provide the user with the capability to view any available output files on
the monitor screen. With appropriate care in implementing the process, it
is safe to let the computerized system automatically carry out the design
process as far as possible whenever the user enters or modifies the design
specifications. That greatly simplifies the process and substantially reduces
the time required to accomplish a preliminary aerodynamic design.

The preliminary aerodynamic design system should be interfaced to the
aerodynamic performance analysis of chapter 5. This provides a direct evalu-
ation of the preliminary design. This interfacing does not have to be highly
sophisticated. Simply providing the capability to export an input file for the
performance analysis is quite adequate. Normally the designer will alternate
between the preliminary design system and the performance analysis to refine
the stage efficiency estimate and the basic design specifications until a pre-
liminary design appropriate for the stage design objectives has been defined.
This evaluation is somewhat qualitative, since the detailed design process will
further optimize the preliminary design. The goal is to develop a preliminary
design with sufficient potential for achieving the design objectives before com-
mitting the effort required for a detailed design. A key step in the detailed de-
sign process is the detailed design of airfoils for the nozzle and rotor blades.
Detailed airfoil design procedures are described in chapter 7. That step can
be simplified by providing the capability to export an input file for the airfoil
designs system to provide the initial estimates for the airfoil sections based on
the preliminary design.

The first data set required for the preliminary design system is the equation
of state for the working fluid. All subsequent input specifications will require
support from equation-of-state calculations. The computerized equation of state
package discussed in chapter 2 can handle this requirement with no additional
programming activity. Once the equation of state is defined, the basic stage siz-
ing data set can be supplied. It is useful to provide the user with several options
for supplying this data set. Useful options include:

¢ Design a repeating stage or specify the stage inlet flow angle.

¢ Specify stage reaction at the design radius, stage reaction at the rotor
mean radius or the stage exit flow angle at the design radius.

¢ Specify the radius to be held constant through the stage (hub, mean
or shroud).

¢ Specify the vortex exponents or design a nozzle with constant exit flow
angle from hub to shroud.

e Use the stage efficiency from figure 6-3 (with corrections) or specify it as
input data.

Once the appropriate options have been selected, the actual stage sizing data
can be entered and the automatic preliminary design process can be activated.
The basic sizing data set includes:

¢ Rotation speed, inlet total temperature and inlet total pressure.

¢ The design radius, nozzle inlet height, nozzle and rotor axial chords and
the axial gap between them.
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¢ The stage flow coefficient, work coefficient and reaction or the exit flow
angle at the design radius.

The swirl velocity vortex exponents (if required).

The stage inlet flow angle (if required).

The stage total efficiency (if required).

The number of constant-radius blade sections to be designed from hub
to shroud (also used as the number of radial points from hub to shroud
where flow profile data are calculated).

¢ The maximum nozzle and rotor end-wall flare angles to be allowed.

These design specifications are sufficient to conduct the preliminary design
process through Eq. (6-65). When the automatic preliminary sizing process is
active, the following conditions should be checked to see if the process should
be stopped with an appropriate warning message.

e Stage efficiency is too low, say less then 10%.

¢ Any calculated flow angles are too shallow, say less than 10° or greater
than 170°.

¢ A flow reversal is encountered, i.e., C,, <0.

¢ Annulus sizing failed to produce a hub radius greater than zero.

Once the preliminary design process has proceeded through the calculation
of the nozzle and rotor chords, the blade design data set can be provided.
It is useful to provide the user with some alternate options here also,
including:

¢ Nozzle type: shrouded, unshrouded, diaphragm-disk type or no blade
clearance.

¢ Rotor type: shrouded or unshrouded.

¢ Number of blades per row specification: Ainley-Mathieson, Zweifel or user
specified.

If the option to specify the number of blades is selected, then values for the
nozzle and rotor rows are entered. If a diaphragm-disk type nozzle is selected,
a shaft radius also must be entered. These data are sufficient to complete the
preliminary design and export the input files for the performance analysis and
the airfoil detailed design system.

Each time the user enters or modifies any design specifications, the
automatic preliminary design process is repeated as far as possible. An output
summiary of the stage sizing process is created, as the data becomes available to
guide the user in the event that an unknown error terminates the design process.
Data that should be included are:

¢ Stage work, power, mass flow, discharge total pressure and discharge
static pressure.

¢ Velocity components and flow angles at the design radius.

¢ Enthalpy and pressure reaction.

¢ Overall stage performance data (total-to-total and total-to-static).
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When data are available, output files of the absolute flow profiles and flow pro-
files relative to each blade row should be supplied. If blade design was com-
pleted, an output file with the blade geometry for both blade rows should be
supplied. The user should have the option of viewing any existing output files
on the monitor screen. It is also useful to provide a cross-section plot of the gas
path, similar to figure 6-1, for the user to view when available.

6.11 Selection of the Dimensionless Performance Parameters

The selection of the dimensionless performance parameters, ¢., ¥. and R,,
establishes the performance characteristics and the efficiency potential for
the stage. Figures 6-3, 6-4 and 6-5 provide some guidance in selecting an
appropriate combination of ¢. and . to favor high efficiency, but they do not
directly indicate the influence of reaction. It is well known that reaction has a
definite influence on the efficiency potential of the stage. Negative reaction is
associated with flow diffusion in the rotor, which has a pronounced adverse
effect on efficiency. It is generally accepted that reaction of about 50% (R, =
0.5) offers the best efficiency potential. This is intuitively reasonable since it
results in balancing the overall flow expansion process equally between the
nozzle and the rotor. Indeed, experience has shown that 50% reaction is a near-
optimum choice if high efficiency is the primary design objective. As previously
noted, the generalized efficiency chart of figure 6-3 probably best represents
50% reaction stages. Yet zero-reaction or impulse stages (R, = 0) are commonly
employed for industrial steam turbines. Impulse stages have no change in static
pressure across the rotor at the design radius. Reaction normally varies with
radius, so static pressure will vary across the rotor at other radii. But average
reaction near zero can dramatically reduce the axial thrust force on the rotor to
simplify the mechanical design. It also reduces rotor tip leakage losses, possibly
eliminating the need for tip seals. Impulse stages also tend to achieve their
optimum efficiency at higher values of ., which results in fewer stages with
a significant cost advantage. To some degree, practical application procedures
impact the optimum choice for industrial turbines. These are usually one-of-
a-kind turbines configured specifically to a customer’s requirements. With no
duplicate machines to share in absorbing development costs, cost-effective
turbine development becomes a major imperative. Common practice is to
configure the turbine using a series of standard turbine stage designs with
pre-established performance and mechanical integrity. This places particular
constraints on the design practice used for the standard industrial turbine
stages. Since ideal stage matching is unlikely to occur, the industrial turbine
stage design will tend to emphasize total-to-static efficiency over total-to-total
efficiency. This also favors designing for low values of the stage exit swirl velocity
such that the various standard stages will be better matched to each other and
will function well in the last stage position. Consider the case of a design for zero
exit swirl velocity. From Eq. (6-6), this requires

v.=2(1-R) (6-66)
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It can be seen that an impulse stage will perform twice the work of a 50% reac-
tion stage under this condition if both stages operate at the same speed. This
will result in requiring about half as many stages when impulse designs are
used. This illustrates an important cost-advantage of industrial impulse stage
designs. True impulse designs are less likely to be used in modern industrial tur-
bine stages. The designer may use some positive reaction to improve efficiency,
primarily to limit the adverse effects of high negative reaction near the hub
radius. When the influence of the disk pressure forces is considered, a pure im-
pulse design may not be the best choice for minimum rotor axial thrust forces.
Nor is a design for zero exit swirl velocity likely to be considered mandatory,
although low levels are likely to be strongly preferred. Indeed, figure 6-5 sug-
gests that the optimum total-to-static efficiency for an impulse design does not
occur precisely at the no-exit-swirl condition. Basically, the choice of the degree
of reaction will depend primarily on the intended application and the relative
priority given to the trade-off between cost and efficiency.

The choice of the work and flow coefficients is also very dependent on the
application. If designing one of several unique and well-matched interior
stages, total-to-total efficiency will be a priority, which favors a design using the
optimum flow coefficient of figure 6-3. If total-to-static efficiency is the more
important consideration, low values of flow coefficient will be imperative. In
that case, figure 6-4 or figure 6-5 will be a better guide to selecting a good com-
bination of ¢. and .. But the limitations of the generalized efficiency charts do
need to be considered when using them for guidance. Not only are they most
applicable to 50% reaction stages, but they also assume an ideal stage with
constant mean meridional velocity through the stage. That is rarely realized
in a practical preliminary stage design. About the only case for which C,, at
the mean radius can be constant through the stage is a design with constant
mean radius with no limits on the nozzle and rotor end-wall flare angles. An
obvious consequence of this is that the static efficiency from the charts may
differ significantly from the achievable static efficiency. Once the stage prelimi-
nary design is accomplished, the preliminary design system can supply a better
estimate of the static efficiency using the actual stage discharge mean C,, in
Eq. (6-29). There is also considerable ambiguity with regard to the basic di-
mensionless performance parameters. The values supplied to the preliminary
design system are all referenced to the stage inlet mean radius. The rotor inlet
mean flow coefficient may differ significantly from ¢.. Similarly, if a mean work
coefficient is computed based on an average of the rotor inlet and exit blade
speeds, it may differ significantly from y. It is by no means obvious which ref-
erence condition is most appropriate for use with the efficiency charts. Finally,
the efficiency charts are primarily applicable to the mean line performance. In
many cases, the more general hub-to-shroud performance analysis of chapter
5 will yield significant differences in performance on various stream surfaces,
such that the overall stage performance differs from the mean stream surface
performance.

A couple of design examples will be used to provide some perspective on
the issues involved. These design parameters used were selected to expose the
more obvious limitations of the generalized efficiency charts. Both designs
are moderate aspect-ratio free-vortex stages with a constant hub radius and
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FiGure 6-8. Typical Design Ambiguities

based on R.= 0, ¢.= 0.5 and y.=1.725. One design imposed no limits on the
end-wall flare angle (g, free), while the other required no flare angle for both
the nozzle and rotor (¢,= 0). Figure 6-8 shows distributions of normalized rotor
inlet flow coefficient, ¢; and work coefficient based on an average of the rotor
inlet and exit blade speeds, ;.. Figure 6-9 shows the end-wall contours for
the two designs. It is seen that only the mean value of v, for the no end-wall

Shroud (g Free)

Shroud (g = 0)

(Nozzle) (Rotor)

Hub

FiGURE 6-9. End-Wall Contours
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Table 6-1. Summary of Efficiency Estimates

& Free &=0
Source n Ms n ns
Chart 0.901 0.842 0.901 0.842
Before sizing 0.886 0.829 0.886 0.829
After sizing 0.886 0.827 0.886 0.772
Prediction 0.883 0.828 0.862 0.754

flare case corresponds to the stage design value. The mean values of the other
parameters shown differ significantly from the corresponding stage design
values. To provide some perspective on these ambiguities, the performance
analysis of chapter 5 was applied to both preliminary designs. Table 6-1 shows
a summary of the various efficiency estimates obtained from this process. The
chart efficiency values are from figures 6-3 and 6-5. Before sizing the annulus,
the chart values are corrected for aspect ratio and rotor tip clearance, assuming
that C,, at the mean radius is constant through the stage. The static efficiency
estimate after sizing reflects the actual value of the stage discharge mean C,..
The predicted values result from applying the performance analysis of chap-
ter 5 to the preliminary designs. From the unrestricted flare angle case, it is seen
that use of the standard efficiency charts for this impulse stage design provides
reasonable estimates of the efficiencies. The no-flare angle case results show
that both the total and static efficiencies are overestimated by the charts. The
higher rotor inlet flow coefficient for this case does not appear to explain this
difference. Indeed, if figure 6-3 is applied with the mean values of ¢; and v, the
estimated total efficiency is actually higher than the estimate based on ¢. and
.. A detailed review of the performance predictions for the two cases showed
that the reduced total efficiency for the no-flare case is primarily due to the
higher blade discharge velocities and a modest increase in the secondary flow
loss coefficients due to the lower rotor aspect ratio. Note that the static efficiency
estimates for the no-flare case from the charts and from the preliminary design
system prior to sizing the annulus would be quite misleading if used for design
guidance. Once the annulus sizing is accomplished, the preliminary design
system provides a more realistic estimate.

In general, the total efficiency chart with the corrections outlined previ-
ously provides a reasonable first estimate, such that the annulus sizing and
blade selection is satisfactory. Indeed, a rather large error in total efficiency
can be tolerated without significantly affecting the preliminary design process.
But the estimates of efficiency based on the design charts often do not reliably
indicate the efficiency that will actually be achieved. This writer’s practice is to
export an input file for the performance analysis and use it to obtain better total
and static efficiency estimates. The improved total efficiency estimate can also
be used to update the value used to generate the preliminary design if neces-
sary. A single iteration is virtually always sufficient and usually doesn’t change
the preliminary design significantly.
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6.12 Selection of the Swirl Velocity Vortex Type

The swirl velocity vortex equation given in Eq. (6-15) includes a variety of vortex
types commonly used in the design of axial-flow turbomachinery. Some of the
more popular vortex types include

¢ Free vortex (n =m = 1): This vortex type yields constant angular momen-
tum (#Ce) and constant C,, from hub to shroud. It has been widely used
for axial-flow compressors and is probably the most common choice for
axial-flow turbines.

¢ Constant-swirl vortex (1 =m=0): This vortex type yields constant rotor
inlet Cp from hub to shroud. It is often a good choice for axial-flow
compressors, since it may allow use of constant-camber, untwisted stator
blades to reduce manufacturing cost. It is also occasionally recommended
for axial-flow turbine design [68].

¢ Exponential vortex (n = 0,72 = 1): This vortex type is popular for axial-flow
compressors, since it also may allow use of constant-camber, untwisted
stator blades.

¢ Constant-reaction vortex (n = -1, m = 1): The title of this vortex type is
misleading, since it does not yield constant reaction except for the special
case of R. = 1. If C,, is constant across the rotor, reaction is given by Eq.
(6-4) and this vortex appears to yield constant reaction. But the normal
equilibrium equation precludes obtaining C,, constant across the rotor
from hub to shroud for this vortex type unless R. = 1.

 Constant nozzle-angle vortex (n=m =cos’ax): This vortex type is
often recommended for axial-flow turbine design to obtain a low-cost,
constant-section nozzle blade [67-69]. It yields constant flow angle
from hub to shroud at the nozzle exit. This is easily seen by comparing
Eq. (6-15) and the result from integrating Eq. (6-20) with constant ¢,
ie.,

C,, =C,,. (1, /1) (6-67)

CmZ = anZc(rc /r)COSZ %26 (6‘68)

With the exception of the constant nozzle-angle vortex, application of all of these
vortex types to axial-flow compressors is reviewed in detail by Aungier [2]. How-
ever, the constraints important to compressor and turbine design are too differ-
ent to generalize those results to axial-flow turbines.

The most important consideration guiding the turbine designer is the hub-to-
shroud distribution of reaction. It is generally accepted that 0 < R < 1 should be
obtained if possible. Extremes in reaction produce highly distorted flow profiles
with high relative Mach numbers as well as adversely affecting efficiency due to
diffusing flow. Hence, the designer will prefer to avoid negative hub reaction and
shroud reaction greater than unity. The reaction at any radial location is given by

R=(h,—h,)/AH (6-69)
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Substituting Egs. (2-3) and (6-2) into Eq. (6-69) yields

_ C. +C;3 _Crzn4 _C924

R=1-"ms i (6-70)
Differentiating with respect to r yields
oR 1 aC aC aC aC,
o C md 4 O 04 _ C m3 _ 03 (6_71)
o Uly, |: " or o or "o 2 or :l
Substituting Eq. (6-19) into Eq. (6-71) yields
2 2
rcaﬂzii C7923_CL24 (6-72)
oy, r|U. U
Substituting Egs. (6-16), (6-17) and (6-18) into Eq. (6-72) yields
aR (2+n) (2+m) 3
== 200=R)(r. /7)™ 4y [(r. [ )*™ —(r. /7)’] (6-73)
-

Note that if 72 = 1, reaction is independent of ., which makes those vortex types
easier to apply. Equation (6-73) can be integrated directly if it is required that
n —1 and m # —1. This yields

xS
n+1 r m+1|\r 2|\
For free vortex flow, this yields
R=1-(1-R)(r./r) (6-75)
For constant-swirl vortex flows,
R=R -[20-R)-vy,(r./r=1)/2)(r./r-1) (6-76)
For exponential vortex flows,
R=R -2(1-R)(r,/r-1) (6-77)

For constant-reaction vortex flows Eq. (6-73) must be integrated directly after
setting n = -1, to yield

R=R -2(1-R)In(r,/r) (6-78)
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FiGure 6-10. Effect of Vortex Type on Hub Reaction

Equation (6-74) can also be applied to constant nozzle-angle vortex flows
with n =m = cos’a,., but the reaction distribution is a more complicated
function of R, 0., W, and radius ratio. It should be noted that the practical
constraints imposed on the annulus sizing process usually result in values of
reaction somewhat different than predicted by these equations. This is due
to the fact that the meridional velocity at the design radius is normally not
constant through the stage. Hence, the true reaction at the design radius will
differ from R..

Egs. (6-75) through (6-78) can be used to evaluate the influence of vortex
type on the reaction distribution. One useful evaluation is to view the hub
reaction produced by each vortex type for a range of stage hub-to-shroud
radius ratios. Figure 6-10 shows this type of comparison for R. =0.5. For the
constant-swirl vortex, the reaction distribution also depends on v, so curves are
shown for two values of y.. One use for these curves is to determine the lowest
value of stage hub-to-shroud radius ratio that can be employed while avoiding
negative reaction at the hub. It is seen that the free vortex is the most severely
restrictive vortex type, requiring a radius ratio of at least 0.55 to avoid negative
reaction. The radius-ratio limit is 0.5 for the exponential vortex and 0.435 for the
constant-reaction vortex. Due to the dependence on y, no general limit can be
assigned to the constant-swirl vortex, although for the two cases considered,
reaction remains positive down to a radius ratio of 0.4. Figure 6-11 evaluates
the influence of vortex type from a different perspective. This figure shows the
minimum stage reaction that avoids negative reaction at the hub as a function
of stage hub-to-shroud radius ratio. It is also desirable to limit the shroud reac-
tion to not exceed unity. It can be shown that all cases shown on figure 6-11 yield
shroud reactions comfortably below this limit. Hence the impulse hub limit is
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FiGuRrE 6-11. Stage Reaction for an Impulse Hub

the more restrictive constraint for all of these vortex types. Indeed, it can easily
be shown that for all of the vortex types with #2 = 1 considered, shroud reaction
will always be less than unity if R. > 1. Only the constant swirl vortex can exceed
the shroud reaction limit with R, < 1 and then only for sufficiently large values
of ..

These results show that the free vortex is the least effective type with regard
to maintaining a favorable hub reaction level. The constant-swirl vortex is the
most effective type, at least for y, >1. But hub-to-shroud meridional velocity
profile distortion is also a critical consideration. Figure 6-12 illustrates that
issue by applying the various vortex types to a typical stage design problem.
The stage hub-to-shroud radius ratio was set to 0.4. All cases used a common
set of dimensionless performance parameters as shown on the figure, except
that a second value of v, was used for the constant-swirl vortex. It is apparent
that both of the constant-swirl vortex cases and the constant-reaction vortex case
can not be used for this stage due to flow reversal near the shroud at the nozzle
exit. Indeed, well before the reverse flow condition is encountered, flow angles will
be too low for practical manufacture of the blades. The designer could alleviate
this problem by using a higher hub-to-shroud radius ratio or a higher value of
¢.. This type of flow-reversal limit is often encountered in axial-flow turbine
design due to the highly swirling flows typically required at the nozzle exit. It
also is encountered in axial-flow compressors but to a lesser degree due to the
lower work coefficients commonly used. Hence, the constant-swirl and constant-
reaction vortex types are generally of limited use in axial-flow turbine design.
Typically, they are applicable only to rather high-stage hub-to-shroud radius
ratios. Note that the constant-swirl vortex cases in figure 6-12 show that use
of higher work coefficients substantially increases the meridional profile
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FiGure 6-12. Meridional Velocity Profile Distortion

distortion. Indeed, further analysis on that design problem showed that flow
reversal imposes similar limitations on the exponential vortex type when
v, > 1.7 is used.

Clearly, the free vortex type has a definite advantage in this regard, since
reverse flow cannot occur at either the nozzle or rotor exits. No doubt this is
a major reason for its popularity for axial-flow turbine design. The constant
nozzle-angle vortex type also cannot experience a flow reversal at the nozzle
exit for any practical flow angle as can be seen from Eq. (6-68). However, a
flow reversal at the rotor exit is possible for that vortex type also. Figure 6-13
illustrates this vortex type along with the free vortex and exponential vortex
types for the same stage design case considered previously. It can be seen that
the constant nozzle-angle vortex yields higher hub reaction than the free vortex,
almost equaling the exponential vortex in that regard. A hub-to-shroud radius
ratio greater than 0.4 would be required to avoid negative reaction, but a value
lower than the free vortex case could be used. The constant nozzle-angle vortex
also yields less meridional velocity profile distortion than the exponential vortex.
Indeed, this vortex type shows quite favorable profile characteristics as well
as possibly offering reduced manufacturing cost if a constant section nozzle
blade can be used. But there are definite application limits for the constant
nozzle-angle vortex. This is illustrated in figure 6-14 by repeating the same
basic stage design but covering a range of stage work coefficient values. The
nozzle exit flow angle and the rotor exit relative flow angle at the hub are shown
to evaluate the effect of profile distortion. One set of curves uses the same stage
flow coefficient as the previous cases, which is the optimum flow coefficient for
v, = 1.Itisunlikely that flow angles much less than about 15° would be considered
practical in terms of blade manufacturing. Although this presents no serious
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problem at the nozzle exit, the rotor exit relative flow angles would significantly
limit the application range. Indeed, this flow angle eventually approaches zero,
which indicates reverse flow has occurred. If this were an interior stage design,
it would be more appropriate to use the optimum stage flow coefficient given by
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FiGURE 6-14. Constant Nozzle-Angle Vortex Limits
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Eq. (6-22). Figure 6-14 shows that use of the optimum flow coefficient
significantly increases the practical application range. It is interesting to note
that the optimum flow coefficient derived from the generalized total efficiency
map of figure 6-3 corresponds to a nearly constant nozzle exit flow angle of
approximately 30 to 32° over the range of work coefficients considered.

The vortex type used typically has a less dramatic effect on axial-flow turbine
design than on axial-flow compressor design. In part, this is due to the fact
that vortex type is effective in addressing many constraints critical to compres-
sor design that are not relevant to turbine design. But vortex type does provide
flexibility that sometimes can be used to advantage in turbine design also. The
demonstration stage design used previously can be used to illustrate this. The
low hub-to-shroud radius ratio clearly is not well suited to most of the standard
vortex types. But the general vortex equation given in Eq. (6-15) is not limited to
the standard types. A series of preliminary designs were generated for a range
of vortex exponent values and processed through the performance analysis of
chapter 5 to predict the hub reaction and the stage efficiency achieved by each
design. Figure 6-15 shows the hub reaction as a function of the vortex expo-
nent, 1, for a several values of the vortex exponent, 7. It can be seen that reduc-
ing either n or m yields improved hub reaction levels. The lowest value of m
considered for each value of n is close to the limit imposed by a flow reversal.
Figure 6-16 shows the corresponding predicted stage efficiencies. In compari-
son to the free vortex design, it is seen that all other combinations of # and m
considered yield improved hub reaction and stage efficiency. But it is also clear
that the most favorable hub reaction does not necessarily result in the best stage
efficiency. The most favorable hub reaction achieved is the near-impulse case
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FiGure 6-15. Effect of Vortex Type on Hub Reaction
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FiGure 6-16. Effect of Vortex Type on Stage Efficiency

with n =0.5 and m =-0.1, yet its efficiency is not significantly better than the
free vortex case with its high negative hub reaction. Clearly, highly distorted
flow profiles can be as detrimental to stage efficiency as high negative hub reac-
tion. But there are several alternative vortex types that can improve the design
point performance of this stage relative to a simple free vortex design. The de-
signer would need to investigate the off-design performance characteristics to
decide which vortex type is the best choice.

Somewhat greater flexibility in vortex type is expected when higher
hub-to-shroud radius ratios are used. That is typical true for industrial impulse
stages. Indeed, it is really necessary if extreme negative hub reaction is to be
avoided. But impulse stages are usually designed with emphasis on static
efficiencyrather than total efficiency. As shown in figure 6-5, that favors relatively
high values of v, and relatively low values of ¢., both of which adversely affect
the flow reversal limit. Figure 6-17 shows results predicted by the performance
analysis of chapter 5 for a series of typical impulse stage preliminary designs.
Clearly, reduced values of # and # have minimal effect on hub reaction, and
virtually no effect on efficiency. Despite the higher hub-to-shroud radius ratio,
flow reversal continues to limit the choices available. Indeed, had the hub
and shroud radii not been constrained to be constant through the stage, the
range of usable values would have been substantially reduced. Numerous other
combinations ofn andm were also tried. They are notincluded in figure 6-17 since
they produced no improvement and would simply make the figure confusing.
In general, vortex type variation is ineffective as a means of improving the
performance of industrial impulse stages. The simpler free vortex or constant
nozzle-angle vortex designs are equally effective and much easier to work with.
Both of those vortex types permit reasonable end-wall flare angles to be used for
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FiGure 6-17. Effect of Vortex Type for Impulse Stages

this design, which increased the static efficiency by more than five points. That
is a far more effective means of improving the stage static efficiency than use
of a more complex vortex type. Similarly, a modest increase in stage reaction to
R.=0.1 produced a one-point static efficiency gain. Hence, the dimensionless
stage performance parameters selected and use of reasonable end-wall flare
angles, where possible, are the primary considerations with regard to the static
efficiency of industrial impulse stages.

6.13 Concluding Remarks

The preliminary design system described in this chapter can substantially
improve the designer’s productivity and effectiveness. A computerized interactive
design system is the preferred form, including provision to interface with the
performance analysis of chapter 5 and the detailed airfoil design system of
chapter 7. The investigation of vortex type for figures 6-15 and 6-16 is a good
example. Twenty-one different designs were processed through the preliminary
design system and the performance analysis in about ten minutes. Most of that
time was spent recording the results for the figures rather than conducting
the analyses. It is doubtful that a designer could even consider conducting this
type of investigation with a less automated approach. Indeed, its major benefit
is to allow the designer to explore a wide range of alternatives to arrive at an
optimized basic configuration before expending the effort required for detailed
aerodynamic design. Certainly the added productivity is an important benefit,
but the improved quality of design is by far its most important contribution. With
the detailed description provided in this chapter, the development of a similar
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preliminary design system is a relatively simple process. If considered necessary,
the approach outlined here can easily be extended to include other enhancements
such as radial variations in work, stage exit flow angle, axial chords, etc. But
generally those refinements can be left to the detailed design phase without
significant compromise.
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Chapter 7

DETAILED AIRFOIL DESIGN FOR
AXTAL-FLOW TURBINES

The basic airfoil geometry is established by the preliminary design procedure
of chapter 6 to match the desired inlet and exit velocity triangles selected for
the blade row. Some refinement may be appropriate, based on the more precise
flow profile prediction capability of the performance analysis of chapter 5. The
selection of some airfoil characteristics will be strongly influenced by the need
to achieve adequate mechanical integrity for the intended application. Leading
and trailing edge radii, blade thickness distributions, blade taper in the radial
direction, etc. are all strongly influenced and possibly dictated by mechanical
integrity issues. Many of those issues cannot be fully qualified until the airfoil is
designed. Hence, detailed airfoil design is really a collaborative effort between
the aerodynamic and mechanical designers. This chapter describes techniques
to define airfoils that provide the desired blade characteristics. But it should be
recognized that adjustment of some of those characteristics is to be expected as
the detailed airfoil design progresses.

Detailed design of axial-flow turbine airfoils involves defining a smooth
profile shape that satisfies the basic constraints imposed by the velocity
triangles, namely the blade camberline inlet angle, i, and the throat-to-pitch
ratio, o/s. Assumed leading and trailing edge geometry reduces the problem to
connecting a series of defining points while matching slopes at those points.
Airfoil shapes may be defined by simple circular-arc segments, e.g., Fielding
[69], spline-connected polynomial segments, e.g., Ye [72], or a combination of
both, e.g., Pritchard [73]. The method described in this chapter is quite similar
to Ye's method but with several modifications and extensions to make it more
general and much easier to use.

NOMENCLATURE

[A] =matrix containing all polynomial coefficients
a = polynomial coefficients
[B] =matrix containing curve end-point matching conditions
b, = axial chord (figure 7-2)
[C] =matrix of coefficients used to solve for [A]
¢ =chord
H =inlet height dimension (figure 7-2)
N =number of blades; also matrix size

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



168 « TURBINE AERODYNAMICS

N, =number of polynomial curve segments defining an airfoil surface
0 =throat width
R =leading or trailing edge radius
r =radius
s =pitch
t,max = blade maximum thickness
[Y] = matrix containing y coordinates of surface defining points
y = transverse coordinate (normal to z)
[Z] = matrix containing z coordinates of surface defining points
z = axial coordinate
B = camberline angle with respect to tangent
B, =blade gauging angle with respect to tangent
AB =leading or trailing edge wedge angle
I' = uncovered turning
y = setting angle
k = suction surface curvature downstream of the throat

Subscripts

act = actual value
j = curve number
k = coefficient number

Pn = parameter at point Pn (n =1 to 4)
p = pressure surface parameter

Sn = parameter at point Su (n =1 to 5)
s =suction surface parameter
1 = airfoil inlet parameter
2 = airfoil exit parameter

Superscripts

’=first derivative with respect to z
”=second derivative with respect to z

7.1 Definition of the Airfoil Geometry

Figures 7-1 and 7-2 show the basic parameters used to define the airfoil. The
nose radius, R, airfoil camberline angle, 8, and wedge angle, AB, are specified at
the airfoil leading and trailing edges. The chord, ¢, setting angle, 7, the number
of blades, N, and the airfoil section radius, 7, are also supplied. Based on the
discharge velocity triangle and the fluid deviation angle model of chapter 4, the
gauging angle, ., and the discharge throat-to-pitch ratio, o/s, are also known.

sinff, =o/s (7-1)
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Ficure 7-1. Basic Airfoil Geometry

The pitch, s, is given by

s=2nr/N (7-2)
Hence, the throat width, o, is also known. Finally, the uncovered turning, T, is
used for the airfoil definition. It will be seen subsequently that this may be speci-

fied or calculated to match the desired throat width. The basic specifications
define the axial chord, b,, and the inlet height, H, shown in figure 7-2.

b =csiny+ R (1-sinf)+ R,(1-sinp,) (7-3)

<
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Ficure 7-2. Airfoil Profile Definition
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H=ccosy+R,cosf —R,cosp, (7-4)

The coordinates of the leading and trailing edge points or end points of the
chord are given by

z =R /(1-sinf) (7-5)
y,=H—-R,cosf (7-6)
z,=b,—R,(1-sinf,) (7-7)
v, =—R, cosf3, (7-8)

The airfoil profile is defined by a series of polynomial curves connecting
specific points on each surface as shown in figure 7-2. Points S1, S3 and S5 are
basic defining points for the suction surface and points S2 and S4 are optional
points that can be specified to better control the shape of the surface. Similarly,
points P1 and P4 are basic defining points for the pressure surface and points
P2 and P3 are optional points. Conditions to be satisfied at the basic defining
points follow directly from the airfoil geometry specifications.

Zp = R[1+cos(B, +AB,/2)] (7-9)
yp =H =R sin(B, +AB,/2) (7-10)
Vo =tan(z/2— B, —AB,/2) (7-11)
Zpa =b, —R,[1+cos(B, + AB,/2)] (7-12)
Vps =—R,sin(B, + AB,/2) (7-13)

y,, =tan(B, +AB,/2—1/2) (7-14)
Zg = R[1-cos(B, - AB,/2)] (7-15)
yg = H+R sin(, —AB,/2) (7-16)
Ve =tan(m/2— B, +AB,/12) (7-17)
Zg3 =2pg —0cOS(T'+ B, —AB,/2) (7-18)
Vg3 = Vps +5—o0sin(l'+ B, —AB, /2) (7-19)
ve; =tan(T+ B, —AB, /2 -7/2) (7-20)
Zgs =b, — R,[1-cos(B, — AB, /2)] (7-21)
yss = R, sin(B, —AB, /2) (7-22)

Ves =tan(B, —AB, /2 -1/2) (7-23)

If any optional points are used, their (z, y) coordinates are specified directly.
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7.2 The Airfoil Profile Model

Polynomial segments connecting adjacent points on each surface are used to
define the airfoil surfaces. In order to obtain continuous surface curvatures,
first and second derivatives should be matched at all interior points where two
polynomial segments match. Ye [2] uses a combination of third- and fourth-
order polynomials on the suction surface to permit matching all parameters in
Eqgs. (7-15) through (7-23) while maintaining continuous derivatives. Third-order
polynomials are sufficient to match all parameters in Egs. (7-9) through (7-14)
while maintaining continuous derivatives for the pressure surface. The use of
fourth-order polynomials has been found to greatly complicate the application
of this design method. The resulting suction surface profile is often subject to
very unstable oscillations. Identifying airfoil geometry specifications that yield
a reasonable airfoil profile can be a very tedious process when this occurs and
can force the designer to accept undesirable compromises. This writer employs
third-order polynomials for all segments on both surfaces to avoid those
problems. This means that not all coordinates, slopes and continuous derivative
conditions can be matched at interior points on the suction surface. That is not
a fundamental compromise, since the design data can be adjusted to correct
these problems. The best practice is to include the following alternate options
for addressing this issue.

¢ Option 1: Use the coordinates of point S3 while requiring continuous first
and second derivatives at that point. The slope at the point S3 given by Eq.
(7-20) is ignored in this case. This usually results in the throat not being
located at point S3 and a throat width different from the desired value.
That can be corrected by adjusting the uncovered turning and/or the exit
blade angle until the correct throat width and location are obtained.

¢ Option 2: Match the coordinates and slope at point S3 and ignore point
S4. In this case, the second derivative is normally not continuous at point
S3. This usually yields the desired throat width, but may result in a second
throat or an unacceptable blade shape. Manual adjustments similar to
option 1 can be used to correct the problem.

¢ Option 3: Similar to option 1, but the airfoil design system computes the
uncovered turning needed to achieve the desired throat location and
throat width. Basically, this just automates a manual correction process
that could be used with option 1. With this option, the specified uncov-
ered turning and slope at the point S3 given by Eq. (7-20) are ignored.

Usually option 3 is the most convenient choice to quickly arrive at an acceptable
airfoil profile. But it is best to switch to option 1 at the end of the design process
to define consistent airfoil specifications and to assure continuous derivatives.
At that point, the uncovered turning needed to accomplish this is known from
the option 3 result.

The airfoil surfaces are defined by third-order polynomials for each curve
connecting adjacent defining points on the two surfaces along with circular-arc
segments for the end radii. Designating the curve number by a subscript j and
the polynomial coefficient number by a subscript k, the surface values of y and
its derivatives for any curve are
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4
y,=>a,2*"=a,+a,2+a,7 +a,7 (7-24)
k=1
4
yl, = z(k - l)aj,kz(k_Z) = a;’,z + 261,-,31 + 3aiy4z2 (7‘25)
k=2
(7-26)

4
y;I: kZ(k (k- 2)aﬁkz(’"3> =2a;;+6a,,z
=3

To facilitate a matrix solution for the polynomial coefficients, the curve
segments will be numbered in order for the each surface. Hence, the suction
surface will have two to four curves, depending on whether the optional
defining points are used. Similarly, the pressure surface will have one to
three curves, depending on whether the optional defining points are used.
A simultaneous solution of four equations will be needed to determine the
polynomial coefficients for each curve. But the conditions requiring continuous
derivatives at the defining points means the coefficients for adjacent curves
are not independent, so a systematic matrix solution is the proper solution
procedure. It is convenient to follow a very systematic order in imposing the
defining equations for the various curves. This will greatly simplify the logic
required for a numerical solution. Table 7-1 shows a convenient arrangement
of the defining equations applicable to the suction surface for options 1 and 3,
which is the most complex case. Note that the sequence of defining equations
used for all curves is identical except for the third defining equation for the
first curve and the fourth defining equation for the last curve. Hence, this table
is easily modified for cases where one or both optional points are omitted,
since only the first and last curves used require special treatment. It is only

Table 7-1. Suction Surface Model for Options 1 and 3

Curve End Points Defining Equations

1 S1and S2 1) Matchy at S1
2) Match y at S2
3) Match y’ at S1
4) Continuous y’ at S2

2 S2 and S3 1) Matchy at S2
2) Matchy at S3
3) Continuous y” at S2
4) Continuous y” at S3

3 S3 and S4 1) Matchy at S3
2) Matchy at S4
3) Continuous y” at S3
4) Continuous y’ at S4

4 S4 and S5 1) Matchy at S4
2) Match y at S5
3) Continuous y” at S4
4) Match y’ at S5
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Table 7-2. Suction Surface Model for Option 2

Curve End Points Defining Equations

1 S1and S2 1) Match y at S1
2) Matchy at S2
3) Match y’ at S1
4) Continuous y’ at S2

2 S2andS3 1) Matchy at S2
2) Matchy at S3
3) Continuous y” at S2
4) Match y’ at S3

3 S3 and S5 1) Matchy at S3
2) Matchy at S4
3) Match y” at S3
4) Match y” at S5

necessary to omit the unused curves from the table, renumber the curves
and modify the end point numbers. The same approach can be followed for
the pressure surface defining equations. This approach is well suited to a
systematic numerical solution. It is only necessary to determine how many
curves are used and identify their end points to follow this systematic process
of imposing the defining conditions. Use of option 2 for the suction surface
definition requires special treatment. In this case, point S4 is ignored and the
slope at point S3 is imposed. Table 7-2 shows the defining equations for this
case. Note that the same practice as outlined above can be used, followed by
imposing a special fourth defining equation for the second to the last curve
and a special third defining equation for the last curve. If point S2 is omitted,
the same systematic process is followed after renumbering the curves and
redefining the curve end-point numbers. Also note that it is no longer possible
to require a continuous second derivative at the point S3.

7.3 Determining the Polynomial Coefficients

The polynomial coefficients are determined by solving the following matrix
equation.

[CI[A]=[B] (7-27)

If N. is the number of curves approximating the surface being considered, [C] is
an N x N matrix, where N = 4N.. The matrix [A] is a 1 x N matrix containing the
N polynomial coefficients to be determined and [B] is a 1 x N matrix containing
the N match point conditions derived from the defining equations. To assign
values to [B] and [C], it is convenient to employ two 1 x (N, + 1) matrices, [Z]
and [Y], containing the z and y coordinates of all defining points ordered from
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leading edge to trailing edge. First, initialize all elements in [B] and [C] to zero.
Then set the standard matching conditions by the following steps for values of
j from 1 to N...

n= 4(] - 1) +1: Bn = Y/’; Cn,n = 1, Cn,n+1 =Zj; Cn,n+2 +Zj2, Cn,n+3 = Z3[r
Bn+l = Yj+l; Cn+l,n = 1; Cn+l,n+l = Zj+1; Cn+1,n+2 = sz+1y
C17,11+3 = Z3]'+1

Next, set defining equation 3 for the first curve using y” and z for the first refer-
ence point:
Bs=y, C32=1,C33=22,C54= 32,
Next, set defining equation 4 for the last curve using y” and z for the last refer-
ence point:
n=N: Bn :y,) Cn,n—Z = 1; Cn,n—l = 2Z; Cn,n = 312;

Next set the continuous y” condition by the following steps for values of j from 1
to N, — 1 unless this is the suction surface using option 2. In that case, use values
of j from 1 to N. - 2.

n= 4] Cn,n—Z = 1; Cn,n—l = 2Z]‘+l; Cﬂ,i'l = 3ZZj+1y Cn,n+2 =-1
Conss =221, Cones = =321

Next set the continuous y” condition by the following steps for values of j from
2 to N, unless this is the suction surface using option 2. In that case, use values
of jfrom2to N, - 1.

n= 4(] - 1) +3: Cn,n—4 = 2) Cn,n—3 = 6Z/'; Cn,n = _2; Cn,n+1 = _6Z/'
If treating the suction surface using option 2, impose the special throat slope
matching conditions, using ¥" and z at defining point S3.
n=N-4: Bn =y/; Cn,n—é = 1; Cﬂ,n—S = ZZ, Cn,nJl = 312
n=N-1: Bn =y’, Cn,n—l = 1: Cn,n = ZZ; Cn,n+1 = 322

The resulting matrices for the two surfaces can be solved by Gaussian elimina-
tion to obtain the array of polynomial coefficients. The individual coefficients
can be recovered from the matrix [A] elements by

n=4G-1)+k:aj=A,
The surface profile coordinates for all curve segments between the defining

points are given by Eq. (7-24) using the appropriate polynomial coefficients over
the range of z between the curve segment end points.
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Ficure 7-3. The Leading Edge Profile

7.4 Leading and Trailing Edge Profiles

The surface profiles for the leading and trailing edges are constructed by
imposing the appropriate circular-arc segment. Figure 7-3 illustrates the
relevant geometry for the leading edge profile construction. It is easily
shown that the surface coordinates can be expressed as a function of the

angle ¢, i.e.,
z=R,(1-cos¢) (7-28)
y=H+ R, sing (7-29)
B +AB/2-w<d< B —AB /2 (7-30)

The trailing edge construction is quite similar. It is easily shown that the trailing
edge coordinates are

z=b,—R,(1-cos¢) (7-31)
y=R,sin¢ (7-32)
B, +AB,/12-n<p< B, —AB,/2 (7-33)

7.5 The Passage Throat Calculation

Once the airfoil profile is known, it is necessary to calculate the passage throat
width. As previously noted, the throat may not be located at the intended
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point S;. Also, the actual throat width may not equal the intended value
specified by the user. It is also possible to encounter an ambiguous throat,
when the throat width does not initiate from the point P, on the other side of
the passage. Although that might be appropriate for a blade row intended to
always operate with a supersonic discharge, the present airfoil design method
is not an effective design method for an overexpanded, convergent-divergent
passage. This method is intended for more conventional designs where the
passage width is intended to decrease smoothly from the passage inlet to
the throat width defined between points S; and P, on adjacent airfoils. Since
the gauging angle, or the ratio o/s, is an essential design parameter, the actual
throat width obtained provides a critical evaluation of the suitability of the
airfoil design for the intended application. Figure 7-4 illustrates a simple
method to determine the actual throat. The second airfoil bounding the
passage is identical to the base design, but with all y coordinates increased
by the pitch. The intended throat location between S; and P4 on adjacent
blades, o,, is used as the initial estimate. Then the passage widths o_ and o,
are defined to obtain locations on the suction surface well before and after
the actual throat. The initial estimates of the axial coordinates for these
three widths are

2 =(2q +253)/2 (7-34)

S

z_ Z¢ 7+

Ficure 7-4. The Passage Throat Calculation
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7, =2, (7-35)

zZ, =(2g3 +255)/2 (7-36)

The corresponding values of y are computed from the appropriate polynomial
curve segments. Then, an iterative numerical process is conducted to system-
atically reduce the distance between z- and z. to converge within an accept-
able tolerance such that the true throat lies between them. The procedure is as
follows:

1. Calculate a passage width, o at a value of z midway between z- and z.. If o >
o. then set z =z and o_ = 0. Otherwise, set z, =z, 0, =0, zz=z and o. = 0.
2. Calculate a passage width, o at a value of z midway between z, and z.. If
o > o, then set z, =z and o, = 0. Otherwise, set z. = z., 0_- =0, z. =z and o.
=o.

3. Return to step 1 and repeat the process until (z, — z.)/b, is reduced to a
value less than an acceptable tolerance.

When this process is converged, z., ¥. and o. define the actual throat width
and its location on the suction surface. The appropriate polynomial curve
segment also provides the suction surface slope, y., at the throat, which
defines the actual uncovered turning. This provides the actual values for
the completed design, i.e.,

B, ... =arcsin(o,/s) (7-37)

T, =arctan(v)+7/2-0,+AB,/2 (7-38)

Depending on which of the previously mentioned options for modeling the
throat is used and the status of the design, these values may not be the
same as the specified values. The suction surface curvature downstream of
the throat is also an important parameter as described in chapter 4. This
can be estimated by

2sin(T,, /2)

K,, = (7-39)
“ \/(xc _xss)2 +(, _yss)2

As a final check, the (x, y) coordinates at a series of points between points be-
tween S; and Ss on lower blade and P; and P4 on the upper blade are generated
and distances between all combinations of the points on the two surfaces are
calculated. If any of those distances is less than the calculated throat width, an
ambiguous throat definition exists. Figure 7-5 illustrates an ambiguous throat
case. Clearly the passage width o,; is less than the throat width, o,, at the blade
row discharge.
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Ficure 7-5. An Ambiguous Throat Case

7.6 Adjusting the Uncovered Turning

It is often convenient to have the airfoil design system determine the uncovered
turning required to obtain the desired throat location and throat width or gauging
angle. This is the third option to model the throat noted previously in this chapter.
It requires accomplishing the airfoil design in an iterative procedure to obtain the
required value of I'. A conservative estimate is used to initiate the process.

T =arccos[0.9(z,, — z¢,)/0]— B, + AB, /2 (7-40)
After the airfoil has been designed, the estimated value of I" can be improved
as follows:
r=r,; r,=zo0 (7-41) AQ: Au.
please
check the
r-r/2; r,<o (7-43) numbering
of the
equations
[<0.475n— B, +AB, /2 (7-44)

This iterative process is repeated until the specified I agrees with the resulting
I, within an acceptable tolerance. This iterative process converges rapidly,
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assuming reasonable airfoil design specifications were entered. Indeed, the
limit imposed in Eq. (7-44) is simply a precaution against the possibility that
unreasonable specifications might inadvertently be used. When the appropriate
value of T" has been determined, it can be used with the first option to model
the throat. This yields the desired throat width and continuous first and second
derivatives without the need of the iteration procedure. Indeed, the iterative
procedure simply automates a process that could be done manually with the
first option. But it greatly expedites the design process while the designer is
investigating alternate design specifications.

7.7 Design of a Complete Blade

The design of a complete blade is accomplished by designing a series of airfoil
sections for a range of section radii and stacking them to form the complete
blade. This requires selecting a stacking axis for the blade and defining stacking
coordinates (z;, ¥) on each airfoil section. Common choices for (z;, yi) are the
center of gravity, the leading edge or the trailing edge. Usually the stacking axisisa
simple radial line, although other choices may be preferred to enhance mechanical
integrity. A simple translation of coordinates to relocate the stacking point (zx, vi)
on the stacking axis for all sections yields the complete stacked blade.

A special case is the constant-section blade where the airfoil geometry is
identical on all constant radius sections. Since the pitch varies with radius, a
modification of the basic airfoil defining data is necessary to produce the same
airfoil at a different radius. This is necessary to obtain the same defining point,
S;. The parameters that must be modified are 7, s, 0 and I'. Using an overbar to
designate these modified parameters for the new blade section, Egs. (7-18) and
(7-19) require

$=277/N (7-45)
ocos(T+B,—AB,/2)=ocos(T+ B, —AB,/2) (7-46)
5-osin(T+B,-AB,/2)=s-osin(T'+ B, —AB,/2) (7-47)

Once the basic airfoil section has been designed, it can be copied to other con-
stant radius section using Eqgs. (7-45) through (7-47). The reason for doing that
is to obtain the actual values of o, B,, I" and x for the new blade sections to
permit a performance analysis of the complete blade row. Note that the actual
values of these parameters will be different from those derived from Egs. (7-45)
through (7-47) to define the new airfoil sections. This process requires that all
airfoil sections, including the basic section to be copied, must be designed using
the first option to model the throat described previously in this chapter.

7.8 The Optional Defining Points
The optional defining points S,, S,, P, and P, provide the designer with additional

control over the airfoil shape. The most effective way to exploit them is through
an interactive graphical interface. Once a basic airfoil design is accomplished
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using the five basic defining points, the designer should be able to add, modify or
delete optional points. The current airfoil profile should be displayed graphically
on the monitor screen. If the user chooses to add an optional point, it can be
initialized to lie on the existing profile at a convenient location between relevant
basic defining points. This will leave the current airfoil profile unchanged but
adds the control offered by the optional point. The user should be able to move
the optional points with a drag-and-drop interactive capability. Each change
to an optional point should cause the airfoil profile to be regenerated on the
monitor screen. This is a very efficient way to make use of these optional points
to shape the airfoil. Any approach less effective than this is likely to discourage
the designer from making full use of this added control due to the difficulty of
achieving the desired effect.

7.9 Evaluation of the Airfoil Design

Detailed airfoil design should normally follow the preliminary stage design
process described in chapter 6. This should include an aerodynamic performance
analysis as described in chapter 5. This provides the designer with a high
degree of confidence that the basic stage configuration and velocity triangles
selected can achieve the expected performance. In principle, the detailed airfoil
design process should not significantly alter the results from an aerodynamic
performance analysis. Indeed, the detailed design process contributes design
details not directly recognized by the performance analysis of chapter 5. In
effect, the performance analysis assumes that “well-designed” components are
used. The detailed design process seeks to supply that assumed design quality.
In practice, achieving that design quality normally imposes some deviations
in the preliminary blade geometry that may alter the performance prediction
results. One obvious case where significant changes may result is a blade row
with constant airfoil geometry from hub to shroud. When all blade sections
are constructed and stacked, it is almost certain to result in values of throat
width or gauging angle that are significantly different from those assumed in
the preliminary design. In almost any case, suction surface curvatures and
maximum blade thicknesses will differ from those assumed for the preliminary
design. Hence, a final performance analysis using the relevant geometry from
the detailed design process is always wise and sometimes essential.

But the evaluation of the detailed airfoil design must include consideration
of the internal flow characteristics not evaluated by the performance analysis.
One significant feature is the passage width distribution from inlet to discharge.
Passage width should always show continuous reduction from the inlet to
the throat. The passage width distribution is easily established using the
(%, y) coordinates at a series of points between points between S; and Ss on
the blade suction surface and P; and P, on the pressure surface of an adjacent
blade. For each point on the adjacent blade pressure surface, the distance to all
points on the blade suction surface is easily calculated. The local passage width
is the minimum distance, which can be determined by interpolation. Figure
7-6 shows passage width distributions for the root and tip airfoil sections of a
constant-section nozzle blade design. Both airfoil sections achieve the desired
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Ficure 7-6. The Passage Width Distributions

reduction in passage width, although the root section is somewhat marginal. This
writer’s detailed airfoil design system displays the passage width distribution on
demand for the airfoil section being designed. Hence, the designer is guided by
this consideration throughout the airfoil profile design process.

A more fundamental evaluation of the airfoil design is concerned with the
airfoil surface velocity distributions or blade-loading diagram. This requires
conducting a blade-to-blade flow analysis for the various airfoil sections. Blade-
to-blade flow analysis techniques suitable for both axial-flow and radial-inflow
turbines are described in chapter 13. The suction surface velocity distribution is
the most critical consideration for all types of turbomachines, since it normally
exhibits the highest velocities. It is generally accepted that for axial-flow turbine
blades the suction surface velocity should increase smoothly from the inlet to
a maximum value and then remain essentially constant over the aft portion of
the blade. Flow diffusion should be avoided as much as possible, particularly on
the suction surface. Figure 7-7 shows an experimental blade-loading diagram
for a turbine nozzle from Whitney et al. [74], which approximates the desired
blade-loading characteristics. It will be seen subsequently in this book that it is
relatively easy to include a two-dimensional boundary layer analysis with the
blade-to-blade flow analysis to provide some assessment of viscous-flow effects.
This provides a better estimate of the potential for boundary layer separation and
even gives an estimate of the profile loss coefficient. However, it provides largely
a qualitative assessment, since it does not consider secondary flow effects that
are often significant. A more fundamental evaluation is supplied by viscous-flow
computational fluid dynamics (CFD) codes applied to the entire blade row or
even to the entire stage. Most modern turbomachinery design groups employ one
or more commercially available CFD codes capable of this type of analysis.
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Ficure 7-7. An Experimental Blade-Loading Diagram

7.10 A Computerized Airfoil Design System

It is relatively easy to implement the procedures described in this chapter in an
efficient interactive design system. The following features have been found to be
particularly effective.

¢ The initial estimates for the airfoil section designs can be supplied by the
preliminary design system of chapter 6. The simplest approach is to pro-
vide the preliminary design system with the capability to export an input
file for the detailed airfoil design system.

¢ The airfoil design system should also be capable of exporting an input
file for one of the blade-to-blade flow analyses described subsequently in
chapter 13. That greatly simplifies the blade loading diagram evaluation
described previously in this chapter.

¢ The design system should automatically carry out the airfoil design
process as far as possible with available design specifications. With
error trapping allowed by most modern programming software, this can
be accomplished without significant risk of a fatal error terminating the
process.

¢ A few well-chosen monitor screen messages indicating missing specifica-
tions, options in use and the status of key design steps are very helpful to
the designer.

¢ The interactive procedure for employing the optional profile definition
points is an extremely valuable enhancement that is almost essential to
use those optional points effectively.
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¢ Monitor screen graphical displays of the airfoil in a design view (similar to
figure 7-1), a profile view (using the chord as the abscissa) and a cascade
view (two adjacent blades as they will be applied) are very useful in evalu-
ating the design.

¢ Design view and profile view profile surface coordinates are also useful
output blocks. Blade thickness and passage width distribution can also
be included.

¢ A monitor screen passage area distribution graphical display similar to
figure 7-6 is very useful.

¢ When all airfoil sections have successfully been designed, the design sys-
tem should save the blade data needed for the performance analysis of
chapter 5 in its input file. That permits import of that blade data by the
performance analysis for a final prediction. That approach is much sim-
pler than for the airfoil design system to revise the more complicated in-
put file for the performance analysis.

¢ The three options for modeling the blade throat described previously in
this chapter greatly improve the effectiveness of the design system.

¢ The blade stacking procedures can also be easily incorporated to save
time for drafting and manufacturing activity. This just adjusts the blade
section coordinates to a common, stacked-blade origin.

o It is useful to include the capability to export data to a text file for subse-
quent importing by spreadsheet or graphics software. Most of the figures
in this chapter were created in that way. This also often permits electronic
transfer of data to mechanical designers, CFD analysts, drafting, numeri-
cal controlled machining, etc.

With proper planning, the suggested monitor screen output blocks can also be

used for creating a printer output file to reduce the development time for the
interactive system.
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Chapter 8

INDUSTRIAL AXIAL-FLOW
TURBINE APPLICATION
PROCEDURES

Industrial axial-flow turbines are often one-of-a-kind turbines configured to
a specific customer’s requirements. With no duplicate machines to share in
absorbing development costs, cost-effective turbine development becomes
a major imperative. Common practice is to configure the turbine using a
series of standard turbine stage designs with preestablished aerodynamic
performance and mechanical integrity. This dramatically reduces the
engineering time and cost associated with the design and development
of these turbines. But efficient and accurate application procedures are
essential to the success of this approach. The preestablished aerodynamic
performance is often referred to as the rated performance. The stage
rated performance is obtained from prototype testing or the best avail-
able performance prediction methods. Application procedures apply this
rated performance to predict the stage performance for the specific oper-
ating conditions required for the application. This will usually involve
operating conditions quite different from those used to establish the rated
performance. In some cases, even the working fluid will be different from that
used to establish the rated performance. To further complicate the problem, the
application engineer will usually have to consider a variety of combinations of
the standard industrial stages before arriving at an optimum configuration for
the application. Hence, efficiency and reliability are mandatory characteristics
of an industrial turbine application procedure. For many years, accuracy was
a secondary consideration. Most applications were mechanical-drive units,
often using condensing turbines. The actual performance of these turbines
was extremely difficult to quantify. Sufficient accuracy to ensure that the
turbine could accomplish its mechanical-drive function was necessary, but
neither the manufacturer nor the customer could accurately establish the
actual performance of the turbine. The advent of the special-purpose industrial
turbine-generatordramatically changed thissituation by providingadirectand
meaningful power assessment. Quite abruptly, the accuracy of application pro-
cedures became another imperative. This requirement has also expanded into
the mechanical-drive turbine market as well. Today, sophisticated customers
are far more likely to pursue the difficult assessment of the mechanical-drive
turbine’s performance through field testing, particularly if there is reason
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to suspect a performance deficiency. In this writer’s experience, inadequate
application procedures are by far the most common source of industrial
turbine performance deficiencies. This has resulted in some very expensive
warranty problems for manufacturers as well as substantial adverse economic
impact for the users. This chapter seeks to point out some common deficien-
cies in application procedures and to suggest some viable alternatives.

NOMENCLATURE

A = characteristic passage area
a =sound speed
cp= specific heat at constant pressure
¢, = specific heat at constant volume
C, = spouting velocity
D = characteristic diameter
H = total enthalpy
h = enthalpy
Kz = Reynolds number correction factor
k = ratio of specific heats =¢,/c,
M = Mach number
" = mass flow rate
N =rotation speed, rpm
P =pressure
Pr, = pressure ratio
Q = volume flow
Re, = blade chord Reynolds number
Re,;, = Reynolds number based on tip radius and speed
r=radius
U =blade speed =rw
W = relative velocity
z = compressibility factor
1 = efficiency
v = velocity ratio = U/C,
p = fluid density
= rotation speed (radians/sec)

Subscripts

h =hub parameter
id= an ideal, isentropic condition
m= parameter at midpassage height

s = total-to-static condition or shroud parameter
t = total thermodynamic condition

* = a condition corresponding to sonic flow

1 = nozzle row inlet parameter

2 =nozzle row exit parameter
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3 =rotor row inlet parameter
4 =rotor row exit parameter

8.1 Stage Performance Rating Curves

An industrial turbine stage’s rated performance is conveniently presented in
the form of rating curves. This is a practical application of the principle of si-
militude discussed in chapter 1. Stage performance data obtained from proto-
type testing or the best available performance prediction methods are reduced
to equivalent performance data. These general rating curves can be used to
estimate the stage performance under any operating conditions required for
the actual application. This provides a method to apply experimental per-
formance data to virtually any application. In the case of predicted rating
curves, it allows performance estimates to be based on prediction methods
too sophisticated to provide the efficiency and reliability required for appli-
cation work. For purpose of illustration, the axial-flow turbine performance
prediction method described in chapter 5 is used to generate performance
data for a turbine stage using air as the working fluid to simulate results that
might be obtained from prototype stage testing. These data are reduced to
equivalent form to be used to apply the stage to a steam turbine application.
Under the conditions considered, air is basically a thermally perfect gas.
Hence, the thermally perfect gas equation of state is applicable, i.e.,

P=pRT (8-1)

However, the specific heats, ¢, and ¢,, are functions of temperature, so their
ratio, k, is not constant. Under the same conditions, steam is a nonideal gas
governed by

P=zpRT (8-2)

The compressibility factor, z, as well as k, ¢, and c¢,, are functions of tem-
perature and pressure, and the values of R and k are quite different from
those of air. This fairly severe test of the similarity concept will illustrate its
limitations as well as its proper application. It also provides an opportunity
to validate some of the conclusions that were stated previously in chapter 1
without supporting evidence. The equivalent rating curves derived from air
performance data will be based on fundamental equivalence parameters so
they can be applied directly to steam or any other working fluid. These are
given in Eq. (1-22), repeated here as Eq. (8-3) for convenient reference.

e @’ ﬁz’ Aliid) ﬂ’ v (8-3)

Ap.a, a, a a a

* s *

Note that pressure ratio is not one of the fundamental equivalent per-
formance parameters and should not be used directly. The equivalence
parameters were introduced in chapter 1 as total-to-total conditions. It was
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simply stated that they apply for total-to-static performance without sup-
porting evidence. Total-to-static performance data will be used here to
confirm that statement. Hence, the spouting velocity and velocity ratio used
are given by

Cos = Vz(Hl —hyy) (8-4)

vs = Um /COS (8'5)
The blade speed used, U,,,, is the rotor exit blade speed at mid passage height.
U, =w(r,+n,)/2 (8-6)

It should be recognized that rating curves could also be based on total-
to-total conditions and alternate blade speed definitions if that is more con-
venient. Evaluation of the accuracy of performance estimates obtained from
similitude is accomplished by generating predictions using steam as the
working fluid for comparison with the equivalent rating curves derived from
air performance.

Figure 8-1 shows an equivalent efficiency map with two rating curves for
specific values of Cy/a.. The values of total-to-static pressure ratio for air as
the working fluid are noted on the figure for reference. The equivalent pres-
sure ratios for steam were 1.94 and 3.68, confirming that pressure ratio is
not a true equivalent performance parameter. A few points using pressure
ratio as an equivalence parameter have been included in figure 8-1 to further
emphasize this important point. Different values of pressure ratio will apply
to different working fluids and must be calculated consistent similitude on
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Ficure 8-1. Efficiency Rating Curves
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Cys. Several additional rating curves would normally be employed to cover
the range of expected Cyy/a. values. Efficiency for the specific application
would be obtained by interpolation. The total-to-static velocity ratio is a con-
venient choice for the abscissa. Turbine stages perform over a fairly predict-
able velocity-ratio range, which is well suited to the interpolation process.
The corresponding steam performance predictions show the efficiency esti-
mates based on similitude are quite accurate.

Some minor deviations are seen for the larger Cy/a. rating curve. This
results from the fact that complete Mach number equivalence between air
and steam cannot be achieved through the entire stage at extreme pressure
ratios. The differences in fluid properties as well as nonideal gas behavior
for steam result in differences in the gas density distribution through the
stage. This is often referred to as a volume-ratio effect. Since conservation
of mass is required for both cases, complete Mach number similarity can
not be achieved unless volume-ratio similarity is also achieved. It is evident
that inlet Mach number similarity does not assure volume-ratio similarity
through the stage under all conditions. This is a basic limitation of simili-
tude based on Mach number similarity. It is likely that the slight inaccuracy
of performance estimates at extreme pressure ratios will not be a signifi-
cant concern, since performance guarantees are not normally expected or
required in those cases. If necessary, the rating curves could be corrected
for volume-ratio effects by adjusting the air-test data based on performance
analysis results for the two working fluids.

Figure 8-2 shows an evaluation of mass flow similarity as a function
Cysla.. For convenience, the mass flow equivalence is expressed as the ratio of
mass flow to the ideal (no loss) nozzle choking mass flow, i.e., the reference
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area used in Eq. (8-3) is the nozzle throat area, A,, such that

/v, = m/l(p,a.A,) (8-7)

Note that this is just a convenient reference, which does not require that choke
actually occur in the nozzle. Even when the nozzle does control choke, the ac-
tual stage choking mass flow will be less that the ideal nozzle choking mass
flow due to losses in the nozzle. Three curves are shown for various equiva-
lent speeds expressed as the ratio of the rotor tip speed to the inlet sonic ve-
locity. It is seen that excellent mass flow estimates for steam will result from
similitude with air. However, the equivalent speed parameter used is not well
suited for interpolation to obtain performance estimates from a family of
rating curves. The highest speed rating curve had to be truncated since the
stage reached its runaway condition (i.e., AH =0) at a relatively large value of
Cys/a.. In addition, the various rating curves cross each other to further com-
plicate the process of interpolation. Hence, the rating curve format shown in
figure 8-2 is usually not a very good choice for mass flow rating curves.
Figure 8-3 shows an alternate rating curve format using velocity ratio as
the parameter. The range of practical values of velocity ratio is fairly pre-
dictable and leads to a more uniform operating range for Cy,/a- for the vari-
ous rating curves. This format is well suited for interpolation. Performance
rating curves similar to figures 8-1 and 8-3 provide an effective method to
apply the preestablished industrial turbine stage performance for general
application work. But misuse of similitude in establishing and applying
the rating curves is far too common. In nearly all cases this is due to the
failure to employ the fundamental equivalent performance parameters. This
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usually results from the lack of a proper understanding of similitude. But the
desire to use alternate parameters for reasons of convenience and the temp-
tation to customize the rating curves for the expected working fluid are also
common causes. Such personal preferences can be accommodated if done
correctly. In the present illustrative example, the air rating curves could be
converted specifically to steam turbines using pressure ratio as a parameter
rather than Cy,/a.. But that approach is not recommended, since it will yield
erroneous results when those rating curves are subsequently used to select a
turbine to operate with a different working fluid. If use of pressure ratio as
the independent parameter is considered important enough, it can be done.
In that case the rating curves are specific to a single working fluid. Hence,
additional logic is required to calculate an equivalent pressure ratio from
Cos/a. equivalence to translate the rating curves to the actual working fluid.

8.2 Reynolds Number Effects

A significant limitation of equivalent performance maps is associated with
Reynolds number effects. That issue was avoided in the previous comparisons
by suppressing all Reynolds number corrections in the performance analysis.
But air and steam exhibit significantly different Reynolds number values for
the cases considered. Had the Reynolds number corrections not been sup-
pressed, figure 8-1 would have shown significant differences in efficiency be-
tween air and steam as compared to the estimates based on similitude. Those
differences are real, but they cannot be addressed by rating curves based on
similitude. When rating curves are used for application work, the Reynolds
number to which they apply must always be specified such that Reynolds
number corrections can be applied separately. Unfortunately, the literature
offers virtually no well-established Reynolds number correction procedure
for axial-flow turbines. Balje [68] does provide a calculated Reynolds num-
ber correction chart using specific speed as a parameter. His discussion of
the assumptions used to develop that chart does not offer much reason for
confidence. Attempts to qualify that chart using the performance analysis of
chapter 5 resulted in little correlation between the chart and the performance
prediction results.

Unable to locate a suitable published method, this writer formulated
an axial-flow turbine stage Reynolds number correction based on the
parameter, Kz, given by Egs. (4-73) through (4-76) and shown in figure 4-10.
This parameter is used in chapter 4 to correct the profile and secondary
flow losses for Reynolds number effects, including laminar and turbulent
flow and the effects of surface finish. One immediate problem arises from
the fact that K is based on the blade chord Reynolds number, Re,, which is
not readily available in a general turbine application procedure. If the rating
curve format of figure 8-1 is used, this actually poses no problem. A more
convenient Reynolds number definition for a general application procedure
is the tip Reynolds number, Re,;,, given by

Retip = pUars/ :u (8'8)
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All parameters are evaluated at the stage exit and the subscript s refers to
parameters evaluated at the shroud. Note that the individual efficiency rat-
ing curves are effectively curves of constant spouting velocity, Co,. It is well
known that the fluid velocities within the stage are proportional to C,,. Hence,
the individual rating curves are expected to also be curves of approximately
constant Re,.. This has been confirmed through a number of stage perfor-
mance predictions for constant Cy,. Hence, a rating curve Reynolds number
reference can be established by specifying Re,;, and the ratio Re /Re,;,. Both
of these parameters will vary with velocity ratio, but their ratio will remain
essentially constant. Typically these values are specified at the peak efficien-
cy condition, although that is relatively unimportant since essentially the
same Re, will result regardless of where they are specified. It is expected that
Kxe can be used as a correction on the stage inefficiency, (1 -n), i.e.,

A=m) = A=)+ (Kp - D] (8-9)

The parameter f is the fraction of the overall stage loss that is Reynolds num-
ber dependent. Unfortunately, f cannot be regarded as constant on a rating
curve. It can be noted that as the velocity ratio increases, the stage work co-
efficient decreases. Typically, the losses that are not dependent on Reynolds
number are reduced as the work coefficient is reduced (e.g., the clearance
loss). Hence, it can be expected that f will approach unity at large velocity
ratios. Based on performance prediction results, a reasonable approxima-
tion is often given by

f=v0es (8-10)

However, this is the weakest aspect of the present Reynolds number correction.
Indeed, f can be quite dependent on the stage type and Mach number level as
well as special issues such as moisture loss, seal leakage, partial admission, etc.
Hence, Eq. (8-10) should not be considered to be a general result that will be
sufficient for all stage rating curves.

Application of this Reynolds number correction is straightforward.
Using the reference Re, for the rating curve, compute K and use Eq. (8-9)
to compute 1, Then calculate Kgg for the actual Re, and use Eq. (8-9) to
compute 1. Figure 8-4 illustrates typical results from this model. Perfor-
mance curves were generated for a series of Reynolds numbers using the
performance analysis of chapter 5. One of these curves is used as a base
reference, and estimated efficiencies for the other curves were generated
with the present Reynolds number correction method with f given by Eq.
(8-10). For purpose of illustration, these results assumed a perfectly smooth
surface to avoid suppressing the corrections at the highest Reynolds number
due to surface roughness effects. That often occurs in axial-flow turbines
w  typical surface finishes. Indeed, Fielding [69] suggests that the improve-
ment in efficiency due to Reynolds number greater than the transition val-
ue is usually negligible. Results from the present method are often con-
sistent with that conclusion, suggesting that surface finish should always

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Industrial Axial-Flow Turbine Application Procedures ¢ 193

0.90

085

v

0.80

0.75

0.70
Cos/ 2+ =0.8

Re / Regjp = 0.1228

Total-To-Total Efficiency

0.65

3.4x10°

0.60 [ — Prediction _
O Re Correction From Re 4, =2.3 x 10°

0'5%.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Vsm

FiGure 8-4. Typical Reynolds Number Corrections

be considered when correcting for Reynolds number effects. This writer
has traced some very expensive turbine performance deficiency problems
directly to the omission of surface finish effects in Reynolds number cor-
rections. This has become a serious issue in recent years due to the higher
inlet pressures required for modern industrial steam turbine applications.
It is evident that the present Reynolds number correction is in rather good
agreement with the basic performance analysis. Some deviations can be
seen at extreme velocity ratios, particularly at the lowest Reynolds number
considered. In part, this results from weaknesses in the model for f given
by Eq. (8-10). But it also results from the fact that efficiency is not the only
aspect of turbine performance affected by Reynolds number. Nevertheless,
this Reynolds number correction should be sufficient for most industrial
turbine applications work. The model to estimate f may require refinement
based on the specific stage type. It is not possible to define a general form
that is certain to be applicable to all stage types and operating conditions.

8.3 Reaction Rating Curves

The efficiency and flow rating curves and the Reynolds number correc-
tion are sufficient to estimate the stage performance. But the application
engineer may also need to estimate the rotor axial thrust to confirm that
the turbine configuration is achievable with practical thrust bearings. This
requires knowledge of the average passage reaction to estimate the blade
passage thrust forces. In the case of a diaphragm-disk stage arrangement,
hub reaction may also be required to estimate the disk thrust force. Figure 8-5
shows predicted reaction rating curves for air and steam using the same
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similarity parameters as figure 8-1. It is evident that similitude is applicable
to the average reaction and hub reaction and can be used to provide rating
curves suitable for rotor axial thrust evaluation.

8.4 Application Procedures Based on Rating Curves

Properly defined rating curves permit accurate estimates of stage perfor-
mance with a relatively simple analysis and minimal stage geometry data.
Rating curves cannot be used to model all phenomena encountered in turbine
stages. The need for a correction procedure to address Reynolds number effects
has already been discussed. Moisture loss is another example where a separate
correction procedure is required. Usually this is also true of partial admission
losses, unless restricted to a specific set of admission arcs such that individual
rating curves can be supplied. Other corrections may be required depending on
the type of variations allowed to the standard stages to be used. The appropri-
ate loss models from chapter 4 must be adapted to develop corrections to the
performance derived from the rating curves for those variations. The precise
procedure will also depend on the type of rating curves (e.g., total-to-total or
total-to-static), but the basic process will be similar for any type.

Typically, a stage is selected based on a known rotation speed, mass flow
and stage inlet conditions. Given the nozzle throat area, the mass flow rating
curve can be used to select appropriate values of Cy/a. and v to conserve
mass. Typically one parameter is selected and the other calculated to balance
mass. The stage efficiency is determined from the efficiency rating curves
and used to calculate the average stage discharge conditions, assuming a
simple one-dimensional flow model. Given the stage discharge area and mean
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flow angle, conversion between total and static discharge conditions can
be computed from a mass balance. This normally requires the rotor mean
gauging angle and a deviation angle model similar to the model described
in chapter 4. The Reynolds-number correction and any other corrections
required are imposed to obtain the overall stage performance. Alternate
values of Cy/a. and v can be considered to select the best combination. If
required, the reaction rating curves can be used to estimate the rotor thrust.
This process can be applied to a series of stages to develop a multistage
turbine configuration that achieves the required performance. There are
many possible variations on this process. An iterative process can be used
to work from stage discharge conditions rather than inlet conditions. Some
automated optimization is normally used based on preferred constraints.

The most significant compromise relative to the accuracy of the estimated
performance is that stage matching is not addressed by the rating curves.
This can involve both abrupt changes in end-wall contours and off-design
nozzle incidence angles. As mentioned in chapter 6, standard industrial
stages are usually designed to optimize static efficiency using low flow coef-
ficients and low inlet swirl velocities to minimize this effect. Also, applica-
tion procedures usually restrict the range of conditions that can be employed
for performance guarantee conditions. But some adjustment to account for
stage matching compromises is normally appropriate. This may be as simple
as assigning the fraction of the dynamic head or tangential dynamic head
that is recovered in the next stage. A nozzle incidence loss and an abrupt area
expansion or contraction loss model may also be used to impose corrections
on the performance.

This description has reduced the problem to its simplest form to illustrate
the role of rating curves. A turbine application procedure must also address
a number of issues not directly associated with stage performance. Typical
examples include inlet and discharge seal leakage, extraction flows, diffus-
er and exhaust-end performance and control-valve losses. Often it will also
include preliminary evaluation of mechanical integrity issues.
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Chapter 9

AERODYNAMIC PERFORMANCE
ANALYSIS OF RADIAL-INFLOW
TURBINES

An aerodynamic performance analysis is essential for nearly all aspects
of radial-inflow turbine aerodynamic design and application. The highly
complex three-dimensional flow fields in these machines are strongly
influenced by viscous effects and passage curvature. In contrast to the axial-
flow turbine, the most effective approach to the performance analysis of
radial-inflow turbine is the one-dimensional or mean-line method. Indeed,
there is a close parallel with compressor performance analysis where the
one-dimensional method is the most effective technique for the centrifugal
compressor [1] but the more general hub-to-shroud flow method is the better
choice for the axial-flow compressor [2].

One-dimensional performance analysis relies on analysis of the flow along
a mean stream surface through various stage components. This approach is
quite effective, but also has definite limitations. There are really an infinite
number of ways a component can be designed to produce the specific
geometrical parameters used by a one-dimensional performance analysis.
The best a one-dimensional analysis can do is to predict the expected
performance assuming the detailed geometry is based on “good design
practice.” Obviously, good design practice is a relative term. In the case of
the diffusing flows in compressors, this can result in significant uncertainty,
particularly when analyzing older designs. It is a much less serious issue for
turbines, where the accelerating flow results in less sensitivity to local flow
behavior.

The literature includes a number of investigations into the performance
analysis of radial-inflow turbines [67, 68, 75-83]. But unlike other popular
turbomachinery types, the literature really doesn’t provide any comprehensive
and well-validated performance prediction systems for these machines. The
axial-flow turbine performance analysis of chapters 4 and 5 is based on several
well-developed and competing systems for modeling the loss and fluid turning.
This writer’s performance analyses for centrifugal and axial-flow compressors
[1, 2] are based on similar well-developed technology from the open literature.
In contrast, the empirical models presented in this chapter are largely unique.
Some axial-flow turbine and centrifugal compressor models were adaptable
to the radial-inflow turbine application, but most models were formulated
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specifically for this aerodynamic performance analysis. Although the open
literature is quite limited, there are a number of proprietary performance
analyses for radial-inflow turbines that appear to be well developed and
effective. Indeed, some of these are implemented in commercially available
software systems.

An early version of the present performance analysis was formulated over
twenty-five years ago to address a perceived application in the geothermal
energy market. After a number of successful applications, that performance
analysis became largely inactive, since the perceived application simply did
not materialize as a viable market. Subsequently it has been used occasionally
for turbocharger repair and upgrade activity and for several other special
applications. Recently the radial-inflow turbine performance analysis was
essentially redeveloped in the more modern programming systems available
today. Investigators involved in engineering software development twenty-
five years ago are well aware of the substantial constraints imposed by the
mainframe computer environment and relatively crude programming systems
available at that time. Others will probably find it difficult to imagine carrying
out this task using punched card input while relying entirely on crude line
printer output from one or two computer runs per day. The flexibility of the
modern programming environment allowed substantial improvement of the
accuracy and reliability of the performance analysis to be achieved as well as
its conversion to a user-friendly personal computer application. But it does need
to be mentioned that the specific formulation described in this chapter has not
been used to support any commercial design or analysis activity. Comparison
of predictions with experiment has clearly demonstrated that its prediction
accuracy is superior to the original formulation, which has provided effective
results on many practical applications. But the true test of any software system
is provided by direct experience gained through a range of practical design
and analysis applications. As of this writing, there has been no opportunity to
qualify this software system on that type of practical application.

NOMENCLATURE

A =passage area
a =sound speed
b = passage width
C = absolute velocity
Co = spouting velocity
¢ = skin friction coefficient
d = pipe diameter
H =total enthalpy; also, boundary layer shape factor
h = static enthalpy; also, blade height or span
I =rothalpy
L =flow path length
M = Mach number
m =meridional coordinate
vz = mass flow rate
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N =number of blades; also, rotation speed (rpm)
n =the number of components in the turbine
o = blade passage throat width

P =pressure

Re =Reynolds number

r =radius

s = blade pitch = 2xt7/N; also entropy

T =temperature

U =local blade speed =7

u =boundary layer velocity
W =relative velocity

Y =loss coefficient

z = axial coordinate

o = flow angle with respect to tangent

B =blade angle with respect to tangent

A =normalized mass defect thickness

0 = boundary layer thickness

6 =Dboundary layer displacement thickness
0. = impeller-casing clearance

& = disk-housing clearance

& = impeller radius ratio

¢ = mean surface angle with axial direction
n = efficiency

© =normalized momentum defect thickness

0 =polar angle; also, boundary layer momentum thickness

26 =diffuser divergence angle

U = viscosity

v =velocity ratio = U,;,/Co

p = gas density

o =slip factor

o = rotation speed

Subscripts

b =blade surface parameter
choke =value of a parameter at the onset of choke
dis = turbine discharge condition
e =boundary layer edge condition
h =hub parameter
id =ideal (no loss) parameter
m =meridional component; also, a mean value
p = blade pressure surface parameter
s =shroud or blade suction surface parameter
t =total thermodynamic condition
tip =rotor tip parameter
w = end-wall parameter
1 = component inlet parameter
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2 = component mid-passage parameter
3 = component exit parameter

6 = tangential component

* = a sonic flow condition

Superscripts

" = arelative value in the rotating coordinate system
* = an optimum (minimum loss) blade inlet condition

9.1 Radial-Inflow Turbine Stage Geometry

Figure 9-1 illustrates the geometry of a typical radial-inflow turbine stage.
Typically the flow enters the stage through an inlet volute. Sometimes an
inlet plenum is used, such that the flow area is constant in the circumfer-
ential direction. It then passes through a vaneless annular passage into a
nozzle blade row. If the angular momentum imparted to the flow in the inlet
volute or plenum is considered adequate, the nozzle row may be omitted.
The flow next passes through another vaneless annular passage to enter the
rotor row. An exhaust diffuser often follows the rotor row to convert some of
the rotor exit velocity to static pressure. Hence, the basic stage components
to be analyzed are the inlet volute, nozzle, rotor, vaneless annular passages

| | -
= &\\

Ficure 9-1. Radial-Inflow Turbine Stage Geometry
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and exhaust diffuser. Most radial-inflow turbines are single-stage units, but
some multistage units are also used. Hence, provision to handle interstage
piping losses may also be required. There is no widely accepted interstage
piping arrangement, so this writer simply includes provision for a fictitious
stage component that provides the capability to introduce a total pressure
loss that is consistent with the specific piping arrangement used.

9.2 Boundary Layer Analysis

The present performance analysis makes extensive use of a simplified boundary
layer analysis to predict the profile loss and viscous blockage in the various
stage components. Boundary layer analysis has been found to be particularly
effective for estimating losses in radial-inflow turbine components. Except
for the diffuser, the flow in turbine components involves favorable pressure
gradients. Hence boundary layers remain relatively thin and flow separation
is not a serious issue. The boundary layer analysis used is a simplified form of
the two-dimensional integral method described in chapter 3, section 3.5. Pai
[48, 49] reviews simplified models to predict the boundary layer momentum
thickness, 0, in the form

c L
0= —fju:dx 9-1)
2u;

The momentum thickness is defined in Eq. (3-37), u, is the boundary layer
edge velocity, L is the flow path length through the component and ¢y is the
skin friction coefficient. Pai references the well-known laminar boundary
layer solution by Thwaites [84] and the turbulent boundary layer solution by
Buri [85] as methods that conform to Eq. (9-1). The Thwaites solution uses
n =5 whereas Buri recommends values of 4.75 for accelerating flow and 5.15
for diffusing flows. Pai suggests that it is sufficient to use n = 5 for both cases
in the Buri method. Hence, Eq. (9-1) with n = 5 provides a general solution
when the skin friction coefficient is defined. This writer’s practice is to define
the flow parameters at the inlet, midpassage and discharge stations of each
component in the stage. Designating these stations in order by subscripts 1
through 3, the boundary layer momentum thickness at component discharge
is approximated by

0=c;p,. [, /1)’ +2(uy 1) +11L/(8p,) 9-2)
pa1/e=[p1+2p2+p3]/4 (9_3)

The density ratio included in Eq. (9-2) is an approximate adjustment of the
incompressible flow result of Eq. (9-1) for the boundary layer edge density
variation. The velocity relative to the wall being analyzed is used in Eq. (9-2).
Hence, if the wall is stationary, u = C, whereas if it is rotating, u = W. Simple
one-dimensional flow results are used for the end-wall boundary layer edge
conditions. For blade surface boundary layers, the velocity at midpassage is
corrected for blade loading effects. That correction will be described subse-
quently in this chapter. To evaluate the total pressure loss from boundary layer
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data, the displacement thickness at the component exit is also required. It is
assumed that the boundary layer shape factor for the 1/7th power-law velocity
profile applies, which yields H = 1.2857. This assumes the boundary layer is tur-
bulent at the discharge, which is usually the case. A shape factor appropriate to
laminar boundary layers could be used for the rare exceptions. But that is not
recommended since it introduces the potential for numerical instability with
H alternating between laminar and turbulent values on successive iterations.
From the definition of the shape factor, displacement thickness is given by
&' = H6. It can be shown that for power-law velocity profiles, the boundary layer
thickness, &, is given by

§=6H(H +1)/(H-1) 9-4)

The skin friction coefficient could be approximated by boundary layer skin
friction coefficient correlations such as those illustrated in Figure 4-9. How-
ever, end-wall boundary layers extend through several components. Since
boundary layer skin friction coefficient correlations are functions of the Reyn-
olds number based on total path length, they are not well defined for this ap-
plication. A better choice is the generalized pipe skin friction coefficient cor-
relation. Pipe skin friction coefficients can be used for boundary layers by
substituting 26 for the pipe diameter, d. Except for the inlet volute, boundary
layers in turbine components occur on the annular end walls and opposite
sides of the blades. Since these boundary layers always occur in pairs on op-
posite walls, it is reasonable to use the relevant passage width, b, in place of d
for those cases, i.e.,

Re, — pub,/ u (9-5)

That basically assumes the boundary layers have merged into fully developed vis-
cous flow profiles. This will normally not be the case, so the Reynolds number is
likely to be overestimated and the skin friction coefficient to be underestimated.
However, the skin friction coefficient is a rather weak function of Reynolds num-
ber, so this approximation is not unreasonable for the present purpose.

Aungier [1] provides an empirical model for the pipe skin friction coefficient
that is in close agreement with the classical experimental results of Nikuradse
[86]. The description of that empirical model is repeated here to provide a com-
plete description of the present boundary layer analysis. If Re, is less than 2000,
the skin friction coefficient is independent of surface roughness and is given
directly by the laminar skin friction coefficient, cs.

¢, =c, =16/Re, (9-6)

When Re; > 2,000, the well-known log-law profile yields the turbulent skin fric-
tion coefficient for smooth walls, ¢;.

——=-2log,, li:l 9-7)

4cy,
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In the limit where the flow is turbulent and the peak-to-valley surface
roughness, e, is sufficient to yield the fully rough-wall skin friction
coefficient, cy.

1 e
=-21 — (9-8)
[4c,, Og“’[and]

Eq. (4-3) can be used to convert the known rms surface roughness to the peak-
to-valley surface roughness, e. The experimental results of Nikuradse [86] show
that surface roughness becomes significant when

Re, =(Re,—2,000)e/d > 60 9-9)

Hence, if Re, < 60, the wall is hydraulically smooth and Eq. (9-7) supplies the
turbulent skin friction coefficient. Otherwise, a weighted average of ¢ and ¢y, is
used to estimate it, i.e.,

¢, =c;; Re, <60 (9-10)

¢y =cp, +(c; —c,)(1-60/Re,); Re, >60 (9-11)

If Re; > 4,000, the boundary layer is fully turbulent and Eq. (9-10) or Eq.
(9-11) yields the appropriate value of the skin friction coefficient. But if
2,000 <Re,; < 4,000, the boundary layer is in transition from laminar to tur-
bulent flow. The skin friction coefficient in this transition zone is well ap-
proximated by a weighted average of the laminar and turbulent values, i.e.,

¢, =cy+(c, —¢;)(Re, /2,000 1) (9-12)

Figure 9-2 shows a map of skin friction coefficient as a function of Reynolds
number and surface roughness that was generated with this empirical model.

9.3 The Boundary Layer Loss Coefficient

Lieblein and Roudebush [87] derived an approximation for the total pressure
loss coefficient due to surface boundary layers in compressor cascades. Their
result is also applicable to turbine components if expressed in terms of the ide-
al (no loss) component discharge dynamic head rather than the inlet dynamic
head. The profile loss coefficient, Y,, due to the two boundary layers on oppos-
ing walls separated by an effective passage width b can be expressed as

AP 20+A’

Y, = P B (-a) +2AY (9-13)
©=Y.0/b (5-14)
A=X.87b (9-15)
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FiGure 9-2. The Skin Friction Coefficient

The last term in Eq. (9-13) is a correction term to be described subsequent-
ly in this chapter. The derivation of this approximation for the total pressure
loss assumes instant mixing of the boundary layer and mainstream fluid while
conserving mass and momentum. This approximation is also derived as the
solution to exercise 3.6 in Aungier [2]. It is directly applicable to the vaneless
components in radial-inflow turbines. Nozzles and rotors have both end-wall
and blade surface boundary layers, which overlap in the passage corners. Des-
ignating the end-wall and blade boundary layers by the subscripts w and b,
respectively, the normalized defect thicknesses for these components to be used
in Eq. (9-13) should be calculated from

0=1-[1-X0,/b,11-X6,/b,] (9-16)

A=1-[1-X8./b,1- X.5,/b,] (9-17)

The effective blade-to-blade passage width is estimated from the blade pitch and
camberline angle at the blade discharge, i.e.,

b, = s,sin f, (9-18)

This simple boundary layer analysis does not account for the influence of viscous
boundary layer blockage on the mainstream flow. Hence, it is possible for the
combined boundary layer thicknesses for the two boundary layers on opposing

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Aerodynamic Performance Analysis of Radial-Inflow Turbines « 205

walls from Eg. (9-4) to be greater than the passage width. Although this merged
boundary layer case rarely occurs, the possibility should always be checked.
When it does occur, the mass defect for each set of boundary layers on opposing
walls should be corrected by

A—>AbIYS) (9-19)

Under extreme off-design operating conditions, cases where ©>1 may also
be encountered. This is certainly physically possible, but it can become very
inaccurate under extreme operating conditions. Based on experience it is
best to impose limits on this case also. The procedure used by this writer is
to set A=0- 1 and reset © = 1. This is done for each set of boundary layers
on opposing walls and all AYs are summed as indicated in Eq. (9-13).

9.4 Inlet Volute Analysis

Figure 9-3 illustrates the geometry of a typical inlet volute. The passage area
and mean radius are specified at station 1, where the flow is inside the volute,
but has not yet started to exit the volute. These parameters are also specified at
station 2, where half of the flow has exited from the volute passage. Hence the
analysis is not restricted to a classical volute configuration. For example, a
constant area plenum where the passage mean radius and area at stations 1
and 2 are identical can be accommodated. Station 3 is the annular passage at
the volute exit, where the radius and the hub-to-shroud passage width, b;, are

FiGURE 9-3. Inlet Volute Geometry
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specified. The exit area is given by

A, =2mr,b, (9-20)

Since this is the first component in the stage, the inlet total thermodynam-
ic conditions are also specified, or known from a preceding stage analy-
sis. All flow conditions at station 1 are computed by performing a mass
balance using the stage inlet mass flow. The same process assuming no
losses and using half of the inlet mass flow supplies the flow conditions at
station 2. The effective, one-dimensional angular momentum at the volute
exit is estimated from conservation of angular momentum based on the flow
data at station 2.

Cyy =1,C, 11, (9-21)

A mass balance using the inlet mass flow and this assigned tangential velocity
component supplies the other flow conditions at station 3. However, the losses
and the corresponding total thermodynamic conditions at station 3 must also
be determined, so an iterative process is required. The total pressure losses con-
sidered include the profile loss and a circumferential distortion loss. The profile
loss is calculated with the simple boundary layer analysis described previously
in this chapter. The circumferential distortion loss coefficient accounts for mix-
ing losses associated with circumferentially nonuniform angular momentum
imposed at the volute exit. It is given by

Y, =[(rC, /1, - Cpy)/ C, (9-22)

If the volute is designed to maintain uniform angular moment in the circum-
ferential direction, this loss will be identically equal to zero. By contrast, a
constant area plenum will yield a value of C, approximately equal to half of C;.
From Egs. (9-21) and (9-22) it is easily seen that the circumferential distortion
loss will be significant for that case. The volute exit total pressure is given by

Y=Y,+Y,=(B, ~PB)/(P; - P) (9-23)
P,=(P,+YP)/(1+Y) (9-24)

For this stationary component, the total enthalpy is constant throughout the
volute. Hence, H;= H; and an equation of state from chapter 2 provides all total
thermodynamic conditions as a function of P;; and Hs. The end-wall boundary
layer blockage from Eq. (9-15) is also applied to the passage area at the volute
exit. Hence, the mass balance at the volute exit with Ce; given by Eq. (9-21) can
be expressed as

riv=(1-A)APC, (9-25)
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The discharge exit static enthalpy is given by
1
h,=H, - 5 (Cja + Cezs) (9-26)

Since the static entropy and total entropy are equal, the equation of state pro-
vides all other static conditions as a function of /3 and ss. It is easily seen that
the boundary layer analysis and the losses are functions of the volute exit flow
conditions, necessitating an iterative solution at station 3 to converge on Y.

9.5 Nozzle Row Analysis

The nozzle row in radial-inflow turbines is usually a simple radial passage
of constant width. But that is not a necessary restriction, so a more general
specification of the nozzle geometry is used. The geometry is specified at the
inlet, midpassage and exit stations, which are designated by subscripts 1 through
3, respectively. At each of these stations, the axial coordinate, z, radius, 7, passage
width, b, blade camberline angle, 8, and blade thickness, #,, are specified. In
addition, the number of blades, N, the throat blade-to-blade width, o, and
passage width at the throat, by, are supplied. Figure 9-4 illustrates some of the
key geometrical parameters supplied.

The nozzle exit flow may be either subsonic or supersonic, depending on
the stage discharge pressure. It will be subsequently shown that the superson-
ic discharge case is treated as an adjustment to the choked nozzle case with
M; = 1. Hence, a subsonic solution is always required and will be considered
first. Similar to axial-flow turbines, the nozzle discharge flow angle for M; <1 is
estimated from the well-known sin rule, but with adjustments for variations in
passage width and radius between the throat and the nozzle exit. The adjustment
for radius variation is particularly significant. Angular momentum must be

FIGURE 9-4. Nozzle Row Geometry
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conserved in the unguided region downstream of the throat. This has a sig-

nificant influence on the exit flow angle for radial-inflow turbine nozzles that

is negligible for axial-flow turbines. The subsonic discharge flow angle is esti-
mated by

sino,, =b,0/(s,b,) (9-27)

tano, =(r,/1,) tan o, (9-28)

The geometry specifications at stations 1 through 3 provide meridional

distances from the leading edge, 1, and w3 are computed by numerical
integration.

m’ = [[(dr) +(d2)’] (9-29)
The values of the blade pitch at stations 1 through 3 are given by
s=2xr/N (9-30)

The gradient of r with respect to mz at the trailing edge is estimated from a three-
point finite-difference approximation.

[i} _ omy(n-n)  (my—my)(r —1) (9-31)
om |,  m,(my —m,) m,,

Eg. (9-31) is easily developed from truncated Taylor series approximations for #;
from data at the other two stations. Then, the mean throat radius is estimated
from

e 2] 05

om |, 2s,

The flow path length is required to determine the profile loss from the bound-
ary layer analysis described previously in this chapter. This is obtained from
numerical integration using data at stations 1 through 3.

" dm
L= ! oy (9-33)

The passage areas at stations 1 through 3 are estimated from
A=Db[2nrsin f-1,N] (9-34)

The mean flow data at station 1 can be immediately calculated to balance the
known mass flow rate while maintaining the inlet tangential velocity imposed
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by the upstream component. Similarly, the mean flow data at station 2 is calcu-
lated from a mass balance, assuming that &, = ;. The mean flow data at station
3 is also calculated from a mass balance with o3 given by Eq. (9-28). However,
this station requires an iterative solution to include the effect of the nozzle loss,
which influences the mean flow but is also dependent on it.

The optimum (minimum loss) nozzle incidence angle, i, is estimated from
an empirical correlation of optimum angle of attack data by Herrig et al. [88]
for axial-flow compressor cascades. This model is adapted to radial cascades by
approximate conformal mapping and is corrected for the sign of the change in
blade angle across the blade row. The optimum incidence angle and inlet flow
angle, o, are given by

i =[3.6J106, /L +| B, — B, 1/3.41JL/s,~| B, - B, 1/2 (9-35)
o = B - i*Sign(ﬂ3 - ﬁ1) (9-36)

The incidence loss is proportional to the inlet velocity pressure. Following the
usual practice of expressing turbine loss coefficients as a fraction of the dis-
charge velocity pressure, the incidence loss coefficient used is

Y, =sin’(e, o) 1 (9-37)

Pt3 - P3

Boundary layers on the two end-walls are assumed to be identical and are
calculated using the mean passage flow data at the three stations. The blade
surface boundary layer calculation must include the influence of the blade
loading effect. The average difference in velocity on the two blade surfaces is
given by Stokes’s theorem for irrotational flow. This requires that integration
about any closed path of the velocity component tangent to the path is identi-
cally equal to zero. Hence, the average difference in velocity on the two blade
surfaces is

AC =271(r,C,; — 1,C,py) I(LN) (9-38)

The simple loading diagram shown in figure 9-5 is used to define the blade
surface velocity distributions on the blade surfaces for the blade surface
boundary layer analysis. Egs. (9-16) and (9-17) combine the results of the four
boundary layer analyses to yield the profile loss through Eq. (9-13). Since
the boundary layers develop inside the blade passage, it is good practice to
adjust Cs for the discharge boundary layer blockage. Using values of A from
the previous iteration, C; — C3/(1 — A) for the purpose of the boundary layer
analysis only. This is a subtle point that is usually insignificant, but is found
to yield better results and avoid convergence problems at extreme off-design
conditions. Similar to the volute analysis, the nozzle exit total pressure is
given by

Y = Yp + )’inc = (Ptl - Pt3) /(})13 - I)3) (9_39)
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FiGure 9-5. Simple Blade Loading Diagram

Py =(P, +YP)/(1+Y) (9-40)

For this stationary component, the total enthalpy is constant throughout the
nozzle row. Hence, Hs = H; and an equation of state from chapter 2 provides
all total thermodynamic conditions as a function of Ps; and H;. The end-wall
boundary layer blockage from Eq. (9-15) is also applied to the passage area at
the nozzle exit. Blockage associated with the blade surface boundary layers is
not used for this purpose, since those boundary layers will form a wake, which
can be expected to quickly decay by mixing with the main flow. Hence, the mass
balance at the nozzle exit with o5 given by Eq. (9-28) can be expressed as

i =(1-A)2rnrb,p,C,sino, (9-41)

The discharge exit static enthalpy is given by

I = H, _%c; (9-42)

Since the static entropy and total entropy are equal, the equation of state pro-
vides all other static conditions as a function of /; and ss. Hence, Eq. (9-41)
can be solved to balance mass in an iterative manner. It is easily seen that the
boundary layer analysis and the losses are functions of the nozzle exit flow
conditions, necessitating an iterative solution at station 3 to converge on Y.

The subsonic nozzle analysis must also check for choked flow. Given the
nozzle discharge total thermodynamic conditions, an iterative solution is per-
formed to determine the sonic velocity and density. Designating sonic flow con-
ditions by a subscript, * the mass flow must be limited to not exceed the choking
mass flow given by
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1. = Nb,,0(1- A)p.C. (9-43)

For cases where the nozzle is choked, the above procedure yields
the choking mass flow and the choked performance. As will be seen
subsequently in this chapter, a choked component requires supplemental
calculations to converge on an assigned discharge static pressure that is
less than the choked nozzle value. This is accomplished by imposing an
isentropic expansion from the choked nozzle solution. This yields all static
thermodynamic conditions at the nozzle exit. Then the discharge velocity
and flow angle are given by

C, =J2(H, - h,) (9-44)
sina, =m/[(1 - A)27r,b,p,C,] (9-45)

When imposing the isentropic expansion at the nozzle discharge, it is im-
portant to check for certain physical limits in case the overall stage perfor-
mance iteration procedure seeks a choked nozzle discharge pressure that is
not achievable. An isentropic expansion may be limited by an annulus choke
downstream of the nozzle row. This limit can be identified by the condition
that the meridional velocity component is equal to the local sound speed. The
minimum pressure that yields an annular passage choke can be determined
from an iterative solution to determine the value of C; that matches the known
total thermodynamic conditions, satisfies the equation of state and Eq. (9-42)
and yields

C,,=r/[(1-A2rxrbp,]=a, (9-46)
The corresponding value of P; is the minimum nozzle exit static pressure that
can be matched by an isentropic expansion and also balance mass. When this
limit precludes matching the specified exit pressure, the limiting value is used.
When this limit restricts the isentropic expansion, corrective action is needed
by the overall stage performance iteration. That process will be described sub-
sequently in this chapter.

9.6 Rotor Analysis

The flow passage geometry of the rotor is far more complex than the other radial-
inflow turbine components. Typically, the flow is turned by 90° from radial to
axial in the impeller, producing strong hub-to-shroud flow profile gradients
due to passage curvature effects. There are several sources of internal losses in
the impeller, including the passage curvature, blade clearance, incidence, blade
loading and profile losses. It is also necessary to account for the energy consumed
by the rotating disk in the housing. This disk friction loss is commonly referred
to as a parasitic loss. It represents wasted energy rather than an aerodynamic
loss in total pressure. In the case of condensing working fluids, the potential for
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FiGURe 9-6. Impeller Frontal View

moisture losses similar to those described for axial-flow turbines may also impact
the rotor performance. Often partial-length splitter blades are used to provide
additional work capability without reducing the choke capacity of the impeller.
The specification of the rotor geometry requires particular attention to
permit consideration of the many loss sources, yet maintain a set of defining
parameters that the user can supply without undo hardship. Figures 9-6
and 9-7 show frontal and side views of the rotor to illustrate the geometry
required. Similar to other components, the passage geometry is defined at

8q —»

FIGURE 9-7. Rotor Side View
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the inlet, midpassage and exit stations numbered 1 through 3, respectively.
These data are specifically referenced to a mean surface midway between
the hub and shroud surfaces. Like the nozzle row, the axial coordinate, z,
radius, r, passage width, b, blade camberline angle, B, and blade thickness,
ty, are specified at these stations. To properly address the passage curvature,
the angle, ¢, formed by a tangent to the mean surface and the axial direction
is also specified. This angle is illustrated for station 2 in figure 9-7. This angle
is measured in the flow direction. Hence in the case illustrated in figure
9-7, ¢ varies from —90° at the inlet to 0° at the exit. In addition, the number
of full blades, N, the throat blade-to-blade width, o, on the mean surface,
the passage width at the throat, b;, and the clearances, 6. and &;, are
supplied. One or more sets of splitter blades can also be specified, along with
the fraction of the mean path length from the inlet occupied by the splitter
blades. The analysis assumes splitter blades are identical to the full blades
except for length and are equally spaced between the full blades.

Since z, r and ¢ are specified at each station, the flow path length between
stations can be accurately calculated by approximating the mean surface with
a third-order polynomial that matches the end-point coordinates and slopes. To
avoid singular results, a simple rotation of coordinates is accomplished before
calculating the path length of each segment. The sum of the two segment lengths
yields the total meridional path length, #2;, from which the average mean sur-
face curvature is given by

K, =1¢; — ¢/ m, (9-47)

Similar to the nozzle row, the subsonic relative discharge flow an-
gle is estimated by the well-known sin rule, but with adjustments for
variations in passage width and radius between the throat and the
impeller exit.

sino, = b,0/(s;b,) (9-48)
tano =(r, /1,) tan o (9-49)
1, =r,— o’ sin¢, /(2s;) (9-50)

Note that the blade pitch at the impeller exit, s3, is based on the full-length blades
only.

The impeller internal performance is calculated in essentially the same
manner as for the nozzle row except for the loss models. Since this is a
rotating component, the boundary layer analysis is based on relative veloc-
ity and relative total thermodynamic parameters. The simple blade-loading
diagram shown in figure 9-5 can also be applied to the rotating impeller by
replacing C with W and adjusting the result for the possible presence of split-
ter blades. Hence, Stokes’s theorem yields

AW =271 1,C,; — ,Cyy | IL(N + Ng;Fyp)] (9-51)
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L is given by Eq. (9-33), N3 is the number of splitter blades (zero or an integer
multiple of N) and Fsp is the fractional length of the splitter blades. To include
the splitter blade influence on the profile loss, Eq. (9-16) is modified by

6, — 6,[1+ Ng,F,, / N1 (9-52)

In other respects, the impeller profile loss coefficient calculation follows the
same procedure as used for the nozzle row. Carmichael [67] suggests that the
optimum incidence angle for a radial-inflow turbine impeller can be approxi-
mated by the natural discharge angle for a similar centrifugal compressor im-
peller. If U; is the inlet blade speed, the optimum (minimum loss) inlet swirl
velocity and absolute flow angle can be calculated based on the centrifugal
compressor slip factor, o.

C, =olU, -C,, cotB] (9-53)
cot 0‘: =C, /C;I (9-54)
Y, =sin’(a, — o))[P; - R1/[P; - P] (9-55)

The centrifugal compressor slip factor model from Aungier [1] is used for this
purpose. That is a modification of the well-known empirical model for slip fac-
tor by Wiesner [89]. The basic slip factor is given by

o =|sin | /sin B, /(N + Ng;)°” (9-56)

Eq. (9-56) yields the slip factor for most practical cases, but requires adjustment
if the blade solidity is too low. This is evaluated using o from Eq. (9-56), 5 and
the impeller radius ratio, e=r3/r;. Eq. (9-56) applies unless € exceeds a limiting
value given by

&m = (0= 0,) /(1= 0,) (9-57)
0, =sin(19° + B,/ 5) (9-58)
When &> ¢, a corrected slip factor is calculated from

o, =0(1-¢ (9-59)

cor

E=[(e-¢, ) /(1—¢g, )P (9-60)

Figure 9-8 shows results obtained from this empirical model for a specific blade
inlet angle and assuming no splitter blades are present. Loss coefficients to ac-
count for blade loading and hub-to-shroud loading effects are adapted from the
impeller performance analysis for centrifugal compressors of Aungier [1]. They

are defined as
2
1| AW
= 9-61

" 24{ W, } ©-6D
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The hub-to-shroud loading loss differs from the corresponding centrifugal com-
pressor model by the dependence on the exit absolute flow angle, ;. This term
is included to account for the increased exit flow profile distortion expected for
turbine impellers. Eq. (3-24) shows that swirling flow at the axial-exit of turbine
impellers is expected to produce greater distortion than for the radial-exit com-
pressor impellers. The blade clearance loss is also adapted from Aungier [1].
The average pressure difference across the blade clearance gap, AP, is estimated
from the change in angular momentum in the impeller.

ave A

AP[p,,.(rb), . LN + NgFyp)] = 1i1] 1,C,, — 1,C,sl (9-63)

The average density is given by Eq. (9-3). The average value of rb is calculated by
a similar expression. The velocity of the leakage flow across the clearance gap
is estimated by

Uy, =+J2AP/p,, (9-64)

The clearance gap leakage mass flow is calculated assuming a gap contraction
ratio of 0.816.

mCL = 0'816paveuCLL(N + NSBFSB)ac (9_65)
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The clearance loss is given by
Y,, =11, AP [[ri(P, - P,)] (9-66)

Moisture loss is treated similar to the axial-flow turbine models in chapter 4.
Basically, it is assumed that the liquid phase is ineffective in transferring work
to the rotor since it cannot follow the vapor phase streamlines. Viewed as an
equivalent enthalpy loss and corrected to the discharge entropy using Eq. (2-8),
this can be expressed as

AH, =[1-(Q, + Q) /211 U,Cpy = U,Cyp 14T, (s, - 5,) (9-67)
Expressed as a total pressure loss using Eq. (2-8), this yields
Y, =AH,p/, (B} - P) (9-68)

For this rotating component, rothalpy is conserved through the rotor. From
Eq. (3-10),

[=H, +AH,, — or,C, (9-69)

Eq. (9-69) corrects the inlet total enthalpy for the additional work due to disk
friction on the rotating disk. The disk friction is calculated in the same fashion
as for axial-flow turbines described previously in chapter 4. Since only one side of
the disk contributes to this parasitic work, AHpr is given by one-half of the result
given in Eq. (4-109). From Eq. (3-13), the exit relative total enthalpy is given by

zﬁ=1+%mmy (9-70)
The ideal exit relative total pressure, P, is calculated from the exit relative to-

tal enthalpy and the inlet entropy, using the appropriate equation of state from
chapter 2. The actual exit relative total pressure is given by

P,=(P,, +YP)/(1+Y) (9-71)

Y=Y, +Y,

inc

+Y + Y+ Y 1Y, (9-72)
The impeller exit mass balance is governed by
i =(1-A)2rrb,p,W, sin o] (9-73)

Similar to the nozzle row, the boundary layer blockage, A in Eq. (9-73) includes
the end-wall boundary layer blockage only. The discharge exit static enthalpy is
given by

hy = H - %w (9-74)
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Since the static entropy and total entropy are equal, the equation of state
provides all other static conditions as a function of /&3 and s;. Hence,
Eq. (9-73) can be solved to balance mass in an iterative manner. It is easily
seen that the boundary layer analysis and the losses are functions of the im-
peller exit flow conditions, necessitating an iterative solution at station 3 to
converge on Y.

The subsonic impeller analysis must also check for choked flow. Given
the impeller discharge relative total thermodynamic conditions, an iterative
solution is performed to determine the sonic relative velocity and density. The
mass flow must be limited to not exceed the choking mass flow given by

i1, = Nb,o(1 - A)p.W. (9-75)

For cases where the impeller is choked, the above procedure yields the chok-
ing mass flow and the choked impeller performance. As will be seen subsequent-
ly in this chapter, a choked component requires supplemental calculations to
converge on an assigned discharge static pressure that is less than the choked
impeller value. This is accomplished by imposing an isentropic expansion from
the choked impeller solution. This yields all static thermodynamic conditions
at the impeller exit. Then the discharge relative velocity and flow angle are
given by

W, = J2(H} - h,) (9-76)
sin o, =1 /[(1 - A)27 r,b,p,W, ] (9-77)

When imposing the isentropic expansion at the impeller discharge, it is
important to check for certain physical limits in case the overall stage perfor-
mance iteration procedure seeks a choked impeller discharge pressure that
is not achievable. Similar to the nozzle row, an isentropic expansion may be
limited by an annulus choke downstream of the impeller. This limit can be
identified by the condition that the meridional velocity component is equal to
the local sound speed. The minimum pressure that yields an annular passage
choke can be determined from an iterative solution to determine the value of W;
that matches the known relative total thermodynamic conditions, satisfies the
equation of state and Eq. (9-74) and yields

C,,=m/(1-A)2xrbp,]=a, (9-78)

The corresponding value of P; is the minimum impeller exit static pressure that
can be matched by an isentropic expansion and also balance mass. When this
limit precludes matching the specified exit pressure, the limiting value is used.
When this limit restricts the isentropic expansion, corrective action is needed
by the overall stage performance iteration. That process will be described sub-
sequently in this chapter.

When the impeller discharge relative flow is known from either the subso-
nic or supersonic solution, the absolute discharge tangential velocity is given by
Eq. (3-1).
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Cp =W, +U, (9-79)

Eq. (3-13) yields the absolute discharge total enthalpy.

, 1
H; =H;+U,Cy, _E
Since discharge entropy, s3, is identical for absolute and relative total conditions,
the other absolute total thermodynamic conditions are provided by the equation
of state as a function of H; and s3.

U2 (9-80)

9.7 Vaneless Annular Passage Analysis

As illustrated in figure 9-1, there are typically one or more vaneless annular
passages between the primary components in the stage. Consistent with
other components, the vaneless passage geometry is specified for the inlet,
midpassage and exit stations, as shown in figure 9-9. The data specified are
z, r and b, designated by subscripts 1 through 3. The meridional coordinates
measured from station 1 are obtained by numerical integration of Eq. (9-29).
The passage areas for the three stations are given by Eq. (9-20). The mass
flow, total thermodynamic conditions and swirl velocity at the inlet are
known from the analysis of the upstream component. However, provision
should be made for cases where 71, b; and A, differ from the upstream sta-
tion where the inlet flow data are known. This situation is not uncommon
in a practical stage configuration. Designating known parameters at the
upstream station by the subscript u«, the swirl velocity of the inviscid core
flow at all stations is given by conservation of angular momentum.

C,=C,r, 17 (9-81)

Ou’u

(z1,17)

FIGURE 9-9. Vaneless Passage Geometry
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An entrance loss coefficient is defined as
Y, =[(4,/ A, ~Dsin o, F(B, - B) (B, ~ ) 6-82)

This loss coefficient is basically the well-known abrupt area expansion loss
applied to the meridional component of the velocity head. Results from
Benedict et al. [50] show that this is also a reasonable approximation for
abrupt area contraction losses so long as the contraction is not too extreme.
Other flow parameters at all stations are obtained from a mass bal-
ance using the inlet mass flow and the assigned tangential velocity
components from Eq. (9-81). The analysis at station 3 must include the total
pressure loss given by

Y = Yp + in = (I)lz( - 1)13) /(1)13 - 1)3) (9_83)
B,=(PR, +YP)/(1+Y) (9-84)

The boundary layer analysis and losses depend on the flow data at sta-
tion 3, necessitating an iterative solution at station 3 to converge on Y.
Although choked flow in a vaneless annular passage is rare, it is not impos-
sible. Hence, the mass balance at all stations must check for choke. As pre-
viously noted for other components, the condition for an annular passage
choke at any station is

C,=m/[2rrbpl=a (9-85)

Hence, the vaneless passage analysis must require C,, < a at all stations. If that
limit yields a mass flow rate less than the inlet mass flow rate the passage is
choked. Then, the stage mass flow rate requires adjustment to the lower choked
flow value in the overall stage performance iteration. That process will be de-
scribed subsequently in this chapter.

9.8 Exhaust Diffuser Analysis

The exhaust diffuser geometry is specified at inlet and exit, designated by sub-
scripts 1 and 2. The geometric data specified at these stations are z, » and ¢, as
illustrated in figure 9-10. The linear distance between the two stations is

d=\(z, -2 +(r, = 1)} (9-86)

The curvature of the mean stream surface is proportional to the change in the
slope angles, i.e.,

Ap= |¢2 - ¢1| (9'87)

If Ag > 0, the flow path length is assumed to be a circular-arc segment, i.e.,

L=dA¢/[2sin(A¢/2)] (9-88)
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FiGure 9-10. Exhaust Diffuser Geometry

Otherwise, L = d is used. The performance analysis employs an empirical
model for diffuser static pressure recovery by Aungier [1, 90, 91]. The
empirical model is a correlation of the discharge blockage, A;, as defined in
Eq. (9-15). The discharge flow is calculated using the reduced area due to
viscous blockage and assuming isentropic flow. This determines the actual
discharge static pressure for the diffuser. The blockage correlation is based
on the effective diffuser divergence angle given by

26, =2tan"'[b,(A,/ A —1)/(2L)] (9-89)

It also depends on the ideal (no loss) ratio of the diffuser velocity-pressure
ratio, P,,.

B, =(P,~P)/(B,~P,,) (9-90)
The diffuser discharge fractional blockage is given by
A, =[K, + K,(D - 1)]LA, /(A,b,) (9-91)
D is a diffusion factor defined as
D=(JP, +17/4 (9-92)

From Reneau et al. [92] it is known that diffuser static pressure recovery shows
an abrupt deterioration when 26¢ exeeds about eleven degrees. To include those
cases in the empirical model, a parameter Ky was defined as

1<K, >20,/11° (9-93)
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K, =0.005+[K, -1]/5 (9-94)
K, =26.[1-26./(22K,)1/(125K,) (9-95)

These models for the empirical constants were found to yield static pressure
recovery values that correlate well with vaned diffuser experimental
performance data. Exhaust diffusers operate over a wider range of area
ratios and passage lengths than vaned diffusers. Hence, K; is modified
relative to the original model to extend the range of validity. Also, a limit
of D < 3.6 is imposed when solving Eq. (9-91). These adjustments do not
compromise the model’s accuracy for the original vaned diffuser data,
but they extrapolate that model consistent with the data of Reneau et al.
[92]. They are explained in greater detail with exhaust diffuser design and
analysis in chapter 12.

The basic analysis is quite simple. Conservation of angular momentum
yields the exit tangential velocity, Cg, from the known inlet tangential
velocity. The flow data at both stations are computed from a mass balance
with the known tangential velocities and the inlet total thermodynamic
conditions. This yields the ideal discharge static pressure. The discharge
blockage is calculated and the mass balance at station 2 is repeated
with the discharge blockage imposed to determine the actual exit static
pressure, P,. Then the actual discharge total pressure required to produce
this discharge static pressure using the actual (unblocked) discharge area
is calculated to determine the total pressure loss. This requires an iterative
procedure to conserve mass while matching P, and Cg,. Since the total

enthalpy is constant through the diffuser, the exit static enthalpy is given
by

h=H- %c; (9-96)

The discharge static entropy, s, and density, p, are computed from the equa-
tion of state as a function of %, and P,. Then conservation of mass yields a new
estimate of C,,,.

CmZ = m /(pzAz) (9‘97)

The process is repeated until successive estimates of C,» converge within an
acceptable tolerance. Then P,; and other exit total conditions are calculated as a
function of s, and H.

A more sophisticated performance analysis for the exhaust diffuser is
described in chapter 12. That analysis can be used to predict an exhaust
loss coefficient to be used in place of the diffuser analysis described in
this section. However, a direct diffuser analysis is often more convenient,
particularly when analyzing choked stages where total-to-static pressure
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ratio must be specified rather than mass flow rate. It is not always possible to
define a single exhaust loss coefficient that is representative for all operating
conditions.

9.9 Imposed Total Pressure Loss

For additional generality, it is useful to include provision for one or more fictitious
components that impose a general total pressure loss. This can be used to model
nonstandard components such as inlet or interstage piping. It also provides a
means to specify the alternate diffuser loss discussed in the previous section. A
useful form for this imposed total pressure loss is

AP = AP, +[LC

(C,,1C)* + LC,(C,/C)*I(P. - P) (9-98)
AP, is an assigned total pressure loss, while LC,, and LCy are loss coefficient
based independently on the meridional and tangential components of the
local velocity pressure. The other parameters in Eq. (9-98) are flow parameters
calculated at the discharge of the upstream component. This form includes
several alternative loss specifications. The specific loss forms to be imposed can
be specified, while the other loss specifications are entered as zero. This fictitious
component simply imposes the total pressure loss and recalculates total and static
thermodynamic parameters assuming that the total enthalpy is unchanged.

9.10 Inlet Station Analysis

For generality, it is useful to provide for starting the stage performance analysis
at a general inlet station. This simply involves entering the mean radius, passage
area and inlet tangential velocity or flow angle to start the analysis. A simple mass
balance yields all other inlet flow parameters. This permits starting the analysis
at points within the stage rather than at the entrance to the inlet volute. For
example, a performance analysis of a single component can be accomplished. It
is also useful for specifying an appropriate inlet or interstage piping loss using
the imposed loss described in the previous section of this chapter.

9.11 The Performance Analysis Strategy

The performance analysis can be performed for either an assigned mass flow
rate or an assigned discharge static pressure, Py, (or, alternatively, the total-
to-static pressure ratio). When the mass flow rate is assigned, the solution is
limited to Py, greater than or equal to the value corresponding to the onset of
choke. When the turbine is choked, mass flow rate cannot uniquely define Py;. If
the specified mass flow rate exceeds the choke value, the analysis should adjust
it to the choke value automatically. When Py is specified, an iterative process
is required to determine the actual mass flow. In that case, it is necessary to
make an initial guess for the mass flow rate. A “safe” initial guess is much more
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important than an accurate initial guess to avoid initial calculations that result
in numerical failure before the major iteration process gets started.

An effective method to initialize the mass flow rate is to locate the last com-
ponent upstream of the first rotor that yields a reasonable estimate of the com-
ponent’s discharge area and flow angle. This includes an inlet station, an inlet
volute or a nozzle row. For an inlet station, the flow angle is directly specified.
For an inlet volute, an exit flow angle can be estimated by assuming gas density
is constant and that angular momentum is conserved between the inlet and exit
flow. This yields

tano, =14, /(n,A) (9-99)
For a nozzle row, the usual sine rule yields a reasonable estimate.
sing, =0/, (9-100)

Then, the equation of state is used to compute the sound speed corresponding
to sonic flow conditions, a-, from the specified turbine inlet total thermody-
namic conditions. If the last upstream component is a nozzle row, assume
that C; = 0.5a-. Otherwise, assume that C; = 0.2a-. This permits calculation of
a rather safe estimate of the mass flow rate using the component exit area and
assuming isentropic flow from the turbine inlet, i.e.,

= p,C,A; sina, (9-101)

The component discharge density is obtained from the equation of state and
Eq. (9-42).

If a rotor is present, the rotation speed, N, can be specified directly. If Py; is
specified, it is useful to also permit specification of the total-to-static velocity
ratio, v, based on the rotor tip speed, U,;,, and spouting velocity, Co.

v=U, /C, (9-102)

Cy = 2(H — hy. ) (9-103)

The equation of state provides the ideal discharge static enthalpy as a function
of Py and the turbine inlet entropy.

9.12 Mass Balance Procedures

From the previous descriptions of the component analyses, it should be
obvious that a fairly general mass balance capability is required. The mass
balance may be a true one-dimensional calculation with assigned passage
area (e.g., the first two stations in the volute). A general mass balance with
assigned Cyor o and specified annulus area is also required. Figure 9-11
shows a flow chart for the assigned Cy mass balance. The same logic can
be employed for a simple one-dimensional mass balance by simply setting
Co=0. In this case, the value of C,, calculated is actually C. Similarly the
assigned o case can be addressed by setting the passage area to Asino and
Cp=0. Again, the value of C,, calculated is actually C. Then, « can be used to
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s=s(H,Py) Cino=Cm
P=Ppt Po= P
Cm=0 Cm =M/ (pA)
h=H-(C3+ C3)2 Co =1/ (pA) [~
p = p(h,s)
* — 2. 2
h=H-(Ci+ C})r2
CEnd )= [in/(pCrA) - 1)< ¢ 2| | | P=plhis)
a= a(h,s)
Cnh <a
251 1PoCimo PCnl[Cng Conl <02 [

I/(PCrmA) - 1] < s?}ﬂ

FiGURE 9-11. Mass Balance Flow Chart

calculate C,, and Ce. Hence, a single module of the type illustrated in figure
9-11 can be used for all mass balance calculations. The parameter € represents
any desired convergence tolerance. The mass balance logic first attempts
to accomplish a subsonic or unchoked solution. This simply performs an
iterative calculation estimating C,, from the previous estimate of p. This is
commonly referred to as lagging the density and is known to provide stable
and reliable convergence so long as C,, is subsonic. If the flow is choked, the
subsonic iteration will produce a case where

wC g (9-104)
aC.

The subsonic iteration checks for this situation using the current and previ-
ous estimates of p and C,,. If that occurs, the process switches to a choked
solution iteration procedure. The lagged density approach continues to be
used since it is not certain that the flow is truly choked (i.e., the choke indi-
cation could be due to numerical error). In this case, C,, <a is imposed as an
additional constraint. Note that C,, may actually be C in some cases as noted
in the previous discussion. If C,, = a within an acceptable tolerance while the
calculated mass flow is less than the specified value, the flow is choked. In
this case, the mass balance module should return the choked flow solution
and flag the case as choked so the performance analysis logic can take cor-
rective action. Note that the choke limit for nozzle rows and rotors is actu-
ally set by sonic flow conditions at the throat as described previously.

9.13 Subcritical Performance Analysis

The turbine critical total-to-static pressure ratio corresponds to the onset
of choke in some component in the turbine. A performance analysis for a
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FiGure 9-12. Basic Subcritical Analysis Flow Chart

turbine total-to-static pressure ratio less than or equal to the critical value will
be referred to as a subcritical solution. Any subcritical solution is uniquely
defined by the turbine mass flow rate. Hence, the most direct specification
for a subcritical solution is the mass flow rate, although a specified total-
to-static pressure ratio or discharge static pressure can also yield a subcritical
solution. In either case, the subcritical analysis is conducted for a specific
mass flow rate, which may be a direct specification or an estimated value
when seeking to converge on a specified discharge static pressure. Figure
9-12 is a flow chart of the basic subcritical turbine performance analysis. The
analysis starts by setting the mass flow rate at the inlet to the first component
equal to the assigned value. Designating the number of components in the
turbine by #, the analysis proceeds through the components using the basic
analysis procedures described previously in this chapter and supported
by the mass balance procedure of figure 9-11. If the component analysis
converges, the mass flow rate at the component discharge (or inlet to the
next component) is set to the inlet (assigned) value. If all components are
successfully analyzed, this analysis is complete. However, if any component
chokes, it is flagged as choked and the component discharge mass flow rate is
set to the mass flow rate corresponding to the onset of choke. This terminates
the solution for this assigned or estimated mass flow rate. It identifies the
component that is choked and supplies an estimate of the choked mass flow
rate. The corrective action needed to continue the solution depends on the
type of analysis being conducted.

The simplest case is when the turbine mass flow rate is the basic specifica-
tion. Figure 9-13 shows a flow chart for this option. The maximum mass flow
rate is set equal to the assigned value, while the minimum mass flow rate is set
to zero. Note that if the analysis of figure 9-12 is successful on the first attempt,
this satisfies the convergence check and ends the analysis with the desired mass
flow rate solution. But if choke is sensed, the mass flow rate and its limiting
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FiGure 9-13. Assigned Mass Flow Rate Flow Chart

values are updated and an iterative procedure is used to converge on the choked
flow solution within a suitable tolerance, . This corresponds to the onset of
choke and the critical discharge static pressure, which is the limiting case for an
assigned mass flow rate solution.

Figure 9-14 shows a flow chart for the case where turbine discharge static
pressure, Py, is the specified parameter. With # components, there are
n +1 stations where flow data are calculated. Hence, the objective is to achieve
convergence between the predicted discharge pressure, P,.;, and Py within
an acceptable tolerance, €. An initial guess is made for the mass flow rate as
described previously in this chapter. The process used is to extrapolate for

. Figure 9-13 Super-Critical
G i .
uess Min Analysis Turbine Analysis
mgq =0 L }
Poia = Py ‘ Choked With P1; > Pgis ? ‘ yes

no
‘no
F=(min- Moig)/ Pnt1-Poid)
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!
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FiGurRe 9-14. Assigned Discharge Pressure Flow Chart
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a corrected mass flow rate based on two successive solutions. To start the
process, a fictitious previous solution is defined by a mass flow rate of zero for a
discharge pressure equal to the turbine inlet total pressure. Then the analysis of
figure 9-13 is conducted for the estimated mass flow rate. If that analysis results
in a choked flow prediction, then the predicted discharge pressure will be the
critical pressure for the turbine. Hence, a choked solution with the critical
pressure greater than Pss shows that the turbine total-to-static pressure ratio
is supercritical. In that case, the supercritical analysis discussed subsequently
in this chapter will be required. Otherwise, the estimate for mass flow rate
is improved by extrapolation from the last two solutions and the process is
repeated until convergence is obtained.

9.14 Supercritical Performance Analysis

The assigned discharge static pressure analysis of figure 9-14 may result
in choked flow at a discharge pressure greater than the assigned discharge
pressure. In that case, a supercritical performance analysis is required with the
mass flow rate constant, as determined by the final (critical pressure ratio) solu-
tion from the analysis of figure 9-14. Designating the component number where
choke occurs as i, figure 9-15 shows a flow chart of the setup for a supercritical
analysis. In any well-designed turbine, choke will always occur in a nozzle row
or rotor. Choke in other components is certainly possible, if the component is
incorrectly sized so as to produce an annular passage choke. That case is of little
practical interest and not really solvable by any practical physical model. It does
need to be addressed in case it occurs during the design process. Hence, the flow
chart shows that the solution will be aborted if that occurs. That will provide the
solution for the critical pressure ratio and an appropriate error message so the
designer can correct the problem.

Exit To Figure
9-16 Analysis

?I’IO

‘ Is i, Last Component? }Les.| Puin > Pais ? }Ll
A no
i=ic+1
Set Py and Pax m Pi=Ppin

(Station No. =i+ 1) l
A

Analyze Component i ¢
With Assigned Exit P

yes

Is Choked Component, | no
i A Nozzle Or Rotor ?

FiGure 9-15. Flow Chart of Setup for Choked Flow
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FiGure 9-16. Supercritical Analysis Flow Chart

The final solution from the analysis of figure 9-14 is valid for all compo-
nents upstream of the choked component. The remaining task is to solve for
the choked component and any downstream components to match the assigned
turbine discharge pressure. Procedures for analyzing choked nozzle rows and
rotors using an assigned component exit discharge static pressure have been
described previously in this chapter, including the practical limits on the exit
static pressures that can be used. The component exit pressure from the solu-
tion for the critical pressure ratio is clearly an upper limit and is used as an
initial estimate of Pn.x. Similarly, a solution corresponding to an annular pas-
sage choke immediately downstream of the choked component is the lowest exit
pressure that can be used and is used as an initial estimate of Ppn. If the choked
component also happens to be the last component in the turbine, the super-
critical analysis is trivial. As shown in figure 9-15, it is only necessary to solve
for the performance of the last component with the desired turbine discharge
static pressure. But if Py, is greater than Py, then P, is the lowest turbine exit
pressure that can be treated by the analysis. If the choked component is not the
last component, the analysis follows the flow chart shown in figure 9-16. This
systematically reduces the range between P, and Pmin based on comparison
of the predicted and assigned turbine discharge pressure to convergence within
an acceptable tolerance €. This yields the desired turbine discharge pressure
within the tolerance. It is possible that another downstream component may
choke before the assigned turbine discharge pressure can be achieved. Des-
ignating the component number where this downstream choke occurs as i,
figure 9-17 shows a flow chart of the logic used to reset the choke point to this
new choked component so the analysis can be continued. This just solves for
the value of the exit pressure from the first choked component that corresponds
to the onset of choke in the downstream component. That completes the solu-
tion for all components upstream of the second choked component. Then, i is
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FiGURE 9-17. Flow Chart to Reset the Choke Point

reset to i.; and the analysis returns to the flow chart of figure 9-15 to resume the
supercritical analysis using the new choke location. Hence, the performance
analysis is capable of addressing supercritical pressure ratios that result in
more than one choked component.

9.15 Typical Performance Analysis Results

Kofskey and Holeski [4] report an extensive experimental performance
evaluation of a radial-inflow turbine designed for a proposed application in
a 10-kilowatt space power generation system based on the Brayton cycle.
The performance evaluation was conducted at the NASA Lewis Research
Center using both cold air and argon as working fluids. One accomplish-
ment from this performance evaluation was to confirm the use of similitude
for these two quite different working fluids as was previously discussed in
chapter 1. The stage consisted of an inlet volute, a nozzle row with fourteen
blades and a 6.02-inch-diameter impeller with eleven full-length blades and
eleven splitter blades. The splitter blades extended over the first one-third of
the impeller flow path. The impeller discharged axially into a simple annular
passage, such that there was no exhaust diffuser present in the experiments.
All experimental data are based on a total-to-static performance evaluation.
All experimental data are corrected to air inlet conditions based on U.S.
standard sea level conditions.

This radial-inflow turbine stage was modeled in the present performance
analysis for comparison of predicted performance with the experiments
using air as the working fluid. Figures 9-18 and 9-19 show comparisons of
experimental data with predicted performance for several speed lines. Clear-
ly the present performance analysis predicts the performance of this stage
quite accurately over the wide range of operating conditions shown on the
figures.
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Hiett and Johnston [93] report experimental performance results for radial-
inflow turbines designed and tested at Ricardo & Co. under the sponsorship of
the Ministry of Aviation. Their report includes sufficient information to apply
the present performance analysis to the stage that they designate as the turbine
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FiGure 9-19. NASA Turbine Efficiency Map
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B configuration. That stage consisted of an inlet volute, a nozzle row with
seventeen blades and a 5-inch diameter impeller with twelve full-length blades
and no splitter blades. The nozzle blades are simple airfoils with no camber
and an exit blade angle of 20°. The impeller discharges into an axial pipe

0.9 T T T T T
-g} 0.8 1
=
£
S
£ 07y :
= H
Fé 0.6 ¢‘> J
= !
:: 0.5f -0~ Prediction, Nq = 2420 ¢ 1
= ---¢o--- Prediction, N¢q = 1890 '
0.4f - Prediction, Noq = 1100 i
——— Experiment (Composite) o)
0.3 t :

0.2 0.I4 0:6 0..8 1.0
Total-To-Total Velocity Ratio

FiGure 9-21. Ricardo Turbine Efficiency Map
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rather than an exhaust diffuser. Experimental results are presented in terms
of total-to-total performance. Figures 9-20 and 9-21 show comparisons of the
experimental and predicted performance for this stage. The predicted mass
flow rate map shows rather good agreement with the experimental data. The
reference approximates the experimental efficiency map as a single composite
curve of results for all speeds. The authors indicate that curve is accurate to
within +1 percent for pressure ratios between 1.5 and 2.5, but they provide
supporting evidence for that conclusion only for velocity ratios between 0.6
and 0.8. Clearly the predictions do not yield a single universal total-to-total
efficiency curve, although that might be a reasonably approximation in the
velocity ratio range that is validated in the reference. Overall agreement
between the experimental and predicted efficiencies is considered acceptable,
although obviously not as good as was achieved for the NASA turbine.
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Chapter 10

PRELIMINARY AERODYNAMIC
DESIGN OF RADIAL-INFLOW
TURBINE STAGES

An effective preliminary aerodynamic design system provides substantial
benefits in terms of quality and productivity for all types of turbomachinery
stages. This was demonstrated in chapter 6 for axial-flow turbine stages. Similar
benefits have been demonstrated for centrifugal compressors [1, 94] and axial-
flow compressors [2]. The definition of a set of stage components that are well
matched to each other for the stage design conditions is a very time-consuming
process if done manually. Practical time constraints usually terminate such
manual efforts with something acceptable rather than optimum. The computer
can accomplish nearly all of the most of the time-consuming steps in this pro-
cess once a logical preliminary design strategy is established. This permits the
designer to explore a wide range of alternatives in a very brief period of time.
When properly interfaced to an aerodynamic performance analysis, this also
establishes well-qualified preliminary geometry to initiate the detailed aerody-
namic design of the various components in the stage.

NOMENCLATURE

A = passage area; also ellipse axial semiaxis
AR = ellipse radial-to-axial aspect ratio = B/A
a =sound speed; also location of maximum camber along the chord
B =ellipse radial semiaxis
b =passage width; also maximum camber
C = absolute velocity
Co = spouting velocity
¢ =chord
d =location of maximum thickness along the chord
H =total enthalpy
h = static enthalpy
I =rothalpy
K5 =blade metal blockage factor
M =Mach number
m =meridional coordinate
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m = mass flow rate
N =number of blades; also, rotation speed (rpm)
n =the number of components in the turbine
n, = specific speed (total-to-static)
o =blade passage throat width
P =pressure
Q =volume flow
R =reaction
R. =radius of curvature
r =radius
s = Dblade pitch = 27#/N; also entropy
T =temperature
t =blade thickness
U =local blade speed =rw
W =relative velocity
z = axial coordinate
o =flow angle with respect to tangent
B = blade angle with respect to tangent
AH =stage heat (total enthalpy) drop
y = airfoil setting angle with respect to tangent
n = efficiency
6 =polar angle; also, airfoil camber angle
20¢ = diffuser divergence angle
v =velocity ratio = Us/C
gas density
o =slip factor
x = camberline slope angle with the chord
® =rotation speed

Subscripts

h =hub parameter
id =ideal (no loss) parameter
m = meridional component; also, a mean value
max = maximum value
N =nozzle parameter
R =rotor parameter
s = total-to-static condition; also a shroud condition
t =total thermodynamic condition
1 =volute inlet parameter
2 =volute exit and nozzle inlet parameter
3 =nozzle exit parameter
4 =rotor inlet parameter
5 =rotor exit parameter
6 =diffuser exit parameter
0 = tangential component
* = parameter corresponding to sonic flow
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Superscripts

’ = a relative value in the rotating coordinate system
* = an optimum (minimum loss) blade inlet condition

10.1 Preliminary Aerodynamic Design Strategy

The preliminary design procedure will address the basic stage components
including the inlet volute, nozzle row, rotor and exhaust diffuser. Vaneless
annular passages will automatically be inserted before and after the nozzle row.
Component sizing calculations require specific aerodynamic and geometric
calculations at stations located at the inlet and exit of all components. Param-
eters at those locations will be designated by subscripts 1 through 6 following
the station nomenclature illustrated in figures 10-1 and 10-2. No distinction is
made between the volute exit and the nozzle inlet stations since the vaneless pas-
sage inserted there is rather insignificant. It is really inserted only as a practical
matter to provide the user with an easy access point for refining the prelimi-
nary design. This writer’s preliminary design system handles the adjustment of
station 2 data between the nozzle row inlet and volute exit automatically without
any user intervention.

The stage performance is conveniently specified as total-to-static performance
referenced to the rotor exit (station 5). The stage total-to-total performance
and the influence of an exhaust diffuser can be forecast as part of the prelimi-
nary design to guide the designer in adjusting the performance specifications

Ficure 10-1. Stage Sizing Stations

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



236 ¢ TURBINE AERODYNAMICS

Ficure 10-2. Rotor and Diffuser Sizing Stations

if appropriate. Hence, the basic stage design specifications to be supplied by the
designer are

Stage inlet total temperature, T;.
Stage inlet total pressure, P.

Stage mass flow rate.

Total-to-static pressure ratio, Py /Ps.
Specific speed, .

Total-to-static efficiency, 7.
Total-to-static velocity ratio, vs.
Equation of state for the working fluid.

Following Balje [68], the specific speed is defined in dimensionless
form as

=N (10-1)
s ( AHid )0.75

The ideal heat drop, AH;; corresponds to an isentropic expansion from the stage

inlet total conditions to the rotor exit static pressure, Ps. The volume flow, Qs, is

defined from the mass flow and the rotor exit total density, i.e.,

Qs =it/ p,s (10-2)

Most of the basic stage design specifications are easily selected based on the
proposed application. The values selected for #,, v, and 7, are exceptions. The
choices forn, and v; really determine the quality of the design while 7, is a conse-
quence of those choices. Initial choices for these parameters are usually selected
based on generalized performance correlations. Many generalized correlations
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Ficure 10-3. A Generalized Stage Performance Chart

of radial-inflow turbine performance potential are available from the literature,
e.g, Wood [95], Linhardt [96], Rohlik [97] and Balje [68]. These typically provide
estimates of the expected efficiency and recommended values of velocity ratio as
a function of specific speed. Those correlations are based on various definitions
of specific speed and differ with regard to whether total-to-total or total-to-static
performance is estimated.

Figure 10-3 shows a generalized stage performance chart used for the pres-
ent preliminary design system. This chart is based on a composite of the corre-
lations cited in the previous paragraph, adjusted to total-to-static performance
and to the present definition of specific speed where required. Due to significant
differences in the various correlations, some preliminary designs were accom-
plished and analyzed with the performance analysis of chapter 9 for additional
guidance in selecting the curves shown. Figure 10-3 also includes approximate
experimental values corresponding to the design speed and optimum efficien-
cy for the two radial-inflow turbines discussed in chapter 9. As a general rule,
the preferred range of values for specific speed is 0.45 to 0.75. However, the spe-
cific speed is not really an arbitrary parameter, since size, speed, Mach num-
ber levels, mechanical integrity, etc. may impose definite constraints that pre-
clude choices in the preferred range. Hence, the generalized chart extends well
beyond the preferred range of specific speed to include those cases.

The best approach is for the preliminary design system to display figure 10-3
on demand to guide the designer in selecting the design specifications. It is also
useful to provide the option to use these correlations to define default values of
ns and v, as a function of the specified specific speed so that the designer can
either use them directly or supply alternate values. Both of these features are
easily incorporated using the following analytical equations, which correspond
to the curves shown in figure 10-3.
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238 ¢ TURBINE AERODYNAMICS
v, =0.737n% (10-3)
N, =0.87-1.07(n, —0.55)> = 0.5(n, —0.55)° (10-4)

Once a preliminary design has been accomplished, it can be analyzed with the
performance analysis of chapter 9 to improve the estimate for 1,. But #; and v;
are more basic design specifications. Refining those specifications from perfor-
mance analysis results requires a parametric evaluation of alternate choices.

The preliminary design of the complete stage requires many additional spec-
ifications to select well-matched and optimized stage components. If the design-
er must specify all of these component design parameters to obtain a design,
the preliminary design system will be rather ineffective. A better approach used
is to supply default values for all component design specifications such that the
preliminary design system can generate a candidate stage design from the basic
stage design specifications. The designer can optimize the design by adjusting
any of the default specifications for the components. It is always more efficient
to optimize component specifications from a reasonable set of existing values
than to select a complete set of specifications. Much of the design optimization
process can be accomplished within the preliminary design system. The compo-
nent geometry and the flow data at inlet and exit to each component computed
as part of the design process provide useful guidance for that purpose. But it
is also important to provide the capability to export an input file for the per-
formance analysis of chapter 9. This provides a direct evaluation of the actual
performance to be expected from the design based on the more fundamental
performance analysis rather than generalized correlations.

Another very useful feature is to provide for automatic processing of all design
calculations. The error trapping capability of modern programming software
makes it practical to safely process the stage preliminary design calculations
as far as possible with the resident design specifications. When this leads to an
error or convergence failure, the design process is terminated with a message as
to the specific component where the problem occurred. In this way, the designer
receives immediate feedback each time any design specifications are changed.

10.2 Rotor Tip Sizing

Once the basic stage design specifications are available, the important rotor
tip sizing can be accomplished. The stage inlet total pressure and the pres-
sure ratio specifications immediately determine the rotor exit static pressure,
Ps. The equation of state determines the stage inlet total enthalpy, H;, and
entropy, si. The equation of state yields the ideal heat drop as a function of H,
Ps and s;. The discharge spouting velocity and the rotor tip blade speed are
given by

C,, =+/2AH, (10-5)

U4 = VSCOS (10'6)
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From the specified efficiency,
Hs=H, - AH,n, (10-7)

Since the rotor exit velocity is currently unknown, the discharge total density
is approximated from the equation of state as a function of Hs and Ps. This is a
reasonable approximation since a relatively low value of the rotor exit absolute
Mach number at the design point operating conditions is an important design
objective. Hence, the difference between total and static density is expected to
be small in a well-designed stage. Then Eq. (10-1) can be solved for the rotation
speed, o, and Eq. (10-6) yields the rotor tip radius.

r=U,l0 (10-8)

The portion of the stage losses that occur upstream of the rotor influences the
rotor tip sizing. Using Eq. (2-8) and the isentropic enthalpy loss, an estimate of
the rotor inlet total pressure found to be effective is given by

P,=P, P, AH,(1-T)/4 (10-9)
Since the turbine is being sized for optimum performance, it is assumed that
Cos5= 0 to minimize the rotor leaving loss. Since H,s = Hj, Eq. (3-9) and the defini-
tions of vs and 1, supply the rotor inlet tangential velocity.

C94 =UgN; /(2‘/52) (10'10)

10.3 Rotor Design Specifications

The following rotor design specifications have been found effective and are suf-
ficient to complete the rotor design.

The inlet flow angle, 4

The inlet blade thickness, 4

The exit blade thickness, 7,5

The exit hub radius, 735

The exit shroud radius, r.s

The axial length, Azz

The number of blades (including splitter blades, if used), Nz
The inlet blade angle, B4

The impeller blade type

Splitter blade option

The impeller blade types considered in this chapter are the straight-line ele-

ment (three-dimensional, ruled surface) or radial element blades. For the lat-
ter type, the inlet blade angle is constrained to be 90°. As discussed previously

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



240 ¢ TURBINE AERODYNAMICS

in this chapter, default values considered to be reasonable estimates for these
parameters are provided. They may be used as initial estimates and subse-
quently revised as appropriate based on an evaluation of the results. Rohlik [97]
recommends setting the nozzle exit or rotor inlet absolute flow angle as a
function of specific speed. His graphical correlation can be approximated in
the nomenclature of this book by

o, =10.8+14.21 (10-11)

Blade thicknesses and the exit hub radius are influenced by both aerodynam-
ic and mechanical considerations. Suitable default values will depend on the
application and the organization’s normal design practice. This writer’s prelimi-
nary design system uses the following default values.

t,, =0.04r, (10-12)
t,s =0.02r, (10-13)
1,5 =0.185z, (10-14)

The exit shroud radius and axial length are selected based on maintaining a
reasonable ratio of passage width-to-the flow path radius of curvature. The fol-
lowing procedure has been found effective in estimating values for these param-
eters that achieve that goal.

C,/C,,=1+50b,/r) (10-15)

Since the inlet total thermodynamic conditions and the mass flow rate are
known, Egs. (10-10) and (10-4) are sufficient to compute C,.4 and b, from a mass
balance. Since Cgs = 0 is assumed and 7,5 is assigned, a similar process yields s,
bs and C,s. Then, the rotor axial length is estimated by

Azp = 1'5(7’55 —Tys) (10-16)

Rohlik [97] developed an empirical equation for the optimum number of
blades from a graphical correlation by Jamieson [98]. Expressed in the
nomenclature of this book and corrected for an obvious misprint in [97], this
equation is

N, =12+0.03(33-a,)’ (10-17)

Jamieson’s correlation is an estimate of the number of rotor blades required to
avoid reverse flow on the blade surfaces. Eq. (10-17) must be rounded to an inte-
ger value and adjusted to an even number if splitter blades are used. The default
estimate for the inlet blade angle is based on operation at the optimum rotor
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incidence angle based on the slip factor model previously described in chapter 9.
The precise process used for preliminary design is described in the next section
of this chapter. Here it is simply noted that the slip factor depends on the inlet
blade angle. Hence, a simple predictor-corrector iteration procedure is required
to converge on the correct blade angle.

It can be seen that some of the default specifications depend on other rotor
design specifications. Hence, the calculation of the default parameters must be
performed in the appropriate order. They must also be recalculated when the
designer modifies any of the rotor design specifications.

10.4 Rotor Sizing

The slip factor model of chapter 9 is simplified by ignoring the limiting radius
ratio effect. This assumes that any modern design will avoid blades too short
to be effective. If that assumption proves to be unjustified, it will be apparent
when the design is evaluated by the performance analysis. Hence, the slip factor
is given by

o =1~ sin B,/ Ny’ (10-18)
The impeller inlet blockage factor is given by
K., =1-Ngt,,/[2x7,sinB,] (10-19)

This parameter defines the fraction of the flow passage available for through-
flow inside the blades after correction for the blade metal blockage. Since the
slip factor is defined based on flow inside the blades and C,.4 is defined outside
the blades, the ideal tangential velocity inside the blades is approximated by
assuming the gas density is equal to its value outside the blades, i.e.,

C,,=olU,-C, ,cotB,/K,,] (10-20)

The ideal and actual inlet incidence angles defined inside the blades are
given by

i, =B,-90°+tan"'[(U, - C;,)K,,/C, ] (10-21)

i,=pB,-90°+tan"'[(U, - C,,)K,,/C,,] (10-22)

Note that when the default inlet blade angle specification is being used, these
two incidence angles will be equal. Since the total enthalpy at the rotor inlet is
known from its value at the stage inlet, the inlet static enthalpy is given by

+Cp,) (10-23)

mé

m:m—a@
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The rotor inlet total pressure is given by Eq. (10-9). Hence the equation of
state supplies the rotor inlet entropy from the known total enthalpy and total
pressure. Then all other static conditions are given by the equation of state as
a function of %, and ss. Conservation of mass then supplies the impeller tip

width.

b, =m/2zxr,p,C,,] (10-24)

The rotor exit radius and passage width are given by
1y = (s +1,5)/2 (10-25)
by =15 =1 (10-26)

The rotor exit total enthalpy is given by Eq. (10-7) and Ces = 0 is assumed. Hence a
mass balance can be performed at the rotor exit by an iterative solution of

C, s =n/(2rrbps) (10-27)
hy=H, - %Crzrﬁ (10-28)

Improved estimates of static thermodynamic conditions, including ps, are given
by the equation of state as a function of /s and Ps on all iterations. When con-
verged, this yields all absolute flow parameters at the rotor exit. The rotor exit

relative velocity is given by
W, =C,s + (o)’ (10-29)

Since static conditions are invariant for relative and absolute flow the rel-
ative Mach number, M(3, is also known. The mean blade pitch at the rotor exit is
given by

Sy =21t/ N, (10-30)

Note that if splitter blades are being used, the pitch is twice the value given by
Eq. (10-30). If Mz < 1, the rotor mean throat width is given by

05 = SSCmS /M/S (10-31)

Otherwise, the equation of state is used to compute the relative sonic velocity
and the throat width is given by

0s/s5=psC,s/( pW.) (10-32)
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If the right-hand side of Eq. (10-32) yields a value greater than unity, the design
is terminated since an annular passage choke precludes achieving the design
specifications. A suitable error message is given so the designer knows that cor-
rective action is needed.

A few other useful checks can be made to permit termination of the impeller
design with an appropriate error message. It is better to inform the designer of
any obvious problem with the current design specifications rather than simply
have the rotor sizing process fail. The blade metal blockage at the inlet and exit
should be required to be less than 50% of the unblocked area. It is also recom-
mended that Azz >1.5b, and 7.5 < 0.9,4 be required.

10.5 Evaluating the Rotor Design

The literature provides some useful guidelines for evaluating the rotor sizing
results. Balje [68] recommends the following limits on the exit meridional veloc-
ity and shroud radius.

02<C,./U, <04 (10-33)
rs/1,<0.78 (10-34)

Rohlik’s [97] recommendation relative to the exit shroud radius is more general
and more conservative.

rs/r,=1.29n, (10-35)
rs/1, <0.7 (10-36)
Wood [95] recommends limiting the ratio of meridional velocities by
1<C,./C,, <15 (10-37)
Stage reaction is also known to influence performance. Reaction is defined as
R=(h,-h)/I(H -H,) (10-38)

Balje [68], Linhardt [96] and Watanabe et al. [99] all offer fairly different recom-
mendations relative to reaction. While subject to some uncertainty, it appears
reasonable to assign a preferred range for reaction as

0.45<R<0.65 (10-39)
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Also, the difference between the optimum and actual incidence angles given by
Egs. (10-21) and (10-22) should be as small as practical to minimize rotor losses
near the design operating condition.

Once the preliminary design of the complete stage is available, a more
comprehensive evaluation of the rotor design will be obtained by accom-
plishing an aerodynamic performance analysis as described in chapter 9.
The rotor sizing described in sections 10.2 and 10.4 of this chapter is suf-
ficiently complete to provide the basic dimensions required for a perfor-
mance analysis of the rotor. However, neither the sizing procedure nor a
performance analysis provides confirmation that a practical rotor passage
can be designed to connect the rotor inlet and exit stations selected. An
effective preliminary design system will address this issue to ensure that
the detailed rotor design process has a high probability of success. Hence,
a realistic preliminary design of the rotor end-wall contours and blades
should be included. Simple graphical displays of the end-wall contours and
key geometrical parameters can quickly alert the designer to impractical
configurations so that corrective action can be taken before attempting the
more time-consuming detailed rotor passage design.

A more pragmatic justification for a preliminary rotor passage design will
become apparent when detailed aerodynamic design process is described in
chapter 11. The preliminary design can be exported to the general gas path
design system as a starting point. It is far more efficient to refine a reason-
able preliminary design than to accomplish a completely new detailed design.
Hence, improved engineering productivity is another good justification for a
preliminary rotor passage design.

10.6 Rotor End-Wall Contours

The preliminary design of the rotor end-wall contours seeks to confirm that
the inlet and exit stations can be connected with smooth end-wall contours
that yield a reasonable passage area distribution and avoid excessive flow
profile distortion due to passage curvature effects. The rotor hub contour is
constructed to minimize passage curvature effects by using the largest cir-
cular-arc that is compatible with the rotor dimensions obtained from the ro-
tor sizing. Hence, the circular-arc radius of curvature, R., will be the smaller
of either (ry — r15) or Azz. The remainder of the hub contour is constructed
with a linear segment at the appropriate end of the circular-arc. Figure 10-4
illustrates the construction when R, = Azg, where a linear segment, L, at the
inlet is required to complete the contour. It is easily seen that if R, = (14— 72s)
a linear segment, Ls, at the exit would be required. The shroud contour is
constructed to obtain a reasonable passage area distribution using a power-
law relation.

r=rs+ (}’4 - 755)5” (10-40)

& =(z2-25)/(Az, - b,) (10-41)
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Ly T,

fe - " .
Ficure 10-4. Circular-Arc Hub Construction

When the two end-wall contours are defined, the meridional distance along the
contours can be calculated by numerical integration of

dm =J(dz)* + (dr)? (10-42)

Then, the coordinates for each contour at a mean value of 72 can be obtained
by numerical interpolation. These are used to construct a mean quasi-normal
as illustrated in figure 10-5. A reasonable basis for the shroud contour design
is to achieve an area on this mean quasi-normal, A,,, that is approximately

Ficure 10-5. Power-Law Shroud Contour
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equal to the average of the known inlet and exit areas, As and As. This is easily
accomplished by constructing alternate shroud contours using values of n
from 2 through 9 and selecting the value of n that best achieves the desired
mean passage area. Passage curvature effects are best evaluated with respect
to a mean surface between the two end-wall contours. A series of quasi-
normals across the passage are constructed by connecting equal-spaced
points along the two end-wall contours. The points along the mean surface are
defined by the midpoints of the quasi-normals. Then the radius of curvature
of the mean surface can be calculated by numerical differentiation. Regard-
ing the quasi-normal length as the passage width, the ratio, b/R., is comput-
ed for each point on the mean surface. This parameter is a qualitative mea-
sure of the hub-to-shroud flow profile distortion to be expected, as indicated
by Eq. (3-24) or (3-30). It should be as small as practical, and values exceed-
ing unity should be avoided if possible.

The value of the preliminary end-wall contours is best illustrated by
results from a typical stage preliminary design. Figures 10-6 and 10-7 show
graphical results provided as monitor screen displays by this writer’s prelimi-
nary design system. Clearly the construction of smooth end-wall contours
is possible for this case. The normalized passage width and area distribu-
tions are also reasonably smooth. The distribution of b/R. is also reasonable
and within acceptable limits. All of the distributions shown in figure 10-7
are expected to be further refined in the detailed design phase. While these
end-wall contours are not sufficiently refined to be used to manufacture the
rotor, the designer can be very confident that the detailed design phase will
be successful.

z

Ficure 10-6. Typical Rotor End-Wall Contours
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10.7 Straight-Line Element Rotor Blade Camberlines

Straight-line element blades are constructed by defining the blade geometry
on the end-wall contours and connecting corresponding blade camberline and
surface defining points with straight-line elements. This provides a fairly gen-
eral three-dimensional blade geometry that is relatively easy to design, analyze
and manufacture. The preliminary blade design is based on the same quasi-
normals defined for the end-wall contours. For convenience, Eq. (10-42) will
be integrated from station 5 to station 4 such that #5= 0 and m4 is the total
meridional length of the contour. The blade camberline along the shroud con-
tour is defined by

0(m) = Am+ Bm® + Cm* (10-43)

The coefficients on the right-hand side of Eq. (10-43) are defined to match the
blade angles at the end points and to require the first and second derivatives of
Eq. (10-43) to be zero at the end points. This requires the blade angles on the
end-wall contours to be related to the known blade angles at the midpassage
position. It is assumed that the blade angle at the inlet station is constant from
the hub to the shroud. At the rotor exit, it is assumed that Co= 0 and C,, is
constant from hub to shroud. Hence,

rstanf s =7, tanf,; = s tan (10-44)
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After some tedious algebra, it is easily shown that

A = Coths, (10-45)
ri,
B=-L [Cotlﬁ _ Cotﬁs} (10-46)
n, A T5,
c-__B (10-47)
2m,

The camberline on the hub contour is defined by
0(m) = Dm+ Em’ + Fm® (10-48)

The coefficients on the right-hand side of Eq. (10-48) are determined by match-
ing the blade angles at the end points and requiring that 6, at the rotor inlet be
constant from the hub to the shroud. It is easily shown that the shroud camber-
line definition yields

0, - m{cot B, L cot ﬁSS} (10-49)

2 n I5;

After some tedious algebra, it is easily shown that the constants for the hub
camberline are

p = oths, (10-50)
7/;5/1
E:%_l{zcml&u}o%} (10-51)
nymy 5 1
Fl[tﬂtﬂ}ze (10-52)
n, T5), 1 m,

The corresponding blade angle distribution for either contour is given by
cot p=r2% (10-53)
om

Figure 10-8 shows end-wall blade angle distributions generated with this cam-
berline construction for the same stage preliminary design used to illustrate the
end-wall contour design. This graphical presentation is also provided as a moni-
tor screen display by this writer’s preliminary design system for the designer’s
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Ficure 10-8. Straight-Line Element Blade Angles

guidance. The blade thickness is set equal to the blade inlet thickness except
for the last 10% of the blade length where it is tapered linearly to the discharge
blade thickness.

10.8 Radial Element Rotor Blade Camberlines

Rotor blade camberlines constructed with radial line elements are often used for
turbines operating at high rotation speed. This eliminates bending stresses in
the blades due to the centrifugal forces. While usually not the optimum choice
from the perspective of aerodynamic performance, the radial-element blade
type may be necessary to achieve adequate mechanical integrity. The radial ele-
ment blade camberline is defined by

%9 _o (10-54)
or

Hence, the camberline 6 distribution can be assigned on only one end-wall
contour. In addition, & must be constant for all values of z from z. to zs, so
the shroud camberline is the obvious choice. The shroud camberline defined
by Egs. (10-43) through (10-47) is used for the radial-element blade camber-
line also. The coefficients are somewhat simplified by the requirement that 8,= 90°.
This defines the distribution of 8 as a function of z. Hence, the hub camber-
line can be constructed by numerical interpolation of 6 as a function of z.
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Ficure 10-9. Radial-Element Blade Angles

Figure 10-9 shows the blade angle distributions obtained from Eq. (10-53) for
the same stage preliminary design as figure 10-8, but with a radial-element
camberline specified. The blade thickness distribution is handled in the same
manner as for the straight-line element blade camberline.

10.9 Nozzle Blade Geometry

Nozzle blades are designed by imposing a general blade thickness distribution
on a parabolic-arc camberline. This results in a very general airfoil geometry
that should be adequate for any application. Aungier [2] shows that the govern-
ing equation for the parabolic-arc camberline is

2

— — 2 z_
24 Zaxy+(c 2a) yz_cx_ﬂyzo (10-55)

b 4p’ 4b

Figure 10-10 shows the simple (x, y) coordinate system and the defining con-
stants used in this equation. The chord length, ¢, maximum camber, b, and its
location, a, are the design specifications. For any value of x, Eq. (10-55) can be
solved fory as a standard quadratic equation. This approach will be singular for
a/c = 0.5, since two of the terms drop out. But that special case is a simple and
direct solution. Aungier [2] notes that both cases can be treated by a numerical
recursion equation of the form

2 2
yzx(c_x)/[(C;ZZQ) y+C—bZ(lx_C ;Ij'aC:| (10-56)
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Ficure 10-10. The Parabolic-Arc Camberline

Simply start with y = 0 and repeatedly solve this equation to converge on the
correct value of y. The leading and trailing edge blade angles with respect to the
chord line are obtained by differentiating Eq. (10-55) and evaluating the deriva-
tives at x = 0 and x = c. It is easily shown that

tany, =4b/(4a-c) (10-57)
tany, = 4b/(3c — 4a) (10-58)

The definition of the blade camber angle is
0=x+1; (10-59)

Egs. (10-55) and (10-57) through (10-59) can be combined to yield.

blc={J1+(4tan6)’la/c—(a/c)*-3/16] —1)/(4tan6) (10-60)

This defines the parabolic-arc camberline in terms of camber angle and the
ratio, a/c. These are more useful design specifications for this application. Obvi-
ously, the leading and trailing edge angles should be restricted to be less than
90°, i.e.,

0.25<alc<0.75 (10-61)
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tmax ]
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Ficure 10-11. The Nozzle Blade Thickness Profile

The blade thickness distribution is adapted from a distribution used by Aungier
[1] for return channel vanes. As shown on figure 10-11, the maximum blade
thickness, fmax, and its location, d, are specified along with the leading and trail-
ing edge blade thicknesses. A “nose-radius” is imposed at each end of the cam-
berline. The blade thickness at any location along the camberline is given by

0=ty L =1 167 (10-62)

ty =t +[t,—t,1(x/d) (10-63)
E=x/d; x<d (10-64)
§=(c-x)c-d); x>d (10-65)

e =+/0.4d /¢c[0.95(1-x/c)1-E)+0.05] (10-66)

This allows the airfoil geometry to be generated in dimensionless form by nor-
malizing all parameters by the chord length. Hence, design specifications fora/c,
dlc, 0, tmalc, tiic and ts/c completely define the airfoil camberline and surface
coordinates normalized by chord length. The camberline coordinates are given
by Eq. (10-55) and the local blade thickness by Eq. (10-62). Designating the cam-
berline coordinates by the subscript ¢, the surface coordinates are given by

xX=x, i%tsin;( (10-67)

(10-68)

y=y, i%tcosx
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Ficure 10-12. The Airfoil Setting Angle

tany = U2
ox, (10-69)

Since the chord length is yet to be determined, camberline and surface coordi-
nates are normalized by chord so that the airfoil construction can be completed
before sizing the nozzle. The normalized airfoil geometry can be used to de-
fine the nozzle blade by determining the chord and the nozzle setting angle, 73,
illustrated in figure 10-12. The camberline trailing edge is located at radius r;
and polar angle, 83, is arbitrarily set to zero. The basic airfoil coordinates that
define the actual nozzle blade are obtained by a simple rotation of coordinates.

X' =(x—c)siny, + ycosy, (10-70)
¥ =r,—(x—c)cosy, +ysiny, (10-71)

The corresponding polar coordinates are given by

r=4x?+y? (10-72)

tan6 =x'/y’ (10-73)

Matching the nozzle row to the rotor inlet flow angle requires determining
the nozzle throat width. For any specified number of blades, a second blade
is constructed by changing all blade polar angles from Eq. (10-73) by an angle
A6=27/Ny. Then the minimum distance between the two blades can be deter-
mined numerically.
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10.10 Nozzle Row Sizing

The nozzle row sizing strategy requires that the nozzle passage width is con-
stant and is identical to the rotor inlet passage width determined from the rotor
sizing. If the nozzle exit radius is known, the tangential velocity at the nozzle exit
is given by conservation of angular momentum.

Cpy =C, 1, /1, (10-74)

Then a mass balance at the nozzle row exit yields all other flow data. The nozzle
exit flow angle is estimated by the sine rule, neglecting the radius ratio correc-
tion described in chapter 9, i.e.,

o/s; =sinao, (10-75)

If the nozzle exit velocity is supersonic, the nozzle throat width is given by
conservation of mass between the choked throat passage and the discharge
station.

o/s;=p,C,5/(p.a,) (10-76)

Hence, the nozzle throat width can be calculated from the nozzle exit radius
and the number of blades. The nozzle inlet flow angle is somewhat arbitrary, but
it will directly influence the volute sizing described subsequently in this chapter.
It is convenient to determine this parameter indirectly by specifying the blade
camber angle. The nozzle camber angle is always quite small. Hence, it has min-
imal effect on the nozzle sizing process. Indeed, the camber angle is really used
to fine-tune the volute sizing. The following design specifications for the nozzle
row have been found effective for implementing this nozzle sizing strategy.

The ratio of the nozzle exit radius-to rotor inlet radius r3/r4

The nozzle camber angle, 6

The normalized location of the point of maximum camber, a/c
The inlet blade thickness-to-chord ratio, t,/c

The exit blade thickness-to-chord ratio, t3/c

The maximum blade thickness-to-chord ratio, tmay/c

The normalized location of the point of maximum thickness, d/c
The exit pitch-to-chord ratio, ss/c

The number of nozzle blades, Ny

The nozzle row sizing requires determining the setting angle, ys, which yields
the throat width required by Eq. (10-75) or (10-76). Starting with an initial guess
for the setting angle, the two-blade cascade is constructed to determine its throat
width, o.. An iterative process is used to achieve convergence with the required
throat width within an acceptable tolerance. Prior to convergence, the result
obtained supplies either a maximum or a minimum value of y; to limit the range
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of valid future choices. These limits are saved as soon as they are available. An
improved estimate of the setting angle for the next iteration is obtained from

siny, —» siny,(o/0,) (10-77)

If either of the relevant limiting value of y; exists, the new value is restricted to
be between the current value and the average of the current and limiting values.
The iteration process is required to satisfy the following constraints.

Y, 25° (10-78)

1.1<n/n<1.7 (10-79)

Egs. (10-70) through (10-72) with x =y = 0 yield r, for the current value of 7.
Clearly, some choices of the nozzle row design specifications will preclude satis-
fying all of these constraints. Also, some choices of the Ny will not produce an
interior throat, such that o.=s; will be obtained. When a valid cascade yielding
the desired throat width cannot be obtained, the process terminates with an
appropriate error message. The designer must then modify the nozzle design
specifications until an acceptable result is obtained.

When an acceptable cascade matching the downstream rotor is achieved,
the nozzle inlet conditions can be computed. The blade setting angle and blade
camberline angle at station 2 are given by

7,COSY, =1,COSY, (10-80)
B.=7v.-2 (10-81)

It is prudent to check for unacceptable blade inlet angles and excessive blade
metal blockage at the nozzle row inlet and exit at this point. A reasonable limit
for the blade inlet angle is 3, > 5°. Blockage factors can be calculated analo-
gous with Eq. (10-19) for rotors. Unacceptable values of these parameters should
cause termination of the design process with an appropriate error message to
prompt corrective action by the designer. Otherwise, the nozzle inlet flow angle
is selected to achieve the optimum inlet angle given by Egs. (9-35) and (9-36).
The total thermodynamic conditions at the nozzle inlet are assumed to be iden-
tical to the stage inlet values, i.e., volute losses are neglected. Then, a mass bal-
ance at station 2 yields all other inlet flow parameters to complete the nozzle
row design.

10.11 Evaluating the Nozzle Design

Evaluation of the preliminary design of the nozzle row is primarily a matter
of assessing the flow parameters and blade geometry. Mach numbers, blade
angles and flow angles require particular attention, both from the point of
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view of performance expectations and practicality of manufacturing. Exces-
sive blade metal blockage at the inlet and exit should be avoided. The location
of the point of maximum camber for cambered airfoils should be selected to
produce a smooth variation of the camberline angle from inlet to discharge.
In most cases, this will require that a/c > 0.5 be used. Polar angle overlap of
adjacent blades should always be required. The fractional polar angle overlap
is given by

R, = Ny(y,—7)/360 (10-82)

A sufficient number of blades should be used to maintain reasonable blade load-
ing. The simple blade-loading diagram of figure 9-5 can be used for this pur-
pose. Adjusting Eq. (9-38) to estimate of the maximum blade-to-blade velocity
difference yields

(AC) o = 47(1,C,3 —1,Cy ) [(eNy ) (10-83)

A reasonable blade-loading limit for the nozzle row can be expressed as

2(AC), .. /(C,+C,) <1 (10-84)

The vaneless passage between the nozzle row and rotor inlet is known to influ-
ence aerodynamic performance. Watanabe et al. [99] recommend a minimum
vaneless passage radius ratio given by

r,/r,=1+2b,sine, /1, (10-85)

Mechanical integrity also can affect this choice due to interference of nozzle
blade wakes with the downstream rotor.

10.12 Initial Estimates of the Nozzle Design Specifications

Similar to the rotor sizing procedure, initial or default values are supplied for
all design specifications. This allows a candidate nozzle row design to be at-
tempted as soon as successful rotor design exists. The designer can revise these
default values as necessary to optimize the nozzle row design. Eq. (10-85) is
used to estimate the default exit radius specification. Following typical axial-
flow turbine design practice, a default value of s;/c = 0.75 is used. Other de-
fault values used by this writer are 6=0, a/c =0.5, t,/c = 0.025, t;/c = 0.012,
tmax/c = 0.06, and d/c = 0.4. The default estimate for the number of blades is
based on maintaining a reasonable level of blade loading as expressed by Eq.
(10-84). Since the nozzle inlet conditions are unknown at this point, the inlet
flow angle is assumed to be equal to the inlet blade angle and the following
approximation is used.
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TZCmZ = 1/3Cm3 (10'86)

These approximations and standard trigonometric identities reduce Eq.
(10-84) to

453 Sil’l(ﬁ2 —063) <1 (10-87)
csin B,[1+#sina, /(r, sina,) ]

The lowest number of blades that satisfies the limit of Eq. (10-87) is used as
the default value. This requires partial completion of the sizing calculations
described previously in this section to the point where 3, and r, are determined.
Values that do not yield a valid nozzle sizing are rejected. Also, a practical
upper limit of thirty blades is imposed. Similar to the rotor default specifica-
tions, these default specifications must be imposed in the proper order, and they
must be recomputed when the designer manually modifies any of the nozzle
row design specifications.

10.13 Volute Preliminary Design

The primary purpose of the volute preliminary design is to obtain estimates of
the overall size of the stage in terms of maximum axial and radial dimensions.
It is also useful to permit exporting a fairly complete input file for the perfor-
mance analysis of chapter 9. Volute sizing is a fairly simple process that results
in calculating the primary volute passage area, A;, and mean radius, 7, as previ-
ously illustrated in figure 9-3. These parameters are computed to conserve mass
and match the angular momentum at the nozzle row inlet, i.e.,

piCA, =i (10-88)
1C =1Cy, (10-89)

Although no distinction has been made between the volute exit and the nozzle
inlet stations, as a practical matter, a vaneless passage will normally exist
between them. Since angular momentum is conserved in a vaneless passage, the
sizing equations are not affected by this vaneless passage. Hence, this writer’s
preliminary design program arbitrarily inserts a constant-width vaneless
passage with an inlet-to-discharge radius ratio of 1.05. The only real significance
of this vaneless passage is to obtain a more realistic estimate of the maximum
stage radius required. The maximum stage radius is also affected by the style
of cross-sectional area that is used. Figures 10-13 and 10-14 illustrate two volute
types using an elliptical cross section. The external volute lies completely above
the exit radius of the volute, whereas the internal volute is designed to yield
volute inlet and exit radii that are identical. The external volute would be
preferred since the change in radius will accelerate the flow to a higher discharge
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B

Ficure 10-13. An External Elliptical Volute

—» by [e—

tangential velocity for the same inlet velocity. But the internal volute may
offer the advantage of a lower maximum stage radius. The passage area and the
mean radius of the external elliptical volute are

A= Gn + 1)AB (10-90)

h=n+B (10-91)

The external volute is sized by an iterative procedure. Initially, assume r; = r,.
Then, Eq. (10-89) yields

C =G/ (10-92)

Ficure 10-14. An Internal Elliptical Volute
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The static enthalpy is given by

h = H, - % c (10-93)

The equation of state yields the static density as a function of /; and s;. Hence,
Eqg. (10-88) can be solved for A;. If the volute aspect ratio, AR = A/B is specified,
Eq. (10-90) can be solved for A and B. Then Eq. (10-91) yields a new estimate
for 7. This process is repeated until values of r; on successive iterations agree
within an acceptable tolerance. The sizing procedure for the internal volute is
simpler since 1, =r,. Neglecting the wall thickness within the volute, the passage
area for the internal volute is

A = Gn + 1)AB — Bb, (10-94)

The internal volute sizing follows the same process as for the external volute,
except no iteration procedure is required. This writer’s preliminary design sys-
tem also offers the options of internal and external volutes with rectangular
cross section. Volute sizing is handled in a similar fashion except that alternate
expressions for the volute area as a function of A and B are required.

Hence, the design specifications used for the volute sizing are

Specify an internal or external volute.
Specify elliptical or rectangular cross section.
Specify the aspect ratio (limits of 0.75 <AR < 1.5 are recommend).

The initial default specifications used are an external elliptical volute with
AR =1 (i.e., a circular cross section). As noted previously, the nozzle row inlet
flow angle is somewhat arbitrary through the specification of the nozzle blade
camber angle. That also provides a mechanism to modify the volute sizing by
changing the nozzle inlet tangential velocity.

When the volute sizing is completed, the stage maximum radius and the stage
axial length measured from the rotor inlet are given by

Toas =11+ B (10-95)
Az =Az, —b, +2A (10-96)
If an exhaust diffuser is also included, the stage axial length will increase by

the diffuser axial length. Diffuser sizing is discussed in the next section of this
chapter.

10.14 Exhaust Diffuser Sizing
An exhaust diffuser can be included in the stage preliminary design as a per-

formance enhancement. The preliminary design strategy is substantially
more complicated if the influence of the diffuser is included in the basic stage
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performance specifications. That is an unnecessary complication since the dif-
fuser performance analysis described in chapter 9 can be used directly to fore-
cast the performance improvement to be expected from the diffuser.

The diffuser divergence angle, 26c, of Eq. (9-89) is the most significant
parameter governing diffuser performance. As noted in chapter 9, the dif-
fuser static pressure recovery coefficient deteriorates rapidly when 26> 11°.
It is also true that diffusers are most effective when operating close to this
diffusion limit. Hence, a reasonable preliminary design strategy is to design
for 20.= 11°. Eq. (9-89) can be written in terms of the present nomenclature
to yield

20, =2tan'[by(A, / A, —1)/(2L)] (10-97)

The precise definition of the diffuser flow path length, L, is given by Eq. (9-88).
For the purpose of preliminary design it is sufficient to consider L to be the
diffuser axial length. It is convenient to allow for two alternate design speci-
fications for the diffuser, either the area ratio, As/As, or the dimensionless dif-
fuser length, L/bs. Either specification can be used to solve for the unspecified
parameter using Eq. (10-97) with 26 = 11°. Then the diffuser performance
analysis of chapter 9 can be applied directly to predict the diffuser static pres-
sure recovery coefficient. This will result in an increase in the total-to-static
pressure ratio and efficiency and a reduction in the corresponding total-to-
total parameters. These adjusted performance parameters can be listed for
the designer’s review. The designer can choose to revise the stage design speci-
fications to adjust for the influence of the diffuser. However, that is usually
not really necessary for the purpose of a preliminary stage design. After the
diffuser has been sized, the estimate of the overall stage axial length can be
revised to include the diffuser axial length.

10.15 A Typical Preliminary Design Example

The preliminary design system is best illustrated by a typical example. The basic
stage performance specifications used for this example are given in Table 10-1.
The default design specifications were used for the rotor, nozzle row and volute

Table 10-1. Stage Design Specifications

Parameter Specification
Fluid Air

Specific speed 0.7

Efficiency 0.8476 (default)
Velocity ratio 0.6863 (default)
Pressure ratio 1.52

Mass flow rate 1.05 lbm/sec
Inlet total pressure 14.68 psia

Inlet total temperature 518.7°R
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Ficure 10-15. Stage Cross Section

except for the nozzle blade camber angle, which was specified as 18°. An exhaust
diffuser with an area ratio of 1.5 was included.

Figure 10-15 shows the stage cross-section that was obtained from the prelim-
inary design procedure. This figure duplicates the monitor screen plot supplied
by this writer’s preliminary design system during the design process. Results
from the rotor design for this example were shown previously in this chapter
in figures 10-6 through 10-9. An input file for this preliminary stage design was
exported to conduct an aerodynamic performance analysis as described in
chapter 9. Table 10-2 compares the design and predicted total-to-static (T-S) and
total-to-total (T-T) performance. The design values differ from those shown in
Table 10-1 due to the influence of the exhaust diffuser. The performance analy-
sis indicates that the actual performance of the stage preliminary design is quite
close to the intended performance.

The stage operating conditions specified for this design example were
selected from the peak efficiency point of the NASA turbine at design speed as
reported by Whitney et al. [74]. Experimental performance of that turbine is
shown in figures 9-18 and 9-19. This provides the opportunity to compare the
basic stage preliminary design to an actual design for which the experimental
performance is known. The NASA turbine is slightly different since it did not
have an exhaust diffuser. But the present preliminary design procedure does

Table 10-2. Evaluation of the Preliminary Design

Parameter Design Prediction
T-S Pressure ratio 1.4970 1.5237
T-S Efficiency 0.8772 0.8682
T-T Pressure ratio 1.4790 1.5040
T-T Efficiency 0.9039 0.8943
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Table 10-3. Comparison with the NASA Turbine

Parameter Design NASA
Rotor inlet radius 2.97in. 3.01in.
Rotor inlet passage width 0.733in. 0.720 in.
Rotor inlet flow angle 17.8° 17.8°

not account for the diffuser performance in the basic component sizing. Hence
it is meaningful to compare this design example with the successful turbine
stage which it seeks to simulate. Table 10-3 shows that the key parameters
from the rotor tip sizing are quite close to those actually used for the NASA
turbine. That provides some confirmation that the procedures outlined in this
chapter do represent good design practice. It is significant to note that this
was accomplished using the recommended default values for nearly all of the
design specifications.

10.16 A Computerized Preliminary Design System

The procedures described in this chapter are easily implemented in an inter-
active computerized design system. There are several useful features that can
easily be incorporated to significantly improve the effectiveness of the system.
Some of these features have been mentioned previously in this chapter but are
probably worth repeating in the context of a complete computerized prelimi-
nary design system. Recommended features include the following.

¢ The capability to export an input file for the performance analysis of
chapter 9 is really essential. The performance analysis should be used
regularly during the design process to evaluate the preliminary designs
with regard to actual performance potential. With proper interfacing,
that evaluation is a rather trivial step.

¢ Use of error trapping procedures to permit automatic processing of avail-
able design specifications provides substantial productivity benefits. It is
convenient to provide component sizing results as they are obtained. If
the sizing of a component terminates due to an error, the designer can
view the appropriate output block to determine what design specifications
caused the termination.

¢ Similarly, provision to start the process of sizing components using the
default initial specifications suggested previously in this chapter also ben-
efits productivity. It is always faster to improve a candidate design than to
supply all of the component design specifications for each application.

¢ Tabular and graphical presentations of results should be generated as part
of the design process for each stage component. The designer should be
able to conveniently view these results on the monitor screen for rapid
evaluation. Some or all of these results can subsequently be combined to
supply printed output, if the designer requests them.
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¢ The capability to export input files for the detailed aerodynamic design
systems described in chapter 11 also benefits productivity. The compo-
nent preliminary design procedures of this chapter provide a good basis
for supplying an initial configuration to be refined by the detailed design
procedures.

e Provision to export input files for internal flow analysis is also useful.
Sometimes a blade-to-blade flow analysis or a quasi-three-dimensional
flow analysis is needed to evaluate the component designs during the de-
tailed design phase. The preliminary design system can export complete
input files, including operating conditions and equation of state data not
available in the detailed design applications. These same input files can
subsequently be updated by the component detailed design applications
to support the detailed design process as well.
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Chapter 11

DETAILED AERODYNAMIC
DESIGN OF RADIAL-INFLOW
TURBINE COMPONENTS

The nozzle-blade preliminary aerodynamic design procedure described in chap-
ter 10 is easily modified to provide a sound basis for the detailed aerodynamic
design also. That approach is almost always sufficient to achieve design objectives
for both aerodynamic performance and mechanical integrity. Impeller detailed
design is conveniently accomplished using procedures essentially identical to
those commonly used for centrifugal compressors. Indeed, this writer uses the
detailed design system described in Aungier [1] for both types of impellers. The
only modification required to extend the centrifugal compressor impeller
detailed design procedure to radial-inflow turbines was to include provision to
reverse the geometry exported to aerodynamic analysis, applications such that
the flow direction is reversed. Hence, the inlet becomes the discharge, and in-
versely, when the detailed geometry is reversed. This was simply a matter of
convenience due to the fact that a sophisticated impeller gaspath design system
already existed. Investigators developing this system specifically for radial-in-
flow turbines would normally avoid the need to reverse the geometry. Hence, the
descriptions provided in this chapter address this problem in the turbine orien-
tation. But it is appropriate to acknowledge the fact that the present description
is really no different than the impeller gaspath design system described in [1].
The detailed design process really addresses design details that are largely
ignored by the performance analysis of chapter 9 and the preliminary design
system of chapter 10. Indeed, a fundamental assumption of the performance
analysis is that the components have been designed consistent with good de-
sign practice. The limited geometry specified for the performance analysis can
be produced by a wide variety of detailed component designs. Those specifica-
tions are by no means sufficient to ensure that the components will perform
as predicted. That issue is addressed in the detailed design process by evaluat-
ing the internal flow produced by the design. This requires use of internal flow
analysis procedures describe in subsequent chapters of this book. These include
blade-to-blade flow analysis (chapter 13), quasi-three-dimensional flow analysis
(chapter 14) and boundary layer analysis (chapters 13 and 14). In the present
context, it is not necessary to be familiar with the theory behind the internal
flow analyses of chapters 13 and 14. The objective of the detailed design process
is to avoid excessive diffusion and flow separation along the blade surfaces and
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end-wall contours of the components. This objective is less challenging for the
accelerating flow in turbines as compared to the diffusing flow in compressors.

AQ: Au. But is does remain a necessary step to achieving good aerodynamic perfor-
Please check mance.

the sentence.

NOMENCLATURE

A =passage area
a =location of point of maximum camber along the chord
B = Bezier polynomial coefficient
b = passage width
¢ =blade chord length
h = distance between points on adjacent blade surfaces
i = point number
L =length of a line segment
m =meridional coordinate
N =number of points on a curve
n = distance along a quasi-normal
P = vector locating Bezier reference points
R, =radius of curvature
r =radius
S =a vector tangent to blade camberline in a meridional surface
T = a vector normal to blade mean surface
t, =blade thickness
U = dimensionless parameter for curve generation
X = general Cartesian coordinate for curve definition
x = Cartesian coordinate =7sin6
Y = general Cartesian coordinate for curve definition
y = Cartesian coordinate = rcos6
z = axial coordinate
B =blade camberline angle with respect to tangent
6 = angle of rotation of coordinates
n =rotated Cartesian coordinate
0 = polar angle; also blade camber angle
£ = dimensionless distance
¢ = meridional surface slope angle with respect to z
x =rotated Cartesian coordinate
T = quasi-normal angle with radial direction

Subscripts

B = a blade parameter
¢ = parameter on the blade camberline
h = parameter on the hub contour
s = parameter on the shroud contour
t = a throat parameter
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1 = component inlet parameter
2 = component discharge parameter

Superscript

'=first derivative

11.1 Nozzle Blade Detailed Design

The nozzle row construction used for the preliminary design is easily adapted
to the detailed design process also. The methodology is identical to that
previously described in chapter 10, but all design specifications are supplied
directly rather than evaluated indirectly from the stage design specifications.
Specifically, the detailed design is required to match to a known inlet flow
angle and must produce a known gauging angle at a known discharge radius.
All other design specifications for the nozzle row are identical to those used
in chapter 10. The nozzle inlet radius may also be known at this point. That
case can easily be handled by adjusting the blade discharge pitch-to-chord
ratio for any specified number of blades. For added generality, it is useful to
leave the inlet radius unspecified unless design constraints require a specific
value. By reviewing the process used in chapter 10, it is easily seen that the
same procedures can be applied to this alternate set of design specifications.
Indeed, the preliminary design system could be used for this purpose.
But that would usually require generating a fictitious stage design that
yields the proper inlet and discharge specifications. When the preliminary
design system exists, it is a trivial process to adapt it to handle the detailed
aerodynamic design problem directly. That also provides the opportunity
to add interfacing capabilities for internal flow analysis and for supplying
geometry for mechanical analysis, drafting and manufacturing. The simplest
way to start the process is to export an input file for the nozzle detailed design
application from the preliminary design system to provide an initial design.

The nozzle preliminary design from the stage preliminary design example
of chapter 10 will be used to illustrate the process. Figure 11-1 shows a blade-
loading diagram for the preliminary nozzle design predicted by the two-
dimensional blade-to-blade potential-flow flow analysis described in chapter 13.
Clearly, the nozzle incidence angle is not an optimum as was intended.
This is evidenced by the significant difference in the suction and pressure
surface velocities near the leading edge. In chapter 13 it will be shown that
the accuracy of the blade loading at the leading and trailing edges is always
suspect, particularly for blades having large differences in blade surface slopes
on the two sides of the blade such as these airfoil shapes. The abrupt drop in
the pressure surface velocity near the trailing edge can be ignored. It simply
indicates that the trailing edge separation occurs on the pressure side of the
blade. The blade-to-blade analysis closes the loading diagram immediately
outside of the blade passage as a means of estimating the discharge flow angle.
In this case the predicted discharge flow angle agreed with the intended value
(the gauging angle) within 0.8°. When evaluating the design, the suction surface
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FiGure 11-1. The Preliminary Design Blade Loading

velocity distribution is the most critical concern. Clearly that distribution is
quite reasonable and free of any undesirable diffusion.

Blade loading is primarily a function of the blade camberline angle and
passage area distributions and the flow incidence angle. Figure 11-2 shows the
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FiGure 11-2. The Preliminary Design Distributions
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relevant distributions for the preliminary nozzle design. Variations of both
parameters are smooth and well behaved. The gradient of the blade camberline
angle distribution near the trailing edge is rather high. A low gradient would
be preferred to provide better flow guidance near the trailing edge. The large
difference in the leading edge surface velocities is indicative of a poor incidence
match. Despite the uncertainty of the blade loading prediction at the leading
edge, it is clear that a smooth entry of the flow into the blade passage is not
achieved. This indicates that the incidence angle is higher than would be
preferred for the design operating condition. For a typical stage consisting of an
inlet volute followed by a nozzle row, the nozzle blade will operate at nearly the
same incidence angle for off-design operating conditions also. Hence it is usually
good practice to design for good nozzle incidence angle matching. Incidence
angle matching can be adjusted by modifying either the design flow angle or the
inlet blade angle.

For the purpose of illustration, the preliminary nozzle design was modified
to reduce the incidence angle and to reduce the gradient in the blade angle
distribution near the trailing edge. A reduction in the blade camber angle was
used to reduce the incidence angle. Simply shifting the point of maximum
camber closer to the trailing edge reduced the blade angle gradient at the
trailing edge. Figure 11-3 shows the modified blade angle and passage width
distributions obtained by these two simple revisions. Figure 11-4 shows the
blade loading for the modified design. The revised incidence angle match clearly
results in a smoother entry of the flow into the blade passage. The adjustment to
the gradient of camberline angle has resulted in higher suction surface velocity
levels and some deceleration on the suction surface near the trailing edge.
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Ficure 11-3. The Modified Design Distributions
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Hence, that is probably not a beneficial modification. But it does show that the
general nozzle blade airfoil developed in chapter 10 offers considerable flexibility
for modifying the internal flow in the nozzle row. If greater flexibility is needed,
the general gaspath design system described subsequently in this chapter can
be used. While that system is primarily intended for impeller design, it has also
been successfully applied to nozzle blade design. However, the standard airfoil
family is usually quite adequate and is a much easier approach for detailed
nozzle row design.

Designers familiar with this style of airfoil from axial-flow turbomachinery
should note that the influence of design modifications is often quite different
for radial-inflow applications. For example, a reduction in the gradient of the
camberline angle near the trailing edge for an axial-flow blade is achieved
by shifting the point of maximum camber closer to the leading edge. In the
previous example, the opposite trend is observed. The reason for the difference
in behavior is the fact that the blade chord setting angle varies with the radius in
the radial-inflow application. This airfoil family is convenient for the flexibility
it offers, but design practices appropriate for axial-flow turbomachinery do not
carry over to this application.

11.2 A General Approach to Gaspath Detailed Design

The general gaspath design system presented in Aungier [1] is well suited to
radial-inflow turbine detailed aerodynamic design. That system develops
the end-wall contours and blades using a variety of curve forms well suited
to this application. Blades are defined by distributions of the polar angle, 6
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(or blade angle, ) and the blade thickness, #;,, along the camberline. Three basic
types of blade geometry can be considered.

¢ Two-dimensional, axial element blades: 6.= 6.(r), t, = 1,(r)

¢ Two-dimensional radial element blades: 8.= 0.(z), t, =t,(2)

¢ Three-dimensional straight-line element blades: 6.= 6.(§), t, = t,(§) for
both the hub and shroud contours, where & = (11 — m1,)/(m — m12), is the
dimensionless meridional distance along the contours from the trailing
edge to the leading edge. These blades are constructed by connecting the
blade surfaces on the two end-wall contours with straight-line elements.

Axial element blades are appropriate for nozzle blade design. Impellers often
employ radial element blades to eliminate centrifugal blade bending stresses.
The more general straight-line element blades generally offer superior impeller
aerodynamic performance potential when acceptable mechanical integrity can
be achieved.

Considering the blade camberline blade angle distributions on the appropriate
defining surface provides a convenient camberline definition for the different
blade types. For the axial-element blade, the defining surface is a surface of
constant z. The camberline angle in that surface is defined by

cot g, =99 (11-1)
or
Hence, the camberline can be defined by .= B.(r). It is often easier to develop
a curve defining this distribution rather than one for 6, = 6.(r). Similarly, for
the radial-element blade, the defining surface is a surface of constant . The
camberline angle in that surface is defined by

cot g, =99 (11-2)
0z

Hence, the camberline can be defined by f.= .(z) for a specified value of . For
the straight-line element blade, the defining surface is one of the end-wall con-
tours rotated to form an axisymmetric surface. The camberline angle in that
surface is defined by

cot g, =199 (11-3)
om

Hence, the camberline can be defined by 8. = .(§).

Figure 11-5 illustrates a meridional view of the gaspath design problem for
a radial-inflow turbine impeller. The hub and shroud contours are defined by
specific curves defining 7=7(z). Then a series of quasi-normals connecting the
two contours are defined. Quasi-normals are straight lines constructed to be
approximately normal to the two end-wall contours. The blade leading and
trailing edges are defined by two specific quasi-normals. When straight-line
element blades are used, these quasi-normals define the corresponding points
on the two end-wall contour camberlines that are connected by straight lines to
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Blade Leading Edge

Shroud Contour

Hub Contour

Blade Trailing Edge

Quasi-Normal

FiGuRe 11-5. General Gaspath Design

form the complete blade camberline. Figure 11-6 shows the basic Cartesian and
cylindrical coordinate systems used in the gaspath design process. The z-axis
is common to both coordinate systems and corresponds to the axial direction.
The meridional coordinate, 1, is also used, where m is the distance along an
end-wall contour. The origin is arbitrary and can be chosen for convenience,
typically at the blade leading or trailing edge location.

The basic gaspath design strategy reduces the process to defining the end-
wall contours, camberline angle distributions and blade thickness distributions.
The designer’s task is to develop a series of curves to define these contours and
distributions. These are used to construct the complete gaspath. This involves

.,

X

FiGUuRE 11-6. Basic Coordinate Systems
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some very complex geometrical calculations, but computers can easily accomplish
them, leaving the designer free to concentrate on the important issues of
aerodynamic performance, mechanical integrity and manufacturing constraints.
Before describing the gaspath construction process, a number of curve forms
particularly useful for gaspath design will be described.

11.3 Useful Curve Forms

The Bezier polynomial curve [100, 101]is a very general method for generating
smooth curves that are well suited to the gaspath design process. This curve
form is generated from a series of reference points. If # + 1 is the number of
reference points numbered 0 to 7, the vector location of the kth reference
point in a general Cartesian coordinate system (X, Y) is given by

BoXi+Y)] (11-4)
The Bezier polynomial curve is generated as a function of a parameter, U,

which varies from 0 to 1 along the length of the curve. The vector location of
any point on the curve is given by

RW)=Y BBU) (11-5)

k=0

The Bezier polynomial is defined by

B =()uta-u)" v (11-6)

(Z)zn(n—l)..].cfn—k+l) (11-7)

Figure 11-7 illustrates a typical Bezier polynomial curve and the refer-
ence points used to generate it. The slope and radius of curvature of the
curve can be computed by differentiating the X and Y components of Eq.
(11-5).

v _av jax (11-3)
dX dU/ dUu

AU qu — dU qp? (11-9)

1
E 15
CORICAN

Special definitions for the derivatives of the Bezier polynomials are required.

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



274 « TURBINE AERODYNAMICS
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FiGure 11-7. The Bezier Polynomial Curve

They are
dB” n— n—
dUk =n[ B (U)- B ()] (11-10)
2pn
B — im0 [ B2 ) - 2813 + B )] (11-11)

For any value of k, the following special relations apply.

Bi(U)=B"(U)=B; ,(U)=B;,(U)=0 (11-12)

Forest [101] provides a procedure for setting the radius of curvature at the end
points on the curve using the parameters, a and b, illustrated in figure 11-7.

2
n a
== 11-1
© n-15b (11-13)
Several features of the Bezier polynomial curve make it particularly useful for
the gas path design application.

¢ The curve passes through the end reference points (but usually not through
any other reference points).

¢ The end-point slope is identical to the slope of lines connecting the end
reference point and the adjacent reference point.

¢ The end-point curvature depends only on the end reference point and the
two adjacent reference points.

¢ The interior points influence the curve shape. In general, moving a
reference point will cause the curve to move in the same direction, but
only by about one-third as much.

¢ The curve is always smooth and continuous.
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¢ Points can be distributed along the curve by selecting a distribution of dis-
crete values of U. This allows defining the quasi-normal end points for the
end-wall contours and a distribution of points to be used for interpolation
for blade angle or blade thickness curves.

The major disadvantage of the Bezier polynomial curve is the need for a fairly
sophisticated interactive graphics procedure to use it effectively. This writer’s
design system displays the reference points on the monitor screen along with
the curve defined by them (similar to the display shown in figure 11-7). The
designer can add, delete or reposition reference points by keyboard entry or a
drag-and-drop technique to fine-tune the curve shape. End-point slopes and
curvatures can also be set, assuming a sufficient number of reference points
are used. At least seven reference points should be used so that at least one
reference point is free to shape the curve without affecting the end-point slopes
and curvatures. By providing automatic resetting of end-point slopes and
curvatures as an option, all of the reference points can be used to shape the curve
while maintaining the desired end-point constraints. Another disadvantage of
the Bezier polynomial curve is that it is not easily initialized by the preliminary
design system. In chapter 10, initial impeller end-wall contours and blade
camberline were developed as initial estimates for export to the detailed
design system. This writer’s gaspath design system provides the capability
to approximate any initial curve with a Bezier polynomial curve. This is
accomplished by distributing (12 + 1) points along the curve (equal to the number
of reference points to be used). Then Eq. (11-5) is used to generate a series of
(n+ 1) equations with (2 + 1) unknowns for both X; and Y. These equations
can be solved by simple matrix inversion to define the reference points that
approximate the initial curve. Then the Bezier polynomial curve can be used
for detailed design while still taking advantage of the initial estimates from the
preliminary design system.

Another useful curve form for end-wall contour design is to employ a
circular-arc with the largest radius of curvature allowed by the impeller axial
and radial dimensions. Linear extensions are added to one or both ends of the
circular-arc to complete the contour. This curve form was used in chapter 10
to define the impeller hub contour. Figure 11-8 illustrates the construction of
this curve. The coordinates, (X, Y), and the angle of the contour slope ¢, are
defined for each end-point. It is useful to include specification of a minimum
linear segment length, L, to be used at each end of the contour. Normally these
lengths will be zero unless required by manufacturing constraints. Modern
computer-aided manufacturing techniques usually no longer require these
linear segments. But provision to include them adds no complication to the
construction, so it is worth including it for generality. Then, the maximum
circular-arc radius of curvature, R, that can be used and the length and location
of any linear segment required must be computed. It is easily shown that

AX =R (sin¢, —sing,) + L, cos¢, + L, cos¢, (11-14)

AY =R (cos¢, —cos¢,) + L, sin¢g, + L, sing, (11-15)
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Ficure 11-8. The Circular-Arc Curve
Simple elimination of R, using Egs. (11-14) and (11-15) yields a necessary and
sufficient condition to construct the circular-arc curve form.

[ AY (sin ¢, —sing,) — AX(cos¢, — cose,)
b 1-sin¢, sing, — cos¢, cosy,

(11-16)

This may require that one end-point linear segment length be increased to sat-
isfy Eq. (11-16). Then R. is calculated from either Eq. (11-14) or (11-15). The coor-
dinates of the center of the circular-arc are given by

X,=X,+L,cos¢, - R _sing, (11-17)

Y, =Y, +L,sing, + R _cos¢, (11-18)

Then the circular-arc and any end-point linear segments defining the contour
are easily constructed.

Figure 11-9 shows a useful curve form based on the cubic spline fit [102].
The coordinates, (X, Y), and the slopes, YT, of the curve end points, along with
optional linear segments to be imposed at each end point are specified. The
linear segment lengths and slopes are used to compute the end-point coordinates
of the spline-fit curve, (X1, Yi1) and (X1, Yi.1). A third point is used to define the
spline-fit curve. The coordinates of this point, (X;, Y;), are chosen by the designer
to shape the curve. The spline-fit curve passes through the three points and
matches the slopes at the two end points. Cubic polynomial curves are used to
define the curve between each pair of adjacent points. The two cubic polynomial
curves are constrained to achieve matching first and second derivatives at the
common point. Walsh et al. [102] develop expressions for the three coefficients
that are required to define the spline connected cubic curves.
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FIGURE 11-9. The Three-Point Cubic Spline Curve

Y, -Y) 6(Y,~Y,)) 20Y/, =Y
- _ + (11-19)
(Xi+l _Xi)(Xi+1 _Xi—l) (Xi _Xi—l)(XiH _Xi—l) Xi+1 _XH
A A ) (11-20)
= (X, _Xiq)z Xi _Xi—l 2
W 30, -Y) M, (11-21)
i Xm - Xi (Xi+1 - Xi)2 2

These coefficients can be used to compute Y as a function of X by selecting the
proper coefficients. If X;_; < X < X;

Y:Mk_l(Xk_X):; +Mk(X_Xk—1)3 +[ Yk —Mk(Xk_Xk_l)}(X—Xkl)
6(Xk _Xk—l) 6(XI< _Xk—l) X =Xy 6
+ Y _ M, (X X, ) (X, -X) (11-22)
X, -X,, 6

The three-point cubic spline curve can be useful for end-wall contour defini-
tion when attempting to control the passage area at some intermediate location
for specified inlet and discharge passage areas. The contour is always smooth
and continuous, although not necessarily useful. Indeed, poor choices of the
optional spline definition point inevitably yield wild sinusoidal oscillations.
Like the Bezier polynomial curve, effective use of this curve form requires an
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FiGure 11-10. The Third-Order Polynomial Curve

interactive graphics approach. This writer’s gaspath design system displays the
three defining points and the curve they produce on the monitor screen (similar
to the display in figure 11-9). The arbitrary point is moved by a drag-and-drop
procedure and the curve is regenerated, until the designer is satisfied with the
results.

Another useful curve form is a simple third-order polynomial curve. This
curve can be defined by specifying the coordinates, (X, Y), and the slope angles, ¢,
of the curve end points, along with option linear segments to be imposed at each
end point. The linear segment lengths and slopes are used to compute the end-
point coordinates of the polynomial curve, (X3, Y3) and (Xs, Ya) as illustrated in
figure 11-10. The third-order polynomial supplies the curve from X; to X. It is
convenient to employ the dimensionless coordinate, &, to define the polynomial
curve.

S=X-X)/IX,-X,) (11-23)
Then the curve is defined by

Y =A+ BE +CE* + DE’ (11-24)

The coefficients are defined to match the coordinates and slopes at the end
points of the curve. It is easily shown that this yields

A=Y, (11-25)
B=(X,-X,)Y, (11-26)
C=—(X,-X,)QY{+Y)) (11-27)
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Ficure 11-11. Rotation of Coordinates
D=(X,-X,)(Y;+Y)) (11-28)

The design of end-wall contours for radial-inflow turbine impellers often
involves cases where ¢=90°. Hence, the end-point slopes may be undefined, and
some of the equations presented for the circular-arc, cubic spline and third-
order polynomial curve forms are also undefined. That problem is easily avoided
by accomplishing a simple rotation of coordinates before generating the curves.
Figure 11-11 illustrates the rotated coordinate system (¥, 1) obtained by rotating
the (X, Y) coordinate system by the angle, 6, given by

sing=__ &Y (11-29)
(AX) +(AY)

cos§=— X (11-30)
(AX)* +(AY )’

The curve coordinates and slopes for the two coordinate systems are related by

x¥=Xcosé+Ysind (11-31)
Nn=Ycosd — Xsiné (11-32)
1 =tan(¢ —5) (11-33)

It can be seen that the curve that is singular in the (X, Y) coordinate system in
figure 11-11 has no singularity in the rotated coordinate system. After the curves
are generated in the (¥, ) coordinate system, the (X, Y) coordinates of the curve
are recovered by

X =y cosd—nsinéd (11-34)

Y =ncoséd + ysind (11-35)

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



280 ¢ TURBINE AERODYNAMICS

11.4 Constructing the Annulus and Quasi-Normals

The annulus geometry is constructed by selecting suitable curves to define
the end-wall contours. It is also necessary to develop appropriate straight-line
quasi-normals as previously illustrated in figure 11-5. Then meridional surfaces
are added to form a meridional plane grid structure similar to that shown
in figure 11-12. This will be needed to construct blades within the passage,
compute the throat area and the passage area distribution, etc. The meridional
surfaces are defined to include a constant fraction of the total annulus area
between each surface and the hub contour. The meridional coordinate, 1,
along each meridional surface is defined as the distance along the surface
measured from the discharge, i.e.,

Z; 2
m, zz[ 1+(?) iz (11-36)

Z

Eq. (11-36) requires numerical integration, which can be complicated by the
possibility of an infinite slope. The rotation of coordinates discussed previously
can avoid this, but it is simpler to perform the integration parametrically using
the quasi-normal number, i, as the parameter.

i 2 2
TR
< V| di o1

In this case, the quasi-normal number provides a parameter consisting of equal-
spaced values. This permits very accurate finite-difference approximations to

FiGure 11-12. The Meridional Grid Structure
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FiGure 11-13. The Quasi-Normal Construction

be used for the derivatives with no chance of singularities. For any grid point,
the meridional surface angle with the axial direction is given by

sing = — (11-38)
1

The construction of the quasi-normals is somewhat arbitrary, but they should
be approximately normal to the meridional surfaces to minimize corrections
required for internal flow analysis and passage area calculations. Figure 11-13
illustrates the important geometrical parameters. The angle, 7, between the
quasi-normal and the radial direction is defined as

tant = 2 (11-39)
Ar

The deviation angle between the meridional surface angle and a normal to the
quasi-normal, ¢, is given by

e=T—¢ (11-40)

All gaspath and internal flow calculations should account for the fact that
is usually not zero, but it is good practice to minimize those corrections by
maintaining reasonably small values of € when possible. The meridional surfaces
are reasonable approximations to the stream surfaces expected from an internal
flow analysis. Hence, € is an approximate measure of the deviation of a quasi-
normal from a true normal to the stream surfaces. Some care is necessary when
applying the various equations defining the quasi-normal geometry. Coordinate
systems must be carefully defined and applied consistently. Also, an angle
convention for ¢ and 7 must be established to include cases were these angles lie
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invarious quadrants. Clearly the desired result for a quasi-normal is that &, = —e&;.
This can be used as the basis of an automated quasi-normal construction, but
that approach is not very reliable. This writer’s gaspath design system relies on
an interactive graphics approach. The hub and shroud contours are displayed
on the monitor screen along with the quasi-normal structure. Initially the
quasi-normals are equal-spaced along the two contours. The designer can
interactively move quasi-normal end points to obtain a reasonable structure.
Usually this involves adjusting two or three key quasi-normals while equal-
spacing intermediate ones. Once again, the computer performs some complex
interpolations and calculations during this process, but the designer’s task is
quite simple.

11.5 Constructing the Blade Camberline

The blade camberline construction is accomplished using predefined curves for
camberline angle distributions integrated to provide distributions of the polar
angle. For two-dimensional blades, this results in 6.(z) or 6.(r) distributions.
For three-dimensional straight-line element blades, 6.(&) distributions for the
hub and shroud contours are obtained, where ¢ is the normalized meridional
distance (0 to 1) along the contour. Local camberline data can be calculated
from the local values of 6, obtained from these distributions and the local val-
ues of z. and . on the meridional surface.

x, =¥,sin@, (11-41)

Y. =1,c0s0, (11-42)

cot ﬂc = rL % (11-43)
om

For two-dimensional blades, this process yields the blade camberline data
on all meridional surfaces. For the three-dimensional straight-line element
blades, this process defines the blade camberline on the hub and shroud
contours. If the normalized distance (0 to 1) from the hub contour along
the line element connecting the hub and shroud camberline points is des-
ignated as & the camberline data on intermediate meridional surfaces are

obtained by
Xe = Xen + ('xcs ~ Xen )5 (1 1-44)
Ye = Yen +(ycs_ych)§ (11'45)
Ze =20+ (2 — 258 (11-46)

ro=Ax + Y (11-47)
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tanf,. =x_/y, (11-43)

Hence, if & is known on the intermediate stream surface, the camberline data
can be determined. This requires determining the intercept of the line element
and the meridional surface. The rotation of coordinates defined by Egs. (11-29)
through (11-31) is applied to the meridional surface avoid singularities. In this
case, only the y-coordinate is needed to provide a correlation of the radius on the
meridional surface in the form » =7(y). The line-element coordinates can also be
defined as a function of y. After some tedious algebra, it can be shown that

r.=\r; + AE + BE? (11-49)

x=E+FE+GE? (11-50)

The constants in Egs. (11-49) and (11-50) are

A =20, (% = X)) + Y, (Vg = )] (11-51)
B=(x,=x,)" + (=¥ (11-52)
C=z,-12, (11-53)
E=z,cosd +1,sind (11-54)
F=Ccosd +Asind (11-55)

G =Bsiné (11-56)

The local camberline coordinates can be computed numerically by an itera-
tive process to reduce the difference between r(y) and 7.(y) to zero within an
acceptable tolerance using £ as a parameter. Once & is known Egs. (11-44)
through (11-48) provide all local camberline data for the straight-line element
blade and Eq. (11-43) yields the local camberline angle.

11.6 Constructing the Blade Surfaces

The predefined curves representing the blade thickness distribution are imposed
on the camberline to define the blade surfaces. For two-dimensional blades, this
results in #,(z) or t,(r) distributions. For three-dimensional straight-line element
blades, #,(£) distributions for the hub and shroud contours are obtained, where
£ is the normalized meridional distance (0 to 1) along the contour. It is often
useful to provide some additional generality for two-dimensional blades. The
designer will often want to taper the blades near the discharge to provide a thin-
ner trailing edge to reduce the size of the wakes leaving the blades. Hence, it is
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useful to provide the option to impose a taper over a specified distance near the
trailing edge as a modification to the base thickness distribution obtained from
the predefined curve.

The blade thickness must be imposed in a direction normal to the sur-
face define by the camberline construction. To determine the local normal
direction, define a unit vector S tangent to blade camberline in the meridi-
onal surface and a unit vector B directed along the defining line element for
the specific blade type. The cross-product of these two unit vectors yields a
unit vector 7 normal to the camberline surface. Using standard vector nota-
tion for unit vectors in a Cartesian coordinate system, this process can be
expressed as

S=Si+Sj+Sk (11-57)
B=Bi+Bj+Bk (11-58)
T=SxB=Ti+T,j+Tk (11-59)

After some tedious algebra, it can be shown that vector tangent to blade cam-
berline is given by

S, sin@, sing sin B, + cos@, cos f, (11-60)
S, =cos0, cos¢ sin , —sin6, cos 5, (11-61)
S, = cos¢sinf, (11-62)

The vector along the defining line element depends on the specific blade type
being designed. For the three-dimensional straight-line element blade with the
camberline surface line element of length L, it is given by

B, =(x,—x,)/L (11-63)
By =(ycs_ych)/L (11_64)
BZ = (ZCS - Zch)/L (11-65)

For the two-dimensional axial-element blade, it is given by
B, =B, =0 (11-66)

B =-1 (11-67)

For the two-dimensional radial-element blade, it is given by

B, =sin6, (11-68)
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B, =cosé, (11-69)
B =0 (11-70)

From the definition of the cross-product, the unit vector normal to the blade
camberline surface is given by

T.=SB,-S,B, (11-71)
T,=S.B,-SB, (11-72)
T.=S,B,-S.B, (11-73)

Hence, the local blade surface coordinates are given by

1
x=x % Ethx (11-74)
1
y=y T, (11-75)
2=z, %thz (11-76)

For two-dimensional blades, this defines the blade surface coordinates over the
entire grid structure. For three-dimensional straight-line element blades this
defines the blade surface coordinates for the hub and shroud contours. Interme-
diate stream surfaces are defined by connecting hub and shroud surface points
with straight-line elements. This is accomplished using the same procedure as
previously applied for the camberline.

It is fairly common practice to maintain a constant impeller tip radius on
all meridional surfaces to simplify the final machining process. This can be
accomplished by a special adjustment at that location. A unit vector in the 6
direction is defined by

¢, =cosf,i —sinb j (11-77)
Then, the blade thickness in the 8 direction is given by
ty=1,/[T, cos6,~ T, sind, ] (11-78)
The blade surface polar coordinates at a constant radius are given by
0 =6, +tan'[z,/(2r,)] (11-79)

The other blade surface coordinates can be calculated with Eqgs. (11-41)
and (11-42).
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11.7 The Blade Passage Throat Geometry

Accurate calculation of the blade passage throat widths and total throat area
are essential to the aerodynamic design process to determine the component’s
choke flow limit and the discharge flow angles. Calculation of the throat passage
width, o, on the meridional surfaces is the most difficult step in this process.
The throat width lies on a three-dimensional surface with both r and 6 varying
along the width. The throat width calculation can be accomplished using a
conformal mapping transformation to map the (12, ) surface into a simple
(X, Y) Cartesian plane. A path-independent conformal transformation that
accomplishes this is given by
_tdm

X = IT (11-80)

ny,

Y=0 (11-81)

Figure 11-14 illustrates the use of this transformation. Note that the throat is a
straight line in the transformed space. Since angles are preserved by conformal
transformations, this shows that the throat width has a constant angle along its
length, i.e.,

)%

8} = rg—ri = constant (11-82)

Since this angle is constant, the throat width can be calculated by

m 2 2
o= J 1+ ra6 dm= |1+ A9 Am (11-83)
” om X

Y

FiGure 11-14. Conformal Map of the Throat Width
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The parameters A0 and Am are computed as differences from values on
the two blade surfaces and X is calculated on the left blade surface in figure
11-14. Eq. (11-83) can be applied between any two points on opposing surfaces
to compute the distances between them. Hence it is applied to all points along
the suction surface using the fixed pressure surface point. This allows the
minimum distance to be located numerically to define the throat width. If n
is the distance along the quasi-normal, the throat area contained between two
adjacent meridional surfaces is given by

AA =ocoseAn (11-84)

This equation uses the average throat width on the two meridional surfaces
corrected to account for the fact that the quasi-normal may not be normal to
the meridional surface. The total throat area is obtained by a summation of
the values of AA between all adjacent meridional surfaces. The accuracy of this
calculation is improved by including more meridional surfaces.

11.8 An Effective Gaspath Design System

The procedures described in this chapter can be used to formulate an
efficient computerized gaspath design system. This writer’s gaspath design
system evolved over several years based on experience gained from impel-
ler design for centrifugal compressors. Although the basic design strategy is
unchanged from the original concept, the implementation of that strategy was
revised many times to arrive at the effective version used today. Most of the
revisions were too subtle to be anticipated until their benefits became obvious
through practical design experience. It is considered worthwhile to provide
some discussion of some beneficial features learned from experience.

There are significant benefits from implementing the design system in two
separate applications. One application generates the basic curves used to define
the end-wall contours and the blade geometry. The other application selects the
curves to be used and generates the gaspath design. When implemented as a
single application, the user interface proved to be too confusing. Even experi-
enced users found it difficult to navigate through the massive number of choices
available. After several attempts to restructure the user interface failed to fully
resolve that issue, separation into two applications proved to be the best solution.
Simple interfacing between the two applications proved to be the most effective
approach. Simply requiring the same base input file name with different file
name extenders accomplishes that goal. Modern programming languages offer
many ways to fully integrate two different applications. It has become fashion-
able to take that approach largely for image enhancement. It offers minimal
benefit and increased risk for complex applications intended for many differ-
ent users with varying levels of skill and experience. It is almost impossible to
anticipate all of the ways users can find to create conflicts when the computer
implements modifications without a conscious decision by the user.

The curve generation application develops the curves and distributes points
along the curves to define quasi-normal end points or to provide data for
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interpolation in the case of blade geometry distributions. Some useful features
recommended for this application are:

¢ Each curve should be designated as either a geometric contour or a blade
data distribution. Interactive graphics procedures need to display the two
types differently. Geometric contours should be displayed to proper scale
or aspect ratio. Distribution curves are displayed to make full use of the
monitor screen size.

¢ The curve definition function should provide for input of the defining
data for the specific curve form and subsequent editing of that data. As
previously discussed, the Bezier polynomial and cubic spline curve forms
require interactive graphics support to effectively define the curve shape.

¢ The distribution of points along the curve is best accomplished through
an interactive graphics procedure. Multiple options for positioning the
points should be included. Moving points interactively, direct editing of
point coordinates, equal spacing of points between specified points, etc.
can greatly speed up the process.

e All interactive graphics procedures should include the option to show a
second curve as background for additional guidance. Typically, a curve for
the hub is displayed while designing a curve at the shroud, and inversely.
In the case of geometric contours, the second curve can also supply addi-
tional useful data (e.g., the passage area distribution). It is also essential to
the final process of locating appropriate quasi-normal end points. Visual
display of contours and quasi-normals is the most effective way to accom-
plish this. Also include provision to switch the curves, i.e., the background
curve becomes the edited curve and inversely.

¢ In addition to the curve forms described previously, curves defined by
a series of points and curves formulated as a composite of two or more
existing curves are useful curve types. The composite curve is a particu-
larly good way to add vaneless passage extensions before and after the
blade passage, (which are needed for an internal flow analysis).

¢ The curves should be stored in a curve file with appropriate labels to sim-
plify their selection in the gaspath design application. Multiple curves
should be allowed so that alternative curves can be investigated without
deleting previous attempts. Provision to copy an existing curve is a useful
feature to retain the existing curve before editing the copy.

¢ The initial curves should be supplied by the preliminary design system
as describe in chapter 10. These may be edited directly, copied and edited
or converted to Bezier polynomial curves as described previously in this
chapter.

The gaspath design application selects curves from the curve file developed
by the curve generation application to construct the end-wall contours and
blades. It performs all of the tedious calculations required for that construction,
establishes the grid structure, calculates the throat area, etc. It should also be
capable of exporting input files for the performance analysis of chapter 9 and
the internal flow analysis of chapter 14. These analyses are needed to evalu-
ate the detailed design. Provision to export geometry data for stress analysis,
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computer aided drafting and manufacturing can also yield substantial produc-
tivity benefits. Other useful features are:

¢ The preliminary design system of chapter 10 should create the initial
input file for this application as well as the curve generation application.

¢ Extensive monitor screen displays of graphical and tabular results should
be provided, including front and side views of the gaspath and key distri-
butions such as 3, ¢, t,, curvature, passage areas, etc.

¢ The application must recognize the impact of changes made and main-
tain only valid geometrical results. Hence, all resident gaspath geometry
dependent on a revised curve or parameter should automatically be elimi-
nated until it is recalculated. The design system must not be capable of
providing incorrect geometry.

¢ The number of meridional surfaces used should be arbitrary. Provision to
scale the geometry or reverse the direction of rotation can be useful.

¢ Provision to specify the difference between hub and shroud polar angles
at the blade leading or trailing edge for three-dimensional straight-line
element blades is needed to permit adjusting the “rake” angles between
the defining line elements and the meridional plane. This may be required
to achieve mechanical integrity. One useful option that often works well is
to balance the rake angles at the leading and trailing edges (i.e., set them
equal with opposite signs).

¢ When exporting input files for aerodynamic analysis, use an update
approach if the input file already exists. The gaspath design system lacks
aerodynamic data or other component data that may be needed for these
input files. Usually these data will already exist in the old input file and
should be retained.

¢ Provision to export geometry in simple text format for subsequent import
into other applications has proven to be extremely valuable. It is not possi-
ble to anticipate all of the needs that may arise for mechanical evaluation,
drafting, manufacturing, publishing, etc. But it is not difficult to identify
the major contours, distributions, etc. that might be useful and make pro-
vision to export them in line or column format. The user can then select
the data to be exported and the format desired. This writer developed a
general export utility for this purpose that is used by many computer ap-
plications. Indeed, most of the figures in this book were created using that
type of exported data.

Many of the procedures described in this chapter can also be applied to an
application suitable for treating existing designs. Most of the blade and gaspath
construction logic and data export procedures developed for detailed design can
be used directly. The major difference is that the contours and blades are speci-
fied by a series of points rather than curves. This provides a logical way to in-
troduce existing designs into a general aerodynamic design and analysis system
to make full use of its capabilities. This type of application can also provide ad-
ditional capability not specific to detailed gaspath design. Imposing new shroud
contours to change flow capacity, trimming or extending impeller tips to alter
the work, scaling geometry, etc. are typical examples. This capability is included
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in this writer’s design and analysis systems for both compressors and turbines.
It has unquestionably been the most used application in the compressor design
and analysis system, even exceeding use of the performance analysis.

11.9 Application to Impeller Design

The gaspath detailed design procedure is applicable to most turbomachinery
components. But its most common application is to impeller design for radial-
inflow turbines and centrifugal compressors. The design example used in
chapter 10 will be used to illustrate this application. The impeller design results
obtained from the preliminary design system are presented in figures 10-6
through 10-8. Figure 11-15 shows the hub and shroud blade loading predicted
for this preliminary impeller design with the quasi-three-dimensional flow field
analysis of chapter 14. The shroud blade loading is clearly unacceptable due to
substantial flow deceleration on the suction surface. The blade also overturns
the flow such that the blade force reverses in direction near the trailing edge.
The hub blade loading is hardly ideal either, but the experienced aerodynamic
designer will recognize that the ability to control that aspect of the design is quite
limited due to the low blade speeds and the relatively high blade angles. Figure
11-16 shows a similar blade-loading plot after applying the gaspath design
system to modify the geometry obtained from the preliminary design system.
The process used is to revise the geometry in the gaspath design system and
export that geometry to the quasi-three-dimensional flow analysis for evaluation.
Hence, the detailed impeller design is primarily an iterative process between the
gaspath design system and the quasi-three-dimensional flow field analysis. For
this design example, this is a simple and somewhat academic exercise, since the
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FiGure 11-15. Preliminary Design Blade Loading
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large number of aerodynamic and mechanical constraints the designer usually
must address are not defined. The results shown in figure 11-16 were obtained
after six iterations. Although this detailed impeller design is by no means
optimized, it demonstrates the dramatic improvements that are possible with
a minimal effort. Figure 11-17 compares blade camberline angle distributions
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FiGure 11-17. Blade Camberline Angle Distributions
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FiGure 11-18. Impeller End-Wall Contours

for the preliminary and detailed designs on the hub and shroud contours. The
modified shroud surface blade camberline angle distribution produced nearly all
of the blade-loading improvement. The hub blade camberline angle distribution
was also revised to attempt to shift the blade loading more toward the discharge,
but with minimal effect. A modest modification to the shroud contour was also
accomplished to reduce the flow deceleration over the aft portion of the impeller
passage. Figure 11-18 shows the end-wall contours for both designs. The blade
angle distributions and the shroud contour form the preliminary design were all
converted to Bezier polynomial curve fits. The revisions were all accomplished
using those more general curve forms. In chapter 14, it will be seen that an
approximate linearized blade-to-blade flow model is used in the quasi-three-
dimensional flow analysis. That model is generally very accurate for thin blades
such as are commonly used for impellers. But it is always recommended that a
more accurate two-dimensional blade-to-blade flow analysis be conducted on
key stream surfaces as a final evaluation of the blade loading. When a quasi-
three-dimensional flow analysis is accomplished, all required geometry for the
more accurate two-dimensional blade-to-blade flow analysis is available. This is
used to export an input file such that accomplishing the more accurate analyses
is a fairly trivial process. Figure 11-19 shows results for the detailed design from
the more accurate two-dimensional, potential flow blade-to-blade analysis of
chapter 13 for the hub and shroud surfaces. In this case, these results simply
confirm that the linearized blade-to-blade flow model is quite accurate for this
case. Indeed, nearly all of the difference seen is due to the difference in the
abscissa used for the two figures. The two-dimensional analysis can identify
blade surface distance explicitly, whereas the linearized model must rely on
camberline distance.

Figure 11-20 shows an impeller detailed design flow chart to clarify the pro-
cess. In this writer’s aerodynamic design and analysis system, the interfacing
between analyses is automated through the exporting of the input files required.
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FiGURE 11-19. Blade-to-Blade Flow Results

The preliminary design system initializes most of those input files, since it has
all input/output units, operating conditions and the equation of state needed by
the internal flow analyses, whereas the gaspath detailed design system does not.
Preliminary design relies on an iterative process with the performance analysis
as previously described in chapter 10. Similarly, an iterative process between the
detailed gaspath design and the quasi-three-dimensional flow analysis is used
to arrive at acceptable internal flow characteristics. The gaspath detailed design
system can also update the impeller geometry for the performance analysis so
that acceptable performance can be confirmed for the detailed impeller design.

Performance Preliminary
Analysis » Stage Design
(Chapter 9) (Chapter 10)
' .
Gaspath Quasi-3D Flow
Design Field Analysis
(Chapter 11) (Chapter 14)
Export Geometry

2D Blade-To-Blade
Flow Analysis
(Chapter 13)

For Mechanical
Design, Drafting
& Manufacturing

FiGure 11-20. Impeller Detailed Design Flow Chart
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The quasi-three-dimensional flow analysis supplies a complete input file for the
two-dimensional blade-to-blade flow analysis for any of stream surfaces that it
has analyzed. The final step in the process is export of the geometry from the
gaspath design system for use by mechanical designers, drafting, manufactur-
ing, or for a final internal flow analysis using a viscous flow computational fluid
dynamics code.
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Chapter 12

AERODYNAMIC DESIGN AND
PERFORMANCE ANALYSIS
OF EXHAUST DIFFUSERS

Both axial-flow and radial-inflow turbines often employ annular exhaust dif-
fusers to improve the turbine efficiency. The flow typically enters the diffuser in
the axial direction for both turbine types. The inlet flow usually has a significant
tangential component, particularly when the last stage operates at off-design
conditions. The diffuser may also discharge primarily in the axial direction, or
it may turn the flow from the axial direction to the radial direction. There are
a number of excellent experimental investigations relative to diffuser perfor-
mance reported in the literature, including two-dimensional, conical and an-
nular diffusers (e.g., Reneau et al. [92], Sovran and Klomp [103], Dolan and
Runstadler [104]). These include experimental performance maps that provide
useful design guidance but lack the generality required to address the complex
flow conditions and various exhaust diffuser configurations encountered in
turbines. An approximate diffuser performance analysis model was previously
described in chapter 9. That model is based on a vaned diffuser empirical model
from Aungier [1, 90]. Although more general than the published performance
maps, that model does not account for the influence of the passage shape be-
tween the inlet and the discharge. Also, it does not account for the complex
interaction of swirling flow on diffuser performance. This chapter describes a
more general performance analysis that can address swirling flow in typical ex-
haust diffuser configurations. Aungier [1, 105] use it to treat the various annular
passages encountered in centrifugal compressors, including extensive qualifica-
tion with experimental data. Aungier [2] generalized it to axial-flow compressor
exhaust diffusers and qualified it with data obtained from classical diffuser
experiments.

NOMENCLATURE

A =passage area
A,, = maximum, stall-free passage area
Ag = diffuser area ratio
B =fractional area blockage
Bgr, =boundary layer fractional area blockage
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Bsgp = minimum fractional area blockage due to flow separation
b = passage width
C = absolute velocity
C, = static pressure recovery coefficient
¢r = skin friction coefficient
D =2tan6¢
D,, =limiting value of D for low diffusion losses
d = characteristic diameter for Reynolds number definition
E = diffusion efficiency parameter
e = peak-to-valley surface roughness
s = root-mean-square surface roughness
H = total enthalpy
h = static enthalpy
Ic = passage curvature loss term
Ip = passage diffusion loss term
K, = parameter defined in Eq. (12-11)
K> = parameter defined in Eq. (12-8)
Ky = parameter defined in Eq. (12-9)
L = diffuser meridional length
m = meridional coordinate
r1 =mass flow rate
P = pressure
Re = Reynolds number
r =radius
0 = boundary layer thickness
&' =boundary layer displacement thickness
€ = diffuser effectiveness
6 = polar angle
6c = diffuser divergence angle
K., = stream surface curvature
A = a diffusion parameter defined in Eq. (12-10)
U = gas viscosity
p = gas density
7., = wall shear stress
¢ = angle of the streamline slope with the axial direction
¥ =Py — P)/(Py — P2)
@ = total pressure loss coefficient

Subscripts

1 = parameter at the diffuser inlet

2 = parameter at the diffuser exit
2i =ideal (no loss) discharge condition
L =laminar condition
m = meridional component

t = total thermodynamic condition

0 = tangential component
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12.1 Basic Diffuser Technology

The nomenclature normally employed for diffusers is derived from the clas-
sical two-dimensional diffuser illustrated in figure 12-1. The performance of
the diffuser is generally expressed in terms of the static pressure recovery
coefficient.

C,=(P,~R)/(B,~PR) (12-1)

Many investigators have shown that C, is a function of the dimensionless length,
L/b,, the divergence angle, 26., the area ratio, Ag, and the inlet boundary layer
blockage, B;, where

Ay =b, /b (12-2)
B, =25"/b, (12-3)

The definition of the boundary layer displacement thickness, &, is given in
Eq. (3-34).

Turbine exhaust diffusers are not two-dimensional diffusers. Usually they
are annular diffusers or possibly conical diffusers. Fortunately, the perfor-
mance of conical and annular diffusers is quite similar to two-dimensional
diffusers when b is defined as the passage height and an equivalent divergence
angle is defined as

20, =2tan'[(A, —1)b,/(2L)] (12-4)

I~ - g

FIGURE 12-1. Two-Dimensional Diffuser Geometry
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Note that this definition of the equivalent divergence angle yields an actual
wall divergence angle only for the two-dimensional diffuser. This can result in
some confusion when interpreting experimental performance maps for other
diffuser types. It is not uncommon to encounter experimental diffuser perfor-
mance maps based on an actual wall divergence angle, which may be quite dif-
ferent from the equivalent divergence angle. In those cases, similarity with two-
dimensional diffuser performance with respect to divergence angle will not be
observed.

Another difference between exhaust diffusers and classical diffuser exper-
imental data is the Mach number level. Most classical experiments were con-
ducted for incompressible flows. Turbine exhaust diffusers do not normally in-
volve high Mach numbers, but neither are they incompressible flows. Aungier[1,
90] addressed this problem by introducing the parameter, v, defined as

l//2 = (Ptl _Pl)/(Prl _P2i) (12-5)

Here, P»; is the ideal discharge static pressure assuming isentropic flow in the
diffuser. Note that for simple incompressible diffuser flow, y = Ci/C; = Ax.
Hence, yis a more general measure of the level of diffusion than Ag.

12.2 An Approximate Performance Analysis

Aungier [1, 90] presents an approximate diffuser performance model developed
as an empirical model based on experimental performance data for vaned dif-
fusers in centrifugal compressors. That performance model includes a correc-
tion for excessive blade-to-blade loading. That correction is not applicable to the
exhaust diffuser problem. Neglecting the blade-loading correction, the empiri-
cal model is given by

B, =[K, +K,(A-1]IL/b, (12-6)

K, =0.005 +(1-1/K,)/5 (12-7)

K, = 26,.[1-26./(22K,)1/(125K,) (12-8)
1<K, >26,/11 (12-9)
A=(y+1)/4 (12-10)

The static pressure recovery coefficient is calculated by simple mass balances
at the inlet and discharge, assuming isentropic flow with the discharge area
reduced by the discharge blockage. This is the basis for the exhaust diffuser
model given in chapter 9. However, two modifications were included to
extend the model to include cases where geometrical parameters outside of
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the range correlated for vaned diffusers are encountered. That is virtually
impossible for a vaned diffuser and very unlikely for a well-designed exhaust
diffuser, but failure to consider that possibility might mislead designers to
select a poor exhaust diffuser design. One concern is that excessively large
equivalent divergence angles might be attempted. Consequently, Eq. (12-7) is
modified to

K, =0.005+(K, -1)/5 (12-11)

This substitution has negligible effect on the correlation accuracy for the vaned
diffuser problem, but avoids an inaccuracy when excessively large values of 26,
are employed. This extension to include larger values of 26c is based on the
two-dimensional diffuser data of Reneau et al. [92]. The second area of con-
cern relates to high diffusion levels. Figure 4(d) of [92] shows that for an inlet
boundary layer blockage level of By = 0.05, values of y> 2.5 yield a reduction in
C,, followed by a near constant pressure recovery as  continues to increase.
Again, it is virtually impossible to encounter this situation in the vaned diffuser
application, but it could encourage poor design decisions when designing an
exhaust diffuser. The present empirical model shows good agreement with the
data of [92] if a limit of A < 3.6 is imposed when solving Eq. (12-6). It is likely
that inlet boundary layer blockage levels in exhaust diffusers will be at least 0.05
and quite possibly higher. Hence, this is considered to be a prudent adjustment
to this approximate performance analysis. It should be noted that some type
of limit is needed if the empirical model is to be applied to diffusion levels well
in excess of the data originally correlated. Otherwise, Eq. (12-6) will eventually
yield values of B, > 1, which is impossible. In the vaned diffuser application, an
upper limit on B, was imposed simply as a precaution, even though it is unlikely
to ever be needed.

12.3 Sizing the Exhaust Diffuser

The logical design objective for exhaust diffusers is to achieve the highest value of
C, possible within space and cost restrictions. Figure 8(b) of Reneau et al. [92] pro-
vides a graphical correlation of the area ratio that yields the peak C, as a function
of L/b. Aungier [2] developed an analytical correlation of this result in the form

A, =1+0.4(L/b,)"" (12-12)

Figure 12-2 presents Eq. (12-12) graphically along with the corresponding
equivalent divergence angle from Eq. (12-4). Figure 12-2 provides an estimate
of the area ratio and effective divergence angle expected to yield the optimum
static pressure recovery coefficient for the available axial length. For industrial
turbines, the additional cost of including an exhaust diffuser is also an impor-
tant design constraint. In that context, design guidelines from figure 12-2 are
rather abstract, since they do not quantify the value added by an exhaust dif-
fuser. That requires an estimate of the achievable static pressure recovery to
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FIGURE 12-2. Optimum Design Parameters

determine the total-to-static efficiency improvement provided by an exhaust dif-
fuser. The available axial length for an exhaust diffuser is usually the primary
design constraint. Quter casing size constraints may also limit the area ratio
that can be accommodated. Figures 12-3 and 12-4 show the optimum static
pressure recovery coefficient as a function of dimensionless axial length and
area ratio, respectively. These figures were generated with the approximate

0.68 T T T T T T T T T T T T T

0.64 1

0.60 [ 1

0.56 1

Optimum G,

052 1

0.48 J

0.44 1

00772 3 4 5 6 7 8 9 10 11 12 15 14
L/b;

FiGure 12-3. Optimum C, versus L/b;

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Aerodynamic Design and Performance Analysis of Exhaust Diffusers ¢ 301

0.68 T T T T T T T T T
0.64 1
0.60 1
056 1

. AR=2.55
052 R 1

Optimum G,

0.48 [ 1

0.44 1

040 1.6 1.8 2.0 2.2 24 26 28 3.0 3.2

Ar
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performance analysis assuming incompressible flow and using the optimum
area ratio given by Eq. (12-12) in all cases. These figures provide estimates of
the static pressure recovery potential offered by including an exhaust diffuser,
subject to constraints on axial length or area ratio. Figures 12-2 through 12-4
show that the best achievable static pressure recovery is expected from a design
with Az = 2.55, 26¢ = 11° and L/b, =8.

Figures 12-3 and 12-4 provide a qualitative evaluation of the benefit expected
from an exhaust diffuser. But they are not recommended for use as diffuser
design charts. The optimum area-ratio correlation of Reneau et al. [92] and the
performance analysis used to estimate C, are both too approximate to justify us-
ing them in that role. The principal conclusion to be drawn from these figures is
that designing for an area ratio greater than about 2.5 is unlikely to be produc-
tive and may even be detrimental. This diffusion limit is based on performance
estimates and experimental data for incompressible flow. Mach number levels
encountered in exhaust diffusers are normally sufficiently low that compress-
ible flow corrections are rather modest. But to generalize this diffusion limit to
compressible flow, it should be expressed as a limit on y rather than Ag.

Subject to this diffusion limit, the most effective design parameter for
exhaust diffusers is the equivalent divergence angle. This is illustrated in
figure 12-5, which shows the performance predicted for two diffusers with quite
different diffusion levels as a function of the equivalent divergence angle. These
constant y predictions are for the constant area ratio corresponding to yrather
than the optimum area ratio of Eq. (12-12). It is seen that the predicted optimum
performance occurs at 26¢ = 11°, independent of the area ratio. Since that is
also a condition where an abrupt breakdown in performance is expected, the
designer may prefer some margin of safety. Hence, the recommended exhaust
diffuser sizing criteria are
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10°<26, <11° (12-13)
w<2.5 (12-14)

These criteria can be used to size the exhaust diffuser to make best use of the
available axial length.

The performance estimates obtained from the approximate performance
analysis during the diffuser sizing process are only preliminary estimates. The
internal flow and performance of an exhaust diffuser are influenced by many
parameters not established by the diffuser sizing. These include the passage
area distribution, the passage mean-radius distribution, passage curvature
effects, Reynolds number and the inlet swirl velocity. The final performance
estimate and the detailed aerodynamic design of the diffuser both require a
more fundamental aerodynamic performance analysis capable of considering
these effects. An exhaust diffuser aerodynamic performance analysis suitable
for that purpose is presented in the next section of this chapter.

12.4 A Detailed Aerodynamic Performance Analysis

Many exhaust diffuser configurations are used for turbomachinery. The most
common type is the axial diffuser illustrated in figure 12-6. This type diffuses
the meridional velocity component through the passage area increase but
provides minimal diffusion of any tangential velocity component present
at the inlet. Occasionally the exhaust diffuser turns the flow from the axial
direction to the radial direction similar to the configuration illustrated in

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



Aerodynamic Design and Performance Analysis of Exhaust Diffusers ¢ 303

—
z

FiGURE 12-6. An Axial Exhaust Diffuser

figure 12-7. The flow is then collected in a plenum to exit through a radial
discharge pipe. This type also diffuses the meridional velocity component
through the passage area increase. But the radius increase also results
in significant diffusion of the tangential velocity component through
conservation of angular momentum.

A very general performance analysis is required to consider the many con-
figurations that may be encountered. A performance analysis developed by
Aungier [1, 105] is sufficiently general for this purpose. That analysis was
developed to predict the performance of the many types of annular passages
encountered in centrifugal compressors. These range from simple radial vane-
less diffusers to 90° and 180° annular bends. The accuracy of this method has
been well established by comparison of its predictions with experimental data.

FiGURE 12-7. An Axial-to-Radial Exhaust Diffuser
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Aungier [2] extended this performance analysis to exhaust diffusers for
axial-flow compressors by including additional capabilities not required for
the centrifugal compressor application. These include extending the analysis
to nonswirling flows and to cases with very thin boundary layers. That modi-
fied form of the analysis is directly applicable to turbine exhaust diffusers as
well. While its description in this chapter is adapted specifically to the turbine
exhaust diffuser application, the analysis is virtually identical to one previously
described in Aungier [2].

The performance analysis is a mean-streamline or one-dimensional method
with wall friction and empirical corrections for diffusion and curvature effects.
Figures 12-6 and 12-7 illustrate the mean streamline and the nomenclature used
in the analysis. The governing equations for one-dimensional flow with wall
friction are

2rnrbp C,,(1-B)=m (12-15)
d(rC
bC, (drme) =-1rCCyc, (12-16)

1dP _C}sing dc, CC,c, dI
L —c L b 4y 12-17
pdm r " dm b dm € ( )

H-nsle (12-18)

The blockage, B, specifies the fraction of the passage area unavailable for the
inviscid through flow, due to viscous effects. The skin friction coefficient, ¢/, sup-
plies a correction for the effect of the wall shear stress 7.

T
¢ =t (12-19)
' 3pC

The terms Ip and I¢ are introduced to account for losses due to diffusion and
passage curvature, respectively. In other respects, this set of equations follows
directly from the governing equations for inviscid flow presented in chapter 3,
when simplified to time-steady, axisymmetric, one-dimensional flow in a sta-
tionary coordinate system.

The effective divergence angle for an annular diffuser is given by Eq. (12-4)
if the passage area is A =2arb and L =m,, is the length of the mean streamline.
Defining a divergence parameter, D, as

D=2tan8, =b(A,/ A —1)/m, (12-20)
From Eg. (12-12), diffusion losses are expected to be low if D < D,,, where

D, =0.4(b,/m,)"* (12-21)
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Aungier [105] used an analogy with these classical diffuser parameters,
defined as local diffusion parameters, i.e.,

__bdc (12-22)
Cdm
D,, =0.4sina (b, /m,)"> (12-23)

Based on detailed comparisons with predicted and measured losses in a sub-
stantial number of centrifugal compressor vaneless diffusers, an empirical
model was developed for a diffusion efficiency parameter, E.

E=1; D<0 (12-24)
E=1-02(D/D,); 0<D<D, (12-25)
E=08/D,/D; D=D, (12-26)

Then the streamwise diffusion term in Eq. (12-17) is given by

d, 1 dc
“o — p-P)(1-E)— = 12-27
¥ (P, -P)( )pCd ( )

It was also found to be necessary to check for excessive diffusion in the meridi-
onal direction as well as the streamwise direction, again using an analogy with
classical diffuser technology. The maximum stall-free local passage area, A,,, is
estimated from

A, =A[1+0.1925m/b,] (12-23)

This corresponds to a local divergence angle limit of 26 = 11°. A minimum value
of Ip is estimated when A > A,,

1,>0.65P -P)[1-A,/Allp (12-29)

This value is imposed as a lower local limit on Ip obtained by integrating
Eq. (12-27) from the inlet. The local passage curvature, k,,, is used to estimate

Icas
I.=|x,|(B-P)C, [(13pC) (12-30)
K = (12-31)
dm
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A simple one-seventh-power-law velocity profile is used as the boundary layer
approximation, since a one-dimensional flow analysis really does not provide
an adequate basis for modeling boundary layer shape factors in any reason-
able fashion. The original centrifugal compressor version relies on the wall
friction effects on the tangential momentum balance as a basis for estimating
boundary layer growth. This is not suitable for the exhaust diffuser, since cases
where there is no tangential velocity component must be expected. Aungier [2]
replaced that part of the analysis by using the meridional velocity profile with
a simple flat-plat estimate of the boundary layer growth, including adjustment
for variations in radius and the boundary layer edge meridional momentum.
Pai [49] shows that turbulent boundary layer growth along a flat plate can be
estimated from

dé
e 5¢, (12-32)
This is generalized to the annular passage with two end-wall boundary layers
in the form
dlrbpC?(26/b)]
% =10¢,prCC,, (12-33)

The radius and the boundary layer edge meridional momentum corrections in
this equation are similar to momentum thickness corrections of Eq. (3-43). This
follows from the approximation that the boundary layer shape factor is constant,
which requires that the ratio of the boundary layer thickness to the momentum
thickness be constant. The boundary layer thicknesses estimated from
Eq. (12-33) must be limited by the fully developed viscous flow profile condition,
ie., 26<b.

The fractional area blockage due to the two end-wall boundary layers will
be designated as Bg;. The boundary layer blockage for one-seventh power law
profiles can be shown to be

By, =(25/b)/8 (12-34)

For the exhaust diffuser, it must also be recognized that viscous blockage may
increase substantially if the rate of diffusion becomes excessive, i.e., if the
maximum stall-free local passage area, A, is exceeded. If that occurs, it is
assumed that further diffusion of C,, is suppressed by a minimum blockage,
Bsep, where

By»=0; A<A, (12:35)

By, =1-A,/A; A>A, (12-36)
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Bsgr can be imposed as a lower limit on the blockage estimated from
Eq. (12-34), but it has been found that a smooth transition between these two
values is obtained from the following empirical equation.

B=1-(1-Bg,)(1~ By, + Bg,) (12-37)

Solution of the governing equations also requires an empirical model for the
skin friction coefficient. For fully developed viscous flow, Egs. (9-6) through
(9-12), as illustrated in figure 9-2, provide an appropriate model. The fully
developed flow model can also be applied to boundary layer flows simply by
replacing the hydraulic diameter, d, with 26. That is the approach used in this
analysis.

The mean-line performance analysis divides the diffuser passage into a
series of equal-spaced grid points along the mean-line meridional coordinate,
m, illustrated in figures 12-6 and 12-7. The governing equations and empirical
models are cast in finite-difference form and integrated along m to obtain the
distribution of all mean-line flow parameters through the diffuser. The flow
data at the diffuser exit defines the overall diffuser performance.

The extensive qualification of the original formulation for the various
components of centrifugal compressors does not provide confirmation of the
prediction accuracy for the zero-swirl, thin boundary layer modifications
incorporated to extend the analysis to the exhaust diffuser application.
Some confirmation can be obtained by comparing experimental data from
two-dimensional diffusers with predictions for equivalent annular diffusers.
Figures 12-8 and 12-9 show that type of comparison with the experimental data
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Ficure 12-8. Qualification with Constant Length
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from figure 4(d) of Reneau et al. [92]. Predictions were generated for constant
area ratio and for constant dimensionless diffuser length. The annular diffusers
had a constant hub radius with a conical shroud wall. The inlet conditions
were selected to match the Reynolds number and Mach number levels of the
experiments. The values of the constant parameters used were selected tointersect
at the peak static pressure recovery condition defined by the experiments. It is
seen that the performance predictions are in rather good agreement with the
experiments. Hence, the performance analysis appears to be rather effective for
use on this application. It provides a method to investigate the influence of the
detailed passage geometry and swirl velocity for a very broad range of diffuser
configurations. These effects cannot be evaluated from published diffuser maps
or by the approximate performance analysis used to size the diffuser.
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Chapter 13

TWO-DIMENSIONAL ANALYSIS
OF THE FLOW IN THE
BLADE-TO-BLADE PLANE

Prediction of the flow through cascades of blades is fundamental to all aspects
of turbomachinery aerodynamic design and analysis. The flow through the
annular cascades of blades in any turbomachine is really a three-dimensional
flow problem. But the simpler two-dimensional blade-to-blade flow problem
offers many advantages. It provides a natural view of cascade fluid dynamics to
help designers develop an understanding of the basic flow processes involved.
Indeed, very simple two-dimensional cascade flow models were used in this ed-
ucational role long before computational methods and computers had evolved
enough to produce useful design results.

Today, blade-to-blade flow analysis is a practical design and analysis tool
that provides useful approximations to many problems of interest. Inviscid
blade-to-blade flow analysis addresses the general problem of two-dimensional
flow on a stream surface in an annular cascade as discussed in chapter 3. Two-
dimensional boundary layer analysis can be included to provide an approxi-
mate evaluation of viscous effects. That approach ignores the secondary flows
that develop due to the migration of low momentum boundary layer fluid across
the stream surfaces. Its accuracy becomes highly questionable when signifi-
cant flow separation is present. These limitations require particular care when
analyzing the diffusing flow in compressor cascades. They are less significant
for analysis of the accelerating flow in turbine cascades, but designers still must
recognize the approximations and limitations involved.

Previous chapters of this book have emphasized the influence of the blade
surface velocity distributions on nozzle row and rotor performance. A graph of
the blade surface velocity distributions as a function of distance along the blade
surface is often referred to as the blade-loading diagram. The simple blade-
loading diagram shown in figure 9-5 was used as the basis for the profile loss
models for the nozzle rows and rotors of radial-inflow turbines in chapter 9. The
fundamental role of blade loading diagrams for the evaluation of blade detailed
aerodynamic designs was discussed in chapters 7 and 11. Blade-to-blade flow
analysis provides a practical method to calculate these blade-loading diagrams.
Indeed, blade-to-blade flow analysis is an essential part of a modern aerody-
namic design system. This chapter reviews useful theoretical methods to model
the two-dimensional blade-to-blade flow.
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The methods reviewed here are essentially the same as those previously pre-
sented in Aungier [1, 2], but the descriptions have been adapted specifically to
the turbine application. Aungier [1] provides more detailed guidance relative to
efficient numerical analysis techniques to implement these methods. Readers
interested implementing these procedures in a numerical analysis may find that
original reference helpful.

NOMENCLATURE

A = area; also a function defined by Eq. (13-20)
a = sound speed; also a parameter in Eq. (13-51)
B = function defined by Eq. (13-21)
b = stream sheet thickness
C = absolute velocity and a function defined by Eq. (13-22)
¢r = skin friction coefficient
C, = specific heat at constant pressure
D = function defined by Eq. (13-23)
E =function defined by Eq. (13-24) and the entrainment function
€ = a unit vector
H = total enthalpy and a boundary layer shape factor
H; = boundary layer kinematic shape factor
H; = a boundary layer shape factor
h = enthalpy
I =rothalpy
K = shape factor of Eq. (13-125)
M = Mach number = C/a
m = meridional coordinate
m = mass flow rate
7i =unit vector normal to an area element
P =pressure
Q = velocity component of Eq. (13-76)
Rey = momentum thickness Reynolds number
r =radius
S =blade pitch =#(6, — 6y)
T =temperature

t =time
u = general function
V =volume

v = general function
W =relative velocity

x = distance along a wall

Y = total pressure loss coefficient
y = distance normal to a wall

z = axial coordinate

o = flow angle

B = coordinate angle
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y=blade stagger angle
0 =boundary layer thickness
&’ = density thickness
& = displacement thickness
Or = energy thickness
On = enthalpy thickness
0. = velocity thickness
1 = dimensionless tangential coordinate (figure 13-3)
6 = polar angle and momentum thickness
A = shape factor of Eq. (13-113)
U = stabilizing term and viscosity
£ = streamwise coordinate (figure 13-3)
p = density
@ = stabilizing term
¢ = stream surface slope angle with axial direction
y = stream function
7,, = wall shear stress
 =rotation speed

Subscripts

in = cascade inlet condition
m = meridional component
out = cascade discharge condition

g = component normal to & coordinate
t = total thermodynamic condition
6 = tangential component
£ = component tangent to & coordinate
0 = parameter on blade surface 6, (figure 13-3)
1 = parameter on blade surface 6, (figure 13-3)

Superscripts

(n) = relative to the 1 direction

(&) =relative to the £ direction
’ = relative condition and first derivative
” = second derivative

13.1 The Blade-to-Blade Flow Problem

The two-dimensional blade-to-blade flow analysis is conducted on a thin stream
sheet between adjacent blades. Figure 13-1 illustrates the streamline pattern on
the solution domain to be considered. The solution is accomplished for a single
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Tangential Coordinate

Meridional Coordinate

FiGURE 13-1. Blade-to-Blade Stream Surface

blade passage. This is sufficient since the flow is considered to be identical in
all blade passages. In the case of radial-inflow turbine impellers with splitter
blades, a single blade passage refers to the passage between adjacent full-length
blades. Splitter blades must be included in the analysis of the flow in the single
full-blade passage.

Figure 13-2 illustrates the stream sheet on a side view of a blade row. A
stream sheet is a thin annular passage bounded by two stream surfaces.
By definition, a stream surface has no velocity component normal to it and
no mass flow across it. Hence, the mass flow rate is constant in the stream
sheet. The stream sheet will be assumed to be axisymmetric. That is not a

x

Stream Sheet

Radius

Axial Distance

FIGURE 13-2. Stream Sheet Geometry
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necessary assumption, but it greatly simplifies the problem. The distributions
of the stream sheet thickness, b, and the mean radius, r, are assumed to be
known. This reduces the problem to a two-dimensional flow problem. In prac-
tice, the stream sheet geometry may be assigned by a suitable approximation,
such as a linear variation between known inlet and discharge flow distributions
from a performance analysis or a hub-to-shroud flow analysis. That is typically
sufficient for axial-flow turbine blades. In chapter 14, a more rigorous meth-
od known as a quasi-three-dimensional flow analysis will be described. That
approach is typically used for more complex blade passages such as radial-inflow
turbine impellers.

The blade-to-blade flow analysis will solve the governing equations for time-
steady inviscid flow followed by a blade surface boundary layer analysis to ap-
proximate viscous effects. It is assumed that the rothalpy and entropy are both
constant at the upstream boundary. From the time-steady form of Egs. (3-25),
(3-28) and (3-29) it can be seen that these assumptions require rothalpy and
entropy to be constant over the entire stream sheet. The time-steady form of
Egs. (3-28) and (3-29) govern the conservation of momentum in the stream
sheet. Since rothalpy and entropy are constant, it is easily shown that these two
equations are identical for the present problem. Indeed, from Egs. (3-1), (3-29)
and (3-63) it can be shown that the component of the absolute vorticity normal
to the stream sheet must be zero. This defines a classical potential flow problem
governed by conservation of mass, Eq. (3-21), and the irrotational flow condi-
tion, Eq. (3-29).

The mathematical character of the governing equations of motion for time-
steady inviscid flow introduces a major complication. When the flow is ev-
erywhere subsonic (W < a), the governing equations are elliptic in form. This
presents a classical boundary value problem where the solution is completely
determined by conditions imposed on the boundaries of the solution domain.
When the flow is supersonic (W > a), the governing equations are hyperbolic in
form. This type of problem requires some type of marching solution, such as
the method of characteristics. When supersonic flow is present, subsonic flow
is usually also present in the solution domain. This mixed subsonic-supersonic
flow problem requires two solution techniques that must be matched in some
fashion. It is now common practice to consider time-unsteady flow in these
cases. The governing equations for unsteady inviscid flow are hyperbolic for
both subsonic and supersonic flow. This solution technique is commonly
called the time-marching or time-dependent technique. The solution is simply
advanced in time until it has reached essentially a steady flow prediction. When
the time-marching approach is used, the simplifications leading to a potential
flow model are no longer valid. For example, Eq. (3-25) must be solved, since
rothalpy can no longer be treated as a constant on the stream sheet. Nor are
the two momentum equations for the flow in the stream sheet identical for the
time-unsteady case. A potential flow analysis can be used for subsonic flow,
but a more general method is required for the mixed subsonic-supersonic flow
case. These more general methods are often referred to as Euler methods, which
includes the time-marching method. A Euler method solves the conservation
equations for mass, momentum and energy without simplifying assumptions
such as isentropic flow.
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13.2 Coordinate System and Velocity Components

Figure 13-3 shows the solution domain for the blade-to-blade flow analysis.
The blade surfaces are specified in functional form as 6,(12) and 6,(2), includ-
ing suitable upstream and downstream extensions. The coordinate system
(&, ) is introduced such that blade surfaces correspond to lines of constant 7.
Note that this is a general (nonorthogonal) coordinate system. The new coordi-
nates are given by

" dm
&= ism 5 (13-1)
06,
_ 132
T=% 0, (132

This transforms the solution domain into a rectangular domain, where 71 varies
from 0 to 1 as @ varies from 6, to ;. The angle, 3, between lines of constant 1
and the tangential direction is given by

cotf = [;;anf] (13-3)

From Eq. (13-2) and Eq. (13-3), B at any point in the solution domain can be
expressed in terms of the known values on the side boundaries defined by 6(12)
and 6,(m), i.e.,

cot B =cotf3; +nlcot B, —cot 3] (13-4)

\}

Tangential Coordinate

Meridional Coordinate

FIGURE 13-3. The Solution Domain
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Tangential Distance

Meridional Distance

FIGURE 13-4. A Control Volume

Figure 13-4 shows a control volume within the solution domain. It also illustrates
two special velocity components that are useful for developing the governing
equations in the transformed coordinate system. W:and W, are the velocity com-
ponents parallel and normal to lines of constant 7, respectively. These velocity
components are related directly to W,, and W, by

W, =W, sin 8+ W, cosfB (13-5)
W, =W,sin 8 -W, cosf (13-6)
W, =W,sin B —W, cosf 13-7)
W, =W, sin 8 + W, cos3 (13-8)

13.3 The Potential Flow Solution Procedure

As discussed previously, potential flow analysis on a blade-to-blade stream
surface assumes that the absolute flow is time-steady, inviscid and adiabatic,
with rothalpy and entropy both constant on this surface. This does not
preclude variation of rothalpy and entropy normal to the stream surface.
Rothalpy and entropy generally do vary from stream surface to stream
surface, which is quite compatible with the present analysis. The govern-
ing equations are conservation of mass, Eq. (3-21), and the irrotationality
condition, Eq. (3-29). The steady form of these equations could be trans-
formed directly into the (£, 1) space by developing transformations for the
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derivatives from Egs. (13-1) and (13-2). But a more accurate numerical
analysis is obtained by a more fundamental development using the basic
control volume shown in figure 13-4. Conservation of mass for this control
volume can be stated as

2Am 7p'qu - p.qu 139
sin 8 . sin paren (13-9)

+2An [(Sp me) _(Spbwm) 0

m—-Amn m+Amn ] =

The subscripts in Eq. (13-9) identify specific grid points on the control volume of
figure 13-4, and the tangential spacing, S(m), is defined by

S=r(6,-6,) (13-10)

Taking the limit as Am and An approach zero, Eq. (13-9) reduces to the follow-
ing continuity equation.

om

Kl p.bT/Vq L USpbW,) _ (13-11)
an| sinf

It can be noted that the continuity equation contains coordinates 7 and 1 and
velocity components W, and W, from two different coordinate systems. While
perhaps a little unconventional, this results in a more precise statement of con-
servation of mass for use in the numerical analysis. Numerical approxima-
tions to the governing equations are applied to a finite control volume. More
accurate numerical approximations result from using this control volume
approach to develop the equations rather than a mathematical transformation
of the derivatives in Eq. (3-21). The condition for irrotational absolute flow in the
stream surface requires that the component of the absolute vorticity normal to
the stream sheet be zero, i.e.,

e, -(VxC)=é, - [Vx(W+rwé,)]=0 (13-12)

Stokes theorem is a convenient method to impose this condition on the con-
trol volume. Stokes theorem relates the line integral of the velocity about any
closed path to the integral of the normal component of vorticity over the area
enclosed by the path. In the rotating coordinate system, Stokes theorem can be
applied as

$W-di = [&,(VxWyda=-[¢, (Vxrwg,)da (13-13)

A
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When applied to the control volume, this yields

2Am || — - =
St ﬁ m,n-An Slnﬁ mn+An (13-14)
S or*w
+ ZATI [(SM/G )m—Am,n - (SM/Q )nHAm,n] = 4AT] Am ; gr

Taking the limit as Anz and An approach zero, Eq. (13-14) reduces to

J [ W }: a(SW9)+ZSwsin¢ (13-15)

% sin om

The angle, ¢, between a tangent to the stream sheet and the axial direction is
given by

sing =" (13-16)
om

It is easily shown that the continuity equation can be identically satisfied by
defining a stream function, v, by

-9
mai’ =—pb(W, - W, cotp) (13-17)
m
Y = Spbw, (13-18)
an

Inside the blade passage, y varies from 0 to 1 as 0 varies from 6, to 6 or as 1
varies from 0 to 1. Since rothalpy is constant on the stream sheet, both con-
servation of mass and energy are satisfied. The inviscid flow field analysis is
reduced to solving the irrotationality condition given by Eq. (13-15). Introducing
the stream function, this equation can be written as

8|:m(1+cot2ﬁ)81//_ imcot aw}

an Sbp an bp om (13-19)
9 |meotpoy _mS V| )qmsing
om| bp on bpom
This equation can be simplified by introducing the following functions.
A(m,n) =11/ (Sbpsin’B) (13-20)
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B(m,n)=r1cot §/(bp) (13-21)
Clm,m)=11S/(bp) (13-22)
D(m, =498 (13.23)

on Jdm

oC 0B

- _= 13-24
E(m,n) am I ( )

Substitution of these functions into Eq. (13-19) yields

2 2
Aailfg_ZBai_FCazwz +D87W+Ea—v/=28wsin¢ (13-25)
an anom om an om

Potential flow is a boundary value problem, such that the solution is completely
determined by conditions imposed on the boundaries of the solution domain.
The boundary conditions are conveniently expressed in terms of £ and 1. On the
blade surfaces,

v(£,0)=0 (13-26)
v D=1 (13-27)

For the side boundaries upstream and downstream of the blade passage, the
periodicity condition is used. Since the flow is identical in all blade passages,
the flow field must repeat in the tangential direction with a period of An=1. This
periodic nature of the flow can be used to extend the solution into adjacent pas-
sages such that points on these side boundaries can be treated exactly the same
as points interior to the solution domain.

y(En+D=y(s,m+1 (13-28)

p&n+1)=p(&n) (13-29)
W, (& n+D)=W,(5n) (13-30)
W,(&n+1D)=W,(§n) (13-31)

On the upstream and downstream boundaries, the flow angle is required to be
constant. The geometry of the side boundaries is defined such that fequals the
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local flow angle on these boundaries. From Egs. (13-1) and (13-17), it is easily
shown that the appropriate upstream and downstream boundary condition
is

oy . oy
— =0 -
sin (13-32)

To simplify specification of this boundary condition  is assigned to vary uni-
formly along the side boundary from the upstream boundary flow angle to
the blade leading edge blade camberline angle, and analogously for the down-
stream boundary. Simple integration of Eq. (13-3) yields 6,(/72) and 6,(r2) from
these assigned distributions of §, noting that §, = B outside the blade passage.
A potential flow analysis can be accomplished for virtually any specified flow
angles at the upstream and downstream boundaries. But, in reality, these two
flow angles are not independent. A prediction of the downstream flow angle
for any upstream flow conditions is to be preferred. To accomplish this, some
additional constraint is required. Typically, the well-known Kutta condition is
applied at the trailing edge. This requires that the velocities on the two sides of
the blades must be equal at the trailing edge. Some adjustment is required since
the trailing edge nodes are inside the blades. Aungier [1] found that an average
of the velocities inside and outside the blades, W, is appropriate for the Kutta
condition, where

W, = %W +W, /(sin B, +sin f,) (13-33)

An iterative solution is required to determine the downstream flow angle that
yields equal values of W,,; on the two surfaces at the trailing edge. In practice,
this can be accomplished as part of the normal solution procedure since an
iterative solution is also required to converge on the gas density. The trailing-
edge condition simply adds another convergence criterion to an iterative
solution that is required anyway.

Eq. (13-25) is solved subject to the boundary conditions while treating the
gas density field throughout the solution domain as known, starting with
an initial guess for the density field. After the stream function is predicted
Egs. (13-17) and (13-18) are used to compute the velocity field. Then the densi-
ty field is updated using an appropriate equation of state from chapter 2. The
stream function is then recalculated, and the process continued until con-
vergence is achieved. A grid structure is developed over the solution domain,
as illustrated in figure 13-3. The spacing between nodes in each direction
(Am and An) is constant. Unequal spacing can be used, but this writer’s
experience has shown that the benefits of unequal spacing do not justify
the added complexity and reduced computational speed. Eq. (13-25) is re-
duced to linear form using standard finite-difference approximations for the
derivatives. Designating the meridional and tangential node numbers by
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subscripts i and j, respectively, the relevant finite-difference approximations
for interior points are

al:WiH,/_ Vi (13_34)
om 2Am
al — W[,Hl B l//i,ffl (13_35)
an 2AnN

azl// _ Vi, _2‘//{,;' TV,

13-36
om’ (Am)? ( )
Y Wi — 2V TV (13-37)
on’ (Any
o’y _ Vi Virin = Vi T W (13-38)
omon 4AmAn

Egs. (5-34) through (5-38) are easily derived using truncated Taylor series ex-
pansions of  as functions of #2 and 7. The terms D and E in Egs. (13-23) and
(13-24) require approximations for the first derivatives at nodes on the bound-
ary. These can be developed in the same way as the difference equations for
interior points. They are

al _ 4V/i+1,j - 31//1',;' VY

(13-39)
om 2Am
al _ 4V/i,j+1 - 3‘//1',,' Vi (13-40)
on 2An
al _ 31//1',;' - 4‘//1'71,;' + Wi—z,j (13_41)
om 2Am
al _ 31//1',;' B 4‘/’1‘,;‘-1 TV (13_42)

on 2AN

Substitution of the finite-difference approximations into Eq. (13-25) for any in-
terior node (i, j) yields a simple linear equation for w

vt Ai,i‘l’i—l,i +Bi,il//i+1,j + éi,ill/i,j—l + ﬁi,jv/i,iﬂ (13_43)
+ Ei,j[l//i+1,i+1 Vi Vit WH,H]: Qi,j
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The coefficients in Eq. (13-43) are given by

; 2C
A= [(Am)z ZAm]/ |:(An)2 (Am)z] (13-44)
c 24, 2,
[(Am)z 20m ]/ |:(An)2 (Am)? } 13-45)
A, 2¢,
13-46
[(An)2 2An}/ {(An)2 (Am)z} ( )
I s B
(An)2 2An (An)2 " (Amy
~ B, 24,  2C, )
Ei :[ZAmAn}/[(An)z " (Am)2:| (13-48)
. _ 24,, 20, ]
Q= —[28wsm¢]/[(An)2 + (Am)2:| (13-49)

Numerical solution of the linearized stream function equation can be accom-
plished with a relaxation technique, e.g., Katsanis [106, 107] or a matrix method,
e.g., Smith and Frost [108] and Aungier [1]. This writer has used both methods
and found the matrix method to be superior in both computational speed and
reliability. In the matrix method, Eq. (13-43) is used to develop equations for all
nodes, resulting in a matrix equation, where the major matrix is a square matrix
with the number of rows and columns equal to the number of nodes. It is a very
sparse matrix, having nonzero values only in a band about its diagonal, so that
a rather small number of values actually need to be stored in the computer’s
memory. Aungier [1] provides a rather detailed description of a very efficient
matrix solution for this problem.

After each solution for the stream function, the density field must be updated
using a new velocity field estimate from Egs. (13-17) and (13-18). Since rothalpy
is constant on the stream sheet, Egs. (3-11) and (3-13) require

1

het-‘wior+Loey -1
2 2

Ly (13-50)
2

Since entropy is constant on the stream sheet, all thermodynamic proper-
ties can be calculated as a function of (%, s) using an appropriate equation of
state from chapter 2. While conducting iterations to converge on the density
field, convergence on a discharge flow angle to satisfy the trailing edge Kutta
condition is also accomplished. As long as the flow is subsonic, this proce-
dure of lagging the density solution one iteration behind the stream function
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solution offers excellent numerical stability and rapid convergence. But when
supersonic velocities are encountered, the solution becomes unstable and will
almost always diverge. Blade-to-blade flow problems involving local patches
of supersonic flow are often encountered in turbomachinery. The usefulness
of a potential flow analysis is greatly increased if it is extended to be capable of
addressing these transonic flow cases. This can be accomplished by readjust-
ing the mass flow rate and speed or the inlet total sound speed such that the
inlet velocity triangle is the same as for the actual problem but all velocities are
subsonic. After solving the subsonic flow problem, the streamline pattern is
assumed to be correct, and some type of streamline curvature numerical tech-
nique can be used to calculate the flow for the actual inlet conditions. Katsanis
[107] is a good example of this type of extension of a potential flow solution.
The weakness in that approach is that the resulting flow field no longer satisfies
the irrotationality condition. Aungier [1] presents a better technique that can
predict an irrotational flow field that also conserves mass when local patches
of supersonic flow are present. The inlet total sound speed is adjusted to re-
duce all velocities to subsonic values. At the same time, the stream sheet thick-
ness distribution is adjusted such that conservation of mass for the subsonic
problem yields a velocity field that also conserves mass for the actual transonic
flow problem when the actual inlet conditions and steam sheet thickness dis-
tribution are used. Thus, when the subsonic flow solution is obtained, it is only
necessary to accomplish a final update of all thermodynamic data with the
predicted velocity field to satisfy all governing equations for the transonic flow
case. Implementation of this extension to the analysis is straightforward, but
depends to some degree on the equation of state used in the analysis. Aungier
[1] provides an illustration of its implementation for the special case of a calori-
cally and thermally perfect gas.

The grid structure near the leading and trailing edges of the blades has
a significant influence on the numerical stability of the solution procedure.
Figure 13-5 illustrates two methods of locating the grid near the leading edge.

Stagnation Streamlines

FiGurRe 13-5. Leading Edge Grid Structure
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In one case, the first nodes on the blade surface are outside the passage,
touching the blade at a single point. The other case locates the first nodes
on the blade surfaces inside the passage with a node on each blade surface.
Experience has shown that the first method can result in local numerical
instability, while when the second method is used that problem is almost never
experienced. The cause of instability has been traced to the behavior of the
stagnation streamline, coupled with the finite-difference approximations for
derivatives with respect to 1 used at blade surface points. In the illustration in
figure 13-5, it is seen that the stagnation streamline passes between the blade
surface and the node next to the surface when the leading edge nodes are out-
side the passage. Since w has the same value on the stagnation streamline and
the blade surface, a difference approximation to the tangential derivative will
provide a poor estimate. Furthermore, special logic must be included to decide
which tangential difference approximation should be used for the node on the
blade, i.e., Eq. (13-40) or (13-42). In the case illustrated, nodes to the right of
the leading edge node should be used, i.e., Eq. (13-40). Even when the proper
difference approximation is selected, minor changes in gas density at the lead-
ing edge can induce the stagnation streamline to move, possibly even making
it shift to the opposite blade surface. It is not uncommon for this to result in
an oscillation on successive iterations, all occurring very local to this region,
such that a converged solution is never realized. This problem can be alleviated
by numerical damping or by using a finer grid point spacing near the leading
edge. A simpler and more effective approach is to move the leading edge nodes
inside the blade passage as illustrated in figure 13-5. This removes the ambigu-
ity regarding the direction to be used for the surface derivatives. When that
is done the local oscillation problem almost never occurs. It is a very simple
method to avoid a tendency toward local numerical instability near the leading
and trailing edges.

Many of the illustrations shown in the previous figures show axial-flow
turbine blades for convenience. But it should be noted that this potential flow
analysis is applicable to radial-flow and mixed-flow blades as well. Indeed, this
blade-to-blade flow analysis was originally developed for application to cen-
trifugal compressors. It has been used for many years in that role as has been
demonstrated in Aungier [1]. Its role in radial-inflow turbine design should be
evident from the discussions in chapter 11.

Figure 13-6 shows a comparison of a blade loading prediction with experi-
mental data for an axial-flow turbine stator row reported by Whitney et al. [74].
The analysis is unable to fully resolve the flow behavior near the thick lead-
ing edge, but otherwise shows rather good agreement with the experiment. The
blade row discharge flow angle prediction is also in good agreement with the
experiment. The trailing edge Kutta condition used by the potential flow analy-
sis yields good results for this case. Figure 13-7 shows a similar comparison for
an axial-flow compressor cascade test reported by Dunavant et al. [109]. Good
agreement between predictions and experiment is evident, both for the blade
loading and the discharge flow angle. Some deviation in the blade-loading dia-
gram is seen near the trailing edge. In this case, the boundary layer analysis
described subsequently in this chapter predicts boundary layer separation is
expected at almost exactly the point where the prediction starts to deviate from
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FiGure 13-6. Turbine Cascade Results
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FiGure 13-7. Compressor Cascade Results

the experimental data. The expected consequence of boundary layer separation
is to suppress the blade’s capability for further diffusion. The experimental data
appear to be consistent with that premise. Figure 13-8 shows a comparison of
predictions with experiment for the same compressor cascade with a higher
inlet Mach number. In this case, the flow field contains a significant patch of
supersonic flow on the blade suction surface. This case illustrates the value of
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FiGURE 13-8. Transonic Compressor Cascade Results

the transonic extension to the potential flow analysis. It yields a rather accurate
estimate of the blade loading for a problem that could not be solved by a poten-
tial flow analysis without that extension.

For Mach number levels through the low transonic, this potential flow analy-
sis is an excellent method for blade loading evaluation. It is computationally
very fast, highly reliable and very easy to use. This writer considers it to be
the method of choice whenever the Mach number level is not too high for it to
converge. As a general rule, blade-loading predictions close to the leading edge
should always be viewed with some skepticism. In part, this is related to the
problem of resolving the location of the stagnation streamline discussed previ-
ously in this chapter. But in other respects, this blade-to-blade flow analysis
provides excellent support for the detailed aerodynamic design of turbine or
compressor blades.

13.4 A Linearized Potential Flow Procedure

Aungier [1, 2, 90] developed a simplified blade-to-blade flow analysis based on
a linearized version of the general potential flow analysis described in the pre-
vious section. This analysis is exceptionally fast and has consistently achieved
surprising accuracy for the thin blades typically used in compressors. It is gen-
erally equally effective for radial-inflow turbine impellers, which also employ
relatively thin blades. Its accuracy is far more suspect for the relatively thick
airfoils common to other turbine applications. The major advantage that is
offered by this linearized method is its computational speed. Its primary pur-
pose is to support the exceptionally efficient quasi-three-dimensional flow
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analysis described subsequently in chapter 14. It is widely used in this writer’s
compressor design and analysis system. But its role in turbine aerodynamic
design and analysis is largely limited to radial-inflow turbine impeller design
as previously described in chapter 11. It is convenient to describe the linearized
analysis in this chapter since it is nearly identical to the general potential flow
analysis described in the previous section.

The linearized potential flow analysis uses the following approximation for
the stream function.

y(m, n) =a(m)n-n°1+n’ (13-51)

Substituting Eq. (13-51) into Eq. (13-18) yields

pW, =wla+2(0-a)nl/b (13-52)

m

Hence, Eq. (13-51) assumes a linear variation of piW,, with n. Eq. (13-15) is solved
in integral form. Since W = W; on the blade surfaces, this requires

raSW,
dn +2Swsi -
smﬁ1 smﬂo ;[ om 1 sng (13-53)

On the blade surfaces, the velocity normal to the surface must be zero. Hence,
blade surface velocities must satisfy the following constraint.

W, 1 m oy

m

o - (13-54)
sinf8  sinf Sbp dn

Combining Egs. (13-51), (13-53) and (13-54) supplies the terms on the left-hand
side of Eq. (13-53).

W mR2-a)

— (13-55)
sinf, Shpsin’p,
W, _ ra (13-36)
sinf, Sbp sin’f,
From Eqgs. (13-17), (13-18) and (13-51)
SW, = ri[cot B(a—2an +2n) —a’Sn —n*)1/(bp) (13-57)

The prime notation denotes the total derivative with respect to m. Similar to
the two-dimensional potential flow analysis, the stream function solution is
accomplished assuming that the density field is known. It is convenient to define
the following functions.
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u(m,n) =wrcot B /(bp) (13-58)
v(m,n) =mS/(bp) (13-59)
Differentiating Eq. (13-57) and introducing the functions # and v yields

aSwW, _
om

du (a—2an+2n)+1-2n)ud - (va”+ w a)n-n*)  (13-60)
om om

A three-point difference approximation to the integral of any function F(n) is
easily obtained from a truncated Taylor series expansion as a function of values
of Fat n=0, 0.5 and 1. Using an overbar to designate parameters at 1= 0.5, the
difference approximation is

[Fadn=(F, +4F +F)/6 (13-61)

After some tedious algebra, the integral term in Eq. (13-53) is given by

dn =lauy +uya’ +4u’'-va"-va'+ uj(2-a)-ua’l/6  (13-62)

Combining Egs. (13-53), (13-55), (13-56) and (13-62) yields a simple linear
differential equation.

a’+Ad +Ba=C (13-63)

The parameters A, B and C are functions of m2, only, given by

Am)=[V'-u, +u,1/v (13-64)
u —-u, 6 v v,
By =i~ _ 6 L, Y (13-65)
(r) voows |:sin2ﬂ] sin’f, }
Clm) = 2u, +4u tlZwsmq) __ 212.1/12 (13-66)
vS°sin” B,

The solution of Eq. (13-63) requires boundary conditions at the blade lead-
ing and trailing edges. The leading edge boundary condition follows from
the known inlet angular momentum supplied by the upstream flow, W;,.
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Integrating Wy across the passage at the leading edge using Eq. (13-61) yields the
following leading edge boundary condition.

a' +alu, —u,1/v =[4i +2u, -6SW, , 1/v (13-67)

0,in

The Kutta condition is again used as the trailing edge boundary condition, i.e.,
W, = W, at the trailing edge. From Egs. (13-55) and (13-56), the trailing edge
boundary condition is

a=2sin f,/[sin B, +sin §, ] (13-68)

Using the finite-difference approximations previously introduced, Eq. (13-63)
is cast in finite-difference form to develop a matrix equation for solution. This
results in a simple tri-diagonal matrix, except for the equation at the leading
edge point, which contains one extra term. Inversion of a tri-diagonal matrix
is a rather trivial numerical analysis problem. This results in an exceptionally
efficient blade-to-blade flow analysis. The iteration process to update the gas
density field follows the same process as that for the two-dimensional potential
flow, and the same transonic flow extension is incorporated. Aungier [1] pro-
vides a more detailed description of the numerical analysis used to implement
this model.

Figure 13-9 shows a comparison of blade-loading diagrams predicted by
the linearized and general potential flow analyses for the nozzle blade design
evaluated previously in figure 11-1. The linearized method provides a reason-
able approximation but generally should not be relied on for blade loading
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FiGURE 13-9. Blade-Loading Diagram Comparison
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evaluation of the relatively thick airfoil shapes commonly used for turbines. For
the relatively thin blades used in radial-inflow turbine impellers, the accuracy
of the linearized method is usually excellent as was illustrated in figures 11-16
and 11-19. The primary role of this linearized potential flow analysis in the
quasi-three-dimensional flow analysis of chapter 14 is to define the streamwise
variation of the average angular momentum of the fluid. Even for the airfoil
blades, its accuracy is sufficient to accomplish that quite well. Typical practice
is to provide a direct and automated interface from the quasi-three-dimensional
flow analysis to the two-dimensional blade-to-blade analysis to obtain more
accurate blade loading predictions for any stream surfaces of special inter-
est to the designer. When the quasi-three-dimensional flow analysis has been
completed, the stream sheet geometry and flow conditions are well defined for
input to the more accurate two-dimensional method. This process is illustrated
in the flow chart in figure 11-20.

13.5 The Time-Marching Solution Procedure

The potential flow method can be applied to a very wide range of blade-to-blade
flow problems, particularly with the transonic flow extension. But when Mach
numbers become too high, a more general analysis technique is needed. That
is often true for turbine blade rows, which may operate choked with complex
imbedded shock and expansion wave patterns at the discharge. The time-
marching method provides a more general solution capability that is suitable for
subsonic, supersonic or mixed subsonic-supersonic flow problems. Von Neumann
and Richtmyer [110] suggested this method in 1950 for treating flows with
imbedded shock waves. Lax [111] and Lax and Wendroff [112] developed the
technique further, but its practical use had to wait for computers with sufficient
speed and capacity to evolve. By the late 1960s, practical use of the method to
predict the flow field about hypersonic reentry vehicles became feasible. This
writer had the good fortune to be in the right place at the right time to par-
ticipate in that development, e.g., Aungier [113-116]. Following its successful
application to the reentry problem, investigators recognized its advantages for
the blade-to-blade flow problem. Gopolakrishnan and Bozzola [117] contributed
an important investigation relative to proper specification of boundary condi-
tions for time-dependent blade-to-blade flow analysis in 1973. Denton [118] pub-
lished a time-dependent blade-to-blade flow analysis in 1982, which has been
widely used for this application.

The time-marching technique of Aungier [114-116] has also been adapted
to this application. Since many of the original references would be difficult to
obtain today, Aungier [1] provides a detailed description of fundamental fluid
mechanics used to develop the technique. An abbreviated description of the
technique is provided in this chapter. This includes sufficient detail to under-
stand the method or even to implement it. Readers interested in a more detailed
background on the development of the method should refer to Aungier [1].

The time-marching solution will be accomplished using the same solution
domain, velocity components and coordinate system as previously used for
the potential flow analysis, i.e., figure 13-3 and Egs. (13-1) through (13-8).
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The governing equations are Eqgs. (3-21), (3-22), (3-23) and (3-25). In this case,
the governing equations are solved over the stream sheet in their full time-
unsteady form. The solution will be advanced in time until the flow becomes
approximately steady with time. This actually results in an asymptotic
approach to the steady-state solution. Consequently, a true steady-state
solution cannot actually be achieved. Rather, the solution is advanced in
time until variations with time are considered negligible. Common practice
is to simply transform the derivatives in the governing equations so they can
be solved them in the (& 1) coordinate system. As previously discussed for
the potential flow analysis, more accurate numerical approximations are
obtained when the governing equations are developing specifically for the
control volume to be used in the solution. This is accomplished by applying
the integral form of the equations of motion to the control volume in figure
13-4. The integral form of the continuity, momentum and energy equations
for inviscid, time-unsteady flow are

! aa—';’dv . j p (W -i)dA =0 (13-69)

J;apathV+£p W(W.ﬁ)dA+Ajpé(e.ﬁ)dA - ifdv (13-70)
OH' 9P o L _

;[[p -, -at]dV+£pH (W-n)dAz‘J:p(va)dV (13-71)

V and A denote volume and area integrals, respectively, i is a unit vector
normal to the area and directed out of the control volume, ¢ is a unit vector
along and f is a body force. The body force is used to account for the Coriolis
and centrifugal acceleration terms in the rotating curvilinear coordinate sys-
tem. After some tedious algebra, application of these integral equations to the
control volume yield

Sba£+i[sbpwm]+i[bp0]=0 (13-72)
o om on
SbMJri[sb(pwyj +P)]- cotﬂ%l+i[bPQW,l]
S an  an (13-73)
~LsBp sing (W, +roy + P2
B om
sb2Me 19 15w, (W, +r o)+ [b(pQW, + P)]
a  rom on (13-74)

m

= r(oi[pr W ]
om
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ot

m

+- 2 1Shpw, N+ [bpQI1=0 (13-75)
om an

Following a suggestion by Lax [111], these equations are written in conservation
form so that they will be valid when applied across a shock wave. The param-
eter, Q, is a special velocity component defined to conserve properties at the
constant 1 boundaries of the control cell.

Q=W,/sin =W, -W, cotf (13-76)

m

Points on the blade surfaces require special handling since W=W; and
Q=W,=0. Applying the integral momentum equation in the £ direction yields a
special momentum equation for points on the blade surfaces.

op W,
spP s +i[Sb(meWy +Psin/3)]+i[bpowf]
o om : on (13-77)
= Pi[Sb sin B8]+ Sbp sin¢ sinfBra’
om
W, =W,sin (13-78)
W, =W, cos (13-79)

Egs. (13-77) through (13-79) replace Egs. (13-73) and (13-74) for points on the
blade surfaces.

The boundary condition on the blade surface is that the velocity normal to
the blade surface is zero. This boundary condition is satisfied by Egs. (13-78)
and (13-79). On the side boundaries upstream and downstream of the blade
passage, the periodicity condition applies, similar to the potential flow problem.
Hence, the solution is extended into adjacent passages so that those points can
be treated in the same fashion as any interior point. Boundary conditions for
the upstream and downstream boundaries require special care. The number
and type of boundary conditions that are applicable depend on how the flow
inside the solution domain influences these boundaries. A fundamental prop-
erty of hyperbolic differential equations is that there are certain characteristic
directions along which derivatives of the dependent variables normal to these
“characteristics” can be discontinuous. For each characteristic direction, cer-
tain dependent variables can be determined by integration along them. Aungier
[1] shows that the characteristic directions for the upstream and downstream
boundaries are

M _w osq (13-80)
dt
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dm v _, (13-81)
dt m
dm _ (13-82)
dt "

A physical interpretation of these characteristics is that information can
be transmitted within the flow field by waves traveling at the fluid velocity
and waves where the fluid velocity is augmented or opposed by the local
acoustic velocity. Aungier [1] shows that the characteristics defined by
Egs. (13-80) and (13-81) determine W,, and P, while the characteristic defined
by Eq. (13-82) determines Wy and I. These characteristics determine the
number and type of boundary conditions needed for the upstream and
downstream boundaries.

Figure 13-10 illustrates the characteristics at an upstream or downstream
boundary when the local value of the meridional velocity component is
subsonic. In this case, two of the three characteristics that determine the flow
at time ¢ + At from the flow at the flow at time ¢ lie upstream of the boundary
and one lies downstream of the boundary. Hence, if this is an upstream bound-
ary, one parameter on the boundary is determined by the flow in the solution
domain and the other three conditions must be assigned as boundary condi-
tions. Since the characteristic for Wy and I lies outside of the solution domain,
both of them must be assigned. A logical choice for the computed dependent
variable is density. Then, P and W,, follow directly from the equation of state
and the definition of rothalpy if entropy is known. The most logical upstream
boundary conditions for this case are W, P,, and T;. They are usually known con-
ditions for a blade-to-blade flow analysis and they specify rothalpy and entropy
through the equation of state and Eq. (3-10). So, for an upstream boundary with
W, < a, the continuity equation will be solved for density. All other dependent

W, <a
t+At
% =Wpt+a
((ii_ltn =Wp-a
Boundary

FiGURE 13-10. A Subsonic Characteristic
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variables must be computed from the boundary conditions. By contrast, if this
is the downstream boundary, only one boundary condition can be imposed and
the other three dependent variables must be computed as part of the solution
procedure. The usual practice is to specify the discharge static pressure as the
boundary condition. It can be convenient to specify the mass flow rate instead,
but then the solution procedure must compute the discharge pressure needed to
produce the assigned mass flow rate.

Figure 13-11 illustrates the characteristics at an upstream or downstream
boundary when the local value of the meridional velocity component is su-
personic. In this case, all of characteristics that determine the flow at time
t + At lie upstream of the boundary. Hence, if this is an upstream boundary,
all dependent variables must be assigned as boundary conditions. If this is a
downstream boundary, all of the characteristics that determine the flow at 7 + Az
lie inside the solution domain. This means that all dependent variables can
be computed from the solution so no boundary conditions are required. But

AQ: Au. it usually it is not possible to state that W, is supersonic at the downstream

Please  boundary. That is a very unique case for each set of upstream boundary condi-

check the tions. Rather, the discharge static pressure is normally specified in all cases. If

sentence. the solution requires W,, > a to achieve that pressure, the solution procedure
must ignore the boundary condition and compute all discharge conditions.
Unlike the potential flow analysis no empirical Kutta condition is needed. In-
deed, there would be no way to actually impose it. Since the characteristic that
determines W, always lies upstream of the downstream boundary, W, must
always be computed as part of the solution. But the Kutta condition is applied
indirectly by virtue of the periodicity condition for all solution points down-
stream of the trailing edge. It is important to note that these boundary condition
requirements are not optional. Failure to specify the right number and type of
boundary conditions will not produce a valid solution and usually will cause
the solution to diverge.

t+At

dm _

Tt =Wp,+a
4 -w,
%_‘_m =Wy, -a
Boundary

FiGure 13-11. A Supersonic Characteristic
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It is well known that a finite-difference solution of the governing equations
that is explicit in time is unconditionally unstable. An explicit numerical solu-
tion of the governing equations predicts the flow at time 7 +At from the flow at
time ¢. By contrast, implicit numerical solutions seek to use conditions at both
t and ¢ +At for this purpose. Implicit solutions also have critical numerical sta-
bility issues, but this book will deal with only the explicit solution procedures.
The method used to achieve numerical stability has a critical influence on the
accuracy and reliability of a time-marching numerical solution.

Von Neumann and Richtmyer [110] developed a stability analysis specifi-
cally for this problem. They used it to develop a stable numerical solution by
including additional stabilizing terms in the governing equations similar in
form to viscous terms. This approach is often referred to as including artificial
viscosity terms. Lax [111] used an averaging scheme for parameters at time ¢
to project data at ¢t +A¢, which is equivalent to introducing artificial viscosity
terms. Lax and Wendroff [112] applied a Taylor series expansion in time to the
governing equations to extend them to second-order accuracy in time. Some in-
vestigators have extended that approach to higher-order accuracy Taylor series
expansions. Regardless of the approach used, stabilizing terms must always be
added to the governing equations to achieve a stable explicit finite-difference
solution.Unless extreme care is taken, these stabilizing terms can significantly
influence the accuracy of the solution. Aungier [114-116] developed a method
that has a definite advantage in that regard. It always permits the user of the
analysis to reduce the influence of the stabilizing terms as much as necessary
to achieve an accurate solution. Reduction of the influence of the stabilizing
terms is accomplished at the cost of requiring longer computation times for
a steady-state solution. This method was developed by conducting a Von Neu-
mann stability analysis on a simplified one-dimensional momentum equation
to determine the minimum allowable magnitude of the stabilizing terms for a
specified time step. Aungier [1] describes that stability analysis in considerable
detail. Here, only the results will be reviewed. It is convenient to represent any
of the governing equations in the general form

u, =v(& 0,0+ p s+ 1", (13-83)

The subscript notation designates the first and second partial derivatives. The
last two terms on the right hand side are fictitious terms that are added to the
governing equation to achieve numerical stability. To achieve a stable solution
for any time step, Az, the stability analysis shows that the coefficients of the sta-
bilizing terms must satisfy the following conditions.

G %(\ W+ @At (13-34)
,Ll(n)Z %(‘ M/e‘ +a)2 At (13-85)
4z 2 [+ a)sin pTar (13-86)
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um > % [(W, | +a)/sin BT At (13-87)

These results yield stable solutions for nearly any blade-to-blade flow prob-
lem. But occasional exceptions have been encountered when the grid struc-
ture is highly skewed and the node spacing is much smaller in the tangential
direction than in the meridional direction. An empirical correction has been
developed to extend the validity of the stability analysis to include those cas-
es. After the meridional stabilizing term is established from Egs. (13-84) and
(13-86), the following empirical correction is imposed.

W9 a4 LW, | +a)cosB (sm)/(Sam)*ar (13-88)

The stabilizing terms have been defined for an arbitrary time step. An upper
limit on time step that can be used is imposed by the well-known Courant-
Friedricks-Lewy (CFL) stability criterion of Courant et al. [119]. Indeed, the
stability analysis confirms that the CFL limit applies. The CFL criterion limits Az
to the time it takes for the fastest relevant characteristic wave to travel between
adjacent nodes in the solution field. Once waves from adjacent nodes intersect,
the information based the flow at time ¢ ceases to be valid for time ¢ +At. Thus,
the maximum value of the time step allowed by this CFL limit is given by

My S T (13-89)
) m + a

My <4 MS/A" (13-90)
| T a

The maximum allowable time step is computed on all time iterations by apply-
ing Egs. (13-89) and (13-90) at all nodes in the solution field. The actual time step
to be used is specified as some fraction, uo, of the maximum time step.

At = [1,At, (13-91)

max

Experience has shown that the following limits should be observed to avoid
numerical instability problems.

0.1<p,<0.9 (13-92)

If the time derivative in Eq. (13-83) is approximated by a forward finite-
difference approximation, the general governing equation is

uEn,t+ A0 =uEn,0)+WwEn, 0+ uSu+pn™ u, JAr (13-93)
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Egs. (13-84) through (13-88) show that the coefficients of the stabilizing
terms are proportional to At. Hence the influence of the stabilizing terms in
Eq. (13-93) is second order with respect to Az. But the influence of the dynamic
terms (represented by the general function v) in Eq. (13-93) is first order with
respect to At. Hence, simply using smaller values of At will reduce the influ-
ence of the stabilizing terms relative to the dynamic terms. Of course, that will
require more time iterations for the solution to approach a steady state. An
effective approach is to start the analysis with a fairly large value of , (typically,
0.75) and steadily reduce it to some smaller value (typically, 0.25) as the solution
approaches a steady state. This allows fairly large time steps to be used in the
early iterations to accelerate the approach to a steady state, but relatively small
time steps when the solution is close to a steady state to reduce the effect of the
stabilizing terms.

The stability analysis provides other useful results. It shows that for points
on the blade surfaces, no stabilizing term normal to the surface is required, i.e.,
the last term in Eq. (13-83) is omitted for nodes on the blade surface. Another
useful result is obtained when a backward difference approximation is used for
the meridional partial derivatives, i.e.,

ou
o [, —u; ;1 Am (13-94)

In that case, the stability analysis shows that when W,, > a, no stabilizing term
in the & direction is required, i.e., the second term on the right-hand side of
Eq. (13-83) can be omitted. A similar result is obtained for negative W,,, except a
forward difference approximation is used, i.e.,

ity -1,/ (13-95)

Hence, supersonic W,, with “upwind” differences requires no stabilizing term
in the & direction. This permits special procedures to be used on partial de-
rivatives with respect to # to improve the accuracy for very high Mach num-
ber flows. This improvement can be very significant for the high Mach num-
bers often encountered in turbine blades. Experience has shown that these
results can be generalized to include any meridional Mach number level by
using a weighted-average of forward and backward differences as follows:

1/ Am (13-96)

u, =Flu,,; —u, 1/ Am+0-F)lu,, —u,,;

i+,

1 2w, ‘ w,

|2 (I, [+a+| W, |+a |y

m

(13-97)

m

W= % (W (m+ A, )+ 2W, (m, )+ W, (m— A, )] (13-98)
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a :% [a(m + Am,n) + 2 a(m,n) + a(m — Am,n)] (13-99)
u® - 4u©F1-F) (13-100)

This procedure uses basic central-difference approximations and the basic sta-
bilizing term form outlined previously when W,, = 0. As IW,,|— a, F — 0. Hence,
for IW,,| > a, the solution will use an upwind difference approximation for the
partial derivative, and the & stabilizing term will be zero. As a result, the mini-
mum magnitude of the stabilizing terms allowed for stability is always used. It
also results in faster convergence and sharper “shock capturing” when imbed-
ded shock waves form in the flow field. For a period of time, a similar procedure
was used relative to partial derivatives and stabilizing terms relative to the 1
direction. It was found that no significant benefit resulted for high Mach num-
ber turbine blade problems, and the procedure occasionally slowed convergence
and sometimes produced mild numerical instability. Interaction with the side
boundaries and the higher probability that W, at a given node may change sign
during the solution are believed to be the source of the problem. Presently, this
writer uses standard central difference approximations and the basic stabiliz-
ing terms relative to the 1 direction.

The stabilizing terms should be formulated such that their magnitude is
expected to be small when the flow approaches a steady state. This has no
adverse effect on numerical stability but reduces the stabilizing term influence
on the solution. The recommended stabilizing terms to be added to the right-
hand side of Egs. (13-72) through (13-75) and Eq. (13-77), in that order, are

@, =Sb[u®p,,, + u"p,,1 (13-101)

0, =1 (SbpW,,),,, + 1" (SbpW,,),, + BW,, (13-102)
@, =Sbp[u*(rC,),,, + 1" (rCy),, 1/ T+ BW, (13-103)
@, =Sbp[u®r,,, +u"I, 1+ @I (13-104)

@ = u®(SbpW,),,, + ®W, (13-105)

mm

The terms involving @, in Egs. (13-102) through (13-105) can be shown to be
direct corrections for the known error in mass conservation caused by @, when
solving Eq. (13-72).

The numerical analysis used is a fairly straightforward finite-difference
analysis applied to the grid structure illustrated in figure 13-3. The only subtle
feature required relates to defining the side boundaries outside of the blade
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Axial-Flow Turbine Stator - Whitney et al. [74]
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FiGURE 13-12. Turbine Stator Time-Marching Results

passages. When Eq. (13-77) is solved at the blade leading and trailing edges,
the finite-difference approximation for the & derivative involve parameters at
the closest node outside the blade passage. Eq. (13-77) was derived for nodes
where W, =0. As the solution proceeds, the side boundaries outside the blade are
continually readjusted such that fis equal to the local flow angle at the closest
node outside the blade passage. That ensures that W, will be zero at this node so
that the difference approximation used in Eq. (13-77) will be valid. Aungier [1]
provides additional details on the numerical analysis that may be of useful to
readers considering implementing this method in a numerical analysis.

Figure 13-12 compares the blade-loading diagram predicted by the time-
marching blade-to-blade flow analysis with experimental results for the turbine
stator of Whitney et al. [74]. Results for the potential flow analysis from figure
13-6 are shown as background for comparison. The two analyses yield similar
results as would be expected. Each method shows slightly better agreement with
experiment in certain regions, but the differences are minor. The discharge flow
angle predictions from the two methods are also nearly identical. Hence, for
practical purposes, there is little reason to favor either analysis for this case. The
principal difference is that the computation time required for the potential flow
analysis is significantly less than for the time-marching analysis.

Figure 13-13 shows results for the subsonic compressor cascade previously
considered including the potential flow analysis results from figure 13-7. The
time-marching analysis blade-loading diagram is in better agreement with the
experimental data than the potential flow analysis results. But the discharge
flow angles predicted by the potential flow analysis is in better agreement with
the experimental value than the time-marching analysis prediction.

Figure 13-14 shows results for the transonic compressor cascade previously
considered including the potential flow analysis results from figure 13-8. This
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FiGURE 13-13. The Subsonic Compressor Cascade

comparison is a little ambiguous due to the fact that this case operates very
close to the cascade choke limit. Indeed, the time-marching analysis predicts
the cascade choke limit is about 0.5% lower than the mass flow rate report-
ed for the experiment and estimated by the potential flow analysis. This could
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FIGURE 13-14. The Transonic Compressor Cascade
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easily be due to experimental error, but it is more likely due to the influence of the
stabilizing terms. Hence, the time-marching analysis results are for the lowest
discharge static pressure that could be analyzed without predicting choke. Sim-
ilar to the subsonic case, the time-marching analysis appears to better estimate
the blade-loading diagram, but potential flow analysis provides the more accu-
rate estimate of the discharge flow angle.

The potential flow and time-marching blade-to-blade flow analyses provide
the designer with the capability to evaluate the blade-loading distribution for
guidance in the detailed aerodynamic design of turbine blades. The potential
flow analysis is the simplest and fastest method if the Mach number levels
encountered are not too high. In the case of higher Mach number cases, the
time-marching method provides an alternative that can be used for nearly
any case.

13.6 Blade Surface Boundary Layer Analysis

The blade-loading diagrams predicted by an inviscid blade-to-blade flow analy-
sis provide valuable guidance to the designer. But the primary objective of the
detailed blade design process is to avoid adverse viscous flow effects. In particu-
lar, the designer seeks to avoid excessive losses and flow separation. The blade-
to-blade flow problem is well suited to an approximate evaluation of viscous
effects using a blade surface boundary layer analysis. The basic assumption of
boundary layer theory is that viscous effects are confined to a thin layer close
to the walls. This is usually a valid assumption for the flow in a blade-to-blade
stream sheet, particularly for the accelerating flow in turbine blade rows. It is
relatively simple to include an efficient two-dimensional boundary layer anal-
ysis for this purpose. This provides a qualitative evaluation of viscous effects
to supplement the designer’s judgment while establishing appropriate blade-
loading diagrams. This provides an approximate evaluation, but it ignores the
influence of the end-wall boundary layers and pressure gradients normal to the
stream sheet. Unlike the inviscid flow, the low momentum boundary layer fluid
is unable to balance these normal pressure gradients, causing the boundary
layer fluid to migrate across stream sheets. Boundary layer analysis provides a
practical and useful method to evaluate boundary layer growth and to identify
likely boundary layer separation problems. These phenomena are very impor-
tant since they govern the level of total pressure loss that will occur as the flow
passes through the blade row.

Boundary layer analysis in turbomachinery is most conveniently accom-
plished by applying the boundary layer equations in integral form. The basic
governing equation is the momentume-integral equation derived in chapter 3 as
Eq. (3-42). In the context of the present problem, this equation can be written

2
1P WO 5o We _ o (13-106)
b ox ox

The subscript, e, designates the inviscid boundary layer edge parameters, x
is the distance along the blade surfaces and 7, is the wall shear stress. The
momentum and displacement thicknesses are defined as
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[

pW 0= [ p W(W, - W)dy (13-107)
0
S

pW, 8= [(p,W, - pW)dy (13-108)
0

The coordinate, y, is measured normal to the wall and § is the boundary layer
thickness. The wall shear stress is usually expressed in terms of the skin friction
coefficient, ¢;, where

Ty -

When the boundary layer initially forms on the blade, the flow will be laminar.
After sufficient boundary layer growth has occurred, transition to turbulent
flow will occur. This is usually the case in turbomachinery, so both laminar and
turbulent boundary layer analyses are needed for this application.

The compressible laminar boundary layer analysis of Gruschwitz [120] as
reviewed by Schlichting [27] is well suited to this application. This is a generaliza-
tion of the classical incompressible Karmen-Pohlhausen solution of Pohlhausen
[121]. When paired with a turbulent boundary layer entrainment solution, the
Gruschwitz method allows a very direct treatment of transition from laminar
to turbulent flow by direct application of conservation of mass and momentum.
This avoids some rather arbitrary assumptions normally required. The method
is based on a universal laminar boundary layer velocity profile in the form

% =Cn+C,n°+Cxn’ +C,n’ (13-110)
1:p
n=—|-—dy 13-111
o !pe (13111
Te
5= [Ldy (13-112)
0 pe

The boundary layer thickness, &, is referred to as the density thickness. Denot-
ing the fluid viscosity by u, a boundary layer shape factor, A, is defined as

_p. () dW,
p, M dx

A (13-113)

The coefficients in Eq. (13-110) are calculated to matching the boundary layer
edge conditions, i.e.,

C,=2+A/6 (13-114)
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C,=-A/2 (13-115)
C,=A/2-2 (13-116)
C,=1-A/6 (13-117)

The boundary layer momentum thickness, 6, energy thickness, dx, and velocity
thickness, 6y, are given by

037AA2

5 315 945 (13-118)
8 315 945 9072
S _TPW[, W 798048 — 4656A — 758A% — 7A’
S _{PW| W, _
' gl’e L] 4324320 (13-119)
5W 8 174 3 A sz
= 1_7 d =k e i
& ! W, 10 120 2¢,T, (13-120)

The function F in Eq. (13-120) is given by

2 3
F:O.232912—0.831483L+O.650584 A +17.8063 A (13-121)
100 100 100

For the case of adiabatic walls with the Prandtl number equal unity, the bound-
ary layer enthalpy thickness, 8, and the displacement thickness, &', are given

by

=%)

S 2
., p h W?§
Ou _ [PW IR gy = ek .
: ! W{h }y 215 (13-122)
5 =6,+6, (13-123)

Again considering adiabatic walls with the Prandtl number equal unity, the
following parameters are introduced for convenience:

b=Pe -1t (13-124)
P T
2 2
K- A[",} _p, PO AW, (13-125)
6 u o dx
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Gruschwitz [120] shows that

1 u A
Se = 1+2 13-126
2¢ ngﬁ’[ 6] ( :
2
Kko|37T_ A A (13-127)
315 945 9072

The above equations are sufficient to permit numerical integration of
Eq. (13-106) along x, starting at the leading edge, where 8= 0, to predict 6, §
and Jdat all other stations. Gruschwitz imposes the following limits on the shape
factor A.

-12<A<12 (13-128)

The most important limit is A = —12, which corresponds to boundary layer sep-
aration. Boundary layers on blade surfaces of turbomachines often undergo
transition to turbulent flow. Many criteria for boundary layer transition have
been proposed none of which can be considered more than an approximation.
This writer prefers a transition criterion based on the momentum thickness
Reynolds number.

Re, = P 550 (13-129)
]

Once the boundary layer undergoes transition to turbulent flow, different
empirical relations are required to integrate Eq. (13-106). The entrainment
method of Head [35, 36] as adapted by Green [122] to compressible flows is well
suited to this application. This requires integration of the entrainment equation,
presented previously as Eq. (3-44). In context of the present application, this is
written as

BpWS=8) _ 1)y (13-130)

ox
The entrainment function, E, specifies the rate at which mass is entrained into
the boundary layer at the boundary layer edge. To integrate Egs. (13-106) and
(13-130), empirical relations are required for E, ¢; and the various boundary
layer thicknesses as a function of 8 and (- 6°). Head’s entrainment method
was developed for incompressible boundary layers based on the following shape
factors.

H =(-67)/6 (13-131)

H=5"10 (13-132)

Green [122] recommends using a kinematic shape factor H; in place of H to
generalizing the incompressible boundary layer model to compressible flow.
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1%p w
g =1[L[1-Y .
f 9!/3?[ w] y (13-133)

For adiabatic walls with the Prandtl number equal unity, Green shows that H;
can be related to H by

H=(H, +)T//T, -1 (13-134)

Solution of the governing equations requires empirical models for E and ¢y and
to relate H; and H;. Many alternate empirical models have been suggested for
this purpose. This writer has found the following relations suitable for the pres-
ent application:

H, =1+[0.9/(H, -3.3)]"" (13-135)
E=0.025(H, -1) (13-136)

The skin friction coefficient correlation of Ludwieg and Tillmann [123] is
commonly used for incompressible turbulent boundary layer analysis.

¢/ e = 0.246 exp(~1.561H,) Re,**** (13-137)

Green [122] recommends correcting this incompressible flow correlation to
compressible flow by

¢, =c, H (H +1)/[2H, + H(H, -1)] (13-138)

These empirical relations are sufficient to integrate Egs. (13-106) and
(13-130), starting at the transition point. At the transition point, the mass and
momentum flow in the turbulent boundary layer must match the values comput-
ed for the laminar boundary layer. From Egs. (3-35) and (3-38), this requires

(6-6),,=-6") (13-139)
eturb = Olam (13'140)
From the Gruschwitz [120] boundary layer profiles, it can easily be shown
that
5-5° = 5'[7 . A] (13-141)
10 120

Eq. (13-140) is normally applied at the transition point, along with some
assumption on how H changes during transition from laminar to turbu-
lent flow. The Gruschwitz laminar boundary layer model permits a more
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fundamental method based on conservation of mass and momentum. This writ-
er uses H; 2 2.4 as a separation criterion for turbulent boundary layers. During
the analysis, the kinematic shape factor is limited to this value to avoid solution
divergence and permit the analysis to continue through a separation zone. This
is necessary, since it is not uncommon for the boundary layer to reattach, par-
ticularly on the pressure surface of the blade.

When boundary layers on the blade surfaces have been computed, it is useful
to estimate the total pressure loss coefficient for the cascade from the bound-
ary layer data at the trailing edge. Following Lieblein and Roudebush [87], the
total pressure loss coefficient based on the cascade exit velocity pressure can be

approximated by
e (13142
0= sznit (13-143)
A= széa (13-144)

out

The summations in Egs. (13-143) and (13-144) are carried out for the bound-
ary layers on both blade surfaces at the blade trailing edge. In the case of rotor
blade rows, this total pressure loss coefficient can also be used to estimate the
rotor efficiency via the methods described in chapter 2. Eq. (13-142) is derived
directly from conservation of mass and momentum at the blade trailing edge,
while assuming that the low momentum boundary layer fluid instantly mixes
with the inviscid free stream fluid and that the static pressure is unaffected by
the mixing process.

Loss coefficients estimated from two-dimensional boundary layer pre-
dictions are only approximations. These loss estimates neglect a number of
phenomena that can significantly affect the losses in annular cascades. These
include secondary flows associated with boundary layer migration normal to
the stream sheets, boundary layer interaction with the inviscid core flow and
the influence of the end-wall boundary layers. Also, the boundary layers may be
predicted to separate at some point along the blade surface. The basic assump-
tions of boundary layer theory are not valid in separation zones, causing the
predictions to be of doubtful accuracy. It can be expected that the loss coeffi-
cient in an annular cascade of a turbomachine will be significantly higher than
estimates from Eq. (13-142). Loss coefficients calculated in this fashion should
be used only for qualitative guidance based on the relative differences in the loss
for alternative cascade designs.

Figure 13-15 shows predicted boundary layer shape factors from the axial-
flow turbine stator analysis shown in figure 13-6. This analysis is a simulation of
a low-pressure, cold-air cascade test. Reynolds numbers are sufficiently low that
the pressure surface boundary layer remains laminar throughout. The suction
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FiGure 13-15. Boundary Layer Analysis

surface boundary layer transitions to turbulent flow near the point of maximum
velocity. Both boundary layers remained attached throughout.

The numerical analysis of the two-dimensional boundary layer equations
is straightforward. The governing equations are parabolic in mathematical
form. This means that the solution at each streamwise station depends only
on the upstream boundary layer parameters. Hence, a simple marching-type
numerical solution is needed. The streamwise derivatives in the governing equa-
tions are replaced with backward-difference approximations of the form of
Eq. (13-94). An iterative solution procedure is used to complete the integration
of the governing equations at each streamwise station before proceeding to the
next station. This process is so fast and simple that the boundary layer analysis
has virtually no impact on the computation time required for the complete
blade-to-blade flow analysis.

13.7 Summary

The analysis methods described in this chapter are representative of available
theoretical methods for two-dimensional blade-to-blade flow analysis. There
are many alternate solution techniques in use, both for the inviscid flow and
the boundary layer. But the precise technique used is less significant than the
approximations that are inherent in the two-dimensional flow model. It has
been seen that reasonable estimates of the blade loading and fluid turning
can be achieved for blade rows operating close to their design condition. But
the inviscid flow and the boundary layer analyses suffer a dramatic loss of
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accuracy when applied under far off-design conditions, where severe flow
separation usually exists. Indeed, there is very little merit in even apply-
ing them to such cases. The primary role of these methods is for the detailed
aerodynamic design of blades, where the blades can be expected to operate at
moderate incidence angles. In that role they offer reasonable accuracy and
computational speed appropriate to the large number of analyses required to
arrive at an optimum design.

The designer requiring a more general analysis will use a viscous flow
computational fluid dynamics (CFD) code. Designers typically employ one of
several commercially available CFD codes that are well suited to turbomachinery
applications. Viscous CFD offers considerable promise for removing most of
the limitations of the methods described in this chapter. Indeed, it has already
greatly alleviated many of them, although much remains to be done in the
areas of turbulence modeling, numerical methods and computational speed
before these methods can be considered exact. Viscous CFD is occasionally
applied to the two-dimensional blade-to-blade flow problem, but its real merit
lies in treating the fully three-dimensional flow problem, where the important
secondary flow patterns are also modeled. At present, the primary role of
viscous CFD is for final evaluation and fine-tuning of complete blade row or
stage designs where its more fundamental fluid dynamics models can be used
to advantage for reducing losses and increasing the operating range within
practical computer running times.
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Chapter 14

QUASI-THREE-DIMENSIONAL
BLADE PASSAGE FLOW
FIELD ANALYSIS

A quasi-three-dimension flow analysis employs two-dimensional flow analyses
in the hub-to-shroud and blade-to-blade surfaces to approximate the three-
dimensional flow in a blade passage. The fundamental concept is generally
credited to Wu [26] and was introduced previously in chapter 3, section 3.3.
The specific analysis described in this chapter is widely used for centrifugal
compressor design and analysis [1]. Itis also employed for axial-flow compressor
design and analysis [2], but in a more limited role. Its primary role for turbine
design and analysis is to support the detailed aerodynamic design of radial-
inflow turbine impellers as described in chapter 11, section 11.9. It has also
been used effectively to design nozzle blades for radial-inflow turbines. But
the detailed nozzle blade design procedure presented in chapter 11 has largely
replaced it for that application.

The present analysis achieves exceptional computational speed and reliability
largely due to its use of the linearized blade-to-blade flow analysis described in
chapter 13, section 13.4. But that also imposes some limitations on the method
that are particularly significant for turbines. Its limitation to subsonic or low
transonic Mach number levels excludes a number of turbine applications. As
noted in chapter 13, its accuracy is compromised when it is applied to the
rather thick airfoils often used for turbines. It certainly could be extended for
more general use on turbines by substituting a more general blade-to-blade
flow analysis such as the time-marching method of chapter 13. But that would
substantially increase the computation time required and significantly reduce
its reliability. It is very doubtful that this quasi-three-dimensional flow analysis
would remain an attractive design tool if that were done. Indeed, it would lose
most of its advantages over commercially available viscous computational fluid
dynamic (CFD) codes while offering a less general solution.

NOMENCLATURE

B’ = stream surface repositioning damping factor
b = stream sheet thickness

C = absolute velocity

D = stream surface curvature damping factor
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E = entrainment function
f = blade force
g =2prsind//N
H = total enthalpy )
H, = meridional shape factor = 6,/6,, )
H, = boundary layer tangential shape factor = 6,/6,,
h = static enthalpy
I = rothalpy
K = blade or boundary layer blockage factor
M = Mach number
m = meridional coordinate
vz = mass flow rate
N =number of blades
n = normal coordinate
P =pressure
q = inlet dynamic head
r =radius
s = entropy
T = temperature
t, = blade thickness
V = velocity relative to the wall
W = velocity relative to the blade row
y = distance along quasi-normal or normal to the wall
z = axial coordinate
o = flow angle
B = camberline angle
AA = stream sheet area
Av = increment in v due to blade guidance
0 =boundary layer thickness
0. = blade clearance
8, = boundary layer meridional displacement thickness
8, = boundary layer tangential displacement thickness
&= angle between quasi-normal and true normal
1 = dimensionless tangential coordinate
0 = tangential coordinate and streamwise momentum thickness
6,, = meridional momentum thickness
6,, = tangential momentum flux thickness
6,, = tangential momentum thickness
k,, = stream surface curvature
A= quasi-normal angle (figure 14-4)
v = blade force defect thickness
p = fluid density
¢ = stream surface angle with the axial direction
o = rotation speed, radians/sec

Subscripts

h = parameter at the hub contour
m = meridional component
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s = parameter at the shroud contour
w = parameter at the wall
0 = tangential component

Superscripts

’ = parameter in rotating coordinates
— = mass-averaged value

14.1 Quasi-Three-Dimensional Flow

Figure 14-1 shows a meridional plane view of a blade row to be analyzed. The
annular passage is divided into a series of stream sheets, separated by stream
surfaces. By definition, a stream sheet has no velocity component normal to
it and no mass flow across it. The stream surfaces are spaced to yield equal
mass flow in all stream sheets. For simplicity, it is assumed that all stream
surfaces are axisymmietric, i.e., stream sheet twisting will be ignored. The
meridional coordinate, m2, is measured along the stream surfaces, the stream
sheet thickness is designated as b and ¢ is the stream surface slope angle. The
hub-to-shroud flow analysis must supply the geometry of the stream surfaces and
the distributions of b for all stream surfaces. Then a complete two-dimensional
blade-to-blade flow analysis can be conducted on all stream surfaces using
one of the methods described in chapter 13. Figure 14-2 shows a typical
blade-to-blade surface view to illustrate the solution domain for a blade-to-blade
flow analysis over one of the stream sheets. The linearized potential flow analysis
of section 13.4 is used for this purpose, including the extension to transonic flow.
Hence, the solution domain lies entirely within the blade passage. That method

Stream Surface

Stream Sheet

Shroud Contour

Radius

Hub Contour

Axial Coordinate

Ficure 14-1. Hub-to-Shroud Flow Geometry

Downloaded From: http://ebooks.asmedigitalcollection.asme.or g/pdfaccess.ashx?url=/data/books/802418/ on 04/17/2017 Termsof Use: h



352  TURBINE AERODYNAMICS

Tangential Coordinate

Meridional Coordinate

Ficure 14-2. Blade-to-Blade Flow Geometry

limits the range of Mach numbers that can be considered but offers exceptional
computation speed and reliability. In its primary role of radial-inflow turbine
impeller detailed design, this is usually an acceptable limitation. It may be
necessary to accomplish the detailed impeller design at operating conditions
different from those of primary interest. Basically the impeller will be designed
for a mass flow less then the choke limit. This will be acceptable for typical
radial-inflow turbine impellers. When a radial-inflow turbine stage is designed
to operate choked, the nozzle row is almost always the choked component.

The detailed design process can still take advantage of the more accurate
two-dimensional blade-to-blade flow analyses of chapter 13. The accuracy
of the linearized method is sufficient to support the hub-to-shroud flow
analysis, such that accurate stream surface locations and stream sheet
thicknesses are obtained. Once the quasi-three-dimensional flow analysis
is complete, all input data needed for the two-dimensional blade-to-blade
flow analyses are available. It is quite simple to include provision to generate
input files for those more exact methods for any or all stream surfaces.
That is a more efficient approach than incorporating one of the more
exact methods directly into the quasi-three-dimensional flow analysis.
Indeed, it is not uncommon for a complete quasi-three-dimensional flow
analysis to require significantly less computer time than a two-dimensional
blade-to-blade flow analysis on a single stream sheet for the same problem.

The hub-to-shroud flow analysis usually predicts the average meridional
through-flow in the passage. Alternatively, the meridional flow field on a mean
hub-to-shroud stream surface is sometimes predicted. The prediction of the
average through flow will be used in this chapter, since it is more consistent with
the assumption of axisymmetric blade-to-blade stream surfaces. This approach
predicts an axisymmetric flow field corresponding to the hub-to-shroud flow
averaged across the blade passage width. The governing equations for this
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hub-to-shroud flow analysis were previously presented as Egs. (3-21), (3-25)
and (3-30). After simplifying them to their axisymmetric time-steady form, the
governing equations are.

oarpW,

——n4+xrpW, =0 (14-1)
om
9 _ds _ (14-2)
om  om
o w24 W d0W vor)) ) oW, ol ;0 (14-3)
e on " om  on  onm

The curvature terms in these equations are defined in Egs. (3-26) and (3-27).
Hence, the analysis will consider flows with rothalpy and entropy gradients
normal to the stream surfaces, but those parameters are assumed to be
constant on all stream surfaces. Solution of this set of equations requires
that W, or the relative flow angle, ¢/, must be specified by some external
means. Within the blade passage, this will be accomplished using results
from the blade-to-blade flow analyses. Upstream and downstream of the
blade passage, conservation of angular momentum supplies the required
data, i.e.,

o(rW, + wr?) _oG, _ 0 (14-4)
om om

This equation follows directly from the axisymmetric time-steady form of
Eq. (3-28) and Eq. (14-2).

14.2 The Quasi-Normal Coordinate System

The hub-to-shroud flow analysis will be conducted using the quasi-normal
coordinate system introduced in chapter 11. Quasi-normals are straight
lines constructed to be approximately normal to the two end-wall contours.
Figure 14-3 illustrates a quasi-normal coordinate system for a typical impeller.
The coordinate along a quasi-normal, v, is measured from the hub. The other
two coordinates are the meridional distance along stream sheets, n2, and the
polar angle, 6. The flow analysis should include a few quasi-normals upstream
and downstream of the blade passage to provide better definition of the stream
surface curvature near the blade leading and trailing edges. The governing
equations can be solved in the quasi-normal coordinate system by expressing
the derivatives with respect to # in terms of derivatives with respect to #2 and y.
This process is summarized by the following equations using the nomenclature
of figure 14-4.
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Ficure 14-3. The Quasi-Normal Coordinate System

tanA =S8 28" (14-5)
Ar 1. -,
sing =2 (14-6)
om
e=¢— A (14-7)
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Ficure 14-4. Quasi-Normal Geometry
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9 __1 i—singi (14-8)
on cose|dy om
D) (14-9)

m

om

The angle, ¢, is the angle of the slope of a stream surface with the axial direction
as illustrated in figure 14-1. Note that the angle, ¢, is the local deviation
between a quasi-normal and a true stream surface normal. Quasi-normals are
constructed with the intent of keeping € as small as practical to improve the
numerical accuracy.

It will be convenient to satisfy the continuity equation in integral form
rather than using Eq. (14-1). Conservation of mass along a quasi-normal can be
expressed in the form

= 277:7.f K,rp W, cosedy (14-10)
0

K is the blade blockage factor, which corrects the stream sheet area available
for through-flow to account for blade metal blockage. If S is the angle formed by
a tangent to the blade camberline with respect to the tangential direction, #, is
the blade thickness and N is the number of blades, K}, is given by

K,=1-t,N/Q2rrsinf) (14-11)

Conservation of the normal momentum is expressed by Eq. (14-3). It can be
solved for W,, if W,, rothalpy and entropy are known on all stream surfaces.
Since rothalpy and entropy are constant on all stream surfaces, they can be
supplied through assigned upstream boundary conditions. Eq. (14-2) pro-
vides values at all other points in the flow field. The distribution of W, on the
stream surfaces must be obtained from the blade-to-blade flow analysis. The
time-steady form of Eq. (3-29) for constant rothalpy and entropy was used
as the primary momentum equation for the blade-to-blade flow analysis in
chapter 13, i.e.,

oW, + wr?) _ oW, (14-12)
om 20

Clearly, a hub-to-shroud flow analysis restricted to axisymmetric stream
surfaces can match only a single distribution of W, in the meridional plane.
The most logical choice is to use the meridional distribution of the mass-
averaged W, obtained from the blade-to-blade flow analyses on the various
stream surfaces. In effect, the hub-to-shroud flow analysis will generate an
axisymmetric flow field that is consistent with the mass-averaged angular
momentum distribution predicted by the blade-to-blade flow analyses. This
approximate hub-to-shroud analysis basically ignores Eq. (14-12) for all
points within a blade passage. As noted previously, Eq. (14-12) reduces to
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Eq. (14-4) for points outside of the blade passage, where the conservation of
the mass-averaged angular momentum is required. Substitution of Egs. (3-
1), (14-2) and (14-8) into Eq. (14-3) yields

W, sine dW, W,
—* +| K, COSE — AW+
ay W om W

m

|:87C9 . orC, ]
——SIné 8
% m (14-13)

1 [8[ 7 85:|
dy dy
For points within the blade passage it will be more convenient to express

the angular momentum in terms of the relative flow angle, noting that
W= W,, cot . This yields

sine BWW coto/( drcota’ . drcotd]
o COSE T Y il am 7 I S om W
m (14-14)
+— 1 aW’” +2wcoto’(cos A —singsing) = — o —Ta—s
sin’a Jy W, Loy oy

Eq. (14-14) can be simplified for points outside the blade passage by using
Eq. (14-4). Introducing W, = W,, cota’ into Eq. (14-4), it is easily shown
that

W, cote’ orcota :—cotza’%ﬂ—Za)sinqﬁcot o (14-15)
m

r om
Substituting Eq. (14-15) into (14-14) yields

w, oW w  Ww? ¢ ’
J —m +x W:cose -C, sm.sa m 4 o COLO d(rcota’)

sin’a’ oy e om r ay (14-16)

+2W wcota cosl—gy—I—T§

m ay
Eq. (14-16) is identical to Eq. (5-13) used in the axisymmetric through-flow
analysis in chapter 5 as would be expected. Similarly, Eq. (5-11) is easily
shown to be equivalent to Eq. (14-13) outside of the blade passages, i.e.,

w, W, k, W’ cose —W, sine W, (Wo oG, Il _p0s (14-17)
oy am - r oy

While the alternate forms of these equations are mathematically equi-
valent for points outside of the blade passage, some care is recommended
when formulating a numerical analysis. Use of Egs (14-13) and (14-14) is
necessary when the angular momentum distribution is supplied externally
by the blade-to-blade flow analyses. But outside of the blade passage where
angular momentum is conserved on stream surfaces, use of Egs. (14-16) and
(14-17) is likely to result in a more accurate numerical solution.
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14.3 Numerical Integration of the Governing Equations

The governing equations for conservation of mass and momentum can be
numerically integrated for a specified stream surface geometry and flow
angle distribution through the blade passage. The numerical analysis used is
basically identical to the method used in chapter 5. The momentum equation
is written in the form

ow, ()
=W, )+ B (14-13)
The functions f;, f; and f; are known functions of y. For quasi-normals inside the
blade passage,
. ,[ cota'(&rcota’ . _orcota’ J:|
f,(y) =sin’o/’| -k, cose — —sine
r dy om (14-19)
N sing oW,
W, om
y)=—-2wsino coso’'[cos A—-sin@sin € -
f,(y)=-2 ’ "[cos A 1 (14-20)
al 0s
fi(y) = sin’ ot'|: —T:| (14-21)
’ dy  dy
For quasi-normals upstream and downstream of the blade passage,
() =k, cose + € I (14-22)
m am
f,(») =0 (14-23)
ol ds W, d(rC,)
fi =22 W UG (1424)
’ dy dy r

At the upstream boundary, it is usually more convenient to supply boundary
conditions in the stationary frame of reference, in terms of distributions of
H, s and either C, or o. The first case is easily modeled by substituting C, for
W, and H for I in Eq. (14-24). Egs. (14-19) through (14-21) expressed in the
stationary frame of reference are

(14-25)

cota d(rcot o) + sine 8Wm:|

=sin’a| -k cose —
o) |: " r dy W, om
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f,(»)=0 (14-26)

f,(y) =sin’ a[ag - ng] (14-27)

The normal momentum equation is solved for the resident stream surface
geometry and flow angle distributions through the blade passage. Hence, f;,
f> and f; are evaluated at all grid points before integrating the momentum
equation. This process is straightforward with the exception of the meridional
gradient of W,, in f;, which depends on the solution. Usual practice is to use
values of W,, from the previous iteration to evaluate this gradient. That
approach can result in numerical stability problems in cases where W,, is
changing rapidly between iterations. Since W,, appears in the denominator,
it can also produce singular results if W,, approaches zero. Aungier [1]
developed a better approach based on simple conservation of mass in all
stream sheets. If the local through-flow area of a stream sheet is designated
by AA, conservation of mass in the stream sheet requires

Arit=pW, AA (14-28)
Hence, the meridional gradient in f; can be replaced by

LW, 1 9pM (14-29)

W, om pAA om

This expresses the gradient in terms of the stream sheet geometry and gas
density. The stream sheet geometryis constantduring the process of integrating
the mass and momentum conservation equations. It is still necessary to rely
on values of gas density from the previous iteration, but density normally
does not vary greatly between successive iterations. Since the mass flow rate
in all stream sheets is constant, the risk of singular results is also eliminated.
Aungier [1] applied the same approach to remove the singularity in Eq. (14-
18) when W,, approaches zero by defining a new function, f,, as

AA
0D =)+ A2 (14-30)
Am
Then Eq. (14-18) can be replaced by

ow,

E LW, +1,(») (14-31)
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The solution of this linear differential equation has already been given in chap-

ter 5 as
W, () =W, (0)F(y)+ F(y)f%dy (14-32)
F(y)= exp{jﬂ(y)dy} (14-33)

The meridional velocity on the hub contour, W,,(0), is the constant of integration.
It is determined from conservation of mass through Eq. (14-10). Egs. (14-31)
and (14-10) are solved in an iterative numerical scheme, successively improving
the estimate of W,,(0) until mass is conserved and the momentum equation is
satisfied. This requires calculation of thermodynamic properties such as p,
using an appropriate equation of state from chapter 2. At any point in the flow
field, the relative total enthalpy is given by Eq. (3-13), i.e.,

H’=I+%(m))2 (14-34)

The local static enthalpy is given by

, 1
h=H —EWZ (14-35)

The assigned upstream boundary conditions determine the rothalpy, entropy
and the angular momentum, rC,, upstream of the blade passage on all stream
surfaces. The relative total thermodynamic conditions are calculated as a
function of H' and s and the static thermodynamic conditions as functions
of & and s. The angular momentum downstream of the blade passage on
each stream surface is obtained from the solution at the blade trailing edge
quasi-normal. The absolute total enthalpy, H, is determined from Egs. (3-1)
and (3-10).

H=I1+ro(W,+ro) (14-36)

Then the absolute total thermodynamic conditions are calculated as a
function of H and s. When the iterative solution of the mass and momentum
conservation equations is converged, the flow field is known for the resident
stream sheet geometry. But that stream sheet geometry may not be consistent
with the predicted flow field. Eq. (14-10) provides the calculated mass flow
distribution as

,
1t (v) = 27| K,rpW,, cose dy (14-37)
0
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This calculated mass flow function can be used to calculate new stream sheet
coordinates on all quasi-normals by numerical interpolation, such that each
stream sheet contains the same fraction of the total mass flow. Since the solu-
tion of Eq. (14-10) may differ from the actual mass flow rate as permitted by the
convergence tolerance, the interpolation process should seek the proper fraction
of the calculated mass flow at y, from Eq. (14-37) rather than of the specified
mass flow rate. An outer iteration loop is required to progressively reposition
the stream surfaces and repeat the mass and momentum conservation iteration
until the stream surface positions have converged within an acceptable toler-
ance. In chapter 5, this outer iteration loop was avoided by using an approximate
normal equilibrium equation. While quite adequate for the axial-flow turbine
performance analysis, that simplified model is not adequate for more complex
passages such as found in radial-inflow turbine impellers.

14.4 Repositioning the Stream Surfaces

The process of repositioning the stream surfaces requires fairly sophisticated
numerical damping procedures to avoid numerical instability problems. Novak
[59] suggests a numerical damping procedure that has been found to be quite
effective for this purpose. The stream surfaces are repositioned by a fraction,
F, of the difference between the resident positions and the new positions cal-
culated from the flow field prediction. For quasi-normals outside of the blade
passages Novak recommends

1, (=M)@y)
F B (Am)?

(14-38)
B’ is an empirical constant, Ay is the hub-to-shroud quasi-normal length, Am is
the minimum meridional spacing with adjacent quasi-normals and M,, is the
meridional Mach number. For quasi-normals inside the blade passage, Novak
suggests

1_ 1+ (1-M"™)(sina’Ay)?
F B (Am)?

(14-39)

This damping procedure has been found to be quite effective as long as M,, and
M’ are limited to be no greater than 0.9. B values used are typically in the range
of 8 to 16, but the numerical procedure should adjust B" automatically based
on whether the stream surface position errors are increasing or decreasing on
successive iterations.

14.5 The Hub-to-Shroud Flow Analysis

To start the solution, an initial guess must be supplied for the stream sheet
geometry and the flow field data used in the hub-to-shroud solution. Since no
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blade-to-blade flow analysis results are available at that point, the initial guess
must include an approximate blade-to-blade flow definition. The following
procedure has been found to be effective for initializing the data required:

¢ Stream surfaces are positioned such that all stream sheets contain the
equal through-flow area on each quasi-normal.

¢ Entropy and rothalpy are computed for all stream surfaces from the
upstream boundary conditions.

¢ The meridional velocity is computed from local conservation of mass
assuming the local gas density is equal to the relative total density.

¢ C, upstream of the blade is obtained from conservation of angular
momentum, Eq. (14-4), using the upstream boundary conditions. This
includes the blade leading edge quasi-normal.

¢ The blade is assumed to provide perfect guidance to the flow over the last
85% of the blade passage length based on the blade camberline angle, .

¢ C,downstream of the blade is obtained from conservation of angular mo-
mentum using the value at the trailing edge quasi-normal.

¢ An “inlet slip” condition is applied over the first 15% of the blade passage
length based on the relative flow angle computed at leading edge quasi-
normal and the blade camberline angle, S, i.e.,

coto’ = cot o, +(cot f —cota) ) (m —my, ) [(my, =) 10157 (14-40)

This initialization procedure is so conservative that it is virtually certain to
successfully start the analysis. But Eq. (14-40) is a rather crude approximation
for the blade-to-blade flow. Consequently, convergence of the hub-to-shroud
flow analysis is often slow for the initial data. Once the first blade-to-blade
flow analysis results are obtained, convergence of the hub-to-shroud analysis
consistently improves dramatically. A much more efficient overall analysis is
obtained by simply not requiring conver-gence on the first attempt at the hub-
to-shroud flow analysis. This writer simply limits the number of iterations on
the hub-to-shroud flow governing equations on this first attempt to, say, ten
to twelve regardless of whether convergence is achieved. That is a sufficient
number of iterations to obtain a reasonable stream sheet pattern to run the
first blade-to-blade flow analysis.

The general procedure used for the hub-to-shroud flow analysis is a direct
application of the well-known streamline curvature technique. The basic
conservation equations are solved at each quasi-normal using the procedures
described in section 14.3. Then the stream surfaces are repositioned as
described in section 14.4. The process is repeated until the stream surface
positions and flow field data have converged within acceptable tolerances.
This procedure is adequate for most problems, but Aungier [1] suggested two
simple extensions that can greatly improve the reliability of the analysis to
the point that a converged solution is almost always obtained. First, the hub-
to-shroud flow analysis should check for choked flow, and limit the overall
mass flow rate to the choke value when it occurs. In the nomenclature of
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section 14.3, the flow on any quasi-normal is locally beyond the choke limit
when

on,
< <0 -
oW (0) (14-41)

When this condition is encountered, the solution procedure should determine
the mass flow rate for which this gradient term is zero, which is the choke
value. The choked flow condition of Eq. (14-41) does not always indicate a
true choke. Often it is caused by numerical errors during the early iterations.
The solution should always proceed using the largest acceptable mass flow
rate, but not exceeding the specified mass flow rate. In the case of a false
choke due to numerical error, the mass flow rate will gradually increase to
the specified value as the solution converges. This simple procedure avoids
the most common cause of solution divergence. Another common cause of
solution divergence is numerical errors in the stream surface curvature
terms. The numerical damping of the stream surface repositioning given
in section 14.4 avoids most of these problems. But that damping procedure
is indirect with respect to the curvature terms. This writer also imposes
a direct damping procedure on k, based on the new estimate from the
repositioned stream surfaces, k,,,.,, and the value used for the current
iteration, &, ..

K-m - (Km,new + DKm,old)/(l + D) (14'42)

D is a curvature-damping factor. Typically, D =1 is used, but D is increased
if successive iterations show a significant increase in convergence errors.

14.6 Coupling the Two Basic Flow Analyses

The quasi-three-dimensional flow analysis is obtained by coupling the
hub-to-shroud flow analysis described in this chapter with the linearized
blade-to-blade flow analysis described in chapter 13. The hub-to-shroud
flow analysis defines the stream sheet geometry and corresponding blade
geometry for the blade-to blade flow analysis. The stream sheet thickness
distribution is also required. This is computed from the hub-to-shroud
flow data and the specified stream sheet mass flow by simple conservation
of mass.

b= Am/2rrK,pW,) (14-43)

When the blade-to-blade flow analyses have been completed, the results are
mass-averaged across the blade passage to provide the relative flow angle distri-
bution for the next hub-to-shroud flow analysis. Since the tangential coordinate,
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7, used in the blade-to-blade flow analysis varies from 0 to 1, the required data
are given by

[ pbw2dn
" [ pbW,dn (14-44)

m

1
- | pbwW, W,dn
jol pbW. dn (14-45)

Z]

cote/ =W, /W, (14-46)

In addition to requiring convergence of the two-component analyses, a
convergence criterion is needed for the overall quasi-three-dimensional
flow analysis. All relative flow angles predicted by Eq. (14-46) on successive
blade-to-blade flow analyses should be required to converge within an
acceptable tolerance.

Figure 14-5 shows a basic flow chart for the quasi-three-dimensional flow
analysis. The combination of the present hub-to-shroud analysis with the
linearized blade-to-blade flow analysis of chapter 13 provides a very reliable
and efficient quasi-three-dimensional flow analysis for a wide range of
turbomachinery blade passage problems of interest. The major limitation is with
regard to Mach number levels as discussed previously in this chapter. The other

Initial
Start I—»
Start Guess

+ End
Solve Correct Yes
Egs. (14-31) |« W,,(0) Flow Angles |No
and (14-10) Converged?

Mass

Balanced? All B-B Flow
Analyses
Reset Max
Mass Flow Yes
Yes _—
Reposition H-S Solution
Stream Surfaces | Converged?

Ficure 14-5. Flow Chart of the Analysis
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major restriction follows from the basic assumption of inviscid flow. This is a
reasonable assumption for turbine blade rows as long as the incidence angles
are reasonable. Extreme incidence angles results in excessive local diffusion
and substantial flow separation. That situation simply cannot be adequately
modeled by an inviscid flow analysis. To obtain meaningful results, those cases
require a more fundamental viscous computational fluid dynamics code.

The quasi-three-dimensional flow analysis requires a very large number
of equation of state calculations. The pseudoperfect gas equation of state
model described in chapter 2 can greatly reduce the computational time
relative to real gas models, or even ideal gas models with temperature-
dependent specific heats. This model is usually adequate for blade passage
flow analyses. Obvious exceptions are cases with liquid present in the flow
and extreme blade-row pressure ratios that produce significant variation in
the gas compressibility factor. The Mach number limit normally requires
blade passage pressure ratios low enough to justify the pseudoperfect gas
model. Similarly, two-phase flows are not common for design conditions.

14.7 Boundary Layer Analysis

Boundary layer analysis provides a useful extension to an inviscid internal flow
analysis. It can provide an approximate evaluation of viscous effects with no sig-
nificant increase in computation time. Chapter 13 describes a two-dimensional
blade surface boundary layer analysis and loss coefficient model that can be
incorporated into the quasi-three-dimensional flow field analysis directly. The
limitations of those models have also been discussed in chapter 13.

Unlike the case of blade surface boundary layers, there is little merit in
considering two-dimensional models for the highly three-dimensional end-wall
boundary layers. For application to the accelerating flow in turbine blade rows,
end-wall boundary layers are not a major concern. That is far from true when
dealing with the diffusing flow in compressor blade rows, where they can have a
substantial influence on performance. End-wall boundary layer analysis really
provides limited benefit to a quasi-three-dimensional flow analysis intended
only for turbine applications. But if a more general analysis appropriate to
compressor applications also is intended, an end-wall boundary layer analysis
is well worth the effort required to include it.

Aungier [1] introduced an end-wall boundary layer analysis for this purpose
for application to centrifugal compressors. Aungier [2] improved on that model
based on a more refined model for the blade force defects that was developed for
axial-flow compressors. That refined version is described in this chapter for the
benefit of readers seeking a fairly general quasi-three-dimensional flow analy-
sis. The axisymmetric, three-dimensional boundary layer analysis described
in chapter 3 is employed for this purpose. Boundary layers inside of the blade
passages certainly are not axisymmetric. There the model seeks to predict the
gap-averaged boundary layer behavior as discussed in chapter 3. This approach
is about the only method that can provide meaningful results and still offer
the computation speed and reliability suitable for this application. The end-wall
boundary layers are assumed to be turbulent in all cases. This is expected to be
true for most blade passage analyses in turbomachinery.
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Axisymmetric, three-dimensional boundary layer analysis yields excellent
results when applied to vaneless annular passages, e.g., Aungier [29], Davis [30]
and Senoo [31]. It has also been used effectively to predict end-wall boundary
layers in axial-flow compressors, which is an essential part of an aerodynamic
performance analysis, e.g., Balsa and Mellor [32] and Aungier [2]. Its use to
approximate the gap-averaged end-wall boundary layers within blade passages
was suggested by Horlock [33]. Aungier [2] applied this model to the internal flow
analysis of an axial-flow compressor blade row and showed that the predicted
boundary layer growth through the blade row was in qualitative agreement with
trends observed in experiments.

The governing equations for axisymmetric, three-dimensional boundary
layers were previously developed in chapter 3, section 3.6, in a general rotating
coordinate system. It is convenient to express these equations in terms of
velocity components relative to the wall, rather than relative to the blades to
avoid confusion. The rotation speed of the wall and the blades will be designated
as o, and o, respectively. The velocity relative to the wall is designated as V.
Hence, the velocity components relative to the wall and relative to the blades are
related to the absolute velocity components by

Cm = M/nz = Vm (14_47)
C =W, +tro=V,+ro, (14-48)

The governing equations in terms of V follow directly from those in developed
in chapter 3 simply by replacing W with V, i.e.,

a *
—IrpV,.(6-6)]=rp V,E (14-49)
om

0 ) av, . .
—|rp, V.0, |+871p,V,, —2—p,V,singlV, (5, + 6,,)+20, 1]
am[ 11] 1 am O O 2 22 2 (14_50)

= r[me + fmevm]

i [rzpevme%een] + r(sl*pe ‘/me I:ra‘/Qe + Sln¢ (‘/Be + zrww):l
om om (14-51)

= FZ[TQW + ﬂeve]

The blade forces at the boundary layer edge are known from conservation of
momentum, i.e.,

f;ne = pe‘/me ane % - Sln¢

P . p,(V,, + or) (14-52)

V. .| dV, Vv, orC
7(‘96 — pe me|: :|= pe me Be (14_53)

r—2¢ +sing (V,, +2ro,,)
r om r om
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Egs. (14-51) and (14-53) can be combined to yield
d
aim[rzpe‘/me‘/&zeu] + 7’251 ﬁ)e = rZ[TBW + feeve] (14'54)

If y is the distance normal to the wall and § is the boundary layer thickness,
the various defect thicknesses in the boundary layer equations defined in
chapter 3 can also be expressed in terms of V.

S
pV,.8, =[PV, — pV,)dy (14-55)
0
)
pe‘/nzleell: ijm(Vme_Vm)dy (14-56)
0
5
peVme‘/Ge 912 = J‘me (‘—/96 - ‘/9 ) dy (14-57)
0
5
P8, = [(p.V, = pV,) dy (14-58)
0
5
pVa b= [pV,(V,,~V;)dy (14-59)
0
5
Voo = [ (e = £, dy (14-60)
0
5
Vofye = [ (oo 1) dy (14-61)
0

Solution of the governing equations requires empirical correlations for the
entrainment function, E, the wall shear stresses, 1,,, and 7,,, and the force
defect thicknesses, v, and v,. It also requires empirical relationships between
the mass and momentum defect thicknesses. The boundary layer analysis as-
sumes that the boundary layer velocity profiles can be represented by power-
law profiles of the form

X 11
5 ) (14-62)
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V, 1

Oe

Yo _ (y) (14-63)

Substitution of these velocity profile assumptions into the definitions of the
various mass and momentum defect thicknesses, assuming that density can
be regarded as essentially constant, yields the following relationships.

n=0,/06 -0, -26,) (14-64)
m=0,n+1*/[6 —6,,(n+1)] (14-65)
H, =616, =2n+1 (14-66)
§-6, =2Hp, /(H, 1) (14-67)
816 =ni(n+1) (14-68)
H,=6,/6,, =2m+1 (14-69)
816 =m/l(m+1) (14-70)

The boundary layer analysis may have to be conducted on an end-wall that
is rotating in some regions and stationary in others. An obvious example is
the hub wall of an impeller, which is stationary upstream of the blades but
rotating in the blade passage. From Egs. (14-48) and (14-57) a jump condition
at a point where V abruptly changes from C to W, is given by

G0, = ‘/‘/9691,2 (14-71)

The prime designates the tangential momentum defect thickness viewed
in the rotating coordinate system. Since C,, and W,, will generally have
opposite signs, the tangential defect thickness may change sign when the
wall changes from rotating to stationary and inversely. Indeed, all tangential
defect thicknesses may be negative with H, <1 and m <0. Hence, a deficit
in tangential momentum in the rotating coordinate system may correspond
to excess tangential momentum in the stationary coordinate system and
inversely. Aungier [1] extends the tangential velocity profile assumption by
restricting Eq. (14-63) to cases where m > 0.05. For values of m < 0.05 the
following profile assumption is used.

V y 0.05 y 2 y 0.1
‘/9:(6) +0.1705(1—20m)(1—5) (6) (14-72)

Be
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Equation (14-72) simply extends the power-law profiles in a plausible fashion to
include cases where the integrated tangential momentum in the boundary layer
exceeds the boundary layer edge value. From Egs. (14-62) and (14-72) it is easily

shown that
m=0.05+ [9512 T+ 1)%2 1 .05)} o 1'1)(1462322.1)(” = (14-73)
7, = gi - 21(0.95301.684711) (14-74)
%; - 227’1” (14-75)
% = 0.95m —1.684m’ (14-76)

Figures 14-6 and 14-7 illustrate this extended tangential velocity profile and
shape factor assumption.

The well-known skin friction coefficient model of Ludwieg and Tillmann
[123] is used to approximate the wall shear stresses.

¢, =0.246exp(-1.561H)(p,V, 6/ ) *** (14-77)

The momentum thickness and shape factor in Eq. (14-77) are defined in the
free stream direction, and u is the fluid viscosity. Designating the free stream

1.0
0.9 —— Eqn. (14-63)
0.8 [ - Eqn. (14-72)

0.7

0.6

y/8

05
0.4
03
0.2

0.1

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Vs /Vge

Ficure 14-6. Extended Tangential Velocity Profiles
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—— Eqn. (14-63)
--------- Eqn. (14-72)

e
EN
\

N

'S
T
L

02 b

0.0

Power-law Exponent, m

Separation Limit

10— L L L L L L L
04 06 08 10 12 14 16 18 20 22

Tangential Shape Factor, H,

Ficure 14-7. Boundary Layer Shape Factor

component of the fluid velocity within the boundary layer by V,, it is easily shown

that
V.=V, cos B, +V,sinp, (14-78)
§"= 8} cos’ B,+ 6, sin’ B, (14-79)
6=0,+6)cos'B, +(6,,+5,)sin* B, (14-80)
+2(6,,+ 6, )sin” B,cos’ B, — &
H=45"16 (14-81)

It is assumed that the wall shear stress is directed along the boundary layer edge
streamline. Hence,

1
me = EC/' pe‘/e‘/me (14-82)
TQW = %Cf pe‘/e‘/Ge (14-83)

Following Aungier [1, 2] the boundary layer entrainment function in blade free
passages is approximated by

E=0.025(H,-1) (14-84)
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Within a blade passage, where the flow is guided by the blades, the free
stream shape factor, H, is more relevant, much like the case in classical two-
dimensional boundary layer theory, i.e.,

E =0.025(H -1) (14-85)

End-wall boundary layer analysis within blade passages is complicated
by the existence of the blade force defect terms defined in Egs. (14-60) and
(14-61). Mellor and Wood [37] suggested that blade force defects are the most
logical explanation for observed axial-flow compressor performance trends.
Smith [38], Koch and Smith [39] and Hunter and Cumpsty [40] provide
experimental confirmation that significant tangential blade force defects do
exist. Correlations of the experimental data reported in the literature are
generally almost useless due to the extreme data scatter. Aungier [2] developed
a more useful empirical correlation of the experimental data of Koch and
Smith [39] that is shown in figure 14-8. While significant experimental data
scatter is present here also, it is sufficiently reduced to suggest a usable
empirical model for boundary layer analysis. The experimental data provides
boundary layer data at the inlet and exit to the blade row. Since a correlation
applicable to points within the blade passage is needed, figure 14-8 employs
parameters that are averages of the inlet and discharge values. The meridional
displacement thickness used is defined in Eq. (14-55), §, is the clearance gap
between the blade and the end-wall and the local staggered spacing, g, is
defined by

g=2rrsina, /N (14-86)

The experimental tangential force defect thickness data relate to the blade
discharge location where the flow is well guided by the blades. Hence, the flow
angles within the boundary layer are expected to be essentially the same as the
boundary layer edge values. This condition is commonly referred to as collateral

F — %
014 04(51/9)
012} © Koch and Smith [39]
> ° -
N -
S o010 % ° P
Ioc? le) //’
v 008} 8
o g
- B
2 o0.06f 3 o o
- fe) [e)
0.04 /,O °
/’, le)
0.021 -~

0.04 0.08 0.12 0.16 0.20 0.24 0.28
— %
31/9a

Ficure 14-8. Tangential Force Defect Thickness
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flow. Within the blade passage, the blade guidance may be far from ideal. Hence,
a basic blade force defect thickness applicable to collateral flow is defined as

v,=0.46,+0,/2 (14-87)
The actual blade force defect thickness is defined as
v=v,+ Av (14-88)

The term, Av, accounts for the influence of the local deviation of the
boundary layer flow from collateral flow. The condition for collateral
flow can be expressed in terms of the momentum thicknesses defined in
Egs. (14-56) and (14-57) as

V.61, =W, 0, (14-89)

Following Balsa and Mellor [32], the blade force is assumed to be normal to the
free-stream velocity throughout the boundary layer, i.e.,

fon =Wty I W, (14-90)

Vo=V,=V (14-91)

If the boundary layers are integrated between successive stations separated
by the distance, A, with Av = 0, Aungier [2] shows that the value of Avw o that
must be imposed to achieve the collateral flow condition at the downstream
station is

SAv = 6,,—6,, (14-92)

~t oW (14-93)

me " " me

gz i_’_ YT/&JA{% ?lgeAm
rpeu/me

The overbar in Eq. (14-93) denotes an average of the values at the local and
upstream stations. In practice, it would require an infinite number of blades
to provide perfect guidance to the flow, so the actual value imposed is a
fraction, F, of the value given by Eq. (14-92).

Av = (W, 0, -V, 0,,)F 1§ (14-94)
F=[1-6,/61m/[m+gl/2; <0 (14-95)
F=0;§>6 (14-96)

The meridional distance, 1, is measured from the blade leading edge, and dis
the local boundary layer thickness. This form of the function F is based on the
following assumptions.
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The blades guide the flow toward collateral flow primarily close to the
blade surfaces. It is assumed that the gap-averaged deviation from collat-
eral flow imposed by integrating the boundary layer equations, using only
vy, Will be reduced by about 50% due to the blade guidance.

The influence of blade guidance and clearance gap on the blade force defect
is negligible when the blade clearance gap is greater than the boundary
layer thickness.

The influence of blade guidance and clearance gap on the blade force defect
is negligible at the blade row leading edge. Their influence is assumed to
increase proportional to the ratio of the meridional distance to the blade
spacing.

The second assumption simply recognizes the special case where the
boundary layer and blades are not really interacting. Although this situation
is probably very rare in turbomachinery, it can easily occur in the present
analysis if the entrance boundary layer thickness is specified small enough.
Experience has shown that this can lead to erratic and highly questionable
results unless Eq. (14-96) is required. The third assumption recognizes that
the influence of the blades will not extend across the entire blade passage
spacing until the flow penetrates well into the guided passage.

Eq. (14-94) is to be solved using boundary layer data obtained with Av=
0. In practice, it is preferable to correct the blade force defect thickness con-
tinually as part of the iterative solution of the governing equations. That can
be done as long as the correction process accounts for any nonzero value of
Av used in the previous iteration. Aungier [2] shows that Av on any iteration
can be imposed as an update of the value used on the previous iteration in
the form

Av— [AV - (V(;eeu - M{aeen)/é]F (14'97)

The boundary layer analysis has been developed in terms of the fluid
velocity relative to the wall, where the wall may be stationary or rotating.
It is necessary to consider jump conditions for cases where the boundary
layer moves from a stationary wall to a rotating wall, or inversely. For clar-
ity, designate the velocity relative to the wall rotating at rotation speed  as
W and C to be the velocity relative to the stationary wall. Boundary layer
parameters relative to the rotating wall will be designated with a prime.
Hence,

Wy =G, ~or (14-98)

Substituting Eq. (14-98) into the definitions of the various boundary layer defect
thicknesses yields

G601, = vveeefz (14-99)

C,.5, =W, 5, (14-100)
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Cezeezz = Vvezee;z + wﬂ/veﬁé* (14-101)
Co.0,,(1+ H,) = W05, (1+ H}) + 201 W, 67 (14-102)

Egs. (14-99) and (14-102) contain basic terms in the momentum-integral
equations. Since they are identical in form for stationary and rotating walls, no
special logic is required to integrate these equations across transitions between
rotating and stationary walls.

Since this end-wall boundary layer analysis considers only turbulent
boundary layers, boundary layer data must be specified at the compressor
inlet. The data needed are 6,,, 6,,, H, and H,. It is reasonable to start the
analysis with H, = 1.4, which is a typical value for simple flat-plate boundary
layer flow. The classical one-seventh power-law profile is a reasonable choice
for the tangential velocity profile, i.e., m = 1/7 or H, = 1.286. A convenient
specification is the boundary layer blockage factor, Kz, at the inlet. This
specifies the portion of the inlet passage area available for through flow
after correcting for the end-wall boundary layer mass defect thicknesses.
Assuming that the blockage is equally split between the two boundary
layers,

e’ me

2rp V.5 = %(1 _K, it (14-103)

The assumed shape factors and Egs. (14-66) through (14-70) provide all
other initial boundary layer data. The analysis on each end-wall can be
accomplished by a simple marching solution, starting at the second meridi-
onal station, and completing the solution at each station before proceeding
to the next. There are two precautions recommended to prevent numeri-
cal divergence. First, the boundary layers must be turbulent, so impose
a minimum momentum thickness, 6,;, based on the following transition
condition.

Rey, =p,V, 6,/ 12250 (14-104)

Second, large values of 6,, can cause Eq. (14-65) to become singular. Hence, the
following limit should be imposed.

6,, <0.995 /(n—1) (14-105)

Figures 14-9 and 14-10 show blade surface boundary layer shape
factor predictions for the sample radial-inflow turbine impeller detailed
aerodynamic design of figure 11-16. There is a fairly significant laminar
separation zone on the hub pressure surface and a rather minor one at the
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Ficure 14-9. Hub Blade Surface Shape Factors

shroud. As previously noted in chapter 11, this detailed impeller design
is by no means optimized. The blade surface boundary layer analyses
clearly show some of the weaknesses in the design. Figure 14-11 shows the
meridional shape factor predictions for the end-wall boundary layers. As
noted previously in this chapter, end-wall boundary layers in radial-inflow
turbine impellers are usually very thin and well behaved. By contrast,
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Blade Surface Shape Factors, H
N N
= wm

=
n

00 01 02 03 04 05 06 07 08 09 1.0

Dimensionless Distance Along Surface

Ficure 14-10. Shroud Blade Surface Shape Factors
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Ficure 14-11. End-Wall Shape Factors

Aungier [2] shows that end-wall boundary layers in compressor blade rows
can have a significant influence on the internal flow and losses. Hence,
the end-wall boundary layer analysis is not too significant for the present
application but may be worth including for greater generality.
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